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In̄nite P ortfolios

StephenF.LeR oy
U niversityofCalifornia,Santa B arb ara

Septemb er 14 ,2 0 0 1. First d raft M arch 11,2 0 0 0

A bstract

Inin̄ nite-datemodelsthereceiveddē nitionsofthepayo®sof n̄iteport-
foliostrategies implydiscontinuous valuation. A ccordingly, in the absence
oftradingrestrictions, arbitrage results when in̄ nite tradingstrategies are
admitted. W e propose an alternative thatis free ofthese problems. T he
alternativeproduces acleaner, ifmoreabstract,treatmentofequilibrium in
n̄ancialmodels in in̄ nite-datesettings. W econsiderthebearingofthere-
visedtreatmentonthetheoryofrationalspeculativebubbles andequivalent
martingalemeasures.

1 Introd uc tion1

In¯nite settingsthere isno amb iguity ab out the d e¯nitionofportfolio payo®s: at
any event the payo® ofa givenportfolio strategy equalsthe value ofthe portfolio
chosenat the immed iately prec ed ingevent minusthe value ofthe portfolio chosen
at that event. Inin̄nite settings,how ever, thisd e¯nitionofpayo®sissometimes
inapplic able2 , and w henit isapplic able itsappropriatenessisnot asclear. For
example,und er the d e¯nitionjust presented the payo® ofa portfolio strategythat is
self-¯nancingat every d ate| that is,w here the payo® iszero at every d ate| iszero.
W here d id the value represented by the initialcost ofthe portfolio go?

Incontinuous-time mod elsw here there isno terminald ate the received d e¯nition
ofthe portfolio payo® isprec iselyanalogousto the ¯nite-time d e¯nitionjust stated .
Inparticular, the d e¯nitioninthe continuous-time c ase hasincommonw ith the
d e¯nitioninthe d isc rete-time c ase the property that the payo® ofa self-¯nancing

1 I havereceived helpfulcomments from M arkFisher,Christian G illes, Z ari R achevand Jan
W erner. I am indebtedtoseminarparticipants atU niversityofKarlsruhe,U niversityofTrento
andU niversityofR omeforcomments.

2A sseenbelow,whenthereisanin̄ nitenumberofdatesandalsoaterminaldate,eventsatthe
terminaldatemayhavenoimmediatepredecessors.
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portfolio strategyiszero. Incontinuous-time mod elsw here there isa terminald ate
(the usualcase) the payo® ofany portfolio strategy at the terminald ate isd e¯ned
via a stochastic integralw henthat integralisw ell-d e¯ned ,and via a pointw ise limit
w henthe integralisund e¯ned .

T he latter spec ī c ationalso hasproblemsofinterpretation,asexemplī ed by the
d oublingstrategy,a portfolio trad ingstrategythat apparentlyprod uc esanarb itrage.
T he existence ofsuch arb itrageshasled many analyststo c onclud e that mod els
w ith in̄nite time have equilib ria onlyinthe presence oftrad ingrestric tions,so that
arb itrage either isruled out or islimited inscale. T hese trad ingrestric tionsgreatly
complicate the analysisofsuch mod els,asw e w illsee b elow .

We propose analternative d e¯nitionofthe payo®sofin̄nite portfolio strategies,
one that d oesnot result inarb itrage eveninthe absence oftrad ing restric tions.
Ac c ord ingly,there isno need to introd uc e trad ingrestric tions,although one canstill
d o so ifd esired . For thisreasonthe alternative d e¯nitionprod ucesa much cleaner,
although somew hat more abstrac t, treatment ofequilib rium inin̄nite-d ate mod els
thanthe rec eived d e¯nition.

We also show how the alternative d e¯nitiona®ec tsthe analysisofrationalbub bles.
Finally,w e d emonstrate that the revised d e¯nitionallow sa c oncise d emonstrationof
w henequivalent martingale measuresd o and d o not exist.

2 P ayo®sasP ointw ise Limits
Assume that time isin̄nite and c ountable3,and therefore that it canb e ind exed by
thenaturalnumb ers.U nd er thisspec ī c ationthe settingassumesanin̄nite horizon
ifthere existsno terminald ate,or a ¯nite horizonifthere existsa terminald ate T:In
the in̄nite horizoncase time isinterpreted as0 ;1;2 ;3;:::;;inthe ¯nite horizoncase
it may b e interpreted as0 ;1=2 ;3=4 ;7=8;:::;1;for example,inw hich c ase the horizon
oc cursat d ate T = 1. T he latter spec ī c ationisanalogousto the c ontinuous-time
setting,inw hich there existsanin̄nite numb er oftrad ingd ates,but (usually) there
also existsa last d ate.

U ncertaintyisrepresented bya prob ab ilityspac e (­ ;F;¹),w hereFisa ¾ -algeb ra
on­ and ¹ isa prob ab ility measure onF,and anevent tree w ith a ¯nite numb er
ofevents(subsetsof­ ) at each d ate. T here isa single event »0 at d ate 0. Agents
trad e n securitiesat each nod e ofthe event tree,w here n is¯nite. Inthissetting
¯nite portfolio strategiesare representable as¯nitelynonzero sequences£ = fµ(»)g,
w here µ(») isann -tuple inw hich the i-th element representsthe hold ingofsecurity
iat event ».4

3W echooseadiscrete-timesettingsothatthetheorycorrespondsdirectlytoanextendeddiscrete-
timeexample,presentedinthelastsection.T hetreatmentincontinuoustimeisbroadlysimilarto
thatofdiscretetime.

4 W ewillgenerallyusecapitalletters todenotestochasticprocesses andlower-caseletters to
denoterandom variables,n-tuplesorscalars.
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T he payo® X = fx£ (»)g ofa ¯nite portfolio strategyisd e¯ned at allevents(other
thanthe initialevent and ,inthe ¯nite-horizoncase,eventsat T) by

x£ (») = ¼(»)
h
µ(»¡)¡µ(»)

i
(1)

w henthe securitiespayno d ivid end s.Here »¡ isthe event that immed iatelypreced es
» and ¼(») isthe n -tuple ofsecurity pricesat event ». Inthe ¯nite-horizoncase,
payo®sat T are givenby(1) w ith µ(») = 0. T he initialcost of£ is¼(»0 )µ(»0); w here
»0 isthe root nod e.

