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SUMMARY

Power analyses are an important aspect of experimental design, because they help determine how
experiments are implemented in practice. It is common to specify a desired level of power and com-
pute the sample size necessary to obtain that power. Such calculations are well known for completely
randomized experiments, but there can be many benefits to using other experimental designs. For
example, it has recently been established that rerandomization, where subjects are randomized until
covariate balance is obtained, increases the precision of causal effect estimators. This work estab-
lishes the power of rerandomized treatment-control experiments, thereby allowing for sample size
calculators. We find the surprising result that, while power is often greater under rerandomization
than complete randomization, the opposite can occur for very small treatment effects. The reason
is that inference under rerandomization can be relatively more conservative, in the sense that it can
have a lower Type-I error at the same nominal significance level, and this additional conservativeness
adversely affects power. This surprising result is due to treatment effect heterogeneity, a quantity
often ignored in power analyses. We find that heterogeneity increases power for large effect sizes, but
decreases power for small effect sizes.

Some key words: Covariate balance; Design-based inference; Dispersive ordering; Experimental design; Treat-
ment effect heterogeneity.

1. INTRODUCTION

We consider two-arm randomized experiments, with the aim of estimating causal effects. Random-
ized experiments are frequently considered the gold standard of causal inference because even simple
estimators, such as the average difference in outcomes between groups, are unbiased if subjects are
completely randomized between the two groups (Neyman, 1923; Imbens & Rubin, 2015). However, it
is often beneficial to use covariate information when randomizing subjects. For example, estimators
are usually more precise if subjects are grouped into similar blocks and randomized within blocks
(Fisher, 1935; Imai, 2008; Miratrix et al., 2013; Pashley & Miratrix, 2021; Bai, 2022; Tabord-Meehan,
2022). More generally, one can use rerandomization (Morgan & Rubin, 2012), where subjects are

(© The Author(s) 2023. Published by Oxford University Press on behalf of the Biometrika Trust.
All rights reserved. For permissions, please email: journals.permissions@oup.com

$20z Aieniga4 G| uo Jasn Alelqi Asjeylag - Ateiqi eiusoyjed 1o Ausiaaiun Aq 890151 2/SSE/L/L | L/aIoIdeiawolq/woo dnoolwepese//:sdiy woll papeojumod



356 Z. BRANSON, X. L1 aND P. DING

randomized until covariate balance is obtained. Block randomization is a special case, where sub-
jects are randomized until the blocking variable is balanced. However, it is unclear how to form blocks
when there are many, possibly continuous, covariates (Bruhn & McKenzie, 2009). Rerandomization
can naturally incorporate categorical and continuous covariates in the covariate balance criterion.

Since Morgan & Rubin (2012), many works have established the benefits of rerandomization;
this includes experiments with tiers of covariates (Morgan & Rubin, 2015), sequential experiments
(Zhou et al., 2018), factorial experiments (Branson et al., 2016; Li et al., 2020), stratified experiments
(Wanget al., 2021), experiments with clusters (Lu et al., 2023) and experiments with high-dimensional
covariates (Branson & Shao, 2021; Wang & Li, 2022; Zhang et al., 2023). A common theme is
that causal effect estimators are more precise under rerandomization than complete randomization
as long as covariates are associated with outcomes. In particular, Li et al. (2018) established that,
asymptotically, the mean-difference estimator has narrower symmetric quantile ranges under reran-
domization than under complete randomization. Thus, confidence intervals for average causal effects
are narrower under rerandomization.

Intuitively, because rerandomization increases estimation precision, we would expect it to also
increase testing power. While this has been alluded to in the literature (Morgan & Rubin, 2012), the
power of rerandomized experiments has not been established. Power analyses are an important aspect
of experimental design, because they help determine how experiments are conducted in practice.
For example, when designing an experiment, it is common to specify a desired level of power, and
then compute the sample size necessary to obtain that level of power (Maxwell et al., 2008; Chow
et al., 2017). There are many publicly available sample size calculators for completely randomized
experiments (Dupont et al., 1990; Kang, 2021).

This work establishes testing power under rerandomization, thereby allowing for sample size cal-
culators. We focus on the mean-difference estimator, such that we can leverage results from Li et al.
(2018). We establish the surprising result that, while power is often greater under rerandomization
than complete randomization, the opposite can occur when the average treatment effect is small.
The main reason is that inference under rerandomization can be more conservative when there is
treatment effect heterogeneity. More precisely, variance estimators for individual effects overestimate
the true variance by the same amount under both designs, which results in a larger proportion of
overestimation under rerandomization. Specifically, at the same nominal level, testing under reran-
domization can have a smaller actual Type-I error than that under complete randomization. This
additional conservativeness has an adverse effect on power that can outweigh the precision benefits
of rerandomization, but only for small treatment effects.

To compare power and sample size between complete randomization and rerandomization, we
establish a dispersive ordering between their respective normal and nonnormal distributions. Our
results also quantify how power and sample size are affected by treatment effect heterogeneity, which
is often ignored in power analyses. More generally, this work adds to the literature on power analyses
for complex experiments, such as two-stage randomized experiments (Jiang et al., 2022), regression
discontinuity designs (Schochet, 2009) and difference-in-differences designs (Schochet, 2022). In the
Supplementary Material, we illustrate the sample size gains practitioners would see from rerandom-
ization under various scenarios, and also show how to implement power and sample size calculations
in our R package rerandPower.

2. NOTATION FOR TREATMENT-CONTROL EXPERIMENTS

Consider a treatment-control experiment with N subjects indexed by i = 1,...,N. Let Z =
(Zy,...,Zy)T denote the binary group indicator, where Z; = 1 denotes treatment and Z; = 0
denotes control, and define X = (X1,..., Xy)T as the N x K covariate matrix. Finally, let Y;(1)
and Y;(0) denote the potential outcomes for subject i, where Y;(1) denotes the outcome subject i
yields if assigned to Z; = 1, and Y;(0) is analogously defined. Throughout, we assume that Y;(1) and
Y;(0) are fixed; observed outcomes are random only to the extent that Z is random.

Because only Y;(1) or Y;(0) is observed for each subject, none of the individual treatment effects
7; = Yi(1) — Y;(0) are fully observed. Nonetheless, average treatment effects, and other estimands,
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can still be estimated. We assume that the goal is to well estimate the average treatment effect, defined
ast=N"! Zfil 7; = Y (1) — Y(0). There are many possible estimators for t; for simplicity, we focus
on the mean-difference estimator T = N{l Zf\;l Z:Y:(1) — NO’1 Zfi] (1 — Z)Y;(0), where N, and N,
denote the numbers of treated and control subjects, respectively. We study testing power based on 7
under rerandomization. Power will depend on 7, the variance of potential outcomes, and the variance
of individual treatment effects, which are respectively defined as

N N
SE=(N-D"Y (Vi) - Y@} forz=0,1, SE=(N-D"Y (m—1)

i=1 i=1

3. POWER AND SAMPLE SIZE UNDER RERANDOMIZATION

3.1. Inference and power

In completely randomized experiments, a fixed number of N, subjects is assigned to treatment
and a fixed number of N, subjects is assigned to control, completely at random (Imbens & Rubin
2015, Ch. 4). Alternatively, the covariates X can inform the design, which will affect inference and
power. We consider the rerandomization scheme of Morgan & Rubin (2012), where subjects are com-
pletely randomized to treatment until M < «a for a prespecified threshold a, with M the Mahalanobis
distance:

_NiN,
- N

M (X1 = X0)"(SH ' (X1 = Xo).

