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Abstract

Two-Player Zero-Sum Hybrid Games
by

Santiago Jimenez Leudo

Optimizing cost functions under dynamic constraints has been widely studied for over 70
years, with applications across engineering, medicine, and biology. A key challenge arises
when adversarial agents, designed to oppose the main control objective, are involved.
This scenario is often modeled using differential games, where constraints are governed
by differential equations. Dynamic constraints in modern applications that combine
physics, computing, and networks often exhibit both continuous and discrete behavior,
influenced by nonsmooth factors like intermittent information and resets of variables.
These constraints are well-suited to hybrid system models, which combine continuous
and discrete dynamics. However, designing algorithms that ensure optimality under
these hybrid constraints requires new methods, as existing tools from differential games
may lead to suboptimal solutions. This dissertation aims to address the lack of tools
for designing algorithms for hybrid games with dynamic constraints, specifically beyond
those modeled by finite-state automata or switched systems. First, we formulate a
framework for the study of two-player zero-sum games under dynamic constraints given
in terms of hybrid dynamical systems. We employ our framework to study games with
different types of termination conditions. Analyzing the case in which solutions to the
hybrid system are complete allows us to propose results on optimality and asymptotic
stability for games over the infinite horizon with applications to security and disturbance
rejection problems. By considering the more general case of games over a finite horizon,
we employ existing tools in hybrid systems to design optimal strategies upon appropriate
specifications of terminal hybrid time and terminal state sets. We study input-to-state
stability and safety of hybrid systems under disturbances as inverse-optimal two-player
zero-sum games. We propose QP-based controls in terms of Lyapunov and barrier
functions to construct a meaningful cost functional that is minimized under the worst-
case disturbance. For multi-stage hybrid games, an optimality analysis is proposed with
applications to capture-the-flag games. Finally, imperfect state information motivates

the study of optimal designs of control strategies together with state observers.
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Chapter 1

Introduction

Games involving multiple players with potentially different interests emerge in multi-
agent systems, both in benign (or cooperative) and contested (or noncooperative) set-
tings. A list of examples includes and is not limited to rout selection in a road net-
work [8], heavy duty vehicle platooning [9], control of smart grids [10], trading modeling
in the stock market [11], and control of large populations of systems [12]. Generally
speaking, a game is an optimization problem with multiple decision makers (players), a
set of constraints (potentially dynamic) that enforces the “rules” of the game, and a set
of payoff functions to be optimized by selecting decision variables. Constraints on the
state and decision variables formulated as dynamic relationships lead to dynamic games;
see [13] and the references therein. Of particular interest is the contested setting, which
occurs when the players have independent objectives, such as when one agent aims at
minimizing a cost function and another agent aims at maximizing it under dynamic
constraints. Dynamic noncooperative games focus on the case in which the players se-
lect their actions in a competitive manner, such that an individual benefit potentially
implies a detriment to the other players [14-19]. This type of dynamic games has been
thoroughly studied in the literature, when the dynamic constraints are given in terms
of difference equations or differential equations — in general, referred to as differential
games.

Interestingly, the combination of physics, computing, and networks leads to dynamic
constraints that exhibit both continuous and discrete behavior. In particular, inter-
mittent information availability, resets of variables, such as expiring timers, and other

nonsmooth and instantaneous changes lead to dynamic constraints that can conveniently



be captured using hybrid system models [20,21]. Under certain assumptions, differential
algebraic equation (DAEs) [22] — also known as descriptor systems — can be recast as
hybrid equations, see |23 Lemma 2]. In specific, when the initial condition to a DAE
is consistent and the data pair of the system is regular (for each subsystem, in the case
of switched DAEs [24]), a solution to the DAE is also a solution to the equivalent hy-
brid system defined as in [20]. However, when designing algorithms that make optimal
choices of the decision variables under constraints given by hybrid dynamics, relying
only on continuous-time or discrete-time approaches potentially results in suboptimal
solutions. Unfortunately, tools for the design of algorithms for games with such hybrid
dynamic constraints, which we refer to as hybrid games, are not fully developed.

Particular classes of dynamic games involving hybrid dynamic constraints have been
recently studied in the literature. A game-theory-based control design approach is pre-
sented for timed automata in [2526], for hybrid finite-state automata in [27}28], and
for o-minimal hybrid systems in [29]. In these articles, the specifications to be guaran-
teed by the system are defined in terms of temporal logic formulae. When the payoff is
defined in terms of a terminal cost, such approach allows designing reachability-based
controllers through the satisfaction of Hamilton-Jacobi conditions to certify safety or
obstace-avoidance of hybrid finite-state automata [30,[31]. Following an approach that
allows for richer dynamics, [32] studies a class of reachability games between a con-
troller and the environment, under constraints defined by hybrid automata (STORMED
games) for which at each decision step, the players can choose either to have their vari-
ables evolve continuously or discretely, following predefined rules. For continuous-time
systems with state resets, tools for the computation of the region of attraction for hybrid
limit cycles under the presence of disturbances are provided in [33], where the inputs
only affect the flow.

Efforts pertaining to differential games with impulsive elements include [34,35], where
the interaction between the players is modeled similarly to switched systems, |36], which
establishes continuity of bounds on value functions and viscosity solutions, [37], which
formulates necessary and sufficient conditions for optimality in bimodal linear-quadratic
differential games, [38], which studies conditional viability for impulsive systems with
two competing input actions as an evolutionary game, and [39], which studies a class of
stochastic two-player differential games in match race problems.

Motivated by the lack of tools for the design of algorithms for general hybrid games,



we formulate a framework for the study of two-player zero-sum games with hybrid dy-
namic constraints. Specifically, we formulate an optimization problem with cost func-

tional including
e a stage cost that penalizes the evolution of the state and the input during flow,
e a stage cost that penalizes the evolution of the state and the input at jumps, and
e a terminal cost to penalize the final value of the variables.

Following the framework in [20,/40], we model the hybrid dynamic constraints as a hy-
brid dynamical system, which allows to cover contested scenarios with continuous-time
dynamics with logical modes, switching systems, hybrid automata, impulsive differential
equations, and dynamics described by algebraic differential equations (DAEs).

Zero-sum games for DAEs have been studied in the literature [41]. A min-max prin-
ciple built upon Pontryagin’s Maximum Principle is provided in [42]. Linear dynamics
and quadratic costs result in coupled Riccati differential equations, and conditions for
their solvability are provided in [43] and [44]. In [45], noncooperative games for Markov
switching DAEs are studied and Hamilton—Jacobi—Bellman-Isaacs equations are derived.
When the initial condition to a switching DAE is consistent and the data pair of the sys-
tem is regular for each subsystem, a deterministic version of the problem solved in [45]
can be addressed employing the modeling framework in [20].

Several applications exhibit this type of games, including robust control problems
and security-critical scenarios. On the one hand, a disturbance rejection problem for
hybrid systems can be formulated as a zero-sum game in which a player selects a control
input that minimizes a cost function in the presence of a disturbance assigned by an
adversarial player. Solving such a problem as a zero-sum game can be too conservative,
nevertheless, such approach can be employed only at the boundary of a set where
critical properties are guaranteed, e.g., forward invariance of a set of interest. On the
other hand, consider a security problem that consists of finding conditions such that
the control input guarantees the performance of a hybrid system via minimizing a cost
functional (representing damage or effect of attacks) under the action of an attacker
that is designed to maximize it. A cost-free preliminary instance of this problem is
studied in [7] following an attack-recovery approach [46|, where the composition of a

continuous-time dynamical system with a switched-observer-controller scheme results



in a hybrid closed-loop system, for which conditions are provided to guarantee safety
under Denial-of-Service attacks.

The solution to the type of games formulated in this work, known as a saddle-point
equilibrium, is given in terms of the actions of the players. Informally, when a player
unilaterally deviates from the equilibrium action, it does not improve its individual
outcome. Thus, by formulating the applications above as two-player zero-sum hybrid
games, we can synthesize the saddle-point equilibrium and determine the control action
that minimizes the cost for the maximizing adversarial action. To the best of our
knowledge, there are no results in the literature that can be used to solve two-player
zero-sum games with hybrid dynamics modeled as in [20].

In recent works, optimality for hybrid systems modeled as in [20] is certified via
Lyapunov-like conditions [47], providing cost evaluation results for the case in which
the data is given in terms of set-valued maps. The work in [48] provides sufficient
conditions to guarantee the existence of optimal solutions. A receding-horizon algorithm
to implement these ideas is presented in [49]. Scenarios with terminal specifications are
studied, favoring the development of results over both the infinite and the finite horizon.
Cost evaluation results and conditions to guarantee asymptotic stability of a set of
interest are established for a discrete-time system under adversarial scenarios in [50]. A
fixed finite-horizon hybrid game is studied in [2]. The conditions on the optimization
problem formulated therein are similar to their counterparts in the differential /dynamic
game theory literature. The end of the game therein is attained when the time of
solutions to H reach a terminal set 7. To account for hybrid time domains, which are
introduced in Chapter[2} a hybrid time domain-like geometry is assumed for 7 as in [49].
This results in optimality conditions in terms of PDEs, and the optimal feedback laws
are not stationary. The work in |51] provides a preliminary step towards a learning-
based approach to certify cost evaluation and asymptotic stability for hybrid games.
The method employs neural networks to learn a Lyapunov function and a value-like
function to guarantee the extension of pointwise conditions from finitely many points to
a entire set of interest. In [3], a two-player zero-sum game under dynamic constraints
is formulated in terms of a hybrid inclusion, which requires an appropriate definition
of the cost function to characterize the solution to the game. A hybrid system model
for capture-the-flag games with a corresponding zero-sum game formulation is proposed

in [6].



Given that the computation of the optimal strategy and the optimal cost via solving
Hamilton-Jacobi-Bellman-Isaacs represents a nontrivial task, an inverse optimality ap-
proach has been employed in the literature, in combination with input-to-state notions.
Input-to-state stability notions trace back to [52,|53] for continuous-time systems, [54]
for discrete-time systems, and [55,/56] for hybrid systems modeled as in [57], [58] for
impulsive systems, and [59] for switched systems. In addition, input-to-state safety no-
tions trace back to [60] and [61] for continuous-time systems, and [62] considers the case
of compositional input-to-state safety for nonlinear systems given as an interconnection
of subsystems. Inverse optimal design of stabilizing controllers for nonlinear continuous-
time systems with disturbances was studied in [63,/64] with a two-player zero-sum for-
mulation of a differential game. Similarly, the inverse optimal design of CBF-based
safety filters for continuous-time systems with disturbances was studied in [65]. The
inverse-optimal design of control strategies under disturbances as a two-player zero-sum
game is studied in [4] to input-to-state stabilize hybrid systems and in [5] to provide

input-to-state safety guarantees.



Chapter 2

Preliminaries

2.1 Notation

Given two vectors z,y, we use the equivalent notation (z,y) = [z'y"]" and (z,y)
denotes the Euclidean inner product. We denote by |z| a vector (e.g., Euclidean) norm
of . The symbol N denotes the set of natural numbers including zero and Nsg denotes
the set of positive naturals. The symbol R denotes the set of real numbers and Rx>¢
denotes the set of nonnegative reals. Given a vector z and a nonempty set A, the
distance from x to A is defined as |z| 4 = infyc 4 |z —y|. We denote with S} the set
of real positive definite matrices of dimension n, and with Sg, the set of real positive
semidefinite matrices of dimension n. We denote by card(A) the cardinality of A, by
int A its interior, by A its closure, by vol(A) its Lebesgue measure, by z ~ U(A) that
an element z is sampled from the uniform probability distribution over the set A, and
by conA the closure of the convex hull of A. We denote with 14 : R” — {0,1} the
indicator function of the set A. The n-dimensional identity matrix is denoted by I,,.
Given a matrix A € R"*" let |A| be its induced matrix 2—norm, rank(A) denote its
rank, and Apin(A) and Apax(A) denote the eigenvalues with minimum and largest real
part, respectively. We represent by B the closed Euclidean unit ball and by x + B
the closed ball of radius ¢ centered at x and by A+¢cB = {a+b:a € A,b € cB} the
Minkowski sum of A and €B. Given an open set U, the function f : U — R" is said to
be of differentiability class C* if the derivatives f’, f”, ..., f) exist and are continuous

on U. A function a : R>g — R is a class-K function, also written as a € K, if « is zero

at zero, continuous, and strictly increasing. Similarly, a function 8 : R>¢ x R>g = R>q



is said to belong to class-ICL if it is continuous, nondecreasing in its first argument,
nonincreasing in its second argument and lim,_,g+o 5(r,s) = 0 for each s € R>p, and

limg_ oo B(r, 5) = 0 for each r € R>g. We denote by O(C, A) the observability matrix of
the pair (C, A) and by C(A, B) the controllability matrix of the pair (A4, B) .

2.2 Hybrid System with Inputs

We consider hybrid systems that will be modeled based on the framework in [20].
In this framework, the continuous dynamics of the system are modeled by differential
inclusions, while the discrete dynamics are modeled by difference inclusions. Based on
this, a hybrid dynamical inclusion H with input v = (uc,up) € R™¢ x R™P can be
represented by

” t € F(zyuc) (x,uc)eC (2.1)
xt € G(z,up) (z,up)€e D
where x € R™ is the state. The flow map F : R" x R™¢=3R™ captures the contin-
uous evolution of the system, when the state is in the flow set C. The jump map
G : R"™ x R™D=R"™ describes the discrete evolution of the system when the state is in
the jump set D. Based on this framework, we can model the players behavior enclosing
the richness of their dynamics.

Since solutions to the dynamical system Hs can exhibit both continuous and discrete
behavior, we use ordinary time ¢ to determine the amount of flow, and a counter j € N
that counts the number of jumps. Based on this, the concept of hybrid time domain, in

which solutions are fully described, is proposed.

Definition 2.2.1. (Hybrid time domain) A set E C R>g x N is a hybrid time domain
if, for each (T,J) € E, the set EN ([0,T] x {0,1,...,J}) is a compact hybrid time

domain, i.e., it can be written in the form
J
U @t tial < {51
j=0

for some finite nondecreasing sequence of times {t; ;]iol with tj;+1 = T. FEach element
(t,j) € E denotes the elapsed hybrid time, which indicates that t seconds of flow time

and j jumps have occurred.



A hybrid signal is a function defined on a hybrid time domain. Given a hybrid signal
¢ and j € N, we define I’ = {t:(t,j) € dom ¢} as the interval of flow after jump j.

Definition 2.2.2. (Hybrid arc) A hybrid signal ¢ : dom ¢ — R™ is called a hybrid
arc if for each j € N, the function t — ¢(t,j) is locally absolutely continuous on the

interval Ié;. A hybrid arc ¢ is compact if dom ¢ is compact.

Definition 2.2.3. (Hybrid Input) A hybrid signal u is a hybrid input if for each j € N,
the function t — wu(t, j) is Lebesgue measurable and locally essentially bounded on the

interval IZ.

Let X be the set of hybrid arcs ¢ : dom¢ — R™, and U = U X Up the set of hybrid
inputs u = (uc,up) : domu — R™¢ x R™P . A solution to the hybrid system with input
H, is defined as follows.

Definition 2.2.4. (Solution to the hybrid system #H) A hybrid signal (¢,u) defines
a solution pair to the hybrid system if¢p € X, u= (uc,up) €U, dom¢ = domu,

and
e (¢(0,0),uc(0,0)) € C or (¢(0,0),up(0,0)) € D,
e For each j € N such that Ii has a nonempty interior inth, we have, for all
t € intl?,
(¢(t,5),uc(t, j) € C
and, for almost all t € Ié,

d

Z0(t.) € F(o(t,5), uc(t, 7))

e For all (t,j) € dom ¢ such that (t,j + 1) € dom ¢,

(¢(t’j)7uD(t7j)) €D
(b(taj + 1) S G(é(tvj)auD(uj))

A solution pair (¢,u) is a compact solution pair if ¢ is a compact hybrid arc; see

Definition [2.2.2



Given a solution pair (¢, u), the component ¢ is referred to as the state trajectory.
In this work, the same symbols are used to denote input actions and their values. The
context clarifies the meaning of u, as follows: “the function u,” “the signal u,” or “the
hybrid signal «” that appears in “the solution pair (¢,u)” refer to the input action,
whereas “u” refers to the input value as a point in R™¢ x R™P in any other case. The
reader can replace “the function u” by “uy”, that is the input action yielding the system

to a state trajectory ¢.

The £ norm of a hybrid signal r = (r¢,rp) is given by

17l := max { rcll o - Irplly } (2.22)

Ircll ) =max esssup  [r(',5)], (2.2b)
J'SJ vst.(t,j)Edomr

Irplle,5) = sup (¢, )] (2.2¢)
("3 ET(r),t'+5'<t+]

where I'(r) := {(t,7) € domr : (t,j + 1) € domr}. For notational convenience, |7
denotes limy4jn [[7[|, ;) , where N = sup(; j)edomrt +J € [0, 00).

A solution pair (¢, u) to Hs from £ € R" is complete if dom(¢, u) is unbounded. It
is maximal if there is no solution (1, w) from & such that ¢(¢,j) = (¢, ) and u(t,j) =
w(t,7) for all (¢,j) € dom(¢,u) and dom(¢p,u) is a proper subset of dom(¢, w). We
denote by Sy, (M) the set of solution pairs (¢, u) to Hs as in such that ¢(0,0) € M.
The set Sy, (M) C Sy, (M) denotes all maximal solution pairs from M and Sy (M) C
Su. (M) the set of complete solutions from M. Given £ € R™, we define the set of
input actions that yield maximal solutions to Hs from & as Uy, (§) := {u : I(p,u) €
S3.(6), (¢,u) € Sy, (€)} and the set of input actions that yield complete solutions as
Ugp (&) == {u: V(o u) € S, (), (¢, u) € S7.(§)}. For a given u € U, we denote the set
of maximal state trajectories to H from £ for u by R(§,u) = {¢: (¢,u) € S, (§)}. We
say u renders a maximal trajectory ¢ to Hs from & if ¢ € R(§,u). A complete solution
(¢, u) is discrete if dom(¢, ) C {0} x N and continuous if dom(¢,u) C R>g x {0}.

We define the projections of C' C R" x R™¢ and D C R” x R™P onto R", respectively,
as

I(C) :={£ € R" : Jug € R™C s.t. (§,uc) € C}
II(D) :={{ € R": Jup € R™P s.t. ({,up) € D}.

We also define the set-valued maps that output the allowed input values at a given state



% (z) = {uc € R™¢ : (z,uc) € C},
12 (x) = {up € R™? : (z,up) € D}.

Moreover, sup, dom ¢ := sup{t € R>¢ : 3j s.t. (t,j) € dom ¢}, sup; dom¢ := sup{j €
N:3Jts.t. (t,7) € dom ¢}, and supdom ¢ := (sup; dom ¢, sup; dom ¢). Whenever dom ¢
is compact, dom ¢ D maxdom ¢ := sup dom ¢.

As a special case of (2.1)), consider the single-valued system

gyl t = Flauo) (@uc)eC (2.3)
¥ = G(z,up) (z,up)€ D

The following conditions guarantee uniqueness of solutions to H as in (2.3) [20,
Proposition 2.11].

Proposition 2.2.5. (Uniqueness of Solutions) Consider the hybrid system H as in
(2.3). For every & € TI(C) UII(D) and each u € U there exists a unique maximal
solution (¢, u) with ¢(0,0) = & provided that the following holds:

1) for every ¢ € TI(C) \ II(D) and T > 0, if two locally absolutely continuous func-
tions z1, 29 : I, = R™ and a Lebesgue measurable function u, : I, — R™¢ with
I, of the form I, = [0,T) or I, = [0,T], are such that, for each i € {1,2},
Zi(t)EF (2i(t), u(t)) for almost all t € I,, (z(t),ux(t)) € C for all t € intl,, and
2i(0) = &, then z1(t) = 22(t) for every t € I,;

2) for every (§,up) € D, G(&,up) consists of one point.

Proof. Proceeding by contradiction, suppose there exist two maximal solutions to H,
(¢1,u) and (¢2,u), with u = (uc,up), dom¢p; = dom¢py = domwu, and ¢1(0,0) =
¢2(0,0) such that ¢; and ¢2 are not identical over dom u, namely, there exists (t*, j*) €

domw such that ¢1(t*, 7)) # ¢a(t*, j*). We have the following three cases:

a) If (t*,7%) € [t',t") x {j*} C domu for some ¢" > ' > 0, then, the functions
21,29 + I, — R", and u, : I, — R™¢, with T = t” — t' and I, of the form
I, =10,T), defined for each i € {1,2} as z;(t) = ¢;(t' +¢,j) for all t € I, and as
uy(t) = uc(t’ +1t,7) for all t € I, satisfy, by Definition|2.2.4} 2;(t) € F(zi(t),u:(t))
for almost all ¢ € I, and (2;(t),u(t)) € C for all ¢ € intI,. However, at t* € I,
z1(t*) # z2(t*), which contradicts item 1.

10



b) If (t*,7*) € [¢',t"] x {j*} C domu for some " > ¢ > 0, then, the functions
21,20 : I, = R" and u, : [, — R™C¢, with T = t” — ¢ and I, of the form
I, = [0,T], defined for each i € {1,2} as z;(t) = ¢i(t' +¢,7) for all t € I, and as
ux(t) = uc(t' +1t,j) forall t € I, satisfy, by Definition[2.2.4], %;(t) € F(2(t), u-(t))
for almost all t € [0,T), and (z;(t),u.(t)) € C for all t € intl,. However, at t* € I,
21(t*) # z9(t*), which contradicts item 1.

c) If (t*,5%) is such that (t*,7* — 1) € domw, then (t*,7* — 1) is a jump time of ¢;
and ¢2. Then, by Definition for each i € {1,2}, ¢;(t*, %) = G(pi(t*, j* —

1),up(t*, 7% —1)). Since, ¢1(t*,j*) # ¢a2(t*,j*), and ¢1(t*,7* — 1) = ¢o(t*, 7* —
1),G(p1(t*, 5% — 1),up(t*, j* — 1)) takes more than one value, which contradicts

item 2.

Thus, provided items 1 and 2 hold, for every ¢ € II(C) UTI(D) and each u € U there

exists a unique maximal solution (¢, u) with ¢(0,0) = &. O

2.3 Closed-loop Hybrid Systems

Given a hybrid system H, and a function k := (k¢, kp) with k : R" — R™¢ x R™P,
the autonomous hybrid system resulting from assigning v = k(z), namely the hybrid

closed-loop system is given by

” z € F(z,ke(z)) ze€Cy (2.4)
2t € G(z,kp(x)) w€ Dy

where Cy, := {z € R" : (z,kc(x)) € C} and D,, := {z € R" : (z,kp(z)) € D}.
A solution to the closed-loop hybrid system H, is defined as follows.

Definition 2.3.1. (Solution to the hybrid system #,) A hybrid arc ¢ defines a solution
to the hybrid system H,; in if

e $(0,0) € Cx U Dy,

e For each j € N such that I (‘; has a nonempty interior intl?, we have, for all
: J
te 1ntI¢,
¢(t,j) € Cx

11



and, for almost all t € I/,

%W, j) € F(8(t, ), ke (6t 1))

e For all (t,7) € dom ¢ such that (t,j + 1) € dom ¢,

¢(t,j) € Dx
¢(t>j + 1) € G(qb(taj)?'%D(qb(t’j)))

A solution ¢ is a compact solution if ¢ is a compact hybrid arc.

We denote by S’HE(M ) the set of solutions ¢ to 1’ such that ¢(0,0) € M. The set
Sy, (M) C Sy, (M) denotes all maximal solutions and Sﬁn (M) C Sy, (M) the set of

complete solutions.

Definition 2.3.2. (Hybrid Basic Conditions) Given a system Hs and a feedback
law k = (kc,kp) with Kk : R" — R™¢ x R™P the resulting closed-loop system
from their composition, denoted H, and defined as in , is said to satisfy the
hybrid basic conditions if its data (Cx, F, D,, G) satisfies the following properties:

1. C; and D, are closed subsets of R";

2. © — F(x,kc(z)) is outer semicontinuous and locally bounded relative to C,., every
x € Oy is such that (z,k(x)) € dom F, and x — F(z,kc(x)) is convex for each

rzeC,.

3. x — G(x,kp(z)) is outer semicontinuous and locally bounded relative to D, and

every x € D, is such that (x,kp(x)) € domG.

Definition 2.3.3. (Tangent cone) The tangent cone to a set S C R™ at a point

x € R™, denoted Ts(x), is the set of all vectors w € R™ for which there exist sequences

T;—T
T

x; € 8,1 >0 with zg — z,7 \(0, and w = lim;_, o,

The following result provides conditions that guarantee that solutions to a hybrid

closed-loop system exist. Below, T¢(x) denotes the tangent cone of C, at x

Proposition 2.3.4. (Existence of solutions to Hs) Consider a system Hs and a feed-
back law k := (k¢,kp) with k : R™ — R™¢ x R™P and suppose the resulting closed-

loop system from their composition, denoted H, and defined as in (2.4) with data

12



(Ck, F, Dy, G), satisfies the hybrid basic conditions in Definition . Let £ € C,UD,
be arbitrary. If € € Dy, or

(VC) there exists a neighborhood X,, of ¢ such that for every x € X,, N C,,
F(z, ko) NTo(x) # 0

then there exists a nontrivial solution ¢ to H, with ¢(0,0) = &£. If (VC) holds for every

¢ € Cy \ Dy, then there exists a nontrivial solution to H, for every initial point in
Cy U Dy.

13



Part 1

Two-Player Zero-Sum Hybrid

Games
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Chapter 3

Infinite-Horizon Hybrid Games

In this chapter, we present a framework for the study of two-player zero-sum games
with hybrid dynamic constraints. We present in Theorem sufficient conditions
based on Hamilton—Jacobi-Bellman-Isaacs-like equations to design a saddle-point equi-
librium and evaluate the game value function without computing solutions to the hybrid
system. Connections between optimality and asymptotic stability of a set are proposed
in Section and framed in the game theoretical approach employed. We present in
Section applications to robust and security scenarios by formulating and solving
them as two-player zero-sum hybrid dynamic games.

For the broad class of systems covered in Chapter consider the case in which
uc = (uc1,uce2) and up = (up1,ups2), where (uc1,upi) is the input selected by player
Py and (uce,upsz) is the input chosen by player P,. When solutions are unique, we
consider a cost functional J : R™ x R™¢ x R™P — R associated to the solution to H as
in from ¢ and study the problem

(uc{?ﬁl)(ugi);) J (&, uc1, uc2, up1, up2) (3.1)
as a two-player zero-sum hybrid game. We introduce formally some of the applications

mentioned in the introduction in which thus type of hybrid games emerges.

Application 1. (Robust Control) Given the system H as in with state x, the dis-
turbance rejection problem consists of establishing conditions such that player P; selects
a control input (uci,up1) that minimizes the cost of solutions to H in the presence of

a disturbance (uce,up2) chosen by Ps.
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Application 2. (Security) Given the system H as in with state x and

F(x7u017u02) = fd(xau01)+fa(U02)

G(z,upi,up2) = ga(x,up1)~+ ga(up2)

the security problem consists of finding conditions such that the control input (uc1,up1)
guarantees the performance of the system via minimizing a cost functional J (represent-
ing damage or effect of attacks) under the action of an attacker (uce,up2) that knows

fa and gq, and is designed to maximize J .

3.1 Formulation of Two-player Zero-sum Hybrid Games

3.1.1 Elements of a Hybrid Game

Following the formulation in [13], for each ¢ € {1, 2}, consider the i-th player P; with
dynamics described by H; as in with data (Cj, F;, D;, G;), state x; € R™, and
input u; = (ugi, up;) € R™C x R™Pi where C; C R™ x R™C | F; : R" x R™¢ — R™,
D; C R" x R™P and G; : R" x R™P — R™_ with ny + no = n. We denote by U; =
Uci x Up; the set of hybrid inputs for H;; see Definition 2.3.

Notice that each player’s dynamics are described in terms of maps and sets defined
in the entire state and input space rather than the individual spaces (R™ and R™ rather
than R™ and R™:, respectively). This allows to model the ability of each player’s state

to evolve according to the state variables and input of the other players.

Definition 3.1.1. (Elements of a two-player zero-sum hybrid game) A two-player

zero-sum hybrid game is composed by

1) The state x = (x1,x2) € R™, where, for each i € {1,2}, x; € R™ is the state of
player P;.

2) The set of joint input actions U = Uy X Uz with elements u = (uq,uz), where, for
each i € {1,2}, u; = (ucy,up;) is a hybrid input. For each i € {1,2}, P; selects
u; independently of P3_;, who selects us_;, namely, the joint input action u has

components u; that are independently chosen by each player.
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3) The dynamics of the game, described as in ([2.3)) and denoted by H, with data

C = C1NCy
F(z,uc) = (Fi(z,uc), Fa(z,uc)) V(z,uc) € C

D := DiUDsy
G(z,up) = {Gi(x,up) : (x,up) € Dy,i € {1,2}} V(z,up) € D

where G1(z,up) = (G1(z,up), I, ), Ga(z,up) = (In,, Ga(z,up)),

uc = (uc1,uc2), and up = (up1,up2).

4) For each i € {1,2}, a strategy space K; of P; defined as a collection of mappings
ki : R® — R™¢ x R™Di, The strategy space of the game, namely K = K1 x K,
is the collection of mappings with elements k = (k1, k2), where k; € K; for each
i € {1,2}, such that every maximal solution (¢,u) to H with input assigned as
dom¢ > (t,7) — ui(t,j) = ki(¢(t, j)) for each i € {1,2} is complete. Each k; € K;
is said to be a permissible pureﬂ strategy for P;.

5) A scalar-valued functional (§,u) — J;(§,u) defined for each i € {1,2}, and called
the cost associated to P;. For each u € U, we refer to a single cost functional
J:=J1 = —Js as the cost associated to the unique solution to H from £ for u,

and its structure is defined for each type of game.

Remark 3.1.2. (Players’ state) In scenarios where each player has its own dynamics,
as in pursue-evasion [60], or target defense [67] games, it is common to have a state
associated to each player, namely xq1 for P; and xo for Ps, justifying the partition of
the state x in x1 and x9. When the players do not have their own dynamics but can
independently select an input, e.g., Py selects u; and P selects us to control a common
state x, such state can be associated, without loss of generality, to either of the players,

e.g., © = 1 withn =n; and ng = 0. This is illustrated in Example [6.5.3

Notice that Definition [3.1.1] is general enough to cover games with a finite horizon,
for which additional conditions specify the end of the game, e.g., a terminal set in the
state space or fixed duration specifications 2| as in Chapter 4.

We say that a game formulation is in normal (or matrix) form when it describes

only the correspondences between strategies and costs. On the other hand, we refer

'This is in contrast to when K; is defined as a probability distribution, in which case k; € K; is
referred to as a mixed strategy.
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to the mathematical description of a game to be in the Kuhn’s extensive form if the

formulation describes:
e the evolution of the game defined by its dynamics,
e the decision-making process defined by the strategies,

e the sharing of information between the players defined by the communication

network, and
e their outcome defined by the cost associated to each player.

If a game is formulated in a Kuhn’s extensive form, then it admits a solution [13].
From a given initial condition &, a given strategy k € K potentially leads to nonunique
solution (o', ul), (@2, u?), ..., (%, u¥) to H, where u! = xk(¢') and ¢!(0,0) = & for each
l€{1,2,...k}. Thus, for the formulation in Definition to be in Kuhn’s extensive
form , an appropriate cost definition is required so each strategy « € K has a unique
cost correspondence, namely, every solution (¢!, u') with u! = k(¢!), I € {1,2,...,k} is

assigned the same cost.

3.1.2 Equilibrium Solution Concept

Given the formulation of the elements of a zero-sum hybrid game in Definition [3.1.1

its solution is defined as follows.

Definition 3.1.3. (Saddle-point equilibrium) Consider a two-player zero-sum game,
with dynamics H as in with J1 = J, Jo = —J, for a given cost functional
J :R" xU — R. We say that a strategy k = (k1,k2) € K is a saddle-point equilibrium
if for each ¢ € TI(C) UII(D), every hybrid input u* = (u¥,u}) such that there exists
¢* € R(§,u*), with components defined as dom ¢* > (t,j) — u}(t,j) = Ki(¢*(t, 7)),
i € {1,2}, satisfies

T (& (u1,u2)) < T (& u”) < T(E, (u1,u3)) (3-2)

for all hybrid inputs uy and ug such that R(&, (uf,u2)) and R(&, (u1,u})) are nonempty.

2A given strategy & can lead to multiple input actions due to a nonempty II(C) NTI(D).
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Deﬁnition is a generalization of the classical pure strategy Nash equilibrium |13,
(6.3)] to the case where the players exhibit hybrid dynamics and opposite optimization
goals. In words, we refer to the strategy x* = (k}, k%) as a saddle-point when a player
P; cannot improve the cost J; by playing any strategy different from «; when the player
P;_; is playing the strategy of the saddle-point, x3_,. Condition is verified over
the set of inputs that define joint input actions (uf,us) and (u1,ud), yielding at least
one nontrivial solution to H from £. Notice that the saddle-point, as a solution to the
zero-sum two-player game, is a strategy in K, though the concept of a solution to a

hybrid system #, as in Definition is a hybrid arc.

3.1.3 Problem Statement

We formulate an infinite-horizon optimization problem to solve the two-player zero-
sum hybrid game and provide the sufficient conditions to characterize the solution.
Following the formulation in Definition consider a two-player zero-sum hybrid
game with dynamics H described by for given (C, F, D, G). Uniqueness of solutions
for a given input implies a unique correspondence from cost to control action, which
allows this type of games to be well-defined, so that an equilibrium solution is defined |13,

Remark 5.3]. This justifies the following assumption.

Assumption 3.1.4. The flow map F' and the flow set C are such that solutions to
& = F(z,uc) (z,uc) € C are unique for each input uc. The jump map G is single

valued, i.e., the jump set for each player satisfies D1 = Ds.

Sufficient conditions to guarantee that Assumption holds include Lipschitz con-
tinuity of the flow map F', provided it is a single-valued function. Under Assumption
the conditions in Proposition are satisfied, so solutions to H are uniqueﬂ for
each u € U.

Given ¢ € II(C U D), a joint input action u = (uc,up) € U such that maximal
solutions to H from ¢ for u are complete, the stage cost for flows Lo : R" x R — R,
the stage cost for jumps Lp : R® x R"P — R, and the terminal cost ¢ : R — R, we
define the cost associated to the solution (¢, u) to H from &, under Assumption

3Under Assumption the domain of the input u specifies whether from points in II(C) N II(D)
a jump or flow occur.
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as

supj dom ¢ t]+1
T(Eu) = / ) (t,3))de
— t;
sup; dom ¢—1 (33)
+ Z LD(¢(tj+1,j),UD(t j+15] )) + 1tlflsup Q(¢(t7]))
0 j—00
J (t,7)€dome
supj dom ¢ .

where {t;},_
time domain of ¢; see Definition [2.2.2]

is a nondecreasing sequence associated to the definition of the hybrid

We are ready to formulate the two-player zero-sum game.

Problem (¢): Given £ € R™, under Assumption solve

minimize maxnnlze J (&, u) (3.4)
ui

u=(u1,uz) EUF (f)

where U7 is the set of joint input actions yielding maximal complete solutions to H, as

defined in Section 2.2.

Remark 3.1.5. (Saddle-point equilibrium and min-max control) A solution to Problem
(¢), when it exists, can be expressed in terms of the pure strategy saddle-point equilib-
rium K = (K1, k2)) for the two-player zero-sum infinite-horizon game. Each u* = (uj, u3)
rendering a state trajectory ¢* such that (¢*,u*) € S (§), with components defined as
dom ¢* > (t, ) — ul(t,7) = ki(¢*(t, j)) for each i € {1,2}, satisfies

u* = argminmax J(§,u) = argmaxmin J (&, u)
ul u2 u2 ui

u=(u1,u2) €Uy (§) u=(u1,u2) €U (§)

and it is referred to as an min-max control at §.

Definition 3.1.6. (Value function) Given ¢ € TI(C)UTI(D), under Assumption

the value function at £ is given by

J*(&):= minmax J(&u)= maxmln J( ) (3.5)
Ul u2 ul
u=(u1,uz) €U () u= (ul,uz)EL{ 3]

Next, we position the setting studied here in terms of the existing literature of dy-

namic games. Let uj( 1), (r1) denote the truncation of u € U,supdomu = (T, J), to the
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hybrid time interval [(s, k), (r,1)] C dom u, and

(Qb? )[(s k), - { d)a S 8’}-{ 3“[(0,0),(5,k)] = K(QZ)[(O,O),(s,k)}),
) (1,0 = #(ra.ra) ) (3-6)

denotes the set of solutions with input defined in terms of x € K in the intervals

[(0,0), (s, k)] and [(r,1), (T, J)]. Then, we define time consistency as follows.

Definition 3.1.7.  An input action u* that solves Problem (¢) is strongly time
consistent (STC) if its truncation to the interval [(s, k), (T,J)], namely Wl 1) (T )]
solves the truncated version of Problem (o) over the set of solutions (¢, W {is k), (1) for

every k € K and every (s, k) € ((0,0), (T, J)] N dom(¢, u).

Remark 3.1.8. (Time consistency and subgame perfection) The permissible strategies
considered in this work have a feedback information structure, in the sense that they
depend only on the current value of the state, and not on any past history of the values
of the state or hybrid time. Given £ € R", we say that an input action u* is strongly
time consistent if even when the past history of input values that led H as in ([2.3)
to & were not optimal, the action u* is still a solution for the remaining of the game
(subgame) defined by Problem (o), starting from . When this property holds for every
state ¢ in II(C) UII(D), we say that u* is subgame perfect, see |68]. Then, under a
strategy space that does not impose structural restrictions on the permissible strategies,
(e.g., a linear dependence on the state) the saddle-point equilibrium strategy, when it
exists, is said to be strongly time consistent if its components k¢ and kp lead to input
actions that are strong time consistent for each ¢ in II(C') UII(D). Notice that given the
hybrid time horizon structure of the input actions considered in this work, the saddle-
point equilibrium is time independent. This results in truncations of input actions not
keeping a record of previous hybrid time values, i.e., if there exists any past history of
strategies that led to the current state, this is hidden for the evaluation of the saddle-
point equilibrium at the current state, which results in preservation of optimality in the

subgame, property known as permanent optimality (13, Section 5.6].

We revisit the applications presented in the introduction and reformulate them ac-

cording to the mathematical framework provided in this chapter as follows.
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Application 1. (Robust Control) Given the system H as in and & € R", the

disturbance rejection problem consists of finding the control input of Py

up = (uc1,up1) = argmin  J(§,u) (3.7)
(uc1,upt)
u=(u1,u2) €U (&)

in the presence of a disturbance uy = (uca,up2) chosen by Py. To account for the

worst-case disturbance, (6.5)) is addressed by solving Problem ().

Application 2. (Security) Given the system H as in , F(x,uc1,uc2) = fo(z,uct)
+fa(uce), and G(z,up1,up2) = ga(z,up1) + go(up2), the security problem consists of
finding the control input (uci,up1) that guarantees the performance of the system in
spite of the action

ug = (uc2,up2) = argmax J(§, u) (3.8)

(uc2,up2)
u=(u1,u2) €U (&)

chosen by an attacker Py that knows fg and gq. The cost functional J represents the

damage caused by attacks. To account for the best-scenario, this problem is addressed

by solving Problem (o).

3.2 Design of Saddle-Point Equilibrium for
Infinite-Horizon Hybrid Games

The following result provides sufficient conditions to characterize the value function,
and the feedback law that attains it. It addresses the solution to Problem (¢) showing

that the optimizer is the saddle-point equilibrium.

Theorem 3.2.1. (Hamilton-Jacobi-Isaacs (HJI) for Problem (¢)) Given a two-player
zero-sum hybrid game with dynamics H as in with data (C,F,D,QG) satisfying
Assumption stage costs Lo : R™ x R™¢ — Rxg,Lp : R" x R™P — Rsq, and

terminal cost q : R™ — R, suppose the following hold:

1) There exists a function V' : R™ — R that is continuously differentiable on a

neighborhood of TI(C) that satisfies the Hamilton-Jacobi-Isaacs (HJBI) hybrid
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equations given as

0= min max {Lo(z,uc) + (VV(x), F(x,uc))}
uci1 uc2
uc=(uc1,uce)€lg (z) (3.9)
= max min {Lc(z,uc) + (VV(z), F(x,uc))} Vo € II(C),
uc ucCi
uc=(uc1,uc2)€Y (z)
V(z) = min max {Lp(z,up) + V(G(z,up))}
up1 up2
up=(up1,up2)€llf (z) (3.10)
= max min {Lp(z,up) + V(G(z,up))} Vz € II(D)
up2 up1
up=(up1,up2)€l? (z)
2) For each ¢ € II(C) UII(D), each (¢,u) € 837 (€) satisﬁe
limsup V(¢(¢,5)) = limsup q(¢(t, 7)) (3.11)
t4j7—00 t4+j—00
(t,7)€dome¢ (t,j)€dome
Then
T (&) =V() V¢ € TI(C) UTI(D), (3.12)

and any stationary feedback law k = (kc, kp)= ((kc1, kc2), (D1, kD2)) : R™ — R™C x

R™D with values

ko(z) € arg 15101{1 max {Le(z,uc) + (VV (), F(z,uc))} Vo eIl(C) (3.13)

uc=(uc1,uc2) €N (z)

and

kp(z) €  arg 11]{1[1)51%135 {Lp(x,up)+ V(G(z,up))} Vx ell(D) (3.14)

up=(up1,up2)€I? (z)

is a pure strategy saddle-point equilibrium for Problem (o) with J3 = J, Jo = —J,
where J is as in (3.3)).

Notice that when the players select the optimal strategy, the value function equals
the function V evaluated at the initial condition. This makes evident the independence
of the result from needing to compute solutions, at the price of finding the function V'

satisfying the conditions therein.

4The boundary condition (3.11)) matches the value of V to the terminal cost ¢ at the final value of ¢.
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To establish the proof of Theorem [3.2.1] we first present the following results pro-
viding sufficient conditions to bound and exactly evaluate the cost of the game. These
results are instrumental on guaranteeing that the saddle-point equilibrium is attained

and in evaluating the value function of the game.

Proposition 3.2.2. (Time-dependent conditions for upper bound) Consider (¢,u) €
S5 (&) with w = (uc,up), such that

1) for each j € N such that Ié has a nonempty interio jntlé,

Le(0(t,3),uc(t,3) + TV (o(t,1) <0 ¥t € ntr] (3.15)

and

2) for every (tjy1,j) € dom ¢ such that (tj41,j + 1) € dom ¢,
Lp(¢(tjs1,7), up(tjzr, ) + V(o(tjs1, 5+ 1)) = V(o(tj41,4)) <0.  (3.16)

Then

sup; dom ¢ sup; dom ¢p—1

ti+1
Z /t LC(¢(ta])7uC(ta]))dt + Z LD(¢(tj+17j)7uD(tj+1aj))
= j Jj=0
+ limsup V(¢(t,5)) < V(§).
t+j—o00
(t,j)€dome

(3.17)

The following corollary is immediate from the proof of Proposition [3.2.2

Corollary 3.2.3. (Change of Signs) If the inequalities in the conditions in Proposition
are inverted, namely, if “<” in and is replaced with “>”, then
holds with the inequality inverted. Likewise, if the conditions in Proposition hold
with equalities, then holds with equality.

Remark 3.2.4. (Connections between Theorem and Problem (¢)) Given £ €
II(C) UTL(D), if there exist a function V satisfying the conditions in Theorem

then a solution to Problem (o) exists, namely there is an optimizer input action u* =

When j = sup,; dom ¢ € N and sup, dom ¢ = 0o, we define ¢;11 := oo.
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(ugyup) = (g, usse), (Why,upy)) € U (E) that satisfies (3.2)), and V is the value
function as in Definition . In addition, notice that the strategy k = (kc,kp) € K

with elements as in (3.13) and (3.14) is such that every maximal solution to the closed-

loop system H, from £ has a cost that is equal to the min-max in , which is equal

to the max-min.

Remark 3.2.5. (Existence of a value function) Theorem does not explicitly rely
on regularity conditions over the stage costs, flow and jump maps, convexity of J, or
compactness of the set of inputs U37. Sufficient conditions to guarantee the existence of
a solution to Problem (¢) are not currently available in the literature. One could expect
that, as in any converse results, guaranteeing the existence of a value function satisfying
and would require the data of the system and the game to satisfy certain
regularity properties. In the context of optimal control such regularity is required to

guarantee existence [48].

Remark 3.2.6. (Computation of the function V') In some cases, computing the saddle-
point equilibrium strategy and the function V satisfying the HJBI hybrid equations is
difficult. This is a challenge already present in the certification of asymptotic stability.
However, the complexity associated to the computation of a Lyapunov function does
not diminish the contribution that the sufficient conditions for stability have had in
the field. In the same spirit, a contribution of Theorem [3.2.1 as an important step
in games with dynamics defined as in [69], is in providing sufficient conditions that
characterize value functions and saddle-point equilibria for such systems, similar to the
results for continuous-time and discrete-time systems already available in the literature;

see,e.g., [13].

3.3 Asymptotic Stability for Hybrid Games with Infinite
Horizon
We present a result that connects optimality and asymptotic stability for two-player
zero-sum hybrid games. First, we introduce definitions of some classes of functions.

Definition 3.3.1. (Class-K functions) A function a : R>o — R>q is a class-Koo
function, also written as a € K, if a is zero at zero, continuous, strictly increasing,

and unbounded.
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Definition 3.3.2. (Positive definite functions) A function p : R>g — Rx¢ is positive
definite, also written as p € PD, if p(s) > 0 for all s > 0 and p(0) = 0. A function
p: R" x R™ — Rxq is positive definite with respect to a set A C R", in composition

with k : R" — R™, also written as p € PD,(A), if p(x,x(x)) > 0 for all x € R" \ A and
p(A, k(A)) = {0}

Definition 3.3.3. (Uniform global asymptotic stability) A closed set A C R™ is
uniformly globally asymptotically stable for a hybrid closed-loop system H, as in
if it is

e uniformly globally stable for H,, i.e., there exists a class-Ko, function « such that

any solution ¢ to H, satisfies |¢(t,7)|a < a(|¢(0,0)|4) for all (¢,j) € dom ¢; and

e uniformly globally attractive for H,, i.e., for each € > 0 and r > 0 there exists
T > 0 such that, for any solution ¢ to H, with |¢(0,0)|4 <, (t,j) € dom ¢ and
t+j =T imply |§(t,j)|a < e.

In the next result, we provide alternative conditions to those in Theorem for

the solution to Problem (o).

Lemma 3.3.4. (Equivalent conditions) Given H, as in with data (C, F,D,G)
and feedback k := (k¢,kp) = ((kc1, ko2), (ED1, kp2)) : R — R™C x R™P that satisfies
(3.13) and (3.14)), if there exists a function V' : R™ — R that is continuously differentiable

on a neighborhood of T1(C)) such thaf0|C,, = TI(C), D,; = TI(D), then (3.9), (3.10), (3.13),
and are satisfied if and only if

Lo(z, k() +(VV(x), F(z,ke(z))) =0 Vo e Cy, (3.18)

Lc(l', (u017 ’QCQ(SU))) + <VV($), F(l’, (UCL KC?(:L‘))» >0
V(z,uc1) : (z, (uc1, kee(x))) € C,  (3.19)

Le(z, (ke1(@), uce)) + (VV(2), F(z, (ko1 (x), ucs))) <0
V(z,uce) : (x(ke1(z),uc2)) € C, (3.20)
5Notice that C, = II(C) and D, = II(D) when k¢ (z) € IS (z) for all € II(C) and kp(z) € I ()

for all z € II(D). In words, the feedback law  defining the hybrid closed-loop system H,. does not
render input actions outside C or D.
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Lp(z,kp(x)) + V(G(x,kp(z))) =V(x) Vze Dy, (3.21)

Lp(z, (up1, £p2(2))) + V(G(z, (up1, kp2(2)))) = V()
V(xz,up1): (z,(up1,kp2(x))) € D, (3.22)

Lp(z,(kp1(x),up2)) + V(G(z, (kp1(x),up2))) < V(x)
\V/(.T7UD2) : (a;, (/iDl((lZ),uDg)) e D. (323)

Theorem 3.3.5. (Saddle-point equilibrium under the existence of a Lyapunov func-
tion)

Consider a two-player zero-sum hybrid game with dynamics H as in with data
(C, F, D, Q) satisfying Assumption and k := (kco, kp) : R" — R™C xR™P defining
the closed-loop dynamics H, as in such that C,, = II(C) and D,, = II(D), and every
maximal solution to H, from C,UD, is complete. Given a closed set A C TI(C)UTI(D),
continuous functions L¢ : C — R>g and Lp : D — R defining the stage costs for flows
and jumps, respectively, and q : R™ — R defining the terminal cost, suppose there exists

a function V : R" — R that is continuously differentiable on an open set containing C,,

satisfying | —, and such that for each £ € C, U Dy, each ¢ € 83 (§) satisfies
(3.11). If there exist o, as € Ko such that

ar(z|a) < Vi(z) < as(|z]a) Vz € C,, U D, (3.24)
and one of the following conditions holds
1) L¢e € PD,. (A) and Lp € PDy,, (A);

2) Lp € PD,,,(A) and there exists a continuous function n € PD such that
Lo(xz,kp(z)) > n(|x|a) for all x € Cy;

3) Lo € PDy,,(A) and there exists a continuous function n € PD such that
Lp(z,kp(x)) > n(|x|a) for all x € Dy;

4) Lc =0,Lp € PDy,,(A), and for each r > 0, there exist v, € K and N, > 0 such
that for every solution ¢ € S} (§), |$(0,0)|a € (0,7], (¢,j) € dome¢, t +j > T
imply j > v(T) — Ny;
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5) Lo € PDy.(A),Lp =0, and for each r > 0, there exist v, € Koo and N, > 0 such
that for every solution ¢ € S} (§), |$(0,0)|a € (0,7], (¢,j) € dome, t +j > T
imply ¢t > 'YT(T) — Ny;

6) Le(z,kc(z)) > —AcV () for all x € Cy, Lp(z,kp(x)) > (1 — e )V (x) for all
x € Dy, and there exist v > 0 and M > 0 such that, for each solution ¢ € SF; (§),
(t,j) € dom ¢ implies Act + Apj < M —~v(t + j);

then
T*(&) = V(9), (3.25)

for all ¢ € C, U D,,. Furthermore, the feedback law k is the saddle-point equilibrium
(see Definition and it renders A uniformly globally asymptotically stable for H,.

3.4 Applications

We illustrate in the following applications with hybrid dynamics and quadratic costs
how Theorem [3.2.1| provides conditions to solve the disturbance rejection and security

problems introduced above by addressing them as zero-sum hybrid games.

3.4.1 Application 1.1: Robust Hybrid LQR with Aperiodic Jumps

In this section, we study a special case of Application [I| that emerges in practical
scenarios with hybrid systems with linear flow and jump maps and aperiodic jumps,
as in noise attenuation of cyber-physical systems, see, e.g., [47,[70,/71]. We introduce
a state variable 7 that plays the role of a timer. Once 7 reaches an element in a
threshold set {T1,T>} with 0 < T < Tb, it potentiallyﬂ triggers a jump in the state
and resets 7 to zero. More precisely, given T' € R, we consider a hybrid system with

state x = (xp, 7)= ((Tp1,p2),7) € R™ x [0, T3], input v = (uc,up) = ((uci,uc2),

"When Ty < Tb, solutions can either evolve via flow or jump when 7 = Ti. A sequence {T;}/L, can
be handled similarly.
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(up1,upz)) € R™C x R™P and dynamics H as in (2.3)), defined by

C := R"x[0,Ty] x R™mc

F(z,uc) = (Aczp+ Bouc,1) Y(z,uc) € C (3.26)
D = R"x{Th, T} x R™P

G(z,up) = (Apzp,+ Bpup,0) VY(z,up)e€ D

with Ag = [Agl Agg} ,Bc = [Bei Bea ], Ap = [Agl A‘;Q} ,and Bp = [Bou Boa]. Fol-
lowing Application (1} the input u; := (uc1,up1) plays the role of the control and is
assigned by player P;, and ug := (uc2,up2) is the disturbance input, which is assigned
by player P,. The problem of upper bounding the effect of the disturbance us in the cost
of complete solutions to H is formulated as a two-player zero-sum game as in Section
Thus, by solving Problem (o) for every £ € II(C) UIL(D), the control objective is
achieved.

The following result presents a tool for the solution of optimal control problems for

hybrid systems with linear maps and aperiodic jumps under an adversarial action.

Proposition 3.4.1. (Hybrid Riccati equation for disturbance rejection with aperiodic
jumps) Given a hybrid system H as in ([2.3)) defined by (C, F, D, G) as in (3.26)), let T €
R, and, with the aim of pursuing minimum energy and distance to the origin, consider
the cost functions Lo(x,uc) = x;chp + uglRmum + UE2R02U,C2, Lp(z,up) =
CC;QDIEP + uglRmum + U/BQRDQUDQ, and terminal cost q(z) := .’E;—P(T)l‘p defining J
as in (3.9), with Qc,Qp € ST, Rer € S7°", —Rea € S7°?, Rpy € 7', and —Rps €
STDQ. Suppose there exists a matrix function P : [0,75] — S7 that is continuously

differentiable and such that

d _ _
— 5 P(1) == P(")(Bea Ry Bla + BorRoy Bea) P(7) + Qo + P(r)Ac + AGP(7)
V7 e (O,Tg),
(3.27)
—Rps — B},P(0)Bpa, Rp1+ B}, P(0)Bp1 € SiP, (3.28)

Rp1+B},P(0)Bp1  BL,P(0)Bp2

the matrix R, = BT PO)Bp1 . RpasBL, P(0)Bps

} is invertible, and

7 _1 [BL,P(0)A
P(T) = Qp + ALP(0)Ap — [ AL P(0)Bpy ALP(0)Bps | R [Bﬁpgogg] (3.29)
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Figure 3.1: 1D Robust hybrid LQR with periodic jumps. Dynamics as in (3.26)) with
Ac = 1.8,B¢c = [1,1],Ap = 2,Bp = [1,1],Qc = 0.1, Re = diag(1.304, —4), Qp =
1, Rp = diag(1.304, —8), P(0) = 6.9653,T; = T» = 1.
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at each T € {T1,Ty}, where Ac, Be1, Beg, Ap, Bp1, and Bps are defined below ([3.26)).

Then, the feedback law k := (k¢, kp), with values

ko (r) = (=Rgi Bl P(1)3p, — Ry Blo P(T)zp) Vo € II(C), (3.30)
BL,P(0)A
kp(x)=—R; | P! (0)4p z, Vo ell(D) (3.31)
B, P(0)Ap

is the pure strategy saddle-point equilibrium for the two-player zero-sum hybrid game

with periodic jumps. In addition, for each x = (z,7) € II(C)UIL(D), the value function

is equal to V(x) := :ZI;—P(T).TP.

