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Zonal flow screening in negative triangularity

tokamaks

Rameswar Singh

E-mail: rsingh@ucsd.edu

P H Diamond

CASS, University of California San Diego, 9500 Gilman Dr, La Jolla, CA 92093,

United States of America

Abstract. This paper presents a comparative study of zonal flow screening in

positive and negative triangularity tokamaks. Neoclassical screening sets the strength

of zonal flow shear for fixed drive and damping. Orbit calculations show that

the radial excursions of trapped particles are reduced in negative triangularity

tokamaks, as compared to positive triangularity. Yet surprisingly, the neoclassical

dielectric susceptibility actually increases with decreasing triangularity, such that the

susceptibility is higher for negative triangularity than for positive triangularity. This

is because the reduction in neoclassical polarization by shrinking the banana width

is offset by the increase in neoclassical polarization by the enhancement of trapped

fraction for negative triangularity. As a result, the zonal flow screening length is

actually enhanced for negative triangularity, as compared to positive triangularity.

Hence, the zonal flow residual is smaller for negative triangularity than for positive

triangularity. Results from gyrokinetic simulations support the analytic calculations.
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1. Introduction

Negative triangularity (NT) discharges have achieved high confinement (H) mode-

like pressure and energy confinement times for low confinement (L) mode [1–5] edge

conditions. However, unlike conventional H mode [6, 7] for positive triangularity,

negative triangularity L mode discharges exhibit no undesirable features like edge

localized modes (ELMs) or bursty MHD, because no pedestal forms in L mode. While

ELMs in positive triangularity H mode can be suppressed by externally applied RMPs [8]

etc., NT L mode is an attractive operation regime that is naturally free of ELMs. Also,

NT discharges manifest very weak degradation of confinement with power [1], along

with broader scrape off layer (SOL) heat flux widths, reduced fluctuation levels [1–4]

and reduced plasma wall interaction [9]. NT plasmas show strong resilience and

tend to stay in L mode well beyond the L-H transition power threshold for matched

positive triangularity plasmas. These attractive features make NT L mode a potential

candidate for a fusion reactor [10, 11]. Hence, a clear understanding of the physics of

confinement improvement in negative triangularity is desirable. This begs for a study

of the mechanism of turbulence saturation in negative triangularity shapes.

The turbulence in tokamaks is usually some sort of drift wave turbulence, excited by

instabilities linked to the equilibrium density, temperature gradients and magnetic field

curvature. Turbulence causes transport and thus limits the confinement time. There

have been gyrokinetic simulation studies showing reduction of turbulence and transport

in the core of NT configuration [3, 4, 12–15]. All these simulations attribute a linear

stabilization of trapped electron mode (TEM) or ion temperature gradient (ITG) mode

to the observed reduction of core turbulence and transport in NT. Little attention has

been paid to the actual mechanisms of turbulence saturation in NT. A simple story of

linear mode growth rate reduction cannot explain the turbulence saturation at lower
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levels in NT. The linear physics propagates into the quasilinear theory. Hence, we

expect simple quasilinear theory to be also inadequate for explaining the confinement

improvement in NT.

Drift wave turbulence also supports zonal flows, which are a poloidally symmetric

and radially sheared ExB flows [16]. Zonal flows are nonlinearly excited by turbulent

negative (zonal) eddy viscosity effect [17] and the polarization beat noise [16, 18].

Negative eddy viscosity results from the coherent mode couplings and manifest as inverse

cascade of kinetic energy. The beat noise results from the incoherent mode couplings.

The interaction of zonal noise and modulations has a significant effect on feedback

processes [18]. Radial shear of the zonal flow breaks up turbulent eddies, thus reducing

the turbulence coherence length [19]. As a result, transport is reduced upon excitation

of zonal flows. This feedback effect on drift wave turbulence appears as diffusion of

turbulence energy (in the radial wave number spectral domain) induced by the zonal

flow shear spectrum. The spectral diffusion of turbulence is from low to high radial

wave numbers, where the turbulence intensity is lower. The strength of the feedback

effect depends on the magnitude of the zonal flow shear. So zonal flow excitation is a

mechanism of turbulence saturation.

This motivates a comparative study of zonal flows in positive and negative

triangularity tokamaks. The spectral evolution of zonal intensity‡ shows that the zonal

flow shear strength is determined by the ion dielectric susceptibility χk, for fixed drive.

Dielectric susceptibility here means susceptibility to dielectric polarization. Departure of

‡ Zonal intensity
〈〈
|φk|2

〉〉
evolves as:

∂

∂t
χk

〈〈
|φk|2

〉〉
= <

∑
~k=~p+~q

ẑ · ~p× ~q
(
q2 − p2

)
〈〈φ?kφpφq〉〉 .

Here ~k = kr r̂ refers to the zonal mode wave vector. ~p and ~q refers to the turbulent modes wave
vectors. 〈〈· · · 〉〉 represents ensemble average. Total ion dielectric susceptibility χk is sum of classical
and neoclassical dielectric susceptibilities i.e., χk = χk,cl + χk,neo.
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particle from the magnetic flux surface leads to polarization. Two types of polarization

are possible - classical polarization and neoclassical polarization. Classical polarization

results from the departure of particle from the magnetic flux surface due to gyro-motion.

Neoclassical polarization results from the departure of the guiding center from the flux

surface due to magnetic drift. The total dielectric susceptibility χk is simply the sum of

classical and neoclassical dielectric susceptibilities i.e, χk = χk,cl + χk,neo. It turns out

that χk,cl ∼ k2rρ
2
i and χk,neo ∼ k2rρ

2
θ in the long wave length limit (krρθ � 1), where ρi is

the ion thermal gyro-radius, ρθ is the poloidal gyro-radius and kr is radial wave number

of the zonal mode. Usually ρθ � ρi hence, χk,neo � χk,cl. As a result the zonal flow

screening length (which is a proxy for the zonal flow scale length), given by
√
χk/k2r , is

primarily determined by the neoclassical dielectric susceptibility χk,neo. Smaller (bigger)

screening length implies stronger (weaker) zonal flows. Thus, it is natural to study the

effect of triangularity on the ion susceptibility. Heuristically, trapped particle radial

excursion is related to neoclassical polarization, in that smaller (bigger) banana width

implies weaker (stronger) polarization. Orbit calculations show that the radial banana

width in NT is smaller than for positive triangularity. Thus, one expects smaller χk,neo

→ smaller neoclassical screening length→ stronger zonal flow shear in NT. Surprisingly,

calculations actually show larger χk,neo → larger screening length → smaller zonal flow

shear in NT.

