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Equivalent Transmission Line Model With a Lumped
X-Circuit for a Metalayer Made of Pairs of Planar
Conductors

Filippo Capolino, Senior Member, IEEE, Andrea Vallecchi, and Matteo Albani, Senior Member, IEEE

Abstract—We present an equivalent X-shaped lumped circuit
network to be interposed in the transmission line (TL) modelling
reflection and transmission through a recently proposed metalayer
in planar technology. The metalayer consists of arrayed pairs of
planar conductors that support two main resonant modes, corre-
sponding to either a symmetric or an antisymmetric current dis-
tribution in the pairs. The antisymmetric mode is associated with
artificial magnetism. We show that reflection and transmission fea-
tures of a metalayer are accurately predicted by this simple but ef-
fective TL model. We also make a clear distinction for the first time
between transmission peaks and resonance frequencies, and their
relations are investigated in detail. This paper clearly defines the
concept of magnetic resonance and identifies the analytical condi-
tions corresponding to total reflection and transmission through a
metalayer made of pairs of conductors supporting symmetric and
antisymmetric modes.

Index Terms—Artificial materials, arrays, frequency selective
surfaces, poles and zeros, transmission lines.

I. INTRODUCTION

AIRS of finite-length wires have been suggested as con-

stitutive particles for creating a medium with an effective
negative refractive index (NRI) [1], [2], alternatively to the con-
ventional combination of split-ring resonators and wires [3], [4].
The pairs of coupled conducting wires exhibit both a “magnetic
resonance” (antisymmetric mode) and an “electric resonance”
(symmetric mode), that can be partly tuned by adjusting the
length of the pair. Later on, the adoption of dogbone-shaped
conductors in place of simple cut-wires has been proposed to
achieve enhanced control on the particle resonances and to re-
duce the size of the metamaterial unit cell [4], [5]. As shown
in [5], full transmission can be obtained through a single layer
(metalayer) of arrayed dogbone-shaped conductor pairs. The
observed interesting phenomena seem related to the occurrence
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Fig. 1. (a) Perspective view of a metalayer (one layer of the metamaterial)
formed by a periodic arrangement of pairs of dogbone-shaped conductors
printed on a dielectric substrate. (b) Metamaterial elemental particle (unit cell)
with geometrical parameters quoted. The polarization of the incident electric
field is along the x-direction.

of antisymmetric modes in the conductor pairs, which are not
present in single layer frequency selective surfaces (FSSs) [13],
[14]. Numerical simulations in [6], [7] show that small losses
(i.e., tané ~ 1073) available in commercial dielectric sub-
strates do not significantly affect the total transmission property
when the magnetic resonance is not too narrow. The conductor
pairing concept has been given a unified point of view in [8],
where also pairs of plasmonic nanospheres have been consid-
ered. By properly locating the electric and magnetic resonances,
it is possible to design composite materials, made of periodic
stack of such metalayers, that exhibit artificial magnetism (i.e.,
effective relative permeability different from unity) or support
backward waves [5]-[8].

In this work we describe in detail the features of an equiva-
lent circuit that we have initially proposed in [9], [10] to model
the response of a metalayer made of arrayed pairs of conductors
(Fig. 1). In this way, a lumped element network is synthesized
that when inserted in the plane-wave equivalent transmission
line (TL) exhibits the same frequency response of the metama-
terial layer. The presence in the metamaterial response of both
an electric (symmetric) and a magnetic (antisymmetric) reso-
nance finds its correspondence in two resonant lumped series
and parallel RLC groups, respectively, arranged in an equiva-
lent balanced X-shaped network [10]. The knowledge of the
equivalent network shape and constituents is useful for a de-
scription of the layer that can be extended to a wide range of
frequencies. Furthermore, we present for the first time an ac-
curate description and precise classification of the transmission
and reflection features relative to a metalayer made of arrayed
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planar conductor pairs. It is important to note that the magnetic
resonance should not be directly associated with a transmission
peak. The magnetic resonance is associated with the antisym-
metric current distribution which is accurately represented by
the parallel RLC group in the X-network. This notwithstanding,
the transmission peak and the magnetic resonance are closely
related phenomena, and in this paper we clarify their relation
in detail. Moreover, in the illustrative examples we have ana-
lyzed, total reflection does not always occur. We show for the
first time that when it occurs, total reflection is at two frequen-
cies, one close to the electric resonance and the other close to the
magnetic one. Total transmission instead, if it occurs, is located
near the magnetic resonance. This latter case is particularly im-
portant because it is related to the matching properties of the
metalayer to a wave in free space. For the first time we deter-
mine the analytical conditions corresponding to the occurrence
of total reflection and total transmission. We also introduce the
quality factors of the electric and magnetic resonances, and we
use them to explain the two phenomena of total reflection and
transmission.

The knowledge of an equivalent network (shape and con-
stituents) is necessary to parameterize with the least number of
physical parameters the frequency behavior of a metalayer made
of arrayed pairs. It opens up possibilities to improve metalayers
performance in terms of matching, bandwidth, and interaction
with other dielectric layers, similarly to the advantage one ob-
tains when representing a FSS in terms of circuits, as clearly
shown in [12], [13]. The proposed X-network can be regarded
as a low-order expansion in terms of frequency poles and zeros
of the impedances representing the two-port metalayer. The rep-
resentation that we have chosen is made in terms of physically
realizable parameters since each network elements satisfies the
Foster theorem [14], [15]. In general, a TL approach is a pow-
erful tool. For example it has been able to correctly model en-
hanced transmission through an array of subwavelength slits in
a film, at optical [16] and microwave [17] frequencies.

