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Abstract

Albanese and Picard 1-Motives in Positive Characteristic
by
Lasse Peter Mannisto
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Martin Olsson, Chair

The goal of this Thesis is to develop the theory of Picard and Albanese 1-motives attached
to a variety X defined over a perfect field of positive characteristic, and to relate these 1-
motives to the étale cohomology groups of X. This should be viewed as a generalization of the
classical theory of Picard and Albanese varieties attached to a smooth and proper variety X.
Moreover, giving such a theory allows us to relate the dimension- and codimension-one étale
cohomology groups in the most natural (‘motivic’) way possible; in particular, independence-
of-¢ type results in dimension- and codimension-one are automatic once one has developed
such a theory.

In the case of a base field of characteristic zero, the corresponding 1-motives have been
constructed and studied in previous work of Barbieri-Viale and Srinivas. When one deals
with a positive-characteristic base field, new difficulties arise due to the fact that resolution
of singularities in positive characteristic is still an open problem. This forces us to introduce
new methods, especially a strong form of de Jong’s results that allows us to resolve (in a weak
sense) an arbitrary separated finite type k-scheme by a smooth Deligne-Mumford stack. A
large part of this thesis is devoted to preliminary results on divisors and cycle class maps
for Deligne-Mumford stacks that we need when applying the methods of Barbieri-Viale and
Srinivas with stacks rather than schemes.

In the end, we manage to construct the Picard 1-motives of an arbitrary separated finite
type k-scheme with no additional assumptions, and prove various functoriality and compat-
ibility properties for these 1-motives. The situation with the Albanese 1-motives is more
complicated; over an arbitrary perfect field, we only manage to show that the Albanese
I-motives of X exist after possibly base extending X via a finite field extension K/k. We
show, however, that in the case that k is a finite field or an algebraically closed field, no
such field extension is necessary. The case of a finite field uses a method for descending
1-motives along an extension of finite fields when the 1-motive is only given up to isogeny.
This method may be of some independent interest.



We conclude the thesis with a brief Chapter indicating how to use this theory to prove
some new independence-of-¢ results in dimension- and codimension-one.
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Chapter 1

Introduction

1.1 Picard and Albanese for smooth projective
varieties

Our goal in this thesis is to generalize the theory of Picard and Albanese varieties for smooth
projective varieties in positive characteristic to arbitrary separated finite type k-schemes. To
make sense of this, we will first briefly review the theory of Picard and Albanese varieties in
the smooth and projective case, and then indicate what properties of this theory we would
like to generalize to the singular/non-proper case.

1.1.1. Let X be a smooth and projective variety over an algebraically closed field &k (of any
characteristic). In the 1950’s the work of multiple people (in particular Weil, Chow, and
Matsusaka [Mat52]) established the theory of the Picard and Albanese varieties associated
to X. This had been known in the case k = C far earlier, but only in the 1950’s were
algebraic constructions given. This theory was then incorporated by Grothendieck into the
more general theory of Picard functors of schemes [FGA, Exp. V-VI|. For an excellent review
of the complicated history of these ideas, see the Introduction of [Kle06]. Here we will only
review the modern, functorial definitions of the Picard and Albanese varieties. The article
[K1e06] is also an excellent place for proofs of the following facts.

1.1.2. Fix a closed point x € X, and also (by abuse of notation) let z : Spec k — X denote
the corresponding closed immersion. The Picard variety of X, which we denote by P(X), is
characterized by the following universal property: P(X) is an abelian variety (in particular a
smooth projective variety) such that for any other (connected) smooth projective variety Y
over k, giving amap f : Y — P(X) is the same as giving the following data: (1) a line bundle
L on X xY, and (2) an z-rigidification of £, i.e., an isomorphism a¢ : 3% = Oy, where
xy 1 Y — X XY is the section determined by x. This property uniquely characterizes P(X)
once we have fixed the Poincaré bundle P on X x P(X), together with an z-rigidification
ap : x},(X)P = Op(x). Here zp(x) : P(X) = X x P(X) is the section determined by .
Then for any map f : Y — P(X), the corresponding line bundle . on X X Y is obtained
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by pulling back P along 1 x f : X x Y — X x P(X), and the section a.¢ is obtained by
pulling back ap along f.

1.1.3. The Albanese variety of X, denoted A(X) or Alb(X), is characterized by the following
universal property: again, fix a closed point € X. Then A(X) is an abelian variety with
the property that for any other abelian variety V' over k, giving a homomorphism of abelian
varieties from A(X) to V is equivalent to giving a map f : X — V such that f(z) is the
identity element of V. This property uniquely characterizes A(X) once we have fixed the
canonical map A : X — A(X) such that A(z) = 0. In the case where X is a curve, this map
is known as the Abel map; in the general case, one calls it the Albanese map.

1.1.4. The Albanese and Picard varieties have the key property that they are dual to one
another in the sense of abelian varieties, i.e., A(X) is the Picard variety of P(X) and vice
versa [Kle06, 9.5.25].

1.1.5. In [FGA], Grothendieck generalized this theory by introducing the Picard functor of
an arbitrary scheme X over a base S. To define this functor, first consider the ‘naive’ Picard
functor (Sch/S)® — Set sending Y to Pic(X xgY). This functor is not representable as
it is not a sheaf, even for the Zariski topology. So we define the Picard functor of X/S, also
denoted by Picx/s to be the sheafification of the ‘naive’ Picard functor for the fppf topology.
Then we have the following key result:

Theorem. [FGA, p. 256-12] Let X be a proper, separated finite type k-scheme, where k
is a field. Then the Picard functor Picy/ is representable by a locally finite type k-group
scheme.

1.1.6. If X is smooth and proper over an algebraically closed field k, the classically defined

Picard and Albanese varieties of X can be written in terms of Picx/,; namely, P(X) =
Pic%id is the reduction of the connected component of Picy/, containing the identity, and

A(X) =P(X)" is the dual abelian variety of P(X).

1.1.7. More generally, whenever X is a smooth and proper variety over any perfect field
k we define the Picard and Albanese varieties of X by the formulas P(X) := Picgé;zd and
A(X) := P(X)". Note that these are in fact abelian varieties over k. If X has a k-point,
then these abelian varieties can be given the same functorial description as in 1.1.2-1.1.3.

Remark 1.1.8. For a general (non-perfect) field k, one cannot define the Picard and Al-
banese varieties of a smooth proper X over k (at least not by this formula). This is because
over non-perfect fields, the reduction of a group scheme is not necessarily a group scheme,
and so one does not know that the formula Pic%id defines a group scheme, let alone an

abelian variety. See [Mill2, 6.5].
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Relation to Weil cohomologies

1.1.9. We refer the reader to [And04, 3.3-3.4] for the definition of a Weil cohomology. These
are cohomology theories defined on the category of smooth projective varieties over a field
k. A Weil cohomology theory is a functor (SmProj/k)®® — C to an abelian category C
that can be vaguely described as ‘linear algebraic’ in nature. Rather than try to make this
notion precise, we simply give the primary examples of Weil cohomologies below. We will
only consider these theories in this thesis, and in fact after this introductory chapter we will
focus solely on (-adic étale cohomology.

1.1.10. If char & = 0, we have the following Weil cohomology theories:

e Fix an algebraic closure k < k. Then for each prime number ¢, we have the f-adic
étale cohomology groups H; (X) := H} (X5, Zy). These are objects in Repy, (Gal(k/k)),
which is defined as the category of finitely generated modules over Z, given a continuous
representation of Gal(k/k). Therefore f-adic étale cohomology defines a contravariant
functor Hj(—) : (SmProj/k) — Repy, (Gal(k/k)).

e Algebraic de Rham cohomology Hj,(X), defined as the hypercohomology of the de
Rham complex €% Ik Each group Hip(X) is a finite-dimensional vector space over
k with a filtration coming from the (degenerate) spectral sequence H?(X, Qg’(/k) =

HP2(X). In other words, H)s(X) is an object of the category FVS(k) of vector
spaces over k endowed with a finite increasing filtration, and de Rham cohomology
defines a contravariant functor Hn(—) : (SmProj/k)? — FVS(k).

e If £ C C, we have the singular cohomology H* (X) := H}

sing sing (X<(C)7 Z’) Each group
H;ng(X) is a pure Hodge structure of weight i i.e., H, (X) is a finitely generated
Z-module such that H

smg(X ) ® C has a Hodge decomposition

Hj,,(X)©C= @ H™(X),

pt+g=t

where HP4(X) is a C-vector space satisfying HP4(X) = H%(X). This defines a functor
Hio(=) + (SmProj/k)® — HS, where HS denotes the category of pure Hodge
structures.

1.1.11. If char £k = p > 0, then we have the following theories:

e For each prime ¢ # p, and fixing an algebraic closure k < k, we have f-adic étale
cohomology defined as above. Namely, for a smooth projective variety X over k, we
have finitely generated Z,-modules H}(X) := H} (X5, Zs) endowed with a continuous
action of Gal(k/k).

o If k is perfect, we have the crystalline cohomology H}... For a smooth projective

variety X/k, H:.,(X) := H:, . (X/W(k)) is a finitely generated module over the ring
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of Witt vectors W (k). If o : W (k) — W (k) is the lift of the Frobenius endomorphism
of k, then each group H', (X) is endowed with a o-linear endomorphism F which
becomes a bijection when tensored with the fraction field K := W (k)[1/p]. This gives
H!..(X) the structure of an F-isocrystal over W (k). We let FCrys(k) denote the

category of F-isocrystals over W (k), so that crystalline cohomology defines a functor
H:. (=) :(SmProj/k)® — FCrys(k).

crys

Tate Twists

1.1.12. In each of the categories Repy, (Gal(k/k)), FVS(k), HS, FCrys(k) that is a target
for a Weil cohomology described above, there is special object called the Tate object. This
object is necessary for describing the relation between the Picard and Albanese varieties of
X and the cohomology of X. The Tate object is described as follows in each of the preceding
cohomology theories:

e For (-adic étale cohomology over k with a fixed embedding k < k, the Tate object is
denoted by Z,(1) and is defined as Hm_pin with Gal(k/k) acting through the f-adic
cyclotomic representation. Note that upon forgetting the Galois action, there is a
non-canonical isomorphism Z,(1) = Z, obtained by choosing a compatible system of
primitive ¢"-th roots of unity.

e For algebraic de Rham cohomology over k, the Tate object is denoted k(1), and is
equal to k as a vector space, with increasing filtration given by F<72 =0, F<72 = k.

e For singular cohomology, the Tate object Z(1) is given by 2miZ, with Hodge structure
given by placing 2miZ ® C in bidegree (—1,—1).

e For crystalline cohomology the Tate object is W (k) with o-linear endomorphism F :
W (k) — W (k) given by %0.

For each cohomology group H{' |(X) (where (—) signifies any of the above Weil cohomologies)
and any integer n € Z, we define H' |(X)(n) := H (X) ® 1(1)®", where 1(1) signifies the
Tate object in any of the above Weil cohomology theories.

Relation between P(X) and H_ (X)(1)

1.1.13. Fix a smooth projective variety X over a perfect field k. For each of the above
Weil cohomology theories, the cohomology group H (_)(X )(1) can be reconstructed from the
Picard variety P(X) in a canonical way. We briefly review these constructions below:

e For (-adic étale cohomology, we have a canonical Gal(k/k)-equivariant isomorphism

Hy(X)(1) = TP (X) = lim P(X) ()[¢"]
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(where for an abelian group A, A[m] denotes the m-torsion in A). This is proved via
the Kummer exact sequence of étale sheaves

m
0= pn — Gpox — Gpx = 0

and taking the inverse limit. As usual, T;A denotes the Tate module of A for any
abelian variety A.

e For de Rham cohomology over a field k of characteristic 0, we have a canonical iso-
morphism
Hjp(X)(1) = Lie(P(X)),
where P(X)! is the universal extension of P(X) by a vector group (see [MaMe74, I-4]).
Here by Lie(—) we mean the functor taking any group scheme to its associated Lie
algebra (see [Mil12, Ch. XI]). For any abelian variety A, we let Tyz(A) := Lie(A%).
This follows the notation of [Del74, Sect. 10].

e For singular cohomology with & C C, using the exponential sequence
0— Z(1) — Ox =5 0% — 0
we have a canonical isomorphism

Hl

sing

(X)(1) = Ker(Lie(P(X)) 22 P(X)).

Moreover, the Hodge filtration is defined by setting Fil~! Cc H!

sing

(X)(1) to be
Fil™" := Ker(H}

sing

Following [Del74, Sect. 10], for any abelian variety A we let T3 A := Ker(Lie(A) — A).

(X)(1) ® C — Lie(P(X))).

e For crystalline cohomology over a perfect field of positive characteristic, we have that
H!.,(X)(1) is canonically isomorphic to the Dieudonné module attached the Barsotti-

Tate group of P(X) [III79, I1.3.11.2]. For any abelian variety A, we let T;,,sA be the
Dieudonné module attached to the Barsotti-Tate group of A.

Relation between A(X) and H(Qf)’l(X)(d)

Again let X be smooth and projective over a perfect field k. In each of the above cohomology
theories, we have Poincaré duality, which leads to isomorphisms

H(l_)(X)V T H(Qfl)_l(X)(d)/(torsion).
(Note that if we replace 1 and 2d — 1 by 7 and 2d — ¢ we would have to mod out by torsion on
both sides, but H (17)(X ) is already torsion-free for each cohomology theory as follows from

the description of H \(X) in terms of P(X) above).
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On the other hand, for any abelian variety A and its dual AV, Deligne [Del74, Sect. 10]
constructs canonical perfect pairings

Ty (A) x T (AY) = 1(1)

for the de Rham, Hodge, and ¢-adic realizations (recall that 1(1) denotes the Tate object in
any Weil cohomology). In [ABV03, Sect. 2] there is constructed the corresponding pairing
for the crystalline realization. In each Weil cohomology the pairing is ultimately induced by
the Poincaré bundle on A x AY; for example, the pairing T;A x T;AY — Z,(1) is precisely
the classical Weil pairing. These perfect pairings lead to canonical isomorphisms

T (A7) = (T (A)(-1))".
Combining these isomorphisms with the Poincaré duality isomorphisms above, along with
the fact that A(X) = P(X)Y, we see that we have natural isomorphisms (for each Weil
cohomology)

T (A(X)) — H(Qf)_l(X)(d)/(torsion).

1.2 (Generalizing to arbitrary separated finite type
k-schemes

1.2.1. Now we turn to the category of arbitrary separated finite type k-schemes. Our goal
is to find a theory of Picard and Albanese geometric objects associated to X which bear the
same relation to the cohomology groups of X as the classical Picard and Albanese varieties
do for smooth and projective varieties. First note that the Weil cohomologies discussed in
the previous section for smooth projective varieties generalize to arbitrary separated finite
type k-schemes as follows:

e (-adic étale cohomology generalizes immediately to separated finite type k-schemes.
Each group H}(X) comes with a continuous action of Gal(k/k) as in the smooth
projective case.

e Singular cohomology also generalizes immediately to separated finite type k-schemes
when £ C C. Each group Hgmg(X) comes with a mized Hodge structure, i.e., an

increasing filtration 7* such that each quotient W¢/W*® ! is a pure Hodge structure
of weight i.

e de Rham cohomology does not generalize immediately to arbitrary separated finite
type k-schemes. However, by using the comparison theorem HYp(X) = H;'mg(X ) for X
smooth and & C C, together with the cohomological descent isomorphism H;, (X) =
H;,,(X,) for any proper hypercover X, — X [Del74], we conclude that Hj,(X,) :=

H'(X,,Q%,) is independent of the proper hypercover X, — X if X, has smooth terms.

Therefore we can define H},(X) to be Hjz(X,) for any proper hypercover X, — X.
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e (Crystalline cohomology is not known to generalize to arbitrary separated finite type
k-schemes if one wishes the resulting groups H, éryS(X ) to be finitely generated W (k)-

modules. However, if one only asks for HéryS(X ) to a finite-dimensional vector space

over the fraction field K (W (k)), then rigid cohomology gives a good generalization of
crystalline cohomology to arbitrary separated finite type k-schemes [Ked06).

1.2.2. To motivate the introduction of the category of 1-motives, we start with the following
naive question:

Question. Fix a separated finite type k-scheme X of dimension d, where k is a per-
fect field. Do there exist abelian varieties P(X), A(X) such that for all primes ¢ # char k
we have natural isomorphisms 7,P(X) = H}(X)(1) and T,A(X) = H}*'(X)(d)? More
generally, do P(X), and A(X) have natural relations to the other Weil cohomology groups
HY(X)(1), H 1 (X)(d)?

The answer to this question is immediately seen to be negative, since (for example) the
cohomology group H;(X)(1) can be one-dimensional (e.g., for X = G,, or X a rational
nodal curve), whereas T;A is always even-dimensional for any abelian variety A. However,
by looking more carefully at what goes wrong one quickly arrives at a replacement for
the category of abelian varieties wherein a theory of Picard and Albanese objects can be
reasonably searched for.

1.2.3. First consider X = G,,. Let X = P!, and let D = P' —G,, = {0,00}. The long exact
sequence of relative cohomology for the triple (X, X, D) leads to a short exact sequence

0 — H' (P, Zy(1)) — HY(G,,, Zy(1)) — Ker(H7(P', Zy(1)) — H*(P*, Z(1))) — 0.
Here the left-hand term is 0, while the right-hand term identifies with
Ker(deg : Divp(P') — Z) ® Zy,

where Divp(X) = Z? is the free abelian group on the divisors of P! supported on {0, 00} and
deg sends each divisor to its degree. If we let K := Ker(deg : Divp(P!) — Z) then we have a
natural isomorphism H}(G,,)(1) & K ® Z,, indicating that H}(G,,)(1) can be reconstructed
from the free finitely generated abelian group K.

1.2.4. Next let X be a proper rational nodal curve. Since X is proper, the Kummer exact
sequence yields an isomorphism

H(X)(1) = T,Picy;.

It is well-known that Picgé;zd is canonically isomorphic to the torus G,,.

In [Del74], Deligne defined a category encompassing these examples as well as the category
of abelian varieties:
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Definition 1.2.5. [Del74, Définition 10.1.1] Let &k be a field. The category of (free) 1-motives
over k, denoted 1-Moty, is the category of 2-term complexes

(L = G
of commutative group schemes over k, where

e [ is an étale-locally constant sheaf such that L(k®) is a free finitely generated abelian
group, and

e (5 is a semi-abelian variety over k; i.e., an extension 0 — T — G — A — 0 of an
abelian variety A by a torus 7.

The morphisms in 1-Mot, are the morphisms of complexes of sheaves.

1.2.6. The category of 1-motives comes equipped with realization functors that relate the
category of 1-motives to the various cohomology theories described above:

e For each prime ¢ # char k, there exist (-adic realization functors 7, : 1-Mot, —
Repy, (Gal(k/k)) generalizing the Tate module functor on abelian varieties [Del74,
10.1.5]. These functors are discussed in more detail in Chapter 5.

o If k£ C C, there is a Hodge realization functor 77 from the category of 1-motives to the
category of mixed Hodge structures [Del74, 10.1.3].

e There is a de Rham realization functor T,z from the category of 1-motives to the
category of filtered vector spaces [Del74, 10.1.3].

o If k is perfect of positive characteristic, there is a functor T.,,s from the category of
1-motives to the category of filtered F-isocrystals [ABV03, Sect. 1].

If the 1-motive M is simply an abelian variety A, then these functors are given by the
same formulae as in 1.1.13. One should think of these functors as giving the first homology
group of a 1-motive in the various cohomology theories.

1.2.7. Deligne conjectured in [Del74, 10.4.1] that certain mixed Hodge structures associated
to a separated finite type scheme over C arise naturally from 1-motives; in particular, he
conjectured that the mixed Hodge structures Hj;, (X)(1) and Hgﬁlgl(X )(d)/torsion occur
as the Hodge realizations of 1-motives M!(X) and M??~1(X), respectively, defined purely
algebraically (here d = dim(X) as usual). This special case of Deligne’s conjecture was

solved in [BVS01], and more general cases were studied in [BRS03] and [BVK12].

1.2.8. For étale cohomology, one can make the following conjecture, which is an f-adic
analogue of this special case of Deligne’s conjectures on 1-motives that also encompasses
compactly supported cohomology. Note that we restrict ourselves to the case where k is
perfect; as noted in [Ram04, p. 3], it is not clear that this conjecture should be true for
non-perfect fields.
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Conjecture 1.2.9. Fiz a perfect field k of characteristic p > 0, and let Sch/k denote the
category of separated finite type k-schemes. Then there exist canonically defined functors

MY(=), M (=) : (Sch/k)™ — 1-Mot,

c

with the property that for all primes { # p,

TyM'(X) = H' (X3, Z(1)) and
T,M; (X) = Ho (X5, Z(1))
functorially in X. Here the subscript ¢ indicates compactly supported cohomology; we only
ask that M!(—) be contravariantly functorial for proper morphisms.
In addition, let Schq/k C Sch/k be the full subcategory of d-dimensional separated finite
type k-schemes. Then there exist canonically defined functors

M=), M2 (=) @ (Schy/k) — 1-Moty,
with the property that for all primes ¢ # p,

T,M* (X)) = H** (X3, Zy(d)) /torsion and
T,M* (X)) = H** (X3, Z(d)) /torsion

functorially in X . Again, we only ask that M?4=1(—) be contravariantly functorial for proper
morphisms.

1.2.10. We call M*(X) and M} (X) (if they exist) the Picard and compactly-supported
Picard 1-motives of X, and M?¢~1(X) and M?4~1(X) the Albanese and compactly-supported
Albanese 1-motives of X. If they exist, they give our desired generalization of the theory of
Picard and Albanese varieties to arbitrary separated finite type k-schemes, at least in so far
as this theory relates to f-adic étale cohomology.

Notation 1.2.11. Throughout the rest of this thesis, the subscript (), as in H, (ic) (X), refers
to both an object and its compactly supported variant. For example, ‘H gc)(X )’ is shorthand
for ‘H'(X) and H!(X)'.

Remark 1.2.12. One would also like the 1-motives M(lc) (X), M(Qg_l(X ) to have Hodge, de
Rham, and/or crystalline realizations that are compatible with the corresponding ohomology
groups of X. In the case of the Hodge and de Rham realizations this has been studied in
great detail in [BVS01] as discussed below. We hope to study a crystalline version of the
above conjecture in future work; the crystalline realization of M'(X) has been studied in

[ABV03]. For this thesis, however, we will focus on {-adic étale cohomology.
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1.2.13. In [BVSO01], Barbieri-Viale and Srinivas solve Conjecture 1.2.9 in the case where
char &k = 0, for non-compactly supported cohomology. In that paper, they construct one-
motives Pic™ (X) and Alb*(X) (in our notation these correspond to M*(X) and M?¢~1(X),
respectively) for X a separated finite type k-scheme, and show that these 1-motives have
the correct f-adic, Hodge and de Rham realizations. This gives an essentially complete
development of the theory of Picard and Albanese 1-motives in characteristic 0, except that
compactly supported variants are not considered.

In addition, the papers [ABV03] and [Ram04] provide (independently) definitions of

M*'(X) for k perfect of positive characteristic. But the full conjecture above, most impor-
tantly defining the Albanese 1-motives M(ngl(X ) in positive characteristic, has not been
dealt with to our knowledge. In this thesis we will partially resolve this conjecture. The
precise statement is Theorem 1.2.17 below.
1.2.14. In this thesis we investigate the possibility of defining 1-motives M (lc) (X), M (Qg_l(X )
over a perfect field of positive characteristic. In Chapter 6 we provide definitions of the Picard
I-motives M*(X) and M!(X). As indicated above, the definition of M'(X) has previously
appeared in [ABVO03] and [Ram04]. We generalize this by defining a 1-motive M}, 5(X)
associated to any triple (X, D, E) consisting of a proper scheme X and two disjoint closed
subschemes D, E C X. The l-motive M }lE(Y) realizes the relative cohomology group
HY (X3, — Ey, Dg, Zy(1)), which we also write as H}, p(X,Z(1)). Then to define M*(X)
and M!(X) we choose a compactification X <+ X with closed complement D, and define
MY (X) := M ,(X) and M}(X) = M}, ,(X). Of course, we show that these definitions are
independent of the choice of compactification.

Remark 1.2.15. Because we do not deal with crystalline realizations in this paper, we only
show that M}, p(X) is well-defined as an object of 1-Mot[1/p], the category of 1-motives up
to p-isogeny (see Chap. 5). The crystalline realization of M'(X) is discussed in [ABV03];
we hope to consider the crystalline realization of M 1177 »(X) in future work.

