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Non-Perturbative Determination of Isotope-induced Anomalous 
Vibrational Physics

Huan Wu1, Zihao Qin1, Suixuan Li1, Lucas Lindsay2, Yongjie Hu1,*

1School of Engineering and Applied Science, University of California, Los Angeles, Los Angeles, 
California 90095, USA

2Materials Science and Technology Division, Oak Ridge National Laboratory, Oak Ridge, 
Tennessee 37831, USA

Abstract

In general, vibrational physics has been well described by quantum perturbation theory to provide 

footprint characteristics for common crystals. However, despite weak phonon anharmonicity, 

the recently discovered cubic crystals have shown anomalous vibrational dynamics with elusive 

fundamental origin. Here, we developed a non-perturbative ab initio approach, in together 

with spectroscopy and high-pressure experiments, to successfully determine the exact dynamic 

evolutions of the vibrational physics for the first time. We found that the local fluctuation and 

coupling isotopes significantly dictate the vibrational spectra, through the Brillouin zone folding 

that has been previously ignored in literature. By decomposing vibrational spectra into individual 

isotope eigenvectors, we observed both positive and negative contributions to Raman intensity 

from constitutional atoms (10B, 11B, 75As or 31P). Importantly, our non-perturbative theory 

predicts that a novel vibrational resonance appears at high hydrostatic pressure due to broken 

translational symmetry, which was indeed verified by experimental measurement under a pressure 

up to 31.5 GPa. Our study develops fundamental understandings for the anomalous lattice physics 

under the failure of quantum perturbation theory and provides a new approach in exploring novel 

transport phenomena for materials of extreme properties.

Quantum perturbation theory (QPT) is a general approach to describe quantum systems 

involving phonon, photon, or electron interactions [1,2]. The idea of QPT is to start with 

a simple system that can be easily solved, and then adding a perturbing Hamiltonian 

representing a weak disturbance to the system. The complicated systems can therefore be 

studied based on the knowledge of the simpler one [3,4]. So far, exceptions of QPT only 

exist in complicated or extreme systems of strong correlations, confinement, anharmonicity, 

interactions, or bound states [5–20]. For most crystals, the vibrational physics can be 

well characterized by perturbation theory and thus provide footprint features of their 

crystal structures [21–23]. However, here we found that in the newly discovered cubic 

crystals, the coupling and random distribution of isotope atoms breaks the translational 

symmetry and folds the Brillouin zone, thus the vibration energy cannot be described by 

perturbation theory [24–30]. To understand the missing phonon physics, we developed a 
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non-perturbative ab initio approach to accurately construct the vibrational spectra and enable 

deterministic predictions matching experimental measurements under controlled isotopes 

and high pressure.

In literature, QPT has been well applied for simulating vibrational spectra and shown good 

agreement with experiments for common materials including diamond, Si, Ge, GaAs, InP, 

AlP, AlSb, AlAs, GaSb, InAs, InSb, SiC, BN, AlN, GaN, etc [21–23,31–64]. In general, 

each Raman peak is dictated by the vibrational energy corresponding to a phonon branch. 

However, the recent discovered BAs [24,26–30,64–68] and BP [25] exhibit anomalous 

Raman spectra evolving between single- and two-modes with isotope stochastic ratio, which 

does not follow the established understanding and puzzles the field for last several years. 

Based on the conventional understanding, early studies mistakenly attributed the two Raman 

peaks to the longitudinal optical (LO) and transverse optical (TO) modes, which was later 

found to be incorrect because the LO-TO splitting is too small in energy to be observable 

[25,30,69,70]. Later on, the two modes were naively assigned to isotope vibrations (10B 

and 11B) simply due to energy proximity, but the fundamental origin is not clear, and the 

measurement remains to be inconsistent with theory [27,30]. Further experiments [71,72] 

with tailored isotopes measured the abnormal Raman profiles with transition from single- 

to two-mode behaviors as a function of isotope stoichiometries, which indicates the isotope 

disorder is important but can no longer be treated perturbatively. So far, such an anomalous 

two-mode behavior has not been seen in any other cubic crystals [22]. In the following, we 

will start by elaborating established models and missing physics in the past literature study, 

and then proceed to discuss our new development that enables quantitatively understanding 

of the novel vibrational dynamics.