The rest of the paper is organized as follows. The variations of classical, and

neoclassical dielectric susceptibilities and zonal flow screening lengths with triangularity

are discussed in detail in Section(2). It is shown that the neoclassical dielectric

susceptibility is higher (and hence the level of zonal flow residual is lower) in NT than for

positive triangularity, despite the reduction of banana widths in NT. GENE simulations,

which support the analytic results, are also presented. This counter - intuitive result
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can be reconciled by considering the triangularity effects on particle orbits. This is

discussed in detail in Section(3), where it is argued that polarization reduction due to

banana width reduction is offset by the polarization increase due to the trapped fraction

increase. Finally, Section(4) gives discussion and conclusions. The mathematical details

of the dielectric susceptibility calculations are presented in Appendix A and Appendix

B.

2. Zonal flow residual: Analytic calculations and comparison with

simulations

Following the Hinton-Rosenbluth prescription [20], the residual zonal flow level can be

obtained as

φk(∞) = φk(0)
χk,cl

χk,cl + χk,neo
, (1)

where χk,cl is classical dielectric susceptibility and χk,neo is neoclassical dielectric

susceptibility. Here, classical dielectric susceptibility means the susceptibility to

classical polarization and neoclassical dielectric susceptibility means the susceptibility

to neoclassical polarization. The classical dielectric susceptibility in the long wavelength

(krρθ � 1) and collisionless limit is given by

χk,cl =
〈
k2rρ

2
i

〉
=
miTi
e2

〈
k2r/B

2
〉
. (2)

Here, the radial wave vector is ~kr = ~∇S, where S is the phase of the perturbed quantities

and is a function of flux coordinate ψ. The neoclassical dielectric susceptibility in the

long wavelength (krρθ � 1) and the collisionless limit are given by

χk,neo =
1

n0

〈ˆ
d3vFMQ

[
Q−Q

]〉
. (3)
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Here, Q =
miIS

′v‖
eB

= krρθ, S ′ = ∂S
∂ψ

and FM is local Maxwellian distribution. Q represents

the effect of the deviation of guiding center from the bounce or transit center The

angular braces represents flux surface averages: 〈A〉 =
´
dθJA´
dθJ

is flux surface average,

where J = 1

|~∇ζ×~∇ψ·~∇θ| = 1

| ~B·~∇θ| is the Jacobian. Over lines represent bounce average:

A =

´
dθJ B

v‖
A

´
dθJ B

v‖

is bounce average of A. The classical susceptibility /polarization is due

to the departure of the particle from the flux surface due to the gyro motion. The

neoclassical polarization is due to the departure of the guiding center from the flux

surfaces due to magnetic drifts. To calculate 〈A〉 and A the shape of the flux surfaces

are required. This is described in the following sub-section, and the subsequent sub-

sections describe the calculations of dielectric susceptibilities.

2.1. Magnetic Equilibrium

To specify the flux surface shape, we use the local parametrized model for up-down

symmetric D shaped plasmas developed by Miller et al [21]

R = R0(r) + r cos(y) = R0h (4)

Z = κ(r)r sin θ (5)

Here, h = 1 + ε cos(y) is the radial scale factor, ε = r
R0

is the running inverse aspect

ratio, y = θ + x sin θ, and x = sin−1 δ(r). Here δ is triangularity and κ is ellipticity

or elongation. Note that r, the minor radius, is a flux function i.e., r = r(ψ). The

primary advantage of this model compared with a full numerical equilibrium is that the

parameters can be individually varied. This allows for systematic studies of the effects

of each parameter upon stability and transport for shaped flux surfaces. Here, we focus

on the effect of triangularity (δ)(see figure(1)) on the zonal flow screening. The magnetic
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Figure 1. Flux surface shapes for positive and negative triangularities.

field is defined in flux coordinates (ψ, θ, ζ) as:

~B = I ~∇ζ + ~∇ζ × ~∇ψ. (6)

The poloidal magnetic field is given by

Bp =
∣∣∣~∇ζ × ~∇ψ

∣∣∣ =
∂rψ

R

∣∣∣~∇r∣∣∣ =
∂rψ

J
√
gθθ, (7)

where J is Jacobian J = ∂~r
∂r
· ∂~r
∂θ
× ∂~r
∂ζ

= 1
~∇r·~∇θ×~∇ζ

= J∂rψ and ~r = R cos ζx̂+R sin ζŷ+Zẑ.

The last step in the above equation is obtained using
∣∣∣~∇r∣∣∣ = R

J
√
gθθ, which follows from

the conjugate relation ~∇r = 1
J
∂~r
∂θ
× ∂~r

∂ζ
. Note that complete determination of Bp requires

explicit expressions of the poloidal flux gradient ∂rψ, the Jacobian J and the metric

tensor element gθθ. These are calculated as follows. The Jacobian J can be calculated

explicitly as

J = Rκr [R′0 cos(θ) + cos (x sin θ) + sin(y) sin θ {Sκ − Sδ cos θ + (1 + Sκ)x cos θ}] , (8)

where R′0 = ∂R0

∂r
is Shafranov shift, Sκ = r

κ
∂κ
∂r

is ellipticity gradient, and Sδ =
r ∂δ
∂r√

1−δ2 is

triangularity gradient. Here we assume R′0, Sκ and Sδ are independent parameters. The
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metric tensor element gθθ can be obtained as:

gθθ =
∂~r

∂θ
· ∂~r
∂θ

= r2 sin2 y [1 + x cos θ]2 + κ2r2 cos2 θ. (9)