1.2.16. Defining the Albanese 1-motives M??~1(X) and M??~1(X) turns out to be harder,
and most of Chapters 2-4 are devoted to preliminary facts on Picard groups and divisors
for Deligne-Mumford stacks that we will use in our construction. Even so, the 1-motives
M (25—1(X ) might only be defined over a finite extension K/k, and they are only well-defined
up to isogeny of 1-motives; the difficulty is due to lack of resolution of singularities as will
be discussed below. Using a theory of isogeny descent developed in Chapter 9, we show that
if k is finite then the 1-motives M??~!(X) can be defined over k. We can therefore state our

(@)
main result as follows:

Theorem 1.2.17. (Combining Theorems 6.4.9, 7.4.10, 8.53.7, 9.4.1 in text) Let k be a perfect
field of characteristic p > 0, and let Sch/k be the category of separated finite type k-schemes.
Then there exist canonically defined functors

MY(=), M}(=) : (Sch/k) — 1-Mot,[1/p]

[
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with the property that

T,M*(X) = HY (X%, Ze(1)) and
TM (X) = H, (X5, Zo(1))

functorially in X, for £ # p. (These isomorphisms are well-defined after choosing an em-
bedding k — k.) We only require that M}(—) be contravariantly functorial for proper mor-
phisms.

Next assume k is either a finite field or an algebraically closed field (of characteristic
p), and let Schy/k be the full subcategory of d-dimensional separated finite type k-schemes.
Then there exist canonically defined functors

M (=), M2 (=) : (Scha/k)™ — 1-Mot, ® Q
such that

T,M* (X)) ® Q = H* ' (Xg, Q(d)) and

T, M2 (X) © Q = ' (X, Qo(d)).

functorially in X, for £ # p. We only require that M*?~(—) be contravariantly functorial
for proper morphisms.

Here 1-Mot;, ® Q denotes the category of 1-motives up to isogeny; see Chapter 5. Also
note the restriction to finite or algebraically closed fields in the second half of the theorem;
for a general perfect field k, we can only show that the 1-motives M (ch)l_l(X ) exist after a
finite extension of the base field.

1.3 Description of the 1-motives defined in this thesis

In the next few sections we describe the 1-motives constructed in this paper; the details are
to be found in Chapters 6-9.

Description of the 1-motive M}, ,(X)

1.3.1. To define the I-motive M}, (X), the basic technique is to replace X by an appropriate
simplicial scheme using the results of [dJng96]. Therefore, first consider a simplicial scheme
X, with each X, proper and smooth. Assume that U, := X, — (Do U E,) is dense in each
component of each X,, (we want to exclude the case where D, or E, has a component equal
to a component of X,).

1.3.2. Let po : Xo — Spec k be the structure morphism, and i, : Dy < X, the inclusion.
Then consider the sheaf

Picy, p, = R'(ps)s(ker(G,, x, = (i0):Gm,p.))
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on (Sch/k)sppy. Pick, p, classifies isomorphism classes of pairs (£*, o), where £* is a line

bundle on X, and ¢ is an isomorphism of .#*|p, with Op,. A straightforward reduction
(6.1.5) from well-known representability results shows that Picy, j,, is representable by a

locally finite type commutative k-group scheme. Moreover, let Picg(fef) denote the reduction
" 0,red

of the connected component of the identity of Picg, p, . Then (loc. cit.) Picy ™ is a semi-

abelian variety.

1.3.3. Next, for any closed subscheme C' of a scheme X | let Divo(X) be the finitely generated
abelian group of Weil divisors on X with support contained in C'. Then for the simplicial
closed subscheme E, of X,, we define

DiVE. (7.) = Ker(p}‘ — p; : DiVEO(Y()) — I)iVE1 (71)),

where py,ps : X1 — X, are the simplicial structure maps from X; to X,. Because F, and
D, are disjoint, there is a natural map Divg, (X,.) — Pic(X,, D,) (defined in Paragraph
6.1.6). We define Div},_(X.) to be the subgroup mapping into Pic”(X.,, D,). More generally,
we can define an étale k-group scheme DivY, (X,) with k-points Div%g . (X3..) and Gal(k/k)
acting in the obvious way. Then there is a natural map of group schemes

Div}, (X.) — Pic%if%..

Definition 1.3.4. With notation as above, we define a 1-motive M}jhE. (X,) by the formula

Mp, 5, (X.) = Divi, (X.) = Pict] |.
1.3.5. Now consider a proper separated finite type k-scheme X, and disjoint closed sub-
schemes D and E of X such that U := X — (D U E) is everywhere dense in X. Choose a
proper hypercover 7, : X, — X such that each X,, is proper smooth, and let D’ := 7w, (D)
and E, := 7, '(E). A technical issue arises from the fact that D, and E, have components
equal to components of X,: i.e., Uy := Xo— (D,UE.) is not everywhere dense in X,. There-
fore we consider the closure U, of U, in X,. Let D, = D, n U, and E, = E. N U,. Then
to the triple (Us, D,, E,) we can define an associated 1-motive M}, 5, (U,) by the procedure
defined above, and we let
M () = M, 1. (T.).

The following Proposition summarizes the main properties of the I-motive Mj, 5(X):

Proposition 1.3.6. (Summary of results of Chapter 6) The 1-motive M})E(Y) is, up to a
canonical p-isogeny, independent of the choice of simplicial hypercover X4 — X. There is a
natural isomorphism (for £ # p)

o TiM} o(X) = H), (X, Za(1).
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Given a morphism of triples f : (X, D, E) — (Y, A, B) such that f~*(A) = D and f~'(B) C
E| there is an induced morphism of 1-motives

o M,}l,B(?) - ML%E(Y)

1.3.7. As special cases of the above construction, consider a separated finite type k-scheme
X. Choose a compactification X — X, with closed complement C' C X. Then we define

MY (X) := Mj o(X) = [Dive, (X.) = Picy™]

and

M} (X) = My(X) = [0 = Picy fg.].

We show in Chapter 6 that M (X) and M!(X) are independent of the choice of compactifi-
cation, and that M1(X) is contravariantly functorial for arbitrary morphisms, while M!(X)
is contravariantly functorial for proper morphisms.

Definition of the 1-motives M?¢71(X) and M*~1(X)

1.3.8. We next define the 1-motives M??~1(X) and M??~1(X). If the field k£ has charac-
teristic 0, then M2?~1(X) corresponds to the 1-motive Alb*(X) constructed in [BVSO01].
We would like to follow the approach of that paper as much as possible to construct the
corresponding 1-motives in positive characteristic, but their construction uses resolution of
singularities (in the strong form) throughout, and so we must make additional assumptions.
Choose a compactification X <+ X. Then by [dJng96, 7.3], after a finite extension of the
base field k there exists a sequence of maps

- LX L X 5L X,
satisfying the following conditions:
1. r is purely inseparable and surjective, therefore a universal homeomorphism;
2. q is proper and birational;

3. X is a smooth proper Deligne-Mumford stack (in fact a global quotient [U/G] of a

smooth proper k-scheme U by a finite group G) and p identifies X" with the coarse
moduli space of X.

We call the morphism X — X a weak resolution of X.

1.3.9. Assume that there exists a weak resolution of X (which may require a finite extension
of the base field). We let 7 : X — X be the composition rogop, and 7 : X — X the restriction
to X where X = 7 1(X). Let C = X — X and C = X — X. The key property of @ we will
use is that there exists an open dense subset U C X with the property that #=3(U) — U
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induces an isomorphism Qg — R, Q1 vy in D%(U); see Proposition 7.1.3. We say that
7 1(U) — U is a Qp-cohomological isomorphism. Choose such an open subset U, and let
Z=X-U, Z:=X—7"YU). Finally, let Z (resp. Z) be the closure of Z in X (resp. of
Z in X). In summary, we have diagrams

and
Ul x>z

e

U¢>X<i—>Z.

1.3.10. We can define sheaves Picg and Picg, by the same formulas as in the case of
schemes, so that Picy classifies isomorphism classes of line bundles on X and Picx  classifies
isomorphism classes of pairs (.Z, o) where . is a line bundle on X and ¢ is an isomorphism
of Z|c with O¢. The sheaves Picg and Picg . are both representable by locally finite type

0,red . Ored ) i
"¢ and Pic2" are both semi-abelian

commutative k-group schemes (6.6.4). Moreover, Picy T

varieties.

1.3.11. To define the 1-motive M24=1(X), first consider a divisor D € Div, z(X). Such a
divisor can be uniquely written as D = Dy + D,, with D; supported on C and D, supported
on Z. Then we let Divguz /7(%) be the group of divisors D = Dy + D, supported on C U Z
such that

1. D maps to 0 in NS(X), and

2. D; maps to 0 under the proper pushforward 7, : Divg(X) — Div4(X).

Let Divguz /7(¥) be the étale k-group scheme with k-points Divgguz} /?E(ig) and natural

Galois action. We then define

_ . « O,red
MZTH(X) = [Divy, z,7(%) — Picy ]
where the superscript ¥ indicates taking the Cartier dual (see Chapter 5 for background on
Cartier duality for 1-motives).

1.3.12. To define the 1-motive M?¢~1(X), let Divz(X) be the group of divisors on X sup-
ported on Z (note that these are equal to the divisors supported on Z which are disjoint

from C). Since these divisors are disjoint from C, there is a natural map Divz (%) — Pic%zed.

We let Div /7 (X) be the subgroup of Divz(X) of divisors D such that
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1. D maps to 0 in NS(X,C), and
2. D maps to 0 under the proper pushforward =, : Divz(X) — Divy(X).

If Div% /z(%) is the associated group scheme, we define

_ . ~ « O,red
M**H(X) = [Divy (%) —>P1c%c V.
Chapters 7 and 8 go into more detail on the construction of M??~1(X) and M?*~1(X),
and show that they have the correct f-adic realizations.

Defining Mfg_l(X ) when X is a scheme over a finite field

1.3.13. Because [dJng96, 7.3] is only valid after a possible finite extension of the base field,
the theory of Paragraphs 1.3.8-1.3.12 only yields 1-motives defined over k if k is algebraically
closed. However, we can use the functoriality of the 1-motives M(Qg_l(X ), together with a
type of descent that works for isogeny 1-motives, to guarantee that for a finite base field
k, the 1-motives M(Qg’l(X ) are always defined over k. We will briefly overview our isogeny
descent result below. Note first that for any 1-motive M = [L — G| over a finite field F,,
there exists an absolute Iy -linear Frobenius endomorphism Fry, : M — M; namely take
Fry : [L — G] — [L — @] to be the F -linear Frobenius endomorphisms on L and on G.

Definition 1.3.14. Let k£ = F;, and choose an algebraic closure k — k. Let M be a 1-
motive over k. A descent isogeny g : M — M is an isogeny such that _there exists a 1-motive
M defined over a finite field extension k£ < K and an isomorphism M Xy k = M inducing

a commutative diagram o B
M xgk — s M
FTMJ gnl
M x K E — s M
where Fry; is the K-linear Frobenius endomorphism of M.

Some of the motivation behind this definition is explained in 9.1.8.

Our main result on isogeny descent is then the following:

Theorem 1.3.15. (Theorem 9.3.4 in text) Let k = F,, and fix an algebraic closure k — k.
Let 9. .;; @ Q be the category of pairs (M, g) where M is an isogeny 1-motive over k, and
g: M — M is a descent isogeny relative to k. Consider the natural pullback functor

p* i 1-Moty ® Q — P, ®Q

sending a 1-motive N to the pair (N Xy E, Fry %y E) where Fry s the k-linear Frobenius
endomorphism of N. Then p* is an equivalence of categories. Moreover, p* has a natural
qUaSI-TNUVETSE Dy
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This theorem is proved in Chapter 9.

1.3.16. To apply this result, consider a d-dimensional separated finite type k-scheme X,
where k = F,. By the results of the Chapters 7-8 for algebraically closed fields, there exist
Albanese 1-motives Mfg’l(XE) associated to the base change X3. Let F'r : X — X be the

k-linear Frobenius endomorphism of X, and let Fr : Xz — X7 be the base change to k. As

explained in Chapter 9, the functoriality of the construction of M (25[’1 (X7%) leads to an isogeny

descent endomorphism F : M (23_1()(5) — M(Zc‘f_l(XE). By the preceding theorem, we get a
I-motive over k which we denote by M (23—1()( ). We show in Chapter 9 that this 1-motive
has a natural Galois-equivariant realization isomorphism VgM(Qg_l(X )= H (25—1<ng Qe(d)),
and that it is functorial in X (for proper morphisms in the case of the compactly supported

variant). This shows the existence of Albanese 1-motives for finite fields and completes the
proof of Theorem 1.2.17.

1.4 Other results

In order to define M??~(X) and M??1(X) we need some results on cycle classes for Deligne-
Mumford stacks that aren’t in the literature. Some of these results may be of independent
interest and are highlighted below.

In Chapter 2 we extend the theory of 1-motivic sheaves [BVK12, App. C] to show that
the Picard sheaf of a smooth Artin stack is 1-motivic. See Chapter 2 for the definition of a
1-motivic sheaf; beyond Chapter 2 we will only use the following corollary:

Corollary 1.4.1. (of Proposition 2.2.8) Let X be a smooth Artin stack of finite type over
an algebraically closed field k having quasi-compact separated diagonal. Then there exists a
divisible group Pic®(X), a finitely generated group NS(X), and a sequence

0 — Pic’(X) — Pic(X) = NS(X) =0
which becomes exact after inverting p := char k.

Presumably this is true even without inverting char k, although we don’t know how to
prove it.

In Chapter 3 we review the theory of Weil and Cartier divisors on a Deligne-Mumford
stack X. In addition, we prove the following:

Proposition 1.4.2. (Proposition 3.2.4 in text) Let X be a geometrically reduced, separated
finite type Deligne-Mumford stack over a field k. Then the quotient Pic(X)/CaCl(X) is a
finite group.

This has the following corollary:
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Corollary 1.4.3. (Corollary 3.2.7 in text) Let X be a smooth proper Deligne-Mumford stack
over an algebraically closed field k. Then every element of Pic®(X) is represented by a Weil
divisor.

Chapter 4 develops the theory of cycle class maps CHY(X) — H?4(X,Z(d)) for a smooth
separated Deligne-Mumford stack X. We proceed in the same manner as the article [SGA4h,
Cycle], and the results of that article are used repeatedly in Chapter 4.

In Chapter 5 we review the necessary background on 1-motives. All of the results in this
chapter can be found in several other sources, for example [BVK12, App. C]. In Chapters 6
through 9 we define the 1-motives M (16)(X ) and M (205)171<X ) as discussed above.

We conclude the thesis with the short Chapter 10, which gives the following easy conse-
quence of our work on 1-motives:

Proposition 1.4.4. (Propogition 10.1.2 in text) Let X be a d-dimensional separated finite
type k-scheme where k = k. Let f : X — X be an endomorphism of X. Define the
polynomials

Pi(f,1) = det(1 — tf | H/(X,Q,)) and

(for ngc(f, t) we assume f is proper). Then for i = 0,1,2d — 1,2d, these polynomials have
integer coefficients independent of (.

Probably the only new case here is : = 2d — 1, although the other cases aren’t clearly
stated in the literature. Of course, when X is smooth and proper, this proposition is known
for all i due to the work of [Del80] and [KM74].

Using known results on trace formulas ([Fuj97, 5.4.5] and [Ols2, Thm 1.1]), we get the
following corollary in the case of surfaces over a finite field F:

Corollary 1.4.5. (Corollary 10.1.5 in text) Let Xy be a 2-dimensional separated finite type
Fq-scheme, and let X = X Xp, F,. If f: X — X is any proper endomorphism, then
for all values of i, the polynomaial PZ’C(f, t) has rational coefficients independent of €. If
[+ X — X is any quasi-finite endomorphism, then the polynomial P}(f,t) has rational
coefficients independent of ¢ for all i.

In particular, if f = F" is the Frobenius endomorphism, then P;/(F,t) and P} (F,t) have
rational coefficients independent of ¢ (and hence integer coefficients since the roots of these
polynomials are algebraic integers [I1106, 4.2]).
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Chapter 2

Preliminaries on Picard Functors of
Smooth Stacks

2.1 Representability of Picard Functors on Proper
Stacks

2.1.1. Let X be an Artin stack of finite type over a field k, with quasi-compact and separated
diagonal. Let m : X — Spec k be the structure morphism, and let G,, x be the sheaf on
(Sch/X) pps sending T to I'(T', OF ). Recall that the Picard functor Picy/, € Sh(Sch/k) ppy
is defined to be the sheaf R'm,(G,, %), or equivalently, the fppf-sheafification of the functor

Y s Pic(X x5, Y).

We then have the following representability results in case X is proper, due to Brochard
[Bro09], [Brol2]:

Theorem 2.1.2. Let X be a proper Artin stack over the field k. Then the following hold:

1. The sheaf Picyy, is representable by a locally finite type commutative group scheme
over k [Bro12, 2.5.7].

2. If Picg/k denotes the connected component containing the identity of Picyy, then we
have an exact sequence of group schemes

defining the group scheme NSx/,. Furthermore, NSy is an étale group scheme, and
NSx/k(E) is a finitely generated abelian group for any algebraic closure k — k [Bro12,
3.4.1].

3. Assume in addition that X is smooth, and k is a perfect field. Then the reduced group

scheme Picge’;}:d is an abelian variety [Bro09, 4.2.2].
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2.1.3. We write Pic’(X) and NS(X) for the k-points of Picge/k and NSy, respectively (note

however that if k is not algebraically closed then an element of Pic’(X) might not be given
by a line bundle on X).

2.2 1-Motivic Sheaves

2.2.1. For our application to 1-motives, we need to make sense of the groups Pic’(X) and
NS(X) when X is smooth, but not necessarily proper. In this case we cannot expect the
Picard sheaf Picy/;, to be representable, but it satisfies a weak form of representability which
is sufficient for our purposes. This can be summarized in the statement that Picy, is a I-
motivic sheaf, at least when k is perfect and after inverting the characteristic p := char k in
Hom-groups. We will prove that Picy/, is 1-motivic for any smooth Artin stack X over k
with quasi-compact separated diagonal. The argument is a straightforward generalization of
[BVK12, 3.4]; we include the details for the convenience of the reader. Recall the following
definitions, following [BVK12, Sect. 3]:

Definition 2.2.2. Let k be a perfect field, and (Sm/k).; the category of smooth separated
k-schemes, with the étale topology. We denote by Sh(Sm/k)[1/p] the category of sheaves
of abelian groups on this site, with Hom(.#,%) replaced by Hom(.#,%)[1/p]. We say that
F € Sh(Sm/k)[1/p] is discrete if it is locally constant for the étale topology, and . (k) is
a finitely generated abelian group.

Definition 2.2.3. [BVK12, 3.2.1] Let .# € Sh(Sm/k)«[1/p] be a sheaf of abelian groups
as above. We say that .% is a I-motivic sheaf if there exists a semi-abelian variety G and
a morphism f : G — % of sheaves on (Sm/k)e, such that ker f and coker f are discrete
sheaves. We denote by Shvy(k)[1/p] C Sh(Sm/k).[1/p] the full subcategory of 1-motivic
sheaves.

Remark 2.2.4. In the theory of this chapter we will invert p in all Hom-groups. Most of
our propositions are false as stated if we do not do this. If we wish to avoid inverting p
in Hom-groups, we probably must use a finer topology like the fppf topology (see Remark
2.2.7). But this seemingly forces us to replace Sm/k with the bigger category Sch/k, which
breaks down the proof that Picy , is 1-motivic. See [Ber12] for some discussion of this point.

Example 2.2.5. Let X be a smooth variety over a perfect field k, and suppose that X
embeds into a smooth proper variety X with complement D := X — X. Then for every
smooth scheme U/k, we have an exact sequence

Divpyxy(X x U) — Pic(X x U) — Pic(X x U) — 0.

Here Divpy (X x U) denotes the free abelian group of Weil divisors on X x U supported
on D x U. Let Picy, be the lisse-étale Picard sheaf of X/k, that is, the sheafification in
(Sm/k)e of the functor

U — Pic(X x U).
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Then the above exact sequence shows that we have an exact sequence in (Sm/k).:

Divp(X) — Picg/, — Picx, — 0,

where Divp(X) is the étale-locally constant sheaf of divisors on X supported on D. By
Proposition 2.2.6(c) below, we conclude that Picx/; is 1-motivic.

We have the following key facts about 1-motivic sheaves:
Proposition 2.2.6.

(a) Given a 1-motivic sheaf .F, there exists a unique (up to isomorphism) semi-abelian
variety G together with a map b : G — F such that ker b is torsion-free. We say that
such a pair (G,b) is normalized.

(b) Given 1-motivic sheaves F1, Fo and normalized morphisms b; : G; — F; for i =1,2.
Then for any morphism of sheaves f : F#1 — Fo, there exists a unique morphism of
group schemes @y : Gi — Gy making the diagram

b
G1—1>g\1

<Pfl fl
GQ L) ﬁg
commute.

(¢) The full subcategory Shuvy(k)[1/p] C Sh(Sm/k)|[1/p] is stable under kernels, cokernels,
and extensions.

Proof. This is [BVK12, 3.2.3 and 3.3.1]. O

Remark 2.2.7. The above proposition is false if we do not invert p. For example, over a
field k of characteristic p > 0 consider the pth power morphism F : G,, — G,,, where we
view G,, as a sheaf on (Sm/k)e. Then coker F' is not l1-motivic. To see this, first note
that coker F' is non-zero: if it were zero, then F' would have zero kernel and cokernel as a
morphism of sheaves on (Sm/k);, implying that F is an isomorphism by the Yoneda lemma.

So coker F' is non-zero; on the other hand, (coker F')(k) = 0 since F' is an epimorphism of
fppf sheaves. This is impossible for a 1-motivic sheaf.

We now state and prove our main fact for this chapter:

Proposition 2.2.8. Let X be a smooth Artin stack over a perfect field k, with quasi-compact
separated diagonal. Then the restriction of the sheaf Picy, to (Sm/k)es (which we also
denote by Picyyy) is 1-motivic.
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Remark 2.2.9. In the case where X is a scheme, this is [BVK12, 3.4.1]. For the reader’s
convenience, we include the proof of this special case in our argument below.

Proof. (of Proposition 2.2.8) We prove Proposition 2.2.8 by an increasingly general sequence
of lemmas.

Lemma 2.2.10. Let X be a proper smooth scheme over a field k, and let m : X — Spec k
be the structure morphism. Let G, x denote the representable sheaf on (Sch/X) s sending
Y to T'(Y,Oy)*. Then the sheaf R°m.G, x on (Sch/k) s is representable by a torus.

Proof. Because the statement is étale-local on k, we may assume that 7 has a section s :
Spec k — X. By [EGAIII, 7.7.6], the sheaf R, G, sending T to I'( X7, Ox,.) is representable
by Spec V', where V is a finite-dimensional k-vector space. More specifically, we have a

functorial bijection
F(XT, OXT) — Homk(V, F(T, OT)>

Using the fact that m has a section, applying 7' = k in the above bijection yields
VET(X,0x)" 2 b,
where n = |mo(X)|. Then R°r,G,, is representable by G”.. O

Lemma 2.2.11. Let X be a proper smooth scheme over a perfect field k, and let m : X —
Spec k be the structure morphism. Then the sheaves ROW*GWX and RIW*Gm’X are 1-motivic.

Proof. This is immediate from Lemma 2.2.10 and Theorem 2.1.2. O

Lemma 2.2.12. Let X be a smooth separated scheme of finite type over the perfect field
k, such that there exists an open immersion j : X — X with X smooth and proper. Then
(letting ™ : X — Spec k be the structure morphism) the sheaves ROW*Gm,X and Rlﬂ*Gm,X
are 1-motivic.

