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Departmen t  o f  PsychologN ,  Ihuvcisii y  o f  California ,  Lo s Angele s 

Lo s Angeles ,  C A 9009 5 

Philip J. Kellman (Kellman(<i)cognet.ucla.edu) 

Departmen t  o f  Psychology ,  Universit y o f  California ,  Lo s Angele s 
Lo s Angeles ,  C A 9009 5 

Abstrac t 

mportant component of expertise is the rapid pickup 
)mplex .  task-relevan t  patter n structure ,  ye t  suc h skill s 
;eldo m traine d explicitly .  W e repor t  initia l  result s 
yin g principle s o f  perceptua l  learnin g t o th e 
essin g o f  structur e i n mathematics ,  specificall y th e 
lectio n betwee n graphe d function s an d thei r  symboli c 
essions .  Subject s i n tw o experiment s viewe d graph s 
inction s an d mad e a  speeded ,  force d choic e matc h fro m 
ra l  equations .  Trainin g consiste d o f  man y shor t  trial s 
li s  activ e classificatio n tas k involvin g example s o f  a 
tio n (e.g. ,  sine )  subjecte d t o variou s transformation s 
.  scaling ,  shifting ,  reflection) .  Experimen t  1  use d 
rastiv e feedbac k — th e grap h fo r  a  tria l  wa s show n 
:rimpose d o n th e canonica l  functio n t o accentuat e 
jformations .  Subject s showe d substantia l  performanc e 
s fro m 4 5 minute s o f  trainin g an d transferre d t o ne w 
inces ,  ne w functio n familie s an d a  ne w task .  I n 
erimen t  2 ,  wit h contrastiv e feedbac k removed ,  subject s 
ved n o transfe r  t o ne w functions .  Th e result s indicat e 

valu e o f  perceptua l  trainin g i n producin g 
lematica l  expertis e an d th e valu e o f  contrastiv e 
bac k i n particular . 

at does it mean to attain mathematical expertise? 
ctio n mos t  ofte n emphasize s declarativ e knowledg e -
in d concepts .  A  studen t  m a y learn ,  fo r  example ,  tha t 
inctio n y  =  Si n x  ca n b e generate d b y a  certai n 
•actio n involvin g a  triangle .  Havin g learne d abou t  th e 
linction ,  th e studen t  m a y b e abl e t o answe r  certai n 
I  question s an d wor k ou t  problem s o n a  test . 
r e i s mor e t o expertise ,  however ,  tha n facts ,  concept s 
iferences .  Suppos e w e as k th e studen t  w h o i s familia r 
/  =  Si n x  wha t  th e grap h o f  y  =  Si n (x-2 )  woul d loo k 
Chance s ar e th e studen t  wil l  no t  k n o w immediately . 

i g th e answe r  m a y b e a n inferenc e proces s requirin g 
il  steps :  W e ca n substitut e 2  fo r  x  t o fin d tha t  th e 
on n o w crosse s th e x  axi s a t  (2,0 )  instea d o f  (0,0) .  I f 
lec k a  fe w mor e points ,  perhap s th e answe r  woul d 
l e clear . 
N woul d a n exper t  respon d t o thi s query ? A t  a  glance , 
ntuitiv e tha t  th e "-2 "  i n th e functio n y  =  Si n (x-2 ) 
th e whol e functio n rightwar d o n th e x  axi s b y tw o 

I f  i t  wer e y  =  Si n (x+2) ,  th e shif t  woul d b e t o th e 
Likewise ,  y  =  3  Si n x  amplifie s th e functio n alon g th e 
;;  y  =  Si n (4x )  compresse s alon g th e x ;  an d y  =  2-Si n 

X cause s a  reflectio n aroun d th e x  axi s an d shift s th e whol e 
functio n upwar d b y tw o units .  Th e exper t  detect s a t  a 
glanc e th e structura l  relationship s i n eac h equatio n an d 
intuitivel y know s thei r  meanin g i n th e spatia l  representatio n 
(th e grap h i n Cartesia n coordinates) . 

Thi s kin d o f  expertis e i s important ,  an d i n s o m e tasks , 
decisive .  T o b e abl e t o loo k a t  a  plo t  o f  dat a an d recogniz e 
h o w i t  coul d b e approximate d b y a n equation ,  o r  t o 
visualiz e th e consequence s o f  change s i n a n equatio n fo r  th e 
shap e o f  th e function ,  woul d see m t o b e basi c t o th e us e o f 
mathematic s i n science .  Th e studen t  w h o ca n wor k ou t 
thes e connection s throug h factua l  knowledg e an d reasonin g 
lag s behin d on e w h o intuit s th e relevan t  pattern s a t  a  glance . 
Th e scientist' s  abilit y t o extrac t  relevan t  structure s i n bot h 
equation s an d graph s allow s he r  attentio n an d effor t  t o b e 
allocate d t o th e scientifi c  proble m a t  han d -  withou t  havin g 
t o paus e t o wor k throug h wha t  e' ^  look s like .  Thes e 
aspect s o f  skille d performanc e ar e ou r  concer n i n thi s paper . 

H o w thes e skill s  arise ,  i n mathematic s o r  i n othe r 
domains ,  m a y appea r  mysterious .  I n th e example s o f  sin e 
function s above ,  w e coul d specificall y stat e t o th e student , 
i n a  lectur e o r  text ,  al l  o f  th e transformation s mentioned . 
We migh t  fin d tha t  eve n afte r  th e studen t  learne d t o stat e th e 
facts ,  classificatio n o f  n e w example s woul d b e slo w an d 
arduous .  Attainin g th e fluen t  patter n classificatio n skill s o f 
th e exper t  m a y no t  c o m e fro m thi s kin d o f  instruction .  W e 
woul d sa y tha t  th e student s "nee d experience "  an d tha t  the y 
wil l  attai n greate r  fluenc y wit h time .  Th e sam e i s sai d t o 
beginnin g radiologists ,  instrumen t  pilots ,  accountant s an d 
novice s i n othe r  domain s abou t  th e structure s an d pattern s 
the y wor k with . 

