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ABSTRACT OF THE DISSERTATION

Obstructions to Deformation Quantization of Bundles
By
Gregory Gordon Huey
Doctor of Philosophy in Mathematics
University of California, Irvine, 2022

Professor Vladimir Baranovsky, Chair

The necessary conditions for a quantization of a module over an algebra on a symplectic
manifold to exist are investigated. Considered is a symplectic algebraic variety M with a
fixed deformation quantization Oy, of its sheaf of regular functions, and a vector bundle FE on
M with a deformation quantization of order k (as a module over Oy). It is found that range
of cohomology classes must vanish if this order admits an extension to quantization of order
¢ > k. For { < 2k+2 these conditions are also sufficient. For ¢ > 2k-+2 a previously unknown
obstruction class is found. To construct an explicit form of the obstruction class, one employs
a Gelfand-Fuks map from the Lie algebra cohomology to the de Rham cohomology of M.
The properties of the Gelfand-Fuks map imply that if a lift of quantization from order & to
¢ exists, then any element in the kernel of Lie algebra extension - an obstruction class - is
mapped to an element in the image that is equivalent to zero. To illustrate the mechanism
behind this statement the the Fedosov connection approach is generalized to realize this
class via explicit expressions. The generalized Fedosov connection is treated in a manner
analogous to the method employed in Tsygan and Nest [11], wherein the quantization of
complex manifolds are studied. It is shown how Gelfand-Fuks classes may be obtained as

brackets of the Fedosov connection forms.

vi



Introduction

Let E — M be a vector bundle over symplectic manifold M. Let the quantization of F
exist to order A*, with g; the Lie algebra of the automorphism group. Suppose that the
quantization of F can be extended to order A for some ¢ > k, with g, the Lie algebra of the
automorphism group. Let the class o0 C be in ker(H? (g, L) = H? (g¢, L)), where L is a
module over the Lie algebras g, and g, 0%, is the Abelianization operator of definition 1.4
and v is a map defined in eq 1.19. o4, o C' is then an obstruction class to the extension of
the quantization from k to ¢. For fixed k, ¢ an explicit form of oy, o C' is computed. The

primary conjecture of this thesis is:

The obstruction classes in the Lie algebra cohomology complex for g/b; have
trivial Gelfand-Fuks image if order k quantization extends to order ¢ quantization.
Conversely, if ¢ < 2k+2 and oy 00 C has trivial Gelfand-Fuks image then order %

quantization extends to order ¢ quantization.

In chapter 1 basic definitions are presented concerning Lie algebra cohomology as well as
relations with de-Rham cohomology, the Frolicher-Nijenhuis bracket (Lie bracket generalized
to vector-valued forms), the Lyndon—Hochschild-Serre spectral sequence and how it can be
used to compute obstruction classes in Lie algebra cohomology. In chapter 2 basic defi-
nitions are presented concerning Transitive Harish-Chandra torsors and the Gelfand-Fuks

construction. A mnecessary condition is for the lifting of the Gelfand-Fuks construction is



presented, as well as sufficient conditions in a special (Abelian) case. The curvature class
of a sub-algebra projection operator is discussed. In chapter 3 deformation quantization
formalism of functions and modules is defined, and the physical motivation of this formalism
is presented. Specializing to the vector bundle case, the Fedosov connection is defined, and
how the required flatness of the Fedosov connection relates to the triviality of the Gelfand-
Fuks image of the Lie algebra cohomology obstruction classes is explained. The primary
conjecture of this thesis is proven as theorem 3.3. In chapter 4 details of how flatness of
the Fedosov construction are presented, and how the existence of the necessary adjustment
requires triviality of the Gelfand-Fuks image of the obstruction class is shown in explicit
detail. In the appendices the necessary details of the calculations of the prior chapters are
explained: the explicit computation of o4, o C, the proof of exactness of a portion of the
expression for the curvature of the Fedosov connection, and finally a proof of the exactness

of certain expressions involving the Frolicher-Nijenhuis bracket.



Chapter 1

Lie algebra cohomology

1.1 Lie algebra cohomology and its Lie differential

If Lie group G is complex semi-simple and simply connected, then it is completely de-
termined by its Lie algebra Lie (G) (and some version of the theory can be extended to
reductive groups). In such a case one can calculate the cohomology of G by working only
with Lie (G) - it is the de Rham cohomology of the complex of differential forms on G. One
maps this complex of differential forms to a complex of left-invariant differential forms via
a quasi-isomorphism 7 that intuitively corresponds to an averaging process. Because these
left-invariant differential forms are completely determined by their values at the identity ele-
ment of G, they can be identified with the exterior algebra of the Lie algebra, with a suitable
differential. = The construction of this differential on an exterior algebra makes sense for
any Lie algebra, so it is used to define Lie algebra cohomology for all Lie algebras. More
generally one uses a similar construction to define Lie algebra cohomology with coefficients
in a module.  This leads to the Chevalley-Eilenberg complex. Historically, the Cheval-

ley—Eilenberg complex was first investigated through the study of left-invariant differential



forms on Lie groups. For complex semi-simple simply-connected groups this complex will
yield the de Rham cohomology of the group. Thus, as one might expect, the differential of

the Chevalley—Eilenberg complex in some sense imitates the de Rham differential.

Definition 1.1. Let « be a field of zero characteristic. In Chapter 4 it will be assumed

k= C.

Definition 1.2. The kth cohomology group of Lie Algebra g, with coefficients in the left
g-module W, is defined by
H* (g, W) := Extfy (r, W) (1.1)

where U (g) is the universal enveloping algebra of g and k is the ground field (a trivial
U (g)-module) Fuks [6] section 9. Equivalently, the cohomology of Lie Algebra g can also be

defined via the Chevalley-Eilenberg complex. The cochains are defined by
C* (g, W) := Hom,, (A*g, W)

One can then define the Chevalley—FEilenberg differential d7;. via

we C* (g, W)
Q; cg
+1 , R 1.2
L L A I 2

+ —
ZZ( 1)]+1 ([aiaaj]aala"'7&\iv'”7d\ja"'7ak+1)
The cohomology groups then quantify the deviation from exactness of the Chevalley—FEilenberg

complex with the maps 6z, : C* — C*+!

ker ((5”6 cCk — Ck+1)
Im (6pie : CF=1 — CF)

a* (97 W) =



1.2 A Lie algebra-like formula for the de Rham differ-

ential

The de Rham differential d;r evaluated at a set of vector fields is given by a similar formula

to the Lie algebra differential in eq 1.2 Kolar et al. [7] section 7.8.

w e QF (M)
v; € ['(TM)
k+1 X N 1.3
(darw) (1, s Ukg1) = 2 (—1)JJrl v (U1, Uy, V1) + (1.3)
TR » ~ ~
ZZ (—1)] Z’W([Ui,’l}j]’vh-u Uiy s e Uy 7Uk+1)
j=1i=1

where M is a manifold. The structural similarity between eq 1.2 and eq 1.3 is expected due
to the set of vector fields I (T'M) being a Lie algebra when the Lie bracket is defined to be

the commutator of composition of differential operators.

1.3 The Frolicher-Nijenhuis bracket

The Frolicher-Nijenhuis bracket is a generalization of the Lie bracket of vectors to a bracket

of vector-valued k-forms Kolar et al. [7] section 8 and is denoted by [,].,. This bracket is



defined by

[ o : QOF (M, TM) x QF (M, TM) = Q¥ (M, TM)

X,Y €T (TM)
¢ e (M) ¢ eQ (M)
6O X WYy = oAY@ X, Y]+ (—ivdird A Y@ X + (—) ixdi A 9@ Y)
+ (=dar (ive A ) @ X + (1) da (ix¥ A G) @ Y )
= ONYR XY+ ONLxY QY —Lydp ANy @ X
+ (=1)" (darp Nixh @Y +iyd A dartp @ X)

where [+, ] is the standard vector Lie bracket, iy is the insertion operator and Ly is the Lie
derivative with respect to a vector. The motivation for this definition is such that the Lie

derivative satisfies the familiar a commutation relation relation

Lr,Lrlpy = Lixny,, K€ (MTM), LeQ (M, TM)



The Frolicher-Nijenhuis bracket is denoted by [, ], and satisfies the following relations

[K7 L]FN - - (_1)M [L’K]FN
[Klv [K27 K3]FN]FN - [[Kla KQ]FN ) K3]FN + (_l)kle [KQa [Kla K3]FN]FN
= [K, [Kv K]FN]FN = 0
(1.4)
also
if | K|, |L| both odd
or both even
[L7 [KﬂK]FN]FN + [Kv [LvK]FN]FN+[K7 [K’L]FN]FNZO
LK Klinliy = (=1 = 1) [K,[K, L]
The Frolicher-Nijenhuis bracket can be specialized to vector-valued 1-forms as follows
K, Le Q' (MTM), a b e (TM)
[K7 L]FN (aab) = [KCL’ Lb] + [LCL, Kb] + (KL+ LK) [CL, b] - K([LCL, b] + [CL, Lb])
—L([a, Kb] + [Ka, b])
(1.5)



1.4 The Lyndon—Hochschild—Serre spectral sequence

1.4.1 Calculation of the Lie Algebra Cohomology Classes

Definition 1.3. D, is the Weyl algebra on n conjugate variable pairs generated over s by

zj, y;, b 1 <j <nand Der (D,) are derivations on D,

D, =& [2, Y, h [ {yon — y; = [y, ] = 0jch}

Dery (Dy) == {+[f (zj,yi,h), —]| deg (+ f) > k}

Der (D,,) :== Der_y (D,) ={D :D, = D,|D(fg) =D (f)g+ fD(g9), D(c) =0Vc € k}
(1.6)

with 7 = (T1,. .., Tn), Y = (y1,-..,y,) and the multiplication between z; and y; being

non-commuting. Assign the degrees

deg (zr) = deg(y;) = 1
deg(h) = 2 (1.7)
deg(}) = -2

Note that the Lie bracket defined in eq 1.6 is compatible with this grading - in that the
degree of the result is equal to the sum of the degrees of the arguments. Thus the Weyl

algebra is a differential graded Lie algebra.



Let A, := D,,/iD,,. One then defines

g = Der (D,,) x gl (e, D,,)
G = Aut (D,,) x GL (e, D,) = exp (degs (9))
Go = Sp(2n,k) x GL (e, k)
k= {0} x i**lgl (e, Dy)
b (k. 0) :==br/be gk :=09/bk

Gi>1 = exp (gx)

deg (%f) > k} (1.9)

where deg,, () is a projection operator that projects out degrees other than m, and deg ()

(1.8)

and the filtration

1
FyD,, = {ﬁf (xjuyi7h>

is a projection operator that projects out negative degrees, with the degree values defined in

eq 1.7. Thus

j=oo
gl(e;Dn) =@ Wyl(e, Ay)

j=0

c2{0) D Wgle, Ay)
j=k+1 ik (1.10)
a/be = Der (D,) % gl (e, Dy) /B gl (e, D,) = Der (D) x @ Wyl (e, Ay)
5=0

j=t
bi/be = {0} x @ Hgl(e, A,) k</

j=k+1

Lifting the Weyl algebra from modulus A* to modulus A’ corresponds to the short exact

sequence
k</

(1.11)

0— bi/be — g/be — g/bp —0



One then has the short exact sequence Tsygan and Nest [11]

(1.12)

Consider the Lie algebra g and subalgebra h, where g is a Lie Algebra over ring R with Uni-
versal Enveloping Algebra U (g). It is useful to compute the obstruction class(es) (elements
of the Cohomology groups) for the extension of the Weyl algebra g from modulus ¥ to modu-
lus Af. A useful computational tool for this purpose is the Lyndon-Hochschild-Serre spectral
sequence McCleary [10], Fuks [6] chapter 8.2, section 5 respectively. L is a module over
the quotient algebra g/by and hence also over the Lie algebra g/h, (such as L = gl, (A,)).
Note that bi/b, is a Lie ideal of g/h,. By Theorem 12.6 of McCleary [10]there is a Lyn-

don—Hochschild—Serre spectral sequence initialized at the second page

E3% = H" (g/br, H? (b/be, L)) — H"™ (gu, L) (1.13)

with differentials
Ey" = HP (g/bk, H? (bi/be, L))

(1.14)
drt ;. Epa — prtrarl o > 9
One is particularly interested in the ¢ = 0 spectral sequence terms (the edge maps)
dg’o : Hzie (g/hk7 Hgie (bk/hb L)) — Eg’_l = {0} (115)

thus

ker (dg’o) = H7,. (8/bk, He (bi/be, L))

10



For p = 0,1 the domain of the differential mapping into ES’O is trivial, and thus the image

of that differential is trivial.

EZ(S)’O = Hgie (g/hkange (hk/bf?L>>

Eéo = Hlllie (g/hkquze (hk/hf7L>) (116)
220 o HY(0/05H (01 /92.M))

5 Im(ds Y (0/0kHE i (0 /be.L) )= HE i, (8/05HD 1 (b1 /be,L)) )

Using H° (hy/be, L) = L9%/% one has

Eg,o ~ HY.. (g/hk, Lhk/he)
10 = Hije (8/bk, L™/7) (1.17)

HY . (9/bk,LO/0¢)
Im (b= HY 2 (9/bk,HE 0k /0o, L) )~ HE, (9/bx,LO%/0¢ ) )

Of particular interest will be the differential

(1.18)
' HY, (9/bk, Hige (hi/be, L)) = H,, (/b1 HY. (1/be, L))

Since by assumption the action of he/h, on L is trivial, LY%/% = [, and in junior degrees the

spectral sequence reduces to the long exact sequence

(/00 L) % B2 (004, L) % B (/0. )
(1.19)

0— H'(g/by, L) — H" (g/bs, L) — Hom,

/N

where ab denotes Abelianization: (hi/b)™ 22 (he/0¢)/ [0%/5e: br/be).

