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We explore semileptonic B decays to the four lightest excited charm mesons, D�� ¼ fD�
0; D

�
1; D1; D�

2g,
for nonzero charged lepton mass and for all b → clν̄ four-Fermi interactions, including calculation of the
OðΛQCD=mc;bÞ and OðαsÞ corrections to the heavy quark limit for all form factors. In the heavy quark
limit, some form factors are suppressed at zero recoil; therefore, the OðΛQCD=mc;bÞ corrections can be
very important. The D�� rates exhibit sensitivities to new physics in b → cτν̄ mediated decays
complementary to the D and D� modes. Since they are also important backgrounds to B → Dð�Þτν̄,
the correct interpretation of future semitauonic B → Dð�Þ rate measurements requires consistent
treatment of both the D�� backgrounds and the signals. Our results allow more precise and more
reliable calculations of these B → D��lν̄ decays and are systematically improvable by better data on the
e and μ modes. As an example, we show that the D�� rates are more sensitive to a new c̄σμνb tensor

interaction than the Dð�Þ rates.

DOI: 10.1103/PhysRevD.97.075011

I. INTRODUCTION

The measurements of the ratio of semitauonic B decays
compared to the light-lepton final states,

RðXÞ ¼ ΓðB → Xτν̄Þ
ΓðB → Xlν̄Þ ; l ¼ μ; e; ð1Þ

show a 4σ tension with the standard model (SM) expect-
ations [1], when the X ¼ D and D� results are combined.
Improving our understanding of the B → Dð�Þ form factors,
required for precision calculations of RðDð�ÞÞ, has received
renewed attention recently [2–8]. To maximize future
sensitivity to new physics (NP) contributions, measuring
and understanding contributions for additional semilep-
tonic decay modes mediated by the same parton-level
transition is important and necessary, not only as they
can give complementary information on the new physics,
but also as they constitute backgrounds to the RðDð�ÞÞ
measurements.

In this paper, we study B → D��lν̄ decays, where

D�� ∈ fD�
0; D

�
1; D1; D�

2g; ð2Þ

denotes the four lightest excited charmed mesons,
above the fD;D�g ground-state doublet of heavy quark
symmetry (HQS) [9–11]. (The D�� notation is common
in the experimental literature; these are the 1P orbitally
excited states in the quark model.) In Ref. [12], SM
predictions for RðD��Þ were derived, extending results
for massless leptons [13,14], but a comprehensive study
of NP effects has not been carried out yet. We include
contributions from all possible four-fermion operators
(assuming no right-handed neutrinos), and derive the
OðΛQCD=mc;bÞ and OðαsÞ terms in the expansions of the
form factors, going beyond the leading order in the heavy
quark expansion. TheOðΛQCD=mc;bÞ corrections to the SM
matrix elements were calculated a long time ago [13,14],
and can be substantial, due to the suppressions of certain
leading-order matrix elements near zero recoil, imposed
by heavy quark symmetry. We show that the available
B → D�

2lν̄ and B → D1lν̄ data are in severe tension
with the heavy quark limit, that is alleviated by including
OðΛQCD=mc;bÞ corrections. Similarly, OðΛQCD=mc;bÞ
terms can generate numerically dominant contributions
to NP matrix elements as well, and must be included.
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Understanding the B → D��lν̄ decays as precisely as
possible, both theoretically and experimentally, is impor-
tant for several reasons. First, as in B → Dð�Þlν̄ decays,
certain form factor combinations are suppressed by the
light lepton mass, and thus cannot be constrained by
B → D��lν measurements, but enter unsuppressed in the
semitauonic rates. The use of heavy quark effective theory
(HQET) [15,16] allows more precise future measurements
of B → D��lν̄ to systematically improve the predictions for
B → D��τν̄ [12], which will provide complementary sen-
sitivity to new physics compared to B → Dð�Þτν̄. Second,
B → D��lν̄ decays also constitute a significant background
to the measurements of RðDð�ÞÞ, contributing significantly
to its uncertainty at present. As certain B → D��τν̄ modes
may exhibit high sensitivity to NP, good theoretical control
of these backgrounds is required in order to understand
which NP operators may best fit the data. Third, better
theoretical control of these modes will help to improve the
determinations of the CKM elements jVcbj and jVubj, both
from exclusive and inclusive B decays. The study of these
decay modes [17] and their contributions to the Bjorken
sum rule [18] will help understanding the composition of
the inclusive B → Xclν̄ decay in terms of exclusive modes.
In Sec. II, we establish notations and calculate all

B → D�� form factors, including the complete set of
order OðΛQCD=mc;bÞ and OðαsÞ effects. Section III con-
tains expressions for the differential decay rates for
arbitrary currents and charged lepton mass. In Sec. IV,
we study observables that are particularly sensitive to the
OðΛQCD=mc;bÞ corrections and plot effects of a NP tensor
interaction which could not be evaluated previously with
comparable accuracy. Section V concludes.

II. HQET EXPANSION OF THE FORM FACTORS

We are interested in the B̄ → D�� matrix elements of
operators with all possible Dirac structures, for which we
choose the basis

OV ¼ c̄γμb; OA ¼ c̄γμγ5b;

OS ¼ c̄b; OP ¼ c̄γ5b; OT ¼ c̄σμνb; ð3Þ

with σμν ¼ ði=2Þ½γμ; γν�. Throughout this paper, we
assume isospin symmetry, and B̄ denotes B̄0 or B−. As in
Refs. [12–14], we use the conventions Tr½γμγνγσγργ5� ¼
−4iϵμνρσ, so that σμνγ5 ≡þði=2Þϵμνρσσρσ. (This is the
opposite of the common convention in the B̄ → Dð�Þlν̄
literature, which typically chooses Tr½γμγνγσγργ5� ¼
þ4iϵμνρσ, so that σμνγ5 ≡ −ði=2Þϵμνρσσρσ.)

A. Spectroscopy

The spectroscopy of the D�� states is important, because
in addition to the impact on the kinematics, it also affects
the HQET expansion of the form factors [13,14]. The

isospin averaged masses and widths for the six lightest
charm meson states are shown in Table I. (The level of
agreement between the measurements of the masses and
widths of the D�� mesons, especially those of D�

0 in the top
row of Table I, is presently unsatisfactory [12].)
In the heavy quark limit, the spin-parity of the light

degrees of freedom (d.o.f.), sπll , is a conserved quantum
number, yielding doublets of heavy quark symmetry, as the
spin sl is combined with the heavy quark spin [11]. In the
quark model, the four D�� states correspond to combining
the heavy quark and light quark spins with L ¼ 1 orbital
angular momentum. The masses of each heavy quark
spin symmetry doublet of hadrons, H�, with total spin
J� ¼ sl � 1

2
can be expressed in HQET as

mH� ¼ mQ þ Λ̄H −
λH1
2mQ

� n∓λH2
2mQ

þ…; ð4Þ

where n� ¼ 2J� þ 1 is the number of spin states of each
hadron, and the ellipses denote terms suppressed by more
powers ofΛQCD=mQ. The parameter Λ̄H is the energy of the
light degrees of freedom in the mQ → ∞ limit and plays an
important role, as it is related to the semileptonic form
factors [13,14]. The λH1 and λH2 parameters are related to the
heavy quark kinetic energy and chromomagnetic energy in
the hadron H. We use the notation Λ̄, Λ̄0, and Λ̄� for the 1

2
−,

3
2
þ, and 1

2
þ doublets, respectively, and for the states in each

doublet:

D1=2þ ∈ fD�
0; D

�
1g; D3=2þ ∈ fD1; D�

2g: ð5Þ

The current data suggest that the mD�
1
−mD�

0
mass

splitting is substantially larger than mD�
2
−mD1

. This
possibility was not considered in Refs. [13,14], since at
that time both of these mass splittings were about 40 MeV.
The smallness of mD�

2
−mD1

and mD�
1
−mD�

0
compared to

mD� −mD ≃ 140 MeV was taken as an indication that the
chromomagnetic operator matrix elements are suppressed
for the four D�� states, in agreement with quark model
predictions. We relax this constraint, as in Ref. [12].
While the measured masses of the broad D�

0 and D�
1

states changed substantially over the last 20 years, their

TABLE I. Isospin averaged masses and widths of the six
lightest charm mesons, rounded to 1 MeV [19].

Particle sπll JP m (MeV) Γ (MeV)

D�
0

1
2
þ 0þ 2349 236

D�
1

1
2
þ 1þ 2427 384

D1
3
2
þ 1þ 2421 31

D�
2

3
2
þ 2þ 2461 47

D� 1
2
− 1− 2009 0.

D 1
2
− 0− 1866 0.
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2J þ 1 weighted average is essentially unchanged com-
pared to Ref. [14]. We use Λ̄0 − Λ̄ ¼ 0.40 GeV and
Λ̄0 − Λ̄� ≃ 0.04 GeV, and summarize the parameters used
in Table II. The uncertainty of Λ̄ is substantially greater
than that of Λ̄0 − Λ̄ and Λ̄0 − Λ̄�; as we see below, the form
factors are less sensitive to Λ̄ than to these splittings.

