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ABSTRACT OF THE DISSERTATION

Control of cyber-physical systems using
incremental properties of physical systems

by

Majid Zamani
Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 2012
Professor Rupak Majumdar, Co-chair

Professor Jason L. Speyer, Co-chair

Cyber-Physical Systems (CPSs) are complex systems resulting from intricate in-
teraction of digital computational devices with the physical systems. With the
recent dazzling advances in computational devices, CPSs have become ubiqui-
tous in modern technology. The increasing presence of CPSs on one hand and
the incapability of current methods to analyze them on the other hand, impel
the development of novel approaches for analysis and design. In CPSs, embed-
ded computers have the responsibility of monitoring and controlling the physical
plants using feedback loops using which physical plants affect computations and
vice versa. In these closed-loop fashions, controllers implemented in software are
termed embedded control software. Increasing use of embedded control software
in life critical applications, such as aircraft flight control systems and automo-
tive engine control systems, demands lots of efforts on software verifications and
validations which are very costly. On the other hand, by changing the center of
gravity from verification to design, it is possible to synthesize correct-by-design
embedded control software while providing formal guarantees of correctness. The
foundation of this proposed approach relies on some technical results showing how

to construct equivalent finite state models for differential equation models describ-
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ing physical plant. These finite state models are simpler descriptions of physical
plant in which each state of the finite model represents a collection or aggregate
of states in the physical plant. Similar finite state models are used in software and
hardware modeling, which enable the composition of such models with the finite
models of the physical systems. The results of this composition are finite models
capturing the behavior of the physical systems interacting with the digital com-
putation devices. Once such models are available, the methodologies and tools
developed in computer science for verification and control synthesis purposes can
be easily employed to physical systems, via these models. In the first part of this
thesis I take an important step in my quest to synthesize correct-by-design em-
bedded control software for CPSs by constructing finite state models for control
systems. [ propose a novel technique to compute bisimilar finite state models of
incrementally stable nonlinear control systems. I show on practical examples that
the finite state models computed by my procedure can be several orders of mag-
nitude smaller than existing approaches. Moreover, I propose another technique
to compute (not necessarily bisimilar) finite state models of any nonlinear control
system as long as I am interested in its behavior in a compact set. In the second
part of this thesis I will show some incremental properties under which nonlinear
control systems admit finite state models. I propose some analysis tools to check
those properties. Moreover, I provide some design techniques providing controllers
enforcing those incremental properties for some special classes of nonlinear control

systems.
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CHAPTER 1

Introduction

1.1 Motivation

Embedded control systems result from the integration of computational parts
and control processes: on-board computers control physical processes through
feedback loops. Although embedded control systems have become ubiquitous in
modern technology, their designs are based on ad-hoc solutions trying to make
the connection between the classical techniques of control theory and embedded
systems engineering. As the number of embedded control systems is expected
to grow significantly in the near future, it becomes necessary to develop specific

approaches, allowing the system design to be more reliable and efficient.

Most embedded control systems are of hybrid nature: discrete dynamics mod-
eling computing parts including hardware and software and continuous dynamics
modeling control systems. The ability to handle the interaction between contin-
uous and discrete dynamics is a prerequisite of a rigorous formal framework for
the design and verification of embedded control systems. Verification and con-
trol of embedded systems generally require the development of specific techniques
combining ideas of the theories of discrete and continuous systems. The complex-
ity induced by the interaction between discrete and continuous dynamics often
makes it difficult to obtain analytical results. For this reason, the verification and
synthesis of controllers for embedded systems is often addressed by methods of

abstraction in which continuous dynamics are approximated by discrete symbolic



models. My work in this thesis lies in two different directions. First, I analyze
the use of symbolic models for the synthesis of correct-by-design embedded con-
trollers. Second, I analyze and provide the assumptions under which nonlinear

control systems admit symbolic models.

The first part of the thesis is devoted to the study of symbolic abstractions in
control. Symbolic abstractions result from replacing aggregates or collections of
continuous states of a control system by discrete states. I study the construction
of symbolic models for some classes of control systems described by differential
equations. Similar models are used in software and hardware modeling. Therefore,
it enables us to compose such models with the symbolic abstraction of the contin-
uous dynamics. The result of this composition are symbolic models capturing the
behavior of the complete embedded control systems. By having specifications in
the form of finite symbolic models, the synthesis of controllers for the (finite-state)
symbolic abstraction can be reduced to a fixed-point computation. Finally, the
resulting controllers can be refined into hybrid-controllers that can be deployed
on the actual implementation. The controllers, obtained by this mentioned design
flow, are guaranteed to satisfy the provided specification. This justifies the name
of correct-by-design synthesis. We can divide abstraction methods for the syn-
thesis of controllers into three stages. First, a discrete approximation of a control
system, called a symbolic model, is constructed. This stage is the focus of the first
part of my thesis. Then, by having symbolic models with a finite number of states
or symbols, we are able to use algorithmic techniques, developed for discrete-event
systems to automatically synthesize controllers enforcing control and software re-
quirements using a fixed-point computation. Finally, the controller obtained is

refined in order to control the original control system.

The second part of the thesis is devoted to the study of incremental properties
of nonlinear control systems. Stability is arguably one of the core concepts upon

which our understanding of dynamical and control systems has been built. The



related notion of incremental stability, however, has received much less attention
until recently, when it was successfully used as a tool for the analysis and design of
intrinsic observers, output regulation of nonlinear control systems, frequency esti-
mators, synchronization of coupled identical dynamical systems, symbolic models
for nonlinear control systems, bio-molecular systems, nonlinear analog circuits,
systems over finite alphabets, global synchronization in networks of cyclic feedback
systems, and piecewise affine systems with actuator and sensor faults. However,
most of the existing controller design techniques provide controllers enforcing sta-
bility rather than incremental stability. Hence, there is a growing need to extend
existing methods or develop new ones for the purpose of designing incrementally
stabilizing controllers. In the second part of my thesis, I provide some analysis and
design approaches providing controllers rendering some classes of control systems

incrementally stable.

1.2 Outline of the thesis

This thesis is divided in 5 chapters, the first of which is the current introduction.
Chapter 2 presents basic notions from control theory that will be frequently used
throughout this thesis. Chapter 3 studies the suitability of symbolic models for
the synthesis of correct-by-design embedded controllers. Chapter 4 is devoted to
study of incremental properties of nonlinear control systems. Finally, in Chapter

5, a brief suggestions for future research is provided.

For clarity of exposition, both Chapter 3 and Chapter 4 follow a common
structure. Both chapters start with an introduction including: a description of
the problem addressed, a brief literature review, and a statement of the contribu-
tions made. Following the introduction, a section establishing the preliminaries
specific to the chapter is included. The developed techniques are detailed in sub-

sequent sections, followed by a section illustrating their efficiency on examples.



The chapters are concluded with a discussion section.



CHAPTER 2

Some notions of mathematical control theory

2.1 Notation

The identity map on a set A is denoted by 14. If A is a subset of B we de-
note by 14 : A < B or simply by ¢ the natural inclusion map taking any a € A
to 1(a) = a € B. The symbols N, Ny, Z, R, RT and R denote the set of nat-
ural, nonnegative integer, integer, real, positive, and nonnegative real numbers,

respectively.

The symbols I,,, 0,,xn, and 0,, denote the identity and zero matrices on R”™*™
and R™*" and the zero vector in R™, respectively. Given a vector x € R",
we denote by z; the i-th element of z, by ||z| the infinity norm of x, and by

|z||2 the Euclidean norm of z; we recall that ||z| = max{|x1]|, |z2]|, ..., |xs|}, and

2|l = /2% + 2% + ... + 22, where |z;| denotes the absolute value of ;.

Given a measurable function f:RJ — R", the (essential) supremum of f is
denoted by || f|leo; we recall that ||f|le = (ess)sup{||f(t)[[.t > 0}, ||fll2.00 :=
(ess)sup{[|f(t)ll2,¢ = O} and |[fllor) = (ess)sup{[[f()[l.¢ € [0,7)}; [ is es-
sentially bounded if ||f|loc < co. For a given time 7 € R*, define f, so that
f-(t) = f(t), for any ¢t € [0,7), and f.(t) = O elsewhere; f is said to be locally
essentially bounded if for any 7 € RT, f. is essentially bounded. A function
f : R" — R{ is called radially unbounded if f(z) — +o0 as ||z|| = +oo. A
function f is said to be smooth if it is an infinitely differentiable function of its

arguments.



A continuous function v : Rf — Ry, is said to belong to class K if it is strictly
increasing and (0) = 0; + is said to belong to class K, if v € K and v(r) — oo
as r — oo. A continuous function §: R x Ry — Ry is said to belong to class
KL if, for each fixed s, the map f(r,s) belongs to class K. with respect to r
and, for each fixed nonzero r, the map f(r, s) is decreasing with respect to s and

B(r,s) = 0 as s — oo.

Let ¢ : R® — R” be a global diffeomorphism, and X : R® — R" be a map, we

denote by ¢, X the map defined by (¢.X)(y) = 9 X o ¢ (y). Let now

z=¢~"1(y)
G : R" — R™" be a smooth map. The notation ¢*G : R — R™™ denotes the

smooth map (¢*G)(z) = (52)TG(¢(x))(22). A Riemannian metric G : R* — R™*"
is a smooth map on R™ such that, for any z € R", G(z) is a symmetric positive
definite matrix [Lee03]. For any z € R™ and smooth functions I,.J : R — R"
one can define the scalar function (I, J)g as I7 ()G (z)J(z). We will still use the
notation (I, J)g to denote I”GJ even if G does not represent any Riemannian
metric. A function d : R x R” — Ry is a metric on R" if for any z,y,2 € R",
the following three conditions are satisfied: i) d(z,y) = 0 if and only if z = y; ii)
d(z,y) = d(y,x); and iii) d(z, z) < d(z,y) + d(y, z). We use the pair (R",d) to
denote a metric space R™ equipped with the metric d. We use the notation dg to
denote the Riemannian distance function provided by the Riemannian metric G
[Lee03]. We refer to the proof of Lemma 4.3.12 in the paper for the definition of
dg. Foraset A C R" ametricd, and any x € R", we abuse the notation by using
d(z, A) to denote the point-to-set distance, defined by d(z, A) = inf,c4d(x,y).
Given measurable functions f : Ry — R™ and g : Rj — R", we define d(f, ¢)s :=
(ess)sup{d(f(t), g(t)),t = 0} and d(f,g).r) := (ess)sup{d(f(t),g()),t € [0,7)}.

Given a matrix M = {m;;} € R™™, the infinity norm of M is [|[M| =
maxj<j<m Z?Zl |m;;|. The closed ball centered at € R™ with radius ¢ is defined
by B.(z) ={y € R"|[[x—y|| < e}. Aset B C R"iscalled a bozif B =[], [c;, di],

where ¢;, d; € R with ¢; < d; foreach 7 € {1,...,n}. The span of a box B is defined



as span(B) = min{|d; — ¢;| | i =1,...,n}. For a box B and n < span(B), define
the n-approximation [B],, = {b € B | b; = k;n for some k; € Z,i =1,...,n}. Note
that [B], # @ for any n < span(B). Geometrically, for any n € RT with n <
span(B) and A > 7 the collection of sets {Bx(p) },e(p, is a finite covering of B, i.e.,
B C Ude]n Bx(p). By defining [R"],, = {a e R" | a; = kin,k; € Z,i=1,--- ,n},
the set (J,cgay, Br(p) is a countable covering of R™ for any n € R* and A >
n/2. We extend the notions of span and approximation to finite unions of boxes
as follows. Let A = U]Ai1 A;, where each A; is a box. Define span(A4) =
min {span(A;) | j=1,..., M}, and for any n < span(A), define [A], = Uinl[Aj]n.
We identify a relation R C A x B with the map R : A — 25 defined by b € R(a) iff
(a,b) € R. Given a relation R C A x B, R~ denotes the inverse relation defined

by R~' = {(b,a) € Bx A: (a,b) € R}.

2.2 Control systems

The class of control systems that we consider in this thesis is formalized in the

following definition.

Definition 2.2.1. A control system is a quadruple:
L=E®R"U.U, f),

where:

e R" is the state space;
e UC R™ is the input set;

o U 1is the set of all measurable and locally essentially bounded functions of

time from intervals of the form |a,b[C R to U with a < 0, b > 0;

e f:R"xU— R" is a continuous map satisfying the following Lipschitz as-

sumption: for every compact set () C R™, there exists a constant Z € Rt



such that ||f(x,u) — f(y,u)|| < Z||x —yl| for all z,y € Q and all u € U.

A curve & :]a,b[— R" is said to be a trajectory of ¥ if there exists v € U
satisfying:
E(t) = £ (&), v(D), (2.2.1)

for almost all ¢ € |a,b]. We also write &,,(7) to denote the point reached at
time 7 under the input v from initial condition z = ,,,(0); this point is uniquely
determined, since the assumptions on f ensure existence and uniqueness of tra-
jectories [Son98]. Although we have defined trajectories over open domains, we
shall refer to trajectories &, :[0, 7] — R™ and input curves v : [0, 7[— U defined
on domains [0,7], [0,7], 7 € RT, with the understanding of the existence of a
trajectory &, :Ja, b]— R™ and input curve v’ :]a,b[— U such that a« < 0, b > 7,
§oo = Elp,- and v = V'|g ;1. Note that by continuity of £, we have that &, (7)

is uniquely defined as the left limit of &, (¢) with t — .

A control system ¥ is said to be forward complete if every trajectory can be
extended to an interval of the form |a, co[. Sufficient and necessary conditions for
a system to be forward complete can be found in [AS99]. A control system ¥ is

said to be smooth if f is smooth.

2.3 Incremental stability

We start by introducing the following definitions which were inspired by the no-
tions of incremental global asymptotic stability (5-GAS) and incremental input-

to-state stability (0-ISS) presented in [Ang02].

Definition 2.3.1. A control system X is incrementally globally asymptotically
stable (63-GAS) if it is forward complete and there exist a metric d and a KL

function B such that for any t € R}, any x,2’ € R™ and any v € U the following



condition is satisfied:
d (ng(t% gx’v(t)) < B (d (Iv ZL‘/) 7t) : (231)

While 0-GAS, as defined in [Ang02], requires the metric d to be the Euclidean
metric, Definition 2.3.1 only requires the existence of a metric; hence, the existen-
tial quantifier in the acronym 63-GAS. The condition (2.3.1), when the metric d

is the Euclidean metric, is as follows:

1€av(t) = &) < B (lz — 2] ;1) (2.3.2)

We note that while 6-GAS is not generally invariant under changes of coordi-
nates, d3-GAS is. If ¢ : R" — R" is a global diffeomorphism, inequality (2.3.1)

transforms under changes of coordinate ¢ to:

d’ (¢ 0 & (t), ¢ 0 Eurn(t)) < B(d (4(), 9(2')) . 1),

where d'(y,y") = d(¢~(y),¢ ' (¢/)). Nevertheless, when the origin is an equi-
librium point for 3 and the map ¢ : R® — R{, defined by ¥(z) = d(x,0),
is continuous®' and radially unbounded?, both 65-GAS and §-GAS imply global
asymptotic stability (GAS).

Definition 2.3.2. A control system ¥ is incrementally input-to-state stable (63-
ISS) if it is forward complete and there exist a metric d, a KL function 3, and a
Koo function y such that for any t € RS, any x, 2’ € R", and any v, v' € U the

following condition is satisfied:
d (E40(t), € (1) < B(d (z,2) 1) + v (v —V'|) - (2.3.3)

By observing (2.3.1) and (2.3.3), it is readily seen that §3-ISS implies 03-GAS

while the converse is not true in general. Moreover, whenever the metric d is the

'Here, continuity is understood with respect to the Euclidean metric.
2Under the stated assumptions it can be shown that a(||z||) < ¥(x) < a(||z]|) for some K
functions o and @.



Euclidean metric, 03-ISS becomes J-ISS as defined in [Ang02] as the following:

1€av(8) = Earor (D < B ([l = 2], 8) + 7 ([l = V') - (2.3.4)

We note that while 6-ISS is not generally invariant under changes of coordinates,
03-ISS is. Once again, although 63-ISS is not equivalent to 0-ISS, both notions
imply input-to-state stability whenever the origin is an equilibrium point for X
and the map ¢ : R — R, defined by ¢ (x) = d(z,0), is continuous® and radially

unbounded.

Remark 2.3.3. For linear control systems, the functions 8 and ~ in Definition
2.5.2, when metric is the Euclidean one, can be explicitly computed as follows. It

can be readily verified that any linear control system:
£ = At + Bu, £(t) €R™ v(t) € UCR™, (2.3.5)

s 0-1SS if and only if A is globally asymptotically stable, i.e., every eigenvalue of

A has strictly negative real part. Then, the functions § and v can be chosen as:

B(r.t) = [|e[| i () = (HBH /0 OOHeASHds> N (2.3.6)

where |le|| denotes the infinity norm of e,

In Chapter 4, we provide Lyapunov characterizations and contraction metric

descriptions for incremental stability.

2.4 Incremental forward completeness

We now describe a weaker concept that is satisfied even in the absence of stability.

Definition 2.4.1. A control system 3 is incrementally forward complete (§-FC)

if it is forward complete and there exist continuous functions B : Ry x Rf — Ry

3Here, continuity is understood with respect to the Euclidean metric.
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and v : Ry x Ry — Ry such that for every s € R, the functions (-, s) and
v(+, 8) belong to class Koo, and for any z, 2’ € R™, any t € R™, and any v,v' € U,

the following condition is satisfied:
1€0(t) = Lo (D] < B[l — 2| £) +([lv = ']l 1) (2.4.1)

Incremental forward completeness? requires the distance between two arbitrary
trajectories to be bounded by the sum of two terms capturing the mismatch
between the initial conditions and the mismatch between the inputs as shown in

(2.4.1).

As an example, for a linear control system (not necessarily stable):
£ = At + Bu, £(t) €R", v(t) € UCR™,
the functions  and ~ can be chosen as:

B(rt) = ||| r: A1) = ( /0 HeAsBHds> " (2.4.2)

where [|e!|| denotes the infinity norm of e4!. From (2.3.4) and (2.4.1), we can
immediately see that 6-ISS implies §-FC. However, the converse is not true, in
general, since the function [ in (2.4.1) is not required to be a decreasing function
of t and the function 7 in (2.4.1) is allowed to depend on ¢ while this is not the
case in (2.3.4).

4We note that 6-FC implies uniform continuity of the map ¢, : R® x 4 — R” defined by
bi(w,0) = &4y (t) for any fixed t € Ry. Here, uniform continuity is understood with respect to
the topology induced by the infinity norm on R"™, the sup norm on U, and the product topology
on R" x U.
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CHAPTER 3

Symbolic models for nonlinear control systems

3.1 Introduction

Many cyber-physical systems involve the complex interplay between continuous
controlled dynamical systems and discrete controllers. Correctness requirements
for these systems involve temporal specifications about the evolution of the dy-
namics, which are not easily amenable to classical continuous controller synthesis
techniques. As a result, in recent years, a lot of research has focused on symbolic
models of systems involving both continuous and discrete components (so called
hybrid systems). A symbolic model is a discrete approximation of the continu-
ous system such that controllers designed for the approximation can be refined
to controllers for the original system. Symbolic models are interesting because
they allow the algorithmic machinery for controller synthesis of discrete systems
w.r.t. temporal specifications [EJ91, Tho95, MPS95] to be used to automatically

synthesize controllers for hybrid systems.

3.1.1 Previous work

In the past years several different abstraction techniques have been developed to
assist in the synthesis of controllers enforcing complex specifications. This work is
concerned with symbolic abstractions resulting from replacing aggregates or collec-
tions of states of a control system by symbols. When a symbolic abstraction with a

finite number of states or symbols is available, the synthesis of the controllers can
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be reduced to a fixed-point computation over the finite-state abstraction [Tab09].
Moreover, by leveraging computational tools developed for discrete-event systems
[KG95, CL99] and games on automata [{AHMO01, MNAO03, AVWO03], one can syn-
thesize controllers satisfying specifications difficult to enforce with conventional
control design methods. Examples of such specification classes include logic spec-

ifications expressed in linear temporal logic or automata on infinite strings.

The quest for symbolic abstractions has a long history including results on
timed automata [AD90], rectangular hybrid automata [HKPV98], and o-minimal
hybrid systems [LPS00, BM05]. Early results for classes of control systems were
based on dynamical consistency properties [CW98], natural invariants of the con-
trol system [KASLOO0], [-complete approximations [MROO02], and quantized in-
puts and states [FJL02, BMP02]. Recent results include work on piecewise-affine
and multi-affine systems [HCS06, BH06], set-oriented discretization approach for
discrete-time nonlinear optimal control problem [Jun04], abstractions based on an
elegant use of convexity of reachable sets for sufficiently small time [Rei09], and

the use of incremental input-to-state stability [PGT08, PT09, PPDT10, GPT09].

3.1.2 Contributions

We focus here on digital control systems, in which there is a sampling time 7 and

the control action is chosen from a compact set and held constant for 7 time units.

First contribution: current approaches to building the symbolic model, such
as [PGTO08, PT09, PPDT10, GPT09], proceed as follows. First, they choose dis-
cretizations of the state and input sets. Then, they use either the incremental
stability assumption or incremental Lyapunov functions to show that if the dis-
cretizations are sufficiently small, and the sampling time 7 is sufficiently big, then
the resulting discrete abstraction is e-approximate bisimilar to the original system.

If the sampling time, which is usually not under the control of the verification en-
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gineer, is not sufficiently large, the technique will not apply. Even if the method
applies, the resulting state space is often prohibitively large. This is usually the

case for symbolic models built using conservative Lyapunov functions [GPT09].

We show a construction of approximately bisimilar models for digital control
systems that improves upon known algorithms. The insight in our construction is
to consider a number of sampling steps instead of only one step. That is, we dilate
the quantum of time of the control system and observe the system only every k
steps, for some parameter k. Then, instead of requiring that the sampling time
is sufficiently big, we only require that the number of steps is chosen sufficiently
large, so that the technique is always applicable. Further, we demonstrate exper-
imentally in Section 3.4 that our technique can give symbolic models that require
a much coarser discretization of the state and input sets, resulting in symbolic
models with many fewer states, while guaranteeing e-approximate bisimulation

with the original system.

