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CARLEMAN ESTIMATES AND UNIQUE CONTINUATION
FOR SECOND ORDER PARABOLIC EQUATIONS WITH
NONSMOOTH COEFFICIENTS

HERBERT KOCH AND DANIEL TATARU

ABSTRACT. In this work we obtain strong unique continuation results for
variable coefficient second order parabolic equations. The coefficients in
the principal part are assumed to satisfy a Lipschitz condition in x and a
Hélder O3 condition in time. The coefficients in the lower order terms, i.e.
the potential and the gradient potential, are allowed to be unbounded and
required only to satisfy mixed norm bounds in scale invariant LY L% spaces.

1. INTRODUCTION

The evolution of the understanding of the strong unique continuation prob-
lem for second order parabolic equations mirrors and is closely related to the
corresponding strong unique continuation problem for second order elliptic
equations. Consequently, we begin with a brief overview of the latter problem.

To a second order elliptic operator A, = 9;¢"9; and potentials V, W in R"
we associate the elliptic equation

(1.1) — Aju=WVu+Vu

Given a function v € L} (R") and xy € R™ we say that u vanishes of infinite

order at xy if there exists R so that for each integer N we have
(1.2) / lu|? dor < Ar?Y, r<R
B(xzo,r)

The elliptic strong unique continuation property ESUCP has the form

Let u be a solution to (L)) which vanishes of infinite order

at xg. Then u(x) =0 for x in a neighborhood of x. ESUCP

ESUCP type results go back to the pioneering work of Carleman [5] in
dimension n = 2, later extended to higher dimension in by Aronszajn and
collaborators [3], [4]. Their results apply to Lipschitz metrics g but only mildly
unbounded potentials V and W. A key ingredient in their approach was
to obtain a class of weighted L? estimates which were later called Carleman
estimates. The simplest Carleman estimate has the form

el Tullze S [lel*~" Aull:
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and holds uniformly for 7 away from £(*%= 2 4 N). This restriction is related
to the spectrum of the spherical Laplaman

Adding some extra convexity to the |x|~" weight makes the above estimate
more robust and allows one to also use it in the variable coefficient case. The
role played by the convexity was further clarified and explained by Hormander
[12], [13], who introduced the pseudoconvezity condition for weights as an
almost necessary and sufficient condition in order for the Carleman estimates
to hold.

The problem becomes more difficult if one seeks to work with unbounded
potentials V in or near the scale invariant L2 space. There the L? Carle-
man estimates are insufficient. Instead the key breakthrough was achieved
in Jerison-Kenig [15], where the L? Carleman estimates are replaced by L?
estimates of the form

Ly S lllal Az,

|l
Relevant to the present paper is also the alternative proof of this result which
was given by Jerison [14], taking advantage of Sogge’s [25] spectral projection
bounds for the spherical Laplacian. In the case of operators with smooth
variable coefficients LP Carleman estimates were first obtained by Sogge [26],
[21].

Working with gradient potentials in the scale invariant space W € L™ intro-
duces an added layer of difficulty. There not even the LP Carleman estimates
can hold. Wolff’s solution to this in [29] is a weight osculation argument, which
allows one to taylor the weight in the Carleman estimate to the solution w,
producing estimates of the form

Hawmumﬁﬁ+mz ‘va|% HWWAM|%

where the choice of ¢ depends on both u, W and 7.

Finally, the authors’s article [I7] combines the ideas above into a nearly
optimal scale invariant ESUCP result for the elliptic problem, with (i) a
Lipschitz metric g, (ii) an L2 potential V, and (iii) an almost L™ gradient
potential W. The present paper is the counterpart of [I7] for the parabolic
strong unique continuation problem.

We consider the second order backwards parabolic operator

(1.3) P = 0; + Org"(t, )0,

in R x R™ and potentials V,W;,W,. To these we associate the parabolic
equation

(1.4) Pu=Vu+ W V,u+ V,(Wsau)

Given a function v € L} and (fy,z9) € R x R™ we say that u vanishes of
infinite order at (¢, zo) if there exists R so that for each integer N we have

(1.5) / / \u\2dajdt < Ar?, r<R
B(zo,r



Alternatively we may only require that x — u(to, x) vanishes of infinite order
at xg, i.e.

(1.6) /B( ) lu(to, z)|* do < Ar?Y, r<R
T0,r

The two conditions (L5 and (LG) are largely equivalent provided that the
coefficients ¢* have some uniform regularity as ¢ — t,. However, our as-
sumptions in this article are not strong enough to guarantee this, therefore we
consider the two separate cases.

Now we can define the strong unique continuation property SUCP(I) :

Let u be a solution to (1.4) which vanishes of infinite order

at (to, xg). Then u(ty,x) =0 for x in a neighborhood of xy. SUCP(I)
and the slightly stronger variant
Let u be a solution to (1.4)) so that x—u(ty, x) vanishes of infinite SUCP(IT)

order at xo. Then u(ty,z) = 0 for x in a neighborhood of x.

The study of unique continuation for parabolic equations began with early
work of Mizohata [2I] and Yamabe [30], followed by Saut-Scheurer [23]; L?
Carleman estimates were first obtained by Sogge [24].

The study of the parabolic strong unique continuation problem began with
work of Lin [20] who considered SUCP (II) for the heat equation with W' =0
and V' bounded and time independent. This continued with work of Chen [0]
and Poon [22]. Fernandez [I1], and Escauriaza, Ferndndez and Vessella [7] con-
sidered SUCP (II) under various assumptions on the coefficients and pointwise
bounds for W =0 and V. It is a consequence of Alessandrini and Vessella [I]
that SUCP (I) andSUCP(II) are equivalent under weak assumptions on the
coeflicients, and they derived SUCP (II) in [2] for bounded W and V.

The article of Poon [22] contributed to clarifying the correct form of the
L? Carleman estimates for the parabolic strong unique continuation problem
in Escauriaza and Ferndndez’s work [9]. In the simplest form, these have the
form , ,

T2 e S e S [T RS9, 4+ A)ul| e
and hold uniformly with respect to 7 away from (2n + N)/4. This restriction
is connected with the spectral properties of the Hermite operator.

The LP spectral projection bounds for the Hermite operator were indepen-
dently obtained by Thangavelu [2§] and Kharazdhov [16]; see also the sim-
plified proof in the authors’s paper [19]. These bounds were essential in the
proof of LP Carleman inequalities for the heat operator of Escauriaza [8] and
Escauriaza and Vega [10] which yield SUCP(I) when g = I,,, W = 0 and
Ve L'L> + L>L"?

Our aim is to prove that SUCP(I) respectively, SUCP(II) hold under
sharp scale invariant assumptions on the metric ¢ and LP conditions on the
potentials V' and Wi, Wa. The contribution of this work is comparable to [17]

for the elliptic problem: We study almost optimal conditions on
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(1) the coefficients g
(2) the potential V/
(3) the gradient potentials W

The combination of rough variable coefficients and L? conditions on the po-
tential seems to be new. Also, to the best of our knowledge this is the first
result on unique continuation for parabolic problems under L? conditions on
the coefficients of the gradient term.

For simplicity we always assume that t, = 0, zo = 0. For SUCP(I) it is
naturalfl to consider a larger class of operators P which have the form

0 T Tp Tp X
1 p-Y kl Tk gkl e T Tk
( 7) at"—akg 8l+ ; 8l+8l ; + ; e r

where (g*), (d*) and (e*') are real valued and (¢*') and (e*') are symmetric.
Then simple scale invariant assumptions for the coefficients would be

(1.8) ||z + ||(t 4+ 22)20,d|| e + [|[t0d]| 1 < 1

Here and in the sequel d stands for a generic coefficient of the form g — ¥,
d" and e*. For V and Wi 2 we could consider conditions of the form

(1.9) Vgt poespoopnre < 1,

(110) HW1,2||L2L°°+L°°L" << 1

Here and in the sequel we use the notation LPL? = L{L4.

The situation is however more complex and we may take (L&) to (LI0)
only as guidelines. We will have to strengthen (L8] to include some dyadic
summability. on the other hand we are able to weaken the time differentiability
to a C's Holder condition on small time scales.

We are also able to slightly weaken (L9) almost to uniform bounds on
dyadic sets. However, we are unable to use mixed norms for W; and W, and
we restrict ourselves to a summable L""2 norm in dyadic sets.

To state our assumptions on g, V', W7 and W5 we consider a double infinite
dyadic partition of the space,

(1.11) Rt xR"= | [J4y
i=—00 j=0

where
(1.12) A ={(t,z) e R* xR* | e ¥ <t < e o <1420uft72 < et}
Consider the subset of indices
(1.13) A={(i,§):j<2i+2}
defining a partition of the cylinder

Q =10,1] x B(0,1)

IThis becomes clearer later on after a change of coordinates and conjugation with respect

to a Gaussian weight
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Define
1
(1.14) A(T):{(i,j)EAZ4iZlHT+1,j§§1nT+2}

which corresponds to a partition of the cut parabola

Qr ={(t,z): |z <1t < 1}.

2] = 1

FI1GURE 1. The cut parabola

We also consider a decomposition of () into dyadic time slices
Ay =le ™ e ¥ x B(0,1)

7

and a similar partition of the cut parabola (), into the sets
AT = ANQ,

Given a function space X and 1 < ¢ < oo we introduce the Banach spaces
17(A, X) with norms
Vs = D V1%,
i,jeA
In a similar manner we define the spaces [*(A, X).
Within the sets A;; we define the modulus of continuity (m;;) in time
mi;(p) = e''p+ €33
and denote by C," the space of continuous functions with finite seminorm
u(ty, ©) — u(ty, )|
||u||cm” = sup ij .
t1,t2,@ m (‘tl t2|)
For the reader’s convenience we note that within A;; we have e* ~ ¢! and
5(2i3) (t+ |z[2)~3
For the coefficients of the operator P in (L7l) we change the condition (L8]

to
(1.15) suleldllLoo aiy) €72 d|Lip, (a,,) + Il
TAn)

m” ) << ]_

where we note that e/~% ~ (t 4+ 22)7 in A,;.
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The pointwise bound for g — I, in (L15), namely
(1.16) sup [lg — Inllinar) L) <1

is not really needed for our results. It can be always obtained from the other
bounds after a change of coordinates. This is discussed in the appendix.

The assertion (LLIF) is satisfied for g € Lip, NC}? provided that ¢(0,0) = I,,.
1

Indeed by scaling we may assume that the Lip, N C}> norm is small therefore
it suffices to compute

I+ o < >, >, et S
i>InT j<In(r)/24+2
For the potential V' we consider:
[V llioo (4,01 oo poopney < 1 for n > 2
(1.17) HV||lo<>(A,L1Lo<>+Lpr’) <1 forn>21<p<oo,
||V||l°°(_A,L1L°°+L2L1) <1l forn=1
where p’ in the second line is the dual exponent. In addition we require that
(1.18) sup XV || ooy poopnre < 1 n>2
with the obvious modifications for n = 1,2, where y; is the characteristic
function of the set
{(t,z) e <t <e™ t7Y22] <i}.

Both (LI7) and (LIN) are fulfilled if V € L'L> + L>®°L™? with small norm.
Finally for the gradient potentials W; 5 we introduce the summability con-
dition with respect to time slices

(1.19) sup > |||

Ln+2(AT) < 1.

As a consequence of this we note the uniform bound
(120) Sup ||W172|

Lnt2(A;y) < 1.

Now we can state our main results.

Theorem 1. Let P be as in (L) with coefficients satisfying (LIH). As-
sume that the potentials V. and Wi o satisfy (LI7), (LI8) and (LI9). Then
SUCP(I) holds at (0,0) for H' functions u satisfying (L4).

It is part of the conclusion that the trace of u at ¢ = 0 exists near z = 0.
The assumptions on the operator seem to be too weak to imply existence of a
trace in general. More precisely shall prove

g
t

u(t, )lrzo1/8) Se

for some 6 > 0.



The C'3 Holder regularity in time for the metric g seems so be new, improv-
ing the C'2 Hoélder regularity in [9]. It is not clear to the authors whether this
condition is optimal or not.

We may replace the assumptions by stronger translation invariant assump-
tions,

(1.21) lgllzip, +gll 3 <1
t
(1.23) D IWialpnrzay S 1

Then we also obtain a stronger conclusion.

Theorem 2. Let P be as in ([L3)) with coefficients as in (L21]). Assume that
the potentials V' and W satisfy ([L22) respectively (L23)). Then SUCP(II)
holds at (0,0) for H' functions u satisfying (L4).

We remark that the condition (L2]]) is really too strong, and that with some
additional work (see Remark 2.3]) one can bring it almost to the level of (L.IH).
Precisely, it suffices to replace (ILI5) by

(1.24) sup O [ldl zoeany) + €2 dllLip, a,) + Il ey, <1
TA(n)

t ij
where the slightly stronger time continuity modulus mfj is given by
m?j(ﬂ) _ €4i—2jp_'_ e%(%—j)p%
However, we cannot keep the additional terms in (1), because we need to
be able to meaningfully talk about the trace of the solution at time ¢ = 0.

Both theorems are consequences of quantitative estimates, which also imply
weak unique continuation under the assumptions of Theorem 2k

Let u be a solution to (1.4) for which u(to,.) vanishes in
the closure of an open set. Then (u(ty,.) vanishes in a UucCP
neighborhood of the closure.

If u satisfies the assumptions and vanishes in an open set U, then it vanishes
in the time slices ¢t = t, in an open neighborhood of the closure of Uy, = {(x :
(t,xz) e U}.