Many prior studies have considered the disorder effects through QPT [3,4], e.g., treating the 

isotope interactions as perturbation to a periodic system. Using a mean field perturbation, 

the eigenmodes or scattering rates can be derived. In particular, under the weak scattering 

limit, phonon interactions with defects (including isotopes) can be derived from Fermi’s 

golden rule [73] and shows good agreement with the measured phonon linewidths [22]. 

For increased isotope interactions, the phonon frequency shift due to renormalization can 

be derived by improving QPT with perturbative quantum field theory [74]. However, 

fundamentally, all the above perturbative theory frameworks were found to be inadequate for 

BAs and BP due to their unique atomic structures. We attribute this to two essential missing 

factors: First, local disorder from randomly distributed isotope atoms can be critical and 

break the lattice translational symmetry. Second, the coupling interactions between isotope 

atoms with relatively large mass difference (such as 11B and 10B in BAs or BP) will enable 

a non-negligible energy splitting for optical phonon modes and thus substantially revise the 

Hamiltonian from the statistical average or mean field approximation in QPT.

Here, to capture the localized and coupling isotopic vibrational physics in BAs and BP, 

we develop an ab initio approach based on non-perturbative supercell exact diagonalization 

[75,76] and density functional theory [77,78]. First, we consider the scattering physics 

of localized isotope disorders as effective folding of the Brillouin zone: In a perfect 

crystal, atoms are arranged as periodic repetitions of a primitive cell; while for a practical 

crystal with a mixture of isotopes, isotope atoms could distribute randomly in space and 
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thus form local disorders to break the original periodicity. Effectively, we treat such 

a disorder effect as to enlarge the lattice periodicity and fold the Brillouin zone, i.e., 

additional phonon states will be projected to the Γ point and become assessable for Raman 

scattering. Exemplary Brillouin zone folding picture is schematically illustrated by the pink 

shadowed curves in Figure 1a. Second, we explicitly consider the coupling effects from 

all individual isotope atoms (e.g., 10B, 11B, 75As, 31P) by computing the exact eigenstates 

from a randomly configured supercell. The importance of such coupling effect in BAs 

can be gauged from our calculated phonon dispersions for isotopically purely crystals 

(blue and green dashed curves) in Figure 1a: The energy level splitting between 10BAs 

and 11BAs is large in comparison with common compounds and phonon linewidths, thus 

as we expected, the isotope interactions should play an important role in reshaping the 

vibration spectra. To capture both missing factors from the localized and coupling isotope 

effects, we form a large supercell with randomly assigned mass for each atom based 

on isotope concentrations, and then directly diagonalizing the dynamical matrix of the 

supercell to determine the eigenfrequencies and eigenvectors that captures the exact isotope 

interactions [79]. The exact eigenfrequencies of the disordered system are obtained non-

perturbatively to include energy splitting. The interatomic force constants are determined 

by ab initio approach [80,81] based on density functional theory [77,78] without using 

fitting parameters or empirical potentials. To ensure an accurate calculation on long-range 

interatomic interactions within a large supercell, we employ non-local density functionals 

[82–86] in density functional theory calculations using Quantum ESPRESSSO [87–89]. The 

interatomic force constants are subsequently extracted by fitting the displacement-force sets 

using ALAMODE [90]. The dipole-dipole interactions are considered through mixed-space 

approach [91]. This process is repeated for 1000 randomly generated mass configurations 

on a supercell with 512 atoms while keeping the interatomic potential same. The final 

density of state spectra is averaged over the spectra of those mass configurations. Since each 

mass configuration represents a local snapshot of disorder, the Brillouin zone folding due to 

translational symmetry breaking is fully considered with a large supercell and multi lattice 

repetitions. Figure 1b shows the phonon density of states calculated by our non-perturbative 

supercell exact diagonalization method (red curves), in comparison with virtual crystal 

approximation (dashed curves): Clearly, a large deviation is observed between the two 

methods for naturally abundant BAs, verifying our hypothesis that isotope coupling and 

disorder-induced zone-folding substantially modulate the phonon states.