P ortfolio strategiesrepresentable byin̄nitelynonzero sequencesare in̄nite port-
folio strategies. T he questionishow to d e¯ne their payo®s. E stablished prac tice
isd i®erent inthe c ase ofanin̄nite horizonvs. a ¯nite horizon. B ecause inthe
in̄nite-horizoncase everyevent other than»0 hasanimmed iate pred ec essor,(1) c an
b e interpreted asapplyingto in̄nite asw ellas¯nite portfolio strategies(Santosand
Wood ford [34 ],Huangand Werner [2 3],for example),and the usualprac tice isto d o
so. T hisspec ī c ationhasthe implicationthat the payo® ofanyself-¯nancingin̄nite
portfolio strategy(a portfolio strategyfor w hich x£ (») = 0 at everyevent ») iszero.

Inthe case ofa ¯nite horizon,(1) d oesnot d e¯ne the payout at T,the eventsat
T not havingimmed iate pred ec essors. Inthe c ontinuous-time literature the prac tice
isto spec ify a portfolio'spayo® at T either via a stochastic integralor, ifthat is
und e¯ned , as the pointw ise limit ofthe portfolio'svalue at tastapproachesT
(Du± e [9],Append ixD): We w illprovisionally carry over the latter spec ī c ation
to the d isc rete-time case.

Inord er to attaina symmetric treatment ofthe in̄nite-horizonand ¯nite-horizon
casesw e w illmod ify the spec ī c ationofpayo®sinthe in̄nite-horizoncase so asto
rend er the treatment the same asinthe ¯nite-horizoncase.We d o thisbyappend ing
a d ate c alled 1 inthe in̄nite-horizoncase and d e¯ningthe payo®sofin̄nite portfolio
strategiesso asto includ e payo®sat 1 :T hiscomponent ofthe payo® isd e¯ned to
equalthe limit ofthe portfolio value at tastapproaches1 ; exac tlyasinthe ¯nite-
horizoncase (w ith 1 inthe in̄nite-horizoncase replac ingT inthe ¯nite-horizon
case).

To assure the existence ofthe payo® und er the alternative d e¯nitionit isnecessary
to provid e some ad d itionalstruc ture. Let Lp b e the set ofad apted stochastic
processesX for w hich kX kp,d e¯ned by

kX kp =
"
E

X

t
jxtjp

# 1=p
; (2 )

is¯nite. Here xtisthe d ate-tc omponent ofX ; that is, the rand om variable that
takesvaluesx(»t) at the events»toc curringat d ate t.

Inthe absence ofarb itrage in¯nite portfolio strategies,there existsa state price
d e°ator M ; a stric tly positive ad apted proc esssuch that the initialcost ¼(»0 )µ(»0 )
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ofany¯nite portfolio strategy£ equalsthe expec tationofitssummed payo® valued
usingM :

¼(»0)µ(»0 ) = E
"X

t
xtm t

#
; (3)

w here m tisthe d ate-tc omponent ofM :
Follow ingFisher and G illes[13],suppose that M 2Lp for some p,and c onsid er

£ q, the set ofin̄nitely nonzero portfolio strategies£ that are mapped by (1) to
elementsofLq,w here

1
p
+
1
q
= 1: (4 )

Since M 2Lp and X 2Lq,it follow sthat Y = M X 2L1,implyingthat the image
X of£ 2 £ qund er (1) has¯nite value und er (3).

Here Y c anb e interpreted asresultingfrom applyinga numeraire change to X ,
so asto measure inunitsofd ate-0 value. Since,from (3),

¼(»0 )µ(»0 ) = E
"X

t
yt

#
; (5)

w here ytisthe d ate-tc omponent ofY ,w e have that the d ate-0 value ofanypositive
Y equalsitsnorm. Note that w e are not charac terizingX or Y asthe payo® of£ ,
except w hen£ isa ¯nite portfolio strategy.

Let vt b e the d ate-tvalue ofportfolio strategy £ 2 £ q; measured inunitsof
d ate-0 value (i.e.,vt= ¼tµtm t),and (inthissec tion) let v1 b e the pointw ise limit of
vtastapproaches1 ,assumingthe limit exists(the limit alw aysexistsfor portfolio
strategiesw ith nonnegative payo®sat each d ate t,since vt ispositive and ¯nite at
each t; and d ec reasesw ith t).

P ayo®sofin̄nite portfolio strategies£ are d enoted (Y ;v1 ) inthe in̄nite horizon
case,and (Y ;vT) inthe ¯nite-horizoncase,w henever the limit exists.

5

2 .1 LocalM artingalesand M artingales
De¯ne Lp asthe spac e ofrand om variablesv w ith ¯nite norm, w here the norm is
d e¯ned by

kvkp = [Ejxtjp]
1=p : (6)

A stochastic processV = fvtg d e¯ned on(0 ;1;2 ;:::;1 ) isa localmartingale if

vt2L1 (7)
5In ordertosituatepayo®s of n̄iteportfoliostrategies as aspecialcaseofpayo®s ofin̄ nite

portfoliostrategies,onewouldreplaceX =fxµ(»)g;wherexµ(»)isdē nedby(1),by(X ;0 ),and
similarlywithY:
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and

vt= Et(v¿) (8)

for t;¿ 2f0 ;1;2 ;:::g and ¿ ¸t: It isa martingale ifinad d ition

vt= Et(v1 ): (9)

Aself-¯nancingin̄nite portfolio strategyisanin̄nite portfolio strategyfor w hich
Y = 0 ; so that itspayo® measured inunitsofd ate-0 value equals(0 ;v1 ) for some
rand om variable v1 (hereafter the expositionassumesanin̄nite-horizonsettingfor
convenience). For a self-¯nancingportfolio strategy,V = fvtg isa loc almartingale.
T herefore the martingale c onvergence theorem (see,for example,Chungand W illiams
[6]) guaranteesthe existence ofv1 = limt! 1 (vt) asanelement ofL1:

3 DiscontinuousValuation
T he fac t that V isa loc almartingale impliesthat the rand om variablesvt have
commonexpec tation. Asthe martingale c onvergence theorem makesclear,it d oes
not necessarilyfollow that v1 hasthe same expec tationasthe vt. T herefore V may
not b e a martingale. How ever,und er the ad d itionalrestric tionthat V isuniformly
integrable (or ifanyofa variety ofother c ond itionsissatis̄ ed ) thenE(v1 ) = E(vt)
for allt, so that V isa martingale. Inthat c ase E(v1 ), the d ate-0 value ofthe
limitingpayo®, equalsthe initialcost ofthe in̄nite portfolio strategy w ith payo®
(0 ;v1 ):

How ever, the uniform integrab ility cond itionmaynot b e satis̄ ed . Ifit isnot,
the vtmay converge (pointw ise almost everyw here) to the payo® ofa ¯nite-horizon
portfolio strategyw ith d i®erent initialcost,since w henuniform integrab ilityfailsthe
expec tationofthe limit isnot necessarilyequalto the limit ofthe expec tations. In
that c ase,valuationof̄ nite portfolio strategiesisd iscontinuousinthe topology of
pointw ise c onvergence.