Theorems [1l and 2] are nontrivial consequences of a Carleman inequality. To
state a first version of the Carleman inequality we introduce an additional fam-
ily B(7) of sets which is a partition of the cylinder [0,77') x B(0, 1), consisting
of

1.25 A, Inr<4i<tY?20<j<Int/2+2,
J

(1.26) [e%4 ¢4 x B(0,e %Y%),  4i> T2,
7



(1.27) Aij, InT <4i, In7/2<5<2i.

This partition is coarser than the partition of the same cylinder into the sets
A;;. This is the reason why we need the assumption (LI8). More precisely

Assumptions (LI7) and (II8) imply

(128) Hv,|loo(B(T)’L1Loo+LooLn/2) << 1

Theorem 3. Let 70 > 1, € > 0 and P as in (1) with coefficients satisfying
(LI5). Suppose that Wy satisfY (LI9) with constants depending on € and
To- Then there exists C' > 0 such that for all T > 19 the following is true:
Suppose that v € L*(H") is compactly supported in [0,8771) x B(0,2) and
that it vanishes of infinite order near (0,0). Then we can find a function
¢ € C>([0,8771] x B(0,1)\{0,0}) and h € C(R") which satisfy

(1.29) T<h <(1+e)r

(1.30) '¢(x,t) - <h(— Int) — g—i) ‘ <e (T + ?)
such that

||e¢v|| : < C’||e¢(P + WAV + VIV,

2n 2n
12(B(1),L>®L>NL2Ln-2) 12(B(r),L L2+ L2L7+2 )]

for n > 3, respectively
||€¢U||12(B(T),LooL2erp’Lq’) < Clle?(P + WiV + VWa)vlliz@r), 122+ Lo ey,
forn =2, %%—%:%, 2 <p, and

Hed)v]|lz(3(7)7LooLsz4Loo) S CHed)(P + le + VW2)UHl2(8(7),L1L°°+L4/3L1)
forn =1.

The statement of the Carleman inequality is involved for several reasons.
The weight e l=l?/ 8t which works for the constant coefficient case, has to be
modified so that it has more convexity in order to handle variable coefficients,
spatial localization and the gradient potential. However the polynomial growth
in time (imposed by the assumption of vanishing of infinite order) limits the
available amount of convexity; this is the origin of the [* summability in (L.I6),
(L20), and to a lesser extend of (L.IS]).

If W = 0 then the Carleman inequality holds for a large explicit class
of weights e?. This cannot be possibly true for general gradient potentials.
Instead, we are only able to prove that there exists some weight function ¢,
which now depends on 7, u and W, for which the uniform Carleman inequality
holds. This strategy goes back to the seminal work of T. Wolff [29] and has
been used by the authors for the elliptic problem [17].

The partition A;; is much finer than the dyadic decomposition in ¢ only,
which would correspond to the dyadic decomposition in the elliptic case. We
are only able to localize the estimates to the sets A;; if we make the weight

function sufficiently convex. We can do this for many A;;, but not for all of
8



them. The sets ([.26]) correspond directly to the assumption (LI8]). We need
to have control of the L'L> + L>L"™? norm of V in sets which are not smaller
than those of the partition in (L25]), (L26]) and (L27).

We have stated Theorem [3in a simpler form which suffices to derive Theo-
rem [I] and Theorem 2l However the full estimate we prove is stronger in that
it also contains precise L? bounds. These are essential for the localization and
perturbations techniques we use.

The strategy of the proof is the same as in [17]:

(1) We construct families of pseudoconvex weights and derive L? Carle-
man inequalities. The convexity of weights determines the space-time
localization scales and the admissible size of perturbations.

(2) We enhance the above L? Carleman inequalities to include LP esti-
mates. Due to the L? localization it suffices to do this in small sets.
This allows us to use perturbation arguments starting from the case of
the heat equation with the weight e lel?/8t,

(3) LP estimates for the spectral projections to spherical harmonics im-
ply the LP Carleman inequalities in the elliptic case. Here spectral
projection for the Hermite operator play a similar role.

(4) Finally we include Wolff’s osculating argument into the scheme in order
to handle the gradient potentials. The efficiency of this part depends
on the flexibility in the choice of the weight functions.

The complexity of the weights and the L? Carleman estimates comes mainly
from the geometry of the classical harmonic oscillator. Orbits are contained in
a sphere in R?". The projection down in the x space is a ball, where frequency
variables have a different behavior in radial and angular directions and near
the boundary of the the ball. It turns out that our analytic estimates reflect
these features.

2. PROOF OF THEOREM [I] AND

In this section we prove Theorem [l and [2] assuming Theorem Bl The relation
between Carleman estimates and unique continuation is fairly straightforward
in the elliptic case. In the parabolic situation the argument is less direct due
to the more complex geometry of the level sets of the weight functions.

It is a standard consequence of a localized energy inequality that for the
parabolic equation (L) u(t) and its gradient can be controlled by L? norms
of u.

Proposition 2.1. Let n > 3 and suppose that v solve the parabolic equation
vy + Opa o = W Vo + V(Wev) + Vo

on the space-time cylinder @ = [0,2] x B(0,2) with a € Lip uniformly elliptic
and

W allLrez@) + [V Il prpoqpoepne <1
9



Fezt 2/ T
’ 1/7
lo
1/167
Fint
. 1/87

Es 95 1 /4 1 2 7
FIGURE 2. The sets Es, F**" and F'™

Then

sup [[v(t)| 2801y + [ Va2l z2(01xB0,1) S |VllL2(@)-
0<t<1

If n = 2 then the same statement is true with L>°L™? replaced by LPL? with
1<p<oo,1<qg<ooand % +% = 1. Similarly, if n = 1 we have to replace
it by LYL™.

Given our assumptions (LL.I3), (II7), (II8), (L19) and (I20) we can apply

Proposition 2] rescaled in sets of the form [t, 2] x B(l’o,té/ %), which are
subsets of the A;;. Summing up with respect to such sets contained in a
parabolic cube

Q. = [0,7%] x B(0,7)

we obtain the following consequence.

Corollary 2.2. The following estimate holds under the assumptions of Theo-
rem [1

1 1
[t2ul| e r2(q,) + 112Vl 20,y S llullz2@,)

Proof of Theorem [d. We choose 7 > 75 and 0 < § < 72 and introduce the
sets

Es =([0,26%] x B(0,26))\([0,6%] x B(0,6))
Fret=([0,2/7] x B(0,2)\([0,1/7] x B(0,1))
F™ =[1/327,1/167] x B(0,1/4)

Our strategy will be to truncate u in Es and F¢* and to apply Theorem
to the truncated function in order to obtain a good bound on u in F'™*.

Let n be a cutoff function supported in [0,2) x B(0,2) and identically 1 in
[0,1] x B(0,1). For 6 < 77'/2 we define

vs(t, ) = (1= n(t/521,56/5))n(7t/8,x)U(x,t)



which satisfies
(P+WV)vs =Vus — [P+ WV, n(t)6* x/8)u+ [P+ WV, n(rt/8, )u.

The second term on the right hand side is supported in Es and the third one
in F*,

We apply Theorem Blto vs. One should keep in mind that the corresponding
weight ¢ depends on ¢ but that the bounds we prove are uniform with respect
to . We normalize the function h by h(0) = 0. We have to control the size of
¢ in the sets Es, F** and F. Due to (L.29) we have

T

7s < h(s) < 27s, s>0
By (L30) we obtain a rough polynomial bound in ¢

z|? 22
(2.1) ¢ < e ST < 20(r) gL i B
Let

|

M = sup{e —1In(t) ) Tf-l—a(‘r-l—é) . (t, I‘) c F:xt}

By ([29) the supremum is attained at a point (tg, z) with % < 87ty <1 and
|zo| = 1. A simple computation also shows that

Sup{t_l/zeh(_ ln(t))e—‘:;—f—l-e(T—l-é) . (t, $) c Femt} < 7_1/2]\4.
Then M dominates e® in F*:
22) peM, PSS R

Next we need to bound e from below in £ in terms of M,

(2.3) inf e? > 2" M
ant
To see this we compute for (¢,z) € F/™ and sufficiently small &
1 1
t,7) — Bt > h(—Int) — h(—Inty) + — — —— — ~
3 1
Z (Z — 205)’7‘ 2 5’7‘

and use (ZI)) and (2.2]).

Theorem [ applied to vs yields
(2.4)

le®vs] Slle?Vus|

2 2
12(B(r),L2L7-2 AL L2) ™ M2(B(r),L2L7F2 11112

+ ||e?[P + WV, n(t/6?, /)]l
+ ||e?[P + WV, n(rt, z)]ul|

2
12(B(r),L2L7T2 £ L112)

2
12(B(r),L2L712 4 L1L2)

By Holder’s inequality we have

He¢Vv5 HZZ(B(T)’LQL%JFLW) Sl VHloo(B(r),LlLooJrLooLn/z) He‘bw le(B(T)
11
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Due to the smallness in (L.28) we can absorb this term on the left hand side
of the inequality.
We calculate the first commutator

fs =[P+ WV,n(t/5* x/5)]u

= ( 8875 + Opglo, + 22k dk101+WV) (t/6%, x/6)
+2071 kl(ﬁkn)(t/éz,x/é)&u
By (21 we have
le? fs]] < e(r)d 83 s

2 2
12(B(r),L2L7t2 4 L1L2) 12(B(r),L2L7t2 4 L1L2)

For the W term we use (I.I9) and Holder’s inequality. For term involving
d*™ we bound the L'L? norm in terms of an L*L? norm, using (L.I5) which
implies that the pointwise bound for d* is summable with respect to dyadic
time regions. For the remaining terms we simply bound the L'L? norm in
terms of the L? norm. This yields

le? £ Se(m)5 2 (([ull 2y + 1(Dem) (867, 2/8)62 V|2

+ (1) (/82 2/8)t 7w poor2)

Then we can apply a straightforward modification of Corollary on the Ej
scale to finally obtain

le?[P + WV, n(t/6%,2/6)]ull 2 S e(m)0 ™2 full 2.

12(B(7),L2L7+2 +L1L2) ™

2
12(B(r),L2L7+2 + L1L2)

Similarly we can estimate the second commutator

|e?[P + WV, n(rt, a:)]u||12(8 \ pop e o) < M71/2||u||L2(F5m).

Hence by inequality (2.4]) we get

(25) |e” U6||l2 (B(r),[2L722AL>12) S Mr 1/2||u||L2 (peaty + (T )5_4T_2||u||L2(E5)'

Within F™ we have v; = u. Then by (Z3)) we obtain
1, g
(2.6) [l Lo 2 (miney S 712777 ([l p2penty + ()02 | 2 -

Also by the vanishing of infinite order the second term tends to zero as § — 0.

Hence as § — 0 we obtain
_1,
(2.7) ||U||LwL2(Fint) Sz [ull z2(meer)

~

For 0 < t <« 1 we choose 7 = 16t to obtain

— R
lult, )l r2po,a) St e

This completes the proof of Theorem [Il O
12



Proof of Theorem[2. We extend the potentials V' and W by zero to negative
time, and g*(t,z) = ¢*(0, ) for t < 0. By definition, possibly after rescaling,
we have u(0,.) € L*(B(0,2)). We now solve the mixed problem

(2.8) uy + Og™ou =0 for t <0 and |z| <2
with the boundary condition
u(t,z) =0 if |[z| =2and t <0

and the obvious initial condition to obtain an extension of u to negative. The
heat kernel for (2.8)) satisfies Gaussian estimates. In particular we obtain from
(@) for all positive integers N with a constant ¢y possibly differing from (I.6l)

0
(2.9) / / luf2dzdt < 2.
—7“2 7n(o)

We seek to prove that the bound (2.7) still holds in this context. The
difficulty is that we only know that u vanishes of infinite order at (0,0) for
negative time. To account for this we shift the time up, t — t+2J. Arguing as

in the previous proof we obtain (2] with u replaced by u(t + 20, x). Letting
d — 0 by (29) we obtain (2.7) and conclude as above.

Remark 2.3. If one wants to prove Theorem[d under the weaker assumptions
on g in (L24) then the origin needs to be avoided in the above argument. Hence
the time translation needs to be accompanied by a spatial translation, namely

us(t, z) = u(t + 26% x — 87de;)

This translation places the image of the origin, or better of the cube [0, 76%] x
B(0,476), within the region {tt < z*}. But in this region the conjugated
operator Py, introduced later, is elliptic so only pointwise bounds for g are
needed for the Carleman estimates.

O

3. L? BOUNDS IN THE FLAT CASE AND THE HERMITE OPERATOR

In this section we prove the simplest possible L? Carleman estimate for the
constant coefficient backward parabolic equation

ou—+ Au=f

This serves as a good pretext to introduce the class of weight functions which
is later modified for the variable coefficient case.

We also describe the change of coordinates which turns the backward par-
abolic operator into a forward parabolic equation for the Hermite operator
H. In this way we are able to relate the L? Carleman estimates for the heat

operator to spectral information for H.
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Proposition 3.1. Let u € L* with compact support away from 0. Then
(3.1) 672 S ull e < £ F (0, + Aul

uniformly with respect to T away from (2n + N)/4.