II. THE EQUIVALENT Z-TRANSMISSION LINE MODEL FOR A
LAYER OF PAIRS

The planar metalayer analyzed in this paper, composed of a
periodical arrangement of pairs of dogbone-shaped conductors,
is depicted in Fig. 1.

As an illustrative and introductory example, we consider the
reflection and transmission of a normally incident wave through
asingle layer of dogbone pairs (Fig. 1) with a dielectric spacer of
relative permittivity ¢, = 3.48 and tan § = 0.004 (e.g., Rogers
RO4350) and the following unit cell and conductor dimensions
in mm (cf. Fig. 1(b)): A = 75,8 = 7.5, A1 = 0.8, Bl =
4,A2 = 7.4, B2 = 0.8, H = 0.8. The transmission and re-
flection coefficients, T" and I?, as obtained by numerical full
wave (FW) simulations (CST Microwave Studio), are plotted
in Fig. 2(a).

In accordance with the dogbone-pair particle phenomenology
discussed in detail in [4], [5], each pair supports two funda-
mental resonances: the symmetric resonance (also denoted as
electric resonance) that determines the stopband around f. =~
6.89 GHz, and the antisymmetric resonance (also denoted as

)
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Fig. 2. (a) Transmission coefficient vs. frequency for a metalayer, i.e., a layer
of dogbone pairs separated by a dielectric spacer with £, = 3.48 and tan é =
0.004: the magnetic resonance is around f,,, &~ 6.33 GHz, whereas the electric
resonance is at f. & 6.89 GHz. Total transmission (in the lossless case shown
in the inset zoom) occurs near f,, . Total reflection never occurs. Data from a
full wave (FW) numerical analysis (CST) are compared with those from the
proposed equivalent X-network. (b) Antisymmetric current in a pair, excited by
a plane wave at f = 6.33 GHz.

magnetic resonance) that is mainly responsible for the trans-
mission peak around f,, = 6.33 GHz. Fig. 2(b) shows the cur-
rents at 6.33 GHz, induced by an illuminating plane wave, that
is dominated by the antisymmetric mode and thus produces an
equivalent magnetic dipole along the y-direction.

From Fig. 2 one can notice that because of the presence of
a small amount of metal and dielectric losses, total transmis-
sion (zero reflection) does not occur near f,,,. We have also no-
ticed that larger values of H would result in || closer to unity
[6], [7]. Instead, in the absence of losses, one would have ex-
actly |T| = 1 near f,,, as apparent from the inset of Fig. 2(a)
showing T for the above dogbone metalayer in the case of a
lossless dielectric spacer and perfect electric conductors. A de-
tailed explanation for this will be provided in Section III. One
should note the close similarity of the isolated transmission peak
near f & 6.3 GHz to the Fano resonance [19] discussed in other
studies, as for example in [20], [21], and to the electromagnetic
induced transparency (EIT) phenomenon [22]. In metamate-
rial-based problems, both the Fano resonance and the EIT have
been related to “dark modes” [22], [23], which weakly couple to
external fields, or weakly scatter, as it happens for the antisym-
metric mode here analyzed. In general, the weak coupling of a
dark mode to external fields is due to small asymmetries. In our
case the asymmetry is represented by the small phase shift that
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Two-port
network
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Z() 2
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Fig. 3. (a) Plane-wave equivalent z-transmission line with the two-port net-
work representing the metamaterial layer. (b) Synthesized two-port symmetric
X-network, reproducing the metalayer frequency response, which comprises

two RLC groups associated to the metamaterial electric and magnetic reso-
nances.

an incident plane wave has between the top and bottom conduc-
tors of the pair. It is well known indeed, that an antisymmetric
mode with small height  results in weak coupling to external
fields or in weak scattering. The very small scattering implies
that the antisymmetric mode (magnetic resonance) is a narrow
band phenomenon, contrarily to the symmetric mode that scat-
ters as an electric dipole and constitutes a wider band phenom-
enon. As discussed in Section 111, the resonance of the antisym-
metric mode therefore has a large quality factor, whereas the
resonance associated with the symmetric mode has a significant
lower one because of the higher radiation “losses”.

The purpose of what follows is to provide a z-TL model
capable of describing the fundamental electric and magnetic
resonances induced by a normally incident plane wave in a
metalayer of paired conductors, as the one shown in Fig. 1.
The TL model will accurately reproduce the low-frequency
portion of the metalayer reflectance and transmittance spectra
in Fig. 2(a). In particular, the equivalent TL model consists
of the equivalent 2-port network shown in Fig. 3 made by
lumped elements. It is well known that such a network model
can effectively describe the response of the structure in the low
frequency range; i.e., until the unit cell period is small com-
pared to the wavelength. The equivalent circuit can be retrieved
by fitting the reflection/transmission response of the structure.
However, the choice of an unsuitable circuit topology would
result in a nonphysical behavior for some of the impedance/ad-
mittance of the lumped elements (e.g., a non Foster frequency
dependence). A good strategy to arrange a proper circuit
topology, resulting in physically behaving lumped elements,
is to have the circuit elements directly represent the physical
behavior (in terms of local magnetic and electric fields) of the
various parts of the unit cell geometry. For example, as well
known [12], [13], [15], an effective model for the single layer
of dogbones is just a lumped LC-series shunt element, where
the inductance is associated with the current on the central strip
of the dogbone, and the capacitance with the gap between the
ends of two consecutive dogbones. These concepts have been
used extensively in designing FSSs, and circuit parameters
have been also used to design dielectric layers to modify the
FSS frequency response [12].
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Fig. 4. (a) TL model equivalent network for a periodic surface of dogbone pairs

under symmetric (even) excitation. (b) Series resonant RLC circuit representa-
tion for the electric mode impedance.
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Fig. 5. (a) TL model equivalent 2-port network for a periodic surface of dog-
bone pairs under antisymmetric (odd) excitation. (b) Parallel resonant RLC cir-
cuit representation for the magnetic mode impedance.

