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Analysis of Spectroscopic Factors in 11Be and 12Be
in the Nilsson Strong Coupling Limit

A. O. Macchiavelli, H. L. Crawford, C. M. Campbell, R. M. Clark,

M. Cromaz, P. Fallon, M. D. Jones, I. Y. Lee, and M. Salathe
Nuclear Science Division, Lawrence Berkeley National Laboratory, Berkeley, CA 94720, USA

(Dated: August 21, 2017)

Spectroscopic factors in 10Be, 11Be and 12Be, extracted from (d, p), one neutron knockout, and
(p, d) reactions are interpreted within the rotational model. Assuming that the ground state and
first excited state of 11Be can be associated with the 1

2
[220] and 1

2
[101] Nilsson levels, the strong

coupling limit gives simple expressions that relate the amplitudes of these wavefunctions (in the
spherical basis) with the measured cross-sections and derived spectroscopic factors. We obtain good
agreement with both the measured magnetic moment of the ground state in 11Be and the reaction
data.

PACS numbers: 21.10.Hw, 27.30.+t, 21.10.Jx, 25.55.Hp

I. INTRODUCTION

The lightest example of a so-called “Island of Inver-
sion” is that at N = 8, where the removal of p3/2 pro-

tons from 14C results in a quenching of the N=8 shell
gap [1–4]. This is evident with the sudden drop of the
E(2+) energy in 12Be relative to the neighboring even-
even isotopes, and the inversion of the ground state of
11Be from the expected 1/2− to the observed positive
parity 1/2+ state.

The underlying physics of such inversions is now
rather well understood, with the neutron-proton inter-
action playing an important role [2–4]. Changes in the
monopole average of the central and spin-isospin com-
ponents of this interaction when protons are removed
induces changes in the neutron effective single-particle
energies (ESPEs) with the effect of eroding the expected
shell closure [5]. Taking advantage of this erosion, the
quadrupole interaction takes over and drives the system
to deform. Specifically for the case at N=8, the inver-
sion is driven by the combined effects of the V πνp3/2,p1/2
interaction, and the lowering of the s1/2 orbit due to
weak binding [6].

Given the key role of deformation, it is of interest
to understand the structure of neutron-rich Be isotopes
within the Nilsson model [7, 8]. In fact, Bohr and
Mottelson [9] argued for the role of deformation to ex-
plain the inversion of the 1/2+ and the 1/2− states in
11Be. Building on that premise, Hamamoto and Shi-
moura [10] presented a detailed interpretation of energy
levels and available electromagnetic data on 11Be and
12Be in terms of single-particle motion in a deformed po-
tential, using weakly bound one-particle wavefunctions
calculated with a deformed Woods-Saxon (WS) poten-
tial instead of the standard harmonic-oscillator poten-
tial [11]. The role of deformation in the Be isotopes
and its relation to clustering phenomena has also been
extensively discussed [12].

In this work we analyze spectroscopic factors, ob-
tained from studies of the 11Be(d, p)12Be [13, 14],
10Be(d, p)11Be [15, 16], 12Be one neutron knockout

(−1n) [17, 18] and 11Be(p, d)10Be [19] reactions, in the
Nilsson strong coupling limit. We use the formalism re-
viewed in Ref. [20], which we have recently applied to
the N=20 Island of Inversion [21].

II. THE METHOD

Following Refs. [9, 10] we associate the 1/2+ and the
1/2− states in 11Be to the Nilsson levels 1

2 [220] and
1
2 [101] respectively. In the spherical |j, `〉 basis these
wavefunctions take the form:

| 12 [220]〉 = C1/2,0|s1/2〉+C3/2,2|d3/2〉+C5/2,2|d5/2〉 (1)

| 12 [101]〉 = C1/2,1|p1/2〉+ C3/2,1|p3/2〉 (2)

where Cj,l are the associated Nilsson wavefunction am-
plitudes.

For transfer reactions, such as (d, p), the spectroscopic
factors (Si,f ) from an initial ground state |IiKi〉 to a
final state |IfKf 〉 can be written in terms of the Nilsson
amplitudes:

Si,f =
(2Ii + 1)

(2If + 1)
g2〈IijKi∆K|IfKf 〉2C2

j,`〈φf |φi〉2 (3)

where g2 = 2 if Ii = 0 or Kf = 0 and g2 = 1 otherwise,
and 〈φf |φi〉 represents the core overlap between the ini-
tial and final states. A similar expression, without the
spin factors, applies to the cases of 1n-KO and (p, d).