The poloidal flux gradient ∂rψ can be obtained from the definition of the safety factor

q(ψ) =
¸
dθ

~B·~∇ζ
~B·~∇θ

/
¸
dθ as:

∂rψ =
I(ψ)

2πq(ψ)

˛
dθ
J
R2
. (10)

Hence, the poloidal magnetic field becomes

Bp =

√
gθθ

J
I(ψ)

2πq(ψ)

˛
dθ
J
R2
. (11)

For small inverse aspect ratio (ε� 1), the integral can be written in terms of the power

series yielding the flux gradient as

∂rψ =
I(ψ)κ

2πq(ψ)
ε
∞∑
i=0

(−1)iεiFi. (12)

Hence, the poloidal magnetic field for ε� 1 becomes

Bp =

√
gθθ

J
I(ψ)κ

2πq(ψ)
ε
∞∑
i=0

(−1)iεiFi. (13)
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The first few terms of the set {Fi} in the above equation(12) are:



F0 = 2πJ0(x) + Sκπ (J0(x)− J2(x)) + {(1 + Sκ)x− Sδ} π2 (J1(x) + J3(x))

F1 = R′0π (J2(−x) + J0(−x)) + πJ1(−2x) + Sκ
π
2

(J1(−2x)− J3(2x))

+ {(1 + Sκ)x− Sδ} π4 (J0(2x)− J4(2x))

F2 = R′0
π
2

(J3(−2x) + J1(−2x)) + π
2

(J2(−3x) + J2(−x) + 2J0(x))

+Sκ
π
4

(J2(−3x)− J4(−3x))

+ {(1 + Sκ)x− Sδ} π8 (J1(−3x) + J1(x)− J5(−3x)− J3(−x))

F3 = R′0
π
4

(J4(−3x) + J2(−3x) + 3J2(−x) + 3J0(x))

+π
4

(J3(−4x) + J3(−2x) + 3J1(−2x))

+Sκ
π
8

(J3(−4x)− J5(−4x) + 2J1(−2x)− 2J3(−2x))

+ {(1 + Sκ)x− Sδ} π
16

(J2(−4x)− J6(−4x) + J0(2x)− J4(−2x))

· · · · · · · · ·



(14)

Here Jn(mx) is the nth order Bessel functions of 1st kind defined by Jn(mx) =

1
2π

¸
cos(nθ − mx sin θ). Notice that Jn(x) = Jn(−x) for n = 0, 2, 4, · · · etc., and

Jn(x) = −Jn(−x) for n = 1, 3, 5, · · · , etc. As a result the terms {Fi} are asymmetric with

respect to the sign of triangularity δ. This makes the flux gradient ∂rψ and the poloidal

magnetic field Bp asymmetric with respect to a change in the sign of triangularity δ.

Notice that terms {Fi} have parametric dependence on triangularity δ, triangularity

gradient Sδ and elongation gradient Sκ, but are independent of elongation κ. The

poloidal magnetic field Bp depends on κ only through the metric tensor element gθθ.

The In the following, we calculate the classical dielectric susceptibility, neoclassical

dielectric susceptibility and the zonal flow residual and discuss their variations with

triangularity. Effects of ellipticity/ elongation κ are discussed in the (Appendix C).
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2.2. Variation of classical dielectric susceptibility χk,cl with triangularity δ

As shown in Appendix A, the classical dielectric susceptibility for small inverse aspect

ratio (ε� 1) can be obtained as:

χk,cl = (S ′I(ψ)ρth)
2

(
1

2πq(ψ)

)2
ε2 [
∑∞

i=0(−1)iεiFi]
2
f

[F0 + εF1]
, (15)

where the set {Fi} is given by equation(14) and f is given by equation(A.3). For the

concentric circular equilibrium, the equation(15) takes the familiar form:

χcirculark,cl =
miTi
e2

〈
k2r/B

2
〉
circular

= (S ′I(ψ)ρth)
2

[
ε2

q2
+ h.o.t

]
. (16)

Figure(2) shows plot of χk,cl as a function of δ. Clearly, the classical dielectric

susceptibility increases with decreasing δ such that classical dielectric susceptibility is

higher for δ < 0 than for δ > 0 i.e., χk,cl(δ−) > χk,cl(δ
+).

-1 -0.5 0 0.5 1
8

8.5

9

9.5

10

10.5

11
10

-3

Numerical integration

Analytic approximation

Figure 2. Variation of classical dielectric susceptibility χk,cl with triangularity δ. χk,cl
increases with decreasing δ such that χk,cl(δ−) > χk,cl(δ

+). Analytic approximation
correspond to equation(15). Numerical integration correspond to exact numerical
calculation of

〈
k2r/B

2
〉
. Parameters: ∂R0

∂r = −0.4, Sδ = 0.4, κ = 1.5, Sκ = 1, ε = 0.18,
q = 3.
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2.3. Variation of neoclassical dielectric susceptibility χk,neo with triangularity

Here we discuss the variation of neoclassical dielectric susceptibility with triangularity.

The details of the derivation of χk,neo are shown in Appendix B. After tedious but

straight forward algebra, the neoclassical dielectric susceptibility can be obtained as:

χk,neo = (IS ′ρth)
2

[
F0 + 3εF1 + 3ε2F2 + ε3F3

F0 + εF1

−
(

1 + ε
F1

F0

)(
1 + ε

F1

F0

+
∞∑
i=1

ε1+i/2A1+i/2

)]
,

(17)

where the set {Fi} is given by equation(14) and the first few terms of the {A1+i/2} are

given by 

A3/2 = −1− 3
2
F1

F0
− 9

8
F2

F0
+ 5

16
F3

F0

A2 = 2F2

F0

A5/2 = 1
2
F1

F0
− 3

4
F2

F0
− 9

16
F3

F0

A3 = 0

A7/2 = −1
8
F2

F0
+ 3

16
F3

F0

· · · · · · · · ·



. (18)

For the concentric circular equilibrium, the above equation takes the familiar form

χcirculark,neo = (IS ′ρth)
2

[
1.563ε3/2 +

1

2
ε2 +

3

8
ε5/2 +

1

16
ε7/2 + ...