Proof. Let i : D < X be the complement of U in X. Then we have an exact sequence of
sheaves

0 — R'7.G,,x — R'm.Gyx — Divp(X) — Picg), — R'm.Gpx — 0,

using the fact that X is smooth. Here @ : X — Spec k is the structure morphism, and
Divp(X) is the locally constant sheaf of Weil divisors on X supported on D. By Proposition
2.2.6(c), R°m,G,, x and R'1,G,, x := Picy are 1-motivic. O

Lemma 2.2.13. Let X be a smooth separated algebraic space of finite type over k. Then
ROW*Gm,X and Rlﬂ*Gm7X are 1-motivic sheaves.
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Proof. By [CLO12], we can choose a compactification X — X and then by [dJng96, 3.1],
we can find an alteration Xy — X which is generically étale, with X smooth proper. That
is, we have a commutative diagram

Uy Xo— X

Ll

U< X¢ X,

where Uy — U is finite étale. We can then extend X, — X to a proper hypercover X, — X
with each X; — X generically étale, and by possibly further restricting U, we can arrange
that the restriction U, — U of this simplicial scheme to U has the property that U; — U
is finite étale for ¢« € {0,1,2}. Let m, : U, — U be the projection. Then in the spectral
sequence

Rqﬂ-p* (W;Gm,U) = Rp+q7T*Gm,U7 (22131)

we have G, v = Gy, p, for p=0,1,2. For all g, let "9* be the complex with terms
AP = Ry Gy,

By Lemma 2.2.12, Z'% is 1-motivic for ¢ = 0,1 and all p. Moreover, the spectral sequence
2.2.13.1 yields

Rm, Gy =2 ()
and an exact sequence

0 — Y H") — R'0.G,p — H(H®) — (A",

By Proposition 2.2.6(c), the homology sheaves J7(.# %*) are 1-motivic for p arbitrary and

¢ = 0,1. Another application of Proposition 2.2.6(c) shows that R'm,G,, ;s is 1-motivic.
Now let 72 : D < X be the inclusion of the complement D = X — U, and let wx, 7y, mp be

the structure morphisms to Spec k. Then we have an exact sequence of sheaves on (Sm/k)e

0— ROWX*GmVX — ROTFU*GmVU — DIVD(X> — RIWX*Gm,X — Rlﬂ-U*Gm,U — 07

where Divp(X) is the étale group scheme of Weil divisors on X supported on D. Here the
exactness on the right is because X and U are smooth. Therefore Proposition 2.2.6 shows
that R'mx,G,, x is 1-motivic for ¢ = 0, 1, as was to be shown. O

We can now complete the proof of Proposition 2.2.8. Let X be a smooth Artin stack of
finite type over k, with separated quasi-compact diagonal. Choose a smooth cover U — X,
and take the corresponding Cech simplicial cover U, — X. We then have a spectral sequence

+
Rm, Gy, = RFTI7,Gy, .

By the previous lemma, Rm, G,,y, is 1-motivic for ¢ = 0,1 and p arbitrary. Therefore
Proposition 2.2.6(c) shows that R'm,G,, x is 1-motivic for ¢ = 0,1 by the same argument as
in Lemma 2.2.13. In particular, Picg/ is 1-motivic. O



CHAPTER 2. PRELIMINARIES ON PICARD FUNCTORS OF SMOOTH STACKS 23

2.2.14. We can now use Propositions 2.2.6 and 2.2.8 to define sheaves Picgg’;zd and NSy
for any smooth Artin stack X/k. Namely, by Proposition 2.2.6(a) there exists a semiabelian
variety mapping to Picy/, with discrete cokernel. We let Picge’;zd be the image of this

mapping, and NSy ;. be its cokernel.

Remark 2.2.15. If X is proper and smooth over a perfect field k, then these definitions agree
with the definitions in Proposition 2.1.2. Note that for any group scheme G, Hom(Y,G) =
Hom(Y, G,cq) for any smooth scheme Y, so the sheaves on (Sm/k). defined by G and by
G"e? agree.

2.2.16. There is another subtlety in positive characteristic p, namely that we inverted
p in all Hom-groups in our study of 1-motivic sheaves. Therefore the abelian groups
Pic’(X) := Picge’;;d(k) and NS(X) := NSx/(k) are only well-defined up to a kernel and
cokernel annihilated by a power of p. We will only deal with these groups through their
(-adic avatars T,Pic’(X) and @nNS(%) JO"NS(X), however (for ¢ # p), and the following

simple proposition shows that these are well-defined:

Proposition 2.2.17. Let A and B be abelian groups, and assume that we have an exact
sequence
0—-K—->A—-B—-C—=0

with K and C" annihilated by some power p". Then for any { # p and integer n, A[{"] = B[("]
and A/{"A= B/("B.

Proof. Let I be the image of A in B, so that we have exact sequences

0K —-A—=T1T—0 and
0—-1—B—=0C=0.

Because K[("] = K/{"K = 0 (and similarly for C'), applying the functor of ¢"-torsion to
both sequences yields A[¢("] = I[¢"] = B[("] and A/("A=1/("] = B/{"B. O

Therefore the groups Pic(X)[¢"] and NS(X)/("NS(X) are well-defined.
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Chapter 3

Well Divisors and Cartier Divisors on
Deligne-Mumford Stacks

3.1 Weil Divisors

3.1.1. Let X be a d-dimensional separated Deligne-Mumford stack of finite type over a field
k, and assume that the connected components of X are equidimensional of dimension d. We
recall the definition of the Chow groups A*(X) [Vis89, 3.4]. For each ¢ between 0 and d,
define a presheaf 27 on X, by setting

(X = X):=Z'(X),

where Z'(X) is the free abelian group on the integral closed subschemes of X of codimension
i, and the transition maps are induced by flat pullback of cycles. The presheaf 27 is in fact
a sheaf [Gil84, 4.2]. Also define a sheaf #* on X, by setting

WX = X) @k

where the direct sum is over all subvarieties V' of X of codimension i — 1 and k(V)* is the
group of invertible rational functions on V. Since rational equivalence is preserved under flat
pullback, we have a morphism of sheaves #* — 2 defined by taking the associated divisor
of a rational function. We define

ZHX) =T(x, 27,
WHX) :=T(X,#"), and
ANX) = ZHX)/WHX).

We define the group Div X of Weil divisors on X to be the group Z'(X). We define the Weil
class group Cl X to be A'(X).
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3.2 Cartier Divisors

3.2.1. Next we define the notion of Cartier divisor on the stack X. For simplicity we will
assume that the stack X is geometrically reduced over k. Then we can define the sheaf J#
of rational maps on X.; by setting

H(X — X) = ling Hom(U, A}).

UCX open dense

We define £ to be the subsheaf of invertible elements of J#" under multiplication. We then
define
Ca X :=T1(X,27"/G,),

the group of Cartier divisors on X, where G,, is the usual sheaf of invertible sections on X,;.
Then define the Cartier class group

CaCl X 1= [(X, £ /G,,) /T (X, ™).

Proposition 3.2.2. Let X be a smooth separated Deligne-Mumford stack of finite type over
k. Then there is a canonical isomorphism Ca X = Div X. Moreover, this isomorphism
induces an isomorphism CaCl X = Cl X.

Proof. We first note that we have a commuting diagram
HE —— K Gy,
% gl (3.2.2.1)
v — !

of sheaves on X.;, where the vertical maps are isomorphisms. To see that we have such a

diagram, notice that any etale X € (Et/X) is smooth, and so taking sections of the above
square at X, we require a commuting diagram

E(X)* —— Ca X
% El
k(X)* —— Div X.

The fact that this diagram is commutative (and that the right-hand vertical arrow is an
isomorphism) is a standard consequence of X being smooth. Therefore we have the com-
muting diagram (3.2.2.1). Taking global sections of the right hand map in (3.2.2.1) gives
us an isomorphism Ca X = Div X, while taking cokernels of the maps on global sections
induced by the horizontal arrows gives us CaCl X = Cl X. O]

3.2.3. From the exact sequence

0— G,, » A = )G — 0
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of sheaves on X.;, we get an injection CaCl X — Pic X. Unlike the case of schemes, however,
we cannot expect this map to be an isomorphism, even when X is smooth. For example, if
X = BG where G is a finite group, then CaCl BG = 0 while

Pic BG = Hom(G, G,,) # 0.
The best we can do is the following:

Proposition 3.2.4. Let X be a geometrically reduced, separated Deligne-Mumford stack of
finite type over a field k. Then the quotient

H :=Pic X/CaCl X
s a finite group.
Proof. Taking cohomology in the exact sequence
0—Gpx = H = 8 )Gpx — 0,
we have an exact sequence of groups

0 — CaCl X — Pic X — H' (X, .¢™),

so it suffices to show that H'(X,.#™) is finite. Let X be the coarse moduli space of X, let
&1, ..., &n be the generic points of X, and let £ = & [] ... [[ &, be their disjoint union. Finally,
let 4, = & xx X and 4 = £ X x X be the fiber products, and ¢; : 4, — X, 1 : 4 — X the

resulting maps.

Lemma 3.2.5. With notation as above, we have an equality
Gy, = H*
of sheaves on X.;.

Proof. (of lemma) Let V' — X be étale. Then
AV = X)= lim Hom(U,Gn).
UCVdense
On the other hand,
(t4G)(V — X) = Hom(V xx ¥4,G,,)

= HOIH(V X x f, Gm)
— (V= X).

The last equality is because V' is quasi-finite over X with open image, and hence the fiber
over £ consists of the generic points of V. [
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Continuing with the proof of Proposition 3.2.4, from the spectral sequence
H?(X, R1,G,,) = H"*(9,G,,),

we get an inclusion H'(X, 1,G,,) < Pic(¥). This reduces us to showing that Pic(%) is finite.
Moreover, since ¥ = 11;%;, it suffices to show that Pic(%;) is finite for each i. Set S = ¥
for any ¢, and ¢ := &;,. Then JZ — ( is an fppf-gerbe: Since ( — X is flat, 5 — ( is the
coarse moduli space of 7 (since the property of being a coarse moduli space is stable under
flat base change), so the topological space of % has just one point. By [LMB00, Thm 11.5],
¢ must be an fppf-gerbe over . Moreover, ¢ — ( is banded by a finite group G since
A is a Deligne-Mumford stack. Therefore the following lemma will complete the proof of
Proposition 3.2.4. O

Lemma 3.2.6. Let 7 be a Deligne-Mumford stack such that © : 7€ — ( is an fppf-gerbe,
with ¢ the spectrum of a field. Then Pic() is finite.

Proof. Let ¢ = Spec F, and let F' — L be a finite field extension such that & x. Spec L
is isomorphic to BG, where G is a finite group. Then Pic(s¢ x, Spec L) = Pic(BG) =
Hom(G,G,,) is a finite group. Now consider the Picard functor Pic, /. The spectral
sequence

HEo (G R G r ) = HP(A, Gy

yields an exact sequence
0 — Hi,p (¢, Gor) — Pic(H) — Picyyc(C).

Note that we have 7,.G,, » = G, ¢ as sheaves in (f,pr. This is because for any ¥ —
¢, the stack Y x. 7 has Y as coarse moduli space (since Y — ( is flat) and therefore
Hom(X x ¢, G,,) = Hom(X, G,,). It is well-known that H}, (¢, Gy,) = Pic(¢) = 0, and we
conclude that Pic(J#) injects into Picz/¢(¢). Finally, by faithfully flat descent, Pic /()
injects into Pic /- (Spec L) which is finite since it equals Pic(# x¢Spec L) = Pic(BG). O

Corollary 3.2.7. Let X be a smooth proper Deligne-Mumford stack over an algebraically
closed field k. Then every element of Pico(%) 15 represented by a Weil divisor.

Proof. Temporarily, let C1°(X) C Pic’(X) denote the subgroup of the Weil class group which
maps to 0 in NS(X). Then we have an injection

Pic’(%)/C1°(%X) < Pic(X)/CL(X),

so Pic?(X)/C1°(%) is finite. On the other hand, it is a quotient of the divisible group Pic®(X),
hence divisible. Therefore it is trivial. O
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Chapter 4

Cycle class map on smooth
Deligne-Mumford stacks

4.1 Cycle map on non-compactly supported
cohomology

4.1.1. Let X be a smooth Deligne-Mumford stack of pure dimension N over a field k. In
this chapter we review the definition of the cycle class map

cl s AYX) — H* (X5, Qu(d)),

where /¢ is different from p = char(k). For the definition of a cycle class map for singular
Deligne-Mumford stacks and more general coefficient rings, see [Ols2, Sect. 3].

4.1.2. For ease of notation we assume k = k: it will be clear from our construction that
the cycle class map we produce will be invariant under Galois action. Let X be a purely
N-dimensional Deligne-Mumford stack over k, let D € A%(X) be a cycle, and let e = N — d
be the dimension of D. Write D = Y a;D; as a sum of integral cycles D;, and let U; C D;
be the smooth locus.

Lemma 4.1.3. For each D;, there is a canonical trace map
Tr; « H(Dy, Qole)) — Qq

Before starting the proof of Lemma 4.1.3 we note the following fact, which will be used
repeatedly in this paper:

Lemma 4.1.4. Let X be a separated finite type Deligne-Mumford stack, and let m: X — X
be its coarse moduli space. Then the natural map Qpx — Rm.Qrx is an isomorphism in

DZ(Xa Qf)



CHAPTER 4. CYCLE CLASS MAP ON SMOOTH DELIGNE-MUMFORD STACKS 29

Proof. Combining Theorem 5.1 and Corollary 5.8 of [Ols1], we have that Rm,Q, is acyclic in
non-zero degrees, so we only need to show that R'm.Q,x = Q x which follows easily from
the fact that the topological spaces of X and X are homeomorphic. n

We now return to Lemma 4.1.3:

Proof. (of Lemma 4.1.3) Let U; be the non-empty smooth locus of D;, and j : U; < D, the
inclusion, and k : Z; < D, the inclusion of Z; := D; — U, into D;. Then from the short exact
sequence

0= 51Quu, = Qup, = Q2 — 0,
we get a long exact sequence

o= H2* N Z,Que)) — H?(Us, Qu(e)) — H?**(D;, Qule)) — H?(Z;, Qule)) — ...

But H>*7Y(Z;,Qu(e)) = H*(Z;, Qu(e)) = 0 because dim(Z;) < e (use Lemma 4.1.4 and the
fact that the statement is true for algebraic spaces.) Now Poincaré duality on the smooth
stack U; [LO08, 4.4.1] gives the required map T'r;. ]

An easy extension of the above lemma shows that the trace maps T'r; induce a canonical
isomorphism

Hom(H?(D, Q(e)), Q¢) — Hom(;H>(U;, Qu(e)), Qp) = Q1P (4.1.4.1)
where I(D) = {Dy, ..., D, } is the set of irreducible components of D. Let o : D < X be the
inclusion. Let Yy and % be the Verdier dualities on X and k, respectively. Then we have

Py RT.*Qy(e) = RT'Ra' Zx(Qq(e)) = RTRa'Q[2N](N — e),

where we used the fact that X is smooth in the right-hand equality. This induces a canonical
isomorphism

Hom(H2*(D, Qu(e)), Qr) — HE/(X, Qu(d)) (4.1.4.2)
(recall that d = N — e).

Definition 4.1.5. In the above notation, we obtain from 4.1.4.1 a canonical element [D] €

Hom(H?¢(D, Qq(e)), Q) corresponding to > a;D; € Qé(D). Then we set the localized cycle
class of D, denoted cl(D), to be the image of [D] in HZ(X, Q¢(d)) under 4.1.4.2.

4.1.6. We also write cl(D) for the image of the localized cycle class under the map
HE (X, Qu(d)) — H*(X,Qu(d))

(we call ¢l(D) the global cycle class of D). When we need to distinguish between the
local cycle class and global cycle class of D, we will denote these by cli,.(D) and cly(D),
respectively. It is standard in the case of schemes that the resulting map

c : Z4X) — H*(X,Q,(d))

passes to the Chow group A4(X), and is compatible with the contravariant functoriality for
Ad(—) and H?!(—,Q¢(d)). The same proof works for stacks.
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4.1.7. Now let D C X be any reduced closed subscheme, and o : D — X the inclusion. Let
dim(D) = e and dim(X) = N. We can use the above cycle class map to give a cycle-theoretic
description of the Poincaré dual of the restriction map

o+ H(X, Qele)) — H*(D, Qu(e)).

Let D = U;D; be the decomposition of D into its irreducible components, and let I.(D) be
the set of e-dimensional irreducible components of D.

Proposition 4.1.8. With notation as above, we have a commutative square

H2(D,Que))¥ 255 H2(%, Que))

@f(d) SN H2N_26(f{, Qi(N —e))
where the vertical arrows are the isomorphisms induced by Poincaré duality, and the lower
arrow sends Y a;[D;] to > a;cl(Dy).

Proof. This is immediate from the above description of the cycle class map. n

4.1.9. In the case of divisors, the cycle class map can be described as follows. Let X be a
smooth Deligne-Mumford stack over k, and D a closed subscheme of X; let 7 : D <— X be
the inclusion, and j : U < X the inclusion of the open complement U = X — D. Recall that
there is a natural bijection between H}(X,G,,) and the group of Cartier divisors supported
on D. To see this, first define

H(%,G,,) =i, RIi'G,,.
Then we have an exact sequence on sheaves on X.;
0— H5(X,G,) = G, — §.Gp — H5(X,G,,) — 0,
so that
K5 (X, G,,) =2 coker(G,, = 1.Gp).

By its definition, giving a global section of the latter sheaf is the same as giving a Cartier
divisor supported on D. Moreover, it is clear that s (X,G,,) = 0. Therefore the spectral
sequence

HP (X, 05(%,G,)) = HY(X,G,,)

shows that
H(X,G,,) = HY (X, 5(%,G)),

and hence that H}(X,G,,) is isomorphic to the group of Cartier divisors supported on D.
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Now suppose D is a Cartier divisor on X. Then we have a canonical class cl'(D) €
H}(X,G,,) corresponding to D. For any integer n prime to p = char k, we produce a class
c"(D) € H%(X,Q¢(1)) using the Kummer exact sequence of sheaves

0= pu, -G, — G, =0
to induce a map Hj(X,G,,) — H3 (X, 1) and taking the limit over n = (™,

Proposition 4.1.10. The class cl”(D) € H3(X,Qu(1)) agrees with the class cl(D) defined
earlier.

Proof. In the case of schemes this is [SGA4h, Cycle, 2.3.6], and one easily reduces to this
case since the definition of cl(D) € H%(X,Q,(1)) is compatible with étale localization. [

Using this fact, and finite generation of the Néron-Severi group (2.2.14) we get the fol-
lowing;:

Proposition 4.1.11. Let X be a smooth stack over k = k as above, and choose a prime
¢ # char k. Then the cycle class map

cl : Pic(X) — H*(X,Qu(1))
factors as
Pic(X) = NS(X) ®z Q; — H*(X,Qq(1)),

where the map Pic(X) — NS(X) ®z Qy is the obvious one, and the map on the right is an
mjection.
Proof. From the previous proposition we get that cl : AY(X) — H?(X,Q,(1)) factors through
the injection (induced by the Kummer exact sequence)

(1 ey ) © @ = H(E.QD)
By Lemma 2.2.14 we have an exact sequence

0 — Pic’(X) — Pic(X) = NS(X) = 0
with Pic(%) divisible (at least up to p-torsion), and therefore

Pic(X) = NS(X)
("Pic(X) ("NS(X)

Therefore the map cl factors as
. . NS(X) 2

Therefore we are reduced to showing that

. NS(X)
lim

LICIRPSS z
m NS PR @ule

which is clear since N.S(X) is finitely generated. ]
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4.2 A variant of the cycle class map for compactly
supported cohomology

Let X be a smooth proper Deligne-Mumford stack over a field k = k, and let i : D — X
be a reduced closed subscheme of X. Let X = X — D, and let j : X < X be the inclusion.
Finally, let Divy(X) be the free abelian group of divisors on X whose support is contained in
X, i.e., disjoint from D. In this section we describe a cycle class map to compactly supported
cohomology

cle : Diva(X) — HZ(X,Qu(1)) := H*(X, 5 Q((1)) (4.2.0.1)

and prove some compatibilities regarding this cycle class map.

First definition of 4.2.0.1. First recall the following well-known proposition:

Proposition 4.2.1. Let i : D < X be the inclusion, and define
Gm},D = Ker(Gmg — Z'*Gm,D).

Then H'(X, G,.x.p) i in bijection with isomorphism classes of pairs (£, o), where £ is a
line bundle on X and o : Llp — Op is a trivialization of & on D.

Proof. The statement when X is a scheme is well-known (see, e.g., [BVSO1, App. A]) and
the same proof applies to Deligne-Mumford stacks. O

We denote this group (following standard notation) by Pic(X, D).
Given E € Divy(X), there is a natural class

cl(E) € Pic(X, D)

consisting of the pair (O(FE), s) where O(FE) is the line bundle of the divisor F and s : Ox —
O(E) is the canonical meromorphic section of E, which is an isomorphism restricted to D
since DN E = (). To define a class in H(X, u,,) note that we have an exact sequence of
sheaves

0— jglun’x — Gm,?,D _n) Gm,iD — 0.

Then we write

o1 (E) € HX (X, Q1))

for the image of cl,(E) € H'(X,G,, 5 ) under the boundary map, taking the limit over
n =1

Second definition of 4.2.0.1. Given F € Divg(X), let v : E < X be the inclusion.
Consider the canonical map in D?(X)

f: U*RU!@Zg(l) — Q,x(1).
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By definition, this map sends the local cycle class clio.(E) € Hp (X, Q¢(1)) to the global cycle
class cly(E) € H*(X,Qy(1)). Notice, moreover, that the composition

0. RUQyz(1) = Qux(1) — £.Qep(1)
is zero, since D and F are disjoint. Therefore f factors through a unique map

fo.RUQux(1) — jiQpx = Ker(Q,x(1) — i.Qy,p(1))

(f is unique because any two maps f, fo define a map
Ji— fo: U*RU!ngg(l) — 1,Qe,p[—1]

which must be the zero map, since U*RU!QKEG) is supported on E and i,Qy p(1) is supported
on D). .
Taking global sections of the map f induces a map

and we define cl.o(E) € H2(X,Qu(1)) to be the image of the local cycle class cljo.(E) under
this map.

Proposition 4.2.2. The two cycle classes defined above agree, i.e., cl.1(E) = cl.o(E).

Proof. We can follow the same steps as in the definition of ¢l »(E) to show that the canonical
map
g: U*Rv!Gmg — G, x

factors uniquely through a map
g: U*RU!Gm’§ — G,,zp = Ker(G,, s = G p).
Taking global sections of g yields a map
g:Hp(X,Gn) = H'(X,G,,xp) = Pic(X, D).

In terms of Cech cohomology, this map is described as follows: let O(E) be the line bundle of
E. Viewing E as a Cartier divisor, we get a transition function a € G,,(U — X) (where U is
some étale cover of X) defining O(FE) such that a does not vanish along D. Therefore a also
defines a transition function for an element of H'(X, G,,x.p), and this transition function is
precisely the image of ¢l(FE) under §.

From this description it is clear that §(cli.(E)) = cl’.(E) € Pic(X, D), where cl'(E) is the
class defined earlier. Using the Kummer exact sequence, we conclude that the two classes

cle1(E), cl.o(F) € H2(X,Q(1))

are the same. O
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We write cl.(E) for the element cl.;(E) = cl.2(E).

Corollary 4.2.3. Let X, X, and D be as above. Then the cycle class map
cl : Dive(X) — H?(X,Qu(1))

factors as - -
Dive(X) —» NS(X,D) ®z Q; — HCQ(%, Qe(1))
where the map Divy(X) — NS(X, D) is the natural map and the map on the right is an

mjection.

Proof. The proof of Proposition 4.1.11 works here as well, using the fact that Pic’(X, D) is
divisible and NS(X, D) is finitely generated (see Proposition 6.6.4). ]
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Chapter 5

Review of 1-motives

5.1 The category of 1-motives

In this chapter we review the theory of 1-motives as introduced in [Del74, §10]. We work
over a perfect base field k of characteristic p > 0, and choose an algebraic closure k& — k.
All of this material (and much more) appears in [BVK12, App. C].

Definition 5.1.1. A 1-motive over k is a 2-term complex
L — G

of abelian sheaves on (Sch/k) s, Where

e [ is an étale-locally constant sheaf, and L(k) is a finitely generated free abelian group.

e G is (represented by) a semi-abelian variety; that is, there is an extension
0->T—-G—A—0,

where T is a torus and A is an abelian variety.

Our convention is that L is placed in degree -1 and G is placed in degree 0. Since k is perfect,
L is fully described by the free abelian group L(k) together with its action by Gal(k/k).

5.1.2. If M = [L - G] and M’ = [L' — G'] are 1-motives, then a morphism of 1-motives
F=(f,9): M — M’ is a commuting diagram

L -1

Lo

G 2 @
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5.1.3. Let R be a subring of Q containing Z. We will always take either R = Z[p~!] or
R = Q. The category of R-isogeny 1-motives over k, denoted 1-Mot; ® R has the same
objects as 1-Moty, and for 1-motives M, M’, we set

Hom yotyor (M, M') := Homy yor, (M, M) @ R.
We also write 1-Motg[p~!] when R = Z[p™'].
Proposition 5.1.4. The category of Q-isogeny 1-motives over k is abelian.

