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SCALAR INVARIANTS OF SURFACES IN CONFORMAL
3-SPHERE VIA MINKOWSKI SPACETIME

JIE QING, CHANGPING WANG, AND JINGYANG ZHONG

ABSTRACT. For a surface in 3-sphere, by identifying the conformal round 3-sphere
as the projectivized positive light cone in Minkowski 5-spacetime, we use the confor-
mal Gauss map and the conformal transform to construct the associate homogeneous
4-surface in Minkowski 5-spacetime. We then derive the local fundamental theo-
rem for a surface in conformal round 3-sphere from that of the associate 4-surface
in Minkowski 5-spacetime. More importantly, following the idea of Fefferman and
Graham [4] [5], we construct local scalar invariants for a surface in conformal round
3-sphere. One distinct feature of our construction is to link the classic work of
Blaschke [2], Bryan [3] and Fefferman-Graham [4] [5].

1. INTRODUCTION

It is well-known that all local scalar invariants of a (pseudo-)Riemannian metric are
Weyl invariants, based on Weyl’s classical invariant theory for the orthogonal groups.
A conformal structure on a manifold is described by an equivalent class of conformal
Riemannian metrics. Two metrics g; and g on a manifold M are conformal to each
other if g; = A\2g, for some positive smooth function A on M. There are several ways
to set the theory of local conformal invariants, but it is no longer straightforward to
account for local scalar conformal invariants because of the lack of Weyl Theorem
for the group of conformal transformations. To tackle such problem, in the seminal
paper [4] in 1980’s, Fefferman and Graham described the ingenious construction of a
Ricci-flat homogeneous Lorentzian ambient spacetime for a given conformal manifold,
where the conformal manifold is represented by the homogeneous null hypersurface
in the ambient spacetime. Their construction was motivated by the model case in
which the conformal round sphere S"™ is the projectivized positive light cone Nﬁ“ in
Minkowski spacetime RV, In [4], Fefferman and Graham initiated the program to
use local scalar (pseudo-)Riemannian invariants of the ambient metrics at the homoge-
neous null hypersurface to fully account for local scalar conformal invariants. Readers
are referred to their recent expository paper [5] to learn all the developments of this
program (cf. also, [1,[6]). This program also has lead to many significant advances in
the global theory of conformal geometry, particularly via conformally invariant PDEs.

In this paper we want to build the model case to the study of local scalar invariants

of submanifolds in a conformal manifold in the way that follows the approach in
1
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2 Scalar Conformal Invariants

[4]. The model case for us is to study 2-surfaces & in the conformal round 3-sphere
(S3, [g0]). As in [4], the conformal round 3-sphere is represented by the positive light
cone N% in Minkowski 5-spacetime R'*. Given an immersed surface

M- §?
or equivalently
— (1 &) - M2 4
y=(1,2) : M* = NI,
to incorporate all metrics in [gg] on 3-sphere we consider the homogeneous extension
2N =a(1,2) : RT x M> — NL c R
Then we will use the conformal Gauss map £ of Z to choose a canonical null vector y*
at each given point y € 2 C N} to extend 2" further into a homogeneous timelike
4-surface
F=ay+apy” : RT x RT x M? = RY,
We will also consider the associate ruled 3-surface
1
+ t —t %\ 2 4 1,4
T =—(y+e :RxM*— H" C R"
\@( y y")
where H* is the hyperboloid in Minkowski 5-spacetime. The main idea, inspired by
the work [4], 5], is to use the geometry of the associate 4-surface Z in Minkowski space-
time RY (the associate ruled 3-surface x™ in the hyperboloid H* and the spacelike
surface as the image of the conformal Gauss map ¢ in the de Sitter spacetime S®! in
Minkowski spacetime R'*) to study the geometry of the surface # in the conformal
round 3-sphere S3.

Our approach facilitates proofs of the local fundamental theorems (cf. Theorem
B3 and [13], [I4]) and produces local scalar invariants of surfaces in the conformal
round 3-sphere. The second is more interesting and helpful to find appropriate PDE
problems to study the surfaces. The study of Willmore surfaces indeed exemplifies
well that how important and central those problems are in the theory of surfaces in
general 2] 3], 10, [11].

We should remark that the key to our construction of associate surfaces is the
conformal Gauss map & to a given surface Z in the conformal round 3-sphere. The
conformal Gauss maps have been introduced in several contexts (cf. [2, Bl 12]). We
are searching for a definition that fits into the context of ambient spaces of Feffer-
man and Graham (cf. Lemma 2.3 and Lemma 2.3.2)). It is fascinating to see how
Blaschke [2] introduced the conformal Gauss map as the map representing the family
of mean curvature 2-spheres of the surface & and the conformal transform z* (cf.
Definition [24.1]) as the other envelope surface of the conformal Gauss map. One
technical assumption for the null vector y* to be well defined at each point y € 2% is
to require that the conformal Gauss map of the surface & induces a spacelike surface
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in the de Sitter spacetime S%3, which is equivalent to that the surface % is free of
umbilical point in the conformal 3-sphere S3.