B. Matrix elements to order ΛQCD=mc;b and αs

It is simplest to calculate the B̄ → D�� matrix elements in
HQET using the trace formalism [20–22]. It allows a
straightforward evaluation of the matrix elements of the
five operators in Eq. (3), as well as those of additional
operators generated by perturbative corrections (for a
review, see Ref. [23]). The OðαsÞ corrections are given
explicitly in Appendix A of Ref. [2], extracted from
Refs. [20,24,25]. The OðαsΛQCD=mc;bÞ corrections are

known for the SM currents and would be straight-
forward to calculate for any new physics, but are neglected
below.
The three heavy quark spin symmetry doublets relevant

for this paper can be represented by the (super)fields, which
have the correct transformation properties under Lorentz
and heavy quark symmetries [22],

Hv ¼
1þ =v
2

½B�
v=ϵ − Bvγ

5�;

Kv ¼
1þ =v
2

½Vvγ
5=ϵþ Pv�;

Fα
v ¼

1þ =v
2

�
Tvϵ

αβγβ − Vv

ffiffiffi
3

2

r
γ5
�
ϵα −

1

3
=ϵðγα − vαÞ

��
:

ð6Þ
In this paper, each representation occurs for only one heavy
quark flavor, so for simplicity we denote the components of
Hv by Bv and B�

v. The ϵαβ denote a normalized traceless
symmetric spin-2 polarization tensor.
Similar to Ref. [26], including ΛQCD=mc;b corrections,

the B̄ → D�� matrix elements can be written as

hD1=2þjc̄ΓbjB̄iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffimD1=2þmB
p ¼ ζðwÞ

�
Tr½K̄v0ΓHv� þ εcTr½K̄ð1Þ

v0;vΓHv� − εbĜbTr

�
K̄v0Γ

1 − =v
2

γ5Bv

��
; ð7aÞ

hD3=2þjc̄ΓbjB̄iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffimD3=2þmB
p ¼ τðwÞ

�
Tr½vσF̄σ

v0ΓHv� þ εcTr½F̄ð1Þ
v0;vΓHv� þ εbF̂bTr

�
vσF̄σ

v0Γ
1 − =v
2

γ5Bv

��
; ð7bÞ

where εc;b ¼ 1=ð2mc;bÞ, Γ is an arbitrary Dirac matrix, and

K̄ð1Þ
v0;v ¼ ½Vv0γ

5ð=ϵM̂2 þ ϵ · vM̂3Þ þ Pv0M̂1�
1þ =v0

2
þ ½Vv0γ

5ð=ϵM̂5 þ ϵ · vM̂6Þ þ Pv0M̂4�
1 − =v0

2
; ð8aÞ

F̄ð1Þ
v0;v ¼

�
Tv0 ðϵμνγμγνN̂1 þ ϵμνvμγνN̂2 þ ϵμνvμvνN̂3Þ þ

Vv0ffiffiffi
6

p ð=ϵN̂4 þ ϵ · vN̂5Þγ5
�
1þ =v0

2

þ
�
Tv0 ðϵμνγμγνN̂6 þ ϵμνvμγνN̂7 þ ϵμνvμvνN̂8Þ þ

Vv0ffiffiffi
6

p ð=ϵN̂9 þ ϵ · vN̂10Þγ5
�
1 − =v0

2
: ð8bÞ

At leading order, in the heavy quark limit, all B̄ → D1=2þ

form factors are determined by one Isgur-Wise function,
ζðwÞ, while all B̄ → D3=2þ form factors are determined by
another, τðwÞ. (In the notation of Ref. [17], ζðwÞ is twice
the function τ1=2 and τðwÞ is ffiffiffi

3
p

times the function τ3=2.)
All form factors are viewed as functions of the dimension-
less kinematic variable w, instead of q2 ¼ ðpB − pD��Þ2,
with

w ¼ v · v0 ¼ m2
B þm2

D�� − q2

2mBmD��
: ð9Þ

Here v ¼ pB=mB and v0 ¼ pD��=mD�� are the four-veloc-
ities of the initial and final states.
The coefficients M̂i and N̂i contain order ΛQCD=mc;b

corrections. These are expressed in terms of subleading
Isgur-Wise functions, which arise either from corrections
to the HQET Lagrangian or from matching the current
operators onto HQET [27–29]. Specifically, (i) matrix
elements of the OðΛQCD=mc;bÞ current operators give rise
to the subleading (dimensionful) Isgur-Wise functions ζ1
and τ1;2; (ii) matrix elements involving the ΛQCD=mc;b

suppressed kinetic energy operator, h̄vðiDÞ2hv=ð2mQÞ, are

TABLE II. The HQET parameter estimates used [12].

Parameter Λ̄ Λ̄0 Λ̄� Λ̄s Λ̄0
s Λ̄�

s

Value [GeV] 0.40 0.80 0.76 0.49 0.90 0.77
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spin symmetry conserving and generate the functions
χc;bke and ηc;bke ; (iii) matrix elements involving the
chromomagnetic operator in the HQET Lagrangian,
ðgs=2Þh̄vσμνGμνhv=ð2mQÞ, which violates spin symmetry,
generate the functions χc;b1;2 and ηc;b1;2;3. The notations for
these subleading Isgur-Wise functions are summarized
in Table III.
As we consider only B (and not B�) decays, the

ΛQCD=mb corrections from the chromomagnetic operator
in the Lagrangian—the terms involving χb1;2 (η

b
1;2;3)—enter

in just one linear combination for all D1=2þ (D3=2þ) form
factors, as do the heavy quark spin symmetry conserving
subleading Isgur-Wise functions, χc;bke (ηc;bke ). These can,
therefore, be absorbed into the leading-order Isgur-Wise
functions via the replacements,

ζ þ εcχ
c
ke þ εb½χbke þ 6χb1 − 2ðwþ 1Þχb2� → ζ;

τ þ εcη
c
ke þ εb½ηbke þ 6ηb1 − 2ðw − 1Þηb2 þ ηb3� → τ: ð10Þ

These replacements formally introduce OðΛ2
QCD=m

2
c;bÞ

errors. Because the ΛQCD=mc;b terms themselves can be
dominant near zero recoil, theseOðΛ2

QCD=m
2
c;bÞ corrections

may in practice be sizable.
Hereafter it is understood that the replacements in

Eq. (10) are made, unless explicitly noted otherwise. As
in Table III, we omit the c superscript from the remaining
(unabsorbed) subleading Isgur-Wise functions. We further
define χ̂1;2 ¼ χ1;2=ζ, ζ̂1 ¼ ζ1=ζ, η̂1;2;3 ¼ η1;2;3=τ, and
τ̂1;2 ¼ τ1;2=τ. With these conventions, the M̂i and N̂i

coefficient functions in Eq. (8) are

M̂1 ¼ 6χ̂1 − 2χ̂2ðwþ 1Þ; M̂2 ¼ −2χ̂1;

M̂3 ¼ 2χ̂2; M̂4 ¼ 2ζ̂1ðwþ 1Þ − 3
Λ̄�w − Λ̄
wþ 1

;

M̂5 ¼ −
Λ̄�w − Λ̄
wþ 1

; M̂6 ¼ −2ζ̂1;

Ĝb ¼
ð1þ 2wÞΛ̄� − ð2þ wÞΛ̄

wþ 1
− 2ðw − 1Þζ̂1ðwÞ; ð11Þ

and

N̂1 ¼ −η̂3ðwþ 1Þ; N̂2 ¼ η̂3 − 2η̂1;

N̂3 ¼ −2η̂2; N̂4 ¼ −ð2η̂1 þ 3η̂3Þðwþ 1Þ;
N̂5 ¼ 10η̂1 þ 4η̂2ðw − 1Þ − 5η̂3;

N̂6 ¼ ðτ̂1 − τ̂2Þðw − 1Þ − ðΛ̄0w − Λ̄Þ;
N̂7 ¼ −ðτ̂1 − τ̂2Þ; N̂8 ¼ −2τ̂1;

N̂9 ¼ 3ðτ̂1 − τ̂2Þðw − 1Þ − 4ðΛ̄0w − Λ̄Þ;
N̂10 ¼ τ̂1ð4w − 1Þ þ 5τ̂2;

F̂b ¼ Λ̄þ Λ̄0 − ð2wþ 1Þτ̂1 − τ̂2: ð12Þ

The ΛQCD=mb corrections not absorbed into the leading-
order Isgur-Wise functions occur exclusively in the F̂b and
Ĝb linear combinations. (The sign difference between these
terms in Eqs. (7a) and (7b) is simply due to defining their
known Λ̄ð0;�Þ parts to be positive.)

C. B̄ → D1=2+
form factors

We define form factors in agreement with those in
Refs. [13,14] for the SM currents. For B̄ → D�

0,

hD�
0jc̄bjB̄i ¼ hD�

0jc̄γμbjB̄i ¼ 0;

hD�
0jc̄γ5bjB̄i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

0
mB

p
gP;

hD�
0jc̄γμγ5bjB̄i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

0
mB

p ½gþðvμ þ v0μÞ þ g−ðvμ − v0μÞ�;
hD�

0jc̄σμνbjB̄i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

0
mB

p
gTεμναβvαv0β; ð13Þ

and for B̄ → D�
1,

hD�
1jc̄bjB̄i ¼ − ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mD�
1
mB

p
gSðϵ� · vÞ;

hD�
1jc̄γ5bjB̄i ¼ 0;

hD�
1jc̄γμbjB̄i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

1
mB

p ½gV1
ϵ�μ

þ ðgV2
vμ þ gV3

v0μÞðϵ� · vÞ�;
hD�

1jc̄γμγ5bjB̄i ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

1
mB

p
gAεμαβγϵ�αvβv0γ;

hD�
1jc̄σμνbjB̄i ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

1
mB

p ½gT1
ðϵ�μvν − ϵ�νvμÞ

þ gT2
ðϵ�μv0ν − ϵ�νv0μÞ

þ gT3
ðϵ� · vÞðvμv0ν − vνv0μÞ�: ð14Þ

These form factors are dimensionless functions of w, and
hereafter we often suppress displaying the w variable. In
the heavy quark limit, each of these form factors either
vanishes or is determined by the Isgur-Wise function,

gþ ¼ gV2
¼ gT3

¼ 0; gP ¼ gV1
¼ ðw − 1Þζ;

g− ¼ gT ¼ gS ¼ gA ¼ −gV3
¼ −gT1

¼ gT2
¼ ζ: ð15Þ

Unlike the leading-order Isgur-Wise function in B̄ → Dð�Þ
decays, the function ζðwÞ is not subject to any symmetry

TABLE III. Leading and subleading Isgur-Wise functions that
parametrize B̄ → D�� form factors at OðΛQCD=mc;bÞ. The arrows
in the last column indicate the minimal set of functions needed for
the 1=m Lagrangian corrections, if the replacements in Eq. (10)
are made. Omitted upper indices mean ‘c’.

Doublet Leading order 1=m current 1=m Lagrangian

D1=2þ ζ ζ1 χc;bke , χ
c;b
1;2 → χ1;2

D3=2þ τ τ1;2 ηc;bke , η
c;b
1;2;3 → η1;2;3

BERNLOCHNER, LIGETI, and ROBINSON PHYS. REV. D 97, 075011 (2018)
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imposed normalization condition. Near zero recoil, only gP,
gV1

, and the linear combination gT1
þ gT2

contribute to the
decay rates without a (w − 1) suppression [in addition to
the

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
phase space factor; see Eqs. (30) and (31)

below], so heavy quark symmetry implies that these form
factors in the heavy quark limit are suppressed near zero
recoil as ðw − 1Þζ. This is why the order ΛQCD=mc;b terms
have enhanced significance for these decays [13,14].