Here X; and X, are K-length vectors of covariate means in the treatment and control groups,

respectively, and S3 = (N — 1)~! Zfil(X,- — X)(X; — X)T denotes the covariance matrix of X.
Under complete randomization, the mean-difference estimator 7 is unbiased and asymptotically

normally distributed (Neyman, 1923; Li & Ding, 2017), i.e.,

VTENYA($ — 1) ~ N(0,1) where V =p;'ST+p,'S;—S? (1)

with p; = N;/N and py = Ny/N. Meanwhile, under rerandomization, T | M < a follows a non-
normal asymptotic distribution that depends on covariates’ association with potential outcomes.
Although the covariates and potential outcomes are fixed, a linear projection of potential outcomes
on covariates can account for some of the potential outcomes’ variance, and thus covariates can still
have an association with the potential outcomes. To quantify this association, for z € {0, 1}, we define
the quantities S%, = S x(S3) 'Sy, where Sy = S}. = (N — D! SV AYi2) — YUX — X)),
— _ N = .
and S7 , = S;x(S})'Sx. where Sy = Sy, = (N — D' Y (n — )(X; — X)". Here, 7, is
the variance of the linear projection of potential outcomes on X and Sf‘ v 18 analogously defined for
treatment effects. The asymptotic distribution of 7 under rerandomization is (Li et al., 2018)

VN2 (E —1) | M <a~ (1 - R)" e + RLg,, ()

where € and Ly, are independent, ¢y ~ A(0, 1), R is the squared multiple correlation between X
and potential outcomes, i.e.,

. PIIS%|X +P6155|X - S$|X

R2
'St +py' St - 82

) A3)

and Lk, ~ xxaSP ,1(/ ? with the following independent random variables:

Xia~xp |l xp<a,  S~—1+2-Ber(1/2),  Bx ~ Be{l/2,(K —1)/2}. @)
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The rerandomization distribution (2) and complete randomization distribution (1) are identical only
if R = 0 or a = oo. Otherwise, (2) will be a nonnormal distribution that has less variance than a
standard normal distribution (Li et al., 2018). Both distributions involve V', which depends on the
proportions p; and p, and variances S7, S and S?. The proportions are fixed; meanwhile, S7 and
S? can be consistently estimated, but S? cannot without additional assumptions. In practice, we can
estimate V' conservatively. Neyman (1923) proposed ¥y = p;'s? + py's2, where s> and s2 are sample
versions of S and S7. The estimator Iy implicitly estimates treatment effect heterogeneity as 5’% =0
and is thus conservative, in the sense that E(Vy — V) = S? > 0. Ding et al. (2019) noted that
S? > S7, which can be consistently estimated by s7,, = (s1.x — So.x)(S3) ™' (sx.1 — sx0) (Li et al.,
2018), and thus proposed an improved variance estimator IA/DFM = I7N - sﬁ‘ +- Here, 51y = s},l and
Sox = S}(,o are sample analogs of S y and S y, respectively. We consider both estimators and use the
generic notation V. As demonstrated in Li & Ding (2017) and Ding et al. (2019), V hasa probability
limit ¥ no less than the true variance V, i.e., V=V+ op:(1) with V > V. The probability limits of
IA/N and IA/DFM are respectively

In=p7'ST+0,'Ss.  Vorm=p'ST+p,'Ss — S2y.

Thus, ffN is consistent when S? = 0, and VDFM is consistent more broadly when the individual effects
can be linearly explained by the covariates.
The rerandomization distribution (2) suggests the (1 — «)-level confidence interval

4 v (RHVVANI2, (5)

where v;_,/»(p?) denotes the (1—a/2)-quantile of the distribution (1—p?)"?€y+pLx .. Representation
(4) makes it simple to approximate this quantile via Monte Carlo simulation after specifying R.In
(5), R* = (s} y +py ' st — 52 x)/ V., where 53 ., 53, v, and 57, are sample analogues of S, S3; and
S? x» as defined in Li et al. (2018). The estimator R? has probability limit R> = VR?/V < R thus,
R? is conservative to the extent that I is conservative. Because v;_, (R < zy_yp foralla € (0, 1),
interval (5) is narrower than the analogous interval for a completely randomized experiment if the
covariates have any linear association with the outcomes (Li et al. 2018, Theorem 2).
Interval (5) implies the following test for the null Hy: t = 0 against the alternative H,: 7 > 0:

(6)

reject Hy: 7 =0 if £ > v_o(R)VVAN-2,

fail to reject Hy: t =0 otherwise.
Similar to most power analyses (Lachin, 1981; Lerman, 1996; Wittes, 2002), we focus on the one-sided
test here because it simplifies sample size calculations. For any «-level two-sided test, we can always
bound its power and sample size requirement by that of an «/2-level one-sided test. Furthermore,
throughout the paper, we assume that the significance level « of the test in (6) is below or equal to
0.5, which is the case for most if not all applications. The following theorem establishes the power of
the above test.

THEOREM 1. Under rerandomization, the power of test (6) is asymptotically

. { vl—a(Rz) f}'l/Z _ N2 }
VRZ ]
Vi

where V g2 () denotes the survival function of (1 — R?)'?ey + RLy,, V denotes the variance in (1), V
denotes the probability limit of its corresponding estimator, R? denotes the squared multiple correlation
in (3) and R* = VR?]V denotes the probability limit of R* in (5).
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Theorem 1 is quite similar to classical power calculations (e.g., Lachin 1981), with two important
differences. First, power for completely randomized experiments relies on the standard normal quan-
tile z,_, and survival function ®(-), whereas Theorem 1 relies on the nonnormal quantile v;_, (R?)
and survival function V. (-). Second, Theorem 1 involves the ratio V' /V, which depends on the treat-
ment effect heterogeneity S?. Such a term does not appear in previous power results (Lachin, 1981;
Cohen, 1992; Lerman, 1996; Wittes, 2002), which typically assume a superpopulation framework that
does not involve S?. However, under a finite-population framework, S? appears in the true variance
of 7 and thereby affects power calculations. Thus, Theorem 1 allows for less conservative variance
estimators, such as Vppy, and demonstrates how treatment effect heterogeneity affects testing power.

We can show that, for fixed S?, S2, 7, and R?, power in Theorem 1 is increasing in S? as long as
T > v _o(R)V'2N-172; otherwise, it is decreasing in S2. Thus, treatment effect heterogeneity has a
beneficial effect on power for large effect sizes, but an adverse effect for small effect sizes. As a result,
standard power calculations that assume that S> = 0 may underestimate or overestimate power,
depending on the effect size. We discuss this dynamic further in the Supplementary Material.

3.2. Sample size calculations

Theorem 1 establishes the testing power of a rerandomized experiment. The following theorem
establishes the relationship between the sample size N and a prespecified degree of power y when we
use test (6) to conduct inference for a rerandomized experiment.

THEOREM 2. Let y > a denote a prespecified probability that we correctly reject Hy: © = 0 using
test (6) under rerandomization. Then, the relationship between the sample size N and power y is

()

N { Vi ROV — v, (R V2 }2
T

where V denotes the variance in (1), V denotes the probability limit of its corresponding estimator, R?
denotes the squared multiple correlation in (3) and R* denotes the probability limit of R* in (5).

The sample size in Theorem 2 is (a) increasing in y, (b) decreasing in 7, (c) increasing in S7 and
S2if y > 0.5 and (d) decreasing in S? if y > 0.5. These results also hold under complete random-
ization, which is a special case when a = oo or R*> = 0. The first three observations are well known,
but, to our knowledge, the fourth has remained largely unacknowledged. However, it is intuitive: if
S? is larger then the variance of the mean-difference estimator is smaller. This additional precision
is propagated into the sample size necessary to achieve power y. This demonstrates that assuming
that S? = 0 is conservative, not only for confidence intervals, but also for sample size calculations.
However, there is usually no knowledge about S? before the experiment; furthermore, if increased
heterogeneity also increases outcome variation, this could adversely affect sample size. Nonetheless,
after the experiment, one could test whether S? > 0 (Ding et al., 2019). We discuss this further in the
Supplementary Material, where we study via simulation how sample size is affected by S7, S7 and S?.

We also show how to compute the sample size in (7) with our R package rerandPower (R
Development Core Team, 2024). One must specify the parameters y, 7, «; the proportions py, po; the
association R?; and S, S2 and S, which define ¥, 7 and R*> = VR?/ V. Our package approximates
the quantiles v;_, (R?) and vi_, (R?) via Monte Carlo simulation using representation (4).