Th e passag e o f  tim e i s no t  ver y satisfactor y a s a n 
explanator y notion .  A  specifi c  hypothesi s abou t  th e 
developmen t  o f  suc h skill s i s  tha t  the y involv e perceptua l 
learnin g (Gibson ,  1969) .  Broadly ,  perceptua l  learnin g i s 
define d a s "a n increas e i n th e abilit y t o extrac t  informatio n 
fro m th e environment ,  a s a  resul t  o f  experienc e an d practic e 
wit h stimulatio n comin g fro m i f  (Gibson ,  1969) . 
Perceptua l  learnin g i s a  cornerston e o f  advance d h u m a n 
performance .  I n som e domains ,  i t  lead s t o competenc e tha t 
appear s nearl y magical .  Th e magi c come s fro m processe s 
tha t  allo w fo r  continuin g improvemen t  i n th e extractio n o f 
patter n structur e wit h practice .  Fo r  example ,  i n 1996 ,  Garr y 
Kasparov ,  th e worl d champio n ches s player ,  defeate d Dee p 
Blue ,  a  chess-playin g compute r  tha t  examine d 12 5 millio n 
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possibl e nu n e s pe r  second .  I n I W 7 ,  Kasparo v los t  a  clos e 
matc h t o a n improve d Dee p Blu e tha t  examine d 
approximatel y 25 0 millio n move s pe r  second .  H o w ca n a 
human,  w h o examine s a  smalle r  numbe r  o f  possibl e move s 
on eac h tur n (abou t  4 )  eve n begi n t o compet e wit h a 
machin e tha t  compute s al l  th e possibilitie s fo r  exactl y wha t 
th e boar d wil l  loo k lik e m a n \  move s later" ^  Th e grandmaste r 
has develope d patter n picku p skills ,  specificall y relevan t  t o 
th e gam e o f  ches s (Chas e &  Simon ,  1973) .  Thes e allo w 
etTicien t  processin g o f  th e boar d structure s tha t  wil l  b e 
relevan t  t o th e outcom e o f  th e game .  M u c h o f  thi s 
knowledg e i s no t  accessibl e t o th e player .  I f  i t  coul d b e 
clearl y articulated ,  th e grandmaster' s strateg y coul d b e 
implemente d i n a  compute r  chess-playin g program , 
allowin g computer s tha t  loo k a t  mer e thousand s o r  eve n 
hundred s o f  move s t o defea t  th e bes t  humans . 

We d o no t  >  e t  hav e goo d proces s model s o f  perceptua l 
learning .  Evidenc e indicates ,  however ,  tha t  th e performanc e 
of  certai n act s o f  informatio n processing ,  no t  th e passag e o f 
time ,  lea d t o advance s i n perceptua l  learnin g (Gibson ,  1969 ; 
Hock ,  1987 :  K a m i  &  Sagi ,  1993 ;  Kellma n &  Kaiser ,  1994 ; 
Lewicki ,  1992 :  Pic k 1965 ;  fo r  a  revie w se e Goldstone , 
1998) .  Impressiv e change s i n detectio n an d patter n 
classificatio n hav e ofte n bee n obtained ,  eve n usin g relativel y 
brie f  trainin g procedure s i n laborator y experiments .  Suc h 
experiment s she d ligh t  o n th e condition s tha t  lea d t o 
perceptua l  learning ,  an d the y rais e th e possibilit y  o f 
s\stematizin g procedure s tha t  migh t  accelerat e th e 
developmen t  o f  patter n extractio n skill s  i n educationa l  an d 
trainin g settings .  I n short ,  eve n whil e w e lac k complet e 
proces s models ,  w e k n o w quit e a  bi t  an d ca n lear n mor e 
abou t  ho w t o produc e perceptua l  learning .  Exper t  patter n 
processin g skill s  represen t  a  componen t  o f  expertis e tha t 
differ s fro m declarativ e knowledg e an d mus t  b e traine d 
differentK .  I n th e presen t  research ,  w e see k t o appl y 
perceptua l  learnin g principle s t o mathematic s an d 
investigat e h o w the y ca n b e optimized . 

What  ar e th e ingredient s fo r  obtainin g perceptua l 
learning ? Ou r  answe r  i s tentative ,  bu t  a  numbe r  o f  idea s 
hav e receive d support .  I n th e firs t  place ,  informatio n 
picku p i s a  skil l  tha t  i s  no t  muc h exercise d b y hearin g a 
recitatio n o f  facts .  Trainin g usin g man y shor t  trial s 
requirin g a  speede d respons e m a y optimiz e perceptua l 
learning .  I n thes e trials ,  th e learne r  mus t  b e expose d t o a 
rang e o f  variatio n i n a  stimulu s se t  tha t  contain s th e 
invariant s tha t  suppor t  som e discriminatio n o r  classificatio n 
(Gibson ,  1969) .  Ofte n i t  i s  suggeste d tha t  th e learne r  mus t 
be activel y involve d i n a  classificatio n task ,  i.e. ,  mus t 
atten d an d respon d o n a  numbe r  o f  trials .  Wher e discover y 
of  difference s i s primary ,  suc h trial s m a y allo w learnin g 
withou t  feedbac k (Gibson ,  1969) ,  wherea s fo r  othe r 
classification s feedbac k m a y b e crucial . 