Second contribution: our next results improve upon most of the existing tech-
niques in two directions: i) by being applicable to larger classes of control systems;
ii) by not requiring the exact computation of reachable sets which is a hard task
in general. In the first direction, our technique improves upon the results in
[BMP02, HCS06, BH06] by being applicable to systems not restricted to non-
holonomic chained-form, piecewise-affine, and multi-affine systems, respectively,
and upon the results in [PGT08, PT09, PPDT10, GPT09] by not requiring any
stability assumption. In the second direction, our technique improves upon the
results in [MRO02, FJL02] by not requiring the exact computation of reachable
sets. The results in [Jun04] offer a discretization tailored to optimal control while
our discretization is independent of the control objective. In [Rei09] a different
abstraction technique is proposed that is also applicable to a wide class of con-
trol systems and does not require the exact computation of reachable sets. Such

technique provides tight over-approximations of reachable sets based on convex-
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ity but requires small sampling times. Other efficient techniques are available in
the literature for computing over-approximations of reachable sets. For example,
[Jun00, DJ02, SP90] provide tight over-approximations of reachable sets, not nec-
essarily convex, at the cost of a higher computational complexity than [Rei09].
In contrast to [Rei09, SP90], our technique imposes no restrictions on the choice
of the sampling time but provides less tight over-approximations of the set of

reachable states.

We show that symbolic models exist if the control systems satisfy an incremen-
tal forward completeness assumption which is an incremental version of forward

completeness. The second contribution of this chapter is to establish that:

For every nonlinear digital control system satisfying the incremental forward
completeness assumption, one can construct a symbolic model that is alternat-
ingly approximately simulated' by the control system and that approzimately sim-
ulates® the control system. Although these results are of theoretical nature, we
also provide a simple way of constructing symbolic models which can be improved
by using tighter over-approximations of reachable sets such as those described

in [Rei09, Jun00, DJ02].

These relationships are weaker than the approximate bisimulation relation-
ships, established in the first part of this chapter and in [PGT08, PT09, PPDT10,
GPT09], in the sense that they are only sufficient but not necessary to guarantee
that any controller synthesized for the symbolic model can be refined to a con-
troller enforcing the desired specifications on the original control system. In other
words, any controller synthesized for the abstraction can be converted into a con-
troller enforcing the specification on the original control system. However, failing
to find a controller enforcing the specification on the symbolic model does not pre-

vent the existence of a controller for the original control system. Hence, control

L As defined in Definition 3.2.5.
2 As defined in Definition 3.2.3.
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designers are confronted with the choice between the following two alternatives

when using approximate abstractions:

1. design a controller rendering the original control system incrementally input-
to-state stable using the results in Chapter 4 and then apply the abstraction
techniques proposed in the first part of this chapter or in [PGT08, PT09,
PPDT10, GPT09];

2. or construct an abstraction using the results presented in the second part of

this chapter.

Since most of the existing controller design techniques provide controllers enforc-
ing stability rather than incremental stability, the second alternative provides a
concrete approach to symbolic control design for unstable control systems. In
Section 3.4, we illustrate the results through a simple unstable example in which

a vehicle is requested to reach a target set while avoiding a number of obstacles.

3.2 Preliminaries

We will use notion of systems to describe both control systems as well as their
symbolic models. A more detailed exposition of the notion of system that we now

introduce can be found in [Tab09].

Definition 3.2.1. [Tab09] A system S is a quintuple:
S = <X7U7—>7}/7H)7

consisting of:

o A set of states X ;

o A set of inputs U;
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e A transition relation —C X x U x X;
o An output set'Y;

o An output function H : X — Y.
System S' is said to be:

e metric, if the output set Y is equipped with a metricd : Y x Y — R{;
e countable, if X is a countable set;

e finite, if X is a finite set.

A transition (, u, ') €— is denoted by # —— /. For a transition z — 2,
state 2’ is called a wu-successor, or simply successor, of state x. We denote by
Post,(z) the set of u-successors of a state x and by U(z) the set of inputs u € U
for which Post,(x) is nonempty. We shall abuse the notation and denote by
Post,(Z) the set Post,(Z) = J,., Post,(x). A system is deterministic if for
any state € X and any input u, there exists at most one u-successor (there may
be none). A system is called nondeterministic if it is not deterministic. Hence, for
a nondeterministic system it is possible for a state to have two (or possibly more)

distinct u-successors.

Definition 3.2.2. [Tab09] For a system S = (X, U, —,Y, H) and given any state
xo € X, a finite state run generated from xq is a finite sequence of transitions:

uQ Ul u Un—2 Un—1
Zo T T2 s Tp—1 — Tn,

such that x; LN xir1 for all 0 < i < n, where 1 € Ny. In some cases, a finite
state Tun can be extended to an infinite state run. An infinite state run generated
from xq 1s an infinite sequence:

uo Ul u us3
Zo T ) XT3

such that x; B Zir1 for all i € Ny.
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3.2.1 System relations

We first consider simulation and bisimulation relations that are useful when an-
alyzing or synthesizing controllers for deterministic systems. Intuitively, a bisim-
ulation relation between a pair of systems S, and S, is a relation between the
corresponding sets of states showing how a transition in S, can be transformed
into a transition in Sy and vice versa. A simulation relation is a one-sided version

of a bisimulation relation.

Definition 3.2.3. Let S, = (X,, U,, — Yo, Hy) and Sy = (X, Uy, —
Yy, Hy) be metric systems with the same output sets Y, =Y, and metric d, and con-
sider a precision € € RY. A relation R C X, x Xy, is said to be an s-approzimate

simulation relation from S, to Sy, if the following three conditions are satisfied:

(i) for every x, € X,, there exists x, € X, with (x,, 1) € R;
(ii) for every (x4, xp) € R we have d(H,(x,), Hy(xp)) < €

(iii) for every (x4, xp) € R we have that: z, %» x! in S, implies the existence

of zy —~ x} in Sy satisfying (), z}) € R.

System S, is e-approximately simulated by .5, or S, e-approximately simulates

Sa, denoted by S, <5 Sy, if there exists an e-approximate simulation relation from
S, to Sp.

Note that in [Tab09], the condition (i) of Definition 3.2.3 relates states in a
set of initial states. In this chapter we assume that all the states are initial states
for simplicity of presentation. Hence, the condition (i) is written for all the states

in X. The same simplification is used in the forthcoming relations.

Note also that when € = 0, the condition (ii) in the above definition is changed
to (x4, ) € R if and only if H,(x,) = Hp(zp) and R becomes an exact simulation

relation [Mil89, Par81].
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Symmetrizing the notion of simulation we obtain the notion of bisimulation,

which we report hereafter.

Definition 3.2.4. Let S, = (X,, U,, — Yo, Hy) and S, = (X,, Uy, —
Yy, Hy) be metric systems with the same output sets Y, =Y, and metric d, and con-
sider a precision ¢ € RY. A relation R C X, X X, is said to be an e-approximate

bisimulation relation between S, and Sy, if the following two conditions are satis-

fied:

(i) R is an e-approzimate simulation relation from S, to Sy;

(ii) R~ is an e-approzimate simulation relation from S, to S,.

System S, is e-approximate bisimilar to .S, denoted by S, =% S, if there exists

an e-approximate bisimulation relation R between S, and .S.

Similarly, a 0O-approximate bisimulation relation R is an exact bisimulation

relation [Mil89, Par81].

For nondeterministic systems we need to consider relationships that explicitly
capture the adversarial nature of nondeterminism. It was illustrated in [PT09]
that the preceding notions of simulation and bisimulation are not appropriate
for symbolic control design on nondeterministic systems. In the following, we
report the notions of alternating approximate simulation and bisimulation which,

as illustrated in [PT09], are appropriate for nondeterministic systems.

Definition 3.2.5. Let S, = (X,, U,, — Yo, Hy) and S, = (X,, Uy, —

Yy, Hy) be metric systems with the same output sets Y, =Y, and metric d, and
consider a precision € € RY. A relation R C X, X X} is said to be an alternating
e-approzimate simulation relation from S, to Sy if the following three conditions

are satisfied:
(i) for every x, € X,, there exists x, € Xy, with (x4, 1) € R;
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(i1) for every (zq,xp) € R we have d(H,(z,), Hp(xp)) < &;

(iii) for every (xq,xy) € R and for every u, € U,(x,) there exists u, € Upy(xp)
such that for every xj € Post,, () there exists !, € Post,, (x,) satisfying

(¢}, a,) € R.

System .S, is alternatingly e-approximately simulated by S, or S, alternatingly
e-approximately simulates S,, denoted by S, =% s S, if there exists an alternating

g-approximate simulation relation from S, to 5.
Note also that when ¢ = 0, the condition (ii) in the above definition is changed
to (x4, ) € Rif and only if H,(z,) = Hy(zp) and R becomes an exact alternating

simulation relation [AHKV9S].

Symmetrizing the notion of alternating simulation one obtains the notion of

alternating bisimulation.

Definition 3.2.6. Let S, = (X,, U,, — Yo, Hy) and Sy = (X,, Uy, —

Yy, Hy) be metric systems with the same output sets Y, =Y, and metric d, and
consider a precision € € RT. A relation R C X, x X, is said to be an alternat-
ing e-approximate bisimulation relation between S, and Sy, if the following two

conditions are satisfied:

(i) R is an alternating e-approzimate simulation relation from S, to Sp;
(ii) R is an alternating e-approzimate simulation relation from Sy to S,.
System S, is alternating e-approximate bisimilar to Sy, denoted by

Sa =g Sp, if there exists an alternating e-approximate bisimulation relation R

between S, and S}.

Similarly, an alternating O-approximate bisimulation relation R is an exact

alternating bisimulation relation [AHKV9S].
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It is readily seen from the above definitions that the notions of approximate
(bi)simulation and of alternating approximate (bi)simulation coincide when the
systems involved are deterministic. It is shown in [Tab09] that for the nondeter-
ministic case, these two notions are not comparable in the sense that approximate
(bi)simulation does not imply alternating approximate (bi)simulation neither does

alternating approximate (bi)simulation imply approximate (bi)simulation.

The importance of the preceding notions lies in enabling the transfer of con-
trollers designed for the symbolic models to controllers acting on the original
control systems. More details about these notions and how the refinement of

controllers is performed can be found in [Tab09].

3.3 Existence of symbolic models

This section contains the main contributions of this chapter. The results in this
section rely on additional assumptions on U and U that we now describe. Such
assumptions are not required for the definitions and results in other sections and
chapters. We restrict attention to control systems X = (R™, U, U, f) with input
set which is assumed to be a finite union of boxes containing the origin. We
further restrict attention to digital control systems, where input curves belong to

U, containing only curves, constant in any duration 7 € R™, i.e.
U = {U RE = U o) = o((k —1)7),t € [(k — V)7 k7, k € N},

where 7 is the sampling time.

3.3.1 First result

We show that a §-ISS digital control system X admits a countable symbolic ab-
straction. First, we consider a metric system Sk, (X) which relates two states if

the second is reached from the first in k7 time for a parameter k € N.
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Given a constant k£ € N and a digital control system > = (R", U, U,, f), define

the metric system:
Skr(2) = (Xkr, Ugr, - Yir, Hir ), (3.3.1)
consisting of:
o Xy =RY

L4 UkT = uT?

kT

o T, %» ). if there exists a trajectory &;, ., : [0, k7] — R"™ of ¥ satisfying

gkaUkT(kT) = x;ﬁ?T’
oV, = Rn’

b HkT = 1IR{”-

Although the metric system Sk, (X)) relates states of ¥ that are k sampling
steps apart, this system is not less accurate than S;(3) relating states of ¥ one
sampling time apart in the sense that for any initialized run with & transitions in

the latter there is one transition in the former and vice versa.

Now, assume that ¥ is §-ISS. Consider a triple q = (, u, k), where n € RT is
the state space quantization which determines a discretization of the state space,
i € RT is the input set quantization which determines a discretization of the
inputs, and k£ € N is a design parameter. Given ¥ and q, consider the following
metric system:

SQ(Z> = (XQ7 qu T 7)/C|7 Hq)y (332)

consisting of:
o Xq=[R"];;
k
o Ug=IIi=i V]
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° 1, %» g if there is a trajectory g, ¢ [0, k7] — R™ such that ||€squ, (FT) —

zoll < n/2;
° Yq =R"

o Hy=1:Xq—Y,

We have abused notation by identifying v € [U], with the constant input curve
with domain [0, 7] and value v and identifying u € [[f_,[U], with the concate-
nation of k& control inputs v’ € [U], (ie., u(t) = v* for any t € [(i — 1)7,i7]) for
i =1,...,k. The set of states of S,(X) is countable in general, and finite when

the set of states of X is restricted to a compact set.

The transition relation of Sq(X) is well defined in the sense that for every

zq € [R", and every u € []I_,[U], there always exists ry € [R"], such that

U,

Tq —qq> ;. This can be seen by noting that by definition of [R"],, for any 7 € R"
there always exists a state 7' € [R"], such that [|[2—2'|| < /2. Hence, for &, (kT)

there always exists a state x;, € [R"], satisfying ||z u, (T) — 25| < 1/2.

We can now present the first result of this chapter.

Theorem 3.3.1. Let ¥ = (R™,U,U,, f) be a §-ISS digital control system, with
sampling time T, and let functions 8 and ~ satisfy (2.3.4). For any ¢ € R* and
any triple q = (n, p, k) of quantization parameters, we have Sq(X) =% Sk () if
< span(U) and

Ble, k) + (1) +n/2 <e. (3.3.3)

Before giving the proof, we point out that if ¥ is §-ISS, there always exists
a triple q = (n, u, k) satisfying condition (3.3.3). Since § is a KL function, there
exists sufficiently large & € N such that S(e, kT) < £/2; for this value of k, by

choosing sufficiently small values of  and pu, condition (3.3.3) can be fulfilled.
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Proof:  We start by proving Si,(3) =% Sq(%). Consider the relation R C
Xir X Xy defined by (2, 2q) € Rif and only if || He, () —Hg ()| = |2k —24]| <
€. Since X}, C Upe[Rn]n B, 2(p) and by (3.3.3), for every xj, € X}, there always

exists x4 € Xq such that:
lzkr — 2qll <m/2 <e. (3.3.4)

Hence, (2y,,2q) € R and condition (i) in Definition 3.2.3 is satisfied. Now consider
any (Zpr,zq) € R. Condition (ii) in Definition 3.2.3 is satisfied by the definition
of R. Let us now show that condition (iii) in Definition 3.2.3 holds.

Consider any vy, € Uy, of duration k7. Choose an input uq € Uq satistying:
[0k [a—1)m) 0l = Ugli-1r)irllloe = lUrr ((E = 1)7) —ug(U = D7) <, (3.3.5)

for any [ = 1,...,k. Note that the existence of such uq is guaranteed by the
special shape of U and by the inequality u < span(U) which guarantees that
U € U,e, Bu(p). Now, we have:

< . (3.3.6)

[Vkr — Ugllee = uax. Hka‘[(zq)ﬂ,zr[ - uQ‘[(zq)T),zT[

o0

.....

Consider the unique transition xy, %» 2y =&y, (KT) In Sk (2). It follows
from the §-ISS assumption on 3 and (3.3.6) that the distance between z}_ and
&xquq (kT) is bounded as:

[2%r = oqua BT < B (ke — 2qll, k7) + 7 (ke — ugllee) < B (e, kT) +7 (1)
(3.3.7)

Since Xir € U,erny, Br/2(p), there exists zq € Xq such that:

€aquq (kT) — 4]l < 1/2, (3.3.8)

which, by the definition of S4(X), implies the existence of z, %» T in Sq().
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Using the inequalities (3.3.3), (3.3.7), (3.3.8), and triangle inequality, we obtain:

125r — Tl < N%hr — Caque (FT) + Caquq (KT) — 2|
< [k = Eoqug (BT 4 1€aquq (KT) — ]|

< Ble, kT) +v(p) +n/2 < e

Therefore, we conclude ()., ;) € R and condition (iii) in Definition 3.2.3 holds.

Now we prove S4(X) <% Sk-(2) implying that B! is a suitable e-approximate
simulation relation. Consider the relation R C X}, x X, defined in the first part
of the proof. For every zq € X4, by choosing xj, = x4, we have (z4,2q) € R
and condition (i) in Definition 3.2.3 is satisfied. Now consider any (zy,,zq) € R.
Condition (ii) in Definition 3.2.3 is satisfied by the definition of R. Let us now
show that condition (iii) in Definition 3.2.3 holds. Consider any uq € U,. Choose
the input vy, = uq and consider the unique x} = &, o, (k7) in Sk, (X). Using

6-1SS assumption for ¥, we bound the distance between ), and &, ., (k7) as
2, = Eanua (b7 < B (lane — 24l b7) < Be, k7). (3.3.9)

Using the definition of Sq(X), the inequalities (3.3.3), (3.3.9), and the triangle

inequality, we obtain:

175 — 2l ST — Caquq (BT) + Erqug (k) — 24|
SHIICT gxquq(kT)H + ||§-Tquq (kT) - H
<B(e, kt)+n/2 <e.

Therefore, we conclude that (z},,z;) € R and condition (iii) in Definition 3.2.3

holds. O

Remark 3.3.2. Although we assume the set U is infinite, Theorem 3.3.1 still
holds when the set U is finite, with the following modifications. First, the system
¥ is required to satisfy the property (2.3.4) for v =1v'. Second, take Uq = Hle U
in the definition of Sq(X). Finally, in the condition (3.5.3), set = 0.
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A concern that arises when using Sq(X) is the inter-samples behavior: can a
specification be violated for ¢ €]0, k7[ even though it is satisfied at ¢ = 0 and
t = k7r? This concern arises already in existing approaches to compute discrete

abstractions [PGTO08, PT09, GPT09] (setting k = 1).

In the absence of any bounds on inter-samples behaviors, the results of con-
troller synthesis on S4(X) can be interpreted in the following way. If there is no
controller satisfying a safety or co-Biichi specification on Sq(X), respectively, then
we can conclude that there is no controller satisfying the same safety or co-Biichi
specification on Y, respectively. Dually, if there is a controller satisfying a reacha-
bility or Biichi specification on Sq(X), respectively, then we can conclude that the
refinement of that controller satisfies the same reachability or Biichi specification

on X, respectively.

In practice, the parameter 7 is chosen to be sufficiently small, and if k£ € N is
also small, the specification is directly verified against S4(X) ignoring inter-samples
behaviors. If it is important to include the effects of inter-samples behaviors, e.g.,
when 7 or k are large, there is a naive way to solve the inter-samples behaviors,
especially in terms of synthesizing a controller. In the process of constructing
abstract transition system Sq(X), every transition can be labeled not only with
the input but also with the sequence of the states visited at times 7,27, ..., (k—1)7.
Now, one can find a symbolic controller for the constructed abstract transition
system with the knowledge of what is happening in the inert-samples. By doing

this, we shrink the inter-samples behaviors in only one sample time ]0, 7].

Furthermore, one can over-approximate the reachable states between two sam-
ple points using techniques incorporating zonotopes [Gir05, Tab09] or support
functions [GG10, FGD*11]. We illustrate the bounding technique using zono-
topes. A transition %» Ty, in Sq(X) implies the existence of a trajectory &p u,
of ¥ satisfying ||{zqu, (k7) — 2] < 1/2. We can thus enclose z4 in a zonotope

Zy, enclose By s(z;) in a different zonotope Z,, and use results in [Gir05] (see
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also Proposition 7.31 in [Tab09]) for a given uq € U, to obtain another zonotope

Zyr (g, uq, 74) containing all the states &gy, (t) for ¢ € [0, k7).

Fix an € and q such that Sq(X) =% Si-(X). Let Z be the smallest zonotope
enclosing 7y and Z;. Let go(zq,uq, 73) be an upper bound on the Hausdorff
distance between Z and Zj, (24, uq, x;), and let 9 be the supremum over all choices
of z4 Lq» zy. Then, if Sq(X) =5 Si-(2), then we know that any trajectory of
Sq(X) is at most € away from a trajectory of S(X). If 9 > ¢, then one needs to
reduce the original precision € and compute a new q, and iterate. This represents
the tradeoff between choosing larger k’s and bounding the deviations of inter-
samples behaviors: choosing a larger & makes satisfying (3.3.3) easier, but can

make ¢, larger.

Remark 3.3.3. For linear control systems in (2.3.5) and safety (or co-Biichi)
specifications, we can compute bounds on inter-samples behaviors in the follow-
ing way. Assume W € R™ is a compact and convex polyhedron with h vertices
xl, .. 2t Assume ¥ is a globally asymptotically stable linear control system, de-
fined in (2.3.5) and Sq(X) is its symbolic abstraction. Assume there exists a sym-
bolic controller on Sq(X) satisfying® OW. What can we say about the existence of
a controller on S;(X)? It can be readily verified that there exists a controller sat-
isfying oW on S, (X)), where W s the polyhedron with vertices T', ..., 7%, defined
by:

7=yl AT (e — 1) [TV Bui + ...+ e Buj._, + Buj.] , (3.3.10)

where I* and u* are computed by:

(I*,uy,...,u5) = arg El%?c(—lm,mgeU Nz w, (3.3.11)

where the symbol ||-||\w denotes the point-to-set distance, namely, ||x|lw = mingew ||z—

w||, and

7=yl + AT (e — 1) [V Buy + ...+ e By + By . (3.3.12)

3 Note that the semantics of LTL would be defined over the output behaviors of Sq(X).
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[fw C W, then no new states are introduced through inter-samples behaviors. A

similar analysis can be performed for co-Bichi objectives.

3.3.1.1 Comparison with previous techniques

We now compare our result (Theorem 3.3.1) with existing results on computing

g-approximate bisimilar discrete abstractions for 6-ISS digital control systems.

