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Abstract

An experiment based on Allen's calculus and its transfer to
qualitative spatial reasoning, was conducted. Subjects had to
find a conclusion X r; Z that was consistent with the given
premises X r; Y and Y r, Z. Implications of the obtained results
are discussed with respect to the mental model theory of spa-
tial inference. The results support the assumption that there are
preferred models when people solve spatial three-term series
problems. Although the subjects performed the task surpris-
ingly well overall, there were significant differences in error
rates between some of the tasks. They are discussed with
respect to the subprocesses of model construction, model
inspection, validation of the answer, and the interaction of
these subprocesses.

Introduction

In a spatial three term series problem, two spatial rela-
tional terms, X r; Y and Y r, Z are given as premises. The
goal is to find a conclusion X r; Z that is consistent with the
premises. Such compositions of binary spatial relations have
been studied in cognitive psychology (e.g. Johnson-Laird,
1980; Johnson-Laird & Byrne, 1991) as well as in spatial
reasoning — a subfield of Al which studies formalisms of
encoding spatial relations. One of the most important
approaches in this research area is given by Allen’s calculus.
Allen (1983) presented a temporal logic based on intervals
representing events, qualitative relations between these inter-
vals and an algebra for reasoning about relations between
these intervals. Although Allen’s theory was originally
developed in the area of temporal reasoning it has triggered
numerous research enterprises in spatial reasoning as well.
Giisgen (1989), Mukerjee & Joe (1990), Hern4ndez (1994)
and in particular Freksa (1991) transferred Allen’s theory to
the spatial domain.

Allen denotes thirteen qualitative relations between two
intervals: before (<) and its converse after (>), meets (m) and
met by (mi), overlaps (o) and overlapped by (0i), finishes (f)
and finished by (fi), during (d) and contains (di), starts (s)
and started by (si), and equal (=) that has no converse. Fig-
ure 1 gives pictorial examples for these relations. It is easy to
see that these 13 relations can be used to express any qualita-
tive relationship that can be held between two intervals.
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In the second part of his paper Allen introduced a rea-
soning algorithm based on these relations. For instance, if
the system receives the information that X meets Y and Y is
during Z it is computed that the following relations
between X and Z are possible: X overlaps Z or X is during
Z or X starts with Z. The set of all possible conclusions
that has X r; Yand Y r, Z as its premises can be denoted as
c (r; ry). Since Allen’s theory contains thirteen relations,
we get 144 compositions ¢ (r; rp), omitting the trivial
“equal” relation. It is easy to see that what the system does
is very similar to what cognitive scientists call a spatial
three term series problem.
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Figure 1: The possible qualitative relations that hold
between two intervals (Allen, 1983).

Conceptual and inferential adequacy

Allen’s theory has often been claimed to be cognitively
adequate (e.g. Freksa, 1992). However, there is no agree-
ment on what cognitive adequacy is. In a strong sense, it at
least means that something is a model of human cognition
(Strube, 1992). The following is an attempt to give a spe-
cialization of what the cognitive adequacy of Allen’s the-
ory may be. The question is, whether cognitive adequacy
is claimed for the thirteen qualitative relations or for the
reasoning mechanism? We distinguish between two kinds
of cognitive adequacy, namely conceprual and inferential
cognitive adequacy.

Conceptual cognitive adequacy can be claimed, if and
only if empirical evidence supports the assumption that
Allen’s system of relations is a model of people’s concep-
tual knowledge of spatial relationships. However, as far as
we know there is no attempt to test empirically whether or
not Allen’s calculus is cognitively adequate from this point
of view.