Definition 1.4. o}, is the quotient map: oy (8) := (8)* = €/ [hx/be, bi/be]. ore (he/be) is

the Abelianization of by /by,.

11



1.4.2 Obstruction cocycles

g
Let ¢ € Hom, (hi/be, L)%, then ¢ o o, € Hom, ((hk/m)ab,L> *. The differential d2"
converts the gj-invariant ¢ o oy : he/by — L to a map of the form (g/hi) A (g/bx) = L in a

homomorphic manner. This implies that dg’l precomposes with the map

C: (a/br) A (8/br) = br/be (1.20)

where

O (a,b) = [®y (a), 5 (0)] — Dy ([a,b]) (1.21)

and the projection operator @5 : g/br — g/be is a vector space splitting with the kernel
Br/be. This yields
dg’l (QSOO']ﬁg) :¢00k7gOO€H2 (g/[’)k,L) (122)

One can take ¢ = Id, which gives the following result.

Theorem 1.1. The class o0 C is in ker(H? (g/bx, L) = H? (g/be, L)).

g
Proof. Consider ¢ = Id € Hom,, ((bk/hg)“b,L> " By eq 1.22 one has dJ' (pooke) =
Idooyy0C = op00C € H?*(g/by, L) which implies 3,0 C € Im (dg’l). By exactness of
eq 1.19 one then has oy 40 C € ker <H2 (a/br, L) = H? (g/b, L)) O

12



Chapter 2

Harish-Chandra torsors and

Gelfand-Fuks maps

2.1 Harish-Chandra torsors

2.1.1 Torsors

Definition 2.1. A G-torsor m : P — M over an algebraic group G is a non-empty scheme

P, with an action G x P — P, given by (g,p) +— g (p) such that:

1. The stabilizer group is trivial for each p € P. Thus, for each p € P, the map g — ¢ (p)

is a bijection.

2. m: P — M is a morphism of schemes such that 7 (g (p)) = 7 (p). Thus, the G-action
on P preserves the fibers.
3. The G-action on P is locally trivial, meaning that there exists an open cover { Uy| A € A}

of M such that for each A € A, there exist an isomorphism of schemes such that

13



71 (Uy) & G x Uy commuting with the G-action.

Note that a similar definition can be given in the category of smooth manifolds. A popular
intuitive description of a torsor (when M is a point) is that it is a group that has ’forgotten’

its identity element.

2.1.2 Harish-Chandra Pair

Definition 2.2. The tuple (G, §) is a Harish-Chandra pair if § is a Lie Algebra and G is a
Lie group such that Lie (G) < f where the adjoint action of G on Lie (G) is extended to an

action of G on f, and the differential of this action gives adjoint action of Lie (G) on f.

Definition 2.3. A Harish-Chandra module V' over Harish-Chandra pair (G,§) is the G-
module V| with a G-equivalent Lie-homomorphism §f — End,, (V') that is an extension of the

tangent Lie-homomorphism on Lie (G).

2.1.3 Transitive Harish-Chandra torsors

While any torsor over a unipotent group H is trivial in the C* topology, the situation is

more complicated in the holomorphic case.

Definition 2.4. A Transitive Harish-Chandra Torsor over the Harish-Chandra Pair (G, )
is a G-torsor m : P — M such that M is a smooth variety, together with a Lie Algebra

homomorphism f — H° (P, T P) that induces a vector bundle isomorphism f ®, Op = T'P.

The Lie Algebra homomorphism of a Transitive Harish-Chandra torsor can be written as a

14



G-equivarient, f-valued 1-form

'y:TPif@)H Op (2.1)

Note that ~ satisfies the Maurer-Cartan equation and restricts to the canonical Maurer-

Cartan form on the vector fields tangent to to the fibers of = : P — M Baranovsky [1].

2.2 Curvature class of a sub-algebra projection

In what follows, the focus will be on a (G, g)-Harish-Chandra 7 : P — M and its tangent
bundle TP, with € (P, TP) vector-valued j-forms on P.

Definition 2.5. Let &5 € Q' (P, TP) be a “horizontal” projection operator on (G, g)-
Harish-Chandra torsor P, and let Lie algebra g have the fixed vector space-splitting g =
(g/b) ® b, h C g a Lie sub-algebra, such that ®z induces the projection g — g/b, a — a/b.
The complement is the “vertical” projection operator, defined as &y := Id — &y. Note
that the “horizontal” and “vertical” are presented in quotation marks because these should
be treated as labels, and are not the same as the usual horizontal and vertical forms on a
principal bundle. Intuitively, these labels represent a subdivision of directions along the Lie

algebra g into degrees of freedom within some subalgebra b (V) and without (H).

The &g, Py := Id — Py are elements in a graded Lie algebra in which the Lie bracket is
given by the Frolicher—Nijenhuis bracket: |-, ],y : QY (P,TP) ANQ' (P,TP) — Q*(P,TP) :
(K,L) ~ [,] pp the generalization of the Lie bracket from vectors to vector-valued forms

defined in eq 1.5.

Definition 2.6. Ry is the “vertical” curvature, the obstruction to ker (® ) being integrable,

and Ry is the “horizontal” curvature, the obstruction to ker (®y) being integrable defined

15



as follows

[(I)H> (I)H]FN (avb)
= Q[CDHCL, CI)Hb]—QCI)H([CI)HCL, b]—[(I)Hb, a])+2<I>H [CL, b]
— 2Ry (a,b)+2Ry (a,b) (2.2)
where :

RH (CL, b) = (I)V [CI)HCL, @Hb} RV (CL, b) . (I)H ([@Va, q)vb])

In what follows, &5 will be specialize to be a projection into g/bg, where g and b are
defined in eq 1.8. In that case Ry will give a class that is the obstruction to extending
the deformation quantization of the vector bundle from #* to A‘. It will be shown that Ry

vanishes by construction.

2.3 Finite Dimensional Reductive Lie Algebra Version

of a Gelfand-Fuks map

Let (G, f) be a Harish-Chandra pair, P — M a Transitive Harish-Chandra Torsor over (G, f)
and V. Let us further assume that G = Gy x G, where Gy is pro-unipotent, and Gg is

connected, finite-dimensional, reductive.

Definition 2.7. The Gelfand-Fuks map is defined as follows

GF C* (f-7 V) N T (P, 0° (P) R, V)
Y U
ce (fa Lie (GR) ) V) — I (P7 Q0 (P) R4 V)GR—basic

« — 15}

a € C*(f, Lie (Gg);V) is an f-cochain « : Af — V, while 8 € I'(P,Q3 @, V)77 s

16



a G — basic (-cochain  : A'TP — V ®, Op. Recall that § € T'(P,Q3 ®, V)" %% if
Lef = tedgpfS =0 V& € Lie (Gr). Note that the same notation GF is used for the restriction
to the relative cochains, and in that case it takes values in the subspace of basic forms. The
Gelfand-Fuks map pre-composes each « 'input’ with the Transitive Harish-Chandra 1-form

v defined in eq 2.1

ﬁ(alv"'7a5> = 05(7(@1)7"'77(@5))

Give some a € C* (f; V), the resulting f = GF (a) can be written as a V-valued ¢-form on
P, and the fact that ~ satisfies the Maurer-Cartan equation implies that GF' is consistent

with the de Rham differential Fuks [6], Baranovsky [1].

2.4 The Gelfand-Fuks Lifting Diagram

Let Gy, = exp (degsq (9/bx)) and H (k,€) := exp (degsq (hr/he)), where deg () is the
previously-defined projection operator on degree, and g, b, are as defined in eq 1.8. It
restricts to identity on the non-negative degrees of the Weyl algebra, while mapping negative
degrees to zero. We then have the Lie algebra extension sequence

1= H(k{) =G — Gy—1
(2.3)

0 — bx/be = g/be — g/br— 0

P, — M (respectively Py — M) is the (G, g/bx) (respectively (Gy, g/be)) Harish-Chandra
torsor over base-space M that will be associated with the quantization (as will be explained

in chapter 3) to order h* (respectively h’) with ¢ > k. P is induced from P, via the map

17



Gy — Gy in eq 2.3. FE is a module over Gy.

The two Gelfand-Fuks maps can be compared via the diagram

C* (g/bk, sp (2n, k) ® gl (e, k), E) SR (P, Q(Py) @ E)Crbasie

i ol ¢ a pullback map
GF

C* (g/be, sp (2n, k) @ gl (e, k), B) = T (P,Q(P)® E)% e
(2.4)

where deg. (g) is the reductive part of g. Consider the quotient map: qu : P, — P =
Py/ exp (br/be). Since H (k, () is unipotent, gx¢ is a homotopy equivalence which implies ¢

is a quasi-isomorphism of de Rham complexes.

2.5 Torsor lifting conditions

2.5.1 Necessary condition for the torsor to lift

Let L be a module over g; with trivial bz /b, action. Via a right-derived functor, or the Lyn-
don—Hochschild—Serre spectral sequence, the short exact sequence of the Lie algebra exten-

sion from A* to A, ¢ > k, from eq 1.11 gives rise to the following long exact sequence Weibel

[13]

0,1
dy

0— H'(g,L) — H'(gy, L) — H(gp,H' (bp/be, L)) = H?(gi, L) >

14

b HNgoD) o

The group H? (gi, L) is the set of equivalence classes of extensions by module L. ker (v) are

the obstructions classes for extending quantization from order k to order ¢, and by exactness
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of the sequence, this is isomorphic to Im (dg’l). Note that this dy' is the same as that
which appears in eq 1.11. Thus, a non-trivial ker (v) is the reason for the failure of some
quantizations to carry over from order k to order ¢, and if Im (dg’l) is in the kernel of the
Gelfand-Fuks map that implies all quantizations of order k£ carry over to £. Thus, we have a

key statement:

If the torsor lifts as in eq 2.4, then it must be true that Im (dg’l) is in the

kernel of the Gelfand-Fuks map.

From a mathematical point of view the existence of such a non-trivial class is an obstruction
to the extension from order A* to order A*. The class must be trivial for the extension to
be self-consistent. From a physics point of view, there is a classical symmetry that holds
to order h*, but a divergent amplitude - an anomaly - (for example, a divergent Feynman
diagram) occurs at an order in (k, /), breaking a classical symmetry at the quantum level.
Either way, the result is a pathological theory. For the model to be self-consistent out to A,

all of the obstruction classes must be trivial.

2.5.2 A sufficient condition for the torsor to lift for Abelian ex-

tensions

In eq 2.3 assume that b/, is Abelian. Set L = b;/h,. Then H? (g, L) has a class C
representing the extension of eq 2.3. We use the same notation for cocycle representing the

class.

Proposition 2.1. GF (C) is exact if and only if Py lifts to some (Gy, g/b) Harish-Chandra

torsor P,.

Proof. This statement is equivalent to proposition 2.7 in Bezrukavnikov and Kaledin [4]. O
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Chapter 3

Deformation Quantization

3.1 Introduction to Deformation Quantization of func-

tions and modules

One can not discuss deformation quantization without first a discussion of the classical
mechanics that the former is a deformation of. To that end, presented first below is the

physics-based motivation for the process of deformation quantization.

Definition 3.1. The Configuration Space of a physical system is a manifold W of n canonical
coordinates W = {(q1, - ,qn)}. The value of a tuple (qi,- - ,¢,) represents one possible

configuration of the system. It will additionally be assumed that W is smooth.

Definition 3.2. The velocity phase space - also referred to as the Lagrangian picture
- is the tangent bundle TW of the configuration space W is the velocity phase space
and consists of the canonical coordinates and velocities {(q1,G1, " ,qn,dn)}. The value
of a tuple (q1,41, "+ ,qn,Gn) represents one possible state of the system. The Lagrangian
L(q1,¢1,"* ,qn,Gn) is a functional of the coordinates and velocities that gives the instanta-

neous action of the specified state. The total action of a system is the Lagrangian integrated
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along the trajectory of the system through configuration space.

It is a fundamental principal of classical mechanics that this trajectory is such that action
attains a minimum value across all possible trajectories. In quantum system, the system can
be treated as following a weighted average of all possible trajectories in configuration space
that satisfy specified constraints. The weight of each trajectory decreases as the action of

the trajectory increases.

Definition 3.3. The momentum phase space - also referred to as the Hamiltonian picture

- is the cotangent bundle T*W.

Elements of the total space of T*W are the canonical coordinates and momenta
(q1,p1,** ,qn,pn) Where the g; are the canonical coordinates on W and the p; are the
fiberwise coordinates with respect to the cotangent vectors dg’. Intuitively, this means that

the canonical velocities and momenta are colinear, differing by a scale factor.

