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Abstract: Let X,,..., X,, be a sequence of independent and identically distributed random variables with an unknown underlying
continuous cumulative distribution function F. Relative to this unknown distribution function suppose one would like to test a null
hypothesis concerning the goodness of fit of F to some distribution function using symmetric functions of sample spacings. In some
applications the null hypothesis is simple while in others it may be composite. In this article we present the large sample theory of
tests based on symmetric functions of sample spacings under composite null hypotheses and contiguous alternatives. It is shown
that these test statistics have the same asymptotic distribution in the case when parameters must be estimated from the sample as
in the case when parameters are specified. Optimal goodness of fit tests are also constructed for these hypotheses.

Keywords: Spacings tests, goodness of fit tests, nuisance parameters, optimal tests, Pitman efficiency.

1. Introduction

Suppose we have a sample of independent observations X,..., X,,_; on R from the family of absolutely
continuous distributions given by F(B,, 0) = {F(x; By, 8): § € O} where B, is a p-dimensional column
vector of known or specified parameters and # is a g-dimensional column vector of unknown parameters,
belonging to a given subset @ of RY. One is often interested in testing whether the true distribution
function F of the iid. sequence {X,} belongs to the family F(B,, #), that is, we wish to test the
following composite null hypothesis: H,: F € (B, 6). Tests of H,, based on the empirical distribution
function type statistics have been discussed, for example, by Durbin (1973), for the y2-type statistics, for
instance, by Moore and Spurill (1975). See D’Agostino and Stephens (1986) for a good review on the
theory of goodness of fit test in the presence of nuisance parameters. Our aim here is to discuss the
asymptotic distribution theory of test statistics based on symmetric functions of spacings, under H,, as
well as under a sequence of contiguous alternatives {A }. Spacings tests of H, have been considered
recently by Cheng and Stephens (1989) using Moran’s statistics. It was shown that the test statistics have
the same asymptotic distribution when parameters must be estimated from the sample as they do when
the parameters are known. In this note we will show this phenomena is true for a large class of statistics.
Furthermore, we will derive the test which is locally most powerful in this class.
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When 6 = 8, is a specified value, we can define the one-step uniform spacings as D, = F(X,; By, 8,)
— F(X 41y Bgs 8p) (k=1,...,n) where X, is the kth order statistic from a sample of size n — 1. Let
h(+) be real valued functions satisfying some regularity condition. Consider the symmetric spacings
statistic

1 n
Tn=\/—;—k§]h(nDk). (1.1)

Note that if 4(x) = log x, T, is Moran’s statistic. See D’Agostino and Stephens (1986) for a good review
on spacings statistics. In the case where the function in (1.1) is also a function of the index of summation,
say {h,(+), k =1,..., n}, then the statistic at hand is called a ‘nonsymmetric’ spacings statistic.

Rao and Sethuraman (1975) study 7, through the weak convergence of the empirical spacings
process. They show that the class of symmetric tests discriminate alternatives converging to H, at a rate
faster than n~'/%. Hence T, has poor asymptotic performance as compared to, say, the Kolmogorov-
Smirnov, Cramer-von Mises and y? tests for goodness of fit. It is also shown that A(x)=x? is
asymptotically most powerful in this class. Holst and Rao (1981) investigated nonsymmetric spacings
statistic and have found that the class of nonsymmetric tests can discriminate alternatives converging to
H, at a rate of n~'/?, as in the Kolmogorov—Smirnov, Cramer-von Mises and x? tests.

One can also define higher-order uniform spacings or m-step uniform spacings, namely D{™ =
F(Xikm—1y; Bo» 80) — F(X( _ 1y Bo» 8,)) and discuss the associated asymptotic distribution theory (see
e.g. Cressie, 1976; Kuo and Rao, 1981; Hall, 1986). For the sake of simplicity, we restrict our discussion
to one step spacings. The results of this paper could directly be generalized to statistics based on higher
order spacings. It will not be done here.

In the next section, we will discuss the limit theory for the estimated version of 7,. We will also derive
the uniformly most powerful test. The proofs of the results are deferred to the appendix.