The Algebra - Geometry Connection 

I n th e presen t  research ,  w e develope d a  perceptua l  learnin g 
modul e ( P L M )  t o advanc e subjects '  abilitie s t o relat e graph s 
of  mathematica l  function s t o thei r  symboli c expressions . 
Obviously ,  connectin g graph s an d equation s i s a  comple x 

task ,  on e tha t  n o doub t  ha s conceptua l  an d perceptua l 
components. '  W e d o no t  attemp t  t o separat e thes e 
component s here .  W e chos e th e task ,  however ,  becaus e 
subject s appea r  t o b e quit e poo r  a t  i t  initially ,  despit e 
havin g satisfactoril y  complete d relevan t  coursewor k i n 
mathematics .  I t  seeme d plausibl e tha t  thei r  difficultie s wer e 
due i n par i  t o th e limitation s o f  traditiona l  instructio n an d 
migh t  b e overcom e b y perceptua l  learning . 

We hav e thre e ultimat e goal s i n thi s research .  On e i s t o 
tes t  whethe r  a  brie f  perio d o f  perceptua l  trainin g ca n 
improv e subject' s performanc e i n interpretin g graph s an d 
equations .  I f  so ,  a  secon d goa l  i s  t o determin e wha t 
variable s ar e importan t  i n producin g an d optimizin g 
perceptua l  learning .  Thes e includ e th e typ e o f  feedbac k an d 
th e rol e o f  activ e classification .  Finally ,  w e ar e intereste d i n 
h o w acquire d patter n processin g skill s  transfe r  t o ne w 
stimul i  an d mor e comple x tasks .  I n thi s paper ,  w e repor t 
some initia l  findings  relate d t o al l  thre e o f  thes e goals . 

Experiment 1 

I n Experimen t  1 ,  w e teste d a  perceptua l  learnin g 
procedur e fo r  developin g patter n processin g skill s  i n 
matchin g graph s t o equations .  Th e procedur e incorporate d a 
number  o f  ingredient s tha t  ma y b e importan t  i n acceleratin g 
perceptua l  classificatio n skills .  First ,  subject s performe d a n 
activ e classificatio n task .  The y performe d man y shor t  trials , 
eac h requirin g a  speeded ,  perceptua l  classificatio n response . 
On thes e trials ,  a  grap h appeared ,  followe d tw o second s late r 
by 3  choice s o f  equations ,  on e o f  whic h matche d th e graph . 
Function s spanne d a  rang e o f  variatio n appropriat e fo r 
subject s t o extrac t  th e invarian t  pattern s specifyin g variou s 
aspects .  Finally ,  a  particula r  kin d o f  feedbac k displa y -

We shoul d mak e clea r  wha t  w e mea n b y "perceptual. "  I t  i s 
common t o thin k o f  th e sense s a s providin g low-level . 
concrete ,  sensor y information ,  suc h a s color ,  an d invokin g 
highe r  cognitiv e processes ,  suc h a s inferenc e processes ,  t o 
accoun t  fo r  mor e abstrac t  description s o f  realit> .  Ou r  vie w o f 
perceptio n i s a  muc h mor e inclusiv e one :  Perceptua l 
mechanism s respon d t o abstrac t  pattern s o f  informatio n an d 
produc e abstrac t  an d meaningfu l  description s o f  realit y  (c.f .  J . 
Gibson ,  1966 ,  1979 :  Marr .  1982 :  fo r  recen t  discussion s se e 
Kellma n &  Arterberr>' .  1998 :  Barsalou .  i n press) .  Althoug h thi s 
i s no t  th e plac e t o attemp t  t o find a  clea r  boundar y betwee n 
perceptio n an d conception ,  ou r  workin g hypothesi s i s tha t  an y 
potentiall y  detectabl e patter n i n th e stimulu s i s a  candidat e fo r 
perceptua l  learning .  Th e shap e o f  a  sin e functio n i n a  graph . 
and th e differenc e i n pattern s betwee n y  =  Si n x  an d y  =  Si n 2 x 
ar e candidate s fo r  perceptua l  learning ,  a s ar e aspect s o f  th e 
elements ,  position s an d sequencin g o f  symbol s i n th e 
equations .  O n th e othe r  hand ,  knowledg e tha t  th e sin e functio n 
i s derive d fro m a  certai n constructio n involvin g a  triangl e i s 
not  potentiall y  discernibl e fro m lookin g a t  th e grap h o f  y  =  Si n 
x:  contribution s o f  tha t  knowledg e t o performanc e ar e therefor e 
not  perceptual .  Th e reade r  wh o \\orrie s abou t  th e boundarie s o f 
perceptua l  learnin g ma y fee l  mor e a t  hom e wit h ou r  occasiona l 
substitutio n o f  th e mor e neutra l  phras e "patter n learning. " 
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what  w e cal l  contrastiv e feedbac k — wa s used .  Thi s displa y 
showe d th e canonica l  functio n (e.g. ,  y  =  Si n x )  a s a  dotte d 
lin e i n th e background ,  an d th e particula r  functio n fo r  th e 
tria l  (e.g. ,  y  4  Si n (x+2 )  )  i n front .  Contrastiv e feedbac k 
may highligh t  th e particula r  patter n transformation s relaiin g 
th e basi c functio n t o it s variants .  I t  i s  a  for m o f  augmente d 
feedbac k (e.g. ,  Lintem ,  1980) . 