It is nice to know that in our construction the associate 4-surface z in Minkowski
spacetime RY* is a minimal 4-surface (of vanishing mean curvature) if and only if the
2-surface 7 is a Willmore surface with no umbilical point in S? (cf. Theorem B.2.T)).
The same statement also holds for the associate ruled 3-surface ™ in the hyperboloid
H* (cf. Theorem B.4T]) as well as the conformal Gauss map surface £ in de Sitter
sapcetime S'3 (cf. Theorem 2.5.2)).

Upon realizing that a different representative A?gq in the conformal class [go] on S?
is equivalent to a different parametrization for the associate surface

(1.0.1) T =ayy+apy; : RT x RT x M? — RY,

where yy = A(1,2) and A = X o & for a conformal factor A, the real issue is how we
use the geometry of the surface # in the 3-sphere (S?, \?gy) to calculate the geometry
of the associate surface . The solution is to use the following 3-sphere S3 in the
positive light cone N%:

(1.0.2) A1, 2): S* — N}

as the realization of (S?, \2gg). For the convenience of readers we present the calcu-
lations of the geometry of S§ as a spacelike 3-surface in Minkowski spacetime in the
Appendix [Bl But it starts with the following observation.

Lemma 1.0.1. Suppose that & : M* — S* is an immersed surface and N’qy is a
conformal metric in the round conformal class [go] on S®. Then

(1.0.3) € = Hyy + 1y,

where Hy is the mean curvature of & in (S*, X\2gy) and HA s the unit normal to yy in
S € Ni.

Using the calculations in Appendix [Bl we are able to show in the proof of Theorem
that the data {m,w?*, Qy, Q%} that determine the first and second fundamental
forms of the associate surface & in Minkowski spacetime R can all be expressed in
terms of covariant derivatives of the curvature of the surface # in (S, A\2gy) and the
covariant derivatives of curvature of (S*, A?gy) (including Oth order). In the exact
same spirit as in Fefferman and Graham [4] [5], our construction of associate surfaces
T provides a way to capture local scalar conformal invariants of a surface & . Namely,
one can obtain local scalar conformal invariants of the surface # in the conformal
round 3-sphere by computing the local scalar (pseudo-)Riemannian invariants of the
associate surface # at the homogeneous surface " in the light cone in Minkowski
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5-spacetime. The first non-trivial one is
(1.0.4) AH|p—o = 207 (A\Hy + [ILPHy + (IT))7 (R)izj3 — (RY)3,. )

in a general parametrization (LOI]), where (R*);3;3 and (R*)3; are the Riemann cur-
vature and Ricci curvature of the metric A2gy on S3. Due to the homogeneity of & we
automatically have

(1.0.5)  Hy = AyHy + [T1\2Hy + (I1)7(RY) 353 — (R, = \(AH + |I1*H)

which is the curvature that vanishes if and only if the surface z is Willmore. Notice
that extra curvature terms do not show up when we work with either the round metric
go or the Euclidean metric. Similar formulas have appeared in the literature [9, 8, [7].

We also calculate in Section some other conformal scalar invariants of higher
orders:

IVA?| =0 = a (| V| + 8|dH|* + 2RicNny, VH,) + 3H?|Q, [

(1.0.6) .
+ 3K || + 69y - Hess(H,))

(cf. EZT), where K[ is the sectional curvature of (S®, A2gy) at the tangent plane to
the surface z, and

AAI:H;):O = 804_5(A>\’H>\ + 9|w)‘|27'[)\ - 3DiV(w)‘)7'[)\
(1.0.7) 0 o
— 6WN(VHy) — 6HATTN| 21Ty - ),

where w* =< dyy, y; > and Q} = — < dy3}, d€ > are parts of the data that determine
the geometry of the associate surface Z and are given in (3.1.3)) and (£3.6) as invari-
ants of the surface & in (S3, \%gp).

To end the introduction we remark that, for the sake of the production of local
scalar invariants, the assumption of having no umbilical point in our construction is
not an issue.

2. THE ASSOCIATE SURFACES IN R4

In this section we introduce the associate surfaces in Minkowski space R'* for a
given surface 2 : M?> — S%. We then show that such associate surface is canonical in
doing conformal geometry for the surface . The construction relies on the conformal
Gauss map and the conformal transform of z. It is also very interesting to see how
Blaschke and Bryant came to the conformal Gauss map and the conformal transform
in very different perspectives [2, [3].
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2.1. Surfaces in 3-sphere. Suppose that
i:M? =S Cc R
is an immersed surface with isothermal coordinate (u', u?). Let
n: M — R*

be the unit normal vector at each point on the surface. Then we obtain the first
fundamental form

(2.1.1) I =< di,di >= E|dul?
and the second fundamental form
(2.1.2) Il = — < di,dn >= e(du")? + 2fdu*du’® + g(du®)®.
Hence the mean curvature of the surface in 3-sphere is
1
2.1. H ="
(213) (e +9)
and the Gaussian curvature of the surface is
eg — f?
(2.1.4) K = FoE + 1.
Notice that
€. [
N, = ——=T1 — =Ty2
E E
2.1.5
21 PR PP
E E

If one takes another conformal metric A2gy on the 3-sphere S, where \ is a positive
function on S3, then the first fundamental form for the surface & is

(2.1.6) Iy = N1,
where A = Ao Z and the second fundamental form is
(2.1.7) ITy = AT — M\,
where A, = n(\). Hence

(2.1.8) Hy=\"Y(H - %) and [T, = AIT,

where I is the traceless part of the second fundamental form /1. Here we see the

easy scalar conformal invariant |I7]?, which can be considered to be the counter part
of the square of the length of Weyl curvature on a conformal manifold.
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2.2. Minkowski 5-spacetime. Let RY* be the Minkowski 5-spacetime, where we
use the notation
R = {(t,z) : t € R and = € R*}
with the Lorentz inner product
< (t,z),(s,y) >= —st+x-y.