Remark 1. Technically, the sample size N is also on the right-hand side of (7), because N is
involved in the definitions of S}, S7 and S?. This is a by-product of adopting a finite-population
framework. Nonetheless, we write N in terms of S7, S? and S?, because it is common to specify these
quantities when making sample size calculations (e.g., Lachin 1981; Wittes 2002). With a slight abuse
of notation, we can view S7, S and S? in Theorem 2 as limits of potential outcome variances and
treatment effect heterogeneity, thereby allowing for sample size calculators under a finite-population
framework.
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4. COMPARING RERANDOMIZATION TO COMPLETE RANDOMIZATION

4.1. Dispersive ordering of normal and nonnormal distributions

A natural question to ask is how power and sample size compare for rerandomization and
complete randomization. Li et al. (2018) established that two-sided confidence intervals under reran-
domization are narrower than those under complete randomization. To do this, they compared the
lengths of symmetric quantile ranges [v,(R?), vi_o (R?)] and [z,, 21— ] for a € (0, 0.5]. However, such
a comparison is not sufficient for comparing power between rerandomization and complete random-
ization, which involves lengths of asymmetric quantiles ranges, and in particular, gaps between two
quantiles on the same side of the origin.

To make this comparison, we establish a dispersive ordering of normal and nonnormal distribu-
tions involved in complete randomization and rerandomization. For two random variables X and Y
with quantile functions F~! and G~!, X is said to be less dispersed than Y if F~'(8) — F~'(a) <
G '(B) — G Y(a) forany 0 < o < B < 1 (Shaked, 1982). The following theorem establishes that the
rerandomization distribution (2) is less dispersed than a standard normal distribution.

THEOREM 3. Let &g ~ N(0,1) and Lk, be defined in (4), such that &y and L, are independent.
Then, for any a € [0, oc], integer K > 1 and p € [0, 1], (1 — p*)'2eq + pLxk. is less dispersed than .

Theorem 3 generalizes Li et al. (2018, Theorem 2), which showed that the symmetric quantile
range of (1 — p?)Y2ey + pLg, is less than or equal to that of the standard normal distribution.
Theorem 3 further shows that the gap between the « and 8 quantiles of (1 — p?)'/2gy+ pLg 4, such as
any nonsymmetric quantile range, is less than or equal to that of the standard normal distribution.
Theorem 3 is crucial for establishing the later theorems on power and sample size comparisons.

4.2. Power and sample size comparisons

The following theorem quantifies when power is greater under rerandomization.

THEOREM 4. If V =V then, forany t >0,

_ vlia(kZ) f/l/Z — N2 — (21 I’}'l/Z _ N2
sz( — > (e ). ®)

Meanwhile, if V> V, (8) still holds when © > vi_o(R2) VY2N=12: otherwise, (8) may be violated.

From Theorem 4, if inference is not conservative, such that ” = ¥, power is greater under reran-
domization than under complete randomization. However, when inference is conservative, such that
V > V, rerandomization may exhibit less power than complete randomization. This result is surpris-
ing: confidence intervals are always narrower under rerandomization, so we would suspect power to
always be greater. However, for power, we must consider not only confidence intervals’ precision, but
also their conservativeness. Equation (2) shows that the true asymptotic distribution of N'/2(¢ — 1)
under rerandomization is V'/2{(1 — R*)!?¢; + RL,}; when conducting inference, this is asymptoti-
cally estimated as V/2{(1 — R?)"/%¢; + RLy,}. By recognizing that " R2 = VRZ, one can show that
this estimated distribution is equivalent to the convolution of the true distribution of N'/?( — 1)
and an independent normal distribution N (0, V' — V). Because the true distribution of N'/2(¢ — 1)
is more concentrated around zero under rerandomization than complete randomization, but dis-
tribution A/(0, ¥ — V) is the same for both designs, inference under rerandomization can be more
conservative. As a result, the test under rerandomization can have a smaller Type-I error; see the
Supplementary Material. This additional conservativeness has an adverse effect on power, but the
additional precision from rerandomization has a beneficial effect. Theorem 4 establishes that the
beneficial effect outweighs the adverse effect as long as t is not too small. We illustrate this in the
Supplementary Material.
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Intuitively, when rerandomization increases power, it requires a smaller sample size to achieve a
certain degree of power. Let N, denote the sample size necessary to achieve power y under reran-
domization, as provided by Theorem 2. Let N, denote the sample size necessary under complete
randomization, which is the same as Theorem 2, but with the nonnormal quantiles replaced with
normal quantiles. The following theorem establishes sufficient conditions for N, < N,;.

THEOREM 5. Let y > « denote a desired level of power, and let N, and N, denote the sample sizes
required to achieve power y under rerandomization and complete randomization, respectively. We have
two separate results. First, if V- =V then Ny /N < 1. Second, if y > 0.5 then N /N, is

(a) less than or equal to 1,
(b) increasing in the number of covariates K and the rerandomization threshold a, and
(c) decreasing in R*.

Otherwise, if V >V and y < 0.5 then N,/ N, may be greater than 1.

Theorem 5 establishes that rerandomization requires a smaller sample size to achieve the same
amount of power when either inference is not conservative or the desired power is greater than or
equal to 0.5. The condition T > v;_,(R2)¥'2N~'/2 in Theorem 4 implies the condition y > 0.5 in
Theorem 5, and thus these conditions are analogous. In most standard power calculations, the desired
power is greater than 0.5.

The smaller the ratio N,;/N, the larger the sample size benefits of rerandomization over com-
plete randomization. The sample size reduction depends on R?, K, @ and S2. In the Supplementary
Material, we conduct a simulation study to assess how N,,/N,, changes for different K, R?, @ and S?,
thereby allowing practitioners to understand the sample size benefits of rerandomization. When there
is no treatment effect heterogeneity, the median of N,,/N,, is 0.75 for K € [1,100] and R* € [0,0.9]
using a rerandomization threshold a such that pr(M < a) = 0.001, as recommended by Li et al.
(2018). If, furthermore, R?> > 0.3 and K < 50, the median is 0.58. Meanwhile, when there is treat-
ment effect heterogeneity, these sample size benefits are dampened, because inference is conservative.
When S, is half the size of S; and Sy, N, /N, is on average 2.4% greater than when there is no
heterogeneity; when S, is 50% greater than S| and Sy, N,;/N, is on average 23.7% greater. More
details, such as how to implement power and sample size calculations with our R package rerand-
Power are discussed in the Supplementary Material.

5. DISCUSSION AND CONCLUSION

Our results focus on rerandomized experiments with two groups. Rerandomization theory has
been extended to more than two groups (Branson et al., 2016; Li et al., 2020), and thus we posit
that similar results hold for multiarm experiments. However, multiple causal estimands arise in this
setting, making power analyses more complex. Power depends on the potential outcome variance
in each group, as well as the effect heterogeneity and rerandomization criterion for each estimand.
Thus, power analyses will be notationally complex, but can rely on the same conceptual framework
as here.

One could compare rerandomization to designs beyond complete randomization, such as block
randomization, where blocks are constructed using, e.g., matching (Greevy et al., 2004; Bai, 2022).
Power would then depend on the association between blocking variables and outcomes; however,
blocking can be less efficient than complete randomization if the blocks are poorly chosen (Pashley
& Miratrix, 2022). Rerandomization is always at least as efficient as complete randomization and can
be combined with blocking to improve block randomization (Wang et al., 2021). Comparing block
randomization and block rerandomization is analogous to our comparison.

Our results also focus on the Mahalanobis distance on covariate means, but other rerandomiza-
tion criteria could be used. For example, Morgan & Rubin (2015) proposed different Mahalanobis
distance criteria for tiers of covariates that vary in importance. Again, power analyses will be nota-
tionally complex in order to incorporate the criterion for each tier. Other examples include criteria
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modified by ridge penalties (Branson & Shao, 2021) or principal component analysis (Zhang et al.,
2023), which have been shown to increase precision in high-dimensional settings. We suspect that
testing power may increase as well.
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SUPPLEMENTARY MATERIAL

The Supplementary Material includes proofs for the theorems, a simulation study and example
code for our R package rerandPower.
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Appendix A provides the proof of Theorem 1, which characterizes the asymptotic power under reran-
domization.

Appendix B provides the proof of Theorem 2, which characterizes the sample size necessary to achieve
a given power under rerandomization.

Appendix C provides the proof of Theorem 3, which establishes the dispersive ordering of the Normal
and non-Normal distributions involved in the asymptotic approximations for complete randomization and
rerandomization.

Appendix D provides the proof of Theorem 4, which determines when asymptotic power is greater
under rerandomization than under complete randomization.

Appendix E provides the proof of Theorem 5, which characterizes the ratio of the rerandomization
sample size and complete randomization sample size necessary to achieve a given power.

Appendix F compares the type-I error rates of rerandomization and complete randomization under the
null hypothesis of 7 = 0.