The construction in Pola, Girard, and Tabuada [PGTO08] essentially fixes k =
1. That is, it computes the metric system S;(X) and shows that Sq(X) is e-
approximate bisimilar to it if 4 < span(U) and S(e,7) + v(u) + n/2 < e. This
inequality may not hold for a choice of 7 and in that case, the technique fails to
construct an e-approximate bisimilar abstraction. In contrast, we are guaranteed
that for every given € and 7, we can choose parameters 7, u, and k£ such that

Sq(X) is e-approximate bisimilar to Sk, (X).

Next, we compare with the construction in Girard, Pola, and Tabuada [GPT09].
First, we need the notion of §-ISS Lyapunov functions, explained in more details

in Chapter 4.

Definition 3.3.4. [Ang02] Fiz a control system . A smooth function V : R™ X
R™ — Ry is called a §-1SS Lyapunov function for ¥ if there exist Ko functions

«a, @, and o, and a positive real kK € RT such that:

(i) for any z,z’ € R™,

ol —a'll) < V(z,2) <a(lz —2']);

(ii) for any x,x’ € R™ and for any u,u’ € U,

G f(@ow) + G fal ) < =&V (z,2') + o(|lu—])).

The results in [GPT09] additionally assume:

V(z,y) = Vi, 2)| <7(lly - =2[)), (3.3.13)
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for any z,y,z € R", and some K. function 7. As explained in [GPT09], this
assumption is not restrictive provided V' is smooth and we are interested in the
dynamics of ¥ on a compact subset of R", which is often the case in practice. The

main result of [GPT09] is as follows.

Theorem 3.3.5. [GPT09] Let ¥ be a §-1SS digital control system admitting a
§-1SS Lyapunov function V. For any ¢ € RY and parameters q = (n,u, 1), we
have Sq(X) =5 S-(2) if p < span(U) and

w2 <nin{7 (1= o) - 2ol ot @)} G310

For a given sampling time 7 € R, there always exist n,u € R satisfying
the condition (3.3.14). However, it can be readily verified that if the sampling
time 7 is very small, the right hand side of the inequality (3.3.14) is very small
as well. Therefore, the upper bound on 7 will be very small, resulting in a large
symbolic abstraction. On the other hand, we can always choose k£ € N in (3.3.3)
appropriately, to control the size of the symbolic model, justifying advantage of
our proposed approach in comparison with the approach in [GPT09]. In Sec-
tion 3.4, we demonstrate experimentally that our approach can result in discrete
abstractions with orders of magnitude fewer states than the abstractions using

Theorem 3.3.5.

3.3.2 Second result

Here, we show that a §-FC digital control system, suitably restricted to a compact

set, admits a finite abstraction.

We consider a §-FC digital control system ¥ = (R™, U,U,, f), and a triple q =
(n, i, ) of quantization parameters, where € R™ is the state space quantization,

i € R is the input set quantization, and § € R is a design parameter. Given X
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and q, define the system:

S5q(2) = (Xq, Uy, - Yy, Hy), (3.3.15)
consisting of:
o Xq=[R"];;
o Uy = (U]
o g — > Tq if [[Saquy (T) — 24|l < B0, 7) + 7 (1, 7) + 35
o Y. =R";

o Hy=1:Xq—=Y,,

where  and v are the functions appearing in (2.4.1). In the definition of the
transition relation, and in the remainder of the chapter, we abuse notation by

identifying uq with the constant input curve with domain [0, 7[ and value uq.

The transition relation of Sq(X) is well defined in the sense that for every
Tq € Xq and every uq € Uq there always exists x, € X such that x4 %» 7. This
can be seen by noting that by definition of X, for any € R" there always exists
a state ry € Xg such that ||z — x| < n/2. Hence, for x = &, ., (7) there always
exists a state v, € Xg satisfying [[€pgu,(7) — 2l < 3 < B0, 7) + v (1, 7) + 5.

We stress that while system S;(X) is not countable, system S4(X) is so and it
becomes finite when the state set of the control system ¥ is restricted to a compact
set. We can now state one of the main results of this chapter which relates -FC

to existence of symbolic models.

Theorem 3.3.6. Let ¥ = (R™, U, U, f) be a 6-FC digital control system. For any
desired precision € € RY, and any triple q = (0, u,0) of quantization parameters

satisfying p < span(U) and n < 2e < 26, we have Sq(X) <5s S+(X) <5 54(2).
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Proof: ~ We start by proving S;(X) <5 Sq(2). Consider the relation R C
X, x X, defined by (z,,z4) € Rif and only if ||H,(z,) — Hq(zq)|| = ||z — 4] < €.

Since X, C | B, 2(p), for every x, € X, there exists x4 € Xq such that:

DPE| R”

|z, — 24|l < = <e. (3.3.16)

N3

Hence, (z,,%4) € R and condition (i) in Definition 3.2.3 is satisfied. Now consider
any (z,,q) € R. Condition (ii) in Definition 3.2.3 is satisfied by the definition of

R. Let us now show that condition (iii) in Definition 3.2.3 holds.

Consider any v, € U,, defined on [0, 7[. Choose an input uq € Uy satisfying:
[vr = tglloc = [[v-(0) — uq ()| < p- (3.3.17)

Note that the existence of such uq is guaranteed by the special form of U and by
the inequality p < span(U) which guarantees that U C UpE[U]H B,.(p). Consider
the unique transition z, L;» zl =& . (1) in S-(X). It follows from the 6-FC

assumption that the distance between z/. and &, ., (7) is bounded as:

127 = Eaque ()| < B(e, ) + v (1, 7). (3.3.18)

Since X, C | B, /2(p), there exists z; € X4 such that:

DE| R"

[l — gl <

(3.3.19)

N3

Using the inequalities ¢ < 6, (3.3.18), (3.3.19), and the triangle inequality, we

obtain:
[€aque (T) = Tl = [1€aque (T) — 2% + 2% — 2 || < [[€aque (T) — || + || — g ]
n n
< Ble, )+ (p, 7) + 5 < B0, ) +7(/~M)+§,

which implies the existence of %» Ty in Sq(¥) by the definition of Sq(%).
Therefore, from inequality (3.3.19) and § < ¢, we conclude (27,z;) € R and

condition (iii) in Definition 3.2.3 holds.
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Now we prove Sq(X) <%s S-(X). Consider the relation R C X, x X4. For
every x4 € Xq, by choosing =, = x4, we have (z,,z4) € R and condition (i) in
Definition 3.2.5 is satisfied. Now consider any (z,,x4) € R. Condition (ii) in
Definition 3.2.5 is satisfied by the definition of R. Let us now show that condition
(iii) in Definition 3.2.5 holds. Consider any uq € Uy. Choose the input v, = uq
and consider the unique 2/ = &, ,.(7) € Post,, (z;) in S;(¥). From the 0-FC

assumption, the distance between 2. and &, ., (7) is bounded as:
127 = &oqug (T)[| < Ble, 7). (3.3.20)

Since X C U, g}, Bu/2(p), there exists zq € Xq such that:

peE
|2t — 2t < g (3.3.21)

Using the inequalities, ¢ < 6, (3.3.20), (3.3.21), and the triangle inequality, we

obtain:

1€2quq (T) — TGl = [|€que (T) — 27 + 2% — 2|
n
S Méqug (7) = 22| + [l — gl < Ble,7) + 5
n
S 5(077_) +’Y(:u’7—) + 57

which implies the existence of x4 % Ty in Sq(X) by definition of Sy(%). There-
fore, from inequality (3.3.21) and § < e, we can conclude that (z/,7;) € R and

condition (iii) in Definition 3.2.5 holds, which completes the proof.

Remark 3.3.7. Although the set U is infinite, the results in Theorem 3.3.6 still
hold when the set U is finite with the following modifications: the system X is
required to satisfy the property (2.4.1) for v =" and in the definition of Sq(%)
in (3.3.15), Uy = U and vy(u,7) = 0.

Remark 3.3.8. The transition relation defined in (3.3.15) can also be written as:

q

Tq Lq» LL’Z] if Bg (xf]) N Bpo,:)4+(u7) (Exqua (T)) 7 2. (3.3.22)
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This shows that we place a transition from xq to any point xy for which the ball
Ba(xq) intersects the over-approzimation of Post,, (B:(xq)) given by
Ba(o,r)++ () (Ewqua (T)) . It is mot difficult to see that the conclusion of Theorem

8.3.6 remains valid if we use any over-approvimation of the set Post, (B:(xq)).

The result in Theorem 3.3.6 is only a sufficient result in the sense that if one
fails to find a controller enforcing the desired specification on the symbolic model
Sq(X), it can not be concluded the non-existence of a controller enforcing the
desired specification on S;(X). On the other hand, if S;(X) is related to Sq(X) by
an alternating approximate bisimulation, not finding a controller for Sq(X) would
imply the non-existence of a controller for S.(¥). The existence of a countable
approximately bisimilar system to S;(3) was shown in [PGTO08] under a §-ISS
assumption. It is therefore natural to ask the extent to which the results in
[PGTO08] are recovered when 6-FC is replaced by 4-ISS. The next result gives an

answer to this question.

Theorem 3.3.9. Let ¥ = (R™, U, U, f) be a 6-FC digital control system. For any
desired precision € € RY, and any triple q = (0, u,0) of quantization parameters
satisfying pu < span(U), n < 2e < 20, and

Ble,7) + 2y (u,7) + B(0,7) +

we have S;(X) =55 Sq(X).

o3
IA
™

(3.3.23)

Although the condition 1 < 2¢ follows from (3.3.23), we decided to include it
in the statement of Theorem 3.3.9 so that its assumptions can be easily compared
with the assumptions in Theorem 3.3.6. Moreover, under a 9-ISS assumption
and if 7 is sufficiently large, we can always find a quantization vector q satisfy-
ing (3.3.23).

Proof: ~ We prove S;(X) <55 Sq(X). Consider the relation R C X, x X,
defined by (z,,x4) € R if and only if

[H(27) = Ho(wq)|| = [|2- — zq|| <&
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Since X, C UqG[R"]n B,/2(q), for every x, € X, there exists x4 € X4 such that:

|z, —2q]] < = <e. (3.3.24)

N3

Hence, (z,,4) € R and condition (i) in Definition 3.2.5 is satisfied. Consider now
any (z,,q) € R. Condition (ii) in Definition 3.2.5 is satisfied by the definition of
R. Let us now show that condition (iii) in Definition 3.2.5 holds.

Consider any v, € U,, defined on [0, 7[, and choose an input uq € U, satisfying:
[vr = Uglloc = [[Ur(0) — ug(0)|| < 4. (3.3.25)

Note that existence of such uq is guaranteed by the special form of U and by the
inequality p < span(U) which guarantees that U C Upe[u]u B,(p). Consider the
unique 2, =&, _,.(7) € Post,_(z,) in S;(X). It follows from the 6-FC assumption

that the distance between z/. and &, (7) is bounded as:

127 = Eaque (T)I| < B, 7) + 7 (11, 7) - (3.3.26)

For all x; € Post, (z4), and based on the definition of the symbolic model, we

have:

onua(7) = 24l < BO7) +7 (1.7) + 3. (3.3.27)

Using the inequalities (3.3.23), (3.3.26), (3.3.27), and the triangle inequality, we

obtain:

27 = @qll = 127 — &oquq (T) + Eaque (7) — 24
< 2% = Eaqua (M [€aquq (T) — 4]

<Ble,7)+v (1) + B0, 7) +7 (1, 7)+ 5 <&

N3

Hence (27,z]) € R and condition (iii) in Definition 3.2.5 holds and we have

T3 %q

5-(2) < SalD).

The proof of the other direction: S4(X) =%s 5-(X), follows from Theorem
3.3.6.
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Since the relationships established in Theorem 3.3.9 in this chapter and The-
orem 5.1 in [PGTO08] are different: approximate bisimulation in [PGT08] and
alternating approximate bisimulation in this chapter, and since the construction
in (3.3.15) applies to nondeterministic systems but the construction provided in
[PGTO08] applies to deterministic systems, one can not compare these two theo-
rems directly. However, we can verify that the assumptions in Theorem 3.3.9 are
stronger in the sense that any quadruple (7,7, i, 0) satisfying (3.3.23) also satisfies
the condition 3(e, 7)+7(i) + 4 < € in Theorem 5.1 in [PGTO08] while the converse

1s not true.

The symbolic model Sq(X) in (3.3.15) has a countably infinite set of states. In
order to construct a finite symbolic model we note that in practical applications
the physical variables are restricted to a compact set. Velocities, temperatures,
pressures, and other physical quantities cannot become arbitrarily large without
violating the operational envelop defined by the control problem being solved. By
making use of this fact, we can directly compute a finite abstraction Syp(X) of
S;(2) capturing the behavior of S;(3) within a given set D, which is assumed to
be a finite union of boxes containing the origin. By having the extra condition

n < span(D), we define the system
Sap(%) = (Xap, Uap, —5= » Yan, Hap),
where
e Xop = [D];
e Uyp = U
UqD

* Zap — 5~ Tan it [|€eqpugn () — Zgpll < B(0,7) + 7 (1, 7) + n and any z; €

Post,,, (74p) in Sq(X) belongs to Xqp;

L4 qD:}/;q;
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[ HqD - Hq.

Note that Sqp(X) is a finite system because D is a compact set. Moreover,
the relation R C X,p x X, defined by (z4p,zq) € R if xqp = x4 is an alter-
nating 0-approximate simulation relation from Syp(X) to Sq(X). By combining
Sap(X) =%s Sq(X) with S4(X) <55 S-(X) we conclude? Syp(E) <55 S-(X).
Hence, any controller synthesized for the finite model S,p(X) can be refined to
a controller enforcing the same specification on S;(X). Detailed information on

how to construct refinements can be found in [Tab09].

3.4 Examples

We now experimentally demonstrate the effectiveness of our contributions. In the
examples below, all constants and variables use SI units. Moreover, the com-
putation of the abstractions Sq(X) was performed using the tool Pessoa [Pes09]
on a laptop with CPU Intel Core 2 Duo @ 2.4GHz. Controllers enforcing the
specifications were found by using standard algorithms from game theory, see e.g.
[MPS95, Tab09], as implemented in Pessoa. We assume that control inputs are

piecewise constant of duration 7

In the examples, we assume that U, is finite. In the first three examples, we
assume that U, contains curves taking values in [U]os and in the last example,
taking values in [U]o3. Hence, as explained in Remarks 3.3.2 and 3.3.7, = 0
in the conditions (3.3.3) and (3.3.14) and in the definition of S4(X) in (3.3.15),
Y(p,7) = 0.

Table 3.1 summarizes the experimental results for the first three examples.

41t is shown in [Tab09] that the composition of two alternating simulation relations is still
an alternating simulation relation.
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Parameters of S4(X) Time
Control T € 1=0.5
Systems [PGTO08] | [GPT09] | Our approach | [PGT08] | [GPT09] | Our approach
U U (n, k)
DC motor | 0.02 1 N/A 0.012 (0.5, 2) N/A 00 1.42s
Robot 0.002 | 0.075 | 0.0027 0.0022 (0.01, 4) 00 00 45.29s
Pendulum | 0.02 | 025 | N/A | 0.0007 (0.1, 2) N/A % 33s

Table 3.1: Parameters of S,(X) and overall required time for constructing Sq(X)
and synthesizing controllers. The notation N/A means not applicable. We use
the notation oo to indicate that the size of S4(X) is too large for Pessoa to finish

constructing the abstraction.

10

—-10 I I I I I I I I I I}
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Py

N OV_,_(\~
-2 I I I I I I I I I I}
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1~

= 0OF
-1 I I I I I I I I I I}
o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.1: Upper and central panels: evolution of &; and & with initial condition

(0, 0). Lower panel: input signal.
3.4.1 DC motor
Model: Consider a linear DC motor (from [CMU]) described by:

&1 = —%51 + ?fz,

& = —%51 - %52 + %%

PO (3.4.1)

where &; is the angular velocity of the motor, & is the current through the inductor,
v is the source voltage, b = 107* is the damping ratio of the mechanical system,
J = 10~* is the moment of inertia of the rotor, K = 5 x 1072 is the electromotive

force constant, L = 2 x 1072 is the electric inductance, and R = 1 is the electric
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resistance. Using Remark 2.3.3, it is readily seen that ¥ is 4-ISS.

Abstraction: We assume that U = [—1, 1]. We work on the subset D = [—10, 10]x
[—10, 10] of the state space of . For a sampling time 7 = 0.02, the function /3
in (2.3.4) is given by B(e,7) = 1.26e. Hence, the results in [PGTO08] cannot be
applied because the condition (3.3.3) of Theorem 3.3.1 cannot be fulfilled when
k = 1. On the other hand, by choosing k = 2, we have (e, k7) = 0.73¢ implying
that the condition (3.3.3) of Theorem 3.3.1 can be fulfilled. For a precision ¢ = 1,
we construct a symbolic model S4(X). The parameters of Sq(X) based on the
results in this paper as well as the construction in [GPT09] are given in Table 3.1.
The proposed state space quantization parameter in [GPT09] is roughly 42 times
smaller than our quantization parameter. Since X is a 2 dimensional system, the

size of our abstraction is 422 times smaller than the one in [GPT09].

Example control problem: Consider the objective to design a controller forcing the
trajectories of ¥ to reach and stay within W =[9, 10] x [—1, 1] thereafter while
always remaining within Z = [—-10, 10] x [—1, 1], that is, the LTL specification
SOWADOZ. Using the result in Remark 3.3.3, we compute 7 and W and note that
in this case, 7 C Z and 171/\ C W. Hence, the existence of a symbolic controller
on Sq(X) satisfying OGOW A OZ implies the existence of a controller satisfying
SOW AOZ on . In Figure 3.1, we show the closed-loop trajectory stemming
from the initial condition (0, 0) as well as the evolution of the input signal. It is
readily seen that the specifications are satisfied in the sense that trajectories of X
reach and stay within We =[9 — ¢, 10] x [-1 — ¢, 1+ ¢] thereafter while always
remaining within Z¢ = [-10, 10] x [-1 —¢, 1 +¢].
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-0.5-

Figure 3.2: Evolution of the robot and the input signals with initial condition

(0.9, 0.9).
3.4.2 Motion planing

Model: Consider a linear model of a robot described by:

= —10& — & + 100y,
oF & §1— & 1 (3.4.2)

€y = —& — 10& + 100,

The position of the robot is given by the pair (£;,&). The pair (v, v9) are the
control inputs, expressing the velocity of the wheels. Using Remark 2.3.3, it is

readily seen that X is 6-ISS.

Abstraction: We assume that (vy,v9) € U = [—1, 1] x [-1, 1]. We work on the
subset D = [—1, 1] x [—1, 1] of the state space of ¥.. For a sampling time 7 =
0.002, the function 8 in (2.3.4) is given by f(g,7) = 0.982¢. Hence, the results in
[PGTO08] can be applied. On the other hand, by choosing k = 4, we have (e, k1) =
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0.93¢ implying that the condition (3.3.3) of Theorem 3.3.1 can also be fulfilled.
For a precision £ = 0.075, we construct a symbolic model Sq(3). The parameters
of S4(X) based on the results in this paper and those from [PGT08, GPT09] are
given in Table 3.1. The state space quantization parameters in [PGT08, GPT09]
are roughly four times smaller than our 7. Therefore, the size of our abstraction

is roughly 4% times smaller than the ones in [PGT08, GPT09].

Ezxample control problem: Consider the problem of designing a controller navi-
gating the robot to reach the target set W = [-1, —0.9] x [-0.1, 0.1], indicated
with a target box in the far left hand side in Figure 3.2, while avoiding the ob-
stacles, indicated as rectangular boxes in Figure 3.2, and then remain indefinitely
inside W. If we denote by ¢ and 1 the predicates representing the target and ob-
stacles, respectively, this specification can also be expressed by the LTL formula
&O¢ A O—p. If we express the non-obstacle area in Figure 3.2 as the union of [
polyhedra Z;, for ¢ = 1,...,[, then using the result in Remark 3.3.3, we compute
Z and /V[7, and note that for this example, Z C Z;, for each i = 1,...,[, and
WcCw. Hence, a symbolic controller on Sy(X) satisfying ¢0O¢ A O—) implies
there exists a controller satisfying the specification on . In Figure 3.2, we show

the closed-loop trajectory stemming from the initial condition (0.9, 0.9) and the

evolution of the input signals. It is readily seen that the specification is satisfied.

3.4.3 Pendulum with resource constraints

Model: Consider a nonlinear model of a pendulum on a cart (from [PGTO8])

described by:
5. 8= (3.4.3)
§o = —9sin (&) — %52 + v,
where & and & are the angular position and velocity of the point mass, v is the

torque applied to the cart, g = 9.8 is acceleration due to gravity, [ = 5 is the

length of the rod, m = 0.5 is the mass, and h = 3 is the coefficient of friction. As
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shown in [PGTO08], ¥ is 0-ISS.

Abstraction: We assume that U = [—1.5, 1.5]. We work on the subset D =
[—1, 1] x [—=1, 1] of the state space of ¥. As shown in [PGT08], the function g in
(2.3.4) is given by B(e,7) = 6.17e7%%7¢ 50 for a sampling time 7 = 0.5, we have
B(e,7) = 2.18=. Hence, the results in [PGTO08] cannot be applied because the
condition (3.3.3) of Theorem 3.3.1 cannot be fulfilled when k£ = 1. On the other
hand, by choosing k& = 2, we have f(e, kT) = 0.77¢, so the condition (3.3.3) of
Theorem 3.3.1 is fulfilled. For a precision € = 0.25, we construct a symbolic model
Sq(X). The parameters of Sq(X) based on the results in this paper and [GPT09]
are given in Table 3.1. The state space quantization parameter in [GPT09] is
roughly 147 times smaller than our quantization parameter. Therefore, the size
of the symbolic model computed by our algorithm is roughly 1472 ~ 2 x 10* times
smaller than the one in [GPT09).