Method 
Participants .  Participant s wer e 2 0 undergraduat e 

student s a t  th e Universit y o f  California ,  Lo s Angele s w h o 
receive d credi t  unit s fo r  participatio n i n th e one-hou r 
experiment . 

Material s an d Apparatus .  Stimul i  wer e designe d wit h 
Mathematica l  versio n 2.2.1 ,  an d consiste d o f  graph s o f  fou r 
type s o f  mathematica l  functions :  Cosines ,  Logarithms , 
Sines ,  an d Exponentials .  The y wer e displaye d i n a  Powe r 
Macintos h 7100/66 . 

Desig n an d Procedure .  Subject s wer e randoml y assigne d 
t o on e o f  2  trainin g groups :  Sine s an d Exponentials ,  o r 
Cosine s an d Logarithms . 

Trainin g consiste d o f  8  block s wit h 2 0 trial s each .  A t  th e 
beginnin g o f  eac h block ,  th e basi c functio n o n whic h th e 
subjec t  wa s t o b e traine d wa s displaye d o n th e scree n (i .  e. , 
th e grap h an d equatio n fo r  y  =  Si n x) .  Then ,  fo r  eac h trial ,  a 
grap h wit h som e transformatio n fro m th e basi c functio n wa s 
presente d (i .  e. .  Si n 3x )  alon g wit h thre e equations . 

Variation s withi n functio n familie s wer e create d usin g 6 
transformations .  Thes e included : 

1)  X-shifting :  Addin g som e intege r  t o th e 
variabl e x  withi n th e scop e o f  th e basi c functio n 
(e.g. ,  y  =  Si n (x+4) ) 

2)  Y-shifting :  Addin g som e intege r  outsid e 
th e scop e o f  th e basi c functio n (e.g. ,  y  =  4+Si n x ) 

3)  X-scalin g (e.g. .  Si n x/4 ) 
4)  Y-scalin g (e.g. ,  y  =  4  Si n x ) 
5)  X-reflectio n (e.g. ,  y  =  Si n (-x) ) 
6)  Y-reflectio n (e.g. ,  x  =  -  Si n x ) 

Many problem s include d combination s o f  thes e (e.g. ,  y  = 
2-Sin(5x)) .  Th e material s give n t o th e 2  trainin g group s 
wer e matche d regardin g th e type s o f  transformation s see n 
durin g training .  However ,  matchin g o f  specifi c  equation s 
wer e no t  necessaril y  made .  Fo r  example ,  if y  =  Si n 2 x wa s 
give n t o on e group ,  th e othe r  grou p woul d no t  necessaril y 
be give n y  =  Co s 2x .  Th e secon d grou p m a y hav e receive d 
Cos 4x ,  fo r  example . 

The subjec t  ha d t o choos e whic h o f  th e possibl e answer s 
corresponde d t o th e graph .  Response s wer e entere d o n a 
keyboard .  A  tria l  feedbac k scree n reporte d whethe r  th e 
subject' s answe r  wa s righ t  o r  wrong .  Thi s scree n als o 
showed a  displa y wit h bot h th e teste d grap h (depicte d wit h 
a thic k blu e line )  an d th e basi c on e (depicte d wit h a  dotte d 
line )  superimposed ,  alon g wit h a  labe l  indicatin g th e correc t 
equation .  Thi s desig n fo r  th e feedbac k scree n aime d t o 
highligh t  th e relevan t  transformation s relatin g th e teste d 
expressio n an d grap h t o th e basi c functio n type .  A t  th e en d 
of  eac h block ,  averag e accurac y an d reactio n tim e fo r  th e 

previou s 2 0 trial s wa s reported .  Th e trainin g phas e o f  th e 
experimen t  laste d 40-4 5 minutes . 

Dependen t  Measures .  Accurac y an d reactio n time s fo r  th e 
firs t  1 0 trial s o f  th e firs t  2  block s wer e take n a s a  pre-tes t 
measure ,  an d score s fo r  th e las t  1 0 trial s o f  th e las t  2  block s 
wer e take n a s a  measur e o f  th e subjects '  end-of-trainin g 
perfonuanc e (EOT) .  Thre e kind s o f  posttest s wer e 
administere d t o bot h groups : 

I )  A  Familia r  Function s Posttes t  (FFP )  presente d i n 
th e sam e forma t  a s training ,  compose d o f  1 0 n e w instance s 
i n th e functio n familie s th e subject s sa w i n training . 

2)  A n Unfamilia r  Function s Posttes t  ( U F P )  i n th e 
same format ,  consistin g o f  1 0 trial s fro m th e functio n 
familie s the y ha d no t  see n (i .  e. ,  subject s traine d o n Sine s 
and Exponential s wer e teste d o n Cosine s an d Logarithms) . 

3 )  A  Remot e Transfe r  Posttes t  ( R T P )  assessin g 
transfe r  t o a  differen t  task .  I n thi s task ,  subject s trie d t o 
m a ke sens e o f  complicate d "combination "  function s (suc h a s 
y =  -  Co s (2x )  *  Lo g (-x )  o r  y  =  Ex p (-x/3)- 5 Si n (5-x)) . 
Eigh t  suc h combinatio n function s wer e generate d fo r  bot h 
studie d an d no t  studie d pair s o f  functio n families .  Thi s 
yielde d tw o writte n form s wit h 8  graph s an d 8  functions . 
Subjects '  tas k wa s t o perfor m a  matchin g test ,  indicatin g 
th e correc t  equatio n fo r  eac h graph .  Tota l  tim e an d accurac y 
t o complet e eac h for m wa s measured .  Hal f  o f  th e subject s 
di d on e for m first,  an d th e othe r  hal f  di d th e othe r  for m 
first. 