At order Λ2
QCD=m

2
c;b and higher, the expansion is expected

to behave as suggested by the power counting.
To write the OðΛQCD=mc;bÞ corrections in a compact

form, we define

ĝiðwÞ ¼ giðwÞ=ζðwÞ: ð16Þ

Denoting α̂s ¼ αs=π, we obtain

ĝP ¼ ðw − 1Þð1þ α̂sCPÞ þ εcf3ðwΛ̄� − Λ̄Þ − 2ðw2 − 1Þζ̂1 þ ðw − 1Þ½6χ̂1 − 2ðwþ 1Þχ̂2�g − εbðwþ 1ÞĜb;

ĝþ ¼ α̂sðw − 1ÞCA2
þ CA3

2
− εc

�
3
wΛ̄� − Λ̄
wþ 1

− 2ðw − 1Þζ̂1
�
− εbĜb;

ĝ− ¼ 1þ α̂s

�
CA1

þ ðw − 1ÞCA2
− CA3

2

�
þ εc½6χ̂1 − 2ðwþ 1Þχ̂2�;

ĝT ¼ 1þ α̂sCT1
þ εc

�
3
wΛ̄� − Λ̄
wþ 1

− 2ðw − 1Þζ̂1 þ 6χ̂1 − 2ðwþ 1Þχ̂2
�
− εbĜb: ð17Þ

The Ci’s encode the αs corrections (and are given in Appendix A in Ref. [2]) and correspond to integrating out the b and c
quarks at a common scale, chosen as μ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

mcmb
p

. For the order ΛQCD=mc;b and αs contributions to the B̄ → D�
1 form

factors, we obtain

ĝS ¼ 1þ α̂sCS − εc

�
wΛ̄� − Λ̄
wþ 1

− 2ðw − 1Þζ̂1 þ 2χ̂1 − 2ðwþ 1Þχ̂2
�
− εbĜb;

ĝV1
¼ ðw − 1Þð1þ α̂sCV1

Þ þ εc½wΛ̄� − Λ̄ − 2ðw − 1Þχ̂1� − εbðwþ 1ÞĜb;

ĝV2
¼ −α̂sCV2

þ εcð2ζ̂1 − 2χ̂2Þ;

ĝV3
¼ −1 − α̂sðCV1

þ CV3
Þ − εc

�
wΛ̄� − Λ̄
wþ 1

þ 2ζ̂1 − 2χ̂1 þ 2χ̂2

�
þ εbĜb;

ĝA ¼ 1þ α̂sCA1
þ εc

�
wΛ̄� − Λ̄
wþ 1

− 2χ̂1

�
− εbĜb;

ĝT1
¼ −1 − α̂s½CT1

þ ðw − 1ÞCT2
� þ εc

�
wΛ̄� − Λ̄
wþ 1

þ 2χ̂1

�
þ εbĜb;

ĝT2
¼ 1þ α̂s½CT1

− ðw − 1ÞCT3
� þ εc

�
wΛ̄� − Λ̄
wþ 1

− 2χ̂1

�
þ εbĜb;

ĝT3
¼ −α̂sCT2

þ εcð2ζ̂1 þ 2χ̂2Þ: ð18Þ

In Eqs. (17) and (18), the expressions for the SM terms
(gþ, g−, gV1

, gV2
, gV3

, and gA) agree with Refs. [13,14].
Only four functions of w are needed to parametrize all
twelve B̄ → D1=2þ form factors in Eqs. (17) and (18) at this
order: ζ, ζ̂1, and χ̂1;2. Only the 6χ̂1 − 2ðwþ 1Þχ̂2 ¼ M̂1

linear combination of χ̂1 and χ̂2 occurs for B̄ → D�
0 in

Eq. (17), as expected from Eq. (8).

D. B̄ → D3=2+
form factors

We define the form factors for B̄ → D3=2þ such that they
agree with those in Refs. [13,14] for the SM terms,

hD1jc̄bjB̄i ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD1

mB
p

fSðϵ� · vÞ;
hD1jc̄γ5bjB̄i ¼ 0;

hD1jc̄γμbjB̄i ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD1

mB
p ½fV1

ϵ�μ
þ ðfV2

vμ þ fV3
v0μÞðϵ� · vÞ�;

hD1jc̄γμγ5bjB̄i ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD1

mB
p

fAεμαβγϵ�αvβv0γ;

hD1jc̄σμνbjB̄i ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD1

mB
p ½fT1

ðϵ�μvν − ϵ�νvμÞ
þ fT2

ðϵ�μv0ν − ϵ�νv0μÞ
þ fT3

ðϵ� · vÞðvμv0ν − vνv0μÞ�; ð19Þ
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while for B̄ → D�
2,

hD�
2jc̄bjB̄i ¼ 0;

hD�
2jc̄γ5bjB̄i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

2
mB

p
kPϵ�αβv

αvβ;

hD�
2jc̄γμbjB̄i ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

2
mB

p
kVεμαβγϵ�ασvσvβv0γ;

hD�
2jc̄γμγ5bjB̄i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

2
mB

p ½kA1
ϵ�μαvα

þ ðkA2
vμ þ kA3

v0μÞϵ�αβvαvβ�;
hD�

2jc̄σμνbjB̄i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mD�

2
mB

p
εμναβf½kT1

ðvþ v0Þα

þ kT2
ðv − v0ÞαÞ�ϵ�γβvγ

þ kT3
vαv0βϵ�ρσvρvσg: ð20Þ

The form factors fi and ki are again dimensionless
functions of w. In the heavy quark limit, each of these
form factors either vanishes or is determined by the Isgur-
Wise function, τðwÞ. (This Isgur-Wise function is different
from ζðwÞ, although model calculations can relate the two).
The simple parametrizations in Eqs. (19) and (20) yield the
slightly complicated relations

kA2
¼ kT2

¼ kT3
¼ 0; fV1

¼ ð1 − w2Þτ=
ffiffiffi
6

p
;

fV3
¼ ðw − 2Þτ=

ffiffiffi
6

p
; −fV2

¼ fT3
¼ 3τ=

ffiffiffi
6

p
;

fA ¼ fS=2 ¼ −fT1
¼ fT2

¼ kA1
=

ffiffiffi
6

p
¼ −ðwþ 1Þτ=

ffiffiffi
6

p
;

kP ¼ −kV ¼ kA3
¼ kT1

¼ τ: ð21Þ

At zero recoil where w ¼ 1 and v ¼ v0, only the fV1
form

factor can contribute (as well as the linear combination
fT1

þ fT2
), since ϵμv0μ and ϵμνv0ν vanish. Heavy quark sym-

metry implies that fV1
ð1Þ is either of orderΛQCD=mc;b, or its

dependence on the leading Isgur-Wise function, τðwÞ, is
suppressed by (w − 1) [17]. This is why, as explained above,
theOðΛQCD=mc;bÞ terms are so significant for semileptonic
decays to excited charmed mesons.
We define in analogy with Eq. (16),

f̂iðwÞ ¼ fiðwÞ=τðwÞ; k̂iðwÞ ¼ kiðwÞ=τðwÞ: ð22Þ

For the order ΛQCD=mc;b and αs contributions to the
B̄ → D1 form factors, we obtain

ffiffiffi
6

p
f̂S ¼ −2ðwþ 1Þð1þ α̂sCSÞ− εb2ðw− 1ÞF̂b

− εcf4ðwΛ̄0 − Λ̄Þ− 2ðw− 1Þ½ð2wþ 1Þτ̂1 þ τ̂2� þ 2ðwþ 1Þ½6η̂1 þ 2ðw− 1Þη̂2 − η̂3�g;ffiffiffi
6

p
f̂V1

¼ ð1−w2Þð1þ α̂sCV1
Þ− εbðw2 − 1ÞF̂b − εc½4ðwþ 1ÞðwΛ̄0 − Λ̄Þ− ðw2 − 1Þð3τ̂1 − 3τ̂2 þ 2η̂1 þ 3η̂3Þ�;ffiffiffi

6
p

f̂V2
¼ −3− α̂s½3CV1

þ 2ð1þwÞCV2
�− εb3F̂b − εc½ð4w− 1Þτ̂1 þ 5τ̂2 þ 10η̂1 þ 4ðw− 1Þη̂2 − 5η̂3�;ffiffiffi

6
p

f̂V3
¼ w− 2− α̂s½ð2−wÞCV1

þ 2ð1þwÞCV3
� þ εbð2þwÞF̂b

þ εc½4ðwΛ̄0 − Λ̄Þ þ ð2þwÞτ̂1 þ ð2þ 3wÞτ̂2 − 2ð6þwÞη̂1 − 4ðw− 1Þη̂2 − ð3w− 2Þη̂3�;ffiffiffi
6

p
f̂A ¼ −ðwþ 1Þð1þ α̂sCA1

Þ− εbðw− 1ÞF̂b − εc½4ðwΛ̄0 − Λ̄Þ− 3ðw− 1Þðτ̂1 − τ̂2Þ− ðwþ 1Þð2η̂1 þ 3η̂3Þ�;ffiffiffi
6

p
f̂T1

¼ ðwþ 1Þ½1þ α̂s½CT1
þ ðw− 1ÞCT2

�� þ εbðw− 1ÞF̂b − εc½4ðwΛ̄0 − Λ̄Þ− 3ðw− 1Þðτ̂1 − τ̂2Þ þ ðwþ 1Þð2η̂1 þ 3η̂3Þ�;ffiffiffi
6

p
f̂T2

¼ −ðwþ 1Þ½1þ α̂s½CT1
− ðw− 1ÞCT3

�� þ εbðw− 1ÞF̂b − εc½4ðwΛ̄0 − Λ̄Þ− 3ðw− 1Þðτ̂1 − τ̂2Þ− ðwþ 1Þð2η̂1 þ 3η̂3Þ�;ffiffiffi
6

p
f̂T3

¼ 3þ α̂s½3CT1
− ð2−wÞCT2

þ 3CT3
� þ εb3F̂b − εc½ð4w− 1Þτ̂1 þ 5τ̂2 − 10η̂1 − 4ðw− 1Þη̂2 þ 5η̂3�: ð23Þ

For the order ΛQCD=mc;b and αs contributions to the B̄ → D�
2 form factors, we obtain

k̂P ¼ 1þ α̂sCP þ εbF̂b þ εc½ð2wþ 1Þτ̂1 þ τ̂2 − 2η̂1 − 2ðw − 1Þη̂2 þ η̂3�;
k̂V ¼ −1 − α̂sCV1