]
. (19)

The variation of χneo with δ is shown in figure(3). It is clear that χneo is higher for δ < 0

than that for δ > 0.
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-1 -0.5 0 0.5 1
0.08

0.1

0.12

0.14

0.16
(b)

Numerical integration

Analytic approximation

Figure 3. Neoclassical dielectric susceptibility is higher for δ < 0 than that for
δ > 0. The solid curve is from numerical integration. Black dashed curve is from
the analytic approximation equation(17). The solid curve corresponds to the result
obtained using the numerical integration of equations(B.1) and (B.5) Parameters:
∂R0

∂r = −0.4, Sδ = 0.4, κ = 1.5, Sκ = 1, ε = 0.18, q = 3.

2.4. Variation of zonal flow residual and the zonal flow screening length with

triangularity

Finally, using equations(15) and (17), the expression for the zonal flow residual becomes

φk(∞) =
φk(0)

1 + q2

ε2
Θ
, (20)

where the shaping function is given by

Θ =

[
F0 + 3εF1 + 3ε2F2 + ε3F3

F0 + εF1

−
(

1 + ε
F1

F0

)(
1 + ε

F1

F0

+
∞∑
i=1

ε1+i/2A1+i/2

)]

× (2π)2 [F0 + εF1]

[
∑∞

i=0(−1)iεiFi]
2
f
. (21)

For the concentric circular equilibrium, the shaping factor becomes Θ ≈ 1.6ε3/2 to

the lowest order in ε. Figure(4) compares plots of the residual zonal flow level vs

triangularity obtained from the small inverse aspect ratio analytic calculation, numerical

integration of the integrals and linear gyrokinetic GENE simulations [22, 23]. GENE
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simulations were set-up for a linear initial value calculation of zonal potential relaxation,

a typical Hinton-Rosenbluth test. A flux surface averaged potential is initialized and

its evolution is tracked in time. The simulation is run until time t = 100R/cs. The

time asymptotic undamped part of potential, left after the geodesic acoustic mode

oscillations have damped, is called the residual potential and the associated E×B flow

is called the residual zonal flow. In practice, the residual level here is obtained by time

averaging the flux surface averaged potential in the interval t = [10, 100]R/cs. This

time interval has been found to be sufficient for the convergence of the running average of

the zonal potential. All simulations were done for the zonal wave number krρi,th = 0.05,

which is representative of zonal flows at length scales relevant to ITG saturation. The

figure clearly shows that the level of the residual zonal flow decreases with decreasing

triangularity, such that the residual level is lower for negative triangularity than that

for positive triangularity. This means that the zonal flow screening length lz, defined by

lz = ρs

√
1 + q2

ε2
Θ, increases with decreasing triangularity such that lz(δ−) > lz(δ

+).

Notice that χk,neo � χk,cl, which means the reduction of zonal flow residual for

negative triangularity (as compared to matched positive triangularity) is due to the

increase in χk,neo for negative triangularity. Then, one naturally wonders what are the

relative contributions of passing and trapped particle in enhancing the χk,neo in negative

triangularity? This begs for a calculation of the pitch angle spectra χk,neo(λ) of the

neoclassical susceptibility. Finally, it is also possible to study elongation κ dependence

of the zonal flow residual. This is presented in the (Appendix C).
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Figure 4. Residual zonal flow level is lower at negative δ than at positive δ.
Parameters: ∂R0

∂r = −0.4, Sδ = 0.4, κ = 1.5, Sκ = 1, ε = 0.18, q = 3. The
analytic approximation corresponds to the small inverse aspect ratio calculation given
by equation(20).

2.5. Variation of pitch-angle spectrum of neoclassical dielectric susceptibility χk,neo

with triangularity

It is useful to extract the contributions of trapped and passing particles in setting up the

level of the neoclassical dielectric susceptibility. The neoclassical dielectric susceptibility

is given by

χk,neo =
mi(IS

′)2

n0e2

〈ˆ
d3vFM

v‖
B

[
v‖
B
−
(v‖
B

)]〉
= (IS ′ρth)

2 1

n0v2th

〈ˆ
d3vFMv‖h

[
v‖h− v‖h

]〉
= (IS ′ρth)

2 3

2

[{ˆ 1−ε

0

dλP1(λ) +

ˆ 1+ε

1−ε
dλP2(λ)

}
−
ˆ 1−ε

0

dλP3(λ)

]
=

ˆ 1+ε

0

dλχk,neo(λ),

where P1(λ) =
¸
dθJ hξ¸
dθJ , P2(λ) =

´+θb
−θb

dθJ hξ¸
dθJ and P3(λ) =

¸
dθJ¸

dθJ /hξ . The pitch angle spectra

of neoclassical dielectric susceptibility is shown in figure(5). Notice that the distribution

peaks at the trapped - passing boundary. The passing particle contribution to the total
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neoclassical susceptibility is much smaller than the trapped particles contribution. Also,

triangularity variations dominantly affect the trapped part of the spectrum. The passing

part of the pitch angle spectrum is very weakly affected by the variations in triangularity.

The trapped part of the spectrum is elevated upon lowering the triangularity, so that

that the neoclassical dielectric susceptibility is higher for δ < 0 than that for δ > 0.

These results make one speculate that the radial excursion of trapped particles must be

bigger in negative triangularity than for positive triangularity. However, calculations

show that the actual radial excursions are smaller in negative triangularity than that

in positive triangularity. Thus, how can we reconcile the trend in δ of χk,neo with the

effects of δ on particle orbits? This begs for a detailed comparative study of particle

orbits in positive and negative triangularity. This study is presented in the following

section.