Proof. In RT x R™ we introduce new coordinates (s,y) € R x R™ defined by

t: —4s
(3.2) { <.

r=ze %y
fhen 0 9 o 0 1,0
_:_4 —4s . —=2s, - —2s
Bs o Yar 8y 2 or
Hence in the new coordinates our operator becomes
0 0
A0+ Ay) = —— —2y— + A
( t + ) 88 yay + Yy

2
_Y .
"e~™% we obtain

x2
If we conjugate it by t"/‘e~ % = e~
22 22 0
AT AT S (9, + At s = —s T A y? = -0, — H =: —P,
where H is the Hermite operator
H=-A,+

Then it is natural to define the new functions

_2 4s 1 2s _ (—n—4)s _2 4s 1 2s
e Tule”, 5evy),  glsy)=e e T f(e” 5e™y)

—ns

v(s,y) =e
which are related by
Pv=g<= (0, +Au=f

In the new coordinates, the bound (B.1) becomes
(3.3) le*™ vl e < lle™* Pyl e

Denoting w = e*™*v, we conjugate

Py = '™ Pye " w = (=0, — H + 47)w

and the above bound becomes
(3.4) lollze S (=0 — H + 47y 2.
Since 0; and H — 47 commute we expand

(=05 = H + 47)w|72 = l|0swl|7> + |(H — 47)wl|7> > d(47,n + N)*[Jwl|7..

Note the spectral gap, which is essential in order to obtain strong unique
continuation results. U

For later use we also record the following slight generalization of the above
result. For expediency this is stated in the (y, s) coordinates, i.e. in the form

of an analogue of (B.3)]).
14



Proposition 3.2. Let h be an increasing, convex, twice differentiable function
so that

A N) + ' > L

4
Then
(3.5)
14+ A" 1/2
(1 + "2 y| 12 + ||min {1, L}eh(s)ﬂv < 1M (05 — H)vl| e
1+ n 12

for all compactly supported v € L2.

Proof. After the substitution w = e®)v the bound (B.5) becomes
(3.6)

2
. (1 +h//)1/2
||(1 + hl/)1/2’u]||%2 + Hmln{l, W}Hw L

and we obtain the L? estimate through expanding the term on the right hand
side with respect to its selfadjoint and skewadjoint part:

0. — H -+ (5wl =[Ol + [~ + K}l + [ (0") 2w
> [ 87 4 1) (o) 2-ds

To complete the proof we observe that for each s we have
[Hw(s)||z2 S [[(—H + K)w(s)||r2 + ' (s)[[w(s)]|re

S (0 = H + H(s))wl|7:.

4. RESOLVENT BOUNDS FOR THE HERMITE OPERATOR

As seen in the previous section, the spectral properties of the Hermite op-
erator play an essential role even in the simplest L? Carleman estimates for
the heat equation. In this section we take a look at L? and LP bounds for its
spectral projectors and its resolvent.

The spectrum of H is n + 2N, and its eigenfunctions are the Hermite func-
tions defined by

22
Ug = Co(0y —y)%e 7, Huy = (n+ 2|al)uq

As |al increases, so does the multiplicity of the eigenvalues. We denote the
spectral projectors by II, for A € n + 2N. We consider both the spectral
projectors and the resolvent of H and obtain both L? and localized L? bounds.

4.1. Weighted L? bounds. We consider two parameters
1<d R< A
We denote

BR:{y‘y‘<R}7 7B[j1:{y‘y]|<d}7 .]Zlavn
15



By Xg, respectively x’ we denote bump functions in Bg, respectively B’ which
are smooth on the corresponding scales.

Proposition 4.1. The spectral projectors 11y satisfy the localized L* bounds

1 1 1 1
(4.1) RNt xRID 2 + R72A74[xaVIL 2 S | 172,
respectively
_1 1,
(4.2) a2 ||[D;2 (xpIa)llze S 112

Proof. The inequality (@) is trivial unless R < A2. To prove it in dimension
n = 1 we only need to consider the case when f is a Hermite function,

f=1I\f = hy

in which case it follows from the pointwise bound
1
AR @) A @]  Ihallie, 2] < 5A3

In dimension n = 1 ([£.2) follows by interpolation from (4.1]) with R = d.
This extends trivially to higher dimension by separation of variables.

It remains to prove (41 in higher dimensions. Summing up (4.2]) with
d = R over j we obtain the bound

R™=2[|[D|2 xRIxfllz2 < (1122

For |z| < R < A2 we have |¢|2 ~ X in the characteristic set of H—Rz, therefore
the above norm should essentially control the left hand side of (@.1l). For later
use we prove a slightly more general result, which in particular concludes the

proof of ([A.1]).

1 _1 1 1
(4.3) ATl A"T[Vol[2 S Dol 2+ Iy 2ol 1 (H =N)oll ooy b

Indeed the norm on the right is equivalent to
|H 5oz 4+ (4272 (H = Nollze 2 Allollzz + X3 [[H o2
In our case we apply E3) to v = R 2ygIl,f. Then

lyl2v)lz2 < ITAf e
while
(H — \)o = 2R"3V(VxgILf) + B2 AxglLf
which yields

I(H = Mv B2\ fl

) ||yL2+VL2+)\%L2 5

16



To state the corresponding resolvent bounds we define the spaces Xg(z) by

1 _1 15
lull 2o) = (141822 [ull 2+ 1 (H = 2)ull o pa g4 g T80 d72 (D5 X002
]7

and the corresponding dual spaces X;(z) These spaces are larger than the
corresponding “elliptic” spaces,

1
(4.4) [0l xa02) S 1212 0]l 2 + llyoll 2 + [[Vol| 2

On the other hand by extending the bound (4.3]) to complex A we obtain a
counterpart of (1), namely

(45) R |xgullie + BNT xaVulle S Jullxae
Finally, the result of (4.2]) can be written in the following dual forms
(4.6) MDAl S WAz (T2 S 1 s o

The localized L? resolvent bounds have the form

Proposition 4.2. Let n > 2, z € C with dist(z,n+2N) 2 1, and 1 < d <
R < Rz. Then

(4.7) [ull £,2) S I(H = 2) f]
where the d component of norms is omitted in dimension n = 1.

Proof. We first note that the bounds (46]) almost imply (£1) up to a loga-
rithmic divergence. They do imply easily a bound for higher powers of the
resolvent for z away from the spectrum of H,

X3(2)

(4.8) I(H = 2) " fllgyey S A+ 182D I fll gy k21
as well as

(4.9) lullze S (149272 | (H = 2)ull 45

Hence it remains to show that

(4.10) lullgay S (4 192D Hlullee + | (H = 2)ull 500,

Using a positive commutator technique we first prove a one dimensional
estimate. For this we define the one dimensional skewadjoint pseudodifferential
operato

Qr = i0p" (x(yr " )x(Ely[ ™))
where y is a mollified signum function which satisfies
1
! —— < 2
X@)=7  lal<
Its properties are summarized in the following

2As defined the symbol of Q is not smooth at 0. However, any smooth modification in
the ball {z% + &2 < r?} will do.
17



Lemma 4.3. a) Q, is bounded in L? for 1 < p < oo uniformly for r > 1.
b) Q. is also bounded in Xo(2) uniformly with respect to z € C and r > 1.
¢) Q. satisfies the commutator estimate

_ 1
(4.11) r Dl ze S (1 [S2])lullZ + (H = 2)u, Qu)

Proof. a) The L? boundedness is straightforward and is left for the reader.
b) For the X5(z) boundedness we consider first the d terms, which without
any loss in generality we can write in the form

d™3|(d + D)t xaul|
Since @ is bounded in L? it suffices to prove the commutator bound
1
11@r, (@ + D?*)ixalullrz S [|ul 2

But this is easily verified using the pdo calculus.
Next we consider the term

I(H = 2)ull

yL2 4 VL2 4|2|3 L2
for which it suffices to prove the commutator bound
1@ HYell, oo gt o S el
or equivalently, by duality,
1
1@, Hlull 2 < [lyullzz + [Vullzz + [|12|2ul| 2

This follows again from the pseudodifferential calculus.
¢) Since @, is skewadjoint we have the identity

(H — 2)u, Quu) = ([H, Q|u,u) + Iz(iQ,u, u)
therefore it suffices to insure that
(4.12) ([H, Qru,w) 2 Null%, iy + O(Jullzs)-
For this we compute the commutator [H, @),
[H, Q] = Op”({&F + i, x(ir™x (&l ™)) + O(1) 2 2
= Op*(2r X (yr H&x(&lynl ™) + O(1) 2 2
Now

r OGP+ ) ST (e el T + 1
and the conclusion follows by Garding’s inequality. U

We return to the proof of the proposition. By separation of variables the
bound (£TI1]) extends to higher dimensions and gives

(1 + 92 lullZ> + 2R((H — 2)u, Qlu)

where Q7 the higher dimensional analogue of @, with respect to the j variable.
18
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The X5(z) boundedness of ), also extends easily to higher dimension. Hence
by Cauchy-Schwartz we obtain

_ 1
rH1Ds1exdullze S (U4 [SzDlullz: + [ = 2)ullxg ¢ [ullxa(e)
To conclude the proof of the estimate (£.10) it remains to show that
G = 2l gy, S ICH

which follows by duality from (4.4]).

— 2)ullx;()

O

The final step in the L? resolvent bounds is to replace the vy’ derivatives by
angular derivatives. Let V| = |—Z‘ AV be the angular derivative and |D, |2 be
the corresponding fractional derivative.

We split the coordinates into y = (y1,%’) and use the notation ’ for coordi-

nates and derivatives in the obvious sense. For 1 < d < R < v/ we define the
sector

Bra={R <|n| <2R, |y|<d}

and X g4 & bump function in Bg 4. Then we define the function space Xs(\, R, d)
by

3, ooma = lull?e + B72AYAV (g au) 132
+ RPN paul3z + d 72D xpaul3s
and X5 (A, R,d) as its dual.
Lemma 4.4. Suppose thatn > 2 and 1 < d < R. Then
lull a0 md) & R72NT xR aulle + R 3A5(|Vxmaullze + d2 | D' xp.qul| 2

Proof. Within Bpr, the angular derivatives are close to the y’ derivatives,
namely

d d
|Dyul < |D'ul + §|VU|> |D'ul < |Diu| + §|VU|-

This implies the corresponding bounds for L? norms, and the conclusion follows
by interpolation. 0

J,From the above lemma we obtain
lullxaonra) S lll 0 m.a)
Hence, we may replace X, by X, in (7)) and (4.0):
Corollary 4.5. a) For X in the spectrum of H we have

(4.13) Il xeonray S Wf1e2s T2 S 1 xs00m0
b) For z away from the spectrum of H and 1 < d < R < Rz we have
(4.14) I(H = 2) 7 " fllxaonra S L+ 192D 7* 1 fllxs 0000, k>0
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4.2. The L? bounds of the resolvent. The LP bounds for the spectral
projectors and the resolvent were proved in [16], [28] (see also [10]). For the
sake of completeness we also present them here in a simpler manner following
the approach in [19]. We refer the reader to the same paper for further results.

We consider pairs of exponents satisfying
2 n n
(4.15) I
p oq 2

where the range for p is
(4.16) p>4 forn=1, p>2 forn=2 p>2 forn > 3.

This leads to the following rangeﬁ for ¢:
(4.17)

2
q € [2,00] forn=1, q€][2,00)forn=2, q€[2,—n2] for n > 3.
n_

The dual exponents are denoted by p’ and ¢’ as usual.

Proposition 4.6. Let q be as in (LI7). Then
a) The spectral projectors 11, satisfy

Ao e S 1, [l zemre S 1, n>2
(4.18) 1 1
M~z S A7, a[2ere SA7, m=1
b) For z away from n + N the resolvent (H — 2)™! satisfies
11
(4.19) I(H = 2) Mo g S (14 [S2])7 77, n=>1

Outline. To revisit the LP bounds associated to the spectral projectors we recall
the approach in [I9]. The first step there is to establish pointwise bounds for
the Schrodinger evolutio

(4.20) e || 1o < (sint) ™3
This immediately (see also [18]) leads to Strichartz estimates for the solution
to the inhomogeneous equation
ivg — Hv = g, v(0) = v

namely
(4.21) [0l ze(o.2r)s2e) S llvollze + 1191l o 0,2m 0
where (p, q) are as described in ([II5), (£I6).

To obtain [EIR) we apply EZI) to v = eIl u, which yields L? — LP
bounds, and hence by duality and selfadjointness all estimates of (4I8]) for

3The exponent g = oo is actually allowed in the spectral projection bounds in dimension
n = 2. However, it is not allowed in any of the resolvent bounds.

4These bounds are very robust and are in effect established in [19] for a much larger class

of operators
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n > 2. The case n = 1 can be dealt with directly using the pointwise bounds
for the Hermite functions.
We note a consequence of the bounds (£I8), namely

(422)  (H=2)" g SA+IS) 77, nz2 k21
which is obtained by interpolating between ¢ = 2 and ¢ = %
Similarly we get
(4.23) I =2 e S A+[S)77, n>2
Then we apply (2] to
v(a,t) = x(t)e M u(x),  g=x'(H)eulz) + x(t)e™*(H — 2)u

where y is a unit bump function on an interval of size (1+ |Sz|)~!. This yields
1 11
[ullze S (14 [S2))rllullpe + (1 + [S2))7 7 [[(H = 2)ull o S ([(H = 2)ul| Lo
concluding the proof of (£I9) for n > 2. The case n = 1 is a variation on the
same theme. U

4.3. Combining the estimates. Here we combine the L? and the L? com-
ponents in the resolvent bounds:

Proposition 4.7. For z away from n + 2N the resolvent (H — 2)™! satisfies
(4.24)

_ 11
I(H = 2) M —xymemay S L +[S2)772, n>2, (n,q) # (2,00)
with the obvious modification forn = 1.