− εbF̂b − εcðτ̂1 − τ̂2 − 2η̂1 þ η̂3Þ;
k̂A1

¼ −ðwþ 1Þð1þ α̂sCA1
Þ − εbðw − 1ÞF̂b − εc½ðw − 1Þðτ̂1 − τ̂2Þ − ðwþ 1Þð2η̂1 − η̂3Þ�;

k̂A2
¼ α̂sCA2

− εc2ðτ̂1 þ η̂2Þ;
k̂A3

¼ 1þ α̂sðCA1
þ CA3

Þ þ εbF̂b − εcðτ̂1 þ τ̂2 þ 2η̂1 − 2η̂2 − η̂3Þ;

k̂T1
¼ 1þ α̂s

�
CT1

þ w − 1

2
ðCT2

− CT3
Þ
�
− εcð2η̂1 − η̂3Þ;

k̂T2
¼ α̂s

wþ 1

2
ðCT2

þ CT3
Þ þ εbF̂b − εcðτ̂1 − τ̂2Þ;

k̂T3
¼ −α̂sCT2

þ εc2ðτ̂1 − η̂2Þ: ð24Þ
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In Eqs. (23) and (24), the relations for the SM terms (fV1
,

fV2
, fV3

, fA, kV1
, kV2

, kV3
, and kA) agree with Refs. [13,14].

In this case, six functions of w are needed to parametrize
all sixteen B̄ → D3=2þ form factors in Eqs. (23) and (24),
including all OðΛQCD=mc;bÞ corrections: τ, τ̂1;2, and η̂1;2;3.

E. Equations of motion

As in Ref. [2], we can verify the relations stemming from
the QCD equations of motion between the (pseudo)scalar
and the (axial)vector matrix elements,

−½m̄bðμÞ þ m̄cðμÞ�hD�
0jc̄γ5bjB̄i ¼ hD�

0jc̄=qγ5bjB̄i;
½m̄bðμÞ − m̄cðμÞ�hD�

1jc̄bjB̄i ¼ hD�
1jc̄=qbjB̄i;

−½m̄bðμÞ þ m̄cðμÞ�hD�
2jc̄γ5bjB̄i ¼ hD�

2jc̄=qγ5bjB̄i;
½m̄bðμÞ − m̄cðμÞ�hD1jc̄bjB̄i ¼ hD1jc̄=qbjB̄i: ð25Þ

Using mb¼mB− Λ̄þOðΛ2
QCD=mbÞ and mc ¼mD�� −

Λ̄0;� þOðΛ2
QCD=mcÞ imply that all first-order ΛQCD=mc;b

and αs corrections agree in Eq. (25) as they must. Note that
the left-hand sides of Eq. (25) contain the running quark
masses at the common scale μ. At order αs, the results are
sensitive to this, and theOðαsÞ terms from the expansion of

mQ ¼ m̄QðμÞ
�
1þ αsðμÞ

π

�
4

3
− ln

m2
Q

μ2

�
þ � � �

�
; ð26Þ

are required to be present for Eq. (25) to be satisfied. As
emphasized in Ref. [2], it is probably better to evaluate the
scalar and pseudoscalar matrix elements using Eqs. (17),
(18), (23), and (24) instead of Eq. (25), because the natural
choice for μ is below mb. In the MS scheme, fermions do
not decouple for μ < m, introducing artificially large
corrections in the running, compensated by corresponding
spurious terms in the β function computed without inte-
grating out heavy quarks [30].

III. B → D��lν̄ RATES FOR GENERIC NP

It is straightforward to calculate the B → D��lν̄ rates
including lepton mass effects and all possible four-fermion
operators. The double differential distributions in the SM
were written down in Ref. [12], the integrals of which agree
with the expressions below. Here we give the single
differential distributions as the SM plus generic NP.
These expressions can be used with any form factor input
to study the SM predictions and possible patterns of NP in
RðD��Þ. In Appendix A, we provide explicit results for the
B̄ → D��lν̄ amplitudes, which may be used in combination
with D�� and τ decay amplitudes to derive fully differential
distributions of the visible decay products in B̄ → D��lν̄,
including all interference effects [31].

We consider the following complete basis for the four-
Fermi operators mediating b → clν̄ decay:

SM∶ i2
ffiffiffi
2

p
VcbGF½c̄γμPLb�½l̄γμPLν�; ð27aÞ

Vector∶ i2
ffiffiffi
2

p
VcbGF½c̄ðα̃VLγμPL þ α̃VRγ

μPRÞb�
× ½l̄ðβ̃VLγμPL þ β̃VRγμPRÞν�; ð27bÞ

Scalar∶ i2
ffiffiffi
2

p
VcbGF½c̄ðα̃SLPL þ α̃SRPRÞb�

× ½l̄ðβ̃SLPL þ β̃SRPRÞν�; ð27cÞ

Tensor∶ i2
ffiffiffi
2

p
VcbGF½ðc̄α̃TLσμνPLbÞðl̄β̃TLσμνPLνÞ

þ ðc̄α̃TRσμνPRbÞðl̄β̃TRσμνPRνÞ�: ð27dÞ

The NP couplings to the quark and lepton currents are
denoted by α̃ij and β̃ij, respectively. The lower index of β̃
denotes the ν helicity and the lower index of α̃ is that of
the b quark. (This notation is a variation of the con-
ventions chosen in Ref. [31], whence the seemingly
superfluous tildes. See Appendix A for details.) The
NP couplings α̃ij and β̃kl may be complex, and α̃ijβ̃

i
l

products are normalized with respect to the SM couplings,
such that setting α̃VL β̃

V
L ¼ 1 would amount to doubling the

coefficient of the ðc̄γμPLbÞðl̄γμPLνÞ operator compared to
its SM value. The CP conjugate operators for b̄ → c̄ l̄ ν
are obtained by Hermitian conjugation. The operators
involving right-handed neutrinos are included for com-
pleteness, but do not interfere with the SM (neglecting mν

suppressed terms).
We define the dimensionless ratios,

r ¼ mD��=mB; ρl ¼ m2
l=m

2
B; ð28Þ

as well as

q̂2 ¼ q2

m2
B
¼ 1þ r2 − 2rw; Γ0 ¼

G2
FjVcbj2m5

B

192π3
: ð29Þ

In the rest of this section, for brevity, we suppress
indication of absolute value squared for the NP2 terms,
so that all ðα̃ijβ̃ilÞ2 terms mean jα̃ijβ̃ilj2. Similarly, all
interference terms are understood as the appropriate real
parts: terms linear in NP couplings (coming from SM–NP
interference) of the form α̃ijβ̃

i
k mean Reðα̃ijβ̃ilÞ, while

bilinear terms in NP couplings (from NP–NP interference)
of the form α̃ijβ̃

i
mα̃

k
l β̃

k
n mean Reðα̃ijβ̃imα̃kl �β̃kn �Þ.

Considering only left-handed neutrinos, we obtain for
the B → D�

0lν̄ rate,
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dΓðSMÞ
D�

0

dw
¼ 4Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂6

fg2−ðw − 1Þ½ρl½ð1þ r2Þð2w − 1Þ þ 2rðw − 2Þ� þ ð1 − rÞ2ðwþ 1Þq̂2�

þ g2þðwþ 1Þ½ρl½ð1þ r2Þð2wþ 1Þ − 2rðwþ 2Þ� þ ð1þ rÞ2ðw − 1Þq̂2� − 2g−gþð1 − r2Þðw2 − 1Þðq̂2 þ 2ρlÞg:
ð30aÞ