Discontinuousvaluationof̄ nite portfolio strategiesimpliesexistence ofarb itrage
w henin̄nite portfolio strategiesare includ ed . T o see this,suppose that V c onverges
pointw ise to v1 almost everyw here,w here v1 isthe payo® ofa ¯nite portfolio strategy,
but E(vt) 6= E(v1 ): Now c onsid er the ¯nite portfolio strategy w ith d ate-tpayo®
vt¡v1 ; and c onstruct the assoc iated in̄nite portfolio strategy by lettingtgo to
in̄nity. T hisportfolio strategy haszero payo® since vt c onvergesto v1 , but since
E(vt)6= E(v1 ); itsinitialcost isnonzero. T herefore the law ofone pric e fails,and
thisportfolio strategyor itsnegative isanarb itrage.
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3.1 E xample
T he d oublingstrategyand the \suicid e strategy"(asHarrisonand P liska [2 0 ] c alled
the negative ofthe d oublingstrategy) are familiar examplesofthe failure ofthe law
ofone pric e that resultsfrom d iscontinuousvaluation. Suppose that at each d ate t
anagent c anbuyw ithout c ost µtsharesofa gamble each share ofw hich prod ucesa
payo® of+ 1 or¡1 w ith equalprob ab ility. T he trad ingstrategy isto keep playing,
d oublingthe b et at each stage,untilthe ¯rst w inoc curs, at w hich time the agent
stopsb etting. After tround sthe value vtofthe d oublingstrategyis

vt=

8
><
>:

1 w ith prob ab ility 1¡2 ¡t

1¡2 t w ith prob ab ility 2 ¡t:
(10 )

T he expec tationofthispayo® is, ofcourse, zero, asit must b e b ec ause the initial
cost ofthe portfolio strategyiszero and the gamble ineach round isfair. How ever,
the payo® c onvergespointw ise to 1 almost surely,anarb itrage. Note here that V is
not uniformlyintegrable.

A uniform low er b ound onw ealth rulesout the d oublingstrategy (Dybvig and
Huang[11]),but permitsa suicid e strategy,inw hich anagent gamblesuntilhis¯rst
lossrather thanhis¯rst w in. T hisstrategyprod ucesa lossalmost everyw here.

3.2 Critique
De¯ningthe payo®sofin̄nite-horizonportfolio strategiesaspointw ise limitsmakes
mathematic alsense,but it isnot clear that d oingso makeseconomic sense. Inthe
case ofthe d oublingstrategy,the prospec t ofnot w inningafter tround scontributes
2 ¡t¡1 (the prod uc t of1¡ 2 t and 2 ¡t) to the expec ted payo® ofthe ¯nite d ou-
blingstrategy. T hisconvergesto ¡1. Despite this, the prospec t ofnever w inning
contributesnothingto the expec ted payo® ofthe in̄nite-horizond oublingstrategy.
T husthe fac t that the prob ab ilityofnever w inninggoesto zero trumpsthe fac t that
the payo® inthe event ofnot w inninggoesto ¡1 , thisd espite the fac t that the
prod uc t ofthe tw o c onvergesto ¡1.

Agentsare mod eled asb elievingthat the opportunity to gamble w ith each other
forever enableseach ofthem to prod uc e w ealth out ofnothing. Isit obviousthat
people are that irrational?

Ina curiouspassage d iscussingthe d oublingstrategy,Delb aenand Schachermayer
([8],p.4 65),observed that the player w ho

d oubleshisb et untilthe ¯rst time he w ins....hasanalmost sure w in
....How ever,hisac cumulated lossesarenot b ound ed b elow . E veryb od y,
especially the casino b oss,know sthat thisisa veryriskyw ayofw inning
1 E CU .
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T heythenargue from thisthat the d oublingstrategyhasto b e ruled out via trad ing
restric tions.W hat iscuriousab out the passage isthat und er the rec eived mathemat-
ic altreatment| d e¯ningthe limitingpayo® via pointw ise c onvergence| the strategy,
like anyarb itrage,ismod eled asinfac t havingno riskofloss,and it isattrac tive to
risk-averse investorsprec iselyfor that reason. Rather thanmotivatingimposition
oftrad ingrestric tions,Delb aenand Schachermayer,apparently w ithout realizingit,
are infac t expressingd oub tsab out the received mathematic altreatment,w hich rep-
resentsasrisklessthe payo® ofa gamblingstrategy that, ac c ord ingto them,isfar
from riskless.

W henthe analysisinvolvesanin̄nite numb er ofstatesrather thand ates,most
ec onomistsund erstand that notionsofconvergence are very much at issue. For
example, issuessimilar to those d iscussed here arise inthe Arb itrage P ric ingT he-
ory ofR oss[31],[32 ]: analystsassume absence of\approximate arb itrage"so asto
avoid introd uc ingarb itrage w hend e¯ningpayo®sofd iversī ed portfolios| usually
implic itly,it istrue| aslimitsofpayo®sof̄ nite portfolios. T hey(sometimes) state
explic itlythat byabsence ofapproximate arb itrage theymeancontinuityinthemean-
square norm. Nevertheless, w henthe c ommod ity ind exset representstime rather
thanstatesofnature,\c onvergence"alw aysseemsto mean\pointw ise c onvergence".
T hisisso d espite the inconvenient fac t that,und er thisspec ī c ation,valuationnec -
essarily involvesd isc ontinuity, w hich ec onomists¯nd d i± cult to motivate inother
contexts.

4 Trad ingR estric tions
Inthe absence oftrad ingrestric tions,existence ofarb itrage impliesnonexistence of
optimalportfolios(w henagentsprefermore to less),so it c annot oc cur inequilib rium .
A varietyoftrad ingrestric tionsmayb e used to c reate anenvironment inw hich agents
have optimalportfolios.6 T hese restric tionscomplic ate the analysisofvaluationto
d i®erent d egreesand ind i®erent w ays.

4 .1 P ortfolio R estric tionsImplyingLinear Valuation
Inthe simplest c ase the assumed restric tionsleave the portfolio space asa linear
spac e, but one onw hich valuationofpayo®soffeasible ¯nite portfolio strategiesis
(pointw ise)c ontinuous,so that inclusionofin̄nite portfolio strategiesd oesnot ind uce
arb itrage. W henthe portfolio spac e isa linear space, there are tw o implic ations:
(1) there c anb e no arb itrage inequilib rium,and (2 ) valuationislinear,just asin
the ¯nite-d ate case inthe absence oftrad ingrestric tions.