Proof. This is [BVK12, C.7.3], but we give a more elementary argument here. First notice
that 1-Mot, ® Q is clearly additive. Let M = [L = G] and M’ = [L' LA G'] be 1-motives,
and let F': M — M’ be a morphism of 1-motives given by the diagram

L

|l
G - @.

We first describe the kernel of F. Let Ker’(g) be the reduction of the connected component
of the identity of Ker(g), and let

Ker’(f) := Ker(f) Na ' (Ker’(g)).
Then we set
K = [Ker"(f) — Ker’(g)],

and claim that K is the kernel of F': M — M'. Let M" = [L"” — G"| be another 1-motive,
and let

u

L' —— L
[
G" = G

be a morphism such that the composition with F' is 0 in 1-Mot; ® Q. Then for some
n € N, n(F o (u,v)) = 0 in 1-Moty, and hence f onu = gonv = 0. Therefore nu and nv
factor through Ker(f) and Ker(g), respectively. Since Ker(f)/Ker’(f) and Ker(g)/Ker’(g)
are finite groups, we get that for some m € N, mnu and mnv factor through Ker®(f) and
Ker(g) respectively. Then

1
—(mnu, mnw) : [L" = G"] — [Ker’(f) — Ker%(g)]
mn
is a morphism in 1-Mot; ® Q factoring (u,v) : [L" — G"] — [L — G].
Now we describe the cokernel of F. Let T be the torsion subgroup of coker(f). We set

C := [coker(f)/T — coker(g)/a/(T)].

A check similar to that for K shows that C' is the cokernel of F', and that the axioms of an
abelian category are satisfied. O]
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Remark 5.1.5. The category of 1-motives over k is not abelian, nor is the category of
p-isogeny 1-motives where p = char k. However, there is an abelian category ‘1-Moty,[p™!]
of torsion 1-motives over k which is abelian (described in [BVK12, App. C]), and a fully
faithful functor

1—M0tk[p_1] — tl-MOtk [p_l]

[BVK12, C.5.3]. This provides 1-Mot,[p~!] with an exact structure with respect to which
the ¢-adic realization functors described below are exact [BVK12, C.6.2].

5.2 Realization functors

5.2.1. Let ¢ be a prime distinct from the characteristic of k. We review the ¢-adic realization
functor from 1-motives over k to f-adic representations of Gal(k/k). Let M = [L = G] be a
I-motive. For any integer n prime to char k, we set M /n to be the cone of -n : M — M. We
then set Ty, (M) = H~'(M/n). More concretely, the k-points of T%/,(M) can be written

{(z.9) € L x G(F) | u(z) = —mg}

TZ/n<M) = {(mz, —u(x)) |z € L}

From the exact triangle
G—M—L—G[],

we get an exact triangle
G/n— M/n— L/n — G/n[l].

Here G/n and L/n are defined as cones of multiplication by n, in the same manner as M/n
was defined. Taking cohomology sheaves, we get an exact sequence

0— G — Tym(M) = L/nL — 0. (5.2.1.1)

Therefore 17, (M) is an etale sheaf, and can be fully described by its k-points together with
the action by Gal(k/k). Now set

TKM = lngz/gn(M)

Because the collection (4 G),, satisfies the Mittag-Leffler condition, we get an exact sequence

0—T1T,G—T/M —>1'£1L/£”L—> 0

where (as usual) T;G is the Tate module of the k-points of G. Finally, we set

ViM :=T/M ®z, Q,.
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Therefore we have defined functors
=][7e: 1-Mot[p™'] — [ Repy, (Gal(k/k))
{#p t#p
and B
Vi : 1-Moty, ® Q — Repg, (Gal(k/k)).

Proposition 5.2.2. The functors Tp and V, defined above are exact, faithful, and reflect
1somorphisms.

Proof. We show the statement for V;; the statement for Tp is [ABV03, A.1.1]. Let 0 — M’ —
M — M" — 0 be an exact sequence of 1-motives for Q-isogeny. Letting M = [L — G],
M =[L'— G|, M" = [L" — G"], we have sequences

0—-G —-G—-G"—=0 and
0L —>L—->L"—=0

which are exact up to isogeny. Therefore, we have exact sequences

0—-V,G —=V,G—=VG" =0 and
0—=V,L' - V,L - V,L'" = 0.

Using the functoriality of V;, we get a commuting diagram
0 0 0

o —r VG — VM —— V,L! —— 0
O — VG — VM —— VL —— 0

o— V¢ — VM —— V, L' —— 0

0 0 0
with exact rows, and such that the left and right columns are exact. By standard homological
algebra, this implies that the middle column is also exact, proving that V; is an exact functor.
To show that Vj is faithful, it suffices to show: given a morphism F' = M — M’ of
I-motives, if V,F' = 0 then F' = 0. Suppose that F'is given by a commuting diagram

L~

Lo

G 2 @,
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Then we get that V,f = V,g = 0. This immediately implies that f = 0 since L(k) and L'(k)
are finitely generated free abelian groups. To show that g = 0, note that by exactness of Vj
we have

Vi(Ker(g)) = Ker(V,g) = V,G.

This implies that Ker(g) is a closed subvariety of G of equal dimension to GG. Therefore
Ker(g) = G, i.e., g = 0. The fact that V, reflects isomorphisms follows formally from being
exact and faithful. O

5.3 Cartier duals of 1-motives

In [Del74, 10.2] there is defined a notion of Cartier duality for 1-motives. We briefly recall
this definition below.
Suppose given a l-motive M = [L — G, which we write as a commutative diagram

L

|7

0 s T 9y g

7 A 7 0.
The Cartier dual 1-motive is then defined by a diagram

TV
|
0 , v I qu y AV 0.

where TV, LV and AV are the usual duals, while G* is defined as follows: consider the
1-motive M/W_oM = [L — A]. We have an exact sequence of 1-motives

h\/

0—A— M/W_oM — L[1] — 0.

Applying Z# om(—,G,,) to this sequence of complexes of fppf-sheaves and taking coho-
mology yields an exact sequence

0— LY — Ext'(M/W_yM,G,,) — AY — 0.

Here we have used the fact that AY = &zt' (A, G,,) [MaMe74, Chap. 1]. We define G* to
be the group scheme &xt!(M/W_oM,G,,).

It remains to define the map ¢¥ : TV — G". By the definition of G, this means that for
every x € TV, we must give

1. an extension z of A by G,,, and

2. a trivialization of the pullback of  via ho f: L — A.



CHAPTER 5. REVIEW OF 1-MOTIVES 40

Since TV = Hom(T,G,,), we can let Z be the pushforward extension z,.G € &zt'(A,G,,)
(where € Hom(T, G,,)), defining part (1) of our desired map g" : TV — G*. The trivial-
ization of part (2) is determined by the fact that ho f : L — A lifts (trivially) to f : L — G.

5.3.1. The key property of Cartier duals we will use is the following:

Proposition 5.3.2. Let M = [L — G| be a I-motive and M" its Cartier dual. Then for
every n prime to the characteristic of k there is a canonical perfect pairing

which s functorial in M.

Proof. This is [Del74, 10.2.5]. O
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Chapter 6

Construction of M})E(X)

6.1 Definition of the 1-motive M}, , (X.)

6.1.1. Fix a perfect field k of characteristic p > 0 and an algebraic closure k& < k. Let
X be a proper reduced k-scheme with two reduced closed subschemes D and E such that
DNE=0.Let X=X—-E,U=X—-Dand U = X — D = U — E. We assume further that
the complement U is dense everywhere in X, so that D and E everywhere have codimension
> 1. We label our various maps as follows:

-

I3 )

I xiop
~*>op

(G

j)f
X

C < ql

E:E

Here in each row and column, the term in the middle is the union of the outer two terms.
We then define
Hiy p(X, 7) = H{(Xp, j.7)

for an étale sheaf .7 on Ue. In this Chapter we define a 1-motive M}, £(X) such that we
have natural isomorphisms for ¢ £ p

TeMp p(X) — Hp p(X, Z(1)),

functorial in the triple (X, D, E). We also give such a definition in case X is a smooth proper
Deligne-Mumford stack, as this case will be necessary in Chapters 7 and 8.

6.1.2. First, however, we will work in the simplicial setting, as our basic technique for
defining M}, p(X) is to replace X (via [dJng96]) by an appropriate proper hypercover by a
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simplicial scheme. Therefore let X, a simplicial scheme such that each X,, is proper and
smooth, and let D, and F, be closed subschemes. By a closed subscheme C, of a simplicial
scheme X, we mean a simplicial scheme C, and a map of simplicial schemes i, : Cy — X,
such that each i, : C, — X, is a closed immersion and for each simplicial map p in
the category A defined by a non-decreasing map {0, ..., m} — {0, ...,n}, the corresponding
diagram

C, —— X,

PCJ/ pPx J{
Cn _my X

is set-theoretically cartesian (but not necessarily scheme-theoretically cartesian). This guar-
antees that the collection of open complements V,, := X,, — C, forms a simplicial scheme
Ve.
. Returning to our two closed simplicial subschemes D, and E, of Y., we let X, = X, —F,,
Us = Xoe — Dy and U, = X, — (D, U E,), and label our maps in the same way as before
(with a subscript for simplicial index):

We assume that U, is dense in X,; i.e., for each n, U, is dense in X,,.

Review of the Relative Picard scheme

6.1.3. We review some facts on the relative Picard group Pic(X,, D,) of the pair (X,, D,).
This is defined as the group of isomorphism classes of pairs (£, 0 : £*|p, — Op,), where
#* is an invertible sheaf on X, and o is a trivialization of Z* restricted to D,. Recall
[BVSO01, Prop. 4.1] that an invertible sheaf .#* on X, corresponds to an invertible sheaf .#°
on X, together with an isomorphism «a : 7}.%° 5 73.%° where m, 7 : X; — X, are the
simplicial face maps, such that « satisfies a cocycle condition relative to the three pullbacks
to X2.

Proposition 6.1.4. Define the fppf simplicial sheaf G,, %, p, = Ker(G,, x, = Gup,).
Then there is a natural isomorphism PiC(Y., D,) — H! (Y,, Gmy”D.).

Proof. Note that the case of an ordinary scheme X is [SV96, 2.1]. We handle the simplicial
case via a similar method.
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Consider a pair (.£*,0) € Pic(X,, D,). From this pair we can define a G,, . p,-torsor
by the rule sending (U — X,,) € (Sch/X.) pps to the group of isomorphisms a : £y = Oy
inducing a commutative diagram

ZL"|p, —— Op,

|

id
Op, —45 0p..

n

(see [Con01, Ch. 6] for a desctiption of the site (Sch/X,) s along with a proof that the
topos of sheaves on this site is equivalent to the category of simplicial sheaves .#* on X,.)

By general nonsense [StProj, Tag 03AG], H(X,, G,,x..p.) is in bijection with isomor-
phism classes of G,, x, p,-torsors. Therefore we have defined a map f : Pic(X,,D,) —
HY(X,, G,.x..p.). 1t is clear that this map fits into a commutative diagram

I'X.,Gn) —— T(De,G,) —  Pic(Xe,Ds) — Pic(Xs) ——  Pic(D.)
| | ] | |
H(X.,Gp) —— H°(Ds,G,,) —— H'(X.,G, %, p,) — H'(Xe,Gp) —— H'(De,Gypy).

The two right-hand vertical maps are isomorphisms by [StProj, Tag 040D]. Therefore by the
five lemma, f is an isomorphism as well. O]

We can also define an associated sheaf Picx, p,, defined as the fppf-sheafification of the
functor on (Sch/k) rppr, o
Y — Pic(Xe X Y, Dy X Y).
Equivalently, let G, %, p, = ker(G,,x, — (ie):Gmp,), and let p, : X — Spec k and
DPp.e : D — Spec k be the structure maps. Then we have
Pic?.,D. = R' (Fo)*Gm,Y.,D.-
Proposition 6.1.5. The sheaf Picx, p, defined above is representable. Moreover, let Picoy. D.

denote the connected component of the identity of this group scheme. Then the reduction

. Ored - ) ) .
Plcy’reD 1s a semiabelian variety, and we have an exact sequence
o, e

0— Picg(lfj‘). — Pic%‘iD. — NS%, p, =0,

where NSx, p, is an €étale group scheme over k whose k-points form a finitely generated
abelian group.

Proof. We start with the exact sequence of fppf sheaves on Sch/k

R'(5.).G,, 5, = R*(pp.e).Gm,p, — Picx, p, — Picg, — Picp,.
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The two sheaves on the right are representable by [BVS01, Appendix A.2], and moreover
(by the same reference) the reduction Plcgged of the connected component of the identity
is a semiabelian variety. It is clear that the ‘the two left-hand sheaves are representable by

tori. This gives us a short exact sequence
0 — coker(a) — Picy, p, — ker(b) — 0

where coker(a) is a torus and ker(d) is (after taking the reduced part) an extension of a
finitely generated étale group scheme by a semiabelian variety. This implies the proposition
statement. O]

6.1.6. Now consider the closed subscheme F,. Let
Divg, (X.) := ker(p} — p : Divg,(Xo) = Divg, (X1)),

where py,ps 1 X1 — X are the simplicial projections. Let Divg, (X;) be the _group of Weil
divisors on X; supported on E; (for any 7). Because D, N E, = @ in each X, there is a
well-defined cycle class map

cl : Divg, (X,) — Pic(X,, D,).

Concretely, given a divisor A supported on Ejy, we have the associated line bundle O(A) on Xj
and meromorphic section s : Ox, — O(A). Since Dy N Ey = (), this induces an isomorphism
Op, = O(A)|p,. Moreover, since p;A = psA as divisors, the meromorphic sections of
O(p;A) and O(psA) yield a canonical isomorphism p : p;O(A) = psO(A) verifying a cocycle
condition, so O(A) defines a line bundle on X, with a trivialization on D,.

Let Divg, (X,) be the étale group scheme naturally associated with Divg, (X,); i.e., the
k-points are given by DivEE,.(YE,.) and the Galois action is the natural one. Alternatively,

Divy, (X,) can be defined as the sheafification of the functor
Y 5 Divg,xy(Xe X Y)

for any étale k-scheme Y. Then the cycle class map ¢l above naturally extends to a map of
group schemes
cl : Divg, (X,) = Pick?! .

(This simply means that the cycle class map defined above is Galois-equivariant). With
these preliminaries in hand, we can make the following definition:

Definition 6.1.7. Let (Y., D,, E,) be as above. Consider the composition

cl : Divg, (X.) 2 Pic! , — NSx, p,

sending any divisor to its class in the Neron-Severi group. Then let
Div), (X.) := Ker(cl).

The cycle class map induces a natural map cl° : Div), (X.) — Plcggeé We then define

M}, 1.(X2) = Divh, (X.) & Picy™ ],
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6.2 /(-adic realization

6.2.1. Consider a triple (X,, D,, F,) and define U,, X,, etc. as in 6.1.2. For an étale sheaf
Z* on U, we define . - o
Hp, 5, (Xe, 7°) := H' (X, jo ). F°).

Here the extension-by-zero functor 5.’[ is defined by the same rule as for schemes; i.e.,
(Jot )" = Jp1F™. Our goal in this section is to show that there is a natural Galois-
equivariant isomorphism (for ¢ # p)

TeMp, p,(Xe) — Hp, 5, (Xe, Zo(1)).

6.2.2. First off, recall that we have a commutative diagram of inclusions

E

Because D, and E, are disjoint, we have

><|<§_)><

RU.7*5.7! = joJRao,*
as functors on DP(U,). Let 0y : By — U. be the inclusion, and consider the exact triangle in
Db(U.,)
Do ROyb 5, = Mg, — Rllastiny, — Tex RO 1, g, [1]

(where n is prime to the characteristic p). Applying j., to this triangle gives a triangle (note
that Ve,x = jo,! o ﬁo,*)

U.’*RUL/L”’Y. = Jottp g, = Jot Rlewfin, — v.’*Rviun’y.[l}. (6.2.2.1)

Taking cohomology of this triangle, and using the fact that RU.*‘}.’! = Jo 1 Rt,s, we get an
exact sequence

0— HY(Us, pin) = Hp, g, (X, ptn) = Hp, (Xo, ptn) = H2(Us, ). (6.2.2.2)

The following propositions give motivic interpretations of the groups appearing in this se-
quence:

Proposition 6.2.3. We have a natural isomorphism of groups

HYNU,, pn) +— Pic’(X,, D,)[n).
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Proof. Let G,, %, p, := Ker(G,, %, — te+«Gyn.p,). Then we have a commutative diagram of

sheaves on X,, where the rows and columns are exact:

0 — pwx, — G,x, — G,x, — 0

0 —— Z-o,*,Un,D. —_— Z-o,>x<(G’7n,D. —n> Z-o,*(G?n,D. — 0

0 0 0

Taking cohomology along the top row, we have an exact sequence
HY(U,,G,,) = H(U,,G,,) — H}U,, tn) — Pic(X., Ds) — Pic(X,, D,). (6.2.3.1)

But H(U,,G,,) = Ker(H°(X,,G,,) = H°(D,,G,,)) is a torus; since the k-points of a torus
are divisible, we have

HYU,, pin) = Pic(X,, D,)[n] = Pic’(X,, D,)[n]
as desired. ]
Notice that if we extend the long exact sequence 6.6.8.1 a little, we have an injection

Pic(X,, Ds)/nPic(X,, Dy) = H2(U,, ). (6.2.3.2)

Because Pic” (7,, D,) is divisible, we have
Pic(X,, D,)/nPic(X,, D,) = NS(X,., D.)/nNS(X,., Ds) = NS(X,, D,) @ Z/(n).
Proposition 6.2.4. We have a canonical isomorphism
HE, (X, pin) = Divp, (X.) ® Z/(n),
and the map Hy, (Xe, ftn) — H2(U,, i) obtained from sequence 6.6.7.2 factors as
Divg, (X.) ® Z/(n) = NS(Xa, Da) @ Z/(n) = H2(Us, ),

where the map Divp, (X.) —>~NS(Y., D,) is the cycle class map of 6.1.6, and the injection
NS(X., Do) @ Z/(n) — H2(Us, i) is induced by 6.2.5.2.
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Proof. The statement that Hz(X, u,) = Divg(X) ® Z/(n) for a closed subscheme E (of
codimension > 1) of a proper smooth scheme X over k is well known [SGA4h, Cycle 2.1.4].
The case of simplicial schemes follows by considering the spectral sequence H%p(X s Pn) =

HY(Xo, ptn). The claim regarding the map H%, (X, pn) — H2(Us, ) is a simplicial
variant of 4.2.2 and 4.2.3: first consider the canonical map in DS(Y.)
o 'U.,*UI.GWX. — G, %,
Because D, and F, are disjoint, the composition
U-,*Ule,Y. = G, x, — texGmp,

is the zero map, implying that a factors through a unique map

a: v.7*v!,Gm7y. — G, x. p.-
Taking global sections induces a map

H} (X.,G,,) — Pic(X,, D).

The group on the left is canonically isomorphic to Divg, (X, ), and we leave it to the reader to
check that this map sends a divisor W, to (O(W,), s) where s is the canonical meromorphic
section of O(W,) (the verification of this fact is the same as in the proof of 4.2.2). Using

the Kummer exact sequence, we conclude that the map HE (X, 1) — HZ2(U,, j1n) can be
described as claimed in the proposition statement. O

6.2.5. Summarizing the last two propositions, we see that we have a diagram
0 —— Pic"(X,, Da)[n] —— Ty/n(M}, g, (Xs) —— Div}, (Xe) ® Z/n — 0

|

0 ——  HUepn) —— Hb p(Xepn) — Ker(HE, (Xe,pin

R

— H2(U,, ptn)) —— 0

~—

where the left-hand and right-hand maps are isomorphisms (the upper row is the exact
sequence 5.2.1.1). Therefore we need only define a map

f i Topn(Mp, g, (Xe)) — Hp, p,(Xe, ftn)

fitting into the middle of the diagram, and by the five lemma it will be an isomorphism. By
definition, T/, (Mp, g, (X)) consists of data (C,, £, ¢), where

1. C, € Divy, (X.),
2. Z* is a line bundle on X,, and

3. ¢ :Op, — £*|p, is an isomorphism. We also require that
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4. There exists at least one isomorphism 7 : (£*)®" = O(—C,) identifying ©®" with the
canonical meromorphic section of O(—C,) restricted to D, (which is an isomorphism
since C, is disjoint from D,).

We then mod out by elements of the form (—nC,, O(C,), s) where s : Ox, — O(C,) is the
canonical meromorphic section.

6.2.6. By the general machinery of sites [StProj, tag 03AJ] the group Hp, g, (X, ptn) =
H! (X.,3.7!/An) is in bijection with isomorphism classes of 3.,;un—t0rsors on X,. Our map
[ TyuMp, g (Xe) = Hp,, g, (X, pi) is defined as follows: given an object (Co, Z2*,¢) €
TyuM}, g, (X4), choose an isomorphism 7 as in bullet point (4) above. Since C, is disjoint
from X, = X, — E,, n defines a trivialization of (Z*| x,)®" carrying ¢®" to the identity
morphism of Op,. We then set f(C,, Z°, ¢) to be the jq u,-torsor of local isomorphisms
Ox. = £*|x. compatible with 1 on nth tensor products and reducing to ¢ on D,.

6.2.7. We still must show that this map is well-defined; i.e., independent of the choice of 7.
Suppose we chose a different isomorphism 7’ : (£*)*" = O(—C,). Then n and 7’ differ by
an element

a € H'(X., jo)G) = Ker(H*(X,,G,,) — H°(D.,Gy)).

This group is a torus, which implies that we can choose an nth root {/a (since n is prime
to char k). Then if ¢ : Oy, = £°|x, is an isomorphism compatible with 7, then {/a
is an isomorphism which is compatible with 1. Therefore multiplication by {/a defines an
isomorphism between the j, 1/1,-torsors defined by choosing 7 or 7. Moreover, it is clear
that elements of the form (—nC,, O(C,),can) map to the trivial torsor, which shows that
[ Tyyn(MB, 5. (Xa)) = Hp, g, (X, pin) is well-defined.

6.2.8. It remains to show that f fits into the diagram

0 —— Pic”(X4,Da)[n] —— Tp/n(Mp, g, (Xs)) —— Div}, (X.) ® Z/n — 0

| /|

0 ——  HYUs,pp) — Hb.’E.(YO;,U/n) —— Ker(Hg, (X, fin — H2(U,, ptn)) — 0.

~—

To check that we have such a diagram, we must show that Pic’(X,, D,)[n] is precisely the
inverse image of H!(U,, y1,) under the mapping f. As a subgroup of Ty m(Mp, g, (X.)),
Pic’(X,, D,)[n] consists of the elements of the form (0,.£*,¢), i.e., the divisor is empty.
This means that (£®", p®") is isomorphic to (Ox,, 1) (rather than simply isomorphic when
restricted to X,). This is precisely the condition for an element to factor through the
subgroup H!(Us, ) of Hp, . (Xe, pts). Therefore we have the diagram above, and by
Propositions 6.6.8 and 6.6.9, the left-hand and right-hand vertical arrows are isomorphisms.
This implies that f is an isomorphism, so we have proved the following:

Proposition 6.2.9. For any triple (X., Ds, E,) as above, there is a natural isomorphism

TiMp, £, (Xe) = Hp, 5, (Xe, Z(1)).
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6.3 Functoriality

6.3.1. Let LY., D,, E,) and (Y,, A,, B,) be triples consisting of a proper simplicial scheme
X, (resp. Y._), and two disjoint reduced closed subschemes D, and F, (resp. A, and Ba,).
We let Xy, = X,—F,, U, :~X.—_(D.UE.), and Uy = X¢—D,. We similarly let Y, =Y ,—B,,

Vo=Y,— (AeUB,), and V, =Y, — A,. We label the various maps between these spaces as
follows:

U~ X, <D,

o]

U, X, <D,

and

f/.¢> Y, <" A,
B, B,

We will describe the contravariant functoriality of the 1-motives M}, g (X,)and M}, 5 (Y,).
For this, consider a map f : X, =Y, such that

1. f74B,) C E,, and
2. f71(A,) = D,.

Notice that (2) implies that f restricts to a proper map U, — f/L In this situation it will
turn out that there is a well-defined map M}, 5 (Y.) = M}, g, (X.).