Appendix G uses numerical examples to illustrate that rerandomization can be less powerful than com-
plete randomization.

Appendix H presents a simulation study exploring how N, /N, changes for various experimental set-
tings, thereby allowing practitioners to understand the sample size gains of rerandomization compared to
complete randomization.

Appendix I provides additional numerical examples that illustrate how treatment effect heterogeneity
affects power and sample size under complete randomization and rerandomization.

Appendix J provides example code to implement power and sample size calculations for completely
randomized and rerandomized experiments with our R package rerandPower.

A. PROOF OF THEOREM 1

Below we first give a rigorous statement of Theorem 1 in the main paper. We will conduct finite popu-
lation asymptotic analyses; see, e.g., Li & Ding (2017) for a review. Specifically, we embed the N units
into a sequence of finite populations and impose the following regularity conditions analogous to Li et al.
(2018, Condition 1) along this sequence of finite populations.

Condition S1. As N — oo,

© 2020 Biometrika Trust
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(ii) the finite population variances and covariances, S7, SZ, 52,51 x, So,x and S% have finite limiting

values, the limit of S% is nonsingular, and the limit of V = p; ' S? + py 152 — S2 is positive.

(i) maxi<;<n{Yi(z) — Y (2)}?/N — 0 for z = 0,1, and max;<;<n || X; — X||*/N — 0.

In Condition S1, (i) is a natural requirement, and (ii) assumes stable finite population variances and
covariances along the sequence of finite populations. In addition, (ii) intuitively assumes that the covari-
ates are not colinear, and that the variance of 7 under complete randomization is not zero. Meanwhile,
(iii) assumes that the potential outcomes and covariates are not too heavy-tailed, and it will hold with
probability 1 if the units are i.i.d. samples from some superpopulation with 2 4+ 17 moments, for any > 0
(Li & Ding, 2017).

The theorem below is a rigorous version of Theorem 1 in the main paper. In this asymptotic power
analysis, we consider the finite population asymptotics with Condition S1 and the local alternative where
the true average treatment effect is on the scale of N ~1/2, analogous to usual power analysis.

THEOREM S1. Consider a sequence of finite populations with increasing sizes. Assume that Condition
S1 holds and the true average treatment effects satisfy T = ¢cN /2 for all N and some finite constant c.
Under rerandomization, the power of the test (8) satisfies

A o - o U1 o (ROV/2 — 7 N1/2
pr (T > Vl,a(R2)V1/2N 1/2) = Vg2 ( 1-a( )V1/2 +o(1),

where V g2 () denotes the survival function of (1 — R?)Y/?¢q + RLk o, V denotes the variance in (2), V
denotes the probability limit of its corresponding estimator, R? denotes the squared multiple correlation
in (4), and R* = V R?/V denotes the probability limit of R? in (7).

Now we prove Theorem 1. Under the test (8), we reject the null hypothesis if 7>
V1_o(R?)VY/2N=1/2 Thus, the power of the test is

pr (? > Vl,a(f%Q)f/l/QN*l/Q) =pr (N1/2(7A' —7) —vi_o( ROV > —N1/27)

=pr (Nl/Q(% —7)— 1/1_@(1%2)171/2 > —c) ,

where the last equality holds due to the fact that 7 = N~/2¢. From Li et al. (2018), under rerandom-
ization, VN (7 — 1) ~ V1/2{(1 — R*)Y/2¢5 + RLx ,}, where ~ denotes that the two sequences of dis-
tributions or random variables converging weakly to the same distribution. Besides, V-V= opr(1) and
R? — R? = 0,(1). By Slutsky’s theorem, we have

NY2(7 = 1) = _o(RHOVY2 L VY2{(1 — RH)Y%e) + RL o} — v1_o(RH)VY2.
Consequently, we have, as N — oo,

pr (% > Vl_a(RQ)Vl/QN_1/2> =pr (V1/2{(1 — R)Y2e) + RLk o} — vi_o(RH)VY? > —c) +o(1)
_ p2\T71/2 _
=Vpe (”1‘“(R 14 C) +o(1)

V1/2

B _L(RVY2 _ p N2
=V (”1 S T >+o(1).

V1i/2

Therefore, Theorem 1 holds.



B. PROOF OF THEOREM 2

Let v denote a prespecified degree of power desired for a rerandomized experiment, where + is the
probability we reject the null hypothesis using the test (8). Then, by Theorem 1, we have:

= Vs (Vl_a(RQ)V1/2—7N1/2> Ve <V1_Q(R2)V1/2—7N1/2>
— VR — L7 VR )

‘/1/2 ‘/1/2
where Vg2 () denotes the distribution function of the distribution (1 — R?)'/2¢; + RL , defined in (3).

Then, solving for N, we have:

1/1_(1(]%2)‘71/2 — rN1/2
V1i/2
1/1704(]:22)‘71/2 _ 7_]\[1/2 _ Vlf»y(Rg)Vl/Q

~ ~ 2
N (vlam?)vw - V17<RQ>V1/2) |

= Vl—'y(RZ)

I

I

T

C. PROOF OF THEOREM 3
To prove Theorem 3, we need the following five lemmas.
LEMMA S1. Forany integer K > 1 and threshold a € (0, c0), the probability density function of L o
is
FK—l (a — .1‘2)
Fi(a)

where ¢(-) is the probability density of N'(0, 1) and Fi (-) is the distribution function of X%, with Fy(z) =
1(z > 0) being the distribution function of a point mass at 0.

9K a(2) = o(z)

Proof of Lemma S1. Lemma S1 follows from Li et al. (2018, Proof of Proposition 2). For complete-
ness, we give a proof below. Let D = (D1, ..., Dg)™ ~ N(0, Ik). For any € R, we have

pr(lrq <z)=pr(D; <z|D'D <a)
pr(Dy < z,D"D < a)

pr(D™D < a)
. - K
- m[mpr t< x,t2+;D§ <a| ¢(t)dt
— %@) /; Fr_1(a—t*)o(t)dt
= /_ ; 9K a(t)dt,

where gk o(t) = Fx—1(a — t*)¢(t)/ Fi (a). Therefore, gx ,(-) must be the probability density function
of Lk q,1.e., Lemma S1 holds. U

LEMMA S2. Foranya € (0,00), K > 1 and ¢ € R, define
hi.ac(z) =log gk q(x) —log ¢(z + c), (—Va <z < +Va).

Then d*hk 4.0(2)/d2? < 0 for x € (—/a, /a).
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Proof of Lemma S2. From Lemma S1,

hic.a.c() =108 g .a(7) —log ¢ + ¢) = log $(«) + log Fi—1(a — 2*) — log Fi(a) — log $( +¢)
=log Fx_1(a — x%) 4 cx + ¢*/2 — log Fx (a).

When K = 1, hy 4 () reduces to cx + ¢%/2 — log Fy (a), which is a linear function of 2. Consequently,
d2h17a’c(x)/dac2 =0 for all z € (—+/a,+/a), i.e., Lemma S2 holds for K = 1. Below we consider only
the case with K > 1. )

Let fx () be the density of x%, and fx (z) = dfk (x)/dz be its derivative over z. We have

K-2—-=x

oy (S.D)

fiew) = i) (R = 1) = fil)

Consequently, for K > 1, the second derivative of hx , . reduces to

d? d?

@ K,a,c(I) = @

_ 4 {fK—l(a —a?)- (—233)}
dx Fr_1(a—x?)
_ frola—a?) - (<22)? - Fia(a—2?) — {fx_1(a—2?) - (—22)}?
- {Fi-1(a —a?)}?
_ 42% - fx_1(a — 2?) {K—l—?—(a—x2)
{Fr1(a— 2" 2(a—2%)

_ 42® - fx_i(a—2?)
" {Fra(a—a?)}?

log Frc—1(a — z?)

Fx_1(a—2?) — fr_1(a — sc2)}

“Ag_1(a— xz),

where

K-2-=2
- 2z
Thus, to prove Lemma S2, it suffices to prove A (x) <0 for all K > 0 and = € (0, 00). Note that

Ag(z) < —fk(z) < 0whenz > K — 2. It suffices to show Ax (x) < Oforall K >2andx € (0, K —
2)

Ak (z) P () = fx(2).