Ezxample control problem: Suppose our objective is to design a controller forcing
the trajectories of the system to reach the target set W = [—0.7, —0.6] x [—1, 1]
and to remain indefinitely inside W. Furthermore, to add a discrete component to
the problem, we assume that the controller is implemented on a microprocessor,
executing other tasks in addition to the control task. We consider a schedule with
epochs of four time slots in which the first two slots are allocated to the control
task and the rest of them to other tasks. The expression time slot refer to a time
interval of the form [£'7, (K’ + 1)7] with £" € N and where 7 is the sampling time.

Therefore, the microprocessor schedule is given by:
|aauu|aauulaauu|aauu|aauu|aauulaauy| . . .,

where a denotes a slot available for the control task and u denotes a slot allotted
to other tasks. The symbol | separates each epoch of four time slots. The schedu-
lability constraint on the microprocessor can be represented by the finite system

in Figure 3.3. Initial states of the finite system are distinguished by being the
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Figure 3.3: Finite system describing the schedulability constraints. The lower
part of the states are labeled with the outputs a and u denoting availability and

unavailability of the microprocessor, respectively.

Figure 3.4: Upper and central panels: evolution of &; and & with initial condition

(—=0.9, —1). Lower panel: input signal.

target of a sourceless arrow.

In Figure 3.4, we show the closed-loop trajectory stemming from the initial
condition (—0.9, — 1), and the evolution of the input signal, where the finite

system initialized from state gs.

3.4.4 Vehicle navigation

We borrowed this example from [AMO0S8|. In this model, the motion of the front
and rear pairs of wheels are approximated by a single front wheel and a single

rear wheel. We consider the following model for the vehicle:
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Figure 3.5: Vehicle top view.

. cos(a+6)
T = cos(ar) ?
Y:d g=v Slg(f;;@, (3.4.4)

0= % tan(d),

where @ = arctan (at%f(é)) The position of the vehicle is given by the pair
(x,y), and the orientation of the vehicle is given by 6. The pair (vg,d) are the
control inputs, expressing the velocity of the rear wheel and the steering angle,
respectively. It is readily seen that ¥ is not §-ISS. Hence, the results in the first
part of this chapter and in [PGT08, PT09, GPT09] cannot be applied to this
system. We assume that a = 0.5, b = 1, and (vy,0) € U = [—1, 1] x[—1, 1]. Since
control inputs are piecewise constant of duration 7, it can be readily checked that

for any t € [0, 7], we get:

b sin (a + % tan(6)t 4 6(0)) — sin(a + 6(0))

2(t) = [ : cos(a) tan(d) } +2(0),
—b| cos (a + % tan(d)t + 6(0)) — cos(a + 6(0))

y(t) = [ | : cos(a) tan(é? ] +3(0),

o(t) :%0 tan(8)t + 6(0),

if tan(d) # 0, and z(t) = vy cos(6(0))t + x(0), y(t) = vosin(A(0))t + y(0), and
0(t) = 6(0), if tan(d) = 0. It can be verified that for the given U, the function f is

given by B(r,t) = (141.267t)r. We work on the subset D = [0, 10] x [0, 10] x [—7, 7]

of the state space of 3. Our objective is to design a controller navigating the ve-

hicle to reach the target set W = [9, 9.5] x [0, 0.5], indicated with a red box in
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Figure 3.6: Evolution of the vehicle with initial condition (0.4, 0.4, 0).
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Figure 3.6, while avoiding the obstacles, indicated as blue boxes in Figure 3.6, and
remain indefinitely inside W. For a precision € = 0.2, we construct a symbolic
model Sqp(X) by choosing § = 0.2, n = 0.2, and 7 = 0.3 so that the assump-
tions of Theorem 3.3.6 are satisfied. The resulting number of states, inputs, and
transitions were 91035, 49, and 34020088, respectively. The consumed CPU time
for computing the abstraction and synthesizing the controller were 13509.38 and
535.987 seconds, respectively. In Figure 3.6, we show the closed-loop trajectory
stemming from the initial condition (0.4, 0.4, 0). It is readily seen that the spec-

ification is satisfied. In Figure 3.7, we show the evolution of the input signals.

3.5 Discussion

In the first part of this chapter, we presented a construction of symbolic models
for 6-ISS digital control systems without any restriction on the sampling time and
without using Lyapunov functions. The preceding experiments demonstrate that
our construction improves upon previous techniques by providing approximate
transition systems that are orders of magnitude smaller than previous construc-

tions, enabling automatic controller synthesis for systems that were beyond the
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Time

Figure 3.7: Evolution of the input signals.

capacity of current tools. In the second part of the chapter we showed that any
0-FC digital control system, suitably restricted to a compact subset of states, ad-
mits a finite (not necessarily bisimilar) symbolic model. Our results improve upon
the existing work by being applicable to a large class of control systems and by
not requiring the exact computation of reachable sets or the convexity of reach-
able sets. The symbolic models constructed according to the results presented
in this chapter can be used to synthesize controllers enforcing complex specifica-
tions given in several different formalisms such as temporal logics or automata on
infinite strings. The synthesis of such controllers is well understood and can be

performed using simple fixed-point computations as described in [Tab09].
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CHAPTER 4

Incremental properties of nonlinear control

systems

4.1 Introduction

Stability is a property of dynamical systems comparing trajectories with an equi-
librium point or with a particular trajectory. Incremental stability is a stronger
property comparing arbitrary trajectories with themselves, rather than with an
equilibrium point or with a particular trajectory. It is well-known that for lin-
ear systems incremental stability is equivalent to global asymptotic stability. For
nonlinear systems, incremental stability is a stronger property requiring separate

concepts and techniques for its study.

The notion of incremental stability has a long history that can be traced back
to the work of Zames in the 60’s, as described in [Zam96]. In [Zam63], incremental
stability is introduced and studied under the input-output setting where control
systems are regarded as operators mapping input signals to output signals. In-
cremental stability then arises naturally by considering the Lipschitz constant of
the operator. A modern treatment of incremental stability, based on Lyapunov
methods, appeared only recently in [Ang02] where incremental global asymptotic
stability (0-GAS) and incremental input-to-state stability (6-ISS) were defined in
a state-space setting. The notion of 6-GAS was defined by requiring the Euclidean

distance between two arbitrary system trajectories to converge! to zero. Lyapunov

LA suitable “small overshoot” requirement is also included in the definition.
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characterizations of 0-GAS and 0-ISS were also given in [Ang02]. There are two
other stability properties related to incremental stability that have an equally

long, if not longer, history.

The first is the notion of convergent system which, according to [PPvdWNO04],
was introduced in the 60’s by B. P. Demidovich in [Dem61, Dem67]. A system is
convergent if all the system trajectories converge! to a trajectory, bounded on the
whole time axis. Furthermore, Demidovich also introduced a sufficient condition
for a system to be convergent, called the Demidovich’s condition in [PvdWNO05].
Since incremental stability requires every trajectory to converge to every other
trajectory, an incrementally stable system is also a convergent system whenever

a trajectory, bounded on the whole time axis, exists.

The second stability property is contractivity and was introduced in the con-
trol community by Lohmiller and Slotine in [LS98] although it had been studied
before in the mathematical community [Jou05]. Rather than comparing trajec-
tories, the notion of contracting system is infinitesimal and requires the decrease
of a suitable quantity, defined through a Riemannian metric, along trajectories.
The definition of contracting system can be seen as a generalization of the Demi-
dovich’s condition. Note that while the Demidovich’s condition was introduced
as a sufficient condition for a system to be convergent, its generalization in [LS98]

was directly used as the definition of contracting system.

Although both contractivity as well as convergence are coordinate indepen-
dent properties, this is no longer the case with incremental stability. In this
chapter, however, we work with a variation of incremental stability that is coor-
dinate invariant. This is achieved by no longer insisting on the distance between

trajectories being measured by the Euclidean metric.
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4.1.1 Previous work

The number of applications of incremental stability has increased in the past
years. Examples include building explicit bounds on the region of attraction in
phase-locking in the Kuramoto system [FCPL10], modeling of nonlinear analog
circuits [BML™10], robustness analysis of systems over finite alphabets [TMDO§],
global synchronization in networks of cyclic feedback systems [HSSG12|, con-
trol reconfiguration of piecewise affine systems with actuator and sensor faults
[RHvdWL11], intrinsic observer design [ARO03], consensus problems in complex
networks [WS05], output regulation of nonlinear systems [PvdWNO05], design of
frequency estimators [SKO08], synchronization of coupled identical dynamical sys-
tems [RABS09], construction of symbolic models for nonlinear control systems
[PGT08, PT09, GPT09], and the analysis of bio-molecular systems [RdB09]. Our
motivation comes from symbolic control where incremental stability was identi-
fied as a key property enabling the construction of finite bisimilar abstractions of
nonlinear control systems, as shown in Chapter 3 and in [PGT08, PT09, GPT09].
Hence, there is a growing need for design methods providing controllers enforcing
incremental stability since most of the existing design methods guarantee stability

rather than incremental stability.

Related works include controller design for convergence of Lur’e-type sys-
tems [PvdWNO05, PvdWNO7] and a class of piecewise affine systems [vdWPO08]
through the solution of linear matrix inequalities (LMIs). In contrast, the cur-
rent work in this chapter does not require the solution of LMIs and the exis-
tence of controllers is always guaranteed for the class of systems under consid-
eration. The quest for backstepping design approaches for incremental stabil-
ity has received increasing attention recently. Recently obtained results include

backstepping design approaches rendering parametric-strict-feedback? form sys-

2See [KKK95] for a definition.
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tems incrementally globally asymptotically stable® using the notion of contrac-
tion metrics in [JL0O2, SK09, SKO08]. The results in [PvdWNO05] offer a backstep-
ping design approach rendering a larger class of control systems than those in
parametric-strict-feedback form input-to-state convergent, rather than incremen-
tally input-to-state stable. We will build upon these results in [PvdWNO05] and
extend those in the scope of incremental stability. The notion of (input-to-state)
convergence requires existence of a trajectory which is bounded on the whole time
axis which is not the case in incremental input-to-state stability. The notion of
input-to-state convergence can not be applied to the results in Chapter 3 and
in [PGTO08, GPT09, PT09], which require the global asymptotic stability of all

trajectories rather than that of to particular trajectory.

4.1.2 Contributions

Angeli [Ang02] proposed the notions of incremental Lyapunov function and incre-
mental input-to-state Lyapunov function, and used these notions to prove charac-
terizations of 9-GAS and -ISS. Both proposed notions of Lyapunov functions in
[Ang02] are not coordinate independent, in general. In this chapter, we propose
new notions of incremental Lyapunov functions and incremental input-to-state
Lyapunov functions that are coordinate invariant. Moreover, we use these new
notions of Lyapunov functions to characterize notions of 63-GAS and §3-1SS. Since
the proposed notions of Lyapunov functions in this chapter are coordinate invari-

ant, they potentiate the development of synthesis tools for incremental stability.

In addition to incremental Lyapunov functions, the d3-GAS and 3-ISS condi-
tions can be checked by resorting to contraction metrics. The interested reader
may consult [LS98] for more detailed information about the notion of contraction
metrics. The description of d3-GAS in terms of existence of a contraction metric

was given in [ARO3]. In this chapter, we provide the description of d3-ISS in terms

3Understood in the sense of Definition 2.3.1.
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of existence of a contraction metric.

Finally, we propose a backstopping design approach providing controllers ren-
dering some classes of control systems 63-GAS and 03-ISS. Our techniques improve

upon most of the existing backstepping techniques in three directions:

1) by providing controllers enforcing not only incremental global asymptotic

stability but also incremental input-to-state stability;
2) by being applicable to larger classes of (non-smooth) control systems;

3) by providing a recursive way of constructing not only contraction metrics

but also incremental Lyapunov functions.

In the first direction, our technique extends the results in [JL02, SK09, SKO08|,
where only controllers enforcing incremental global asymptotic stability are de-
signed. In the second direction, our technique improves the results in [JL02, SK09,
SKO08], which are only applicable to smooth parametric-strict-feedback form sys-
tems. In the third direction, our technique extends the results in [J1.02, SKO09,
SKO08], where the authors only provide a recursive way of constructing contrac-
tion metrics, and the results in [PvdWNO05], where the authors do not provide a
way to construct Lyapunov functions characterizing the input-to-state conver-
gence property induced by the controller. Note that the explicit availability
of incremental Lyapunov functions is necessary in many applications. Exam-
ples include the construction of symbolic models for nonlinear control systems
[GPT09, Gir05, CGG11], robust test generation of hybrid systems [JFAT07], the
approximation of stochastic hybrid systems [JP09], and source-code model check-
ing for nonlinear dynamical systems [KDL*08]. Note that incremental Lyapunov

functions can be used as bisimulation functions, recognized as a key tool for the

analysis in [JFAT07, JFAT07, KDL108].
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4.2 Preliminaries

In this chapter, we denote by ||z|| the Euclidean norm of z, for any « € R", rather

than using ||z2.

4.2.1 Incremental Lyapunov function

We start by introducing the following definition which was inspired by the notions
of incremental global asymptotic stability (6-GAS) Lyapunov function and incre-

mental input-to-state stability (6-ISS) Lyapunov function presented in [Ang02].

Definition 4.2.1. Consider a control system ¥ = (R*,U,U, f) and a smooth
function V : R® x R" — RS, Function V is called a 63-GAS Lyapunov function

for X3, if there exist a metric d, Ko functions o, @, and k € R™ such that:

(i) for any z,2’ € R",
a(d(z, ") < V(x,2") <a(d(x,z')),

(ii) for any xz,x’ € R™ and any u € U,

N f(,u) + D f (2 u) < —kV (2, 7).

Function V s called a 63-1SS Lyapunov function for 3, if there exist a metric d,

Ko functions a, @, o, and k € R satisfying conditions (i) and:

(iii) for any x,x’ € R™ and for any u,u € U,

G f(@w) + Grfa o) < —kV(2,2") + o([Ju— o))

Remark 4.2.2. Condition (iii) of Definition 4.2.1 can be replaced by:

)+ 51 ) < —pld(at) + o — ),

where p is a Ko function. It is known that there is no loss of generality in
considering p(||lx—yl|) = KV (x,y), by appropriately modifying the 6-1SS Lyapunov
function V' (see Lemma 11 in [PW96]).
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While §-GAS and 4-ISS Lyapunov functions, as defined in [Ang02], require the
metric d to be the Euclidean metric, Definition 4.2.1 only requires the existence
of a metric. We note that while J-GAS and J-ISS Lyapunov functions are not
invariant under changes of coordinates in general, 05-GAS and §3-ISS Lyapunov

functions are.

In the next lemma, we show that d5-GAS and 63-ISS Lyapunov functions,

defined in Definition 4.2.1, are invariant under changes of coordinates.

Lemma 4.2.3. Let ¥ = (R",U,U, f) be a control system and let ¢ : R™ — R"™ be
a global diffeomorphism. If the function V is a d3-GAS (resp. 03-1SS) Lyapunov
function for X, then the function ‘A/(y, )=V (67 y), o (Y)), for anyy,y’ € R",
is a 63-GAS (resp. 03-1SS) Lyapunov function for ¥' = (R", U, U, ¢.f).

Proof: For simplifying the proof, we abuse the notation and use V o ¢~! to

denote V (¢!, ¢~1). Inequalities (i) in Definition 4.2.1, transforms under ¢ to:

a(d(o (), 07 (W) <V (e ' y),o ' (v) <a(d(o (). ¢ '(V)))-

Therefore, function V o ¢! satisfies the inequalities (i) in Definition 4.2.1 by
the metric d'(y,y') = d (¢~ (y),»~(y')). Let us now show that condition (ii) in
Definition 4.2.1 holds for V o ¢, Using 24 2% (¢~ (y)) = I,,, we obtain:

oy Oz
O(Voopt 9(V oot
W2 ) 6. ptw )+ 2 oy
ov O¢p~1! oV Ot ,
= %‘a;:qgfl(y)a—y (gb*f) (?J, u) + %}$/:¢71(yl)8—y/ (Qs*f) (y ,U) (421)
oV a_v

- %‘wﬂb*(y)f (gb*l(y),u)) + oz’
< —kV (07 (), 07'()),

oo (6710, w)

which completes the proof. Similarly, it can be shown that V o ¢! satisfies the
condition (iii) in Definition 4.2.1 for ¥’ if V' satisfies it for X.

Now we introduce the following definition which was inspired by the notion of
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0-ISS Lyapunov function in Definition 4.2.1, when the metric d is the Euclidean

metric.

Definition 4.2.4. Consider a control system ¥ = (R™, U, U, f) and a smooth
function V : R" x R™ — RS. Function V is called a 5-FC Lyapunov function for

33, if there exist Ko functions o, @, o, and k € R such that:

(i) for any z, 2’ € R™,

a(fz = 2')) < V(z,2') < a(llz — 2[));

(ii) for any x,x’ € R™ and for any u,u’ € U,

g f(@,u) + o fa o) < wV(z,2') + o(fu — o))

Note that x in the condition (ii) in Definition 4.2.4 can be both negative and

positive.

4.2.2 Variational systems

The variational system associated with a smooth control system ¥ = (R", U, U, f),

when we only have state variations, is given by the differential equation:

d 56y

- (6¢) 03 (4.2.2)

aI rz=¢

u=v

for any v € U and where 6¢ is the variation* of a trajectory & of X. More details

about the variational system can be found in [CS87].

Similarly, the variational system associated with a smooth control system ¥ =
(R™, U,U, f), when we have state and input variations, is given by the differential

equation:

of
R (4.2.3)

u=v u=v

where 0§ and dv are variations of a state trajectory £ and an input curve v of ¥,

A, of
5(55)—%

respectively.

4The variation ¢ can be formally defined by considering a family of trajectories &, (¢, €)
parametrized by € € R. The variation of the state is then 6 = av

de *
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4.2.3 Contraction (expansion) metric

The following definition is adapted from [LS98]:

Definition 4.2.5. Let ¥ = (R™, U, U, f) be a smooth control system on R™ equipped
with a Riemannian metric G. The metric G is said to be a contraction (resp. ex-
pansion) metric, with respect to states, for system ¥ if there exists some N eRF
(resp. X< 0) such that:

~

(X, X)p < —MX, X)g (4.2.4)

for F(z,u) = (%)TG(Q}) +G(2)9 + %L f(x,u), anyu e U, X € R" and x € R,

or equivalently:

X7 ((%) G(z) + G(as)% + % (:v,u)) X < -AXTG(z)X, (4.2.5)

where the constant ‘3\\ is called contraction (resp. expansion) rate.

When the metric G is constant, the condition (4.2.4) or (4.2.5), for A € RT, is
known as the Demidovich’s condition [PvdWNO5]. It is shown in [PvdWNO05] that

such condition implies incremental stability and the convergent system property.

Note that the inequality (4.2.4) or (4.2.5) implies:

4o, 66)6 < ~Aoe, 38}, (4.2:6)

when we only have state variations and 6 is the variation of a state trajectory &

of Y.

The following definition is a generalization of Definition 4.2.5, when we have

state and input variations.

Definition 4.2.6. Let ¥ = (R™, U, U, f) be a smooth control system on R™ equipped
with a Riemannian metric G. The metric G is said to be a contraction (resp. ex-

pansion) metric, with respect to states and inputs, for system 3 if there exists
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some A € RT (resp. X<0)andac Ry such that:

(X, X)p + 2<%Y, X> < MX, X)e +alX, X)HY, V) (427)
G

for F(z,u) = (%)TG(x) —i—G(x)% + % f(z,u), any X €R", z € R", u € U, and
Y € R™, or equivalently:

X7 ((%)T G(z) + G(x) % + 2% f(x, u)> X +2vT ()" Ga)x

[N

< AXTG(2)X + a(XTG(2)X)2(YTY)3, (4.2.8)

is called contraction (resp. expansion) rate.

where the constant ‘3\\
Note that the inequality (4.2.7) or (4.2.8) implies:

9 56,060 < (0, 08} + (o€, 3V (6w, ) (4.2.9)

when we have state and input variations and where 6§ and dv are variations of a

state trajectory £ and an input curve v of X.

4.3 Chracterizations of incremental stability

4.3.1 Lyapunov characterizations of incremental stability

The following theorem, provided in [Ang02], characterizes 6-GAS and §-ISS in

terms of existence of a 6-GAS and a §-ISS Lyapunov function, respectively.

Theorem 4.3.1 ([Ang02]). Consider a control system ¥ = (R",U,U, f). Then:

e [f U is compact then X is 6-GAS if and only if it admits a §-GAS Lyapunov

function;

e [fU is closed, convex, compact, contains the origin and f(0,0) = 0, then X

18 0-1SS if and only if it admits a 6-1SS Lyapunov function.
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To provide characterizations of d3-ISS (resp. d3-GAS) in terms of the existence
of d3-ISS (resp. 03-GAS) Lyapunov functions, we need the following technical

results.

Here, we introduce the following definition which was inspired by the notion

of uniform global asymptotic stability with respect to sets, presented in [LSW96].

Definition 4.3.2. A control system ¥ = (R", U, U, f) is uniformly globally asymp-
totically stable (UsGAS) with respect to a set A C R™ if it is forward complete
and there exist a metric d, and a KL function (8 such that for any t € RS, any

x € R" and any v € U, the following condition is satisfied:
d(&u(t), A) < B(d(z, A), 1) (4.3.1)

We now introduce the following definition which was inspired by the notion of

uniform global asymptotic stability (UGAS) Lyapunov functions in [LSW96].

Definition 4.3.3. Consider a control system ¥ = (R", U, U, f), a set A, and a
smooth function V : R™ — R. Function V is called a UsGAS Lyapunov function,
with respect to A, for X, if there exist a metric d, Ko functions o, @, and k € R

such that:

(1) for any x € R,
a(d(z, A)) < V(z) < a(d(z, A));

(ii) for any x € R™ and any u € U,

%—‘;f(l‘,U) S —KZV(.T).

The following theorem characterizes U3GAS in terms of the existence of a

UsGAS Lyapunov function.