Definition 3.4. Hamiltonian mechanics: Using the canonical variables g;, p; with p; := %,
J

4; = q; (7, ?, t), one defines the Hamiltonian and Hamiltonian mechanics

H=79-7-1(7.7.1)

. _SH o oH
q]_5pj p]_ 5[]]'

In the treatment that follows, the manifold M will be identified as M = T*W.

Definition 3.5. The Poisson bivector P € H° (M, A>T M) defines a Poisson bracket {-,-}

via {f, g} = P (df Ndg)

Note that [P, Plgy = 0, where [, ] is the Schouten-Nijenhuis bracket. Coupled with the

Poisson bracket {-, -}, the structure (M, {_, _}) is a Poisson manifold.
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Definition 3.6. A symplectic manifold (M, w) is a smooth manifold M paired with a sym-

plectic 2-form w € H® (M, A*T*M) that is closed and non-degenerate.

Note any symplectic 2-form induces an isomorphism between 7'M and T* M. The symplectic
form w : TM = T*M is essentially the inverse of the corresponding bivector: P : T*"M —

TM.

In the classical limit one begins with the associative multiplication

- O0Ox0—=0 (a,b) —a-b (3.1)

where O is the structure sheaf. Additionally, the O-module £ on M can be considered.

O (M) acts on module E over M via the associative action

t:OxE—=FE (a,m)—~a-m

a-(b-m)=(a-b)-m

One then postulates the existence of a quantization structure that is a deformation of these
structures. This is accomplished defining a new algebra and a new module product, along
with a quantized structure sheaf O, and module Ej, such that, when expanded over powers of
a smallness parameter A, the terms of order A° are precisely the “classical structure” defined

in eqs 3.13.2. The smallness parameter h is identified as Planck’s Constant and is in the
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center of ;. One then has the deformed algebra, module and products

x: O x Oy = Oy OfLZ:@th
=0
axb=a-b+ Y Wp;j(a,b) Bi: O x O — Oy
=t (3.3)
x: 0y x By — Ey Ey 2:® WE
=0
axm=a-m+ Y, Wa;(a,m)  «aj: Ay x By — Ey
j=1

where the 3;, a; are h-linear.

Note that the algebra and module products of the structure defined in eq 3.3 are not a-priori
associative - associativity must be imposed. This takes the form of constraints upon «;, f;
- they are not completely arbitrary. These constraints take the form of the Maurer-Cartan
equation. It was shown by Kontsevich [8] that such a deformation quantization is always
possible for the algebra alone (for the (A, 5)), and that the set of equivalence classes of
the (A, B) are in one-to-one correspondence with the set of equivalence classes of Poisson
structures (M, {-,-}) (or equivalently (M,w)), modulo diffecomorphisms. One then finds that
consistency with Poisson Bracket implies 3 (a,b) = 3{a,b} = +P (da Adb). Thus, one

should focus attention upon the module case.

It is instructive to consider the first few orders of power in A explicitly. Associativity of the
algebra and module products requires the following, written as a term-by-term equality in

powers of h:
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ax(bxc)=(axb)xc ax(bxm)=(axb)*m

méeFE, abce A

RO a-b-m—a-b-m =0
A ay (a,b-m) +a-ay (bym) —ay (a-b,m) — B (a,b) - m =0
e ay (a,b-m) + oy (a, 00 (b,m)) +a - oz (b,m) — ag (a - b,m)
—ay (1 (a,b),m) — B2 (a, ) - m =0
R az(a,b-m)+ as(a,a; (b,m)) + oy (a,as (b,m)) +a- as (b,m) — as (a - b,m)
—az (B1(a,b) ,m) — a1 (B2 (a,b) ,m) — B3 (a,b) - m =0

Let v = a & B, where v is an element of the direct sum of the Hochschild cochain complex
of the algebra and the Hochschild cochain complex of the module. One defines a differential

on this direct sum of cochain complexes

(dN+17j) (ao,"' ,CLN,m) = Qo - 7Yj (alv"' >CLN,m)
N-1 ,
+ Z (_1)l+1 Vi (CLO’ Qi , OGN, m)
i=0

+ (=), (ag, - yan -m) + (=N 45 (ag, -+ an) -m

In the case of interest N =1
(dyy;) (@,b,m) = a-~; (b,m) —; (a-b,m) +;(a,b-m) —;(a,b) -m

Thus associativity requires
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At (d2m1) (a,b,m) =0

h? (d272> (aa b7 m) -Nn (71 (CL, b) 7m) +M (a, M1 <b7 m)) =0
h (d273) (CL, b7 m) -2 (’71 (aa b) 7m) - N (72 (CL, b) 7m) + 72 (CL, i (b7 m))
+71 (@, 72 (b,m)) = 0
Employing the composition bracket % [v,7] = =y 017+ v o2y with v =>_ A/v; such that
j=1

L1,7] (a,b,m) = = (v (a,b) ,m) + (a, 7 (b,m)) one finds

R & (37,9 (a,b,m)) = = (7 (a,b) ,m) + 71 (a, 71 (b, m))
e %377—3 (% [77 ’Y] (a7 b7 m)) = N ('72 (a’7 b) ,m) — 72 (71 (a7 b) 7m) N (CL, Y2 (b7 m))

+72 (@, 71 (b,m))

Jj=0

where 7, (Z thj) = h™B,, . Up to order h?, this yields

R m((day) (a,b,m)) + 1 (5 [v,7] (a,b,m)) = 0
R om ((doy) (a,b,m)) + 7o (3 [v,7] (a,b,m)) = 0
I 3 ((dQ’V) (CL, bv m)) + 73 (% [77 7] (av b7 m)) =0

Thus one has found that an expansion of the associativity condition in powers of A up to
cubic order is precisely the Maurer-Cartan equation

(A7) a,b, ) + 5 [1,7) (@ bm) = 0

Definition 3.7. Given a quantization of affine symplectic M, the Maurer-Cartan element
hf31 + h*Bs + h*B5 + - - - may be converted to a cohomology class in hH3, (M) [[A]] = hw; +
h*wy + w3z + - - -. This is the Deligne class Bezrukavnikov and Kaledin [4]. In the non-affine
case, the Deligne class still exists - however it additionally incorporates data about gluing

affine quantizations on double overlaps.
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3.2 Deformation quantization of a vector bundle

Deformation quantization of a vector bundle over a symplectic algebraic variety is an im-
portant area of active research in mathematical physics. Some success has been had with
special cases Baranovsky and Chen [2], however the necessary and sufficient conditions of
the most general case has thus far proved elusive. In the interest of gaining some insight into
what the latter might require, necessary conditions are investigated. In this thesis a smooth
symplectic algebraic variety M over a field k of characteristic zero is considered, with an
algebraic symplectic form w and a fixed deformation quantization O; of its sheaf of regular
functions (see the next section for the definitions). For a vector bundle £ — M (or rather
its sheaf of regular sections which is denoted by the same letter) one would like to construct
its deformation quantization Ej, a locally free sheaf of O, modules reducing to £ modulo A,
or its partial order k analogue Fj which is a locally free sheaf over the quotient Oy/(R*1)
(in particular, one can identify £ with Ej). Given a partial quantization Ej with 0 < k < oo
one would like to find cohomological obstructions to existence of quantization E, of order
¢ > k (including the case ¢ = 00). The methods employed are based on computations in
Lie algebra cohomology and the Gelfand-Fuks map in formal geometry. One finds that the
vanishing of these obstructions classes is a necessary (but perhaps not sufficient) condition

for the existence of quantization F.

Recall definition 1.3

g = Der (D,,) x gl (e, D,,)
G = Aut (D,)) x GL (e, D,,) = exp (degzo (g))
Go=Sp(2n,k) x GL (e, k)
br = {0} x W**1gl (e, Dy)
b (k,€) :==bi/be gk :=g/b
Gi=1 := exp (gx)
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Recall the short exact sequence of eq 1.11

0—>h(k,€)<—>ggﬁgk—>0

with L a module over the quotient Lie algebra g = g,/b (k, ) as well as over g,. Let Py be
a projection of the Weyl algebra modulus #2**!. One is interested in obstruction cocycles -
cohomology classes which are non-trivial over g, but become trivial over g,. In section 1.4
the Lyndon-Hochschild-Serre spectral sequence was employed to investigate the kernel of a
map of cohomology induced by a lift from g, — g,. Using this spectral sequence, the element
ore o C € ker (v) in the long exact sequence of eq 1.19 was found. This is the curvature
class of Py of the Lie algebra of the twisted Weyl bundle, and is an element of the second

vector-valued cohomology group of the Lie algebra g, of the twisted Weyl bundle.

For every bundle and quantization up to order k£ one may construct a torsor over an in-
finite dimensional group Gy, for which the Lie algebra contains g, = Lie (Gy). If there
exists an order k quantization, it can be described via a Harish-Chandra torsor over GY.
The existence of this torsor permits the construction of a Gelfand-Fuks map GF', which
sends Lie algebra cochains to de Rham cohomology on the base manifold. The proper-
ties of the Gelfand-Fuks map imply that if a lift of quantization from order k to ¢ exists,
then any element in the kernel of v : H? (g, L) — H?(gy, L) - an obstruction class as de-
scribed in subsection 2.5.1 - is mapped to an element in the image that is equivalent to
zero (ker (GF) 2 ker (v : H? (g, L) — H? (g, L))). Based on this, one may now articulate
the following important theorem, though it will be proved at the end of this chapter as

theorem 3.3.

The obstruction classes in the Lie algebra cohomology complex for g, have

trivial Gelfand-Fuks image if order k& quantization extends to order ¢ quantization.
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3.3 Basics of deformation quantization of functions and

bundles.

Recall from definitions 1.3

D, =k [[7, 7, n]/ {yjiUk — TRY; = [yjaxk] = jkh}

Dery (Dy) == {+[f (zj,yi,h), —]| deg (+ f) > k}
Der (D,,) := Der_1 (D,) ={D :D, = D,|D(fg)=D(f)g+ fD(g), D(c) =0Ve € k}

Definition 3.8. M := D¢ is a left D-module

Recall the short exact sequence of eq 1.12

0— 3x[h] — D, — Der(D,) —0

1
h

Note that ker (¢) is the center of D,,. Note also that G = Aut (D,,) X GL (e, D,,) is a proal-
gebraic group, which has a reductive part Gy = Sp(2n,k) x GL (e, k). The pro-unipotent
part is G /Gy, which has Lie algebra Der; (D,,) x gl (e, D,, \ k). This is a sub-Lie algebra of
Der_y (D,,) x gl (e, D,,).

To define the completion Op,, one promotes the Weyl algebra to power series

D, = k[7,7,H]/ {yjar — zpy; = 010}
A= @/h@\n

For every z € M one can define completions of O;, and Ej at z, which will be denoted @

and EL respectively as the extension of the former to such power series.
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Theorem 3.1. For every point x € M, the completion @ 1s locally isomorphic to D in
some Zariski neighborhood containing x, and the completion E; is locally isomorphic to M.

Furthermore, any two choices of such isomorphisms are related by action of G.

Proof. There exists a Zariski neighborhood containing x such that @ = D locally follows
from a proposition in section 5.1 of Baranovsky and Ginzburg [3]. The module E, / hDE),
is locally free, and thus is locally isomorphic to M /AD,M = A%¢ in some Zariski neigh-
borhood. As a locally free module, there exists a local basis {SOJ' € E\h/hﬁh’ 1< < e}
of E/ha in that neighborhood. Omne would then like to prove there exists a lift of
{so,j € E/hﬁ’ 1<5< e} to {sj € ]/5;‘ 1<5< e} that is a local basis ofE’\h in this Zariski

neighborhood.

Before going further, one must prove that the {sj € EL‘ 1<5< e} are linearly independent
over D. It will be shown that linear independence of {Sj € E;’ 1< < e} is implied by it
being a lift of linearly independent {SOJ € ]?7; / h@‘ 1<5< e}. Suppose, in contradiction,
that {sj € EL‘ 1<5< e} are linearly dependent. Then there would exist f; € D such that
ze: fjs; = 0. Let p; be the smallest power of i in f; that has a non-zero coefficient, and
zi:elﬁne p := min (p;). Define f; := f;/hP. By construction, one or more f; mod A # 0. One

then has #? ) f;s; = 0. The module Ej, is assumed to be flat over C [[7]], hence has no A

j=1
torsion, meaning that one can divide out the A? - ie: RA? il f_jsj =0 éil f_jsj = 0. Thus:
iz j=
0= (i:l Tjsj> mod h = zezl (f; mod h) (s; mod h) = 2631 (f; mod h) so;. Note that it
is not Ij)ossible for all of the Ef_] mod h) to be zero. Thus, oile has a linear dependence among
the {SOJ‘ € EZ/FLE;‘ 1<5< e} with the (f_] mod h) as coefficients. This contradicts the
{SOJ € @/h@;’ 1<5< e} being a local basis. Thus, no such f; can exist, and it must be
true that {sj € E;‘ 1<5< e} are linearly independent over D. With this one may conclude

that {Sj € E\h’ 1< < e} is a local basis of EL in this Zariski neighborhood.
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Define the D,,-submodule ) C E\h generated by the basis {sj € l/*?;’ 1<5< e}. Since () is

the span of D of e number of linearly independent s;, one has

Q=D = M (3.4)
Consider the composite map
a: Q — E, — E,/hBE,
Since « surjects () onto E; / hE\h, one may rewrite
En=Q + hE), (3.5)
Consider now the D-module E; /@ - using eq 3.5, one has
EnjQ = (hEn+ Q) /Q = (hEy) / (QAES) (3.6)

Eq 3.4 together with Q = (Q/hQ) ® hQ and the fact that hE; contains no elements propor-

tional to a power of h less than 1 implies that
(nBr) / (@ 1E) = (nEr) / (hQ N 1Ex) = 1 (Ea/ (@O Er)) =1 (E0/Q)

Combined with eq 3.6 yields

En/Q =1 (En/Q) (3.7)

Let m = (my, -+ ,me) € E;/Q be an arbitrary element. Then eq 3.7 implies there exist

matrix A = [A;;], A;; € D such that m = hAm which implies

(I—hA)m =10 (3.8)
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Operating from the left on both sides of eq 3.8 by I+ > A/ A’ and using the fact that A is
=1

7 = <I+zmj)ﬁ:ﬁ
j=1

Thus E;/Q = {ﬁ} It follows that {S]‘ € E\h‘ 1<5< e} is a local basis of EL in this

in the center of D yields

Zariski neighborhood, and thus EL is locally isomorphic to M.