A contro l  grou p o f  2 0 subject s receive d n o trainin g an d 
was give n th e sam e test s a s i n th e experimenta l  condition : 
th e post-tes t  wit h bot h set s o f  basi c function s an d th e R T P 
wit h combinatio n functions .  I n th e regula r  training ,  th e 
pretes t  (initia l  learnin g trials )  forme d a  within-subject s 
baseline .  Th e contro l  grou p serve d a s a n additiona l  baselin e 
grou p fo r  assessin g effect s i n FFP ,  U F P ,  an d R T P . 
Becaus e subject s wer e no t  give n an y feedbac k i n th e contro l 
group ,  thei r  performanc e allowe d a  chec k o n possibl e rapi d 
learnin g effect s tha t  migh t  hav e elevate d performanc e i n th e 
pretest . 

Results 
Training ,  F F P an d U F P Results .  Trainin g ha d clea r  an d 

highl y reliabl e effect s o n accurac y (show n i n Figur e 1 )  an d 
R T.  Subject s improve d fro m abou t  5 0 % correc t  i n th e 
pretes t  t o abou t  7 0 % i n th e final  bloc k o f  training . 
Respons e time s decrease d abou t  4 0 % durin g training . 
Accurac y a t  E O T an d i n th e F F P wer e bot h highe r  tha n i n 
th e pretes t  an d di d no t  diffe r  from  eac h other .  I n th e U F P , 
i n whic h subject s sa w ne w instances ,  accurac y wa s slightl y 
highe r  tha n th e pretes t  bu t  no t  a s hig h a s i n FFP .  Accurac y 
i n th e contro l  grou p wa s simila r  t o th e pretes t  an d wors e 
tha n th e E O T an d FFP .  Reactio n time s wer e negativel y 
correlate d wit h accuracy . 

Thes e pattern s wer e confirme d b y th e analyses .  Accurac y 
and R T s wer e analyze d usin g a  2  (function s trained :  sine s 
& exponential s o r  cosine s &  logarithmics )  X  4  (phase : 
pretest ,  E O T ,  FFP .  U F P )  analysi s o f  varianc e ( A N O V A ) , 
wit h repeate d measure s o n th e latte r  factor .  Ther e wa s a 
significan t  mai n effec t  o f  phase ,  fo r  accurac y F(3,54 )  = 
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RTP.  Contro l  Grou p 

Figur e 1 .  Result s fo r  Experiment s 1  an d 2 .  M e a n accurac y fo r  th e differen t  stage s o f  trainin g ar e shown ,  includin g pre -
test ,  en d o f  training ,  familia r  function s post-tes t  (FFP) ,  unfamilia r  function s post-tes t  (UFP) ,  remot e transfe r  post-tes t  (RTP ) 
fo r  studie d an d non-studie d functions ,  an d remot e transfe r  post-tes t  fo r  th e contro l  group . 

12.669 ,  p<0.001 .  an d R T .  F(3,54 )  =18.596 ,  p<0.001 . 
Individua l  comparison s showe d tha t  participant s wer e 
significantl y bette r  an d faste r  a t  th e en d o f  th e trainin g tha n 
at  th e beginnin g (accuracy :  t (  19) = 7.241 ,  p<0.001 ;  reactio n 
time :  t(19 )  =  7.486 ,  p<6.001) ,  an d i n th e U F P (accuracy : 
t(19 )  =  2.582 ,  p<0.02 ;  reactio n time :  t(19 )  =  4.174 , 
p<0.001) .  Accurac y wa s highe r  i n F F P tha n i n bot h th e pre -
test ,  t(19 )  =  4.547 ,  p<0.001 ,  an d th e U F P ,  t(19 )  =  2.239 , 
p<0.05 .  R T s i n th e F F P wer e faste r  tha n i n th e pretest , 
t(19 )  =  4.098 ,  p<0.001 ,  bu t  no t  reliabl y differen t  fro m 
U F P.  Subjects "  U F P performanc e wa s superio r  t o pretes t 
performanc e (accuracy :  t(19 )  =  -2.281 ,  p < 0.05 ;  reactio n 
time :  t(19 )  =  2.666 ,  p<0.015) .  Accurac y di d no t  diffe r 
betwee n E O T an d FFP ,  bu t  th e forme r  phas e showe d bette r 
reactio n time ,  t(19 )  =  4.198 ,  p<.001 .  Ther e wa s a  reliabl e 
interactio n betwee n functio n traine d an d condition , 
F(3,54)=3.226 ,  p<0.03 .  Fo r  reason s tha t  ar e unclear ,  a 
somewhat  large r  trainin g effec t  wa s foun d wit h sine s an d 
exponential s tha n wit h cosine s an d logarithmi c functions . 

Th e contro l  grou p di d no t  diffe r  fro m th e pretes t  grou p i n 
accuracy ,  t(38)=-0.453 ,  n.s .  U F P wa s faste r  tha n th e contro l 
grou p (t(38)=-3.551 ,  p<.001 )  bu t  no t  mor e accurat e 
(t(38)=1.425 ,  n.s.) .  Reactio n time s i n th e contro l  grou p 
wer e reliabl y slowe r  tha n i n th e pretest ,  mea n differenc e = 
4. 6 sec ,  t(38)=-2.661 ,  p<0.011 .  Thi s resul t  suggest s som e 
rapi d improvement s i n respons e tim e durin g th e earl y 
trainin g trials .  (Not e tha t  i n orde r  t o ge t  1 0 pretes t  trial s 
wit h eac h functio n typ e studied ,  th e pretes t  comprise d th e 
firs t  1 0 trial s o f  eac h o f  th e first  tw o tria l  blocks ,  i.e. ,  trial s 
1-1 0 an d trial s  21-30) . 