6See H uangand W erner[23]forageneraldiscussion oftradingrestrictions in discrete-time
sequentialequilibrium.
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W ith regard to (1), absence ofarb itrage againfollow sfrom the fac t that w hen
portfolioslie ina linear spac e anyarb itrage could b e operated onanarb itraryscale,
implyingnonexistence ofoptimalportfolio strategies. W ith regard to (2 ),valuation
islinear b ecause ifthere existed payo®sx and ysuch that the pric e ofx+ yexceed ed
the price ofx plusthe pric e ofy; there w ould exist anobviousarb itrage: sellx + y
short and buyx and yseparately. T he reverse transactionisind ic ated ifthe pric e of
x + y w ere lessthanthe pric e ofx plusthe pric e ofy. A similar arb itrage w ould b e
pro¯table ifthe pric e of® unitsofx equaled anythingother than® timesthe price
ofx.

T he reasoninginthe prec ed ingparagraph required that the set offeasible port-
foliosb e a linear spac e, but d oesnot require that the d imensionofthe portfolio
or payo® spac esb e ¯nite. T herefore w henthe set offeasible portfoliosisa linear
spac e w e have linear valuationeveninthe in̄nite c ase. How ever,it d oesnot follow
from thisthat the pric e ofeverysecurity canb e expressed asa linear func tionofits
d ivid end s. T he reasonisthat linearity appliesonly to payo®soffeasible portfolio
strategies. Depend ingonthe trad ingrestric tions, the portfolio strategy ofbuying
a security and hold ingit forever maynot b e inthe feasible set. Ifnot,there isno
reasonto presume that the pric e ofthat security w illnecessarily d epend linearly on
itsd ivid end s.

4 .1.1 E xample

Anexample ofa portfolio restric tionthat leavesthe portfolio space asa linear space is
that feasible portfolio strategiesmust have zero present value ofasymptotic ind eb t-
ed ness. Again, d oublingstrategiesare infeasible und er thisrestric tion. Further,
und er thisrestric tionthe portfolio choice set isa linear spac e,so there existsa linear
functionalthat valuespayo®s. M agilland Quinzii[2 7],[2 8]show ed that thisspec ī -
c ationallow sthe existence ofbub blesinequilib rium that cannot b e arb itraged aw ay.
Inthe c ase ofmoney, the portfolio strategy ofsellingmoney short and rollingover
the positionforever isinfeasible since it involvesnonzero asymptotic ind eb ted ness.

4 .2 P ortfolio R estric tionsImplyingNonlinear Valuation
T he trad ingrestric tionsthat are imposed to assure continuousvaluationmayb e such
that the set offeasible portfoliosisnot a linear space. For example,suppose that
a low er b ound isimposed onsecurity hold ings; a prohib itiononshort salesisthe
obviousexample. E veninthat c ase valuationmayb e linear. T hisisthe c ase if,for
example,the assumed trad ingrestric tionsare never b ind ingat equilib rium portfolio
strategies.7

7D ybvigandH uang[1 1 ]showedthatalowerboundonwealtheliminatesarbitrageinasetting
thatassumed linearvaluationviaarisk-neutralprobabilitymeasure(thatis,asettinginwhich
portfoliovalues equalsimpleexpectedpayo®s). Valuationviaarisk-neutralprobabilitymeasure
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How ever, ingeneralmattersare more c omplic ated . W henthe set offeasible
portfoliosisnot a linear spac e, d isc ontinuousvaluationcanoc cur inequilib rium
aslongasthe resultingarb itragesonin̄nite-horizonportfolio strategiescannot b e
operated onanarb itraryscale (Huangand Werner [2 3]).8 B esid espossiblyimplying
d iscontinuousvaluation,portfolio restric tionsthat result ina portfolio set that isnot
a linear space complic ate the analysisofvaluation.First, the law ofone pric e may
fail,aslongasthe implied arb itrage canb e operated only ona limited scale. For
example,und er short sale restric tionsa zero-payo® asset may have a positive price
inequilib rium,since the trad ingrestric tionsmay imply that the resultingarb itrage
canb e operated onlyona ¯nite scale.

W hend i®erent portfolio strategiesprod uce the same payo® at d i®erent initial
costs, the questionarisesw hat exac tly one meansby the value ofa payo®. As
inthe ¯nite case (LeR oy and Werner [2 4 ], Ch. 7), the value ofa payo® ismost
usefully d e¯ned asthe c ost ofthe portfolio that prod uc esthat payo® at minimum
cost,since und er increasingpreferencesthat isthe portfolio that utility-maximizing
agentsw illchoose. So d e¯ned , the portfolio valuationfunctionalmay or maynot
b e linear (Huangand W erner [2 3]). Further, valuationmaynot evenb e positive.
For example,ifportfolio c onstraintsallow operationofa P onzischeme ona limited
sc ale,the zero payo® c anb e ob tained at negative initialprice,w hich isinconsistent
w ith positive valuation. For further d iscussionofvaluationinsequentialmod elssee
Luttmer [2 6],Santosand Wood ford [34 ]and Huang[2 1].

5 P ayo®sasWeak* Limits
T he d i± cultiesd iscussed ab ove| d isc ontinuousvaluationof¯nite portfolio strate-
gies,implyingthe existence ofarb itrage w henpayo®sofin̄nite portfolio strategies
are mod eled aslimitsofpayo®sof̄ nite portfolio strategies| are allconsequencesof
w orkingw ith pointw ise limits. T he principalargument infavor ofpointw ise c onver-
gence isthat it istrac table,although w hythat argument appearsd ec isive asregard s
time but not uncertaintyisunclear,asd iscussed inSubsec tion3.2 .Inthe remaind er
ofthispaper the d ate-in̄nitypayo®sv1 ofin̄nite portfolio strategiesw illb e taken
asw eak* limitsofnetsofportfolio valuesvt,instead ofaspointw ise limits. We w ill
see that makingthischange hasmanyattrac tive consequences.9

generallyobtainsonlyiftherestrictiononwealthisnotbindingatequilibrium portfoliostrategies.
8See L eR oyand W erner[24],p.36 fora n̄ite-stateexampleofamodelinwhichequilibrium

assetprices implyexistenceofalimitedarbitrage.
9T heremainderofthis paperpresumes someknowledgeoffunctionalanalysis. M uchofthe