Finally, we consider the final 0+ states in 12Be as
superpositions of the neutron states in Eqs. (1,2) [10]:

|0+1 〉 = α|ν1ν̄1〉+ β|ν2ν̄2〉

|0+2 〉 = −β|ν1ν̄1〉+ α|ν2ν̄2〉 (4)

where |ν1〉 and |ν2〉 are the neutron states in Eq. (1)
and Eq. (2) respectively and ν̄ indicates the time-reverse
orbit. The |2+1 〉 is associated with the 2+ member of the
rotational band built on the |0+1 〉 state.
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III. RESULTS

With the established framework for our calculations,
we can derive specific formulae relating the Nilsson am-
plitudes Cj,l to the experimental spectroscopic factors
for the reactions considered here. The relations follow
directly from Eqs. (1-4) and are given below for the four
specific cases.

A. 11Be(d, p)12Be

For this first case we start from the 11Be 1/2+ ground
state, and consider transfer of a single neutron in (d, p)
to populate the 0+1 , 0+2 , and 2+1 states. Following di-
rectly from Eqs.(1-4) the relevant spectroscopic factors
are §:

S1/2+,0+1
= 2C2

1/2,0α
2

S1/2+,0+2
= 2C2

1/2,0β
2

and

S1/2+,2+1
=

2

5
(C2

3/2,2 + C2
5/2,2)α2.

B. 10Be(d, p)11Be

In this case, since we start from the 10Be 0+ ground
state, the angular momentum selection rules imposed
by the Clebsch-Gordan coefficients in Eq. (3) the spec-
troscopic factors directly project out the amplitudes of
the wavefunctions in the spectroscopic factors:

S0+,1/2+ = C2
1/2,0

and

S0+,1/2− = C2
1/2,1.

It is worth noting that this case has been studied in
the particle-vibration coupling and deformed-core-plus-
neutron cluster models in Refs. [23, 24].

C. 12Be(−1n)11Be

The case of neutron knockout is essentially equivalent to
the previous examples, but we now have the addition of
the core overlaps in Eq. (4) as we consider theK = 1/2+

§ We note that in Ref. [22], the authors proposed a shell-model
inspired solution to explain the spectroscopic factors data. In
their analysis, they use simple mixed wavefunctions, naturally
captured in the Nilsson model.

and K = 1/2− final states, with spectroscopic factors
given by:

S0+1 ,1/2
+ = 2C2

1/2,0α
2; S0+1 ,5/2

+ = 2C2
5/2,2α

2

and

S0+1 ,1/2
− = 2C2

1/2,1β
2; S0+1 ,3/2

− = 2C2
3/2,1β

2

D. 11Be(p, d)10Be

Finally, the spectroscopic factors for the (p,d) reaction
populating states in 10Be reduce to:

S1/2+,0+1
= C2

1/2,0

and

S1/2+,2+1
= C2

5/2,2.

In comparing with the experimental data (summarized
in Table I) we have used the expressions above together
with the condition of wavefunction normalization to em-
pirically adjust the amplitudes of the Nilsson states in
Eqs. (1) and (2). In addition we consider the measured
magnetic moment (see Appendix) of the ground state in
11Be, µ = −1.6813(5)µN [25], as a constraint. There are
in total 12 relations connecting the experimental data
to four unknown amplitudes which we determine from
a χ2-minimization procedure. Given the possible sys-
tematic uncertainties in the determination of absolute
spectroscopic factors, particularly from different experi-
mental conditions and analysis, we have done a weighted
fit of the relative spectroscopic factor values with re-
spect to the ground state transition for each of the data
sets, and to the absolute value of the 11Be ground-state
magnetic moment.

The following wavefunctions‡:

| 12 [220]〉 ≈ −0.72|s1/2〉 − 0.09|d3/2〉+ 0.69|d5/2〉

| 12 [101]〉 ≈ 0.68|p1/2〉+ 0.73|p3/2〉

and α = 0.73 and β = 0.69 are obtained. The resulting
spectroscopic factors are summarized in Table I and,
with the magnetic moment, in Fig. 1, showing good
agreement with the experimental data. The wavefunc-
tions as well as α and β are fairly consistent with those
used in Ref. [10], α=β=0.707. here is continuing in-
terest in this region of the nuclear chart, and with the
availability of radioactive beams of 12Be and 13B as well

‡ Adopted signs follow the phases of a standard Nilsson calcula-
tion.
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FIG. 1: Relative experimental spectroscopic factors and magnetic moment (data points) compared to the strong coupling
limit results obtained in our analysis (blue boxes), which encompass the 1σ confidence level in our fit.