It will be shown that any two choices of such isomorphisms are related by action of G.
The different choices of the isomorphisms correspond to different lifted basis sets. Let

{SjEEZ

1<5< e} and {s; c EL‘ 1<5< e} be two different lifted basis sets. The lat-
ter can be written in terms of the former: s :i tr;s; with tx; € D. The matrices [ty;]
are by construction elements of GL (e, D). Thusjillle action of an element of G relates the
different isomorphisms. It should be noted that E; could be either a left or right module -
this difference would be reflected as either t;; € D or ¢; € DyP, which in turn would mean
that [t;] are in GL (e,D,) or GL (e, D). However, the action of a matrix in GL (e, D¥)
can be represented as an action from the other direction by the transpose of that matrix.

Since tT € GL (e,D,) & t € GL (e, D,), one can restrict attention to GL (e, D,,) instead of

GL (e, D%) without loss of generality. O

For readability and cleanliness of notation, in all that follows D,, will be be used in place of

73”, O}, in place of (/9\h and F}, in place of EL
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3.3.1 How different choices of completion-isomorphisms create the

torsor P

Definition 3.9. Let Py denote a principal G-bundle of frames

Po = (symplectic frames in T M) X, (usual frames in E)
(3.9)
PO = FrSp(2n,n) (TM) XM FrG’L(e,n) (E>
Denote by W g the associated bundle
Wy = Pox (Me(d)) = (Pox (e (AM)))/Go
Go
(3.10)

Go = Sp(2n,k) x GL (e, k)

The Weyl bundle is twisted by the action of Gy := Sp (2n, k) x GL (e, k), which gives rise
to the semi-direct product structure in the Lie algebra g. Note that Gy in eq 3.10 acts via
Sp(2n, k) as a symplectic automorphism on every copy of A" and GL (e, k) acts as a vector

space transformation.

Different choices of the isomorphisms in the second statement of theorem 3.1 comprise a
torsor that will be denoted as P. The points of torsor P parameterize maps onto the base
manifold M, and the fiber parameterizes all possible isomorphisms of the completions @
to D, and ]/5; to M. By the second statement of theorem 3.1 this fiber has a transitive

action. One requires the existence of an equivariant C* section F' to be used to pull-back
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the Deligne class wy from P to Py.

P wp € QY (P, g)

L TF

Po F*wp € QY (Py, g) (3.11)
!

M

Theorem 3.2. There exists a Go-equivariant C* section F' : Py — P (note that this does

use the fact that k = C)

Proof. Define for Q := {(z,y)|x € Py, y € Go(x)}, ¢: Q@ = Go, q¢(z,y) :=a € Gysta-z =
y, where Gg(z) is the orbit of x. This is well-defined because the action of Gy on Py
is free. Let t € Py and v € P be arbitrary. One can then define a equivariant section
F:Go(t)— Go(v) as F(x) :=q(t,x)-v = F(t) =vand F(z) = q(t,z)- F(t). Because
the Lie group action of Gy on Py and P is smooth F : Gy (£) — Go (v) is a C section. It is
also equivariant because F (b-2) =q(t,b-z)-v =b-q(t,z)-v = b-F () Vb € Gy. Note that
be freeness of the GG action and the fact that P is metrizable via the Fubini-Study metric
for quasi-projective spaces, one can apply theorem 3.1.11 of Feragen [5]. Thus there exists a
neighborhood of Gy (t) such that there exists a Go-equivariant C> extension of F over this
neighborhood. One can apply this process to each Gg-orbit in Py, creating thereby an open
cover of Py. Each element in the open cover is the Gy-equivariant C* extension-neighborhood
of a Gg-orbit. Using this open cover, one can then apply proposition 2.3 of Lashof [9]. The
result is that any one of the above Gy-equivariant C* sections defined on a Gy-orbit in Py
can be extended to the entire Py. One picks one of those extensions, and calls it F'. Thus

one has found a Gg-equivariant C* section F' : Py — P. n

One can show, via an argument structurally similar to section 6.2 of Van den Bergh [12],
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that P is a transitive Harish-Chandra torsor with Harish-Chandra Pair (G, g). This can be
understood as a projective limit of schemes. Though not finite dimensional, the group is a

projective limit of unipotent finite dimensional groups.

3.3.2 Curvature class of the p, sub-algebra projection operator

Recall the definitions of &, ®y := Id — &y from definition 2.5 and

Ry (a,b) := oy [Pgya, Pyb], Ry (a, b) := Oy ([Pva, Pyb]) from definition 2.6.

Definition 3.10. Specialize to ®y projects g — g/bi, where Lie algebra g has the fixed
canonical vector space-splitting g = (g/h) @b, h C g a Lie sub-algebra. This agrees with the

®y used in eq 1.21.

Lemma 3.1. Ry vanishes.

Proof. Note that the minimal power of i in I'm (®y) is A**!, and thus the minimal power of
hin Im ([®y, ®y]) is h?**2. However, @ projects to zero any power of A of k+1 or greater.

Thus @5 ([Pya, Pyb]) =0 Va, b € g which implies Ry = 0, or vanishing co-curvature. [

Thus one finds

[(DH> (I)H]FN = 2Ry
Ry (a,b) = &y[bya, dyb] = Cl(a,b) (3.12)
RV (a, b) = (I)H ([q)va, vabD = 0

where oy 0 C (a,b) is the obstruction class to extending the deformation quantization of the

vector bundle from from A* to A defined in eq 1.20

Recall the semidirect product structure of g from eq 1.8 and the implied structure of its Lie
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bracket
a,b € g = Der (D,) X gl. (D,,)

a= (4 lfor=). Ba) b= (1], BY)

(3.13)
[CL, b] = (% Hfaa fb] ) _] ) [Baa Bb] + % [Iefcu Bb] - % [Iefb7 Ba])
where I, is the e X e identity matrix. Utilizing the bracket of eq 3.13 one finds
C(a,b) =@y ([Py (a),Pu (D)) = [Py (a) , Py (b)] — Py ([a, b))
(3.14)
C(a,b) = {0} X mpr1e ([mo (Ba) , mok (By)]
— 3 [mok (Idefo) , mok (Ba)] + 7 [mok (Idefa) s Mok (By)])
where 7,14 projects out term proportional to powers of A from A*"! to k¢ inclusive
[e%S) l
k41,0 (Z W {Qj}Ryo> = Z W A{Qj} ryo (3.15)
=0 j=k+1

where {---}py indicates that the conjugate variables contained therein are assumed to
be ordered such that all y; are always to the right of all x;. Recall the quotient map
oo (€) := (8)" =€/ [bx/be, br/be] of definition 1.4. It is shown in appendix A that:

If ¢ < 2k + 2 then

1 1
010 (C(a,b)) = Tt (]D) (Ba, By) + D (Ba, ﬁfdefb> +D (ﬁfdefa, Bb)) (3.16)
If ¢ > 2k + 2 then

oke (C (a,b)) =
Tk4+1,2k+1 (D (Ba, Bb) +D (Bm %Idefb) +D (%Id@f“’ Bb)) (3'17>
—%%IeTI‘ (7T2k+2,2k+2 (D (Bm Bb) + D (Btm fli]defb) + D (%]def“’ Bb)))
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where

1T () (3.18)

gives a new obstruction class that has not been found in prior literature.

3.3.3 Structure of the Fedosov Connection

In order to further elucidate the mechanism by which non-vanishing of o, oo C' obstructs the
existence of an extension of the quantization of the vector bundle from order i* to order it
it will be necessary to examine the Fedosov connection in detail. Define the connection on

the vector bundle portion of Wg as

whereas the total connection (which is on all of Wg) is

Viet .= VM®V:VM®(IdM®VE+VM®IdE) (320)
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V. is the Fedosov connection constructed in section 5.3 of Tsygan and Nest [11], and Vg

is the new connection to be constructed here

VE
vho
E

vo!
E

Agj
BEj

Vi + Vi
Vwe + Apo + Ap
0+ Bg
QYO (M, (Py x gl(e, D)) /Go)
QO (M, (Po x gl (e, Dy)) /Go)

vyl + VY,
A1+ Vwu +Apo+ Au

5—|—BM

Ap =) Agj
j=1
j=1
Vi>1
Vj>1
Ay = A
j=1
By =) Buj
j=1

(3.21)

where Ap and Bg act by matrix multiplication (not by ad action), 0 is the (1,0) part of

the de Rham differential dyr and 0 is the (0, 1) part of dgg, so that dggr = 0+ 0. The Vi,

and Vg are the initial connections of M, E respectively - no assumptions should be made

regarding their flatness. Agy is a degree-zero correction to Vg which one may choose - it is

equivalent to the freedom to adjust the connection form by a global 1,0 form (of degree zero

or that contains no powers of i). Note that the Sp (2n, k) acts on the D, in gl (e, D,,) inside

(Po x gl(e,D,,)) as well as the frame bundles in P;. Note that A_; is defined identically

to as in section 5.1 of Tsygan and Nest [11] - as the canonical (Py x gl (e, D,,)) /Go-valued

1-form of degree —1 on M such that

A :TMSTM
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3.4 Vanishing of obstructions to deformation quanti-

zation of F

Theorem 3.3. The obstruction classes in the Lie algebra cohomology complex for g/by
have trivial Gelfand-Fuks image if order k quantization extends to order { quantization.
Conversely, if ¢ < 2k+2 and o, 40C has trivial Gelfand-Fuks image then order k quantization

extends to order { quantization.

Proof. Assume that order k£ quantization extends to order ¢ quantization. Recall the long

exact sequence of eq 1.19

0 H' (g/bw. L) = H' (a0, 1) — Hom ((0e/00) )" 25 B (o/0. 1) % H? (a/t, L)

Order ¢ quantization exists implies that the Gelfand-Fuks Lifting Diagram of eq 2.4 exists

and commutes

ce (g/bky sp (277', H) @ gl (8, K,), E) E} T (’]Dk’ 0O° (Pk) ® E)kabasic
+ ol ¢ a pullback map

C* (g/be, sp (2n, k) ® gl (e, k), F) GR T (P, Q* (P)) @ E)Cebosic

Let the cochain a € H?(g/bk, L) be an arbitrary element in the kernel of v - ie: a €
ker (v). Then a is exact in the lower-left corner of eq 2.4. Let its image there be dp;.b.
That order k£ quantization extends to order ¢ quantization implies that the torsor P, exists,
which then implies that the lower Gelfand-Fuks map is compatible with the differential:
GF (0rib) = dar (GF (b)). Thus the Gelfand-Fuks image of d.;.b is in the zero cohomology
class in the lower-right corner of diagram eq 2.4 (on P;). However, ¢ is a quasi-isomorphism,
thus the Gelfand-Fuks image of a is also trivial in the cohomology class in the upper-right

corner (on Py). Since a was arbitrary, it must be true that the Gelfand-Fuks image of
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ker (v) is cohomologically trivial on Py. Theorem 1.1 proved that the obstruction class

ore o C € ker (v). This implies that GF (o4 o C) is trivial on Py.