dΓD�
0

dw
¼

dΓðSMÞ
D�

0

dw
ð1þ α̃VL β̃

V
L − α̃VR β̃

V
LÞ2 þ 2Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂4

�
3½ðα̃SR − α̃SLÞβ̃SL�2g2Pq̂2

þ 6ðα̃SR − α̃SLÞβ̃SLgP
ffiffiffiffiffi
ρl

p ð1þ α̃VL β̃
V
L − α̃VR β̃

V
LÞ½g−ð1þ rÞðw − 1Þ − gþð1 − rÞðwþ 1Þ�

þ 8α̃TLβ̃
T
LgTðw2 − 1Þ½2α̃TLβ̃TLgTðq̂2 þ 2ρlÞ þ 3

ffiffiffiffiffi
ρl

p ð1þ α̃VL β̃
V
L − α̃VR β̃

V
LÞ½gþð1þ rÞ − g−ð1 − rÞ��

�
: ð30bÞ

For the narrow D1 state (sπll ¼ 3
2
þ), we find

dΓðSMÞ
D1

dw
¼ 2Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂6

ff2V1
½2q̂2½ðw − rÞ2 þ 2q̂2� þ ρl½4ðw − rÞ2 − q̂2��

þ ðw2 − 1Þðf2V2
½2r2q̂2ðw2 − 1Þ þ ρl½3q̂2 þ 4r2ðw2 − 1Þ�� þ f2V3

½2q̂2ðw2 − 1Þ þ ρl½4ðw − rÞ2 − q̂2��
þ 2f2Aq̂

2ð2q̂2 þ ρlÞ þ 2fV1
fV2

½2rq̂2ðw − rÞ þ ρlð3 − r2 − 2rwÞ� þ 4fV1
fV3

ðw − rÞðq̂2 þ 2ρlÞ
þ 2fV2

fV3
½2rq̂2ðw2 − 1Þ þ ρl½3wq̂2 þ 4rðw2 − 1Þ��Þg; ð31aÞ

dΓD1

dw
¼ dΓðSMÞ

D1

dw
ð1þ α̃VL β̃

V
L − α̃VR β̃

V
LÞ2 þ 2Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂6

f3½ðα̃SL þ α̃SRÞβ̃SL�2f2Sðw2 − 1Þq̂4

þ 6ðα̃SL þ α̃SRÞβ̃SLð1þ α̃VL β̃
V
L þ α̃VR β̃

V
LÞfSðw2 − 1Þq̂2 ffiffiffiffiffi

ρl
p ½fV1

þ fV2
ð1 − rwÞ þ fV3

ðw − rÞ�
þ 16ðα̃TLβ̃TLÞ2ðq̂2 þ 2ρlÞðf2T1

½q̂2ð2þ w2Þ þ 4r2ðw2 − 1Þ� þ f2T2
½4ðw − rÞ2 − q̂2� þ f2T3

q̂2ðw2 − 1Þ2
þ 2fT1

fT2
½3wq̂2 þ 4rðw2 − 1Þ� − 2fT3

ðfT1
wþ fT2

Þq̂2ðw2 − 1ÞÞ
− 24α̃TLβ̃

T
L

ffiffiffiffiffi
ρl

p
q̂2ðð1þ α̃VL β̃

V
L − α̃VR β̃

V
LÞ2fAðfT1

rþ fT2
Þðw2 − 1Þ

− ð1þ α̃VL β̃
V
L þ α̃VR β̃

V
LÞ½2fT1

fV1
ð1 − rwÞ þ ½wfT1

þ 3fT2
− fT3

ðw2 − 1Þ�fV1
ðw − rÞ

þ ½wfT1
þ fT2

− fT3
ðw2 − 1Þ�ðfV2

rþ fV3
Þðw2 − 1Þ�Þ

þ 4α̃VR β̃
V
Lð1þ α̃VL β̃

V
LÞð3f2V1

q̂2ð2q̂2 þ ρlÞ þ 2fV1
½fV1

þ 2fV3
ðw − rÞ�ðw2 − 1Þðq̂2 þ 2ρlÞ

þ ðw2 − 1Þðf2V2
½2r2q̂2ðw2 − 1Þ þ ρl½3q̂2 þ 4r2ðw2 − 1Þ�� þ f2V3

½2q̂2ðw2 − 1Þ þ ρl½4ðw − rÞ2 − q̂2��
þ 2fV1

fV2
½2rq̂2ðw − rÞ þ ρlð3 − r2 − 2rwÞ� þ 2fV2

fV3
½2rq̂2ðw2 − 1Þ þ ρl½3wq̂2 þ 4rðw2 − 1Þ��ÞÞg: ð31bÞ

The result for the broad D�
1 state (sπll ¼ 1

2
þ) can be obtained from Eqs. (31a) and (31b) via the replacements

fS → −gS; fA → gA; fVi
→ gVi

; fTi
→ gTi

, where i ¼ 1, 2, 3. For dΓðB → D�
2lν̄Þ=dw, the result is

dΓðSMÞ
D�

2

dw
¼ 2Γ0

3
r3ðw2 − 1Þ3=2 ðq̂

2 − ρlÞ2
q̂6

fk2A1
½2q̂2½2ðw − rÞ2 þ 3q̂2� þ ρl½8ðw − rÞ2 − 3q̂2��

þ 2ðw2 − 1Þðk2A2
½2r2q̂2ðw2 − 1Þ þ ρl½3q̂2 þ 4r2ðw2 − 1Þ�� þ k2A3

½2q̂2ðw2 − 1Þ þ ρl½4ðw − rÞ2 − q̂2��
þ 3k2Vq̂

2ðq̂2 þ ρl=2Þ þ 2kA1
kA2

½2rq̂2ðw − rÞ þ ρlð3 − r2 − 2rwÞ� þ 4kA1
kA3

ðw − rÞðq̂2 þ 2ρlÞ
þ 2kA2

kA3
½2rq̂2ðw2 − 1Þ þ ρl½3wq̂2 þ 4rðw2 − 1Þ��Þg; ð32aÞ
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dΓD�
2

dw
¼

dΓðSMÞ
D�

2

dw
ð1þ α̃VL β̃

V
L − α̃VR β̃

V
LÞ2 þ

4Γ0

3
r3ðw2 − 1Þ3=2 ðq̂

2 − ρlÞ2
q̂6

× f6α̃VR β̃VLð1þ α̃VL β̃
V
LÞk2Vðw2 − 1Þq̂2ð2q̂2 þ ρlÞ þ 3½ðα̃SR − α̃SLÞβ̃SL�2k2Pðw2 − 1Þq̂4

þ 6ðα̃SL − α̃SRÞβ̃SLkPðw2 − 1Þq̂2 ffiffiffiffiffi
ρl

p ð1þ α̃VL β̃
V
L − α̃VR β̃

V
LÞ½kA1

þ kA2
ð1 − rwÞ þ kA3

ðw − rÞ�
þ 16ðα̃TLβ̃TLÞ2ðq̂2 þ 2ρlÞðk2T1

ðwþ 1Þ½q̂2ð4wþ 1Þ þ 6rðw2 − 1Þ� þ k2T2
ðw − 1Þ½q̂2ð4w − 1Þ þ 6rðw2 − 1Þ�

þ kT3
ðw2 − 1Þq̂2½kT3

ðw2 − 1Þ þ 2kT1
ðwþ 1Þ þ 2kT2

ðw − 1Þ� − 4kT1
kT2

ðw2 − 1Þð1þ rw − 2r2ÞÞ
þ 12α̃TLβ̃

T
L

ffiffiffiffiffi
ρl

p
q̂2ððw2 − 1Þð2ðkA2

rþ kA3
Þð1þ α̃VL β̃

V
L − α̃VR β̃

V
LÞ½kT1

ðwþ 1Þ þ ðw − 1ÞðkT2
þ kT3

ð1þ wÞÞ�
− 3kVð1þ α̃VR β̃

V
L þ α̃VL β̃

V
LÞ½kT1

ð1þ rÞ − kT2
ð1 − rÞ�Þ þ kA1

ð1þ α̃VL β̃
V
L − α̃VR β̃

V
LÞ

× ½kT1
ðwþ 1Þð3þ 2w − 5rÞ − kT2

ðw − 1Þð3 − 2wþ 5rÞ þ 2kT3
ðw2 − 1Þðw − rÞ�Þg: ð32bÞ

In the heavy quark limit, for the SM and the tensor
coupling contributions, using Eqs. (15) and (21), our results
in Eqs. (30)–(32) agree with the results in Eqs. (B9)—
(B12) in Ref. [32] (see also Ref. [33]), which studied the
RðD��Þ predictions for a NP tensor interaction using QCD
sum rule predictions for the leading-order Isgur-Wise
functions. In Appendix B, for completeness, we include
the analogous expressions for the B → Dð�Þ rates.
In the SM, the only form factors that enter these

rates without additional (w − 1) suppressions are gþ for
D�

0, gV1
for D�

1, and fV1
for D1. In the infinite mass

limit, these form factors must vanish at w ¼ 1 due to
heavy quark symmetry. The model-independent result
derived in the SM is that the OðΛQCD=mc;bÞ leading
terms for these form factors at w ¼ 1 are determined by
hadron mass splittings and the leading-order Isgur-Wise
functions [14],

ĝþð1Þ ¼ −
3

2
ðεc þ εbÞðΛ̄� − Λ̄Þ þ � � � ;

ĝV1
ð1Þ ¼ ðεc − 3εbÞðΛ̄� − Λ̄Þ þ � � � ;ffiffiffi

6
p

f̂V1
ð1Þ ¼ −8εcðΛ̄0 − Λ̄Þ þ � � � ; ð33Þ

where the ellipses denote O½αsðw − 1Þ; εc;bðw − 1Þ; ε2c;b�
and higher-order terms. All terms in dΓD�

2
=dw have an

overall ðw2 − 1Þ3=2 suppression, so there is no similar
constraint for that channel.
In the presence of new physics, the gP (for D�

0), gT1;2
(for

D�
1), and fT1;2

(for D1) form factors also have unsuppressed
contributions at w ¼ 1. Of these, gPð1Þ vanishes in the
heavy quark limit, and is determined at orderΛQCD=mc;b by
hadron mass splittings and the leading-order Isgur-Wise
function similar to Eq. (33) above

ĝPð1Þ ¼ 3ðεc − εbÞðΛ̄� − Λ̄Þ þ � � � : ð34Þ

The fT1;2
and gT1;2

form factors are proportional to the
respective Isgur-Wise functions, ζ and τ, in the heavy quark

limit, without any (w − 1) factors, and their contributions to
dΓ=dw neither include a (w − 1) suppression. However, in
the heavy quark limit, gT1

¼ −gT2
and fT1

¼ −fT2
, so only

fT1
þ fT2

and gT1
þ gT2

terms appear in the rates. One sees
in Eq. (31b) that the sum of the terms proportional to f2T1

,
f2T2

, and fT1
fT2

vanishes at w ¼ 1 in the heavy quark limit,
as it must (and similarly for the g2T1

, g2T2
, and gT1

gT2
terms).

The contributions to the rate proportional to the linear
combinations ðfT1

− fT2
Þ and ðgT1

− gT2
Þ are suppressed

by (w − 1), while

ffiffiffi
6

p
½f̂T1

ð1Þ þ f̂T2
ð1Þ� ¼ −8εcðΛ̄0 − Λ̄Þ þ � � � ;

ĝT1
ð1Þ þ ĝT2

ð1Þ ¼ ðεc þ 3εbÞðΛ̄� − Λ̄Þ þ � � � ; ð35Þ

are again determined at order ΛQCD=mc;b by hadron mass
splittings and the leading-order Isgur-Wise function, sim-
ilar to Eqs. (33) and (34).