relevantmaterialis summarized in G illes [1 5], G illes and L eR oy [1 7], [1 8]and Fisherand G illes
[1 3]inacontextveryclosetothatofthepresentpaper. Formoreextendedandmorerigorous
discussion,seeR oyden[33],A liprantisandBorder[1 ],D unfordandSchwartz[1 0 ]andBhaskaraR ao
andB haskaraR ao[30 ].
Inthediscussiontofollow,wheneverthereexistsanisometricisomorphism betweentwofunction

spaces, wewillnotdistinguish between the two. Forexample, the space ofnorm-continuous
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T he valuesvtofself-¯nancingin̄nite portfolio strategieslie inL1,so it isnat-
uralto consid er replacingpointw ise c onvergence w ith c onvergence inthe L1 norm.
How ever,w ith thischange there isno assurance that the limitingpayo® exists. For
example,inthe c ase ofthe d oublingstrategyconsid ered inSec tion3.1,fvtg d iverges
inthe L1 norm, implyingthe unsatisfac tory outc ome that the d oublingstrategy is
not a w ell-d e¯ned portfolio strategy.

Suppose instead that w e emb ed L1 initssec ond topologic ald ual, the space
ba(­ ;F;¹) ofsigned chargesonF. Assuming that the net fvtg d irec ted by tis
b ound ed , Alaoglu'stheorem guaranteesthe existence ofconvergent subnetsinba.
We w illtake the limit pointsv1 ofsuch netsasthe d ate-1 payo®sofin̄nite port-
folio strategies.

T he Y osid a-Hew itt theorem guaranteesthat the charge v1 isthe sum ofa measure
component and a pure charge c omponent. T he former canb e id entī ed w ith an
element ofL1; by the Rad on-Nikod ym theorem. Further, it c oincid esw ith the
pointw ise limit d iscussed ab ove (thisfollow sfrom Fisher and G illes' [13] T heorem
A.5). T husthe present treatment d i®ersfrom that ofSec tion2 ininclud ingthe pure
charge c omponent ofthe limitingpayo®. For example,inthe c ontext ofthe d oubling
strategy,the limitingpayo® c onsistsofthe measure 1 plusa pure charge c entered on
the event that the agent losesforever.

5.1 ContinuousValuation
Weak* c onvergence ofvtto v1 meansthat E(xvt) c onvergesto the integralofxv1 for
anyx 2L1 (see G illesand LeR oy[18],append ix,for a minimallytechnicald iscussion
ofintegrationw ith respec t to a charge).10 Since the func tional1 isanelement ofL1 ,
w e have that the valuesE(vt) ofthe liquid atingpayo®svtc onverge to the integralof
v1 ,so valuationiscontinuous. Inthe c ontext ofthe d oublingstrategy the measure
component ofthe limiting payo® hasvalue 1 and the pure charge c omponent has
value¡1: T husthe d ate-0 value ofthe limitingpayo®| the sum ofthe valuesofthe
measure c omponent and the pure charge c omponent| equalsthe initialcost (zero) of
the portfolio strategy.

Continuousvaluationof̄ nite portfolio strategieshasthe attrac tive feature that
allow ingfor in̄nite portfolio strategiesd oesnot prod uce arb itrage: ifthere existed
anin̄nite portfolio strategyw ith positive payo® and negative initialcost,c ontinuity

functions on L 1 is isometricallyisomorphictoaspaceofcharges. Insteadofadoptingnotation
thatdistinguishes betweenthetwoandstatingthe isometry,wewillsimply identifycharges and
continuousfunctions,therebyeconomizingonverbiageandnotation.T hesourcescitedprovidethe
rigoroustreatment.
1 0 N otethatwecannotgenerallywritethe integralofv1 as E (v1 ): T his is sobecausev1 ,as

acharge,is notarandom variable,soitsexpectationisnotdē ned. Itistruethatinthespecial
casewhenv1 hasazeropurechargecomponentitcanbeidentī edwithameasure(bytheYosida-
H ewitttheorem),andtherefore(bytheR adon-N ikodymtheorem)witharandomvariablein L 1 ,so
inthatcasethereisnodi±cultywithidentifyingthedate-0 valueofv1 withE (v1):
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impliesthat there w ould also exist ¯nite portfolio strategiesw ith the same properties,
but thisw asruled out inassuming the existence ofa state pric e d e°ator. For
example,the d oublingstrategyisnot anarb itrage w henthe limitingpayo® isd e¯ned
asa w eak* limit b ecause the pure charge c omponent ofv1 isnegative (and ,asnoted
inthe prec ed ing paragraph, hasvalue equalinabsolute magnitud e to that ofthe
measure component).

Nonexistence ofarb itrage impliesthat there isno need to impose portfolio restric -
tionsalthough,ofcourse,one canstilld o so ifd esired . T husthe canonicalmod el
of̄ nite-time-and -state ¯nance,w hich spec ī esunrestric ted portfolio strategies,has
a d irec t c ounterpart inthe in̄nite c ase. Incontrast,w e saw that und er pointw ise
convergence trad ingrestric tionsmust b e imposed to prevent arb itrage,and the fea-
turesofthe mod eld epend c riticallyonw hat restric tionsare ad opted (asemphasized
byHuangand Werner [2 3]). T herefore und er pointw ise c onvergence there c anb e no
canonicalmod el.

Inthe absence oftrad ingrestric tions,portfolio choic e setsare linear spaces.Since
w ith payo®sofin̄nite portfolio strategiesd e¯ned asw eak* limitsthere isno need
for trad ingrestric tions, it follow sthat valuationislinear inthe canonicalversion.
Incontrast, w e observed inSec tion4 ab ove that w henpayo®sofin̄nite portfolio
strategiesare d e¯ned aspointw ise limits,the fac t that portfolio restric tionsmust b e
imposed impliesthat insuch settingsvaluationmayor maynot b e linear d epend ing
onthe restric tionsimposed and w hether or not theyare b ind inginequilib rium.

Und ermost spec ī c ationofpreferencesagentsd onot value consumptionat in̄nity
or T; implyingthat optimalportfoliosw illhave v1 = 0 (G illesand LeR oy [17]isan
exception). Insuch c asesthe most important c onsequence ofthe spec ī c ationof
w eak* c onvergence inplace ofpointw ise c onvergence isthat it allow sgreater latitud e
inspec ifyingportfolio restric tions,asd iscussed inthe preced ingparagraph.