0 0.2 0.4 0.6 0.8 1 1.2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Figure 5. Pitch angle λ spectra of neoclassical dielectric susceptibility. Vertical back
solid line marks the trapped-passing boundary. Parameters: ∂R0

∂r = −0.4, Sδ = 0.4,
κ = 1.5, Sκ = 1, ε = 0.18, q = 3.
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3. Shaping effect on particle orbits: Bounce time, bounce angle and radial

excursion

It is commonly believed that the neoclassical zonal flow screening is correlated with

the width of the orbit of the trapped particle. The common notion is that the smaller

the banana width, the smaller the neoclassical polarization (and hence stronger the

zonal flow residual) is. So, here we calculate the width of the trapped and passing

orbits along with the respective bounce times and bounce angles to see if there is any

correlation between orbital properties (especially orbit width) and neoclassical screening.

The bounce/circulation time is defined as

τb =

˛
Bdθ

v‖ ~B · ~∇θ
=

B0

v ∂ψ
∂r

˛
J dθ
hξ

, (22)

where
¸
→
´ +π
−π for passing particles and

¸
→ 2

´ +θb
−θb

for the trapped particles. θb is

bounce angle at which v‖ = 0. This is given by the solution of the nonlinear equation

cos (θb + x sin θb) =
λ− 1

ε
. (23)

Using equations(12) and (B.9), the bounce time / circulation time for passing particles

can be obtained as:

τb =
2πqR0

v
√

1− λ

∑∞
i=0 ε

iai(λ)Fi∑∞
i=0(−1)iεiFi

. (24)

The departure of the particle from the flux surface ψ due to magnetic drift ~vd is

∆ψ =

ˆ
~vd · ~∇ψ

Bdθ

v‖ ~B · ~∇θ
. (25)

Note that the magnetic drift velocity ~vd is :

~vd =
1

Ωci

1

2

(
v2⊥ + 2v2‖

) ~B × ~∇B
B2

. (26)
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This yields for the radial component :

~vd · ~∇ψ =
v2

2Ωci

(
1 + ξ2

) I

B2J

∂B

∂θ
. (27)

Here ξ2 = v2‖/v
2 = 1− λ/h, λ is pitch angle and h = R/R0. Then, the departure of the

particle from the flux surface ψ due to the radial magnetic drift becomes

∆ψ =

ˆ
~vd · ~∇ψ

Bdθ

v‖ ~B · ~∇θ
=
mvI

2eB0

ˆ
dθ

1 + ξ2

ξ

∂h

∂θ
. (28)

Hence, using
∣∣∣~∇ψ∣∣∣ (θ = 0) = R0(1 + ε)Bp0, the radial excursion at the mid plane(θ = 0)

becomes

∆r =
∆ψ∣∣∣~∇ψ∣∣∣ (θ = 0)

=
ρθ

2 (1 + ε)

ˆ
dθ

1 + ξ2

ξ

∂h

∂θ
. (29)

For passing particle the integral in the above equation is
´
→
´ π
0
. For the trapped

particle
´
→ 2
´ θb
0
.

The bounce times and radial excursions of passing particles in pitch angle (λ) and

triangularity (δ) space are shown in figure(6). It can be clearly seen that both the

bounce time and radial excursion are not symmetric with respect to δ → −δ. The degree

of asymmetry (|τb(δ+)− τb(δ−)|) in the bounce time is strongest for pitch angles close

to the trapped-passing boundary. Specifically, bounce time for negative triangularity

is smaller than that for the positive triangularity i.e., τb(δ−) < τb(δ
+). The bounce

time of passing particle monotonically increases with the pitch angle and diverges near

the trapped-passing boundary. The radial excursion of passing particle shows non-

monotonic variation in pitch angle, with a clear peak. The peak moves from low λ at high

positive δ to high λ at high negative δ. The radial excursion monotonically decreases

with decreasing δ at low pitch angles, such that that ∆r(δ−) < ∆r(δ+). At high pitch

angles, the radial excursion increases with decreasing δ such that ∆r(δ−) > ∆r(δ+).
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Figure 6. Bounce time τb (a) and radial excursion ∆r (b) of passing particle as a
function of pitch λ angle and triangularity δ. Bounce time for negative triangularity is
lower than that for positive triangularity. Radial excursion decreases or increases with
triangularity depending on the pitch angle.

Figure(7)(a) compares the bounce times of passing and trapped orbits at different

positive and negative triangularities. While passing orbits exhibit significant dispersion

with respect to δ near the trapped-passing boundary, trapped orbits show strong disper-

sion with respect to δ through out the trapping domain λ = [1− ε] to λ = [1+ ε]. Notice

the opposite trend of bounce time in δ of the trapped orbits compared to that of passing

orbits. That is τb(δ−) > τb(δ
+) for the trapped particles. Figure(7)(b) shows how the

bounce angle is affected when changing the triangularity. It can be clearly seen that the

bounce angle increases with decreasing triangularity, such that θb(δ−) > θb(δ
+). This

means that the fraction of trapped particles spending time on the good curvature side

increases with decreasing δ. The pitch angle spectra of the radial excursion of trapped

particle shows that the radial excursion decreases with increasing pitch angle. This is

shown in figure(8). The radial excursion of trapped particles is not symmetric with re-

spect to δ → −δ. Figure(8) shows that the radial excursion of trapped particle decreases

with decreasing δ such that ∆r(δ−) < ∆r(δ+). Cartoons of typical trapped orbits in

negative, zero and positive triangularities, for a fixed pitch angle, are shown in figure(10).

Notice that, somewhat surprisingly, the banana widths are smaller, yet the neoclassical

susceptibility is bigger in negative δ. Trapping fraction ft = 1− 1
2

´ 1−ε
0

dλ
´
dθJ /hξ´
dθJ is cal-

culated as a function of δ. Figure(9) shows that the trapping fraction ft increases with

decreasing δ such that ft(δ−) > ft(δ
+). These results are summarized in the table(1).
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This resolves the somewhat counter-intuitive trend in the neoclassical susceptibility de-

pendence on banana width.