Notice that the saddle-point equilibrium x = (k1, k2) is composed by P; playing the
upper bounding strategy «i1, and P, playing the maximizing disturbance ko with values
as in (3.30) and (3.31)).

Furthermore, notice that when 77 < T are finite, the jumps are not necessarily

periodic, since they can occur when 7 = T} or when 7 = T5. When 77 = 15 = 0
we recover the discrete-time LQR robust problem, when 77 = T = oo we recover the
continuous-time LQR robust problem, and when T} = T, are finite, we have a hybrid

game with periodic jumps as in in Figure 3.1]
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3.4.2 Application 1.2: Robust Control with Flows-Actuated

Nonunique Solutions

As illustrated next, there are useful families of hybrid systems for which a pure strat-
egy saddle-point equilibrium exists. The following problem (with nonunique solutions
to H for a given feedback law) characterizes both the pure strategy saddle-point equi-
librium and the value function in a two-player zero-sum game with a one-dimensional
state, that is associated to player Pp, i.e., ny = 1,no = 0.

Consider a hybrid system #H with state z € R, input uc := (uc1,uc2) € R?, and

dynamics

i= Fl(zuc)=az+(Buc) €0, (3:32)

xt= G):=0 T=L

where a < 0,B = (by,b2) € RZand u > 6 > o > qﬂ Consider the cost functions
Lo(z,uc) == 2*Qc + ulRouc, Lp(z) == P(z* — 0%), and terminal cost ¢(z) := Pa?,
defining J as in 1; with Re = [Rgl a ] Qc, Rev, —Roa, P € Reg, such that

Qc +2Pa — PX(WIRg! + b3R;3) = 0. (3.33)

Following Application 1, the input u; := (uc1,up1) designed by player P; plays the
role of the control and wug := (ucg, up2) is the disturbance input assigned by player P.

This is formulated as a two-player zero-sum hybrid game via solving Problem (¢) in

Section The function V(z) := Pz? is such that

minmax  {Lo(z,uc) + (VV(x), F(z,uc))}
uci1 uc2
uc=(uc1,ucz)€R?

= min max {(QC’ + 2Pa):(}2 + R(jlu%«l + RCQU%Q + 2:L'P<b1uC1 + bguCg)}
uc1€ER uca €ER

=0 (3.34)

holds for all z € [0,0]. In fact, the min-max in (6.46) is attained by kc(xz) =
(=Rg1b1 Pz, —RgybePx). In particular, thanks to (6.45), we have Lo(z, k¢ (x)) = 0.
Then, V(x) = Px? is a solution to (3.9). In addition, the function V is such that

minmax {Lp(z) +V(G(2))} =Pz’ (3.35)

(up1,up2)€ER?

8Given that p > §, flow from p is not possible.
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at = u, which makes V(r) = Pz? a solution to with saddle-point equilibrium
kc. Given that V' is continuously differentiable on R, and that and hold
thanks to and , from Theorem we have that the value function is
J*(€) = P€? for any € € [0,0] U {u}.

To investigate the case of nonunique solutions yielded by the feedback law k¢, now
let 6>p > o > 0 and notice that solutions can potentially flow or jump at x = u. The
set of all maximal solutions from & = § is denoted R (§) = {¢x, ¢n}. The continuous
solution ¢, is such that dom ¢, = R>g x {0}, and is given by ¢,(¢,0) = dexp((a —
R;1b1 P — R 3ba P)t) for all t € [0,00). In simple words, ¢, flows from d, and converges
(exponentially fast) to 0. The maximal solution ¢, has domain dom ¢, = ([0, "] x {0})U
([th, 00) x {1}), and is given by ¢p,(t,0) = Sexp((a — Rg1b1 P — RgybaP)t),  op(t, 1) =
oexp((a — Rgib1P — Rgyba P)(t — th)). In simple words, ¢p, flows from & to p in t"
seconds, then it jumps to o, and flows converging (exponentially fast) to zero. Figure
illustrates this behavior. By denoting the corresponding input signals as u, = x(¢x)
and up = k(¢p), we show in the bottom of Figure that the cost of the solutions ¢,
and ¢y, vielded by k¢, equal P62, This corresponds to the optimal value with every
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Figure 3.2: Nonunique solutions attaining min-max optimal cost for a = —1,b; = by =

1,6 =¢=2u=1,0=05Qc =1, Roy = 1.304, Rog = —4, and P = 0.4481.
Continuous solution (green). Hybrid solution (blue and red).
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maximal solution rendered by the equilibrium k¢ from £ = 2 attaining it.
The next example illustrates Theorem and shows that our results, in the spirit
of the Lyapunov theorem, only require that the conditions in Corollary hold.

Example 3.4.2. (Hybrid game with nonunique solutions) Let A = {0} and given
that Lo € PDy.(A), — hold, and the function s — n(s) =: P% is such
that Lp(z,kp(x)) > n(|z|4) for all € Dy, by setting ay(|x|4) = Amin(P)|z|> and
as(|z|4) = M(P)|z|?, from Corollary we have that k¢ is the saddle-point equilib-
rium and renders A uniformly globally asymptotically stable for H as in . o

3.4.3 Application 2: Security Jumps-Actuated Hybrid Game

We study a special case of Application [2| and apply Theorem [3.2.1| in this section.
Consider a hybrid system with state x € R"™, input up = (up1,up2) € R™P, and
dynamics #H as in ([2.3]), described by

= F(x) x eC
xt = Apx+ [BDl BDQ} o (x,up)€e D (3.36)
up2

with Lipschitz continuous F' : R™*" — R"*" Ap € R™*"™ and C Cc R", D C R" x R™D,
such that C' U II(D) is nonempty. The input up; plays the role of the control and
upe the disturbance input. Following Application[2] the problem of minimizing a cost
functional 7 in the presence of the maximizing attack ups is formulated as a two-player
zero-sum game. Thus, by solving Problem (o) for every ¢ € II(C) U II(D),the control

objective is achieved.
The following result presents a tool for the solution of optimal control problems
for jumps-actuated hybrid systems and state-affine flow maps under a malicious input

attack designed to cause as much damage as possible.

Corollary 3.4.3. (Hybrid Riccati equation for security) Given a hybrid system H as in
(2.3)) defined by (C, F, D, G) asin (3.36), and, with the aim of pursuing minimum energy
and distance to the origin, consider the cost functions Lo(z,uc) := 0, Lp(xz,up) =
z Qpx +u£1RD1uD1 +u£2RD2uD2, and terminal cost q(x) := x| Px, defining J as in
, with Qp € S, Rp1 € STDl, —Rpo € STDQ and P € S'!. Suppose there exists a
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matrix P € S" such that
0=2z"PF(x) vz € I(0), (3.37)

—Rpy — ByPBpa, Rp1 + B),,PBp1 € S{'P, (3.38)

Rp1+BJ,PBp1  BL,PBp:

the matrix R'U = BBQPBDI RD2+BEQPBD2

} is invertible, and

B, PAp
0=-P+Qp+ALPAp — [AEPBDI ABPBDZ] Ry | (3.39)
B},PAp
Then, the feedback law
kp1(z) = —[R;(1,1) R, 1(1,2)] BpPAp r VY €Il(D) (3.40)
D1 - - v ) v 9 .
BJ,PAp
minimizes the cost functional J in the presence of the maximizing attack us, given by
1 1 BBHDAD
kpa2(x) = —[R,,, R, .] x Vzell(D) (3.41)
BlL,PAp

In addition, for each x € II(C) UII(D), the value function is equal to V(z) := 2 ' Px.

Notice that the saddle-point equilibrium kp := (kp1, kp2) is composed by P; playing
the minimizer strategy xp; as in (3.40), and P» playing the maximizing attack kpo as

in (1),

Example 3.4.4. (Bouncing ball hybrid game with infinite horizon) Inspired by the
problem in [72], consider a simplified model of a juggling system as in [73], with state

r = (z1,72) € R?, input up := (up1,ups) € R?, and dynamics H as in (2.3), with data

C:RZ[)XR, F(x):(xg,—l) Ve e C
D = {0} x Rey x R?, (3.42)

G(xz,up) = (0,—Ax2 + up1 + up2) V(z,up) € D

where up; is the control input, ups is the action of an attacker, and A\ € (0,1) is
the coefficient of restitution of the ball. As an instance of Application [2| the scenario
in which up; is designed to minimize a cost functional J under the presence of the
worst-case is formulated as a two-player zero-sum game. With the aim of pursuing

minimum velocity and control effort at jumps, consider the cost functions Lo (z, uc) =
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0, Lp(z,up) := 73Qp + uERDuD, and terminal cost g(x) := %x% + x1 defining J as in
1; with Rp = [Rgl R?m] and Qp, Rp1, —Rpa > 0. Here, upy is designed by player

P, which aims to minimize 7, while player P» seeks to maximize it by choosing ups.
The function V(z) := 21 + 23 is such that (VV (), F(x)) = 0 for all z € C, making
V' a solution to (3.9). In addition, the function V is such that
1
minmax  {Lp(z,up)+ V(G(z,up))} = =3

Up1 UD2 2
up=(up1,upz)€ER?

for all (z,up) € D. Equality (3.43)) is attained by kp(x) = (kp1(z),kp2(z)) with

_ Rpao) _ Rpi)
ﬂDl(m) " Rpi+Rp2+2Rpi1Rp2 " Rpi+Rp2+2Rpi1Rp2

(3.43)

x2 and Kpa(x) x9 when

Op — —2Rp1 RpaA? + Rp1 + Rp2 + 2Rp1 Rp2
p 2Rp1 +2Rp2 +4Rp1Rp2

(3.44)

which yields maximal solutions complete given that G(z,kp(z)) € C NII(D), and
makes V' a solution to with saddle-point equilibrium kp. Thus, given that V is
continuously differentiable on R?, and that and hold thanks to and
3.44)), from Theorem [3.2.1} the value function is J*(§) = % + & Figure displays
this behavior with both players playing the saddle point equilibrium. The cost of the

displayed solution is V(£). Figure displays a solution, its associated cost over time,
and the value function. Notice that the cost of such solution from &, under both players
playing the saddle point equilibrium, is equal to V' (§).

Consider the case in which A = {0}, encoding the goal of stabilizing the ball to rest
under the effect of an attacker. Notice that, given that Lp € PD,,(A), and —
3.23)) hold, by setting ;(s) = min {5 (%)2 , jﬁ} and as(s) = 352+ s, from Theorem
13.3.5] we have that xp is the saddle-point equilibrium and renders A = {0} uniformly

globally asymptotically stable for H.

In Figure [3.5] we let the players select feedback laws close to the Nash equilibrium
and calculate the cost associated to the new laws. The variation of the cost along the
changes in the feedback laws makes evident the saddle-point geometry. This example

illustrates how our results apply to Zeno systems. o
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Figure 3.3: Bouncing ball solutions attaining minimum cost under worst-case ug, with
A=0.8, Rp; =10, Rps = —20, and p = 0.189.

3.5 Relationship with the Literature

Some results provided in this dissertation have direct counterparts in the continuous-
time and discrete-time game theory literature. The definition of a game in terms of its
elements can bedirectly traced back to , as explained below.

Given a discrete-time two-player zero-sum game with final timeﬂ “J7, fr and X
defining the single-valued jump map and jump set, respectively, as in |13], setting the
dataof Has C =0, G = fj for k € N< s, and D = X reduces Deﬁnitionto Def.
5.1] for the case in which the output of each player is equal to its state and there is a
feedback information structure as in Def. 5.2]. Thus, items (vi) — (iz) in Def.
5.1] are omitted in the formulation herein and items (i) — (v) and (z) — (z7) are covered
by Definition the definition of the hybrid time domain with final time (0, J), and
the set Sy.

Given a continuous-time two-player zero-sum game with final tim@ “r”. f and S°
defining the single-valued flow map and flow set, respectively, as in [13], setting the
data of H as D =0, F = f, and C = S° reduces Definition to Def. 5.5] for

9This corresponds to the hybrid time (0, J) for H.
10This corresponds to the hybrid time (T’,0) for H.
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Figure 3.4: Bouncing ball cost. Initial condition (square). Value function and saddle-
point equilibrium trajectory attaining evaluated cost at initial condition.

the case in which the output of each player is equal to its state and there is a feedback
information structure as in [13, Def. 5.6]. Thus, items (vi) — (vii) in [13, Def. 5.5]
are omitted in the formulation herein and items (i) — (v) and (viii), (ixz) are covered by
Definition the definition of the hybrid time domain with final time (0,7’), and the
set Sy.

Remark 3.5.1. (Equivalent costs) Given ¢ € II(C) UII(D) and a strategy k* =
(kiK%) € K, denote by U* (&, k*) the set of joint actions v = (u1,ug) rendering a max-
imal trajectory ¢ to H from & with components defined as dom ¢ > (t,7) — w;(t,j) =
ki (p(t, 7)) for each i € {1,2}. By expressing the largest cost associated to the solu-

tions to H from £ under the strategy k* as j(ﬁ, k*):= sup J(& u), an equivalent
u€U* (&,k*)

condition to for when J(&,u) = J (&, k*) for every u € U*(€, K*) is

A

\7(57 (K‘LKZ)) < j(§7 K*) < j1(£7 (’{1”{;))

for all k; € IKC;, 1 € {1,2}.

Remark 3.5.2. (Relation of definition of solution to literature) By considering a
discrete-time system with the single-valued function G or by considering a continuous-
time system with F' Lipschitz continuous in C, and by removing the initial condition
as an argument of the cost functionals and specifying it in the state equation, Remark

presents equivalent conditions to those in [13, (6.3)]. Thus, Definition covers
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Figure 3.5: Saddle point behavior in the cost of solutions to bouncing ball from & =
(1,1) when varying the feedback gains around the optimal value. The cost is evaluated
on solutions (¢,u) € S7°(£) with feedback law variations specified by €, and ¢, in

u = (€uk1(®), €wka(P)).

the definitions of a pure strategy Nash equilibrium in Sec. 6.2, 6.5] for the zero-sum

case.

Conditions for computing value functions for linear quadratic problems have been
widely studied, concerning solving differential and algebraic Riccati equations. The
computation of value functions for systems with nonlinear dynamics is an open research
problem and has seen interesting learning-based contributions in the last years, e.g., .
The computation of value functions for DAEs is discussed in , , for the case
of linear differential games under algebraic constraints. Such value functions have a
similar structure to the ones provided herein for hybrid systems with linear jump and
flow maps and algebraic constraints encoded by the flow set C.

The design of value functions for switched DAEs imposes additional challenges that
follow the discussion in on the existence of Lyapunov functions and asymptotic sta-
bility. In some cases, a common Lyapunov function for all the subsystems of a switched
DAE does not exist and even when it exists, it is not enough to guarantee asymptotic
stability due to arbitrary switching. To solve this, conditions over switching are pro-
vided in [24, Theorem 4.1], and for the optimality of hybrid systems, such conditions
are resembled by the point-wise conditions on the change of V along jumps. In [45],
there are coupled value functions associated to each subsystem of a switched DAE in

a zero-sum game, which result in coupled Riccati differential equations with optimal
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feedback strategies described by linear-time-varying functions of the state. Note that
both scenarios are accounted for in the design of a value function for hybrid games based

on optimality pointwise conditions provided in this work.
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Chapter 4

Fixed Terminal Time Hybrid

Games

Following the hybrid games framework presented in Chapter 3, we generate results on
sufficient conditions for optimality and design of saddle-point equilibrium feedback laws
for two-player zero-sum hybrid games with fixed terminal time. To invoke the elements
of a two-player zero-sum hybrid game in Definition we redefine the strategy space

as,
Definition 4.0.1. (Finite-horizon strategy space)

4) For each i € {1,2}, a strategy space K; of P; defined as a collection of mappings
i+ Rsg x N x R" — R™¢ x R™Pi, The strategy space of the game K is the
collection of mappings with elements v = (v1,v2), where ; € K; for each i €
{1,2}. Each v; € K is said to be a permissible pureﬂ strategy for P;.

Additional constraints arise when a hybrid game is to be solved in a finite horizon,
which is typically studied using backward induction tools [76]. Nevertheless, setting a
priori a specific combination of the amount of continuous evolution and discrete evolu-
tion allowed to a hybrid system significantly restricts the set in which the optimization
problem is solved. Therefore, in this chapter, we formulate a finite horizon optimization

problem in which the terminal set T is properly designed to define the end of the game

IThis is in contrast to when K; is defined as a probability distribution, in which case v; € K; is
referred to as a mixed strategy.
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constraint. The conditions on this problem formulation are similar to their counterparts
in the differential/dynamic game theory literature. Nevertheless, in contrast to Chap-
ter 3 and conventional finite-horizon game theory, the notion of terminal time herein
allows for state trajectories with terminal times belonging to T, which is endowed in a
hybrid time domain-like geometry to account for hybrid time domains, as in [49]. We
present sufficient conditions based on Hamilton-Jacobi-Isaacs-like equations to attain a
finite-horizon saddle-point equilibrium and evaluate the game value function without
computation of solutions.

As a motivational example, consider a system H as in , with state x € R, input

uc = (uc1, uce) € R?, and dynamics

© = F(x,uc) :=ax + Buc z € [0,0]

. (4.1)

xt =G(x):=0 xT=p

where a < 0, B = [b; by, with by1,by € R, and 6 > p > o > 0. Here, uc; is designed
by player P;, which aims to minimize a cost functional 7, while player P» seeks to
maximize it by choosing ucs. The terminal set 7 describes the hybrid time domain of

the set of solutions over which the optimization problem is solved and is defined as
T :={(T,J) € R>g x N: max{T/é,, J} = 7,} (4.2)

where 7, € N\ {0} defines the number of jumps and d,, > 0 determines the ordinary time
t allowed by 7. Applying classical continuous-time or discrete-time game theoretical
tools to solve this optimization problem might lead to suboptimal input actions due to
solutions to H potentially exhibiting both continuous and discrete behavior. Indeed,
solutions starting from § can either jump or flow at pﬂ In Figure the response ¢y,
to the hybrid system H from £ = § = 2 for a certain input action displays this behavior.
For the case in which the cost functional 7 penalizes both the continuous evolution and
the discrete evolution, the associated cost to ¢y, denoted Jy, is calculated using the
hybrid methods developed in this work. In contrast, the costs J. and J; are computed
using continuous-time methods and discrete-time methods, respectively. As the plot
shows, existing tools are incapable of properly evaluating the cost of solutions to hybrid

systems. E|

2The domain of uc determines whether jump or flow occurs from p.
3Code at https://github.com/HybridSystemsLab/Hybrid Games-FiniteHorizon
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Figure 4.1: A solution to (blue) and its cost with time horizon of 2 jumps or 0.6
seconds. The cost computed with continuous-time methods is displayed in green, and
with discrete-time methods is displayed in red. The parameters used are a = —1,b; =
bp=1,0=¢6=2,u=1,0=0.5,Qc =1,Rc1 = 1.304, and Rcy = —4.

We are interested in designing feedback laws, potentially time-dependent, to solve
finite-horizon two-player hybrid games. This motivates the need for a hybrid zero-
sum game formulation for scenarios with finite horizon and results providing sufficient
conditions to certify optimality in a min-max sense of feedback laws for hybrid systems.
In addition, we are interested in solutions that guarantee optimality without the need

of computing solutions.

4.1 Problem Statement

We formulate a finite-horizon optimization problem to solve a two-player zero-sum
hybrid game and provide the sufficient conditions to characterize the solution. Consider
a two-player zero-sum hybrid game with dynamics H described by with data
(C,F,D,G). Uniqueness of solutions for a given input implies a unique correspondence
from cost to control action, which allows this type of games to be well-defined, so that an
equilibrium solution is defined [13, Remark 5.3]. Under Assumption the conditions
in Proposition [2.2.5| are satisfied, so solutions to H are unique

We relax the requirement on maximal solutions being complete in Chapter 3 and
consider solutions to H with terminal time that belongs to a given set. With this
purpose, we introduce the following set definitions.

Given a solution (¢, u) to H, (T,J) € dom(¢,u) is refered to the terminal time of
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(¢p,u) if T >t and J > j for all (t,j) € dom(¢p,u). Given T C R>g x N, let us denote
by SA';Q (M) C 83 (M) the set of compact solutions to # from M, with terminal time in
T, ie., if (¢,u) € S’;Q(M) and maxdom(¢,u) = (T, J), then (T, J) € T. We denote by
Z/{Z; (M) the set of input actions u such that compact solutions to H from M for u have
terminal time in 7.

Given ¢ € TI(C' U D), a joint input action u = (uc,up) € U, the stage cost for flows
Lo : R" x R™¢ — Ry, the stage cost for jumps Lp : R" x R™P — R>q, and the
terminal cost ¢ : R>9 x N x R” — R, we define the cost associated to the solution (¢, u)

to H from ¢ with terminal time (T, J) € R>o x N, under Assumption as

J tjr1
€= [ Lolott. ). uclt. i)
j=0"1

J—1
+ Z LD(¢(tj+17j)7 Up (t]+17])) + Q(T, Ja ¢(T7 J)) (43)
=0

i d . . . .
where t;41 =T and {t; }ji%] % i a nondecreasing sequence associated to the defini-

tion of the hybrid time domain of ¢; see Definition [2.2.2] For this scenario, the terminal
set is defined as in (4.2]). Let us also denote the set of points contained by the box

described by 7 and the coordinate axes as
T<r, == {(t,7) € R>o x N:max{t/d,j} < 7} (4.4)

Using the formulation above, the two-player zero-sum game consists of solving the fol-
lowing problem.

Problem (x): Given £ € R", T C R>¢ x N, under Assumption solve

minimize maximize J(&,u) (4.5)
u1 u2
u=(u1,u2) €U, (£)

where Z/{;g is the set of joint input actions yielding solutions with terminal time in 7.

Remark 4.1.1. (Finite-horizon saddle-point equilibrium and min-max control) A so-
lution to Problem (%), when it exists, can be expressed in terms of the pure strat-
egy saddle-point equilibrium ~ for the two-player zero-sum finite-horizon game. Fach
u* = (u},ud) rendering a response ¢* such that (¢*,u*) € S;Q(ﬁ), defined as dom ¢* >
(t,7) = ul(t,j) = i(t,4,0%(t,j)) for each i € {1,2}, satisfies

v* = argminmax J(§,u) = argmaxmin J(&, u)
ul u u2 u1

u=(u1,u2) €U (€) u=(u1,u2) €U (€)
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and it is referred to as a min-max control at §.

Definition 4.1.2. (Value function) Given § € II(C) UII(D), and parameters 6, > 0
and 7, € N\ {0} defining the set T C R>o x N as in (4.2), under Assumption the

value function at £ is given by

Jr(€) = minmax J({,u)= maxmin J(& u) (4.6)
ul ug u2 ul
u=(u1,u2)€87(¢) u=(u1,u2)€87,(€)

If there does not exist (¢,u) from & such that dom ¢ ever enters T, ie. if SZ(&) is

empty, then J7(§) := oo.

4.2 Design of Saddle-Point Equilibrium for Finite-Horizon
Hybrid Games

The following theorem provides sufficient conditions to characterize the value function
J7 and the feedback law that attains it. It addresses the solution to Problem (x) for
each ¢ € II(C) UTI(D), showing that the optimizer is the saddle-point equilibrium.

Theorem 4.2.1. (Hamilton-Jacobi-Isaacs (HJI) equations for Problem (%)) Given a
two-player zero-sum hybrid game with dynamics H as in described by (C, F, D, G)
satisfying Assumption stage costs Lc : R>p x N X R” x R™¢ — R>qg and Lp :
R>o x NXxR" xR™P — R, terminal cost ¢ : R>o x NxR" — R, and parameters 4, > 0
and 7, € N\ {0} defining the sets T, T<;, C R>g x N as in and , respectively,
suppose the following hold:

1. There exists a function V : R>g x N x R" — R that is continuously differentiable
on a neighborhood of T<,, x II(C) satisfying the Hamilton-Jacobi-Isaacs hybrid
PDEs given as

ucit uc2 8 8x
uo=(uc1,uc2) €y (z)

0= min max {Lc(t,j,x,uc) + Cl;(t,j,x) + 8—V(t,j, a:)F(x,uo)}

\% \%
= max min Le(t, j,x,uc) + 8—(t,j, x) + 8—(15,]’, x)F(x,uc)
uc2 uc1 ot ox
uc=(uc1,uc2) €Ny (z)

V((t,5),z) € T<r, x I(C)
(4.7)
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V(taja x) = min max {LD(tu%xauD)+V(t7]+1aG(x7uD))}

up1 up2
up=(up1,up2)€ly (z)
= max min {Lp(t,j,z,up)+V(t,j+1,G(z,up))}
up2 up1

up=(up1,up2)€lP (z)

V((t,4), %) € T<z, x (D)

(4.8)
2. For each ¢ € II(C) UIL(D), each (¢,u) € S, (€) satisfies
V(t,j,6(t, 7)) = q(t, 5, ¢(t,§))  V(tj) € dom$NT (4.9)
Then
Jr(€) =V(0,0,¢) V¢ € II(C) UTI(D), (4.10)

and any feedback law 7 := (yc,vp) : R>0 X N X R” — R™¢ x R™P with values

fYC’(t7j7m) € argminmax {Lc(t,j,l‘,UC)+W(t,j,%)F([E,UC)}
uci uc2 833
uc=(uc1,uc2) €Ny (z)
V((t, ), 2) € Tz, x TI(C)
and

vp(t, 3, z) € arg min max {Lp(t,j,z,up)+V(t,j+1,G(z,up))}
up=(up1aip2) NP (2)
V((t,4), %) € T<z, x (D)
is a pure strategy saddle-point equilibrium for the two-player zero-sum finite-horizon

hybrid game with J1 = J, Jo = —J.

4.3 Examples

We characterize the pure strategy saddle-point equilibrium and the value function

for the example introduced in Section III.A.

Example 4.3.1. (Bouncing ball) Inspired by the problem in |72], consider a simplified
model of a juggling system as in [73], with state z € R?, input up := (up1,ups) € R?,
and dynamics

l’:F(JL') = (33‘2,—1) SL’ER20XR

(4.11)
" =G (z,up) := (0, —Az2 + up1 + up2) (x,up) € {0} x R<g % R?
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where up; is the control input, upsy is the action of an attacker, and A € (0,1) is the
coefficient of restitution of the ball. The scenario in which up is designed to minimize
a cost functional J under the presence of the worst-case attack upo is formulated as
a two-player zero-sum finite-horizon hybrid game. With the aim of pursuing minimum
energy and distance to the origin at jumps, consider the cost functions Lo (x,uc) := 0,
Lp(z,up) = 23Qp + uERDuD, and terminal cost ¢(z) := %x% + 1 defining J as in
, with Rp := [Ré“ R?Jg] and @Qp, Rp1, —Rps > 0. Here, up; is designed by player
P;, which aims to minimize 7, while player P» seeks to maximize it by choosing ups.
The function V(z) := z1 + 323 is such that %—‘;(a})F(x) =0 for all z € R>¢ x R, making
V' a solution to . In addition, the function V is such that

up1 UD2
up=(up1,upz)€ER?

minmax  {Lp(z,up) + V(G(z,up))} = 523 (4.12)

for all (z,up) € {0} x Rey x R%, and attained by yp(z) = (yp1(x),yp2(z)) with

— RDQ)\ _ RD1A
D1 (:E) = Rpi1+Rpat2Rp1 Rps *2 and FYDQ(Z) = Rpi+Rpa+2Rp1 Rpa *2 when

Op — —2Rp1Rp2A? + Rp1 + Rps + 2Rp1Rpo
b 2Rp1 +2Rp2 +4Rp1Rpo ’

(4.13)

which makes V' a solution to (4.8)). Thus, given that V' is continuously differentiable on

R?, and that (4.7) and (4.8) hold thanks to (4.12)) and (4.13)), from Theoremm the
value function is J7(&1,§2) := % + & . Figure displays this behavior.
In Figure we let the players select feedback laws close with the Nash equilibrium

and calculate the cost associated to the new laws. The variation of the cost along the

changes in the feedback laws makes evident the saddle-point geometry.

4.3.1 Periodic-Jumps Finite-Horizon Hybrid Games

Next, we consider a special case of our result that emerges in hybrid systems with
linear flow and jump maps and periodic jumps. We introduce a state variable 7 that
plays the role of a timer. Once 7 reaches a fixed threshold T' € R>, it triggers a jump
in the state and resets 7 to 0.

Consider a hybrid system with state z = (z,,7) = (2p1, Tp,, 7) € R™ x [0, 7], input
u = (uc,up) = ((uc1,uce), (up1,up2)) € R™e x R™P, and dynamics H as in (2.3),
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Figure 4.2: Bouncing ball solutions attaining minimum cost under worst-case ug, with
7, = 100, 6, = 2/25, X = 0.8, Rp1 = 10, Rp2 = —20, and @p = 0.189.

described by

C = R"x[0,T] xR™
F(z,uc) = (Aczpy+ Bouc,1)
= ([Agl AgJ [ii;]—i—[BmBCQ][gg%]’l)
D = R'x{T}xRmp
G(z,up) = (Apzp+ Bpup,0)

= ([42 .2, ] 23] + (501 5oa] [223],0)

The input u; = (uc1,upi) is assigned by P; and the input ug = (ucg, up2) is assigned
by P,. The problem of finding conditions for u; to minimize a cost functional J in
the presence of the action ug that seeks to maximize it, is formulated as a two-player
zero-sum game. Given 7 C R>¢x N as in , we synthesize a feedback law that solves
Problem (%) through the solution of the HJI hybrid PDEs in and ([4.8).

With the aim of pursuing minimum energy and distance to the origin, consider
the cost functions Leo(z,uc) := .’L‘;ch‘p + u(TnRClucq + ungcgucg, Lp(z,up) :=

x;QDxp + uglRDlupl + 'Ll,gQRDQUDQ, and terminal cost ¢(x) := .I'pTP(T)IEp where

47



. (€ w)
® Jw)

j(ﬁ, (fuum s €U, ))

671,' eu

Figure 4.3: Saddle point behavior in the cost of solutions to bouncing ball from & =
(1,1) when the feedback gains vary around the optimal value. The cost is evaluated
on solutions (¢,u) € S7(£) with feedback law variations specified by €, and ¢, in

u = (eu’}/l (t, j, (Z)), ew’YQ(tv jv ¢))

Qc,Qp €S, Ro1 € ST, —Reo € ST, Rpy € SI'™', —Rpe € S[72 and P(7) € ST
for all 7 € [0,T]. These functions define J as in . Inspired by and [77), the
following result presents a tool for the solution of the finite horizon optimal control
problem for hybrid systems with linear maps and periodic jumps under the adversarial

action provided by Ps.

Corollary 4.3.2. (Hybrid Riccati equation for periodic jumps with finite horizon)
Given T € Rsg, Ac,Ap € R™" Be := [Bey Beo) € R™™¢, Bp = [Bp) Bpa] €
R™ ™0 Qc, Qp € S, Roy € S, —Roa € S, Rp1 € S.7', —Rps € S, 72, and
dp > 0 and 7, € N\ {0} defining the set T<;, C R>g x N as in , suppose there exists
a continuously differentiable matrix function P : [0,T] — S" such that

dP
—— (1) = — P(r)(BeoR-ABL, + Bo1rR-1BL )P
I (1) (7)(Be2ReoBoo + Be1Re By ) P(T) (4.14)

+Qc + P(r)Ac + ALP() VT €(0,7),

—Rps — B},P(0)Bpy € Sy,

(4.15)
Rp1 + B}, P(0)Bpy €SP,
. _ [RBRp1+BL, P(0)Bpr B, P(0)Bps . .
the matrix R, = BJ,P(0) B RD2+B52P(0)BD2} is invertible, and
- ., |BL,P(0)Ap
P(T) = Qp + ALP(0)Ap — [ALP(0)Bpy  ALP(0)Bps| Ry | ! (4.16)
BpyP(0)Ap
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Then, the feedback law v := (vy¢,vp), with values
= (~R;1Bl, P ~RABl,P Va 0,T (4.17)
16(@) = (~RgiBE P(r)ey, — RoyBEyP(r)z,) Va7 € (0,T)

1 | Bh1P(0)Ap

vp(z) = —R, x Ve :7=0 (4.18)
BL,P0)Ap| "

is a pure strategy saddle-point equilibrium for the two-player zero-sum finite-horizon
hybrid game with periodic jumps. In addition, for each (1,z,) and each (t,j) € T<,,,

the value function is equal to V (z) := x;P(T)xp.

4.3.2 Jumps-Actuated Finite-Horizon Hybrid Game

Inspired by Example[4.3.1] we consider the class of hybrid systems with state x € R",
input up = (up1,upz) € R™P, and dynamics H as in (2.3), described by

& =F(x) z €C

up1 (4.19)

ot = Apz + [BDI BDQ} (z,up)e D

up2

with Lipschitz continuous F : R™*"™ — R"*" Ap € R™*" and C C R", D C R" x R™D,
such that C'UD is nonempty. The input up; plays the role of the control and ups is the
disturbance input. The problem of minimizing a cost functional J in the presence of the
worst-case disturbance us under a finite horizon defined by 7 as in is formulated as
a two-player zero-sum game. Thus, by solving Problem (x) for every ¢ € II(C) UII(D),
the control objective is achieved.

With the aim of pursuing minimum energy and distance to the origin during jumps,
consider the cost functions L (¢, j, 7, uc) := 0, Lp(t, j, 7, up) := 2" Qpax+u}, Rprupi+
UBQRDQUDQ, and terminal cost ¢(t,7,z) := x' P(t)z, where Qp € ST, Rp1 € STDl,
—Rps € STD2 and t — P(t) € S'}. These functions define J as in . The following
result presents a tool for the solution of the optimal control problem for jumps-actuated

finite-horizon hybrid systems with state-affine flow maps under a worst-case disturbance.

Corollary 4.3.3. (Hybrid Riccati equation for jumps-actuated game) Given F' : R" —
R™, Ap € R™", Bp := [Bp1 Bps] € R™™ Qp € S, Rp; € S}, —Rpy € S},
¢ € R", and 0, > 0 and 7, € N\ {0} defining the set T<;, C R>o x N as in ,
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suppose there exists a continuously differentiable matrix function t — P € S' defined

on (0, 6,7,) such that
dpP

0=2PM)F(x) + -z V((t]) @) € Ter, x T(C), (4.20)
—Rps — B, P(t)Bps € S('P Yt < Tpp, (421)
Rp1+ BL,P()Bp1 € Sy'2 Wt < 1,0, ‘

Rp1+BL,P(t)Bpr  BL,P(t)Bpa

the matrix Ry(t) = [ BB2P(t)BD1 RD2+BBQP(75)BD2

] is invertible for all t € [0, 7,0,
and
B P(t)Ap
0=—Pt)+Qp+ALP(t)Ap — |ATP(t)Bp, ALP()Bps| Re(t)™" | 21
(t LP()Ap — [ALP(t)Bp1 A P(t)Bps) Ru(!) BL. oA,
V((t, 5),x) € T<r, x TI(D),
(4.22)

then, the feedback law [

B} P(t)Ap

'YDl(tvjv ZL’) = _[R;1(17 1) R;1(172)] BT P(t)A
D2 D

z V() x) € T<r, x (D)

(4.23)
minimizes the cost functional J in the presence of the worst-case disturbance us, given
by

. -1 -1 Bglp(t)AD .
Tpalt, o) = ~[B; (2.1) By 2,2) | z (t,7),2) € Ter, x TI(D)
BpoP(t)Ap

(4.24)
In addition, for each (t,j,x) € T<, x II(C) UII(D), the value function is equal to
V(t,j,x) =z P(t)z.

4.4 Approximate Min-Max Optimality

Inspired by |19, Theorem 15.2], the following results allow the construction of a state-
feedback policy based on a function V' that satisfies the Hamilton Jacobi Isaacs PDEs

(4.7),(4.8) only approximately.

“The notation R, '(a,b) denotes the (a,b) entry of matrix Ry .
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Lemma 4.4.1. (Upper bound) Given a two-player zero-sum hybrid game with dynam-
ics H as in with N = 2, and data (C, F, D, G), satisfying Assumption stage
costs Lo : R>g x NXR" x R™¢ — R>g and Lp : R>g x Nx R" x R™P — R, terminal
cost ¢ : R>g x N x R — R, and parameters 6, > 0 and 7, € N\ {0} defining the the
sets T, T<r, C R>o x N as in and , respectively, if there exist € > 0, and a
function V : R>g x N x R™ — R that is continuously differentiable on a neighborhood
of T<r, x II(C) satistying
—e<  minmax {Lc(t7j»33,UC) + g‘;(tj,x)F(%w)} + %/(t»jw)
uc=(uc1,uce) €l (z)

V((t,j),l‘) € TSTP X H(C)

(4.25)
—e < V(th]",r)_ min max {LD(t,],CC,’LLD)+V(t,j+1,G(I,UD))}
up1 up2
up=(up1,up2) €D () (4.26)

v((t,7), x) € T<r, x T(D),
and, for £ € II(C) UIL(D), if any (¢s,u®) € SF,(€) with u® = (uf, us), dom s > (¢, )
Ui(t,j) = ﬁl(taja ¢8(t7j)) fOI' some '71 S Kl: dOHl(Z)S = (taj) = U;(t,j) = 7§(t7j7 st(ta]))
for 75 := (49, V) attaining the supremum in and , is such that

V(sup dom ¢, ¢s(sup dom ¢5)) = g(sup dom ¢, ¢ (sup dom ¢;)) (4.27)

then,
V(0,0,8) < J(& u®) + (1 + dp)e (4.28)

Lemma 4.4.2. (Lower bound) Given a two-player zero-sum hybrid game with dynam-
ics H as in with N = 2, described by (C,F, D, G), satisfying Assumption
stage costs Lo : R>g x N x R" x R™¢ — R>q and Lp : R>g x N x R" x R™P — R,
terminal cost ¢ : R>g x N x R" — R, and parameters §, > 0 and 1, € N\ {0} defining
the sets T, T<r, C R>o x N as in and , respectively, if there exist € > 0, and

a function V' : R>o x N x R"™ — R that is continuously differentiable on a neighborhood
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of T<r, x II(C) satistying

uc1 uUCc2 ox ot
uo=(uc1,uc2) €y (z)

e>  minmax {Lc<t,j,m,uc>+W(t,j,x>F<x,uo>}+av(m)

V((t’j)vx) € ’TSTP X H(C)

(4.29)
e>V(tj,x)— min max {Lp(t,j,z,up) +V(t,j+1,G(z,up))}
up1 UD2
up=(up1,upz)€ll () (4‘30)

V((t,5),z) € T<z, x I(D),
and, given ¢ € II(C) UII(D), if any (¢u,u®) € SF,(€) with u* = (u¥,u¥), dom ¢y, >
(t,7) = ut’(t, ) =i (t, J, dw(t,g)) for vF = (V& vD1) attaining the infimum in
and , dom ¢, 3 (t,5) — u¥ (t,7) = F2(t, 4, dw(t, j)) for some 7, € Ky, is such that

V(sup dom ¢y, Py (sup dom ¢w)) = Q(Sup dom ¢y, P, (Sup dom wa)) (4'31)

then,
j(ga uw) - Tp(l + 51’)6 S V(O> 07 6) (432)

Theorem 4.4.3. (Approximate Hamilton-Jacobi-Isaacs (HJI) for Problem (x)) Given a
two-player zero-sum hybrid game with dynamics H as in with N = 2, described by
(C,F,D,Q), satisfying Assumption stage costs Lo : R>g x N x R" x R™¢ — Rxq
and Lp : R5>p x N x R" x R™P — Rsq, terminal cost ¢ : R>g x N x R" — R, and
parameters 6, > 0 and 7, € N\ {0} defining the sets T, T<s, C R>o x N as in and
(4.4), respectively, if there exist constants ¢, > 0, and a function V : R>o x NxR" — R
that is continuously differentiable on a neighborhood of T<., x II(C) satisfying the

approximate Hamilton-Jacobi-Isaacs hybrid PDEs given as

e> min max Lo(t, §,z,uc) + o (t,j,2)F(z,uc) p + o (t,j,x)
uc1 uCc2 ox ot
uo=(uc1,uc2)€lf (z)

—| maxmin Lot jeue) + O (4 2)Fa,ue) b+ 2 (g )
uce uUC1 ox ot

uo=(uc1,uc2) €Ny (z)

V((t,7), ) € T<r, x II(C)
(4.33)
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€2 V(taj’ ‘T) - min max {LD(t,j,l‘,’U,D) + V(t7] + 17G($7UD))}

up1 UD2
up=(up1,up2)€l? (z)

—V(tja) - maxcmin (Lo(tjwup) + VG4 LG up)) | Y
up2 uD1
up=(up1,up2)€Ny (z)
V((t.4), ) € T<r, x II(D),
such that for each ¢ € II(C) UTI(D), each (¢, u) € SF,(€) satisfies
V(t,j,o(t, ) = q(t, 5, 6(t, ) v(t,j) € domoNT (4.35)

and a feedback law v := (vco,vp) = ((vo1,7v02)s (Yp1,7D2)) : R>0 X N X R"™ — R™C x
R™D for which

ucit uc2 8
ue=(uc1,uc2)€ll§ (z)

-6 < min max {Lc(t,j, z,uc) + 8—V(t,j, x)F(z, uc)}
T

. . ov . (4.36)
- LC(tvjvxv’YC(ta]ax)) + 87(757],15)}7(33770(15,],13)) < d
V((t,4), %) € T<s, x I(C)
and
-0 < min max {Lp(t,j,x,up)+ V(t,j+1,G(x,up))}
up1 up2
up=(up1,up2)€y ()
(4.37)

V((t,4), ) € T<s, x I1(D)

Then, any (¢*,u*) € SJ,(€) with dom ¢* > (t,5) = u*(t,5) = (L, 5,¢*(t,5,)), has a

cost that satisfies

T (& u”)=1p(1+0p)(2e +90) < T (&, u”) < T (& u”)+7p(1 + 0p) (26 + )
V¢ e I(C) UTI(D), (4.38)

for any (¢s,u®) € Sﬂ(f) with v® = (uf,u3), dom ¢s > (¢, 7) — ui(t,5) = Y1(t, 7, ¢s(¢, 4,))
for some 41 € Ky and dom ¢, 3 (t,7) — u3(t,j) = v5(t, 7, ds(t, 5)) for v5 := (Vg Vha)
attining the supremum in and , and for any (¢, u") € SZ({) with u" =
(uf’,uy), dom ey > (£, ) = ui’(t, ) = i (¢, J, du(t, §)) for vi = (v¢y,7p1) attaining the
infimum in and , dom ¢y, > (t,7) — u¥(t,5) = Y2(t, J, pu(t, j,)) for some
S € K.
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Note that for ¢ = 0, the equations (4.33) and (4.34]) are equivalent to (4.7)) and

(4.8). If, in addition, § = 0, (4.36)) and (4.37)) show that the saddle point is attained by
v = (vo,vp). When ¢ = § = 0, the bound (4.38]) implies that no control action u® can

lead to a cost lower than that of u*, nor any control action u” can lead to a cost greater
than that of u*, which we already concluded from Theorem When § > 0 and
€ > 0, there may exist strategies of player P, that when the adversary player P» plays
optimally, render actions u*® that improve upon u*. Likewise, there may exist strategies
of the adversarial player P, that when player P; plays optimally, render actions u®
attaining a cost greater that that of w*, but never by more than 7,(1 + d,)(2e + 9),

which can be very small if € and § are both very small.
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Chapter 5

Fixed Terminal State Hybrid

Games

Using the hybrid games framework presented in Chapter 3, in this Chapter we study
hybrid two-player zero-sum games with a terminal state sets conditions. The specifica-
tion of this type of conditions results in a free terminal time nature in the set of inputs

over which the optimization problem is solved.

5.1 Problem Statement

We formulate a finite-horizon optimization problem to solve a two-player zero-sum
hybrid game with free terminal time and a fixed terminal set, and provide sufficient
conditions to characterize its solution. A special case of this setting allows to cover the
infinite horizon games in Chapter 3.

Following the formulation in Definition consider a two-player zero-sum hybrid
game with dynamics H described by with data (C, F, D,G). Let the closed set
X CII(C)UII(D) be the terminal constraint set. We say that a solution (¢, u) to H is
feasible if there exists a finite (T, J) € dom(¢, u) such that ¢(7T,J) € X. In addition, we
make (7, J) to be both the terminal time of (¢, u) and the first time at which ¢ reaches
X, i.e., there does not exist (¢,j) € dom ¢ with t 4+ j < T + J such that ¢(¢,5) € X and

(T, J) = maxdom(¢, u); hence dom ¢ is compactE] Uniqueness of solutions for a given

"When X = (), the requirement that ¢ belongs to X is not enforced, hence, there is no terminal
constraint and the two-player zero-sum hybrid game evolves over an infinite (hybrid) horizon when
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input implies a unique correspondence from cost to control action, which allows this
type of games to be well-defined, so that an equilibrium solution is defined [13, Remark
5.3]. Sufficient conditions to guarantee that Assumption holds include Lipschitz
continuity of the flow map F', provided it is a single-valued function. Under Assumption
the conditions in Proposition are satisfied, so solutions to H are uniqueE| for
each u € U. Given £ € TI(C) UTI(D), a joint input action u = (uc,up) € U, the stage
cost for flows Lo : R™ x R™¢ — R, the stage cost for jumps Lp : R" x R™P — Ry,
and the terminal cost ¢ : R” — R, we define the cost associated to the solution (¢, u)

to H from &, under Assumption as

sup7 dom ¢ " +1 sup; dom ¢—1
g, / o(t,3), uc(t, At + " Lo(@(t1, ), un(tivn, §))
4 =0
7= (5.1)
+ lim sup q(o(t, 7))
t+j—sup, dom ¢+sup; dom ¢

(t,j)€dome

where tsup, dom g1 = SUP; dom ¢ defines the upper limit of the last integral, and
sup. dom¢>
{ti}j=o

domain of (¢, u); see Definition [2.2.2]
When X is nonempty, the set 83} (€) C Sy(£) denotes all maximal solutions from

is a nondecreasing sequence associated to the definition of the hybrid time

¢ that reach X at their terminal time. When X is empty, Sy (£) reduces to the set
of complete solutions from £. We define the set of input actions that yield maximal
solutions to H from & entering X as U (€) = {u : I(¢,u) € S5 (€)}. The feasible
set M C II(C) UTI(D) is the set of states & such that there exists (¢,u) € S’;_f({)
with ¢(T,J) € X, where (T,J) is the terminal time of dom(¢,u), namely, (T,J) =
max dom ¢.

We are ready to formulate the two-player zero-sum game.

Problem (ox ): Given the terminal set X, the feasible set M C II(C) UTI(D), and
& € M, under Assumption solve

minimize maxnmze J(& u) (5.2)
u1

u=(u1,uz) U3, (f)

where ¢ is the maximal state trajectory rendered by u to H from &.

dom ¢ is unbounded.
*Under Assumption [3.1.4] the domain of the input u specifies whether from points in II(C) N TI(D)
a jump or flow occur.
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Remark 5.1.1. (Infinite horizon games) When the terminal set X is empty and
maximal solutions are complete, Problem (¢x) reduces to an infinite horizon hybrid
game as in Chapter 3, as stated in footnote 4. In this case, the feasible set satisfies
M = II(C) UII(D) and, for each & € M, the set of complete solutions Sy (£) is
nonempty. For infinite horizon games, the set of decision variables Uq)f in Problem (¢ox)

denotes all joint input actions yielding maximal complete solutions to H.

Remark 5.1.2. (Saddle-point equilibrium and min-max control) A solution to Problem
(ox), when it exists, can be expressed in terms of the saddle-point equilibrium k =
(K1, k2) for the two-player zero-sum game. Each u* = (uj,u}) that renders a state
trajectory ¢* € R(&,u*), with components defined as dom¢* > (t,j) — uj(t,j) =
ki(¢*(t,j)) for each i € {1,2}, satisfies

u* = argminmax J(&,u) = argmaxmin J(§,u)
Ul u2 u2 ui
u=(u1,u2) €U (£) u=(u1,u2) €U (£)

and it is referred to as a min-max control at .

Definition 5.1.3. (Value function) Given the terminal set X, the feasible set M C
II(C) UIL(D), and ¢ € M, under Assumption the value function at £ is given by

JIx (&) = qutin max J(§,u) = max H&in J (&, u) (5.3)

u2
u=(u1,u2) €U (§) u=(u1,u2) €U (£)

We revisit the security application presented in the introduction and reformulate it

according to the mathematical framework provided in this chapter as follows.

Application 2. (Security) Given the system H as in , F(z,uc1,uce) = falz,uct)+
faluc2), and G(x,up1,up2) = ga(z,up1) + ga(up2), the security problem consists of
finding the control input (uc1,up1) that guarantees the performance of the system until
the game ends, which occurs when the state enters a set X, in spite of the action

ug = (ucg,up2) = argmax J (& u) (5.4)

(uc2,up2)
u=(u1,uz) €U (€)

chosen by an attacker Py that knows fg and gq. The cost functional J represents the
damage caused by attacks. To account for the best-scenario, this problem is addressed

by solving Problem (ox ).

o7



5.2 Design of Saddle-Point Equilibrium for Hybrid Games
with Teminal State Set

The following result provides sufficient conditions to characterize the value function,
and the feedback law that attains it. It addresses the solution to Problem (¢x) showing
that the optimizer is the saddle-point equilibrium. It involves the feasible set M which
potentially reduces the set over which the sufficient conditions need to be checked in
comparison to the results in Chapter 3. When M is not known, it could just be replaced

by R"™.

Theorem 5.2.1. (Hamilton-Jacobi-Bellman-Isaacs (HJBI) for Problem (¢x)) Given
a two-player zero-sum hybrid game with dynamics H as in with data (C, F, D, Q)
satisfying Assumption[3.1.4, stage costs L : R" x R™¢ — R>g, Lp : R" x R™P — Rx,
terminal cost ¢ : R" — R, (potentially empty) terminal set X, and feasible set M,
suppose the following hold:

1) There exists a function V : R™ — R that is continuously differentiable on a neigh-
borhood of 1I(C') and that satisfies the Hamilton—Jacobi-Bellman-Isaacs (HJBI)
hybrid equations given as

0 =minmax L¢(z,uc) =maxmin Lo(z,uc) Ve Il(C)NM, (5.5)
uc1 uc2 uc2 UC1 '
uc=(uc1,uc2)€s (z) uc=(uc1,ucs)€s (z)
where Lo(x,uc) := Lo(x,uc) + (VV(z), F(z,uc)),
V(z) =minmax Lp(z,up)=maxmin Lp(z,up) Vz € I(D)NM, (5.6)

Up1 Up2 Up2 Upi
up=(up1,up2) €N’ (z) up=(up1,up2)€N? (z)

where Lp(z,up) := Lp(z,up) + V(G(x,up)).

2) For each £ € M, each (¢,u) € S35 (€) satisﬁeeﬂ

limsup V((t,j) = limsup q(d(t,7)) (5.7)
t+j—rsup, dom ¢+sup; dom ¢ t+j—rsup, dom ¢+sup; dom ¢
(t,j)€dome (t,j)€dome
Then
Tx (&) = V(&) V¢ € II(C) UII(D), (5.8)

3The boundary condition (5.7) matches the value of V' to the terminal cost ¢ at the final value of ¢.
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and any feedback law k := (kc, kp)= ((kc1, kc2), (D1, kD2)) : R™ — R™C x R™P with
values

ko(z) € argminmax Lo(z,uc) Vo € II(C)NM (5.9)
uo=(uc1ucs)ENS (z)
and

kp(x) € argminmax Lp(x,up)  Va € II(D)NM (5.10)
up=(up1upz)€n? (2)

is a pure strategy saddle-point equilibrium for Problem (¢x) with 1 = J, J2 = —J,
where J is as in (5.1)).

Notice that when the players select the optimal strategy, the value function equals
the function V evaluated at the initial condition. This makes evident the independence
of the result from needing to computesolutions, at the price of finding the function V'
satisfying the conditions therein.

The terminal set X determines the size of the compact hybrid time domain of the
solutions considered in Theorem Based on reachability tools, given a terminal set
X, the feasible set can be numerically computed for certain family of systems.

When the feasible set M is known a priori, the set of states for which equations ([5.5))
and need to be enforced could potentially be smaller than the sets of states studied
in infinite horizon games.

We present the following results providing sufficient conditions to bound and exactly
evaluate the cost of the game. These results are instrumental on guaranteeing that the

saddle-point equilibrium is attained and in evaluating the value function of the game.

Proposition 5.2.2. (Time-dependent conditions for upper bound) Consider (¢,u) €
S (&) with u = (uc, up), such that

1) for each j € N such that I;; has a nonempty interio intfé,

Le(o(t, §),uc(t, §) + %V(qﬁ(t,j)) <0 Vteintl) (5.11)

and
2) for every (tj+1,j) € dom¢ such that (tj41,j + 1) € dom¢,

Lp(¢(tjy1,5),up(tjv1,4)) + V(e(tj1,5+1)) = V((tj1,5) <0.  (5.12)

‘When j = sup,; dom ¢ € N and sup, dom ¢ = 0o, we define ¢;11 := oo.
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Then

sup; dom ¢ sup; dom ¢—1

> [ Lot ucttiyits Y Lodltiing)up(ti, )
= 3=0 (5.13)

+ lim sup V(o(t,j)) < V().
t+j—sup; dom ¢+sup; dom ¢

(t,j)€dome

The proof of Proposition follows the same arguments as in the proof of Propo-
sition in the Appendix A.1. The following corollary is immediate from the proof
of Proposition [5.2.2

Corollary 5.2.3. (Change of Signs) If the inequalities in the conditions in Proposition

are inverted, namely, if “<” in (5.11|) and (5.12)) is replaced with “>”, then (|5.13))
holds with the inequality inverted. Likewise, if the conditions in Proposition hold

with equalities, then (5.13)) holds with equality.

Remark 5.2.4. (Connections between Theorem and Problem (¢x)) Given § €
(II(C)UIL(D))NM, if there exist a function V satisfying the conditions in Theorem
then a solution to Problem (¢x ) exists, namely there is an optimizer input action u* =
(ug, ulh) = ((uhy, ubg), (Why, uhy)) € Uss (€) that satisfies (3.2), and V is the value
function as in Definition [5.1.3

5.3 pre-Asymptotic Stability for Hybrid Games with Ter-

minal State Set

We present a result that connects optimality and asymptotic stability for two-player

zero-sum hybrid games with terminal state set.

Definition 5.3.1. (Pre-asymptotic stability) A closed set A C R"™ is locally pre-
asymptotically stable for a hybrid closed-loop system H, as in if it is

e stable for H,, i.e., if for every € > 0 there exists § > 0 such that every solution ¢

to H, with [¢(0,0)|4 < § satisfies |¢(0,0)| 4 < ¢ for all (¢,5) € dom ¢; and

e locally pre-attractive for Hy, i.e., there exists p > 0 such that every solution ¢ to
H,, with |¢(0,0)|4 < p is bounded and, if ¢ is complete, then also

limey oo ’¢(t,])’A =0.
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In the next result, we provide alternative conditions to those in Theorem for

the solution to Problem (¢x).