IV. SOME PREDICTIONS

The data which can be used to constrain the leading
and subleading Isgur-Wise functions are the four B̄ →
D��lν̄ branching ratios, the B̄ → D�

2lν̄ and B̄ → D�
0lν̄

spectra measured [34] in four and five bins of q2,
respectively, and the B → D3=2þπ rates which are related
to the semileptonic rates at q2 ¼ m2

π using factorization.
The available data, used in our fits, is identical to that
collected in Tables V–VII in Ref [12] and are not
repeated here. In all fits we perform, we expand the
leading-order Isgur-Wise functions in (w − 1) to linear
order,

τðwÞ ≃ τð1Þ½1þ τ0ðw − 1Þ�;
ζðwÞ ≃ ζð1Þ½1þ ζ0ðw − 1Þ�: ð36Þ

In our predictions for the B̄ → D��τν rates and RðD��Þ,
for simplicity we assume that the l ¼ e, μ rates are given
by the SM, and that NP may only enter the τ mode.
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A. Fits in the heavy quark limit

To understand the importance of the OðΛQCD=mc;bÞ
corrections, it is instructive to attempt fitting the data
using the form factor parametrizations in the heavy quark
limit. Fitting the dΓ=dw data for D�

2 and D�
0 and the

branching fractions of all four states in the heavy quark
limit, using Eqs. (15) and (21), yields an unacceptably
poor fit (χ2=d:o:f: ¼ 80.=4). The fit is not improved with
the addition of quadratic terms to Eqs. (36). Given the
branching ratios and some gain in efficiencies in Belle II
over Belle, one may expect sensitivity to such quadratic
terms with about (5–10)/ab of Belle II data.
To better quantify this tension, we instead fit τð1Þ and τ0

(ζð1Þ and ζ0) using the branching ratio and dΓ=dw for the
D�

2 (D
�
0) alone, and the B̄ → D�

2π rate. This yields good fits,
with the results shown in Table IV. From these fits, one can
predict the ratios,

R3=2 ¼
Γ½B̄ → D�

2lν̄�
Γ½B̄ → D1lν̄�

≃ 1.67� 0.09;

R1=2 ¼
Γ½B̄ → D�

0lν̄�
Γ½B̄ → D�

1lν̄�
≃ 0.88� 0.07; ð37Þ

to be compared to the current experimental values [12,34],
R3=2 ≃ 0.45� 0.07 and R1=2 ≃ 2.2� 0.7. (The R3=2 ¼ 1.67
central value is very close to the ‘B∞’ result, 1.65, in
Table II in Ref. [14].) The severe tension for R3=2, about
10σ, is evidence for the presence of large deviations from
the heavy quark limit. Adding quadratic terms to Eqs. (36)
does not resolve this tension. However, including the
OðΛQCD=mc;bÞ corrections yields good fits [12], in align-
ment with the expectation that these corrections can be
large because of the zero recoil suppression of the heavy
quark limit terms. Therefore, hereafter, we consider only
fits including both ΛQCD=mc;b and αs terms.

B. Fits including the subleading terms

To deal with the several unknown subleading Isgur-Wise
functions and the limited amount of experimental data,

some approximations need to be made. In what is called
“Approximation A” in Ref. [14], (w − 1) is treated as a
small parameter of order ΛQCD=mc;b, up to second-order
terms are kept, and chromomagnetic terms are neglected.
This reduces the number of subleading Isgur-Wise func-
tions that enter and allows parametrization of the rates with
a few numbers (rather than functions). In “Approximation
B” one does not expand in (w − 1), but still neglects
chromomagnetic terms. Finally, Ref. [12] introduced an
“Approximation C”, which treats τ̂1;2 and ζ̂1 as constant
fit parameters. It also does not neglect the subleading
Isgur-Wise functions parametrizing matrix elements of the
chromomagnetic term in the Lagrangian, motivated by the
fact that the mD�

1
−mD�

0
mass splitting no longer appears

much smaller than mD� −mD.
We have updated the Approximation C fit to include the

αs corrections neglected in Ref. [12]. This changes the fit
parameters shown in Table V only slightly compared to
Ref. [12]. For RðD��Þ defined in Eq. (1), we obtain

RðD�
0Þ ¼ 0.08� 0.03; R̃ðD�

0Þ ¼ 0.24� 0.05;

RðD�
1Þ ¼ 0.05� 0.02; R̃ðD�

1Þ ¼ 0.18� 0.02;

RðD1Þ ¼ 0.10� 0.02; R̃ðD1Þ ¼ 0.20� 0.02;

RðD�
2Þ ¼ 0.07� 0.01; R̃ðD�

2Þ ¼ 0.17� 0.01; ð38Þ
and the phase-space constrained ratio is defined as

R̃ðXÞ ¼
R ðmB−mXÞ2
m2

τ

dΓðB̄→Xτν̄Þ
dq2 dq2R ðmB−mXÞ2

m2
τ

dΓðB̄→Xlν̄Þ
dq2 dq2

: ð39Þ

Our results in Eq. (38) are nearly identical with Eq. (38) in
Ref. [12]. The ratio for the sum of the four D�� states is

R̄ðD��Þ ¼
P

X∈D��Γ½B̄ → Xτν̄�P
X∈D��Γ½B̄ → Xlν̄� ¼ 0.08� 0.01: ð40Þ

TABLE IV. Fit results and correlations, fitting at leading order
in HQET the B̄ → D�

2lν̄ data (above) and D�
0lν̄ (below).

χ2=d:o:f: τð1Þ τ0

2.5=3 0.65� 0.08 −1.3� 0.4

τð1Þ 1 −0.90
τ0 −0.90 1

χ2=d:o:f: ζð1Þ ζ0

9.1=4 1.14� 0.32 −0.20� 1.0

ζð1Þ 1 −0.95
ζ0 −0.95 1

TABLE V. Fit results and correlations for Approximation C, for
the narrow D3=2þ (above) and broad D1=2þ (below) states.

χ2=d:o:f: τð1Þ τ0 τ̂1 τ̂2

2.4=4 0.70� 0.07 −1.6� 0.2 −0.5� 0.3 2.9� 1.4

τð1Þ 1 −0.85 0.53 −0.49
τ0 −0.85 1 −0.17 0.086
τ̂1 0.53 −0.17 1 −0.89
τ̂2 −0.49 0.086 −0.89 1

χ2=d:o:f: ζð1Þ ζ0 ζ̂1

9.1=4 0.70� 0.21 0.2� 1.4 0.6� 0.3

ζð1Þ 1 −0.95 −0.44
ζ0 −0.95 1 0.61
ζ̂1 −0.44 0.61 1
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We next consider new physics generating one of the
interactions in the basis defined by Eq. (3). The scalar (OS)
and pseudoscalar (OP) matrix elements could be estimated
in the past using Eq. (25) [12]. A right-handed vector
current, OV þOA, does not help to fit the current data, and
OV −OA is the SM operator. Hence, we study here in some
detail NP generating the tensor operator, OT , which has
best fit for the present data at α̃TLβ̃

T
L ≃ 0.35, assuming it is

real (corresponding to CT ≃ 0.48 in the conventions of
Ref. [35]). This is primarily for illustration: While exclu-
sively OT cannot be generated by a dimension-six new
physics operator, it can arise from Fierzing interactions
generated in viable scenarios.
Figure 1 (left) shows our predictions for RðD��Þ as

functions of α̃TLβ̃
T
L, and Fig. 1 (right) shows the predictions

for RðXÞ=RðXÞSM for all six Dð�;��Þ states. In the vicinity
of α̃TLβ̃

T
L ≃ 0.35, where the current RðDÞ and RðD�Þ data

can be fit well, measurements of RðD��Þ will have a lot of

discriminating power. We obtain for α̃TLβ̃
T
L ¼ 0.35 the

central values for RðXÞ=RðXÞSM ¼ f0.46; 4.3; 4.3; 0.47g
for fD�

0; D
�
1; D1; D�

2g, respectively, whereas the corre-
sponding values for fD;D�g are f1.51; 1.25g. The uncer-
tainty bands are dominated by the first principal
components of the fit covariance matrices, added in
quadrature with variations in ζ1 and τ1 (see Ref. [12] for
details). Figure 2 shows the predicted dΓ=dw spectra both
for the SM and for α̃TLβ̃

T
L ≃ 0.35.

Understanding B̄ → D��lν̄ is also important because
they give some of the largest experimental backgrounds
to the measurements of RðDð�ÞÞ. For example, for Belle,
Table IV in Ref. [36] showed that the B̄ → D��lν̄ shapes
and composition are significant backgrounds to the RðDð�ÞÞ

FIG. 1. Predictions for RðD��Þ as functions of a NP tensor coupling (left), and for RðXÞ=RðXÞSM for all six Dð�;��Þ states (right).

FIG. 2. Predicted dΓ=dw distributions normalized to the SM
rates for each of the four Dð��Þ states, in the SM (dashed curves)
and for α̃TLβ̃

T
L ¼ 0.35 (solid curves), as determined from the

Approximation C best-fit result, including ΛQCD=mc;b and αs
corrections.

FIG. 3. Allowed ranges of RðD1Þ and RðD�
2Þ for the two narrow

states, in the presence of any one of the four non-SM currents
with arbitrary weak phases, as determined from the Approxima-
tion C best-fit result, including ΛQCD=mc;b and αs corrections.
The SM prediction is shown by the black dot.
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measurements. For BABAR, Table V in Ref. [37] lists
separately the uncertainties due to B̄ → D��lν̄ and
B̄ → D��τν̄, which are both significant. The sensitive
dependence of the B̄ → D��lν̄ rates on α̃TLβ̃

T
L shown in

Figs. 1 and 2 illustrate the importance of treating these D��

backgrounds to B̄ → Dð�Þlν̄ consistently, when fitting NP
to more precise future RðDð�ÞÞ data.
Figure 3 shows the possible ranges of RðD1Þ and RðD�

2Þ,
for the two narrow states, allowing any one of the four non-
SM interactions, with arbitrary relative phases compared
to the SM. The Approximation C best-fit result is used,
including ΛQCD=mc;b and αs corrections.
Predictions for B̄s → D��

s lν̄ can be made using the same
formalism with the appropriate hadron masses, the Λ̄ð0;�Þ
parameters in Table II, and flavor SUð3Þ symmetry for the
form factors. Three of the D��

s states have widths below a
few MeV, and may become the first B̄ðsÞ → D��

ðsÞτν̄ decay

modes measured by LHCb. The RðD��
s Þ predictions are

numerically close to those for B̄ → D��lν̄, but larger
uncertainties arise from SUð3Þ violation and questions
remain regarding the interpretation of D��

s as simply
orbitally excited s̄c states [12].