0 0.2 0.4 0.6 0.8 1 1.2
0
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(a)

Figure 7. (a): Bounce time τb as a function of pitch angle λ with triangularity δ as a
parameter. Vertical back solid line marks the trapped-passing boundary. (b): Bounce
angle θb as a function of pitch angle λ and triangularity δ. θb is higher for negative δ
than for positive δ.
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Figure 8. (a): Radial excursion (∆r) of trapped particle vs triangularity (δ). Radial
excursion is smaller for negative triangularity than that for positive triangularity. (b):
Radial excursion (∆r) of a trapped particle as a function of pitch angle (λ) at different
triangularities (δ). The figure inset show a zoom in of a portion of the plot. The radial
excursion decreases with increasing λ and decreasing δ.



Zonal flow screening in negative triangularity tokamaks 20

-1 -0.5 0 0.5 1
0.25

0.3

0.35

0.4

0.45

T
ra

p
p

e
d

 f
ra

c
ti
o

n

Figure 9. Fraction of trapped particles ft increases on decreasing δ such that
ft(δ

−) > ft(δ
+).

Figure 10. Cartoon of trapped orbits in negative, zero and positive triangularity for
a fixed pitch angle.

passing trapped
Bounce time τ δ

−

b < τ δ
+

b τ δ
−

b > τ δ
+

b

Bounce angle θδ
−

b > θδ
+

b

Radial excursion [∆r]δ
−
<[∆r]δ

+

for small λ, [∆r]δ
−
>[∆r]δ

+

for large λ [∆r]δ
−
<[∆r]δ

+

Fractions fp(δ
−) < fp(δ

+) ft(δ
−) > ft(δ

+)

Table 1. Summary of results on triangularity effect on particle orbits.

This analysis questions the often-made claim that smaller banana width always
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corresponds to smaller neoclassical polarization. A decrease in radial excursion does

not always correspond to a decrease in neoclassical polarization. However, notice that

the trend of bounce angle in δ and λ correlates well with the trend of neoclassical

susceptibility/ polarization in δ and λ (in the trapped part of the λ-spectrum). Also, an

increase in trapping fraction correlates well with increase in neoclassical susceptibility.

This means that the decrease in neoclassical susceptibility due to the lower excursion

radius is offset by the increase in neoclassical susceptibility due to the increase in trapped

fraction. This is not surprising, given the fact that the neoclassical polarization density

is the difference between the trapped/passing density and the bounce/transit gyro-center

density. The dominant contribution to the total neoclassical polarization density comes

from the difference of trapped particle density and the bounce gyro-center density. With

increasing trapped fraction the neoclassical polarization density increases! This means

that the neoclassical susceptibility increases with the increasing trapped fraction.

4. Discussions and Conclusions

Zonal flows are well known to reduce turbulent transport and improve confinement [24].

Observation of improved confinement in negative triangularity L mode discharges has

motivated this research to re-evaluate the role of zonal flows, if any, in improving

confinement in negative triangularity shapes. The zonal flow shear is (in part) controlled

by the zonal flow screening length, which is primarily determined by the neoclassical

dielectric susceptibility [25]. Neoclassical dielectric susceptibility also sets the level

of zonal flow residual [20, 26]. Reduction in banana width is often associated with

reduction in neoclassical polarization. So, here we studied flux surface shaping effects

on susceptibility, zonal flow screening length and particle orbits with a focus on effects

manifested by varying triangularity. The main results are:
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(i) Both classical dielectric susceptibility (χk,cl) and neoclassical dielectric suscepti-

bility (χk,neo) increase with decreasing triangularity (δ), such that both suscep-

tibilities are higher for negative triangularity than for positive triangularity i.e.,

χk,cl(δ
−) > χk,cl(δ

+) and χk,neo(δ−) > χk,neo(δ
+). Neoclassical susceptibility is al-

ways greater than the classical susceptibility i.e., χk,neo � χk,cl. As a result, the

zonal flow residual is lower for negative triangularity than that for positive trian-

gularity. The zonal flow screening length lz, given by lz =
√
χtot/k2r , is larger in

negative triangularity than for positive triangularity i.e., lz(δ−) > lz(δ
+). Gyroki-

netic simulations support the analytic predictions. The zonal flow residual calcu-

lated using GENE simulations follows a trend in δ similar to that of the analytic

predictions.

(ii) The pitch angle spectra of neoclassical susceptibility χk,neo peaks at the trapped-

passing boundary. The dominant contribution to χk,neo is from trapped orbits. The

trapped part of the spectrum is elevated when δ → −δ. The passing part of the

spectrum is weakly affected by δ.

(iii) Particle orbit calculations show that the banana width is reduced in negative

triangularity as compared to positive triangularity. Yet, surprisingly the neoclassical

dielectric susceptibility is higher in negative triangularity! This is because of the

increase in trapped fraction and the bounce angles for negative triangularity, as

compared to those for positive triangularity. In fact, the polarization reduction by

banana width reduction is offset by polarization enhancement due to an increase in

trapped fraction.

These results can be concisely and clearly summarized through the flowchart shown in

figure(11).
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Figure 11. Flow chart of results discussed in text. Upward pointing arrow ↑ means
“larger” and downward pointing arrow ↓ means “smaller”.

A bigger screening length implies a weaker zonal flow shear for fixed drive. This

suggests weaker feedback effects i.e., weaker regulation of turbulence and transport

by zonal flows. Thus, core transport improvement in negative triangularity cannot

be attributed to simple elements of zonal flow physics. Then, what is the reason for

improved confinement in negative triangularity? While linear stabilization of the TEM

mode is invoked to explain this [4,12], more detailed study of flux surface shaping effect

on nonlinear saturation mechanism is desirable. Our results here are consistent with

the findings of Ref [27]. That study showed, via nonlinear GENE simulations for ITG
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turbulence, that zonal flows have a weaker effect on turbulence regulation in negative

triangularity than in positive triangularity. This was demonstrated by analyzing the

effect of removing the zonal component in both positive and negative triangularities.