TABLE I: Summary of experimental relative spectroscopic factors in 10,11,12Be compared to the Nilsson calculations using
amplitudes empirically adjusted from a weighted fit to the data.

Initial Final Energy
`

Experimental Si,f Calculated Si,f

State State [MeV] [13] [16] [17, 18] [19] Nilsson

11Be 12Be
1
2

+
0+
1 0.00 0 1 1

2+
1 2.11 2 0.36±0.29 0.18±0.03

0+
2 2.24 0 2.61±1.34 0.90±0.19

10Be 11Be

0+ 1
2

+
0.00 0 1 1

1
2

−
0.32 1 0.87±0.08 0.88±0.06

12Be 11Be

0+ 1
2

+
0.00 0 1 1

1
2

−
0.32 1 0.85 ±0.31 0.79±0.18

5
2

+
1.78 2 0.90±0.25 0.91±0.16

3
2

−
2.69 1 0.85 ±0.25 0.93±0.17

11Be 10Be
1
2

+
0+
1 0.00 0 1 1

2+
1 3.4 2 1 ±0.38 0.91±0.16

as new instrumentation, further experimental work will
be carried out. With this in mind, we take the Nilsson
approach a little further, and predict estimates for spec-
troscopic factors for the reactions 12Be(d, p)13Be and
13B(d,3He)12Be which are likely to be studied in the
near future. There is some discrepancy in the literature
about the low-lying level assignments of 13Be [25, 26],
but in any scenario the 1

2 [220] and 1
2 [101] Nilsson lev-

els play a center role (as in 11Be). The calculations are
straightforward and the results are summarized in Table
II.

It is also of interest to consider proton spectroscopic

factors within the Nilsson scheme for Z = 5, where the
proton is expected to occupy the 3

2 [101] level, an assign-
ment supported by the ground state spin 3/2− and mea-
sured magnetic moment in 13B, µ = 3.1778(5)µN [25]¶.
Since the level parentage is attributed only to the p3/2
orbit, the spectroscopic factors depend only on the
Clebsch-Gordan coefficients, our predictions for the re-
action 13B(d,3He)12Be are included in Table II.

¶ We calculate µ ≈ 3.2µN .
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TABLE II: Predicted spectroscopic factors in the
Nilsson scheme for the reactions 12Be(d, p)13Be and
13B(d,3He)12Be.

Initial Final Energy
`

Calculated Si,f

State State [MeV]

12Be 13Be

0+
1

1
2

+
0.00 0 0.52

5
2

+ ∼1.8 2 0.47
1
2

−
0+x 1 0.46

13B 12Be
3
2

−
0+
1 0.00 1 0.5

2+
1 2.11 1 0.5

0+
2 2.24 1 0

IV. CONCLUSION

We have analyzed spectroscopic factors in 11Be and
12Be, obtained from (d, p), (−1n), and (p, d) reactions,
in the Nilsson strong coupling limit. Using the formal-
ism developed for studies of single-nucleon transfer reac-
tions in deformed nuclei we derived, for the cases consid-
ered, simple formulae for spectroscopic factors in terms
of the amplitudes of the deformed wavefunctions. These
amplitudes were empirically adjusted to reproduce the
experimental data, including the magnetic moment of
the 11Be ground state. We have also used these wave-
functions to make some predictions for reactions such
as 12B(d, p)13Be and 13B(d,3He)12Be, that will likely
be studied in the near future.

While more sophisticated microscopic approaches are
available to describe the structure of neutron-rich 11Be
and 12Be, their description in terms of a deformed mean-
field seems to capture the main physics ingredients [10].
As shown in this work, the approach also provides a
satisfactory explanation of spectroscopic factors, in a
simple and intuitive manner.

V. APPENDIX

We present here the formulae used to calculate the
magnetic moment (see Ref. [9]). For a K = 1/2 band
the magnetic moment of the I = 1/2 state is given by:

µ =
1

2
gR +

gK − gR
6

(1− 2b)

where gR ≈ Z/A and gK are the collective and single-
particle gyromagnetic factors respectively, and b is the
magnetic decoupling parameter.