Recall the positive light cone is given by

Ni ={(t,z) e R": —* + |z|> = 0 and ¢ > 0};
the hyperboloid is given as

H' = {(t,z) e R" : —* + |z|* = =1 and t > 0};
and the de Sitter 4-spacetime is given as

S = {(t,x) € R" : —#* + |z|* = 1}.

Given a surface 2 : M? — S* ¢ R*, we may consider the 2-surface
y=(1,%): M? - N}, c R"
and the homogeneous extension
" =ay Rt x M®> 5 N} c RM

for « € R*. There does not seem to be a way of doing “geometry” of the homoge-
neous 3-surface 2 in the positive light cone N?.

To motivate our choice of the associate surface in R of & we first introduce the
so-called homogeneous coordinate for R used in the ambient space construction of
Fefferman and Graham [4], 5], that is,

1
(2.2.1) (t,x) = 2(1,2) + xoxm§(1, —7)
where |
2’ = 5(7’ + 1)

220 = (—r +t)

and r = |z| and x = rZ. In this coordinate the Minkowski metric is

Go = —22%°(dx®)? — 22°%dx’dx™ + (2%)%(1 — %)290@7)-

Hence, given a surface & : M? — S?. we are looking to construct an associate homo-
b b
geneous timelike 4-surface

(2.2.2) F=ay+apy : RT x Rt x M? — R
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if we can have canonically the null vector y* at a given null position y on 2. It is clear
that the associate surface 7 is ruled by the positive quadrants of timelike 2-planes in
Minkowski spacetime. One may consider the intersection of & with the hyperboloid
H*:

1
2.2.3 T = —(e'y+ety*) : R x M? — H*,
(2.2.3) \/5( y y*)
which is called the associate ruled 3-surface since it is a 3-surface in hyperbolic 4-
space ruled by geodesics lines. Recall that a geodesic line in the hyperboloid H* is the
intersection of the hyperboloid with a timelike 2-subspaces in Minkowski spacetime.
In the following we will introduce the canonical choice of such y*.

2.3. Conformal Gauss maps. Let us consider any unit spacelike normal vector to
the homogeneous null 3-surface 2 = ay in N% C R That is to ask a unit spacelike
5-vector £ to satisfy

(2.3.1) <&V >=0, <&l >=0, <& >=0,
which implies that
{=ay+n,
where n = (0,n) is the unit normal to the surface Z in the standard unit round

3-sphere in {1} x R* € R". Tt turns out that there is a unique choice if we insist
that the map

£:M? - s CcRM
is (weakly) conformal. Namely we have

Lemma 2.3.1. Suppose that & : M?> — S? is an immersed surface. Then, for a unit
normal vector £ to the homogeneous null 3-surface z™ = ay : RT x M? — N2 C R4,

< §u1,§u2 >=0
if and only if
¢=Hy+n
and
1 o
(2.3.2) < d¢, dé >= 5E|H|2|alu|2.

Proof. Tt is simply a straightforward calculation. We know
Eui = aui(l, i’) + a(O,iui) + (0, nui).
Hence we have

fe+fg) =0,

1
< §u1a§u2 >= _2af + E(
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which is equivalent to a = H. For the rest we calculate

(2.3.3) <<@h§ﬂ>:<gﬁgﬁzx:é%uﬂ+(3%€fﬂa

O

Another way to identify a unique unit spacelike normal vector to the homogeneous
null 3-surface 2V = ay : RT x M? — N% is the following:

Lemma 2.3.2. Suppose that @ : M?> — S® is an immersed surface. Then, for a unit
spacelike normal vector & to 2™ = ay : RY x M? — N* C R4,
¢=Hy+n
if and only iof
(2.3.4) <ALy >=0.
Proof. We simply calculate, for £ = a(1,z) + (0,n),
AO& = gulu1 + §u2u2 = (Aoa)(la i') + QVG(O, V:i') + a(0> Aoi) + (Oa AOn)
and
< Ao, (1,2) >= —2aF + 2HE.

Notice that A = E~1A,. O

Before we give a formal definition of the conformal Gauss map we want to make
a remark that (2.3.4) is the integrability condition for the unit vector field £ to be
the conformal Gauss map (up to a sign) for the surface z. This turns out to be the

easiest way to see that £ is Willmore if and only if the conformal Gauss map £ of
% is also the conformal Gauss map (up to a sign) of the conformal transform z* (cf.

Definition [ZZ.T)).

Definition 2.3.3. Suppose that & : M?> — S* is a surface. Then we will call
(2.3.5) §=Hy+mn: M-S cRY
the conformal Gauss map according to Blaschke [2] (cf. [3,12]).