Theorem 4.3.4. Consider a control system ¥ = (R", U, U, f) and a set A. If U
is compact and d is a metric such that the function ¥(-) = d(-,y) is continuous®

for any y € R™ then the following statements are equivalent:

5 Here, continuity is understood with respect to the Euclidean metric.
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(1) 3 is forward complete and there exists a UsGAS Lyapunov function with
respect to A, equipped with the metric d.

(2) 3 is UsGAS with respect to A, equipped with the metric d.

Proof: First we show that the function ¢(-) = d(-,.A) is a continuous function
with respect to the Euclidean metric. Assume {z,}>  is a converging sequence in
R™ with respect to the Euclidean metric, implying that ||z, — z*|| = 0 as n — oo

for some x* € R™. By the triangle inequality, we have:
d(z*y) <d(z",z,) +d(y,z,), (4.3.2)
for any n € N and any y € A. Using inequality (4.3.2), we obtain:
¢ (x*)=d(z*, A) = inf d (z*,y) < inf {d (2", 2,) +d (y,2,)} (4.3.3)
yeA yeA
=d (2", z,) + inf d(y,z,) =d(z%,2,) + ¢ (x,),
yeA

for any n € N. Using inequality (4.3.3) and the continuity assumption on d,

implying that lim,_,. d (z*, x,) = 0, we obtain for any n € N:
6(a") < inf {d (e, 20) + 6 (@)} = (") < lim ifo(a,),  (43.4)
m>n n—o00

where limit inferior exists because a lower bounded sequence of real numbers
always admit a greatest lower bound [RRA09]. By doing the same analysis, we

have:
¢ (z*) > lim sup ¢ (x,), (4.3.5)
n—oo
where limit superior exists because an upper bounded sequence of real numbers

always admit a least upper bound [RRA09]. Using inequalities (4.3.4) and (4.3.5),

one obtains:

¢ () = lim ¢ (x,), (4.3.6)

n—oo

implying that ¢ is a continuous function with respect to the Euclidean metric.
Since ¢(-) = d(-,.A) is a continuous, positive semidefinite function, by choosing

wi(+) = wse(-) =d(+,/A) in Theorem 1 in [TNK98|, the proof completes.
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Before showing the main results, we need the following technical lemma, in-

spired by Lemma 2.3 in [Ang02].

Lemma 4.3.5. Consider a control system > = (R", U, U, f). If ¥ is d3-GAS, then
the control system 5= (R?", U,U,j/‘"\), where f((,v) = [f(fl,U)T, f(§2,U)T:|T; and

(= [flT,sz}T, is UsGAS with respect to the diagonal set A, defined by:

A= {Z ER™IzeR": 2 = [acT,mT}T} : (4.3.7)

Proof: Since ¥ is §3-GAS, there exists a metric d : R" x R" — R{ such that

property (2.3.1) is satisfied. Now we define a new metric d:R> x R — RS by:
d(z,7) = d(z, 7)) + d(z2, 7)), (4.3.8)

T
for any z = [217, :UQT:|T, 2 = [x’lT,ng} € R?". It can be readily checked that
d satisfies all three conditions of a metric. Now we show that a(z, A), for any
z=[af, sz}T € R?" is proportional to d(z1, z2) which will be exploited later in

the proof. We have:

~ o~ ~ xXr A
d(z,A) = inf d(z,2) = inf d ", (4.3.9)
Z'eA ' €R™ Ty o

= inf {d(z1,2') +d(zq,2")} < inf {d(xy,2") + d(zy,2")}
T/ =x1

' €R™

=d(z1,x1) + d(z1, x2) = d(21, 22).

Since d is a metric, by using the triangle inequality, we have: d(zq,z2) < d(xy, ")+

d(zy,2') for any 2’ € R™, implying that:
d(ey,25) < inf {d(z1,2') +d(zz,2')} = d(z,A). (4.3.10)
a:/e n
Hence, using (4.3.9) and (4.3.10), one obtains:

d(z1,25) < d(z,A) < d(z1, 22) = d(z1,20) = d(2, A). (4.3.11)

o8



Using equality (4.3.11) and property (2.3.1), we have:

<3 -3 5:1:111(0
d (Co(t),A) =d A = d(Eau(t), Eapo(t)) (4.3.12)

§$2’U(t)
< B () 1) =6 (d(=0),1).

for any ¢t € Ry, and any v € U, where (., = [¢2,, ;JT, and z = [a:lT,xQT}T
Hence, S is UsGAS with respect to A.

We can now provide characterization of d3-GAS in terms of existence of a

03-GAS Lyapunov function.

Theorem 4.3.6. Consider a control system ¥ = (R", U U, f). If U is compact
and d is a metric such that the function () = d(-,y) is continuous® for any

y € R™ then the following statements are equivalent:

(1) X is forward complete and there exists a 63-GAS Lyapunov function, equipped
with the metric d.

(2) 3 is 03-GAS, equipped with the metric d.

Proof:  First we show the proof from (1) to (2), even in the absence of the
compactness assumption on U and the continuity assumption on d. The proof
is inspired by the work in [AS99]. By using property (i) in Definition 4.2.1, we
obtain:

d (5xv<t)7 gx’v(t)) < Q_l (V (gaw(t)? gx’v(t))) ) (4313)

for any t € R}, any z,2/ € R", and any v € U. By using property (ii) and the

comparison lemma [Kha96], one gets:

V(&mv(t% gx’v(t)) S e_mtv(grv(())? gx’v(()))? (4314)

6 Here, continuity is understood with respect to the Euclidean metric.
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for any t € R, any x,2’ € R", and any v € Y. By combining inequalities (4.3.13)
and (4.3.14), one gets:

d (Ex(t), Ean(t) < a7t (e7V (z,27)) .

Moreover, using V (z,z') < @(d (z,2')), one obtains:
d(&0 (1), & (1) < a7t (e"a(d(z, 2"))) .
Therefore, by defining function [ as:
Bd(z,a'),t) =a " (e ™a(d(z,2'))) (4.3.15)

the condition (2.3.1) is satisfied. Hence, the system X is d3-GAS.

We now prove that (2) implies (1). Since ¥ is 63-GAS, using Lemma 4.3.5,
we conclude that the control system i, defined in Lemma 4.3.5, is UsGAS with
respect to the diagonal set A. Since ¢(-) = d(,y) is continuous’ for any y € R",
it can be easily verified that QZ() = 8(, 2') is also continuous’ for any 2’ € R?",
where the metric d was defined in Lemma 4.3.5. Using Theorem 4.3.4, we conclude
that there exists a UsGAS Lyapunov function V : R*" — R{, with respect to A,
for 3. Thanks to the special form of i, using the equality (4.3.11), and slightly

abusing notation, the function V satisfies:

aldl|“|.all<v||®]|)<aldl]” ]| a
x’ T x’
= a(d(z,2")) < V(z,2') <a(d(x, )
o o | F@w)
(H) [8w (9:v’j| f(xl u) :L’
:>aa—‘;f(x,u)+av (' u) < —kV(x,2'),

for any z, 2’ € R", any u € U, some K, functions o, @ and some x € R*. Hence,

V is a 03-GAS Lyapunov function for . This completes the proof.

"Here, continuity is understood with respect to the Euclidean metric.
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Before providing characterization of d3-ISS in terms of existence of a d3-ISS
Lyapunov function, we need the following technical lemma, inspired by Proposi-
tion 5.3 in [Ang02]. By following similar steps as in [Ang02], we need to define

the proximal point function saty : R™ — U, defined by:
saty(u) = arg mi{} |lu' — ul| . (4.3.16)
u'€

As explained in [Ang02], by assuming U is closed and convex and since || - || :
R™ — R{ is a proper and convex function, the definition (4.3.16) is well-defined
and the minimizer of ||v' — u|| with «’ € U is unique. Moreover, by convexity of

U, we have:
||satu(u1) — satU(u2)|| S ||U1 — UQH, \V/UI, U € R™. (4317)

Lemma 4.3.7. Consider a control system ¥ = (R", U, U, f), where U is closed
and convex. If 3 is 03-1SS, equipped with a metric d such that ¥(-) = d(-,y)
is continuous® for any y € R", then there exists a Ko function p such that the
control system 5= (R*", D, D, ]?)9 1s U3GAS with respect to the diagonal set A,

where:

j?(C,W) _ f(&,saty(wr + p(d (&1, &2))w)) 7 (4.3.18)
f (&, saty(wr — p(d(&1, &2))wo))

(= [flT,SQT]T, D=Ux B(0,), and w = [wf,wg}T.

Proof: The proof was inspired by the proof of Proposition 5.3 in [Ang02].
We include the complete details to ensure that the interested reader can assess
the essential differences caused by using the arbitrary metric d rather than the
Euclidean metric. Since ¥ is d3-ISS, equipped with the metric d, there exist some

ICL function 8 and K., function v such that:

d(&av (1), & (1)) < max{B(d(z,2"), 1), Y([lv — v'[lo0) }- (4.3.19)

8 Here, continuity is understood with respect to the Euclidean metric.
9The set D contains all measurable and locally essentially bounded functions of time from
intervals of the form |a,b[C R to D with a < 0 and b > 0.
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Note that inequality (4.3.19) is a straightforward consequence of inequality (2.3.3)
in Definition 2.3.2 (see Remark 2.5 in [Son89]). Using the results in Lemma 4.3.5
and the proposed metric d in (4.3.8), we have that d(z,z') = a(z,A), where
z = [2T, x’T}T. Without loss of generality we can assume «a(r) = §(r,0) > r for
any 7 € R™. Let p be a Ko function satisfying p(r) < 277! o (a7!(r)/4) (note
that v, € K ). Now we show that

7 (|2t (Aleatt), ) [)) < iz 22 (4.3.20)

for any t € R, any z € R*", and any w = [wy, wo]” € D. Since v is a Ko function

and wsy(t) € B1(0,,), it is enough to show

y (2,0 (a(gzw(t),A))) <d(z,A0)/2. (4.3.21)

Since

7 (20 (A(¢(0),8)) ) =7 (20 (d(z,4)) ) a7 (d(,4)) /4 < d(z, ) /4,
(4.3.22)

and ¢(+) = d(-,A) is a continuous' function (see proof of Theorem 4.3.4), then
for all t € R} small enough, we have v <2p (a(gw(t), A))) < d(z,A)/4. Now,
let

to=inf{t >0 7 (20 (d(¢u(),4))) > d(z,8)/2}. (4.3.23)
Clearly t; > 0. We will show that t; = co. Now, assume by contradiction that

t; < 0o. Therefore, the inequality (4.3.21) holds for all ¢ € [0,¢;). Hence, for all

€ [0,t1), one obtains:

7(HM (Czw >H) ( (Czw() ))) (4.3.24)
<d(z,A)/2 < a (a(z, A)) /2.

10Here, continuity is understood with respect to the Euclidean metric.
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Let v and v’ be defined as:

By using (4.3.17), we obtain:

lo(t) = (1)) < |[2eat)p (At )|

Using (4.3.19) and (4.3.24), we have:

d(Cealt), ) = d (€(t), & (1)) < B(d(,2),0) = B (d(2,4),0)  (43.25)
o (a(z, A)) :

for any ¢t € [0,t;), any w € D, and any z = [:cT,x’T}T € R?". Using p(r) <

%7—1 o (a7!(r)/4), the inequality (4.3.25) implies that

7 (20 (d(Cul®), ) ) < d(z0)/4

for any ¢ € [0,¢;), contradicting the definition of ¢;. Therefore, t; = oo and
inequality (4.3.20) is proved for all ¢ € Rj. Therefore, using (4.3.19) and (4.3.20),

we obtain:

d(Ceu(t), A) = d (&u(t), & (1)) (4.3.26)
< max {6 (d(z,2'), ) .7 (v~ V/||0)}

< max { B (d(z, ), ), 7 (|20 (Alce )| )}

< max {ﬁ (a<z, A),t) Jd(z, A)/Q} ,

for any z = [:UT,x’T}T € R™ any w € D, and any t € R. Since 3 is a KL
function, it can be readily seen that for each r» > 0 if a(z, A) < r, then there
exists some T, > 0 such that for any ¢t > T}, [ <a(z, A),t) < r/2 and, hence,
d(C.(t),A) < /2. Now we show that the set A is a global attractor for the

control system 53, For any € € R, let k be a positive integer such that 27%r < .
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Let ry = rand r; = r;—y/2 for i > 2, and let 7 = T,, + T,, + -+ + T,,. Then,
for t > 7, we have a(gzw(t), A) < 27Fr < ¢ for all a(z, A) <r,allw e D, and all
t > 7. Therefore, it can be concluded that the set A is a uniform global attractor
for the control system S Furthermore, since a(Czw(t), A)<p (8(,2, A), O) for all
t € R, all z € R, and all w € D, the control system & is uniformly globally
stable and as showed in [TNK98|, it is U3GAS.

Finally, the next theorem provide a characterization of d3-ISS in terms of the

existence of a §3-ISS Lyapunov function.

Theorem 4.3.8. Consider a control system ¥ = (R*, U, U, f). If U is compact
and convez and d is a metric such that the function (-) = d(-,y) is continuous™

for any y € R™ then the following statements are equivalent:

(1) X is forward complete and there exists a 63-1SS Lyapunov function, equipped

with metric d.
(2) 3 is 03-1SS, equipped with metric d.
Proof:  First we show the proof from (1) to (2), even in the absence of the
compactness and convexity assumptions on U and the continuity assumption on

d. The proof is inspired by the work in [AS99]. By using property (i) in Definition

4.2.1, we obtain:

d (ng (t)’ g:c’v’(t)) < Q_l (V (gazv <t>7 gx’v’ (t))) ) (4327)

for any ¢t € Ry, any x,2’ € R", and any v,v’ € R". By using property (iii) and

the comparison lemma [Kha96], one gets:

V(Eu(t), Eror (£)) < €V (E20(0), Exror (0)) + et % o (||u(t) — o' (1)]]), (4.3.28)

Y Here, continuity is understood with respect to the Euclidean metric.
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for any t € Ry, any x, 2’ € R™, and any v, v’ € R™, where x denotes the convolution

112

integral'®. By combining inequalities (4.3.27) and (4.3.28), one gets:

1 _ e—lit

oo - v,
<ot (V@) + 2ol - V1) =+(0.9),

where v(p, ¢) = a” (p+ ¢), p = eV (z,2'), and ¢ = Lo (|lv —v'[|,). Since v is

nondecreasing in each variable, we have:

A€alt) o) < (Vi) 4 1o o= v )

where h(r) = v(r,r) = o 1(2r) and h : Rf — Ry is a K, function. Moreover,

= ~(r
using V' (z,2') < @a(d (z,’)), one obtains:

d(&eu(t), & (1) < @ (2e"a(d(2,27))) + o (ga(llv - U'Hoo)) :

K

Therefore, by defining functions g and ~ as:

B(d(z,2'),t) =a* (2e*“ta (d(z, x')))

the condition (2.3.3) is satisfied. Hence, the system 3 is d3-ISS.

We now prove that (2) implies (1). As we proved in Lemma 4.3.7, since X is d3-
ISS, it implies that the control system f], defined in Lemma 4.3.7, is U3GAS with
respect to A. Since (-) = d(-,y) is continuous'® for any y € R, it can be easily
verified that ¢(-) = d(-, 2') is continuous'® for any 2/ € R?", where the metric d
was defined in the proof of Lemma 4.3.5. Using Theorem 4.3.4, we conclude that
there exists a U3GAS Lyapunov function V, with respect to A, for 5. By using
the special form of i, defined in Lemma 4.3.7, the equality (4.3.11), and slightly

abusing notation the function V satisfies:

ety o(|u(t) — o' (1)) = fy e "o ([lu(r) —v'(7)][)dr.
13Here, continuity is understood with respect to the Euclidean metric.
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= a(d(z, ) <

for any z,2’ € R", some K, functions «, @ and

(i)

{aa_v %} f(x,saty(dy + p(d(z,z"))ds)) < —uV T (4.3.29)
T OV f(a!,saty(dy — p(d(z,2'))ds)) x’
oV ,
= —f(ZE, Satu<d1 + p(d(m, xT ))dQ))+

ox

aV/ («,saty(dy — p(d(z,2"))ds)) < —kV (z,2),

for some x € RT, any z,2’ € R", and any [le,dzT]T € D. By choosing d; =
(u+u)/2 and dy = (u — ')/ (2p(d(z,2"))) for any u,u’ € U, it can be readily
checked that [le,dQT]T € U x B1(0,,), whenever 2p(d(z,z’)) > ||lu — «/||. Hence,

using (4.3.29), we have that the following implication holds:

ov

if o(d(z,2")) > ||lu— ||, then a—f(x u) + — o (' u') < —kV(x,2"), (4.3.30)

where ¢(r) = 2p(r). As showen in Remark 2.4 in [Son89], there is no loss of
generality in modifying inequalities (4.3.30) to

O flau) + O o) < RV (2 2) + o (fu— ), (4.331)

for some K, function o and some & € R*, which completes the proof.

The following theorem describes 6-FC in terms of existence of a §-FC Lyapunov

function.

Theorem 4.3.9. A control system % is §-FC' if it admits a §-FC Lyapunov func-

tion.
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Proof:  The proof is very similar to the first part of the proof of Theorem

4.3.8. By using property (i) in Definition 4.2.4, we obtain:

1620 (t) = L (D] < a7 (V (&0 (1), Earnr (1)) (4.3.32)

for any t € RS, any 2,2’ € R", and any v,v’ € U. By using the property (ii) and

the comparison lemma [Kha96], one gets:

V(&u(t), Eorr (1) < €V (40(0), & (0) + €™ a([Ju(t) =/ (1)]])  (4.3.33)

for any t € Ry, any z, 2’ € R", and any v, v’ € U, where * denotes the convolution

integral. By combining inequalities (4.3.32) and (4.3.33), one gets:

€20 (t) = Earwr ()| <2 (e¥V (@, 2) + €™ o(|jv —0']))

L (- v'nm)) — 1(p.9)

<a™! (e”tV(:r, z') +

where y(p,¢) = a~'(p+ ¢), p = eV (z,2/), and ¢ = Lo (o — /| ,). Since 7

K

is nondecreasing in each variable, we have:

e — 1

€(t) — Evar()]) < 1 (4V () + ( o (o - v'uoo>)

where h(r) = v(r,7) = o 1(2r) and h : Rf — Ry is a K., function. Moreover,

< @(||z — «'||), one obtains:

using V' (z, z’)

e — 1

K

16 () — & (B < o' (28 (e — 2'])) + 0" (2 oo - v’noo)) |

Therefore, by defining functions # and ~ as:
Blllz = 2'[l,t) =a~" (2¢™a@ ([l — 2'|)))

/ | e —1 /
(v —=v,t) =a™ | 2 o(llv=2"4) ),

the condition (2.4.1) is satisfied. Hence, the system 3 is §-FC.

67



4.3.2 Contraction (expansion) description of incremental stability

Note that for all definitions and results in this subsection we require function f
to be continuously differentiable which was not the case in characterizations of

incremental stability using incremental Lyapunov functions.

The following theorem shows that the inequality (4.2.4) implies d3-GAS.

Theorem 4.3.10. Let > = (R", U, U, f) be a smooth control system on R™ equipped
with a Riemannian metric G. If G is a contraction metric, with respect to states,

for ¥ and if (R",dg) is a complete metric space'*, then ¥ is 65-GAS.

Different variations of this result appeared in [LS98] and [ARO3]; see [ARO3]
for a concise proof and the proof of Theorem 4.3.11 for a more detailed treatment
including the completeness assumption. It is also shown in the proof of Theorem
4.3.11 that the additional assumption w(X, X);, < (X, X)e¢ < w(X, X)), for

w,w € R leads to the stronger conclusion that X is in fact 5-GAS.

The following theorem shows that the inequality (4.2.7) implies d3-ISS.

Theorem 4.3.11. Let ¥ = (R™,U,U, f) be a smooth control system on R"
equipped with a Riemannian metric G and U be a convex set. If the metric G
is a contraction (resp. expansion) metric, with respect to states and inputs, for

system 3 and (R",dg) is a complete metric space, then ¥ is §3-1SS (resp. 0-FC).

Similarly to contraction metrics with respect to states, it will be shown that
¥ is 6-ISS when the inequalities w(X, X);, < (X, X)e < wW(X, X), are satisfied
for w,w € RT.

Proof:  Since (R",dg) is a complete metric space, using the Hopf-Rinow
theorem [Pet97], we conclude that R™ with respect to the metric G is geodesically

complete. The rest of the proof is inspired by the proof of Theorem 2 in [AR03].

14 A metric space (R™,d) is said to be complete if every Cauchy sequence of points in R" has
a limit that is also in R™.
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Consider two points x and 2z’ in R and a geodesic x : [0, 1] — R™ joining x = x(0)

and 2’ = x(1). The geodesic distance between the points x and 2’ is given by:

(z,2') (/‘\/ (Q)JZS)d& (4.3.34)

Consider the straight line X;(s (1-— s) (t) + sv'(t), for fixed t € RY, fixed

v,v" € U, and for any s € [0, 1]. The curve x; is a geodesic, with respect to
the Euclidean metric, on the convex subset U C R™ joining v(t) = X:(0) and
v'(t) = X¢(1). Consider also the input curve v defined by wvs(t) = X(s). Let I(t)
be the length of the curve &, (s, (t) parametrized by s and with respect to the

metric G, i.e.:

1
0
l<t) = /0 \/5£TG<§X(S)’U3 (t))égdsv with 65 = ggx(s)vs (t) (4335)

In the rest of the proof, we drop the argument of the metric G for the sake of
simplicity. By taking the derivative of (4.3.35) with respect to time, we obtain:
1 d (5¢T
%l(t) = /o %ds
I&T« )G+mV+GW)&+%U(5fG&
-, 2/6€7Go¢

Since G is a contraction (expansion) metric, with respect to states and inputs,

0
d ith dv = —uwv,(t).
s, wi v asvs()

with A and « the constants introduced in Definition 4.2.6, the following inequality
holds:

/\

ix) -"4 L/\MUWME— 210t) + %Wxn—vﬁm. (4.3.36)

Using (4.3.36), and comparison principle [Kha96], we obtain:

N (6] Y
<e 2! —(1—e2¢ — 3.
<e l®%+3(1 e )uu . (4.3.37)

where % denotes the convolution integral. From (4.3.34) and (4.3.35), it can be
seen that [(0) = dg(z,2"). However, for t € RT, [(¢) is not necessarily the Rie-

mannian distance function, determined by G, because &40, (t) is not necessarily
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a geodesic, implying that it is always bigger than or equal to the Riemannian dis-
tance function'®: dg(&,.(t), Exwr(t)) < I(t), and, hence, the following inequality
holds:

e (Eu(t), En (1)) < e 2tdg(x, 2') + % (1 - e-%t) o= ], (4.3.38)

which, in turn, implies that ¥ is 03-ISS when ) € R* and §-FC when A € R.
The proof for the case that G is a contraction (expansion) metric, with respect to
states, can be readily verified by just enforcing dv(t) = 0 and v(t) = v'(t) for any
teRS.