The gyromagnetic factor gK depends on the Cjl am-
plitudes through the following relation:

gK = gs(C
2
1/2,0 +

1

5
(C2

5/2,2 − C
2
3/2,2)− 2

√
24

25
C5/2,2C3/2,2)

and the magnetic decoupling parameter b is related to
the decoupling parameter a:

b =
gRa− (gs + gK)/2

(gK − gR)

with a:

a = C2
1/2,0 − 2C2

3/2,2 + 3C2
5/2,2

Using the wavefunctions derived, the calculated gy-
romagnetic factor gK , decoupling and magnetic-
decoupling parameters for the ground state of 11Be are:
gK = −2.80, a = 1.92 and b = −1.27 respectively. We
note that, associating the 5/2+ state at 1.78 MeV with
the second member of the rotational band, its energy is
given by:

Erot = A(
5

2
(
5

2
+ 1)− a(

5

2
+ 1))

With the rotational constant A = 0.35 MeV, determined
from the 2+ in 12Be, we estimate a = 1.85, in excellent
agreement with the value calculated from the magnetic
moment.

Acknowledgments

This material is based upon work supported by the
U.S. Department of Energy, Office of Science, Office
of Nuclear Physics under Contract No. DE-AC02-
05CH11231 (LBNL). We thank Prof. R. Kanungo for
thoughtful comments on the manuscript.

[1] I. Talmi and I. Unna, Phys. Rev. Lett. 4, 469 (1960).
[2] K. Heyde and J. L. Wood, Reviews of Modern Physics,

83, 1467 (2011).
[3] K. Heyde and J. L. Wood, Phys. Scr. 91, 083008 (2016).
[4] O. Sorlin and M. Porquet, Prog. Part. Nucl. Phys. 61,

602 (2008).
[5] T. Otsuka et al., Phys. Rev. Lett 87, 082502 (2001).
[6] C. R. Hoffman, B. P. Kay, and J. P. Schiffer, Phys.

Rev. C94, 024330 (2016).
[7] S. G. Nilsson, Selsk. Mat. Fys. Medd. 16, 29 (1955).
[8] S. G. Nilsson and I. Ragnarsson, Shapes and Shells in

Nuclear Structure, Cambridge University Press, 1995.
[9] A. Bohr and B. R. Mottelson, Nuclear Structure Volume

II, page 285 (W. A. Benjamin, Inc., Advanced Book
Program; Reading, Massachusetts; 1975).

[10] I. Hamamoto and S. Shimoura J. Phys. G: Nucl. Part.



5

Phys. 34, 2715 (2007).
[11] S. E. Larsson, G. Leander and I. Ragnarsson, Nucl.

Phys. A307, 189 (1978).
[12] W. Von Oertzen, M. Freer, and Y. Kanada-Enyo

Physics Reports 432, 43 (2006).
[13] R. Kanungo et al., Phys. Lett. B682, 391 (2010).
[14] J. G. Johansen et al., Phys. Rev. C88, 044619 (2013).
[15] D. L. Auton, Nucl. Phys. A157 305, (1970).
[16] K. T. Schmitt et al., Phys. Rev. Lett. 108, 192701

(2012).
[17] A. Navin et al., Phys. Rev. Lett. 85, 266 (2000).
[18] S. Pain et al., Phys. Rev. Lett. 96, 032502 (2006).
[19] J. .S. Windield et al., Nucl. Phys. A683, 48 (2001).

In this work the authors consider a particle-vibration
coupling picture, suggesting an appreciable admixture of
core excitation to explain their cross-section data.

[20] B. Elbek and P. Tjom, Advances in Nucl. Phys. Vol 3,
259 (1969).

[21] A. .O. Macchiavelli et al., Submitted to Phys. Rev. C
(2017).

[22] H. Fortune and R. Sherr, Phys. Rev. C85, 051303(R)
(2012).

[23] N. Vinh Mau, Nucl. Phys. A 592, 33 (1995).
[24] F. M. Nunes, I. J. Thompson, R. C. Johnson, Nucl.

Phys. A 596 171, (1996).
[25] NNDC, Evaluated Nuclear Structure Data File

Database,
http://www.nndc.bnl.gov/ensdf/

[26] NNDC, Experimental Unevaluated Nuclear Data List
Search and Retrieval,
http://www.nndc.bnl.gov/ensdf/ensdf/xundl.jsp

http://www.nndc.bnl.gov/ensdf/
http://www.nndc.bnl.gov/ensdf/ensdf/xundl.jsp

	I Introduction
	II The Method
	III Results
	A  11Be(d,p)12Be
	B  10Be(d,p)11Be
	C  12Be(-1n)11Be
	D 11Be(p,d)10Be

	IV Conclusion
	V Appendix
	 Acknowledgments
	 References