6.3.2. We get a natural map

£x . e 0red « O,red
fre PICY.’A. — Plcth.

by pulling back a line bundle .#* to X,; the trivialization of .Z* on A, pulls back to a
trivialization on D, because f~'(A,) = D,. Similarly, because f~!(B,) C E,, there is an
induced pullback map on divisors

Div%. (7,) — Div%. (7,)

Putting these maps together, we get a map of 1-motives f* : M}, 5. (Ye) = M}, g, (X.).
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6.3.3. In the situation of 6.3.1, because f~1(A,) = D, there is a morphism of pairs (X,, D,) —
(Y, As). Therefore there is an induced morphism of cohomology groups

Hy, 5.(Ye, Ze(1)) = H' (Yo, baZy(1)) = H'(Xo, o Ze(1)) = Hp, g, (Xo, Ze(1)).

Using the Kummer exact sequence, one sees that this morphism is induced by pullback of
line bundles. Therefore we have the following:

Proposition 6.3.4. In the notation above, we have a commutative diagram (for ¢ # p)

TMD, 5 (Xo) — H}, 5 (Xe, Z(1))
] r|
TeM}l.,B. (?0) L H}l.,B. (XMZE<1))7

where ax, and as, are the comparison isomorphisms of Proposition 6.2.9.

6.4 The 1-motive M}, ,(X)

6.4.1. Now we return to the setting of a triple (X, D, E), where X is a separated finite
type k-scheme and D,E are disjoint closed subschemes of X, such that the complement
U := X —(DUE) is everywhere dense in X. Define schemes U, X and maps as in Paragraph
6.1.1. We wish to define the 1-motive MéE(Y) To do so, choose via [dJng96] a proper
hypercover 7, : X, — X such that each X, is proper smooth, and let D, := 7, (D) and
E. :=7;1(E). Let U, = X, — (D, U E.); note that U, is a proper hypercover of U.

Note that U, is not dense in each component of X, since there are components of X,
which are equal to components of D, U E.. Therefore let U, be the closure of U, in X,, and
define D, := D, N U, and E, := E. N U,. Then (U,, D,, E,) is a simplicial triple to which
the results of the previous section apply, and we define

Mp p(X) = Mp, £, (U.).
In 6.4.7, we will show that this definition is independent of the choice of hypercover X,.
6.4.2. Recall from the beginning of this chapter that we define
Hj, 5(X, Zy(1)) := H' (X5, j1Z(1))

where j : U < X is the inclusion. We define k, : U, < U, — E, to be the inclusion, and
define (in accordance with our standard notation)

H, 5. (U0, Ze(1)) i= H(Ts — B, ko Za(1)).

The following proposition justifies the above definition of M}, 5(X):



CHAPTER 6. CONSTRUCTION OF M}, ,(X) 51

Proposition 6.4.3. Let (X, D, E) be a triple as above. Then there is a canonical isomor-
phism o B
Hp p(X, Ze(1)) = Hp, p,(Us, Ze(1)).

Proof. Recall that we started with a proper hypercover 7, : X, — X, and we let D, =
7, Y(D) and E, =7, (F). We first claim that we have a canonical isomorphism

Hp, p(X, Z4(1)) = Hp, gy (Xe, Zo(1)).

To see this, first let X = X — F and X, = X, — E., so that H}IE(Y, Zo(1)) = HY(X, 11 Z(1))
and H}, 5 (Xo, Ze(1)) = H'(X., josZ¢(1)). Consider the commutative diagram

U, J—> X,
7ro,Ul WQ,XJ/
U % X.

By cohomological descent (see [Con01, Chap. 7] for an exposition of cohomological descent)
we have an isomorphism

Zo(1) =2 (R7te x )u (e x ) 1 Z4(1). (6.4.3.1)
Moreover, we have a base change isomorphism
(e, x ) 31Z0(1) =2 Jor(Terr) Ze(1). (6.4.3.2)

This isomorphism exists because the functors (e x)*, (Ter)* and j,y are all defined in the
same way as for ordinary schemes; e.g., ((me x)*.%*)" = (7, x)*-#", and similarly for the
other functors. Therefore to show the above base change isomorphism, it suffices to do
so for each level of the simplicial scheme (i.e., for each X,, — X), where the base change
isomorphism is standard [FK88, 8.7].

Combining Equations 6.4.3.1 and 6.4.3.2, we conclude that we have an isomorphism

R(x,0)eJopZe(1) = jZe(1).
Applying the derived global sections functor allows us to conclude that
HY(X,5Z(1)) = B (Xa, jusZa(1)

as desired.
To complete the proof, we wish to show that we have an isomorphism

HY(X., 3 Z4(1)) = H' (U — Eu, kayZ(1)) := Hp,, . (U, Zo(1)).
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For this, let kq : Uy — U, — E, and ay : Uy — E, — X,. Note that we have a commutative
diagram

I

U. U. EO b

e [“’
X.

where each arrow is a simplicial open immersion. Moreover, a, is proper: for X, = X, — E.,
and so the difference between U, — F, and X, is that we have removed those components of
D), that equal components of X,. Therefore we have 3.,! = Ray, . 0 k1, and taking derived
global sections we conclude that

H'(Xo, jo)Ze(1)) = H' (Us = Eo, karZ(1))
as desired. m
Combining Proposition 6.4.3 with Proposition 6.2.9, we conclude the following:

Proposition 6.4.4. Let (X, D, E) be a triple as above. Choose a hypercover X, — X with
X, proper smooth for each n, and use this hypercover to construct the 1-motive M})E(Y) by
the procedure described above. Then (for any such choice) we have a natural isomorphism
forl#p

TKMI%),E(Y) = H}D,E(yv Zé(l))'

Functoriality of M}, ;(X)

Now consider two triples (X, D, E) and (Y, A, B) with X and Y proper, and D, E (resp.
A, B) disjoint closed subschemes. Let U = X — (DUFE) and V =Y — (AU B), and assume
that U (resp. V) is dense in X (resp. in Y). Welet X = X — Fand U = X — D. We
similarly let Y =Y — Band V =Y — A. We label the various maps between these spaces
as follows:

Ufg BEERY
. X op

s
B e <<
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and

6.4.5. Let f: X — Y be a morphism of triples such that
1. f74(B)CE, and

2. f71(A) =

Then there exist hypercovers X, — 7, Y., — Y, and a map f, : X, — Y, such that there
is a commutative diagram

|%“<|

X.
X 1.7
Let D., E, A,, B. be the inverse images of D, E, A, and B, respectively. We then have
foH(BL) C Eg, and f71(A,) = D,

Now let Uy = X, — (DLUE.) and V, =Y, — (A, U B.). Let U, be the closure of U, in
X, and V, the closure of V, in Y,. Let D, = U, N D)., and define E,, A,, and B, similarly.
Then f, restricts to a morphism f, : Uy = Ve satisfying

1. f7YB,) C E,, and

2. f71(A,) = D,.

Therefore by our work in Section 6.3 there is an induced morphism M}lh B. (Vo) = M D..E (U.,)
compatible with the f-adic realizations. This implies the following, which summarizes our
work in this subsection:

Proposition 6.4.6. Let f : (X,D,E) — (Y, A, B) be a morphism of triples such that
f7(A) =D and f~'(B) C E. Then there exist proper hypercovers Xe—XandY, =Y,
such that if one defines M}, 5(X) and M} 5(Y) via X4 and Y, respectively, one has an

induced morphism o o
o M,}X,B(Y) — Mllj,E(X)

compatible with the (-adic realizations of Proposition 6.4.4, for € # p.
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6.4.7. We are now ready to show that the above definition of M 1177 »(X) is independent of the
choice of simplicial cover. Suppose that m, : X4 — X and p, : 7/. — X are two simplicial
covers by proper smooth schemes. Then as explained in [Con01, pp. 26-31], we can choose
a third simplicial cover 7 : 7/,, — X with the property that there are simplicial maps

XX =X

lying over the identity on X.

Proposition 6.4.8. Let M}, x(X), M}, o(X)', and M}, (X)" be the 1-motives constructed

by using the simplicial covers X, 7:, and Y/./ respectively. Then the induced morphisms of
I-motives

M, p(X) 5 Mp (X)) = M} (XY
are isomorphisms in 1-Mot[1/p], and the composite isomorphism
g o f: Mpp(X) = M} (X)

is the unique isomorphism in 1-Moty[1/p] inducing the identity map H} p(X, Z(1)) —
H}, 5(X,Z(1)) for every { # p.

Hence the 1-motive M}, 5(X) € 1-Mot,[1/p] is (up to unique isomorphism) independent
of the choice of simplicial cover.

Proof. By Proposition 6.3.4, for each ¢ # p, the (-adic realizations T f and T,¢ induce the
identity map on H}, ;(X,Z(1)) (since they lie over the identity on X). Hence by Prop.
5.2.2, the maps f and ¢ are isomorphisms in 1-Mot[1/p]. It is also clear that f and g are
the only isomorphisms of 1-motives in 1-Mot,[1/p] inducing the identity on H}, 5(X, Z(1))
for each ¢ # p, because the realization functor Ty(—) is faithful. ]

The results of this chapter up to this point can be summarized as follows:

Theorem 6.4.9. Let (X, D, E) be a triple consisting of a proper finite type k-scheme X,
and two disjoint closed subschemes D, E C X such that U := X — (D U E) is everywhere
dense in X. Then there exists a 1-motive M}DE(Y) defined up to unique p-isogeny, such that
there is a natural isomorphism

TeMp 5(X) =2 Hp, 5( X3, Zo(1)) := H' (X5, 51Z4(1))

for all € # p. M}, 5(X) is functorial for morphisms of triples f : (X,D,E) — (Y, A, B)
such that f~*(A) =D and f~Y(B) C E.
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6.5 The 1-motives M!(X) and M!(X)

As special cases of the above constuction, for any separated finite type k-scheme X we can
define 1-motives M'(X) and M}(X) that realize the cohomology groups H'(X%, Z(1)) and
HY(X7,7Z4(1)) respectively. To do this, choose a compactification j : X < X, and let
i : C'— X be the closed complement. Then we set

MY (X) = My o(X) = [Dive, (X.) — Pic ]

X
and

MI(X) = MLy(X) = [0 Pick |

where 7, : X, — X is any proper smooth simplicial hypercover of X, and C, = 77 (C).

Proposition 6.5.1. The above definitions are independent (up to unique isomorphism) of
the choice of the compactification X. They define contravariant functors

MY (=), M}(=) : Sch/k — 1-Moty[1/p],

where M (=) is functorial for arbitrary morphisms, while M}(=) is functorial for proper
morphisms.

Proof. The proof that M'(X) and M} (X) are independent of the choice of compactification
is essentially the same argument as in 6.4.7; any two compactifications are dominated by a
third, and the induced morphisms of 1-motives are seen to be isomorphisms by looking at
(-adic realizations. It is clear that M?'(—) is functorial for arbitrary morphisms. To check
that M!(—) is functorial for proper morphisms, we need to show the following lemma:

Lemma 6.5.2. Let f : X — Y be a proper morphism of schemes over k, and choose
compactifications 7 : X — X, v : Y <= Y, and suppose that there exists a morphism
f:X =Y compactifying f. Let C =X — X, and let D=Y — Y. Then ?_1(D) =C.

Proof. (of lemma) It is equivalent to show that X = T_I(Y). We may assume that X, Y,

X, and Y are connected. Let Z = 7_1(Y), which is an open subset of X containing X.
Considering the commutative diagrams

X227 X =27
\ Lm \lm

kY f
X, Y,

we get that a is an open immersion by the first diagram, and that « is proper by the second
diagram (since k and p; are open immersions, while f and p, are proper). Therefore « is
an isomorphism onto a connected component of Z. Because X and X were assumed to be
connected and X < X is dense, it follows that Z is connected as well; therefore o : X — 7
is an isomorphism. O

This completes the proof of Prop. 6.5.1. O]
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6.6 The 1-Motive My, ¢(X) for X a smooth proper stack

6.6.1. Let X be a smooth proper Deligne-Mumford stack, and let D and £ be disjoint closed
subschemes such that U := X — (DUE) is dense in X. Let X :=X — &, and j : U — X be
the inclusion. Define

Hp (X, Q1)) := H' (X5, 51Qe(1))

(In this section we work with Qg-coefficients in order to avoid certain technical issues regard-
ing the (-adic cohomology of stacks; see [LO08]).

6.6.2. Our goal in this section is to define a 1-motive Mé’g(g) such that for each prime
¢ # p, we have a canonical isomorphism

Vil o (%) = Hb o (%, Qu(1))

(recall that Vy(—) := Ty(—) ® Q). The procedure is much that same as defining M}, ,(X) in
the case of schemes, except that we do not use a cover of X by a simplicial scheme. There
are two reasons for this: (1) this eliminates the arbitrary choice inherent in the definition of
M}, ;(X), and (2) we will need the direct (non-simplicial) construction in Chapters 7 and 8.

6.6.3. To start the construction, first consider the relative Picard group of the pair (X, D),
defined by the formula

Pic(X, D) = H'(X,Ker(G,, 5 — i.Gn,p)),

where i : D — X is the inclusion. By the same proof as Proposition 6.1.4 the elements of
Pic(X, D) correspond to pairs (£, ¢), where . is a line bundle on X and ¢ : Op — Z|p
is an isomorphism. We have the following analogue of Proposition 6.1.5:

Proposition 6.6.4. Let Picg p be the fppf-sheafification of the functor on Sch/k,

Y = Pic(X x Y, D xY).

. . « O,red
Then Picy p is representable. Moreover, let Pics

)

be the reduced connected component of

. . . Ored - . . . .
the identity. Then Plcgg 15 a semi-abelian variety, and there is an exact sequence

0,red
XD

red

0 — Picy " — Picy, = NSy p — 0,

where NSx , s a finitely generated étale-locally constant k-group scheme.

Proof. The proof is essentially the same as Proposition 6.1.5: we start with the exact se-
quence of fppf sheaves on Sch/k

R(5.).G,, 5 = R*(pp).Gpnp — Picgp — Picg — Picp.
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The two sheaves on the right are representable by Theorem 2.1.2, and moreover (by the same

reference) the reduction Pic%red of the connected component of the identity is a semiabelian

variety. It is clear that the the two left-hand sheaves are representable by tori. This gives
us a short exact sequence

0 — coker(a) — Picgp — ker(b) — 0

where coker(a) is a torus and ker(d) is (after taking the reduced part) an extension of a
semi-abelian variety by a finitely generated étale group scheme. This implies the proposition
statement. [l

6.6.5. We define the group Dive(X) to be the group of Weil divisors on X supported on &.
Because £ and D are disjoint, there is a natural map

cl : Diveg(X) — Pic(X, D).

More generally, if we let Dive(X) be the étale group scheme defined by sheafifying the functor
Y = Diveyy (X x Y)

for smooth Y/k (equivalently, as the group scheme with k-points equal to DngE(¥E> and
natural Galois action), we have a cycle map

cl : Diveg(X) — Picks.

We define Div(X) to be the kernel of the composition

cl : Divg(X) — Pickd, — NSxp.

Then there is a natural map cl® : Divy(X) — Pic%t;d.

Definition 6.6.6. With the pair (X, D, ) as above, we define

leae(g) = [Divi(X) C_lO) Pic%’,rgd].

Proposition 6.6.7. With M}, o(X) defined as above, there is a natural isomorphism (for

t#p) _ _
ViMp ¢(X) = Hp ¢ (X, Qu(1)) := H'(X, 5Qu(1)),

where X =X — &, U =X — (DUE), and j : U — X is the inclusion.

Proof. The proof is essentially the same as that of Proposition 6.2.9, replacing X, by X, etc.
Therefore we will omit some of the more routine verifications in our proof below.
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Define ¢ := X — D. Then we have a commutative diagram of inclusions

I

U—~X.
Because D and & are disjoint, we have
RU,*E! = ]'Rﬂ*
as functors on DY(U). Let & : £ < U be the inclusion, and consider the exact triangle in
D)
0RO i = fhogg — Rituing — 0RO 1, (1]

(where n is prime to the characteristic p). Applying ji to this triangle gives a triangle (note
that v, = jy 0 0,)
v RV, 5 — Tl gz = SRz — U*Rv!ung[l]. (6.6.7.1)

Taking cohomology of this triangle, and using the fact that Ru,j = jiRi,, we get an exact

Sequence B . . R
0— HXU, ) — ng,g(ae, pn) — HEZ(X, pn) — H2U, 11,). (6.6.7.2)

Proposition 6.6.8. We have a natural bijection

HNU, j1,) +— Pic’(X,D)|n].

Proof. Let G,,xp = Ker(G,,5 — 4e+Gnp). Then we have a commutative diagram of
sheaves on X, where the rows and columns are exact:
0 0 0

Taking cohomology along the top row, we have an exact sequence

H'(U,G,) - HU,G,,) — HXU, un,) — Pic(X, D) - Pic(X, D). (6.6.8.1)
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But H(U,G,,) = Ker(H*(%X,G,,) — H°(D,G,,)) is a torus; since the k-points of a torus
are divisible, we have

HYU, 1) = Pic(X, D)[n] = Pic’(X, D)[n]

as desired. 0

Proposition 6.6.9. We have a canonical isomorphism
HE(X, py) = Dive(X) @ Z/ (),
and the map HZ(X, j1,) — HCQ(Z;{, tn) on the right-hand side of sequence 6.6.7.2 factors as
Dive(X) ® Z/(n) — NS(X,D) ® Z/(n) — H*U, j1,,),

where the map Dive(X) — NS(X,D) sends a divisor to its associated cycle class, and the
map on the right is an injection.
Proof. This is precisely Corollary 4.2.3. O

6.6.10. Summarizing the last two propositions, we see that we have a diagram

0 —— Pic’(X,D)[n] —— Ty/p(Mp (X)) —— Div(X) ® Z/n — 0

0 —— Hcl(a»un) BE— H%,5(¥7Nn) — Ker(Hg(g’ﬂn) _>H3(Z/~{7Nn)) — 0
(6.6.10.1)
where the left-hand and right-hand maps are isomorphisms (the upper row is the exact

sequence 5.2.1.1). Therefore we need only define a map
f i Toyn(Mp g(X)) — Hp g(X, i)

fitting into the middle of the diagram, and by the five lemma it will be an isomorphism. The
definition of this map is the same as in Proposition 6.2.9: namely, recall that Ty, (Mp, ¢ (X))
consists of data (C,.Z*, ¢), where

1. C € Div(X),
2. %* is a line bundle on X, and
3. ¢ : Op — £*|p is an isomorphism. We also require that

4. There exists at least one isomorphism 7 : (£*)®" = O(—C) identifying ¢®" with the
canonical meromorphic section of O(—C) restricted to D (which is an isomorphism
since C is disjoint from D).
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We then mod out by elements of the form (—nC,O(C),s) where s : Oy — O(C) is the
canonical meromorphic section.

Given an object (C, £*, ¢) € Ty M} ¢(X), choose an isomorphism 7 as in bullet point (4)
above. Since C is disjoint from X, = X — &£, n defines a trivialization of (.Z*|x,)®" carrying
©®" to the identity morphism of Op. We then set f(C, Z*, ) to be the 5.71un—torsor of local
isomorphisms Ox, — .Z°|x. compatible with 1 on nth tensor products and reducing to ¢
on D. One checks (by the same procedure as in the proof of Proposition 6.2.9) that this
map is well-defined, and fits into the diagram 6.6.10.1. Therefore by the five-lemma, it is an
isomorphism, which completes the proof of Proposition 6.6.7.

]
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Chapter 7

Construction of M24~1(X)

7.1 Definition

Let X be a d-dimensional separated finite type k-scheme, where k is perfect. In this section
we show that after possibly a finite extension of the base field k, there exists an isogeny
I-motive M2471(X) realizing the cohomology group H24 (X7, Q(d)). Our main tool is the
following [dJng96, 7.4]:

Theorem 7.1.1. Let X be a d-dimensional separated finite type k-scheme. There exists a
finite extension K of k, separated finite type K-schemes X" and X', and a DM stack X over
K, such that we have a sequence of maps

r

X5 X5 X 5 X
satisfying the following conditions:
1. r is purely inseparable and surjective, therefore a universal homeomorphism;
2. q 1is proper and birational;

3. X is a smooth Deligne-Mumford stack (in fact a global quotient [U/G] of a smooth
k-scheme U by a finite group G) and p identifies X" with the coarse moduli space of
X.

Proof. [dJng96, 7.4] proves this statement for an algebraically closed field k, but if we start
over an arbitrary field k, then all of the objects and maps will exist over some finite extension
of k since the objects and maps are all of finite presentation over k. O

Definition 7.1.2. Let X be a separated finite type k-scheme, and let 7 : X — X be a map
from a smooth proper Deligne-Mumford stack X which factors as in Theorem 7.1.1. Then
we call 7: X — X a weak resolution of X.

The main fact we will use about weak resolutions is the following:



CHAPTER 7. CONSTRUCTION OF M2-1(X) 62

Proposition 7.1.3. There erxists an open dense subscheme U C X such that 7|y : 7= (U) —
U induces an isomorphism

Qev — Ry Q1)

Definition 7.1.4. We define a Q;-cohomological isomorphism to be any morphism of Deligne-
Mumford stacks 7 : X — Y inducing an isomorphism Q,y — R7.Qy x.

Therefore Proposition 7.1.3 says that any weak resolution X — X is a Q;-cohomological
isomorphism on an open dense subset of X.

Proof. (of Proposition 7.1.3) This follows from the following two facts:
1. The morphism r : X’ — X induces an isomorphism Z, x — Rr.Z x'.
2. The morphism p : X — X” induces an isomorphism Qy x» — Rp.Qy x.
The first fact is well-known [FK88, 3.12], while the second is Lemma 4.1.4. O

7.1.5. We now construct the 1-motive M2471(X) as follows. Given a separated finite type
k-scheme X, choose a compactification v : X < X, such that there exists weak resolution
7 : X — X. It may be necessary to extend the base field to do this. Let U C X be an
open dense subscheme of X such that 7|y : 77 1(U) — U is a Q,-cohomological isomorphism.
We write U for T }(U), and let X = X x% X, C = X — X, and C = X — X. Finally, let
Z =X —U and Z =X —U. We label our various maps as follows:

oo fLC

R
X;%y(ﬁ_@

and )

U-Lsx<Loz

-

Ul X <107
Here X=XUC, X = XUC, etc. Let Z be the closure of Z in X, and Z the closure of Z
in X.

Remark 7.1.6. Note that it is possible to choose X so that C is a (reduced) strict normal
crossings divisor [dJng96, 7.4]. However, it is not known whether we can arrange that Z be
a strict normal crossings divisor.
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7.1.7. Let Divcug(f) be the étale group scheme of Weil divisors on X supported on CU Z.
Consider the composition

o : Divg (%) -5 Pick? — NSz
and the proper pushforward map
7. : Divy z(X) — Div z(X).
We define
Divy, z7(X) = Ker(dd & 7,) : Divez(X) — NSz ® Divz(X).

0

More concretely, Div, = /7(¥) is the étale group scheme of divisors D on X supported on

C U Z satisfying

1. The cycle class cl(D) =0 in NS(X).

2. Write D as D = Dy + D, with Dy supported on C and D, supported on Z. This
decomposition is unique since C and Z have no codimension-1 irreducible components
in common. Consider the proper pushforward map

7. : Divz(X) ® Q — Divz#(X) ® Q.
We then require that m, Dy = 0.

There is a natural map of group schemes
. = A 5. 0red
Dlvguz/f(%) = Picy;
defined by the cycle class map. We can now define the 1-motive M24~1(X):

Definition 7.1.8. Let X be a separated scheme of finite type, of dimension d over k. Assume
that there exists a compactification X < X and a resolution X — X as above (it may be
necessary to take a finite extension of the base field). We define M??~1(X) to be the 1-motive
_ . = ® 5. 0red
M¥ (X)) = [Dlvgugﬁ(.’{) = Picy™",
where Div) = /7 is defined above, and (—)" indicates taking the Cartier dual of a 1-motive

(5.3). We view M?2?~1(X) as an object of 1-Mot;, ® Q.

This is an abuse of notation as we have not shown that M, 2d-1(X) is independent of the
choice of X. In fact, it is only independent up to Q-isogeny (see 7.4.9), which is why we only
ever consider it as an object of 1-Mot, ® Q.
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7.2 /(-adic realization

To understand this definition of M2¢-1(X) (and to show that it is, up to isogeny, independent
of the choice of X and X), we must discuss the f-adic realization of M2?~(X). In doing so
we will assume that k = k, to reduce clutter in the notation. All of the maps we define below
are clearly Galois-equivariant, so the statements (especially the key statement Proposition
7.2.3) are true over an arbitrary perfect field.