6 B ub bles
T he preced ingd iscussionhasd irec t implicationsfor the analysisof(rational) bub bles.
First, w e d e¯ne the fund amentalofany portfolio payo® (Y ;v1 ) asitsstochastic
processcomponent Y .T he remainingcomponent v1 isthe bub ble.Correspond ingly,
the fund amentalvalue of(Y ;v1 ) isthe d ate-0 value ofthe fund amentalw hich,from
(5),equals

P
tE(yt). T he bubble value equals limt!1 E(vt):

T he d e¯nitionsofthe fund amentaland bub ble componentsofportfolio strategies
and the assoc iated valueshave obviouscounterpartsfor securities: a security'sfun-
d amentalisthe fund amentalofthe portfolio strategy consistingofbuyingone share
ofthat securityand hold ingit forever. T he d e¯nitionsoffund amentalvalue,bub ble
and bub ble value are similar.

T he d e¯nitionsjust presented agree w ith generalusage inearlier d iscussionsof
bub bles,except that inmost d iscussionsno d istinc tionisd raw nb etw eenbub ble and
bub ble value, and similarly for fund amentaland fund amentalvalue. Suppression
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ofthisd istinctioninthe earlier stud iesisjustī ed b ec ause these stud iesgenerally
imposed trad ing restric tions, implying that asset valuesare not generally related
linearly to payo®s. Here,how ever,w e d o not impose trad ingrestric tions,implying
that valuationislinear. T herefore portfolio valuesalw ayshave c ounterpartsin
portfolio payo®s,and it isnecessaryto ad opt terminologythat d istinguishesb etw een
portfolio valuesand portfolio payo®s.

Severalrecent d iscussionsofbub blesad opt a framew orksimilar to that set out
here,but d e¯ne bub blesd i®erently. For example,Loew ensteinand W illard [2 5]im-
plic itly and Fisher and G illes[13] explic itly id entī ed bub blesw ith the pure charge
component ofv1 : Incontrast,Clark [7] id entī ed bub blesw ith the measure c om-
ponent ofv1 : B oth ofthese alternative d e¯nitionsentaila d eparture from rec eived
usage,w hich id entī esfund amentalvalue via the present-value relation(that is,as
the value attributable to payo®sat ¯nite d ates). Ad heringto rec eived usage,asw e
have d one,impliesid entifyingbub blesw ith v1 ; rather thaneither itsmeasure c om-
ponent or itspure charge component separately. T hisispurely a semantic matter,
but it isd i± cult to see anyrationale here for d eviatingfrom the received d e¯nitions.

G illes[15] w as¯rst to point out the connectionb etw eenbub blesand charges.
G illesand LeR oy [16], [17],[18],[19] c ontinued w orkalongthese lines. Allofthese
papers,how ever,w orked exclusively w ith valuationoperatorsand payo®sspaces,so
that there w asno representationofportfolio strategies. Spec ī c ally, inG illes[15]
and G illesand LeRoy[17]the payo® space w asL1 and valuationoperatorslayinba,
w hile the reverse spec ī c ationw asad opted inG illesand LeR oy [18]. Inthe present
analysisw e follow Fisher and G illes[13] inrepresentingbub blesasa c omponent of
portfolio payo®smeasured inunitsofd ate-0 value (thisw asimplied inw orkingw ith
Y = M X rather thanX ).T herefore bub blesarenot trac eable to either the valuation
operator or the payo® spac e separately.

T he present framew orkfor the analysisofbub blesissuperior to that ofthe earlier
papers. First,it makesexplic it the connec tionb etw eenthe analysisofbub blesand
the charac terizationofportfolio payo®s(via pointw ise or w eak* limits). Sec ond ,it
situatesbub blesasconsequencesofportfolio strategiesthat push their payo®sinto
the in̄nite future, w hich hasno d irec t c onnec tioneither w ith the spec ī c ationof
payo® spac esor ofpric e systems. M akingexplic it the c onnec tionb etw eenbub bles
and portfolio strategiesallow sintegrationofthe analysisofbub blesinto the main-
stream ¯nance literature (for anexample inthe ¯nance literature ofthe lackofsuch
integration,see Sethi[36],w here it ispointed out that the present-value relationmay
fail;no connectionismad e there w ith the ec onomicsliterature onbub bles).

6.1 E quilib rium B ub blesinFinite-Agent Settings
Inrec ent yearsa literature hasarisenid entifyingcond itionsund er w hich bub blescan
and c annot exist inequilib rium. Here w e c onsid er the extent to w hich thisanalysis
appliesw henthe d ate-1 c omponentsofportfolio payo®sare d e¯ned asw eak* limits.
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O ur d iscussionisnecessarily informal: asnoted ab ove,a major d i®erence b etw een
the tw o settingsisthat und er pointw ise limitsportfolio restric tionsmust b e imposed
ifarb itrage isto b e eliminated ,w hereasno such restric tionsare need ed und er w eak*
limitsrather tha pointw ise limits.Further,asobserved ab ove,the analysisofbub bles
und er pointw ise limitsd epend sonw hat restric tionsare imposed ,implyingthat there
canexist no canonicalanalysisofbub blesund er pointw ise limits. T he d iscussion
b elow , w hich d oesnot spec ify portfolio restric tions,must therefore b e regard ed as
id entifyinglinesofargument rather thanprovid ingrigorousanalysis.

It isclear that bub blesalw aysexist inthe sense that agentscanalw aysconstruct
self-¯nancingportfolio strategies, and the payo®softhese are bub bles, asw e have
seen. How ever,such portfoliosare not optimalund er stand ard charac terizationsof
preferences. T he questionisund er w hat cond itionsagents'optimalportfoliosw illor
canhave payo®sw ith bub bles.

T he answ er to thisquestionisd i®erent in¯nite-agent and in̄nite-agent settings.
Inthe early literature onbub blesit w asstated °atly that bub blescannot exist in
¯nite-agent settings(for example,T irole [38],B lanchard and Fischer [5]).It isknow n
now that thisconclusionrequiresqualī c ation. M ost obviously,equilib ria involving
payo® bub blescanoc cur w henthe representative agent'send ow ment c ontainsa pure
charge component and agentsd erive utilityfrom consumptioninthe in̄nite future.
How ever, spec ī c ationslike thisappear, and are, c ontrived and unrealistic. As-
sumptionsimplyingthat security or portfolio payo®sinthe very d istant future are
unimportant serve to eliminate bub bles. For example, ifpayo®sare b ound ed and
agentsd iscount the future, thenbub ble valuesequalzero (B ew ley [4 ], M agilland
Quinzii [2 8],Santosand Wood ford [34 ],Huangand Werner [2 2 ],Stokey,Lucasand
P rescott [37]). T hisisso b ec ause ina ¯nite-agent setting a security canhave a
bub ble only ifsome agent'soptimalportfolio strategyhasa bub ble,and the stated
assumptionrulesthat out.