We have found that the topology in Fig. 3(b) is a possible
two-port network representation modeling a metalayer of paired
conductors. In order to better understand the adopted network
topology, it is useful to analyze its behavior under symmetric
(even, Fig. 4) and antisymmetric (odd, Fig. 5) excitations. In
such cases the structure response is simpler because it is dic-
tated only by either the symmetric or the antisymmetric mode,
respectively. Then, by using the superposition principle, one can
combine the two results corresponding to the above elemental
symmetries to describe the case of general excitation, still pre-
serving circuit compactness and simplicity of analysis.

When the dogbone pair is excited symmetrically by two
in-phase plane waves that impinge from opposite directions
and have the same phase at z = 0 (i.e., in the middle of the
pair), the perfect symmetries of the structure and excitation
result in a symmetric response (symmetric mode) with respect
to the z = 0 plane. Indeed, the transverse (2, y) electric field
components and the z component of the magnetic field exhibit
an even z dependence; conversely the electric field z com-
ponent and the transverse magnetic field components are odd
functions of z. Therefore the symmetry plane at z = 0 is vir-
tually a perfect magnetic conducting plane. As a consequence,
voltages and currents across corresponding shunt elements Z,
in the two upper and lower branches of the equivalent network
in Fig. 3(b) are the same, whereas voltage drop and current
through series elements Z,,, vanish so that they can be deleted.
Therefore the equivalent network in Fig. 3(b) reduces to the
simpler configuration in Fig. 4(a). Under this symmetrical
excitation the behavior of the dogbone pair is similar to that
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of a single dogbone which is effectively modeled by a series
resonant RLC circuit, as shown in Fig. 4(b).

An analogous simplified analysis can be performed for the
antisymmetric excitation case, where the two plane waves im-
pinging from opposite directions are in counterphase at z =
0. Now, all the symmetries are exchanged; i.e., the transverse
(z,y) electric field and the z-polarized magnetic field compo-
nents are odd functions of z, while the z-polarized electric field
and transverse (, y) magnetic field components exhibit an even
z dependence. Accordingly, the symmetry plane is now a vir-
tual perfect electric conducting plane, and the antisymmetric
response of the dogbone pair is equivalent to the response of a
grounded (single) dogbone structure. Again, the equivalent net-
work in Fig. 3(b) can be reduced. Because of symmetry, the re-
sulting total series impedance 27, on the right arm is halved
and each arm of the network is assigned an impedance Z,,,
without affecting the balanced response, thus obtaining the sim-
plified circuit in Fig. 5(a). It is found that an appropriate re-
sponse for Z,, can be represented by the simple parallel res-
onant RLC circuit shown in Fig. 5(b) that fits the low frequency
behavior of the metalayer and its first magnetic resonance.

According to the above analysis, the electric and magnetic
impedances in the X-network are the series and parallel resonant
RLC circuits in Figs. 4(b) and 5(b), respectively, described by

1 1 1—w?/w? 1—w?/w?
= +7/ Ze.,:ReJr‘;,/e (1)
Zrn, Rm, ]CULm ]wCe
where w is the angular frequency and
o) 1 o f 1 @
W = 2T fm = —F——, We = 2T e = —(F———,
V CmLm ‘ vV Ce,Le i

denote the magnetic and electric resonance, respectively. In-
deed, the proposed X-network is consistent with the usual model
of the stop band response of capacitive FSSs, that can be repre-
sented as a LC series resonant circuit [12], [15], and previous
knowledge about the magnetic resonance that in [5] was de-
scribed by a LC resonator. The presence of losses in the metals
and/or the dielectric spacer is taken into account by the resistive
lumped elements in the LC series and parallel resonant circuits
Z. and Z,,, which become RLC circuits.

The calibration of the circuital elements involved in the
adopted equivalent network topology is accomplished by
referring to its Z-parameter representation [12], where the
impedance terms Z;; are simply related to Z,,, and Z. of the
X-shaped network as

7 — [Zn Zm} 1 {Z6+Zm Zo— T

Z21 Z22 2 Ze - Z‘m Ze + Z'm, ’ (3)

The Z-parameters are evaluated from the S-parameters [25]
determined by FW simulations, whence Z,,, = Z1; — Z12 and
Ze = Z11 + Z1a.

As an example, in Fig. 6 we show the impedances Z,, and
Z.of the X-network synthesized for the layer of dogbone pairs
relative to the case in Fig. 2(a). The real and imaginary parts of
the reference 7, and Z, impedances derived from the FW sim-
ulations are plotted in solid black and dotted red lines, respec-
tively, in Fig. 6. The R, L, and C' parameters in the representa-
tions (1) of Z,, and Z, of the X-network (Fig. 3) are obtained

300 . y : , ——
150} : e
0 e

-150F Pt — Re(Ze,m) - FW Simulation |
2300 il L — — Re(Ze,m) - X-Network
300 T T e IM(Ze, ) - FW Simulation
150} { —— Im(Ze,m) - X-Network
0 I -
2
-150} {
-300
1

Ze (Ohm)

Zm (Ohm)

-
-

1

3 5 7 9 11 13 15
Frequency (GHz)

Fig. 6. Impedances Z,,, and Z. evaluated from the impedance parameters 2 ;
computed by FW simulations superimposed with the impedances Z,,, and Z,
synthesized via the RLC circuits and calibrated by fitting the FW data.

by fitting the magnetic resonance frequency and bandwidth, for
Zm, and the electric resonance frequency and the impedance
value at a lower frequency, for Z., of the corresponding FW
results. Specifically, for the dogbone pair array in the case in
Fig. 2(a) we have!