Choose a prime ¢ # p. Then in D%(X,Q,) we have a commuting diagram with exact

rows and columns
7Qu — RmjiQuy — 0 ——

Qx — R Qsx — A ——

~

1.Qpz —— Rmi,Qpz —— i, i"A ——

Here A := Cone(Qyx — Rm.Qpx). The upper left-hand arrow is an isomorphism because it
equals the composition

. ad . = .
31Quu — 3 RmQuy — Rm.j|Quu,
and the adjoint map Qp — R, Qg is an isomorphism in D%(U, Q) (Lemma 4.1.4).

7.2.1. If we apply «; to this diagram and take cohomology of the two left-hand vertical
columns, we get a commuting diagram with exact rows

HZ (X, Qo) —— HZ7(Z2,Q) —— HXTN(U, Q) —— HZ7H(X,Q) —— 0
HZ (X, Q) —— HXHZ2,Q) —— HX7'U, Q) —— HZ7H X, Q) —— 0.

Let I;1(Z) (resp. I;—1(Z2)) be the set of (d — 1)-dimensional irreducible components of Z
(resp. of Z). Twisting in the above diagram by d — 1, taking duals, and applying Poincaré
duality, we get a diagram

0 —— H2U(X,Qu(d-1))Y —— H2(U,Q(d-1))Y —— Q)P —— H2-2(X, Qy(d-1))"

0 ——  HY(XQ(() ——  HUQUW) — Q¥ ——  mx,

@—)

(1)).
(7.2.1.1)

(The isomorphisms H?*2(Z, Q(d — 1))V = Qéd‘l(z) and H272(Z,Qu(d — 1))Y = Qéd_l(z)
are induced by sums of trace maps as in 4.1.3). We have

l

1) — Div,(X) ® Qp = Divy(X) @ Q
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and

) = Divz (%) © Q = Divz (%) @ Q,
and under these identifications the map Qé‘i’l(z) — Qéd’l(z) of diagram 7.2.1.1 is induced
by proper pushforward 7, : Div(X) ® Q — Div#(X) ® Q, while the map @é‘i‘l(z) —
H?(X,Q(1)) is induced by the divisor class map Divz(X) — NS(X) (Proposition 4.1.10).

Then diagram 7.2.1.1 shows that we have
H?1 (X, Qu(d — 1)Y= Ker(H' (U, Q1)) — QP Iy @iy,

7.2.2. Now recall that we defined & := X — (C U Z). By Proposition 6.6.7 (with D := 0,
E:=CUZ), if we set B B

M'(U) := [Divy (%) — Pic’(X)],
we have a canonical isomorphism V;M*'(U) = H'(U,Q,(1)). Then from Definition 7.1.8 we
have

M*7H(x)Y = Ker(M'(U) — [Div4(X) — 0]),

where the map is induced by proper pushforward of divisors. Applying the functor V,(—),
we get a commuting diagram

0 ——  V(MZTHX)Y)  —— VuM'U)) —— Divz(X)®Q
0 — H*YX Qud—1))Y —— H U, Q1) —s Qi

By the five lemma, the map on the left is also an isomorphism. Taking Cartier duals, we
have the following:

Proposition 7.2.3. For X a separated scheme of finite type over k, of dimension d, set

MY X) = [Div%uzﬁ(?) — Pic’(X)]Y. Then we have a canonical isomorphism

VeMZH(X) = HZ7H(X, Qu(d)).

7.3 Preliminaries on pushforward of line bundles on
Deligne-Mumford Stacks

Our next goal is to prove that the 1-motive M?2¢~1(X) is contravariantly functorial for proper
morphisms X — Y. To do this, we need to prove a key proposition regarding pushforward
of line bundles on Deligne-Mumford stacks. Because the proof is quite lengthy and the result
will be used in both Chapters 7 and 8, we present it in its own section.
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Proposition 7.3.1. Let f : X — X’ be a proper, surjective, representable morphism between
d-dimensional smooth proper Deligne-Mumford stacks over a perfect field k. Let 0X C X
and 0X' C X' be reduced strict normal crossings divisors (i.e., the irreducible components
of 0X, 0X' are smooth) such that f~(0X"),ca C 0X. Then there is pushforward morphism
of algebraic groups
fe 1 Pic%5y — Pic% Sy
satisfying the following conditions:
1. For appropriate proper maps f and g, (go f)« = g« 0 fs,

2. Let Divg(faX(X) be the free abelian group of divisors of degree zero on X supported on
X — 0X, and define Div%, gy (X') similarly. Then there is a commutative diagram

) cl . 0O,red
Divy_yx(X) —— Picy 5x

£ l f*l
Div, 0 (X)) —2 Pic™ X’ 90X’

where the left-hand vertical map is the pushforward map on divisors, and the horizontal
maps are cycle class maps.

Proof. We remark that this is a refinement and generalization [BVS01, Lemma 6.2] to the
case when X and X' are stacks and the base field k£ has positive characteristic. Because their
proof uses resolution of singularities, we use a different approach.

To begin the proof, first note that by considering the obvious restriction functor

0,red
X, f7H0X ) red’

Picg;fgff — Pic
we may assume 0X = f~1(0X'),eq. Next let U’ C X be an open substack of X such that
f~YU') — U’ is finite and flat and such that Z’ := X’ — U’ is of codimension 2. To see
that such a U’ exists, one easily reduces to the case of schemes since f is representable, and
in that case it follows since the dimension of fibers is an upper semi-continuous function
[Har77, Ex. 3.22] and f is flat over every codimension-1 point of X'. Let U = f~}(U"),
oU' =U'NoX', and OU = f~1(OU),cq, so we have a commutative diagram of pairs

(U, dU)— (X, X))

X X
(U, 0U") —— (X', 0X")
where f: (U,0U) — (U’,0U’) is finite flat.

Now consider sheaves Picjt4,, and Picji’s; on (Sm/k)e defined as in the case when
red

U,U" are proper, namely Picy g, is the sheafification of the functor

W — Pic(U x W,0U x W)
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(with a similar definition for Picjg%,,). As in the case of proper schemes, we have
Pi red Rl G
ICy oy = Tu(Gm,v00)

where 7 : U — Spec k is the structure morphism and G, yov = Ker(G,, v — a.G,y, 51) and
a : OU = U is the inclusion. A similar formula holds for Pic}"ng,. There is a natural map
of sheaves

N : Picji§, — Picyiy,
induced by the norm map on sheaves

N f*Gm,U — Gm,U’

and then appliying R'7, (see [BVSO01, p. 61] for a proof that N restricts to a morphism of
subsheaves f.G, v.ov — Guuv7.007). We then have a map

. p:Ored restr . red N s red
[ Picy 5 — Picygy — Picy/ gy

We claim the following, which defines the required map f, : Picggg_‘ff — Picggegxﬁ

Lemma 7.3.2. The inclusion U’ — X' induces an injection of sheaves Picily v < Picyiy,

and the map f. defined above factors through this subsheaf. Since Picg{;gi 1s connected, this

implies that f, factors through Picggffgx,.

Remark 7.3.3. The resulting map f, is independent of the choice of U’ C X’: first note that
any two choices U] and Uj, the intersection Uj = U;NU} also has complement of codimension

> 2. Considering the map PiCTXG/Cfax/ — Pic’[}‘szaUé defined by the above proceduce applied

to Uj, it is easy to see that the maps Picggggl( — PicggegX, defined using these three open

subsets are the same.

Proof. (of Lemma 7.3.2) It suffices to check this on the level of k-points, so we may assume
k = k and consider the maps Pic’(X’, 0X') — Pic(U’,dU"), etc. Now consider the inclusion
U’ — X'; it induces a commutative diagram

O (X) —— (’)*(T‘X’) - Pic(X’,0X") — Pic(X') — Pic(dX")
O (U") —— O*(U") — Pic(U", dU") —— Pic(U’) — Pic(dU").

The map Pic(X’) — Pic(U’) is an isomorphism because the complement Z’ C X’ has codi-
mension > 2. The five-lemma implies that Pic(X’, 0X’) injects into Pic(U’, 0U’); moreover,
if we let C' := Coker(Pic(X’, 0X") — Pic(U’,0U")), we have an exact sequence

0— O*(0U")/O*(0X") — C — Ker(Pic(0X') — Pic(dU")).
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We need to show that if L = (£, 0 : Osx = Zlox) € Pic’(X,0X), then the image of f.L
in C'is 0.
First we show that the image of L in Ker(Pic(0X") — Pic(0U")) is 0. Let

K := Ker(Pic(0X') — Pic(dU")).

Concretely, the map Pic’(X,0X) — K is defined as follows: given L = (., o) € Pic’(X, 0X),
we have (N(Z|v),det(c|y)) € Pic(U’,0U’). Then there exists a line bundle M € Pic(X')
with M|y = N(Z|y), and the image of L in K is M|sxs,. From this description it is
clear that the map Pic’(X,0X) — Pic(9X’) factors through Pic’(X) (i.e., the image in K
only depends on the line bundle . and not on the trivialization o). We therefore have a
factorization

Pic’(X,0X) — A — K,

where A := Image(Pic’(X,0X) — Pic’(X)) is an abelian variety (since Pic’(X) is).

We claim that Ker(Pic(0X') — Pic(0U")) is a group variety whose connected component
of the identity is a torus. From this it will follow that the map Pic’(X,0X) — K is zero,
since it factors through the abelian variety A. To prove this claim, we first set up some
notation: let C; be the (smooth) irreducible components of 9X’, and for each increasing
sequence iy < ... < i, let Cy ;. = C;y N ...NC; . Then [Bakl0, Lemma 3.2] we have a
resolution of sheaves on (0X")q

0 — Opx: —>@OC —)@OQ] ey

1<J

where we have abused notation and written O¢, instead of ¢.O¢, for ¢ : C; — 0X the
closed immersion (the reference (loc. cit) only proves this for schemes, but the statement is
local for the étale topology and so immediately follows for stacks). This sequence remains
exact when one takes units: to see this, we can work locally. Each morphism of local
rings Oc¢, — Oc, ., 18 a surjection of local rings (whenever it is non-zero), and for a
surjection of local rings 7 : R — S, r € R is a unit if and only if 7(r) is a unit. From this the
exactness of the above sequence on units is immediate, giving an exact sequence of sheaves

of abelian groups

0-in

0 — Gox: —>€BGWC — @PGCuc, — - (7.3.3.1)

1<J

From this resolution we get an exact sequence

0= T = Pic(0X") — P Pic(C

where
Ker(@KjO*(CZJ) — @1<]<k0 ( wk))

D Mnage(®,07(C)) = ©15,0(Cy)
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is an extension of a finite abelian group by a torus. Here the maps are induced by restriction.
We can restrict sequence 7.3.3.1 to OU’ and get an exact sequence

0 — Ty — Pic(9U") — &,Pic(Cily),

where Ty is defined by the same formula as for 0X’ (replacing C; by C;|yr). Moreover, the
inclusion U’ — 90X’ induces a commutative diagram

0 — T —— Pic(0X') —— P, Pic(C))

| l |

0 — Typ —— Pic(0U') —— P, Pic(Ci|vr).

But notice that since C; is smooth, the kernel of the map on the right is finitely generated.
Therefore we have an exact sequence

0—T K- F

where T := Ker(T — Ty) is an extension of a torus by a finite group and F is finitely
generated. Therefore the map Pic’(X,9X) — K must be zero, since it factors through the
abelian variety Image(Pic’(X,0X) — Pic’(X)), and there are no non-zero maps from an
abelian variety to a torus.

We have shown that the map Pic’(X, 0X) — C factors through O*(9U’)/O*(0X"), where
we recall that C' = Coker(Pic(X’,0X’) — Pic(U’,0U’)). We want to show that the resulting
map

f: Pic’(X,0X) — O*(0U")/O*(0X") (7.3.3.2)
is zero. Recall that we have an exact sequence
0 — O0*(0X)/O*(X) — Pic®(X,0X) — Pic’(X).
To show that the map in 7.3.3.2 is zero, we start by showing that the restriction
flo~ox) : 0O*(0X)/O0*(X) — O*(9U")/O*(0X') (7.3.3.3)

is zero. To do this, we first explicitly describe this map. An element of O*(9.X) can be given
as follows: first label the connected components of 0X as C1, ..., C,,. Then for each i we let
let a; € k* be the unit which is multiplication by a; on C;, and the identity on the other
connected components. Then we have a corresponding element

L := (Ox,;a;) € Pic’(X,0X).

We claim that f.L € Pic(U’,0U’) can be described as follows:
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Lemma 7.3.4. Let D; C OU’ be any connected component, and let E1, ..., E be the connected
components of fH(D;)rea, and dy, ..., ds the degrees of these connected components under the
map OU Xgyr D; — Dy, and let 1, ...,rs be their ramification degrees (so eyri + ... + egrs =
deg(f)). For each j,1 < j <'s, let Cy(jy be the connected component of 0X containing E;.
Then let

b; = H(a(b(j))ej” € k‘*,
j=1
which we think of as a unit in O*(OU") which is multiplication by b; on D;, and the identity
on the other connected components. We then have

foL = (O, [T b)-

Proof. (of lemma 7.3.4) In general, the map O*(0U) — O*(9U’) is obtained by locally lifting
an element of O0*(9U) to O*(U), and then applying the norm map and restricting to 9U’.
However, if we let OU = U Xy OU’ (so that OU = 0U,.q), we have a commutative diagram

[EGALL 6.4.8]
Gm,U —_— L*Gm,W

| |
Gm7U’ —_— L; Gm,@U’

where ¢,/ are the inclusions. This implies that we only have to lift a section to O*(0U) and
apply the norm map there. For the section II;a; we are interested in, this can be done globally
and the resulting formula for N(Il;a;) given in the lemma statement is immediate. O

We return to showing that the map in 7.3.3.3 is zero. From the description of f,L given
in Lemma 7.3.4, we see that if D; and D; are connected components of OU which belong
to the same connected component of 0X’, then b; = b;. This implies that the section IL;b;
extends to an section of O*(0X’), which in turn implies that the image of f.L under the
map 7.3.3.3 is zero.

We have shown that the map f of 7.3.3.2 factors through Pic’(X,9X)/0O*(9X), which is
a subvariety of Pic’(X) and hence an abelian variety. But O*(9U’)/O*(0X') is an extension
of finitely generated group by a torus: if OU’ is smooth then this is clear, while in the general
case it follows from the commuting diagram (where the rows are equalizers)

O (0X') —= @, 0" (0X]) — =@, 0*(0X})

| | |

where 0X/ are the (smooth) irreducible components of 0.X, and similarly for OU’. This
implies that the resulting map Pic’(X,0X)/O*(0X) — O*(QU")/O*(0X") is zero (since
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there’s no non-zero map from an abelian variety to a torus). We have finally shown that the
map Pic’(X,0X) — C is the zero map, completing the proof of Lemma 7.3.2. O

This defines the required map f, : Picgggg( — Pic%fg - 1t is clear that this map satisfies

conditions (1) and (2) of the proposition statement, since we can reduce to the case when f
is finite and flat (by the way f, was defined), where it follows from standard compatibility
properties between pushforward of divisors and the norm map. O

7.4 Functoriality

Let X and Y be separated finite type k-schemes, and let f : X — Y be a proper morphism.
In this section we show (again after a finite extension of the base field k) that there is an
induced map on l-motives f* : M2 1Y) — M24-1(X). We start with a preliminary fact
on functoriality for the weak resolutions of Theorem 7.1.1:

Proposition 7.4.1. Let f : X =Y be a morphism of separated finite type k-schemes, with
k = k. Then there exist weak resolutions (in the sense of Definition 7.1.2) m : X — X,
o:Y =Y with X and Y smooth, and a representable map f': X — Y making the diagram

%L)}

commute.

Proof. By Theorem 7.1.1, we can choose a weak resolution o : Y — Y with V = [V/H].
Then let
.’fl = y XyX = [(V Xy X)/H]

By [dJng96, Thm. 7.3], there exists a quotient stack X = [U/G| with U smooth and G
finite, together with a proper map ¢ : X — X; such that the composition X — X; — X is
a resolution. The induced map f’ : X — ) satisfies all the conditions of Proposition 7.4.1
except representability. To make f’ representable, we replace ) by V X, BG (note that
Y x BG has the same coarse moduli space as ), so it is still a weak resolution of Y). ]

7.4.2. Now let X and Y be separated finite type k-schemes of dimension d, and f : X — Y a
proper morphism. Choose compactifications k: X — X, j:Y <Y andamap f: X — Y
then the diagram
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is cartesian because f is proper; see Lemma 6.5.2. Using Proposition 7.4.1, make a finite
extension of k so that we can choose weak resolutions 7 : ¥ — X and 7 : )Y — Y and a
representable map T/ X = Ylyingover f. Ifwelet X =X x5 X, YV=YVx3Y,C=%X-X%
and D =Y — ), we then have a diagram

R

LA I Vg

P

yl-y D,

Let V C Y be an open subset of Y such that 7= (V) — V is a Q,-cohomological isomorphism,
and define V := 5 !(V). By possibly shrinking V', we can arrange that

XXy V —XxyV

is also a Qg-cohomological isomorphism, since X — X is a Q-cohomological isomorphism
on an open dense subset of X. If weset Y = X xyVand U = X xy V,and Z2 =X - U,
W =Y —V, we then have a commuting diagram

U x - >OF

a

V$y<_>w

where @' : U — X and V' : V < Y are open immersions Z < X and W < ) are closed
immersions, and T and o restrict to Q-cohomological isomorphisms 4 — U and V — V
respectively. Let Z and VW be the closures of Z and W in X and ), respectively. We then
can set

M)
MEI(Y)

[DvaUZ/Z(%) — P1c9T6d] and

[DIV 0, red]

— Pic>

DUW/W(y)

In order to define a morphism of 1-motives f* : M21(Y) — M2-1(X), we would like to
define a covariant morphism of 1-motives

fo: [DIVg iz 7(%) = Picy™] — [Divy, 5y (V) = Pic ™. (7.4.2.1)

7.4.3. We define f*_via proper pushforwards. We first want to reduce to working component
by component on X and ). Let {X;}!", be the connected components of X, and similarly
let {:))J ', be the connected components of ). Then one sees that

[Div? (X) — Plcofed] @[DvaUZ/Z(§ ) — Pic2™,

CUZ/Z x;

7
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and there is a similar decomposition for [DiVODUW /W@) — Pic%md]. Therefore to define the
map f, it suffices to define maps

£ : 0 x + O,red + 0 N3 « 0,red

Jis o [Dive iz 7(Xi) — Picy’ | — [waw/w(yj) — Plcyj ]

for each 7, where yj is the component mapped into by X; under 7,. This reduces us to the
case where X and ) are connected.

7.4.4. In the case where X and Y are connected, we define f, as follows. If dim(?l (X)) < d,
we define f, to be the zero map (as it should be if it is to be compatible with pushforward of

divisors and line bundles). So for the rest of this section we assume dim(?l (X)) = d. Since X
and y_are proper, T/ is surjective. Therefore, using Proposition 7.3.1 with X = X, 90X = 0,
X' =Y and 90X’ = (), we conclude that there is a commutative diagram

Div’ = (X)) —— Pic2™

CUZ/Z X

7.| 7.|
0 EY) « 0,red
DIVDUW/W<y) — Picg ™,

which defines the required map of 1-motives f* (Note that Proposition 7.3.1 is much easier
to prove in the case 90X = dX’ = (), but we will need the more general case in Chapter 8.)

7.4.5. Let f* : M2*1(Y) — M?24-1(X) be the morphism of 1-motives obtained by taking
the Cartier dual of the map f, of 7.4.2.1. We wish to show that V,f* : V,M>1(Y) —
V,M?4~1(X) agrees with the pullback map on cohomology

o H?2HY, Qu(d)) — H?*7Y(X,Qq(d)). More precisely, we claim the following:

Proposition 7.4.6. There is a commutative diagram

VAMZHY) === HZH(Y, Qo(d))

sz*l f*l
VM2 (X) — H27Y(X,Q(d))

where ax and oy are the comparison isomorphisms of Proposition 7.2.3 and f*, f* are as
defined above.

Proof. We continue with the notation of 7.4.2. If we define
M'(U) = [Divy, (%) — Picy™]
and

M'(V) := [Divy, 55(Y) — Pick™]
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(so we have omitted the requirement that the divisor push forward to 0 in Z, resp. W), then
by Proposition 6.6.7 we have natural isomorphisms V,M' (/) = H*(U,Q,(1)) and V,M*(V) =
H'(V,Qu(1)). Tt is clear that we can again define a map

~

fo: MY U) — M (V)

by proper pushforward of divisors using Proposition 7.3.1. Since we have commutative
diagrams

V(MU X)) ———=Ve(M'(U)) and  Vi(MZTH(Y)V)——=Vi(M'(V))

- : . :

HZH X, Quld = 1))V H' (U, Qe(1)) HEHY, Quld = 1)Y= H'(V, Q(1))

(see 7.2.2), to show that we have a commuting diagram as in Proposition 7.4.6 it suffices to
show the following:

Proposition 7.4.7. There is a commutative diagram

ViMYU) 2 HYU, Q,(1))

wﬁl ﬂl

VMY (V) —— H'(V,Q(1))

where ay and oy are the comparison isomorphisms of Proposition 6.6.7, and f, is the push-
forward map on cohomology, i.e., the Poincaré dual to the map

[ 2NV, Qu(d — 1)) = H* YU, Qu(d — 1)).

Proof. First consider the case where dimf(U) < dimf (V). Then the proper pushforward on
cohomology is clearly 0 since the map on f* on H2¢~! must be 0. On the other hand, the
proper pushforward map V,f, : ViMY(U) — VM (V) is also 0 by definition.

Now assume f : U — V) is finite and flat. Then the pushforward map on cohomology is
induced by a trace map

tri: fuf "bn = pn

[Ols1, Thm 4.1]. This trace map is shown in loc. cit. to be compatible with étale localization,
and to agree with the usual trace map in the case when U and )V are schemes. To check
Proposition 7.4.7 we may work étale-locally on V and hence may assume V is a scheme; since
f is representable, U is a scheme as well. In this case, the proposition follows because the
trace map agrees with the norm map on invertible sections [FK88, p. 136], and it is clear
that the norm map on invertible sections induces the proper pushforward on divisors.

In the general case f is generically finite flat (since it is proper and representable and
dim(U) = dim(V), dimf(U) = dimf(V)). Let V' C V, U’ :=U %, V' C U be open substacks
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such that f: U’ — ) is finite flat. Then we have commutative diagrams

HYU, Q1)) H'(U', Qu(1)) VMY (U)—— VM (U')
lf* lf* lVef* lvzﬂ
H'(V, Q1) H'(V', Qu(1)), ViM' (V) =V, M (V')

where the left-hand diagram is induced from the restriction maps U’ < U etc., and the
right-hand diagram is essentially from the definition of the various 1-motives appearing and
of the maps f.. Therefore it suffices to prove Proposition 7.4.7 for the map f : U’ — V',
which is finite flat and hence has already been considered. O]

This completes the proof of Proposition 7.4.6. O

7.4.8. Finally we return to the question of independence of compactification. For a given
. . ~ ~ .
X € Schy/k, suppose that we choose two compactifications X, X of X and resolutions

X - X, X - 7/, and assume that these are defined over the same base field K. Then we
aim to show the following:

Proposition 7.4.9. Let M*¥1(X) and M*¥~1(X)' be the 1-motives of Definition 7.1.8 con-
structed using X and X respectively. Then there exists a unique K -linear isogeny of 1-motives

[ METHX) = MZHXY

fitting into a diagram

V,MX1(X) 2 {H2N(X, Qu(d))

] |
VeMZL(X) = (X, Qu(d))

for all ¢ # p, where ax and oy are the comparison isomorphisms of Proposition 7.2.3.

Proof. ”Firsi we show that there exists a third weak resolution X of X, with maps X 5
and X — X. Note that we may have to move a bigger extension L/K to do this.