For a positive function A on the sphere S we consider the conformal metric A2gj
on the sphere S?, which can be realized as the 3-sphere S3: A\(1,z) : §* — N} c R"*
in Minkowski spacetime. It is then very crucial and important to realize that the
surface # in the 3-sphere S* with the conformal metric A\2g; is realized as the 2-surface
A1, 2) : M2 — N% C R" inside the 3-sphere S3. It is helpful to see the calculations
in Appendix [Bl about the geometry of the 3-sphere S§ in Minkowski spacetime R4
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Lemma 2.3.4. If one works with a conformal metric \2gy in general, then
(2.3.6) £ =& = Hyyy + 1y,
where 0y = 1 + (log A)ny is the unit normal to the surface
yn=A1,2): M? = S} C Ni.
Proof. Tt is easily seen that the normal direction to the surface yy inside S3 is A\, (1, 2)+

A(0,n) and < A\,(1,2) + A(0,n), An(1,2) + A(0,n) >= A%, Therefore the unit normal
for the surface yy in S§ is n,=n+ (log A)ny. Then it is easily verified that

Hyyy+1n,=Hy+n
using (2.1.8) O

In the light of (2.3.2]), the conformal Gauss map gives rise a spacelike 2-surface
£:M? — S c RM

when the original surface & : M®> — S% is free of umbilical point. We will have more
detailed discussions for the reasons to call £ the conformal Gauss map in Section 2.7]

It is very interesting to see that Blaschke came across to the conformal Gauss map
in a very different perspective. Blaschke considered the family of mean curvature
2-spheres to the surface # in S3. A round 2-sphere in 3-sphere can be thought as the
intersection of a timelike hyperplane and the 3-sphere at time ¢ = 1 in Minkowski
spacetime R'* and a timelike hyperplane in R'* is described by a unit normal vec-
tor lying in de Sitter 4-spacetime S%3. Given a direction (H, Hi + n) € S, the
hyperplane perpendicular to that in R is given by the first equation in ([23.1)):

(2.3.7) < (s,2),(H,HT +n) >= 0,
which is ]

—sH+Hz~(:E+En) = 0.
At the level s = 1 in the 3-sphere |z| = 1, we arrive at

1
Then we may rewrite it as
U S |

(2.3.8) 12— (2 + En)\ =1

which clearly is a round 2-sphere of mean curvature H when intersects with the 3-
sphere S* C R* at ¢t = 1 in R, Hence the equations (2.3.1)) exactly ask the surface
y = (1,&) : M> - $* ¢ N¥ C RM is an envelope surface of the family of mean
curvature 2-spheres described by the conformal Gauss map &.
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It is known that a mean curvature sphere of a surface goes to the mean curvature
sphere of the image surface under conformal transformations.

2.4. Conformal transforms. Assume that the surface & : M? — S? is free of um-
bilical point. Then the conformal Gauss map induces a spacelike 2-surface in the de
Sitter 4-space S%3
£€:M? = S c RM.
One notices that the equations (2.3.1]) imply that y = (1, Z) is naturally a null normal
vector the surface ¢ in the de Sitter 4-spacetime S'3. Because
<Y, &ui >=— < &Y >=10.
Hence it is natural to take the other null normal vector y* such that
<y*ay>:_1a <y*>y* >= Oa <y*>€>:0a
(2.4.1) . «
<y &n >=0, and <y &2 >=0.
We may write
y = (L),
Definition 2.4.1. Suppose that & : M?* = S? is a surface with no umbilical point.
And suppose that
* ~ % AN 2 4 1,4
y*=p"(1,2") : M" =N, CR
satisfies the equations (Z4AT) for y = (1,&). Then the surface
FM? - S
is said to be the conformal transform of the surface & according to Robert Bryant [3]

(cf- 21).

It is important that the conformal transform z* of a surface Z is independent of
the conformal factor A\. Notice that the equations in (2.4.1]) remain the same ex-
cept the first one when replacing y by y,. It is again very interesting to recall how
Blaschke discovered the surface z*. From the above discussions it is now easy to
see that the surface z* is nothing but the other envelope surface of the family of
round 2-spheres described by the conformal Gauss map &, i.e. the family of the mean
curvature spheres of the surface . Since y* satisfies the last three equations in (2.4.1]).

2.5. The geometry of the surface ¢ in S'3. Recall that the first fundamental
form for the surface £ in the de Sitter spacetime S'? C R is

(2.5.1) I¢ =< d¢, d¢ >= m|dul?,
where

1 o
(2.5.2) m = 5E|H|2.
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The first fundamental form ¢ is usually called the M&bius metric on the surface .
We remark here that, if one works with a conformal metric A\2gy instead, then the
Mobius metric remains the same

]_ o
(2.5.3) m=my = iEA\IIAP.

The second fundamental form for the surface & in S*? is given by
II° = — < dé, dy > y— < dé, dy* > y* = Qu + Q'y* = Q,\j\_2yA + Q;szy;

and
Qij = — < gui,yuj > and Qz} = —< gui>y2j >

(Q)\)ij =—< guia (y)\)uj >= 5\QZ] and (Qi)l] =—-< guia (y;(\)uf >= 5\_19;“

In fact it is easy to calculate that

(2.5.4)

(2.5.5) 0= {?g %] — I

Let us first calculate the mean curvature in the y* direction. We notice that
< Aogs yh >= ()11 + (€23)22)
while
< Ag, ya >= ()11 + (2n)22) = 0.