Now the “converse” part of theorm 3.3 will be proven. Suppose that ¢ < 2k + 2 and
o o C has trivial Gelfand-Fuks image. Because ¢ < 2k + 2, the extension to order ¢ is
Abelian. Let L = b, /h,. The triviality of GF' (0 o C') by Proposition 2.7 of Bezrukavnikov
and Kaledin [4] is equivalent to the existence of a lift from torsor Py to torsor P,. The
existence of the transitive Harish-Chandra torsor P, would then imply the existence of a
flat connection V (curvature of V vanishes to power /) on the associated vector bundle of
truncated Weyl algebras tensored with E (the associated vector bundle of the torsor P,) via
a general construction presented in Bezrukavnikov and Kaledin [4]. Intuitively this can be
understood as follows: the existence of the transitive Harish-Chandra torsor P, enlarges the
Lie algebra acting on the associated vector bundle to include derivations that are isomorphic
to the tangent bundle of the base manifold (7'M in this case). This guarantees the existence
of a flat connection on that associated vector bundle. Then one could take the E} up to power
ki’ to be the flat sections of V (that is, sections in ker (V)). This defines the quantization to

order /. O

To illustrate the mechanism behind theorem 3.3 relating to the Gelfand-Fuks map, in Chap-
ter 4 the Fedosov connection approach is generalized to realize this class via an explicit
expression. The generalized Fedosov connection is treated in a manner analogous to the
method employed in Tsygan and Nest [11], wherein the quantization of complex manifolds
are studied. It is shown how Gelfand-Fuks classes may be obtained as Frolicher—Nijenhuis

brackets of the Fedosov connection forms.
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Chapter 4

Obstructions to Deformation

Quantization of Bundles

The existence of a flat (Fedosov) connection on the associated vector bundle implies the
existence of the quantization of that vector bundle, because the quantization can be taken
as the kernel of the Fedosov connection. By assumption, quantization exists and flatness
holds for V up to and including order ¥ (and also flatness holds to all order in A for V, via
the usual Fedosov construction). One wishes to extend the quantization to order i for some
¢ > k. Thus flatness must hold to order A*. The existence of quantization from order h**! to
order A would require that it is possible to extend the triviality of [V, V], from order i1

to order Af, for all degrees.
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4.1 Imposing Flatness of the Fedosov connection

The curvature of the connection has the following structure

V. V]py = [Idy @ Vi, Idy @ Vil py + da ® Vi, Vi @ Tdg] oy

[V ® Idg, Idy @ Vil py + [V @ Idg, Vi @ Idg) g

= ldy® [VE;VE]FN+ [VMva]FN(gIdE —I—Q[[dM@VE,VM@IdE}FN

(4.1)

The term [Idy @ Vi, Vi ® Idg)py does not identically vanish. That is, it is not trivial by
construction, nor by any axioms of the Frolicher-Nijenhuis bracket. It will turn out, however,
that via our construction and the choices one makes for adjustments to the connection the
vanishing of this term may be imposed. One will impose a flatness condition - that [V, V]
be trivial. To achieve this, one breaks [V, V], into pieces of differing holomorphiticity, and

impose that each should vanish separately.

[vl,o’ VLO]FN
(V. Vlew = | 2(V1, 9%y (42)
[vo,l7 VOJ]FN
[VLO; vl’O]FN = Tdy ® [V}ﬁoa V}E’O} vt [V}\Zov Vll\f]FN ® Idy
+2 [Idy @ Vi, Vi) @ 1dL]
V10, VO] = Idy ® [V, Ve oy + [Vl Var ] Id
’ FN MO |VESVE | py Mo Varlpy @1 (43)
+ [Idy ® V', VY @ Idg) . + [Ldy © Vi, Vi © Idg]
[VOL VO, = Idy @ [V, VE] oy + [Var Var ] oy ® Idg

+2 [Idy @ V', VY @ Idg] .y,
One does not require that [V, V], be identically zero - instead one demands it lie in the
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center of the Weyl algebra.

V,V]py = O0+¢+T1

= Idy ®(0)+ (Om + ¢om + 7v) @ Idg + 20 + 01t 402

0 = Oy @ Idg + 20 (4.4)
o) = dy @ Idg + vt
T = Ty @ Idp + V%2

with
Oy € Q20 (M,%C[[h]])

on € QVH(M,C[[A]]) (4.5)
™ € Q¥ (M,CIn])

Let it be assumed that the process of Tsygan and Nest [11], section 5.3 is applied to create
Vo from Vs, and thus one already has Ay j, Ba; chosen such that [V, Vilpy =
O + O + Tar where 0y + ¢pp + Tp are the (2,0), (1,1), (0,2) components of curvature of

their constructed connection V,; that lie in the center of the Lie algebra: One imposes

[Idy @ Vi, Idy @Vglpy = 0 (4.6)
similarly for the cross term
20 = 0
2 = 0
which is equivalent to
2[Idy ® Vi, Vi @ Idglpy = 0 (4.8)

To impose the desired flatness condition upon [V, V| is thus choosing Ag j, Bg; such that

42



the following is identically zero

0 (V10 V0], — 0 0
ViVliegn =1 ¢ | =] 2]V, V% ,n—0¢ | =] 0 (4.9)
T (VoL VOl — 7 0

This proceeds exactly analogously to the ordinary Fedosov construction. Eq 4.9 is further
broken into degrees. One then has an expression for each combination of holomorphicity and
degree that must separately vanish. One uses these expression to set the quantities Agj,
Bpg;, while the Ay, By j have already been determined prior. In each of these expressions,
one sets the Ag;, Bg; of greatest j value, which appear as a differentiated term. Thus, for
a given j, the Ap;, B ;i1 are found as functions of Ay, By, for all 4, and Ag,, Bgiy1 for
i < j. The cross term [Idy ® Vg, Vi ® Idg| -y is crucial to this process - only through it
does A_; occur in brackets with Ag;, Bg;. Since the bracket preserves degree, these terms
contain the Ag ;, Bg; - which appear inside of a differential - of greatest j in each expression.

To proceed further, one requires the definition of the differential in question.
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4.1.1 The differential

Consider the complex with the differential dp

T = @ UM, (Pox gl(e, Dn))/Go)
b, q
ptqg=m
_ _ ClDA_l X IdE
dp = @A, ®Idp+Idy®d+0®ldy =

Idy @0+ 0® Idg

dB S (L Tm+1
(4.10)

Impose [dg,dg|py = 0 (where [, ], is the Frolicher-Nijenhuis bracket)

Ay ® Idg, Ay ® Idg|py
[dp,dBlpy = 2[AL @ Idg, Idy ® 0+ 0 ® Idg) . (4.11)
[Idy ® 0+ 9 @ Idp, Idy ® 0+ ® Idg) .,

The (2,0), (1,1) and (0,2) components of [dp,dp|zy each vanish independently. The (2,0)
component of [dg,dp|py is [A-1 ® [dp, Ay @ Idg|py = _wa ® Idg. Although this is not
zero, it is in the center of the Lie algebra of g-valued forms, and thus vanishes in a bracket.
Furthermore, the Fedosov connection construction previously imposed

[A_l ®]dE,5®IdE] »y = 0 and [3®IdE,5®IdE}FN = 0. It would be natural to also
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assume []dM ® 0+, Idy ® 5} ey = 0. Thus one finds

[AL1 ®Idg, Aoy @ Idgl ey = Zw Idg
AL @Idp,0®1dp],,, = [Aa®Idgldy®d],, =0 (412)
[0®Idp,0® 1dg],., = [ldy®09,Idy®d|,, =0
[ldy ®0,0® Idg),, =0

It will turn out that in order for the construction of the flat connection to proceed at each
degree, the complex Q°* (M, (Py x gl(e,D,)) /Go) should be acyclic at that degree. It will
turn out that requiring this to be so will be equivalent (via the Gelfand-Fuks map) to the

obstruction class (including the new class of interest) being coboundaries.

It turns out that for each degree one finds

deg;_, ([V10, V1], = 0) 29,
Idy ® Apg, 1

deg; (2[VHO, VO], — ¢) = 2dp + A7 (4.13)
Idy ® Bgj 05
degj+1 ([VO,I’ VO’I]FN — 7—) Ajikl

where deg; () projects out the j-th degree part of its argument and deg (A§£1) =j5—-1,

deg (A}’l) =j,deg (A?fl) = j + 1. Note that

0
Virso ® Idg
A= VI + V2L Vi + Vo] +2dp [ -1 ¢ (4.14)
i

where the > j subscript means that only terms with degree > j are included. It is proven
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in Appendix B that A,, := AL is closed, ie:
A

2,0 0
Ay

0

dg | At | = (4.15)
0,2 0
A 0

4.1.2 Exactness of A

The method that will be used to prove the existence of Ag;, Bg; such that eq 4.9 holds will
depend on acyclicity of (T*, dg) in positive degrees. Here “degrees” refers to the m in T™,
not the degree of the Weyl algebra. This acyclicity allows one to infer that an expression is
exact due to it being closed. Intuitively, this is essentially solving a differential equation by

integrating out the derivative.

Theorem 4.1. The cohomology complex (Y*, dg) is acyclic in positive cohomological degrees.

Proof. Recall from eq 4.10 that dg consists of the (1,0) component adA_; ® Idg and the
(0,1) component Idy ® 0+ 0 ® Idg. The full complex is essentially a tensor product of a
Koszul complex and the Dolbeault complex. In what follows, the differentials are precisely
the Koszul and Dolbeault differentials. With dg broken into the holomorphic and anti-

holomorphic terms, the full complex becomes a bi-complex, and the proof is straightforward
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via a spectral sequence.

g . ; +7,q—r+1
d? : EP4 — pPrraTr
P,q o~ ) )
EPg, = 7P| Bra (4.16)
ZP1 = ker (d?9 : EP4 — pptra-rtl)
) N p—r,gt+r—1 | —r,q+r—1 ,
Br4 = TIm(d? : proratr=l —y pra)

The differential d?? has bi-degree (r,1 — r). Initialize the spectral sequence at the r = 0

page

Eg’q = QOpa (M, (’P() X g[(67Dn)) /GO)

do? = A @ ldp (4.17)

db9 QP (M, (Py x gl(e,Dy)) /Go) — QP4 (M, (Py x gl(e, D,,)) /Go)

db? = adA | @ Idg : QP9 — QP14 yields a Koszul complex. The Koszul differential is dual
to a homotopy map QPFh4 — QP¢ and thus the cohomology in positive degree is quasi-
isomorphic to degree zero cohomology group Weibel [13]. Thus one finds that for the r = 1

page E7? is trivial except for p = 0. Next, on the » = 1 page one has a Dolbeault resolution

Byt = (M, (P x gl (e, Dy)) /Go)

e = Idy ®9+ 0@ Idg (4.18)

di? QP (M, (Po x gl(e,Dy)) /Go) — QP4 (M, (Py x gl(e, D,)) /Go)

Thus for the r = 2 page EY? is trivial except for (p,q) = (0,0). Intuitively, this is ba-
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sically a anti-holomorphic version of the Poincare Lemma. Restrict further consideration
to r > 2, and suppose that E5? (p,q) # (0,0) is trivial. One finds that for (p,q) # (0,0)
ker (dP? : BP9 — EPTR4-THL) ig trivial, thus E7Y) is trivial. However, for (p, ¢) = (0,0), r > 0
Ertra=rtl g trivial, implying ker (d2? : EP? — pptma—rtly o pra Similarly, EP~70T71 ig
trivial, implying Im (d?2~"9*"~" : Ep=ratr=1 — Fra) s trivial. Thus one has

EPY = EPO V> 2

(4.19)

p,q o~ P4
Eoo - E2

Overall, it follows that the spectral sequence eq 4.16 degenerates beginning with the second

page. Note that

® B

P q (4.20)
p+g=m
has an isomorphic filtration to
H™ (1) (4.21)
yielding
HO (T*) o~ Eg{,}o
(4.22)
H™0 (1) = {0)
thus the cohomology complex (T*, dg) is acyclic in positive degrees. O
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4.1.3 Construction of the flatness adjustment of the Fedosov con-

nection

The cohomological acyclicity proven in Theorem 4.1 implies that A,, must be exact since it

is closed. Thus

2,0
A;,l — dg J (4.23)
A
0,2 J
Aj+1
Thus one has
degj—l ([V1’0> VLO]FN —0) 10
Idy ® AEj )\j’
deg, (2[V', VO] ,.v —¢) | =2ds +dp (4.24)
iy ] FN 0,1
0,1 70,1 Tdy ® Bpj A
deg; ., (VO VY oy = 7)
By choosing
S Y ) (4.25)
ldy @ Bpj 2\

the desired flatness condition is imposed at that degree. It is worth noting that for degree j
the closed condition of eq 4.15 depends on eq 4.13 vanishing for degrees less than j, as well as
the second Bianchi identity holding. While one does make use of the second Bianchi identity,
it is worth noting that the second Bianchi identity is a simple consequence of the axioms of

the Frolicher-Nijenhuis bracket. Thus, all one is doing is making use of those axioms.

4.1.4 A second Gelfand-Fuks map

Let

V = Idy ® dgp + dgp ® Idg + S
(4.26)

S=1dy®Sg+Suy®Idg
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be the connection of eq 3.19. The second Gelfand-Fuks map (not to be confused with the
first Gelfand-Fuks map, introduced in section 2.4) that will be employed is constructed from

the S

GF: (sz‘e (gf7 5p (277,,(:) X g[ (G,C) ; g[ (eaAn))7 dLie) - (Q. (M; End (E)) 7ddR>
GF(n) (X1, -+, X5) =n(5(Xa),---,5(Xj))

(4.27)

where

O (M; End (E))

(4.28)
= {5 € (Y (Py) ® g[(e,An))G0 ixp =ixds =0VX €sp(2n,C) x g[(e,(C)}

and the {Xj, -+, X;} are vector fields on Py. The GF of eq 4.27 can be used to map the

class C' of eq 3.12to de Rham cohomology on M, eq 4.28.

4.2 Putting it all together

To illustrate the mechanism behind theorem 1.1, it will now be shown there is an explicit
equivalency between the cohomology class containing A of eq 4.14, and the Gelfand-Fuks

image of the obstruction class of theorem 3.1 and eq 3.12.