Proof of Proposition[{.7. Taking into account the bounds (£19) and (£23), it
remains to prove the estimate

1
ol

1_
[l %y 0z, 0y S+ [S2)2 7 [[(H = 2)ul| o

(14 (32)) 277 |Jul o + (14 |S2]) 2 [|ul| 2

But this follows from (£I2)) in the same way as for Proposition €2l since the
operator () is bounded in LY. O

5. LP ESTIMATES IN THE FLAT CASE AND PARAMETRIX BOUNDS

In this section we begin with the mixed norm LPL? Carleman estimates
in the simplest case, i.e. with constant coefficients and a polynomial weight.
These were proved in [§] except for the endpoint which was obtained later in
[1q] .

After a conformal change of coordinates and conjugation with respect to the
exponential weight the Carleman estimates reduce to proving LPL9 estimates
for a parametrix K for 0, — H + 7. In this article we need a stronger version
of these bounds, where we add in localized L? norms.

In a simplified form, Escauriaza-Vega’s result in [10] has the form:
21



Theorem 4. [10] Let p and g be as above. Then

o2 =2
177 e™ st ul| Lo (2)nzo ey < ([E77€7 5 (O + A)ull 1 p2y4 10 (1)

for all w with compact support in R™ x [0,00) vanishing of infinite order at
(0,0) uniformly with respect to 41 with a positive distance from integers.

One can write the estimate in the (s,y) coordinates using the same trans-
formation as in Section [3

(5.1) le™ vl eeraynreway S 11€7°(0s + H)vl| 12y 4 1o (1)
Setting w = e"*v this becomes
(5.2) [w]|oewynLeway S 110s + H = T)wl| a2y 4 17 (1)

Denoting by II, the spectral projection onto the A eigenspace of H we obtain
a parametrix K for (0, — H + 7),

KO +H—-1)=1
where the s-translation invariant kernel of K is

K(s) = Z eV (<0
AeN

Since w decays at 00 we have
w=K(0s+H—1)w
therefore (5.2)) can be rewritten in the form
(5.3) 1K fll Lo zoynze ey S 1 1oy oo (2o
The main result of this section is an improvement of (5.2]), namely
Proposition 5.1. Assume that T is away from n + N and that
1<d<RST
Then
(5-4> HKfHL°°(LQ)OLP(LQ)OLQXQ(T,R,d) 5 ||fHLl(L2)+LP’(Lq’)+L2X5(r,R,d)

Proof. We work in dimension n > 2; some obvious adjustments are needed in
dimension n = 1, which is slightly easier. We consider four endpoints:

A: The L'L? — L*L? bound follows easily since the projectors II, are L>
bounded.

B: The L'L? — LPLY bound. Here it suffices to prove
K () fllzeze S 1SNz
Splitting f into spectral projections and using (£I8) we obtain
1K () flloe S D e O f ] 12
)
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For [t| > 1 we can use Cauchy-Schwartz to obtain

K0 fllpanxamay S €| f1 22

which suffices for all q. For |[t| < 1 we consider the most difficult case p = 2
and compute

1 2
KO S [ (™M)

1
> e ] M e e

Y 27 ) e > LA

0<i,j [A—T|~21 |p—7|2tti
1 1
2 2
_i
Sy 2y | Y Ml > ILflE
0<j 0<i \ | A—7|~2¢ |p—T7|~20t3
Sz

C: The L'L? — X5(7, R,d) bound for K follows in the same way from
Ml xyrra) S Nl za-

D: The L” LY + L?X}(r,R,d) — L>®L? bound for K is equivalent to the
L'L* — LPLYN Xo(7, R, d) bound for K*. By reversing time this is seen to be
the same as the L' L? — LPL? bound for K.

E: The LV LY + L*(X;(R,d)) — LPLIN L*X,(R,d) bound. Using ([&IS)
and (£13)) directly yields

1K (s)|

2n_ 2n_ N Z elsT I < gmlemes
[ n+2 +X5(R7d)_>[,n72 ﬂXg(R7d) ~ ~
AEN

Similarly we obtain

_1 _
||K(8) L2 X5 (Ra)_ 5 s 2 ¢

S, K (s)]

T
L2—L7—2NX3(R,d)

Interpolation with the L? estimate gives

_2
K () opa S 57

~

and

1
X3 (R,d)— L4 ,S s r

1 _1
P 2,

_1

K)o xypay S 57772 (1K (s)]

If p > 2 then the Hardy-Littlewood Sobolev inequality implies
1K s fllzere S N Fllpw o

and

K * fllzexaray S Il o pas [ K * fllzere S 1 fll2xs (ra-
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With obvious changes the analysis is similar if n = 1, 2.
It remains to prove the L? — L? type bounds, namely

||Kf||L2X2(R,d) N ||f||L2X;(R,d) (n=1,2)
respectively

K] S I

For this, following an idea in [10], we consider a dyadic frequency decompo-
sition in time. By the Littlewood-Paley theory it suffices to prove the bound
for a single dyadic piece at frequency 27, namely

(5:5)  [ISi(D)KS S I

and its one and two dlmensmnal counterpart.
Taking a time Fourier transform we can write (for f € S(R"))

S/JT(( s(2790) Z)\—T H,\f—s(2 Io\(H — 71 —io)~' f

(n>2)

2
L2(Xa(RA)NL722) L2(X3 (Rd)+L742)

(n>2)

2
S(RA)NL722) L2(X3 (Rd)+L747)

therefore by the inversion formula

(S;K)(t)f = / e s(270)(H — 7 —io) ' fdo

o d .
= ¢ 2/ﬁ”t"ﬁ(s(T]U)(H—7‘—ia)_l)fala

Hence using the resolvent bounds ({19) and ([£22]) and the first line for |t| <
277 and the second line for |t| > 277 we obtain
2J
||SJ'K(15)||L,1+ AXFRAD_ 2 e S T
and the similar estimate in one and two dimensions. The bound on the right
is integrable in ¢, therefore (5.5]) follows. O

6. MODIFIED WEIGHTS AND PSEUDOCONVEXITY

The main result of this section, Theorem [l is a considerable improvement
of Section Bl The weights ¢~7 in Section [3] while easy to use, satisfy merely
a degenerate pseudoconvexity condition, in the sense that the selfadjoint and
the skewadjoint parts of the operator in (3.4]) commute. This is in contrast to
strong pseudoconvexity where one obtains better L? bounds from the positivity
of the commutator. A perturbation argument easily implies an L? Carleman
estimate for variable coefficients as soon as g = I,, + O(t). However, even arbi-
trarily small perturbations of ¢g from I,, at t = 0 destroy the pseudoconvexity.

To obtain results for general variable coefficients we need a more robust
weight with additional convexity. A good way of doing this is by adding
convexity in ¢ and by using a weight of the form

€h(_ Int)
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with a convex function A. Then we obtain for the heat operator the strength-
ened L? estimates of Proposition The assumption of vanishing of infinite
order forces us to work with functions A with at most linear growth at infinity.
This in turn limits the convexity of h, and hence the gain from the convexity
in the L? bounds.

These Carleman inequalities with the weight e are more stable with
respect to perturbations. They can be obtained for coefficients satisfying

(6.1) |9 = Ll + (¢ + |al*)[ug| + (¢ + |2*) % Vgl S (t+ [2f*)".

with suitable functions h. It is not difficult to weaken (6.1]) almost to our condi-
tions (LI5) and (LI6). This venue was pursued by Escauriaza and Fernandez
[9].

In this paper we seek to obtain LP Carleman inequalities and also to handle
LP gradient potentials. Both require good spatial and temporal localization,
which depends on the strength of the L? estimates. The weights e(=% seem
to be insufficient for this purpose.

Consequently we consider a larger class of weights of the form

—h(Int)

(= Int)+e(xt=1/2 —In(t))

having some additional convexity in y = at~'/2. Here we think of ¢ essen-

tially as a function of y with a milder dependence on s = —Int. Obtaining
pseudoconvexity is not entirely straightforward because the Hamilton flow for
the Hermite operator H is periodic so no nonconstant function of y can be
convex along its orbits. We note that the projection of the orbits to the y
space are ellipses of size O(y/7) where 7 is the energy, centered at 0. Hence
we can choose ¢ to be convex in y for |y| < /7. We compensate the lack of
convexity of ¢ when |y| &~ /7 by the s convexity of h. To elaborate this idea
we explain the precise setup.

Let 07 be small positive constant. We begin with constants {c;;} 4 (see (EI:I%
and (LI4) for the notation) which control the regularity of the coefficient
gt — 6% d* and e* of P given by (1) as in (LI5).

(6.2) 010 = [ldll e a) + €~ N Lip, (a) + ldll s 4, -
The condition ([.I5) guarantee that for all 7 > 1
(6.3) levjllncaey <10 flegjlleey < 1.

We first adjust the «;;’s upward so that they vary slowly and do not con-
centrate in irrelevant regions. This readjustment depends on the choice of the
parameter 7.

Lemma 6.1. Let «;; be a sequence satisfying (6.3). Then for each T > 1
there exists a double sequence (€i5) oy with the following properties:

Sdenoted generically by d here and later
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(1) For each (i,7) € A(T)
;i < €5
(2) We have g;; € I*(A(7)),
el aey S 1.

3) The sequence €;; is slowly varying,
J Y ying

|ln€i1j1 - ln5i2j2| < §(|Zl - Z2| + |]l - ]2|)a (Zl>]1)> (22732) € A(T)
(4) The sequence (g;) defined by
&g, = Z €ijs 1> InT.
J:(6,5)€A(T)

has the following properties
1. .
(6.4) [Ing;, —Ingy,| < §|Z2 — i1, €ij S €is Eilln7/2]+2 = &

(5) For each i > InT there exists an unique 0 < j(i) < [In7/2]+ 2 with the
following properties:

and
ey <e TP if0 <5< (i), 5(i) #£0

(6.6) 1/ Lo
iy > eI if j(1) < j < [In7/2] + 2.

We shall see that j(i) is an important threshold. If j > j(i) then we can
localize our estimates to the corresponding A;; and even to smaller sets. On
the other hand, we cannot localize to sets smaller than

J<i(@)
Proof. To fulfill the conditions (II)-() we simply mollify the «;;,
(InT/2]+2
- k) s -
€y = max oqpe 2 , &= Eij-
77 eealr) ; !
For the last part of ({l) we redefine

[lnr/2]+2)\gi

gij = gij + 6_%“_(
This also increases &; by a fixed factor.
For (B) we begin with a preliminary guess for j(7) which we call jo(i) € R.
We consider three cases.

In7/2 if & <1
Jo(i) = ¢ —In(&7Y?) if 771 <& <2
0 if 2 < g
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We define
(6.8) £i; = max{&;;, 2e"2H -9z}

which is still slowly varying because &; is slowly varying.

We define j(i) according to (6.6]). It is uniquely determined since the se-
quence &;; is slowly varying compared to e™J 72. Since €;; is slowly varying we
must have &;; < &;/2. This allows us to conclude that for j close to jy(7), the
second term in (6.8)) is larger than the first one,

£y = 9~ 2li=dol g, for |7 — jo(7)] < 2.

If jo(i) = 0 then g, = 2¢; > 27"/ and hence j(i) = 0. If 0 < jo(i) < In7/2
then for |j — jo(7)| < 2 we have

Eij = 26—%|j—jo(i)|6—jo(i)7-—1/2

therefore jo(i) — 2 < j(i) < jo(7). If jo(i) = In7/2 then for |5 — jo(i)| < 2 we
have

£y < 26—%|j—jo(i)|e—jo(i)7-—1/2
and we arrive again at jo(7)—2 < j(7). In all three cases we have [jy(i) —j(7)| <
2 therefore (6.5]) holds. We observe that ¢; < &;. O

The sequence (g;;) a¢-) is used to describe the amount of spatial convexity
needed in the region A;;, which will be reflected in the construction of ¢ below.
The partial sums ¢; measure the amount of s-convexity needed in [i,i+1]. The
purpose of part () above is to correlate the two amounts in a region where
they have the same strength (where j is close to j(i)).

Our weights have the form

(6.9) P(s,y) = his) + ¢(s,y)

Their choice is described in the next two lemmas:

Lemma 6.2. Let 7 and (g;) be as in Lemma [61. Then there is a convex
function h with the following properties:

(1) n' € [r,27].

(2) h"(s) + dist(W'(s),N) > L.

(3) e S h'(s) SeT+ 1 fors € [i,i+1].

(4) ‘h///| 5 h//.

The proof of the lemma is fairly straightforward and uses only the fact that
(¢;) is slowly varying and summable. The second part is needed in order to
avoid the eigenvalues of the Hermite operator.

Lemma 6.3. Let 7, (¢;;) and (g;) be as in Lemmal61. Then there exists a
smooth spherically symmetric function
¢:RxR"—R

with the following properties:
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(1) (Bounds) The function ¢ is supported in |y| < 27Y/% and satisfies

(6.10) 0<o(s,y) Ser 10:0(s,9)| +1020(s,y)| S et
and
3
(6.11) Z (1+ |y|)k|D;+k8igb| < grl/? fori<s<i+1,
1,k=0

(2) (Monotonicity)
(6.12)  O,0(s,y) ~er2  for (s,y) € Ay, (i,§) € A(r), j>3(i)+1
(3) (Convexity)
(6.13) (L4 [y)e(s,y) meym?  in Ay, (i,]) € Al7).
Proof. Let

¢i(y) = Ve +yl?, =0

We fix a smooth partition of unity 1 =Y n(s — i) and define
Ina;(s) = Zn(s —i)Inegy;.