Based on the calculations
< Aog, E>=-2m

1 1
< A(]gv gul > = §mu1 - §mu1 =0
1 1
<A, & > = —§mu2 + §mu2 =0.

we obtain
(2:5.6) Aok = ()11 +(Q)a2)ya—2mE = (=((2)11+(2})22) ~2mH)yr —2mm.
On the other hand, we directly calculate
Aoé = Ao(Hayx + HA)
= (AoH\)yx + HxAoya + 2(H))ut (ya)ur + 2(Hx)u2 (y2)u2 + Aoniy

It seems that the best way to calculate geometrically is to use the Lorentz orthogonal
frame

(2.5.7)

%
{y>\> y;[n (y)\)ula (yk)u% n)\}a
where

< y;,yA > = —1 and
<Y Yy > =< Yy, (y)\>u1 >=<1Y, (y)\>u2 >=<Yy, Ny >= 0.
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It is actually easy to find that
1.1
A
where y' = 1(1,—2) and V is the gradient on the standard round 3-sphere. We will
do inner product to both (Z58) and (ZE7) with the null vector yl. To calculate
Hy, < Aoy,\,yl >+ < Aor_l))\,yf\ > we rewrite

Hy < Aoymy; >= _HA(< (yk>u17 (yi\)ul >+ < (yk)u% (y;)iﬂ >)

(2.5.9) yl = Z(5|VIog A2y 4+ yf — Viog \),

and
< AOI_{)\;?JI >=—=< (I_{A>u17 (yI\)ul > =< (Hk)uza (yi)uz >—< HM (y;[\)ul Zui -

Meanwhile one may calculate

€
(Bt = 2 (s — 2 ()i < (s > s
(2.5.10) f* gA
— —
(nA)uZ = _E_A(y)\)ul - E—)\(y)\)uz— < (nk)uz’yi = Yx-
A A

Hence we have

Hy < Aoymyi >+ < Aoﬁmyj\ >
(2.5.11) = BN (I1)i5 < () W) > — < 1x, (1) >0
= _E,\_l(llk)inZ\sjg + E/\(R)\)si,i
due to (B.0.22), (B.0.23), and (B.0.24). Now we obtain the mean curvature of the

surface £ in the de Sitter spacetime S'3.

Lemma 2.5.1. Suppose that & : M?> — S? is an immersed surface with no umbilical
point and that € : M? — S8 is the conformal Gauss map. Then the surface & is
spacelike and its mean curvature is a null vector

(2.5.12) HE = 2)? ;H* yi
|11,

for any positive function X on the 3-sphere S, where
(2.5.13) Hy = AHy + [ILPHy + (I1))7 (RY)i3j5 — (RY)s;,

(R)‘)Z-jkl and (Rk)ij are the Riemann curvature and Ricci curvature for the conformal
metric \2gy on the 3-sphere S respectively.

Proof. We perform inner product to (Z5.6) and (25.7) by the null vector y! and
obtain that

(2.5.14) ()11 + ()22 = Ex(—ANHy — [IL\[PHy — (I1,)7 (R)izj5 + (BY)3)
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in the light of (2.5.11)). Then one can easily calculate the mean curvature for ¢ in
St3, O

We remark that (2.5.12) actually shows that
(2.5.15) Hy = AP (—AH — |TI]°H)

for a surface z in the conformal 3-sphere.

Theorem 2.5.2. ([2] [3]) Suppose that & : M* — S? is an immersed surface with no
umbilical point. Then % is a Willmore surface in S® if and only if the conformal Gauss
map induces a minimal spacelike surface in the de Sitter spacetime SY3. Moreover its
conformal transform * is a dual Willmore surface in S3.

Proof. Most of this theorem has been known to Blaschke [2] and Bryant [3]. Because
Lemma [Z32] implies that £ is also the conformal Gauss map (up to the sign) for z*
when H¢ vanishes. The two dual Willmore surfaces are the two envelope surfaces of

the family of round 2-spheres described by the conformal Gauss map &. O
Remark 2.5.3. [t is also known to Balschke [2] and Bryant [3] that
o [f % is a minimal surface in S3, then &* = —&.
e T is a Willmore surface if and only if ** = I, which raises an interesting
question: what does it mean T*** = T if possible?

2.6. Finding y}. Let us now solve y; for y) = A(1, &) = Ay, where A = Ao 2 and A
is a positive function on the sphere S?. At each point on the surface we set
A A

i w w
Y5 = Kya + Ryl 4 0 4 e (Y )ur 2 (Y )z
Ey Ey
And we get from (24.7))
( '%T =1
_ o
(2.6.1) b— H,
— () 1wy — () 12wy = (Hy) w1 By
L —()21w} — ()aows = (Hy)yu2 By

We therefore have

Lemma 2.6.1. Suppose that & : M? — S? is an immersed surface with no umbilical
point. Then

1 (0]
(2.6.2) Ui = (1 + HR)ya + 3 + Hany — (15 dH,
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for any positive function A on the 3-sphere, where

= AT L ).