Con = 5.4696 pF, L, = 0.1154nH, R,, =944.74Q
C.=0.1895pF, L.=28158nH, R.=0.573.

“

The good agreement in Fig. 6 between the synthesized im-
pedances Z,,,, Z. and those retrieved from FW simulations in
the low frequency range confirms the validity of the representa-
tions (1) and the effectiveness of the network topology we have
adopted. However, since higher order resonances are not taken
into account in this equivalent network, increasingly larger dis-
crepancies between the X-network impedances and the corre-
sponding quantities derived from FW results inevitably appear
for increasing frequencies. It is noted that C,,, > C. and L,,, <
L.; therefore, the resonance frequency f,, can be of the same
order off..

Once retrieved the impedances Z,,, and Z,, the scattering pa-
rameters of the X-network (reflection R and transmission 7’, for
this symmetric structure) can be calculated through the formulas

Lo Ly — 72 (Zo — 7o) Zo
R = eim 0' T — e m
A k A )
A = (Z'rn + ZO)(Ze + ZU) (6)

The results in Fig. 2(a) show that the transmission and reflec-
tion coefficients predicted by using the z-TL model with the
X-shaped network correctly reproduce the original FW simu-
lation results. The electric and magnetic frequencies are now
determined as f,, = 6.335 GHz, and f, = 6.89 GHz. Ob-
servation of the results in Fig. 2(a) confirms that the electric
frequency f. corresponds to the location of the deep and wide
stop band. Moreover, the magnetic frequency f,,, approximately
corresponds to the location of the maximum of transmission, or

ICircuit parameters are specified with 4 significant digits for the sole purpose
of consistently computing resonance frequencies. Only in some cases that preci-
sion is required to quantify the very small distances from the relative matching/
mismatching frequencies (that can be very close to the electric and magnetic
resonances).
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more properly to the frequency range where large and rapid vari-
ations of the reflection and transmission coefficients occur.

It is important to note that the correct values of Z,,, and Z.,
and in turn of R and 7', can be reconstructed using physically re-
alizable values of R, r,, L. » and C. ,,,. Also, employing clas-
sical II or T two-port network topologies would have entailed
the need of using non-physically realizable network elements
(i.e., not satisfying the Foster’s theorem). For example, in the T
topology the shunt element corresponds to the impedance Zsq
which, at the magnetic resonance, exhibits a negative slope of
the imaginary part, in contradiction with Foster’s theorem for
reactive impedances.

Finally, it is noteworthy that the extension of the proposed
equivalent network model to the case of oblique propagation can
be accomplished by describing the angular dependence of the
impedances Z,,, and Z, through the approach described in [18].

III. RESONANCES AND MATCHING CONDITIONS

We are interested in analyzing the resonances and the free
space matching and mismatching conditions for one layer of ar-
rayed dogbone pairs illuminated at normal incidence by a plane
wave with the electric field polarized along the direction of
the dogbone central conductor, as shown in Fig. 1(b). We will
clearly show how plane wave reflection and transmission prop-
erties are related to the electric and magnetic resonances, and by
using the X-network we will determine the conditions for ab-
sence of transmitted or reflected waves. Most of the results and
concepts described here for an array of dogbone pairs are still
valid for other paired geometries, as long as they support sym-
metric and antisymmetric modes. In this section, to illustrate the
main trends also with the help of closed form formulas, we will
assume absence of losses (i.e., R, = 0 and R,,, — oc), since
these can be neglected in various cases at microwave frequen-
cies, especially if the spacer thickness H is not too small [6], [7].

Near the magnetic resonance one may observe two opposite
behaviours: |R| = 1 and |T'| = 1, treated in the following
Subsections C and D, corresponding to the narrowband peaks
near the magnetic resonance in the transmission plots shown
in Section IV. It is important to observe that in the example
considered in the previous section, as well as in those of the
next section, which are representative of a large variety of con-
figurations, it always results L,, < L. and C,, > C,, but
the electric and magnetic resonance frequencies are of the same
order. Accordingly, the series impedance Z,,, in the X-network
is the parallel of two low impedances, jwL,, and 1/(jwC,,),
and its magnitude is generally small with respect to the free
space impedance Z; (Fig. 6), except very near and at the mag-
netic resonance (f = f,.), where Z,,, is singular (assuming a
lossless case). Conversely, the cross impedance Z. is the se-
ries of two large impedances, jwL. and 1/(jwC,), which are
comparable or larger than Zy. Therefore, the magnitude of Z.
is comparable or larger thanZy, except near and at the electric
resonance ( f = f.) where it vanishes, as shown in Fig. 6.

A. Electric Resonance f. (Z. = 0)

At the frequency f., for which the LC series electric
impedance resonates, Z. = 0; consequently the equivalent
circuit simplifies as in Fig. 7(a), and the reflection and trans-

m n

(@) (b)

Fig. 7. Reduction of the X-network at (a) the electric resonance when Z. = 0,
and (b) the magnetic resonance when 2, = co.

mission coefficients (5) for one layer of arrayed conductor pairs
reduce to
C Zmt+ 2y

- Z‘rn

R T=__m_
Zm + Z()

(7
Since usually |Z,,| < Zy (except near the magnetic resonance
frequency f,, of the parallel of L,, and C,,), the TL is almost
short circuited at the port section, and therefore 77 =~ 0, and
R =~ —1.However, when Z,, is not that small (e.g., | Z,..| = Zo)
the transmission coefficient does not vanish, as for example in
Fig. 2(a) at f = f.. On the other hand, if the electric resonance
falls very close to the magnetic one, besides Z. = () we also
have that | Z,,,| > Zp at f & [,,, and rather than short circuited
the TL is matched to the TL after port 2. In this case, we have
nearly full transmission 7" =~ —1 (the negative sign is because
of the inverter in Fig. 7(a)), and R = 0. This condition is hardly
met because the magnetic resonance is very narrow.