These functions satisfy the bounds

(6.14) aj(s) mey, 1<s<i+l, a], af], |af'| S aj.
Their sum satisfies
(InT/2]+2
a(s) == Z aj(s) =g, 1<s<i+l1.
5=0
We define
In7/2]+2
1 _
o(s,y) =m2x(lwlm™*) D a;(s)5(yl)
§=0

where x is a smooth function supported in [—2,2] and identically 1 in [—%, %]
We verify the properties:
0<¢(s,y) Sals)rSer, i <s<i+1.
The remaining part of (6.I0) follows from (6.14). Estimate (G.IT]) is a conse-
quence of (6.14) and
1+ [y D i(y) S 1, 0<k <3,

The upper bound from (6.12) is covered by (6.11)) and the lower one follows

from
3(@)
ord(s,y) 2 /2 E a; ~ 71/2 E Eij ~ 52.7_1/2

3<5(3) Jj=0
in A;; with j > j(i) where we use ;) = €;. The assertion (£.13) follows from
immediate bounds on second derivatives of the ¢;. 0

28



Our aim in this section is to prove L? Carleman estimates for the variable
coefficient operator P with the exponential weight
‘2

_Int 2z z

e

Here
W(s,y) = h(s) + 020(s,y).

where d5 is a small constant and A and ¢ are as in in Lemma and [6.3]

The calculations are involved. For a first orientation we outline the key part
of the argument for the constant coefficient heat equation. Using the change
of coordinates of Section [3] we transform the problem to Weighted estimates for
the operator Py = 0, + H and the exponential weight e¥(*¥) . This translates
to obtaining bounds from below for the conjugated operator

PO = €¢(s’y)P06_¢(s’y).

Lemma 6.4. Let 7 be large enough. Let ¢ be as in (69) with h, ¢ as in the
above two Lemmas [6A[6.3 with 6o < 1 . Then the operator Py, satisfies the
bound from below

(A" 202 + 627~ ([l Vol + [lad V 1o]?) < (| Poyoll2

for all functions v supported in {|y|> < 97} where the weights ain;, ay are
defined by

int

3

1.3 1.3 .

&?m = 82']'(1 + |y|) 1’7'2, a‘i = 1]‘2]'(2')82'(1 + |y|) 17'2 m Az;

Proof. We decompose Fy, into its selfadjoint and its skewadjoint part
Poy =Ly, + L,

where

(6.15) b = =Dy + P — 0, — 7, b 1= Os + 10y 0 + Oty
Expansion of the norm gives

(616)  (Lhy + Lo ol = 15 ol + 1L yull2e + ([ g L Jos0)

The conclusion of the lemma follows from the commutator bound
, 1 _
(6.17) ([Lf s Lo yJv, 0) Z (W) 2 0] + 07~ ([laz,, Vol|* + [lad V Lo]?)
The commutator is explicitly computed

(L0 L] = Vs + 4ty by — 401y, 0 — dyib, + dibytby, — A%

Since dy < 1 the first term has size h”(s). The second one is nonnegative since
® is convex for |y|* < 97,
The Hessian of the radial function 1 can be written in the form

oo G
6.18 AU (Y LAY A B
(6.18) Yo = U8 1 i iyl Tl



One can see that the radial and angular derivatives carry different weights.
Our construction of ¢ guarantees that

Uy

wrr 5 7) wyy 2 'lvbrrln

hence the weight v, can be used for all derivatives. For the size of the two
weights we have

Y
,lvbTT ~ a’?nt’ 774 z a’ZJl_
This gives the last two terms in (6.17).
It remains to see that the remaining terms in the commutator are negligible
compared to the first term on the right hand side of (6.17)). For this we use
the bound (6.I1)) to conclude that in A;; we have

| - 4y¢y + 4wywsy - A2¢| 5 5252'7- 5 52h”
O]

To switch to operators with variable coefficients it is convenient to extend
the weights to the full space and to regularize them. Precisely we shall assume
that
(6.19) a; . (s,y) ~ &t in Ay if [y]* > 7

6.19
Ge(5,9) ~ eg(Ly) 772 in Ay if fy < 7.

Observe that the two cases above match since €; =~ ¢;; in the region where
y? ~ 7. We also introduce a modification a of a;,; which is used to include the
effect of the spectral gap in regions where we have very little convexity:
(6.20) a*(s,y) = 1+ &7 in Ay if [y]* > 7

6.20
a'(s,y) = 1+e;(1+ \y\)_lT% in Ay if [y|> < .

Finally we choose a, with the properties

» 1
supp a, CU{AZ-]- g —1<j< 51117'}
(6.21) al(s,9) Se(l+y)7'77  in Ay
1
al(s,y) me(1+|y)) 772 in Ay if j(i) < j < T -1

The bounds for the weights from above are assumed to remain true after
applying powers of the differential operators 0,, 0, and yd, to them.
Consider now a the more general class of operators P with real variable
coefficients given by (IL7]). We repeat the change of coordinates and write in
the (s,y) coordinates:
—4s 9 9 ij ij ij ij
4e P:—$—2ya—y+&g 0]+yzd 8]+8Zd yj+yie Y
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This further leads to , ,
de= (Mt pensty = _p

where P is given by

.9 y y y o

P = & — Z-gjﬁj —yi(gj —25j+2dj+€])yj

—yi(g" — 67 + d7)0; — 0i(g" — 0V )y;
We rewrite it in the generic form
P = Py — 8dd — ydy — ydd — ddy

To simplify as much as possible the proof of the main L? Carleman estimate

we introduce a stronger condition on the regularity of the coefficients:

6oz AT O]+ TR T | 7 S 6y in Ay
: _1 _ _1

|d| + <y>(|dy| +T7 02 |dyy| +7 1|dyyy| +7172|dy]) S 01

This improved regularity will be gained later on by regularizing the coefficients.
We are now in the position to formulate the Carleman estimate.

Proposition 6.5. Let 7 be large enough and 0; < 09 < 1. Let 1 be as in
69) with h, ¢ as in Lemmas [6.3[6.3. Assume that the coefficients g — I, d
and e satisfy [6.22). Then the following L* Carleman estimate holds for all
functions u supported in {y < 97}:

1 ; . -
(6.23) 62 ( Z 7% | a2e? D] +7‘_%||a2leleu||> < |le¥ Pul|.

§=0,1,2

Proof. After conjugation

P’l/) = 61/1(573/)?6—111(57?/)
we decompose P, into its selfadjoint and its skewadjoint part

Py=1Ly+ Ly

which for y? < 97 can be expressed in the generic form (see also (G.15)):

Ly, = Ly, +0do + 7d

Li, = Li, + 72(dd; + 0;d)

with d satisfying (6.22]). Then (6.23) follows from
(6:24) >~ TI(BallaZ, D70 |)? + (B2 DIv|]?) + Gor M @R Vvl S [ Pl

§=0,1,2

The proof will consist of three steps.
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Step 1: First we show that for v supported in {|y|? < 97} we have
(6.25)

)

2 (|12,

Vol P+ a2 V o)+ (W) 20 P+ Lyl S | Pyol+ dillad, ]2
We compute
1Pyollze = IILyvll7e + 1Lyl Z2 + (L, Lylv, v)
We expand the commutator
(L7, L) = [Ly 5 L ) + 040 + 7d, L ] + 72 (L1, dO; + 9;d]

The main contribution in (6.25) comes from the first commutator, for which
we use ([G.I7) to obtain the terms on the left side of (6.25]).
The second commutator is estimated by

(M7, Ly yJv, )| S 1 ([lagv ]l + 77 Hlag, Voll?)

int
and the second term on the right is negligible since §; < 9. Indeed, we write
[0dO + 7d, L, ;] = —Oq"' O+
where the coefficients ¢, r have the generic form
q = ds + Yydy + Py, d + dipy,, r = 0dOAY + 7(ds + yd,)
Using the bounds (6.22)) for d and (G.IT) for ¢ we estimate
4 < 5 CL4
: 1a

|q‘ SJ 517—_1aznt7 |7’ ~ int*

Finally, the third commutator is estimated in a similar fashion. We write it
in the form

T%[L;, do; + 0;d] = —0Rq™ 0, +r
where the coefficients ¢, r have the generic form
q=73(dy+dd,), r=77(Ady+8ddd, + dibys + dipyb, + Tdd,)

Using (6.22) and (61I) we obtain the same bounds for ¢ and r as in the
previous case. This concludes the proof of (6.25]).

Step 2: We use an elliptic estimate to show that for functions v supported
in {|]y|*> <97} we have

2
(6.26) d2 <Z T‘jIIG?ijUIIQM_lIIGtiHQ)HI(h”)év||2+||LLv||%z S | Pyol®
j=0

The elliptic bound
1
ID*0| + 7llv]l < 72| Dv]| + [I(=A = k' (s))]|
can easily proven by a Fourier transform. It implies

ID%0]| + rlloll S 72 1Dvl| + [[(H = K (s)v] + [ly*]l,
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We can replace H — h'(s) by Lj, due to the pointwise estimate
(L, — (H = }(s)))v] < 61(| D] + 72 Do| + 7o)
Then (6.26) follows from (6.25).

Step 3: Here we use the spectral gap condition to improve our bound when

N < 1 and show that (6.26)) implies (6:23). It suffices to show that if A (s) <
then

[ollze + 77 HI D]l < L]l 2

Indeed, let s € [i,i + 1] so that h”(s) < i. Then A’ has a positive distance
from the integers. Also ¢; < 1 which implies that at time s we must have

o= LIS6r™ Dl ST Wl ShrTE
Hence we may think of Lj, as a small perturbation of H — h’(s) and compute
loll + 71Dl S I(H = B ()l S [Levll + (81 + 05) o]l + a7 [ D]

where the last two terms on the right are negligible compared to the left hand
side. The proof of the proposition is concluded.
O

We want to reformulate the previous result in a more symmetric fashion.
To do this we weaken the estimates slightly by using a coarser partition of the
space. We distinguish three cases for ¢ corresponding to the value of j(i) in
Lemma [6.1] (v).

Definition 6.6. We define the partition B;; as follows.
(1) If j(i) = 0 (which corresponds to ; > 772 ) we set
B;; = Aij, b~a, b ~a,
(2) If 0 < j(i) < [In7/2+42] (which corresponds to 7+ < e; <772 ) we set
B;j = A;j, b~ a, by =ay j>j()
respectively

BiOZ U Aij7 b%CLM
)

J<j(i

bJ_IO OTLBZ'O

()
(3) If j(i) = [InT/2 + 2] (which corresponds to 771 < €;) we set

(InT/2]+2
By, = U Ay, b=1, by =0 on By,
=0

Heuristically the definition of the B;; partition is motivated by the fact that
in regions A;; with j < j(i) the weight ¢ is ineffective, i.e. it changes by at
most O(1). Thus the convexity there is useless, and instead we rely directly

on localized bounds for the Hermite operator.
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Since the ¢;; are slowly varying b S a and b; < a; and we may replace the
a’s by b’s in the above proposition.

To provide some bounds on the size of b and b, we introduce a function
1<r(s) < 72 which is smooth and slowly varying on the unit scale in s so
that

r(s) ~ el s € [iyi+1]

This describes the region where b is tapered off and b, = 0. Precisely, consider
two cases corresponding to the three cases above.
(1) If r(s) =~ 1 then we have the bounds

Mr(1+ r)_g <br,s) SM7(1+7r)7!

(6.27)
bi(r,s) S Mr(1+7)?

where the parameter M > 1 is defined by M ~ e(s)72.
(23) If r(s) > 1 then

Tr(s)"3 (r(s) + )72 Sbi(r,

)

(6.28) s) < rr(s) Hr(s) +r)7 !

bi(r,s) S7r(s) Hr(s) +7)t

4

I
with approximate equality when r < r(s) and approximate equality on the
right when r = 73,

By slightly changing b and b, we may and do assume that the functions b
and b, are smooth with controlled derivatives. Thus b and b, are smooth on
the unit scale in s and on the dyadic scale in y, and their derivatives satisfy
the bounds

S
S

(6.29) bs| + (1 4+ 1) by | + (15 +7)2|byr| S, r? < 9r
and
(6.30) bisl + (s + )b + (rs +7)2|bry| Sb4+b 172 <97

In addition we have
(6.31) supp by, C{r >rs}
Using the functions b and b, we define the Banach space X with norm
1
lollg = lIbvl|Z2 + 7oL D2 |72
Then the symmetrized version of Proposition has the form

Proposition 6.7. Assume that the coefficients of P satisfy (6.22]). Let ¢ be
as in [69) with h,¢ as in Lemmas[63[6.3. Then the following L* Carleman
estimate holds for all functions u supported in {y < 97}:

(6.32) " ul xg < [1e”C¥ Pl xg)-
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Proof. Conjugating with respect to the exponential weight, the bound (6.32)
is rewritten in the form

(6.33) 1]l xg < 1Pl xg)-

Observing that
Di - _y_2AS7L71

we introduce the operator
Q=Qyl, (~As-1)7),  g(r.N) = (B'(r) + 7B ()M
Then the inequality (6.33]) can be written as
Q|2 S Q™ Pyvl|
whereas inequality (6.23) implies
1Q%wl|z2 S ([ Pywl|zz.
Hence it is natural to apply (6.23) to the function w = Q~'v, which solves
P¢w = Q_lpw’U + Q_l[Q, Pw]w
Thus ([€.33) would follow provided that the commutator term is small,
1Q7Q, Pylwl|re < [0*wl|ze + 7720 Vwl| 2 + 774 [[* Djw]| 2

Unfortunately a direct computation shows that the smallness fails when j is
close to j(7) even in the flat case, i.e. with Py replaced by

PO,dJ:as_A"i_yz_ws_w;

To remedy this we introduce an additional small parameter 6 and use it to
define a modification Qs of ). We modify 7(s) to rs(s) defined by

rs(s) % = &%r(s) "2 + 82!
and use it to define the function
bs(r. )" = =21 (r® +75(s)*) !
We can still compare it with b,
bs(r,s)* < 67(r, 5)*

Its usefulness lies in the fact that it is larger than b exactly in the region where
the commutator term above is not small.
The modification ()5 of ) has symbol

qs(r,s,A) = q(r, 8, \) + bs(r, s) = (b*(r,s) +r 277107 (, 5))\2)i + bs(r, s)

which satisfies

(6.34) 1<¢ S0

We claim that it satisfies the bound

(6.35) 1Q5 ' [@s. Polwllze S (0+c(8)d1) Y 77 2|b* Diw]|
§=0,1,2
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Suppose this is true. Then we fix ¢ sufficiently small, and for §; small enough
we apply (6.23) to w = Q;'v. By (6.35) he commutator term in the equation
for w can be neglected, and we obtain

1Q*wllz> S 11Q5" Pyvl e
which by (6.34]) implies that

1Qullze S 07 1Q™" PyvllLe

It remains to prove (6.35]).