V. CONCLUSIONS

We derived the B̄ → D��lν̄ decay rates for arbitrary
beyond SM b → c currents and finite charged lepton mass,
including all order ΛQCD=mc;b and αs terms in the heavy
quark effective theory expansion of the form factors.
To describe all b → c current matrix elements, including

ΛQCD=mc;b and αs corrections, only four functions of w (ζ,
ζ̂1, and χ̂1;2) are needed to determine all twelve B → D1=2þ

form factors in Eqs. (17) and (18) to this order, as well as
the mass parameters Λ̄� and Λ̄. For B → D3=2þ decays, six
functions of w (τ, τ̂1;2, and η̂1;2;3) describe the sixteen form
factors in Eqs. (23) and (24) at this order, plus the mass
parameters Λ̄0 and Λ̄.
With the above results, we have now all ingredients in

place to consistently study semileptonic B decays to the six
lightest charm mesons, B̄ → Dð�;��Þlν̄, for arbitrary new
physics and for arbitrary charged lepton masses. These
results are being implemented in the Hammer [38] analysis
software, which will allow reweighing fully simulated data
for fully differential decays to arbitrary new physics,
including arbitrary NP contributions for each of the three
lepton flavors. This will lead to better control of both
theoretical and experimental uncertainties in RðDð�;��ÞÞ
measurements, as well as in the determinations of jVcbj
and jVubj from semileptonic B decays.
Unlike calculations using model-dependent inputs on the

form factors, our predictions are systematically improvable
with more data on the B̄ → D��lν̄ decays to light lepton
final states and/or input from lattice QCD. The upcoming

much larger data sets at LHCb and Belle II will answer
many important questions.
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APPENDIX A: NP AMPLITUDES

In this appendix, we provide explicit results for
the B → D̄��l̄ν amplitudes themselves. These B → D̄��
amplitudes correspond to those used in the HAMMER

code [38].
As in Ref. [31], we consider the b̄ → c̄ amplitudes,

defining the basis of NP operators to be

SM∶ i2
ffiffiffi
2

p
V�
cbGF½b̄γμPLc�½ν̄γμPLl�; ðA1aÞ

Vector∶ i2
ffiffiffi
2

p
V�
cbGF½b̄ðαVLγμPL þ αVRγ

μPRÞc�
× ½ν̄ðβVLγμPL þ βVRγμPRÞl�; ðA1bÞ

Scalar∶ − i2
ffiffiffi
2

p
V�
cbGF½b̄ðαSLPL þ αSRPRÞc�

× ½ν̄ðβSLPR þ βSRPLÞl�; ðA1cÞ

Tensor∶ − i2
ffiffiffi
2

p
V�
cbGF½ðb̄αTRσμνPRcÞðν̄βTLσμνPRlÞ

þ ðb̄αTLσμνPLcÞðν̄βTRσμνPLlÞ�: ðA1dÞ

The lower index of β denotes the ν helicity and the lower
index of α is that of the c quark. The correspondence
between these coefficients and those defined in Eq. (27) is
(equivalent to)

αVL ¼ α̃VL
�; αVR ¼ α̃VR

�;

αSL ¼ −α̃SR �; αSR ¼ −α̃SL �;

αTL ¼ −α̃TR �; αTR ¼ −α̃TL �;

βij ¼ β̃ij
�; ðA2Þ

Operators for the CP conjugate b → c processes are
obtained by Hermitian conjugation.
The B → D̄��l̄ν process features only a single physi-

cal polar helicity angle, θl, defined in Fig. 4 below.
(Helicity angles and momenta are defined with respect
to the b̄ → c̄ process. Definitions for the conjugate
process follow by replacing all particles with their
antiparticles.) With respect to the D�� → DY decay
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products, one may define ϕl and ϕD as twist angles of
the l–ν and D–Y decay planes, in accordance with
Fig. 4: The combination ϕl − ϕD becomes a physical
phase in the presence of D�� decays. Anticipating the
need to account for interference effects once D�� and τ
decays are included, we therefore write results for the
helicity amplitudes including this physical phase com-
bination. We adopt conventions that match the spinor
conventions of Ref. [31] for the τ decay amplitudes. For
left-handed neutrino amplitudes, this is achieved by
including an extra D�� phase factor eiλD��ϕD for D��
spin λD, and an additional spinor phase function,
hsl ¼ 1, e−iϕl for sl ¼ 1, 2, respectively. (We label
the leptonic spin with 1 and 2, to distinguish it from the
D�� spins as well as to match the conventions of
Ref. [31] for massive spinors.)
Under these conventions, the fully differential B →

D̄��l̄ν rates may be written as

d2Γ
dwdcosθl

¼ G2
Fm

5
B

64π3
2r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ðq̂2 − r2lÞ2

q̂2
×

X
λD�� ;sl

jAλD��
sl j2;

ðA3Þ

in which rl ¼ ml=mB ¼ ffiffiffiffiffi
ρl

p
.

In the following subsections, we write the AλD��
sl helicity

amplitudes for the b̄ → c̄ processes, for left-handed neu-
trinos only. As in Ref. [31], the amplitudes for right-handed
neutrinos are straightforward to include. The CP conjugate
b → c processes are obtained via

As
b→cðθ;ϕ; α; βÞ ¼ As̄

b̄→c̄
ðθ;−ϕ; α�; β�Þ; ðA4Þ

where s is the set of external state quantum numbers, and s̄
denotes their corresponding CP conjugates. For the D�

2

processes, the λD�
2
¼ �2 amplitudes are all zero and are not

included. We label the remaining amplitudes via λD�
2
¼�, 0.

1. B → D̄�
0lν

A1=
ffiffiffi
2

p
¼

�
1

2
gPðαSL − αSRÞβSL þ 2gT

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
αTRβ

T
L cos θl

−
gþrlð1þ ðαVL − αVRÞβVLÞððr − 1Þð1þ wÞ þ ð1þ rÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
cos θlÞ

2q̂2

−
g−rlð1þ ðαVL − αVRÞβVLÞðð1þ rÞðw − 1Þ þ ðr − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
cos θlÞ

2q̂2

�

A2=
ffiffiffi
2

p
¼ sin θl

(
−2gTrl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

q̂2

s
αTRβ

T
L þ 1

2
gþð1þ rÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

q̂2

s
ð1þ ðαVL − αVRÞβVLÞ

þ 1

2
g−ðr − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

q̂2

s
ð1þ ðαVL − αVRÞβVLÞ

)
:

FIG. 4. Helicity angle definitions.
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2. B → D̄1lν

A−
1 ¼ sin θle−iðϕD−ϕlÞ

(
1

2
fArl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

q̂2

s
ð1þ ðαVL − αVRÞβVLÞ þ

fV1
rlð1þ ðαVL þ αVRÞβVLÞ

2
ffiffiffiffiffi
q̂2

p
þ 2ðfT2

ðr − wþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
Þ þ fT1

ð−1þ rwþ r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTLffiffiffiffiffi

q̂2
p

)

A−
2 ¼ cos2

θl
2
e−iðϕD−ϕlÞ

�
fA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð1þ ðαVL − αVRÞβVLÞ þ fV1

ð1þ ðαVL þ αVRÞβVLÞ

þ 4rlðfT2
ðr − wþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
Þ þ fT1

ð−1þ rwþ r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTL

q̂2

�

A0
1 ¼

�
−
fS

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ðαSL þ αSRÞβSLffiffiffi
2

p þ fV1
rlð1þ ðαVL þ αVRÞβVLÞð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
þ ðr − wÞ cos θlÞffiffiffi

2
p

q̂2

−
rl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð1þ ðαVL þ αVRÞβVLÞðfV3

ðr − wÞ þ fV2
ðrw − 1Þ þ ðfV3

þ fV2
rÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
cos θlÞffiffiffi

2
p

q̂2

þ 2
ffiffiffi
2

p
ðfT2

þ fT3
þ fT1

w − fT3
w2ÞαTRβTL cos θl

�

A0
2 ¼ sin θl

�
−
fV1

ðr − wÞð1þ ðαVL þ αVRÞβVLÞffiffiffi
2

p ffiffiffiffiffi
q̂2

p þ ðfV3
þ fV2

rÞðw2 − 1Þð1þ ðαVL þ αVRÞβVLÞffiffiffi
2

p ffiffiffiffiffi
q̂2

p
−
2

ffiffiffi
2

p
rlðfT2

þ fT3
þ fT1

w − fT3
w2ÞαTRβTLffiffiffiffiffi

q̂2
p �

Aþ
1 ¼ sin θleþiðϕD−ϕlÞ

(
1

2
fArl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

q̂2

s
ð−1þ ðαVR − αVLÞβVLÞ þ

fV1
rlð1þ ðαVL þ αVRÞβVLÞ

2
ffiffiffiffiffi
q̂2

p
−
2ðfT2

ðw − rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
Þ þ fT1

ð1 − rwþ r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTLffiffiffiffiffi

q̂2
p

)

Aþ
2 ¼ sin2

θl
2
eþiðϕD−ϕlÞ

�
fA

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð1þ ðαVL − αVRÞβVLÞ þ fV1

ð−1 − ðαVL þ αVRÞβVLÞ

þ 4rlðfT2
ðw − rþ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
Þ þ fT1

ð1 − rwþ r
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTL

q̂2

�
:

3. B → D̄�
2lν

A−
1 ¼ sin θle−iðϕD−ϕlÞ

(
kVrlðw2 − 1Þð1þ ðαVL þ αVRÞβVLÞ

2
ffiffiffi
2

p ffiffiffiffiffi
q̂2

p þ kA1
rl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð1þ ðαVL − αVRÞβVLÞ

2
ffiffiffi
2

p ffiffiffiffiffi
q̂2

p
þ

ffiffiffi
2

p
kT1

ð1þ wÞðð1þ rÞðw − 1Þ − ð1 − rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTLffiffiffiffiffi

q̂2
p

þ
ffiffiffi
2

p
kT2

ðw − 1Þððr − 1Þð1þ wÞ þ ð1þ rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTLffiffiffiffiffi

q̂2
p

)
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A−
2 ¼ cos2

θl
2
e−iðϕD−ϕlÞ

�
kVðw2 − 1Þð1þ ðαVL þ αVRÞβVLÞffiffiffi

2
p þ kA1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð1þ ðαVL − αVRÞβVLÞffiffiffi