In summary, at the electric resonance frequency f. (i.e., when
Z. = (), if the magnetic resonance is far from the electric one,
we have almost total reflection; instead, when the magnetic res-
onance is very close to the electric one (i.e., f,, = f.), we have
a narrow passband at f = f. =~ f,,.

B. Magnetic Resonance fy, (Z,, = o)

At the frequency f,, the LC parallel magnetic impedance res-
onates and Z,, = oco; consequently, the equivalent circuit sim-
plifies as in Fig. 7(b), and the reflection and transmission coef-
ficients (5) for one layer of arrayed pairs reduce to

—Zo

Ze
R= - —_—.
Ze + ZO

———— and T =
7+ Zo an

)
Since generally Z, is of the same order of Z; (or at least Z,
is significantly different from zero except near the electric res-
onance), the TL is terminated on a poorly matched load at the
port section, and therefore exactly at f = f,,, the transmission
is small while the reflection is considerable. However, when the
electric resonance is close to the magnetic one (i.e., fo = f,),
one has | Z.| < Zj at f = [, = fe, which corresponds to the
interesting effect of full transmission with 7'~ —1 and I =~ 0
that we have previously described.

Anyway, near (but not at) the magnetic resonance opposite
phenomena occur because of the large variation of Z,,,, as ex-
plored in detail in the next two subsections.
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Fig. 8. Transmission coefficient vs. frequency for a layer of dogbones pairs
separated by a spacer with £,. = 1. (¢ is the relative permittivity of the dielec-
tric between the pair of conductors.) The magnetic resonance is at f,,, =~ 11
GHz, whereas the electric resonance is at f. & 9.2 GHz. Total transmission (in
the lossless case shown in the inset zoom) occurs near f,,,. Two total reflections
occur: one near f,,, the other near f.. Data from FW simulations (CST) are
compared with those from the proposed equivalent X-network.

C. Matching Resonance fr: Total Transmission
(R =0,]T| = 1)

Using the TL analogy shown in Figs. 6-8, the condition for
absence of reflection (R = 0) is seen from (5) to be fulfilled
both at f — 0 and f — oc. Indeed for both f — 0 and
f— .7, — 0and Z. — oc, so that R = 0. However, the
low frequency regime is usually below the operating frequency
range and the high frequency regime is beyond the validity of
the model. Here, we are interested in determining necessary and
sufficient conditions for absence of reflection at a frequency near
the magnetic resonance. Imposing & =  in (5), absence of
reflection occurs at the radiant frequency wr for which

ZmZe =775, “
Inserting this condition in (5) gives
_ VZE_\/Z_’IH_ Ze_ZO _ ZO_Zm (10)
_\/Ze+\/Z_'m_Z€+ZU_Z(]+Zm,.

In a lossless structure Z,, and Z. are purely imaginary, and
therefore (10) confirms that absence of reflection corresponds
to total transmission |T'| = 1. A matching resonance fr is gen-
erally found near the magnetic resonance, where condition (9) is
likely met because of the large range of values assumed by Z,,

Indeed, to satisfy (9) Z,,, and Z. must be of opposite sign (one
capacitive and the other inductive), as it occurs in the low and
high frequency regions below and above the electric and mag-
netic resonances. Hence, fr cannot fall between the two reso-
nances where Z,,, and Z. have the same sign (both capacitive or
both inductive). More specifically, the matching condition (9) is
elaborated as

1— 2 | £2
where 4
_ LWI 1 _ & f(’,
“TC 7T Qufm (12)

and we have introduced the quality factors of the parallel mag-
netic resonance , = Zgy/Cm /Ly, and of the series elec-

TABLE 1
TOTAL TRANSMISSION PEAK (MATCHING CONDITION) LOCATION

Electric/magnetic a<l<b
resonance order a,b<1 a,b>1 b<l<a
Jo < Jfm (@<b) I <I7 fr < f, | Nosolution
In<fob<a) | fr<fn f. < fr | No solution

tric resonance (}. = +/L./C./Zy. Examining the sign of the
expression on the left hand side, we deduce that the matching
condition may be encountered at either f+ < fe, fm orfr >
fe, fm, as already observed above. It is useful to define also

_Le 1 _Qefm_ W%L
CCn 2 Qu fe f2
To determine the necessary and sufficient conditions for the ex-
istence of the matching frequencyfT, we rearrange (11) as
—1/a
—1/b

(13)

P=1r

=g (14)
It is clear that a real f solution of (14) and (11) always exists for
the two cases a,b > 1 and a. b < 1.

In particular, when f,, > f. (i.e., b > a) two important
subcases must be distinguished. When ¢ < b < 1, then
(1 —a)/(1—5) > 1 and a solution exists for f, < fm < fr,
whereas when 1 < a < b, then (1 — 1/a)/(1 —1/b) < 1anda
solution exists for fr < f. < fm, There are no real f solutions
of the matching condition when b > 1 > a.

Analogously, when f,, < f. (i.e., b < a) we must dis-
tinguish between two subcases. When b < a < 1, then
(1 —a)/(1 —5) < 1 and a solution exists for fr < fr, < fe,
whereas when 1 < b < a,then (1 —1/a)/(1 —1/b) > 1anda
solution exists for f,, < f. < fr, There are no real f solutions
of the matching condition when b < 1 < a.