Next, to determine the exact profile of Raman spectra, we looked at its basic physical 

process: In a Raman experiment, electron is the media of photon-phonon interaction. Under 

laser, electrons will oscillate with the external electromagnetic wave, which induces an 

instantaneous polarization quantified by electrical dipole moment Pμ = αμνEν, where E is 

the electric field, α is the polarizability tensor; µ and ν indicate direction. The light intensity 

I(ω) is proportional to the square of the electromagnetic wave amplitude,

I(ω) ∝ εS ⋅ α(ω) ⋅ εI
2

(1)
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where εI and εS are polarization vectors of the incident and scattered light respectively 

[92,93].

The polarizability tensor can then be expanded as a power series with respect to atomic 

displacement u(jl),

αμv = α0
μv + α1

μv + ⋯

(2)

where α0
μν = constant ,

α1
μv = ∑ξ ∑jl

∂αμv
∂ξ uξ(jl)

(3)

where u(jl) is the atomic displacement of the jth atom in lth cell, and μ, ν, and ξ indicate 

the direction of the coordinate system. In Eq. (2), the first term corresponds to elastic 

scattering, and the second term is associated with inelastic scattering due to electron-phonon 

interactions which contribute to the Raman spectra.

The atomic displacement u(jl) can be treated as the superposition of different modes of 

lattice waves,

u(jl) = 1
Nmj

∑qS eqS(j)exp(iq ⋅ r(jl))QqS

(4)

where q is the phonon wave vector and s is phonon branch; qs labels a certain phonon mode. 

N is the number of q-points in the first Brillouin Zone. mj and r(jl) are respectively the mass 

and the equilibrium position of the jth atom in lth cell. Qqs is the normal mode coordinates 

and gives the amplitude of the lattice wave. eqs(j) is the eigenvector of the jth atom. By 

substituting Eq. (4) into Eq. (3), α1 can be expressed in terms of contributions from different 

phonon modes,

α1
μv = ∑q 0, S

∂αqS
μν

∂QqS
QqS

(5)

Here, only optical modes with q → 0 contribute to the Raman spectra due to the 

conservation of energy and momentum in photon-phonon interactions.

Consequently, the Raman intensity at a certain frequency ω is
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I(ω) ∝ ∑S, q 0

εS ⋅ ∂αqS
∂QqS

⋅ εI
2

ωqS
δ ω − ωqS

(6)

For cubic crystals, the crystal symmetry dictates that ∂ααβ/ ∂ujl
γ = atjϵαβγ, where a is a constant 

and ϵαβγ represents the Levi-Civita symbol [94]. For binary compounds, tj = 1 for anions, 

and tj = −1 for cations. Hence,

∂αμv
∂QqS

= ∑jl
∂αμv
∂ujl

∂ujl
∂QqS

∝ ∑j tjϵμvξ
eqS

j
ξ

mj

(7)

When the incident and scattered light are along [111] orientation,

I(ω) ∝ ∑S, q 0

∑jξ tj
eqS

j
ξ

mj

2

ωqS
δ ω − ωqS

(8)

From Eq. (8), the Raman spectra is mainly determined by the phonon eigenvectors and 

phonon density of states.

Based on the above ab initio supercell exact diagonalization method, we determine the 

anomalous Raman spectra for BAs and BP varying with isotope concentrations (Figure 2). 