Inferential cognitive adequacy can be claimed, if and
only if the reasoning mechanism of the calculus is structur-
ally similar to the way of people reason about space. Accord-
ing to this definition, we have to answer two main questions.
If the same spatial relational terms, X r; Y and Y r; Z are
given as premises to human subjects and to a system using
Allen’s calculus, do both come up with the same conclusion?
This is the first question, which is relatively easy to test
empirically. The second question is concerned with the men-
tal processes underlying spatial inference. For a long time,
the great majority of researchers believed in mental repre-
sentations of formal rules of inference. They proposed that
inferences are made by formal derivations and proof of con-
clusions (Hagert, 1985). Recently, the most successful
approaches, however, argued against these rule-based
approaches of spatial reasoning. The most important theories
are those that go back on the different variants of mental
models (Huttenlocher, 1968; Johnson-Laird, 1983; Johnson-
Laird & Byme, 1991). Generally, the key idea of mental
model theories is that people translate an external situation
of the real world as well as abstract concepts into a mental
“simulation” or mental model. For spatial inference tasks
Johnson-Laird argued that people solve them by imagining
the spatial layout. Spatial reasoning from this point of view
relies not primarily on syntactic operations, but on the
semantic processes of construction and manipulation of
mental models (Johnson-Laird & Byrne, 1991). First an
internal model of the “state of affairs” that the premises
describe is built (comprehension phase), then a parsimonious
description of the mental model including a putative conclu-
sion is constructed (description phase). In a third stage, peo-
ple try to find alternative models of the premises in which
this conclusion is false (validation phase). If they cannot find
such a model, the conclusion must be true. If they find a con-
tradiction, they return to the second stage — and so on until
all possible models are tested (Johnson-Laird & Byrne,
1991). Johnson-Laird’s theory of spatial inferences does not
answer a number of questions, however. In particular, it does
not seem plausible that the sequence of tested mental models
is a stochastic one. Contrary to that, we believe that there are
preferred models, which will be generated first. If such pre-
ferred models for most of the inference tasks described by
the Allen calculus can be found, we would assume that — at
least in those cases — the model construction process is deter-
ministic. In other words, the given premises uniquely deter-
mine the model which is constructed. The agreement of
experimental data with mental model theory in this essential
point would be a strong argument for the applicability of the
theory to spatial inferences with the Allen relations. This is
the question of whether Allen’s calculus can be called infer-
entially adequate, which we will now investigate.
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Experiment

To distinguish between conceptual and inferential
aspects of Allen’s calculus, the computer-aided experi-
ment was separated into three blocks: a definition -, a
learning -, and the inference phase.

Subjects: 33 students of the University of Freiburg,
with an age range from 20 to 42 years.

Method and Procedure: In the definition phase, sub-
jects read descriptions of the locations of a red and a blue
interval using the 13 qualitative relations (in German).
Each verbal description was presented with a short com-
mentary about the location of the beginnings and endings
of the two intervals and a picture with a red and blue inter-
val that matched the description.

The learning phase consisted of blocks of trials, where
subjects were presented with the one-sentence description
of the red and blue interval. They then had to determine
the beginning and ending of the blue interval: out of 8 pos-
sible points that were displayed below a red interval, sub-
jects had to choose 2 of them by pressing associated
numbers on the keyboard. After confirmation of her/his
final choices, the subject was told whether her/his choices
were correct or false. If they were false, additional infor-
mation about all correct answers was given. Trials were
presented in blocks of all 13 relations in randomized order.
The learning criterion for one relation was accomplished if
the subject gave correct answers in 3 consecutive blocks of
the corresponding relation. The learning phase stopped as
soon as the last remaining relation reached the learning
criterion. Subjects needed 15 to 30 minutes to accomplish
the learning phase. For each trial, the subject's choices of
beginnings and endings, type of answer (correct vs. incor-
rect) and response times were recorded.

In the inference phase, the main part of the experiment,
subjects had to solve 144 spatial three—term series prob-
lems according to Allen’s twelve relations (without
“equal”). They were presented in randomized order in the
following way: The red interval starts with the green
interval (premise 1); The green interval overlaps the blue
interval (premise 2). Which relationship can be held
between the red and blue interval (question for conclu-
sion)? Subjects had to determine the beginning and ending
of the blue interval by pressing numbers on the keyboard
as learned before. The dependent measure were reaction
times and error rates.

Results

For the statistical analyses, a level of significance of 5%
will be adopted. Types of answer (correct vs. incorrect)
were analyzed, and are reported in the following section.