For K > 2 and z € (0, K — 2), define

R(a) = oo Ax(e) = Fi(0) — 23— (o).

It then suffices to show Ax () < 0 for all K > 2 and = € (0, K — 2). By some algebra and (S.1), for
K>2andz € (0,K — 2),

- Ax(e) = fele) -

2K —2) 2% 2K —2)

mﬁ((m) ~ k@)= —me(x) <0.

We can verify that lim,_,q Ax (z) = 0 for any K > 2. Thus, we must have Ag () <0Oforall K > 2
andz € (0, K — 2).
From the above, Lemma S2 holds. O

For a real function 1 defined on Z C R, define the number of sign changes of ¢ in Z as
Sz () = 57 (Y(x)) = sup Sz W (1), ¥(x2), - - ., Y(@m)] (8.2)

where S7 (y1,¥2, ..., Ym) is the number of sign changes of the sequence (y1,¥2, ..., ym) With the zero
terms being discarded, and the supremum in (S.2) is over all sets x1 < x2 < - -+ < x,, With x; € Z and
m < oo. For any ¢ € R and function v, define ¢.(z) = ¥ (z — ¢).
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LEMMA S3. Let F and G be two absolutely continuous distributions having intervals as their support,
in the sense that each of F' and G has a probability density function that takes positive values on an
interval and zero values otherwise, and let f and g be the corresponding densities. If Sg (f. — g) < 2 for
all ¢ € R, with the sign sequence being —, +, — in case of equality, then F is less dispersed than G.

Proof of Lemma S3. Lemma S3 follows from Shaked (1982, Theorem 2.5). O
LEMMA S4. For any a € [0, 00] and integer K > 1, Ly , is less dispersed than €.

Proof of Lemma S4. Lemma S4 holds obviously when a equals zero or infinity. Below we consider
only the case with a € (0, c0).

Let gk, and ¢ be the densities of L , and £9. We have derived the form of gx , in Lemma S1.
Furthermore, we define g1 () to be zero when 2% = a; obviously, g ,(z) is still the density of L ,. Let
T = (—+/a,/a) be the support of Lk ,. For any ¢ € R, define gx q..(2) = gx,o(x — ¢), L. = (—/a +
¢, v/a + c), and hK.a,c the same as in Lemma S2. We then have, for any z € Z,

sign {gice(®) — 6(@)} = sign {gr.a(@ — ©) — 9z — ¢+ ¢)} = sign {hicaclw — )}
Therefore, S7_ (9r,a,c — @) = S7 (hK,a,c). By Lemma S2, hi 4 is a concave function on Z. This then
implies that

0, with sign being + or —,

S7 (9r.ae — @) = Sz (hrae) = (1, withsign sequence being (—, +) or (+, —),

2,  with sign sequence being (—, +, —).

Note that g q.c(z) = 0 < ¢(x) for = ¢ Z.. We can then verify that S; (9x,q,c — ¢) must have the fol-
lowing forms:

S ( 6) = 0, with sign being —,
R \IK.ac ]2, with sign sequence being (—, +, —).
By Lemma S3, L , is less dispersed than €(. Therefore, Lemma S4 holds. O

LEMMA S5. Assume X is less dispersed than Y. Let W be a random variable independent of X and
Y. Let f(w) be the density of W. If f(w) > 0 and d*log f(w)/dw? < 0 for all w, then X + W is less
dispersed than' Y + W.

Proof of Lemma S5. Lemma S5 follows from Lewis & Thompson (1981, Theorem 7). (I
Equipped with the above lemmas, we now prove Theorem 3.

Proof of Theorem 3. Let &1 ~ N(0,1) be independent of (g9, Lk ). From Lemma S4, L, is less
dispersed than 1, which immediately implies that pL g , is less dispersed than pe;. Thus, Theorem 3
holds when p = 1. Below we consider only the case where 0 < p < 1.

By some algebra, the second derivative of the log-density of \/1 — p2eq ~ N (0,1 — p?) is a constant
—(1 = p*)~! < 0. Thus, by Lemma S5, \/1 — p2eq + pLx , is less dispersed than /1 — p2gq + pey ~
./\/(0, 1) ~ £Q.

From the above, Theorem 3 holds. ([l

D. PROOF OF THEOREM 4

_ Let B and S, denote the left and right hand sides of (10), respectively. We first consider the case with
V =V, which implies R? = R2. We can then verify that

Vl_(X(R2) - l/l_ﬂrr(R2) = V71/2N1/2T = Zl_a - Zl_ﬂcr'
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Assuming 7 > 0, we have 1 — a > 1 — 3. From Theorem 3, 11 (R?) — 115, (R?) < z1_0 — 21-3,-
This then implies that z;_, — 21_g, < 21— — 21-3,. Consequently, we must have 5, > 3, i.e., the
inequality in (10) holds.

We then consider the case where 7 > 1/1,,1(]?2)‘71/ 2N~1/2,We can verify that

Vl_a(RQ)f/l/Q — 1/1_,@rr(R2)V1/2 =NYV2r =z VY2 21_5uV1/2.

Assuming 7 > v;_o(R?)V/2N~1/2 we have f; > 1/2. Note that the distribution (1 — R?)/2¢; +
RLk ., is symmetric around zero. From Li et al. (2018, Theorem 2), we can verify that —vq_g, (R?) =
v, (R?) < 25, = —21-p, and v1_o(R?) < 21_,. These imply that

Zl_af/l/2 — zl_guVl/Q = lll_a(é2)‘~/l/2 — Vl_ﬁrr(RQ)Vl/Z S Zl_af/l/2 — Zl_grrvl/2.

Consequently, we must have S, > S, i.e., the inequality in (10) holds.
From the above, Theorem 4 holds.

E. PROOF OF THEOREM 5

Let N, and N, denote the sample sizes necessary to achieve power v under complete randomization
and rerandomization, respectively, as provided by Theorem 2. We have:

-~ 2
No _ (noal RV vy (V12 s
Ncr 21,QV1/2 - 21,7V1/2 ) '
We first consider the case with V = V. In this case, the ratio simplifies to
Ne  (n-aBOVY2 =i (RAVYAN® (01 o(B2) = (RY)\? 52)
Ne B Zl—avl/Q - Zl—'yvl/Q B Rl—a — Rl—vy ' -

From Theorem 3, when v > «a, we have v;_,(R?) — Vl,,Y(RQ) < 21—a — #1—~. This implies that
Ni/Ne < 1by (S.2).

We then consider the case with v > 0.5. From Li et al. (2018, Theorem 2), both 1 _,(R?) and Z/V(RQ)
are decreasing in R? and increasing in K and a, and they are less than or equal to z1_, and z., respec-

tively. Consequently,
Ulia(ﬁﬁ)f/l/Q _ Vlfry(RQ)Vl/Q _ Vlia(RQ)‘N/l/Q + V,Y(RQ)Vl/Q
< zl_af/l/Q + 27V1/2

— o V2 217WV1/27

which implies that Ny/Ng <1 by (S.I). Moreover, v_o(R%)V'? —v_(R)V/? =
vi—o(R))VY2 41 (R*)V'/? is decreasing in R? and increasing in K and a. This then implies
that Ny /N, is decreasing in R? and increasing in K and a.

From the above, Theorem 5 holds.

F. TYPE-I ERROR RATES UNDER RERANDOMIZATION AND COMPLETE RANDOMIZATION

From Theorem 1, the type-I error rates of the a-level tests under rerandomization and complete ran-
domization are, respectively,

35 Vl—a(RQ)Vl/Z = Zl_af/l/Q
Ay — VR2 <W and Qer = (D W .

It is challenging to compare o, and o, theoretically, due to the possible difference between R? and R2.
Nevertheless, we conjecture that a;; < a, due to the same reason discussed in §4.2 of the main paper:
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We conservatively estimate the true distribution of N'*/2(# — 7) by the same amount under both designs,
and the true distribution under rerandomization is more concentrated around zero. See Appendix G for a
numerical study.

Below we consider the limiting case with @ = 0, which can be a good approximation for rerandom-
ization with a small threshold as suggested in Morgan & Rubin (2012). When a = 0, V- simplifies to
the survival function of A"(0,1 — R?), and v; _, (R?) simplifies to the (1 — a)-quantile of A"(0,1 — R2).
Consequently, the type-I error rate under rerandomization simplifies to

o (71/2 1— p2\1/2 o 7 _ 2\1/2
O = ) ZlfaV ( R ) -3 zl,a(V VR ) ’ (Sl)
V1/2(1_R2)1/2 (V_VRz)l/z

where the last equality holds because V RZ = V R2. Because

V-VR? V VRYV-V)

- = >
V-VR* V V(V-VR?)"