To verify the calculation results, we chemically synthesized isotopically controlled BAs 

[27] and BP [25] crystals and performed the Raman measurements. The measured Raman 

spectra of BAs and BP were obtained from 633 nm wavelength laser excitation with 1200 

mm−1 grating. We used same laser power and spot size through all measurements in this 

work to ensure that all samples are exposed under same experimental conditions. Shown in 

Figure 2a, the Raman spectra by ab initio calculation (black dashed curve) are compared 

with experimental results from our measurement (red dots) and literature [72] (red squares), 

all showing good agreement. The Raman peaks shift to higher frequency with increasing 
10B concentration, as the atoms tend to oscillate faster with smaller mass. The isotopically 

pure BAs and BP shows only one single Raman peak, but evolves to two-modes under 

the coupling between different isotopes: For example, in naturally abundant BAs (i.e., 

with 20.1% 10B concentration) (Figure 2a), a second smaller peak appears at 718.9 cm−1, 

in addition to its first Raman peak at 700.8 cm−1. With further increased concentration 

of 10B above 40%, the two peaks gradually move closer to each other, and eventually 

merge together when 10B is above 80%. For BP, under the natural occurring boron isotope 

concentration, the second low frequency Raman peak appears at 799.0 cm−1, though with 

a smaller intensity of about 10% that of the first peak at 827.4 cm−1. With increased 10B 

concentration, the second peak gradually disappears. Based on our ab initio theory and their 

good agreement with experiment in Figure 2a, such anomalous evolution of Raman spectra 
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with isotope stoichiometries can be understood from Brillouin zone folding. In the Raman 

process, only the q = 0 modes are active due to the energy and momentum conservation 

during photon-phonon interactions. For isotopically pure crystals where atomic masses are 

of perfect periodic distribution, the phonon mode at Γ point forms single Raman peak. 

Considering the extreme case for example, in amorphous materials, disorders can destroy 

the periodicity or effectively project all vibrational modes following Brillouin zone folding; 

as a result, the Raman spectra of amorphous materials resembles the profile of density 

of states. In comparison, the isotope-mixed BAs and BP are mass disordered lattice with 

partial phonon modes folded to Γ point and become accessible to Raman spectra. Further, 

we compare the results between the supercell exact diagonalization approach and the virtual 

crystal approximation. As shown in Figure 2b, virtual crystal result (black dashed curve) is 

always limited to a single Raman peak and is almost linearly changing with the 10B fraction. 

Our ab initio results, on the other hand, shows a non-linearity due to the evolutions from 

single peak to coupled two peaks, in consistent with experimental observation. Essentially, 

the localized isotope vibrations and their coupling deviate from the calculations based on 

homogenous virtual atoms.

Importantly, our study indicates that each individual Raman peak involves substantial 

contributions from all isotope vibration modes, which means the respective Raman peak 

could be assigned to the separate vibrational behaviors of two boron isotopes, i.e., 10B- and 
11B-like behaviors. To quantitatively understand the coupled contributions to each Raman 

peak observed in the natural BAs and BP, we decompose the Raman intensity contribution 

among all constitutional atoms (i.e, all isotopes of B, As or P) based on their eigenvectors. 

For As and P, a single isotope 75As, and 31P dominates the natural abundance respectively. 

The contribution of Raman intensity from each isotope is determined following Eq. (9):

IX(ω) ∝ ∑S, q 0 W qS
X

∑jξ tj
eqS

j
ξ

mj

2

ωqS
δ ω − ωqS

(9)

where X could be 10B, 11B, 75As, and 31P. W qs
X is the weighting factor of each isotope,

W qS
X =

∑j ∈ X, ξ
eqS

j
ξ

mj

∑jξ
eqS

j
ξ

mj

(10)

As shown in Figure 3, we quantify the total Raman spectra (black solid curve) from 

respective contributions by each isotope (color dashed curve): 10B, 11B, 75As or 31P. A 

prior naïve understanding is that the high frequency peak corresponds to the 10B-like mode, 

and the low frequency peak correspond to the 11B-like mode. However, from Figure 3, 

all isotopes show non-negligible contributions to each Raman peak, due to the strong 

coupling between 10B and 11B as discussed above. The interatomic forces between the 

atomic pairs in the system affect all isotopes and collectively determine the oscillation 
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frequency. Essentially, our study indicates that the coupling from two isotope modes plays 

important role in re-shaping the Raman spectral profile.