Proposition 4.1. 71, (¢ (A)) is exact if and only if the obstruction class oy (GF o C) is

trivial.
Proof. The goal is to show that

— 2040 (GF 0 C) = my14 (C(A)) + (exact term) (4.29)
where ( is defined in eq 1.12. The GF of eq 4.27 can be used to map the class C' of eq 3.12
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to de Rham cohomology on M, eq 4.28. Thus

GF (C)(a,b) = C(S(a),S (b))

(4.30)

From eq 4.14 one can use eq 4.26 re-express A as a bracket of S and an exact term

00

A=1[5Slpn—| ¢ |+ (exact term)

T

As the Lie algebra value of 6>, ¢, 7 are in the center of gy, they are in ker (¢).

To facilitate the proof, break the connection form .S into pieces, according to the projection

operators @5 and &y
= PuSPy+ Py SOy + Py SPy

= Sun + Svu + Svy (4.31)

Oy SPy =0
Note that A is in the center of the Lie algebra, and S contains only non-negative powers of

h, thus (P SPy) (a) = 0 Va € g,. Additionally, the Lie bracket can not decrease the power

of h.
(GFoC)(a,b) = C(S(a),5(b) = @y [Suu(a), Sum (b)] (4.32)
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One has also
Oy [Suym + Svua + Svv s Sun + Sve + Svv]py (a,b) =

Oy, [SHH ) SHH]FN (a’7 b)
+2®y [Sgw » Sve + Svv]py (a,b)
+&y, [SVH ,Sviu + QSVV]FN (CL, b)

+(I)V [SVV ) SVV]FN (CL, b) + (exact term)

a,bEgg

By assumption, quantization exists up to and including order A*, thus flatness holds for V,
and also to all order in A for V,, (via the Fedosov construction). One wishes to extend
the quantization to order h! for some ¢ > k. Thus eq 4.9 holds to order A*. The existence
of quantization from order R**! to order A’ would require that it is possible to extend the

solution of

Idy @ Sy
2, MECE A =0 (4.33)

Idy ® Sy,

from order h**! to order Af, for all degrees. It is fruitful to imagine a basis for g/b, involving
h"xfy}’ with p, u, v € N and having degree 2p+ u+ v. Then, for powers or A from k+1 to ¢,
and iteratively for degree from —1 to oo one would require A to be exact up order A‘. This

in turn implies the existence of a solution to eq 4.33 at each degree which holds up to order

Rt

By assumption, it is already true that

Idy ® Sy
Oy | 2dp METE L LA =0 (4.34)

Idy @ Sps,
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Thus the goal is to show that

Ok (Py (St (a) 5 Sum (b)]) =

Ygs1,0 (C(Pv [Sum + Sve + Svv s Sum + Svi + Svvpy (a,b))) + (exact term)

(4.35)

where 7 € C (recall that in this treatment & ¢ C). Since the left-hand side of eq 4.35 is
independent of Sy and Sy, it must be shown that terms involving these components are

exact.

Thanks to the structural similarity in differentials presented in section 1.2, GF 0 dp;e = dp o
GF, where dy, is the differential on the complex formed from eq 4.28. Thus a straightforward

computation reveals that

W (a),U )]+ [U(a),W ()] =U ((61:cW) (a, b))
+ (0iU) (W (a),b) + (0L:U) (a, W (b)) — (OLie (UW))

(4.36)
(U W]y (a,b) = = (U (a) , W ()] = [W (a),U (b)] +
+ ((0r:U) (W (a) ;) + (61ieU) (@, W (b)) + (62:eW) (U (a) ,0) + (0rieW) (a, U (b))
— (OLie (UW)) (a,b) = (e (WU)) (a,b))
for arbitrary U, W € Q' (P, TP). Thus
(W (a),U )]+ [U(a), W ()] =U((d:W) (a,b)) + (exact term)
(4.37)

U, W]py (a,b) = —[U (a), W (b)] — [W (a),U (b)] + (exact term)

for U, W € {Suu, Svu, Svv}.
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In particular, note that if U ((61;.WW)) = 0, then [U, W], is exact. Thus, by eq 4.36

[SHH ,Sva + SVV]FN (a, b) = (exact term)

[Sva s Sve + 2Svv]py (a,b) = (exact term) (4.38)

(I)V [SHH ) SHH]FN (CL, b) = —2(I)V [SHH (CL) ,SHH (b)] + (exact term)

Hence

Oy [Sum + Svu + Svv s Sun + Sve + Svvlpy (a,b0) =
—2®y [Syu (a) 5 Spy (b)] (4.39)

+®y [Svy , Svv] ey (a,b) + (exact term)

To exhibit the oy ¢ on the right-hand side of eq 4.39 (and hence eliminate the ®y [Syv , Syv]py

term), consider the quantity

Dy Wy, Dy WD)y =
—2[Qy Wy, Py W] + (exact term) =
— Dy WPy ((01iePyWPy) (a,b)) + (exact term) =
Oy Wy ([(By W) (a), ] + [a, (By W) (b)] — By Wby [a,b] (a, b)) + (exact term) =

—@VW(I)H ([((I)qu)H) (CL) ,b] + [CL, (@VW(I)H) (b)]) + (exact term)
(4.40)

where W is an arbitrary Lie algebra-valued one form. The expression (®yW®y) (a) will
produce only terms of power of h greater than k. However, since the Lie bracket can not
reduce the power of h of a term, the output of the bracket will be terms that all have a
power of A greater than k. The &5 will kill all such terms. Thus

Sy ([(PyWDg) (a),b] + [a, (PyWPg) (b)]) = 0, leaving the result
[Py Wy, Py WPy| .y = (exact term) (4.41)
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Note that due to the &y in both arguments of the bracket of the left-hand side of eq 4.41,
the minimum power of 7 of the output of the bracket is 2k +2. Thus the End (F) component
of eq 4.41 is an arbitrary element of h?**2sl (e, A,) + h?**3gl (e, D,,). Since this is exact, it
may freely be added to eq 4.39 without changing its class. This has the effect of quotienting
by h?**2sl (e, A,) + h**3gl (e, D,,), yielding

Qv [Sum + Sva + Svv s Sun + Sva + Svv]py (a,b) =

(4.42)
—20'14374 (CI)V [SHH (a) ,SHH (b)] + (exact term))
Thus, one has at last
Tht1,0 (C(Py [S, S]py (a,0)) = =2 (GF o C) (a,b) + (exact term) (4.43)
Thus
Tit10 (C(A)) = =204 (GF o C) + (exact term) (4.44)
[

Eq 4.44 serves as an explicit illustration of the following: Suppose the vector bundle £ — M
has a quantization that extends from order k£ to order ¢ > k. This implies there exists a
Fedosov connection V of the form eq 3.19, which, by definition satisfies the flatness condition
of eq 4.9 up to order A’. This, in turn, implies exactness of the A via eq 4.24 up to order A’
for all degrees. If ¢ > 2k+2, and if there is a non-trivial trace contribution to o4, (C (a,b)) at
order A%**2 via eq 3.17, this would be mapped into Q® (M; End (E)) via the GF of eq 4.27,
implying the obstruction class is non-trivial at order A?**2 which in turn contraindicates
exactness of A, which contradicts the starting assumptions, since 2k +2 < £. Thus this class

indeed serves as an obstruction to order ¢ quantization extension.
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Appendix A

Explicit formulas for cocyles

A.1 Obstruction classes: Explicit Exhibition of the form

of O, © C

Appendix A serves as a detailed exposition of the calculations necessary to arrive at

eqs A9, A.10, A.11.

When writing explicit forms of elements of the Weyl algebra and their products it simplifies
expressions to choose an ordering convention of the conjugate variables. To that end, the
standardized ordering is defined such that y; is always written to the right of 2;. This ordering
will be denoted via {} 5y, which re-orders its contents according to this convention. As an

| cy B = B = 297, Let 2 h h d 2 h
example, ¢ x = x = . Let act to the right, an act to the
ple, { 1Y }RYO {yl 1}RYO 191 9z ght, oz,
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left. With this ordering convention, it can be shown that

LG
{/Yrvo{9trvo = {f exp (h 2. B axi) 9}
i=1 RYO

(A.1)
I 9 {f}RYO7 {g}RYO € Dy

We then have

{fYrvo: 19trvol = {(f eXp ( z:: F>) ) (g P (hzé %——B_j> f) }RYO
{f (exp (hz o Z) exp <th) Z;;;))Q}RYO
(A.2)

where we have used the fact that {fg — gf} 5, = 0. Constructing the matrix commutator

yields
[{A}RY07 {B}RYO] = {(A eXp (ha%a_%}) B) B <B exp (h?yg> A) }RYO (A.3)

where in the final line we have suppressed the matrix indices. In general, o440 C (a,b) will

have no powers of A less than or equal to k or greater than ¢

C:gr ANgr — b (k,0)

C(a,b) := Qv ([On (a), u (0)]) = [Pu (a), Pu (0)] = P ([a, b])

C (a,b) = {0} X meq10 ([mok (Ba) s mok (By)]
(A4)

— 3 [mok (Idefo) , mok (Ba)] + 7 [mok (Idefa) , Mok (By)])

a,b € g= Der(D,) x gl (D,)
= (% [fm_]v Ba) b= (7}, [fln_]a Bb)

wherer,,, () filters out all terms in the argument with a power of A different from m and

Tm.n () filters out all terms in the argument with a power of # less than m or greater than n

58



Thus
¢

k41,6 (Z n {QJ}RYO> = Z n {Qi}rvo

=k+1

To understand the Abelianization map oy first observe

b (K, 0),b(k,0)] ={0} x <h2k+25[(e,An) ® j]ff hjg[(e,An)> (A.5)

j=2k+3

which implies

j=k+1

{0}><<jﬁ€ hjg[(e,An)> if (<242

j=2k+1
{0}><< 11 hfg[(e,An)@h%“An]de) if  €>2k+2

j=k+1
* (A.6)
C (a,b) = myy1e (D (Ba, By) + D (By, 21d. f3) + D (L1d, fa, By)) (A7)

where

D(X,Y) = {(wo,k( ) exp (n il o awl) ok (Y))
(s 05 52 )],

T
The effect of taking the quotient of C' (a,b) with [h (k,£), b (k,¢)] depends on if ¢ < 2k + 2.

s

y; Ox;

E

Ny

If it is, the Lie Algebra b (k, ¢) is already Abelian, and hence there is no effect. However, if
¢ > 2k + 2 there is no effect on grades A* to h***! (these are already Abelian), eliminates
the traceless part of the 422 grade, and truncates all powers of & of 2k + 3 and above.
Thus the matrix A proportional to A2*72 may be replaced by a matrix proportional to the

identity matrix with the same trace: 1I.Tr(A). Again one takes ¢ = +Id. For a general
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oo
matrix B =) 1/ B, one has
j=0

( 3\
Th11,6 (B) vf (< 2k+2
O (Trr1,e (B)) = (A.8)
Tt 2kt (B) + 21T (g1 o642 (B))  if  €>2k+2
Vs
Thus
oo (C(a,0)) 2 C (a,b) / (R sl (e, A,) & B gl (e, A,) & -+ )
If ¢ <2k + 2 then
1 1
O'k,g (C (CL, b)) = 7Tk+1,4 (D (Ba, Bb) + ]D (Ba, ﬁldefb> —+ D (ﬁldefaa Bb>> (Ag)

If £ > 2k + 2 then

o1 (C (a,b)) =
Trsrokt1 (D (Ba, By) + D (B, L1d, fy) + D (11d, f, By)) (A.10)
— 211 Tr (mors2,0k42 (D (Ba, By) + D (By, 31de fy) + D (31de fa, By)))

The new contribution in the above is the

—ZITr(---) (A.11)
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Appendix B

Imposing Flatness on the Fedosov

Connection

Recall the structure defined for a Fedosov connection in subsection 3.3.3. the One begins

with:
V =1Idy ® Vg +Vy®Ildg (B.1)
with
Ve = Ve + V!
vy = Ve + Ago + A Ap :i A,
=
vl = d+ Bg Bg :i Bg;
=
Ag; € QW (M, (Pyx gl(e,Dy)) /Go) Vj>1
Bp; € QY (M, (Pyxgl(e,Dy))/Go) Vj>1 (B.2)
Vi = Vi + Vi
Vil = AL+ Vi + Ao+ Ay Ay :i Awmj
=
Vol = 8+ B By =3 Bu,

Jj=1
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where the M subscript indicates items defined in Tsygan and Nest [11]. A pair of integer
superscripts of the form p, ¢ on a operator or form indicates the component with holmor-
phicity p and anti-holomorphicity ¢q. An integer subscript is used to denote the component
of that particular degree. Thus AP:? would be the component of A with holmorphicity p,

anti-holomorphicity ¢ and degree m.

The curvature of the connection V is given by the Frolicher-Nijenhuis bracket of V with
itself Kolar et al. [7]. Expanding the expression for the curvature by substituting eq B.1

yields:

[V,V]py = [Hdy® Vg, Idy @ VEelpy + [Idy @ Ve, Vi ® Ide|py
+ [V @ Idg, Idy @ Vil py + [Var @ Idg, Vi @ Idg] oy (B.3)
= [dM® [VE,VE]FN+ [VM,VM]FN@)[dE

Note that the term

[IdM®VE,VM®IdE]FN

does not trivialy vanish. By “trivialy” in this case it is meant a-priori - via construction or
by an axiom of eq 1.4. It can be chosen to vanish by suitable choices of the adjustments to

the connection. This is a condition that will be imposed.