)

we have oy < . Moreover, if R? > 0 and V> V', ay is strictly less than a;.

When rerandomization has a small threshold and the treatment effect has a small size, the power of
rerandomization can be close to that in (S.1). This implies that the power under rerandomization can be
smaller than that under complete randomization.

G. TESTING POWER UNDER RERANDOMIZATION CAN BE LESS THAN UNDER COMPLETE
RANDOMIZATION

Theorem 4 establishes that testing power is greater under rerandomization than complete randomization
when V = V or when the treatment effect 7 > v;_,(R?)V/2N~1/2 Otherwise, rerandomization may
exhibit less testing power than complete randomization, because inference under rerandomization can be
more conservative than that under complete randomization, as discussed in Appendix F. This additional
conservativeness decreases power, but the additional precision from rerandomization increases power. To
illustrate this trade-off, we consider a simple numerical example below.

Suppose that V = 1 and R? = 0.5. We consider two cases, which correspond to V =V and V > V,
as in Theorem 4. In Case (i), the probability limits of our estimators are the same as the corresponding
truth, i.e., V =V and R? = R2. Meanwhile, in Case (ii), inference is asymptotically conservative, in the
sense that V/V = 1.1 > 1 and R? = VR?/V =~ 0.455. Figure S1 shows the power (as in Theorem 1)
of the 0.05-level one-sided test based on the mean-difference estimator under complete randomization
and rerandomization, with the scaled average treatment effect 7N'/2/V'/2 ranging from 0 to 0.5. From
Fig. S1(a), when inference is not conservative, the power at 7 = 0 equals the nominal level 0.05 under
both designs, and rerandomization provides better power than complete randomization. From Fig. S1(b),
when we can only conduct conservative inference, the power at 7 = 0 is less than the nominal 0.05 under
both designs, and moreover, the test is more conservative under rerandomization. However, the power of
rerandomization quickly passes that of complete randomization when N'/27/V1/2 is not too small, and
the cutoff for N'/27/V'/2 is much smaller than the theoretical cutoff v _,(R?)V/2/V1/2 ~ 1.27 in
Theorem 4. In addition, in Fig. S1(c) we also consider Case (iii), which is the same as Case (ii), except
that our inference is much more conservative with V' /V = 10. In this case, the power of rerandomization
also passes that of complete randomization when N'*/27/V1/2 is not too small, and the cutoff becomes
closer to the theoretical cutoff 1 _, (R2)V1/2/V1/2 ~ 5.07.

H. COMPARING SAMPLE SIZE FOR RERANDOMIZATION AND COMPLETE RANDOMIZATION
H.1. Setup and Parameters

Theorem 5 establishes, for any significance level o and power ~, the ratio between the sample size
needed under rerandomization to achieve power ~ and the sample size needed under complete random-
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Fig. S1: The power for the 0.05-level one-sided test using the mean-difference estimator under
complete randomization (solid line) and rerandomization (dashed line). The dotted horizontal
line denotes 0.05. The dotdash vertical line in (c¢) refers to the threshold v;_, (RQ)VI/ 2 as in
Theorem 4.

ization:

(S.1)

~ ~ 2
Ne  Jvi—a(BVY2 -y (R?)V/2
Ncr B 2’1_“‘71/2 — 21_7V1/2

where V denotes the variance defined in (2), V denotes the probability limit of its corresponding estimator
defined in (6), v, (p?) denotes the a-quantile of the distribution (1 — p?)'/2¢y + pLx , in (3), and z,
denotes the a-quantile of the standard Normal distribution. This ratio depends on the number of covariates
K, the correlation R2, and the rerandomization threshold a. In this section, we present a simulation
study to better understand how NN, /N, behaves for different K, R?, and a, as well as varying levels
of treatment effect heterogeneity. The smaller the ratio, the larger the benefits of rerandomization over
complete randomization in terms of sample size.

We consider the dimension of covariates K € {1,10, 20, ..., 100}, correlation R? € {0,0.1,...,0.9},
and acceptance probabilities p, € {0.001,0.01,0.1}, where p, = pr(M < a), i.e., the probability that a
given randomization fulfills the rerandomization criterion. For simplicity, we focus on significance level
a = 0.05 and power v = 0.8, both of which are common values in the power analysis literature. We found
that results were consistent across other values of « and . The sample size ratio N, /N, in Theorem 5
also depends on the non-Normal quantiles v, (R?) and v, ., (R?), which in turn depend on K, R?, and
pa. For each K, R?, and p,, we simulate 106 draws from the non-Normal distributions (1 — R2)'/2¢y +
RLg o and (1 — R?)'/2¢q + RLk 4, in order to approximate the quantiles v;_,(R?) and vy (R?),
respectively. Note that, when there is no treatment effect heterogeneity, R? = R?; and when there is
treatment effect heterogeneity, R = VR?/V .

We will first consider the case where there is no treatment effect heterogeneity, such that S? = 0 and
thus V = V. As a result, the sample size ratio does not depend on the potential outcome variances S7 and
Sg. Then we will consider the case where there is treatment effect heterogeneity, and thus S 262 and SE
will affect the sample size ratio.

H.2. Without Treatment Effect Heterogeneity
Figure S2 displays Ny, /N, for different combinations of K, R?, and p, . There are several observations
from Fig. S2, all of which validate the statements made in Theorem 5. First, the ratio is always below 1.
This confirms that there are always sample size benefits when running a rerandomized experiment, com-
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Fig. S2: The ratio Ny/N,, for different K, R?, and p,, when there is no treatment effect hetero-
geneity.

Table S1: ANOVA Table Based on Results in Figure S2

| Factor | Degrees of Freedom | Sum of Squares | Mean Sum of Squares | F value |

Da 2 0.450 0.225 1775.695
K 10 2.658 0.266 2096.851
R? 9 7.059 0.784 6188.679
Dot K 20 0.053 0.003 20.786
pa : R? 18 0.184 0.010 80.501
K:R? 90 1.084 0.012 94.987
Residuals 180 0.023 0.000

pared to a completely randomized experiment, at least when v > 0.5. Furthermore, the ratio is decreasing
in R? and increasing in K and p,. This demonstrates that the sample size benefits of rerandomization are
large when a stringent criterion is used to balance a few covariates that are strongly related with experi-
mental outcomes. More generally, Fig. S2 shows that rerandomization can lead to substantial sample size
gains: For example, if p, = 0.001, the median of the ratios in Fig. S2 is 0.75, and if further R? > 0.3 and
K < 50, the median of the ratios is 0.58. This suggests that rerandomization can reduce sample size by
25% to 40%, compared to complete randomization.

To better understand how K, R?, and p, impact the sample size ratio N,;/N,,, we used the results in
Figure S2 to run an analysis of variance (ANOVA), where N,/ N, was used as the outcome and K, R2, p,,
and their two-way interactions were included as factors. The resulting ANOVA table is in Table S1; all of
the p-values for these factors were less than 2 - 10~ 1¢, From the mean sum of squares and corresponding
F values, it’s clear that R? has the largest impact on the sample size ratio, followed by K, followed by
Dq- This echoes simulation results in Li et al. (2018), who found that once the acceptance probability p,
is made adequately small, reducing it further does not have a large impact on variance reduction under
rerandomization. In short, previous observations about how K, R2, and p, impact variance reduction
under randomization seem to carry over for how they impact sample size reduction under rerandomization.
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Because there is no treatment effect heterogeneity and thus V =V, the results in Fig. S2 hold for any
degree of potential outcome variation S? and S5 and any average treatment effect 7, as shown by (S.1).
According to Theorem 2, the sample size needed to achieve power 7 is increasing in S7, S2 and decreasing
in 7 for both rerandomization and complete randomization, which is a special case of rerandomization
when a = oo or R? = 0. Thus, as S7 and S? increase and as T decreases, the nominal sample size gains
from rerandomization can be arbitrarily large, at least as long as the desired power is greater than 50%.
For example, consider conducting an experiment where we desire 80% power and S; = Sy = 4. When
T = 2, i.e. half a standard deviation, which is a medium effect according to a commonly used effect size
rule-of-thumb by Cohen (2013), the necessary sample size under complete randomization is N ~ 99.
In this case, one may view the results in Fig. S2 as modest: If the covariates are modestly related to
the outcomes (R? = 0.3), there are a moderate amount of covariates () = 50), and we use a somewhat
stringent rerandomization criterion (p, = 0.01), we would expect only an approximately 13.3% reduction
in sample size under rerandomization, or approximately 14 fewer subjects. However, when we consider
a small effect 7 = 0.8, or one-fifth of a standard deviation, N, ~ 619. In this scenario, a 13.3% sample
size reduction, or approximately 83 fewer subjects, may be considered quite large.