Lemma 5.3.2. (Equivalent conditions) Given H, as in with data (C,F,D,QG),

the terminal set X, the feasible set M C II(C) UIL(D), and feedback k := (K¢, kp) =

((kc1, ke2), (D1, kDp2)) : R — R™C X R™P that satisfies (5.9)) and (5.10), if there exists
a function V : R™ — R that is continuously differentiable on a neighborhood of T1(C)

such thatlﬂ C. =1I(C) and D, =1I(D), then , @, @, and @ are satisfied

if and only if

Lo(mro@) =0 Vo € CanM, (5.14)
Le(z, (uct, ke () =0 V(z,uct) : (@, (uct, kez(x))) € CNM,  (5.15)
Lo(z, (ko1(x),uce)) <0 V(z,uce) : (z, (ke1(x),uce)) € CNM, (5.16)

Loz, kp(x) = V(z) Vo € DM, (5.17)

Lp(z, (up1,kp2(2))) = V() V(z,up1) : (z,(up1,kp2(z))) € DAM,  (5.18)

Lp(z, (kp1(x),up2)) < V(zx) Y(z,up2) : (z,(kpi(z),up2)) € DAM. (5.19)

The proof of Lemma follows the same arguments as in the proof of Lemma [3.23
in the Appendix A.1.

Theorem 5.3.3. (Saddle-point equilibrium under the existence of a Lyapunov func-
tion) Consider a two-player zero-sum hybrid game with dynamics H as in with data
(C, F, D, G) satisfying Assumption[3.1.4, and  := (k¢, kp) : R" — R™¢ xR™P defining
the closed-loop dynamics H,, as in such that C,, = II(C) and D, = II(D). Given
the terminal set X, the feasible set M C I1(C)UIL(D), and a closed set A C II(C)UIL(D),
continuous functions Lc : C — R>g and Lp : D — R defining the stage costs for flows
and jumps, respectively, and q : R™ — R defining the terminal cost, suppose there exists
a function V : R™ — R that is continuously differentiable on an open set containing C,,
satisfying —, and such that for each ¢ € (C,, UD,) N M, each ¢ € Sﬁn (€)
satisfies . If one of the following conditionéﬂho]ds

Notice that C\; = II(C) and D, = II(D) when kc(z) € 11§ () for all z € TI(C) and xp(z) € 12 ()
for all z € II(D). In words, the feedback law « defining the hybrid closed-loop system #, does not
render input actions outside C' or D.

5The subindex in the set of positive definite functions PD. denotes the feedback law that the functions
in the set are composed with to satisfy the properties in Definition
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1) Lo € PDnc (A) and Lp € ’P’DHD (A),

2) Lp € PD,,,(A) and there exists a continuous function n € PD such that
Lo(z,kp(x)) > n(|x|a) for all x € C,, N M;

3) Lc € PDy(A) and there exists a continuous function n € PD such that
Lp(z,kp(x)) > n(|x|a) for all x € D,, N M;

4) Lc =0,Lp € PDy,,(A), and for each r > 0, there exist v, € Ko and N, > 0 such
that for every solution ¢ € Sffﬁ (&), |#(0,0)|4 € (0,7], (t,5) € dome¢, t+j5 > T
imply j > v.(T) — Ny;

5) Lo € PDy.(A),Lp =0, and for each r > 0, there exist v, € Koo and N, > 0 such
that for every solution ¢ € Sz (€), [#(0,0)|4 € (0,7], (t,j) € dom¢, t +j > T
imply t > 7. (T) — Ny;

6) Le(z,kc(z)) > —AcV(x) for all x € Cy, Lp(z,kp(x)) > (1 — e )V (x) for all
x € Dy, and there exist v > 0 and M > 0 such that, for each solution ¢ € Sffﬁ &),
(t,j) € dom ¢ implies Act + Apj < M —~(t + j);

then
Ix (&) =V () Vé e (ChUDL)NM (5.20)

Furthermore, the feedback law k is the saddle-point equilibrium (see Definition
and it renders A pre-asymptotically stable for H, with basin of attraction containing

the largest sublevel set of V' contained in M.

5.4 Applications

We illustrate in the following applications with hybrid dynamics and quadratic costs
how Theorem [5.2.1] provides conditions to solve the security problem discussed in the

introduction by addressing it as zero-sum hybrid game with terminal state set.

Example 5.4.1. (Bouncing ball with terminal set) As an instance of Application the
Bouncing Ball system from Example [£.3.1] in which up; is designed to minimize a cost
functional J until the game ends, which occurs when the state enters a set X under the

presence of the worst-case disturbance ups is formulated as a two-player zero-sum game
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with terminal state set. With the aim of pursuing minimum velocity and control effort
at jumps, consider the cost functions Lo(x,uc) := 0, Lp(z,up) := 23Qp + uBRDuD,
and terminal cost g(z) := 323 + 21 defining J as in , with Rp := [Rg’l R%2:| and
Qp, Rp1, —Rp2 > 0.

A game of kind [13, Section 5.2] arises and its solution characterizes a division of the
state space into two dominance regions M, C II(C) UII(D), in which, under optimal
play, it can be determined whether the terminal set X is reached or not as a function of
the initial condition. If the initial state satisfies & € M (the feasible set), then, under
optimal play, the ball reaches the terminal set X at some time (7,J) and the game
ends. On the other hand, if £ € 4, under optimal play, we have an infinite horizon
game (if maximal solutions are complete after the inputs are assigned). The function

V(z) := a1 + 123 is such that
(VV(z), F(x)) =0

for all x € C', making V' a solution to (5.5). In addition, the function V' is such that

minmax  {Lp(z,up) + V(G(z,up))} = ~a2

Up1 UD2 2
up=(up1,up2)€ER?

for all (z,up) € D. Equality (5.21)) is attained by kp(z) = (kp1(z), kp2(z)) with
RpaA

(5.21)

roi() = Rp1+ Rp2+2Rp1Rpo w2
and
kpo(x) = o1 x
D2 = Rpi+ Rps + 2Rp1Rps
when

—2Rp1RpaA? + Rp1 + Rpa + 2Rp1 Rp2

- : 5.22
Qp 2Rp1 +2Rp2 +4Rp1Rpo (5.22)

which makes V" a solution to with saddle-point equilibrium xkp. Thus, given that V'
is continuously differentiable on R?, and that (5.5 and hold thanks to and
5.22)), from Theorem [5.2.1] the value function is J3%(§) = % + & . Figure displays
this behavior with £ € M and both players playing the saddle point equilibrium. The

terminal set X is reached at ¢ = 8s and the cost of the displayed solution is V' (§).
Let A = {0}, encoding the goal of stabilizing the ball to rest under the effect of an
attacker. Furthermore, given that Lp € PD,,(A), and (5.14)-(5.19) hold, by setting
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Figure 5.1: Bouncing ball solutions attaining minimum cost under worst-case ug, with
X={reR?:0<2 <0.3,-037 <29 <037}, A = 0.8, Rp1 = 10, Rpy = —20, and
®@p = 0.189.

2
a1(s) = min {% (%) ,\;5} and as(s) = 3s? + s, from Theorem [5.3.3, we have that

kp is the saddle-point equilibrium and renders A = {0} pre-asymptotically stable for
H. o
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Iy

Figure 5.2: Bouncing ball phase portrait. Terminal set (green) and initial condition
(square).
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Chapter 6

Set-Valued Hybrid Games

In this Chapter, we present a less conservative approach by relaxing the assumption
on uniqueness of solutions to the hybrid system defining the constraints of the game
and allow for set-valued flow and jump maps. Although, it might not be possible to
construct a saddle-point equilibrium as the solution to the game when the dynamics
admit nonunique solutions (due to the game being ill-defined by the nouniqueness of
costs associated to a given input), a weak saddle-point equilibrium and an upper value
function are provided based on a suitable definition of the cost. Specifically, we optimize
the worst-case cost to associated to a given input, which is still conveniently defined to
penalize the evolution of the state and the input during flow, at jumps, and at their
final value. To invoke the elements of a two-player zero-sum hybrid game in Definition

[3.1.1] we redefine the cost as,
Definition 6.0.1. (Cost for set-valued games)

5) A scalar-valued functionall| (€,u) — J;(€,u) defined for each i € {1,2}, and called
the cost associated to P;. For each u € U, we refer to J := J1 = —J» as the
worst-case cost due to nonuniqueness of solutions to Hs for the hybrid input u

from the initial condition &.

!Given that we do not insist on having unique solutions, the cost J measures the largest cost of the
solutions yielded to Hs from & by u. Thus, its arguments are hybrid inputs as in Definition and
not solution pairs.
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6.1 Problem Statement

We formulate an optimization problem to solve a two-player zero-sum hybrid game
with set-valued dynamics, and provide sufficient conditions to characterize its solution.
Following Definition [3.1.1], consider a two-player zero-sum hybrid game with dynamics
Hs as in for given (C,F,D,G). Given £ € C U D, a joint input action u =
(uc,up) € U, the stage cost for flows Lc : R™ x R™¢ — R, the stage cost for jumps
Lp : R" xR™P — R, and the terminal cost ¢ : R — R, we define the cost associated

to the solutions to Hs from the initial condition £ and for the hybrid input u, as

JEuw = sw J(bu (6.1)
PER(E,u)
wherd?]
N sup; dom ¢ tj sup; dom ¢—1
JT(pu):= > / Lo(d(t,4),uc(t, i)t + > Lp(d(tjsr, ), un(tjr1, §))
=0 tj §=0
+ limsup  q(é(t, 7)),
(t,7)—sup dom ¢
(t,5)edome
(6.2)
{tj};-i%j dom ¢ is a nondecreasing sequence associated to the definition of the hybrid

time domain of (¢, u) — see Definition —and R(&,u) is the set of maximal state
trajectories to Hs for the hybrid input w from the initial condition £, as defined in
Section The cost J is defined as the worst-case cost over all solutions from &.

A solution to the two-player zero-sum game can be obtained by solving the following

problem.

Problem (o): Given & € R™, solve

minimize maximize J(&,u) (6.3)
U1l u2
u=(u1,u2)EUz, (§)
where Uy, is the set of joint input actions yielding maximal solutions to Hs, as defined

in Section II.A.

Remark 6.1.1. (Saddle-point equilibrium and min-max control) A solution to Problem

(¢s), when it exists, can be expressed in terms of the saddle-point equilibrium strategy

2Notice that 7 depends on the initial condition & and input u, while T depends on the solution pair

(¢, u) with ¢(0,0) = &.
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k = (K1, ko) for the two-player zero-sum game, as in Definition . Each u* = (uj, u})
that renders a worst-case cost state trajectory ¢* € R(&,u*), with components defined

as dom ¢* > (t,7) — ul(t,7) = ki(¢*(t, j)) for each i € {1,2}, satisfies
u*€ argminmax J(§,u) = argmaxmin J(§,u)
ul u u ul
u=(u1,u2)EUy, (§) u=(u1,u2) €Uz, (£)

and it is referred to as a min-max control at &.

Definition 6.1.2. (Value function) Given ¢ € II(C) UII(D), the value function at &,

when it exists, is given by

J7(€):= minmax J(§u)= maxmin J(u) (6.4)

u=(u1,u2)€Uz, (§) u=(u1,u2) €Uz, (§)

We revisit the robust control application presented in the introduction and reformu-

late it according to the mathematical framework provided in this chapter as follows.

Application 1. (Robust Control) Given the system Hs as in and & € R", the

disturbance rejection problem consists of finding the control input

u; = (ue1,up1) = argmin 7 (&, u) (6.5)
(uc1,up1)
u=(u1,u2) €Uy (§)

in the presence of a disturbance uy = (uce2,up2) chosen by Ps. To account for the

worst-case disturbance, (6.5 is addressed by solving Problem (o).

As a preliminary step, following the approach in [78], we present a framework for
cost evaluation for hybrid set-valued systems as in ([2.1]), under the special case of no

inputs present.

6.2 Cost Evaluation for Autonomous Hybrid Inclusions

6.2.1 Upper Bounds

By following the general ideas proposed in [79], in this section we investigate how a
Lyapunov-like function can be used to provide estimates of nonlinear cost functionals

for a given hybrid inclusion.
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For each initial condition £ € C U D to Hs in (2.1)), with uc = 0 and up = 0, the
costs in (6.1)) and (6.2)) can be expressed as:

JE) = sw J(9) (6.6)
PESH,(€)
where
N sup; dom ¢ ti1 sup; dom ¢—1
J(@)= > / Lo(b(t,i)dt+ Y Lp(d(tjs1,4)) + limsup  q(¢(t ),
j=0 t; =0 (t,7)—sup dom ¢
(t,j)€dome
(6.7)

where we denote Lo(x) = Lo(x,0) and Lp(x) = Lp(x,0). The following result can
be established.

Proposition 6.2.1. (Upper bound for a given trajectory) Let £ € CUD, Lg: C — R,
Lp: DUG(D) — Rsp, and ¢ : CUD UG(D) — R. Let V: domV — R with
domV D> C U D UG(D) be continuously differentiable on an open set containing C.

Assume that

sup (VV(x), f) 4+ Lo(x) <0 Ve e C (6.8a)
feF(x)

sup V(g) —V(z) 4+ Lp(x) <0 Vz € D (6.8b)
9€G(x)

where we denote F(z) = F(z,0) and G(z) = G(z,0). Let ¢: dom ¢ — R"™ be a solution
to Hs as in (2.1) from & with no inputs. Assume that (t,j) — V o ¢(t,j) is bounded

and
lmsup  V(g(tj)= limsup  q(@(t, ). (6.9)
(t,j)—supdom ¢ (t,5)—sup dom ¢
(t,7)edome (t,7)edome

Then, J(¢) is a finite number and in particular

J(¢) <V(§) (6.10)
Proposition by building on a suitable function V', provides an upper bound on
the cost J (¢) that depends on the solution chosen from &.

Remark 6.2.2. (Upper bound for an initial condition) Notice that since Proposi-
tion |6.2.1| provides an upper bound for the cost of any solution to Hs from &, it follows

that under the conditions stated therein, we have

sup J(¢) < V(6 (6.11)
#ESH,(§)
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which, thanks to , implies
T (&) < V(&) (6.12)

6.2.2 Exact Cost Evaluation

In this section, our main objective is to obtain the exact value of the cost J(§) in
for a given initial condition £, without explicitly computing it. To that end, next,
under further assumptions on the system data and a stronger condition than , we

provide a result on exact cost evaluation.

Corollary 6.2.3. () Let £ € CUD, Lo: C — Rxg, Lp: DU G(D) — R>q, ¢ :
CUDUG(D) — R, and F(x) and G(x) be compact, respectively, for each x € C
and each x € D. Assume that there exists a continuous function V: domV — R,
domV D CUDUG(D), that is continuously differentiable on an open set containing
C such that

max (VV(x), f) + Lo(x) =0 Ve e C 1
feF(m)< (@), f) + Le(x) (6.13a)
max V(g) —V(z)+ Lp(x) =0 Vo e D (6.13b)
9€G()

Furthermore, assume that for any solution ¢ to Hs as in ({2.1)), with no inputs, from &,
V o ¢ is bounded and holds. Pick any solution ¢* to the maximal hybrid system

& € argmax (VV(x), f) zeC
fek(z) (6.14)
zt € argmax V (g) z €D
9€G(z)
with ¢*(0) = & and let ¢ be any solution to (2.1)) with no inputs from £. Then, one has

that J(¢) and J(¢*) are finite and in particular

T($) < T(¢") = T(€) =V(€) (6.15)

The results given in this section extend previous results on cost evaluation for
continuous-time nonlinear systems [79] and constrained difference inclusions [80] to hy-
brid inclusions. Similarly as in [78}/79], our results have strong connections to Lyapunov
analysis. More specifically, the applicability of our results to specific examples requires
the search of a suitable Lyapunov-like function, which is in general a challenging task.

In the subsequent section, we provide an analysis for the case of nonautonomous hybrid

inclusions as in ([2.1)).
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6.3 Design of Weak Saddle-Point Equilibrium for
Set-Valued Hybrid Games

In general, the cost evaluation tools employed in approaches based on dynamic pro-
gramming fall short to characterize strategies to attain a saddle-point equilibrium so-
lution for a two-player zero-sum game with dynamics given by hybrid inclusions. The
classical conditions involved therein do not guarantee the existence of a lower bound
in the costs for a given input action. Nevertheless, conditions can still be established
to characterize the worst-case cost (due to the set-valued dynamics) associated to it.
Thus, in this section, we provide sufficient conditions to solve Problem (¢g4) via finding
a control strategy that minimizes the worst-case cost under the maximizing adversarial
action, in this case, leading to a solution of a min-max problem with nonunique solutions
due to F' or G being possibly setvalued, or C' N D being nonempty. In addition, such
conditions allow to evaluate the value function without computing solutions. First, we
provide pointwise conditions that allow to upper bound the cost for an initial condition

and input action.

Proposition 6.3.1. (Upper bound for a given control action) Given a system with
dynamics Hs as in (2.1)) with data (C, F, D, G), stage costs L¢c : R" x R™¢ — R>( and
Lp : R" x R™P — R>q, and terminal cost q : R™ — R, suppose there exists a function

V : R™ — R that is continuously differentiable on a neighborhood of I1(C') such that

Lo(z,uc)+ sup (VV(z), f) <0  VY(z,uc) € C, (6.16)
feF(zuc)

Lp(z,up)+ sup V(g)—V(z) <0 V(z,up)eD. (6.17)
gEG(Z',’LLD)

Let (¢, u) be any solution to H from & € II(C) UII(D). Then,

T(,u) < V(€) (6.18)
where j is defined as in .

In the following result we study a special hybrid system, whose solutions are a subset
of the solutions to #Hs as in (2.1)) and attain the worst-case cost due to nonuniqueness
of solutions to H. Following [81], we provide conditions to exactly evaluate such a cost

and show how it is an upper bound for the cost of any other solution to H,.
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Proposition 6.3.2. (Maximal System) Consider a system with dynamics Hs as in
with data (C, F, D,G), where F' and G are compact for each (z,uc) € C and each
(x,up) € D, respectively, stage costs Lo : R" x R™¢ — R>g and Lp : R" x R"P —
R>o, terminal cost ¢ : R" — R, and suppose that there exists a continuous function

V:domV — R, domV D II(C) UII(D) U G(D), that is continuously differentiable on
a neighborhood of II(C). Given & € II(C) UTI(D) and a so]utio (¢*,u) to

¢ € argmax (VV(x),f) (z,uc)eC

Hinax feF(muc) (6.19)
rt €  argmax V(g) (x,up) € D
gEG(:D?uD)

from & with u = (uc,up), if

0= Lc(xz,uc)+ sup (VV(x),f) V(z,uc) € C, (6.20)
feF(zuc)
0=Lp(z,up)+ sup V(g) V(x,up)e€ D, (6.21)
g€G(z,up)
and
limsup  V(¢"(t,j)) = limsup q(¢*(¢, 7)), (6.22)
(t,7)—sup dom ¢* (t,)—sup dom ¢*
(t,7)€dome* (t,7)edome*
then
J(&u) = T (¢*,u) (6.23)
and
V(&) = T(&w). (6.24)

A solution to (6.19) attains the worst-case cost among the potential nonunique solu-
tions to (2.1)) due to the set-valuedness of the maps. Furthermore, the worst-case cost
associated to the input action that satisfies (6.20) and (6.21]), can be evaluated without

computing solutions and equates V evaluated at the initial state &.

Corollary 6.3.3. (Change of Signs) If the conditions in Proposition hold with
inequality, namely, if “=" in (6.20)) and (6.21)) is replaced with “<” (or “>”), then (6.24))

holds with “<” (or “>”, respectively).

Lemma 6.3.4. (Solutions to Hyax) Any solution to Hmax as in (6.19) is a solution to
Hs as in (2.1)).

3Solutions to the “maximal system” in (6.19)) exist under the conditions in Proposition
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Lemma 6.3.5. (Existence of Solutions to Optimization Problems in Maximal System)
Consider the maximal system Hyax as In with (C, F, D,G) and u = (u1,ug). If the
maps F(z,uc) and G(z,up) are compact for each (x,uc) € C and each (z,up) € D,
respectively, and the function V : domV — R, domV D II(C) UTI(D) U G(D) is
continuous on dom V' and continuously differentiable on a neighborhood of I1(C), then

there exists a solution to

max (VV(x), 6.25

max (VY (). ) (6.25)
for each (z,uc) € C, and to

|4 6.26

jeiax  Vig) (6.26)

for each (x,up) € D.

Proposition 6.3.6. (Existence of solutions to Hmax) Consider a feedback law k =
(ko,kp) with k : R — R™C¢ x R™P | a function V : domV — R,domV D II(C) U
II(D) U G(D), that is continuously differentiable on a neighborhood of II(C'), and the

closed-loop system

feF (z,ko(z)) (627)

zt € argmax V(g) (x,kp(x)) € Dy
g€G(z,kp(x))

Suppose Hmax,. satisfies the hybrid basic conditions in Definition the function V

is continuous, and F(x,kc(x)) and G(x,kp(z)) are compact for each x € Cy; and each

z € argmax (VV(z),f) (x,kc(z)) € Cy
Hmaxn{

x € Dy, respectively. Let € € C,, U D,; be arbitrary. If £ € D, or

(VCM) there exists a neighborhood X,, of  such that for every x € X, N Cy,
F(z, ko) NTe(z) # 0

then there exists a nontrivial solution ¢ to Hmax, with ¢(0,0) = &. If (VC) holds for
every £ € Cy\ Dy, then there exists a nontrivial solution to Hmax, for every initial point

in C, UD,.

Based on Proposition that provides an upper bound on the cost J , and the ex-
act cost evaluation in Proposition [6.3.2] we introduce the main result of the section with
sufficient conditions to characterize the saddle-point equilibrium strategy and evaluate

the value function without computing solutions.
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Theorem 6.3.7. (Sufficient conditions to solve Problem (¢4)) Given a system with
dynamics Hs as in (2.1)) with data (C, F, D, G), stage costs L¢ : R" x R™¢ — R>( and
Lp : R" x R™P — R>q, and terminal cost q : R" — R, suppose the following hold:

1. There exists a continuous function V : domV — R, domV D II(C) UII(D) U
G(D), that is continuously differentiable on a neighborhood of II(C') and a feed-
back law k := (kc, kp)= ((kc1, kc2), (D1, kp2)) : R" — R™C x R™P such that
F(z,kc(x)) and G(z,kp(x)) are compact for every x such that (z,kc(z)) € C
and (z,kp(z)) € D, respectively, and such that the functions Lco(z,uc) =

Lo(z,uc) +  sup  (VV(x), f), and Lp(x,up) := Lp(z,up) + sup V(g)
fEF(zuc) g€G(z,up)
satisfy

0= Lco(z,kc(x)) Vo : (x,ke(z)) € C, (6.28)

0 < Lo(x, (uct, ko2(2))) V(z,uc1) : (@, (uo, kea(x))) € C, (6.29)

0= Lo(z, (ke1(x), uc2)) V(z,uce) : (z, (ko1(x), uc2)) € C, (6.30)

V(z) = Lp(a,kp(z))  Va: (z,kp(z)) €D, (6.31)

V() < Lp(w, (upr, kpa(w))) ¥z, upr) : (2, (up1, kp2(2)))) € D, (6-32)
V() > Lp(@, (kp1(2),up2)) Yz up2) : (z, (kpi(z),ups)) € D, (6.33)

2. For each ¢ € TI(C) UTI(D), each ¢ € Sy, (&) satisfies

limsup  V(é(t,7)) = limsup  q((t, 7)), (6.34)
(t,j)—sup dom ¢ (t,7)—sup dom ¢
(t.j)€domé (t,j)€domg
Then
J* (&) =V() VEeIl(O)UI(D). (6.35)

Remark 6.3.8. (Weak optimality of the saddle-point equilibrium) When both players
play the saddle-point equilibrium strategy, due to nonuniqueness of solutions, there is
no reason to assume that the worst-cost is attained, implying that such a strategy is
not necessarily optimal in the min-max sense. Nevertheless, by playing the saddle-point
equilibrium, the worst-case cost is minimized under the adversarial action that aims to

maximize it. We illustrate this in the examples in Section
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6.4 Asymptotic Stability for Set-Valued Hybrid Games

We present a result that connects optimality and asymptotic stability for two-player

zero-sum hybrid games with set-valued dynamics.

Definition 6.4.1. (Uniform global pre-asymptotic stability) A closed set A C R™ is
uniformly globally pre-asymptotically stable for a hybrid closed-loop system H, as in

if it is

e uniformly globally stable for H,, i.e., there exists a class-Ko, function « such that

any solution ¢ to H,, satisfies |p(t,7)|a < a(|¢(0,0)|4) for all (t,j) € dom ¢; and

e uniformly globally pre-attractive for H,, i.e., for each € > 0 and r > 0 there exists
T > 0 such that, for any solution ¢ to H, with |¢(0,0)|4 <, (¢,5) € dom ¢ and
t+3j =T imply [§(t, )[4 < e

Theorem 6.4.2. (Saddle-point equilibrium under the existence of a Lyapunov func-
tion) Consider a two-player zero-sum hybrid game with closed-loop dynamics H, as in
with data (C, F, D,G), and k := (kc, kp) : R" — R™¢ xR™P such that C,, = II(C)
and D, = II(D). Given a closed set A C R", continuous functions L¢ : C' — R>g and
Lp : D — R>q defining the stage costs for flows and jumps, respectively, and ¢ : R® — R
defining the terminal cost, suppose there exists a function V : R™ — R that is continu-
ously differentiable on an open set containing C,., satisfying -, and such that
for each ¢ € C,U Dy, each ¢ € Sy, (&) satisfies . Furthermore, suppose that there

exist a1, g € Koo such that
ar(|zla) < V() < as(|z]a) Vo € Cp U DUG(Dy) (6.36)
and one of the following conditionéﬁ holds
1. Lo € PD,(A) and Lp € PDy,, (A);

2. Lp € PD,,,(A) and there exists a continuous function n € PD such that
Lo(z,kp(x)) > n(|x|a) for all x € Cy;

4The subindexes in the sets of positive definite functions PD, denote the feedback law that they are
composed with as in Definition
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3. Lc € PDy(A) and there exists a continuous function n € PD such that
Lp(xz,kp(x)) > n(|z|a) for all z € Dy.

Then
JHE) =V(E) V¢ € C, U Dy, (6.37)

Furthermore, the feedback law k is the saddle-point equilibrium (see Definition
and it renders A uniformly globally pre-asymptotically stable for H, as in Definition
6.4, 1l

6.5 Applications

As an instance of Application [I], we illustrate in the following scenario with hybrid
inclusions and quadratic costs how Theorem [6.3.7] provides conditions to solve a distur-

bance rejection problem by addressing it as zero-sum hybrid game.

6.5.1 Robust Hybrid Linear Quadratic Problems with Sponteneous

Jumps

In this section, we study a special case that emerges in practical scenarios with
hybrid systems with linear flow and jump maps and sponteneous jumps, as in noise
attenuation of cyber-physical systems with intermitent communcation, see, e.g., |47,
70,71]. We introduce a state variable 7 that plays the role of a timer. Once T reaches
a fixed threshold T, it triggers a jump in the state and resets 7 to a random number
in [0,7]. More precisely, given T € R, we consider a hybrid system with state x =
(zp, 7)= ((xp1, Tp2),7) € R™ x [0, T}, input u = (uc,up) = ((uc1,uc2), (up1,up2)) €
R™C x R™P | and dynamics Hg as in , defined by

C = R"x[0,T] x Rmc
F(zx,uc) = (Aczp —i— Beoue,1) V(z,uc) € C (6.38)
D = R"x {T}xR™
G(z,up) = (Apzp+ Bpup,[0,T]) Y(x,up)€ D
with Ac = [Agl Agz} ,Be = [Bei Bo], Ap = [Agl A‘;J ,and Bp = [Bpi Bpz]. In
this case, the input u; := (uc1,up1) plays the role of the control and is assigned by

player Pj, and ug := (uce, up2) is the disturbance input, which is assigned by player P.
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The problem of upper bounding the effect of the disturbance us in the cost of solutions
to H, is formulated as a two-player zero-sum set-valued hybrid game as in Definitions
and . Thus, by solving Problem (o) for every £ € II(C) UII(D), the control
objective is achieved.

The following result presents a tool for the solution of the optimal control problem

for hybrid systems with linear maps and sponteneous jumps under an adversarial action.

Corollary 6.5.1. (Hybrid Riccati equation for disturbance rejection with sponteneous

jumps) Given a hybrid system Hs as in with data (C,F,D,QG) as in , let
T € R, and, Lo(z,uc) = $;chp + ugRCuc, Lp(xz,up) := $;QD$p + UBRDUD,
and terminal cost q(x) := ZL’;P(T).Z‘Z, defining J as in , with Qc,@Qp € S, Ro =
75 | Bo = |8 2] Rer € ST, —Rop € ST, Rpy € ST, and —Rpy €
STDQ. Suppose there exists a matrix function P : [0,T] — S that is nonincreasing and
continuously differentiable and such that

dP(7)
- dr

= — P(1)BcR;'BLP(7) + Qo + P(1)Ac + ALP(T)  Vr e (0,T), (6.39)

—Rpy — BB2P(O)BD2, Rp1 + BBIP(O)Bpl € ng, (6-40)

the matrix R, = Rp + B],P(0)Bp is invertible, and
P(T) =Qp+ ALP(0)Ap — ALP(0)BpR, ' B}, P(0)Ap (6.41)

where Ac, B, Boe, Ap, Bpi, and Bpy are defined below ((6.38). Then, the feedback

law k := (k¢, kD), defined as
kc(r) = —Rg'BLP(1)x vz € TI(0), (6.42)

kp(r) = —R, ' B,P(0)Apw, vz € II(D) (6.43)

is the saddle-point equilibrium for the two-player zero-sum hybrid game with sponte-

neous jumps. In addition, for each x = (x,,7) € II(C) UII(D), the value function is
equal to V(z) := x;—P(T):cp.

Notice that the saddle-point equilibrium k = (k1, k2) is composed by P; playing the
upper bounding strategy 1, and P» playing the maximizing disturbance ko with values

as in (6.42) and (/6.43]).

7



Example 6.5.2. (Sporadic Jump Times and Linear Dynamics) Consider the following

data for (6.38):
Ac=18,Bc=Bp =[1,1,Ap=2,T =1

We solve (6.39) under (6.41)) and (6.40), obtaining a nonincreasing P(7). In Figure[6.1]

we report the evolution of two solutions, with a worst-case scenario depicting periodic
jumps, an arbitrary scenario with sporadic jumps. As expected, as t + j goes to infinity,
the costs approach V(§) = f; P(&)€&p, and the periodic solution attains the upper
bound.

2 o
K 1’ 4’7%
0 — ¥ * o
0 1 2 3
¢ [s]
1
0 - ¥
0 1 2 Th
¢ [s] T
a 007 ; RN : N
0 P(n)
0 1 2 P(:h)
¢ [s]
V((2,0 e —
S %é I —— T (én,un)
O . *j((lsmun)
0 1 —J((2,0))
¢ [s]

Figure 6.1: Nonnunique solutions to due to set-valued dynamics for £& =
[2,0,Qc = @Qp = 1, Rexr = Rp1 = 1.304, and 2Rco = Rps = —8. Worst-case
cost solution (with periodic jump times) in green and pruple. Arbitrary solution (with
spontaneous jump times) in blue and red.

6.5.2 Set-Valued Flow and Jump Maps

As illustrated next, there are useful families of hybrid set-valued systems for which
a weak saddle-point equilibrium exists. The following example characterizes both the

saddle-point equilibrium and the value function in a two-player zero-sum game with a
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scalar state associated to player P;. Thus, ny = 1,ns = 0, and the role of player P

reduces to select the action ucs.

Example 6.5.3. (1D Set-Valued Hybrid Game) Consider a hybrid system #, as in
[2.1) with state z € R, input uc := (uc1,uc2) € R?, and dynamics
€ F(xr,uc):=la,alr+ Buc x€[0,a]U][u,d
(#,uc) := [a,d] c [0,7] U [, 0] (6.44)
zt e G(z):=[o,0] T=p
where a <@ < 0,B=1[bybs] and § > p >3 > o > qﬂ Consider the cost functions
Lo(z,uc) == 2*°Qc + ulRouc, Lp(z) :== P(z* — %), and terminal cost ¢(z) := Px?,
defining J as in 1’ with R¢ := [Rgl Rgg]v Qc, Rc1, —Rco, P € Ry, such that

Qc +2Pa — PX(WIRg! + b3R;3) = 0. (6.45)

Here, ucy is designed by player P;, which aims to minimize a cost functional 7, while
player P, seeks to maximize it by means of uco. This is formulated as a two-player zero-

sum hybrid game via solving Problem (¢4) in Section The function V (z) := Pz?
satisfies the sufficient condition for (6.28)-(6.30)) in Theorem [6.3.7] given as

min max {Lc($, uc)+  sup (VV(x), f>}
ucity uc2 fEF(ac,uc)
uc=(uc1,ucz)ER?

= min max {(QC + QPE):I:Q + Rcwél + chu%@ + 22P(byucy + b2u02)} =0
uc1€ER uca €ER

(6.46)

which holds for all z € [0,5] U [u,d].In fact, the min-max in is attained by
kc(r) = (—Rg b1 Pr, —Roybe Pr). In particular, thanks to (6.45), we have
—Le(x, mo(x) = sup - (VV(2), f)
feF(z.rc ()
Then, V(z) = Pz? is a solution to (6.28)-(6.30). In addition, the function V satisfies
the sufficient condition for — in Theorem m given as

Lp(z) + sup V(g(x)) =Pz? (6.47)
9€G ()

at = u, which makes V(z) = Pz? a solution to ([6.31)-(6.33)) with saddle-point equi-
librium k¢. Given that V' is continuously differentiable on R, and that (6.28))-(6.33))

5Given that p > 6, flow from p is not possible.
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hold thanks to (6.46) and (6.47]), from Theorem we have that the value function
is J*(&) := P& for any £ € [0,7] U [, 4].

To study in detail the nonunique solutions yielded by the feedback law k¢, notice

that solutions jump at x = u to o5 € [g,5]. Consider a solution ¢; with domain
dom ¢y, = ([0,"] x {0}) U ([t", 00) x {1}), and given by ¢y, (t,0) = § exp((as — Rp1bi P —
RpabaP)t),  ¢n(t,1) = osexp((as — Rgibi P — RpgbaP)(t — th)) with as € [a,a]. In
simple words, ¢, flows from 6 to p in t* seconds, then it jumps to o, and flows converg-
ing (exponentially fast) to zero. Notice that k¢ as defined above also yields a solution
¢ with domain dom ¢, = ([0,t"] x {0}) U ([t",00) x {1}), and given by ¢.(t,0) =
dexp((@— RoibiP — RosbaP)t),  ¢u(t,1) = Gexp((@ — Roybi P — Rpgbo P)(t — t7))
attaining the worst-case cost. Figure illustrates the similar behavior of the solutions

¢p, and ¢, yielded by k¢, with the cost of the latter equating P5%. Notice that when

2
4.7¢}L
8 1 r ' ' 4'7(15& 7
*\*\\
0
0 1 2 3
t [s]
0.2 w w
08 T
O - — w1
S . 1 h
-0.4 i
0.6 | | o
0 1 2 3
t [s]
V(2 ‘ =
% E% : /‘% 4'7\2((1)’“,“’74) 7:
0 5 4‘7\7((25&’“&)
. N - * 2 1
0 J*(2)
0 1 2 3
t [s]
Figure 6.2: Nonnunique solutions due to set-valued dynamics for ¢ = —2,a = —1,b; =

bp = 1,0 =¢6=2p=10 =03,0 =05Qc =1, Rey = 1.304, Rea = —4, and
P = 0.4481. Worst-case cost solution (green and pruple). Arbitrary solution (blue and
red).

both players play the weak saddle-point equilibrium strategy (e, = 1 and €, = 1 in
Figure [6.3)), the worst-cost (in red) is not necessarily attained, which implies that such

80



eu

o

U

2.2 (e} Z(ﬁ, (€ewttny, un2)) 2.2 o j(& (un1, €wtin2))
O J(& (euttnr, un2)) O J(& (up, €wun2))
2 lo ® J7©® ) ® J©
o 1S
= % o7 | =
€18 “Coogoo®”  17E18
S . Q)O é} . OOOoOOOOC.DOOOOOO
g 0 &
D w
3 1.6 [0, Ooogooo— -1.6
< OOOZOOoooooggooO oS $000000000000000,
7 000000 0000000
w14 0o 14 0000 000000
O
Iﬁ OOOOOOOOOoO N OooOOOOOOOOooOOOO
7
1.2 o 1712
OOOooooOO’OOOO oooooooooooOoOOOO
1 1
0 1 2 0 1 2

Figure 6.3: Nonunique costs due to set-valued dynamics when varying the feedback
gains around the optimal value. The cost is evaluated on solutions to Hg from £ with
feedback law variations specified by €, and €, in u = (€ k01, €wkc2). Worst-case costs
(red). Costs of arbitrary solutions (blue). Value function (filled red).

a strategy is not necessarily optimal in the min-max sense. Indeed, notice that other
strategies (e.g. €, = 1.5) attain lower costs (in blue) when player P, sticks to the weak
saddle-point equilibrium strategy. Nevertheless, by playing the weak saddle-point equi-
librium, player P; minimizes the worst-case cost (red) under the maximizing adversarial
action.

Let A = {0} and given that Lo € PD, (ANCy), Lp € PDy, (AN D) vacuously,
and — hold, by setting ay(|z|4) = 2" (P — Iz and as(|z|4) = 2" (P + I)x,
and for |z|4 — n(|z|a) = P%Q, Lp(x,kp(x)) > n(|z|4) for all z € D, when p? > 252,

from Theorem [6.4.2] we have that k¢ is the weak saddle-point equilibrium and renders

A uniformly globally asymptotically stable for (6.44)). This corresponds to the
Definition [3.1.3] with every maximal solution rendered by x from & = 2 attaining the
optimal cost. o
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Figure 6.4: Saddle point behavior in the cost of continuous solutions from & = 2
when varying the feedback gains around the optimal value. The cost is evaluated
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Part 11

Saddle-Point Equilibrium via

Inverse Optimality
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Chapter 7

Input-to-State Stabilizing Control
for Hybrid Systems

In the previous chapters, given a cost function, we presented results on sufficient
conditions in terms of the stages costs to design the saddle-point equilibrium of a hy-
brid game. These results rely on the existence of a Lyapunov-like function V satisfying
the optimality conditions (HJBI). Finding such function and designing the equilibrium
strategies in most cases is not a trivial task. In the infinite horizon, it requires the
solution of differential (difference) equations along flows (jumps) whose analytical com-
plexity increases when the dynamics are nonlinear or the cost is nonquadratic and when
the finite horizon is considred, turn into partial differential (difference) equations, most
of which lack analytical solutions. An alternative approach in the literature to address
optimal contro problems, is to start from a given feedback strategie that satisfies desired
conditions ,e.g., stability, and the problem is to find the cost function that it is optimal
with respect to. This is known as a invere optimal control problem.

In this Chapter, we address a two-player zero-sum hybrid game as an inverse optimal
control problem with stabilizing controllers under the presence of a disturbance. We
present results on sufficient conditions to guarantee input-to-state stability with respect
to disturbances for hybrid systems. First, the control feedback laws are considered as
solutions to QP problems, and to Sontag’s formula. Under additional conditions, non-
QP controllers are formulated and the cost functional that the feeback laws optimize is

constructed via inverse optimality.
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We define a hybrid dynamical affine system H with input u = (uc,up) = ((uc1, uc2),
(up1,up2)) € RM¢ x R™P = R™ where u; := (uc1,up1) € R™01 x R™P1 ig a control

input and ug := (uge, up2) € R™C2 x R™D2 is a disturbance, as

f(@) + fu(x)uct + fua()uce  (v,uc) €C

(7.1)
zt=G(z,up) := g(x) + gu1(z)up1 + gua(x)ups (v,up) € D

& :F($,Uc)
D

where x € R” is the state.
Well-posed dynamical systems refer to a class of dynamical systems where the so-
lutions enjoy very useful structural properties [20]. A hybrid system H as in (7.1]) is

well-posed if the basic conditions hold.

Assumption 7.0.1. (Hybrid Basic Conditions for Input Affine System) For a hybrid
system H as in (7.1]), suppose that i) the sets C and D are closed subsets of R", and ii)

the flow map F : R™ — R" and the jump map G : R® — R™ are continuous.

Consider the hybrid system resulting from assigning the control input u; of H as in
(7.1) to the feedback law k1 := (kc1,kp1) : R — R™C1 x R™P1 - and with disturbance
input ug, as

Hep & = F(z,(kci(z),uc2)) (z,uc2) € Cr (72)
v = Gz, (kpi1(z),up2)) (z,up2) € Du1

where Cy1 := {(x,uce) € R" x R™2 : (z, (ko1 (), uce2)) € C} and Dy = {(z,ups2) €
R™ x R™D2 ; (.%', (HD1<$),UD2)) € D}

Definition 7.0.2. (Solution to H,1) A pair (¢, us) defines a solution to H,1 as in
if g € X, uy = (uce,up2) € Us, dom ¢ = dom ug, and

e For each j € N such that Ii has a nonempty interior inth, we have, for all
st T
te 1ntI¢,
((ls(tvj)auCQ(t:j)) € Cu1

and, for almost all t € Ié;,

d

%Qﬁ(tvj) = F(¢(t7])’ (KCI(QS(taj))’UCQ(tvj)))
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e For all (t,j) € dom ¢ such that (t,j + 1) € dom ¢,

(¢(t7j)qu2(tvj)) € Dnl
¢(t7j + 1) = G(Qﬁ(t,j), (KDl(QZ)(uj))’uDQ(t’j)))

A solution pair (¢, ug) is a compact solution if ¢ is a compact hybrid arc; see Definition

222

We denote by S’Hm (M) the set of solution pairs (¢, us) to Hyi as in |' such that
$(0,0) € M, and by Sy, , (M) C Sy, (M) the set of all maximal solution from M. We
refer to the input action resulting from the composition of a feedback law k1 € K1 and

a solution ¢ as a feedback control action.

7.1 Input-to-State Stability for Hybrid Systems with Dis-

turbances

Given a feedback law k1 € K1, we are interested in studying conditions to guarantee
the stability of a closed set A C R™ with respect to H,, as in (|7.2)) under the presence

of a disturbance us = (ucg,up2) , in the following sense.

Definition 7.1.1. (Input-to-State pre-Stability with respect to disturbances) Given a
compact set A C R"™ nand a feedback law k1 € K1, the system H,, in is input-to-
state pre-stable (ISpS) with respect to the disturbance uy and the set A if there exist
B € KL and o € K such that, for each £ € R", each (¢, u2) € Sy,., (§) satisfies, for each
(t,j) € dom ¢,

9(t,7)]. < max {B(IE]ast + ), (Jluall,) (7.3)

Definition is essentially the definition of ISS in [56] for the case of disturbances
where the distance to A is employed as the proper indicator for A oand maximal so-
lutions are not required to be complete. This subsumes the standard notion of ISS for

continuous-time and discrete-time systems.

Definition 7.1.2. (ISpS Lyapunov function candidate) Given a compact set A C R™n,
a feedback law k1 € K1, and a hybrid system H,1 as in with disturbance uy =
(uce,ups2), the function V : dom V' — R defines an ISpS-Lyapunov function (ISpS-LF')
candidate for H,; with respect to A if the following conditions hold:
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1. H(C,il) U H(D,ﬂ) U G(D) CdomV ;

2. V is continuous and, on an open set containing I1(Cl1), locally Lipschitz ;

3. there exist oy, a9 € K such that aq(|x]4) < V(x) < ag(|x|a) for all x € TI(Cy1) U
I(Dy1).

The following theorem establishes the connection between the existence of a Lya-

punov function and input-to-state stability.

Theorem 7.1.3. (ISpS under a Lyapunov function candidate) Given a compact set
A C R", a feedback law k1 € K1, and a hybrid system H,1 = (Cx1, F, Dx1,G) as in

(7.2), satisfying Assumption with disturbance us = (uge,ups2), suppose there
exists an ISpS-Lyapunov function candidate V : domV — Rxq for H,1 with respect to

A such that

|z[4 > p(Jucel), (z,uc2) € Ca
= (VV(2), F(z, (kc1(z), uc2))) < —ac(|z|a)

(7.4a)

’$|A > p(|UD2|), (xquQ) € D1

= V(G(z, (kp1(x),up2))) — V(x) < —ap(|z|a)
where p € Ko and ac,ap € K. Then, the system H,1 is ISpS with respect to the

(7.4b)

disturbance us and the set A for some € KL and o = al_l o g0 p.

Proof. The proof is developed following the arguments of [56, Proposition 2.7] and [53,
Lemma 2.1]. Pick £ € R”, and a solution pair (¢,us) € Sy,,(§). Consider the set
S:={n € I(Cx1) UII(Dy1) : V(n) < a2 0 p(fluzfl4)}-

Notice that S is compact and contains A4 and that any £ ¢ S satisfies ao(|£]4) >
V(§) > az 0 p(|luzlly) and hence satisfies [§].4 > p(][uz]l4)-

Claim 1 (Forward invariance of S): If there exists some (¢,j) € dom¢ such that
o(t,j) € S, then ¢(t',5) € S for all t/ + j' >t + j.

Proof of Claim 1: Proceeding by contradiction, suppose that ¢ leaves the set S. The

following cases are possible:

e The state trajectory ¢ leaves S after a jump, that is, ¢(¢,7) € S and ¢(t,j+1) ¢ S.
This implies V(¢(t, j)) < azop(|uzlly) < V(¢(t,j+1)). Then, from (8.8b) we have

that if [¢(t,7)]a4 = p([uzll4), then V(o(t, 7 +1)) < V(¢(t,5)) — an(|¢(t, 5)la) <
V(¢(t,7)), which implies that ¢(t,j + 1) € S.
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e The state trajectory ¢ leaves the set S by flow: there exist (7, k), (7', k) € dom ¢
such that V(¢(t,j)) < az o p([luzly) for all (t,j) € dom¢, t +j < 7+ k, and
¢(t, k) € TI(Cky) for all (t, k) € dom¢, 7 < t < 7'. Using continuous differentia-
bility of V' and absolute continuity of ¢ — ¢(t, k) on [r,7'], t — V(¢(t, k)) is also
absolutely continuous on |7, 7] and, via integration, satisfies

/

V(e(r' k) = V(g(7. k)) = /T (VV(o(t k), o(t, k))dt (7.5)

Since V(¢(t,k)) > az o p([luzlly) for all t € (1, 7] and V(¢(7, k)) = az o p(||luzlly),
the expression in is positive. On the other hand, since ¢((7,7'], k) C II(Cjx1),
(8-84) implies that (VV(4(t,k)), Fa(o(t, k), uca(t, k))) < —ac(|o(t, k)|a) for al-

most all ¢ € (7,7). Hence, via integration again, the expression in is less

than or equal to zero.

Since a contradiction is reached in both cases, the result is established.

a

Proof of Theorem (Continued). Now let (t*,j*) € dom(¢,u2) be such that
t"+j* =inf{t +j > 0: ¢(t,j) € S} < oco. Then, it follows from the above argument
that

V(g(t, ) < az o p([luzll,) (7.6)

for all (t,j) € dom(¢,uz) such that t + 5 > t* + j*.

For all (¢,7) € dom(¢,uz) such that ¢t + j < t* + j*, &(t,j) ¢ S, which implies
that |¢(Z,j)[4 > p(|luzll). Consequently, for each j € N such that Ig) has a nonempty
interior intlé and such that ¢t + j < t* + j*, we have, for all t € in‘clgS

LfV(gb(t,j)) —+ qu2v(¢(t7j))u02(t7j) < _aC'(‘gb(t?j)‘.A)

and for all (¢,j) € dom(¢, us) such that (¢,7 + 1) € dom(¢p,uz) and ¢t + j < t* + 5%, we
have

V(G(¢(taj)qu2(t7j))) - V(¢(t7])) < _aD(|¢(t7j)|A)‘

Thanks to the hybrid comparison principle in [56, Lemma C.1], there exists 8 € KL
such that

V(o(t, 7)) < BV(E),t+ ) V(t,j) € dom(g,up) : t+j <t"+5°  (7.7)
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Combining ([7.6)) and ((7.7)), we conclude that
6(t,7)].a < masx {B(I€l.a,t + ), o 0 az0p (Jualley ) |

for all (t,7) € dom(¢, uz). O

7.2 Problem Statement

Consider the system H in , with control input w; assigned to a feedback law
k1 = (K1c,k1p) € K1, and the disturbance input us € Us. Given a set A, we say
‘H is input-to-state controlled pre-stable when the closed-loop system resulting from
assigning uy to k1 is input-to-state pre-stable with respect to disturbances and A.

In this chapter, we address the problem of designing the feedback law k1 that not
only renders H input-to-state controlled pre-stable with respect to A but also solves
a zero-sum hybrid game. Specifically, we seek the existence of 8 € KL and ¢ € K
such that every (¢,u) € Sy (II(C) UII(D)) with input u; defined as dom¢ > (¢, j) —
ui(t,j) = r1(o(t, j)) satisfies for all (¢,7) € dom¢. This objective is attained by
considering the closed-loop system 7,1 resulting from assigning the input u; of H to

k1 and solving the following problem.

Problem 7.2.1. (Inverse-optimal ISpS) Given a compact set A C R", design a feed-
back law k1 € K1 that renders the system H,1 input-to-state pre-stable with respect to
the disturbance us and the set A. In addition, determine the cost functional that kq

minimizes under the worst-case disturbance us.

Remark 7.2.2. (Relation to the literature) A version of Problem was solved
in |82] for continuous-time systems without constraints, i.e., the case in which H =

(R™, F,0,%) and A = {0}.

7.3 Input-to-Sate Stabilizability

In this section, we address the first part of Problem by using control Lyapunov
functions as a synthesis tool to stabilize a hybrid system. First, we introduce definitions
and preliminary results on control Lyapunov functions for hybrid systems with distur-

bances. We say that a system H as in ([7.1]) is input-to-state pre-stabilizable with respect
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to a set A if there exists a control feedback law k1 such that the resulting closed-loop

system of assigning u; to k1 is ISpS with respect to the disturbance us and the set A.

7.3.1 Input-to-State Stability Control Lyapunov Functions

Definition 7.3.1. (ISpS-CLF with respect to disturbances) Given a system H =
(C,F,D,QG) as in and a compact set A C R™, an ISpS-LF candidate V is an
ISpS-control Lyapunov function (ISpS-CLF) for H with respect to disturbance us and
A if V is continuously differentiable on an open neighborhood of II(C') and there exist
p,ac,ap € K such that

|z|4 > p(luczl), (z,ucz) € My, (O)

= inf  (VV(2), F(z,uc)) < —ac(|z]4)

uc1€¥c(z,uca)

(7.8a)

|4 = plup2l); (2, up2) € lup, (D)

= inf V(G(z,up)) — V(z) < —ap(|z|a)

up1€Yp(z,up2)
(7.8b)
where I, , (x) = {(x, ux2) : Fx1 S.b. (2, (us1, ux2)) € *}, and U, (z, us2) = {ux € R :
(x, (ux1, ux2)) € x} for x € {C, D}.

Theorem 7.3.2. (Characterization of ISpS [56, Thm. 3.1]) Consider a compact set
A C R" and asystemH = (C, F,D,G) as in . Suppose that F' is convex-valued with
respect to disturbances on C'. The hybrid system H is input-to-state pre-stabilizable
with respect to A if and only if there exists an ISpS-CLF for H with respect to the

disturbance us and A.

The following results are used to establish a connection between the existence of an

ISpS-CLF and a feedback law that input-to-state pre-stabilizes the system.

Assumption 7.3.3. Given a system H = (C,F,D,G) as in (7.1) and a function
V : R® — R, suppose there exist functions YA/Ll : R™ — R™D1 and VLQ : R® — R™D2
such that for all (x,up) € D,

V (G(z,up)) =V (9(z) + gur(x)up1 + guz2(z)up2) 7.9)

= V(g(x)) + Vi (x)upr + Via(z)ups

90



Lemma 7.3.4. (Equivalent ISpS conditions) Under Assumption a pair (V, p)

satisfies (7.8a]) and ([7.8bl) if and only if

Ly, V(z)=0,2 € II(C) = wc(z) <0

where
wo(x) = LV (z) + ac(|z|a) + Ly, V(@)lp™ (|2]4)
and
Vii(z) =0,z € II(D) = wp(z) <0
where

wp(x) = V(g(@)) = V(@) + ap(|z]a) + [Via(z)|p~ (|2])

The proof follows similar arguments as in [82, Lemma 2.1].
Proof. (<) By Definition if Ly, V(x) =0, then

|x’A > p(‘uCQ‘)a (xqu2) € HUCl (C)

= LyV(z) + Ly, V(z)uce < —ac(|r|a)

Now consider the particular input uce defined by the feedback law

Koo (x) = mp_l(|$’“4) if Ly,V(z)#0

0 if Ljp,V(z)=0

(7.10a)

(7.10b)

(7.11a)

(7.11b)

(7.12)

(7.13)

for all z € II(C). Note that if uce = ke2(z), then p(lucz|) < |z|a. Therefore,
substituting (7.13]) in (7.12), we have that if Ly, V(z) = 0 and x € II(C), when uco =

Kkca(x),
LyV(2) + Ly, V(@)p~ (J2]4) < —ac(|z|a)

that is, ((7.10) is satisfied.

(7.14)

In addition, by Definition and thanks to Assumption if Vz1(z) = 0, then

|z]4 > p(lup2|), (,up2) € yp, (D)

= V(g(z)) + Via(z)ups — V(2) < —ap(|z|a) (7.15)
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Now consider the particular input upo defined by the feedback law

Via(e) zla) if Vie(w
rpa(a) = 4 [Va(@)]” (el () 70 (7.16)
0 if Vig(z)=0

for all z € TI(D). Note that if ups = kpa(z), then p(lups|) < |z|4. Substituting
(7.16) in (7.15]), we have that if YA/Ll(a:) =0 and z € II(D), when ups = kpa(x),

V(g(@) + [Via(@)|p~" (|oa) = V(2) < —ap(|z]a) (7.17)

that is, (7.11)) is satisfied.
(=) 1 Jola = p(lucs), (@, tcz) € Ty, (C), using (1), we have
inf  {L;V(x)+ Ly, V(x)uct + Ly, V(z)uca}
’LLCle\Ifc(x,ucg)

< inf o {LeV(x) + Ly, V(z)uer + [ Ly, V(@) luca|}

T uc1€¥c(zuce)

< nf  {LV(x) + Ly, V@)ucr + | Ly, V(@)™ (Jo]4)}

- uc1€\I/c(:E,uc2)
< —ac(lz]a)
In addition, if |x|4 > p(lup2]), (z,up2) € IL,,,, (D), using (7.11]), we have
inf  {V(g()) + Via(w)upr + Via(w)upa}
up1€¥p(z,up2)

< imf {V(g(@) + Vi(@)upi + |Via(2)|[ups|}

T up1€¥p(z,up2)

< inf {V(g(@) + Vi (@)upr + [Via(@) o~ (Jz]4)}

T up1€¥p(z,up2)

< —ap(|z]a)

O

Theorem 7.3.5. (ISpS CLF Sontag-like formula) Under Assumption if there
exists a ISpS-CLF with respect to disturbance us and A, the system H = (C, F, D, Q)
in is input-to-state pre-stabilizable using the following Sontag-type control law, in
which we assign the input ucy to

(7.18a)

’%SCl(x) — qu1V($)Kscl($) if qul‘/(gj) #8

0, if Ly, V(z)=
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where

—weo() = \Jwg(x) + | Lg, V(x)
Koo (3) = — ‘\éfcv(x)‘Q ! (7.18D)

and we assign the input upy to

RSD1($) — {VLI ($)HSD1(:U) lf YL1 (‘T) 7& 0 (719&)
0 if VL1 (:C) =0
where
—wp(x) — \/w3(x Vii(z)4
R V(@) + Vi) 710

Vir ()2
with we(x) and wp(x) defined in (7.10b)) and (7.11b)), respectively.