E\
In particular,
1 1 °
and
H 1 o
(2.6.4) T =ai + N1 a([[)‘ldH,
where
(2.6.5) — M

TP E AL

Proof. One simply solves ([2.6.1)) if det Q) # 0, which is equivalent to the fact that
the surface has no umbilical point. O]

2.7. Canonicity of y*. Now we want to show that the choice of y* is canonical in
terms of doing conformal geometry for the surface & in S3. It is important to realize
that there are two separate issues here. One is about the symmetry of the conformal
3-sphere. To be precise, for a conformal transformation

¢:S*—§?
and the transformed surface
o(z) : M? — S?,
is it true that
O(%) = ad(y) + apd(y’) : R x RT x M? — RM

is the associate 4-surface of ¢(#) in RY*, where ¢ is the corresponding Lorentz trans-
formation on R%* to ¢? The other issue is whether or not the associate surface 7 is
independent of metrics in the conformal class of the round 3-sphere. The first easy
and important fact is that the conformal Gauss map is independent of the metrics in
the conformal class.

Lemma 2.7.1. Suppose that & : M? — S? is an immersed surface. Then the confor-
mal Gauss map £ is independent of the metrics in the conformal class of the round
3-sphere S®. Meanwhile, the conformal Gauss map for the transformed surface ¢(%)
is exactly G(€), where ¢ is the Lorentz transformation on the Minkowski spacetime
R corresponding to a conformal transformation ¢ on S3.
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Proof. First of all, one needs to realize that, for any given metric in the conformal
class of the round 3-sphere, it simply amounts to consider the surface

yr = A(1,2) : M? — N

for some positive function A : $* — RT and A = Ao#. But this only possibly alters the
parametrization of the homogeneous null 3-surface zV = aA(1,2) : Rt x M? — N%.

Hence it will not alter the conformal Gauss map. Of course one has already seen this
from Lemma 2.3.4]

Next we consider the transformed surface ¢(z). Recall that, given a conformal
transformation ¢ of 3-sphere, we have a unique Lorentz transformation ¢ in the
time and orientation preserving component of the Lorentz group on the Minkowski
spacetime such that, for A\(1, %) € R,

(2.7.1) P(A(L, %)) = Au(L, ¢(2))
for some positive number y. By the definition, which requires ¢ is a linear map and
< o((t,2)), ¢((s,9) >=< (t,2),(5.9) >,

we now easily see that ¢(€) is the conformal Gauss map for the transformed surface
¢(Z). Since ¢(§) is the unit normal vector field to the homogeneous null 3-surface
¢(x) in N? that is conformal map from M? to S'3. O

Consequently we have

Proposition 2.7.2. Suppose that & : M? — S* is an immersed surface with no
umbilical point. Then the associate surface

T =ayy+apy; : RT x RT x M? — R"Y,

for any yx = M1, %) and y* = X"'A\*(1, &%) defined by the equations ZAT), is inde-
pendent of the metrics in conformal class of the round 3-sphere S3.

Proof. Tt suffices to verify that

(2.7.2) y)* = A"ly"
Since it implies that the change of metrics in the conformal class will at most cause
possible change of parametrization of the associate surface 7. O

We also have from Lemma 2711 the following:

Lemma 2.7.3. Suppose that T : M? — S% is an immersed surface with no umbilical
point. Let yx = N(1,2) € N% and let ¢ be a conformal transformation of 3-sphere.
Then

(2.7.3) Sya)" = o(y3)-
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Hence

(2.7.4) P(27) = (o(£))".

Proof. From Lemma 2. 7.Tlwe know that the conformal Gauss map for the transformed
surface ¢(z) is ¢(£). Then it is easy to verify (2.4.1)) for ¢(y*) to be ¢(y)*. Then the

equation (2.74) follows from (271 and (2.7.3)):
(L (6(2)) = dly)" = oly") = "X (1, 6(3")).

Therefore we have

Proposition 2.7.4. Suppose that & : M? — S* is an immersed surface with no wm-
bilical point. Let ¢ be a conformal transformation of 3-sphere. Then the associate
4-surface in RY of the transformed surface ¢(2) is exactly the j-surface ¢(T) trans-
formed from the associate 4-surface T of the original surface & under the corresponding
Lorentz transformation ¢ of ¢.

3. THE GEOMETRY OF THE ASSOCIATE SURFACES

In this section we calculate the first and second fundamental forms for the associate
homogeneous timelike 4-surfaces Z in R'* as well as for the associate ruled surface
2 in the hyperboloid H*, for a given immersed 2-surface & in S?.

3.1. The first fundamental form for 7 in R'*. To calculate the first fundamental
form for the surface in the parametrization

(3.1.1) T = ayx + apyy
associated with a conformal metric A2gy on the 3-sphere S? , we first calculate
dz = (yr + pyr)da + ayydp + (a(ys)u + ap(yy)u)du' + (@(yr)uz + ap(ys)ue)du’.
Hence the first fundamental form for the associate 4-surface Z in the coordinates
(a, p,ut,u?) is
I* =< d&,d7 >= —2pdado — 2adadp
+20% < (¥}, (ya)wr > dpdu' + 2% < 45, (ya)w2 > dpdu
+ < a(yn)w + ap(yR)uw, aya)u +ap(yi)a > (du')?
+ <o) + ap(yi)u, aya)u + ap(yi)ue > (du®)’
+2 < a(ya)u +ap(yy)ur, a(ya)u + ap(yy)ue > du'du®.