Remot e Transfe r  Post-tes t  Results .  Performanc e o n th e 
tw o form s containin g combinatio n function s di d no t  diffe r 
dependin g o n th e functio n familie s see n durin g training . 

Thi s observatio n wa s verifie d b y th e analyses .  T w o 2 X 2 
(function s traine d b y function s tested )  A N O V A s ,  on e fo r 
accurac y an d anothe r  fo r  reactio n time ,  yielde d n o 
significan t  mai n effect s o r  interactions .  Comparison s wit h 
th e contro l  grou p reveale d n o reliabl e difference s i n term s o f 
accuracy .  Respons e time s wer e quit e lon g fo r  th e R T P ,  o n 
th e orde r  o f  thre e minute s pe r  form .  Contro l  subject s wer e 
reliabl y slowe r  tha n Experimen t  1  subject s fo r  non-studie d 
functions ,  t(38)=-2.l9 ,  p<0.035 ,  an d marginall y slowe r  fo r 
th e studie d function s post-test ,  t(38 )  =-1.802 ,  P<0.0 5 (on e 
tailed) . 

Discussion 
Th e result s o f  Experimen t  1  suppor t  severa l  conclusions . 

First ,  trainin g designe d specificall y t o foste r  perceptua l 
learnin g ca n improv e subjects '  performanc e i n relatin g 
graph s an d equations .  Althoug h ou r  subject s ha d previousl y 
learne d abou t  th e relevan t  function s i n mathematic s classes , 
the y ha d no t  becom e skille d i n classifyin g pattern s an d 
recognizin g transformations .  A  relativel y brie f  interventio n 
substantiall y  improve d bot h accurac y an d speed .  A  secon d 
finding  wa s tha t  trainin g generalize d t o ne w instance s i n th e 
same functio n familie s an d als o t o simila r  transformation s 
deploye d i n ne w functio n families .  Trainin g i n thi s 
experimen t  di d no t  lea d t o reliabl e effect s o n ou r  remot e 
transfe r  (combinatio n function )  test ,  whic h prove d quit e 
difficul t  fo r  subjects . 

I t  doe s no t  appea r  tha t  th e 4 5 minute s o f  trainin g wer e 
sufficien t  t o achiev e automati c patter n recognition .  A t  th e 
en d o f  training ,  accurac y ha d no t  reache d ceiling .  Still , 
respons e time s ha d falle n t o abou t  5. 5 se c o n average . 
Respons e time s o n thi s orde r  sugges t  tha t  subject s wer e 
becomin g mor e automati c i n thei r  patter n classificatio n 
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rathe r  tha n usin g a n elaborat e reasonin g process .  Furthe r 
trainin g migh t  lea d t o greate r  automaticit y i n classification . 

What  di d subject s learn ? Th e transfe r  result s sugges t  tha t 
th e trainin g effect s wer e no t  merel y abou t  th e triiinc- d 
functions ,  suc h a s sines .  Transformation s suc h .i s 
compression ,  scalin g an d shiftin g hav e th e sam e sort s o t 
effect s acros s functio n classes .  Initia l  performanc e level s o f 
subject s suggeste d tha t  thes e generalitie s hav e no t  bee n wel l 
leame d fro m conventiona l  mathematic s instruction .  Ou r 
result s showe d enhancemen t  o f  performanc e afte r  trainin g 
eve n wit h ne w functio n families ,  suggestin g tha t  th e 
symboli c an d graphica l  "meanings "  o f  basi c transformatio n 
pattern s wer e leame d t o som e degree .  Th e result s sugges t 
tha t  P L M s ma y hav e grea t  promis e fo r  developin g fluen t 
patter n processin g i n mathematics . 

Experiment 2: Contrastive Feedback 

Experimen t  1  indicate d th e efficac y o f  perceptua l 
classificatio n training ,  usin g severa l  ingredient s suggeste d 
by earlie r  researc h an d b y intuition .  Whic h ingredient s ar e 
crucia l  t o th e usefulnes s o f  thi s kin d o f  training ? Thes e 
question s hav e hardl y begu n t o b e addressed ,  especiall y i n 
th e applicatio n o f  perceptua l  learnin g t o comple x skills , 
suc h a s doin g mathematics .  A  goa l  o f  ou r  researc h i s t o 
determin e systematicall y th e effect s o f  particula r  aspect s o f 
trainin g i n orde r  t o optimiz e P L M s i n education . 

I n Experimen t  2 ,  w e examine d whethe r  th e particula r  kin d 
of  contrastiv e feedbac k use d i n Experimen t  1  ha d importan t 
effect s o n learning .  Recal l  tha t  afte r  eac h problem , 
participant s viewe d th e proble m functio n superimpose d o n 
th e canonica l  function .  I f  thi s particula r  typ e o f  feedbac k 
facilitate d discover y o f  relevan t  patter n transformations ,  the n 
eliminatin g i t  migh t  reduc e th e succes s o f  training .  I n 
particular ,  w e hypothesize d tha t  thi s typ e o f  feedbac k migh t 
hav e bee n especiall y helpfu l  i n producin g transfe r  t o ne w 
functio n families .  Eliminatin g i t  migh t  therefor e b e 
expecte d t o reduc e o r  eliminat e transfe r  o f  learnin g t o ne w 
functions . 

Method 
Participants .  Twent y undergraduat e student s a t  th e 

Universit y o f  California ,  Lo s Angeles ,  receive d credi t  unit s 
fo r  participation . 