2. Limit theory for symmetric functions of spacings

Consider the parametric family of distribution functions given by F(B,, 8). It is desired to test the null
hypothesis H,: f € F(B,, 8) against the sequence of alternatives, A,: F & .1 (B,, 0). These alternatives
will be discussed further in Assumption A3. We will discuss the distribution theory of f",, under the
sequence of alternatives {A,}. Since @ is unknown the usual probability integral transform cannot be
applied. Instead, define Uu()=F(X(k); B, (5,,), where X, denotes the kth order statistic from the
sample of the X’s and 6, is an estimate of 6 (see Assumption A4). Define D, = Uy,— Uy_;,
(k=1,...,n) as the one-step spacing with the estimated parameters. Define the symmetric spacings

statistic with estimated parameters as
n 1 2 A
T,=—= X h(nDy). (2.1)
n -1

We will need the following assumptions to prove the desired results. See Kuo and Rao (1981) for
further details on this class of functions {A#(-)}. Assumptions A3-AS5 are the usual type of assumptions
needed to study goodness of fit problems in the presence of nuissance parameters. See for instance,
Durbin (1973) and Moore and Spurill (1975) for more discussion on these regularity conditions.

Assumption Al. Assume the function A(-) is twice differentiable.

Assumption A2. (without loss of generality) E(h(W)) =0, where W is an exponential random variable
with mean equal to one.
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Assumption A3. Let n'/* (8, — B,) = v as n —  for some p-dimensional vector y.

A typical example of the setup we are using is, when one is testing the null hypothesis that a sample is
normally distributed with unknown mean ¢, but with a variance specified to equal B,. An alternative
which one may be interested in is the shift on the variance parameter, 8, + 8, + v/n'/*. Having the
asymptotic distribution theory under {A } will allows us to discuss asymptotic power and efficiency of the
testing procedure.

Let A denote the closure of a given neighborhood of 6y, the true unknown value of 6, and of B, the
value of B specified under H,. Concerning the sequence of estimators of 6 assume:

Assumption A4. Under the sequence of alternatives {A } the estimator of the nuissance parameter is
such that 1/_(0 — 6y) = O, (1). Denote ¢, —\/_(0 —8,). Assume E | £, |? <o for all n.

Assumption AS. (i) Let the vector valued functions gs(u; B, 0)=(0/0B)F(x; B, 0) and gy(u; B, 0) =
(3/36)F(x; B, 8) be uniformly continuous in u € (0, 1) for all (B8, 8) € A, here the right hand side of each
of these functions are expressed as a function of # by mean of the transformation u = F(x; 8, 8).

(ii) The functions g and g, are uniformly bounded in u for (B, 8) € A. Also (3/8a)g,, a =B, 0 are
uniformly bounded in u for (B, 8) € A.

(iii) The functions g (u; B, 8) = (d/duw)g (u; B, 8), for a =B, 0, are uniformly continuous in u for
(B,6)e A,

Assumption A6. Assume that first and second partial differentiation of [f(x; 8, 6) dx, with respect to
the components of Band 6, may be passed under the integral sign.

Define the function ¢:RXR? X O — R implicitly by F(x; 8, 8) = F(¢(x, B8, 8)). In the case of
location and scale parameters, ¢(x, 8, 8) = (x — 8)/6. From Assumption A5, we know that

(37 /0B 907 YF(x; B, 8) =f(b(x, B, 0))(9+/ /8B 867 )¢(x, B, 6)
(i=1,2,j=1,2,i+j<2)

exists and are finite. We will use the notation L(x)|% = L(b) — L(a).

Recall 7, is the symmetric spacings statistic where the distribution function F(-; 8, ) is completely
specified, in our case, say F(-; By, 8,). Let D, = F(X,; By, 0,) — F(X;_,); By, 0y) and T, be as in
(1.1). The asymptotic behavior of the spacings statistic for the 51mple hypothesis is given by the following
result of Kuo and Rao (1981).

Theorem 2.1. Let h(-) satisfy Assumptions Al and A2. Then T,3 T where T ~N(, ¢2), ¢?=
Var(h(W)) — CovX(h(W), W)) and W is an exponential random variable with mean equal to one. O

Upon expanding fn in a Taylor series about 6, and B, we have

7Aﬂn = Tn + ‘/’;(é\n - 00)I1P1n + ‘/;(Bn - Bo)tqun + %‘/;(Bn - Bo)llpzzn(ﬁn - ﬁo) + Op(l)’

(2.2)
where
no9
¥, = ; kgl @h(nDk)

1 2 , ]
- ;k);lnh (nD,) - E[F(X(k); Bos 80) = F(X_ 1 Bo» 09)]

1 r - ~
=L > (nDk)h,(nDk)gf)(Ulk) for Uy 1y < Uy < Uy, (2.3)

367



Volume 13, Number 5 STATISTICS & PROBABILITY LETTERS 7 April 1992

1 - ~
¥y, = W > (nDk)h,(nDk)gB(UZk) for Uy _1y < Upy < Uy, (2.4)
k=1
1 - ” -2 7 N ~
¥y, = n )y (nDy)h (nDk)gB(Uk) + (”Dk)h(”Dk)gBB(Uk)7 (2.5)
k=1
. 32 -
$sp(Ui) = —aB—ng(u) lueg, for Uy _y, < U, < Uy, (2.6)

Using the notation v, = n'/4(B, — B,) and &, = vn (6, — 6,), (2.2) may be written as
7’;n = Tn + gr:lpln 1/4 llpln + ‘ynlp22n‘yn + Op(l) (27)

To simplify (2.7) we need the identities stated in Lemma A.1 of the appendix. The next lemma
examines the second, third and fourth terms on the right hand side of (2.7).