That study did not, however, offer a physics understanding as to why zonal flow effects

are weaker in negative triangularity.

It is now known that zonal flows play a role in the L-H transition [28–33]. The

L-H power threshold is much higher in negative triangularity than that in positive

triangularity. This disparity is of crucial importance and its understanding is the key

physics issue for understanding confinement in negative triangularity. Noting the result

obtained here -i.e., that zonal flows are weaker for negative triangularity than for positive

triangularity, -one might be tempted to link the increased L-H threshold to weaker zonal

shear in negative triangularity. In fact, a causal relationship along this line is possible,

but has not been established. However, one should also note that negative triangularity

degrades the stability of edge plasma to high-n ballooning modes, so that access to

second stability is blocked in negative triangularity [34]. The pedestal pressure gradient

fails to exceed the ballooning stability limit. This prevents diamagnetic rotation shear -

driven feedback on turbulence, which promotes transport suppression and ’locks in’ the

H-mode. Thus, the negative triangularity edge is expected to remain in L mode even

at high heating power. Further studies are required to sort out which effect is the more

important one.

Additionally, we add that the screening length, residual etc., are only one aspect of

zonal flow physics. In steady state, zonal flow energy level is set by the balance of

Reynolds power and the collisional dissipation. The Reynolds stress depends on the state

of turbulence and the temperature, density gradients, and the geometry of magnetic

flux surfaces. Turbulence level and the equilibrium gradients are also affected by the
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magnetic geometry. Thus Reynolds stress/ power (and hence the zonal flow energy) has

a complicated dependence on the magnetic geometry. The simple argument here is that

a bigger screening length implies a weaker zonal flow for fixed drive.

Energetic particles and impurities affect the residual level of zonal flow. But this effect

is not significant in the long wave length regime krρθ � 1, which is the regime of

calculations in this paper. This does not mean that there is no effect of energetic

particles on zonal flows. In fact, in the shorter wave length regime krρi < 1 < krρα

(ρα is energetic ion gyro-radius), the residual level of zonal flow is enhance by energetic

particles, due to enhanced classical polarization and reduced neoclassical polarization

by energetic particles [35]. This is possibly a reason of micro-turbulence reduction

by energetic particles with moderate energies when TAEs are not excited. Recently,

MeV range energetic ions driven TAEs has been shown to excite stronger large scale

zonal flows [36]. This in turn further suppresses the turbulence and transport driven

by ITG/TEM. This is beneficial for plasma operation in the reactor regime. Then,

the important question here is what is the fate of the zonal flows driven by energetic

particles induced TAEs in negative triangularity reactor scenario? This will be studied

in future.

Impurities also exhibit a trend similar to that of energetic particles for the zonal flow

residual in the intermediate wave length regime [37]. The question of how this is affected

by positive and negative triangularity is interesting and has implications for transport

and confinement in burning plasma reactor conditions. One expects the corresponding

residuals to be lower for negative triangularity than for positive triangularity. However,

exact calculations are needed for an accurate quantitative prediction. This is beyond

the scope of this paper and is left as a future work.

Can the predictions here on zonal flow screening length vs triangularity be tested
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experimentally? This is difficult to answer. Note, however, that the zonal flow radial

correlation length should show a ’footprint’ of zonal flow screening. We propose that

the radial correlation length of the zonal flow can be used as a proxy for the zonal

flow screening length. BES velocimetry [38] can be exploited to extract the radial

correlation length of zonal flow from direct measurements of zonal velocity correlations

〈vzf (r1)vzf (r2)〉. Thus, one can compare the zonal flow radial correlation lengths

for positive and negative triangularity, under otherwise similar conditions. This is a

potentially interesting experiment, which should be pursued.
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Appendix A. Calculation of classical susceptibility χk,cl

Recall that ~kr = ~∇S = S ′~∇ψ = S ′∂rψ~∇r so that k2r = S ′2 (∂rψ)2 R2

J 2 gθθ = S ′2B2
pR

2 and

hence the classical polarization is proportional to

〈
k2r/B

2
〉

= S ′2
〈
B2
pR

2/B2
〉

= S ′2 (∂rψ)2
¸
dθ R2

JB2 gθθ¸
dθJ

(A.1)

The integral in the denominator is of the equation(A.1) can be evaluated as

˛
dθJ = κrR0

˛
dθh [R′0 cos(θ) + cos (x sin θ) + sin(y) sin θ {Sκ − Sδ cos θ + (1 + Sκ)x cos θ}]

= κrR0 [F0 + εF1] (A.2)
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The integral in the numerator of equation(A.1) is

˛
dθ

R2

JB2
gθθ ≈

r2

εκB2
0

˛
dθ

[1 + ε cos y]3
{

sin2 y [1 + x cos θ]2 + κ2 cos2 θ
}

[R′0 cos(θ) + cos (x sin θ) + sin(y) sin θ {Sκ + ((1 + Sκ)x− Sδ) cos θ}]

=
r2

εκB2
0

f (say) (A.3)

Using equations(A.1),(A.2) and (A.3), it is straight forward to get the expression for

the classical susceptibility given by equation(15).

Appendix B. Calculation of Neo-classical susceptibility χk,neo

The integral
〈´

d3vFM
(v‖
B

)2〉 appearing in equation(3) is calculated first. This can be

calculated exactly.

〈ˆ
d3vFM

(v‖
B

)2〉
=
n0T

mi

〈
1

B2

〉
=

n0T

miB2
0

¸
dθJ h2¸
dθJ

(B.1)

=
n0T

miB2
0

F0 + 3εF1 + 3ε2F2 + ε3F3

F0 + εF1

(B.2)

Calculation of
〈´

d3vFM
v‖
B

(v‖
B

)〉
follows next. It is easy to show that〈ˆ

d3vFM
v‖
B

(v‖
B

)〉
=

〈ˆ
d3vFM

(v‖
B

)2〉
(B.3)

Now it is useful to transform the volume element from the velocity space to energy (E)

- pitch angle (λ) space.

d3v =
∑
σ

πv3∣∣v‖∣∣ BB0

dvdλ =
4πEdEdλ

m2
∣∣v‖∣∣h =

4πEdEdλ

m2v |ξ|h
, (B.4)
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where we have used E = mv2/2+Zeφ and v‖ = v(1−λB/B0)
1/2 =⇒ ξ = (1−λ/h)1/2.