I. We first calculate the commutator in the flat case, i.e. with P, replaced
by Fy. Due to the spherical symmetry the only contribution comes from the
radial part of the Laplacian and the s derivative. Hence using polar coordinates
we compute

Q(S_I[Qéu PO,dJ] = Q(S_l (Q5rr + Q5r + 2@57"87" - Q5s>

Then is suffices to verify that on the symbol level we have

n—1

r

(6.36) \gser| + 1Y gse] =+ ass| + 72 gsr] < Sgsb?(1+ 771 2A%)2

[.(1). We begin with the ¢ component of ¢s. Using (6.29) and (6.30) one

obtains

G| + 77 e + gl + 72 lar| S (r(s) 4+ 1) 7' 2g

Thus it remains to show that
(r(s) + r)_lT%q < Sgsb®(1 + 7'_17"_2)\2)%
Optimizing with respect to A it suffices to consider the cases A = 0 respectively
A= 7’7'%, where the above inequality becomes
(r(s) +7) 72 (b +b1) < 8(bs + D)
or equivalently
(b+b1)b7 < 5(bs + b)b?
which is true since by ([6.27) and (6.28)) we have b, by < b' while by < 6bs.

[.(2). Next we consider the bs component of gs, for which it suffices to prove
that

(6.37) |Bsre| + 77 bse| + [bss| + 7 |bsr| S Gbsb?
I.(2).(a). For the s derivative we compute
b _ (13(s),
bs  r2+71i(s)
therefore we want to show that
(r5(5))s S O(r* + 13 (s))b?

We optimize the right hand side with respect to . The minimum is attained

when r? = min{r3(s), 7}. We need to consider two cases:
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1.(2).(a).(i). If r¢(s) < 72 then r2(s) ~ 68r%(s) and 7 > 6 5r%(s). Hence
using the estimate from below in (6.27) and (6.28) we obtain b*(rs) = d2.
Then the above bound for 7 = rs follows since |(rs(s)72)s| < rs(s)™2

1.(2).(a).(ii). If rs(s) = 72 then byll (G2R) we evaluate b*(72) ~ Tir(s) 2.
Then the above bound becomes
§8(r(s)™?), < 57“5_27‘%7’(8)_%
Since |(r(s)72)s| < r(s)~? it suffices to show that
85r(s) ™2 < ory2rir(s) "2
The worst case is r(s)? = 67, rs(s) = 6727 when it is verified directly.
I1.(2).(b). For the r derivatives the last term is the worst. Since
bsr 2r
bs  r2+713(s)

=

we want to show that
rir <60+ r2(s))b?
Optimizing with respect to r the worst case is when 72 = min{r(s), 7}.
L(2).(b).(1). If r2(s) < 7 then rs(s) ~ d~*r(s) therefore for r = rs(s) the
above relation becomes )
T2 S0 (s)b*(rs(s))
which follows from the bound from below in (6.27) and (6.28).
1.(2).(b).(ii). If r2(s) > 7 then as before we evaluate b*(72) ~ 7ir(s)"z and
rewrite the above bound as
TS 57"?(5)7'%7"(3)_%

The right hand side is smallest either when rs(s) = 72 and r(s) = d*r2 or
when rg(s) = 67272 and r(s) = 72. In both cases the inequality is easily
verified.

IT. Now we deal with the general case, which we treat as a perturbation.
Since we do not care about the dependence of the constants on § to keep the
notations simple we include bs in b and work with ) instead of (Js. Thus in
the computations below we allow the implicit constants to depend on §.

Suppose that A is a pseudodifferential operator of order 1 and let n be any
Lipschitz function. Then

(6.38) 1A, mlfllze S (1122

We write )

qA) =b+ (VP +r 2N T — b= b+ q ().
Even though ¢, has order %, we treat it as an operator of order 1 and estimate
bl

1
rbr2

sup(\)* M (V)] S
A

Sthe equality holds on the right when r? = 7
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Hence, for each r we obtain the bound on the sphere S"1
2

(6.39) 11Qm fllee S — =z nllipesn-—)ll fll 22
rbr2

As a consequence, it also follows that

(6.40) 1@, nValfllze S . i% 17| Lip(sm—1)[[ Vo f Il 2.

where Vj stands for the vector fields x;0; — x;0; generating the tangent space
of S™7 1.
To use these bounds we write the difference P, — Plg in polar coordinates,
P, — P) = P)0? + Pj0, + P}

where P, are spherical differential operators of order j. Modulo zero homoge-
neous coefficients which are polynomials in zr~! we can write

P0=d, P}=dr'Vo+12d+d,

P} = dr Vi + (13d+d,)r 'V + 7d + 774,
where d stands for coefficients satisfying (6.22)). In the support of b, we have
a ~ b therefore our regularity assumptions on d show that for fixed r we have

]l zoe + [|dll ipgsn—1y S 0b' 77"

The coefficients involving d, satisfy better Lipschitz bounds and are neglected
in the sequel.
We expand the commutator

Q. Py)= > [Q,Plo>7 + PJ(Qr +2Q,0,) + P} Q,
7=0,1,2

Using the trivial b= bound for Q~' and (G.I7), (6.40) we estimate the first

term,

) ) b2 j )
> QTR PO w2 SO T = Y | DIw|| g
j=0,1,2 rbr? 551

This is bounded by the right hand side in ([6.353]) since
b’ < rre
The second term in the commutator is estimated by
1Q™ F3(Qrr +2Q,0r)wl 2 < 0(|Qrrw]l 22 + 1|@rOrw]| 12)
This is bounded by the right hand side in ([6.33]) provided that
[grel 72| SO+ 7731

which follows from (6.36]). The third term in the commutator is treated simi-

larly. This concludes the proof of the proposition. O
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To conclude our study of the L? Carleman estimates we need to also pay
some attention to elliptic estimates. The conjugated operator P, is elliptic in
the region {y*+ £? > 47}. Precisely, in this region we have the symbol bound

Ly(s, 9,0 2 y* + €
Consequently, we can improve our estimates in this region. We consider a
smooth symbol a.(y, &) with the following properties

supp a, C {y* + &* > 87}
a(y,§) = (*+€)? i {yP+E =07}
We define the space X5 with norm

(6.41) lWli%, = vl + llag (y, D)ol
The dual space X; has norm
(6.42) 1F1%; = inf{l fillexg)e + Il f = fi + a2 (y, D) f}

We note that due to the elliptic bound for high frequencies, we also have the
dual bounds

(6.43) 7 2[|bDv|| < [Jv]| xe, IV Fllxs S 071
Then our final L? Carleman estimate is

Theorem 5. Assume that the coefficients of P satisfy ([©.22)). Let i be as
in (69) with h,¢ as in Lemmas [6.3[6.3. Then the following L?* Carleman
estimate holds for all functions u for which the right hand side is finite:

(644 e ully, S " Pul

X3

Proof. We first prove the result using the stronger assumption ([6.22]) on the
coefficients. After conjugation we have to show that

(6.45) [vllxg < 1Pyl

X3

We consider two overlapping smooth cutoff symbols x; = x;(y? + &%) and
Xe = Xe(y?+€2). The interior one Y; is supported in {y*+ &2 < 77} and equals
1in {y* + £? > 67}. The exterior one x, is supported in {y? + £ > 47} and
equals 1 in {y? + €% < 57}. We need the following bounds for y; and x.:

Lemma 6.8. a) The operator x;(z, D) satisfies the bound
(6.46) Ixi(z, D) fll xg)- < NI

b) The operators x;(x, D) and x¥(x,D) satisfy the following commutator
estimates:

— _1
(6.47) 167 i, D), PyJvll S 75 lbv]] + lIxev]

X3

(6.48) X2, Pyloll S 75|jbo)|
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Proof. a) By duality the bound (6.40) is equivalent to
Ixi(z, D)vllx, S llvllxg
We have
lac(z, D)xi(z, Dyv|| S 7| ]
since the supports of the symbols (1 — x.(z,¢)) and a.(z, &) are O(72) sepa-
rated. Then it remains to show that
Ixi(z, D)vllxg S [lv]lxg

which is fairly straightforward and is left for the reader.
b) We now consider the bound (6.47). Commute first y; with 0s+ H — 1 (s).
We have

[xi(z,D), 0, + H — I(s)] = [xi(z, D), H]

Since x. = 1 in the support of V, ¢x; and the Poisson bracket of x; and 22 + &2
vanishes, by standard pdo calculus we obtain

Ilxi(z, D), 85 + H = B (s)]v]| S Ixevl| + 7o
The difference Py, — (0s + H — W'(s)) can be expressed in the form
Py — (05 + H — W (s)) = 898 + 72(gd + 9g) + 7¢
where the function g satisfies the bounds

9]+ (W) gyl + W gu| < &
These lead to an estimate for fixed s € [i,7 + 1],
167 i, D), Py — (s + H = W (s)]o]| S &2 [ (y) b0
Then (6.47) follows since
eri(y)”t Srab
Finally, the proof of the estimate (6.48) is similar but simpler.
L]

We continue with the proof of the proposition. For the nonelliptic part we
apply (6.32)) to the function x;(z, D)v which is supported in {y* < 97}. This
gives

Ixi(z, D)ollxg S lxi(z, D)Pyollxg)- + | lxi(z, D), Pylol| 2
For the first term on the right we use the bound (€.46]) while for the second
we use ([6.47). This yields

(6.49) i (z, D))vllxg S N1 Pyvllxg + 775 [bo]l + [Ixevll

On the other hand for the estimate in the elliptic region we compute

(6.50) (X)), Pypo) = (x¥v, Lixeo) + (x2v, [x¥, P)lv)
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For the first term we split L, into H — B’ plus a perturbation. Using pointwise
bounds for the coefficients of Py we obtain

Lo — (H — W] S 81((m + y2)|v| + 72| Dol + | D?v])
which shows that
(xev, Lyxev) = (xgv, (H = R')xgv) + O(61(xv, (H + 7)xev))

The symbol of H — b’ is elliptic in the support of y., therefore a standard
elliptic argument yields

(v, (H + 1)xev) S (v, (H = 1)) + O~ |u]”
for a large constant C. This further gives
(xev, (H +m)xdv) S (v, Lyxgv) + Cr= Vo]
Returning to (6.50), we obtain
c(xev, (H +1)x'v) < —((x&)?0, Pyo) + (X, [xe, Pjlv) + O Mo |?
We use (6.48) and then the Cauchy-Schwartz inequality to obtain
(0, (H + 7)x20) S | (H +7) 72 Pyo || + 7 [bo]|?

The first term on the right is properly controlled due to the straightforward
estimate

1
ICH +7)"2 fI] < 1]
Hence combining the above inequality with (6.49) we obtain

L w _3 w
Ixiz, D))ollxg + [I(H + 7)2x2 (x, D)l S [1Psvllxs + 775 bol| + [x2 (z, D)o

The last two terms on the right are negligible compared to the left hand side,
therefore we obtain

i ow
(6.51) [vllxg + [[(H + 7)2x¢ (2, D)ol < | Pyv]

Then (6.45]) follows since x. = 1 in the support of a..

It remains to show that the assumption (6.22]) on the coefficients for (6.7])
can be replaced by the weaker condition (LIH). This is a direct consequence
of (6.43) combined with the following regularization result:

Lemma 6.9. Let d be a function which satisfies (LIB)). Then there is an
approzimation gy of it satisfying ([6.22)) so that

X3

X3

lg— 1| So°771

Proof. First we transfer (ILT3]) to the (s,y) coordinates. A short computation
yields the equivalent form

(6'52) ||d||L°°(Aij) + edeHLipy(Aij) + ||g||cZ"iJ(Aij) S Eij

where the new continuity modulus m;; is given by

~ _2 1
myj(p) = p+e 3 ps
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Within A;; we regularize d in y on the dy = 773 scale and in s on the
§s = esr scale,

d1 - S 1 (Dy>S<e%Tf% (Ds)d

<72
These localized regularizations are assembled together using a partition of unit
corresponding to AY. In A;; we compute

. . ; 1
|d —dy| S eij(e7?0y +myj(ds)) =~ sij(e_]f_% + 6_%7'_%) S 6%6_%7_% < vt

while
46 -
|8sgl‘ SJ 5ijm ]5(8 S) ~ 62‘]‘6_]7'%
The bounds for higher order derivatives of g; follow trivially due to the fre-
quency localization. 0

O

7. LP CARLEMAN ESTIMATES FOR VARIABLE COEFFICIENT OPERATORS

The variable coefficient counterpart of Proposition 4 uses the more convex
weights constructed in Section For convenience we write it in the (s,y)

coordinates. Let 7 >> 1 and B(7) be as in (L.28),([[26]) and (L.27]).
We define the function space X through its norm

(7.1) [ollx == llvllx, + lvlleseEycerz) + 1oleee); e
where (p, ¢) is an arbitrary Strichartz pair, with X, as defined in (6.41]).
Its (pre)dual space has the norm

(72) £l = _inf lfills + W fallonse + ol

Then we have the following improvement of Theorem

Theorem 6. There exists ¢ as in (6.9) with h and ¢ as in Lemma and
[6.3. Then the following estimate holds for all compactly supported sufficiently
reqular functions u.