Learning phase. As mentioned above, the learning
phase should guarantee that subjects acquire the relational



Table 1: Mean number of learning trials and percentage of correct answers for each relation.

< m 0 fi di si = S d f oi mi | > Total
X 327 1327|336 (324 | 333|342 |300(|345|355]|336|3.67|367]|327]3.38
% correct 944 [ 926 | 919 [ 953 | 936|920 | 100 | 912 | 89.7 |1 93.7 1 90.1 | 89.3 | 93.5 ([ 92.9
concepts and associate them correctly with natural language Discussion

expressions. In Table 1, the mean numbers of learning trials
across subjects are listed, that means how many trials our
subjects needed to accomplish the required 3 consecutive
correct answers for each relation. As can easily be seen, sub-
jects understood the relation “=" at once (X =3.00)
whereas, on the average, they needed the most learning trials
for the relations “oi” and “mi” ( X = 3.67 , each). The max-
imum number of learning trials that one subject needed for
the relation *“si” was 10. As expected, the pattern was nearly
the same for the related measure of the percentage of correct
responses (see Table 1). From these results, we can conclude
(1) that our learning phase was successful, (ii) that Allen’s
relations can be acquired and associated with natural lan-
guage expressions in reasonable time, (iii) and that the fol-
lowing results of the inferential phase are affected only or
mostly by the cognitive inferential process. The substantial
differences between relations indicate that further research
regarding the conceptual adequacy is necessary.

Preferred mental models. To test the global hypothesis
that there are generally preferred mental models, a chi-
square test was conducted, based on the H, that the number
of answers per category would be equally distributed for all
three term series problems with multiple models (i.e., 72 out
of 144 problems; see shaded cells in Table 2). Based on this
hypothesis, we obtained a chi-square value of x%(4) =
1848.04, p < .001. Thus, we can reject the Hy and adopt the
hypothesis that there are preferred mental models in spatial
reasoning based on Allen’s calculus. Testing the 72 multiple
model problems separately, we obtained statistically signifi-
cant chi-square values in 53 (+ 6 = 59) out of 72 tests (see
Table 2 for details)!. The most impressive example is the
problem di — oi, where 84.8% of our subjects chose the rela-
tion “oi”, whereas the other two correct relations “di” and
“si” (see Table 1) were not used.

Considerable differences can be found with regard to per-
centages correct, which range from 60.6% (fi — m) up to
97.0% (< - <, m—m, 0 — <, si — si, d — <) in the one model
problems, and from 69.7% (oi — m) up to 100.0% (0 -0, 0 —
di,o-d, fi—->di-<,di-d,si-<,s—-5si,>-0,>-d)in
the multiple model problems.

1. For the 6 three-term series problems with 9 and 13 models,
respectively, expected cell values are so small that the approxi-
mation of the test statistic to the chi-square distribution may be
rather unsatisfactory. So, these results may be interpreted only
with caution.

As was outlined in the first section, the question of
whether Allen’s calculus is a cognitively adequate model
for human spatial reasoning has to be broken down into
several subordinated questions. To these subordinated
questions, we can now give some tentative answers. We
could show that (i) Allen’s relations together with natural
language expressions can be acquired quickly, and (ii) that
subjects are rather good in solving inference problems of
the given kind (more than 60% correct answers in the
worst case). There is also substantial evidence, however,
that there are differences with respect to the conceptual
and the inferential adequacy, which a cognitive plausible
model must account for. With respect to inferential ade-
quacy, an extension and specification of the mental model
approach seems most promising to us.

We were primarily interested in the existence of pre-
ferred models, but there is also a connection between the
error rates found and the mental model approach that is
worthy of discussion. Any detailed modeling of the infer-
ence process will have to account for the fact that,
although the subjects performed surprisingly well overall,
there are significant differences in the error rate between
some of the tasks. In the following, we will address two
questions related to a mental model interpretation of error
rates: (1) How do mental model theories explain differ-
ences in error rates? (2) Which of these alternative expla-
nations are ruled out by the present data?