Using the inequalities w(X, X);, < (X, X)¢ < w(X, X)y,, it can be readily
checked that:

\/anm(t) - gm’v’ (t)“ SdG (ng(t)’ gx’v’(t)) )
dg(z,a") <Vl — |,

Hence, the condition (4.3.38) reduces to:

J€ealt) = €Ol < [ S le =+~ (13 o= Ve, (4339)

which is the 6-ISS condition in (2.3.4) for X € Rt and 6-FC condition in (2.4.1)
for A € R.

Since completeness of the metric space (R™, dg) is crucial to the previous proof,
the following lemma provides a sufficient condition on the metric G' guaranteeing

that (R",dg) is a complete metric space.

Lemma 4.3.12. The Riemannian manifold R" equipped with a Riemannian met-
ric G, satisfying'® w||y||> < yT'G(x)y for any z,y € R™ and for some positive

constant w, is complete as a metric space, with respect to dg.

5Note that given a Riemannian metric G, the Riemannian distance function is the smallest
distance, determined by G.
16 This condition is nothing more than uniform positive definiteness of G.
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Proof: The proof was suggested to us by C. Manolescu. First, for each pair
of points x,y € R", we define the path space:

Q(z,y) ={x:[0,1] = R™ | x is piecewise smooth, x(0) =z, and x(1) = y}.

Recall that a function x : [a,b] — R" is piecewise smooth if yx is continuous and if
there exists a partitioning a = a; < ay < --- < a = b of [a,b] such that x|(a,a,.)

is smooth for ¢« = 1,--- kK — 1. We can then define the Riemannian distance

function dg(x,y) between points x,y € R™ as

ds(@,y) xelﬂnafcy / \/ X<S))d>c<l(38)d8'

It follows immediately that d¢ is a metric on R”. The Riemannian manifold R" is

a complete metric space, equipped with the metric dg, if every Cauchy sequence!”
p p , equlpp G Yy Yy s€q

of points in R™ has a limit in R". Assume {z,}°°, is a Cauchy sequence in R",
equipped with the metric dg. By using the assumption on G, we have

de¢(zn, ) = inf / \/ X(s))dX(S)ds (4.3.40)

xEQ Tn,Tm) ds

> Vo inf /\/ ()ds—\/_Ha:n ol

XEQUzn,Tm)
It is readily seen from the inequality (4.3.40) that the sequence {x,}32, is also
a Cauchy sequence in R"™ with respect to the Euclidean metric. Since the Rie-
mannian manifold R™ with respect to the Euclidean metric is a complete metric
space, the sequence {z,,}°°, converges to a point, named z*, in R”. By picking a
convex compact subset D C R", containing x*, and using Lemma 8.18 in [Lee03],
we have: @||y||? > y"G(x)y for any y € R", x € D, and some positive constant
w. Since the sequence {x,}>2, converges to z* € D, there exists some integer N

such that the sequence {z,}>° \ remains forever inside D. Hence, we have:

Vwllz, — || < dg(z,, %) < \/EHxn — ¥, (4.3.41)

17A sequence {z,,}%2; in a metric space X, equipped with a metric d, is a Cauchy sequence
if hmn,m—mc d(l‘n, xm) =0.
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for n > N. Therefore, the sequence {z,}°°; converges to z* € R", equipped with
the metric dg. Therefore, R™ with respect to the metric dg is a complete metric

space.

Resuming, in this section we have provided a characterization of §3-GAS and
03-ISS in terms of the existence of d3-GAS and 3-ISS Lyapunov functions and we
have provided sufficient conditions for d5-GAS and d5-ISS in terms of the existence
of a contraction metric. Based on these results, in the next section, we propose a
backstepping controller design procedure, providing controllers rendering control
systems incrementally stable. Additionally, we will provide incremental Lyapunov

functions and contraction metrics for smooth control systems.

4.4 Backstepping Design Procedure

The backsteping method proposed here is inspired by the backstepping method,
described in [PvdWNO5]. Here, we will extend this approach to render the closed-
loop system 03-ISS and to construct d3-ISS Lyapunov functions and contraction
metrics, with respect to states and inputs. Consider the following subclass of

control systems:

5.0 17 Fm ), (4.4.1)
¢=v,

where x = [yT, ZT}T € R™ "¢ ig the state of X, y and z are initial conditions for

1, (-subsystems, respectively, and v is the control input.
In support of the main result of this section (Theorem 4.4.2), we need the

following technical result.

Lemma 4.4.1. Consider the following interconnected control system

5. ) =106, (4.4.2)

¢ =g((v).
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Let the n-subsystem be d3-1SS with respect to ¢, v and let the (-subsystem be d3-155
with respect to v for some metrics d,, and d¢, respectively such that the solutions

Nyeo'® and C., satisfy the following inequalities:

dy (nyco(t), (1) < By (dy (5, 9') 1) + ¢ (de (€ ¢oo) + 70 (lv = 1)
(4.4.3)

d (Gou(B), Coror (1)) < B (de (2,27) ,8) + 70 (v = 'll) (4.4.4)

where y,y' and z, z are the initial conditions for the n, (-subsystems, respectively.

Then, the interconnected control system % in (4.4.2) is 63-1SS with respect to v.

Proof:  The proof was inspired by the proof of Proposition 4.7 in [Ang02].
The essential differences lie in the choice of the metric for the overall system X
using the metrics for n, (-subsystems. We provide the proof so that it can be

easily compared with the proof in [Ang02]. Using (4.4.3), (4.4.4) and triangular

18 Notation n,c, denotes a trajectory of n-subsystem under the inputs ¢ and v from initial
condition y € R™7.
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inequality, the following chain of inequalities hold:

dyy (Myco(t), My e (£))
< By (g Onycu(/2), mycnr (8/2)) 1/2) + 7 (A (6 iy ) %0 (10 = V'l )
< By (By (g0, 1/2) + % (A (6, o) + 70 (l0 = V') 1/2)
75 (4 (¢ Opamey) + 0 (10 =V 2.0
< By (38(da(y,),£/2),6/2) + By (3 (e (G, ) ) 1 1/2)
By (3% (v = ll) , 0) + 7 (A (¢, iz ) + 70 (0 = V'l
< By (38(da(y,),1/2),6/2) + By (3 (B¢ (¢ (2,'),0) + 7, (v = V') 1 4/2)
By (3% (J = V') ,0) + ¢ (de (6, Opyay )+ (10 = /20
< By (36,(dy (. ), 1/2),1/2) + By (3 (26 (de (2.2, 0)) ,/2)
By (3% (2o (l0 = V1)), 1/2) + By (33 (o = V')l) ,0)
95 (A (6 Oyan) +70 (110 =Vl
< By (36u(dy(0, ), 1/2),6/2) + By (3 (26 (de (2,2),0)) . 1/2)
+ By (35 (270 (J0 = ¥'1.0)) ,0) + By (33 (o = V'] ) ,0)
% (B (d (2,2)),4/2) + 3 (1o = o)) + % (0 = )
< By (36u(da(0, ), 1/2),4/2) + By (3 (26 (de (2,2)),0)) . 1/2)
+ By (3 (270 (J0 = V1)), 0) + B, (33 (o = ¢/l ) ,0)
% (28 (de (,2) ,£/2)) + 7 (20 ([0 = 0/ lo0)) + 70 (o = V')

< B(dy(y,y),6) + B (de(22),0) +7 (Jlo = Vl|a) (4.4.5)

where 7 € K, and B, E € KL are defined as following:

A(r) = By (37¢ (27u(r)) , 0) + By (370(r), 0) + 3¢ (270(r)) + 70 (1),
B(r,t) = B, (36, (r,t/2) ,t/2),
B(r,t) = By (37 (28¢(r,0)) , £/2) + ¢ (2B¢(r,/2)) .
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Now we define a new metric d : R™77¢ x R+ — R} by:
d(z,2") = d,(y,y') +de(z, 2'), (4.4.6)

T 17T + / o 1t T
for any = = [y , 2 } € R™™¢ and 2/ = [y , 2 ] e R™*¢. It can be
readily checked that d satisfies all three conditions of a metric. By defining
Eoo = [775@, T}T, using inequalities (4.4.4) and (4.4.5), and for any t € Ry,

zZv

any x,z’ € R™™ and any v,v’ € U, we obtain:

d (Eau(t), Sarvr (1)) = diy (1o (t), My ¢ (1)) + de (Coo(t), Corur (1)) (4.4.7)
< B(dy(y,y) 1) + B (de(2,2),8) + 7 ([0 = /)
+ B¢ (d¢ (2,2') 1) + 3w (lv = V'll)
< B(dy(y, ) +de(z,2), 1) + B (dy(y,) + de(2,2), 1)
+ B¢ (dy(y, ') +de (2,2) ) +7 ([[v = Vll0) + T (Ilo = V')

< B(d(x,2),t) + 7 ([[v = v]lo)

where f € KL and v € K, are defined as following:

ﬁ(?“, t) :B\(T’ t) + §<r> t) + BC(Tv t)?

(1) =3 (r) + Fu(r)-

Hence, the overall system ¥ of the form (4.4.2) is 03-ISS with respect to v.

We can now state the main result, on a backstepping controller design approach

for the control system X in (4.4.1), rendering the resulting closed-loop system ds-

ISS.

Theorem 4.4.2. Consider the control system % of the form (4.4.1). Suppose
there exists a continuously differentiable function 1 : R™ — R™ such that the

control system

Epin=f(nvn)+0) (4.4.8)

75



is 03-1SS with respect to the input v. Then for any X € R, the state feedback
control law:

Lo

v =Hm,¢0) = =MC - ) + 5

() f(n, Q)+ (4.4.9)

renders the control system Y 63-1SS with respect to the input v.

Proof: Consider the following coordinate transformation:

Y= — () = 1 , (4.4.10)
X2 ¢—1(n)

where £ = [n7, CT]T. In the new coordinate y, we obtain the following dynamics:

SE X1 = f(x1,v(x1) + x2) (44.11)

X2 = v = S2(x1) f (x1, () + x2) -

The proposed control law (4.4.9), given in the new coordinate y by

v =k(x1, X2 +¥(x1),0) = = Axa + %(Xl)f (x1,¥(xa) +x2) +0,  (4.4.12)

transforms the control system S into:

SF X1 = f(x1, v(xa) + x2), (4.4.13)

X2 = —Ax2 +U.
Due to the choice of 1, the yi-subsystem of Y is 05-ISS with respect to xo. It can
be easily verified that the ys-subsystem is input-to-state stable with respect to the
input ©. Since any ISS linear control system is also §-ISS [Ang02], yo-subsystem
is also 0-ISS' with respect to ©. Therefore, using Lemma 4.4.1, we conclude that
the control system 3 is 65-ISS with respect to the input v. Since, d3-ISS property
is coordinate invariant, we conclude that the original control system ¥ in (4.4.1)
equipped with the state feedback control law in (4.4.9) is §3-ISS with respect to

the input ¥ which completes the proof.

19We recall that J-ISS property is equivalent to d3-ISS property when the metric is the Eu-
clidean one.
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Remark 4.4.3. The 63-15S property of system %, in (4.4.8) can be stablished,
for example, using the approaches provided in [PvdWNO5, vdWP08] for some rel-
evant classes of control systems (such as piece-wise affine systems and Lur’e-type

systems).

Remark 4.4.4. The result of Theorem 4.4.2 can be extended to the case that we

have arbitrary number of integrators:

(= 0.00).
5.0 - @ (4.4.14)
C:k =v.

\

Note that in this case, the functions f and v must be sufficiently differentiable.

Although the proposed approach in Theorem 4.4.2 provides a controller ren-
dering the control system ¥ of the form (4.4.1) 3-ISS, it does not provide a way of
constructing 03-ISS Lyapunov functions or contraction metrics. In the next lem-
mas, we show how to construct incremental Lyapunov functions and contraction
metrics for the resulting closed-loop system, recursively. Note that the constructed

incremental Lyapunov functions can be used as a necessary tool in the analysis in

[GPT09, Gir05, JFA*07, KDL*08).

Lemma 4.4.5. Consider the control system ¥ of the form (4.4.1). Suppose there
exists a continuously differentiable function 1 : R™ — R™ such that the smooth
function VR x Rm — Ry is a 63-ISS Lyapunov function for the control
system:

Sy = f(n,¥(n) +0), (4.4.15)

and with respect to the control input v. Assume that 1% satisfies condition (iii) in
Definition 4.2.1 for some k € RT and some o € K, satisfying o(r) < &r? for

some i € RT and any r € RE. Then the function V : Rmtne x Rintne — RE
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defined as:
Viw, o) = V(y,y) + Iz = () — (' =),

where z = [y”, ZT]T ’T]T

in (4.4.1) equipped with the state feedback control law (4.4.9) for all X > %’”1

and ' = [y’T, 27, is a 63-1SS Lyapunov function for ¥ as

Proof: As explained in the proof of Theorem 4.4.2; using the proposed state
feedback control law (4.4.9) and the coordinate transformation ¢ in (4.4.10), the
control system % of the form (4.4.1) is transformed to the control system S in
(4.4.13). Now we show that

V(@,7) = V(@,8) + (32 — )" (@ — 3),
is a 03-ISS Lyapunov function for 3, where 7 = [’x\{,fﬂT and 7’ = [/x\’lT,/x\’zT]T
are the states of 3 and Ty, 7}, and Ty, T, are the states of i, xo-subsystems,
respectively. Since V is a 65-ISS Lyapunov function for y;-subsystem when ys is

the input, it satisfies condition (i) in Definition 4.2.1 using a metric d as follows:
a(d(31,7))) < V(31,7) < a(d(3@1, 7)),
for some a, @ € K. Now we define a new metric d : R™Hne x Rotne RS by
d(@,7) = d(@, 7)) + |72 — -

It can be readily checked that d satisfies all three conditions of a metric. Using

metric d, function V satisfies condition (i) in Definition 4.2.1 as follows:

p(d@,3)) < V(@) <7 (d@ 7)),

where 1,75 € Koo, 1 (A7) = a(d(31,7)) + |[72 — B|1%, and 7 (d(3,7)) =
a(d(zy, 7))+ ||Z2—7||*. Now we show that V satisfies condition (iii) in Definition
4.2.1 for ¥. Since V is a 03-ISS Lyapunov function for y;-subsystem when s is

the input, A > %EH, o(r) < ®r?, and using the Cauchy Schwarz inequality, we
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have:

ov

o5 [f@,0@) +8)", 28] +37]" (44.16)
o
L o257 e
AL v .

(Z1, ¥ (@1) + o) + = f (@, (T + 75)

0m1 (%’1

42Ty — T (< NFp +T) — 2(Fs — )T (AT + @) <

—kV (@1, 37) + 0 (|2 = Bll) = 2|82 — B|)* + 2@ — B) (@ - ) <
—rV (@1, 3) + RIZ2 — B* - 20|72 — Bl + 2@ — B2 - 7| <
—KV (@1, ) + RlT2 - B* = 2\|Zs — B + |72 - Bl + @ - @)° <

—kV(Z,7) + @ — @'||*.

The latter inequality implies that V' is a 03-ISS Lyapunov function for 3. Since
03-ISS Lyapunov functions are coordinate-invariant, as shown in Lemma 4.2.3, we

conclude that the function V : R™+7¢ x Rmtnc — RE defined by:

V(z,2') = V(o(x), 6(x) = Vi(y, o) + Iz = &) — (&' =),

is a 03-1SS Lyapunov function for ¥, as in (4.4.1) equipped with the state feedback
control law in (4.4.9).

Remark 4.4.6. One can use the LMI based results in [Pvd WNO5, PvdWNO7,
vdWPOS8] to find a quadratic 65-1SS Lyapunov function for system 3, in (4.4.15).

The next results provide a backstepping design approach for parametric-strict-
feedback and strict-feedback form control systems by recursively applying the

results proposed in Lemma 4.4.5.

Consider the class of control systems ¥ = (R™, U, U, f) with f of the parametric-
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strict-feedback form [KKK95]:

filz,u) = hi(z1) + bizs,
fa(w,u) = hy(z1,22) + bows,
: (4.4.17)
foci(z,u) = hy_1(x1, -+ Tn1) + b1y,
fulz,u) = ha(z) + 9(2)u,
where © € R" is the state and v € U C R is the control input. The functions
hi :R" - R, fori=1,...,n, and g : R®™ — R are smooth, g(x) # 0 over the do-
main of interest, and b; € R, for ¢ = 1,...,n, are nonzero constants.

We can now state the results, describing a backstepping controller for control

system of the form (4.4.17).

Theorem 4.4.7. For any control system ¥ = (R, U, U, f) with f of the form (4.4.17)
and for any X\ € R, the state feedback control law:

k(z, ) [k:n(x) - hn@;)} + 7, (4.4.18)

9(x)

where

kl(if) = —b_, (331—1 - ¢l—2($)) —A (iEl - ¢l—1($))

aQ;lx—l flz, k(x)), forl=1,--n, (4.4.19)

(bl(x) = b%{k[(]?) — hl(I):|7 for l=1,--- ,n—1,
¢_1(z) = do(x) =0 Vz € R", by =0, and xy =0,

_|_

renders the control system Y d3-1SS with respect to the input U and the function

=

n—

V(r,2') = (@141 = dul@)) — (2740 — ¢l(x/))]27

l

I
o

18 a 03-1SS Lyapunov function for 3.
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Proof: The proposed control law (4.4.18) transforms a control system ¥ =

(R™,R,U, f) with f of the form (4.4.17) into:

filz, k(x,@)) = hi(z1) + bias,
fo(z, k(x,u)) = ho(xy,z2) + bows,
: (4.4.20)
foi(z, k(z, @) = hp1(x1, - Tne1) + by1p,
folz, k(2,0)) = ky(z)+70.
The coordinate transformation z = ¢ (x), where ¢ : R” — R™ is the smooth map

(with smooth inverse) defined by:

- N -
T2 — ¢1(2)
L Tn — an,l(l') |
transforms the control system ¥ with f of the form (4.4.20) into:
S {¢ — AC+ BD, (4.4.22)
where
X b 00 0 | - -
0
—b =X by O 0 )
A= 0 —by =X by -~ 0 |, B=| 1. (4.4.23)
0
1
0 SR - -

It can be easily checked that the function:

V(z,2") = \/(z — N (z—2),

satisfies

ov (Az + Bu) + oV

02 oy A7+ BI) < W) Hla-al. (44.24)
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Hence the function V satisfies conditions (i) and (iii) in Definition 4.2.1 implying
that it is a d3-ISS Lyapunov function for ¥’. Using Theorem 4.3.8, we obtain that
Y is 05-ISS with respect to the input ©. Using Lemma 4.2.3, we conclude that

the function:

V(a,a') = V (), b(a)
V@) = 0@)” () — ()

—_

n—

(@141 — du(2)) — (2], — ¢l($’))]2,

l

Il
=)

is a 03-ISS Lyapunov function for ¥. Therefore, using Theorem 4.3.8, we obtain
that ¥ is d3-ISS with respect to the input ©. The §3-ISS condition (2.3.3), as

shown in Theorem 4.3.8, is given by:
—At / 2, -~
d(ézﬁ@%éz’@’“)) < 2e d($,$)+xHU—U HOO7
where d(z,2") = ||¢(z) — ¢(2')|], for any z,2" € R™.

Remark 4.4.8. It can be readily seen that the state feedback control law (4.4.18)

renders the control system ¥ 03-GAS and the function

—_

n—

V(z,2) = (@11 — di(@)) = (], — di(@))],

l

Il
o

is a 03-GAS Lyapunov function for X.

Now, we extend the result in Theorem 4.4.7 to the class of control systems

Y= (R",U,U, f) with f of the strict-feedback form [KKK95]:

filz,u) = hi(z1) + gi(z1)2,
folz,u) = ha(1,22) + ga(x1, T2)73,
(4.4.25)
foc1(@,u) = hpa (@1, @po1) + Gue1 (21,00 T T,
falz,u) = ha(z) + gn(2)u,
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where x € R" is the state and v € U C R is the control input. The functions
hi : R' - R, and g; : R = R, for i = 1,...,n, are smooth, and g;(z1, - ,x;) # 0

over the domain of interest.