Another interesting finding based on our calculations is that a negative contribution to total 

Raman intensity could exist from a certain isotope mode. For example, for BP in Figure 3b, 

at the low frequency peak, there is −3.7% contribution from 10B when 10B concentration 

is 20%, which indicates the 10B and 11B has opposite directions of eigenvector based on 

Eq. (9) and (10), so that 10B mode destructively contributes to the total Raman intensity. 

To elucidate further, when the 10B mode originally at Brillouin zone edge, folds back to 

the Brillouin zone center, it gives a negative contribution to Raman intensity due to the 

opposite eigenvector and overlapped frequency compared with the 11B mode at Brillouin 

zone center. However, the negative contribution is not obvious for BAs, because in BAs the 

optical frequencies at Brillouin zone edge is far away from the frequencies at Γ point.

Moreover, we exemplify the power of the ab initio approach by high pressure study. Based 

on the developed ab initio theory, we expect that under high pressures, a resonance shoulder 

will appear on the lower frequency side of the 11B TO peak in naturally abundant BAs. 

From Eq. (8), the Raman intensity is not only affected by the density of states, but also the 

alignment and magnitude of the eigenvectors. Therefore, this prediction of new resonance 

shoulder can be understood by looking at the alignment function of the eigenvectors in a 

specific direction z, which we define as:

ηz = ∑j
tj eqS

j
z

mj

2

(11)

The larger value of ηz indicates better alignment on vibrational. If the eigenvector directions 

of each atom are randomly distributed, the positive and negative values of eqS
j

z cancel with 

each other, and then ηz becomes zero. When ηz reaches a peak value, the corresponding 

phonon modes allows high probability for atoms to have synchronous vibrations, i.e., 

forming a resonance shoulder in Raman spectra. Based on the ab initio theory, ηz is 

calculated under varied hydrostatic pressures. As shown in Figure 4a, ηz shift towards higher 

energy from ambient pressure (yellow) to high pressure (red). In addition, the high pressure 

reshapes the ηz profile: a local peak for ηz evolves at 815 cm−1 under 31.5 GPa (pointed 

circle, Figure 4a). For this enhanced eigenvector alignment at 815 cm−1 under 31.5 GPa, 

our ab initio calculations (black solid curve, Figure 4b) predict that an abnormal resonance 

Raman shoulder will appear at the same position. To verify our prediction, we performed 

in-situ Raman experiment under high hydrostatic pressure using a diamond anvil cell setup 

[24,79] as illustrated in Figure 4c. BAs single crystal sample was loaded in diamond anvil 

cell (Figure 4d). In Figure 4b, the experimental results (red dot) are compared with ab 
initio theory predictions (black solid curve). The experiment shows an evolved resonance 

shoulder in the Raman spectra (pointed circle) under high pressure: For example, it appears 

at 775 cm−1 for 22.3 GPa and moving further to 815 cm−1 for 31.5 GPa, in good agreement 

with theory prediction (black curve). The experimental observation of such unique features 
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in high-pressure Raman spectra further verified the modeling accuracy based on ab initio 
theory.

In summary, we investigated the vibrational modes in high thermal conductivity BAs and 

BP crystals and quantitively determined the physics origin of the anomalous vibrational 

modes through the comparison between ab initio theory and experiment indicates. We 

developed ab initio calculations based on density functional theory and non-perturbative 

supercell exact diagonalization method to determine the profiles of Raman spectra under 

varied isotope stoichiometry that shows good agreement with experimentally measurements. 