To answer the first question it is necessary to come back
to the general structure of the inference process described
above. First, what Johnson-Laird & Byme (1991, p.36)
call comprehension phase, that is, the construction of a
model of the premises, second, the description phase in
which the model is inspected to find which conclusion
holds, finally the validation phase which consists of exam-
ining alternative models. Note that the validation phase
amounts to an iteration of the two earlier phases: new
models are constructed and inspected until all or a suitable
number of models are exhausted. In general, we may
expect the three phases to appear in any kind of such infer-
ence tasks. However, there are slight differences depend-
ing on the inference paradigm that is used. Two inference
paradigms are commonly found in literature on reasoning.
We will refer to them as inference verification task and
active inference task. To make the difference explicit we
introduce the notation {(pl,(pz} > @, ,todenote the
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fact that the conclusion (9, is compatible with the premises
@1 and P2. Then, the two paradigms may be written as fol-
lows:

(1)  inference verification: does {(pl'(pZ} > @, hold?

(2a) active general inference: find all @4 such

that {@.@,} > @5.

(2b) active particular inference: find some (4 such

that {‘Prq’z} > Q.

The experiment clearly follows (2b), the active particular
inference paradigm. For active inferences the following
structuring of the inference process is implied by mental
model theory (cf. the similar description of Johnson-Laird &
Byme, 1991, p.36 for the inference verification paradigm).

repeat
model ¢ Construct a model from @, and @,
answers ¢— Inspect the model for @, and add
it to answers.
until there are no more models

In the case of an active particular inference the loop is
executed just once. There are three places where one can
look for algorithmic complexity in the procedure, a complex-
ity which should translate into cognitive complexity, and
eventually into higher error rates. Obviously, these places
correspond to the three phases. The most relevant among
them is the validation phase, i.e. the repeat loop in the above
procedure, since it has to cope with the complexity that
arises from there being different models to examine. Several
alternatives (cf. Johnson-Laird, 1983, p.163) can be envis-
aged for the validation phase. Two of these which are impor-
tant are:

(1)  generation of models within the validation loop
(2)  generation of all models before entering the
validation loop.

(1) means that the models are generated within the itera-
tive validation loop described above, that is, model construc-
tion and model inspection alternate. Opposed to this, in (2)
all models are generated before entering the loop, that is,
model construction and model inspection processes are sepa-
rated. In agreement with the overall assumption of sequential
flow of control generation before entering the loop is to be
thought of as an iterative process in itself. Both alternatives
imply that an inference task involving several models is
computationally more complex and thus harder than an
inference task involving just a single model. Byme &
Johnson-Laird (1989) were able to show for a certain type of
spatial inferences in the verification paradigm that the num-
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ber of models is in fact an adequate complexity measure in
the sense that it allows differences in the error rate
between tasks to be explained.

In our experimental setting which follows the active par-
ticular inference paradigm, an effect of the number of
models on the error rate would only be predicted by alter-
native (2). Since in our paradigm the repeat loop is entered
exactly once, there will be computational costs depending
on the number of models only in the case that all models
are generated at once before entering the loop. We are now
in a position to answer the second of the two initial ques-
tions: which of the alternative explanations (e.g. 1 or 2)
can be ruled out on the basis of the present data? The data
of the experiment do not show a positive correlation
between the number of models and the error rate; in fact,
the correlation is negative: r = —.4146, p < .001 counting
inferences with 13 models (no error possible), r=-.3737,
p < .001 not counting those inferences. So we may discard
alternative (2).

Conclusions and future work

We introduced a specialization of the term “cognitive
adequacy of Allen’s calculus”, that distinguishes inferen-
tial and conceptual aspects. The experiment followed this
distinction. The results indicated the existence of preferred
models for spatial inferences with the Allen relations. The
findings support an account of the inference process fol-
lowing mental model theory. Further evidence will be
needed before a detailed modeling of the inference process
is possible. A series of ensuing experiments will be con-
cerned with the question of whether the number of models
is an adequate complexity measure for reasoning in the
Allen calculus - a question which implies a shift from the
active particular inference paradigm to the active general
inference or the inference verification paradigm. Besides
this, we will carry out experiments to test the assumption
of the conceptual adequacy of Allen’s calculus.
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