Lemma 2.2. Under Assumptions A1-A6 and the sequence of alternatives {A }:
(i) AV, D0 asn—ow;

(i) £, >0 asn— o

(i) VW, DEW R (W) ['(v'd(w)) du asn—e.
0

Now we have our main result by applying Lemma 2.2 and Theorem 2.1 to (2.7). The theorem states
that the test statistics with and without estimated nuisance parameters have the same asymptotic
behavior. Therefore, the estimation of the nuisance parameters has no effect on the asymptotic
distribution theory.

Theorem 2.3. Under Assumptions Al-A6 and under the sequence of alternatives {A }, it follows that
T. BT ~Nu, 02 as n—w, where p=EW*h" (W) gsw)?* du and o= Var(h(W)) —
Covz(h(W) w).

Proof. By the representation in (2.7) and an application of Lemma 2.2 it can be seen that T T,+p+
0,(1). Thus T is a translation of 7, in Theorem 2.1, hence the result follows. 0O

Although it seems uniikely that the test statistics with and without estimated nuisance parameters
have the same asymptotic behavior, there is a simple intuitive explanation for this phenomenon. Recall
that the type of alternatives under consideration are at a distance of n !/* away from the null
hypothesis. Also recall that the estimates used are Vn -consistent estimates, hence at a distance
proportional to n~!/? away from the true value. Therefore, the test statistic can not distinguish between
the estimate and the true value of the nuisance parameter. If the test statistics under consideration could
discriminate alternatives at a distance of n~!/2, which the test statistics discussed here can not, then one
would find that the parameter estimation truly matters. For instance, the Kolmogorov-Smirnov,
Cramer—von Mises and y? tests can discriminate alternatives that are at a distance proportional to n~ /2
away. For these statistics it is well known that the asymptotic distribution theory for the composite
hypothesis and the simple hypothesis are quite different. See for instance, Durbin (1973), Moore and
Spurill (1975) and D’Agostino and Stephens (1986) for more discussion.

Similar results may be found for statistics that are functions of the multinomial cell frequencies. If one
uses a statistic based on ‘symmetric’ functions of cell frequencies, the test procedure can only distinguish
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alternatives at a distance of n~!/* away from the null hypothesis. However, if one uses ‘nonsymmetric’
functions of cell frequencies, then the test procedure can distinguish alternatives at a distance of n—1/?
away from the null hypothesis, see Holst (1972).

In summary, to test H, versus A, one has to estimate the unknown parameter by a Vn -consistent
estimate and use it in a probability integral transform to transform the data to values in [0,1]. Then
proceed as if one is testing a simple hypothesis. One may tabulate asymptotic critical values using
Theorem 2.3. Once again, as in the case of the simple null hypothesis, the proposed tests will not be as
powerful as the ones based on the empirical distribution function.

We now turn our attention to the question of finding the asymptotically locally most powerful test, i.e.,
the test with the maximum Pitman efficacy, against a specific sequence of alternatives. For the definition
of Pitman efficacy see Serfling (1981). For the symmetric statistic based on the estimated spacings we
have from Theorem 2.3 the efficacy equals

e(h) = E(th”(W))fO](y‘gB(u))z du/(Var(h(W)) — Cov2(h(W), W)). (2.8)

Our goal is to find a function k& such that (2.8) is maximized. That is, we wish to find the test with the
maximum efficacy. The following result solves this problem.

Theorem 2.4. The value of e(h) is maximized by taking h(x) = x?.

It is important to note that the optimal A(-) does not depend on a specific sequence of alternatives as
in the non-symmetric case. It is shown in Holst and Rao (1981) that the asymptotically locally most
powerful tests of the simple goodness of fit hypothesis also uses A(x)=x?, leading to the so-called
Greenwood statistic. This is no surprise in view of Theorem 3.2. Note that the Moran statistic is not as
powerful as the Greenwood statistic in both the simple and composite hypothesis testing problem.