Proof. We substitute ([7.18) and ([7.19) into H to obtain the closed-loop system H,; =
(Cx1, Fy Dy1,G) as in ([7.2)). Then, for each (z,uc2) € Ck1, we have

o if quIV(.%') = 0,
(VV(2), F(z, (Fsc1(T), uc2)))
= LfV(LL’) + LfUQV(w)ucg
= wo(z) —ac(lzla) = Ly, V(@) |p~ ' (|2]4) + Ly, V(z)uc:

< —ac(jzla) + | Ly, V(@) (Jucz| = p~*(|2].4))

and if |z|4 > p(lucz]), we have

(VV (), F(a, (Rsci(2).uca))) < —ac(|al 1)
o if Ly, V(x)#0,
(VV(2), F(a, (Rsci(2), ucs)))
= L;V () —wele) — \/w(@) + | Ls, V@) + Ly, V(@)ucs

< —ac(|zla) = [LsoV(@)lp™ (J2]) + Ly, V(2)ucs

< —ac(lzla) + Ly, V(@) (Jucz| = p~ (|2]4))

and if |x|4 > p(Jucz|), we have
(VV(2), F(z, (Fsc1(2),uc2))) < —ac(|z|a).
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For each (z,up2) € Dy1, we obtain
o if Vii(z) =0,

V(G(z, (Fspi(x),up2))) =V ()

V(g(2) + guz(z)up2) — V(x)

V(g(x)) + Via(a)ups — V(x)

wp(z) — ap(|za) = [Via(@)p~ (|2].4) + Via(2)ups

< —ap(|zla) + Via(@)|(lupz| — p~ 1 (Jz]4))

and if |x|4 > p(Jupz|), we have
V(G(z, (Rspi1(z),up2)))—V(z) < —ap(|z]a)
o if Vii(z) #0,
V(G(z, (Rsp1(x)up2))) — V(z)
=V (g(x) + gu1(z)Rsp + guz(x)up2) — V()
<V(g(z)) — WD(JT)—\/WZD(QU) + |‘7L1(95)|4 + ‘7L2(5U)UD2 —V(z)

< —ap(|zla) = [Via(2)|p (|2].4) + Via(x)upe

< —ap(|z|4) + [Via(@)|(Jupz| = p~ (|2]4))

and if x| 4 > p(Jupz|), we have
V(G(z, (Fsp1(z),up2))) — V(z) < —ap(|z|a).

Finally, we invoke Theorem to establish input-to-state pre-stability of H,1 with
respect to the disturbance us and the set A. ]

7.3.2 Input-to-State Stabilizing QP Control

We endow a system H with an input-to-state-stability property by solving a quadratic
program (QP) in terms of an ISpS control Lyapunov function V.

The definitions of ISS and of a Lyapunov function candidate for the closed-loop
system H,; as in (7.2 follow from Definitions and respectively. The result
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to guarantee that H,1 is ISpS with respect to the disturbance us and A given a Lyapunov
function follows from Theorem
Given a function a¢, we define we as in for all z € II(C), and the following
QP:
rotorl) = signin P (720)
subject to Ly, V(z)v < —we(x)
Since the cost function and constraint defining are both convex and continuously
differentiable with respect to the decision variable v, is a convex optimization
problem, and the Karush-Kuhn-Tucker (KKT) conditions [83, Sec. 5.5.3] provide nec-
essary and Sufﬁcientﬂ conditions for optimality. In particular, for an optimal solution

I(C) 3 x = Ko1gp(z) to (7.20), there exists 0% : TI(C) — R>g such that

2kc1gp () + 0% (2) Ly, V(7) =0, (7.21)
0*(x) (Ly,,V(x)kc1op (x) +we(w)) =0, (7.22)
L, V(x)kcigp (2) < —wo(@), (7.23)

We consider the following two cases:

o If, for x € TI(C'), we have that the constraint is not active, namely
qulv(x)HCqQP(x) < —wc(x)

then, from (7.22) it follows that 6*(x) = 0; thus, from (7.21) we have that

Kcigp(T) = 0.
e If, for x € TI(C'), we have that the constraint is binding, that is,
Ly, V(x)ko1gp () = —we(z)
then, from — we have that

21 qu1v(x)T K‘ClQP(x) B 0

Ly, V(2) 0 0" () —we(x)

LAn additional constraint qualification is necessary for the KKT conditions to be necessary and
sufficient conditions for optimality. One such condition is Slater’s Condition [83, Sec. 5.2.3], which for
(7.20) always holds as it is feasible for all « € II(C), because it is a convex program with a single affine
constraint.
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and using block matrix inversion, it follows

KCigp (1‘) = ’walo((i,)PqulV(m)
. wo(r)
7 = S, VP

Thus, by combining the two caseﬂ , the closed-form solution to ([7.20)) is given by

_max{0,wo(@)} g, WLy V(e)#0
ﬁleP(x) _ |qu1 ( )|2 ful ( ) ful ( )7é (7‘24)

0 if Ly, V(x) =0.

Similarly, given a function ap € K, under Assumption [7.3.3] we define wp as in
(7.11b)) for all x € TI(D), and introduce the following QP:
KD1op(7) = argmin v|?
veR™ DL (7.25)

subject to  Vii(z)v < —wp(x)

where the KKT conditions allow to express the solution explicitly as

— —manO,wD(x)}‘/} T if Vii(z) #0
k1o (&) = e nle) 7 (7.26)
0 if ‘7L1 (1‘) =0.

With the QP ISpS feedback control law with components as in and - we
establish the following result.

Theorem 7.3.6. (ISpS control via QP CLF) Consider a hybrid system H = (C, F, D, G)
as in , a compact set A C R", suppose there exist p € K and an ISpS-CLF V for
‘H with respect to the disturbance uo and A such that Assumption holds. The
feedback law k1 = (KC1gp;KD1gp), With ko1, as in and Kpi,p as in ,
renders the resulting closed-loop system H,1 = (Cy1, F, Dy1,G) as in ISpS with

respect to the disturbance us and A.

“Notice that when the constraint in (7.20) is not active for each z € TI(C), namely
L, V(z)kcigp (r) < —we(x), we have that ko1, (x) = 0. Thus, from (7.23) it follows that we(z) < 0.
When the constraint is active, it must follow that wc(z) > 0.
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Proof. For each (x,ucs) € Cy1, we have

(VV(2), F(z, (kc1op (7), uc2)))
=LyV(z) + Ly, V(z)uce — max{0,wc(x)}
= wo () = ac(lza)=|Ls, V(@)|p (J2]4) + Lp,, V(2)ucs — max{0,we (2)}
< min{we(),0} — ac(|za) + |Ls, V(@) (Juca| — o7 (J2]4))
< —ac(|zla) + [Ls, V(@) (Juca| — p~H(|2]4))

and if |x|4 > p(Jucz|), it follows that

(VV(2), F(z, (ko19p (7), uc2))) < —ac(|z|a). (7.27)

Similarly, for each (z,up2) € Dy1, we obtain

V(G(x, (kD1gp (), uDg)) —V(x)
=V (g(z)) — max{0,wp(x)} + ‘7L2(37)UD2 —V(x)
= wp(@) — ap(|z]a) = [Via(@)|p™" (|2].4) — max{0,wp (2)} + Via(z)ups
< min{wp(z),0} — ap(|z|a) + [Via(2)|(lup2| — p~1(|z]4))

< —ap(|z|a) + IVL2($)|(\UD2| - P_1(|93|A))

and if |x|4 > p(Jupz|), then

V(G(z, (kD1gp(7), up2))) = V(2) < —ap(|z]a) (7.28)

FinallyEL we invoke Theorem to establish input-to-state pre-stability of H,; with
respect to the disturbance us and the set A. ]

Remark 7.3.7. (Noncompleteness of solutions under QP control) Notice that the
optimization in ([7.20)) and ([7.25) is carried over R™¢1 and R™P1, respectively, instead of
over the constrain sets ¥, x € {C, D}, as in Definition|7.3.1. This allows to compute the

closed-form feedback law k1 = (Kc1op, KD1gp) Which may potentially lead to maximal

solution to H.y that are not complete. The “pre” term in the results accounts for this

trade-off.

3The cases where Ly, V(z) = 0 for each z € TI(C) and VLl(az) = 0 for each z € II(D) follow the
approach in the proof of Theorem
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The following example illustrates the control synthesis to input-to-state pre-stabilize
a compact set for a one-dimensional linear hybrid system using QPs, as in ([7.20) and
(7.25]).

Example 7.3.8. (()Linear hybrid system) Consider the set A = {0} and a system with
state x € R, inputs uc = (uc1,uc2) € R? and up = (upy,ups) € R?, and dynamics H

as in ([7.1]) described by

& = ax + Buc x € [, 0]
(7.29)
" =0+ Pup T= U

where a < 0, B = [bl b2}, P = [pl p2}, (bi,p1) # (0,0), and § > p > o > 0. Let
V(x) = nz, for a given n > 0. To show that V is a ISpS-LF candidate as in Definition
notice that: i) [u,6] U {o + Pup} C R for all up € R?, ii) V is continuous and
locally Lipschitz (with constant n) on (u— 1,6 + 1), and iii) 22 < V(z) < 2nz. Then,
V is an ISpS Lyapunov function candidate for H with respect to A.

Additionally, consider p(r) = au(r) = r for x € {C, D}. From ([7.10b)) and (7.11b]),

we have that
we(w) =z (1+n(a+ [b2]))
wp(x) =n(o —z) + z(1 +nlp2|)

Then, the pointwise minimum norm state-feedback law is given by

max{0,wc(x)} max{0,wp(x) )

)

k1(z) = (ko1yp (), kD1, p (X)) = —
(8) = (Kergp (@) Kp1gp(a) = = (22 b
As a result, the closed-loop system H,, resulting from assigning the control input u
to k1 is described by

max{0, wc(x)}

a‘c:aa:—T—i—bgucg x € [, 0]
(7.30)
max{0,wp(x
£C+:U—{77D()}+p2UD2 T=p
Notice that, for all (z,uc2) € [1, 0] x R, we get

~ max{0,we(z)}

<VV(37),ax p

+ b2u02> = nax — max{0,z (1 + n(a + |ba|))} + nboucs

< min{0, 2 (1 +n(a + [b2]))} — = + n|ba|(juce|—z)

< -z if x> |ucs]
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Similarly, for all (z,ups) € {u} x R, it follows that

V<a _ max{0.wp(@)} pguD2> —V(x)

= —max{0,n(c — z) + x(1 +n|p2|)} + (o — x) + npaup,
< min{0,n(c — z) + x(1 + np2|)} — = + n|p2|(jupz| — )

< -z if x > |upa|

Therefore, invoking Theorem [7.1.3| we conclude that the closed-loop system H,1 is ISpS
with respect to the disturbance us and the set A = {0}. Notice that the “pre” term
accounts for solutions that jump from p outside of [y, d].

Theorem 7.3.9. (Half Sontag) Consider a hybrid system H = (C,F,D,G) as in
, a closed set A C R"™, suppose there exist p € K and an ISpS-CLF' V' for ‘H with
respect to disturbances and A such that Assumption holds. The feedback law
k= %(Rgm, Rsp1), with kgc as in and Kgpi as in , renders the resulting
closed-loop system H,1 as in ISpS with respect to disturbances and A. In addition,
for all z € II(C), the feedback law Lfgcq is the pointwise minimizer of

argmin  |v|?
veRme . (7.31)
subject to Ly, V(z)v < §|qu1V(:L‘)|2/€501(IL‘)

Similarly, for all x € II(D), the feedback law %Rspl is the pointwise minimizer of

argmin  |v|?
vER™D1
.32
. i L (7.32)
subject to  Vii(z)v < §’VL1 ()|“kspi(x)

Proof. To show that II(C) > x — JRsc1(z) as in (7.18) is the pointwise minimizer of
(7.31)) Karush-Kuhn-Tucker (KKT) conditions [83, Sec. 5.5.3] provide necessary and

sufficient conditions for optimality. Namely, it is sufficient to show that there exists

some 07, : II(C) — R>q such that

Ksci (.CC) + eé(aj)LfMV(x) =0, (7.33)
00(x) Ly, V(2)Rscr(x) = 05 ()| Ly, V(2)rscr (), (7.34)
Ly, V(@)ksci(x) < Ly, V(@)[rscr(x). (7.35)
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Using ((7.37)), it readily follows that (7.34]) and (7.35] hold, and it can easily be shown
that (7.33)) are satisfied under

—nsm(az) if LfMV(JJ) 750

05 (x) ==
¢ po,  if Ly, V(z)=0

(7.36)

where pc > 0 is any arbitrary value. A similar approach can be used to show that

%fis p1 as in ([7.19) is the pointwise minimizer of ([7.32) with

Gp(a) = {01 AL V@) £0 (7.37)

PD, if VLl(l‘) =0

where pp > 0 is any arbitrary value. = The resulting closed-loop system H,; with

feedback law k1 = %(%501, Rsp1) satisfies, for all (z,ucse) € Cy1

<VV(x),F (x <;g501 (x),um)) >

= LV (@) — gwe(e) - 5\ fwd () + 1L, V@)l + L,V (e
< SV (@) — ac(lel) ~ 1LpV@lo™ (17]0) — 5 y/wb(@) + L, Vi)

+ LfUQV(.%')UCQ
=5 LV (@) + ac(lel) + 1Lp,V @)™ (210) + L,V (@uca — ac (L)
V@™ fel) — 5 y/Ba) + |, V(@)
welw) — 51Jwd (@) + L5, V(@) = ac(lzla)
LV @™ fel) + L,V (@) e

< —5 (~wol@) + ok (@) + 1L V@) ~ ac(lela) + |Lg,V @) (ucal — o~ (210)

<

N | =

Given that we(z) < \/u%(a:) + |Ly,, V(z)|* because of (7.10a), for |z|4 > p(juca|) we

- <vv,F (o (3ser(onuen ) > < ~ac(ll) (7.39)
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For each (z,up2) € Dy

V(G(m, (%RSD1($),UD2>)) —V(x)

—V(9(2) + 2gu1(@)isp + gua(@)upa) — V()

2
= V(g(@) — 50p()~5y/wh(@) + [T @] + Tia@ups - V()
<2 V(@) ~ ap(lela) ~ [Tra(a) o™ (21.0)
— SVB@) + Tua@t + Tia@hus — 5V ()
< (Vo) = V(@) + an(lala) + [Taa(a)lp™ (r]0)

- %V wh(@) + Vi (@)[* = ap(|2].) = [Via(@)p™" (|2].4) + [Via ()| |ups|
1

= — 5 (~wp@) + /W) + V@) - an(lela) + [Pra(@)l(upal — o~ (121.0)

Given that wp(z) < \/w%(a:) + |V (2)[* because of (7.11a), for |z|4 > p(lups|) we

have

1.
Vv <G <x, (2/13D1(37),u[)2)>> —V(z) < —ap(|z|a) (7.39)
Finallyﬂ7 with ([7.38) and (7.39)) we invoke Theorem to establish input-to-state

pre-stability of H,; with respect to the disturbance us and the set A.
O

7.4 Inverse-Optimal Stabilizing Control

Since the control input u; assigned to a feedback law aims to stabilize H to A but the
disturbance uy seeks to prevent it, we formulate a zero-sum hybrid game that captures
such setting. For this game, we study the following inverse optimality problem: given
a control law k1 that input-to-state pre-stabilizes H with respect to the disturbance usg
and the set A, we determine the cost functional that renders the feedback control action
k1 optimal.

For starters, following Chapter 3, we formulate a zero-sum hybrid game. Given
¢ € II(C)UTL(D), an input action u = (u1,u2) = ((uc1,up1), (uc2, up2)) € U, the stage

cost for flows Lo : R™ x R™¢ — R, the stage cost for jumps Lp : R" x R™P — R,

“The cases where Ly, V(z) = 0 for each z € II(C) and Vii(z) = 0 for each z € II(D) follow the
approach in the proof of Theorem
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and the terminal cost ¢ : R™ — R, we define the cost associated to the solution (¢, u)

to H from &, as

sup; dom ¢ e sup; dom ¢—1
]+1 . . . .
j(é’u) = Z / LC(¢(tvj)7uC(t7]))dt+ Z LD(¢(tj+1,j),UD(tj+1,]))
§=0 t §=0
+ limsup  g(6(t,5) (7.40)
(t,j)—sup dom ¢
(t,j)edome
where tsup, dom g1 = SUP; dom ¢ defines the upper limit of the last integral, and
. dom
{t; }jipoj s a nondecreasing sequence associated to the definition of the hybrid time

domain of ¢; see Definition The terminal cost in ((7.40) is evaluated at the final

value of the state trajectory ¢ via the third term therein.

Given ¢ € TI(C)UTI(D) and k1 € K1, we consider the following optimization problem

minimize maximize J (&, u) (7.41)
u’lj:(uhuz)EZlQ

Definition 7.4.1. (Value function) Given & € II(C) UII(D) and k1 € K1, the value

function at & is given by

J*(€) := minmax J(& u) (7.42)

ul u2
u=(u1,u2) €U

7.4.1 Inverse Optimal Non-QP Control

The problem of designing a feedback law kq using a Lyapunov function to stabilize
a system H under disturbances can be addressed by solving a QP as in Section [7.3.2]
This approach is myopic [63] because it may sacrifice future performance to guarantee
a desired behavior in the present time. To compensate for this, following the ideas
in [63], in this section we propose a non-QP version of the ISpS control design via

inverse optimality. Specifically, the cost associated to the solution (¢, u) to H from & is

in ([7.40|) with

u
Lo(z,ue) := Lic(z) + Lac(z)uct + ulqy Ro(x)ucy — A7(| §2|> V(z,uc) € C
(7.43a)
u
LD(:L',’U,D) = LlD({L‘) + LQD(x)uDl + uglRD(x)upl — /\7<§\2|> V(J},’U,D) eD
(7.43b)
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q(z) =V (x) Ve e II(C) UTI(D) (7.43c¢)
where 7 € Ko and A € (0,1]. The inverse optimality approach allows us to design the
optimal feedback law k1, the stage costs Li¢, L1p, and the matrix functions Ro and
Rp in .

Definition 7.4.2. ( |63, Lemma A.1]) For a class Ko function v whose derivative

exists and is also a class K, function, the Legendre—Fenchel transform is defined as

() =r(y)7Hr) =1 ((Y)7Hr) Ve 20 (7.44)
where (7/)~1(r) stands for the inverse function of d’yiT) .

Theorem 7.4.3. (Non-QP ISpS Control) Consider the hybrid system H = (C, F, D, G)
as in and a compact set A C R"™, suppose there exist p € K, and an ISpS-CLF' V
for H with respect to disturbances and A. In addition, suppose there exist functions
Vi : R — R™D1 Vg : R? — R™MD2 and ‘7@ : R™ — STP such that for all (z,up) € D,

V (G(z,up)) :V<g(33) + gu1(x)upr + M(x)“m) (7.45)

<V(g(x)) + Via(z)upr + upy Vo (x)ups + Via()ups,
and there exist functions Rc : II(C) — SU§* and Rp : II(D) — ST, and functions
Loc : II(C) — R™2 and Lop : II(D) — R™P2 such that for the resulting closed-
loop system H,1 = (Cx1, F, D1, G) as in from assigning u, to the feedback law
k1 = (kc1,Kp1), with values
1

kep(x) = —§R61 ()(Lac(z) + Ly,, V(x)) (7.46)
wpn(x) = 3 (R (@) + V(@) (Lan () + Via (=) (7.47)

the following holds
LiV(@) + L, V(@)ker(2) + (1 Ly, V(@)) < —ac(lala) Ve € I(Ca)  (748)

V(g()) + Via (@)1 (z) + ko1 (2) Vo (@)kpi (2)
~ V(@) + 0(IVia(@)]) < —ap(ela) Ve €T(Dy)

where ac,ap € K, and v € K4 has a derivative that is also a class-K, function. Then,

(7.49)

for any ¢ € TI(C) UTI(D), k; solves the inverse optimal problem by minimizing the cost

J as in (7.40) with

Lic(x) = = (LyV () =k (2)Re(@)rer (x) + My (|Ly,, V(@) (7.50)
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and

Lip(x) = —(V(9(@)) = V(@) = 5y (@) (Rp (@) + Va(@))kp () + M3 (| Via(@)]) )
(7.51)

Proof. The feedback law k1 = (kc1, kp1) is obtained by solvingﬁ
0 = sup{Lc(z, (uct1,uc2)) + LV (x) + Ly, V(x)uc1} V(x,uce) € Uy, (C) (7.52)
uci
and

V(z) =sup{Lp(x, (upi,up2)) +V(G(x, (up1,up2)))} V(z,up2) € Il,,, (D) (7.53)

up1

Using (7.50) and (7.51)) in (7.43a) and (7.43b|), respectively, we express the cost J

associated to a solution (¢, u) asﬂ

sup; dom ¢

Jewn= 3 / (= LyV(6) + k() Re(@)kcn (6)
Jj=0 t

~ MA(|Ly, V() + Lac()uct + uby Re(d)ucr — M( ‘u?' ))dt

sup; dom ¢p—1

+ Y ( —V(9(6)) + V() + £1(8) (Rp(9) + Vo (8))kp1 (¢) — My (2 Via (z)])

§=0
U
+ Lap(¢)upr + upy Rp(d)upr — M(‘ fﬂ))
+ lim sup V(g(t, 7)) (7.54)
t+j—rsup; dom ¢+sup; dom ¢
(t.j)€dom¢
where {t; }SUPJ dom ¢ ; is a nondecreasing sequence associated to the definition of the hybrid

time domain of (¢, u), and ko1 and kpp are as in (7.46)) and (7.47)), respectively.

®See Remark
SFor ease of notation, where needed, we will drop the arguments of the pair (¢, u), which are (t, ),
unless they are specified.
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For each j € dom; ¢ notice that

/t (= LV(9) + (6 Be(0)rer(8) — AL g,V (@)) + Loc(6)ucy

J

+udy Re(d)uct — M( u§2|))dt

t]+1
/ LfV )+ Lg, V(o)ucr + qu2V(¢)uc2>dt
t

J

t1+1
/ — Loc(¢)uct — uby Re(d)uct — Ly, V(d)uct — H51(¢)Rc(¢)ﬂc1(¢)>dt
t

/J+1 < (| ) + )\gfy ‘quQ (¢)’) - quQV(qﬁ)u@)dt

j+1 tj+1
_ / dV )i+ / (udsRo(@ucr + rér (@) Re(@)ren (6)
tj t

J

+((Lac(9) + Ly, V(@) RGH(9)) Ro(@)ucn ) dt

- /t;jﬂ (A’y <|u§2|) — () ILs,, V()

AL, V(O (L V() - Lfﬂvw)u@)dt

by gy,
S AR

ti+1
+ /t (udsBe(@ucr + kb1 (@) Re(6)rer (9)—2r81 (9)Re(d)ucs ) dt

_ A/t‘j“ T(ucn, rea(6))dt
=~ (VO0lt1.) = V() + [ (er = rer(6) Re(@)(uer = ren (@)t
A /t %jH T(uca, kca(9))dt (7.55)

where

(z,u) v T(u, i(z)) := 7<M) — 7<‘H(/\$)’) + 7(’“&"3)’) D) ) —w) (7.56)

and
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In addition, for all (¢,j) € dom ¢ such that (¢, j + 1) € dom ¢, we havel

= V(gl6(t,9) + V(6(t.1)) + K51 () (Rb(®) + Va(@)kp1(6) = M (|Vea(9)])
+ Lop(@)ups +ufy Rp(@Jupr — ay(1122)
= —(V(9(6) + Ve (@)upi+upy Vo(6)upr = V(9) + Via(6)upz)
— (= £h1(S) (Rp(@) + Vo(9))kpn (¢)

— Lap(#)upr — Via(d)upr — uby (Rp(e) + ‘A/Q(cb))uDl)

|upa|

= (M () + A (V@) — Via(@)uns )

= —(V(G(6,up) = V(@#)) +  ubi(Ro(6) + Vo(#))up + Py (R(9) + Vo(é) wpr+
(Lan()+721(6))(Rp(#)+Va(#) ™ (Ro(6)+To(6))ups — AT (upz, £pa(9))
= —(V(G(6,up) = V() + (up1 — 51 (6)) T (Rp(6) + Va(6)) (up1 — 1(9))

— Al'(up2, kp2(¢)) (7.58)

where I' is defined as in ([7.56|) and

@~ kpa(z) = AY) N (|[Via(@)]) = (7.59)
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Thus, by replacing ((7.55]) and ([7.58]) in ((7.54]), we obtain
sup; dom ¢

Jew = Y (= (V6lti1,0) = V(. 9)

=0

* /ttm(um — kc1(9) T Ro(8) (uct — ke(9))dt

J

tj+1
—)\/ F(ucg,ncg(gb))dt)
tj

sup; dom ¢—1

_ Z (V(¢(tj+1,j +1)) = V(o(tjt+1,7))

j=0
— (up1 — £p1(8)) T (Rp(9) + Vo(e)) (up1 — £p1(9))
AT (ups, £p2(9)) )
+ lim sup V(o(t.5))
t+j—rsup, dom ¢+sup; dom ¢
(t,j)€dome

sup; dom ¢ ti1

—v©+ Y [ luer - ke (@) Re(@)uer — ke (@)
j=0 t

ti+1
— )\/ F(UCQ, ch(¢))dt+
2

sup; dom ¢—1

Y (upi = £1(8)(Rp(¢) + Vo(¢))(up1 — £p1(8)) — AT (up2, kp2(6))  (7.60)

j=0
Given that R (z) € ST* for all z € TI(C), and Rp(z), Vg(z) € STP* for all = € TI(D),
the cost J(&,u) is minimized under k1 = (kc1, kp1) and the value function is J*(§) =
V(§). Furthermore, since I'(u, x(x)) vanishes when u = k(z), and, for any other w, it is
positive (see Lemma , the second term in each sum in is maximized under
k2 = (Ko2, Kp2) with values as in and . O

Theorem 7.4.4. (Solvability of Inverse Optimal Problem) Consider the hybrid system
H=(C,F,D,G) as in and a compact set A C R". If there exists an ISpS CLF for
‘H with respect to the disturbance us and the set A satisfying Assumption and
7w, Tp € Koo such that

1Ly, V(2)| < me(lzla) Ve e TI(C) (7.61a)
Via(w)| < 7p(lzla) Va € T(D) (7.61b)
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then, there exist a class-Ks function v whose derivative +' is also a class-K, function,

matrix functions Rc : II(C') — SI§* and Rp : II(C) — SI§*, functions Lic : II(C') —

Rso, Lip : II(D) — R, and ¢ : II(C) UTI(D) — R, and a continuous feedback law
k1 that not only renders H input-to-state controlled pre-stable, but also minimizes the

cost functional J as in (7.40|) under the worst-case disturbance us.

Proof. From Definition and Theorem there exists p € K4 satisfying (7.8)),

and H is input-to-state pre-stabilizable with respect to the disturbance us and the set
A. In particular, from Theorem consider the feedback law &1 = %(/%501, Rsc2),
with values as in and , and the resulting closed-loop system Hz; with
disturbances. Then, for all x € II(Cjy),

Ly, a5 V(@) +ILaV@)lo (o) < —ac(lola).

u 2

Since p~! o ;' € Koo, there exists ¢ € Koo such that (' € Ko and
((r) <rptmgt(r)  Wr>0

Let us define: yo = £¢ as in Definition From [82, Lemma A1-2], it follows that
£0¢ = ¢, which implies that:

tel) <rp N (mgl () ¥r=0

Then, with (7.18)), we have

L V() + e (L, V(@)

ftfur =3¢

<L V() +|Ls,V (@)t omg! (ILg,V(2)]) -

S+ fuy 55E
< Lf+fu1RSTCV<m) + ‘quZV(x)’pil(yw‘A)
< —ac(|zla)
On the other hand, from ([7.39) for all = € II(D), it follows that
1+ - = _
V(9(2)) + 5V (@)isp(x) = V(@) + [Via(@)lp™ (|214) < —an(lzl.a)-

Since p~' o 7751 € Ko, there exists ¢ € K such that ¢’ € K and
¢(r) <rp~Hmp'(r))
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Let us define: vp = £( as in Definition From [82, Lemma A1-2], it follows that
£0¢ = ¢, which implies that:

typ(r) <rp~H(mp' ().
Then, with ((7.19)), we have

Vig(a)) + 5V (@sn(@) ~ Vi) + o ([Via(a)))
V(o)) + 3 Va(@)isn(@) = V(@) + [Vea(@lo™ o' (1Pia()])
< V(g()) + 5V (0)sn () — V() + [Trale)lp (12l

< —ap(|z]a)

Thus,

LyV(z)+ %qulV(x)/%sm(x) +0y(|Ly,, V(2)]) £ —ac(|z]a) Vo € II(Cx1)
(7.62)

Vig(a)) + 5V (@)sm (@) ~ V() + 6(Tia(e)]) < apllele) Ve € T(Dx)
(7.63)

with 7 := min{yc,vp}. In addition, notice that the control law %/%501 is of the
form ([7.46]) with Loc(x) = 0 for all z € II(Cz1) and

Ly Vi) if Ly, V(x) #0
Ro(a) i= { wol@) + \Jwd(2) + |Lp, V()[4
pC if Ly, V(x) =0.

where po > 0 is arbitrary, and %Fospl is of the form (7.47) with Lop(z) = 0 and
TA/Q(x) =0 for all € II(Dz1), and

H/}Ll(x)|2 - if ‘/}Ll(l') 7& 0
Rp(z) :={ wp(z) + \/w%(w) + Vi (2)[*
PD if ‘/}Ll(l‘) =0.

where pp > 0 is arbitrary. As a result, by Theorem for any & € II(C) UIL(D) the

feedback law k1 minimizes the cost J as in ((7.40) with stage costs (7.43)), (7.50)), and
([751). 0
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7.4.2 Inverse Optimal QP Filter

In this section, as a special case of section we provide a result with sufficient
conditions to solve Problem when the controller is expressed as the pointwise
solution to a QP.

Based on this, we consider the problem of finding the min-norm feedback law x1,,, =

(liolQP,/iplQP), with values as in (7.24) and (|7.26]), that input-to-state pre-stabilizes

the system with respect to the disturbance wus.

Given ¢ € TI(C) UTI(D), an input action u = (uc,up) € U, the stage cost for flows
Lo : R" x R™¢ — Ry, the stage cost for jumps Lp : R" x R™P — R>q, and the
terminal cost ¢ : R” — R, we define the cost associated to the solution (¢, u) to H from

&, as in ([7.40)) with

Le(w,ue) =Lic(a) + Ro@hiea® ~ (M) vaucyec (om)
Lp(z,up) :=Lip(x) + Rp(z)|upi|® — A’y( ]u§2| V(xz,up) € D (7.64b)
g(z) = V(z) Vaell(C)UTI(D) (7.64c)

We approach the optimization problem in (7.41)) as an inverse problem: we design
the optimal feedback law k1, and the stage costs Lic and Lip in ((7.64]).

Corollary 7.4.5. (QP Safety Filter) Consider the hybrid system H as in and a

compact set A C R™, suppose there exist p € K and a ISpS-CLF V' for ‘H with respect
to the disturbance us and A. Suppose there exist functions IA/Ll : R" — R™DP1 and
Vie : R — R™D2 guch that Assumption holds for all (x,up) € D, and for the
resulting closed-loop system H,1 = (Cu1, F,Dx1,G) as in from assigning uj to
the feedback law Klgp = (/{01QP,/$D1QP) with values as in and , where
Ro(x) = %% with we(z) as in and Rp(x) = %% with
wp(z) as in (7.11D)), the following holds

LiV(z) + Ly, V(x)kc1gp (€) + (| Ly, V(2)]) < —ac(lz|a) Vo € Cp (7.65)
V(g(x)) + Via(@)kp1gp(z) = V(@) + (v(2[Via(2)]) < ap(|z]a) Va € Dy
(7.66)
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for some ac,ap € K, and v € Ko, whose derivative /' is also a class K, function. Then,

Kigp Solves, for any £ € II(C) UTI(D), the inverse optimal problem by minimizing the

cost J in ([7.40|) with

Lnc(@) = —(LyV(@) — 2R3 (@)L V@) + AA(Lg,, V(@) (7.67)
and
Lin(e) = —(V(g(@)) ~ V(z) = 1B @ Tia@P + Ay(Tia(@)))  (7.68)

Proof. Following Theorem the feedback law k1, = (/<a01Q Py KD1g ») with values
as in ([7.24)) and ([7.26|) input-to-state pre-stabilizes the closed-loop system H,; with
respect to the disturbance us and A.

Thanks to (7.67) and ([7.68]), we denote the cost J associated to a solution (¢, u) to
H as in (7.1) as

sup; dom ¢

tj+1

= % L7 (- 2y @)+ gmas 000}

L, V(9)] u
— My(|Lp, V(9)]) + ;mfoﬁ) Lif)(;)} uci|? - Av(‘ §2|))dt

sup; dom ¢—1

£ (< V) + V() + 3 max {0.wn(0))

7=0
~ 1 ‘7L 2 up
2Tl + = O ) - o (221
+ lim sup V(p(t, 7)) (7.69)
(t.j)—sup, dom ¢+sup; dom ¢
(t,7)€dome

where {t; }supJ dome ;

time domain of (¢, u).

is a nondecreasing sequence associated to the definition of the hybrid
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For each j € dom; ¢ notice that

[ (- @) + g max (0,000} - (V@)

1 |Ls, V()P 2 |ucsl
+§max{0,wc(¢)}‘u01’ _)\7< A ))dt

tit1
_ _/t (LsV(9) + Ly V(O)ucr + Ly, V(@)ucs ) dt

tj+1 2
+/ <1 ’qulv(d)” |u01|2+qu1V(¢))u01 + ;maX{OawC(QZ))})dt
tj

2 max {0,wc(¢)}

i1
- / (A'V('ufﬂ) + Ay (Ly,, V(9)]) = qu2v(¢)U6‘2> dt
t

o [mav, b1 L V() 2
B _/t Ew(t’]))dt * /t <2 max {0, wc (o)} [uct = Fo1ge (9 )dt

J J

_ / (M('Uf') () MLV @))

AL V@) (L V(@) - wavw)um) at

ti+1 2
= (VOott.9) = Vol + [ (Gt O s = wesgn (@) )i

J

) /t T (ugm. rea (@)t (7.70)

i
where I' is defined as in (7.56)) and kcg as in (7.57)). In addition, for all (¢,j) € dom ¢
such that (t,7 + 1) € dom ¢, we have

~V(g(8)) + V(9) + 5 max (0,wp(8)} ~ Ax(Tia(8)])

1 |[Vi(e)P 5 lup2|
§max{0,wp(¢)}‘um’ _/\7< A )

= —(V(9(9)) + Via(@)up1 = V(6) + Via(@)un2)

(1 Vi (9)?
2max {0,wp ()}

o+ Pea(@upn + 3 mae{0.00(6)) )

~ (@) + 29 (22 — Py

R A
1 [Vi(e)f
2 max {0,wp (o)

= _(V(G(¢7U)) - V(¢)) =+ < }’um — HDlQP(¢)’2>

— Ml'(up2, kp2(¢)) (7.71)
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where I is defined as in ([7.56]) and kps as in ([7.59). Thus, substituting (|7.70]) and ([7.71))
in , we obtain

sup; dom ¢

gew= 3 (- (Vi) - Vo)

=0
bt (1 |Ly,, V(9))? 2
- 4 - dt
) (Smaiactay “ClQ”(@‘)
tjr1
—)\/ [(uce, ko2 (@ >
tj
sup; dom ¢—1 ~ 9
o o 1 [Vi(9)l )2
> (V061341 -V0(t11.90) ~ (5 st = k1 (9
+ AL'(up2, kp2(¢
+ limsup V(¢(t,)))
(t,j)—sup dom ¢
(t,j)€dome
sup; dom ¢

tj+1 2
=V()+ Z /t <1 ‘qulv(¢)‘ )} luct — K/ClQp(d))F — AT(uce, /{02((;5))) dt

= ; 2 max {0, wc (¢

sup,; dom ¢p— ~
j 1 % 9
+ ) <2 mal( f&fi&@} up1 — kD16 (6)]* = AL (up2, KD2(¢))) (7.72)

J=0

Given that max{0,w,(¢(t,7))} >0, (t,j) € dom ¢, for x € {C, D}, the cost J (&, u) is
minimized under £ = (K, k) = (KC1gps KD1gp) and the value function is J*(§) =
V(). =

Lemma 7.4.6. () Given a class K function v whose derivative exists and is also a

class Koo function, A > 0, and a feedback law k € K, define

(2,u) = T(u, k() = 7(@) - »y(”‘(;’”)') + 7’(‘“&”3)’);;8)'(}1(3;) —u) (7.73)

d
where (7')~1(r) stands for the inverse function of d—,y(r) Then
r

I(u,k(z)) >0  V(z,u) € domT (7.74)

and

I(u,k(z)) =0 iff u=r(x) (7.75)
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7.5 Applications & Examples

7.5.1 Inverse Optimal Non-QP Control for a Hybrid Oscillator

Consider the following oscillator with impacts with dynamics given by

.’tl T2 0 0
| = + uct + uce (z,uc) € C
T —Ce 1
H (7.76)
xf 1 0 1
= + up1 + up2  (w,up) € D
x; 0 1 0

where (¢ > 0, and

C = {(z,uc) ER* x R* : 7; >0}
D = {(:L‘,UD) eER?xR?:2; =0, z9 SO}

with u, = (us1, us2) € R2, for x € {C, D}. Now, let A= {(0,0)} C R? and consider the
energy function given by

V(z) = (ox1 + %x%
To show that V' is a ISpS-LF candidate as in Deﬁnition notice that: i) dom V = R
ii) V is continuous and locally Lipschitz on any open set containing x; > 0, and iii)
min {; (%)2,&} (%)} <V(z) < 3|lz2+(c|z| forallz € {z € R?: z; > 0}. Then, V
is an ISpS Lyapunov function candidate for H with respect to .A. In addition, consider

the feedback law k1 = (kc1, kp1) with Valuesﬂ

() = (rca (o). opn (2)) = — (12, 302+ o) )

and the corresponding closed-loop hybrid oscillator H,;. Since (7.48) and (7.49)) are

satisfied with ac(r) = ap(r) = r, and y(r) = r? for all r > 0, by invoking Theorem
[7.4.3] we have that k; solves the inverse optimal control problem with cost functional

as in (7.40) ] when us is assigned to sy with values as in (7.57) and (7.59).

"Notice that kc1 is of the form (7.46) with Rc(x) = 1 and Loc(x) = Ly,, V(x) = x2, and kp1 is of
the form (7.47) with Rp(z) = V() = 3, Lap(z) = 22 and Vi1 (z) = (c.
8Lc and Lp as in (7.64), with Lc1 and Lpy are as in (7.50) and (7.51)), respectively, and A = 0.81.
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Figure 7.1: Phase portrait for the hybrid oscillator. Initial condition £. Value function
(light blue) and cost of solution (blue-red) rendered by the saddle-point equilibrium
strategy, attaining the value evaluated at the initial condition, V'(§).

7.5.2 Inverse Optimal QP Control

Consider the linear hybrid system in Example with dynamics H described by

(7.29), the feedback law r1 = (KC14p; KD1gp) s in (7.30)), and the ISpS LF candidate
V(x) = nx, for a given n > 0. Let p = %77|b2|, |ba| > np3, and pick r +— (r) = r2. Then
it follows that, for all = € [u, d],

(V¥ (o), — Y g )
1
= az — max{0,2 (1+ na + b))} + Sl
1
— {0, (14 n(a + [ba]))} — 21+ nlbal) + Sl

1
< —a(1+ ulba]) + grPlbal’

< —x
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and ([7.65)) is satisfied. Likewise, for x = pu, we get

n(o —x) —max{0,n(c — x) + (1 + nlp2)} + Ly(nlp2|)

. 1
= min{0,n(0 — ) + (1 +nlpa))} — (1 + nlpal) + 77P3

Ly

< _ L 2
< 96+417p2

< -z

and ([7.66)) is also satisfied. Then, the feedback law k1 = (kc14p,£D1op) as in (7.30),
not only renders the closed-loop system H,1 ISpS with respect to the disturbance us
and the set A = {0}, but also, by Corollary minimizes the cost J as in ((7.40)
with

1 A R u? u?
L = — _ - N 272 1 C1 %2
C(x7 UC) <77a$ 2 maX{Ov CUC(I’)} + 477 b2> + 2 max{(),wc(x)} A

1 A ’pi  ui uj
I _ oy L A2 9 1 D1 _ D2
p(z,up) <7I(cr z) — 5 max{0,wp(z)} + 7 P2> = max{0,wp(z)} A

for some A\ € (0,1], under the maximizing disturbance uy, where the value function is

J*(€) = né with £ € [u, d].
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Chapter 8

Input-to-State Safety Control for
Hybrid Systems

Following the approach in Chapter 7, in this Chapter, we address a two-player zero-
sum hybrid game as an inverse optimal control problem with safe controllers under
the presence of a disturbance. We present results on sufficient conditions to guarantee
input-to-state safety with respect to disturbances for hybrid systems. First, the control
feedback laws are considered as solutions to QP problems, and to Sontag’s formula.
Under additional conditions, non-QP controllers are formulated and the cost functional
that the feeback laws optimize is constructed via inverse optimality.

We define a hybrid dynamical affine system H with input (u,w) =
((uc, we), (up,wp)) € RMC x R™P = R™, where u := (uc,up) € RMu x RMbu = R

is a control input and w := (we,wp) € RMCw x R™Pw = R™w ig a disturbance, as

T = F(JJ, (uCawC)) = f(x) + fu(x)uC + fw(l‘)wC (wv (uC’awC)) eC (8.1)
=g

{L‘+:G(IL‘, (UDwa)) (l’) + gu(x)uD + gw(x)wD (:737 (UD, wD)) €D

where = € R” is the state.
Consider the hybrid system resulting from assigning the control input u of H as in
(8.1) to the sum of a nominal feedback law % := (F¢,kp) : R — R™Cu x R™Pu and a

safeguarding feedback law K := (K¢, kp) : R" — R™Cu x R™Pu and with disturbance
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input w, as

& = F(z,(Re(x) + Re(z),we)) =: Fe(z, we)
M, : (@, we) € Ci (8.2)
xt =G(z, (kp(z) + Kp(z),wp)) = Gx(z,wp)

(x,wp) € Dy
where C,;, = {(z,wc) € R" x R : (z,(kc(z) + Ro(x),we)) € C} and D, =

{(z,wp) € R" x R™Pw : (x,(kp(x) + Kp(x),wp)) € D}.

Definition 8.0.1. (Solution to H,) A pair (¢, w) defines a solution to H, as in
ifpe X, w=(wc,wp) €W, dom ¢ = domw, and

(¢(07 0)7 UJD(O, O)) EDR;
e For each j € N such that Ig) has a nonempty interior int Ij, we have, for all
; J
t €int I¢,
(¢(t7j)7wo(t7])) € Cx

and, for almost all t € Ig),

) = F(6(1,9), (re(6(1,) wo t, 7))

e For each (t,j) € dom ¢ such that (t,j + 1) € dom ¢,

(@(t,j),’wp(t,j)) € Dn
¢(t7j + 1) = G(¢(t’j)7 (KD(¢(t7j))’wD(t7j)))

A solution pair (¢, w) is a compact solution if ¢ is a compact hybrid arc; see Definition

222

We denote by Sy, (M) the set of solution pairs (¢, w) to H, as in such that
$(0,0) € M, and by Sy, (M) C Sy, (M) the set of all maximal solutions from M. We
say that the hybrid closed-loop system with disturbances, namely H,; as in , results
from assigning the input « of H in to a feedback law k.
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8.1 Input-to-State Safety for Hybrid Systems with Distur-

bances

Given a feedback law x, we formulate conditions guaranteeing that every solution
to H, that starts in a closed set K C R™ remains close to K under the presence of a
disturbance w = (we, wp), where the closeness to K depends on the size of w. For this
purpose, we use the notion of input-to-state safety (ISSf) to guarantee that a larger set
containing K is conditionally invariant for H, with respect to w and K. We introduce

the following definitions of invariance and safety.

Definition 8.1.1. (Conditional pre-invariance with disturbances) Given a feedback
law k, a set S C R" is said to be conditionally pre-invariant for H, in with respect
to the disturbance w and the set K C S if each (¢, w) € Sy, (K) is such that ¢(t,j) € S
for all (t,j) € dom ¢.

Barrier functions (BFs) serve as a synthesis tool to guarantee invariance of a set
of interest, see, e.g., [84] and [85]. In the context of safety, given an unsafe set X, C
II(Ck) UTI(D,;) U Gx(Dy) and a continuous function B : R™ — R such that B(x) > 0 for
all z € X, we define a set K as the zero-sublevel set of B restricted to II(Cy) UII(Dy),
ie.,

K = {z € (II(C,) UTI(D,)) | B(z) < 0}, (8.3)

which is closed when II(C,) UTI(D,) is closed.
The following definition introduces the notion of safety for hybrid systems with dis-

turbance inputs.

Definition 8.1.2. (Input-to-state safety) Given a closed set K C R" defined by a
function B : dom B — R as in (8.3), and a feedback law k, the system H, in (8.2)) is
w-small-input input-to-state safe (w-small-input ISSf) with respect to the disturbance

w and the set K if there exist w > 0 and p € Ko such that

(6.w) € Sy, (K), Jully < @
= B(6(t.4)) < p(w) ¥(t,) € dom ¢

(8.4)

where the function p is referred to as the ISSf gain function.
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Notice that Definition and Definition do not require maximal solutions to
be complete, for which we employ the prefix ‘pre-’, for more details see [86-88|. In
addition, observe that, from the construction of K in (8.3) and the properties of the

barrier function B, it follows that
K c (II(C,) UII(D,) UG(D)) \ Xy (8.5)

Small-input ISSf is strengthened to ISSf if (8.4)) holds for arbitrary large w. In addition,

small-input ISSf resembles the notion of safety in [86] when w = 0.

Remark 8.1.3. (Safety and invariance) It is immediate that the system H,, is w-small-
input ISSf with respect to w and K if and only if there exists w > 0 and p € Ko such
that the set K4(w) D K defined as

Kq(w) := { € I(Ck) UII(Dy) | B(z) — p(w) < 0}, (8.6)
is conditionally pre-invariant for H, with respect to w and K.

Remark 8.1.4. (Connection with literature) In this work, we are interested in charac-
terizing the ISSf property in Definition for hybrid systems so that we can guarantee
that, under the worst-case disturbance w, trajectories starting from K do not reach the

unsafe set X,,.

e Selection of a finite w: following |61, in which a connection between safety and
conditional invariance of a set is established in terms of an upper bound of the
disturbances, the notion of input-to-state safety herein relies on a similar approach.
In the context of robust safety for continuous-time systems, previous work, such
as |89], considers disturbances bounded by a known constant to design feedback
laws that robustly stabilize the system while rendering a set of interest forward
invariant. Notice that for H, to be w-robustly safeﬂ with respect to (K, X,,), it
is sufficient to find a finite

w<v*:=argsup v

v>0 (8.7)
subject to Kg(v)NX, =0

'Following [21,90], the system 7, is said to be w-robustly safe with respect to (K, X,) if each
(¢, w) € Sn,. (K) is such that ¢(t,j) € R™ \ X, for all (¢,5) € dom ¢.
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and k such that Kg(w) D K in is conditionally pre-invariant for H, with
respect to w and K.  Thus, if H, is w-robustly safe with respect to (K, X,),
then it is w-small-input ISSf with respect to the disturbance w and the set K
satisfying (8.5). Furthermore, when w = 0, w—small-input ISSf of the system H,
with no disturbances implies that each ¢ € Sy, (K) is such that ¢(t,j) € K for
all (t,j) € dom ¢.

e FExisting notions of ISSf with respect to disturbances: a version of Definition|8.1.
was presented in |65] for continuous-time systems. The ICL bound therein accounts
for solutions that start outside of K, case we do not consider in this work. The set
K in is defined following an opposite sign convention, namely, K is defined
as the zero-sublevel set of B (contrary to being defined as a zero-superlevel set
of h in |65]). Without loss of generality, (5) relies on an upper bound w on

disturbances, which can be conveniently chosen to resemble (7) in [65].

Definition 8.1.5. (ISSf barrier function candidate) Given a hybrid system H, =
(Cx, Fi, Dy, Gy) as in with disturbance w = (wc,wp), the function B : dom B —
R and the sets K C K; C R™ define an ISSf barrier function (ISSf-BF') candidate for
H,. with respect to (K, K;) if the following conditions hold:

1) T(Cy) UTI(D,) U G (D) € dom B and K; € TI(C,,) UTI(D,.);

2) for some open set V containing an open neighborhood of K;, B is continuously

differentiable on (V \ K;) N1I(Cy);
3) B(z) >0 for all z € (II(C,) UII(Dy)) \ K;
4) B(z) <0 forallze K.

Notice that K; O K in Definition [8.1.5] is the set we aim to render invariant, whose

role will be played by Ky(w) in the following results .

Theorem 8.1.6. (ISSf under a barrier function candidate) Given a closed set K C R"
and a feedback law k = (kc,kp) defining a hybrid system H, = (Cx, Fy, D«, Gy) as
in with disturbance w = (we,wp), suppose B is an ISSf-BF candidate for H,
with respect to (K, Kq(w)), where K4(w) is defined as in for some p € Ko and
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w > 0, and let V be an open set containing an open neighborhood of Ky(w). If there
exist ac > 0,ap € [0,1], such that

(x,we) € Oy : x € V\Kg(w), |lwe| < w
= (VB(z), F(z, (kc(z),we))) < —acB(x) (8.8a)
(x,wp) € Dy : v € Kg(w), |lwp| < w

= B(G(z, (kp(z),wp))) — B(z) < —ap(B(z) — p(w))
(8.8D)

Gn(Dx,) € TI(C,,) UTI(D,) (8.8¢)

where Dg, := {(z,wp) € Dy : ¢ € Kg(w)}, then H, is w-small-input ISSf with
respect to the disturbance w and the set K, as in Definition [8.1.2

Proof. The proof is developed following the arguments of |56, Proposition 2.7], [53,
Lemma 2.1], and [65, Lemma 1]. Pick £ € K and a solution pair (¢, w) € Sy, (§) such
that ||wll, < w. Notice that Kq(w) is closed relative to II(C) UII(D) because B is
continuous, and that any = € (II(C) UII(D)) \ K4(w) satisfies B(z) > p(w).

We show that Ky(w) is conditionally invariant with respect to K, namely, if there
exists some (t,j) € dom ¢ such that ¢(¢,5) € K, then ¢(t',j') € Kyq(w) for all ¢’ + j' >
g,

Proceeding by contradiction, suppose that ¢ leaves Ky(w). The following cases are

possible:

e The state trajectory ¢ leaves K (w) after a jump, that is ¢(¢,7) € Kq(w)N
and ¢(t,j + 1) ¢ Kq(w). Using the definition of B and K4(w), B(¢(t, 7)) < p(w)
and B(¢(t,j+1)) > p(w), and, from the definition of a solution to H, ¢(t, j+1) =

(¢

I(Dy)

Gr(¢(t,7), wp(t, ). Since (8.8b) implies that B(¢(t,j+1)) < (1—ap)B(e(t, j))
+app(w) with ap € [0, 1] and implies that ¢(t,j + 1) € II(Cy) UIL(D,),

then ¢(t,j + 1) € Kq(w).

e The state trajectory ¢ leaves the set Ky(w) by flow: there exist (7,k), (7, k) €
dom ¢ such that B(¢(t,7)) < p(w) for all (¢t,j) € dome¢, t+j < 7+ k, and
ot k) € (V\ Ky(w)) NTI(C,) for all (t,k) € dom¢, 7 < ¢t < 7'. Using con-

tinuous differentiability of B and absolute continuity of ¢ — ¢(t, k) on [r,7'],
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t — B(¢(t, k)) is also absolutely continuous on [r, 7] and, via integration, satisfies

/

B(¢(r', k) = B(¢(r, k) = /T (VB(6(t, k), o(t, k))dt (8.9)

Since B(¢(t,k)) > p(w) for all t € (r,7'] and B(¢(7,k)) = p(w), the expression
in is positive. On the other hand, since ¢((1,7'], k) C (V \ Kq(w)) NII(Cy),
implies that (VB(¢(t, k)), Fe(o(t, k),wc(t, k)))) < —acB(¢(t, k)) with

ac > 0 for almost all ¢ € (7,7"). Hence, via integration again, the expression in

is less than or equal to zero.

Since a contradiction is reached in both cases, it follows that, for every (¢, w) € Sy, (K),

B(¢(t, 7)< p(w)  V(t,j) € dom(¢, w)

8.2 Problem Statement

Consider the system H in , with control input u assigned to a feedback law
k = (kc, kp), the disturbance input w € W, and an unsafe set X,, C R™. The feedback
k is the sum of a given nominal feedback law & = (k¢,kp) (that captures desired
properties, referred to as uncertified objectives, such as rendering a set asymptotically
stable for H), and a safeguarding feedback law k. We say H is w-small-input input-
to-state controlled safe when the corresponding closed-loop system H, as in is w-
small-input ISSf.In this chapter, we address the problem of designing the safeguarding
feedback law & that not only renders H w-small-input input-to-state controlled safe but
also solves a zero-sum hybrid game. We use a continuous function x — B(z) defining
a barrier function candidate, with zero-sublevel set K satisfying and (8.5), to
guarantee that state trajectories starting in K never enter X,. Specifically, we seek the
existence of p € K such that every (¢, (u,w)) € Sy (II(C)UII(D)), with input u given
by dom¢ > (t,7) — u(t,j) = w(o(t, 7)) = k(@(t, 7)) + K(o(t, j)), satisfies for all
(t,j) € dom¢. This objectiveﬂ is attained by considering the closed-loop system H,

resulting from assigning the input u of H to x and solving the following problem.

2Notice that the safeguarding map & plays the role of a filter that shall be null when (8.4) is satisfied
by the nominal feedback law &.
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Problem 8.2.1. (Inverse-optimal Safety Filter) Given a closed set K C R", and an
uncertified nominal feedback law R, design a safeguarding feedback law K that renders
the corresponding closed-loop system H, w-small-input input-to-state safe with respect
to the disturbance w and the set K. In addition, determine the cost functional that &

minimizes under the worst-case disturbance w.