H.3. With Treatment Effect Heterogeneity

Now we consider the case where S2 > 0, and thus power and sample size will depend on the potential
outcome variances S and S3 in addition to S2. To our knowledge the literature has not discussed how
treatment effect heterogeneity affects the power of completely randomized experiments, let alone reran-
domized experiments. First we will discuss how treatment effect heterogeneity affects power and sample
size for complete randomization and rerandomization, and then we will discuss how heterogeneity affects
the sample size ratio N,/ Ny;.

The asymptotic power for rerandomized experiments is characterized by Theorem 1; for fixed values of
52,52, and 7, the power is increasing in S2 as long as 7 > v _o(R?)V/2N~1/2; otherwise, it is decreas-
ing in S2. Because complete randomization is a special case of rerandomization, a similar result holds for
completely randomized experiments, where power is increasing in S? as long as 7 > 21 oVIENT1/2,
Thus, treatment effect heterogeneity has a beneficial effect on power for relatively large effect sizes
but an adverse effect for relatively small effect sizes. Furthermore, because lll_a(R2) < z1_q for all
a € (0,0.5], power is increasing in S? for a wider range of effect sizes under rerandomization than under
complete randomization. In other words, treatment effect heterogeneity is less likely to adversely affect
power under rerandomization than under complete randomization. We illustrate this point further with
numerical examples in Section I.

However, the results in the previous paragraph only hold when the variances S7 and S7 are fixed, and
it’s difficult to imagine a scenario where an increase in S? does not also increase S7, which adversely
affects power. For example, previous works studying treatment effect heterogeneity have considered data-
generating models like Y;(1) = Y;(0) 4+ 7 + 0, Y;(0) for some heterogeneity parameter o (Ding et al.,
2016; Branson & Dasgupta, 2020). In this case, S? = (1 + 0,)253 and S? = 0253, and thus more het-
erogeneity increases both S? and S2. Because power tends to be decreasing in S? and S? for large S%,
this suggests that treatment effect heterogeneity generally has an adverse effect on power.

Meanwhile, from Theorem 2, the sample size necessary to achieve power + is decreasing in S2 as long
as v > 0.5. Thus, for a fixed 7 and power v > 0.5, treatment effect heterogeneity has a beneficial effect
on sample size for both completely randomized and rerandomized experiments. Indeed, this is analogous
to the aforementioned results on power, because v > 0.5 when 7 > 2, V/2N~1/2 for completely ran-
domized experiments and when 7 > v;_(R2)V/2N~1/2 for rerandomized experiments. However, if
increased heterogeneity results in increased potential outcome variation, this may have an adverse affect
on sample size, in the sense that increased S? will in turn increase sample size, as communicated in
Theorem 2. These results are also illustrated further in Section L.

Finally, we consider how treatment effect heterogeneity affects the sample size ratio Ny /N As com-
municated in Theorem 5, when S; > 0, the sample size ratio depends on two conservative estimators:
V, which impacts inference for complete randomization and rerandomization, and R2=VR? / V, which
only impacts inference for rerandomization. As a result, the sample size under rerandomization Vy; is
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Fig. S3: The sample size ratio N,;/N. when running an experiment with p; = pp = 0.5 and
S1 = S0 = 4, where a = 0.05, v = 0.8, and p, = 0.001. The three panels correspond to hetero-
geneity S; € {2,4,6}.

doubly-impacted by the conservative estimator v, thereby diminishing the sample size benefits of reran-
domization when there is treatment effect heterogeneity. To demonstrate, let’s consider an experiment
where p; = pg = 0.5 and S; = Sy = 4, the significance level is o = 0.05, the desired power is v = 0.8,
and acceptance probability is p, = 0.001. Figure S3 shows the resulting N,./N,; for treatment effect het-
erogeneity S, € {2, 4,6} for different K and R2. Many of the results from Fig. S2 still hold: N, /N, is
decreasing in R2?, increasing in K, and always below 1, as established by Theorem 5. However, we see
that this ratio is increasing in the treatment effect heterogeneity S2; thus, rerandomization has less ability
to reduce sample sizes when there is large treatment effect heterogeneity. When S2? = 2, N,,/N,, is on
average 2.4% greater than when S? = 0; when S2? = 4, N,;/N,; is on average 9.9% greater; and when
Sg = 6, N;/N, is on average 23.7% greater. However, S; = 6 denotes unusually large effect hetero-
geneity, because it is larger than S; and Sy. Furthermore, it’s important to remember that the ratio result
in Theorem 5 holds for any 7; thus, as discussed in Section H.2, when 7 is small, N, will be large, making
even small multiplicative sample size reductions possibly worthwhile.

Furthermore, because the potential outcome variances S? and S? also impact power and sample size,
they may also impact the ratio Ny,/N,. Let us consider the same example in Fig. S3, but where we fix
K =10 and vary S, Sy, S-, and R%. Figure S4 shows the ratio for different values of Sy, Sp, S,, and
R?; in Fig. S4 we restricted the color scale to [0.25, 1.0] to more easily see trends for this plot. We see
that as S; and Sy increase, Ny /N, somewhat decreases, signaling that rerandomization can lead to larger
sample size reductions when potential outcome variances are high. However, it appears that treatment
effect heterogeneity has a relatively larger adverse impact on these sample size reductions; in other words,
there is more variation with respect to the vertical axis in Fig. S4 than the horizontal axis. Thus, if higher
treatment effect heterogeneity in turn induces higher potential outcome variation, the adverse effects of
heterogeneity will likely outweigh the beneficial effects of higher variation, thereby limiting the amount
of sample size reductions we can expect from rerandomization.
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Fig. S4: The sample size ratio Ny/N. when running an experiment with p; = py = 0.5 and
S1 =5y = 4, where o = 0.05, v = 0.8, K = 10, and p, = 0.001. The three panels correspond
to R? € {0.2,0.5,0.8}.

I. ADDITIONAL NUMERICAL EXAMPLES: HOW TREATMENT EFFECT HETEROGENEITY AFFECTS
POWER AND SAMPLE SI1ZE IN RANDOMIZED AND RERANDOMIZED EXPERIMENTS

In Section H.3, we discussed how treatment effect heterogeneity affects power and sample size for
completely randomized and rerandomized experiments according to Theorems 1 and 2. In this section, we
present numerical examples to supplement that discussion. First we will present examples for completely
randomized experiments, because, to our knowledge, the literature has not discussed how treatment effect
heterogeneity affects power for completely randomized experiments, let alone rerandomized experiments.
Then, we will discuss how these examples apply to rerandomized experiments.