[vl,[)) VLO]FN

[V, V]py = | 2[V10, VOl (B.4)
FN
[vO,l7 VOJ]FN

Note that the holomorphicity components have been written seperately as rows in a column

vector, in the order of (2,0), (1,1) and (0,2) from top to bottom.
One assumes that the process of section 5.3 of Tsygan and Nest [11] is applied to Vs, and
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thus one has
Onr

[va vM]FN = ¢M

T™

Oy € Q20 (M, %(C [[h}])

o € QU (M, C ) (B.5)

™ € Q¥ (M, C[A])
where 0y, ¢ar, Tar are the (2,0), (1,1), (0,2) components of curvature of their constructed
connection Vj,,. This is imposed by making a suitable choices of connection adjustments
A, Byy. This is performed via an inductive process on the degree. Note that only #,, has

negative degree terms, and only of degree —2.

Analogously, in this computation the goal is to impose

Ve, Vielgy = 0 (B.6)

The cross term [Idy ® Vi, Vi ® Idg|ry will be represented by v. The vanishing of this
cross term will be imposed by making suitable choices in the connection adjustments Ag, Bg

such that v = 0.

2[Idy @ Vi,V @ Idglpy = v+ bt 4102

v20 € 020 (M, C [[R]]) (B.7)
v e QUL (M, C [[R]])
02 € Q02 (M, C [[1]])

Note that only ), has a negative degree term, and only —2. The desired flatness of V is
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equivalent to imposing

V,V]py = O0+o¢+T7
= Idy @ (0) 4+ (Oar + oar + 7ar) ® Idp + 20 + bt + 102
0 — Op © Idg + 10 (B.8)
¢ - ¢n @ Idp + !
T = v ® Idg + V9?2

Note that all odd degrees of 6, ¢, T vanish, since they take values in +C[[%]] or C[[A]], and

deg (h) = 2. It will be shown that this Fedosov construction is consistent with

20 = 0
pbl = 0 (B.9)
92 = 0

The terms [V}, V1] — 6, 2[VHO VO] — ¢ and [VO, VO] — 7 are the deviation of

the curvature from its desired value. The connection will be adjusted so that these deviations

vanish.
0 0 V10, V10— 6
P = pl’l = [V, V]FN - o) = 2 [vl’(); VO’I]FN -9 <B'10)
2 : VL,V ]y = 7

The imposition of flatness is equivalent to p = 0. That is, values for the adjustments Ag, Bg

will be chosen such that the connection V to yield p = 0. Since each degree must separately
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vanish, one divides eq B.10 by degree, yielding

2,0
Pm—1

Pm = P

0,2
pm+1

deg,, , (p*°)

- degy, (o)

dengrl (p0’2)

deg,, 4 ([Vm’ VLO]FN - 9)

(B.11)

= deg,, (2[V'?, VO] — ¢)
degm+1 ([Vo’la vo’1]FN —7)
2 [V Vi py + degns ([V20, V3] oy — 0)
= 2 (VI Vol oy 2 [V0, VR Ly + deg,, (2[V20, V2] Ly — 0)

2 [Vol, Vo] oy +degr ([VEL VS, — 7)

where the deg; () operator is defined to project out the degree j component of its argument.

The goal is to pick values for Ag,,, Bgms1 such that one achieves

deg,,_1 (p*°) 0
Pm = degm (le) = 0
deg, 1 (0"?) 0

One can define the differential dp analogously to the dj; utilized in Tsygan and Nest [11]
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(there appearing as d = adA_; + 0)

_ _ CLDA,1®IdE
dB = abA,1®[dE+IdM®8+8®IdE = _ _
Idy ®0+0® ldg
A% = TIdy ® 0

0 dy

dp =dp +
2! dyy + a2t

It must be true that [dp,dp],y = 0 and the resulting complex must be acyclic when our

class of interest is a coboundary. One needs

[A—1®]dE,A—1®]dE]FN %w@]dE
[dp,dBlpy = 2[A @ 1dp,Idy ® 0+ 0 ® 1dg) ., = 0
[1dy ® 0+ 0@ 1dp,Idy © 0+ 0 ® 1dg)| ., 0
(B.13)

The (2,0), (1,1), (0,2) components of [dg,dg],y must each achieve their required values
independently. It is shown in Tsygan and Nest [11] that [A_; ® Idp, 0 ® Idg] »n = 0 and
[3 ® Idg, 0 ® IdE} N = 0. An analogous calculation shows that [A,l R ldg, Idy ® 5} NS
0, [IdM ® 0+, Idy @ 5}FN =0 and []dM ® 04,0 ® ]dE}FN = (0. Thus we find

[AL1 ® Idg, Aoy @ Idglpy = Zw Idg
AL @Idp,0®1dp],,, = [Aa®IdgIldy®d],, =0 (B.14)
[0®Idg, 0@ 1dg],., = [lduy®09,Idy®3],, =0
[ldy ®0,0® Idg),, =0

It is shown in Tsygan and Nest [11] that [A_; ® [dg, A1 @ Idg|py = %iw ® Idp. Although

this is not zero, it is in the center of the algebra. As it will only appear inside another Lie
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algebra bracket, and thus where it appears it is effectively zero.

To proceed analogously to Tsygan and Nest [11], one must recast eq B.11 to form in which
the vanishing of p depends upon the exactness of a remainder term. One separates the
deviations of the connection curvature from the imposed values into a component that is

manifestly exact, and the remainder A

pf,;o_l deg,,_; (V' VY], —0)
Pm = oyt | = | deg, Q[VY, VO y —9)
pﬁ{il deg,, 11 ([vo, VO’I]FN —7)
1,0 «1,0
— degm,l ([VZO’ VEO} FN 9)
_ m 1,0 0,1
_ 2d 5 oo + | deg, (2[Vi0, VZi] .y — 0)
m—+1

deg,, 41 ([Vg’ V%HFN N T)

degmfl ([Vég’ Vlz’g} FN 0)

vl,o VI’O
Em Mm
— 2, +2dp + | deg,, (2[V), VE] 1y — 0)
V0,1 VO,l - =N
Em+1 Mm+1 0

deg,, 11 ([voz,}’ VéﬂFN o T)

Note that the holomorphicity components of p,, are of shifted degrees.

B.1 Existence of adjustment to connection forms that

impose flatness

By construction p,, =0 Vm < —2. For m = —1 one has
0_o
p—1 = 2dpdp — 0
70
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20 _ 11 _ 02 _
y =V =1, =0 and

With prescribed value of _5 = _T%w ® Idg one can pick 79 = v

achieve p_; = 0. Thus in what follows it will be assumed that m > 0.

For m =0
2,0
= Idy ® A
M EO
po=| pot | =2ds + Ao
Idy ® Bg
0,2
P1
0_1
Idy @ Vg + Vi @ Idg + Apo ® Idg
Ao = 2dB - (b()
By ® Idg
1
0
Idy @ Viwrp +Vwn @ Idg + Ayo ® Idg
= 2dp - ®o
By ® Idg
0

Clearly dgAy = 0 and thus Ay is closed in the complex of eq 4.10. Since A is in the second

cohomology group, by theorem 4.1 it is exact. Thus

Idy @ N
No=dg| "
Idy @ M
One may then choose
Apo 1 A"
B 2\

which then achieves py = 0.
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For m > 1

degmfl ([Végv vlég} FN 0)

AEm VJl\}lofrn 1,0 0,1
pm = 2dp + 2dp o + | deg, (2 [Vz’oﬁ vél}FN - ¢)
BEm+1 VMerl 0,1 0,1
deg,, 41 ([Vz’p Vél]FN - T)
Agm
BEm+1
A Lo deg,,_; ([Vo, V;g]FN —9)
Mm
A, = A}ﬁl = 2dp - + deg,, (2 [Vég, V%ﬂp]\r o ¢)
M m+1
A " deg,i1 ([V21, V3] gy = 7)

Where VIZ’? is defined to be the projection of V¥ to degrees > j. Thus V;g and V%} contain

no components of dg.

Note that the holomorphicity components of A,, are of shifted degrees:
A0 = (deg,,_4 (Am))2’0 has degree m — 1, AL = (deg,, (A,,))"" has degree m and A22 | =
(degm I (Am))o’2 has degree m + 1. Thus the subscript of p and A is a label of degree rather

that a numerical index. To proceed as above one must prove A,, is closed. This is achieved

by showing that dgA,, = 0. It will turn out that dgA,, = 0 will require p; = 0 Vj < m.
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Thus one must proceed inductively. Assume now that indeed p; =0 Vj < m, then

dBAm =

deg,, 4 ([Véga vlég} FN)
dp 2deg,, ([Vlzga V%ﬂ FN)
deg,, ([V%, v;ﬂFN)

(

[Vl_’(l), deg,, 1 [Véga VIZ’S} FN)] FN

2 [vi(l)a deg,, ([Vlz’g, VgﬂFNﬂFN + [v8’17 deg,,,_, ([Vég’ V;O

,0} FN)] FN

[Vl_’?,degmﬂ ([Vg, V;HFN)]FN +2 [ngla deg,, ([Vég’ VQHFN)]FN

Vo' degyin ([V21 V2] o)y

I

=0
" 1010 1ol0 w0
2% [V 9 el
m—1
01 1,0 w1,0
" j=0 [VO ’[Vj ’vmflfj}FN}FN
T o10 fo01 w0l
bl R R P
m—1
0,1 1,0 0,1
2 JZ:(] [VO ’[vj ’vm_j]FN]FN
ML 01 feo0l w01
j;O [VO’ ’ {ijrl’V”;—j}FN] FN
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m—1
B =0 [VLO [Vl_’[l)’vm 1FN:|FN

m—1—j

2y [[Vi?,v}’o} A v j] 2y [V VALV

+
3
L

|

[[V%l; vl,O} 7 VI,O

J m—l—j]FN

1,0 0,1 1,0
v]‘ ) [VO 7vm—1—j}FN] N

m—1 m—1
z:: [[vlj(l)’ V?il]FN ’ v%ﬁ} FN 2. [VJ+1’ [vl (1)’ V }FN} FN
1 _

Jj=0 J=0
m— m—1
0,1 —1,0 0,1 1,0 0,1 0,1
- ];) “VO Vi ]FN’vm*J}FN_2 =0 [Vj Vo ’Vm*j}FN}FN
ml 0,1 —0,1 0,1 =l o 0,1 —0,1
j;) [[VO’ ’vjiﬁ-l]FN’vm—J}FN o = |:V]+1’ [VO’ 'V }FNi| PN
ml 1,0 —1,0 1,0
2 J;) “ 417vj’ ]FN’vm—l—J} PN
m—1 m—1
1,0 «—1,0 0,1 1,0 0,1 1,0
D) [PV ) Vol 42 > [ e
m—1
0,1 —1,0 1,0
#2 5 (19 9) 9
=! 0 0,1 0,1
2 ];O |:|:V ’17vji|-1}FN>vm—]j|FN
m—1
9 [ v 1,V1»’0 vl ] 9 [ vol yo! V1,0:|
+ = [ 0 J]FN’ m=j| g + Z [ 0 > m—J}FN’ I pN
ml 0,1 0,1 0,1
2% (V6 V3l o Vi)
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e 1,0 —1,0 1,0
jZ::() [2 [V—17 vj :|FN Y vm—l—]] FN
! 1,0 —l,0 0,1
= [2 [v_l’vj’ }FN’ m_]}FN
m—1 m—1
1,0 w0,1 1,0 0,1 1,0 1,0
+ ];0 [2 [Vfl’vj-l—l}pj\/’vm—l—j] en T ];) 2 (Ve Vit Vil ey
m—1 m—1
1,0 0,1 0,1 0,1 1,0 0,1
jz:% [2 [V—l’ ijrl}FN’Vm*j] FN+ JZ::O [2 [VO ’vj }FN’Vm*]'] PN
m—1
0,1 0,1 1,0
+2 j;o [[VO ’Vm*j}FN’VJ' ]FN
el 0,1 0,1 0,1
[2 [VO’ ’vjli-l] FN’ Vw’l—j} N

However, by assumption p; = 0 Vi < m which implies

2 [Vl—’(l)a ViLO] py Tdegi ([Vlz’g, Vég}FN - 9) =0
2[VEL Vit oy + 2 [Vo ' Vi) oy + deg; (2 [V, V2] oy — 0) =0

2 [ngl, ngrlJFN + deg; ., ([V%i V%HFN ~7) =0
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—1

- [degj—l ([V128> Vlzg} FN 9) 7Vvlv%0—1—j]FN

3

=0
S 1,0 L0 0.1
= X [deg,o1 (V5,95 py = 0) Vi
m—1
-5 [deg; (2 [V, V] —0) . Vili ] 0
dBAm - |
m—1
= X [deg; (2[VE5, V2] oy = 9). Vil ]y
m—1
- J;J [degj ([V%i’ V;HFN —7) ’v}ﬁofl*j]FN
m—1 0.1 0.1 o
= 2 [degz ([V21, vzl]FN - ) ’Vm—J}FN

- [deg; ([V;(O)v Vég} FN) , V?ﬁlﬁ'} FN

m—1
25 [aes, (950,92 1) V220

J=0

—2 Z [degj ([V;g, V%HFN) ’V(T]V’ll—j}FN

7=0
m—1
- JZZ:O [deg; 1 ([V21, V2] o) Vi 1]

-1
— [degj—i-l ([V%i’ V%ﬂ FN) ' Vg’;l—j} FN

3

73




ez (195,950, - V48] )

-9 degm <HV1>’87 VOJ] PN V%ﬂ FN)
~deg, ([[V2 V2] V48] 1)

—deg,, 1 (vaa V;ﬂ FN’ VOEH FN)

—deg,, - ([[Vig, V>0]FN ) V;g} FN)

_ degm+1 (HV;}, V%HFN ’ V%ﬂ FN)

Recall from eq 1.4 that for K, L arbitrary vector-valued 1 forms one has

[Ka [K7 K]FN]FN

1K, Klpx - Ly = —2[[K, L py , K]

FN FN
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Thus one finds

dgA,, =

0

Thus A,, is a closed vector-valued 2 form. By theorem 4.1 A,, is exact. Thus

Idy @ A0
Am = dB v
iy © 2%,
One may then choose
AEm 1 )\71710
= —5 7
Bgm Agfﬂ

which then achieves p,,, = 0. Since all relevant values of m have been checked, [V, V], =
0 + ¢ + 7 and hence the connection V is flat. One is free to choose a vanishing cross-term:

v = 0. Note also that no further restrictions were placed on 6 and ¢.