Remark 8.2.2. (Relation to the literature) A version of Problem was solved
in [65] for continuous-time systems without constraints, i.e., the case in which H =
(R™ x R™, F, (), x), where x denotes an arbitrary jump map, and K in is defined as
K :={zx € R"| B(z) > 0}.

8.3 Input-to-Sate Safety Filters

In this section, we address the first part of Problem by using ISSf control barrier
functions (ISSf-CBFs) as a synthesis tool to guarantee safety of a hybrid system. First,
we introduce definitions and preliminary results on ISSf-CBF's for hybrid systems with

disturbances.

8.3.1 Input-to-State Safety Control Barrier Functions

Definition 8.3.1. (ISSf-CBF with respect to disturbances) Given a system H =
(C,F,D,Qq) as in and a closed set K, suppose B is an ISSf-BF candidate for H
with respect to (K, Kq(w)), where Kq(w) is defined as in for some p € Ko and
w > 0. Let V be an open set containing an open neighborhood of K4(w). We say that
B is an ISSf-control barrier function (ISSf-CBF) for H with respect to (K, Kq(w)) if
there exist ac > 0, ap € [0,1] such that

(x,we) € Uy (C) : z € V\Ky(w), lwe| < w

= inf (VB(z), F(z, (uc,we))) < —acB(zx) (8.10a)

uc€¥c(w,we)
(x,wp) € IL,,(D) : z € K4(w), |lwp| < w

= inf B(G(z, (up,wp))) — B(x)

up€V¥p(z,wp)

< —ap(B(x)—p(w)) (8.10b)

where IL,, (x) = {(z,wy) : Juy s.t. (x, (ux, wy)) € *} , and Vy(z,wy) = {u, € R :
(z, (ux, wy)) € x} for x € {C,D}.
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The following results are used to establish a connection between the existence of an
ISS{-CBF and a feedback law that renders the closed-loop system ISSf. To characterize
the effect of inputs in the safety conditions at jumps, we restrict our attention to a

family of systems and barrier functions that obey the following assumption.

Assumption 8.3.2. Given a system H = (C,F,D,G) as in (8.1) and a function
B : R™ — R, suppose there exist functions ELU : R" — R™Puw gnd ELw : R" — R™Dw

such that, for all (z, (up,wp)) € D,

B(G(z,up)) = B(9(z) + gu(z)up + guw(z)wp)

R N (8.11)
< B(9(x)) + Bru(z)up + Brw(z)wp

Lemma 8.3.3. (Equivalent ISSf conditions) Given a system H = (C,F,D,G) as in
and a closed set K C R", suppose B is an ISS-CBF for H with respect to (K,
K4(w)), where K4(w) is defined as in for some p € K and w > 0, V is an open
set containing an open neighborhood of K4(w), and ac > 0, ap € [0,1]. The tuple

(B, p,w) satisfies (8.10a) if and only if

Ly

u

B(z) =0,z € (V\ Kq(@)) NI(C) = 0 = we(z) < 0 (8.12a)

where

wela) = LiB(x) + acB(x) + |Ly, Bx)|p~(B(z)) (8.12D)

and, under Assumptionm satisfies (8.10b|) if and only if
Bru(z) = 0,2 € II(D) N K4(w) = wp(z) <0 (8.13a)

where

wp(z) == Bg(x)) = B(x) + ap(B(x) — p(w)) + | Bru(x)® (8.13D)

Proof. The proof is developed following similar arguments as in [82, Lemma 2.1] and [65,
Lemma 2].

(<) By Definition if Ly, B(z) = 0, then

(x,we) € Uy (C) : x € V\K4(w), lwe| < w
= L¢B(x) + Ly, B(x)wec < —acB(x) (8.14)
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Now consider the particular input we defined by the feedback law

Ly,

73(37) -1 T i T
ro() = L, B)" (B(z)) if Ly, B(x) #0 (8.15)

0 if Ly B(z)=0

for all z € II(C). Note that if we = m¢(z), then p(Jwe|) < B(z). Therefore, substitut-

ing (8.15)) in (8.14)), we have that if Ly B(x) = 0, then

L;B(z) +|Ly, B(@)|p~ (B(x)) < —acB(x) (8.16)

that is, (8.12a)) is satisfied.
In addition, by Definition and thanks to Assumption if B Lu(x) = 0, then

(z,wp) € Iy, (D) 1z € Ky(@), lwp| < @

= B(g(z)) + Bru(z)wp — B(z) < —ap(B(x)—p(w))  (8.17)
Now consider the particular input wp defined by the feedback law

7§Lw(x>w if Br,(x 0
wp(2) = { |Brw()| (@) # (8.18)

0 if Brw(z)=0
for all x € TI(D). Note that if wp = 7p(x), then |wp| < w . Therefore, substituting

in , we have that if ELu(a:) = 0, then
B(g(x)) + |Bru(z)l@ — B(z) < —ap(B(z) - p(w)) (8.19)

that is, (8.13a)) is satisfied.
(=) If (z,wc) € Iy (C) : x € V\Kq4(w), |lwe| < w, using (8.12)), we have
inf {L¢B(x) + Ly, B(z)uc + Ly, B(x)wc}
uc€¥c(z,we)

< inf - {L;B(x) + Ly, B(z)uc + |Ls, B(x)|[wel}

T uc€e¥o(zwe)

< inf  {LyB(x)+ Ly, B(z)uc + | Ly, B(x)|p™ (B(x))}

T uc€¥o(zwe)

< —acB(x)
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In addition, if (z,wp) € I, , (D) : € K4(w), |lwp| < w, using (8.13a), we have
inf  {B(g(x)) + Bru(z)up + Bruw(z)wp}
up€¥p(z,wp)

< inf  {B(g9(2)) + Bru(@)up + |Brw(2)||lwp|}

T up€¥p(z,wp)

< inf {B(g(z)) + éLu(fL‘)UD + |§Lw(m)|w}

T up€V¥p(z,wp)
< —ap(B(z) — p(w)) + B(z)

O

Theorem 8.3.4. (ISSf CBF Sontag-like formula) Under Assumption if there
exists a ISSf-CBF B for H = (C, F,D,G) with respect to (K, Kq(w)), where K4(w)
is defined as in for some p € Ko and w > 0, the system H is rendered w-
small-input input-to-state controlled safe with respect to the disturbance w and K (see
Remark using the following Sontag-type control law, in which we assign the input

uc to
Fsol) = Ly, B(x)ksc(x) if Ly B(x)#0 (8.20a)
0 if Ly B(z)=0

where

—wo(@)—y/w (@) + Ly, B@))

ksc(x) == L. B)P (8.20b)
and we assign the input up to
Bl it B 0
Fep(a) = 4 Drul@rsple) 1 Bru(z) # (8.21a)
0 if BLu(x) =0
where
—wp(@)—y/wh(@) + | Bra(e)/*
ksp(z) = = (8.21b)

with we and wp defined in (8.12b)) and (8.13b)), respectively.

Proof. We substitute (8.20) and (8.21]) into H to obtain the closed-loop system H, =
(Cy, F, Dy, G) as in (8.2)). Then, for each (z,w¢c) € Cy; : x € V \ K4(w), we have
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e if Ly, B(z) =0,

(VB(z), F(z, (ksc(z),we))) = LyB(z) + Ly, B(x)wc
= wo(x) — ac(B(x)) — |y, B(z)|p~ ' (B(x)) + Ly, B(z)wc
< —ac(B(x)) + | Ly, B(@)|(lwe| — p~ (B(x)))

and if |we| < w, which implies that B(z) > p(Jwe|), we have
(VB(x), F(z, (ksc(z), we))) < —ac(B(x))
o if Ly, B(x) # 0,

(VB(z), F(z, (ksc(z),wc)))
= L;B(x) — wolx) — \Jwh(z) + |Lg, B@)[* + Ly, B(x)we
< —acB(x) —|Ly, B(x)|p~ (B(z)) + Ly, B(z)wc
< -«

cB(x) +|Lys, B(@)|(lwe| = p~ (B(2)))

and if x € V' \ Ky(w) and |we| < w, which implies that B(z) > p(Jwc]), we have
(VB(2), F(z, (ksc(z),we))) < —acB(x).

For each (z,wp) € D,, we obtain
o if Br,(z) =0,

B(G(z, (ksp(z),wp)))—B

—

x

~—

B(g(x) + guw(z)wp) — B(x)

B(g(x)) + Bruw(z)wp — B(x)

p(@) — ap(B(@) = p()) = | Bru(@)® + Bry(z)wp
—ap(B(@) = p(@)) + | Bru(@)|(jwp| — @)

[
&

IN

and if |wp| < w, we have

B(G(x, (ksp(z),wp))) — B(x) < —ap(B(z) — p(w))
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B(g< )+ 9u(@)sp (@) + gu(@)wp) — Blx)
< B(g(2)) — wp(@)—\/wd (@) + |Bru(@)l! + Bru(@)wp — B(z)
< —ap(B(@) - p(lwp))) - |Bru(@)|® + Bra(z)wp
< —ap(B(@) - p(lwp)) + [Bra(@)| (jwp| - w)

and if |wp| < w, we have
B(G(z, (ksp(x),wp))) — B(x) < —ap(B(z) — p(w))

Finally, we invoke Theorem [8.1.6] to establish w-small-input input-to-state safety of H,
with respect to the disturbance w and the set K. ]

8.3.2 Input-to-tate Safety QP Filter

Given a nominal feedback law %, we endow a system H with an input-to-state safety
property by solving a quadratic program (QP) problem in terms of an ISSf control
barrier function B.

Let V be an open set containing an open neighborhood of K(w). Given ac > 0, we
define

we(@) = Lyt jure B(2) + Ly, ()]0~ (B(@)) + acB(x) (.22)

for all x € (V\ K4(w)) NII(C) and introduce the following QP:

KCgop(T) = arg min |v|?

veR™ Cu (8.23)

subject to Ly, B(xz)v < —we(x)
Since the cost function and constraint defining are both convex and continuously
differentiable with respect to the decision variable v, is a convex optimization
problem, and the Karush-Kuhn-Tucker (KKT) conditions [83, Sec. 5.5.3] provide nec-

essary and sufﬁcientﬂ conditions for optimality. In particular, for an optimal solution

3 An additional condition is necessary for the KK'T conditions to be necessary and sufficient conditions
for optimality. One such condition is Slater’s condition [83, Sec. 5.2.3], which, in our setting, holds
at x only if there exists v € R™% such that Ly, B(z)v < —wc(z). Clearly, this condition holds for
as it is feasible for all z € (V\ Kq(w)) NII(C), because it is a convex program with a single affine

constraint.
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T = Kogp () to (8.23), there exists 0% : R™ — R>g such that

2kcgp(T) + 07 (z)Lys,B(x)" =0, (8.24)
0%(x) (Ly, B(x)kcyp () +we(x)) =0, (8.25)
quB(x)H’CQP(‘T) < —we(z) (8.26)

We consider the following two cases:

o If, for x € (V\ Ky(w)) NII(C), we have that the constraint is not active, namely
Ly, B(x)kcgp(r) < —wo(x)

then, from from (8.25) it follows that 0*(z) = 0; thus, from (8.24) we have that

Kogp(T) = 0.

o If, for x € (V\ Ky(w)) NII(C), we have that the constraint is active, that is,
Ly, B(@)kcgp (@) = ~wola)

then, from (8.24))-(8.25) we have that

2 I

u

B@)T| |seqe@| _ | 0

B(x) 0 0*(x) —we(z)

u

Ly

and using block matrix inversion, it follows that

i () = ~ [ Ly, B)
* _ (,L}C(IE)
) = AL, B

Thus, by combining the two casesEL the closed-form solution to (8.23) is given by

_mad{0wel@)}lpey L, Bla) #0
e () = Ly, B ) #B@) # (8.27)

0 if Ly, B(z) = 0.

Similar to Assumption to characterize the effect of the QP filter and the dis-

turbance in the safety conditions at jumps, we impose the following assumption.

“Notice that when the constraint in (8.23) is not active for each z € (V \ Ky(w@)) N II(C), namely
Ly, B(x)kcgp(r) < —wc(x), we have that kcgp(2) = 0. Thus, from (8.26) it follows that we(x) < 0.
When the constraint is active, it must follow that we(z) > 0.
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Assumption 8.3.5. Given a feedback law k = (kp + Kp,kc + R¢), a system
H, = (Ck, Fx, Dy, Gy) as in (8.2), and a function B : R™ — R, suppose there exist

functions Br, : R" — R™Pu and B, : R" — R™Pw such that, for all (z, (up,wp)) € D,

B(G(w,up)) = B(g(@) + gule)n(a) + gu(z)up) £8)
= B(9(@) + u()in (@) + Bru()n (@) + Bru(@)uwn

Similarly, given ap € [0, 1], under Assumption we define
wp(x) = B(g(x) + gu(@)Fp(2)) — B(x) + [Bru(2)|® + ap(B(z)—p(@))  (8.29)
for all x € II(D) N K4(w), and introduce the following QP:

KDqp(T) = arg min v|?
veR™Pu (8.30)
subject to  Bry(x)v < —wp(z)

where the KKT conditions allow to express the solution explicitly as

09DV gy @) it Bra(a) £0
KDgp(T) == | Bru(z)[? ) w7 (8.31)

0 if Bru(z) =0.

With the QP safety filters (8.23]) and (8.30) we establish the following result.

Theorem 8.3.6. (ISSf filter via CBF) Consider a hybrid system H = (C, F,D,G) as
in (8.1), an nominal feedback law k = (K¢, Rp), and a closed set K C R™. Suppose
there exists an ISSFCBF B for ‘H with respect to (K, K4(w)), where K4(w) is defined
as in for some p € Ko and w > 0, such that Assumption holds. Let V be
an open set containing K4(w) and suppose B is continuously differentiable on an open
neighborhood of (V \ K4(w)) NII(C). The feedback law k = (k¢ + kcgp, KD + KDop),
with Ko, p as in and Kp,p as in , renders the resulting closed-loop system
H, = (Cx, Fy Dy, G) as in w-small-input ISSf with respect to the disturbance w

and the set K (see Remark , with ac > 0,ap € [0, 1].
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Proof. For each (z,w¢c) € Cx :x €V \ Kq(w)

(VB(),F(z, (Fo(2) + kogp(@), we))
= Lyt f,reB(x) + Ly, B(x)we — max{0,wc ()}
= —acB(x) + wo(r)—max{0,we(x)} + Ly, B(x)we — |Ly, B(x)|p~ ! (B(x))
< —acB(z) +min{we(z), 0} + Ly, B(x)| (jwe| — p~H(B(2)))
< —acB(x) + |Ly, B()|(jwe| — p~H(B()))
< —acB(z) + |Ly, B(2)|(lwe| — w)

For |we| < w we have
(VB(2), F(x, (Ro(r) + kogp (1), w0))) < —acB(z) (8.32)
Similarly, for all (z,wp) € D, : € K4(w)

B(G(z,(Rp(z) + kpgp(w),wp)) — B(z)
= B(g(x) + gu(2)ip(x)) + Bru(z)wp — B(x) — max{0,wp(z)}
= —ap(B(x)—p(w)) + wp(x) — max{0.wp ()} + Brw(@)wp — | Brw(z)|d — B(x)
< —ap(B(z)—p(w)) + min{wp (x), 0} + [Brw(z)|(jwp| — )

< —ap(B(z)—p(w)) + | Bru(2)| (jwp| — )
and if lwp| < w, then
B(G(‘T’ (’%D(x) + HDQP(x)’ wD))) - B(‘T» < —OZD(B({L')—p(’lD)) (833)

Finally, with (8.32)) and (8.33) we invoke Theorem to establish w-small-input
input-to-state safety of H, with respect to the disturbance w and the set K. O

Remark 8.3.7. (Noncompleteness of solutions under QP control) Notice that the
optimization in and is carried over R™Cu and R™Pu respectively, instead
of over the constrain sets V,, x € {C, D}, as in Definition|8.3.1l This allows to compute
the closed-form safeguarding feedback law Kk = (Kcgp,kDgp), Which may potentially
lead to maximal solutions to H, that are not complete. The “pre” term in the results
accounts for this trade-off. We refer the reader to |21, Prop. 2.34] for sufficient conditions

to assure completeness of solutions for the hybrid closed-loop system H,;.
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Theorem 8.3.8. (Half Sontag Control) Consider a hybrid system H = (C, F, D,G) as
in , an uncertified nominal feedback law k = (K¢, kp), and a closed set K C R",
suppose there exist an ISS-CBF' B for H with respect to (K, Kq(w)), where Ky(w) is
defined as in for some p € Ko, and w > 0, such that Assumptionmholds. Let B
be an open set containing K ;(w) and suppose B is continuously differentiable on an open
neighborhood of (V\ K4(w)) NII(C). The feedback law & = (Rc + L&sc, Rp + Lisp),
with Ksc as in and Ksp as in , renders the resulting closed-loop system
H, = (Cx, F, Dy, G) as in w-small-input ISSf with respect to the disturbance w
and the set K (see Remark [8.1.3), with ac > 0 and ap € [0,1]. In addition, for all

z € (V\ Kq(w)) NII(C), the feedback law Sfsc is the pointwise minimizer of

argmin  |v|?
Ve . (8.34)
subject to Ly, B(x)v < §’quB($)|2Iisc($)

Similarly, for all x € II(D) N Kq(w), the feedback law 3Fsp is the pointwise minimizer
of

argmin  |v|?
veRT . (8.35)
subject to Bpy(x)v < E\BLu(x)\Q/ﬁSD(x)

Proof. To show that II(C) 3 z — 1&gc(z) as in (8:20) is the pointwise minimizer of
(8.34), Karush-Kuhn-Tucker (KKT) conditions 83 Sec. 5.5.3] provide necessary and

sufficient conditions for optimality. Namely, it is sufficient to show that there exists

some 07 : R" — R>( such that

Rsc(x) + 02«($)qu3($) =0, (8.36)
06(w) Ly, B(x)Rsc(z) = 06(x) Ly, B(x)*rsc (), (8.37)
Ly, B(2)ksc () < |Ly, B(@)*rsc(x). (8.38)

Using ({8.40)), it readily follows that (8.37) and (8.38)) hold, and it can easily be shown
that (8.36]) are satisfied under

—/{,50(%‘) if quB(l‘)#O
0

(8.39)

05 (x) ==
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where pc > 0 is any arbitrary value. A similar approach can be used to show that %/%5 D

as in (8.21)) is the pointwise minimizer of (8.35]) with

gy o 5P I Bru(e) £0

~ (8.40)
DD if Bru(z)=0

where pp > 0 is any arbitrary value. The resulting closed-loop system H, with safe-

guarding feedback law k = %(RSC, Rsp) satisfies, for each (z,w¢) € Cy : x € V\ K4(w),

e )

1 1
= Lyt fuse B@) = Jwo(@) + Ly, B@)we - 5\/wd (@) + |Lg, B@)!

< %(LHMCB(JJ) —acB(z) - ]waB(gc)\pfl(B@)))

< (Lpssurnc Ba) +0cB() + Ly, Bl (B(a) )

+ Ly, B)ue — acB(@) ~ Ly, B)lp ™ (B@) - 3wk () + |Lg, B!
< Jwe(@) — 5\ Ju(@) + 1L, B@)! — acB(x) ~ Ly, Bl (B()) + Ly, B()]lwc]

< —%( —we(z) + \/wC(JU) + ’quB(l")|4) — acB(z) + Ly, B(z)|(jwe| — )

Given that we(z \/“’C )+ | Ly, B(x)|* because of (8.12al), for |we| < @ we have
1
<VB,F <a:, (nc(x) + 2/%50(x),wc>> > < —acB(x) (8.41)
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For each (z,wp) € Dy, : x € Kq(w)

B(G(m, (RD(QJ) + %PLSD(QJ),wD)>> — B(x)

= B(g(x) + u() (@) + 5Rsp(@)) + gulw)wp) ~ B(x)

< B(g(x)+gu(z)kp(2))— %WD(lﬂ)—i-ELw(ZE)wD—%\/w%(ZE) + |Bru(z)|* — B(z)

S%(B(g(x) + gu(@)Ep (7)) — ap(B(z) — p(w)) — \ELw(m)W)

L@ + Bru@l + Bru@uwp - LB

(Bl9(@) + gul@)n (@) = B(x) + | Bru(@)@ + ap(B(x) - p(w)))

- 1\/a%(ﬂf) +|Bru(@)|* = ap(B(z) = p(w)) + | Bru(@)|lwp| — | Bru(z)|@

< — 5 (~wp(@) + B (@) + 1Bru@)) + |Bru(@)|(uwn| - )

—ap(B(z) — p(w))

Given that wp(x) < \/w%(x) + | Bru(z)[* because of (8.13a), for |wp| < @ we have

5 (6 (o (o) + grsp(@hun ) ) ) = Bl) < —an(B@) - o) (542

F inadlyﬂ7 with (8.41) and (8.42) we invoke Theorem to establish w-small-input
input-to-state safety of H, with respect to the disturbance w and the set K.

O

8.4 Inverse-Optimal Safety Filters

Given that the control input u defined in terms of a safeguarding feedback law K aims
to keep state trajectories to H from the set K close to K, but the disturbance w seeks
to prevent it, we formulate a zero-sum hybrid game that captures such a setting. For
this game, we study the following inverse optimality problem: given a feedback law &,
which is the sum of a nominal feedback law & and a safeguarding feedback law &, that
renders H,, w-small-input input-to-state safe with respect to the disturbance w and the

set K, determine the cost functional that makes the feedback control action x optimal.

®The cases where Lj, B(z) = 0 for each = € TI(C) and Br.(z) = 0 for each z € II(D) follow the
approach in the proof of Theorem
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For starters, following Chapter 3, we formulate a zero-sum hybrid game. Given
¢ € K, an input action (u,w) = ((uc,up), (we,wp)) € U x W, the stage cost for flows
Lo : R™" x R™¢ — Ry, the stage cost for jumps Lp : R" x R™P — R>q, and the
terminal cost ¢ : R™ — R, we define the cost associated to the solution (¢, (u,w)) to H

from £ as as

sup; dom ¢

76w = % / ) (et ), we (e, )))de

sup; dom ¢—1

+ Z Lo(é(tjs1,9), (un(tisn, ), wp(tipn,5)  (843)
+ lim sup a(o(t, )
t4+j—sup; dom ¢+sup; dom ¢
(t.j)€dome
where tsup domp+1 = sup,dom¢ defines the upper limit of the last integral, and

dom o .

{t }SupJ
domain of ¢; see Definition The terminal cost in (8.43) is evaluated at the value
of the state trajectory ¢ at the terminal time via the third term therein.

Given a system H = (C, F,D,G) as in (8.1)), a closed set K C R", an ISSf-CBF B
for H with respect to (K, K4(w)), where K4(w) is defined as in for some p € Koo,

is a nondecreasing sequence associated to the definition of the hybrid time

w > 0, a nominal feedback law &, and £ € K, we consider the following optimization

problem:

mlmmlze maxmnze J (&, (u,w)) (8.44)
u= (u w) €U (R, p(w))
where Uy (i, (1)) i= {u € U : I, (¢, (u,w) € Su(€),
¢(t,j) € Kaq(w) for all (t,5) € dom ¢, dom ¢ > (t, ) — u(t, j) = R(6(t, 7)) + K((t, 7))}
Definition 8.4.1. (Value function) Given £ € K and a nominal feedback law F, the

value function at £ is given by

J(€) = mgn max  J(§, (u,w)) (8.45)

u=(u,w) €Uz (F,p(0))

8.4.1 Inverse Optimal Non-QP Control

Given a nominal uncertified feedback law & = (K¢, kp), the problem of designing a

safeguarding feedback law & using a barrier function candidate to keep state trajectories
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to ‘H starting from the set K close to K under disturbances can be addressed solving a
QP problem as in Section m This approach is myopic [65] because it may sacrifice
future performance to guarantee a desired behavior at the current time. To compensate
for this limitation, following the ideas in [65], in this section, we propose a non-QP
version of the safety filter design via inverse optimality. Specifically, the cost associated

to the solution (¢, (u,w)) to H from & is in (8.43) with

Lo(z, (uo,we)) := Lic(x) + Lac () (ue — Ro(x)) + (ue — ko(x)) " Ro(x)(ue — Re(x))

-\ <‘w/\0|> V(z, (uc,we)) € C: z € V\Ky(w)

(8.46a)

Lp(z,(up,wp)) := Lip(x) + Lap(z)(up — Ep(x))+(up — RD(:U))TRD(x)(uD — kp(x))

-y <‘w)\D’> V(z, (up,wp)) € D: x € Kq(w)
(8.46b)
q(z) = B(x) Vr e (I(C)UII(D)) NV (8.46¢)

where v € K, A € (0,1], and Kg4(w) is defined as in for some p € Ko and
w > 0, and V is an open set containing and open neighborhood of Ky(w). The inverse
optimality approach allows us to design the optimal safeguarding feedback law &, the
stage costs Lic, L1p, and the matrix functions R and Rp in (8.46)).

Now, we are ready to present our main result to solve the inverse optimality problem

for the case of non-QP safety filters.

Theorem 8.4.2. (Non-QP safety filter) Given the hybrid system H = (C, F, D,G) as
in , an uncertified nominal feedback law k = (K¢, kp), and a closed set K C R",
suppose there exists an ISS-CBF B for H with respect to (K, K4(w)), and an open set V
containing an open neighborhood of Ky(w), where K4(w) is defined as in for some
p € Ks and w > 0. In addition, suppose there exist functions ELu : I[I(D) — R™Pu,
Brw : TI(D) — R™Pw and Bg : TI(D) — ST such that, for all (z,up) € D,

B (G(z,up)) = B(g(x) + gu(x)Ep(x) + gw(®)wp + gu(x)(up — RD(@))
< B(g(x) + gu(®)kp(x)) + Bru(2)(up — Fp(z)) (8.47)

+ (up — RD(I’))TEQ(CB)(UD —kp(x)) + LA?Lw(:L')wD
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meg,,

and there exist functions Re : II(C) — ST¢™ and Rp : I(D) — SIg™*, and functions
Lyc : II(C) — R™% and Lop : II(D) — R™Pw such that for the resulting closed-
loop system H, = (Cx,F,D,,G) as in (8.2) from assigning u to the feedback law

k = (kc,kp) = (k¢ + Re,kp + Kp), where

: 0 it  zell(C)N Ky(w)
ko(zx) ==
— %Ral(:c)(l}cﬂ(x) + Ly, B(x)) if  zell(C)n (V\Ky(w))
(8.48a)

kp(z) == —%(RD(-’L‘) + Bo(2)) ™! (Lan() + Bru(x)) Va € II(D) N Kq(w)
(8.48b)
the following holds:

Lysrs,reB(@) + Ly, B(x)Re(x) +4(|Lr,, B(z)]) < —acB()
Ve € IHC) N (V\ Ka(@))

(8.49)

B(g(x) + gu(2)Rp(2)) + Bru(@)&p(z)—B(z) + 7(|BLuw(@)]) < —ap(B(z)—p(w))
Va € H(DH) N Kd(u_))
(8.50)

where ac > 0, ap € [0,1], v € K has a derivative that is also a class-K function,
and 7 € Ko is defined as in (7.44)). Then, for any £ € K, k solves the inverse optimal
problem by minimizing the cost J as in (8.43)) with

Lic(x) := = (Lyyr,, 5 B(x) — Ko@) Re(x)ko(x) + M(| L, B(x)))
Vo € I(C) NV (8.51)

and

Lip(e) = — (Blg(x) + gu()ip (@) - B(x))

+7p(2)" (Rp(x) + Bo())Rp(x) — M(|Bru(@)]) (8.52)
Vo € II(Dy) N Ky(w)
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Proof. The feedback law k = (k¢, kp) is obtained by solvingﬁ
0= sup {Lo((uc,wo)) + LyB(z) + Ly, B(z)uc}
uc €ER™Cu

V(z,we) € IL,,(C) :x €V (8.53)

B(z) = sup {LD(a:, (up,wp)) + B(G(x, (UD,UJD)))}

up ER™ Dy

V(z,wp) € I, (D) : x € Kg(w) (8.54)

Using (8.51) and (8.52)) in (8.46al) and (8.46b)), respectively, we express the cost J

associated to a solution (¢, u) asﬂ

sup; dom ¢

JE @)= 3 [ (= LirseB@) +Reld) Re(@re()
j=0 7t

—A7<|waB<¢>r>+L20<¢><uc—nc<¢>>+<uc—nc<¢>>TRo<¢><uc—ﬁc<¢>>—m(mf’))dt

sup; dom ¢—1

Y (- B@) + 0u(@)rn(9)) + B(6) — M(|Bra())

j=0
+7p(9) (Rp(6) + Bo(9))Rp(9) + Lan(9) (up — Fp(9))
_ _ wp
+ (up — #p(6)) Bn(6)(up — Ap(6) ~ X (122
+ lim sup B(o(t, 7)) (8.55)
t+j—rsup, dom ¢+sup; dom ¢
(t,j)€dome
where {t; };ipoj dom o is a nondecreasing sequence associated to the definition of the hybrid
time domain of (¢, (u,w)), and K¢ and Kp are as in (8.48a) and (8.48b]), respectively.
5See Remark

"For ease of notation, where needed, we will drop the arguments of the solution (¢, (u,w)), which
are (t,7), unless they are specified
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For each j € dom; ¢ notice that

/ (= Lyt sunc BO) +7c(9) T Ro(@)rc (@) = M(|Lg, B6)]) + Lac(6) (uc — k()
lwe|

+ (e — ko (6)) T Re(@) (e — ke(6)) = (70 )dr

- _ /:H (Lf+fuRCB(¢) + Ly, B(¢)(uc — Ro(d)) + waB(¢)wC)dt
- /:Hl (= Lac(@)uc — Fo(4)) ~ Ly, B(6)(uc — Ae(9))
| ~ (uc = Fo(6)  Re(@)(ue — k(@) — Fo(6) Ro(8)Rc(@) )dt
- /:+ (M(m;’> + MLy, B(9)]) = waB(ab)wo) dt

tivi 4B ,
S AR

. /t s ((ue = 7o (@) TRe(@)(ue — Fo(@))

J

R0 Re(8)Re(9) + ((Lac(6) + Ly, BO)REN(6) Ro(d) ue — Fo(9) )
tj+1 w
- [ (o () = maten e

i+t dB :
- [ et

+72c(6)T Re(9)fe(6) — 2ReRe(@)(uo — k(@) )dt

_ )\/:jH T(we, e ())dt
=~ (B6(ty1,0) = Bo(t;,) + [ (e~ k(@) ~Fe(é) Relue ~ke(@) ~Ro(@))d:

tj

D /t T P (we mo(8))dt (8.56)

J

where

(@) o D, (@) 1= (1) =y (LY (O 1Oy ) (a5




and

z = mo(z) = AY) (| Ly, B(9)]) ]I%;wi(((i)”

In addition, for all (¢, ) € dom ¢ such that (t,7 + 1) € dom ¢, and ¢(t,j) € K4(w), we
have?

(8.58)

— B(9(6) + 9u(#)Rn(6)) + B(6) + &p(6) " (Rp(9) + Ba(#)Rn(6) = M(Bra(x))
+ Lap(é)up — 7p(6)) + (un — Fp(@) Rp(é)up — p(6)) X (122])
= = (B(®) + 9u(6)7D(9)) + Bra(@)(up — in(®))
+(up — Fp(6)) " Ba(6) (up — Ap(9)) — B(9) + Bru(6)wp)
— (= #p(®) (Ro(6) + Bo(@))n(6) — Lan(d)(up — in(9)) — Bru(@)(up — ip(9))
~ (up = 7p(®)) " (Rp(6) + Ba(6))(up — Fn(9)))
~ (22! D‘) + X (1Bra(a))) ~ Bra(é)un)
=~ (B(G(, (up,wn))) = B(9)) + (up — #p(9)) (Rp(9) + Ba(6))(up — &in(9))
+70(0) (Rp(¢) + Bo(#)Rn(0)
+ (Lap(8)+Bru(6)) (Rp(6)+Ba(@) " (Rp(6)+Ba(@))(up—rp(6)) — AL (wp, 7p(6))
— ~(B(G(6, (up, wp)))~B(9) ) +(up—Fip(6)~Fn(#)) (Ro+Ba) (up—kn(6)Fn(®))
— N (wp,mp(¢)) (8.59)

where I' is defined as in (8.57)) and

~

v (2) = N~ LB fELz(ﬁb) .
— Tp(x) ) (|BL2(¢)|)\BL2(¢)| (8.60)
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Thus, by replacing (8.56]) and (8.59)) in (8.55)), we obtain

sup; dom ¢

T wuw) = > (= (Bo(t1,4) - Bo(t;,)))

j=0
T / " (e = Re(6) — Ro(6) T Re(@) e — Reld) - Reld))dt

1 /t o Duwe, o (¢)dt)

J

sup; dom ¢—1
= (B, + 1) - B@(t,4)
=0

— (up — Rp(¢) — Rp(6)) (Rp(¢) + Bo(e))(up — kp(d) — Rp(4))
+ AL(wp, mp(6)) )

+ lim sup B(o(t,j))
t+j—sup; dom ¢+sup; dom ¢

(t,j)€dom¢
sup; dom ¢

ti+1 T R ti+1
=B+ Y, / (uc — ke —ke) Ro(uc — ke — Re)dt — )\/ T(we, me(¢))dt
j=0 tj 2
sup; dom ¢—1

~A(wp,7p(@))+ Y. (up —Fp —&p)  (Rp + Bg)(up — kip — Fp) (8.61)

7=0
Given that R (z) € SUg™ for all z € II(C) and Rp(x), EQ(:L‘) €SI for all x € II(D),
the cost J (&, (u,w)) is minimized under k = (kc,kp) = (Fc,kp) + (Ko, kp) and the
value function is J*(§) = B(£). Furthermore, since I'(u, k(x)) vanishes when u = k(z),

and, for any other w, it is positive (see Lemma [7.4.6)), the second term in each sum in

(8.61)) is maximized under m = (7¢, 7p) with values as in (8.58]) and (8.60). O

8.4.2 Inverse Optimal QP Filter

In this section, as a special case of Section [8.4.1] we provide a result with sufficient
conditions to solve Problem [8:2.1] when the safeguarding controller is expressed as the
pointwise solution to a QP.

We consider the problem of finding the min-norm safeguarding feedback law kgp =
(KCcop» KDop ), With values as in and , that guarantees safety and makes the
feedback law x = K+ kgp deviate as little as possible from the given nominal uncertified

feedback law & = (K¢, Rp).
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Given ¢ € II(C) UII(D), an input action u = (uc,up) € U, a nominal feedback law
k = (kc, kD), the stage cost for flows Lo : R™ x R™¢ — R, the stage cost for jumps
Lp : R" xR™P — R, and the terminal cost ¢ : R” — R, we define the cost associated
to the solution (¢, (u,w)) to H from &, as in with

Lo, tue.we) =Lc(e) + Ret@)ne = re (@) = 2o (4E)

V(z, (uc,we)) € C: x € V\Kg(w)
(8.62a)

LD($, (’LLD, wD)) ZZLlD(CC) + RD(I)‘UD — RD(Q(;)|2 — )\’Y(M)

A
Y(x, (up,wp)) € D: x € K4(w)
(8.62D)
q(z) = B(x) Ve e (I(C)UII(D)) NV (8.62c¢)

where v € Koo, A € (0,1], and K;4(w) is defined as in for some p € Koo
and w > 0, and V is an open set containing and open neighborhood of Ky(w). We
approach the optimization problem in as an inverse problem: we design the
optimal safeguarding feedback law K, and the stage costs Lic and Lip in .

Corollary 8.4.3. (QP Safety Filter) Consider the hybrid system H as in , a
nominal feedback law k = (k¢,kp), and a closed set K C R™, suppose there exists an
ISSt-CBF B for H with respect to (K, K4(w)), and an open set V containing an open
neighborhood of K4(w), where K (w) is defined as in for some p € Ko, and w > 0.
In addition, suppose there exist functions §Lu :R™ — R™D and ELUJ :R™ — R™P such
that Assumption holds for all (z,up) € D, and for the resulting closed-loop system
Hy = (Cx, F, Dy, Gy) as in from assigning u to the feedback law k = K + Kgp
with kQp = (KCgp, KDop) With values as in (8.27) and (8.31), with wc () as in
and wp(z) as in (8.29), the following holds:

Liyr, reB(x) + Ly, B(x)kcgp(w) + (L, B(z)]) < —acB(x)
Vr € II(Cy) N (V\Ky(w))

(8.63)

B(G(, Rp(¥) + Kpgp ()= B(@) + 7(|BLu(@)]) < —ap(B(z) — p(w))
Va € TI(D,) N Kq(w)

(8.64)
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where ac > 0, ap € [0, 1], and v € Ko has a derivative that is also a class K, function,
and 7y € K is defined as in ([7.44]). Then, k renders H, w-small-input ISSf with respect
to the disturbance w and the set K and solves, for any £ € K, the inverse optimal

problem by minimizing the cost J in (8.43) with

Lic(z) = _(LHLMCB(a;) - %Ral(g@ﬂquB(:r)\? +M(| L, B(x) )) (5.65)

Ve e II(Ck) NV
and

Lin(e) = (Blg(a) + 9u(@)fn(x)) ~ B(x) ~ 1Ry (@) Bra(e)? + 37 Bra(a)))
Vo € II(D,) N Ky4(w)
(8.66)
1 |Ly,B@)? 1 |Bru()?

where Ro(z) = §m and Rp(z) = im'

Proof. From Theorem we have that the feedback law K1, 1= (Kcgp, KDgp) With
values as in and renders the closed-loop system H, w-small-input input-
to-state safe with respect to the disturbance w and K.

Thanks to (8.65)) and (8.66)), we denote the cost J associated to a solution (¢, u) to
H as in (8.1) as

sup; dom ¢

JE )= 3 [ (< Lo BO) + 3 max {0.0c(0)

1 |Ly,B(¢)?
— M (|Ly, B(9)]) + 2mz|xxjj[u0 fi)(’cé

syluc = re(@)F = 2o (M) )ar
sup; dom ¢—1

+ Y (BO) - Bo(9) + 0u(@)rn()) + 5 max 0.0p(0))

§=0

~ n 2 w
M (Bra@)) + PO () - x (122

2max {0,wp(¢)} )
+ lim sup B(¢(t, 4)) (8.67)
(t,j)—sup; dom ¢+Supj dom ¢
(t.j)€dome
sup.; dom ¢ . . ) o .
where {¢;} j:oj is a nondecreasing sequence associated to the definition of the hybrid

time domain of (¢, (u,w)).
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For each j € dom; ¢ notice that

[ (- Lrenne Bo) + gmax{0.00(9)) = MllLy, B@))

1Ly, B(9)?
2 max {0, wc (¢

T /t . (Lf+fuﬁcB(¢) + Ly, B(9)(uc — ko(d)) + waB(qs)wC) dt

J

srluc = re(@) = 2o (M) )ar

[ZES1 1 !quB(<Z>)!2 ~ 1 )
+/ (zmax{o,wc(@} luc = Re (@) +3 max{o,wc<¢>}+quB<¢><ucnc<<z>>))dt

= [ (o (M) s+ xatg BO - Ly Bouc )i

. ti+1 4B ) ti+1 1 |Ls, B(¢)|? . . 9
- / (6(t,7))dt + / ( ue — Rel(9) CQP<¢>|)dt

dt 2 max {0, wc(¢)}

_ /t'j+1 <>\ry<|w;’|> _ )"7((7/)_1(‘wa3(¢)|))
+ AL1, B(9)|(v) " N(|Ls. B(&)]) - qu,B(tb)wo> at

1 |Ly, B
2 max {0,wc (¢

C /t T P (we.mo(@)dt (8.68)

J

=~ (Bot-Boe.)+ [ ( sl = Ro(0) = wcgn (0 )

where T is defined as in (8.57) and m¢ as in (8.58]). In addition, for all (¢,j) € dom¢
such that (t,7 + 1) € dom ¢, we have

~ B(9(6) + 9u($)AD()) + B(6) + 3 max {0,0p(8)} ~ M(Bru(@))

1 [Bru(e)]? _ wp
* 2 max {0,wp(¢)} [up —Fp(@)f - A7<T>

== (B (9(8) + gu(@)En(9)) + éLu(¢)(UD —kp(¢)) — B(¢) + §L2(¢)WD>

<1 Bu@P |
2max {0,wp(¢)} © P
lwp

- (MUBLu@)) + X9 (52) ~ Bru(o)wn)

1 |Bu(9)P
2max {0,wp(o)}

(@ + B (o)(up ~ Ro(e) + 5 max (0.00(0)} )

— (B(G(6. (up,wp))) — B)) + ( lup — A (@) - HDQPW)

— A (wp,mp(¢)) (8.69)
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where I' is defined as in (8.57)) and 7p as in (8.60)). Thus, substituting (8.68)) and (8.69)

in , we obtain
sup; dom ¢

e = X (- (Bt - Bol.0)

=0
bt (1 |Ly,B(9)]” , ) ti1

* /tj <2 max {0, wo ()} luc — Ec(9) — Kogp(9)] )dt - )‘/tj I'(we, 7Tc(<15))dt>

sup; dom ¢—1

_ Z ((B(¢(tj+laj +1)) — B(cf)(tjﬂ,j)))

Jj=0

- (1 |Br(¢)?
2max {0,wp(d)}

supj dom ¢

Jj+1 2
> / <1 L. B@) |uczc<¢>RCQP<¢>|2Ar<wc,wc<¢>>)dt

lup — A (@) - HDQP<¢>\2) n AF(wD,WDw)))

2max {0,wc(e)}
sup; dom¢> 1

B 2
DN 'L<¢>'(¢>}|uD—m<¢>—@QP<¢>|2—AF<WD<¢>>) (8.70)

= 2max{0,wp

Given that max{0,w.(¢(t,5))} >0, (t,j) € dom ¢, for x € {C, D}, the cost J (&, (u,w))

is minimized under x* = (K¢, k) = (o + Kogp, FD + KDgp) and the value function is

J*(€) = B(&). O

8.5 Illustrative Example

To illustrate our results, consider the following oscillator with impacts with dynamics

N i e R e Y
k2 —(e 1 2

H (8.71)

[+
mi}{ e ]—l—|:0]uD+|:0:|wD (z,(up,wp)) € D
To —(pT2 U Tho

where (e, 1u; 1w > 0, ¢p € (0,1], and

given by

{ (uc, we)) €R2xR2 x1>0}

{x, up,wp)) GRQXRQ x1 =0, x2<0}
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Figure 8.1: Phase portraits for the hybrid oscillator under different settings: a) with no
disturbance and no ISSf QP filter, b) with no disturbance and ISSf QP filter, c¢) with
disturbance and no ISSf QP filter, and d) with disturbance and ISSf QP filter.

with (us,w,) € R2, for x € {C, D}. Now, consider the following nominal feedback

law

R(z) = (Re(z),Rp(x)) == <—1rcx2, (pw2 >

72
2 14 2rp (8.72)

where rc > 0 and rp € (—oo, %%2) U <_ﬁ’ oo). Next, consider the following set

2 2
K:{xERZ:xleorxgg(] <ﬂ> +m1$2+(2> §1}

a ab b
for some a # 0 and b # 0. Pick 7 + p(r) = r® and w = 1, then

2 2
Kd(w):{xERQ:x1>Oorx2<0 <E> +x1w2+(@) <2}

a ab b
which are depicted in Figure 8.1 and Figure [8.2] From this choice, notice that
I 2 12 i) 2
B(z) = (%) (52) -1 8.73
@=() t— T3 (8.73)

is an ISSf barrier function candidateﬁ for for H with respect to (K, K4(w)). Then,

following Section [8.3.2] we can define the pointwise min-norm QP safeguarding feedback

8Notice that the dynamics H and B satisfy Assumption [8.3.5] for each x € {u, w}, with

= 21,2
BL* (ZL’) = b2

Ve eR?:z =0,22 <O0.
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Figure 8.2: Phase portrait for a solution to the hybrid oscillator and plot of the cost.
Initial condition &. Value function (dark gray) and cost of solution (blue-red) rendered
by the saddle-point equilibrium strategy, attaining the value evaluated at the initial
condition, B(§).

law kgp = (/eCQP, mDQP) with values as in and using ac = 1, and ap = %
Therefore, from Theorem we conclude that the feedback law k = (/%0+an py kD
KDqp) Tenders the resulting closed-loop system H, w-small-input ISSf with respect to
the disturbance w and the set K. In particular, we can see that in Figure ) the set
K4(w) is conditionally invariant for H, with respect to w and K, as opposed to Figure
B.1k) where the ISSf QP filter is not active. Also, notice that from Figure [8.1h) and
Figure [8.1p), when disturbances are not considered, the set K is forward invariant for
Hy, as discussed in Remark

In addition, pick r — ~(r) = r?, and conditions (8.63]) and (8.64)) are verified numer-
ically. Therefore, invoking Corollary we have that k solves, for any £ € K, the

inverse optimal problem, under the maximizing disturbance w, by minimizing the cost
J in (8.43]). This can also be seen from Figure where J attains the value of the

value function evaluated at the initial condition. In this particular example, we chose
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the initial condition ¢ € 0K, therefore, it follows that J*(§) = B(&) = 0.
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Part 111

Study Cases of Hybrid Systems

under Contested Scenarios
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Chapter 9

Capture-the-Flag as a Hybrid

Game

In this chapter, we derive a comprehensive hybrid system representation for capture-
the-flag games and a corresponding zero-sum game formulation following the framework
in Chapter 3. First, we introduce the rules of a capture-the-flag game, the derivation of
a hybrid system formulation, and the objective functions that define a zero-sum hybrid
game. Additionally, we provide a constructive scenario-based switching control design
to test the model in a simulation tool where the rules of the game are encoded. By con-
sidering the dynamics of capture-the-flag games, this chapter is meant to be a stepping
stone to investigate the foundations of multi-player decision making with constraints
given by hybrid dynamical systems and for the analysis and design of (sub)optimal
control laws for the capture-the-flag hybrid game.

9.1 Capture-The-Flag Games

Capture the flag is a rule-based game allegedly dating back to the book “Scouting For
Boys”, by [91], where two (or more) teams of players compete against each other, trying
to capture the opponents flag and return it to their own base. This game describes a
rich family of sub-problems, where team members (representing robots and/or humans)
cooperate with each other to maximize their profits, while teams compete to outperform
each other. While humans and robots operate in continuous time, the capture-the-

flag game is governed by discrete-time events at unknown and possibly periodic time
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instances, making it a hybrid dynamical game.

In this section, we introduce the rules of the game before they are translated into
a hybrid system formulation in Section While we use specific parameters used in
the Aquaticus competitiorﬂ for illustration purposes, the description in Section is
sufficiently general to model a large class of capture-the-flag games with slight variations.
The Aquaticus competition! consists of two teams, a blue team (B) and a red team (R).
The blue team has b € N robots and the red team has r € N robots. The k-th robot in
either team is modeled as the dynamical system a dynamical system, specified by

o= | =T < ), (9.1)
Dk,2 U, Sin ug,

where pr, = (pr1, pr2) € R? is the position, uy, € Uy, C [—m, 7] is an input representing
the instantaneous heading angle, and v is the input velocity.

The k-th robot in team B is denoted kg, with k € Np := {1,2,...,b}, and the i-th
robot in team R is denoted ig, with i« € Ny := {1,2,...,7}. Instead of the dynamical

system (9.1)), we can alternatively consider a differential inclusion

pr € F(pr),  f(pr) = con{ f(pr, ur)| ur € Uy} (9.2)

to suppress the dependence on wug and to simplify the notation in the following.

The playing ﬁeldE| X = [-Xg, Xg] % [-Xy,X,] € R? is divided into the regions
Xp = [-Xg, —¢] x [-Xy, X |, Xg = [, X;] x [-X, X, ], where € > 0, and an arbitrarily
small neutral zone (—¢,¢e) x [-X,,X,]. The neutral zone is introduced to ensure that
Xp N Xg = (. This simplifies the presentation in the following by excluding situations
that might occur on the zero-measure set defined by the intersection of Xg and Xg.
Each team has a flag that it protects from being captured by the opponent team. The
flags’ bases are located at Fgp = (—Xp,0) € X and Fr = (Xp,0) € X, where Xp >0 .
The setting with six arbitrarily positioned robots is shown in Figure .

The parameters of the game are the tagging radius +.> 0, the capturing radius yg> 0,
and a timeout parameter 7> 0. Without loss of generality, considering the perspective
of a robot kg € Np that competes with a robot ig € IR, the rules of the game are as

follows:

! Aquaticus competion: https://oceanai.mit.edu/aquaticus
’In Aquaticus, X; := 80m, X, := 40m, and Xr := 60m.
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Figure 9.1: Playing field of the Aquaticus competition with three blue and three red
robots arbitrarily positioned.

(a)

(f)

Tagging: 1If kg and ir are in the blue region, namely, py,,pix € Xp, and if
|Din — Pigs| < 7e, then iy is tagged by kg, i.e., ig is temporarily deactivated and

the blue flag is instantaneously returned to Fg if ig was carrying it.

Reactivation: A robot igr, which is temporarily deactivated by being tagged or
by leaving the playing field, which corresponds to p;, ¢ X, needs to satisfy
|pir, — Fr| < yF to be reactivated. A robot leaving the playing field loses the

flag if it was carrying it.

Disabled Tagging: After tagging ir, kp loses its ability to tag another robot for
time 7> 0.

Flag Capturing: If kg is not temporarily deactivated, and if |pg, — Fr| < 7, then
kp grabs the red flag. Only blue robots can grab the red flag.

Only one robot can carry the flag at a time.

Flag Return: If kg satisfies |pr, — F| < yp while carrying the red flag, then the

blue team scores and the red flag is instantaneously returned to Fg.

It might be counterintuitive why a strategy would lead to a robot leaving the playing

field.

However, depending on the maneuverability defined through the input constraints

Uy, it might be the best strategy to tag a robot close to the boundary of the playing

field even if this forces the robot to leave the playing field.

The goal of team B is to capture the red flag and to successfully return it to its
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own base Fp as many times as possible. Thus, points can be awarded in the following

situations, for example:
(g) kp successfully returns the red team’s flag to Fpg;
(h) kp grabs the red team’s flag;
(i) kp tags ig;
() prs € Xgr while not being deactivated.
Notice that negative points can be awarded, in particular, in the following situation:
(k) kp leaves the playing field, i.e., pg, ¢ X.

In the next section, we translate the descriptive rules of the game to the hybrid

system framework in [69].

9.2 Hybrid Systems Game Formulation

In this section, we formulate a hybrid system model of capture-the-flag games.
For the purpose of this chapter, a hybrid dynamical system H as in (2.1]) is defined

as
& = F(x,up,ur zel

( ) (9.3)
zt e G(x) xeD

where z is the state, and ug and ugr are the inputs of the two teams. Here, we consider

a special case where the function G does not depend on the input.

9.2.1 Implementation of the Rules of the Game

From the description of the competition above, to encode the rules of the game
given in (a)-(f), we propose a state vector that includes the position of the k—th robot,
introduced in . For each kg € Ny and each ig € Ng, the additional states with
associated dynamics are described, without loss of generality, taking the perspective of
an arbitrary robot kg € Np, as follows. In addition to pyg, the state of the robot kp
has a timer 7y, to model its tagging ability and two logic variables, (qk,, Mk ) € {0, 1}
to model whether kp is tagged and whether it carries the flag, respectively. The timer

decreases according to 7, = —1, and takes values in (—oo,T], where T > 0 isthe
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parameter introduced in Section defining the length of the timeout after kg has lost
its tagging ability (see rule (c)). Thus, the state of robot kp is

Ty = (Dhs Thi Qs> i) € Xy = R? X (—00, T] x {0, 1}2. (9.4)

We model the dynamics of kg as a hybrid system, for which the flow and jump sets are
defined to constrain the evolution of the state py, the timer 7, and the logic variables

(@ » i )-
To model the tagging ability of the robot kp (item (c)), we define

> 0: robot kp does not have tagging ability, (9.5)
Tk .
° < 0: robot kg has tagging ability.

To model whether a robot is tagged or carrying a flag, the logic variables take the

following values:

0: robot kg is active,
Qi = S (9.6)
1: robot kg is deactivated,

0: robot kg does not carry the flag,
Mk = . (9.7)
1: robot kg carries the flag.

The logic variables remain constant while the other states evolve in continuous time. In
addition to the states introduced above for robot kg, a flag state up is introduced for

each team, as follows:

0: the blue flag is not at its base,
pB = o (9.8)
1: the blue flag is at its base.

With these definitions, the rules outlined in Section [9.1|can be summarized through the
following update laws.

The dynamics of the ‘tagging ability’ state: According to rule (c), a robot loses
its tagging ability after tagging another robot. Hence, if

EiiR S NR7 ot Pir S XBv din = 07 ’p’LR _pkB‘ S ’YCaTkB S 07

then 7',:; =T. (9.92)
Jkg € Np Py € X, and gx; =0,

Here, encodes that robot kg is in the position to tag robot ir, and thus, 7, is
updated. By setting the flow of 7, as
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we can ensure that a robot regains its tagging ability after T seconds by checking when
Trg < 0.
The dynamics of the ‘tagged’ state: To implement rule (a), we consider the

following scenario and update law. If

EIiR € NR> st Dig € XRa Qin = 07 |sz —psz| < Yes Tig < Oa

then q,jB =1 — Q-
3]{]3 S NB Pkg € XR, and Qky = 0
(9.10a)

Here, (9.10a) reflects that robot ig is in the position to tag robot kg, and thus, gy, is
updated to 1.