From (14), the matching resonance fr satisfying (11) can be

—1/a

expressed as
f?’?‘l \} fé’ \/ 1/1

The various conditions for matching are summarized in
Table I. Since in most cases the magnetic resonance is narrow-
band, and thus Q,,/Q. > 1, it follows that a, b < 1 and (15)
can be approximated as

(15)

fT ~ fm + .fmw (16)
which shows that the matching condition generally occurs close
to the magnetic resonance.

1) Wideband Transparency. Case f. = fn, (u = b): Since
both cases fr, < f. and f,, > f. are admissible, we can argue
that also the case f, = f,,, is possible, which would implies ¢ =
b. At this coincidence of the electric and magnetic resonances, if
it is also verified thata = b = 1, 1i.e., ., = (., then R = 0 for
any frequency and indeed the layer would exhibit a wideband
transparency. However, in practical designs like those explored
in this paper, J,,; > J. and the condition Q},,, = (). is far to
be reached.
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D. Mismatching Resonance fr: Total Reflection
(T =0,|R =1)

The total mismatching condition is here defined as absence
of transmission 7" = 0. According to (5), the mismatch happens
when Z. = Z,,, which, implies that

Ze — ZO Z'm, - ZO

R== = .
Zet+ 2y  Zm+Zg

(17)

In a dual manner with respect to the preceding case of the
matching resonance, since in a lossless structure both Z,,, and
Z. are purely imaginary, (17) confirms that absence of trans-
mission corresponds to total reflection |R| = 1. Moreover, as
stated above, the quality factor ),,, of the magnetic resonance
is generally much higher than that of the electric resonance
Q.. This implies that Z,, <« Z., except that very close to
the magnetic or electric resonance; therefore, the condition
Z.mm = Z. may occur at two frequencies fg that are (i) near the
electric resonance, or (ii) near the magnetic resonance, as ex-
plained next. (i) Near the electric resonance, Z,. assumes small
positive or negative imaginary values, which is characteristic
of a resonant series LC circuit. Therefore, either immediately
below or above the electric resonance frequency, the condition
of total reflection 7, = Z,, may occur (elsewhere one has
Zm < Z.). In this case fr is near the electric resonance f,
(defined as Z, = 0),and at f = fr =~ f. one has Z. =~ 0 and
thus R = —1. In this case the mismatch resonance corresponds
to the wideband large standard-FSS-like reflection associated
with the electric resonance observed in all the transmission
plots.

(if) Near the magnetic resonance, Z,, undergoes the large
impedance variation typical of a resonant parallel LC circuit.
Therefore, either immediately below or above the magnetic
resonance frequency, the condition of total reflection Z, = Z,,
may occur (elsewhere one has Z,,, < Z.). In this case fg is
close to the magnetic resonance f,, (defined as Z,,, = 20),
and at f = fp ~ f,, one has that 7Z,,, = oo > Z; and thus
R =~ 1. In this case, the metalayer made of paired conductors
tends to approximate an artificial magnetic wall. This phenom-
enon is not encountered in standard FSSs and is related to the
excitation of strong antisymmetric currents in paired patterned
structures. In general, this phenomenon is narrowband because
the variation with frequency of Z,, is very rapid.

In summary, one may have two mismatch frequenciesfp:
when fr &~ f. one has T = 0 and R ~ —1, whereas when
fr &= fp,onehas T = 0 and R =~ 1. The last condition is a
new phenomenon due to the presence of strong antisymmetric
currents in bilayered patterned FSSs, as already observed and
explained in [5]-[7].

A further important property that needs to be assessed is the
location of the two total reflection frequencies fr; and fro with
respect to the electric and magnetic resonances. A distinction is
made based on the order of the electric and magnetic resonances,
i.e., depending whether f, < f,, or f,, < f.. The sign of the
imaginary part of the impedances is as follow: for the electric
resonance Im(Z.) < 0 for f < fo andIm(Z.) > 0 for f > fe..
For the magnetic resonance Im(Z,,) > 0 for f < f,, and
Im(Z,,) > 0 for f > f,,. Therefore, considering that Q,,, >

TABLE 11
LOCATION OF THE TWO TOTAL REFLECTION PEAKS fr1, fr2. ONE IS ALWAYS
NEAR THE MAGNETIC RESONANCE f,,,

Electric/magnetic Total reflection peaks
resonance order location
Je <Jm Je <Jri2 <[m
Jm <Je I <Jri2</e

o
2
= |
—~ = l
= -20 i \ i |— IRl - FW Simulation
-30 i i1 |—— |R| - X-Network
-40 =40 I ;,] ......... |71 - FW Simulation |
-50 5'5' 5 § —— |7 - X-Network
-50 : : — : :
1 3 5 7 9 11 13 15
Frequency (GHz)

Fig. 9. Reflection and transmission coefficients vs. frequency for a layer of
dogbones pairs separated by a spacer with £, = 4.5 and tan é = 0.002. The
magnetic resonance is at f,, = 5.603 GHz, whereas the electric resonance
is at f. = 7.47 GHz. Total transmission (in the lossless case shown in the
inset zoom) occurs near f,,. Two total reflections occur: one near f,,, the other
near f.. Data from FW simulations (CST) are compared with those from the
proposed equivalent X-network.

Qe, if fo < fum the total reflection condition Z. = Z,, can be
satisfied at fr; and fgro in the frequency regionf. < fri2 <
fm. Vice versa, if f,, < f., the total reflection condition Z, =
Z.m can be satisfied at fr1 and fro in the frequency region
f?n < le,? < fe»

This trend is summarized in Table II and can be clearly ob-
served in Fig. 8 and in Fig. 9, as well as in Fig. 12 of [5]. In
certain cases, as for example in Fig. 2, and in [5], a total reflec-
tion is not observed; this aspect is clarified in the following.