B.2 Constructing the Gelfand-Fuks class

The goal is to rewrite A, to look more like GF o C'(+,-). One wishes to show that the
difference between the two is exact. If one have a quantization in g, then pp = 0 to all
degrees, but only up to a maximum power of i of A*. In extending the quantization, one
does not impose pg = 0 to higher degrees, but rather to higher power of A in each and every

degree up to oco.
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Rewrite the connection in the form

V =1Idy ®@dir + dag @ Idg + S

(B.16)
S=1dy®Sg+Su®Idg
be the connection of eq 3.19. Then
Sp = Apot > Apit+ ) Bgi
i=0 i=1
Su = A1+ Aot > Amit Y Bu
i=0 i=1
(B.17)
AEO - ”vWE . d}jy]{%”
AMO ="Vup — d;ﬁ”
The Gelfand Fuks map one will employ is constructed from the S
GF : (C},. (9e, sp (2n, k) x gl(e,k); End(E)), dpi.) = (2° (M; End(E), V)) (B.18)

GF(U)(XM 7X]> :n(S(Xl)a 7S<XJ))

where

OV (M; End (F)) {B € (9 (Pp) ® End (E))™°| ix8 =0 VX € sp (2n, k) x gl (e, /{)}

(B.19)
and the {X,---, X} are vector fields on Pg. The GF' of eq B.18 can be used to map the

class C of eq A.9 to de Rham cohomology on M, eq B.19.

Thus

GF (C)(a,b) = C (S (a), S (b)) (B.20)
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(1S (B exp (5SS 22 ) S (Ba) — S (B exp (13 22 ) LSw ()
7\ LeSm (fo) exp P £ (Ba & (Ba) exp 2 By o, eSm (fo
| LG 5
+f_i IeSM(fa)eXp hza_%a_m SE(Bb)—SE(Bb)GXp hz 8_‘1/28_:1:1 IeSM(fa)
1=1 i=1 [0}
(B21)
Alternatively
C(a, b) = (I)V [(I)HCL, (I)Hb]
= [CIDHa, CI)Hb] —CI)H [CI)HCL, CI)Hb]
C(S(a),S(b) =  Qv[PuS(a), PusS (b)]
and

7Tk;+17g (B) 'lf g < 2k + 2
Ok+1,0 (7Tk+1,€ (B)) = <

Trt1,2k+1 (B) + %IeTr (Tht1,2k42 (B)) if (> 2k +2

\ 7

(B.22)
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Note also that

[V7 v]FN =

Virso ® Idg + Idy @ V3’
2d
V?&1>1 ® -[dE + ]dM ® v%‘1>1
+ (Ve 0+v>1,v13+v

2dp
S%N ® ldg + Idy ® SJOE1>1
Vi, @ Idg + Idy @ Vi
vadg | MR R

0
+[Vio + VI, Vi + VY]

p (B.23)

[Va v]FN - ¢

T

Sirso ® Idg + Idy @ S’

2dp
SS, @ Idg + Idy ® SgL,
Vi @ Idg + Idy @ V32
+2dB WM E WE
0
f=0
+ [V + VEL Ve + Vil — | ¢
.
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Idy @ SLO VY @ Idg + Idy @ Vil
—  2dp MEPE | fogqy | MzOTITETITME Y WE

Idy ® SYL, Syis1 ® Idg
+ [Tdy @ dyg + dypy @ Idg + S, Idy @ djp + dyp @ Idp + 5] .
00
i
~

Idy @ SH°
- 2dp MEPE L A

Idy @ Sps,

VY @ Idg + Idy @ Vi
A= 2d M>0 E M WE

Shis1 @ Idg

+ [Ldy @ dgp + dypy ® Idp + S, Idy ® dgp + dyp @ Idp + 5] .

920
- ¢
-
920
= (S, S]pn — ¢ | + (exact term)
T
The goal is to show that
Ok (410 (GF 0 C)) =15, S py + (exact term) (B.24)

for some v € k.

To facilitate this proof, break the connection form .S into pieces, according to the projection
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operators @y and Py

Der_,(Dn 1 (Dn hEt1gl,. (D, hetlgl, (Dy
Dy ( Dero?g)n))> X (hkﬁlg(zr(%m & h“lﬁzr((m))) — {0} x <{O} D h”lgzr((m)))
{>k

S = (O + Py) S (Py + Py)
= Sun + Svu + Svv (B.26)

Oy SPy =0
Note that A is in the center of the Lie algebra, and S contains only non-negative powers of

h, thus (P SPy) (a) = 0 Va € g. Additionally, the Lie bracket can not decrease the power
of h.

(GFoC)(a,b) = C(S(a),S(b) = ®v[Suu(a), Suu ()] (B.27)

Let one assume that quantization exists up to and including order #* for V, and quantization
exists to all order in A for V,; (via the Fedosov construction). One wishes to extend the
quantization to order A’ for some ¢ > k. Thus by assumption p = 0 to order A*. The
existence of quantization from order A**! to order A’ would require that it is possible to

extend the solution of

Idy ® Sy’
p=2dp METE L A=0 (B.28)

Idy @ Sy,

from order A**! to order Rf, for all degrees. By assumption, it is already true that

Idy @ Sg°

Idy @ Sy,
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Thus the goal is to show that

Okt (CI)V [SHH (a) s SHH (b)]) =

YDy [SHH + Svu+ Svv s Suu + Svu + SVV]FN (CL, b) + (exact term)

Oy [Suw + Sva + Svv, San + Sve + Svv]py (@, 0) =
Dy, [SHH ’ SHH]FN (CL, b)

+2Py, [SHH s Svi + SVV]FN (a, b)

(B.30)

+®y [SVH ) SVH + 2SVV]FN (CL, b)

—{—(I)V [SVV ’ SVV]FN (a, b) + (exact term)

YER

(recall that i ¢ k). Since the LHS of eq B.30 is independent of Sy and Syy, one must

show that terms involving these components are exact.

From appendix C, eq C.5 one has

U,W € Q' (M, (P x gl(e,Dy)) /G)

(W (a),U )]+ U (a), W ()] = U ((6r:eW) (a,b)) + (exact term) (B.31)

U W]py (a,b) = —=1[U (a), W (b)] — [W (a),U (b)] + (exact term)
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In particular, note that if U ((61;.WW)) = 0, then [U, W], is exact. Thus, by eq B.31

[SHH ,Sva + SVV]FN (a, b) = (exact term)

[Sve s Sve + 2Svv]py (a,b) = (exact term) (B.32)

(I)V [SHH ) SHH]FN (CL, b) = —2(1)‘/ [SHH (&) aSHH (b)] + (exact term)

Thus
Oy [Sum + Sva + Svv s Sun + Sva + Svvlpy (a,b) =

—2®y [y (a) » Sy (b)] (B.33)

+<I)V [SVV ) SVV}FN (CL, b) + (exact term)

To exhibit the o4, on the RHS of eq B.33 (and hence eliminate the ®y [Syy , Syv|py term),

consider the quantity

[ Dy WOy, Dy Wy ny
= —2[®y WDy , Py WPy] + (exact term)
= — Dy WPy ((01iePyWPg) (a,b)) + (exact term)
= —PyWoy ([(PyWPy) (a),b] + [a, (PyWDy) (b)] — Py WPy [a,b] (a,b)) + (exact term)

= _CI)VWq)H ([(@VWCI)H) (a) s b] + [CL, (@VW@)H) (b)]) + (exact term)
(B.34)

where W is an arbitrary Lie algebra-valued one form. The expression (®yW®py) (a) will
produce only terms of power of h greater than k. However, since the Lie bracket can not
reduce the power of h of a term, the output of the bracket will be terms that all have a
power of h greater than k. The &y will kill all such terms. Thus
Oy ([(PyWPg) (a),b] + [a, (PyWdg) (b)]) = 0, leaving the result

[ Dy Wy, Oy WPy| .y = (exact term) (B.35)
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Note that due to the ®y in both arguments of the bracket of the LHS of eq B.35, the
minimum power of i of the output of the bracket is 2k + 2. Thus the End (E) component
of eq B.35 is an arbitrary element of h?**2sl (e, A, ) + h?**3gl (e, D,,). Since this is exact, it
may freely be added to eq B.33 without changing its class. This has the effect of quotienting

by h?*2sl (e, A,) + h*3gl (e, D,,), yielding

Oy [Suw + Sva + Svv s San + Sve + Svv|py (@, b)

(B.36)

= —20‘k7g (CI)V [SHH (a) 9 SHH (b)] + (exact term))
Thus, one has at last

Oy [Suw + Sve + Svv s Sun + Sve + Svv]py (a,b) (B.37)

= —2(GF o () (a,b) + (exact term)
or
920
A= 20, (GFoC)—| ¢ |+ (exact term) (B.38)
T
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Appendix C

Proof that Certain Expressions are

Exact

In this appendix it will be proven that certain expressions involving vector-valued forms
are exact with respect to dr,. of eq 1.2. Consider the general structure of the FN and Lie

brackets:

U,W € QL (M, (Py x gl(e, D)) /Go) (C.1)
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(0rieW) (a,b) = (W (a), 0] + [a, W (b)] = W ([a, b])

(Orie (UW)) (a,0) = [UW(a),0] + [a, UW (b)] = UW ([a, b])
U ((0r:eW)) (a,b) = U ((6£:W) (a, b)) (©2)
= U(W(a),b] +[a, W (b)]) = UW ([a, b])
(0r:U) (@, W (b)) = [U(a), W (b)] + [a, UW (b)] = U ([a, W (b)])
(Or:U) (Wa),0) = [UW (a),b] +[W (a), U (b)] = U([W (a) b))
where [—, —] is the Lie Algebra bracket. Combining these one finds
(0LieU) (W (a) ,b) + (0L:U) (@, W (b)) = (dLie (UW)) (@, b) + U ((0L:cW)) (a,b)
= [UW (a),b] + W (a) , U (0)] = U ([W (a),0]) +[U (a), W (b)]
+a, UW (0)] = U ([a, W (0)]) = [UW (a) , 0] — [a, UW (D)]
+UW ([a,b]) + U (W (a),b] + [a, W (b)]) = UW ([a, b))
(C.3)

= [UW (a) b +[W (a) U (0)] = U([W (a),0]) +[U (a) , W ()]
+ — U ([a, W (b)) — [UW (a) ,b] —
+UW ([a.b]) + U (W (a) ,b] + [a, W (b)]) — UWV ([a, }])

= (W a), U (b)] +[U(a), W (b)]
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[U, W]y (a,0) = ((0LieU) (W (a) ,0) + (3L:U) (@, W (D)) + (3:W) (U (a) , b)
+ (0ieW) (a,U (b)) — (Oric (UW)) (a,b) = (dric (WU)) (a, b))

= U (a), W (b)] + [W (a) .U (b)] + (UW + WU [a, ]
—U (W (a),b] + [a, W (0)]) = W([U (a) b

—[UW (a) ,b] — [W (), U (b

— (U (a), W (b)] — [a, UW (b

—[WU(a),b] = [U(a), W(

(0)] = [a, WU (

—[Wi(a),U
), 0] + la, UW (b)] = UW ([a, 0]

[UW (a
+ [WU (a),b] + [a, WU (b)] — WU ([a, b]) (C.4)
= U (a) , W )]+ [W (a),U (b)] + (UW + WU) |a, b

[U (a), 0] + [a, U (b)])
U ([W (a),b])
U ([a, W (D)])
W([U (a),0])
V (la, U (0)])
+[UW (a),b] + [a, UW (b)] = UW ([a, b])+
(

—U([W(a), 0] + [a, W (0)]) = W' (
—[UW (), 0] = [W(a),U (b)] +
=[U(a), W (b)] = [a, UW ()] +
- —[U(a), W (b)]
—[Wia),U(b)] -

U
+ U (a
U

+ — WU ([a,b])

= —[U(a), W(0)] = [W(a),U (b)]

Thus it is true that

W (@), U ()] + [U (a), W (0)] = U ((61:6W) (a, b)) + (exact term)
U, W]y (@,b) = — [U (@), W (b)] — [W (a), U (b)] + (exact term)
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