Two additional cases are considered for the update of gj,. In particular,
if {pry ¢ X and g, =0, then g, =1~ gpy, (9.10b)
and
if {]pkB — Fp| <7p and g, = 1, then ¢ =1— gy, (9.10c)

cover rule (b), i.e., a robot leaving the playing field is deactivated and a deactivated
robot returning to its flag base is reactivated. If none of these events occur, g, remains

constant and, thus,

Gy = 0. (9.10d)

The dynamics of the ‘carrying-the-flag’ state: If a robot kg € Np carries the
flag when it is tagged, then it loses the flag. This (see rule (a)) is encoded through the
following update law. If

pir € XR, Qi = 0,75 <0, pr =0,

Jig € Ny s.t. then 771—:3 =1—1ng,. (9.11a)

|pZR _pkB‘ SVC?QkB :0, and Nkg = 1’

Similarly,

lf {pk‘B ¢ X’ qu = 0777kB = ]_7 HR = 07 then 'I’]’jB =1-— T]kB (911b)

encodes that kg € Np loses the flag when leaving the playing field (see rule (b)). The

update law

if {|pkB — FR| <9F, Gy =0, Mi, = O, up =1, then 7 =1 — 1y (9.11c)
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encodes that kp captures the red team'’s flag (see rule (d)). If kg returns the red flag to
the blue flag base, then 7, is updated according to rule (f), which is

if {\pkB — Fp| <vpy Qi = 0,7, = Lur =0 then  nf =1 — 1. (9.114d)

A final rule is implemented to ensure that only one robot carries the flag at a time.
According to (9.11¢)), more than one robot is able to update their 7 logic state at the
same time, encoding that they all have “captured the flag.” To address this, and ensure
that only one blue robot is carrying the red flag according to rule (e), for all kg € Np,

the update law
kB
if (UkB Z nt) > 2 then n,;FB =1 — My (9.11e)
mp=1

ensures that only one robot (by convention the robot with the smallest index) has its
7 logic state equal to 1 after the update. As before, if none of these events occur, 7,

remains constant and thus,

Tk = 0. (9.11f)

The dynamics of the flag state: If a red robot grabs the blue flag according to
rule (d), pup needs to be updated from 1 to 0. This is modeled by the following update.
If

Jig € Nr s.t. {QiR =0, g =0, |pix — Fs| <~vyp,up =1, then pg =1 — pp. (9.12a)

Similarly, if the red flag is successfully carried to the blue flag base Fgr (see rule (f)),
then, the flag is instantaneously returned to its base and up is updated from 0 to 1,

which is described by

if dig € Ny s.t. {QiR =0,7mix =1, ‘piR — FR’ < v, ug =0, then ,u,g =1 — up.
(9.12b)

If the robot carrying the flag is deactivated by leaving the playing field, then the flag is

instantaneously returned to its base, i.e.,

if Jir € Ng s.t. {qiR = 0,7, = 1,pi, ¢ X,ug =0, then pf =1— pug, (9.12c)
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(see rule (b)). Similarly, if a red robot is tagged while carrying the blue flag, then the

flag is instantaneously returned to its base (see rule (a)), as follows. If

Jig € Ny, =0, = 1.pi. € Xp, g =0,
R R St dir Mg DPir By UB then /,L]Jg :]_—ILLB

Jdkg € N IPin — Prs| < Yes Ghp = 0, Pry € X, 7oy = 0,
(9.12d)
If none of these events occur, ug remains constant, i.e.,
o = 0. (9.12¢)

9.2.2 Flow and Jump Sets of the Hybrid Game

Using the scenario-based update laws in the previous section, we describe the game

as a hybrid dynamical system H,. The state and input of the system are

T = (xBaxR)v U = (uBauR)u
xB:(xle--:benu'B)a UB:(UIB7-~-7ubB>7
TR = (lea"'axTRauR)a UR = (ulﬁv"'auTR)7

where each zy, and z;, is defined as in (9.4)), and the state space and input space are
defined as

Ty € Xgg V kB € NB

X=(z| 2, €X;y ViRENr ¢

pig; pr € {0,1} (9.13)
Ugy € Uiy V kB € NB

Uiy € Ui, ViR € NR

respectively, with X}, defined as in (9.4]). The definitions of the flow map F', the jump
map G, the flow set C, and the jump set D are presented next. With that aim, we
introduce first the following case-based jump sets.

Define the set where robot kg € Np tags robot ig € Ny
b
Dy = {33 € X‘ Py € XB, qry = 0,pix € XB, @iy = 0, [Pig — Prg| < Ver Thg <0 }
(9.14a)
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This set corresponds to the update . Similarly, we denote the set where a robot
iR € Ng, tags a robot kg € Np, as

t
Diffk:B = {.’E € X‘ Dig € XRv dir = OvpkB € XR) qkg = 07 |sz _pkB| < Yes Tig < 0 }

(9.14b)

These sets Dlt'ka additionally encode (9.10a)) and (9.11al), and trigger a jump in gx,

and n,. In addition, to encompass the states where the red robot iR is tagged while

carrying the blue flag, we define

kB,ir kB,ir

prel {x € D8 |niw =1, up = 0} , (9.15)

encoding the set for the jump of ug in (9.12d)). For any ig € Ng and kg € Np, the set
Dgag,{ is defined similarly.
R>NMB

Combining these definitions, denote

t t t t
D= | D, Dit= | D (9.16)
iRENR kBENB
t t t t
pgt:= |J D, Dp*= |J D, (9.17)
kENg iR ENR
tagf tag tagf _ tagf
el = bl o= | Di, (0.18)
iRENR kBENB
t t t t
pgel = ) D, Dpsli= | ) Dyl (9.19)
kBENB IRENR

Here, characterizes the set where the robot kp and ig can tag, respectively, and
(9.17)) characterizes the sets where the blue team and the red team can tag, respectively.
Likewise, (9.18) and (9.19)) are subsets of and (9.17), respectively, where the
tagged robot carries the flag.

Remark 9.2.1. () Due to the definitions of Xp and Xg, it is not possible that kg € Np

and ir € NR tag each other at the same time since € > 0 and Xg N Xy = 0.

A robot kg € Np, or arobot ig € Ng, captures the flag, respectively, in the following

sets

Dﬂag ={r € X| qug =0,y =0, |pry — Fr| < yp, pur = 1},

Dﬂag ={x € X| ¢ix = 0,7 =0, |pig — FB| < vp,uB = 1},
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which corresponds to the updates in (9.11¢c|) and (9.12a)). The sets at which the teams

can capture the flag are defined as the union of individual sets, namely,
ﬂag flag flag
U D, = |J b= (9.20)
k‘BENB lRGNR

As modeled by (9.11€)), multiple blue robots potentially could capture the red flag at the
same time. To rule out having multiple blue robots carrying the red flag simultaneously,

we define the sets

kB
wwu{mxmBzmm>% pgsr = | J Djie,
kBENB

Mo D o > 20, D o J D

mr=1 iRENR

mBl

(9.21)

Dl {y e X

which trigger a jump if multiple blue robots update their n state at the same time and
ensure that only one has its 7 logic state equal to 1 at the same time.

The flag has been successfully carried to the capturing team’s base if the state is in
U bpL, or = |J b, (9.22a)
kBENgB iRENR

respectively, where

Dy =A{z e X| |pry — F8| <vp,ms =1, ur =0, g, =0},
b =1 | [Phs | 5 =0} (9.22b)

Dj = {z € X| |pip — Frl <VFMip = L, u =0, gip, =0} .

The corresponding jump is encoded by the updates (9.11d)) and (9.12b), respectively,

modeling that the robot no longer carries the flag and the flag is instantaneously returned
to its base.
If a robot kg € Ng, or a robot ig € N, is active and leaves the playing field, i.e.,
the state is in either
D,sfB = {:1: € X| pry€ RAX, qpp, = 0} ,

oY (9.23)
Df; = {:E € X| pir€ RA\X, gi = O} )

then, gy, iy is updated according to (9.10bf). The closure of R2\X is used so that foB

is closed.
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If in addition, the corresponding robot is carrying the flag when leaving the playing
field, that is, the state is in either
X
Dk]f = {ﬂc c D%B |77kB =1ur = 0},

DX — {xGDX i = 1, MB—O}

R

then the states 7y, and py, are updated according to (9.11bj) and (9.12c)), respectively.

From the local jump sets, we define the sets at which B leaves the playing field as

U D, Df:= U DE,

kpENB . IRENR (924)
U DkB ) U DZR 5
kBENB iRENR
If a robot kg is tagged or has left the playing field, it needs to reach the set
Di® = {z € X| quy =1,y — Fi| < 7r) (9.25a)

to be reactivated, as encoded through (9.10c|). Similarly, if a robot ig is tagged or has
left the playing field, it needs to reach the set

Dy = {z € X| ¢ip = 1, |pir, — Frl < 7r} (9.25b)

to be reactivated.
We define the sets at which the teams regain their tagging ability as
Dutag U Dutag Dutag U Dutag'
kENg iRENR
The sets above define the events that encode the rules of the game, which we use to

define the jump set of Hy as
D := DU D% U D™ U D8 U D U De* (9.26)
U Dh U Dk U D§ U Dif U D8 U D8,

Note that D C X is closed since it is the union of closed sets. Correspondingly, the flow

set is defined as
C:=X\D. (9.27)

The closure is used to ensure that C' is closed, which is needed to guarantee that H is

well-posed.
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Remark 9.2.2. () Note that the proposed modeling approach allows a robot kg € Np
to tag multiple robots of R at the same time if the state is in multiple tagging jump
sets simultaneously, e.g., x € D;:;glR N Dltc?gng' Likewise, a robot kg can be tagged by

multiple robots of R at the same time (if © € Dﬁng N D;ing, for example), removing

multiple tagging abilities for T seconds.

9.2.3 Hybrid Game Dynamical Model

Now, we use the expressions in Sections and [0.2.2] to define a hybrid dynamical
system H, to model the capture-the-flag game. For each x in the flow set C' as in (9.27)
and each u in the set of inputs U as in (9.13)), the state of a robot kg € Np evolves

continuously according to

pkB f(pka uk’B)
) Tk -1
Tgp = ‘ B :FkB(ka’ukB):: ,
kg 0
| ks | L 0 i

and the flag state evolves according to g = 0. The maps F}, are defined based on
(9.1), (9.9b)), (9.10d)), (9.11f), and (9.12€). The maps Fi, (xiy, Uiy ), irn € Nr, are defined

similarly.

Remark 9.2.3. () Instead of the functions Fy,,, set-valued maps relying on (9.2)) can

be used to remove the explicit dependency on uj,.

Based on the robots individual flow maps, the game evolves continuously for all z € C

according to

F]-B (‘TlB’ulB)

FbB ($bB’ ubB)

0
& = F(z,up,uR) := x e C. (9.28)

FlR(lev ulR)

FTR (xTR ? uTR)

0
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The definition of the jump map is more complicated since it requires the union of case-
based individual jump maps. Again, we focus on the derivation from the perspective
of B, while the definitions for R follow analogously. For x € D, kg € Np, we consider
the following definitions. First, notice that the position of a robot does not change at
a jump, i.e., p,jB = piy for each x € D. For the remaining state variables recall the set

Dg;g in (9.16)), where a robot kg tags a robot ig, and define the sets

(1) . _pt
Dy .—Dklg,
(2) ._ t t (1)
DkB T U Di:ka U DEB U D}:Bag \DkB’
IRENR
3 ._ tag f fl flag, Xf (1) (2)
D)= U bl |ubgieup®*uD, uD. |\ D) uD,”,
iRENR

D, =D U D2y Dl U DY,

where a jump is triggered to update the variables 7., qry, Mg, and pr. This con-
struction gives a sequential priority to the jumps that occur on D&), then on Dl(ja), and
lastly on D,(jg). The definition of D,(jg) follows from the local jump sets , , and
(0-25). The justification for the form of D\ stems from (9.18), (9-20), (0-21), (0-22),
and . The definition of D, is consistent with the definition of the sets ,
, , and .

Based on these sets, we define the corresponding local jump maps gy m : ng) - X,

m € {1,2,3}, where

Gt (%) 1= Dk T Gy ) if o € D},
Gk.2(%) = (Phgys Thg > 1 — Qg M) ifre DI(CZB)a
Gkp,3(T) = Py Tk Thg> 1 — M) if v € Dl(jg)a

gur () =1 — R if € Dy

Depending on the local jump maps, the corresponding states are updated.

Simplifying the jump sets above by eliminating the disjoint sets via a scenario-based
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analysis, we define the sets

T . tag
kg = DkB ,

Al = (DE \ D®)u D,

fla a, a
Al = | DpEN | DL ) u(Dy \ D),

ir,kB
iRENR
AR = Dﬂag,u\ U Dtes
kg *— Tk iR,kB"
iRENR

To construct the jump map of the tagging ability states, we define, for kg € Ng,ir € Vg,

the maps

~ R R . ¢
G;C—B,iR('I) = (xlga e ,ngJ(l‘), <oy Tpgy UB, T1Rs - - - 7giR,2($)7 .. 'amT‘RHuR) if z eDkngR

Putting the individual jump maps together, we define

Crpr(@) = | Ghom(@) ifaeAf.

IRENR
Consider the jump map of the tagged states for which we define, for kg € Np, the

mappings

Gk/‘Bvq('r) = (xlga e 7Qk’}372(l‘)7 -y Tpgy UB, T1Rgs - - - 7$TRaMR) if z € AZB

Consider the jump map of the carrying-the-flag states for which we define, for kg €
Ng, the mappings

Gka"](x) = (xlBa ce. 7ng,3(I)a ... 7be),U’Ba lilpu o 7xTRa guR(x)) if x € AnBv
and for the case of multiple robots capturing the flag, the mappings

GkaN(x) = (l’lB, cee ang,?)(x)v <oy Thgy UBs L1gy -« - 7xTR7MR) ifze AZB

The constructions above lead to the jump map

G(x) := {Gs*,z(:t) ‘ z € AZ ,x€{B,R},s € Ny,z € {r,q,n, 1} } . (9.29)

The discrete evolution of the game is governed by
€ G(x), z€D. (9.30)
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The overall game is modeled by H, given in (9.26))—(9.30).

Before we introduce the objective function of the game in the next section, we high-

light some important properties of the hybrid system.

Lemma 9.2.4. () Consider the hybrid system defined in (9.26)—(9.30). Suppose f is
continuous. Then, H, satisfies the hybrid basic conditions [40, Def. 2.20], that is, F is
continuous, G : D = X in (9.29)) is outer semicontinuous and locally bounded, and C

and D are closed.

Proof. Since f in is continuous, then F' is continuous, by construction. Following
the same arguments as in Lemma A.33 in [21], given that for each kg € Np the sets
A7 AL AL, and Aj - are closed by construction, and Gl () : A7 — X, Ghp.q() :
Af = X, Glpn(T) AL = X, Grpu(T) A7 — X are continuous and locally
bounded relative to AEB,AZB, AZB,Aﬁ, respectively, (and using the same arguments
for R,) then the set-valued map G as in is outer semicontinuous and locally
bounded. The flow set C' as in is closed by construction since it is the closure
of the complement of D. Notice that D!*® . asin is closed by definition, which

ki

implies that D%ag is closed, since it is defined as the union of closed sets. The set Dgag

as in is closed by following a similar argument. According to the definition of
D;:B in , it follows that D is closed. The set D% is closed by being the union of
closed sets as defined in . The set Dgtag is the union of closed sets as defined in
, and thus, closed. Similar arguments apply to R, which leads to the jump set D
as in being closed by construction. ] ]

Following |40, Definition 2.18], we say that a system H, that satisfies the hybrid
basic conditions is well posed. Well posedness of hybrid closed-loop systems guarantees

key structural properties of solutions.

Lemma 9.2.5. () Consider the hybrid system defined in (9.26])—(9.30|). For each given
input t — (up(t),ur(t)) with domain [0, c0), and for each initial condition o € C' U D,
there exists a maximal solution [40, Definition 2.29] to Hs that is complete and its

domain is unbounded in the ordinary time variable. a

Proof. Forward completeness of solutions follows from the design of the domain X, in
(9.13), in combination with the definition of the hybrid system (C, F, D,G) in ((9.26)—
(19.30)). Namely, following [92], given that for an input ¢ — (up(t),ur(t)) with domain
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[0,00), every solution (¢, ug(:),ur(:)) to Hs with ¢(0,0) € C' U D can, at time (0,0),
either flow, jump or both, and given that such solution cannot end with flow, nor with
jump, then it is forward complete. Similarly, the second assertion of the lemma follows
from the definition of the hybrid system. While multiple consecutive jumps are possible,
Zeno behavior cannot occur. In particular, regaining the tagging ability and reactivating
a robot ensure that for all £ € R>, there exists j € N such that (¢, j) € dom(¢, up, ugr).
O O

9.3 Two-Team Zero-Sum Formulation

This section discusses the objective of the game that was described in Section [9.1
and it proposes a meaningful cost function to define a two-tem zero-sum game. The
cost function uses the indicator function 14 : R” — {0,1}, which is defined for a set
ACR", neN, as

1 ifyeA,

La(y) = 0 ityd A (9.31)

Based on the indicator function and the definition of the sets D and Dj in (9.22),
the overall goal of capturing the opponent’s flag and returning it to the team’s own base

(see item (g)) is encoded by the cost function

Tg(xo, (ur(),uB(-) :=cg > <1Dg($(tj+lvj)) - ]lpg(ﬂf(tjﬂ,j))) (9.32)

(tj+1,5)€domz(-)

sup;, domzx . . "
where {tj}j:%’ is a nondecreasing sequence associated to the definition of the

hybrid time domain of (x(-), (ur(:),us(+))) as in [40] and R(zo, u) is the set of maximal
state trajectories to Hs from xg for (ur(-),us(:)), as defined in Section The cost
Jy is defined as the worst-case cost over all solutions from xg.

Based on this definition, the value function is given by

Ty (wo) = inf sup Jg(wo, (ur(-),us(-))) = sup inf Fg(zo, (ur(-),un(-)))  (9.33)

ur(Jup(-) up(-)ur(")

where team B aims to maximize the cost while team R seeks to minimize it. If J;(zo) >

0, team B wins, and if J;(z0) < 0, team R wins.
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As indicated through (h)—(k) in Section additional objectives can be considered,
depending on the specific version of the capture-the-flag game. In particular,
Tn(xo, ur(),us() ==cn Y (]ngag(qb(th,j)) - ﬂDgag(¢(tj+1,j))>
(tj4+1,4)€dom ¢
awards points for grabbing the flag (item (h)),
%(.QTO,UR(-)’UB(-)) = C; Z ( Z]lDtag ]+1, Z]lDtag ]+17 )))
(t3+1,])€d0m(]5 k€Npg iRENR
awards points for tagging robots (item (i)), and
Tlwoun(un()) i=ce Y (=20 Ipp (G(t41,0)+ Y Lo (9lty41,)))
(tj+1,j)€d0m¢ kBENB iRENR
penalizes the teams for leaving the playing field (item (k)). Here, ¢, ¢;, ¢ > 0 denote

weighting factors. To cover item (j), we first define the sets

D§§ = {ac c X’ Pkg S XR,qu = O},

Dz?iB :{33 GX’ Dir 6XB7QZ'R :O}a

for kg € Ng and 7 € Ngr. Then

Jj(xo, ur(-), un(: —C]Z/]+1 Z 1 XR Z 1 XB ))dt

jEN kpENE iRENR
awards points for exploring the opponent’s half of the playing field, with ¢; > 0.

By selecting different constants and by taking the sum over different cost functions,
different versions of the capture-the-flag game can be obtained. Even though the cost
function in encodes the objective of each team, the synthesis of optimal control
laws is an open problem of research. Consequently, the controller design discussed in
the next section focuses on local objectives. While this necessarily leads to subopti-
mal control strategies with respect to , it is a first step towards a saddle-point

equilibrium design.

9.4 Control Design

In this section, we present local control laws based on the presentation in [93|E|

Notice that the control design described here is specific to the dynamics in (9.1). The

3See 93| for details.
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local control laws are combined into a global control law via switching rules to optimize
the objective function in Section[9.3] In the following, we focus again on the perspective
of B.

9.4.1 Local Controllers

1) Return to base: After kg € Np is temporarily deactivated (see rule (b)), it
needs to return to Fp to be reactivated. This is achieved in minimal time through the

feedback law
—XF — Prp,1 )

9.34
|F — Dy | (6:34)

/Q,ICB (z) :=cos ! (

2) Return the flag: If the opponent’s flag has been captured by kg € Ng, the
robot needs to return to its own half of the playing field Xp (without being tagged) to
be safe from team R and to ultimately score points according to . The optimal
strategy to reach the safe zone while avoiding an opponent ig € Ny is given by the

feedback law

*
_ Mgy + Ng — Prp,1
Ky (2) 1= cos 1< x@i N ) (9.35)
‘(mxy + Ny, Y )_pkB|
2 2
__ Prp,2~Pig2 _ 1 lpegl*—Ipig | _ . ¥ _ i
where m, = PPt " = 3 ppoapiga ) Y = Xy if my >0, y* = =X, if m, <O0.

This follows the attack strategy design in Phase II in [93].
3) Capture the flag: To capture the opponents flag (rule (d)), we consider the
feedback law

Xk = Prp,1 pkB’l). (9.36)

3 el
Kig () = cos ( o= pe|
B

4) Enter Xp or Xg: To enter the opponent’s half of the playing field (in order to

gain points with respect to Jj, for example), one can use the strategies

/ﬁ;éB(Z’) =0, ki () = (9.37)

R

5) Defend the flag: To lead kg € Np to defend the flag Fp from ig € Ng, we

consider the feedback law

—1 (PT—Pkg1 .
cos — if z€Rp,
Ky (1) = ('p p’“B‘> (9.38)

cos™! (— pkBJ) if ze€Ra.

[Prg ]
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Here, Rp C Xg denotes the set of initial conditions from where, under optimal strate-
gies, robot kg tags ir before ig reaches the flag, R4 C Xp denotes the set of initial
conditions from where, under optimal strategies, ig captures the flag before being tagged
and
= (9 ph) = pin — FBI* = [Pks — FBI? Pin — Pho
|Pir, — Phg? 2

denotes the optimal interception point (see Phase I in [93] for details).

6) Defend midfield line: To avoid that a robot ig € Ny that has captured the
flag crosses the half of the playing field, we define the strategy of kg € Ny based on the
feedback law

3
— Mgy" + Ny — Pkp,1
ke x(2) := cos ™! ( = L ) (9.39)
|(May* + ngy y*) — Prg|
2 2
__ Pig.2—Pkp.2 _ 1lpigalf—lzegal® . : « _ _x
where m, = P11 " = 2 propey Y = Xy ifm, >0, y* = =X, if m, <0.

This follows the defense strategy design in Phase II in [93].

9.4.2 Global Controller

This section focuses on the combination of local control laws to obtain a rule-based

global controller. With this aim, we introduce the logic variables

=

defensive strategy,
58 = &Y (9.40)
attack strategy,

—_

=

defend the flag,
5 123 _ efend the flag (9.41)
defend the midfield line,

—_

0, capture the flag,
S, = P 8 (9.42)
1, cross the half line,

and the global control law rj, defined as follows:
Pk () =k il + M, + (1= k) (1= i) [03, (1= 0% ), + ok, ) o1
+ (1= 685, ((1 =882, + 088, )]

With these definitions, the optimization objectives encoded in the cost function can

be summarized through the following update rules.
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The dynamics of 5,§B € {0,1}: To implement a defensive strategy, we consider the

following scenario and the corresponding update rule, if

Dig s PEkp € XB?QiR = 07%3 - 07

Jig € Ng s.t. then 6+ =1 — 65, (9.44a)

Nkg = 0,6}?}3 = 1>
Here, (9.44a)) reflects that robot ir is in Xp and kp has an attack strategy and thus
(5;?}3 is updated. An additional case needs to be considered for the update of 51?13‘ In

particular,
; ; S S+ _ S
lf ﬂZR c NR S.t. {piR7pkB (= XB? qu = O, qu = 07 5k’}3 = 07 then 5kB - 1_5kB7 (944b)

covers when a robot takes an offensive strategy due to no threats of an opponent cap-
turing the flag. If none of these events occurs, 5,?}3 remains constant and thus 5;:13 =0.
The dynamics of (5,‘?}3 € {0,1}: To implement a capture-the-flag strategy, we con-

sider the following scenario and the corresponding update rule:
if {6;;‘]3 =1,pky € XR, @iy = 0,7y = 0, ug =1 then 5,‘3}: =1- 5,;4]3. (9.45a)

Here, ({9.45a) reflects that robot kg has entered the opponent’s half, which triggers an
update of (5,‘?}3. One additional case needs to be considered for the update of 5,‘;‘}3. In

particular,
i S A A+ A
if {08, = 1,07, = 0,py € Xpgiy, = 0mp =0 then 15 =15, (9.45b)

covers when a robot takes the strategy to cross into the opponents half of the playing
field. If none of these events occurs, 5,‘3}3 remains constant and thus 5,?}3 =0.
The dynamics of 5,?]3 € {0,1}: To implement a defend-the-flag strategy, we consider

the following scenario and the corresponding update rule:

Pin, € XB,03, = 0,pk, € Xp, 65, = 1,

Jir € NR s.t. then 5,’3; =1- (5,% (9.46a)

qu - 07QiR - 07 ‘sz - FB’ > ’pkB - FB’
Here, (9.46a]) reflects that robot kg is closer to its own flag and ig threatens to capture

it so it will be intercepted before it happens. As a second case we consider

Dir € XB76]§B = OvpkB € XB,(SI% = 0)

if Jig € Ng s.t. then 5{3; =1-6p.

Gk = O;Q’LR = Oanir{ = 1|le - FB| < ‘pkB - FB’
(9.46Db)
This update switches to boundary-protection strategy. If none of these events occurs,

0D remains constant, i.e., 62 = 0.
kp ? » Yk
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Figure 9.2: Blue robots getting tagged.
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Figure 9.3: Blue robots are deactivated.

9.5 Simulation Testbed

Consider a scenario with three robots in each team, namely, b = r = 3, where each of
them is initialized as in Figure[0.1] The constant speed in normalized units of each of the
robots is v = 1. A simulation tool has been developedﬁ where the rules of the game are
encoded by implementing the hybrid model in Section [9.2] This tool allows one to test
different controllers. Some of the robots have been endowed with a switched controller
that combines the local laws in as in Section In Figure a blue robot
is about to be tagged and another blue robot is about to exit the playing field. Thus,
T € D;i%ks N DEB as in ((9.14b)) and (9.23]), which trigger the state to jump according

to (9.10). When the state gy, is updated, denoting a robot has been deactivated, its

marker color changes to black as in Figure[9.3]and the controller leads them to head back

“Code at https://github.com/sjleudo/HybridCaptureTheFlag
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Figure 9.5: Red robot carries the flag.
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Figure 9.6: Red robot dropping the flag.

172



40| ' ]
I
20 | ! 1
I
= — P
ol . A\ e N x _
VAN I /
N . o 1 N -
20k 1 ]
I
-0+ 1 -

Figure 9.7: Flag back at blue home.

to the base according to . In addition, a robot that has a tagging timeout changes
its color to green or orange, depending on whether it belongs to B or R, respectively.
In Figure a red robot is about to capture the blue flag, so z € D?}?g as in ([9.20),
which triggers a jump in the state according to and . When the states 7;,
and up are updated, denoting that a red robot has captured the blue flag, its marker
changes to a star as in Figure the marker denoting the position of the flag at its base
turns white, and the controller leads the red robot to head back to its base according to
(9.35)). In Figure the red robot carrying the flag arrives to its base, namely, z € Df{
as in , which triggers a jump in the state according to (9.11d]) and (9.12bf). When

the states n;, and pp are updated, denoting the red team has scored because a red
robot returns the blue flag to the red base, its marker changes back to a circle as in
Figure the marker denoting the position of the base turns blue, and the controller
Kig (z) := 7 leads the red robot to cross the midfieldaccording to (9.37).
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Chapter 10

Hybrid Games under Imperfect

Information

In this chapter, we study a contested scenario that arises under imperfect state
information on a system with hybrid dynamical behavior. We formulate a finite-horizon
optimization problem to model a two-player zero-sum hybrid game with limited access
to the state. We consider an approach based on a state observers design. Consider a
two-player zero-sum game with dynamics H described by for given (C, F, D, G, h)
where the output function h : R™ — RP defines the system’s output y = h(z).

Observer Design

We propose to design an observer of the form

o[ = P+ Lolhl@) (@Guo)ec o)

2t = G(&,up) + Lop(y,h(2)) (Z,up) € D
where & € R" is an estimate of the state x, and the maps L,c : RP x RP — R" and
Lop : RP x RP — R™ are state estimate correctors based on comparisons between the
output y and the output estimation h(z) during flows and jumps, respectively. We are

interested on the design of optimal feedback laws k := (kc,kp) : R™ — R™e x R™P

that map from the state estimates.

Definition 10.0.1. (Solution to the hybrid observer 7:L) A hybrid signal (qg, U, y)
defines a solution to the hybrid system ifpeXx, u= (uc,up) € U, y € h(X),

domq@ = domu = domy, and
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o ($(0,0),uc(0,0)) € C or (¢(0,0),up(0,0)) € D,

e For each j € N such that Ié has a nonempty interior intIé, we have, for all
te intlé,
(¢(taj)7u0(ta.j)) ecC

and, for almost all t € Ié,

d - A .
@Qf)(t,j) = F(¢(t7])7uo(tuj)) + LOC(y(taj)) h(¢(t7j)))
e For all (t,j) € dom ¢ such that (t,j+1) € dom o,

(6(t,4),un(t,j)) € D
g)(t?j + 1) = G(é(tvj)a UD(taj)) + EOD(y(tvj)v h(qg(t’.])))

A solution ((5, u,y) is a compact solution ifqg is a compact hybrid arc.

We say that a solution (é,u, y) to # is maximal if it cannot be extended and we
say it is complete when dom ¢ is unbounded. We denote by Sy, (M) the set of solutions
(¢, u,y) to (10.1) such that $(0,0) € M.

We define the state error e := x — 2 as the deviation of the estimator from the state.

Notice that the dynamics in the error coordinates are given by

2>
=

¢ = F(z,uc)— F(Z,uc) — Loc(y,h(E)) (e,uc) € Ce
et = G(z,up)— G(&,up) — Lop(y, k(%)) (e,up) € D¢

& (10.2)
where Cg := {(z — &,uc) € R" x R™¢ : (z,uc) and (Z,uc) € C} and Dg = {(x —
Z,up) € R" x R™P : (z,up) or (Z,up) € D}.

Thus, the input action u = (u1,us2) rendering a response ¢, to & with components
defined as dom¢. > (t,7) — wi(t,j) = vi(t, 7, ¢e(t,j)), for each i € V, defines the
closed-loop system

;

z = R F(T’ Kc(:)) ) rand € Cy
7‘(5 F(l‘, ’QC(‘T)) - F(ﬂ;l{,o(l‘?) - ‘COC(y7 (l‘)) (103)
2t = Glw,kp (%)) rorxé€ D,
G(z,£p(2)) — G(&,kp(2)) — Lop(y, h(2))

\

with state z = (z,e).
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To provide insight on the proposed approach, consider the linear case with maps

(x,uc) — F(z,uc) := Acz + Bouc
(z,up) — G(x,up) := Apx + Bpup
x v+ h(x):=Hz
z+— ko(z) == —Kcox (10.4)
x+— kp(z) = —Kpx
(y1,92) = Loc(y1,92) = Loc(y1 — y2)
(y1,92) = Lop(y1,92) = Lon(y1 — y2),

where Ac, Bo, Ap, Bp, H, Ko, Kp, Loc, and L,p are matrices with appropriate dimen-
sion. The closed-loop system ([10.3)) reduces to

Ac — BeKc BcKc .
z = z e’y
0 Ac — L,cH
He o (10.5)
Ap — BpK BpK
2t = b DD DD z €D,
0 Ap — L,pH

Given ¢ € II(C' U D), a joint input action u = (uc,up) € U, the stage cost for flows
Lo : R" x R™¢ — Ry, the stage cost for jumps Lp : R" x R™P — R>(, and the
terminal cost ¢ : R™ — R, the cost associated to the solution (¢, u) to H from £ with
end time (7', J) € R>o \ {oo} x N, under Assumption is defined as in (5.1)). We are

ready to formulate the two-player zero-sum game with imperfect state information.
Problem (xz): Given £ € R™, under Assumption design k¢, kp, Loc, Lop SO

that we solve

minimize maxmnze J (& u) (10.6)
u1

u=(u1 ,uQ)EZ/{

while e(t,7) — 0 as (¢,j) — (T, J), where (¢, j) € domw and (T, J) is the end time of u.

10.1 An Observer-based Switching Algorithm for Safety

under Sensor Denial-of-Service Attacks

As a stepping stone, motivated by the study of contested scenarios with imperfect

information patterns where hybrid dynamics emerge, in the reminder of this chapter
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we study the nonoptimal design of safe-critical switched-control algorithms for systems
under Denial-of-Service (DoS) attacks on the system output. We aim to address sce-
narios where attack-mitigation approaches are not feasible, and the system needs to
maintain safety under adversarial attacks as in [46]. We propose an attack-recovery
strategy by designing a switching observer and characterizing bounds in the error of
a state estimation scheme by specifying tolerable limits on the time length of attacks.
Then, we propose a switching control algorithm that renders forward invariant a set for
the observer. By satisfying the error bounds of the state estimation, we guarantee that
the safe set is rendered conditionally invariant with respect to a set of initial conditions.

The proposed formulation is applicable to several use cases with objectives including
obstacle avoidance and collision-free navigation for autonomous vehicles, reach-avoid
control problems, surveillance, and convoy of multi-agent systems, among others. We
consider scenarios in which every attack has finite duration, succeeded by an interval
of time without attacks. We are interested in finding the set of initial conditions and
the control action such that the state trajectory remains in a safe set at all times.
During attacks, the controller relies only on the uncompromised outputs, from which
we generate an estimate of the state, whereas the entire output is used when attacks
are not present.

We provide sufficient conditions involving key properties of the system, such as the
maximum tolerable length of the DoS attack and the minimum required length of the
interval without an attack for recovery, guaranteeing that the state estimation error re-
mains uniformly bounded. Furthermore, we design CBF-based observer-based feedback
laws to render a properly defined set forward invariant for the observer so that with
bounded estimation error, the system is safe. This is obtained provided conditional

invariance of a set of interest with respect to a set of initial states.

10.2 Preliminaries

Consider the nonlinear system

F (10.7)
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where z € R" is the system state, y € RP is the system output, F' : R>g x R" — R" is
the (potentially nonsmooth) flow map and H : R>g x R™ — RP is the output map.

A solution to the system F is defined as follows.

Definition 10.2.1. (Solution to F) A locally absolutely continuous function t — z(t)
defines a solution to the system F in if %z(t) = F(t, 2(t)) for almost all t € R>q.

We say that a solution z to F is maximal if it cannot be extended and we say it is

complete when dom z = [0, 00).

Definition 10.2.2. (Safety) The system (10.7) is said to be safe with respect to
(Xo, Xy), with Xo C R™\ X, if for each zy € Xy, each solution t — z(t) to with
z(0) = zp satisfies z(t) € R" \ X, for all t € dom z.

Definition 10.2.3. (Conditional invariance) A closed set S C R™ is said to be con-
ditionally invariant for system (10.7) with respect to M C S if, for each zy € M, any
solution t — z(t) to from zy satisfies z(t) € S for all t € dom z.

It is immediate that the system ((10.7)) is safe with respect to (X, X,,) if and only if
the set S := R™ \ X,, is conditionally invariant for (10.7)) with respect to Xo. For more
details see [86).

10.3 Problem Formulation

10.3.1 System Model

Consider the linear time-invariant control system

& = Ax + Bu,
(10.8)

y=Cx

where x € R" is the system state, y € RP is the system output, v € U is the control
input, and &/ C R™. Here, A € R"*", B € R"™*™ and C € RP*",

10.3.2 Attack Model

In this chapter, we consider attacks on the system output y. In particular, we consider

an attack where a subset of the components of the system output is compromised. Under
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such an attack model, the measured system output 7 takes the form

Y= (Ys)Ya) (10.9)

where y, = Cz, and, for each solution ¢ — z(t) to (10.8)),

Cx(t ift ¢ 7,
Ya(t) = " # (10.10)
Y(t,x(t)) ifteT,
The quantity Cz denotes the secured output components that cannot be attacked with

C € R and 0 < p < p, Cx denotes the vulnerable output components that can

_ ~ C i
be attacked with C € RP=P)*" gych that C' = ol and Y : Rsg x R* — RP—P

denotes the attacked output signal. We denote with 7, C R>g the set of times when
an attack is present on the system output, which is assumed to be known provided a
DoS attack detection mechanism. The attack model captures Denial-of-Service
(DoS) attacks on the system output. Let [t%,t}) with 5 > t! > 0 denote the interval
of time over which the i—th DoS attack occurs, with ¢ € Nyg. Define 7, = U[ L),

)

i = U{t’l}, and T2 = U{t%} as the intervals of attack, and the sets of the starting
and enzding time instantsf of attacks, respectively. To provide sufficient conditions to
guarantee safety, we characterize the attacks by defining 7, := max;¢ {1’27“'}(25% — )
and Ty, = mingero 5 (] — t571) as the maximum length of the DoS attack and the
minimum length of the interval without an attack, respectively. Notice that tg = 0,

and when t1 > 0, we have ] > T,.

10.3.3 Problem Statement

Given a nonempty, closed set S C R", referred to as the safe set, the problem to
solve is the design of an algorithm such that the set S is conditionally invariant for
(10.8]) with respect to the set Xy. Formally, the control design problem studied in this
chapter is stated as follows.

Problem (®): Given system (|10.8)), a closed set S C R™, and the attack model in
(10.9),

1. Find a set of initial states Xy C 5, and

2. Design a control law x assigning the input u of (10.8)) using measurements of g
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such that, for each zo € Xy, the solution to the resulting closed-loop system, namely

t — x(t), with z(0) = xo, satisfies z(¢) € S for all £ > 0.

10.3.4 Proposed Solution

To solve Problem (®), we propose the design of an observer-based feedback law that
induces conditional invariance of S with respect to Xg3. Most CBF-based methods for
forward invariance rely on measurement of the entire state [95]. We propose to employ
a state estimator that reconstructs the system state using the measured output 3. The

observer is given as

& = A& + Bu+ g(7,9), (10.11a)

C#, (10.11D)

<
Il

where Z € R" is the estimate of x and g : RP x RP — R” is the innovation term to be
designed such that g(y,9) = 0 at § = . When the system output is under an attack
according to the attack model , the actual output information is not available to
the state observer. Thus, the observer needs to take into account the attacks on the
system output. To this end, we design an observer that uses the complete output vector
when there is no attack and only the non-attacked output components when the system

output is under attack. More specifically, the proposed observer under the attack model

(10.9) is given as

Ai+ Bu+ g1(Cz,C%) if t¢T,,

&
I

i (10.12)
A%+ Bu+ g2(Cz,C%) if teT,
where g1, g2 : R? x RP — R" are to be designed. Given a set 7, C R, the feedback law
K assigning u is defined as

L, if t¢7T,
K(t, 3, y) = miy) I 1§ (10.13)

ro(z,y) if t € Tq,

where k1,k9 : R™ x RP — R™ are functions to be designed under nominal operation
(i.e., when the system is not under an attack) and under attack, respectively. Notice

that the closed-loop system resulting from the composition of (10.8)) and (10.12)) with
k as in (10.13) can be expressed as in (10.7) with z = (z, Z).
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We make the following assumption on S in ([10.8).

Assumption 10.3.1. The pair (A, B) is controllable and the pair (C, A) is detectable.

Switching Controller

Nominal Control

i Recovery Control

777777 Y N

[ Nominal Observer ‘ \

Recovery Observer

Switching Observer

Figure 10.1: Closed-loop attack recovery scheme.

Based on the structure of the observer in and the observer-based feedback law
in , the approach followed in this chapter for safety under attacks for system
is as in Figure with details as follows .

Approach: Given a closed set S C R", the system , and the attack model ,
our approach is to compute sets XO,XO,S’O C S and design functions g1, gs for the
observer in and functions k1, ks for the observer-based feedback law k as in
(10.13]) such that each solution pair ¢ — (z(t),Z(t)) to the closed-loop system resulting

from the composition of (10.8]) and (10.12)) with x satisfies the following properties:

1) For each tg € T such that z(tg) € Xy and &(to) € Xo, the 2 component of the
resulting closed-loop solution satisfies x(t) € S for all ¢ € [to, to + T4);

2) For each to € Ty such that z(tg) € S and &(to) € So, and for fy = max{to, infr>s, 71},
the x component of the resulting closed-loop solution satisfies z(fy) € X and

x(t) € S for all t € [to, 1p).

Remark 10.3.2. () The sets X and Sy denote the sets of estimates before and after

an attack, respectively. We will design these sets in the next section. Item 1 in our
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solution approach encodes conditional invariance of the set S for system with
respect to X, under an attack with maximum duration. Upon the requirement of the
state to be in S at the end of every attack, item 2 encodes safety of system with
respect to (Xo,R™\ S) during the time-intervals with no attacks, and the state to be in

Xy at the beginning of the next attack.

In the next sections, we present the design of the observer in (10.12)), and the design
of the observer-based feedback law in (10.13)).

10.4 Design of Switching Observer

Under an attack on the system output of the form , it might not be possible
to reconstruct the state of for a full-state feedback control design. Specifically,
under the considered attack model, the rank of the observability matrix O for the
pair (C, A), namely, rank(Q) = 7, potentially smaller than n. Thus, there might be
n —n > 0 eigenvalues in the closed right-half plane for the dynamics of the estimation

error resulting for any observer design under attack. Keeping this in mind, the switching

observer in (|10.12) is defined as

Az + Bu+ L(Cx—Cz) if t¢T,,

&
I

T (10.14)
A+ Bu+ L(Cx —Cz) if teT,,

where L € R™? and L € R™*? is such that 72 (with 7 < n) eigenvalues of the matrix
A — LC lie in the open left-half plane. On the other hand, since (C, A) is detectable
under Assumption we can design L such that all the eigenvalues of (A — LC') are
in the open left-half plane. Now, define e = x — & as the estimation error to obtain the
error dynamics given as

A—LC) it t¢7To,
o=l e i ¢ (10.15)

(A—LCe if teT,

with e(0) = z(0) — #(0). Next, we analyze the error bounds when there is no attack,

i.e., at each t ¢ 7.
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10.4.1 Analysis under no Attacks

Consider the starting instant of an interval during which there is no attack on the
system output, namely ), € 75 U {0}, with i € N . The following result is the initial
step to guarantee conditional invariance of S with respect to Xy for the system (10.8)

when there are no attacks.

Lemma 10.4.1. () Given system , suppose Assumption |10.3.1| holds. For given

Tha, €0 > 0, an associated observer , and corresponding error dynamics ,
if at the i—th interval of no attacks withi € N, |e(t})| < €y with t} € T3, then the state

estimation error satisfies |e(t)| < y1(t—t)éo for all t € [th, 7], where

Y1(t) = c1exp (= Ait) (10.16)
with \; = 2);\‘21‘:)((83)), c] = iffﬁ((zlj))’ and L such that for some symmetric positive

definite matrices P and Q, —Q = (A — LC)" P+ P(A — LC) holds.

Proof. Since the pair (C, A) is detectable, it follows that there exist positive definite
matrices P, Q such that V : R"® — Rx, defined as V(e) = el Pe, satisfies
V(e)=¢'Pe+e! Pé

= [(A— LC)e]"Pe+e' P[(A— LC)e]

=e¢"(A—LO)"Pe+e"P(A— LO)e

= —e' Qe.
Given that Amin(Q)e'e < e’ Qe for all e € R", we obtain

V(e) < —le|*Amin(Q). (10.17)

Since P is symmetric, we have

Amin(P)le]* < V(e) < Amax(P)lel?, (10.18)

for all e € R™, which, together with (10.17) implies that V(e) < —%V(e). Let

t = e(t) be a solution of (T0.15) and consider the interval [t}, t:™] for i € Ns. Tt follows
that V(e(t)) < V(e(t))) exp (—%(t—t%)) for all t € [, 1], Since V(e(t))) <

Amax (P)]e(t4)|?, using the left inequality in (10.18)), it follows that

Amin(Q) (t—té)) le(th)]?

Amin(P)[e(t)]* < Amax(P) exp <_Amax(P)
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for all t € [th,t"!], which thanks to |e(})| < &, implies that
le(t)] < crexp (—Ai(t—t3)) le(t3)] < 1 (t—th)eo,
for all t € [th,t""!], completing the proof. O

Notice that the above analysis (withnal Luenberger observer) can be used to show
that starting from e(t}) with 5 € 75 U {0},i € N, the error exponentially converges to
6B in time T},,, where 6 = v1(Tha)|e(th)|, and stays in that ball until the next attack
starts at t’fl.

Remark 10.4.2. () The Luenberger observer used when there are no attacks is just

one choice of a state estimator. It is also possible to use a finite-time stable state

estimator [96], or any other observer that has faster convergence guarantees.

10.4.2 Analysis under Attacks

During the attack on the output, we use a different observer gain designed for the
pair (C, A). Since it might not be possible to place all the eigenvalues of A — LC in the
open left-half plane, the matrix L in can be designed to minimize the maximum
eigenvalue of A — LC, which minimizes the rate of growth of the error during attacks.
Based on L, we compute the maximum growth rate possible in the estimation error e
during intervals of attacks in the system output, assuming a worst-case attack.

Under the attack model , a subset of the state space may still be detectable for
the pair (C’ ,A). Thus, under the observer for t € Tg, it is possible that some of
the eigenvalues of the matrix A — LC are in the open left-half plane. To bound the error
growth during the attack, we consider the general case in which we can decompose the
matrix A — LC into submatrices fln and 12122, such that the eigenvalues of fln are in
the open left-half plane. To this end, let ® € R™*" be an invertible matrix consisting
of the generalized eigenvectors of the matrix A — LC' such that

A1 07 (n—) (10.19)

O(n—n)yxa Ay

where Ay; and Asy are Jordan blocks such that Amax(All) < 0 and 0pxq € RPX? is
a matrix consisting of zero Also, let ®~1 = [@I,@;], and define the change of

!Note that it is always possible to find the Jordan form of the matrix A — LC, even when it is not
diagonalizable.
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coordinates z = ®'e. Then, e = ®z, and in the new coordinates, the error dynamics

are expressed as

L ple - A Ofx (n—n)

O(n—n)xn Agy

Define z = (211, 222), where 211 € R™ and 2z € R"™" so that we have

41 = Anzn (10.20)
222 = A22222. (1021)

We can now state the following result providing a bound on the state estimation error

under attacks.

Lemma 10.4.3. () Given system , suppose Assumption |10.3.1| holds. For given

T,,éo > 0, an associated observer , and corresponding error dynamics ,
if at the i—th interval of attack with i € Ns¢ and maximum length T,, |e(t})| < &

with ti € Ti, then the state estimation error satisfies |e(t)| < vo(T,)éo for all t € [t},t5],

where
v2(T,) = max ¢ exp (—5\175) + g exp <;\2t> (10.22)
te[0,T4]
with
b1 = (0] 2mex D) gy by, Ay = 2mn(@ 5, Ay,
Amin(P) QAmax(P)

and L such that for some symmetric positive definite matrices P and Q, —-Q = fl]—lp +
PAH holds.

Proof. Consider the dynamics (10.20). Since by construction, the eigenvalues of the
matrix Aj; are in the open left-half plane, it follows that there exist positive definite

matrices ]5, Q such that V : Rl — R>¢ defined as V(zll) = zf—l]szll satisfies
V(zn) = —2{1Qz11
Given that )\min(@)zﬂzll < ZEQAZH for all z1; € R", we obtain

V(zn) < —lzn PAamn(Q). (10.23)
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Let t — (z11(t), 222(t)) denote a solution of (10.20)-(10.21). Denote A; = Q’E\L((QP)) and

o Amax(ﬁ) :
¢ = (D) to obtain that

(] < evexp (=Au(t = 1) ) [z ()
On the other hand, for , given that |/122222\ < ]AQQH,ZQQ\, we have
|222(1)] < |z22(t1)| exp(| A2 (t — 1))
Thus, by denoting & = |®||®1|¢1, and & = |®||D2|, A = |Ags], in the original coordi-
nates we have
le(®)] <I®|(|z11 ()] + [z22(2)])

<[®[ér ]z (E) exp (<At = 1)) + |@|z2a(8)] exp(|dza (¢ — 1))

{0 [re(t]) [ exp (~Aut — 1)) + [@][doe(th) [ exp(Aalt — 1))

< (erexp(=Aa(t = 1)) + G exp(at — 1)) ) le(t})]
Thus, thanks to |e(t})] < &y, for all t € [t}, 5] it follows that

< A~ 7/\ ~ N —
le(t)] < tg[%%] (cl exp(—A1t) + é2 exp()\Qt)) €0

which completes the proof. O

Note that it is possible that n = 0, i.e., all the eigenvalues of the matrix A — LC are
in the closed right-half plane. In that case, ¢; = 0 in (10.22]).

10.4.3 Global Bound on Estimation Error

The following assumption on the initial state estimation error is used to establish a

bound on the estimation error at all times.

Assumption 10.4.4. The closed set S C R™ is such that there exists E > 0 such
that, for the initial state x(0) € S and initial estimate &(0) € S, the error satisfies
€(0)] = [2(0) — 3(0)]| < E.

A pre-defined initial error bound helps us guarantee the existence of a switching
observer of the form ((10.12]) such that safety is guaranteed.
Now, we provide a result on bounds on the state estimation error under the proposed

switching observer algorithm.
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Theorem 10.4.5. () Given system (10.§), suppose Assumptions[10.3.1 and[10.4.4 hold
for E > 0. For given Tp,, T, > 0, an associated observer , and corresponding

error dynamics L let ¢1, M1, é1, é9, 5\1, A2 > 0 be defined as per Lemma |10.4.1| and
Lemma|10.4.3, If T, and T, are such that 1 (Ty)v2(T,) < 1 with v as in (10.16) and
v as in (10.22)), then |e(t)| < 71(0)y2(T,)E for all t > 0. In addition,

e if there is an attack at time t = 0, then |e(t)| < E for all t € T; U {0}, and

e if the first attack is launched after at least Ty, seconds, then |e(t)| < E for all
t € To U {0}.

Proof. From Lemma we have that for each interval without attacks starting at

th € T3 and ending at ti“ € T1, with ¢ € N, the estimation error satisfies

le(tT™)] < crexp (=M (T = ) le(t3)]
< crexp (=M1 Tha) le(th)] = 71 (Tna)le(ts)| (10.24)
The right-hand bound holds for any ti“ > T, thanks to ¢1, \; > 0 in Lemma [10.4.1
namely, thanks to the exponential being decrescent. For each attack interval starting
at t{ € 71 and ending at t) € Ts, with i € N>, the estimation error satisfies

() < max {eresp(=Au(t — ) + & exp(alt — 1) } et
tE[ti ¢t 4+Ts)

— max {& exp(-3a(0) + rexp(a(t) } leth)] = r2(Tlele))] (10:25
Thus, if there is an attack at the initial time, namely ¢ = 0, from Assumption
we have |e(t1)| < E, from we have |e(t3)| < ¥(T,)E, and from (10.24]) we
have |e(t})| < Y1(Tha)Y2(To)E. If T, and T, are such that v1(T4)y2(Ts) < 1, then
le(t?)| < E, namely, at the beginning of the second attack, the error will be bounded by
E. Recursively, this implies that |e(t)| < E at the beginning of every attack, namely, for
all ¢ € 71 U{0}. Notice that the error is bounded during the first interval of attack by
le(t)] < v2(T,)E for all t € [0,t}]. Given that . mgp}:a ~v1(t) = ~41(0), we have that |e(t)| <
71(0)y2(T,)E for all t € [0,t2]. Recursively, this implies that |e(t)| < v1(0)y2(T,)E for
allt > 0.

On the other hand, if there is no attack at the beginning, we have at least T},, seconds

before the first attack is launched, namely #1 > T,,,, and from Assumption [10.4.4) we
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have |e(t9)] < E, from we have |e(t])| < 71(Tha)E, and from ([10.25), |e(t)] <
Y1 (Tna)v2(To)E. 1f T,y and T, are such that i (Tpe)v2(Ty) < 1, then |e(td)| < E, i.e.,
at the end of the first attack, the error will be bounded by E. Recursively, this implies
that |e(t)| < E at the end of every attack, namely, for all t+ € T, U{0}. Notice that since

I[nax ]'yl (t) = v(0), the error is bounded during the first interval without attacks by
t€[0,Tna

le(t)| < ~41(0)E for all t € [0,t}]. Given that the function é; exp(—Ait) + é exp(ot) in
(10.22) with t € [t1,t]] is convex, we have that |e(t)] < 71(0)y2(To)E for all t € [0,£].
Recursively, this implies that |e(t)] < ~1(0)y2(T,)E for all ¢ > 0. O

Remark 10.4.6. () Consider a set Xy, and for a given xg € X¢ such that z(0) = xo,
define the set Xo(xg) := {x € R" : z € zo+EB}. Notice that thanks to Theorem|10.4.5

for each xo € Xo, and each &y € Xo(xg) we have that each solution pair t — (2(t), &(t))
to (10.8) from x(0) = zo,2(0) = 2o satisfies

1) Boundedness of error at all times: |z(t) — #(t)| < E for all t > 0;

2) Maximum error at the beginning of each attack: |z(t}) —2(#})| < v1(Tha) for each
1€ Nyg .

Under an attack, it is possible that the error grows, and when there is no attack, the
error decreases. However, using the proposed observer, the norm of the error always

remains bounded by 71(0)y2(T,)E, as long as Assumption holds.

10.5 Design of Observer-based Feedback Control

In this section, we present a set construction process to solve part 1 of Problem (®)
and, based on it, a control design scheme that solves part 2. First, we define the sets
that are going to be used in the control design.

10.5.1 Construction of Sets of Initial Conditions

Consider a closed set S C R", Ty, Ty > 0, maps 71 and 2 as in ((10.16)) and ((10.22)),
and E > 0 in Assumption [10.4.4l Pick € > (1 + v1(0)y2(7%))E Define the set of initial

states as

Xo =S\ (9S + £B). (10.26)
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Note that under Assumption|10.4.4] Xy is nonempty. Now, given z¢ € X, set (0) = xg

and define the set-valued map

Thus, for each zg € Xg and g € Xo(xo), it holds that |zg — 9| < E. Additionally,
notice that ¢ € X, where

X = X, + EB (10.28)

which is an inflation of Xy by E. This construction of the sets of initial conditions,
namely, Xy and Xo, leads to conditional invariance of S, as shown below.

Lemma 10.5.1. () Given the system (10.8), the observer (10.14), the observer-based
feedback law k , a closed set S C R", Xy as in , and X, as in ,
consider the solutiont — (x(t), Z(t)) to the resulting closed-loop system from the compo-
sition of ([10.8)) and (10.14) with s from z(0) € Xo, £(0) € Xo(2(0)) and T,, Tpa, E, such
that conditions of Theorem are satisfied. If S\ (0S + (1 + 1 (0)y2(T,))EB) # ()
and i(t) € X for all t > 0, then (t) € S for all t > 0.

Proof. From the definition of the sets X and X, and & > (14 ~1(0)72(T,))E it follows
that Xo C S\ (89S + (1 +71(0)72(T,))EB) and X C S\ (9S + 71(0)y2(T,)EB). Thus,
under the assumption that () € X for all t > 0 with |#(t) — z(t)| < 71(0)72(T,)E for
all ¢ > 0, it follows that z(¢) € S for all £ > 0. O

In words, the set of initial states Xy and the set of initial estimates X, are defined
such that the initial estimation error is upper bounded by E. Furthermore, we define

X in (10.28) as the set resulting from an inflation of Xy by E. Under this construction,

for the resulting closed-loop system from the composition of (10.8]) and ((10.14) with &,
forward invariance of X for the observer (10.14)) implies conditional invariance of the
set S for the system ((10.8) with respect to Xy. Thus, the control objective is to enforce

the estimate # in the set X at all times to guarantee safety of S.