In the transmission plots in Figs. 8 and 9 the rapid variation at
11 and 5.6 GHz, respectively, (sometimes referred to as an an-
tiresonance) is associated with the magnetic resonance. Though
in the past literature this antiresonance has been loosely associ-
ated with a magnetic resonance, the above discussion more pre-
cisely offers the possibility to estimate whether the actual mag-
netic resonance f,,, is located at a frequency smaller or larger
than that corresponding to the peak of total reflection (absence
of transmission).

Finally, it is interesting to show under which conditions total
reflection occurs (e.g., it does not occur in Fig. 2, whereas it
does occur in Figs. 8 and 9). This is done by solving for f the
equation Z. = Z,,, using the expressions given in (1), which

leads to
/2 f? 2 2
(1 - 7 1-— f—2 = —4rw L'nLOe.]L .

This equation has been derived by neglecting losses, and it ad-
mits either two real solutions or none. Following the steps in the

(18)
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Appendix, two real solutions of /., = Z,,, can be found if and
only if

f@ fTII
Q'HLQG Z g (19)
(fe - fm)Q
and the mismatching frequencies are given by
1
1o = — A/ B+ /B2 - 4f2f2 20
.]LRI,Z \/E\/ fe fm, ( )

where B = f2+ f2 — fofmn/(QmQe). When @, Q. > 1, it
is easy to verify from (20) that the two solutions are fr =~ f.
and fr =~ f,, as previously noticed.

IV. DISCUSSION AND EXAMPLES OF METALAYERS OF
DOGBONE PAIRS

The example in Fig. 2(a) (Case 1) is relative to a case where
the two resonance frequencies f,,, and f. are not far from each
other. Here we show two further representative examples of
metalayers made of arrayed pairs of dogbone conductors, dif-
ferently designed, by tailoring the conductor dimensions and
the permittivity of the dielectric spacers, such that f. > f,,and
fm > fe, to demonstrate that our X-network can correctly pre-
dict the transmission and reflection behavior of a layer of paired
dogbones in the general case.

Case 2: First, we show in Fig. 8 the case relative to a meta-
layer configuration in which the dielectric constant of the spacer
is e, = 1. The dimensions of the unit cell and dogbone inclu-
sions, made of copper, are as follows (in mm): A = 7.5, 3 =
7.5,A1=1.0,B1=4,A2=74,B2=0.8, H =0.2.

Observing the results in Fig. 8, one should note that the trans-
mission deep in the middle of the wide stop band is located
around 9.2 GHz, which should approximately correspond to the
electric resonance f.. Around 11 GHz the reflection and trans-
mission coefficients experience large and rapid variations, ex-
hibiting almost total transmission and total reflection, in a very
narrow frequency range, and as discussed in Section III this
rapid variation should be close to the magnetic frequency f,,,.

Through the steps described in Section II, the R, I and C
parameters of the equivalent network are evaluated as

Cyn = 12.705 pF, L,, = 0.0165nH, R, =497.1199
C.=0.0712pF, L.=41807nH., R.=0.252Q

1)
(note again that C,,, > C, and L,,, < L.). The scattering pa-
rameters in Fig. 8 obtained from the TL model with the synthe-
sized impedances of the X-network are in very good agreement
with those obtained numerically. Now it is possible to derive a
more precise value of the electric and magnetic frequencies as
fe = 9.23 GHz and f,,, = 10.98 GHz.

The analysis described above is further confirmed in the case
when both the conductors and the dielectric spacer are assumed
lossless, for which 7 is plotted in the inset of Fig. 8, leading
exactly to both total transmission |7'| = 1 and total reflection
T =0, in a narrow frequency range near the magnetic reso-
nance, as predicted by the theory in Section III.

Case 3: In the last example, shown in Fig. 9, the various ge-
ometrical parameters are (in mm): A = 7.5, B = 7.5, A1 =
1.5,B1 = 4,A2 = 7.3, B2 = 0.8, H = 0.4); the spacer
between the pair of conductors has permittivity €, = 4.5 and

tan & = 0.002 (e.g., Rogers TMM4). The higher dielectric con-
stant significantly decreases the resonance frequencies, and thus
the location of the features shown in Fig. 9. Namely, the wide
stop band around 7.5 GHz (associated with the electric reso-
nance) and the rapid variation around 5.6 GHz (associated with
the magnetic resonance).

Following the steps in Section II, the R, 1. and C' parameters
are evaluated as

Cop = 20344 pF, L., =0.0397nl, R,, = 279.396 Q

C. = 0.1509 pF, L.=3.0092nH, R.=0.469%

(22)
Also in this case, C,, > C, and L,,, < L., and the scattering
parameters in Fig. 9 obtained from the TL model with the syn-
thesized X-network are in good agreement with those obtained
numerically. Once the L, C values are determined it is possible
to retrieve the values of the magnetic and electric resonance fre-
quencies: f,, = 5.603 GHz and f. = 7.47 GHz. Therefore in
this case f,, < f., similarly to the case in Fig. 2(a). In contrast
to what happens in Fig. 2(a), besides the total reflection near f.,
here another reflection occurs slightly above f;,,,. This reflection
as well as the peak of transmission that occurs near f,,,. appear
to be smoothed down by the high dielectric losses. However,
in the absence of losses one should note that near the magnetic
resonance both conditions |T'| = 1 and T' = 0 are exactly met,
as shown in the inset of Fig. 9.

To conclude we can observe that in the first two cases (Figs. 2
and 8) the value of R, is larger than Zy = 377 (). There-
fore, considering the circuits in Figs. 3 and 7, neglecting losses
(R,,) does not significantly affect the quality factor of the mag-
netic resonance (J,, and hence the performance of the meta-
layer. However, in the case shown in Fig. 9, R,,, is smaller than
Zy == 377 €1 and therefore losses affect more significantly the
metalayer performance, as shown in Fig. 9, where |T'| is smaller
than unity.