2
p

þ 2
ffiffiffi
2

p
kT1

rlð1þ wÞðð1þ rÞðw − 1Þ − ð1 − rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTL

q̂2

þ 2
ffiffiffi
2

p
kT2

rlðw − 1Þððr − 1Þð1þ wÞ þ ð1þ rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTL

q̂2

�

A0
1 ¼

�
kPðw2 − 1ÞðαSL − αSRÞβSLffiffiffi

3
p þ kA1

rlð1þ ðαVL − αVRÞβVLÞðw2 − 1þ ðr − wÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
cos θlÞffiffiffi

3
p

q̂2

−
rlðw2 − 1Þð1þ ðαVL − αVRÞβVLÞðkA3

ðr − wÞ þ kA2
ðrw − 1Þ þ ðkA3

þ kA2
rÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
cos θlÞffiffiffi

3
p

q̂2

þ 4kT1
ð1þ wÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
αTRβ

T
L cos θlffiffiffi

3
p þ 4kT2

ðw − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
αTRβ

T
L cos θlffiffiffi

3
p þ 4kT3

ðw2 − 1Þ3=2αTRβTL cos θlffiffiffi
3

p
�

A0
2 ¼ sin θl

�
kA1

ðw − rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð1þ ðαVL − αVRÞβVLÞffiffiffi

3
p ffiffiffiffiffi

q̂2
p þ ðkA3

þ kA2
rÞðw2 − 1Þ3=2ð1þ ðαVL − αVRÞβVLÞffiffiffi

3
p ffiffiffiffiffi

q̂2
p

−
4kT1

rlð1þ wÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q̂2ðw2 − 1Þ

p
αTRβ

T
Lffiffiffi

3
p

q̂2
−
4kT2

rlðw − 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q̂2ðw2 − 1Þ

p
αTRβ

T
Lffiffiffi

3
p

q̂2

−
4kT3

rlðw2 − 1Þ3=2αTRβTLffiffiffi
3

p ffiffiffiffiffi
q̂2

p �

Aþ
1 ¼ sin θleþiðϕD−ϕlÞ

�
−
kVrlðw2 − 1Þð1þ ðαVL þ αVRÞβVLÞ

2
ffiffiffi
2

p ffiffiffiffiffi
q̂2

p þ kA1
rl

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð1þ ðαVL − αVRÞβVLÞ

2
ffiffiffi
2

p ffiffiffiffiffi
q̂2

p
−

ffiffiffi
2

p
kT1

ð1þ wÞðð1þ rÞðw − 1Þ þ ð1 − rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTLffiffiffiffiffi

q̂2
p

þ
ffiffiffi
2

p
kT2

ðw − 1Þðð1 − rÞð1þ wÞ þ ð1þ rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTLffiffiffiffiffi

q̂2
p �

Aþ
2 ¼ sin2

θl
2
eþiðϕD−ϕlÞ

�
kVðw2 − 1Þð1þ ðαVL þ αVRÞβVLÞffiffiffi

2
p þ kA1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ð−1þ ðαVR − αVLÞβVLÞffiffiffi

2
p

þ 2
ffiffiffi
2

p
kT1

rlð1þ wÞðð1þ rÞðw − 1Þ þ ð1 − rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTL

q̂2

−
2

ffiffiffi
2

p
kT2

rlðw − 1Þðð1 − rÞð1þ wÞ þ ð1þ rÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p
ÞαTRβTL

q̂2

�
:

Finally, the B → D̄�
1lν amplitudes are obtained from the B → D̄1lν results, with the form factor mapping

fS ↦ −gS; fA;Vi;Ti
↦ gA;Vi;Ti

; ðA5Þ

where i ¼ 1, 2, 3, as follows from the definitions in Eqs. (14) and (19).

APPENDIX B: B → Dð�Þlν̄

For completeness, and to have all six B → Dð�;��Þ rates together in the same notation, we list here dΓ=dw for arbitrary
charged lepton mass and weak current for the B → Dð�Þlν̄ modes as well. We use the form factors defined as in Ref. [2].
For B̄ → D,
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hDjc̄bjB̄i ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmD

p
hSðwþ 1Þ;

hDjc̄γ5bjB̄i ¼ hDjc̄γμγ5bjB̄i ¼ 0;

hDjc̄γμbjB̄i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmD

p ½hþðvþ v0Þμ þ h−ðv − v0Þμ�;
hDjc̄σμνbjB̄i ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmD

p ½hTðv0μvν − v0νvμÞ�; ðB1Þ

while for the B̄ → D�,

hD�jc̄bjB̄i ¼ 0;

hD�jc̄γ5bjB̄i ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmD�

p
hPðϵ� · vÞ;

hD�jc̄γμbjB̄i ¼ i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmD�

p
hVεμναβϵ�νv0αvβ;

hD�jc̄γμγ5bjB̄i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmD�

p ½hA1
ðwþ 1Þϵ�μ − hA2

ðϵ� · vÞvμ − hA3
ðϵ� · vÞv0μ�;

hD�jc̄σμνbjB̄i ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mBmD�

p
εμναβ½hT1

ϵ�αðvþ v0Þβ þ hT2
ϵ�αðv − v0Þβ þ hT3

ðϵ� · vÞvαv0β�: ðB2Þ
The common sign convention in B → Dð�Þlν̄ papers is σμνγ5 ≡ −ði=2Þϵμνρσσρσ such that Tr½γμγνγσγργ5� ¼ þ4iϵμνρσ. This
corresponds to the heavy quark symmetry relations with signs hþ ¼ hV ¼ hA1

¼ hA3
¼ hS ¼ hP ¼ hT ¼ hT1

¼ ξ (and
h− ¼ hA2

¼ hT2
¼ hT3

¼ 0). This convention is only used in this appendix and is the opposite of that for B → Dð��Þlν̄ used
in Refs. [12–14] and the rest of this paper.
Then we find

dΓðSMÞ
D

dw
¼ 4Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂6

fðw2 − 1Þq̂2½hþð1þ rÞ − h−ð1 − rÞ�2

þ ½h2þðwþ 1Þ½2ðw − 2rþ r2wÞ þ q̂2� þ h2−ðw − 1Þ½2ðw − 2rþ r2wÞ − q̂2� þ 4h−hþðr2 − 1Þðw2 − 1Þ�g; ðB3aÞ

dΓD

dw
¼ dΓðSMÞ

D

dw
ð1þ α̃VL β̃

V
L þ α̃VR β̃

V
LÞ2 þ 4Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂6

�
3

2
½ðα̃SL þ α̃SRÞβ̃SL�2h2Sðwþ 1Þ2q̂4

þ 3
ffiffiffiffiffi
ρl

p ðα̃SL þ α̃SRÞβ̃SLð1þ α̃VL β̃
V
L þ α̃VR β̃

V
LÞhSð1þ wÞq̂2½h−ð1þ rÞð1 − wÞ þ hþð1 − rÞð1þ wÞ�

þ 4α̃TLβ̃
T
LhTðw2 − 1Þq̂2½2α̃TLβ̃TLhTðq̂2 þ 2ρlÞ þ 3

ffiffiffiffiffi
ρl

p ð1þ α̃VL β̃
V
L þ α̃VR β̃

V
LÞ½hþð1þ rÞ − h−ð1 − rÞ��

�
: ðB3bÞ

The B → D� result is

dΓðSMÞ
D�

dw
¼ 2Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂6

f2ðwþ 1Þq̂2ð2q̂2½h2A1
ðwþ 1Þ þ h2Vðw − 1Þ�

þ ðwþ 1Þ½hA1
ðw − rÞ − ðrhA2

þ hA3
Þðw − 1Þ�2Þ þ ρlðwþ 1Þð½h2A1

ðwþ 1Þ þ h2A3
ðw − 1Þ�½4ðw − rÞ2 − q̂2�

þ 2hA1
ðw2 − 1Þ½hA2

ðr2 þ 2rw − 3Þ þ 4hA3
ðr − wÞ� þ ðw − 1Þ½ð2h2V − h2A2

Þq̂2 þ h2A2
4ðrw − 1Þ2

þ 2hA2
hA3

½3wþ 3r2w − 2rðw2 þ 2Þ��Þg: ðB4aÞ

dΓD�

dw
¼ dΓðSMÞ

D�

dw
ð1þ α̃VL β̃

V
L − α̃VR β̃

V
LÞ2 þ 2Γ0r3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
w2 − 1

p ðq̂2 − ρlÞ2
q̂6

f3½ðα̃SL − α̃SRÞβ̃SL�2h2Pðw2 − 1Þq̂4

− 6ðα̃SL − α̃SRÞβ̃SLð1þ α̃VL β̃
V
L − α̃VR β̃

V
LÞhPðw2 − 1Þq̂2 ffiffiffiffiffi

ρl
p ½hA1

ð1þ wÞ − hA2
ð1 − rwÞ − hA3

ðw − rÞ�
þ 16ðα̃TLβ̃TLÞ2ðq̂2 þ 2ρlÞðh2T1

ðwþ 1Þ½q̂2ð5wþ 1Þ þ 8rðw2 − 1Þ� þ h2T2
ðw − 1Þ½q̂2ð5w − 1Þ þ 8rðw2 − 1Þ�

þ h2T3
q̂2ðw2 − 1Þ2 − 2hT1

hT2
ðw2 − 1Þð3þ 2rw − 5r2Þ − 2hT3

½hT1
ðwþ 1Þ þ hT2

ðw − 1Þ�q̂2ðw2 − 1ÞÞ
þ 24α̃TLβ̃

T
L

ffiffiffiffiffi
ρl

p
q̂2ðwþ 1Þðð1þ α̃VL β̃

V
L þ α̃VR β̃

V
LÞ2hV ½hT1

ð1þ rÞ − hT2
ð1 − rÞ�ðw − 1Þ þ ð1þ α̃VL β̃

V
L − α̃VR β̃

V
LÞ

× ½hA1
½hT2

ð2 − wþ 3rÞðw − 1Þ − hT1
ð2þ w − 3rÞðwþ 1Þ þ hT3

ðw − rÞðw2 − 1Þ� þ ðhA2
rþ hA3

Þ½hT1
ðwþ 1Þ

þ hT2
ðw − 1Þ − hT3

ðw2 − 1Þ�ðw − 1Þ�Þ þ 8α̃VR β̃
V
Lð1þ α̃VL β̃

V
LÞh2Vq̂2ð2q̂2 þ ρlÞðw2 − 1Þg: ðB4bÞ
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