Here λ is pitch angle. Hence,〈ˆ
d3vFM

v‖
B

(v‖
B

)〉
=

1¸
dθJ

˛
dθJ

ˆ
dEdλ

4πE

m2
∣∣v‖∣∣hFM

(v‖
B

)2
=

1¸
dθJ

˛
dθJ

ˆ
dEdλ

4πE

m2
∣∣v‖∣∣hFM

[´
dθJB

v‖

(v‖
B

)
´
dθJB

v‖

]2

=
4π

m2B2
0

√
2

m

(ˆ
dEE3/2FM

)(˛
dθJ

) ˆ
dλ

1´
dθ J

hξ

=
3

2

n0T

mB2
0

(˛
dθJ

) ˆ 1−ε

0

dλ
1¸
dθ J

hξ

, (B.5)

where the last step makes use of the fact that
´∞
0
dEE3/2FM = 2n0T

(
m
2π

)3/2 3
√
π

8
and

only passing particle integral needs be considered. The denominator of equation(B.5) is

˛
dθ
J
hξ

=
R0κr√
1− λ

×
˛
dθ
h1/2 [R′0 cos(θ) + cos (x sin θ) + sin(y) sin θ {Sκ + ((1 + Sκ)x− Sδ) cos θ}](

1 + ε
1−λ cos y

)1/2
(B.6)

Taylor expanding for small inverse aspect ratio yields

(1 + ε cos y)1/2(
1 + ε

1−λ cos y
)1/2 =

∞∑
i=0

εiai(λ) cosi y, (B.7)

Pitch angle dependent first few coefficients {ai(λ)} in equation(B.7) are obtained as



a0(λ) = 1

a1(λ) = 1
2

(
1− 1

1−λ

)
a2(λ) = 3

8
1

(1−λ)2 −
1
4

1
1−λ −

1
8

a3(λ) = − 5
16

1
(1−λ)3 + 3

16
1

(1−λ)2 + 1
16

1
(1−λ) + 1

16

· · · · · · · · ·


(B.8)
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Hence, equation(B.6) becomes

˛
dθ
J
hξ

=
R0κr√
1− λ

∞∑
i=0

εiai(λ)Fi, (B.9)

which can be inverted to yield

1¸
dθ J

hξ

=

√
1− λ
R0κr

1

F0

[
1−

∞∑
i=1

εibi(λ)

]
, (B.10)

where 

b1 = a1(λ)F1/F0

b2 = a2(λ)F2/F0

b3 = a3(λ)F3/F0

· · · · · · · · ·


(B.11)

Finally, using the following integrals

ˆ 1−ε

0

dλ
√

1− λa0(λ) = − 2

3

(
ε3/2 − 1

)
(B.12)

ˆ 1−ε

0

dλ
√

1− λa1(λ) = − 1

3
ε3/2 + ε1/2 − 2

3
(B.13)

ˆ 1−ε

0

dλ
√

1− λa2(λ) =
1

12
ε3/2 +

1

2
ε1/2 − 4

3
+

3

4
ε−1/2 (B.14)

ˆ 1−ε

0

dλ
√

1− λa3(λ) = − 1

24
ε3/2 − 1

8
ε1/2 +

3

8
ε−1/2 − 5

24
ε−3/2 (B.15)

the equation(B.5), for the small inverse aspect ratio (ε� 1), reduces to〈ˆ
d3vFM

v‖
B

(v‖
B

)〉
=

n0T

mB2
0

(
1 + ε

F1

F0

)[
1 + ε

F1

F0

+
∞∑
i=1

ε1+i/2A1+i/2

]
, (B.16)
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where the first few terms {A1+i/2} are


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

(B.17)

The variations of the integrals
〈´

d3vFM
(v‖
B

)2〉 and
〈´

d3vFM
v‖
B

(v‖
B

)〉
with

triangularity are shown in figure(B1). The figure shows that both integrals increase

with decreasing triangularity such that the respective values are higher in negative

triangularity, as compared to positive triangularity. Also notice that the difference of

the integrals are bigger for negative triangularity than for positive triangularity. The

difference of the integrals times miIS
′

e
yields the expression for neoclassical susceptibility

given by equation(17).
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Figure B1. (a): Difference of blue and red curves give a measure of neoclassical
susceptibility. The blue dashed curve correspond to the small inverse aspect ratio
analytic approximation equation(B.2). The red dashed curve correspond to the small
inverse aspect ratio analytic approximation equation(B.16). Solid curve correspond
to the result obtained using the numerical integration of equations(B.1) and (B.5).
Parameters: ∂R0

∂r = −0.4, Sδ = 0.4, κ = 1.5, Sκ = 1, ε = 0.18, q = 3.

Appendix C. Variation of zonal flow residual with elongation κ

Variation of the residual zonal flow with elongation κ, obtained from the analytic

equation(20), is shown in the figure(C1). It shows that the residual level increases with

the elongation. This trend is similar to that obtained in Ref [39]. The increasing trend

of the residual with κ is because of the increasing trend of the classical susceptibility

χk,cl with κ. This is shown in the bottom panel of figure(C1), which is plotted using

equation(15). Note, from equations(17) and (14), that the neoclassical susceptibility

χk,neo is independent of κ. As a result the ratio χk,neo/χk,cl decreases and hence the

zonal flow residual increases with κ.
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Figure C1. Top: Variation of residual zonal flow level with elongation κ at different
triangularities δ. Parameters: ∂R0

∂r = −0.4, Sδ = 0.4, Sκ = 1, ε = 0.18, q = 3. Residual
level increases with κ. Bottom: Classical susceptibility χk,cl increases with elongation
κ.
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