Theorem 4.4.9. Let ¥ = (R",U,U, f) be a control system where f is of the
form (4.4.25). The state feedback control law u = k(¢(x), ), where k was defined
in (4.4.18) and ¢ : R™ — R" is the smooth map (with smooth inverse) defined by:

€
g1(1)wo

p(x) = G1(21)g2(x1, )73 5 (4.4.26)

L H;:ll gi(T1, -+, 1), |

renders control system Y. 03-1SS with respect to the input U and the function

V(w,2) = /(6 0 (@) — o o))" (10 () — 0 p(a),
where ¥ was defined in (4.4.21), is a §3-1SS Lyapunov function for .
Proof: Tt can be readily verified that the coordinate transformation n = ¢(§)

transforms the control system ¥ = (R™, U, U, f) with f of the form (4.4.25) to the
control system ' = (R™, U, U, f'), where f" = ¢, f has the following form:

fily,u) = hi(y) + e,
[y, u) = hy(y1,v2) + ys,
: (4.4.27)
7/171(3/771’) = h;hl(ylv"' 7yn*1) + Yn,
fayu) = h(y) + 4 (y)u,
where h; : R® — R, for i = 1,--- ,n, are smooth functions, ¢’ = H;’j g;, and

y € R™ is the state of ¥'. As proved in Theorem 4.4.7, the state feedback control
law k, defined in (4.4.18), makes the function:

V(o) = (@) — b)) () — o)), (4.4.28)
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a 03-ISS Lyapunov function, for the control system Y'. As proved in Lemma 4.2.3,

the function:

V(z,2) = P(p(@), 9(2)) = /(0 0(x) — 6o (@) (0 plx) — 1 0 p(a)),

is a 03-ISS Lyapunov function , for the control system >, equipped with the
state feedback control law k(p(z),u). Therefore, the state feedback control law
k(p(z),u) makes the control system ¥ 03-ISS with respect to the input v. The
03-ISS condition (2.3.3), as shown in Theorem 4.3.8, is given by:

2
d (52:6@)7 gm’ﬁ’ (t)) < 2€_Md(l‘, l’/) + XH{}\ o G/HOCH
where d(z,2") = || o p(x) — 1 o p(2’)]], for any z, 2" € R™.

Remark 4.4.10. [t can be readily seen that the state feedback control law k(p(x), ),
where k was defined in (4.4.18), renders the control system Y. §3-GAS and the

function

V(2,2) = /(0 0 0(@) — 0 (@) (¢ 0 plx) — v 0 p(a),

1s a 03-GAS Lyapunov function for 3.

The next lemma shows how to construct contraction metrics for the closed-loop
system resulting from the backstepping controller synthesis technique in Theorem

4.4.2.

Lemma 4.4.11. Consider the control system % of the form (4.4.1) and assume
that function f is smooth. Suppose there exists a continuously differentiable func-
tion ¢ : R™ — R™ such that the metric G : R™ — R™*™ js q contraction

metric, with respect to states and inputs, for the control system

Xy :n = f(n,¥(n) +0), (4.4.29)

satisfying the condition (4.2.7) for some NERY anda € RS. Then

Gy = | W (5) % -(5)
_% ]nc
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where x = [yT, zT]T, 1s a contraction metric, with respect to states and inputs,
for ¥ as in (4.4.1) equipped with the state feedback control law in (4.4.9) for all

2
@
/\>8A.

Proof:  As explained in the proof of Theorem 4.4.2, using the proposed
control law (4.4.9) and the coordinate transformation ¢ in (4.4.10), the control
system 3 of the form (4.4.1) is transformed to the control system ¥ in (4.4.13).

Now we show that the metric

G(@) Onyxn
o) = | C) Do |

OTL(X?’Ln I?’L<
is a contraction metric, with respect to states and inputs, for i, where T =

xy,Ty| is the state of i, and 71, and 7, are states of yp, xyo-subsystems, re-

[/\T /\T}T
spectively. It can be easily seen that GG is positive definite because G is positive
definite since it is a contraction metric for >J,. Now we show that G satisfies the
condition (4.2.7) for the control system 3. Since G is a contraction metric, with

respect to states and inputs, for x;-subsystem when Yy is the input, we have:
o ( (0N A A Of 0G,  __\s
XT — G G A~ a~ ) X
1 (( L) 6@+ G L+ oo fE (@) + 3 )
o1 [ Of TAA % SYTA(E\Y YT A5 \Y 3 vy 3
+2X] (52 ) G@)X < -AXTG@E)X +a (Xl G(a:l)Xl) <X2 Xz) ,
2

(4.4.30)

for any )Afl, 71 € R™, )A(Q, Ty € R™, some N R, and some o € RJ. By choosing
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A > ﬁ, using (4.4.30), and the Cauchy Schwarz inequality we obtain:

8\
oy o olf, e +a” O[f, — 7o +
[XlT X2T] ( ( - > G(@) + G@) == +
o~ T o~
% f(fla w(/x\l) + 22) > X1 + QYT Onnxng G(/f) X1 _
or —ATo + 1 )?2 InC )?2
() @) +Gand + &5 candk | [ =
[5(:? )?QT] 0x1 ’ 071 oz, Oz2 1 n QYTJ?Q <
(8%) G(@1) —2),, Xs

1 L PR R
1,X1>@+a<X1,Xl>;<X2,X2>2 KT, +2vTX, <
TLC

>
<)

<

(5

—AXT X5+ 2VYTY\/)?§X2 + <)A(1, )?1>§ <

Q)

-~ o\ E 1
—)\<X,X> +2<X,X>2<Y,Y>; :
G G

"¢

for any X = [)A(If, )?ﬂT € R any T = [z, @T]T € Rwtne any Y € R,
and some \ € R¥. Hence, GG is a contraction metric, with respect to states and
inputs, for 3. Since a contraction metric, with respect to states and inputs, is
coordinate invariant, as shown in Lemma 4.4.19, we conclude that G = O*'G is a
contraction metric, with respect to states and inputs, for ¥ as in (4.4.1) equipped

with the state feedback control law in (4.4.9). This completes the proof.

The next results provide a backstepping design approach for parametric-strict-
feedback and strict-feedback form control systems by recursively applying the

results proposed in Lemma 4.4.11.

Theorem 4.4.12. For any control system X = (R™, U, U, f) with f of the form (4.4.17)

and for any X\ € RT, the state feedback control law:

1

M) =

[k:n(x) _ hn(x)] + le)a (4.4.31)
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where

b, ) = — by (31— d1a(2)) — 5 (21— Gua(2)

+ aglx_lf(.f,k(l',a)), forl=1,---n,
di() :bll [kl(:c) - hl(x)}, forl=1,---,n—1,

¢_1(x) =¢o(z) =0 Vr € R", by =0, and xo =0,
renders the control system ¥ 03-GAS.

Proof: Consider the following system:

W= Fi(n) + Bi&,
o S (4.4.32)

& = ki(m, &),

where m = [§17 e 7€l—1]T7 Bl = [O’ e 707 bl—l]T S Rlil, = [lea IZ]T € Rl 1s
the state of Xy, Fi(y) = [fi(z,u), -, fica(@,uw), y—1(z1, -+ ,2-1)]", and y, =

(1, ,2;.1]7. By using induction on [, we show that the metric G;, defined by:
T T
Gioi(y—1) + (3%1) Obi—1 (aqu)
Gl(yl) _ l 1( l 1) oy Oy, oy 7 (4433)
O 1
oyl

is a contraction metric, with respect to states, for the system (4.4.32) with con-
traction rate A\. For [ = 1, it can be easily checked that G1(y1) = 1 is a contraction

metric, with respect to states, with the contraction rate A for the scalar system:

A

2 51 = kl(fl) = —561-

Assume that the metric G;_; is a contraction metric, with respect to states, for
the system »;_1, for some 2 < k£ < n, and with contraction rate A. This implies:
O(Fy + Bréw1)\ " O(F, + By,
" X] <(kmkl)) Gr—1(yk—1) + Gk—l(ylc—l)M
Yk Yk

Y
X

+ 831'1@71 (Fr +Bk¢k1)> [ " ] < =AY X] Groa(ye-n) [
Y X

} , (4.4.34)
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for any Y € R¥2 and X € R. Since the metric Gj_; is only a function of

Ypo1 = [T1,- - ,xk_g]T, and the vector Bj has zero entries except for the last
entry, it can be easily shown that 8§‘y“;1Bk = 0x_1, and the inequality (4.4.34)
reduces to:
O(Fy, + Bydr—1)\ " O(Fy + By
[y x] << (B 8y:¢k 1)> Gi-1(Yr-1) + Gr-1(yk-1) (i 8y:¢k 1
OG}_ Y Y
+ 8;1Fk> N <M YT X) Groi(yi—) (4.4.35)
Now, we show that:
T T
G )+ <6¢k71) Obr—1 (3%71)
Gily) = | 1) o ov ovn : (4.4.36)
_ Ok 1
Oyx

is a contraction metric, with respect to states, for the system ¥;. For any nonzero

vector [Y7T, X}T € R*, we have:

Y
(Y" X Grlyr) =
X

T T
01\~ On_ O
Gr-1(Yr-1) + ( gzk1> 2;; - ( ?;kl) Y

Y7 X] o, =
Yk
Obr—1 2
YTGh_1(yp_r)Y + (a—y‘y — X> : (4.4.37)
k

If Y € R¥! is the zero vector, X must be nonzero implying that the equation
(4.4.37) is equal to X? which is positive. On the other hand, if Y € R*! is
nonzero, Y 1Gy_1(yr_1)Y is a positive scalar because G_ is a Riemannian metric.
Hence, Gy, is positive definite. Using the inequality (4.4.35), the long algebraic
manipulations in (4.4.38) show that G satisfies (4.2.5) with the contraction rate
A. Hence, the metric Gy is a contraction metric, with respect to states, for the
system Y. Therefore, for any [ < n, the metric (G; is a contraction metric, with

respect to states, for the system (4.4.32) and with the contraction rate A.
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aF,TJrBTz,k,(z,a)T T aF,TJrBTz,k,(z,a)T )
- (( “ ra ) Gr(yr) + Gryk) [ P } + Gr(ur) {)};]: (4.4.38)

Oz, Oz,
T
OF), B,
T Oy
[Y X} 7 9%9p_1 | Ok_1 OF), , x OPk_1 T AL 9Pk—1
(Fi + Brzg) Bui? + oy dyy T2 By, Bk Ck-1k-1)  —5 + 5, Bk
I o¢p_1\7 99k_1 9tp_1\ 7 9tp_1\ 7 9¢k_1 o9dp_1\7
GkAJ(yk—1)+'< Dup Dun =\ ~ov, N Gr—1(k—1) + { oy, Bup | vy
_9dp_1 1 _Obp_1 1
Oy, Oy
oFy
u, By, N
92 ¢y 8¢y _1 OF By, By,
T k—1 k—1 0Fg | A9%k—1 _ T A k—1
i (Fi + Brzxy) By 2 Dun Oun T 2 oy Bj, Gi—1(Yk—1) 2+ oy, Bk
[ 0GL_1 %651 k1 9dp_1\ 7 7 9%¢K_1 %dp_1
o, Tkt Brzr) + — 05 (B + Brew) 55— + ( —ay, (Fr + Brep)™ —0 5 ——5,, 7 (Fr+ Brek) >
926,
T 9% PK_1
—(Fg + Brzy) “ou? 0

;}:[yTX]A

[ A(Fr+Bror_1)\ T O(Fr+Brdr_1) G, _ 8¢p_1\7T 0¢5_ ¢r_1\ T
(o) Gt a2 ) o (Tg) " e (%)

vk g
Obp—1

Bur, -

_ Y}s—A[YTX}Gk(ym{ Y ]
_X X

The proposed control law (4.4.31), transforms a control system of the form

(4.4.17) into:

5, d = Enlm) & Bk (4.4.39)

En = kn (N, &n) + 0.

It can be easily checked that U does not appear in the variation of Y, when we
only have state variations. Since the metric G,, is not a function of the n-th state,
its derivative with respect to time does not include v. Hence, we can apply the
induction results to ¥, to conclude that the metric G, is a contraction metric,
with respect to states, for ¥,, and with the contraction rate A. Moreover, it can
be readily seen that G,, = ¢¥*I,,, where ¢ was defined in (4.4.21). Note that d;, is
just the Euclidean metric and we know that (R",d;, ) is a complete metric space.

Moreover, since ¥ : R" — R" is an isometry?®, (R",dg, ) is also a complete metric

space [Lee03]. By using Theorem 4.3.10, we conclude that a control system of the

20Quppose M and M are Riemannian manifolds with Riemannian metrics G and G, respec-
tively. A smooth map ¢ : M — M is called an isometry if it is a diffeomorphism satisfying
G =v¢*G.
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form (4.4.17), equipped with the state feedback control law (4.4.31), is d3-GAS.
The §3-GAS condition (2.3.1), as shown in [ARO03], is given by:

dg, (Eau(t), Ean(t)) < € 2%dg, (z, 7).

(4.

4.40)

Remark 4.4.13. The contraction metric G, (y,), with respect to states, for the
control system (4.4.17), equipped with the state feedback control law (4.4.81), is

given by:

(4.4.41)

T o e T
m+(52) s -(em) |, (02)7 902 (992)T
1 1 dy3 Oy3 oy3 4.
. " (aqbnfl )T Op—1 (aqbnfl )T
52 1 dyn dyn 9yn
Oy
- 8yn1 L
where y; = [x1, -+ ,x1_1]T, for | =2,--+ .n, and the contraction rate is \.

Remark 4.4.14. [t can be checked that the function

n—1

V(z) = % Z (2101 — du())?,

=0

is a Lyapunov function [Kha96] for the control system (4.4.17), equipped with the

state feedback control law (4.4.31) when uw = 0. Moreover, the Hessian of V(x) is

equal to the contraction metric G, with respect to states, defined in (4.4.41).

In the next theorem, we show that control law (4.4.31) also enforces 03-ISS.

Theorem 4.4.15. For any control system ¥ = (R" U, U, f) with [ of the form

(4.4.17) and for any X\ € RT, the state feedback control law:

where

L) {kn(x) - hn(x)] 4

g(z

L
u?

Hau) = 9(x)

A

k‘l(ﬂf, ﬁ) =—b (-735—1 - ¢z-2(3?)) -3 (1’1 - ¢1—1($)

2

+ aglxlf(x>k<xva))7 fOT‘ [ = 17' N,
() :bll {kl(x) — hl(x)], forl=1,--- ,n—1,

¢_1(x) =¢o(z) =0 Ve € R", by =0, and xo =0,

renders the control system Y 63-1SS with respect to the input v.
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Proof: Consider the following system:

Yoo = EF(n) + Bigi—i(m), forl=2,--- | n, (4.4.43)

wheren = [&1,-++ , & 4], Bi=[0,--+,0,b4]F € REY oy =[xy, ,2;4]7 is the
state of 3, and Fy(n) = [fi(&,v), -+, fiia(&,0), h1(€r, -+, &-1)]F. As proved
in Theorem 4.4.12, the metric G; in (4.4.33) is a contraction metric, with respect
to states, for the system 3J; and with the contraction rate A\. The proposed control

law (4.4.42), transforms a control system of the form (4.4.17) into:

n:Fn n +Bn ns
5. ) = Ful) ¥ Bu (4.4.44)

é;n = kn(”mgn) + 0.

Now, we show that:

T T
Grno1(Yn-1) + <%> Opn—1 __ (8%_1)
o) = 9% jyn " o > (4.4.45)
~ Oyn 1

is a contraction metric, with respect to states and inputs, for the control system
(4.4.44). For n = 1, it can be easily checked that G1(y;) = 1 is a contraction
metric, with respect to states and inputs, with the contraction rate A, satisfying

(4.2.8) with o = 2 for the scalar control system:

As proved in Theorem 4.4.12, G, (y,) is positive definite. Using the inequality
(4.4.35) for k = n, long algebraic manipulations in (4.4.46) show that G,, satisfies
(4.2.8) with the contraction rate A and o = 2. Hence, the metric G, is a contrac-
tion metric, with respect to states and inputs, for the control system (4.4.44). As
explained in the proof of Theorem 4.4.12, we know that (R",dg,) is a complete
metric space. By using Theorem 4.3.11, we conclude that a control system of the
form (4.4.17), equipped with the state feedback control law (4.4.42), is 63-ISS with

respect to v. The d3-ISS condition (2.3.3), as shown in Theorem 4.3.11, is given
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p o [FE +B;1;zn k(yn,zn) +ﬁ]T r o [FZw +B§zn k(yn,xn) +'E]T . v
[Y X} Gn(yn) + Gn(yn) + Gn(yn) X +

ox ox
TN\ T
B[F,?Jng:zn k(yn,zn)+u] Y T

2U _ Gn(yn) = [y x] . (4.4.46)

ou X

OFp T

( 5 Tun Bn

0% pp— 9¢n_1 OF Oy — Opp— '

T n—1 n—1 A n—1 T A n—1
(Fn + Bnan) “oun? + By oyn T 2oy, ~ BaGn-1yn-1) -5+ —5,— Bn
[ 9¢p—1 T 9¢n—1 9¢p—1 T 9¢n—1 T 9¢n—1 9¢n—1 T
Groatum) + (Z52=2) 2a=t (2 | e+ (Bt) Zee - (% '
_9¢n_1 1 _9¢n_1 1
Ayn dyn
OF;,
5 oun Bn +
T 97¢n—_1 | 9%n_1 9F, 2 9¢n—1 T A 99n1
L (Fn + Bron) Bum? T Oun oun T2 oyn ~ BnGno1lun-1) —3 4 5, Bn
[ 26,1 %y _1 Odn_1 9én_1\7 79%¢n_1 2 pp_y
W(F"+B"z")+W(F"+B"I") Bun + Bun (Fn + Bnxn) W 7W(Fn+3nzn> >
02¢,,
_(Fn+Bn$n)T On 1 0
Oyn

Yl iou (—%Y+X) < [YT X]~
X Oyn

[ ([ 0FntBnén_\T O(Fn+Bndn_1) |, 0Gn_1 9¢n—1)" 9%n_1 2¢a-1)"
((T") Gno1(Wn—1)+ Gn_1(¥n—_1) Bun T o T ) =2 (o B T ’
Odp_1
A By -
. . Yy Y
} +2J [¥T X] Gn(yn) { ¥ }\/ﬁg Y {YT x] Gn(yn) [ X } +2J [YT X] Gn(yn) [ < }\/ﬁ

X

de, (Eo(t), Eom(t)) < e 2'dg, (z,2') +

(1= ) 17 - 7o

< e 2ldg (2,2)) + 2|0 — U|wc

S0 > b

Remark 4.4.16. The contraction metric, with respect to states and inputs, for a
control system of the form (4.4.17), equipped with the state feedback control law
(4.4.42), is given by (4.4.41).

Remark 4.4.17. It can be shown that the function

|
—

n

V() =53 (- ai@)?,

I
o

is an input-to-state stability Lyapunov function [Kha96] with respect to U for a
control system of the form (4.4.17), equipped with the state feedback control law
(4-4-42).
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Now, we extend the results in Theorems 4.4.12 and 4.4.15 to the class of control

systems ¥ = (R", U, U, f) with f of the strict-feedback form in (4.4.25).

In order to extend Theorems 4.4.12, and 4.4.15 to control systems of the form

(4.4.25), we need the following technical lemmas.

Lemma 4.4.18. Let ¥ = (R",U, U, f) be a control system and let ¢ : R™ — R™ be
a global diffeomorphism. If the metric G is a contraction metric, with respect to
states, for ¥/ = (R™, U, U, ¢.f) and with contraction rate X € RT, then the metric
¢*G 1s a contraction metric, with respect to states, for the system ¥ and with the

contraction rate \.

Proof: Since G is a contraction metric, with respect to states, for the system

¥ and with the contraction rate A, using the inequality (4.2.6), we have:

d
21\0m:0ma < —AMon, dn)e, (4.4.47)

where 07 is variation of the state trajectory of ¥'. Since G is a metric and
O(z) = 22(z) is an invertible matrix?!, it is readily seen that (¢*G)(x) is a positive
definite matrix. We now show that the metric ¢*G is a contraction metric, with
respect to states, for the system Y. For the coordinate transformation n = ¢(§),

we have:

n = O(£)J¢. (4.4.48)
By taking the derivative of (4.4.48) with respect to time, we obtain:

d ) d
201 = (3¢ + O(¢) -0, (4.4.49)

21For any smooth map ¢ : R® — R™ with a smooth inverse, it is easy to show that %(x) is
an invertible matrix for any x € R".
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Using (4.4.47), (4.4.48), and (4.4.49), we obtain:

1(5 e = s TG5 o G Lo 4 sy Co
dt 7,01 ¢ = dtn n n dtn n n

T
= (@55 + @%&) GO + (856" G <@5§ + @%55) + onTGén
L
dt
< — M0, 0n) e = —AonTGon = =X (066)" GOsE = —N\6eT ¢ GoE

- — )\<(5£, 5£>¢*G

_d(gT*G(S 5T*Gd5 5d*G5— 0E,0
—(£5> 0 GOE + 675" G0 + 86 (607G 0 = £ (56,08)

Hence, the metric ¢*G is a contraction metric, with respect to states, for the

system X and with the contraction rate A.

In the next lemma, we extend the results of Lemma 4.4.18 to contraction with

respect to states and inputs.

Lemma 4.4.19. Let ¥ = (R",U, U, f) be a control system and let ¢ : R™ — R™ be
a global diffeomorphism. If the metric G is a contraction metric, with respect to
states and inputs, satisfying (4.2.8) with contraction rate X € R*, and o € RY, for
Y =(R",U,U, p.f), then the metric ¢*G is a contraction metric, with respect to
states and inputs, satisfying (4.2.8) with the contraction rate A, and the constant

a for the system 3.

Proof: Since G is a contraction metric, with respect to states and inputs, for
the control system Y, satisfying (4.2.8) with the contraction rate \, and o € Ry,

using the inequality (4.2.9), we have:

d 1 1
20 0n)6 < =A{dn, dn)e + aldn, on) ¢ (6v, dv); . (4.4.50)
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Using (4.4.48), (4.4.49), (4.4.50), and the results of Lemma 4.4.18, we obtain:

d d

< = X(0n, on)e + a(on, on)(dv, (5U>I§m

[N

= — M3, 0o + o ((058)" GO ) (30, 00) :

= — MO, 56) g + D€, 86) 2. (00, 50) .

m

Hence, the metric ¢*G is a contraction metric, with respect to states and inputs,

satisfying (4.2.8) with the contraction rate A, and the constant «, for X.

We can now state the result for a control system 3 = (R", U, U, f) with f of
the form (4.4.25).

Theorem 4.4.20. Let ¥ = (R",U,U, f) be a control system where f is of the
form (4.4.25). The state feedback control law v = k(p(x),u), where k was defined
in (4.4.31) and ¢ : R™ — R"™ is the smooth map (with smooth inverse), defined in
(4.4.26), renders control system ¥ 63-GAS.