In the following, on the basis of the analysis carried out in
Section 111, we summarize the matching and mismatching reso-
nance conditions for the above sample dogbone pair metalayers.

A. Matching Conditions.

Case 1: In this case, relative to Fig. 2(a), one has f,,, < f..
The values in (4) determine the quality factors of the two res-
onances (7,, = 82.(. = 0.32, and the nondimensional pa-
rameters a = 4.3 x 1073, b = 3.6 x 1073, Now according to
Table 1, (11) and (15), the matching condition |I’| = 1 occurs
at fr = 6.333 GHgz, slightly (only 2 MHz) below the magnetic
resonance at f,, = 6.335 GHz.

Case 2: On the contrary, in the case relative to Fig. 8 one has
fe < fm. The values in (21) provide @,,, = 330,Q. = 0.64,
anda = 1.6 x 1073, b = 2.3 x 1073, According to Table I,
(11) and (15), the matching condition |7| = 1 is verified at
fr = 10.984 GHz, that is slightly above f,,,.

Case 3: In the case relative to Fig. 9 one has f,, < f.. The
values in (22) provide Q,,, = 269.8, @}, = 0.375, and ¢ =
0.19 x 1072, b = 0.1 x 1072, which are even smaller than in
the previous case, so that from (15), in the absence of losses, the
matching condition |7'| = 1 is encountered at fr = 5.601 GHz,
only 2 MHz below the magnetic resonance.



860 IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 61, NO. 2, FEBRUARY 2013

B. Total Reflection

Case 1: In this case, relative to Fig. 2, where f,,, < f., the
condition of total reflection (19) is not satisfied as Q,, Q. =
26.5 < 142. Therefore, as apparent from Fig. 2, no total reflec-
tion occurs in this case.

Case 2: In the case relative to Fig. 8, where f. < f,., (19) is
satisfied because Q),, Q. = 212 > 32.9. Therefore, according
to Table IT and (20), the reflection condition |R| & 1 is satisfied
at fr, = 9.29 GHz, slightly above f., and at fr, = 10.90
GHz, slightly below f,,. Hence, fr, = f. and fr, = f.., with
fe < fry < fr, < fm, as expected.

Case 3. Lastly, in the case relative to Fig. 9, where f,,, < fe,
(19) is satisfied as @Q,,,¢}. = 101.15 > 12.02. Therefore, two
total reflections should occur in this case. According to Table II
and (20), the reflection condition |R| = 1 is encountered at
fr, = 5.65 GHz, slightly above f,,, and at fr, = 7.404 GHz,
slightly below f.. As shown in Fig. 9, while for lossy metals
and dielectric spacer the reflection at fr, is attenuated, in the ab-
sence of losses at f, we have exactly total reflectionand 7" = 0
(cf. the inset in Fig. 9). In this case f,, < fr, < fr, < fe.

V. CONCLUSION

In the context of a plane-wave transmission line model, we
have synthesized a circuit network capable of reproducing the
frequency response of a recently proposed metalayer made of
a periodic arrangement of conductor pairs that possess a sym-
metric and an antisymmetric mode. The proposed circuit model
provides for the first time a neat physical description of the
transmission and reflection features of the metamaterial in terms
of transmission lines and lumped elements. It also clarifies the
relation between the peaks and stopbands in the transmission
response and the main electric and magnetic resonances of the
constituent paired conductors. The isolated transmission peak
associated with the magnetic resonance in the middle of a wider
stopband can be related to the Fano resonance observed in var-
ious studies.

The transmission line model can be generalized to oblique
incidence angles, and even to predict surface and leaky modes
in the metalayer studied in [26]. The transmission line model is
also an effective tool to predict propagation through a number
of layers. This network description offers the possibility to
evaluate Bloch wavenumbers and characteristic impedances in
metamaterials formed by stacked metalayers, and thus to match
them to the free space impedance.

Though in this paper we analyze a layer made of pairs of
dogbone shaped conductors, most of the results apply to other
pair shapes as well, as long as there are two resonances in the
metalayer: the symmetric and the antisymmetric one. Frequency
selective surface properties may also benefit from the interplay
of the two resonances explored in this paper.

It is finally observed that the proposed equivalent network
can turn into an effective design tool provided that a connection
between the circuit parameters and the geometrical parameters
of the structure can be theoretically established, rather than re-
sorting to curve fitting of simulated data. This can have a strong
impact on the design of novel microwave devices, allowing to
tailor the electric and magnetic resonance in a desired manner

to realize, for example, wideband transparency and other in-
triguing properties. In [5] it has been suggested a method to pre-
dict the magnetic resonance, but the evaluation of the other pa-
rameters requires further investigations. However, whatever the
method to retrieve the parameters will be found in the future, the
proposed topology and conclusions will still remain fully valid.

APPENDIX

By using L.C,, = QnQ./(47%f.fm), (18) is rearranged
in the biquadratic form f* — Bf% + f2f2 = 0, with B =

T

P2+ 12 — fofm/(QnQ.), which admits two real solutions for
f in correspondence of positive real solutions for the quadratic

equation 22 — Bz + f2 2 = 0 inx = f2. The two z-solutions

are real for positive discriminants B2 —4f2 f2 > 0. In addition,

T

the two solutions 71 » satisfy z172 = f2 f2 > 0, and therefore

T

they are both either positive or negative. To have positive so-
lutions 1 » > (), and in turn real f solutions, it must hold that
x1 + 2 = B > 0. Combining these two condition one derives
(19), and thus (20).
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