10.5.2 QP-based Safety Feedback Control

We use a control barrier function (CBF)-based approach for guaranteeing forward
invariance of a subset X of the set X in (10.28) for (10.14) (see 195]). In order to use
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CBF for forward invariance, we need a zero sublevel set representation of the set X. To
this end, consider the function A : R™ — R and define a set

X = {2 | h(z) <0} C X. (10.29)

Given an observer-based feedback law x assigning the input u = k(t, Z,7) of ,
consider a solution t — &(t) to from £(0) € X. For the given measurement 7, it
is sufficient to ensure that for each #(0) € X, the estimate satisfies Z(t) € X C X, for
all ¢ > 0. The CBF condition for guaranteeing this when there is no attack is:

0
oz

h(#(t)) (AZ(t) + Bra(2(2),5(1)) + L(g(t) — Ci(t))) < aa(=h(2(2))),  (10.30)

for all ¢ > 0, where t — ¢(t) is the measured output signal, and the CBF condition

under attack is

0
0z

Ba(t)) (AR(0) + Bra (2 (t), 5(0) + L(ys(t) — Ci(0))) < aa(—h(2(1)),  (10.31)

for all ¢t > 0, where t — ys(t) is the secured output signal and «j,ay are class-KC
functions. We can use a Quadratic Programming (QP) formulation to compute the
input u in the respective cases.

Consider the following QP for each # € X and 7 such that x € S for input synthesis

when there is no attack:

1 1
min  =|v — KZ|>+=n? 10.32a
o 2| | 5" ( )
s.t. (%h(gz) (AZ + B + L(j — C#)) < — nh(2), (10.32b)

where K is the optimal LQR gain for the pair (A4, B). Next, we use a similar QP to
compute the input under attack. Consider the following QP for each # € X and y, = Cx
such that z € S

(112112 5 lvs — K| —|—2C (10.33a)
a9, . . ~ = R
st -h(@) (Ax + Bug + L(ys — cx)) <~ Ch(z). (10.33b)

The objective functions in (10.32)) and (10.33)) set the convex minimization problem to
obtain the closest control action to the LQR control that satisfies the constraints. The

additional decision variables, namely (7, ¢), respectively, are slack variables. Denote the
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solutions to (10.32)) and (10.33) as t — wuj(&(t), y(t)) and t — ud(z(t), y(t)), respectively.

To guarantee continuity of these solutions with respect to &, we need to impose the
strict complementary slackness condition (see [97]). In brief, if the i—th constraint of
(10.32) (or ([10.33))), with ¢ € {1,2}, is written as G;(Z,y, ugp) < 0 with ugp = (v,n)
(respectively, ugp = (vs, () for ), and the corresponding Lagrange multiplier

is \; € R>p, then strict complementary slackness requires that /_\;‘G(i,g,u*Qp) < 0,

where ug, p and 5\;‘ denote the optimal solution and the corresponding optimal Lagrange

multiplier, respectively. We are now ready to state the second main result of the chapter.

Theorem 10.5.2. () Given system (10.8)), suppose that Assumptions(10.3.1 and[10.4.4]
hold. For the attack model , the observer , and a closed set S C R", let X,
Xo, X and X be given as in -, and assume that the strict complementary
slackness holds for the QPs (10.32) and (10.33) for all & € X. The following holds:

1. If S\ (8S + (1471 (0)y2(T,)) EB) # (), then, for each # € int(X), the QPs (10.32)
and (10.33)) are feasible and their respective solutions t — ui(z(t),y(t)),t —

us(2(t),y(t)) are continuous on int(X).

2. For each =y € Xy and 29 € X N Xo(xo), each solution pair t — (z(t),&(t)) to
the closed-loop system resulting from assigning the input u of and
to the observer-based feedback law k in with k1(Z,y) = uj(Z,y) and
ko(Z, ) = ub(%,7), satisfies 2(t) € X and x(t) € S for all t > 0.

Proof. Feasibility and continuity of the solutions of the QPs and follow
from [97, Lemma 5] and [97, Theorem 1], respectively. From feasibility of the QPs and
continuity of its solutions, there exists a continuous control input u such that the CBF
condition holds along the closed-loop trajectory &(t). Thus, it follows that the
set X is forward invariant for the observer , and hence &(t) € X for all t > 0
and for each #(0) € Xo. Thanks to Theorem for each x(0) € Xp, one has
le(t)] < v1(0)y2(Ty)E, which from Lemma implies z(t) € S for all ¢t > 0. O

Thus, the proposed observer-based feedback framework, based on a switching ob-
server and a switching control scheme, can keep the system safe even under output

attacks. Next, we evaluate our proposed scheme via numerical experiments.
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10.6 Illustrative Example

Consider a system S as in , with state z = (21,72) € R?, input u € R, and
dynamics & = (0.5z1+x2,u),y = (21, 22) where y, = x1 is only available when there are
no attacks. DoS attacks have maximum duration of T, = 1.6 seconds and are launched
only after at least T, = 0.047 seconds without an attack. Here, u is designed such that
every response t — x(t) to S satisfies 2(t) € S := {(z1,72) € R? : 234+223 42210935 <
0} for all ¢ > 0, given that z(0) € Xy := S\ (0S +B), with ¢ = 2.01.

An observer as in is designed. Given that Assumption is satisfied, and
by setting L = [32 93] and L = [%%], we have A\(A — LO) = —31.75 £ i0.43, and
MA - LC) = {0.5,-3.2}. Given zg = (5.3, —2.4), &9 = (4.9, —2.1), and E = 0.55, we
have that |e(0)| = 0.5 < E, so Assumption holds.

Thus, by applying Lemma with P=[} 9],Q =[% 2], and given that every
pair of subsequent attacks are separated by at least T}, seconds, the estimation error
satisfies |e(t)] < y1(t — th)e(ty) for all ¢t € [th, t71], i € N, 41 (Tha = 0.047) = 0.226, and
is displayed in greenﬂ in Figure m Given that the growth rate of the exponential
defining the function +; is negative, the bound on the error norm decreases at each
interval without attacks.

In addition, by applying Lemma [10.4.3 with &, = 1.12, ¢, = 1.19, 4 = 3.2, A, = 0.5,
P = (3 91 Q= (G & @ = [ %% ], and Agy = 0.5, given that every attack has
a maximum duration of 7T}, seconds, the estimation error satisfies |e(t)| < v2(Ty)|e(t})]
for all t € [t!,t}], i € Nsg where vo(T,) = 2.65, and is displayed in light blue in
Figure [10.2] Thanks to Theorem 1, given that i (The)y2(71) < 1, the error satisfies
le(t)] < e172(T,)E = 1.46 for all t > 0.

In Figure m, the set X is a deflation of the set S by e, and the set X is an
inflation of the set Xy by E. The set of initial estimations, X (x0), is defined as the ball
of radius E centered at xg. Thus, the estimator  is initialized at Xo(z¢) C X. The set
X = {(x1,29) € R?: h(z) < 0} C X is defined by the barrier function h(z) = 23 +223+
27172 —12.5. Given that the set S C R™ is such that S\ (05 + (1 + 71(0)72(T,)) EB) # 0,
by assigning K = [2.3016, 2.3671] and solving the QPs and at every
point of the trajectory #(t) € X to assign the input action, thanks to Theorem
we ensure that 2(¢) € X for all ¢, and consequently, z(t) € S for all t.

2Code at https://github.com/HybridSystemsLab/SafeRecovery-DoSAttacks
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Figure 10.2: Solutions to the 2D system and state estimation error during worst-case
attacks of T, = 1.6s, for zp = (5.3, —2.4), 9 = (4.9,—2.1), and F = 0.55. In the third
plot, the bound (purple) is defined as in Theorem 1.
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respect to the set of allowed initial states, namely Xy (light blue), via the control barrier
function. The set X (scarlet) denotes the allowed initial observer states.
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Conclusions and Future Work
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Summary

In this dissertation we presented a framework to formulate two-player zero-sum games
under dynamic constraints defined by hybrid dynamical equations as in [20]. Variations
of the constraints structure and the termination conditions allow to consider different
type of games for which results are provided with sufficient conditions to characterize
their solution. Connections between optimality and stability conditions are revealed
with the appropriate notion for each type of game.

In Chapter 3, we formulate the general framework of two-player zero-sum hybrid
games. In section 3.1., we provide the elements of a game, and the solution concept
in terms of a saddle-point equilibrium. Such framework is invoked in Chapters 4-6.
Scenarios in which the control action to a hybrid system is selected by a player P; to
accomplish an objective under the infinite horizon and countereffect the damage of an
adversarial player P, are studied. By encoding the objectives of the players in the opti-
mization of a cost functional that depends on the actions and resulting solutions to the
hybrid system, defined as functions of hybrid time and, hence, can flow or jump, suffi-
cient conditions in the form of Hamilton-Jacobi-Bellman-Isaacs equations are provided
to characterize the solution of the game. The main result ensures that the optimal
strategy of P; minimizes the cost under the worst-case scenario attack/disturbance.
Additional conditions are proposed to allow the saddle-point strategy to render a set of
interest asymptotically stable by letting the value function take the role of a Lyapunov
function.

In Chapter 4, we consider two-player zero-sum hybrid games under terminal time
conditions. A control action is designed by P; to accomplish an optimization objective
within a finite hybrid horizon while P, has the goal to maximize it under the hybrid

dynamic constraints. The general formulation of hybrid games is used as the basis to
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state sufficient conditions in terms of Hamilton-Jacobi-Isaacs hybrid PDEs to attain the
solution of the game. When such conditions are only satisfied approximately, a result
is established with an approximate optimality outcome.

In Chapter 5, we formulated a two-player zero-sum finite-horizon hybrid game with a
set of the state space that defines the termination of the game once the solutions to the
hybrid system eneter it. We present sufficient conditions given in terms of Hamilton-
Jacobi-Bellman-Isaacs-like equations to guarantee to attain a solution to the game. It is
shown that when the players select the optimal strategy, the value function can be eval-
uated without computing solutions to the hybrid system. Under additional conditions,
we show that the optimal state-feedback laws render a set of interest pre-asymptotically
stable for the resulting hybrid closed-loop system. A disturbance rejection scenario is
studied for which the effect of the perturbation is upper bounded.

In Chapter 6, we formulated a two-player zero-sum game under dynamic constraints
given in terms of a hybrid inclusion. The game consists of a min-max problem involving a
properly defined cost functional associated to the actions and corresponding (potentially
nonunique) solutions to the system. We presented sufficient conditions given in terms of
Hamilton-Jacobi-Bellman-Isaacs-like equations to establish a bound on the worst-case
cost under the optimal strategy and to exactly evaluate it. Under additional conditions,
we show that the proposed optimal state feedback laws render a set of interest pre-
asymptotically stable for the resulting hybrid closed-loop system.

In Chapter 7, we studied the problem of designing a stabilizing controller for a hybrid
system as in [57] under disturbances as an inverse optimal problem. Via characterizing
the stabilizing feedback law that assigns the control input, we formulated the problem as
a two-player zero-sum hybrid game to minimize the effect of the worst-case disturbance.
Instead of solving the game for a given cost functional, we design the cost functional
that the stabilizing controller minimizes (inverse approach). A QP formulation is shown
to solve the problem, with a nonQP variation that addresses the myopic nature of the
former.

In Chapter 8, we studied the problem of designing safety filters for a hybrid system
as in [57] under disturbances as an inverse optimal problem. Via characterizing the
safeguarding feedback law that assigns the control input, we formulate the problem as a
two-player zero-sum hybrid game to minimize the effect of the worst-case disturbance.

We design the cost functional that the safeguarding feedback law minimizes.
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In Chapter 9, we proposed a hybrid system formulation with a zero-sum hybrid
game framework to describe exhaustively capture-the-flag games. While synthesizing a
controller in an optimal fashion represents an unsolved challenge, a simulation tool is
developed to implement the game model with a preliminary controller design.

In Chapter 10, we studied two-player hybrid games under imperfect dtate informa-
tion. As a case of study, we designed a switched controller that, together with a switched
observer, ensures a linear time-invariant system to recover safely from finite-time DoS
attacks in some of the system outputs. Conditional invariance of a set is guaranteed
with respect to a subset of initial conditions by employing a barrier function approach

and bounding the estimation error at all times.
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Future Directions

This dissertation is meant to be a stepping stone for the sutdy of hybrid games.
The formulation provided herein provides several directions that can be explored as for

future research areas.

e Solution to the Min-Max Problem: Structural conditions on the hybrid sys-
tem that do not involve V' and guarantee the existence of a solution to the min-max
problems based on the smoothness and regularity of the data of the system, similar

to those in |98] are to be established.

e Different type of Hybrid Games: An extension of the formulation provided
in this dissertation to N-player non-zero-sum hybrid games is to be studied, to-
gether with Stackelberg hybrid games in which there is an advantage for playing
first. We expect the results can be generalized to randomized strategies, in par-
ticular, through the connection between set-valued dynamics and nonuniqueness

of solutions, which captures nondeterminism.

e Recasting Finite-Horizon Games as Infinite-Horizon: Designing projection
tools to deal with stabilizing or safeguarding feedback laws that render maximal
solutions noncomplete and force them to satisfy the constraints specified by the
hybrid dynamics are to be studied under the inverse-optimal approach of hybrid

games.

e Capture-the-Flag Winning Strategy: Provided the hybrid dynamical model
of capture-the-flag games and the simulation tool that encodes the rules of the
game, the design of near-optimal controllers with performance guarantees is an
open research problem. Model predictive control, multi-stage, or learning ap-

proaches can be studied.
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Part V

Proofs of Results for Two-Player
Zero-Sum Hybrid Games
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Appendix A

Proofs of Chapter 3

A.1 Proof of Theorem [3.2.1l

To show the claim we proceed as follows:

a) Pick an initial condition & and evaluate the cost associated to any solution yield

by 7, with values as in (3.13) and (3.14), from &£. Show that this cost coincides
with the value of the function V at &.

b) Lower bound the cost associated to any solution from § when P, plays v :=

(Yc2,vp2) by the value of the function V' evaluated at &.

c) Upper bound the cost associated to any solution from { when P; plays v :=

(vc1,7vp1) by the value of the function V' evaluated at &.

d) By showing that the cost of any solution from & when P; plays ~; is not greater
than the cost of any solution yield by ~ from &, and by showing that the cost of
any solution from £ when P, plays s is not less than the cost of any solution yield

by v from &, we show optimality of v in Problem (¢) in the min-max sense.

Proceeding as in item a above, pick any § € II(C) UII(D) and any (¢*,u*) € S (€)
with dom ¢* > (t,7) — w*(t,7) = (¢, 4, ¢*(¢,7)). We show that the cost of (¢*,u*) is
optimal in the min-max sense. Given that V satisfies (3.9), and ¢ is as in (3.13)), for

each j € N such that I, = [tj,tj+1] has a nonempty interior int ., we have, for all
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B ]
te 1ntI¢*,

0= min max {Lc(9"(t,4) uc(t, ) + (VV (9™ (t, ), F(&*(t, 7), uc(t, j)))}
uC(tvj):(uC'17uCQ)€Hu(¢* (tvj)vc)

= LC(¢*(t7j)7VC’(¢*(t7j))) + <VV(¢*<t,])), F(¢*(t7j)770(¢*(t7j)))>

and ¢*(t,7) € Cy, as in (2.4). Given that V is continuously differentiable on a neigh-
borhood of TI(C'), we can express its total derivative along ¢* as

d

V(@ (t.9) = (VV(6"(t, 7)), F(¢" (L, 1), 70 (67 (2, 1)) (A1)

for every (t,j) € int([é*) x {j} with int([é*) nonempty. Given that V satisfies 1)
and yp is as in (3.14), for every (¢j41, /) € dom ¢* such that (tj11,j + 1) € dom ¢*, we
have that

V(o™ (tj+1,7)) = min max {Lp(¢*(tj41,7), up(tjs1,4))

up1 UD2
up(tjr1,j)=(up1,up2)€lly(¢*(tj+1,5),D)

+V(G(¢"(tjt1,7), up(tjzr, 3)}
= Lp(¢"(tj+1,5), y0 (0" (tj41,4))) + V(G(@" (41, 7). v (0" (tj41,7))))
= Lp(¢*(tj41,9), v0(¢" (tj41,7))) + V(9™ (tj41,5 + 1)) (A.2)
where ¢*(tj41,j) € D, is defined in (2.4). Now, given that (¢*, u*) is maximal with

dom ¢* > (t,7) — u*(t,5) = v(t,7,9*(t, 7)), thanks to (C.1|) and (C.2)), from Corollary
[3.2.3|and (3.11]), we have that

V() =T (& u). (A.3)
Continuing with item b as above, pick any (¢s,u®) € S3,(§) where S3,(§)(C S57(€))
is the set of solutions (¢, u) with u = (u1,u2), dom¢ > (¢,75) — wi(t,5) = Y1(t, 4, ¢(t, j))

for some " € K:la d0m¢ > (ta]) = u2(t7]) = ’72(t7]7¢(t7])) for Y2 = (7027’7172) as in
(3.13) and (3.14). Since 74, does not necessarily attain the minimum in (3.9)), then, for

each j € N such that Iés = [t;,tj+1] has a nonempty interior intl? .» we have that for

every t € int[js,
0 < La(os(t, ), ug(t, 5)) + (VV(es(t, ), F(ds(t, ), ug (t, 7)) -

Similarly to (C.1]), we have

d

5V (@s(t,9)) = (VV(@s(t, 7)), F(9s(t, 1), uc(t, 7)) (A.4)
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for every (t,j) € int(IZ)g) x {7} with int(Ig;S) nonempty. In addition, since 7; does not
necessarily attain the minimum in (3.10)), then for every (¢j11,j) € dom ¢, such that
(tj+1,J + 1) € dom ¢, we have

V(¢s(tj+17j)) < LD(¢S(tj+17j)’ USD(tj+17j)) + V(G(¢S(tj+17j)v USD(thrl’j)))
= Lp(¢s(tj+1,7), up(ti+1,7)) + V(s(tj+1,5 + 1)) (A.5)

Now, given that (¢s, us) is maximal, with u® = (uj, u$), uf defined by any 4, € Ky, and

u$ defined by 2 as in and , thanks to and , from Proposition
and , we have

V() < T u). (A.6)
Proceeding with item c as above, pick any (¢, u") € 8§(§), where SF(£)(C S37(€)) is
the set of solutions (¢, w) with u = (u1, u2), dome¢ > (¢,75) — wi(t,5) = 71(t, 7, 0(¢, 7))
for 71 := (v¢1,7p1) as in and (3.14), dom ¢ > (£,7) — ua(t,j) = F2(t, j, 6(t, 7))
for some A9 € KCo. Since #,, does not necessarily attain the maximum in , then, for
each j € N such that Iéw = [t;,tj41] has a nonempty interior int .» we have that for

every t € intljw,
0> Lo(fu(t, 4), ue(t, 3)) + (VVI(Pu(t, 5)), F(dw(t, 5), uc(t; 1))
Similarly to (C.1)), we have

%V(wa(tvj)) = (VV(¢u(t,)), F(Pu(t, 1), uc(t, 5))) (A7)

for every (t,7) € int([éw) x {7} with int([éw) nonempty. In addition, since 45 does not
necessarily attain the maximum in (3.10)), then for every (¢j41,j) € dom ¢, such that
(tj+1,7 + 1) € dom ¢y, we have

V(pw(tjr1,4)) 2 Lp(dw(tjvr, ), up(tjvi, 4)) + V(G(dw(tjtr, ), up(tj+1,7)))
= LD(¢w(tj+17j)7 U%(tj+1,j)) =+ V(wa(tj_ﬂ,j + 1)) (AS)

Now, given that (¢, u") is maximal, with v = (u}{’,uY’), u}’ defined by v; as in (3.13)

and (3.14)), and uY defined by any 72 € Ko, thanks to (C.7) and (C.8|), from Corollary
[3.2.3[ and (3.11]), we have that

V(&) = T(&u"). (A.9)
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Finally, by proceeding as in item d above, by applying the infimum on each side of

(D.23) over the set S3°(£), we obtain

inf )=V
V() < u1:(%(UIﬁlzr(l%)))es%(é)\ﬂf, (u1, k2(9s)))=: V(§)

By applying the supremum on each side of (C.9) over the set S7(§), we obtain

V(§) > sup T (&, (51 (dw), uz))=: V(£).
w2 (G (k1 (G 12)) €557 (€)

Given that V(§) = J (&, u*) from , we have that for any ¢ € II(C) U II(D), each
(¢*,u*) € §57 (&) with u* = (k1(¢*), ka(0*)) satisfies
V() < T u) V() (A.10)
Thanks to (¢*,u*) € 85,(§) N S (&)(C S35 (£)), we have
V(¢) = sup T (&, (k1(07), ka(97))) (A.11)
(¢*,(k1(87),k2(6%))) €55 (€)
and

V(§) inf T (&, (r1(¢7), k2(97)))- (A.12)

(9%, (k1(6%),12(6%)))ESF (€)
Given that the supremum and infimum are attained in (D.30]) and by V(&) and

V(€), respectively, (C.10) leads to

J(&u") = minmax J(€, (ur, uz)) (A.13)

(u1,u2)€Usy (§)

Thus, from (A.3]) and (C.13)), V() is the value function for H, as in Definition
and from ((C.10)), x is the saddle-point equilibrium as in Definition

A.2 Proof of Proposition |3.2.2|

Given a (¢,u) € S37(€), where {tj}j-ipoj dom o

with the hybrid time domain of (¢,u) as in Definition for each j € N such that
Ié has a nonempty interior intZ?, by integrating (3.15)) over I I we obtain

is a nondecreasing sequence associated

tj+1
0> /t <Lc(¢(t,j),uc(t,j)) n Zv(ﬁf)(t,j))) dt

J
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from where we have
i+l
02 [ Lotolt. ) uclt, )i+ Vottyen )~ V(6(t.)
Pick (t*,7*) € dom(¢, ). Summing from j = 0 to j = j* we obtain
7" tj+1 J*
0= Z/ Le(9(t, ) uc(t, )dt + Y (V((tjs1,4)) = V(@(t5,5))

=01 =0

Then, solving for V' at the initial condition ¢(0,0), we obtain

V((0,0)) >

I t1+1 J*

S [ Leolt. ) ot )t +V(0(t1,0) + 3 (V(0(t41.9) — V(6(15.9)
j=0"1 J=1

(A.14)

In addition, if j* > 0, adding (3.16|) from j =0 to j = j* — 1, we obtain

jr—1 Jjr-1 Jjr-1

Z V( ]+17 Z LD J+17 ]+17 + Z V ]+17j + 1))
=0

Then, solving for V' at the first jump time, we obtain
7*=1

V(¢(t1,0)) > V(é(t1,1) +ZLD (tj+1,7), up(tjt1,5))

J -1

+ ) (V1,5 +1) = V($(tje1,4))
=1

In addition, given that ¢(0,0) = &, lower bounding V' (¢(t1,0)) in (A.14) by the right-
hand side of (A.15)), we obtain

It J
GE> / Lo(6(t,7), uc(t, )t + V(6(t,0)) + 3 (V(6(tie1, 1)) — VI(t;, 1))
§=0"1t Jj=1
J tiv1 -1
>3 [ Leott ) et )i+ 3 Lo(6t.d).untysn. )
=071 =0
Jjr—1 J*
3 V(61,5 + 1) = V(@1 0)) + 3 (V(6(t1,5)) — V(6(t5,5)
=1 j=1
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Since

-

Jjr—1 J*
tl? + Z t]+17j + 1)) - V J+17 + Z J+1’ V(¢(tj7.7))>
7j=1
Jjr-1 J*
= V(é(tj+1,77)) + V(o(t1,1)) + Z S(tir1, i +1)) = > (V(e(t5,5)))
j=1
=V(o(tj=+1,57))
then we have
J tit1 J¥—1
V() 2 VOt i1d )+ Y [ Lel@lt ) uoltdt + 3 Lo(@(tin. i) un(tin. i)
=01 §=0

By taking the limit when Zj+1 + j* — sup, dom ¢ + sup; dom ¢, we establish (5.13).
Notice that if j* = 0, the solution (¢, u) is continuous and (5.13]) reduces to

V(€) > limsup /ﬁcwwmmdMMﬁ+vwwm»

t*—sup; dom ¢ J ¢

On the other hand, if tj«y1 = 0 for all j*, the solution (¢,u) is discrete and ({5.13])

reduces to
J*=1

V(&) >hmsup ZLD 7),up(0, 7)) + V(#(0,5%)).

J*—sup; doquj —0

A.3 Proof of Lemma [3.3.4.

(—) From and (3.14) we have

min max {Lo(z,uc) + (VV(2), F(z,uc))}
uci1 uc2
uc=(uc1,uce)€ll, (z,C)

= Lo(z,ke(z)) + (VV(z), F(z,ke(x))) Ve ell(C) (A.15)

and

minmax {Lp(z,up) + V(G(z,up))}
Up1 up2
up=(up1,up2)€llu(z,D)

= Lp(z,kp(z)) + V(G(z,kp(z))) Ve e II(D) (A.16)
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Thus, (39) and (A-I5) imply

Lo(z,ko(x)) + (VV(2), F(x,ke(x))) =0 Vo e II(C), (A.17)
while, and imply
Lp(z,kp(x)) + V(G(x,kp(z))) = V(x) Vo ell(D). (A.18)
From and , we have
min {Le(x, (uo1, kea(w))) + (VV (@), F(z, (uo, ez (x))))} = 0

uci
uct:(uct,ko2(x)) €y (x,C)

Vr e I(C) (A.19)

and

max {Lo(z, (ko1 (x),uce)) + (VV (), F(z, (kc1(x),uc2)))} <0

uc?2
ucai(ko1(z),uce)€lly(z,C)

Vz € I(C)  (A.20)

which imply (3.19) and (3.20]), respectively. Likewise, From (A.18) and (3.10]), we have

min {Lp(z, (up1,kp2(z))) + V(G (2, (up1, kp2(7))))} > V()
up1:(up1,kp2(x))Elly(z,D)

Vz € (D) (A.21)

and

max {Lp(z,(kp1(z),up2)) + V(G(x, (kp1(x),up2)))} < V()
up2:(kp1(x),up2)€ll, (z,D)

Vo € TI(D) (A.22)

which imply (3.22)) and (3.23)), respectively.
(<) Given V and k := (kc,kp) = ((kc1,kc2), (Kp1, kp2)) such that (3.18])-(3.23]) are
satisfied, and such that C,, = II(C), D, = II(D), let us prove that V and & satisfy (3.9)),

(3-10), (3.13), and (3.14). From (3.18) and (3.19) we have

min {Lo(, (wor, xea(@))) + (VV(@), F(z, (uc mea()}
uct:(uct,koz(x))Elly (z,C)

= Le(z, k() + (VV(2), F(z,ke(2))) =0 Vo eIl(C) (A.23)
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and from (3.18]) and (3.20) we have

max {Lo(z, (ko1 (2),uc2)) + (VV (), F(z, (ker(r), uce))) }

uc2
ucz2i (ko1 (x),uce)€lly(z,C)

= Lo(z,keo(x)) + (VV(2), F(z,ko(z))) =0 Vo eIl(C) (A.24)

Thus, (A.23) and (A.24) imply (3.9) and (3.13). Similarly, from (3.21)) and (3.22) we
have
min (Lo, (up1, kpa(@))) + V(G(a, (up, kpa(@)))}

up1:(up1,kp2(z))Elly(x,D)

= Lp(z,kp(z)) + V(G(z,kp(z))) =V (z) Vrell(D) (A.25)

and from (3.21)) and (3.23)) we have

max {Lp(z, (kp1(x),up2)) + V(G(z, (kp1(z),up2)))}

up2
up2:(kp1(x),up2)€lly(z,D)

= Lp(z,kp(x)) + V(G(z,kp(x))) =V (z) Vrell(D) (A.26)

Thus, (A:25) and (A-26) imply (B-10) and (3-14). O

A.4 Proof of Theorem [3.3.5l

Since, by assumption, we have that C,, = II(C), D, = II(D), and V, k := (k¢,kp) =
((kc1s ke2), (kp1, £p2)) are such that (3.18)-(3.23)) hold, then, thanks to Lemma [3.3.4]

V and & satisfy (3.9), (3.10)), (3.13), and (3.14). Since in addition, for each & € C, U D,
each ¢ € SF (§) satisfies (3.11), we have from Theorem that V is the value

function as in (6.4)) for H, at C, U D, and the feedback law x with values (3.13)), (3.14)

is the saddle-point equilibrium for this game. Given that maximal solutions to H,
are complete by assumption, G(D,) C C, U D,. Then, V is a Lyapunov candidate for
H Definition 3.16] since C,UD,, C dom V = R™ and V is continuously differentiable

on an open set containing Cy. From ([3.18)) and , we have
(VV(x),F(z,kc(x))) < —Lo(x, ke(x)) Vo e Cy, (A.27)
V(G(z,kp(z))) = V(z) < —Lp(z,kp(z)) Va € Dy. (A.28)

Moreover, if
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a) Item 1, item 4, or item 5 above hold, define
Le(z, ko (x)) ifx € Cy \ Dy

p(z,k(x)) =  min{Lc(z, ko(x)), Lp(x, kp(z))}  ifz € Con D,

Lp(z,kp(x)) ifx € D\ Cx
b) Item 2 above holds, define

n(lz|a) ifz € Ci \ Dy
p(z, k() == S min{n(|z|4), Lp(z, kp(z))} ifr e Cu N Dy
Lp(z,kp(x)) ifex e D, \ Cx

c¢) Item 3 above holds, define

Lo(z, ko(z)) ifex e Cx\ Dy
p(x, k() == { min{Lc(z, ke (z)), n(|z|4)} itr e C, N Dy
n(lz|a) ifz € Dy \ Cy

d) Item 6 above holds, define

AoV (z) ife € Cx\ Dy
p(x, k() == ¢ min{\cV (z),e*PV (z)} itz e C, N Dy

eV () ifrx e D;\ Cx

Thus, given the functions aq, ag satisfying (3.24]), and given that from (D.31]) and (D.32]),

for each case above the function p satisfies
(VV(x), F(z,kc(x))) < —p(x,k(z)) Vo e Cy, (A.29)

V(G(z,kp(x))) — V(x) < —p(z,k(x)) VYo e D, (A.30)

thanks to |69, Theorem 3.18], the set A is uniformly globally asymptotically stable for
Hy. O
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A.5 Proof of Proposition |3.4.1

We show that when conditions (3.27))-(3.29) hold, by using Theorem the value

function is equal to the function V' and with the feedback law x := (k¢, kp) with values

as in (3.30)) and (3.31]), such a cost is attained. We can write (3.9 in Theorem as

0= min max Lo(z,uc),
uci uc2
uc=(uc1,ucz) €y (z)

Loz, uc) = z) Qoay + uly Ro1uct + ubyResucs
d
+2x, P(r)(Acy + Bouo) + @, ——P(r)z,  (A31)
First, thanks to (3.27) and :U;—(P(T)AC + ALP(T))zp, = 23:;—P(7')Aca:p, for every x €
I1(C), one has
_.T —1T —1T
Lo(z,uc) =z, P(1)(Be2ReyBeg + Be1Roy Boy ) P(T)xp
+ uly Roruct + s Roaucs + 21‘;P(7’)BCUC

The first-order necessary conditions for optimality

0 0
Lo(z,u =0, Lo(z,u =0
8u01 C( C) ug 8u02 C( C) ug

for all (x,uc) € C' are satisfied by the point uf, = (ug;, us,), with values
v =—R:1BL, P(7) 9 = —R-ABL,P(7) (A.32)
Uc c1Pc1\T)Tp,  Uca o2 P2 7\T)Zp :

for each = (x,7) € II(C). Since Rc1,—Reo2 € ST'P, the second-order sufficient

conditions for optimality

0?2 0?2
——Lo(z, =0, ——Lc(x, ’ =<0,
a“%‘l ol uc) us 81%2 ol uc) uy

hold for all (z,uc) € C, rendering uf, as in as an optimizer of the min-max
problem in (D.35). In addition, it satisfies Lo (2, uf,) = 0, making V(z) = ) P(7)z, a
solution to in Theorem

On the other hand, we can write in Theorem s

x) P(T)x, = min max Lp(xz,up),
Upi1 Up2
up=(up1,up2)€lL (z)
T T T
Lp(r,up) =z, Qprp + up Rp1up1 + ups Rpaups2

—l—(AD.TUp + BDUD)TP(O)(AD.%'p + BDUD) (A.33)
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Similar to the case along flows, the first-order necessary conditions for optimality are
satisfied by the point u}, = (u},;,u}),), such that, for each z, € II(D),

-1
Rp +Bglp(0)BD1 BglP(O)Bm BEIP(O)AD

i : b z, (A34)
BDQP(O)BDl Rps + BDQP(O)BDQ BD2P(O)AD

up = —
Thanks to , the second-order sufficient conditions for optimality are satisfied,
rendering u7, as in as an optimizer of the min-max problem in . In addition,
u}, satisfies Lp(z,u},) = x;P(T)mp with T € {Ty, T} and P(T) as in , making
V(z) = ) P(7)x, a solution of (3.10) in Theorem

Then, given that V is continuously differentiable on a neighborhood of II(C) and
that Assumption holds, by applying Theorem in particular from , for
every £ = (&,&;) € II(C) UIL(D) the value function is J*(§)z = &) P(&)&. From
(3.13) and (3.14)), when P; plays uj defined by k1 = (kc1, £p1) with values as in
and , and P, plays any disturbance us such that solutions to H with data as in
are complete, then the cost is upper bounded by J (&, u*), satisfying (3.2). O

A.6 Proof of Corollary

We show that when conditions — hold, by using the result in Theorem
the value function is equal to the function V' and under the feedback law as in
such a cost is attained in the presence of the maximizing attack given by .
We can write in Theorem as 0 = 2z PF(x) for all z € II(C), which is

satisfied thanks to (3.37). Likewise, we can write (3.10)) in Theorem as

z! Pz = min max Lp(z,up),
Uup1 Up2
up=(up1,up2) €l (z)
T T T
Lp(xz,up) =2 Qpzx+upRpiupi + upsRp2up2

+(Apz + Bpup) " P(Apz 4+ Bpup) (A.35)

The first order necessary conditions for optimality are satisfied by u}, = (u}y, uhs),
defined for each z€II(D) as

-1
Rp1+ B}, PBp1 BL,PBp> BL,PAp

. - . (A.36)
BD2PBD1 RD2 +BD2PBD2 BD2PAD

up = —
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Given that holds, the second-order sufficient conditions for optimality are satis-
fied, rendering u7, as in as an optimizer of the min-max problem in . In
addition, u}, satisfies £p(x,u}) = 2 Pz, with P as in , leading V(z) = 2 Pz as
a solution of in Theorem

Thus, given that V is continuously differentiable in R”™ and Assumption holds,
by applying Theorem in particular from , for every ¢ € II(C) UTI(D) the
value function is J*(€) = J(&, (ul, uhy)) = €T PE. From (3.13) and (3.14), when P,
plays u5 defined by kp2 as in , P, minimizes the cost of complete solutions to H
by playing u} defined by xp; as in (3.40), attaining J (&, u*), and satisfying (3.2). 0O
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Appendix B

Proofs of Chapter 4

B.1

Proof of Theorem [4.2.1]

To show the claim we proceed as follows:

1.

Pick an initial condition £ and evaluate the cost associated to any solution yield

by v = (v¢,vp), with values as in (4.2.1) and (4.2.1)), from &. Show that this cost

coincides with the value of the function V at €.

. Lower bound the cost associated to any solution from £ when P, plays vy :=

(Yc2,vp2) by the value of the function V' evaluated at &.

. Upper bound the cost associated to any solution from ¢ when P; plays 71 :=

(vc1,7vp1) by the value of the function V' evaluated at &.

. By showing that the cost of any solution from £ when P; plays 7y; is not less than

the cost of any solution yield by « from &, and by showing that the cost of any
solution from £ when P plays 72 is not greater than the cost of any solution yield

by v from &, we show optimality of v in Problem (%) in the min-max sense.

Proceeding as in item 1 above, pick any ¢ € II(C U D) and any (¢*,u*) € S;_rl(ﬁ)
with dOqub* 2 (tv.]) = U*(t,j) = V(ta]agb*(taj))a and (T¢*5J(Z)*) = (tJ¢*+1aJ¢*) =
supdom(¢*,u*) € T. We show that the cost of (¢*,u*) is optimal in the min-max
sense. Given that V satisfies (4.7), and ¢ is as in (4.2.1), for each j € N such that
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Ié* = [t;,tj+1] has a nonempty interior inth*, we have, for all t € intfi*,

0= min max {LC(t,jy ¢*(t7])7u0(t7]))

uc1 UC2
uc(t.j)=(uc1,uc2) €l (6*(t,5),C)

+%(t,j, ¢*(t,j))F(¢*(t,j),uc(t,j))} + %V(M (L. 9))

t
= Lo(t, 6" (1 )7t 0" (1, 9))) + Sy (15,971, 7)
P (1,5,9° (4,9 F (6 (1) et 5,97 (0.))

and ¢*(t,j) € II(C). Given that the total derivative is defined as %(t,j, o (t, 7)) =
G (6,5,0"(8,5)) + G (4,4, 0" (1, D) F (@ (¢,5), 90 (¢, 5, ¢ (¢,.5))) for every (¢, ) such that

t € domy ¢*, by integrating over the interval [t;,t;11], we obtain

tjr1
t

J

from where we have

tjt1
0= /t LC(taja ¢*(t7j>770(t7ja ¢*<t7j)))dt + V(tj-l-laja ¢*(tj+17j)) - V(taja ¢*(tjaj))

J

Summing from j = 0 to j = Jy, we obtain

o_z / " Lol 5,674 ). 703,67 (. 9)dr

J g

+ 3 (V(tjs1,4: 0" (t+1,3)) = VIt 4,07 (t5.5)))

j=0

Then, solving for V' at the initial condition (0,0, $*(0,0)), since top = 0, we obtain

V(0,0,47(0,0)) 2/ " Lot g, 67 (t J) vt 4. 676 0))dE + V (21,0, 67 (11, 0))

J¢,*

+z (1,3 8 (L1, ) = V(8,4, 8" (5,5)) (B.1)

Given that V satisfies (4.8), vp is as in (4.2.1)), and ¢* is not complete, for every
(tj+1,J) € dom ¢* such that (tj11,j + 1) € dom ¢*, we have that

V(tj+1>j> ¢*(t3+1’j))
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= min max {Lp(tjy1,J, 0" (tjv1,5), up(tjr1,7))
Up1 up2

up (tj+1,5)=(up1,up2)€lu(¢* (tj+1,3),D)
+V (1,0 + 1, G0 (tj41,5), up(tjvr, J)}
= Lp(tj+1,J, 9" (tj+1,4)s yo (11, 5, 6 (tj 41, 5)))
+V (tj+1,5 + 1L, G(@"(tj+1,5), v (tit1, 4, ¢ (Ej41,5))))
= Lp(tj+1,7, 8" (tj+1,7), o (G41, 4, " (G41,0))) + V(1,5 + 1,0 (1,5 + 1))

where ¢*(tj11,j) € II(D). Summing both sides from j = 0 to j = J4+ — 1, we obtain

Jgr—1 Jpr—1
Z V(tj-i-laja tj-‘rlv Z LD tj+17]7 (tj+17j)’7D(tj+1’j’ ¢*(t]+1’j)))
J¢* 1
+ Y Vit i+ 1L, (t41,5+ 1)
7=0

Then, solving for V' at the first jump time, we obtain

V(t1,0,¢"(t1,0)) =

Jge—1

V<t1717¢*(t171))+ Z LD(tj+17j7(ZS*(tj-‘rlv.j)afYD(tj-f—l?j?¢*(tj+1aj))) (Bz)
j=0
J¢*71

+ Z (V(t]-‘rlv.] + 17¢*(tj+1aj + 1)) - V(tj-‘rlvjv ¢*(t]+17j)))
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¢*(0,0) = &, by substituting the right hand side of (B.2)) in (B.1)), we obtain

e
V0.0 =3 [ Lo(td.6"(03). 03,6760t + V(1,0,8°(11,0)
> ],

J g

+Z (tj41:5, 9" (L41,9)) = V(L. 5, 67(L5, 7))

ti+1
=Y [ Lottt (td) 0t 56 0
j=0""%
Jyr—1
+ Z LD t]+17] ¢ (tj-l-l ]) 'YD(t]-i-la] (Z) (tj—Ha )))+V((t1717¢ (tlv ))
7=0
Jyx—1

+ Z (V(tjr1,5 + 1,0 (tj411,5 + 1)) = V(tj41, 7, 0" (tj+1,7)))

J g

+Z (tj+1, 0" (tj+1,5)) = V(E, 4,07 (85, 9)))

Since
Jgx—1
Z (V(tJJrl?] + 17¢*(tj+1,j + 1)) - V(tj+17j7 ¢*(tj+17])))
=1
’ pe
+V<(t17 17 ¢*(t17 1)) + Z (V(tj+17j7 ¢*<t]+17j)) - V(tvjv ¢*(tj7.7)))
j=1

= V((tryet1s Joes 0" (Lrp 41, Jpr)) + V(01,167 (11, 1))

J¢*—1 J¢*
+ Y (Vi + 1,67 (41,5 + 1) = > (V54,8 (85,4)))
j=1 j=1

= V(tJ¢* +1, J¢*7 ¢)* (tJ¢* “+1 J¢*))

then we have

Jor it
V0.0 =Y [ ottt 40) 20 (0.6 05
=0/t

Jge—1

+ Z Lp(tjs1,4, 0" (tjr1,7), vo(tiv1, 4, " (tj+1, 7))
7=0

+V (tgges1s Jors (L g t15 Jp+)
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Given that (4.9) holds and (Ty«, Jy=) € T, from (4.3) we have

ot
V.08 =3 [ Lotd. 6000l 6 65
j=0/ti

Jgr—1

+ Z LD<tj+17j7 ¢*(tj+17j)7fYD(tj+17j7 d)*(t]"rlaj)))
7=0

+V(T¢*, o+, o* (T¢*, J¢*))
= J (& u") (B.3)

for any (¢*,u*) € 8(€) with dom ¢* 3 (t,5) = u*(t,5) = v(t, 4, 6" (£, 7)).

Continuing with item 2 as above, pick any (¢s,u®) € S7,(€) with u® = (uf,u3),
domo¢s 3 (t,7) — uj(t,j) = (L, 7, ¢s(t,j)) for some ¥ € K;, dome¢ps > (t,5) —
W3(1,7) = alt, j, 8a(t: ) for 42 = (ve2,7pe) as in (EZT) and @Z), and (Ty,, Jy,) =
(tss.+1, Jp.) = supdom(¢s,u®) € T. Since 71 does not necessarily attain the minimum
in |} then, for each j € N such that I(‘;g = [tj,tj+1] has a nonempty interior inthS,
we have that for every ¢ € int 1’ .

0 < Lo(t,3.05(6:9), 0 (6.9)) + (1,5, 60(1, ) + D (65, 65(4, ) F (B (1,), s (6,))

Given that the total derivative is defined as %(t,j, os(t, 7)) = %—Y(t,j, os(t, 7))
—i—%(t,j, Gs(t,5))F(ds(t,5), ug(t, j)) for every (t,7) : t € domy ¢, by integrating over

the interval [t;,;11], we obtain

tit1
0 [ (Lot ontt et + G dion(t.))

J
from which we have
. . thrl . . . . .
V(tjaja ¢S(tj7.])) S / LC(t7j7 (ZSS(t?])? USC(th?))dt + V(tj-‘rlv.jv ¢S(tj+17.7))
tj

Summing both sides from j = 0 to j = Jy_, we obtain

J¢s Jd’s tit1 ']¢s
Zv(tjaja ¢s(tja.7)) S Z/ LC(ta.ja ¢S(t7])ausc’(t7.7))dt+Zv(t]+17j7¢s(tj+lv.7))
J=0 Jj=0 L 7=0
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Then, solving for V' at the initial condition (0,0, ¢(0,0)), we obtain

J+1

J¢s t
V(0,0,64(0,0) < 3 / Lot j, 0t ), ub(t, j))dt + V11,0, 6,(t1,0))

Jos

+> (V(tj11, 4, 6s(tjs1,5)) = V(tj, 4, 6s(t5, ) (B.4)
j=1

In addition, since u*®, with u] defined by 7; does not necessarily attain the minimum in

(4.8), then for every (tj41,7) € dom ¢ such that (¢;41,5 + 1) € dom ¢, we have
V(tj+1, 5, Gs(tit1, )

< Lp(tjt1, 4, 0s(tjr1,7), up(tiv1, 7)) + V(tie1, 7 + 1, G(Ps(tjr1,5), up(tjt1,4)))

= Lp(tjt1,7, ¢s(tjs1,0), up(tjr1, 7)) + V(tjs1, 5 + 1, 0s(tj+1,7 + 1))

Summing both sides from j = 0 to j = Jy, — 1, we obtain

Jps—1 Jps—1
Z V(tj"rlaju ¢S(tj+1aj)) S Z LD(tj-‘rlaja ¢5(tj+1,j),usD(tj+1,j))
j=0 7=0

Jpe—1
+ > Vit d +1,¢s(tjg1, 5 + 1))
j=0
Then, solving for V' at the first jump time, we obtain

Jps—1

V(tlaoa ¢S(t1’0)) < V(tb 17¢S(t17 1)) + Z LD(tj+laja ¢s(tj+1aj)?u%(tj+laj))
=0
Jps—1

+ Z (V(tj+1,j + 17¢s(tj+17j + 1)) - V(tj+l’j’ ¢S(tj+l7j))) (B5)
j=1

In addition, ¢5(0,0) = &, upper bounding V' (1,0, ¢s(t1,0)) in (B.4) by the right hand-
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side of (B.5]), we obtain

$s rtitt
V(O)()?g) < Z/t LC(t7]7 ¢S(t7])7u50(t’]))dt+V(t1a07¢s(t1>0))
=071

Jos

+Z ]Jrla] ¢s ]+1a]))_V(tj7j7¢s(tj7j)))

& t]+1 . . .
< Z/ Lo(t, g, ¢s(t, ), ue (¢, 4))dt
j=0""t
Tpy—1
+ Y Lp(tjr1,d, 0s(tin, 1) ub(tira, )
=0
Tpy—1
+ Z (V(t]-i-laj + 17¢S(tj+17j + 1)) - V(tj-f-l?j? st(t]'i‘lh])))

Jgs
+V(t17 17 ¢S<t17 1)) + Z (V(tj-‘rlv.jv ¢S(tj+17j)> - V(t]h?? ¢S(t]7])))
j=1
Since
Jpa—1
V(t,1,6s(t1, 1) + > (V1,5 + 1, ¢s(tye1, 5 + 1) = Vg, b, ds(tji1,5)))
j=1
Jos

+Z j—i—la] ¢s ]+17]))_V(tj7j7¢s(tj7j)))

=V (ts,,+1,Jps Oty +1, Jo.)) + V (1, 1, ¢s(t1, 1))

Jps—1 Jos
+ Z (V(tj-i-l’j + 1,¢s(tj+1aj + 1))) - Z (V(tjvjv ¢s(t]7])))
=1 j=1

=Vt +1: o, 0ty +1. Jp,))

then we have

Jos  rtj
VO.0.9<Y [ Lot out i)t
j=0 "1
Jps—1
+ Y Lp(tjrn, 4. ds(tjn, 4), ub(tisn, §)
§=0

FV (L, 41, Jper Ps(tiy, +15J4.))
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Given that (4.9) holds and (Ty,, Js,) € T, from )we have

tj+1 . . .

vO.09< Y [ Lottt i)
j=0 4
sup; dom ¢s—1

+ Z LD(tj—i-l’j) (rbs(t]'-i-hj)vusD(tj-i-l’j))
=0

+V (Ty,, o, 0s(Ty,, Js,))
< J(& ) (B.6)

for u® = (uf,u3), with uj defined by any 7; € K; and u§ defined by 7 as in and
@21).

Proceeding with item 3 as above, pick any (¢, u?) € S7,(€) with u® = (u¥’,u¥),
domoy, > (t,7) = ui'(t,j) = m(t, 4, duw(t,j)) for 1 = (yc1,7p1) as in and
, dom ¢y, 3 (t,7) = uy (t,75) = Ya(t, J, dw(t, j)) for some 3o € Ko, and (Ty,, Jy, ) =
(trs,+1>Jp,) = supdom(ey,u”) € T. Since 7, does not necessarily attain the maxi-
mum in , then, for each j € N such that Ig;w = [t;,tj4+1] has a nonempty interior
intf}, , we have that for every ¢ € intlgsw,

02 Lo(t, g, bu(t, ) w9+ (6560t 1)) + (156l 1) F Dl ), w1, )

Given that the total derivative is defined as

(3. 0u(t:)) == O (0,3, 6u(6:)) + D (6, 6w (1) F (Gt ), w(1,5))

for every (t,7) : t € domy ¢y, by integrating over the interval [t;,t;11], we obtain

tj+1
0 z/t <Lc(t,j, bu(t, ), ul(t,5)) + %‘;(M %(t’j))) "

J
from which we have
. . t‘]+1 . . . . .
V(tjv.jv ¢w(tj7.])) Z / LC(tvjv ¢w(t7])7 U%(@J))dt + V(tj-‘rlv.]v ¢w(tj+17]))
tj

Summing both sides from j = 0 to j = Jy,, we obtain

J¢w Jd)w tj+1 ‘]¢w
> V(g bultyg) = / Lo(t, §, dult, ), ul(t,4))dt+ >V (ki d, bultien, 5))
§=0 =0t =0
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Then, solving for V' at the initial condition (0,0, ¢,,(0,0)), we obtain

Jow it
V(0707¢w(070)) 2 Z/t LC(ta.ju ¢w(t7j)7uqé}’(t7j))dt + V(t1707¢w<t170))
7= (B.7)
T
+ Z (V(tj+17j7 ¢w(tj+17j)) - V(tjvja ¢w(t]7j)))
j=1

In addition, since u", with u§ defined by 42 does not necessarily attain the maximum
in (4.8)), then for every (¢;11, ) € dom ¢, such that (¢;41,7 + 1) € dom ¢,,, we have
V(tjt1:J, dw(tit1, 7)) > Lo(tjt1, J, bw(tjtr, §), up(tis1, 4))

+V(tj+17j +1, G(¢w(tj+17j)7 u%(tj—i-la J)))

= Lp(tjy1.J, dw(tjs1,7)  up(tjs1,7)) + V(tjr1,5 + 1, dw(tjs1, 5 + 1))

Summing both sides from j = 0 to j = Jy, — 1, we obtain

Ty —1 Jouy—1
> Vg bulticn. ) = Y Lot g bulticr d), up (i1, )
j=0 Jj=0
=1
—+ Z V(tj+1,j + 1,¢w(tj+17j + 1))
§=0

Then, solving for V' at the first jump time, we obtain

T —1
V(tlaov(bw(tlvo)) Zv(t1717¢w(t171))+ Z LD(tj+17j7¢w(tj+17j)7u%(tj-‘rlvj))
=0

T —1

w

+ Y (Vi + 1 duw(tisn i+ 1) = Vit 4 dw(tizn 4)))
=1
(B.8)

In addition, ¢,,(0,0) = ¢, lower bounding V (t1,0, ¢ (t1,0)) in (B.7) by the right-hand
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side of (B.§] m, we obtain

V(0,0,6) > Z / " Lot g, Gult, ), w(E )t + V(01,0, 6w, 0))

e

3 V0t )~V 5 05))

J¢” tjt1
=Y [ Lot dult), ub(e. )t
=074
Ty —1
+ Y Lo(tj1, 4 dultio, §), bt 5))
j=0
Ty —1
+ Z (V(tj+17] + 17¢U)(tj+17j + 1)) - V(thrl)j) d)w(tJJrl).])))
j=1

+V(t17 17 (b’LU(tlv 1))
I

+Z (tj+1, s Pwltjr1, 7)) — V(tj, J, dw(ts, 5)))

Since
Ty —1
> Vit d + 1 bwltjsn, i +1) = Vit b, dwltisn, 5)))
j=1
T
+V<t17 17 ¢w(t17 1)) + Z (V(tj-f-laja ¢w(tj+17j)) - V<tj7j7 ¢w(tj7j)))
j=1
=V(ts,, 115 Jpus Puw(ts,, 11, Jp,)) + V(t1, 1, dw(ti, 1))
J¢w_1 ‘]¢w
FY (Vltgn,d + Ll d + 1) = 3 (V{t., 6ulti, )
=1 j=1
= V(tJ¢w+1) J(Z)wa ¢w(tJ¢w+17 J¢w))
then we have
Jow t]+1
V(0,0,6) > Z/ oty bty §), st )t
t
Ty —1
+ > Lp(tja.d, bultjcn, 4), ub(tisn, §)
=0

AV (t 1,41 T Pwlts,, +1,J4.,))
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Given that (4.9) holds and (Ty,,Js,) € T, from (4.3) we have

J¢‘w t]-+1
VO.092Y [ Lot but.d)ut )i
j=071

J
Jp—1

+ Z LD(tj—i-Lja wa(tj-i-l’j)’ u%(tj-‘rla]))
7=0

FV (T s Jg> G (T J0,))
> J(&u”) (B.9)

for u* = (uf’,uy), with u}’ defined by v; as in (4.2.1)) and (4.2.1) and u¥ defined by
any J2 € K. Finally, given the set of solutions with finite horizon, namely S;Q (&), by

proceeding as in item 4 above, by applying the infimum on each side of (D.23)) over the
set S77(£), we obtain

V(O’ 0’ f) < inf j(§7 (ula ’i2(¢s))
(¢s5(u1,k2(95))) €S, (€)

By applying the supremum on each side of 1) over the set 877_2 (&), we obtain

V(anag) > sup j(gv (Kl(¢w)au2))‘
(¢w7(’ﬁ31 (¢w)7u2))esz(£)

Given that (B.3) leads to V(0,0,¢) = J(€,u*), we have that for any ¢ € II(C'UD), each
(¢*,u*) € ST,(€) with u* = (k1(¢*), k2(¢*)) satisfies

sup T (&, (51(w), u2)) < T (§,u7) < inf — _ J(& (w1, ma(6s)))
(Gu(1 (6 u2)) €8T, (€) (65:(u1.42(65))) €8T, (€)

(B.10)
Since a response ¢,, rendered by x; or a response ¢s rendered by ks can equate the

response ¢* by properly choosing us or uj, respectively, we have

sup T (k1(dw),u2)) = sup T (&, (k1(9%), k2(¢"))
(G, (K1 (dw),u2))€ST, (€) (¢*,(r1(¢*),k2(*)))EST, (€)
(B.11)
and
inf T (&, (ur, ka(ds))) = inf T (&, (k1(9%), k2(8")))
(fs,(u1,k2(¢s))) €SS (€) (¢*, (k1 (¢*),k2(0*)))EST, (€)
(B.12)
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leading to
J(&,u*) = minmax J(&, (u1,u2)) (B.13)

ur U
(u1,u2) €U, (£)
Thus, from (B.3]) and (C.13)), V' (0,0, &) is the value function for H, as in Definition

and from ((C.10)), 7 is the saddle-point equilibrium as in Definition O

B.2 Proof of Corollary

We show that when conditions (4.14])-(4.16)) hold, by using the result in Theorem
the value function is equal to the function V and with the feedback law with
values as in (4.17) and (4.18]), such a cost is attained. We can write (4.7]) in Theorem
421 as

0= min max Sc(z,uc),
uci1 uc2
uc=(uc1,uce)€lg (z)

Sc(z,uc) = x;—chp + ugchqucq + uEQchucg (B.14)
dP(7)
dr
First, given that (4.14) holds for all 7 € (0,T), and =z, (P(7))Ac + ALP(T)z, =

x;,r (2P(1)Ac)z) for every (7,xp), one has

+2x;P(7)(Acxp + Beuc) + x; xp

Sc(z,uc) =, P(7)(BeaRgyBly + Bei Ry By ) P(T)ay

. i . (B.15)
tucy Rowuet + ucoRoaucs + 2, P(1)Bcuc
The first order necessary conditions for optimality
0 _ _
Fuc (25 P(1)(BeaRGyBl + Bor Ry By P(7)ay
+UE1R01’U«C’1 + UEQRCQUCQ + 2:11;13(7')(30111@'1 + BCQUC’Q)) = 0
C
0 _ _
Sus (25 P(1)(BeaRGy Bl + Bor Ry By P(r)ay
+uglR01u01 + UEQRCQUCQ + 2:11;]3(7')(30111@'1 + BCQUC’Q)) = 0
C

are satisfied by the stationary point up = (ug;, ugs), with values for each 7 € (0, T)
* —1npT

224



ugs = —ReyBoo Pz (B.17)

Given that Rci, —Rca € ST'P, the second-order sufficient conditions for optimality,

namely,

0?2 _ _
(xTP(T)(BCQRC%BEQ + BClRC%Bgl)P(T)xP

ouZ, \'P
+u£1R01u01 + ngRCQUCQ + Qx;rP(T)(BCunl + Bcchg)) =0
Rte!
0 (1 —1pT “1pT
902 (xp P(7)(Bo2ReyBea + Bo1Rey Boy ) P(T)p
Cc2
+uglR01u01 + U—CF'QRCQUCQ + 2.%';—P(T)(301UCI + BcgU()g)) =<0

Uco

hold, rendering uf, as in (B.16|) and (D.36) as an optimizer of the min-max problem in
l) In addition, it satisfies Sc(x,uy) = 0, making V (¢, j, x) = x;P(T)xp a solution

of (4.7) in Theorem [4.2.1]
On the other hand, we can write (4.8)) in Theorem as

z, P(T)x, = min max Sp(z,up
p ) )
uUp1 up2
up=(up1,up2)€llL ()

T T T
Sp(w,up) = Lp Qpzp +up; Rp1up1 + upsRpaups

+(ADl'p—{—BDUD)TP(O)(AD.TP—FBD’LLD) (B.18>
which can be expanded as
_ T T T AT
SD({B, uD) =z, (QD + ADP(O)AD)JIP + 2$p ADP(O)BDUD

+upy (Rp1 + By P(0)Bpi)up: + upe(Rp2 + BheP(0)Bpa)ups
+ ULle(Bglp(O)BM)UDz + UEQ(Bgzp(O)BDl)UDl (B.19)

The first order necessary conditions for optimality

0

Bun SD(azjuD)|u*D =0
0

8UD2 SD(xauD”u’b =0

are satisfied by the stationary point u}, = (u}y, u},), such that for each z, € II(D)

—1
Rp1 + B}, P(0)Bp1 B}, P(0)Bp2 BJ,P(0)Ap

T . T z, (B.20)
BD2P(0)BD1 Rps + BD2P(0)BD2 BD2P(0)AD

up = —
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Given that (4.15]) holds, the second-order sufficient conditions for optimality, namely,

82
au%l

SD($7 UD) ’u*D = 07

82
au%z

Sp(a.up)l,; <0,

are satisfied, rendering uj}, as in (D.42)) as an optimizer of the min-max problem in
1) In addition, u}, satisfies Sp(x,u},) = :L';—P(T){L‘p, with P(T) as in 1) making
V(z) = ) P(7)x, a solution of (4.8) in Theorem

Then, given that V is continuously differentiable on a neighborhood of II(C) and
Assumption holds, by applying Theorem in particular from (4.10), for every
(t, 4, &) such that (¢, j) € T<;, the value function is J7(&) = J (&, ((uy, uhy)s (uie, ups))
= §;P(7)§p. From (]4.2.1[) and (]4.2.1[) the feedback law v = (y¢,vp) with values as in

(4.17) and (4.18) is a pure strategy saddle-point equilibrium.