Proof: The coordinate transformation n = ¢(§) transforms the control sys-
tem X = (R", U, U, f) with f of the form (4.4.25) to the control system ¥’ = (R", U, U, f'),

where f" = @, f. It can be easily checked that f’ has the following form:

fily,w) = RBi(y1) + e,
[y, u) = hy(y1,v2) + us,
: (4.4.51)
fwll—l(y’u) = h;’L—l(y:L’.” 7yn—1) + Yn,
falyu) = h(y) + 4 y)u,
where h; : R® — R, for i = 1,--- ,n, are smooth functions, ¢ = H;’j g;, and

y € R™ is the state of X'. As proved in Theorem 4.4.12, the state feedback control
law k, defined in (4.4.31), makes the metric G,,, defined in (4.4.41), a contraction

metric, with respect to states, for the control system ¥’ and with the contraction
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rate A\. As proved in Lemma 4.4.18, the metric ¢p*G,, is a contraction metric, with
respect to states, with the contraction rate A, for the control system X, equipped
with the state feedback control law k(p(z),w). Since (R" dg,) is a complete
metric space and ¢ is an isometry, (R"”,d,-¢,) is also a complete metric space
[Lee03]. Therefore, the state feedback control law k(¢(x),u) makes the control
system Y 63-GAS.

The 03-ISS version of Theorem 4.4.20 is given by the following result.

Theorem 4.4.21. Let ¥ = (R",U,U, f) be a control system where f is of the
form (4.4.25). The state feedback control law u = k(p(z),u), where k and ¢ were
defined in (4.4.42) and (4.4.26), respectively, renders control system 3 §3-15S with

respect to the input v.

Proof: By following the same steps as in the proof of Theorem 4.4.20, and
using Lemma 4.4.19, we obtain that the state feedback control law u = k(p(z), u)
makes the metric ¢*G,, a contraction metric, with respect to states and inputs,
for ¥ and with the contraction rate A. Hence, the control system >, equipped
with the state feedback control law k(¢(x),w), is 03-ISS with respect to the input

.

Remark 4.4.22. Although we only discussed single input control systems, exten-

sions to multi input control systems are straightforward using the techniques in

[KKK95].

4.5 Examples

We illustrate the results in this chapter on several examples.
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4.5.1 Non-smooth control system

We illustrate the results in Theorem 4.4.2 and Lemma 4.4.5 on the following

non-smooth control system:

= —m + |nsl,

Jo = —1o + sat sat ,

g, ) 2= (m)sat(ns) (45.1)
Tis =Nz + mnans + ns + (1,

é1=§1+Cf+U§+U7

\

where sat : R — R is the saturation function, defined by:

1 ifa < —1,
1 ifx>1.

It can be readily verified that ¥ is unstable at (0,0,0,0), implying that ¥ is
not 03-ISS. It can be checked that the results in [J1.02, SK09, SK08, PvdWNO05]
can not be applied to design controllers that render the system ¥ 63-ISS. By
introducing the feedback transformation © = ¢; + ¢ + n? + v, the control system

Y is transformed into:

= —n + |03,
—T)2 + sat(m)sat(ng),

12

gl

(4.5.3)
T3 =3 + mmans + ns + (1,

Clzﬁ-

\

Now by choosing (1) = —4n3 — nim9m3 — 13, and substituting (n) + U instead of

(1, we obtain the following n-subsystem:

n = —m + [ns],
n 't T2 = —n2 + sat(n)sat(n3), (4.5.4)

Nl

T3 = 3 + mans + 05 + () + U = =303 + 0.
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It remains to show that in is 03-ISS with respect to v. First we show that the

control system:
Y in=—m +ns,

is 03-ISS with respect to the input n3. By choosing the function Vi(y;,y;) =
(y1 — 9;)?, where y; and 7| are states of /X\Il, and using the Cauchy Schwarz

inequality, we have that:

o

R4
an (—oh + |5 < =2(y1 — y1)* + 2ly1 — villys — v

3

< —Vily,y1) + lys — v41%,

showing that V; is a d3-ISS Lyapunov function for 5 and, hence, S, is 05-ISS

with respect to the input n3. Now we show that the control system:

~

Yo 1 1o = —mo + sat(ny)sat(ns),

is 03-ISS with respect to inputs n; and n3. Similarly, by choosing the function
Va(ya,15) = (y2 — v5)?, where y, and y}, are states of S, and using the Cauchy

Schwarz inequality, we have that:

oV oV
Tyz (—y2 + sat(y1)sat(y3)) + T? (—y5 + sat(y) )sat(ys)) <

—2(y2 — y2) + 2|ya — y5||sat(yy)sat(ys) — sat(y])sat(ys

)
)

IA

—2(y2 — y5)* + 2ly2 — yllsat(y1)sat(ys) — sat(y1)sat(ys) + sat(y:)sat(ys) — sat(y])sat(yh

IN

—2(y2 — y5)* + 2ly2 — y5| (|sat(y1)||sat(ys) — sat(yh)| + [sat(yh)|[sat(y1) — sat(y})])
—2(y2 — ¥5)* + 2ly2 — ol (Jys — v5| + [y — 14]) <

~Valya, 1) + (y1 — o] + lys — w417,

showing that V5 is a 03-ISS Lyapunov function for iz and, hence, ig is 03-ISS with

respect to inputs n; and ns. Similarly, it can be shown that the control system:
Y3z = =33+,

is 03-ISS with respect to v. By virtue of Lemma 4.4.1, we conclude that the

control system in is 63-ISS with respect to v. By using the results in Theorem
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4.4.2 for the control system i, we conclude that the state feedback control law:

D= k(1. ¢, 0) = — A — () + Z—Z’ﬁ 1o (45.5)

= — A (G +4n3 + mnans + 13)
+ (n3 + mnens + 05 + G) (=4 — mn2 — 3n3)

— 1a2m3 (=01 4 |m3]) — mns (—n2 + sat(n1)sat(ns)) + 0,

makes the control system S 65-ISS with respect to input o, for any A € RT.

Therefore, the state feedback control law

v = /]{\?(777 C? D) = k(nv Ca 'D) - Cl - 613 - 77%» (456)

makes the control system X 03-ISS with respect to input ©.

Let us now aim for finding a §3-ISS Lyapunov function V : R* x R* — R}
for the control system Y equipped with the state feedback control law k. First
we show that the function V(y,y) = (y1 — )% + (g2 — 43)* + (ys — 14)* is a
03-ISS Lyapunov function for the control system in- It can be easily seen that

the function V satisfies the condition (i) in Definition 4.2.1. Using the Cauchy
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Schwarz inequality, we have that:

~

ov ov

a—yf(y, U(y) +u) + a—y,f(y’, Uy +u') =

2(yr —y1) (—y1 + lysl +y1 — lysl) +
2 (y2 — o) (—y2 + sat(yi)sat(ys) + ys — sat(y;)sat(ys)) +
2 (ys — y3) (—3ys + u + 3y — u) <
—2(y1 — ) — 2o —5)” — 6 (ys — yh)* +
21y — v llys — ysl 4+ 2ly2 — yol (1 — w1l + lys — ) + 2[ys — wal|[w — @] <
- (1 —oh)" - ! (y2 — 15)" — 2 (ys — ub)" +

2 2
2

1 ? 1
- (E@l — w1l = V2lys - yél) - (Elyz — 9ol = V2Jys - yél) +
2 ~ o~
— (1 = w1l = ly2 = 96)" + 2lys — wsllu — @] <
1~ -
—EV(y, y) + |u— %
Therefore, the function V satisfies the condition (iii) in Definition 4.2.1. Hence 1%

is a 03-ISS Lyapunov function for in- Using Lemma 4.4.5, we conclude that the

function:

~

Viz, o) =V(y,y)+ | (z1 —¢(y) — (2} —¢) | (4.5.7)
=(y1 — 1) + (y2 — 43)?

2
+ (ys — v3)? + (21 + 4ys + yiveys + 3) — (21 + 4us + iysys + v5)) 7,

where x = [y1, Y2, 3, zl]T is the state of ¥, is a d3-ISS Lyapunov function for the
control system > equipped with the state feedback control law k in (4.5.6) with
A>3

We simulate the closed-loop system with A = 5 and ©(t) = 10sin(2¢), for any
t € R{. In Figure 4.1, we show the closed-loop trajectories stemming from the

initial conditions (1,1,1,1) and (—1,—1, —1, —1), respectively.
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Figure 4.1: Evolution of 1y, 19, 13, and ¢; with the input ©(¢) = 10sin(2¢) and

initial conditions (1, 1, 1, 1), and (-1, —1, —1, — 1), respectively.
4.5.2 Single-machine infinite-bus electrical power system

Here, we illustrate the results in Theorem 4.4.9. Consider a single-machine infinite-
bus electrical power system with static VAR compensator [SL10]. The control

system ¥ = (R3, U, U, f) with f of the form:

fi(z,u) =z, (4.5.8)
D
folz,u) = — %E;‘/Syswo sin(zy + dg) — 7 + %Pm — %E;Vs sin(xy + dg)x3,
1 1
Rl =g

models a single-machine infinite-bus (SIMB) electrical power system with static
VAR compensator (SVC). In the mentioned model, z; is the deviation of the
generator rotor angle, x5 is the relative speed of the rotor of the generator, x3 is
the deviation of the susceptance of the overall system, d is the operating point of
the generator rotor angle, wy is the operating point of the speed of the generator
rotor, H is the inertia constant, P,, is the mechanical power on the generator
shaft, D is the damping coefficient, E is the inner generator voltage, V; is the

infinite bus voltage, y4,.0 is the operating point of the susceptance of the overall
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system, Ty,. is the time constant of SVC regulator, and u is the input of SVC

regulator. We assume that sin(z; + dg) is nonzero over the domain of the interest.

The control system (4.5.8) is of the form (4.4.25). The coordinate transforma-
tion (4.4.26), given by:

Uil &1
n | =)= & ) (4.5.9)
3 —B EVssin(do + &1)&s

transforms the control system ¥ = (R3 U,U, f) to the control system ¥/ =
(R3,U,U, f') with f' = p,f of the form:
fily,w) =R (1) +yo = v, (4.5.10)

D w w .
Fay ) =ho(yr,y2) + s = =92 + 2 P = 7 BVitseo sin(y1 + Jo) + s,

1 w .
F3(y,w) =hs(y) + ¢'(y)u = ya cot(ys + do)ys — 7—vs — Hj? E Vs sin(y; + do)u.

By using the results in Theorem 4.4.7 for a control system of the form (4.5.10)

and for A = 1, we have:

9251(3/1) =Y,

W . w D
¢2(y17 y?) = - 23/1 + ﬁOE;‘/sysch Sln(yl + 50) - _OPm + <— — 2> Y2,

H H
D
k3(y) = — 3y1 + (ﬁ - 3) (1

D D
+ <E — 3) %Pm + (3 — E) %Eé‘/sysvco sin(y1 + 50)

D D?
+ %E&Vsyswo cos(y1 + 0o)y2 + (3— - — — 5) Yo
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Therefore, the state feedback control law:

k(y,3) :g,gy) k() — By(w)] +

7 (4.5.11)

D 1
=3y + E_3+Tsvc Y3

w , w
+ (3 - ﬁ) ﬁOE;V;ysch sin(y; + do) + —OE;Vsysvco cos(y1 + o)y

HTS'UC
wo B,V sin(do + y1)

H

D D? D W,
+ (3ﬁ T 5) Y2 + (E - 3) ﬁopm — Y2 cot(y1 + 6o)y3

HT,,.u
woEl Vs sin(do +y1)

makes the control system ¥’ §5-ISS with respect to the input ©. The corresponding
d3-ISS Lyapunov function for the control system (4.5.10) is given by:

~

V(y,y) =

(=) + (=) + (g2 — 95) + [(y;; —yh) + (2 _ D

H) (y2 — )
1

Wo 212

+2(y1 —yy) — ﬁE;Vs?/svco(Sin(yl + do) — sin(y] + 50))} ] .

By using Theorem 4.4.9, the state feedback control law (4.5.11), and the coor-

dinate transformation (4.5.9), we obtain the state feedback control law k(p(z), w)

making > §3-ISS with respect to the input . The corresponding §3-ISS Lyapunov
function for the control system ¥ is given by:

/ / / / W ! .
Viz,2') = [(951 — 2})? + (21— 7)) + (22 — 7h))° + {— ﬁOEqu<Sm(50 + x1)73
. / / D / /
— sin(dg + xl)x3) + (2 — E) (g — g) + 2(zq — x7)
@ ’

2
HE;VSySUCO(Sin(xl + do) — sin(x] + 50))] ] :
4.5.3 Synchronous generator

We illustrate the results in Theorem 4.4.21 on a synchronous generator. Consider

a synchronous generator [RGHSO01] connected through a transmission line to an
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Figure 4.2: Generator connected through a transmission line to an infinite bus.

infinite bus, as shown in Figure 4.2. The control system ¥ = (R?, U, U, f) with f

of the form:

filz,u) = hy(z1) + g1(21) 22,
fa(x,u) = ho(xq, 22) + go(21, 22) 23, (4.5.12)
fs(z,u) = ha(z) + gs(z)u,

where

(.ﬂUl :07

g1 (1

=V,Gsin(dy + x1),

92(!101, T2
hs(z
g3(x

)
) =
hao(x1,22) = — Exg + F P + ViGeyo sin(do + x1),
)
) =—lx3+ JVsin(dp + x1)x2 — ey,
)

=IK,,

models a synchronous generator connected to an infinite bus. In the aforemen-
tioned model, x; is the deviation of the power angle, x5 is the relative speed of
the rotor of the generator, w3 is the deviation of the quadrature axis voltage of
the generator, dy is the operating point of the power angle, P, is the operating
point of the mechanical input power, ey is the operating point of the quadra-
ture axis voltage of the generator, V; is the infinite bus voltage, K, is the gain
of the excitation amplifier, and u is the input of the silicon-controlled rectifier
amplifier of the generator. Other parameters in (4.5.12) are given by: E =

2H’

I = T,, F=35G= —SU—EXL%, and J = X,X‘/i, where D is the per-unit damp-

ing constant, H is the inertia constant, wq is the synchronous generator speed,
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T = %TQO, Xos = Xp+ 35X+ Xy, X}, = Xp+ 53X, + X)), T}, is the direct axis
transient short-circuit time constant, X is the reactance of the transformer, X,
is the quadrature axis reactance, X} is the direct axis transient reactance and X,

is the reactance of the transmission line. We assume that sin(dy + x1) is nonzero

over the domain of the interest.

The control system (4.5.12) is of the form (4.4.25). The coordinate transfor-

mation (4.4.26), given by:

T &
n | =) = &2 , (4.5.13)
13 VoG sin(dg + &1)&s

transforms the control system ¥ = (R3 U,U, f) to the control system ¥/ =
(R3,U,U, f') with f' = p,f of the form:

fily,u) = hy(y1) + 42,

faly, w) = hy(y1, y2) + s, (4.5.14)
f3(y,u) = hy(y) + g5(y)u,
where
hll(yl) =0,
hy(y1,y2) = — Eya + F P + ViGeyosin(dg + 1),

)
hs(y) = — IV,Gegosin(do + y1) + JV;,ZG sin2(50 + y1)ye — Lys + cot(do + y1)y2ys,
g5(y) =IK.V,Gsin(do + y1).

By using the results in Theorem 4.4.15 for the control system of the form
(4.5.14) and for A\ = 2, we have:

¢1(771) =",
oy m2) = —2m + (B —2)nay — F P — ViGegosin(do + m),
ks(n) = (=5+3E—E*)n2 —3m + (E—3) 03 + (E — 3) FPyo

+ (B — 3) ViGeyosin(do + m1) — ViGeyo cos(bo + m1)ne.
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Therefore, the state feedback control law:

1 L L
1

= 54 3E—E)m—3m+ (E—3+1
IKCI/SGsin(50+n1)[( + )m2 = 3m + +1) s

+(E—3)FPu+ (E—3+1)VGegosin(dp + m)

—ViGeycos(S + m)me — JVEG sin®(8 + n1)ne

~

0
IK.V,Gsin(dg +m1)’

makes the control system ¥’ §-ISS with respect to the input ©. The corresponding
contraction metric for the control system (4.5.14) is given by:

— cot(dg + 771)772773} +

R C ol

Yy dy1 dy1 4+ (992)T 942 _ (242\T

Is Oz Oz Oz

con=| | A A O
2% 1

2 + (2 + VsGego cos(dg +y1))2 —2E 45— (E - 2) VsGegocos(dp +y1) 2+ VsGego cos(do + y1)
—2E +5 — (E — 2) VsGego cos(6o + y1) (E—-2)2+1 2-E
2 + VsGegp cos(do + y1) 2—FE 1
where 21" = [y1, 12]T. By using Theorem 4.4.21, the state feedback control law

(4.5.15), and the coordinate transformation (4.5.13), we have the state feedback
control law k(y(x),u) making ¥ J-ISS with respect to the input v. The corre-

sponding contraction metric for the control system X is given by:

(¢°G) (x) = O (z)G(p())O(),
where

1 0 0

I
S} = — = . 4.5.16
(0) = 22() 0 i 0 (4516
VG cos(do + z1)xs 0 V,Gsin(dp + x1)
Since the map ¢ does not transform the first and the second coordinate and the

metric G is only function of the first coordinate, we have G(¢(z)) = G(x).

4.6 Discussion

In this chapter we developed Lyapunov characterizations and contraction metric

description of d5-GAS and 05-ISS. Moreover, we developed a backstepping proce-
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dure to design controllers enforcing incremental input-to-state stability (or con-
traction properties) for the resulting closed-loop system. The proposed approach
in this paper generalizes the work in [JL02, SK09, SK08] by being applicable to
larger classes of control systems and the work in [PvdWNO5] by enforcing incre-
mental input-to-state stability rather than input-to-state convergence. Moreover,
in contrast to the proposed backstepping design approach in [PvdWNO05], here we
provided a way of constructing incremental Lyapunov functions, which are known

to be a key tool in the analysis provided in [GPT09, Gir05, JFAT07, KDL 08].

107



CHAPTER 5

Conclusion and future contributions

In this thesis I have studied control problems for embedded control systems using
incremental properties of control systems. First, in Chapter 3, I addressed con-
structions of equivalent finite symbolic abstractions for some classes of nonlinear
control systems. These abstractions, with finite number of states, simplify the de-
sign of controllers satisfying specifications, difficult to enforce with conventional
control design methods, such as logic specifications expressed in linear tempo-
ral logic or automata on infinite strings. Similar finite abstractions are used in
software and hardware modeling, which enables the composition of such abstrac-
tions with the finite abstraction of the nonlinear control system. The result of
this composition are finite abstractions capturing the behavior of the nonlinear
control system interact with the digital computation devices. Once such abstrac-
tions are available, the methodologies and tools developed in computer science
for verification and control synthesis purposes can be easily employed to control
systems, via these abstractions. In Chapter 4, I studied the incremental properties
under which control systems admit finite symbolic abstractions. I also provided
the characterizations (descriptions) of those incremental properties in terms of
existence of incremental Lyapunov functions (contraction metrics). Furthermore,
I provided some analysis and design approaches providing controllers enforcing
those incremental properties on nonlinear controlled systems. Rather than ap-
plications of those properties in the synthesis of finite abstraction, they can also

be beneficial in global synchronization in networks of cyclic feedback systems

108



[HSSG12], control reconfiguration of piecewise affine systems with actuator and
sensor faults [RHvdWL11], intrinsic observer design [AR03], consensus problems
in complex networks [WS05], output regulation of nonlinear systems [PvdWNO05],
design of frequency estimators [SKO08], synchronization of coupled identical dy-
namical systems [RABS09], the analysis of bio-molecular systems [RdB09], and so

on.

Switched control systems are a class of hybrid control systems often appearing
in embedded control applications. One can use the results in [GPT09] to construct
finite abstractions for the switched control systems. However, the extension to the
general class of hybrid systems is still open and further research is required. The
main difficulty lies in deducing, from the entrance of a single trajectory in a guard
set, the entrance of the surrounding trajectories in the same guard set. The
exception of switched systems is easy to clarify because for this class of hybrid

systems the guards match with the invariant sets.

The current available symbolic abstraction methods only apply to small di-
mensional systems or restricted classes of dynamics. To use symbolic models for
systems of larger size, it is necessary to obtain abstractions with reduced complex-
ity. The first approach to be explored is the use of adaptive multi-scale abstrac-
tions. The existing results include the use of nonuniform grid with fixed sampling
time [T109] and the use of uniform grid with varying sampling time [CGG11].
Hence, one possible extension is by using nonuniform grid and varying sampling
time. The second approach to deal with reduced complexity of symbolic models
is the use of compositional methods for systems defined as an interconnection of
subsystems. The initial results in [KS10] provide compositional analysis for linear
control systems. The idea is to compute symbolic models for each subsystem,
to synthesize local controllers at the subsystem level and to ensure coordination
at the global level to control the original overall system. The third approach is

by integrating the design of controllers with the construction of symbolic models,
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such as the results in [PBD12] for incrementally input-to-state stable nonlinear

control systems.

While construction of finite abstractions have been recently studied extensively
for deterministic nonlinear control systems, they received much less attentions for
stochastic control systems. The existing results on stochastic control systems
include constructions of finite bisimilar abstractions for probabilistically incre-
mentally globally asymptotically stable dynamical systems [Aba09], for stochastic
hybrid dynamical systems with some given ergodic properties [ADD11], and for
any stochastic dynamical systems, restricted in some finite time-horizon, [AP11]
and constructions of infinite bisimilar abstractions for some classes of stochastic
control systems [JP09]. Although the works in [Aba09, ADD11, AP11] provide
finite bisimilar abstractions, they only deal with dynamical systems rather than
control systems. Hence, they can only be applied for verification purposes rather
than synthesis of controllers enforcing complex specifications. To the best of our
knowledge, there is no work on the construction of finite bisimilar abstraction for

stochastic control systems that are left for future research.
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