Our study found that the dynamic evolution of Raman spectra with isotope stoichiometries 

can be quantitatively explained by the coupling between all constitutional atoms and 

the translational symmetry breaking induced by local isotope mass inhomogeneity. By 

decomposing the Raman insensitivity to each eigenvector of constitutional atoms (e.g., 10B, 
11B, 75As, 31P), we clarified that each Raman peak is contributed collectively from all 

vibrational modes rather than from single mode, while both constructive and destructive 

coupling exist. In addition, an abnormal vibrational shoulder is theoretically predicted at 

high pressure due to breaking of translational symmetry in BAs and experimentally verified 

by our high-pressure experiment. This study exemplifies the power of combining ab initio 
theory and experiment in exploring new transport phenomena for materials with extreme 

properties [68,95].
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Figure 1. Brillouin zone folding and translational symmetry breaking due to local fluctuation 
and coupling of distributed isotope atoms.
(a) Phonon band structures (optic branches) for isotopically pure and naturally abundant 

BAs. Schematic in the right column (red shadow), illustrating an example of Brillouin 

zone folding due to local and coupled isotope effects. (b) Phonon density of states (DOS) 

calculated by different model methods. The DOS of naturally abundant BAs is determined 

by the supercell exact diagonalization theory (red solid curve) to include the prior missing 

contributions from local isotope disorders and their coupling, showing clear differences from 

the virtual crystal calculation (black dashed curve). The comparison indicates a substantial 

redistribution of phonon states due to isotope effects of Brillouin zone folding and energy 

splitting.
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Figure 2. Quantitative profile-determination of vibrational dynamics by ab initio theory in 
comparison with experimental measurements, under varying isotope concentrations.
(a) The dynamic evolution of Raman spectra with different isotope stichometry 

concentrations between 10B and 11B for (a) BAs and (b) BP. The Raman spectral profiles 

determined by ab initio calculation based on the supercell exact diagonalization theory 

(black dashed curve), considering the local isotope vibrations and their coupling, are in 

good agreement with experimental data from our measurement (red dot) and literature 

(red square) [72]. (b) The ab initio theory determined Raman spectra is plotted in two-

dimensional color map, illustrating the broaden of Raman spectra and evolution from single-

mode to two-mode behaviors due to isotope coupling. Plotted for comparison, is the virtual 

crystal approximation (dashed curve), indicating its limitation to single mode and failure to 

capture the coupling physics in these boron compounds.
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Figure 3. Decomposition of vibrational spectra into constitutional atomic modes by tracing the 
eigenvectors.
The Raman intensity for (a) BAs and (b) BP under varied isotope concentrations, are 

decomposed into respective contributions of 10B, 11B, 75As or 31P. The total Raman spectra 

(black solid curve) is a summation of all isotope contributions (dashed) and shows good 

agreement with experiments in Figure 2. Negative contribution is observed from individual 

isotope mode, e.g., 10B mode in 10B0.2
11B0.8P.
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Figure 4. Abnormal vibrational resonance shoulder for natBAs under high pressure predicted by 
ab initio theory and verified by experiment.
(a) The calculated alignment function ηz at ambient (orange yellow column) and high 

pressure (red column), predicting an evolving ηz peak at high pressure that facilitate Raman 

scattering near its shoulder. The profile of ηz is illustrated by solid curves. (b) Comparison 

between the theory prediction (black curve) and experimental measurement (red dot) of 

Raman spectra under ambient and high pressures, verifying the appearance of a new 

shoulder (highlighted by red circle and arrow). (c) Experimental setup of diamond anvil 

cell for in situ Raman measurement under high pressure. (d) Image of BAs sample loaded 

inside the diamond anvil cell. Scale bar is 100 μm.
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