O

B.3 Proof of Lemma [4.4.1]

Pick any (¢s,u®) € 877{—(5) with v® = (uf,u3), dom¢s > (¢,5) — uj(t,5) =
F1(t, , 6s(t, §)) for some 71 € K1, dom gy 3 (£, §) = ud(t, 5) = 73(¢, 5, bs(t, 5)) for 73 :=
(V95 VDo) attining the supremum in and , and (Ty,, Jg,) = (ts,, +1,Jp,) =
sup dom(¢s, u®) € T. Since 41 does not necessarily attain the infimum in , then,
for each j € N such that Iés = [t;,tj4+1] has a nonempty interior intl? .o we have that

for every t € inthS7

. . . ) v, . ) . .
—e < 15161‘{11’71}22){ {LC(tvjvqb(taj))uC(t’j))—’_ax(taja¢8(t7.]))F(¢s(t7j)7uo(t7j))}
uC:(u017“02)6Hu(¢s(tvj)7c)
19)%

+E(t7ja ¢S(t7j))

< Lt 6t 3), 01 ) + (15,61 ) 9u(0,3), 080 30) + (1 3,04(0,))

(B.21)

Given that the total derivative is defined as %(t,j, os(t, 7)) = %—‘{(t,j, os(t, 7))
+%—Z(t,j, os(t, ) F(ops(t,j),u’(t, j)) for every (¢, 7) such that ¢t € dom, ¢, by integrating
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(B.21)) over the interval [t;,¢;41], and adding them up from j = 0 to j = J,,, we obtain

Jos o tit1
Sty — (e <Y / (Lot j, by (t, ), u* (£ )
=0 j=0""t
+%(t,j, Gs(t, 7)) F(0s(t,5),w’(t, 7)) + %—‘Z(t,j, ¢s(7f,]'))> dt

which yields

Jos tjt1
T, <Y / Lot 4, d(t,3),u (£ 1))t + V (1,0, 64(t1,0)) — V(0,0,)
j=0"ti

Jos

+ Z V(tj+17j7 d)s(thrl)j)) - V(tjvja ¢s(tj7 ])) (B22)
j=1

Since 741 does not necessarily attain the infimum in (4.26)), then, for every (t;4+1,7) €
dom ¢ such that (¢j41,7 + 1) € dom ¢, we have that

—e< min max {Lp(tjy1, 4, s(tjr1,4),up(tjr1,7))
up1 up2

up=(up1,up2)€lly(¢s(tj+1,5),D)
+V(tj4+1,5, G(0s(tj41,5)s up(tj+1,9))} — V(Ej+1, Js ¢s(tj41,5))

< Lp(tjt+1, 4, @s(tjr1, 5), u’(ti1, 5) + V(E41,70 + 1 0s(tj41,5 + 1))
—V(tj+1. 7, 6s(tj+1,75)) (B.23)

Summing both sides from j =0 j = Js, — 1, we obtain

Jps—1 Jps—1
Z (76) < Z (LD(thrl?j?gbs(t]'Jrl’j)vus(thrlaj))
7=0 7=0
+V(tj+1?j + 17 ¢S(tj+17j + 1)) - V(tj—l-laja ¢s(t,7+17])>)
Jps—1
= Z LD(tj-i-laja¢8(tj+17j)7us(tj+laj))
7=0
Jge—1
+ Z V(tj+1?j + 17¢S(tj+17j + 1)) - V(tj-‘rlujv ¢S(tj+17j))
j=1
+V(t17 ]-7 ¢8(t17 1)) - V(tlv 07 ¢S(tla 0)) (B24)
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from where we obtain

Jpa—1
V(tla 07 QSS(tl’ 0)) < J¢35 + V(th 17 ¢S(t13 1)) + Z LD(thrlaja ¢s(tj+17j)? us(thrl)j))
=0
J¢s—1
+ Z V(thrlvj + 17 ¢S(tj+1’j + 1)) - V(thrl?j? ¢S(t]+l7]))(B25)
j=1
By adding (B.22) and (B.25)), we obtain
_6T¢s + V(tlv 07 ¢s(t17 0))
Ps tj+1 J¢s—1
S Z/ LC(tyj) ¢S(t7j)) us(taj))dt + Z LD(tj+l7j7 ¢S(tj+l)j)7 us(tj-i-lvj))
j=0"1 =0
Jpo—1
+ Z V(tj+17j + ]-7 ¢S(tj+17j + 1)) - V(tj-‘rluju ¢S(tj+17j))
=1
Jos
+V(t17 17 ¢8(t17 1)) + Z V(tj+17j7 ¢S(tj+17j)) - V(t]7]7 ¢s(tj7,7))
j=1
+Jp,e = V(0,0,8) + V(t1,0, ¢s(t1,0)) (B.26)
which, thanks to (4.3)) and (4.27)), turns into
V(0,0,8) < J(&v’) + (Td)s + J¢3)8 (B.27)

B.4 Proof of Lemma [4.4.2

Pick any (¢s,u®) € 877{—(5) with u® = (uf,u3), dom¢s > (t,7) — ui(t,j) =
Vi (t, 4, ¢s(t, 5)) for v := (751, vpy) attaining the infimum in (4.29) and (4.30), dom ¢5 >
(t,3) = us(t,j) = Ya(t,j, ds(t, §)) for some 32 € Ko, and (Ty,, Jg,) = (ts,, +1,Jp.) =
sup dom(¢g, u®) € T. Since 42 does not necessarily attain the supremum in , then,

for each j € N such that Iiw = [t;,tj41] has a nonempty interior intl? » we have that
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for every t € int/ éw,

e e {Loltd 6(00)uc(t.0) + G0 60t ) F@ult ) uctt.) |

ucit uc2
uc=(uc1,uc2) €y (pw(t,j),C)

ov . .
+E(t’], wa(ta]))

. N s ov
> LC(t7]7¢’w(ta])7uC(ta])) + 5

OV (15,6l D F (ult ), ublt, ) + 2

(1, Gl )

(B.28)
Given that the total derivative is defined as 9 (¢, j, ¢ (,5)) = at V.(t, 4, pw(t, 7))

+ 80 (t, 4, dw(t, ) F(u(t, ), u®(t, 7)) for every (t,j) such that t € domy ¢y, by inte-
grating (B.28) over the interval [t;,;41], and adding them up from j = 0 to j = Jy,,

we obtaln
Jow Jow tj+1
S —t)e =S / (Lot j, dult, ) a(E, )
§=0 j=0"ti
0 0
Gt Gt DDl (09) + G 00, 0u(0,5) )

which yields
ou t1+1

To >3 / Ot Gy Bults )0 (4 7))t + V (11,0, 6 (1,0)) — V(0,0,€)

Jpw
+ Z V(tj-‘rlaja ¢w(tj+1aj)) - V(t]’j) d)w(t]’])) (B29)

j=1
Since 72 does not necessarily attain the supremum in (4.30), then, for every (t;41,7) €

dom ¢,, such that (t;4+1,7 + 1) € dom ¢,,, we have that

£> min max {Lp(tjt1, 4, bw(tjr1,5), up(tjr1,5))

up1 UD2
up=(up1,up2) €Iy (dw (t;j+1,7),D)

+V(tj+17j7G(¢w(tj+1aj) (tj-‘rla )))} V( ]-‘rla] ¢w( ]-‘rla]))
> Lp(tjr1,J, bw(tjrs, 3), u” (tjr1,7)) + V(tjr1,7 + 1, 0w(tjr1, 5 +1))
_V(tj+17j7 ¢w(tj+17j)) (B?)O)
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Summing both sides from j =0 j = Jy, — 1, we obtain

Jpp—1 Jpw—1

Z €> Z (LD(tj+laja¢w(tj+laj)7uw(tj+l7j))
7=0 7=0

+V(tj+17j + 17 ¢w(tj+17j + 1)) - V(thrl’j’ ¢w(tj+17.7)))
Jp—1
- Z LD(tj+17j7¢w(tj+17j)7uw<tj+17j))
j=0
T —1

+ V(tj+17j + 17¢w(tj+17j + 1)) - V(tj-i-laja ¢w(tj+17j))
7=1

+V(t1, 1, ¢w(t1, 1)) = V(t1,0, du(t1,0)) (B.31)

from where we obtain

Jp—1
V(th 07 ¢w(t1> 0)) > _J¢w€ + V(th 17 ¢w(t17 1)) +ZLD(tj+17.j7 ¢w(tj+17.j)7 uw(tj—i-l?j))
=0
Jouw—1
+ Z V(tj+11j + 17 ¢w(tj+17j + 1)) - V(tj+17j7 ¢w(t]+17J)IB32)
j=1
By adding (B.29) and (B.32), we obtain
Ty, +V(t1,0,du(t1,0))
J¢’w tj+1 J¢w*1
> Z/ LC(taja d)w(taj)7 uw(tvj))dt + Z LD(thrl)j? d)w(thrl)j)’ uw(thrl’j))
j=0"1t =0
Jpw—1
+ Z V(thrlaj + 1,¢w(tj+17j + 1)) - V(tj+17j; ¢w(tj+17j))
j=1
Jou
+V(tla ]-7 ¢w(tla 1)) + Z V(tj+17j7 ¢w(tj+17j)) - V(tjv.]v ¢w(t]7j))
j=1
_J¢w€ - V(()?O?g) + V(t1a0a¢w(t170)) (B33)
which, thanks to (4.3 and (4.31)), turns into
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B.5 Proof of Theorem [4.4.3

To show the claim we proceed as follows:

1.

Pick an initial condition & and upper bound the cost associated to any solution

yield by v = (y¢,vp), with values satisfying (4.36]) and (4.37)), from &.

Lower bound the cost associated to any solution from & when P» plays v, :=

(vc2,vp2) by the value of the function V' evaluated at £ plus a constant.

Upper bound the cost associated to any solution from ¢ when P; plays 71 :=

(vc1,7vp1) by the value of the function V' evaluated at £ plus a constant.

By showing that the cost of any solution from £ when P; plays 1 is not less than
the cost of any solution yield by v plus a constant from &, and by showing that
the cost of any solution from £ when P» plays 79 is not greater than the cost of
any solution yield by v from £ plus a constant, we show approximate optimality

of v in Problem (x) in the min-max sense.

Proceeding as in item 1 above, pick any ¢ € II(C) UTI(D) and any (¢*,u*) € 5’77_;(5)
with dom® 3 (£7) = w*(t,]) = ¥(t,, 6" (69), and (Tye, Jye) = (s, 1, Jir) =
supdom(¢*,u*) € T. Given that V satisfies (4.33]), and together with ¢ satisfy the
right-hand side inequality in 1' for each j € N such that I, = [tj,tj+1] has a

nonempty interior intl; J ., we have, for all ¢t € int] 3)*,

€2

minax{ Lo(t,,67(t.0) uclt.d) + G (646 (. 0DF6 (0. uc(t.d) |

uC1 uC2 0

uc=(uc1,ucz)€lu(¢*(t,5),C)

ov

+E(t7j7 (rb*(t?j))

> =0+ LC’(tvja ¢*(t7j)770(t7j7 ¢*(t7])))

ov

56,5, 07, 5) F(¢"(8,4),70(t, 4, 7 (8,4))) + 81(7573} ¢"(t, 7)) (B.35)

ox ot

Given that the total derivative is defined as %(t,j, o (t, 7)) = %—‘{(t,j, o*(t, 7))
+ (.5, 6" (8, ) F (0" (¢, §), 10 (t, 5, 67 (¢, 5))) for every (t,5) such that ¢ € domy ¢*, by
integrating (B.35) over the interval [t;,¢;11], and adding them up from j = 0 to j = Jy-~,
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> (tjer — ¢ g+5>z/ (Le(t, 4,8 (1, 4) ve (b 4, & (E.9))

+ZZ@, 567 (L 0)F (67 (8, 5), v (t 4,67 (t,5))) + %z(m‘, (b*(taj))) dt

which yields

o tir1
T¢* (6 + 5) > Z /t LC(t7j7 ¢*(t7j)>’70(¢*(t7j)))dt + V(tlv 0, ¢*(t17 0)) - V(O> 0,6)

Jpx

+D V(10,0 (ti11,9) = V(4,6 (45, 5)) (B.36)

j=1
Since V satisfies (4.34]), and together with ~p satisfy the right-hand side inequality in
(4.37)), for every (tj11,j) € dom ¢* such that (tj11,j + 1) € dom ¢*, we have that

£> min max {Lp(tjs1,4, 0" (tjx1,5), up(tjs1,5))

Uup1 up2
up=(up1,up2)€lly(¢*(tj41,5),D)

+V(tﬂ+17]7G(¢*<t]+17j> uD(tJ-i-l’ )))} V( ]+17] (b (t]-‘rlv]))
> -0+ LD(tj+1>j> ¢*(tj+17j)77D(tj+17j7 ¢ (t]+17 ))) + V(t3+17] +1 ¢ (t]+1 ] + 1))
—V(tjr1,7, 0" (tj41,7)) (B.37)

Summing both sides from j = 0 to j = Jg« — 1, we obtain

Jge—1 Jye—1
D (e+8)= > (Loltyr, 4,6 (b1, 9), 10 (41, 5, ¢ (L1, 5)))
i=0 i=0
+V(tj+17j + 1a ¢*(tj+1)j + 1)) - V(tj+17j7 qb*(tJJrlaj)))
= > Lot 5, ¢ (11, 5), v0 (L1, 4, 6" (ti11,4)))
7=0
J¢*—1
+ > Vit i+ 1,0 (5 + 1) = Vi, 4,6 (t41,5))
=1
V(1,6 (t1, 1)) — V(£1,0, 6% (41,0)) (B.38)
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from where we obtain

Jp*—1
V(t1717¢ tly Z LD ]+17] ¢ (]+17 ) ’YD(tj-f-laja ¢*<t]+17j>))
7=0
J¢*_1
+ Z V(tj+17j + 17¢*(tj+17j =+ 1)) - V(tj-‘rlaja ¢*(t]+1’j))
j=1

By adding (B.36)) and (B.39), we obtain

Jor ety
Z/ LC(tvjv¢*(t7j)a70(¢*(taj)))dt
—0/ts

Jgr_1
+ > Lp(tjsn, 4,0 (ti41:5): 10 (ti1, 5,67 (ti11, 4)))
=0
J¢*_1
+ Z V(tj+1aj + 17¢*(tj+17j + 1)) - V(tj+1aja ¢*(t]+1’]))
=1
J(z,*
+V(t17 17 ¢*(t17 1)) + Z V(tj-‘rlaja ¢*(t]+1>])) - V(tjvjv ¢*(t]7]))
j=1
—=V(0,0,8) + V(t1,0,¢"(t1,0))
< Jp(e4+0) + Ty (e +0) + V(t1,0,0"(t1,0)) (B.40)

By straightforward simplifications, the reader can show that

J¢* —1

V(Tye, Jge) = > (Vltjyr,d + 1,6 (1,5 + 1) = Va1, 5,0 (L1, 5)))
i1
Ty

+V(t1,1,¢ tl, +ZV ]—&-17.7 ¢ (]+17 ))_V(t]7]7¢*(tj7j))(B41)

J=1
Which, thanks to and - turns (| into
T (& u") < (Jgr + Ty )(e +0) + V(0,0,¢) (B.42)

Likewise, given that V satisfies (4.33)), and together with ¢ satisfy the left side inequal-
ity in |D for each j € N such that I, = [tj,tj+1] has a nonempty interior intl?,, we
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have, for all ¢ € int[ é*,

o< winmax {Loltd. ") ue(t.0) + G (0567 (0 5) et ) |

ucit uc2
uc=(uc1,uc2) €l (¢*(t,5),0)
ov

+E(t7ja QS*(ta]))

<0+ Lo(t,j, 0% (8, 5), et g, ¢*(t7j)))+%(t’j, @™ (t, 9)F (97 (¢, ), ve . 4, ¢* (L, 7))

ov

8t(

Given that, 7 (t, 4, 0"(t,1)) = B (t,4,¢"(t,)) + Gy (8,4, 6" (£, 1)) F (6" (t, ),
vo(t, 4, d*(t, 7)) for every (t,j) such that ¢t € dom; ¢*, by integrating (B.43) over the
interval [t;,t;41], and adding them up from j = 0 to j = Jy+, we obtain

Ty b

0= Y~ t)(e+0) +Z/ (Lot 4, 8" (t9),70(t 6 (¢,))

8V

+87£C(t’j’ ¢*(t’j))F(¢*(t’j)7’YC(tvja ¢*(taj))) + 88‘/

(00,0030 ) b

which yields

St
0< Z/ LC’(tvjv (b*(tvj)afVC((b*(tvj)))dt + V(t1707 ¢*(t170)) - V(anag)

j=0""
T
=1

Since V satisfies (4.34]), and together with vyp satisfy the left side inequality in (4.37)),
for every (tj+1,7) € dom ¢* such that (t;41,7 + 1) € dom ¢*, we have that

—e< min max {Lp(tjs1,4, 0" (tjx1,5), up(tj+1,7))
uUp1 up2

up=(up1,up2) €y (¢*(t;j11,5),D)

+V(tj+1,7, G(@" (tj+1,5), up(tiv1, 5))} — V(tj41,5, 6" (tj41, 7))
<0+ Lp(tjr1,4, 9" (tj+1, ), vp (41,5, 0 (tj41,9))) + V(Ejv1,5 + 1, 0" (41,5 + 1))
_V(tj-i-la.]a ¢*(t]+17])) (B45)
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Summing both sides from j = 0 to j = Jg« — 1, we obtain

Jge—1 Ty —1
0< Z (e+9)+ Z (Lp(tjt1,J, @ (tj41,9), ¥ (Ej41, 4, @7 (Ej41, 7))
=0 =0
+V(tj+17j + 17 ¢*(tj+17j + 1)) - V(tj-‘rlv.jv ¢*(tj+17])))
Jge—1 Jge—1
= > (e+8)+ > Lp(tjr1,4,6™(tir1,4), v (i1, 4,0 (ti41,5)))
=0 =0
Jgr—1
+ Z V(tjt1,7 + 1,0 (1,0 + 1)) = V{541, 5, 0" (841, 7))
=1
+V(t1715¢*(t1’1)) - V(t1705¢*(t150)) (B46)

from where we obtain

V(th 07 ¢*(t1a 0)) < J¢* (5 + 6) + V(tlv 17 ¢*<t1a 1))
Tgx 1
+ > Lot 4, ¢ (t1:5) v0(tir1, 4, 7 (ti11, 4)))
=0
Tgx 1
+ ) Vi + 1,0 (1,5 + 1) = Vit 4, 0" (41, 5))B.A7)
j=1
By upper bounding the right hand side of (B.44)) with the right hand side of (B.47]), we

obtain

0< Z / ot 5,6 (6,3),7c(6" (1,1)))dt

Jgr_1
+ Y Lo(tin, 4, 0" (11, 5), v (b1, 5, 8" (41, 5)))
7=0
Jgx 1
+ ) Vit g+ L0 (1,5 + 1) = Vi, 4,6 (ti41,4))
j=1
Ty
V(tlal d) tl) + ZV ]+1 j (ZS ( j+150 )) - V(t_ﬂj’ ¢*(t]7]))
7j=1
Thanks to (B.41)), (4.35)) and (4.3), the bound (B.48)) turns into
V(0,0,8) < J(&§,u") + (Jor + Tpe)(€ +9) (B.49)
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Continuing with item 2 as above, pick any (¢s, u®) € 8?7_;(5) with v* = (uf,u3), dom ¢5 >
(14) = wi(t,) = Tt 6s(t,9)) for some 31 € Ky, domgy 3 (1) = wh(t, ) =
V5 (t, j, 0s(t, 7)) for 5 = (v59, V) attining the supremum in and ([4.34), and
(Ty., Jp.) = (ts,,+1,Js,) = supdom(es,u®) € T. Thanks to Lemma we have

V(0,0,) < T(E0) + (T, + Ty, )e (B.50)

Continuing with item 3 as above, pick any (¢, u?) € S7(§) with u* = (u},uy),
dom ¢y 3 (t,7) = u(t,7) = Vi (L, 4, duw(t, 4)) for +f = (&, VD) attaining the infimum
in and (£.34), dom ¢y, 3 (¢,7) — u¥(t, ) = F2(t, j, duw(t, j)) for some 72 € Ko,
and (T, Js,) = (ti,, +1,Js,) = supdom(dy,u”) € T. Thanks to Lemma we

have

T (& u"”) <V(0,0,8) + (Ty, + Iy, )e (B.51)

Finally, by proceeding as in item 4 above, by upperbounding the V' (0,0, &) term on the

right hand side of (B.42|) with (B.50)), we obtain
T u") < T u)+(Jge+Type) (e40)+(Jp, +Tp, e V¢ e TI(CUD), (B.52)

By upperbounding the V(0,0,&) term on the right hand side of (B.51) with (B.49)), we

obtain
T (& u?) < T(Eu")+(Jgr+Tp ) (e4+0)+(Jp + T )E V¢ € TI(CUD), (B.53)
Given that, max(p jyer (T, J) = (1p0p, 7p), from and , we have
T (&) — 1p(146,)(26 +6) < T(&,u*) < T(Euf) +7p(1+6,)(2e +6)  (B.54)

for all ¢ € TI(C U D), which renders the feedback law « approximately optimal in the
min-max sense.

O
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Appendix C

Proofs of Chapter 5

C.1 Proof of Theorem [5.2.1]

To show the claim we proceed as follows:

a) Pick an initial condition £€ M and evaluate the cost associated to any solution
from ¢ yielded by k = (kc, kD), with values as in (5.9)) and (5.10). Show that this

cost coincides with the value of the function V at &.

b) Lower bound the cost associated to any solution from & when P» plays ko :=

(kc2, kp2) by the value of the function V' evaluated at &.

c) Upper bound the cost associated to any solution from & when P; plays k; :=

(kc1, kp1) by the value of the function V' evaluated at &.

d) By showing that the cost of any solution from { when P; plays k; is not greater
than the cost of any solution yield by x from £, and by showing that the cost of
any solution from £ when P; plays ko is not less than the cost of any solution yield

by k from &, we show optimality of x in Problem (¢) in the min-max sense.

Proceeding as in item a above, pick any £ € M and any (¢*, u*) € Sﬁ (&) with dom ¢* >
(t,j) — u*(t,5) = k(¢*(t,j)). We show that (¢*,u*) is optimal in the min-max sense.
Given that V satisfies 1’ and k¢ is as in 1) for each j € N such that P, = [tj,tjs1)

has a nonempty interior int/ J «, we have, for all t € intlé*,

0 :LC(¢*(t7j)v ’{C(QZ)*(t?j))) + <VV(¢)*(t,j)), F(¢*(t7])’ K’C((ﬁ*(taj))»
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and ¢*(t,j) € Cy, as in (2.4). Given that V is continuously differentiable on a neigh-

borhood of II(C'), we can express its total derivative along ¢* as

TV (1.) = (VY6 (1), P& (1.9), e (" (1.9)) (1)

for every (t,j) € int(Ii*) x {j} with int(Ii*) nonempty. Given that V satisfies 1)
and kp is as in (5.10)), for every (t;j41,7) € dom ¢* such that (¢j411,j + 1) € dom ¢*, we
have that

V(¢ (tj+1.9)) = Lp(9™(tj41,5), 0 (97 (tj41,5))) + V(G(¢"(tj+1.5), 6D (9" (41, 5))))
=Lp(¢*(tj41,5), p(¢*(tj41,5))) + V(# (Lj1,5 + 1))

(C.2)

where ¢*(tj41,7) € Dy, is defined in . Now, given that (¢*,u*) is maximal with

dom ¢* > (t,j) — u*(t,5) = k(¢*(t, 7)), thanks to and (C.2)), from Corollary [5.2.3]
and , we have that

V(&) =T u"). (C.3)

Continuing with item b as above, pick any (¢, u®) € S§,(€) where S5,(€)(C S35 (€)) is

the set of solutions (¢, w) with u = (u1,u2), dom¢ > (¢,7) — ui(t,j) = R1(é(t, j)) for

some k1 € K1, dom¢ > (t,5) — ua(t,j) = ka(t,j,o(t, 7)) for ke := (kc2, Kp2) as in

(5.9) and . Since k1 does not necessarily attain the minimum in , then, for

each j € N such that I és = [tj,t;+1] has a nonempty interior intl J .» we have for every

t e intIés,
0 < La(@s(t, ), ug(t, 7)) + (VV(9s(t, 1)), F(@s(t, 4), ug(t, 5))) -
Similarly to (C.1)), we have

SV (6u(1,)) = (TV(0ult, ), F(u(t,3), b (1,) ()

for every (t,j) € int(Ig)S) x {j} with int(IiS) nonempty. In addition, since &1 does not
necessarily attain the minimum in (5.6)), then for every (tj;+1,j) € dom ¢ such that
(tj+1,J + 1) € dom ¢, we have

V(ps(tjr1,7)) < Lp(ps(tjr,5), up(tjsn, g)) + V(ps(tjrr,j+1)). (C.5)
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Now, given that (¢s, us) is maximal, with u® = (uf, u3), uj defined by any &, € K1, and
uj defined by k2 as in (5.9)) and ([5.10]), thanks to (C.4) and (C.5)), from Propositionm

and , we have

V() < T u). (C.6)
Proceeding with item c¢ as above, pick any (¢, u") € S¥(€), where S¥(£)(C Si (€))
is the set of solutions (¢, u) with v = (uj,u2), dome¢ > (¢,7) — ui(t,5) = k1(P(t, 7))
for k1 := (kc1, kp1) as in and , dom¢ > (t,7) — wua(t,j) = Ra(d(t, 7)) for
some ko € Ks. Since Ko does not necessarily attain the maximum in , then, for

each j € N such that I ;w = [tj,tj4+1] has a nonempty interior int/ J » we have for every

t € intl}

02 Lo(fu(t, g), uc(t, 5)) + (VV(ou(t, 1)), F(dw(t, §), us(t: 5))) -

Similarly to (C.1)), we have

d . . . .
a1V @u(t,)) = (VV(u(t, 1), F(u(t, 1), uc(t, 1)) (C.7)
for every (t,7) € int(I éw) x {7} with int(1 éw) nonempty. In addition, since Ry does not
necessarily attain the maximum in (5.6]), then for every (¢;41,7) € dom¢,, such that

(tj+1,J + 1) € dom ¢, we have

V(pw(tj+1,7)) = Lo(dw(tjr,4), up(tjt1,5)) + V(dw(tjr1, 5 + 1)) (C.8)

Now, given that (¢, ") is maximal, with «" = (u{’, uY), u}’ defined by «; as in ([5.9))
and (5.10)), and u4 defined by any ro € Ka, thanks to (C.7) and (C.8]), from Corollary

and , we have
V(&) = T (& u"). (C.9)

Finally, by proceeding as in item d above, by applying the infimum on each side of

(D.23) over the set S5} (€), we obtain

|4 inf s)))=": v
(&) < u1:(d)s,(ul,n1§¢s)))687§(§)j(§7 (u1, 2 (s)))=: V(§)

By applying the supremum on each side of (C.9) over the set S;f (&), we obtain

V(€)= sup T (&, (k1 (dw), ug))=: V(£).
w2 (u, (m1 (fw) u2)) €87 (€)
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Given that V(§) = J(&,u*) from (C.3), we have that for any £ € M, each (¢*,u*) €
Sq)f (&) with u* = (k1(¢"), k2(¢*)) satisfies

V() < T u") < V() (C.10)

Thanks to (¢*, u*) € 85,(£) NSH(E)(C S5 (€)), we have
V(¢ = sup T (&, (k1(07), r2(97))), (C.11)
(6%, (k1 (¢")m2(97)))E€SF (€)

and

V(€)= inf T (&, (k1(7), K2(97)))- (C.12)
(6" (k1 (#).2(6")) €8 (&)

Since the supremum and infimum are attained in (D.30]) and (D.7)) by V(£) and V(€),
respectively, (C.10)) leads to

J (& u*) = minmax J(&, (u1,uz)) (C.13)

wr U
(u1,u2)€Us (€)

Thus, from (C.3) and (C.13), V() is the value function for #, as in Definition
and from ((C.10)),  is the saddle-point equilibrium as in Definition O

C.2 Proof of Theorem [5.3.3

Since, by assumption, we have that C,, = II(C), D, = II(D), and V, k := (k¢,kp) =
((kc1, Ke2), (D1, Kp2)) are such that ((5.14)-(5.19) hold, then, thanks to Lemmal5.3.2, V
and  satisfy (5.5)), (5.6)), (5.9), and (5.10)). Since in addition, for each & € (C,,UD,)NM,

each ¢ € Sﬁm (&) satisfies 1) we have from Theorem that V is the value function
as in (5.3) for H, at (Cr U D,) N M and the feedback law x with values (5.9)), (5.10)

is the saddle-point equilibrium for this game. Then, V is a Lyapunov candidate for

H , Def. 3.16] since C.UD, C domV =R" and V is continuously differentiable on

an open set containing Cy. From (5.14)) and (5.17)), we have

(VV(x),F(z,kc(x))) < —Lo(z, ko()) Vo € CNM, (C.14)

V(G(z,kp(z))) = V(z) < —Lp(z,kp(z)) Vo € DN M. (C.15)

Moreover, if
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a) Item 1, item 4, or item 5 above hold, define

Le(z, ko (x)) ifx € Cy \ Dy
p(z,k(x)) == ¢ min{Leo(z, ke (2)), Lp(z, kp(2))}  ifz € Con D,

Lp(z,kp(x)) ifx € D\ Cx
b) Item 2 above holds, define

n(z|a) ifx e Cy\ Dy
p(z,k(z)) = { min{n(|z|4), Lp(z, kp(x))} ifre C,NDyg
Lp(z,kp(x)) ifx € D\ Cy

c¢) Item 3 above holds, define

Lo(z, ke(x)) ifr e O\ Dy
p(z, k() ==  min{Lo(z, ko(x)),n(|z|4)}  ifz e Con D,
n(|x|.) ifx € D\ Cx

d) Item 6 above holds, define

AV (z) ifzx e Cy\ Dy
p(z,k(z)) == ¢ min{ AoV (z),e*PV (z)} ite € C,N D,
eV () ifx e D\ Ck

Thus, given that from (C.14]) and (C.15|), for each case above the function p satisfies

(VV(x), F(z,kc(x))) < —p(x,k(z)) Ve CnM, (C.16)
V(G(z,kp(z))) — V(z) < —p(z,k(x)) Vze D,NM. (C.17)
Thanks to |21, Theorem 3.19], the set A is pAS for H,.. |
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Appendix D

Proofs of Chapter 6

D.1 Proof of Proposition |6.2.1

Pick any solution ¢ to Hs as in (2.1) with no inputs from ¢ € (C U D), where
{t }sup7 dom¢ .

domain of ¢ as in Definition [2.2.2] Observe that, for each (7', J) € dom ¢,

J—-1

V(o(T, ) Z / Lot i+ Y (VIO .d + D) - V(olta.1)

J=0

is a nondecreasing sequence associated to the definition of the hybrid time

(D.1)

where tj1 := T, and V o ¢ is locally Lipschitz on every I = [tj,tj+1] with j € N and

nonempty interior. In particular, for each j € N and for almost all ¢ € I ,

th( M s (VV((t4), ) (D.2)
fer(o(t.))

Moreover, implies that for each j € N and for almost all t € I J ,

d
dt

Similarly, for every (tj41,j) € dom ¢ such that (t;41,7+1) € dom ¢, (6.8b|) implies that

—V(o(t,5)) < —Lc(4(t, 7). (D.3)

V(o(tj41,0 + 1)) = V(o(tj41,7)) < —Lp(o(tjt1,7))- (D.4)
Then, by combining , , and , we obtain
+1 J-1
V6(T..0)) Z / M= Lp(@(ti.d) (D)
§=0
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By taking the limit when (7, .J) — sup dom ¢, thanks to , (D.5) implies

sup]domqb J+1 sup; dom ¢—1
- X / w3 Dofolii)+ T o)
(t,7)—sup dom ¢
(t,7)€dome
< V(&)
which gives (6.10)), concluding the proof. O

D.2 Proof of Corollary

Pick any solution ¢* to (6.14) and observe that since for each z € C
argmax(VV(x), f) C F(z)
feF(z)
and for each x € D

arg maxV (g) C G(z)
9€G(v)

¢* is a solution to as well. Let {t;},_
ated to the definition of the hybrid time domain of ¢* as in Definition Moreover,

sup] dom ¢* . .
be a nondecreasing sequence associ-

for each 5 € N such that I, = [tj,tj+1] has a nonempty interior intl? ., we have, for

almost all t € Ij*,

d

GV = max (VV(O(11).f) (D.6a)

and thanks to
SV (1.9) + L6 (1.9) = 0. (D.6b)

Likewise, for each (tj+1,7) € dom ¢* such that (tj41,5 + 1) € dom ¢*

V(6 (ti1, 5+ 1)) = V(g). D.7
(07t + 1) = max  V(9) (D.Ta)
and thanks to (6.13b)
V(@™ (tjr1, + 1)) = V(¢ (tj11,4)) + Lp(¢*(tj41, 7)) = 0. (D.7b)

Following the same arguments as in the proof of Proposition for each ¢ € Sy(&),

and yield

J(6) < T (@) = V() (D.8)
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Notice that in the light of the inequality in (D.§)), since ¢* € Sy, (€) and J(¢*) =
V(£), one has that ¢* € argmaxyes, (¢)J (). On the other hand, by definition one
has that

JE) = sup J(9)
PESH,(8)

That is, J(§) = J(¢*), and this concludes the proof.

D.3 Proof of Proposition [6.3.1

From (6.16]), and given a solution (¢, u) to Hs from & € II(C) UTI(D), for each j € N
such that I é = [t;,tj+1] has a nonempty interior int/ I we have, for all ¢ € int] g),
. . av .

FEF((t.5)uc(t.4))

In addition, from (6.17)), for every (¢, j) € dom ¢ such that (¢,5 + 1) € dom ¢, we have

(D.9)

LD(¢(t7j)7uD(t7j)) + V(d)(tvj + 1)) - V(¢(t7]))

g€G(¢(t7J'),UD(t:J'))

Then, thanks to and (D.10]), by applying a version of Proposition where
(¢, u) is a solution to H as in (2.1), we have that J (¢, u) < V(£), with J defined as in
(6-2). m|

(D.10)

D.4 Proof of Proposition [6.3.2

Following [47,[78], given ¢ € II(C) UTI(D) and a solution (¢*,u*) to (6.19)), (that
thanks to Lemma is also a solution to H as in (2.1))), given that V satisfies (6.20)),

for each j € N such that I, = [tj,tj+1] has a nonempty interior inth*, we have:

1. forall t € intli*,

0 =Lc(é*(t,4), uc(t, j)) + ma

X VV (o (¢, 1)), .
feF(d)*(t,j),uc(t,j))< (" (t,9)), f) (D.11)

and (¢*(t,7),u(t, 7)) € C.
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Given that (¢*,u*) is a solution to Hmax, and V is continuously differentiable on a

neighborhood of II(C'), we can express its total derivative as

av

E(qb*(t’j)) max (VV (0" (t,9)). f)

- fEF((b* (tvj)qu(tvj))

for every (t,7) € int([é*) x {7} with int([é*) nonempty. Given that V satisfies (6.21)),

we have:
1. for every (t,j) € dom ¢* such that (¢,5 + 1) € dom ¢*,
V(o*(t,7)) = Lp(o*(t, ), up(t,j)) + max 1%
(¢"(t, 7)) = Lp(¢"(t. 4), un(t, 5)) S (9) D12)
where (¢*(t,7),u(t,j)) € D.

Now, thanks to (D.11]) and (D.12)), by applying a version of Proposition where
(¢,u) is a solution to Hs as in (2.1)) and Corollary we have that

V(€)= T(¢"u). (D.13)
Using , for all x such that (z,uc) € C, it holds
0> Lo(z,uc) +(VV(x), f) VfeF(x,uc) (D.14)
and using , for all x such that (z,up) € D, we have

V(z) > Lp(xz,up)+V(g) Vg€ G(z,up). (D.15)

Thus, for any arbitrary (¢, u) € Sy, (§), we have from Proposition|6.3.1jand (D.13) that

T($,u) < T(¢",u) = V(€) (D.16)

which also implies that for the control action u, the largest cost of solutions from &

satisfies

T (& u) = V(). (D.17)

O
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D.5 Proof of Lemma [6.3.4]

Pick any solution (¢, u) to Hmax from & € II(CUD). Then, ¢ € X, u = (uc,up) € U,
dom¢ = domu, and
o (6(0,0),uc(0,0)) € C or (¢(0,0),up(0,0)) € D,
e For each 7 € N such that Ii has a nonempty interior inth, we have, for all
st 70
t e 1ntj'¢7
(¢(taj)7u0(t7])) eC
and, for almost all t € [ é;,
d _ . .
9t 7) = agmax  (VV(2), f) € F(¢(t,7), uc(t, )
feF(¢(t’j)7uC(tvj))

e For all (¢,7) € dom ¢ such that (¢,5 + 1) € dom ¢,

(¢(t7j)7uD(t7j)) €D

¢(t,j+1)=  argmax  V(g) € G(&(t,7), up(t,]))
gGG(¢(t7j)1uD(t7j))

which, according to Definition defines a solution pair to ([2.1). ]

D.6 Proof of Lemma [6.3.5]

Given that V' is continuously differentiable on a neighborhood of II(C'), the gradient
VV (z) exists for any x € II(C). Since the map F(z,uc) is compact for each (z,uc) € C
and the function f — (VV(x), f) is continuous for any selection f of F(z,uc), then it
attains its maximum in F(z,uc).

Given that V' is continuous in II(C)UII(D)UG(D), and the map G(z,up) is compact

for each (xz,up) € D, then g — V(g) attains its maximum in G(z,up). O

D.7 Proof of Theorem [6.3.7]

To show the claim we proceed as follows:

1. Pick any initial condition & and evaluate the cost associated to the solutions yield

by k = (kc, kp) from . Find an upper bound for this cost.
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2. Lower bound the cost associated to the worst-case solutions from £ when P» plays

ko := (Koo, kp2) by the value of the function V evaluated at &.

3. Upper bound the cost associated to the solutions from & when P; plays k1 :=

(kc1, kp1) by the value of the function V' evaluated at &.

4. By showing that the cost of the solutions from £ when P; plays k1 are not greater
than the worst-case cost of the solutions yielded by k = (k1,k2) from &, and by
showing that the worst-case cost of the solutions from £ when P» plays ko is not
smaller than the worst-case cost of the solutions yielded by k from &£, we establish

(6-35).

Proceeding as in item a above, pick any ¢ € II(C) UII(D) and any solution (¢*,u*) to
(6.19)) from & with dom ¢* > (¢, j) — u*(t,5) = k(¢*(¢,j)). Thanks to Proposition

we have that

V(€)= T (", u"). (D.18)
and for any arbitrary (¢, u*) € Sy, (§), we have that
T(¢.u) < T (¢, u") = V() (D.19)

which also implies that for the control action u*, defined by the feedback law k, the

largest cost of solutions from & satisfies
J (& u®) = V(&) (D.20)

Proceeding with item b as above, pick any solution (¢s,u®) t0 Hmax as in
from the initial condition &, with u® = (uf,u3), dom ¢s > (t,7) — ui(t,j) = R1(ps(t, 7))
for some ®1 = (Rc1,kp1) € K1, and dom¢s > (t,7) — uj(t,j) = ra(ps(t,j)) for
k2 := (kcg2, kp2). Thanks to Proposition and Corollary we have that

V(€) < T (s, u”), (D.21)
and for any arbitrary (¢,u®) € Sy, (§), we have that
T(p,u®) < T (ds, ) (D.22)

and

V() < T(&w). (D.23)
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Notice that it is not possible to guarantee that V(&) is a lower bound for any other

solution rendered by u®.

Proceeding with item c¢ as above, pick any (¢u,u") € Sy (§) with u* = (ug,up)
where Sy (€) = {(¢, (u1,u2)) € Sy, (€) : dom 3 (t,5) > wr(t, ) = F(4(t,)), and
dom¢ > (t,7) = ua(t,j) = Ra(P(t, j)), ke € Ka}. Since ko does not necessarily attain
the upper bound in , then, for each j € N such that Iéw = [t;,tj4+1] has a nonempty

interior int[ iw, we have that for every ¢ € int/ iw,

02> Lo(du(t, 4), us(t, ) + (VVI(ou(t, 5)), f) Vf € F(¢u(t,j), uc(t, j))

which implies
N wie av .
and by integrating over the interval [¢;,¢;41], we obtain

dv

0= [ (Letouttd) e + G 0u(e.d)) i

from which we have
tir1
V(oultni) > [ Lelult )t +V(bultya. )

Summing both sides from j = 0 to j = Jy,, we obtain

Zv¢w iy ] >Z/ ¢wt]> UC(t] dt+zv ¢w j+15J ))
7=0

Then, solving for V' at the initial condition ¢,,(0,0), we obtain

t]+1

V(¢(0,0)) > Z/t c(@uw(t,j), ug(t, j))dt

. (D.25)

V(¢w(t1,0) +Z ti+1,7 ) — (¢w(tjvj)))

In addition, since ke does not necessarily attain the upper bound in (6.33)), then, for
every (t,j) € dom ¢,, such that (t,j + 1) € dom ¢,,, we have

V(¢u(t,4)) 2 Lp(¢w(t,5), up(t, 7)) + V(g) Vg € G(pu(t,5),up(t; j))

248



and

V(¢uw(t,5)) ZLp(duw(t, )), up(t,5)) + V(du(t,j+ 1)) (D.26)

Summing both sides from j = 0 to j = Jg, — 1, we obtain

Jg—1 Jow—1 Jgp—1
N7 Vigw(t,3) = Y Lpléw(t, i) ubt.i)) + Y. V(dw(t.j+1)
j=0 j=0 j=0
Then, solving for V' at the first jump time, we obtain
T —1
V(6u(t1,0)) 2 V(dw(tr, 1) + Y Lp(bult,)), up(t, 1)) (D.27)
=0
Semt
+ Z (V(¢w(taj + 1)) - V(¢w<tvj))>
j=1

In addition, given that ¢,,(0,0) = &, lower bounding V(¢ (t1,0)) in m by the
right-hand side of m, we obtain

J¢w ‘]¢ w

>Z / Lo(u(t, 1), uls(t, )t + V(ou(t,0)) + > (V(6u(t,1)) = V(6ultss )
=1
Jm g — ’
>Z/ Le(du(t, 5), ul(t, §))dt + Z Lp(¢uw(t,5), up(t, j))
=0
o — . T
+ Z V($w(t,j+1)) = V(gw(t, ) + > (V(¢u(t,5)) = V(bu(t;, 1))
j=1

+ V(d’w(tla ))

Since
Jpp—1 I
V(gw(tt, 1)+ Y (V(dw(t,j+1) = V(w(t, ) +Z (bu(t,5)) = V(u(ts, )
j=1
g — Jouw
= V(hu(ts,,+1:76,)) + V(dw(t1,1) + Z (V(¢w(t,d+1) =Y (V(¢u(ts, )
j=1 i=1

= V(¢w (thaw +1, J¢w ))

then we have
J¢w J¢w -1

>Z/ Lo(bw(t, 7)), ul(t, 5))dt + Z Lp(éu(t,j),up(t,j))

7=0

+V(bw(tsy, +15 Jpu))
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By taking the limit when (t;, +1,Js,) — supdom ¢y, and given that (6.34]) holds, we
have

sup; dom ¢y sup; dom ¢, —1

t+1
V(e > Z / c(Gults ) ult N+ Lo(Gultien, 1), ub(tien, 1)
=0
+ limsup V(du(t,5))
t+j—00
(t,7)€domen,

= () 029

Finally, by proceeding as in item d above, by applying the infimum on each side of
(D.23)) over the set Sy,... (&), we obtain

V(€ < inf T (€, (uq, ka(ds)) := V(€).
(6) U1:(¢S’(u17”2(¢S)))€S'Hmax(£) (6 ( ! 2(¢ )) (E)

By applying the supremum on each side of (D.28) over the set S} (£), we obtain

V() > sup T (b (1 (dw),u2)) =: V(£).
(bw,u2):(Puw, (1 (Pw),uz))€5F (8)

Given that V(§) = J (&, u*) from , we have that for any ¢ € TI(C') UTI(D), each
(6°,1°) € Spipn (€) with u* = (1(9), wa(6")) satisfies

V() < T(Eu) V() (D.29)

Since (¢*,u*) € 83 (§) N SHymay (§), We have
arginf T (&, (ur, k2(¢s))) = K1(7)
u1:(s,(u1,k2(05))) ESHmay (§)

and

argsup j(¢wa <ﬂ1(¢w)a Uw)) = ((b*a "52(¢*))
(Pwuz):(Pw, (K1 (dw),u2)) €85, (£)

Thus, this implies that V(&) = J (&, (k1(¢*), k2(¢*))) = V(§), which together with

(D.29) leads to

J(&u") = minmax J( (u1,u2)) (D.30)
(u1,u2) €U (E)

Thus, from (D.20) and (D.30), V(&) is the value function for H, and the worst-case

solution that the strategy x = (k1, k2) renders attains it. O
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D.8 Proof of Theorem [6.4.2]

Since, by assumption, we have that C,, = II(C), D, = II(D), and V., k := (k¢,kp) =
((ko1, ke2), (Kp1, kp2)) are such that — hold, and for each £ € C;UD,, each
¢ € Sy, (&) satisfies , we have from Theorem that V is the value function
as in for H, at C,, U D,. and the feedback law x is the saddle-point equilibrium
for this game. Then, V is a Lyapunov candidate for H, [69, Definition 3.16] since
C.UD,U G(Dy) C domV = R™ and V is continuously differentiable on an open set

containing Cy. From and , we have
(VV(z), ) < —Le(z,ke(x)) Vo el f € Flx,ke(r)) (D.31)
V(g) = V(z) < —Lp(z,kp(z)) Va € Dy, g € G(z,kp(x)). (D.32)

Moreover, if

1. Item 1 above holds, define
p(x, k(x)) := min{Lo(z, ke (x)), Lp(z, £p(x))}
2. Item 2 above holds, define
p(a, k(x)) == min{n(|z|4), Lp(z, £p(x))}
3. Item 3 above holds, define

p(x, k(x)) := min{Lo(z, ke (x)), n(lzla)}

Thus, given the functions a1, as satisfying (6.36)), and given that from (D.31)) and (D.32]),

for each case above the continuous function p satisfies

(VV(z), f) < —p(z,r(x)) Vo el e F(z,ko(x)) (D.33)

V(g) = V(z) < —p(z,r(x)) Va € Dy, g€ G(z,rp(r)) (D.34)

thanks to [69, Theorem 3.18], the set A is uniformly globally pre-asymptotically stable
for H,. Furthermore, when maximal solutions to H, are complete, we can argue uniform

global asymptotic stability of A as in [21]. O
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D.9 Proof of Corollary

We show that when conditions — hold, by using the result in Theo-
rem the value function is equal to the function V' and with the feedback law
k = (kc, kp) with values as in and , such a cost is attained. A sufficient
condition for — in Theorem for the single-valued flow map F as in

1S

0= min max Lo(z,ue),
uct uc2
uc=(uc1,uc2) €l (z,C)

Lo(z,uc) = 7, Qoay + uby Reruct + ubgReaucs
dP(1)
dr
First, given that (6.39) holds, and z) (P(T)Ac + ALP(T))x, = 22) P(T)Acw, for every

x € II(C), one has

+2$;P(T)(Acxp + Bouc) + l’; xp (D.35)

Lo(z,uc) = x;P(T)(BCQRgngQ + Bo1 R By P(T)
+U81R01U01 + UEQRCQUCQ + Qx;P(T)BcuC

The first-order necessary conditions for optimality

0 0
Lo(x,u =0, Lo(x,u =0
aum C( C) ug, 8u02 C( C) ug

for all (x,uc) € C' are satisfied by the point uf, = (ul;, us,), with values
¢y = —Rp1 B P to = —RgyBloP D.36
Ut c1Boi P(T)xp,  ugy coBoaP(T)xp (D.36)

for each & = (zp,7) € II(C). Given that Rci, —Rca € SI'P, the second-order sufficient

conditions for optimality

32

2
—5 =0, 0
3u%1 x

5 Lo(@,uc)
U 8u202

'CC(:’U’UC) . =<0

Uo

)

for all (z,uc) € C' hold, rendering ¢, as in (D.36) as an optimizer of the min-max
problem in (D.35). In addition, it satisfies L¢(z,uf) = 0, making V(z) = l‘;—P(T)SL'p a
solution to ([6.28])-(6.30]) in Theorem

On the other hand, given that P is nonincreasing, then

sup (AD.T}p + BDUD)TP(t)(AD.I‘p + BDUD) = (ADJ}p + BDuD)TP(O)(ADxp + BDuD)
te[0,T]
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and we can write (6.31))-(6.33]) in Theorem as

x;—P(T)azp = Lp(z,kp(z)) Vo:(r,kp(z)) € D, (D.37)

x;P(T)xp < Lp(z,(up1,kp2(z))) Y(r,up1): (z,(up1,kp2(x)))) € D, (D.38)

:E;P(T)."L‘p > Lp(z, (kp1(z),up2)) V(z,up2): (z,(kpi(z),up2)) € D, (D.39)

T T T
Lp(r,up) =z, Qprp +up Rp1up1 + ups Rpaups2

+(AD$p + BDUD)TP(O)(AD.’L'p + BDuD) (D40)

Similar to the case along flows, a sufficient condition for (D.37)-(D.39) is

l’;P(T):L‘p = min max Lp(z,up), (D.41)
up1 UD2
up=(up1,up2)€llu(z,D)

and the first-order necessary conditions for optimality are satisfied by the point u}, =

(uhy, u}ys), such that, for each x, € II(D),

-1
Rp1 + B, P(0)Bp1 B}, P(0)Bp2 B, P(0)Ap

T T T z, (D.42)
BpyP(0)Bpi Rp2 + BpyP(0)Bpe BpaP(0)Ap

up = —
Given that holds, the second-order sufficient conditions for optimality are sat-
isfied, rendering u}, as in as an optimizer of the min-max problem in .
In addition, uj, satisfies Lp(z,u},) = CL‘;P(T)CEP, with P(T) as in , making
V(z) = ) P(7)x, satisfy (6.31)-(6.33) in Theorem m

Then, given that V is continuously differentiable on a neighborhood of II(C) and
that g(z) = V(x) for all z € domV, satisfying , by applying Theorem m
in particular from (6.38)), for every & = (&,,&) € II(C U D) the value function is
T*E) = T ((upq,uhy), (Usg, uhy)) = §;P(§7)§p. When P; plays u] defined by
k1 = (kc1, kp1) with values as in (6.42) and (6.43), and P plays any disturbance us
such that solutions to Hs with data as in are complete, then the cost is upper
bounded by J (&, u*), satisfying . O
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