As mentioned in Section H.3, for fixed values of S7, S2, and 7, testing power for completely random-
ized experiments is increasing in S as long as 7 > z;_,V'/2N~1/2, where V is the probability limit
of the estimator for V/, defined in (2). As a toy example, consider a completely randomized experiment
where the proportions of treatment and control subjects are p; = po = 0.5 and there are N = 100 sub-
jects. Furthermore, say S; = Sy = 4 and we use the ubiquitous variance estimator VN =p; 51 + po
and thus Vy = [ 2% 182 + Do o 1S2. Thus, power is increasing in S2 as long as 7 > z;_, - 8- 0.1 ~ 1.3 for
« = 0.05. Figure S5a shows power for this toy example when we vary S for 7 = 2 and 7 = 0.8; we see
that power is monotonically increasing in .S for the former but monotonically decreasing for the latter.
This suggests that treatment effect heterogeneity has a beneficial effect on power for large effect sizes but
an adverse effect for small effect sizes. Thus, if we incorrectly assume SE = 0, which is common in power
analyses, then we may underestimate power for large effect sizes but overestimate power for small effect
sizes. Note that, in Fig. S5a, S = 8 is very extreme; in this case, V = 0, and thus power is either O or 1,
depending on whether 7 > z;_,V/2N~1/2,

Alternatively, we can consider a fixed average treatment effect 7 and study power when we vary S?
and S2 in addition to S2. Figures S5b and S5c show the power for the aforementioned toy example for
7 =2 and 7 = 0.8, respectively, for different values of 51,5y and S,. When 7 = 2, power is monoton-
ically increasing in S, as we saw in Fig. S5a, but only for small values of S; and Sy; otherwise, it is
monotonically decreasing. Meanwhile, we see that power is always monotonically decreasing in S when
7 = 0.8. Furthermore, we see in Fig. S5b and S5c that power is monotonically decreasing in S and Sy,



00
i

5 6 7 8 4 5 6 7 8
S $i=8g $i=8g

(a) Power when varying S, for S; = (b) Power when varying S; as well as  (c) Power when varying S as well as
So = 4, when 7 = 2 (solid line) and 57 and Sp for 7 = 2. Power ranges S; and Sy for 7 = 0.8. Power ranges
7 = 0.8 (dotted line). from 32.4% to 100.0%. from 0.0% to 26.0%.

Fig. S5: Power of a completely randomized experiment under several scenarios when p; = pg =
0.5 and N = 100.

which is already a well-known phenomenon in power analyses. Taking all of Fig. S5 together, treatment
effect heterogeneity can have an adverse effect on power if 7 is small or the potential outcome variances
are large. It also appears that the potential outcome variances tend to have a more consequential effect on
power than treatment effect variation.

Now we consider sample size. When 7 > 21_oVI2N—1/2, power will always be greater than or equal
to 50%, as a consequence of Theorem 1. Thus, for fixed 7 and power v > 0.5, treatment effect hetero-
geneity actually has a beneficial effect on the required sample size to achieve power v, in the sense that
larger S2 leads to a smaller required sample size, as a consequence of Theorem 2. To demonstrate, let
us again consider our toy example where p; = pg = 0.5, S;1 = Sy = 4, and 7 = 2. Figure S6a displays
the sample size NN, to achieve power v = 0.8 and v = 0.4 under complete randomization for increasing
values of S.. When v = 0.8, sample size is increasing in S;, but it is decreasing in S; when v = 0.4;
this is analogous to our previous finding that power is increasing in S, only for treatment effects above
a certain magnitude. Furthermore, note that in the extreme case when S, = 8, V' = 0, and thus NV is no
longer a function of ~.

Again we can also consider varying S7 and SZ, in addition to S2; the resulting sample size N, required
to achieve power v = 0.8 is shown in Figures S6b and S6c¢ for 7 = 2 and 7 = 0.8, respectively. For both
of these scenarios, the sample size is decreasing in S2, again suggesting that larger treatment effect het-
erogeneity can have a beneficial effect on the sample size N, if v > 0.5. However, in Fig. S6b and Séc,
we see that there is more variation in N, across the horizontal axis than the vertical axis. This suggests
that potential outcome variances have a larger effect on sample size than treatment effect heterogeneity,
validating common power analyses that focus on these quantities rather than treatment effect heterogene-
ity. In particular, if increased treatment effect heterogeneity in turn increases potential outcome variances,
then in general heterogeneity may have an adverse effect on sample size.

Finally, we can also consider how treatment effect heterogeneity affects power and sample size for
rerandomized experiments. According to Theorem 1, for fixed 812, Sg, and 7, power under rerandom-
ization is increasing in S2 as long as 7 > v _o(R2)VY2N~1/2, where v;_,(R?) denotes the (1 — «/)-
quantile of the distribution /1 — R2¢( + VRL k.o and R? = VR?/V . Note that v;_(R?) < 2, for
all « € (0,0.5), with equality only if R? = (. Thus, the same conclusions made in this section for com-
pletely randomized experiments also hold for rerandomized experiments, but for smaller effect sizes. In
other words, under rerandomization, a smaller 7 is required in order for power to be increasing in S2; or
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Fig. S6: Sample size N, required to achieve power v when running a completely randomized
experiment with p; = pp = 0.5 under different scenarios. In (b) and (c), v = 0.8.

conversely, a smaller sample size [V, is required to achieve a certain level of power v > 0.5, as established
by Theorem 5.

J. POWER AND SAMPLE SIZE CALCULATIONS USING THE R PACKAGE RERANDPOWER

Practitioners may be interested in implementing power and sample size calculations for completely
randomized and rerandomized experiments based on the results presented in this paper. Our R pack-
age rerandPower, available on CRAN, has four functions: power.rand (), power.rerand(),
sampleSize.rand (), and sampleSize.rerand().

The functions power.rand () and power.rerand () compute power for given sample sizes Ny
and Ny, potential outcome standard deviations S7 and Sy, treatment effect heterogeneity standard devi-
ation S, and average treatment effect 7. The significance level « can also be specified. Let’s consider
the toy example in Section I, where Ny = Ny =50, 51 =5y =4, 7=2,and S, =0or S, =4 for a
completely randomized experiment. The following lines of code implement the power calculations for
these two cases, presented in Figure S5:

> power.rand (N1 = 50, NO = 50, sl = 4, sO0 = 4, tau = 2)

[1] 0.8037649

> power.rand (N1l = 50, NO = 50, sl = 4, sO0 = 4, s.tau = 4, tau = 2)
[1] 0.838286

We see that power increases when S > 0 because 7 > zl_avl/zN*I/Q, as discussed in Section 1. The
calculation made in the first line of code, which by default sets S; = 0, is widely available in other power
analysis software; however, to our knowledge, other available software does not allow one to specify
S- > 0, as done in the second line of code.

Similar calculations can be made for rerandomized experiments using power.rerand (), except
one also has to specify the number of covariates K, the correlation between covariates and potential
outcomes R2, and the acceptance probability p, = pr(M < a), where M is the Mahalanobis distance
defined in (1). When designing an experiment in practice, one can control K and p,, but of course one
will not have knowledge about R? until the experiment has been conducted. Thus, R? should be specified
based on subject-matter knowledge, or based on best- and worst-case scenarios. For example, consider
conducting a rerandomized experiment where there are K = 10 covariates, p, = 0.01, and there is a
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moderate correlation of R? = 0.3. Then the power under rerandomization for the same toy example above,
with S, = 4, is:

> power.rerand (N1 = 50, NO = 50, sl = 4, s0O = 4, s.tau = 4, tau = 2,
K = 10, pa = 0.01, R2 = 0.3)
[1] 0.901424

We see that, compared to the complete randomization example, power is higher in this case.

Meanwhile, the functions sampleSize.rand () and sampleSize.rerand () compute the sam-
ple size IV necessary to achieve a prespecified level of power « for given S1, Sy, 7, 7, and sample size
proportions p; = N1 /N and py = Ny/N. Let’s again consider the toy example from Section I, where
p1=po=0.5,5 =Sy =4,7=2,and S, = 0 or S = 4. The following lines of code implement sam-
ple size calculations for these two cases when power v = 0.8, presented in Figure S6:

> sampleSize.rand(power = 0.8, sl = 4, sO0 = 4, tau = 2)
[1] 98.92092
> sampleSize.rand(power = 0.8, sl = 4, sO0 = 4, s.tau = 4, tau = 2)

[1] 90.15267

We see that the necessary sample size decreases when there is treatment effect heterogeneity, because
v > 0.5. Again, the calculation made in the first line of code is also widely available in other power
analysis software, but to our knowledge, that in the second line of code is not.

We can again make similar calculations for a rerandomized experiment. Let’s again consider the case
where K = 10, p, = 0.01, and R? = 0.3. Then, the sample size calculation for the case where S, = 4 is:

> sampleSize.rerand(power = 0.8, sl = 4, s0O = 4, s.tau = 4, tau = 2,
K =10, pa = 0.01, R2 = 0.3)

[1] 72.6096

We see that, for this example, rerandomization requires a smaller sample size than complete random-
ization, which will always be the case when v > 0.5, as established by Theorem 5. For this example,
rerandomization decreases the sample size requirement by approximately 19.5%.

More details and examples are available in the documentation for rerandPower on CRAN.
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