2
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In fact one may calculate

( Q Q
(Yn)ur = —wiys — ( )\>11£u1 - @&ﬂ
m m
()21 ()22
(y)\)u2 = —W)\?/A - gul - §u2
(3.1.2) i « )m )
(W = wlys — ol — 2,
\ (y)\)u2 = WQA.%\ - ( ;\,321 €u1 - ( ;\,322€u2
where
(3.1.3) W =< dyy, yix >= —1,(Q'dH,y)

based on (Z6.). Now let us write I¥ in matrix form:
-2p —« 0 0

B 2 A 2, A
(3.1.4) I = e} 02 . oWy ofws
0 o%wi o2F
0 a’wy
where
( L, 2 A2
= E(p +q°) + 2p(wy)
1
(3.1.5) Fip = Fy = ECI(P +7) + 2putwy
1 2 A2
\ Fy = E(q +77) + 2p(wy)
and
P q *
It can be calculated that
T a6 a6 * * *
(3.1.6) det " = (pr — ¢*)? = —— (B3| + p 57 = P2 ()11 + (2)22)%)?

4m?
which can tell us where the associate surface  is degenerate. It is maybe a little
surprising that it is actually not difficult to calculate the inverse of I;. We present
the calculations in Appendix [A] since they are straightforward calculations.

m2

3.2. The second fundamental form for 7 in R%*. It is clear from the definition
that the conformal Gauss map & is the unit normal vector for the associate 4-surface
7 in R, Hence the second fundamental form for Z in R%* is

(3.2.1) 11" = — < dF,dé >= ()i + ap(Q})i;)du’ du?
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or in matrix form
0 0

s = 0 afdy + apQdy

Therefore the mean curvature for the associate 4-surface in RY* is
H* = Tr(I;) 1.

To calculate the mean curvature H® one only needs to know the low-right 2 x 2
block in the inverse of the matrix I;. According to the calculations in Appendix [A]

particularly (A.0.9) (A.0.15) (A.Q.16]), we therefore have

= W((qz +rp =20 (p 1)+ (° + ¢°)r)
(3.2.2) mp+)
~alpr—¢?)
where
pr—q* = det Q) — pTrQQ} + p* det 5
and
(3.2.3) p+r=p((2)1 + (23)22) = —pErH.

in the light of (Z5.14).

Theorem 3.2.1. Suppose that & : M?> — S? is an immersed surface with no umbilical
point. Then % is a Willmore surface in S? if and only if the associate 4-surface T in
R is minimal.

Proof. Based on the above equations (8.23)) and (3.2.2]) we obtain that

~ pdet Q\H
3.2.4 H* = .
( ) a(det Qy — pTr Q% + p? det 2F)

O

3.3. Local fundamental theorem for surfaces in conformal 3-sphere. In this
subsection we want to state and prove a local fundamental theorem for surfaces in
conformal 3-sphere. In the previous section we have introduced the associate surface
7 in Minkowski spacetime R'* from a given surface & in S®. From the geometric
structure of the associate surface & one can tell that its intersection with the positive
light cone NY is a homogeneous null 3-surface whose projectivization will recover the
original surface % in S3.

Given a surface # in S* with a isothermal coordinates (u'!,u?) on the parameter
space M2, we have the first fundamental form I in matrix form

N
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and the second fundamental fundamental I/ form in matrix form

_le f
H_{f g]

The local fundamental theorem for surfaces in Riemannian geometry states that, up
to isometries of the standard round sphere S?, locally the surface is uniquely deter-
mined by the first fundamental form [ and the second fundamental form /7 in the
standard round sphere S®. Conversely, given a positive definite symmetric 2-form I
and a symmetric 2-form /7 in the parameter domain, which satisfy some integrability
conditions (Gauss-Codazzi equations), up to isometries, there is locally a unique sur-
face # in the standard round sphere S? whose first and second fundamental forms are
I and II. We are looking for the analogous local fundamental theorem for surfaces
in conformal round 3-sphere S®. The core idea of the local fundamental theorem in
Riemannian geometry is to solve the structure equations, which are the equations of
motion of Frenét frames on the surface and are determined from [ and I1.

Our strategy here is to use the local fundamental theorem for the associate surface
Z in the Minkowski spacetime R to establish the local fundamental theorem for a
surface £ in the conformal sphere S3. Since the association introduced in previous
subsections requires that the surface £ has no umbilical point, we will always assume
here that surfaces # have no umbilical point.