T here exist severalother linesofargument that exclud e bub blesinsome settings:

1.Transversalitycond ition. Severalanalysts(O bstfeld and R ogo® [2 9],for exam-
ple) have pointed out that anoptimalportfolio strategycanhave a bub ble only
ifa transversality c ond itionisviolated . T hiscond itionhasnothingto d o w ith
how in̄nite portfolio payo®sare d e¯ned , so it appliesund er b oth pointw ise
and w eak* limitsifit appliesat all. How ever, the argument d oesnot apply
universally: some optimizationproblemsd o not have necessary transversality
cond itions,for example.

2 .Arbitrage. Some analystshave argued that for a security to have a bub ble
w ould imply existence ofanarb itrage opportunity. T hisisso b ec ause inthe
presence ofa positive bub ble anagent c ould sellshort the asset w ith a bub ble,
assumingportfolio restric tionspermit this,and hold longanin̄nite portfolio
consistingofthe d ivid end sonthe security. T hisargument presumespointw ise
convergence, since the payo® ona short positioninthe security and a long
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positioninits¯rst n d ivid end paymentsconvergesto zero pointw ise.How ever,
thispayo® d oesnot w eak* c onverge to zero, so the argument d oesnot c arry
over to the present setting.

3.W alras' Law. For a security inpositive net supply to have a bub ble w ould
implya violationofWalras'Law since agentsw ith a positive end ow ment ofthat
security w ould receive a positive w ealth transfer that isnot c ompletely o®set
bynegative w ealth transfersonthe part ofagentsw ith negative end ow ments
ofthat security (Santosand Wood ford [34 ], Huang and Werner [2 2 ]). T his
argument, b eingunrelated to how payo®sofin̄nite portfolio strategiesare
mod eled ,carriesover to w eak* c onvergence w henever it appliesund er pointw ise
convergence.

T hese argumentshave led some analysts(Santosand Wood ford [34 ],for example)
to c onclud e that there isa strongpresumptionagainst the existence ofbub blesin
¯nite-agent settings.

6.2 O verlappingG enerations
T he principalsettingfor the analysisofbub blesisoverlappinggenerationsmod els
(T irole [39]and Wallac e [4 0 ],the latter inthe context ofmonetaryec onomics). T he
reasonisthat overlappinggenerationsmod elsspec ifyanin̄nite numb er ofheteroge-
neousagents,implyingexistence ofequilib ria inw hich aggregate end ow mentshave
in̄nite value. Insuch equilib ria Walras'Law c annot b e invoked to show that securi-
tiesinpositivenet supplyd o not have bub b les.11 G enerallythere existsa c ontinuum
ofequilib ria ind exed by bub ble values(Wallace [4 0 ]).

Inoverlappinggenerationsmod elsascustomarily spec ī ed , trad ingrestric tions
prevent agentsfrom arb itragingbub blesaw ay,although the trad ingrestric tionsare
not alw aysspec ī ed explic itly (T irole [39],for example). G enerally it ispresumed
that agentscantrad e only w henthey are alive, implying that no agent c ansella
bub ble short and rollthe positionover forever, the arb itrage that w ould otherw ise
exploit a positive-valued bub b le.

Aspointed out ab ove, w henpayo®sofin̄nite portfolio strategiesare spec ī ed
asinthispaper, absence ofarb itrage in¯nite portfolio strategiesimpliesabsence
ofarb itrage,so no trad ingrestric tionsneed b e imposed . It isinstructive to think
ab out overlappinggenerationsmod elsthat d o not have trad ingrestric tions. First,
1 1 T he role ofW alras'L aw,orlackthereof, in provingnonexistenceofbubbles in overlapping

generationsmodels issimilartoitsroleinprovingthatequilibriumallocationsareParetooptimal.
Specī cally,in n̄itesettingstheproofofParetooptimalityinvolvestheassertionthatanyalloca-
tionthatis Pareto-superiortotheequilibrium allocationmusthavevaluegreaterthanthatofthe
equilibriumallocation,andthereforeisinfeasible,byW alras'law. Iftheaggregateendowmenthas
in̄ nitevalue,thisargumentfails,andtheregenerallydoexistPareto-superiorallocationsthatare
feasible.
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inequilib ria that have bub bles, these bub blescannot b e arb itraged aw ay: inthe
present settingthe portfolio strategyconsistingofsellingone d ollar short and rolling
over the positionforever hasa payo® of(0 ;¡1),asopposed to zero asinthe usual
setting. T he former isnot anarb itrage.

Similarly,nonzero valuationofsecuritiesthat have a zero d ivid end isconsistent
w ith linear valuation: it isportfolio payo®sthat are valued linearly inthe absence
oftrad ingrestric tions,not (necessarily) securities'd ivid end s. R ecallthat the fund a-
mentaland bub b le ona securityw ere id entī ed w ith the fund amentaland bub ble on
the portfolio strategyconsistingofbuyingthat securityand rollingover the position
forever. T hisportfolio strategy haspayo® (0 ;1) inthe c ase ofmoney, implyinga
fund amentalvalue ofzero and a bub ble value of1 eventhough money hasa zero
d ivid end .

7 E quivalent M artingale M easures
T he analysisjust presented allow a simple charac terizationofw henequivalent mar-
tingale measuresexist: the equivalent martingale measure c orrespond ing to any
numeraire choice existsifthe bub ble assoc iated w ith that numeraire hasa zero pure
charge component,and onlythen.

Settingup thisresult requiressome preparation. In¯nite economiesthere exists
a c orrespond ence b etw eenprob ab ility measuresand numeraire choic es12 : for any
prob ab ility measure º that isequivalent to the originalmeasure ¹ there existsa
positive-valued self-¯nancingportfolio strategy w ith value Z (and z 0 = 1) such that
V =Z isa º-martingale, and conversely, w here V isthe value ofany self-¯nancing
portfolio strategy. Ifthe moneymarket ac c ount ischosenasthe numeraire portfolio
strategy Z , thenº isthe risk-neutralmeasure. Dybvig and R oss[12 ] c alled this
result the \Fund amentalT heorem ofFinance".