Al l  aspect s o f  th e metho d wer e identica l  t o Experimen t  I 
excep t  tha t  contrastiv e feedbac k wa s eliminated .  Instead , 
feedbac k screen s indicate d whethe r  th e respons e o n th e tria l 
had bee n cortec t  an d displaye d th e grap h an d correc t 
equatio n fo r  tha t  problem . 

Results 
Training ,  F F P an d U F P Results .  A s i n experimen t  1 , 

trainin g produce d highl y reliabl e effect s o n accurac y (show n 
i n Figur e 1 )  an d R T .  Subject s improve d fro m abou t  5 0 % 
correc t  i n th e pretes t  t o abou t  6 5 % i n th e fina l  bloc k o f 
training .  Respons e time s decrease d abou t  4 0 % durin g 
training .  Bot h th e accurac y an d spee d a t  th e en d o f  trainin g 
wer e maintaine d i n th e FFP .  I n contras t  t o th e result s o f 
Experimen t  1 ,  ther e wa s littl e o r  n o transfe r  o f  trainin g t o 

th e U F P ;  trainin g effect s wer e largel y confine d t o th e 
tamilia r  (studied )  functio n types .  Th e contro l  group ,  pretes t 
and U F P performanc e o f  th e trainin g grou p wer e ver y 
similar . 

Thes e observation s wer e confirme d b y th e analyses . 
Accurac y an d R T s wer e eac h analyze d usin g a  2  (function s 
trained )  X  4  (phase :  Pretest ,  E O T ,  FFP ,  U F P )  A N O V A, 
wit h repeate d measure s o n th e latte r  factor .  Ther e wer e 
reliabl e mai n effect s o f  phase ,  fo r  accurac y F(3,54 )  =  8.892 , 
p<0.001 ,  an d fo r  R T ,  F(3,54 )  -8.405 ,  p<0,001 .  Individua l 
comparison s showe d tha t  participant s wer e significantl y 
bette r  an d faste r  a t  E O T tha n a t  th e beginnin g (fo r  accuracy : 
t(I9 )  =  3.507 ,  p<0.002 ;  fo r  reactio n time :  t(I9 )  =  3.816 , 
p<0.001) .  Accurac y an d reactio n tim e wer e bette r  i n F F P 
tha n i n th e pre-tes t  (accuracy :  t(19 )  =  3.789 ,  p<0.001 ; 
reactio n time :  t(l9 )  =  3.165 ,  p<0.005 )  an d als o bene r  tha n 
i n th e U F P (accuracy :  t(19 )  =  3.47 ,  p<0.003 ;  reactio n time : 
t(I9 )  =  2.687 ,  p<0.015) .  Accurac y di d no t  reliabl y diffe r 
betwee n E O T an d FFP ,  t(19 )  =  0.76 ,  n.s .  Fo r  reactio n 
time ,  ther e wa s a  margina l  advantag e fo r  th e E O T problem s 
ove r  FFP ,  t(19 )  =  1.96 ,  .05<p<0.10 .  Subjects '  U F P 
performanc e di d no t  diffe r  significantl y fro m th e pretes t 
(accuracy :  t(19 )  =  0.453 ,  n .  s. ;  reactio n time :  t(19 )  =  0.805 , 
n.  s.) . 

Accurac y i n th e contro l  grou p di d no t  diffe r  fro m eithe r 
th e pretes t  (t(38 )  =  -0.59 ,  n.s. )  o r  th e U F P (t(38 )  =  -0.192 , 
n.s) .  Reactio n time s i n th e contro l  grou p wer e significantl y 
slowe r  tha n i n bot h th e pretest ,  t(38 )  =  -2.706 ,  p<0.01 ,  an d 
U F P,  t(38 )  =  -3.359 ,  p<.002 . 

Remote Transfe r  Post-tes t  Results .  A s i n Experimen t  I , 
performanc e o n th e tw o form s containin g combinatio n 
function s di d no t  diffe r  dependin g o n th e traine d functio n 
families .  T w o 2 X 2 (function s traine d b y function s tested ) 
A N O V A s,  on e fo r  accurac y th e othe r  fo r  reactio n time , 
yielde d n o significan t  mai n effect s o r  interactions . 

Accurac y an d reactio n time s o n bot h form s (studie d an d 
unstudie d functions )  o f  th e R T P di d no t  diffe r  reliabl y fro m 
a contro l  grou p tha t  receive d n o training . 

Cross-Experiment Comparisons 

To mor e carefull y asses s th e effec t  o f  contrastiv e 
feedback ,  w e performe d severa l  analyse s includin g th e dat a 
fro m bot h Experiment s 1  an d 2 . 

Training ,  F F P an d U F P Results .  A N O V As wer e 
performe d o n accurac y an d reactio n tim e data .  Eac h wa s a  2 
X 2  X  4  (experimen t  b y function s traine d b y condition ) 
desig n wit h repeate d measure s o n th e conditio n factor . 
Ther e wa s a  stron g mai n effec t  o f  conditio n (accuracy :  F(3 , 
108 )  =  20.56 ,  p  <.001 ;  R T :  F(3,108 )  =  21.99 ,  p  <.001) , 
indicatin g th e effect s o f  trainin g i n bot h experiments .  Ther e 
was als o a  conditio n b y function s traine d interactio n fo r 
accuracy ,  F(3 ,  108 )  =  4.188 ,  p  <.008 ,  indicatin g tha t  i n 
bot h experiment s trainin g effect s wer e greate r  fo r  subject s 
traine d o n sine s an d exponentials .  N o othe r  mai n effect s o r 
interaction s reache d significanc e i n th e accurac y o r  R T 
analyses . 