(7.3) le¥ullx S le”Pul|x-

The relation between ¢ and the partition B(7) remains a bit mysterious at
this level. If we replace it by the empty partition then the statement remains
true for all ¢ with h and ¢ as in Lemma The same is true for a partition
into time slices of size 1. The convexity properties of ¢ allow a localization
to the finer partition B;; as in (and, as we shall soon see, to an even finer
partition). ¢ It is possible to choose ¢ and h so that the partition (B;;) is
finer than the one defined by B(7). We assume in the sequel that ¢ has been

chosen with these properties.
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Proof. As usual this is equivalent to proving a bound from below for the con-
jugated operator,

(7.4) lollx < 1Py

The main step in the proof is to produce a parametrix for P,. The key
point is that the parametrix is allowed to have a fairly large L? error. This
is because L? errors can be handled by Theorem [5l The advantage in having
a large L? error is that it permits to localize the parametrix construction to
relatively small sets, on which we can freeze the coefficients and eventually
reduce the problem to the case of the Hermite operator. The properties of the
parametrix are summarized in the following

X*

Proposition 7.1. a) Under the assumptions of the theorem there exists a
parametriz T' for Py with the following properties:

(7.5) ITfllx S N fllxe
and
(7.6) 1PTf — flixg S I fllx-

b) The same result holds with Py replaced by Py.
We first use the proposition to conclude the proof of the Theorem. Let

Pyo=f+g, |l
With T" as in part (a) of the proposition we set

X*

x; T gl pipey oo = [Pyl

w=v-—Tg, Pyw=f+g9—P,Tyg

By (73] we can bound T'g in X, therefore it suffices to bound w in X. On the
other hand by (6]) we obtain

| Pywllxs S I

It remains to show that

x; +lg — PyTyl

x; S 1Pyvllx-

[wllx S | Ppwllx;
By Theorem [l we can estimate the X, norm of w and replace this with the
weaker bound

(7.7) lwllperenrrre S (lwllx, + [[Powllx;

This is proved using a duality argument and the parametrix 7" for P given
by part (b) of the proposition. For f € X* we write

=(Pyw,Tf) + (w, f = P;Tf)
Using both (Z.5) and (Z.6) with P, replaced by P we obtain
[(w, NI < (1Pswllx; + [wllx2)[f]

and (7)) follows. This concludes the proof of Theorem [Gl O
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It remains to prove the Proposition [7.1]

Proof of Proposition[7.1. The strategy for the proof is simple: On sufficiently
small sets we can approximate the problem by one with constant coefficients
and the properties of the parametrix follow from Section [4. We use a partition
of unity to construct a global parametrix from local ones. We obtain L? errors
from

(1) Commuting cutoff functions with the operator. Hence the partition
has to be sufficiently coarse.

(2) Approximating the variable coefficient operator by constant coefficient
operators. Hence the partition has to be sufficiently fine.

To elaborate on this we define the notion of a local parametrix:

Definition 7.2 (Local parametrix). Given a convex set B we call T a (B-)
local parametriz for Py if for all f supported in B

(7.8) 1T fllx S 1 1xe

(7.9) 1PyTf = fllxg S I llx
and T'f s supported in 2B.

If T is a parametrix and 7 is supported on 2B, n = 1 on B then ¢T is a
local parametrix, but with constants depending on the commutator of P, and
n. Vice verse, if (B;) is a covering, (7;) a subordinate partition of 1 and T}
are local parametrices then

T=Y T
J

is a global parametrix, because (.8)) is obtained by summation, and
PO Ti(nif) = f =D (PyTimif —n;f
J J

provided
Dol flx S IFI%-
J

and its adjoint

lullfe < Imjullx-
J

This is obvious for the L? part and has to be checked for the other part. This
strategy of constructing local parametrices leads, if it is possible, to estimates
which are stronger than in Proposition [Z.1] and Theorem [0, because we may
replace the function space X by X (B;) respectively. [2X*(B;).

In the first part of the proof we study the localization, and in the second

part we provide the local parametrices.
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7.1. Localization scales. Here we introduce a localization scale which is finer
than the B;; partition of the space, and show that it suffices to construct the
parametrix in each of these smaller sets. Precisely, the sets ij introduced
below are the smallest sets to which one can localize the L? estimates for the
operator Py;. The choice of their size is not yet apparent at this point, but
will become clear in the very last step of the proof, where we estimate the
commutator of P, with cutoff functions on such sets. We consider three cases
depending on the size of ¢;.
(1) If &; < 771 then we use By as it is.
2) Ifr 1 <g < 773 then we partition the set Bjy into time slices BE of
thickness
§s = b,
(3) If 7! < ¢; and j # 0 then we partition B;; into subsets B which have
the time scale, radial scale and angular scale given by

_ 1, 1,
0s = bijz, oy = TZbijz, <5yl = 7'262.].’2L

This gives a decomposition of the space
n __ k
R xR" = | B

We also consider a subordinated partition of unity

1= X
Suppose that in each set ij we have a parametrix 77 k satisfying (TH) and
(Cd). Then we define the global parametrix 7" by

T= Z JXZJ

We have by an iterated application of Minkowski’s inequality
||ijf||z2(L1L2+Lp’Lq’) S ||f||L1L2+LP'Lq'
and the dual bound
| Z ]meHLoommLqu ST ]XszHlZ(LOOLQﬁLPLq)
Hence ([73]) for 7" would follow if we proved that

1D b, S Iofllex,
k

where v;; = ngzg f are supported in B This is trivial by orthogonality for
the L? component of the X, norm. It 1s also straightforward for the elliptic
part since the kernel of the operator in the following sense: Let xo € C*°(R)
be supported in [—3/2,3/2], identically 1 in [—1,1]. We define y.(z,§) =
Xo(5 — (2? + &%) /7). Then

1> Xl S Ixofllex,
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and the adjoint estimate holds since the kernel of x¥ is rapidly decreasing
beyond the T3 scale, which is much smaller than the smallest possible spatial
size for Bf], namely dy 2 T

It remains to consider the angular part of the X5 norm, which is best de-
scribed using the spherical multiplier ) appearing in Proposition 6.7 The
symbol of ) is smooth with respect to A on the T%T’bzblz scale therefore its
kernel is rapidly decaying on the angular scale 60 = 7~2r~1b~2b% which cor-
responds to 6y, = 7262 b2 But by (3) and (63) this can be no larger than
7% which is again much smaller than the smallest possible spatial size for Bij.
Thus orthogonality arguments still apply.

Then we have

[Py, X ]u—QX uy—i-x u+x

We claim that the right hand side is negligible in the estimate. For this it
suffices to verify that

R|<T2%, IXo | < b IXY| < b3

10
The last relation is trivial. For the first two we consider three cases.
(1) If j = 0 and ¢; < C7~! then we need no spatial truncation. We are

allowed to truncate at |y| > 72 to separate the elliptic region, though.
(2) If j =0 and ; > C7~! then

IS0, ) S e
while
3 . .
sz = az](z) - 8ij(i)TEe_](Z) ~ Ce 07
(3) Otherwise,
< e j’ < e~ %
PEAR Xy

while
3 . L.
bﬁj = a;lj =¢g;T2e ) 2 Ce 201
The results can be summarized by saying that it suffices to construct local
parametrices in the sets ij

7.2. Freezing coefficients. Our first observation is that restricting the result
in the proposition to a single region ij allows us to freeze the weights b, b,
in the X5 norms.

Next we are interested in freezing the coefficients of P. We consider the
same three cases as above:

1 Tn this case we are localized to

Bio = [i,i+ 1] x R”

The case g; < 17~

and we have
- 1
bip ~ 1, €ij 5 T
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By (6.2]) the second relation leads to
jd S 77

Then using also (6.43)) we can estimate the terms involving d in the expression

m fOI Pd”
(7.10) l0dow|x; + Tlldv]lx; + 72 /(d0 + dd)vlx; < Ilvllx,

Hence without any restriction of generality we can assume that d = 0 in Py,
which corresponds to taking g = I,,.
We also observe that in this case we have

_1
[ IS PN N
Then we can also drop the ¢ component of 1. Finally, since
|hss| S1

we can replace h by its linearization at some point in the corresponding s
region.

Conclusion: It suffices to prove the result when d =0, ¥(y, s) = Ts.

We note that the separation of 7 from integers is no longer needed due to
the localization to unit s intervals.

The case 771 < ;. In this case we are localized to a region of the form
B = [s0, 50 + 6j(i)T_%] x B(0, )
and we have
bl ~ re ¥, gi; S e~ r3
The second relation leads to
jd| S e D72

Then (7.I0) is still valid, so we can assume again that d = 0 in P.
We also observe that in this case we have

Bl STyl S e
Then we can also drop the ¢ component of 1. Finally, since
Ihes| < eI =3

we can replace h by its linearization at some point in the corresponding s
region.
Conclusion: It suffices to prove the result when d =0, (y, s) = Ts.
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The case 7= < ;. In this case we are localized to a region of the form
. 1 : 1
k o _3 17 —3 _1 3 —3 ~ y
Bj; = [s0, 80 + T 1e2e;;*| X B(yo, 7" 1e2¢g,;%), lyo| = €’
and we have
2 2.3 -1

Using (6.2) it follows that

J
2

1 1
19(s,9) — g(s0,90)| < €,;T te
Arguing as before, this allows us to freeze d within Bf] However, we note that
we are no longer allowed to replace d by 0.
Next we turn our attention to the weight function . First we have
‘hss‘ SJ 8]‘7' 5 €Z'jT%€_j
which allows us to replace h by its linearization in s at sq.
Secondly, we claim that we can replace ¢ by its linearization at yy. In the
radial direction we have weaker localization but a stronger bound
|¢rr| S <C:ijT%e_j
In the transversal direction we have better localization but a weaker bound,
[Pyl S 5i7'%6_j-
The first bound allows us to obtain the relation

_1 53 4
W;(%S) - ¢Z(y07 s0)| S £,;,°Tie T & b?j
Using also the second bound we can write

(¢y(y> S) - ¢y(y0> SO))ay = Vrar + VJ_aJ_

where the coefficients v, and v, are smooth on the ij scale and satisfy the
bounds
_1.,9 _1.,9
vl ST Qbij’ vl ST sz’j,J_

Conclusion: It suffices to prove the result when d = g(so,yo), V(y,s) =
s+ ey, o] <ere.

Additional simplification in the highly localized case. Given the above simpli-
fications we need to work with a constant coefficient operator P, which has
the form

Pw = —8t—|—H—7‘—|—8d0—|—08, |d|55ija |C|§Ei
We diagonalize the second order part with a linear change of variables to obtain
P,z} = —0t—|—H—7'—|—08+O(5ij)y2

We can freeze the last term at yo and add it into 7. To deal with ¢ we make
the change of variable

y—y—(s—s0)c
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Then our operator becomes
pw :—8t+A— (y—C(S—SQ))2+T

and the s — sy terms are negligible due to the s localization.
Conclusion: We can assume without any restriction in generality that g = I,
and ¢ = Ts.

7.3. The localized parametrix. We begin with the global parametrix K
constructed in Section Bl Then we define the parametrix T in B by

_ _ pk
Ts = x28K, B = Bj

and show that it satisfies (7.8)) and (7.9).
The L? part of (Z.8) follows directly from (5.4]). It remains to prove the Xo
part,

ITsfllx: S Wl prpesrw i
The elliptic part of the X, bound, namely
lag' (z, D)Xop K fllr2 S N fllip2qrw pos

is obtained by an argument which is similar to the one beginning with (6.50).