In¯nite ec onomiesthe proofiselementary.We have alread yseenthat ifvtisthe
d ate-tvalue ofanyself-¯nancingportfolio strategy,thenina ¯nite settingm tvtisa
¹ -martingale:

m tvt= Et(m TvT); (11)

w here T isthe terminald ate. Now let Z b e the value ofa positive-valued self-
¯nancing portfolio strategy w ith initialvalue 1 that isto b e takenasnumeraire.
Divid ing(11) by m tz tresultsin

vt
z t
= Et

µm T z TvT
m tz tz T

¶
= Eº

t

µvT
z T

¶
; (12 )

1 2Foran excellentdiscussion emphasizingthe analyticalbenē ts ofan appropriate numeraire
choice,seeG eman,ElKaroui andR ochet[1 4].
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ifº isthe measure that hasm T z T asitsR ad on-Nikod ym d erivative. T herefore V =Z
isa martingale und er º: Further, the change-of-measure proc essm tz t= Et(m T z T)
isa martingale und er ¹.13

It isknow nfrom a large rec ent literature (for example,Schachermayer [35],Del-
b aenand Schachermayer [8],B ackand P liska [2 ],G illesand LeR oy[19]and the papers
cited inthese) that neither the necessitynor the su± ciencyofthiscond itionextend s
to in̄nite settings,at least inthe absence ofqualī c ation. We give a simple and
intuitive ac c ount ofw hythe Fund amentalT heorem ofFinance mayfailinanin̄nite
setting.

Inin̄nite time M Z isa loc almartingale, but it isnot necesarily a martingale.
Ifit isnot a martingale, thenm tz t d oesnot c onverge to a rand om variable w ith
expec tation1. T hisistrue und er b oth pointw ise and w eak* convergence: inthe
former case m tz tmayconverge to a rand om variable w ith expec tationnot equalto 1,
w hile inthe latter c ase m tz tmayconverge to a charge that hasno representationasa
rand om variable (b ec ause it hasa nonzero pure charge c omponent). Inneither c ase
d oesM Z d e¯ne the R ad on-Nikod ym d erivative associated w ith a change ofmeasure,
implyingthat no equivalent martingale measure isassoc iated w ith Z .

Inparticular,there existsa risk-neutralmeasure ifand onlyifthe bub ble associ-
ated w ith the money-market ac c ount hasa zero pure charge c omponent.

7.1 E xample
T he preced inganalysisisillustrated inanexample. Consid er a representative agent
mod elinw hich the agent maximizes

1X

t= 0
2 ¡tE [ln(ct)]: (13)

T he agent'send ow ment equals2 t; t= 0 ;1;2 ;:::ifthe state14 ishigh at tor at any
d ate prior to t,and 1 otherw ise. T he transitionsb etw eenthe high and low statesare
governed by a 2 £2 transitionmatrixw ith 1=2 ineach position,so that the states
are ind epend ent and equallylikely. T he state at d ate 0 ,the initiald ate,isL.

It iseasilychecked that event pric esat d ate t| the pric esofone unit ofconsump-
tioncontingent upona particular sequence ofH 'sand L'sup to d ate t| equal2 ¡3t
ifthe state ishigh at tor at any d ate prior to t,and 2 ¡2totherw ise. Acc ord ingly,
the state pric e d e°ator M | the ratio ofevent pric esto prob ab ilities| isgivenby
1 3B axterand R ennie [3]has averyaccessibleand intuitivediscussionofchanges ofmeasure in

thediscrete-timecase.
1 4H erewearenotusingtheterm \ state"initsdynamicprogrammingsense,sincethelevelofthe

aggregateendowmentatanydateisnotasu±cientstatisticforthepasthistoryoftheeconomyup
tothatdate.
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m t=

8
><
>:

2 ¡2t if¿ ·t;

2 ¡t otherw ise
; (14 )

w here ¿ isthe d ate ofthe ¯rst high end ow ment realization. Since the end ow ment
realizationafter ¿ equals2 tregard lessofthe state,it isclear that alluncertainty is
resolved at ¿: T he event that ¿ ·thasprob ab ility 1¡2 ¡tfor anyt:

Note here that,b ecause ofthe presence ofthe d iscount fac tor inthe utilityfunc -
tion(13), the state price d e°ator d eclinesw ith t. How ever, it d eclinesanord er
ofmagnitud e faster w hen¿ ·tthanotherw ise, and thisisw hat givesrise to the
d istinc tive featuresofthe example.

Let rtb e the grossone-period interest rate from t¡1 to t: It isgivenby

rt=

8
><
>:

4 if¿ < t;

4 (1 + 2 ¡t)¡1 otherw ise
: (15)

T he d ate-tvalue btofthe money-market ac count B ,equalto the cumulated value of
one unit ofconsumptioninvested at the one-period interest rate and rolled over at
each d ate,is

bt=
tY

i= 1
ri=

8
><
>:

2 2t
Q¿
i= 1(1 + 2 ¡i)¡1 if¿ ·t;

2 2t
Qt
i= 1(1 + 2 ¡i)¡1 otherw ise

: (16)

De¯ne W asthe prod uc t ofM and B : From (14 ) and (16),W isgivenby

wt´m tbt=

8
><
>:

Q¿
i= 1(1 + 2 ¡i)¡1 if¿ ·t;

2 t
Qt
i= 1(1 + 2 ¡i)¡1 otherw ise.

(17)

T he processw isa loc almartingale.15 How ever, it isnot a martingale. To
see this,note that the event that tc onsecutive realizationsofL oc cur, w hich has
prob ab ility2 ¡t; c ontributes

Qt
i= 1(1 + 2 ¡i)¡1 to E(wt):T histerm c onvergesto 0:4 194 ,

w hich therefore equalsthe d ate-0 value ofthe pure charge c omponent ofthe bub ble
w 1 . T herefore the expec tationofthe measure c omponent ofw 1 equals0:5806
(= 1¡0:4 19 4 ): T he portfolio strategyw isseento b e a suic id e strategy.

T he foregoingd iscussionestablishesthat,d espite the absence ofarb itrage,there
d oesnot exist a risk-neutralprob ab ilitymeasure inthisexample.

Asa loc almartingale,wtequalsthe d ate-tvalue ofa self-¯nancingportfolio strat-
egy. T he fund amentalvalue ofW iszero and itsbub ble value is1. How ever,
suppose that instead ofrolling over the portfolio, the investment isterminated as
1 5Forexample,thedate-0 valueofm is 1 ,itsdate-1 valuesaremH =2=3;mL =4=3;itsdate-2

valuesaremHH=mHL =2=3;mL H=8=1 5 andmL L =32=1 5:
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soonasthe ¯rst high state oc curs. Inthat c ase the fund amentalvalue ofW is
0:5806and itsbub ble value is0:4 19 4 ,agreeingw ith Loew ensteinand W illard 's[2 5]
terminology. For thisportfolio strategythe bub ble isa pure charge c entered onthe
event (L;L;L;:::):
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