Let X = X x <x 7/, Elthird compactification of X which dominates_ly and X. Recall
that we can write X and X as global quotient stacks, say X = [V//G] and X = [V'/G’]. Then
set

YV=ExxX =[VxxV/Gxd
Since this is a global quotient stack, an application of [dJng96, Thm 7.3] gives a smooth
proper stack X' - Y which is purely inseparable on an open dense substack (we may have
to move to a bigger extension field L/K to do this). In fact, we can write X as a global
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quotient stack X" = [W/H] , and then we have commutative diagrams

¥ L%y ¥ L T xBH
7// fi 7’ 7// S 7/

where f] and f} are representable, and f; and f; restrict to the identity on X. Note that re-
placing X by X x BH does not change the 1-motive M2¢~1(X) constructed from X (similarly,
replacing X by X x BH leaves M2~1(X) unchanged). Let M2¢~1(X)” be the 1-motive of
Definition 7.1.8 constructed from X — X . Then f1 and f; induce morphisms of 1-motives

fis MO = M2 (X))

and )
fg* . M?d—l(X)/ N Mc2d—l(X>//

C

which induce the identity on H 2d-1(X Q) when one applies the functor V;(—). Therefore,
fi and f; are isogenies of 1-motives by Proposition 5.2.2, and

Fom () o fr s MEA) = M2 (X

[

is an isogeny of 1-motives fitting into the commuting diagram of Proposition 7.4.9. It is clear
that this isomorphism is uniquely defined since V} is a faithful functor.

A priori, the morphism f : M2 1(X) — M2471(X) is only L-linear, not K-linear. To
show it is K -linear is equivalent to showing that f is invariant under the action of Gal(k/K).
But because f induces the identity map on /¢-adic realizations, we see that V,f is invariant
under the action of Gal(k/K) and since the functor Vy(—) is faithful, we conclude that the
same is true of f. O]

For the convenience of the reader, we summarize the results of this Chapter:

e Given a separated finite type k-scheme X, there exists a 1-motive M2¢71(X) defined
over a finite extension k — K.

e There is a natural f-adic realization isomorphism V,MZ* ' (X) = HZ2"'(X7, Q(d)),
equivariant under the action of Gal(k/K).

e The l-motive M??~}(X) is unique up to K-linear isogeny in the sense that given
two 1-motives M24-1(X), M??~1(X)" defined by two different compactifications/weak
resolutions, there exists a canonically defined K-linear isogeny between them.

e The 1-motive M?¥~1(—) is contravariant for proper morphisms, again after extending

the base field.
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In the case of an algebraically closed base field, we can state our results as follows

Theorem 7.4.10. Let k be an algebraically closed field, and let SchyProp/k be the category
of d-dimensional separated finite type k-schemes, with the morphisms in this category being
the proper ones. Then there exists a functor

M2 (=) ¢ (SchqProp/k) — 1-Mot,, ® Q,
unique up to canonical isomorphism, such that we have
VeMZH(X) = HXH(X, Qu(d))

for all £ # p.
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Chapter 8

Construction of M*~1(X)

8.1 Definition

8.1.1. Fix a d-dimensional separated finite type k-scheme X. In this Chapter we show that
after a finite extension k — K, there exists a 1-motive M??~1(X) defined over K, with a
Gal(k/K)-equivariant isomorphism V,M?¢~1(X) = H?~1( X+, Q.(d)). The argument follows
along the same lines as in Chapter 7.

8.1.2. We start with the same setup as in (7.1.5): choose a compactification X — X, and a
weak resolution 7 : X — X (possibly extending the base field), and commutative diagrams

xo o %Lg

L
X;a>7<ﬁ_>0

and
Ul x4 oz
A A
Uls X <107
where Y — U is a Q-cohomological isomorphism. Let Z (resp. Z) be the closure of Z in X
(resp. of Z in X).
8.1.3. Consider the relative Picard group of the pair (X, C), defined by the formula
Pic(X,C) = H'(X, Ker(G,,z — B.Gunc)).

The elements of Pic(X,C) correspond to pairs (.Z, ), where .Z is a line bundle on X and
0 : O¢ — Z|c is an isomorphism. By Proposition 6.6.4, the associated group scheme
Picx  is representable, and we have an exact sequence

0,red
xC

red

0 — Pic — Picg; & NSz, =0
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where Pic%rced is a semi-abelian variety and NSz is a finitely generated étale-locally constant

group scheme.

8.1.4. Now consider the étale group scheme Divz(X) of divisors on X supported on Z.
This is not the same as Divz(X); the k-points are the free abelian group on the proper
components of Zz. Since Z is disjoint from C, there is a cycle class map

cl:Divz(X) — Picgg,

sending D to (O(D), sl¢ : Oc = O(D)lc) where s : Ox — O(D) is the meromorphic section
associated to D. We define ¢l to be the composition

o : Divz(X) 3 Pickd — NSz,

and define

T : Divz(X) — Divz(X)

to be the proper pushforward map on divisors. We then define
Div},(X) := Ker(cl & m, : Divz(X) — NSz, ® Div(X)).

Alternatively, we can describe Div% /7 (?) as the étale group scheme of divisors D supported
on Z such that

1. el(D) =0in NS(X,C), and
2. 7,(D) = 0 under the proper pushforward map 7, : Divz(X) — Divy(X).
The above cycle class map cl restricts to a map

. ~ + O,red
cl’: Divy ,(X) — PIC%C :

Definition 8.1.5. Let X be a separated scheme of finite type, and choose a compactification
X — X and weak resolution 7 : X — X as above. Then we define

MP(X) = [Div,(%) — Picgs"]",

where the superscript ¥ indicates taking the Cartier dual of a 1-motive.

We must show that M?¢~1(X) is functorial and independent of choice of compactification.
First we discuss the f-adic realization of M??~1(X).
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8.2 /(-adic realization

Continuing with the notation of (8.1.2), we have a commuting diagram in D%(X, Q,) with
exact rows and columns

7Qu —— RmjiQuy —— 0 ——

Qx — Rr.Quxy — A ——

~

1xQpz —— Rﬂ*i;@z,z —_— A ———

where A is defined to be cone(Q,x — Rm.Qyx). Taking global sections of the two left-hand
vertical columns, we get a diagram with exact rows

H*72(X,Qp) —— H*7*(Z,Q)) —— H*"H(X, Q) —— H*H(X,Q) —— 0

H2d_2(%, @g) E— HZd_Q(Z,Qg> E— H2d_l(.’f,j!/@g) R HQd_l(%, @g) — 0.
(8.2.0.1)
We will apply Poincaré duality to the terms in this diagram to interpret them in terms of

divisors and cycle maps. We start with some preliminary lemmas:

Lemma 8.2.1. Poincaré duality induces an isomorphism
H*72(Z,Qu(d — 1))Y = Divz(X) ®z Q,

where Div (X)) is (as usual) the group of Weil divisors on X supported on Z (note that Z
is not closed in X ). Similarly, we have

H**2(Z,Qu(d — 1)) = Divz(X) @z Q.
Finally, let
(7)Y H*2(2,Qu(d = 1)) — H**(Z,Qu(d - 1))"

be the map induced by applying Poincaré duality to the map 7 : H*72(Z,Q,) — H*¥%(Z,Qy).
Then under the above isomorphisms, (7*)Y corresponds to the proper pushforward map on
Weil divisors

7. : Divz(X) ©7 Q; — Div(X) @7 Q.

Proof. We prove the statement for Z; the proof for Z is the same after passing to the coarse
moduli space of Z. Choose a weak resolution Z' — Z in the sense of Definition 7.1.2; this
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induces an isomorphism H??2(Z Qu(d — 1)) = H?*72(Z',Q,(d — 1)). By Poincaré duality
applied on the smooth stack Z’, we have that H?¢2(Z’ Q,(d — 1))V is free on the proper
(d—1)-dimensional connected components of Z’. This can be identified with the set of (d—1)-
dimensional proper irreducible components of Z; hence H?**2(Z, Q,(d — 1))¥ = Div,(X) as
was to be shown. The fact that (7*)" corresponds to proper pushforward of divisors is then
reduced to the case when Z and Z are smooth, where it is standard. O

Next we give a concrete description of the Poincaré dual of the map
H*72(%,Qp) — H**(2,Qy)
induced by the inclusion Z — X. By the above lemma, this corresponds to a map
g:Divz(X) ® Q — H*(X,Qu(1)).
Lemma 8.2.2. The map g above factors as
Divz(X) ® Q — NS(X,C) ® Q — H2(X,Q,(1)),

where the map on the right is an injection and the map Divz(X) — NS(X,C) is the class
map defined earlier, sending a divisor [D] to the class of (O(D),s: Ox — O(D)), where s is
the canonical meromorphic section of D (restricted to C, which is disjoint from the support

of D).

Proof. Another way of describing g is as H? of the map on complexes

i*Ri,!@g,;{(l) — @g’x(l)
Therefore ¢ is precisely the cycle class map 4.2.0.1 for compactly supported cohomology.

The lemma then follows from Proposition 4.2.3. O]

8.2.3. At this point, we apply Poincaré duality to the diagram 8.2.0.1. Taking into account
the previous two lemmas, we get

0 —— H¥* (X, Qu(d-1))Y —— H?* (X, 5Q(d-1))Y —— Divz(X) ® Q¢ —— H?*2(X,Qu(d-1))"

0 —— H(%,Qe(1)) —— H*7N(%,5/Qu(d-1))Y —— Divz(X) @ Q —— NS(?,C)E?;(Q@% )

We give a concrete interpretation of the group H?*~1(X, j/Qq(d-1))". By Poincaré duality,
this group is isomorphic to H (%, Rj.Q.(1)). We will show the following:

Proposition 8.2.4. Let M be the 1-motive
M = [Div%(X) — Pic"(X, C)].

Then there is a canonical isomorphism V;M — HN(X, Rj.Qy(1)).
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Proof. The argument that follows is very similar to [BVS01, Sect. 2.5]. The main point is to
define a map V;M — H}(X, Rj.Qu(1)). It will then be easy (using the five lemma) to show
that the map is an isomorphism. For any n prime to p, we define a map

Recall that 77/, (M) is defined as

{(Z,a,D) € Pic"(X,C) x Div%(?ﬂ(iﬂ@”,afn) ~ (O(-D),s)}
{(O(D),s,—nD)|D € DivZ(X)}

Tryn(M) =

where
1. . is a line bundle on X,
2. a:Oc¢ = Z|c is a trivialization of % on C, and

3. D € Div%(X) is such that the class of —D in Pic’(X,C) is the same as the class of
(L% a®m).

Suppose given (£, a,D) € Ty;,(M), and let D,.q be the support of D viewed as a closed
subscheme of X (it is also closed in X). Note that D,q is disjoint from C; let U = X — D,.q
and U = X — D,.4. We then have the following diagram of inclusions:

T;U)T&Dmd
U T <25

|

C=—=C

u

red

where along every row and column, the term in the middle is the union of the terms on the
ends, and each square is cartesian.

Consider the cohomology group H'(U’, aupi,), which by general nonsense [StProj, Tag
03AJ] is in bijection with ayp,,-torsors on U’. Given the class (£, a, D) € Ty, (M) as above,
choose an isomorphism

n:O(-D) — L

such that n|c : O(=D)|c = O¢ — L%"|¢ agrees with section a®" : O = £%"|¢. Such an
isomorphism 7 exists by bullet point (3) above. Notice that 7 restricts to an isomorphism
on U'. Therefore we can define a class

wn(gv(I?D) € Hl(u/704!lin)
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to be the ayu,-torsor of local isomorphisms O;, — . which are compatible with 1 on nth
tensor powers and reduce to @ on D. By the same argument as in 6.2.7, ¥,,(:Z, a, D) does
not depend on the choice of 7.

Next notice that because C and D,.q are disjoint, we have an isomorphism in D?(X)

Rulo & o) Ru,
so we have a sequence of maps
H' (ul7 ufin) — Hg (X, Rusptn) — Hcl (X, Ru,Rg.pin) = H(}(%7 Rj;:un)a

where we recall that ' =uog: U < X. We let p,(L,a,d) € HX(X, j{itn) be the image of
U, (L, a, D) under this sequence. Taking the limit over n = (™ we get an element

(L, a,D) € H(X,Qu(1)).
It is not hard to show that the map ¢ fits into a commutative diagram

0 —— VPic?(X,C0) —— ViM — Divi(X) @ @ — 0

l g H
0 —— HYX, Q1)) —— HXX, RjQu(1)) — Divz(X)®Q, —— 0,

where the lower row is given by the lower row of 8.2.3.1. Since the left-hand and right-hand
vertical arrows are isomorphisms, the five lemma implies that ¢ is an isomorphism. O]

Applying Proposition 8.2.4 to diagram 8.2.3.1, we get an exact sequence
0 — H*1(X,Q(1))Y — V;M — Divz(X) ® Q,

where M = [Divg(X) — Pic’(X,C)).

We leave it to the reader to check that the map V;M — Divz(X) ® Qy is the ob-
vious one, defined by the projection M — Div%(X) followed by the proper pushforward
Divz(X) — Divz(X). From this it is clear that we have an isomorphism V,M??~1(X)V =
H?7Y(X,Q,(1))V. Dualizing this statement, we have shown the following:

Proposition 8.2.5. Let M?¥Y(X) be defined as above. Then for every { # p, there is a
canonical isomorphism
VoM H(X) = H*H(X, Qu(d)).

8.3 Functoriality

8.3.1. We can now define the functoriality of M??1(X) as follows. Let f : X — Y be a
morphism between d-dimensional separated finite type k-schemes, and choose a compactified
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morphism f: X — Y. Asin 7.4.1 and 7.4.2, over some finite extension of k we can choose
a commutative diagram

X —Y
X 1sv

where 7 : g — X and o : y_ — Y are weak resolutions and T_Iis representable.  Let
X=XxgxXand Y :=Y Xy Y. Then we can arrange that C : =X —-X and D :=)Y — )Y
are reduced strict normal crossings divisors; we have f~1(D),.q € C. Let V C Y be an open
subset of V' such that V := o7 1(V) — V is a Q-cohomological resolution. Moreover, by
shrinking V' we can arrange that X xy V — X xy V is a (Q;-cohomological resolution. Set
U=X—-XxyVandU =X - X xy V. Finally,let Z=X-U,Z=X-UW=Y -V,
W =Y —V. We get commuting diagrams

X=X~

|

y;)y<_>p

and
U—— X <~—>Z

Ll

Ve Y —W.

With this notation, to define a map f* : M24-1(Y) — M24-1(X), we want to define a
map

for [Divy (%) — Pic%fg’d] — [Divyy, (V) — Pic%j";d}. (8.3.1.1)

By the same reasoning is in 7.4.3, we can reduce to the case that X and ) are connected
(hence irreducible). In the case that dim(f (%)) < d, we define f, = 0. Otherwise, since [
is proper it must be surjective. Then we can apply Proposition 7.3.1 with X = X, 0X = C,
X’ =Y and 0X’ = D to obtain a commutative diagram

. v « O,red
Div} (X)) — Picg,

l |

. £Y) « O,red
Divy, iy (YV) — Picy,

defining the required map f,. The dual of f, is our desired map f* : M21(Y) — M>1(X).

8.3.2. Our next goal is to show that this pullback map f* : M>1(Y) — M2-1(X) is
compatible with /-adic realizations; i.e., we claim the following:
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Proposition 8.3.3. In the notation of 8.53.1, we have a commutative diagram

VAPHY) — HYH(Y, Q(d))

VM N (X) — = H*7H(X, Qu(d)),
where ay and ax are the comparison isomorphisms of 8.2.5.

Proof. Consider the 1-motives
. A « O,red
Divy (%) — Plc% <] and

DivY, (V) — Pic%j‘;d].

M :
N :

It is clear that the map f, of 8.3.1.1 extends to a map of l-motives f, : M — N defined
by the same method. Moreover, in the notation of 8.2.3.1, we have V,M = H}(X, Rj.Qy(1))
and V;N = HX(Y, RE.Q(1)), where j' : U/ — X and k' : V — Y are the inclusions. Since
H*1(X,Qu(d — 1))¥ injects into H(X, Rj'Q(1)) and H?*"1(Y,Qu(d — 1))V injects into
HNY, RELQ,(1)), it suffices to show that ng* : ViM — V;N is compatible with the proper
pushforward f, : H'(X,Qy(1)) — HY(Y,Q,(1)). Note further that f, and V,f, both induce
morphisms of short exact sequences

0 —— HNX, Q1)) —— HXX, RjlQy(1)) — Divi(X)® Q, —— 0
f*,wf*l f*,Vef*l f*,sz*l

0 —— HYY, Q1)) —— HNY,RE.Q(1)) —— Div),(V) @ Qy — 0.

Therefore it suffices to show that the maps induced by f, and V,f, agree on H!(X,Q,(1)) and
on Div%(X)®Q,. Since f, and V; f* are both defined by proper pushforward on Div (X)®Qy,
it is clear that the action of V,f, and f, on this group agree. Therefore we are left with
showing that f, and V,f. induce the same map on H!(X,Q(1)). We state this as the
following lemma, which completes the proof of 8.3.3. m

Lemma 8.3.4. In the notation above, we have a commutative diagram

ViPic!(X,C) —— H}(X,Q(1))

ViPic®(Y, D) —— HNY,Q,(1)),

where the horizontal arrows are the canonical comparison isomorphisms.
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Proof. Let B C ) be an open substack such that f~'(B) — B is finite flat, and Y — B
has codimension 2. Let A = f~'(B), and let a : ANX < Aand 3: BNY < B be the
inclusions. Then the inclusions A <— X and B < ) induce a commutative diagram

H; (%, Qu(1)— H'(A, onQy(1))

B ?
H(Y, Q1) H'(B, /iQu(1))

where the horizontal arrows are injections. Since f : A — B is finite flat, f, is induced by
the trace mapping 7 : fof*Qu(1) — Q(1). By [FK88, p. 136], we have a commutative
diagram of sheaves

en
0 — fiapupm —— f.Gpacna — fiGunacna —— 0
Trl Nl Nl
Zn
0 —— Bium —— Gupprp —— Gupone —— 0.

Here N : f.G,, 4 — Gy, p is the norm mapping. Taking global sections and then inverse
limits induces a commutative diagram

0 —— G — HY(A, aQu(1)) — ViPic(A,CNA) — 0

l | o

0 > 0 » HY(B,3Q,(1)) — V,Pic(B,DNB) —— 0,

where

o Ker(O*(A) = O*(ANC))
@ iRer (0 (4) > 0 (AN C))

(note that the corresponding group for B is zero since B is of codimension 2 in the smooth
proper Deligne-Mumford stack )). In summary, we have a commuting diagram

H (X, Q1) H' (A, aQy(1)) — V;Pic(A,C N A)
lf* lf* lN
H (Y, Q1) H' (B, /iQ¢(1)) — V,Pic(B,D N B)

showing that the cohomological pushforward f, is compatible with taking norms of line
bundles. On the other hand, the pushforward of 1-motives f, : Pic’(X,C) — Pic’(), D) is
defined so that there is a commutative diagram

Pic’(X,C) ——=Pic(A,C N A)

| |

Pic’(Y, D) Pic(B,D N B).
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Applying Ve(—) to this diagram, and combining with the diagram above, shows that f, and
Vi f« are compatible in the sense of the proposition statement. O

8.3.5. Finally we discuss independence of the choice of compactification and resolution. The
main statement is the following:

Proposition 8.3.6. Let X be a d-dimensional separated finite type k-scheme, and let X, X
be weak resolutions of compactifications of X, both defined over the same base field K/k. Let

M?*=Y(X) and M2*~1(X)' be the 1-motives constructed using X and X , respectively. Then
there exists a unique K-linear isogeny of 1-motives

f . M2d71(X) N M2d71(X>/

fitting into a diagram
VgMQd*l(X) L) sz—l(X’ Qz(d))

| |

VMY (XY X {1 Qy(d))

for all £ # p, where ax and o'y are the comparison isomorphisms of Proposition 8.2.5.

Proof. As in the proof of Proposition 7.4.9, over some larger field L/K we can find a third
weak resolution ?/, together with maps f; : X' — X and fo: X X lying over the identity
on X. Then f; and f5 induce morphisms of 1-motives

Fis MZHX) = M2 (X))

and )
f; . MQd—l(X)/ N MCQd—l(X)//

C

which induce the identity on H??~(X,Q,) when one applies the functor V;(—). Therefore,
fl* and fz* are isogenies of 1-motives by Proposition 5.2.2, and

fe= ) o fi s MZTHX) = MZH(X)
is an isogeny of 1-motives fitting into the commuting diagram of Proposition 7.4.9. It is clear
that this isomorphism is uniquely defined since V} is a faithful functor.

A priori, the morphism f : M2~ 1(X) — M24~1(X)" is only L-linear, not K-linear. To
show it is K-linear is equivalent to showing that f is invariant under the action of Gal(k/K).
But because f induces the identity map on f-adic realizations, we see that V,f is invariant
under the action of Gal(k/K) and since the functor V(—) is faithful, we conclude that the
same is true of f. O

We can summarize our results in this Chapter as follows:
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e Given a separated finite type k-scheme X, there exists a 1-motive M?¢~1(X) defined
over a finite extension k — K.

e There is a natural (-adic realization isomorphism V,MZ?~'(X) = H*'(Xy, Q.(d)),
equivariant under the action of Gal(k/K).

e The 1-motive M?¢~1(X) is unique up to K-linear isogeny in the sense that given
two 1-motives M??~1(X), M?*~1(X)’ defined by two different compactifications/weak
resolutions, there exists a canonically defined K-linear isogeny between them.

e The 1-motive M??~1(—) is contravariant, except that given a morphism f : X — Y,
the pullback morphism f; : M2 1Y) — M??1(X) may only be L-linear for some
finite extension L/k.

The results look simpler when one works over an algebraically closed field:

Theorem 8.3.7. Let k be an algebraically closed field, and Schy/k the category of d-
dimensional separated finite type k-schemes. Then there exists a functor

M2 (=) : (Schq/k)”® — 1-Mot, ® Q,
unique up to canonical isomorphism, such that we have a natural isomorphism
VMY = HP X, Qu(d — 1))

for all £ # p.
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Chapter 9

Isogeny Descent and Albanese
1-Motives over Finite Fields

9.1 Motivation

9.1.1. Our goal in this section is to complete the proof of Theorem 1.2.17. What we have
left to do is to construct functorial Albanese 1-motives M2 1(X) and M??~1(X) in the
case where X is a separated finite type scheme over k = F,. The main new tool we need
is a method for descending motives defined over F, to F,. We explain why in Paragraphs
9.1.2-9.1.3 below.

9.1.2. Suppose given a d-dimensional separated finite type k-scheme X, where k = F, is a
finite field, and fix an algebraic closure k£ < k. Then by Theorems 7.4.10 and 8.3.7 we have
isogeny 1-motives M(Qg’l(XE) associated to the base change X3 (in fact, we only need to

pass to some finite extension of k). We would like to find 1-motives M (23_1()( ) over k with
the following two properties:

1. There exists a canonical isogeny M(i"f_l(X) X ek & M(Qg_l(X ), and therefore VgMZd H(X)
is isomorphic to WM(QC‘f’l(XE) as a group (i.e., forgetting the Galois action on

WMZd 1 (X))
2. Under the realization isomorphism

a: VeMETHX) = VM2 (Xy) — Hig ™ (X5, Qu(d),

appearing in Theorems 7.4.10 and 8.3.7, the Galois actions on VngCC)l’l(X) and

HE™ (X7, Qu(d)) coincide.

9.1.3. As a first step towards constructing M(Qg_l(X ), we construct an endomorphism F:

M (QC)l "(Xz) = M (2‘§ !(X7) with the property that under the realization isomorphism a above,
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F acts on WM(QS_I(XE) in the same way as the geometric Frobenius element o € Gal(k/k)
acts on H?C%’l(XE, Qy(d)). Here, by the geometric Frobenius element o € Gal(k/k), we mean

the inverse of the automorphism z — z¢ of k.

We construct F as follows: begin by defining F : X — X to be the k-linear absolute
Frobenius endomorphism of X. The base change Fj : X7 — X; is a k-linear endomorphism
of X7 which induces the action of o € Gal(k/k) on H2d I(an Qg) (which is a Tate twist of

the action on H(zccg_l(XE, Qe(d))). By the functoriality of the 1-motive M(Qg_l(XE), we get an
induced isogeny

Fr: M2 (X)) - M2 ()

which induces the action of o on H ?c‘é_l(XE, Q). To obtain an endomorphism inducing the
action on Hf‘;_l(Xg, Qu(d)), we must “Tate-twist” Fp: let F := Fz/q% (the division by ¢

effectively shifts the weights of the Galois action by d, performing the role of a Tate twist).
Then F is an isogeny of M, 2= 1(X 7) such that under the comparison isomorphism

(o2 VZM(ch)l_1<XE> R H(Qccg_l(XE Qg(d))’

V,F corresponds to the natural action of o € Gal(k/k) on H*¢"' (X7, Qy(d)) as desired.