For the rest we consider two cases.

i) If j = 0 then B is a ball, and we can use (5.4) directly with R = d.

ii) If j > 0 then B is contained in a sector B C Bgg4 but may be shorter
than R. This is why we can use (5.4]) for the angular part of the X5 norm, but
not for the L? part. However, the L? part can be always obtained by taking
advantage of the time localization,

10T fllze SN Toflleere S N Fllparogre b
It remains to consider the error estimate (Z.9]). We have
f=0s—H+7)Tpf = [x25,0s — H+7]Kf = [x25,0s — H+ T|xapK f

But arguing as above 45K f satisfies the same X5 bound as y.pKyf. Hence
it suffices to show that

[X2B,0s — H + 7] : X9 — X3

This is where the dimensions of the set B are essential; they are chosen to be
minimal so that the above property holds. We have

[X2B, 0s — H + 7] = —0sx2B + (9yX28)0y + 0y(0,x2B)
= —0sX2B + (0rX2Br)0r + 0r(0rX2Br) + (01 X2By)01 + 01 (01 X28)
For the first factor we use the bound
10sx28] S b?j
For the radial derivatives of yop we combine ([6.43]) with

1
|0rxon| S TR0
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Finally, for the angular derivatives we use the angular H 2 norm in X, and the
bound

_1
1O x2B] S 7 2622]]_

8. THE GRADIENT TERM

In this section we consider the full problem, i.e. involving also the gradient
potential W. Ideally one might want to have a stronger version of Theorem
which includes additional bounds for the gradient, more precisely for

e Tul|

But such bounds cannot hold, for this would imply that one can improve the
L? indices in a restriction type theorem. To overcome this difficulty we proceed
as in [17], using Wolft’s osculation Lemma. Wolff’s idea is that by varying the
weight one can ensure concentration in a sufficiently small set, in which the
gradient potential term is only as strong as the potential term. Thus we still
obtain a one parameter family of Carleman estimates, but with the weight
depending not only on the parameter but also on the function we apply the
estimate to.

Given a gradient potential W satisfying (LT9]), we first readjust the param-
eters €;;, €; constructed in Lemma in order to insure that we have the
additional condition

[W | zn+2ary < &

Then we begin with the spherically symmetric weights ¢ constructed in Sec-
tion [6] and modify them as follows:

(8.1) U (s,y) =1(s,y) + 0k(s,y)

where the perturbation k is supported in {|]y| < 97} and is subject to the
following conditions:

(8.2) 00090 k(s,y)| Ser' ™% selii+]]

Here ¢ is a sufficiently small parameter.
In order to prove the strong unique continuation result in the presence of
the gradient potential W we need the following modification of Theorem ({l):

Theorem 7. Assume that (LID) holds. Then for each 7 > 0 and W subject

to

Wl zn+2ary < &
and each function u vanishing of infinite order at (0,0) and oo there ezists a
perturbation k as in (82) so that

1 2) D
(8:3) lle¥ullx+[e"W Vullx-+e*V(Wu)|x- +72[[e* Wul x- < || Pul|x-
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Here and in the sequel we will omit indices for W. After returning to the
(x,t) coordinates and taking (I.19) into account this implies Theorem [8l The
reader should note that the choice of ¢ depends on both v and W. This is
essential since for fixed ¢ (83) cannot hold uniformly for all w and W.

Proof. Up to a point the proof follows the steps which were discussed in detail
before. We outline the main steps:

STEP 1: Show that the L? Carleman estimate (6.23)) holds with 1 replaced
by U for all perturbations k£ as in (8.2)). The new conjugated operator Py is
obtained from P, after conjugating with respect to the weight eF®s)  This
adds a few extra components to the selfadjoint and skewadjoint parts,

Ly =L, + k2 + ks + 2ky (1, + d)

=LY — ky(1+ d)d — Ok, (1 + d)

Observing that we can write
k24 kg + 2k, (Y, +d) =7d, k(1 +d)=73d

with d as in ([6.22]) we conclude that the conjugated operator Py retains the
same form as Py, therefore the proof of (6.23) rests unchanged.

STEP 2: Show that the symmetric L? Carleman estimate (6.23)) holds with
¥ replaced by W for all perturbations k as in (82]). Since Py has the same
form as Py, this argument is identical.

STEP 3: Show that the symmetric mixed L? N L? Carleman estimate in
Theorem [6] holds with ¢ replaced by ¥ for all perturbations k as in (82)).
Since Py has the same form as Py, this argument is also identical.

STEP 4: Decompose W into a low and a high Hermite-frequency part,

W = Wigw + Whigh> Wiow = le(x> D)W

where the smooth symbol x;(z,€) is supported in {2% + £¢? < 817} and equals
1 in the region {z? + £? < 647}. Then we show that the high frequency part
of W satisfies the desired estimates for all perturbations k as in (82]), namely

(8.4) [|€¥ Whign V| o+ T2 Whignv |l x- < [le”ullx || W]

L7L+2

After conjugation this becomes

xe S Pl x W]

1
[ Whign Vvl x+ + T2 [ Whignv|

X* + ||VWhighU|

L7L+2

We only consider the first term on the left. The second one is equivalent
by duality, and the third one is similar but simpler. We divide v into two
components,

v=(1-x)v+xv
where the smooth symbol x!(z,¢) is supported in {2? + ¢? > 97} and equals

1 in the region {z? + ¢* > 107}.
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For the high frequency component of v we use the H' part of the X? norm
to estimate

WhighVxevll 2wtz S [WhighllLwra | Vxcvllze S [1W [pwallvlx

For the low frequency component of v it is still possible to estimate directly
the high frequency of the output,

IXE(WhignV (1 = XDl S772 [ Waign V(1 = x2)o]| 2
SIWaighll 2772V (1 = x2)o] 2tns2
W llsalfo] 2nen
Finally, the last remaining part has a much better L? estimate,
1 = X&) Whign V(L = x)) | S 77V [W | gosa]|v]]

which is due to the unbalanced frequency localizations of the two factors.
Due to the estimate (8.4)), it suffices to prove ([83]) with W replaced by Wj,.
This allows us to replace the term V(W),,v) by

V(W/IO’LUU) = I/Vlowvv + (vvvlow>v
where we can estimate

IV Wigw||pniz S 72| W]

L7L+2

Hence without any restriction in generality we can drop the third term in (8.3))
and show that we can choose the perturbation k so that

(8.5) ||e‘I’WVu||X* + 7‘%||e‘1’Wu||X* < ||e‘1’(x)}~7u||X*

STEP 5: Show that, given v and W, we can choose the perturbation k
so that (85) holds. At this stage we no longer need the full X* norm for

2(n+2)
the W terms, it suffices instead to consider the L w1 norm. Begin with the

unperturbed integral

/ / Fydxdt,  Fy=|e’WVul
R JR

We can select a subset I of R consisting of time intervals of length 1 with unit
separation at least 8 so that

R JR IJR

By a small abuse of notation we label

2(n+2) 1 2(n+2)
ntt A |r2eV W e

I={Jn, Lcli-1i+1]
€T
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We define a family of perturbations k& depending on parameters b;, o; by
k(y,s) = Z e (100x3r1, + Xor Xjy2<- (biy + 0i(s — 1)) ,
i€T
bl <72, Joi <7

Due to the choice of the intervals I; it is easy to see that after changing the
weight ¢ to ¥ we retain the concentration to a dilate of I,

R n 31 n

The choice of the parameters b;, o; can be made independently for each 1.
We consider two cases.

i) Suppose ¢; < 773, Then the choice of the parameters is irrelevant since
in 3I; we can estimate

| WV 2sn) + 72 [ Wal| ain S W o2 (le” Vallzz + 72 [ ul| 2)
L nt4 L nt4d

S (T 2"Vl 2 + [le"ull2)

~Y

S lullx

.. 1 .
ii) Suppose ¢; > 772. Then we need to choose the parameters b;, o; in a
favorable manner. This choice is made using Wolft’s Lemma:

Lemma 8.1 (Wolft’s Lemma [29]). Let pu be a measure in R™ and B a convex
set. Then one can find by € B and disjoint convex sets Ey, C R"™ so that the
measures €% 1 are concentrated in Ej,

E}, 2 E},

Y BT 2 1B

We apply the lemma for the measures

and

d,UZ = 13]1.F¢

In our case we have
n+2

Bi=de; (l=r,7] x BO,7H)), B~ e

Hence we can find parameters b and o and convex sets EF C 3I; x B(0, 37‘%)
so that the corresponding measures Fy, are concentrated in EF with

SOIEHT et

At the same time we have

> / W " 2dwdt S et
2

53



Hence we can choose k so that

/ \W\””dmdt < 5iT_nT+2|Ef|_1
Ef

which by Holder’s inequality leads to

=

. < g!

(8.6) W]

Denoting this index k by k(i) we can Write
"W (V, 72)ull s S [le"W(V, 7
12, n+d

m\»—t

Jull, 2z

MI»—-

UMWl a0

< 7)(e?
SIW(V,72)(e U)ngLQ(:ijf) (59)

Decomposing the function v = e¥u into low and high frequencies we further
estimate

"WV, m2)ul | oie S WV, 72)(1 =i (@, D)) (e )], 2

BL™nFE (1)

1y 1 U
W, T D)l s,

The first term on the right is estimated as in Step 4,
IW(V.72)(1 = (e D) )| , 2

(L)
S IIWllzooLn+2||(1 = Xi(z, D) (e )|
S NW e psalleull x
It is only for the second term on the right that we need to use (8.6)):
W (V,72)x} (z, D)(e" W, 2

L™nd (EFD)

< _ .
< HW”J;?OL”TH(Ei o (V,7‘2)XZ (z, D)(e" u)||l$L2<:»++42 (B0,

5 He‘l’qusz(n’jz)
< lletullx

The proof of the Theorem is concluded. O

APPENDIX A. THE CHANGE OF COORDINATES

Suppose that the coefficients g satisfy (LI5). In this section we verify that
we can change coordinates so that (ILI5) and (LI6]) are both satisfied. Due
to the anisotropic character of the equation we must leave the time variable
unchanged and consider changes of coordinates which have the form

(t,x) — (s,v), s=ty=x(tx).
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The expression for the operator P in the new coordinates is
~ Tk 3
P =0+ 8kgkl(t, y)al + deklal

where the new coefficients g, d are computed using the chain rule,

O Ok Tr 7 OXi _ 2 dXi
kl _ ZAL ij ZAR _dkl:__ D 1792 ij AL
o’ Ox; i ot~ PXin @) 97 5

There is a price to pay for this, namely in the new coordinates we obtain
lower order terms which cannot be treated perturbatively. Instead we obtain
coefficients d* which have the same regularity and size as g; — I,,.

The Lipschitz condition (ILI5) ensures that g has a limit at (0,0) so we
assume that g is continuous. After a linear change of coordinates we may and
do choose g with ¢(0,0) = I,. Again by (I.I5) this implies

(A1) 9(t,2) — T) < 1
Proposition A.1. Let g be a metric which satisfies (ILI3) with ¢g(0,0) = I,,.

Then there is change of coordinates (t,y) = (t,x(t,x)) which is close to the
identity

(A.2) 102X = Inlle < 1

and has reqularity
(A.3)
sup || (¢ +2)72(0)* ((t + 2%)20,) Xl apryizey € 1, 2 < 2a+ (8] < 4

so that in the new coordinates both functions g and d satisfy (LI5), while G—1I,,
and d satisfy (L.16]).

Proof. Consider the covering of the [0,2] x B(0,2) = UA,; with an associated
smooth partition of unity n;;. We can assume that the functions n;; satisfy

(A1) 0707y < capt ™ (t %) 72

We choose the points

(ti,l’ij) = (6_4i, 6_2i+j) € Azg
and insure that 7;; = 1 near (¢;, z;;). By (.15 we have
(A.5) sup Z 9 (i, 2ig) — g(ti, i )|+ 19(ti, wi5) — g(Figr, gy 5)| < 1.
T (d)EAm)
Within a fixed set A;; we consider the linear map defined by the matrix
Xij = g~ P (ti, mi5).

It transforms the coefficients at (¢;,x;;) to the identity and has the desired

properties within A;;. We assemble the maps defined by ;; using the partition
of unity;,

X(tv l’) = Z nij(tv 'r)Xij
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Then
Vx(t,z) — I, = Z(Vﬂz‘j)Xijx + i (Xij — 1n),
Let (t,z) € A, j,- Since Y Vn;; = 0 we have
Vex(t,z) — I, = Z Vi (8 ) (Xig — Xiogo) + i (Xij — In)-
nij(t,m)>0

The first term on the right hand is small by (A.D) (for x;;) and the second one

by (AJ) therefore the smallness of Vyy — I,, follows.
For the second order spatial derivatives we write

D2x(t,z) ZD ni; (t, ) x5 + 2D,mi5 (¢, ) X
= Z D255 (t, @) (Xij = Xioyjo)T + 2Dai (Xis — Xiojo)-
Hence by (A.4) and (A.5) (again for x;;) we obtain
(2> +6) 2D x I aryzoey < 1.

Also
O x(t, x) Zatnu Xij = Xiojo )T

gives the desired bound for the time derivative. A similar computation yields
the bound for the higher order derivatives in (A.3).

Consider now the new metric . Since both Dy and (Dx)~! are Lipschitz on
the dyadic scale with [*(A(7)) summability, from (LI5) for g we easily obtain
(LI5) for g. In addition, our construction insures that §(¢;,z;;) = I,. This in
turn leads to the bound

16— Tallz=tany < Nalliin,ca) + 13l

which shows that (LI for g implies (I.I6]) for g — I,.
It remains to consider the lower order terms. From J;x we obtain coefficients

d of the form .
d= tz OeMij Xij
this gives

d= tz Omis (L, ) (Xij — Xiogo)
The functions t0n;;(t, z) are bounded and smooth on the dyadic scale, while
the I'(A(7)) summability comes from the x;; — Xi,;, factor due to (A5]). Hence

both (LIH) and (LI6) are satisfied.

The contribution of 82y to d has the form

~ xt _
d= ;(&gx) 1(92x)g

Within A;

10,J0

There is no singularity at z = 0 since Y is linear in x for 22 < t. Then from

(A.2) and (A.3) we obtain

~ t
415 5
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with added [*(A(7)) summability inherited from 92y. This is better than
(LI6), and in effect this term can be included in W and treated perturbatively.
The bound (LI€) is also easy to obtain from the similar bounds for g and
derivatives of y.
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