Appendix: Auxiliary results and proofs

The following result may be established by a careful use of the differentiability under the integral sign of
f(x; B, 8) and is stated without proof.

Lemma Al. Suppose Assumption A6 holds, then:
(1 f(x 8B, 9)— (x, B, 0)i2E2=0;

(i)  f(x;B, 0)—¢>(x B, 0) 5= T =0;
2

(iii)  f(x; B, 9)( é(x, B, 0)) +f(x; B, 0) Bzd)(x B,0)I;Z12=0. O

Proof of Lemma 2.2. (i) Since y, =y <« we need only examine n'/*¥, . From the existence of the
limiting distribution of the Kolmogrov—Smirnov statistic

sup Vn |Uyy—k/n|=0,(1).

I<k<n
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Since g, assumed to be continuous, for ali § > 0, we have
172 . :
sup n'/?— BlgB(Uk) ~gB(k/n)I =o0,(1).
I<kx<n

By the Lebesgue dominated convergence theorem and the fundamental theorem of calculus

1 n
- X
n

. L, _
g5(k/n) _’f gp(u) du=gg(u)liZy asn—o.
k=1 0

Since
d 0
gp(u) = BEF(X’ B, 6) =f(x, B, 9)£¢(x, B, 0)

where u = F(x, B, 8), we have by Lemma A.1(ii),

0
8(w) (b =1(x. B, 0) 7 b(x, B, 0) 212 =0.

Hence, by applying Lebesgue dominated convergence theorem and the fundamental theorem of calculus
we have

Sn= % kgl £a(Upy) = 0. (A1)
Also since S, is a function of order statistics it can be shown that

Vn'S, > N(0, 7?) as n— o, (A2)
where

72=j:f01(min(s, 1) —st) dgy(s) dgg(r)

(see Shorack, 1972). We have by (A.1) and (A.2),
1 2 -
2 85(Ui) = Oy(n'?).
1

noy

Hence by the Lebesgue dominated convergence theorem it follows

n=4W, n=3/4 Y (nDy)h(nDy) 85(U,) >0 as n— .
k=1

(ii) Recall from Assumption A4 that £, = O (1). The weak law of large numbers and the Lebesgue
dominated convergence theorem imply

Wi B Wy = EQWR(W)) ['89(u) du= EQWR(W)) 85(x) 1173,
Since

0 d
2o(u) = 25 F(x. B, 0) =f(x, B, 0) 75 b(x. B, 0)
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where u = F(x, B, 8), we have by Lemma A.1(i),

go(w) [iZo=1(x, B, 0) ¢(x B, 6)

o

1I/ 3\ N
lﬂ U
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[f=** =0,

(iii) By a plying Lemma A.1 and a similar proof to the one above one shows

YWy, . &E(WZh”(W))fol(ytf,sﬁ(u))2 du +E(%(W))folytgﬁﬁ(u)y du. (A.3)

The second term on the right hand side of (A.3) equals E(Wh(W ))y'ggs(u)y |

a2 /an2\
v U

{ + \
/OB7YF(x, B, 8)

I
—~—

NN ETA
8pplit)

u=1 :
w_0- Since

= (3/9B) [ f(x, B, 0)(3/3B) (%, B, 6)]
= (8/3B)f(x, B, 0)(3/B)b(x, B, 0) +f(x, B, 0)(3°/3B)$(x, B, 0)
=f(x, B, 0)[(3/3B)d(x, B, )]+ f(x, B, 0)(9*/3B)d(x, B, 6)

where u = F(x, B, ), hence Lemma A.1(iii) implies gBB(u)lij(l) =

0. Therefore

Y Vsire S EWH W) ['(v'gs(0)) du asn—w. O
0

Proof of Theorem 2.4. It is casily established, by integration by parts, that EW?2h" (W)= Cov(h(W)
(W —2)%). This identity will s1mp11fy our task. Consider the nondegenerate statistic T(h) =
(1/Vn)L; _ h(nD,) with Var(T (h)) = o.2. Note that the efficacy is uneffected by a linear transformation
of the statistic. Therefore to find A(-) which maximizes e(k) among all functions satisfying Assumptions
Al1-A6, one may consider without loss of generality, the class of {4} with ¢?=1. Thus by the
Cauchy-Schwartz inequality,

e(h)_f (7gﬁ(u)) du Cov(h(W), (W=2)%)/2

< [ (s du [Var(w)] " [var(w - 2] "2

with equality if and only if A(x)=a(x — 2)?>+ b for some a # 0 and b. But since Cov(W, (W —2)?)=0
the maximum of e(h) is attained by taking A(x)=x2. O
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