()
As noted above, there exist 1-motives M(zcc)l_l(X i) for some finite extension k — K

descending Mfcc)lfl(Xg). Our goal is to further descend M(Qg’l(X k) to 1-motives defined

over k. Let F'r be the K-linear Frobenius endomorphism of M(Qg’l(X x). More specifically,

if M = [L — @], then Fr is the morphism of complexes M — M which is the K-linear
Frobenius endomorphism on L and on G. Then by looking at Tate modules, one sees
that F = Fr, where n = [K : k]. In other words, I is an nth root of the Frobenius
endomorphism of M. We would like to find a 1-motive M defined over k such that the
k-linear Frobenius endomorphsm of M is given by F. We study this problem in a more
general context below.

Isogeny descent for 1-motives over [,

We give two versions of isogeny descent for 1-motives over [Fy, one for finite field extensions
and one for the extension F, — Fq. Write k = [, and first consider a degree-n extension
k — K. Consider the category %, x ® Q whose objects are pairs (M, g) where M is an
isogeny 1-motive over K and g : M — M is an isogeny such that ¢" = F'ry;, where Fry; is
the K-linear Frobenius endomorphism of M. There is a natural pullback functor

p* i 1-Mot, ® Q — sk ®Q

sending a 1-motive N over k to the pair (N x; K, Fry X; K), where Fry : N — N is the
k-linear Frobenius endomorphism of N. Our first main theorem is then the following:
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Theorem 9.1.4. (Theorem 9.3.1 in text) The functor p* defined above is an equivalence of
categories. In fact, p* has a natural quasi-inverse py : Dy @ Q — 1-Mot,, ® Q.

The functor p, is constructed in Section 9.3 using the Weil restriction functor and a bit
of linear algebra. The necessary prerequisites on Weil restriction are reviewed in Section 9.2.

Remark 9.1.5. The theorem above can be thought of as a “geometric” version of Galois
descent for the field extension k£ < K in the sense that it uses an nth root of the geometric
Frobenius endomorphism as descent data rather than directly using an action of Gal(K/k).
Recall that standard descent theory for an extension of finite fields can be stated as follows:
let M = [L — G] be a 1-motive over K (or a group scheme, or abelian sheaf, or...). Here
we do not mean a l-motive up to isogeny, but rather a conventional 1-motive. Let M) =
[L?) — G©)] be the 1-motive obtained by the fiber product diagram

VSO ¥/

l J

Spec K —2— Spec K.

Suppose given an isomorphism f : M? = M of 1-motives. Then (since Gal(K/k) is cyclic
with generator o) the pair (M, f) defines a descent datum for the extension k — K, and
there exists a unique 1-motive (or group scheme, or abelian sheaf...) M over k that induces
the pair (M, f).

It seems a bit difficult to extend the above theory directly to the case where f is an
isogeny rather than an isomorphism: for any pair (M, f) arising from a 1-motive over k (i.e.,
such that M = M x; K for some 1l-motive M over k), the morphism f is automatically
an isomorphism, and it is not clear how to get pairs (M, f) with f an isogeny to be in the
essential image of 1-Mot; ® Q under pullback. This is why we choose to develop our theory
of Galois descent as described above. Note that these theories are related as follows: suppose
given a pair (M, f) where f : M? — M is an isogeny. Let F, : M — M? be the morphism
whose composition with the projection p; : M) — M in the diagram above yields the
k-linear Frobenius M — M. We can then define a K-linear morphism g = f o F|,, and one
easily sees that ¢g" = Fry;, where F'ry; is the K-linear Frobenius endomorphism of M.

9.1.6. Now we give a version of isogeny descent for the extension k — k. First we define
what we mean by descent data for a 1-motive over k:

Definition 9.1.7. Let M = [L — G] be a l-motive over k. A descent isogeny g : M — M
relative to k is an isogeny such that there exists a l-motive M over a degree-n extension
k — K, such that there is an isogeny M X k — M inducing a commutative diagram

MXKE — M

| ol

MXKE —_— ]\47
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where Fry7 is the Frobenius endomorphism of M.

Remark 9.1.8. The choice of a 1-motive over some intermediate field K may seem somewhat
strange; it plays the role of enforcing “continuity” of the resulting action of Gal(k/k) on M.
More specifically, the isogeny g : M — M can be seen as given an action on M of the
subgroup Z C Gal(k/k) & Z generated by o. But any endomorphism arising via pullback
from a 1-motive over k actually extends to an action of the full Galois group 7. The extra
condition we impose essentially says that the action induced by g : M — M extends to an
action of an open subgroup of Z.

With this definition in hand, we can state our second main theorem:

Theorem 9.1.9. (Theorem 9.5.4 in text) Let Py .z ® Q be the category of pairs (M, g)
where M is an isogeny 1-motive over k, and g : M — M is a descent isogeny relative to k.
Consider the natural pullback functor

pi1-Moty, ®Q — 7, ®Q

sending a 1-motive N to the pair (N Xy E, Fry Xy E) where Fry s the k-linear Frobenius
endomorphism of N. Then p* is an equivalence of categories. Moreover, p* has a natural
qUaSI-1NUVETSe Py.

The proof is a straightforward extension of Theorem 9.1.4.

In Section 9.4 we apply Theorem 9.1.9 following the outline indicated above to prove
the existence of functorial 1-motives M 23—1()( ) attached to a d-dimensional separated finite
type k-scheme X, where £k is a finite field.

9.2 Welil Restriction of 1-Motives

We start by recalling some facts about Weil restriction of varieties along Galois extensions.
A convenient reference is [FrLa06]. Let k — K be a finite Galois extension, and let X be
a separated finite type K-scheme. One way of describing the Weil restriction Wi ,(X) is
as follows: for each 7 € Gal(K/k), let X(7) be the variety obtained by applying 7 to the
equations defining X. More precisely, X (7 is defined by the cartesian diagram

X0 —s X
| |
Spec k —— Spec k.

Then form the product [[, cqaiir/m X (7). The Galois group Gal(K/k) naturally acts on this
product by the following rule: for g € Gal(K/k) and x = (27)rcqai(k/k), We set

(9-2)r = g(Tg-17).



CHAPTER 9. ISOGENY DESCENT AND ALBANESE 1-MOTIVES OVER FINITE
FIELDS 93

Then Wi/ (X) is the descent to k of [T cqar/m X under this Galois action. It is a
separated finite type k-scheme.

The full Galois group Gal(k/k) acts on the k-points of Wk k(X)) by a similar rule: given
z = (v,) € [[. X7(k), and g € Gal(k/k), let g be the image of g in Gal(K/k). Then we have

(9.2)7 = g(x5-1,).

9.2.1. We will now specialize to the case where X is a group scheme over K, and k —
K is a degree-n extension where k = F,. Let ¢ € Gal(k/k) be the geometric Frobenius
element, i.e., the inverse of the automorphism x — x? Then the Galois group Gal(K/k)
is of course cyclic, generated by the restriction & of o to K. We write X @) rather than
X @) and then an arbitrary element of W (X )(k) is written as an n-tuple (2o, ..., Zn—1),
where ; € X®. Then the natural action of o on Wy /(X)(k) is given by o(z, ..., Tn_1) =
(0(xn_1),0(x0),0(x1), ... 0(2pH_2)).

9.2.2. It will be useful to have an explicit matrix representation of the action of ¢ on
ViWk i (X) with respect to a suitable basis. Let Vi = (v1, ..., Umo) be a basis for V,G. Then
for each i let o'|x : V;X — VX be the map on Tate modules induced by o*. We define

Vi = 0'|x (Vo) = (0"|x(v10), -, 0" (Umo)-

Then V; is a basis for V;X@ and (Vj, ..., V,_1) is a basis for ViWiki(X). We can describe
the action of o on Wy/,(X) with respect to this basis as follows: let M(c™) be the m x m
matrix representation of o”|x : V,X — V, X () — v, X with respect to the basis V4. Then
one checks easily that the matrix of the action of ¢ on WK/k(X ) with respect to the basis
(Vo, .., V1) is given by

(000 - 0 Mo ]
I00-0 0
070-0 0

000 -1 0
i.e., a block matrix with m x m identity matrices below the main diagonal, and M (¢") in
the upper right corner.

9.2.3. Moreover, let F': X — X be any K-linear endomorphism (or isogeny) of X, and
also write F for the induced action on V;X. Let F® : X® — X® be the natural map
obtained by conjugation by 0. Then W/, (F) acts on the k-points of Wy ,(X) by the rule
(20, ooy Tn1) + (F(x0), FV(21), ..., F" D (x,_1)). With respect to the basis (Vp, ..., Vo_1)
of ViWkx(X) described above, one sees that F' acts via the block-diagonal matrix

M(F) 0 S0
0 M@F) 0 - -

: 0 MF) 0 - |,
: 0 - 0
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where M (F') is the matrix representation of V,F : V,X — V, X with respect to the basis V.

9.2.4. Now consider a 1-motive M = [L — G] over the field K, where as above k — K
is a degree-n extension of finite fields. We define the Weil restriction Wi/, (M) to be the
1-motive

WK/k(M) = [WK/k(L) — WK/k(G)]

This is indeed a l-motive since the property of being a 1-motive is étale-local (since the
properties of being a lattice and being a semiabelian variety are étale-local), and we have

Wim(M) <y K= J[ M9,
ceGal(K/k)

where M () = [L{®) — G(9)] is defined as before.

The discussion above on Weil restriction for group schemes holds without change for
I-motives: for each o' € Gal(k/k), there is a map o'|p; : M — M® induced by o'. Let
Vo = {10, ..., Umo} be a basis for V;M; then for each i, V; := o?|5(Vp) is a basis for VM@,
and (Vp, ..., Vy—1) is a basis for ViWyx(M). With respect to this basis, o € Gal(k/k) acts
by the same matrix as before, namely

000 -0 Mo
I 00-0 0
070-0 0

| 000 -1 0
where M (0™) is the matrix representation of o™ acting on V,M.

In addition, for any K-linear isogeny of l-motives F' : M — M, Wk (F) acts on
ViWk (M) (with respect to this basis) by the matrix

M(F) 0 0
0  MF) 0
0 M(F) 0
0o - 0
0 0 M(F)

9.3 Isogeny Descent for 1-Motives over Finite Fields

Recall the setup from the beginning of this chapter:
Let k£ — K be a degree-n extension where k = [F,. Consider the category Zyx ® Q
whose objects are pairs (M, g) where M is an isogeny 1-motive over K and g : M — M is
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an isogeny such that ¢" = F'ry;, where F'ry, is the K-linear Frobenius endomorphism of M.
There is a natural functor

p* i 1-Mot, ® Q — Py ®Q

sending a 1-motive N over k to the pair (N x; K, Fry Xy K), where Fry : N — N is the
k-linear Frobenius endomorphism. Our main theorem is then the following:

Theorem 9.3.1. The functor p* defined above is an equivalence of categories. In fact, p*
has a natural quasi-inverse p, : Dy @ Q — 1-Moty, ® Q.

Proof. Suppose given an object (M, g) of Zr,x @ Q. We first define the object p.(M,g) €
1-Mot, ® Q. Let Wi/ (M) be the Weil restriction of M to k. Let 7 : Wi, (M) — Wi/u(M)
be the k-linear Frobenius endomorphism of Wy (M), and let Wg/n(g) @ Wikpw(M) —
Wk k(M) be the Weil restriction of g. We define

p M = Ker(m — Wg/i(9)),

where the kernel is taken in the category of isogeny 1-motives over k (an abelian category;
see the Appendix).

We wish to show that there are natural isomorphisms p*p, (M, g) — (M, g) for (M, g) €
Dk @Q, and N — p,p*N for N € 1-Mot;, ® Q. We start by giving a natural isomorphism
N —= p,p*N, as this is easier. Unwinding the definitions, we see that p.p*N is given as
follows: consider the Weil restriction Wi ,(Ng), where Ng = N x; K. Because N }(? =
N for each i, we can write Wy /p(Ng) xp K = H;:Ol Ng. The k-linear Frobenius 7 :
Wk k(Ng) = Wk (Nk) acts on k-points by the rule

(0, ooy Tno1) = (m(xp_1), 7(20),s ooy T(Tp_2)),

while Wi/ (Fry X K) acts by the rule

(.’ﬂo, ceey .Clﬁn_l) — (W(l’o), ceey W(l’n_l)).

From this we see that Ker(m — Wi (Fry xi K)) x; K is given by the diagonal Ng —
H?:_ol Np. Therefore there is a K-linear isomorphism Ny — Ker(m — Wi, (Fr,, X, K)) X K,
and it is clear from the construction of Ker(m — Wi/, (Fry xj K)) that the Galois actions on
Nk and Ker(m — Wg/p(Fry X K)) are identified by this map. Thefore this map descends
to a natural isomorphism N — Ker(m — Wy, (Fry, x), K)) = p,p*N.

Next we give a natural isomorphism p*p,(M,g) — (M, g) for (M,g) € Drx ® Q.
This amounts to defining a natural isogeny « : p, M x;, K -~ M fitting into a commuting
diagram

p*MK L> M

Fp*JMXkKJ( gl (9.3.1.1)

p*MK L> M
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where F), s is the k-linear Frobenius endomorphism of p, M. For ease of notation we have
written p, M for p, M x; K.
To define , recall (using the notation of Section 2) that we have Wi /x (M) = [[1—y M.
Let
po: Wiw(M)x — M

be the projection onto the Oth factor. Restricting py to p. Mk yields a map
a: p Mg = Ker(m — Wi (9))x —= M.

We claim that « is an isogeny that fits into the commutative diagram 9.3.1.1.

To show that « is an isogeny it suffices to fix a prime ¢ # p and look at the induced map on
Tate modules Voo : Vi(p. My ) — VoM. To understand this map better, we consider the basis
(Vo, .y Vieq) for ViWg (M) constructed in Paragraphs 9.12-9.14 and use this to compute a
basis for V;(p, M) = ViKer(m — Wg/i(g)). Write M(g) for the matrix representation of g on
Vi M with respect to the basis V5. Then by our work in the previous section, 7 — Wi i (g)
acts on VW /(M) by the matrix

[ —M(g) 0 0 - 0 Mg
I —-M 0 -0 0
0 I —M (g) 0 0

i 6 0 0 : I —M(g)_

In order to write M (g)™ in the upper right corner, we have used the fact that g agrees with
the geometric Frobenius action on M.
An easy Gaussian elimination row reduces this to the matrix

-7 0 0 - 0 M)

0 -1 0 - 0 Mg
0 0 —I - 0 Mg
0o 0 0 - —I
0O 0 0 - 0

o=
S

After some manipulations, one finds that a basis for VyKer(m — W g) is given by

{(v, M(g)"v, M(g) v, ... M(g)" " Vv)}oevs,-

Since Vj is a basis for V, M, from this immediately follows that o : p, M — M is an isogeny.
Moreover, from the definition of p,M we have that the k-linear Frobenius endomorphism
of p. M acts via g, which implies that we have the commutative diagram 9.3.1.1. Therefore
p*p«M = M via the isomorphism «. This completes the proof of Theorem 9.3.1. O]
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Descending 1-motives from k to k

In this section we prove a variant of Theorem 9.3.1 for descending 1-motives from k to k. To
state our theorem, we start by defining the isogenies we would like to use as descent data.

Definition 9.3.2. Let M = [L — G] be a 1-motive over E_A descent isogeny g : M — M
relative to k is an isogeny such that there exists a l-motive M over a degree-n extension K
of k, such that there is an isogeny M X x k = M inducing a commutative diagram

MXKE — M

| el

M XK E " M,
where Fry; is the Frobenius endomorphism of M.

Note that we do not assume g is K-linear. However, it is always possible to find a pair
(K, M) as in Definition 9.3.2 with the additional property that g descends to a K-linear
map. We state this as the following lemma.

Lemma 9.3.3. Guen a descent isogeny g : M — M of the 1-motive M, there exists a degree-
n extension k — K with a 1-motiwve M over K as in Definition 9.3.2, with the additional
property that g descends to a morphism g : M — M.

Proof. Begin with a 1-motive M over K as in Definition 9.3.2. Then there exists a finite
extension K — K’ such that g descends to a K'-linear isogeny of M x x K'. Let n' = [K' : k].
It is easy to see that we have a commutative diagram

(MXKK/) XK/E — M

F’Fﬁll gnll .

(MXKK/> XK/E — M

Therefore M x ; K’ is a 1-motive over K’ satisfying the condition of Definition 9.3.2 with
the additional property that ¢ descends to an endomorphism of M x ; K’. O

We can now prove the natural generalization of Theorem 9.3.1 to 1-motives over k.

Theorem 9.3.4. Let 9,z ® Q be the category of pairs (M, g) where M is an isogeny I1-
motive over k, and g : M — M is a descent isogeny relative to k. Consider the natural
pullback functor

p* : 1-Mot, ® Q — .@kﬁ_ﬁ ®Q

sending a 1-motive N to the pair (N Xy E, Fry X E) where Fry s the k-linear Frobenius
endomorphism of N. Then p* is an equivalence of categories. Moreover, p* has a natural
qUAST-TNVETSE Dy
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Proof. We start by defining the functor p,. Let (M,g) € 2,z ® Q, and let k — K be a
degree-n field extension, and M /K a 1-motive such that Mxk™ Mina way that identifies
g" with F'ry; as in Definition 9.3.2, and choose K such that g descends to an endomorphism
of M as in Lemma 9.3.3. We then apply Theorem 3.1 to the pair (M, g) to obtain a I-motive
M over k such that there is a canonical commutative diagram

MX;CK%M

FTMJ/ gl
M XkK ;> M

where Fry; is the k-linear Frobenius (base changed to K). We define p, (M, g) := M.

We need to show that p,(M,g) is independent (up to unique isogeny) of the choice of
intermediate field K appearing in the construction. Suppose that we have a second field
extension k — K’  of degree n’, and a 1-motive M’ over K’ such that [ Fryp as in

Definition 9.3.2, such that g descends to a K '_linear endomorphism of M. From M we
obtain a l-motive M ’_c/)ver k satisfying a commutative diagram as in 9.3. Combining the
diagrams for M and M and base changing to k, we obtain a commutative diagram

Mxkk —— MXKE —— M/XK/E «— M’XkE

e | T

Mxpk — Mxphk - M xpk <~ M x k
The inner square comes from the fact that we are given 1somorphlsms of M Xk and M x gk
with M in such a way that g descends to both M and M . Following the outer rectangle
defines a map f: M X,k — M’ Xk k that is compatible with the actions of F ryr and Fry,.
Hence it descends to an isogeny M — M’ which is uniquely defined. Hence p, (M, g) := M
is well-defined up to canonical isogeny.

The functoriality of p, : Z,_,; ® Q — 1-Mot; ® Q is now easily deduced from Theorem
9.3.1. Namely, suppose given a map [ : (M, g) — (M’, ¢’') which amounts to a commutative
diagram

M L W

Ll

M L
We can choose a finite field K together with 1-motives M, M over K as in Definition 9.3.2
such that g, f, and ¢’ all descend to K. Then from the functoriality in Theorem 9.3.1 we
get a morphism p,(M, g) — p.(M’', ¢").

Having defined the functor p,, it is obvious from Theorem 9.3.1 that there are canonical
isomorphisms p*p.(M,g) = (M,g) and N = pp*N for (M,g) € P, ® Q and N €
1—M0tk ® @

O
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9.4 Application: Albanese 1-Motives over Finite
Fields

In this section we apply Theorem 9.3.4 of the previous section to prove the following:

Theorem 9.4.1. Let k = F,, and let Schy/k be the category of d-dimensional separated
finite type k-schemes. Then there exist functors

MY (=), M2 (=) : (Scha/k)™ — 1-Moty @ Q,

unique up to unique isomorphism, such that there are natural isomorphisms (functorial in
X)
VeMETH(X) 22 HEg ™ (X5, Qu(d))

for each prime € # p, and these isomorphisms are compatible with the natural actions of

Gal(k/k) on each side.

This will complete the proof of our main Theorem 1.2.17.

Proof. Let X be a separated finite type k-scheme, k = [F,. Fix an algebraic closure k — k.
By our work in Chapters 7 and 8, we have 1-motives Mfcc)l’l(XE) attached to the base
change X7. Our goal is to descend these 1-motives to 1-motives Mfcc)l’l(X ) defined over
k, such that the natural Galois action on WM(Qg_l(X ) corresponds to the Galois action on
HA (X, Qu(d).

As in the Introduction, we can define an endomorphism £ : M (QS_I(XE) — M?ccf_l(Xg)
such that on Tate modules, F' induces the action on H (25)1—1(ng Q¢(d)). Moreover, F defines
a descent isogeny of Mfc‘i’l(XE). Therefore by Theorem 9.3.4, we get a 1-motive Mfc‘;/’l(X )
over k with the property that the k-linear Frobenius of M, (23’1()( ) is given by F. Moreover,

M (2;)[*1()( ) is contravariantly functorial in X. This proves Theorem 9.4.1.
O
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Chapter 10

Application to Independence of /

10.1 Independence of / in Dimension and
Codimension One

10.1.1. Let k be an algebraically closed field and f : X' — X an endomorphism of a separated
finite type k-scheme (we are primarily thinking of the case k = F, and f is the geometric
Frobenius endomorphism of a scheme X defined over F,). Then for any i and ¢ # p we can
define

and in case f is proper, ‘ ‘
Péz,c(fa t) = det<]‘ - tf|Hé(Xa Qf))

An old conjecture is that these polynomials have integer coefficients independent of /. Based
on our work on 1-motives, we can prove the following:

Proposition 10.1.2. Let f : X — X be an endomorphism of a separated finite type k-
scheme. Then the polynomials P}(f,t) have integer coefficients independent of { for i =
0,1,2d — 1,2d. If f is proper, then the same holds true for the polynomials Pg’c(f7 t) for the
same values of i.

Proof. First we handle the cases i = 0 and ¢ = 2d. Let C(X) and PC(X) be, respec-
tively, the sets of connected components and proper connected components of X. Also,
let 1;(X) and PI;(X) be, respectively, the sets of d-dimensional irreducible components

and d-dimensional proper irreducible components of X. It is clear that we have functorial

isomorphisms HY(X, Q) & QEC(X) and H(X,Qy) & ch(x). This proves the case i = 0.
By Lemmas 4.1.3 and 8.2.1, we have functorial isomorphisms H2(X, Q,(d)) = Q™) and
H?2(X,Qy(d)) = Qé‘i(x). This deals with the case i« = 2d. We have shown that M(ic) (X) is
the realization of a natural 1-motive for 1 = 1,2d — 1, so we see that the following proposition

completes the proof. O



CHAPTER 10. APPLICATION TO INDEPENDENCE OF ¢ 101

Proposition 10.1.3. Let M = [L — G| be a 1-motive over k, and let f: M — M be an
endomorphism of M. For any { # p define the polynomial

P;(t) := det(1 — tf|V,M).
Then P}(t) has integer coefficients independent of ¢.

Proof. The endomorphism f induces a commutative diagram

0 VG > VoM > VoL > 0
I
0 VG > VoM > VoL > 0,

so it suffices to prove the proposition individually for V,G and V,L. Since V,L. = L ® Qy, the
statement is clear for V,L. For V,G, let T' be the torus part of G and A the abelian quotient.
Then f induces a diagram

0 VT VG —— VA —— 0
1| 1| 1|
0 > VT ViG —— VA —— 0

So it suffices to prove the proposition individually for a torus 7" and an abelian variety A,
where both cases are well known [Dem72, p. 96]. O

10.1.4. Now consider the case when X is 2-dimensional. Then for any endomorphism f :
X — X, we have proved (-independence for Pé(c)( f,t) for all i except i = 2. But this single
remaining value of i can be dealt with by the trace formula (for certain f). We obtain the
following;:

Corollary 10.1.5. Let X be a 2-dimensional separated finite type k-scheme. If f : X — X
s any proper endomorphism, then for all values of i, the polynomaial ngc(t) has rational
coefficients independent of €. If f : X — X is any quasi-finite endomorphism, then the
polynomial P}(t) has rational coefficients independent of ¢ for all i.

Proof. The statement for ngc(t) follows from the trace formula on compactly supported
cohomology, known as Fujiwara’s theorem [Fuj97, 5.4.5]. The statement for P;(¢) follows
from a trace formula for quasi-finite morphisms [Ols2, Thm 1.1]. ]
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