The lac k o f  a  reliabl e experimen t  b y conditio n interactio n 
fo r  accurac y contrast s somewha t  wit h a  differenc e betwee n 
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Experimen t  1  an d 2  observe d above .  Specifically ,  i n 
Experimen t  1 ,  participant s showe d bette r  accurac y o n 
unfamilia r  function s (UFP )  tha n i n th e pretest ,  t(19 )  =^  -
2.281 ,  p < 0.05 ,  wherea s n o suc h differenc e appeare d i n 
Experimen t  2 ,  t(19 )  =  0.453 ,  n  s . 

Thi s differenc e suggest s tha t  contrastiv e feedbac k 
produce d bette r  learnin g o f  transformation s tha t  coul d b e 
applie d t o ne w functio n families .  Th e lac k o f  direc t  suppor t 
fo r  thi s interactio n i n th e combine d analysi s i s probabl y du e 
t o th e greate r  variabilit y  presen t  i n between-subject s 
comparisons .  Nevertheless ,  th e mixe d result s sugges t 
caution .  Fortunately ,  th e cross-experimen t  comparison s o f 
R TF performanc e (below )  provid e som e confirmatio n o f  th e 
differenc e i n trainin g etTect s betwee n th e tw o experiments . 

Remote Transfe r  Post-tes t  Results .  Remot e transfe r 
effect s o f  trainin g appeare d t o b e somewha t  large r  i n 
Experimen t  1 ,  whic h use d contrastiv e feedback ,  tha n i n 
Experimen t  2 .  whic h di d not .  Eve n thoug h n o reliabl e 
difference s wer e foun d betwee n th e studie d an d non-studie d 
function s withi n eac h experimenta l  condition ,  a  differenc e 
was foun d i n term s o f  accurac y whe n comparin g 
experiment s 1  an d 2 .  Mor e specifically ,  subject s i n 
experimen t  1  performe d bette r  tha n subject s i n experimen t  2 
fo r  th e non-studie d function s (t(38)=1.906 ,  p<.05 ,  on e 
tailed) .  Th e superio r  performanc e o f  experimen t  1  subjects ' 
i n th e non-studie d function s attest s fo r  th e effec t  o f  th e 
contrastiv e feedbac k i n producin g bette r  learnin g o f 
transformation s tha t  ca n b e applie d t o ne w functio n 
families .  N o othe r  comparison s reache d significance . 

General Discussion 

Taken together, the results of experiments 1 and 2 
indicat e a  clea r  trainin g effect .  Subject s i n bot h experiment s 
substantiall y  improve d thei r  accurac y an d spee d i n relatin g 
graph s an d equations ,  a s compare d t o a  contro l  group . 
Subjects '  improvemen t  extende d beyon d th e specifi c 
example s o n whic h the y wer e trained .  The y showe d equall y 
goo d performanc e o n ne w example s fro m th e functio n 
familie s o n whic h the y ha d trained ,  indicatin g tha t  learnin g 
di d no t  depen d merel y o n memorizin g specifi c  instances . 

Subject s i n Experimen t  1  als o transferre d thei r  learnin g 
t o nê ^ •  functio n families .  Thi s resul t  di d no t  appea r  i n 
Experimen t  2 ,  however .  Thes e outcome s sugges t  tha t  th e 
contrastiv e feedbac k use d i n Experimen t  1  ma y hav e lai d 
th e foundatio n fo r  transfe r  b y directin g attentio n t o th e 
relevan t  transformation s i n th e stimulu s patterns .  Th e 
result s ar e consisten t  wit h th e ide a tha t  perceptua l  learnin g 
migh t  b e accelerate d b y augmente d feedbac k tha t  help s t o 
direc t  attentio n t o relevan t  feature s an d dimensions . 

Our  remot e transfe r  tes t  wa s difficul t  an d showe d modes t 
effects .  Her e again ,  however ,  a  compariso n betwee n th e tw o 
experiment s reveale d tha t  Experimen t  1  produce d mor e 
gain s i n accurac y fo r  th e non-studie d function s tha n 
Experimen t  2 ,  whic h di d no t  hav e contrastiv e feedback . 

The contribution s o f  othe r  procedura l  ingredient s remai n 
t o b e assessed .  Fo r  example ,  i t  i s  ofte n asserte d tha t 
perceptua l  learnin g depend s o n a n activ e classificatio n tas k 
(e.g. ,  Kam i  &  Sagi ,  1993) ,  bu t  ther e hav e bee n fe w carefli l 

test s o f  thi s idea .  I n th e presen t  work ,  bot h group s wer e 
give n activ e classificatio n tasks .  Currentl y w e ar e studyin g 
whethe r  mer e exposur e i n shor t  episode s t o correspondin g 
graph s an d equation s produce s learnin g an d transfer . 

I n summary ,  ou r  result s indicat e tha t  a  brie f  perio d o f 
perceptua l  trainin g ca n substantiall y  improv e subjects ' 
performanc e i n processin g mathematica l  structure s expresse d 
i n graph s an d equations .  Contrastiv e feedbac k -
highlightin g th e dimension s o f  differenc e betwee n a  basi c 
functio n an d transformation s o f  i t  -  enhance s th e learnin g o f 
relationship s tha t  transfe r  t o nove l  functio n families . 
Perceptua l  learnin g module s ma y hav e grea t  promis e i n 
acceleratin g th e developmen t  o f  component s o f  expertis e 
tha t  d o no t  aris e easil y fro m traditiona l  instruction . 
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