To summarize the previous discussions, given a surface  in S, we have I = E|du?
and I'T = e(du')? + 2fdutdu?® + g(du®)?. We also have the so-called Mobius metric

I¢ = m|du|® = LE|II|?|dul* induced from the Conformal Gauss map & of the surface
Z, where
o e—g f
i-[7 2]
;oo
is the traceless part of the second fundamental form 7. We then construct the

associate surface
T =ay,+apy; : RT x RT x M?: RM,

The first fundamental form I for Z in matrix form is, from (B3.1.4),

—2p —« 0 0
—a 0 QPwy  aPw)
0 atul LR )+l Cap )+ 20t |

0 a’wy a—,jq(p +7) + 202 pwiwy %(q2 +72) + 2a2p(wy)?

where the 1-form
W = widu' + w)du? = —dlog A — [ (dH)) = dlog X + w.
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And the second fundamental form 777 for  in R in matrix form is, from (3.2.1]),

0 0
0 afdy +apQy |-

where Q) = AQ and Q% = A"'Q*. Notice that I7 and II% are exactly determined by
the Mobius metric I¢ = m|du|?, the 1-form w, the traceless symmetric 2-tensor €2 and
the symmetric 2-tensor Q*, plus the conformal factor \.

Next we write the equations for the motion of the Frenét frames on the associate sur-
face T according to I* and I1*. We consider the Frenét frame {y,, y3, \/meul, \/—%guz, £}
on the associate surface . Because they are the orthonormal frames on Z with respect

to the Minkowski metric G, on R'*. We now write
(3.3.1)

Y —wp 0 ~vm (@
5 y,\ 1 0 X wf —%(QQH
o Tt | = =) =) 0
\/_€u2 #(Q)\)ﬂ ﬁ(Qi)ﬂ 2 Tl
5 0 0 \/m
and
(3.3.2)
yr | [ W 0 %(QA)m
5 1y§ 1 0 ) wg\ —%(Q,\)ﬂ
52 | Vet | = |7 7R () )
TG | B2 =) Ema
\/ﬁ \/m \/m A 2m
el Lo 0 ’

- ; wt| =0 d— | 7m
B ﬁg an ap Vm

—7=(Q) 0 Yx
—%(Q*)m 0 Yx
mu2 - m ﬁgul
"0 0 | |gmée
0 0 3
—Z=( Q)2 0 T ]
=L (32 0 1yf\
_ﬁmul O \/—mgul
0 _\/m #&ﬂ
vm o 1L & |

= 0.
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To solve the systems (B.3.1) and (3.3.2) of ODE, the necessary integrable condition
is

[ un ] [y ]
Yx Ya
0 0 |ar | 0 9 |
(3.33) s ad | Tt | = adea | T
Vm S Vm S
R RS

It turns out (B:33) is equivalent to the following six equations on the variables:
the positive function m, the 1-form w?, the traceless symmetric matrix €, and the
symmetric matrix Q3,

(3 3 4) (Q,\)n,z - (Q,\)lz,l = wlA(Q,\)u - wg‘(Q,\)n
o (D )12.2 — ()2t = W (D)az — wy ()12
(B)112 — (121 = —w (812 +wi (B + 5( *)lmg e (12 [%) w2
3.3.5
( ) * - * A * A * E(Qi)ll + (Q§)22 2
(20122 — ()220 = —wi (222 + wy ()12 + 5 ONE (JOA)u2

(3.3.6) Wiy — Wy, = %((Qx)n = ()22) (2312 = ((23)11 = (€23)22) () 12)

and

1 .
(3.3.7) (K —1) = — T,

where K is the Gaussian curvature of the Mobius metric I¢ = m|du|?. Of course,
as one may verify, (3.3.4), (3.3.3), (3:3.6) and (3.371) are exactly the Gauss-Codazzi
equations for the surface £ in the de Sitter spacetime S'3 induced by the conformal
Gauss map £ of the surface # in conformal 3-sphere S3.

Now we are ready to state and prove the local fundamental theorem for surfaces in
conformal round 3-sphere S3.

Theorem 3.3.1. Suppose that, on a domain in D C R?, we are given the following

a traceless symmetric 2-form €2

a positive function m or equivalently E such that m =
a I-form w

a symmetric 2-form €0*.

And suppose that they satisfy the integrability conditions [B3.4)) - B3.71). Then, for a
given point po in D, there exists an open neighborhood Dy of py in D, a parametrized

—det
E
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surface & : Dy — S? with no umbilical point, and a positive function A: Dy — RF
with X(po) = 1, such that

o (= M1, where II is the traceless part of the second fundamental form of
in the standard round S?
o m|du|? =< dE, d€ > is the Mabius metric induced by the conformal Gauss map

§ofz

o w=—I((II"YdH)) — dlog X, where I is the first fundamental form and H
is the mean curvature of & in the standard round S?

o ' = — )\ < d¢, dyt >, where y* = ﬁ(l,i’*) and I* is the conformal
transform of .

The surface & is unique up to a conformal transformation of S*.
Proof. We start with choosing starting values for y, y*, &1, &2, € at pg = (ug, ud), First

we take a null vector

y(ug, ug) = yo = (1,20)

for some &5 € S* C R*. Then we choose &(ug,u3) = & € R such that
(3.3.8) < Yo & >=0and < & & >= 1.
Next we choose 1 (up, ul) = &) € RM and &2 (ul, ud) = € € RY such that

1 ¢l 2 2 12
<&y, & > =< &, &0 >= m(ug, vg),

(3.3.9)
< &0, &0 > =< &0, & >=< &0, &5 >=< yo, & >=< Yo, &5 >= 0.

Finally choose the unique null vector y*(u}, u2) = yi such that

<y87y0 >=—1

< yanO > =< y0>€0 >=< y0>€0 >=< y0>€0 >= O

Notice that for any other choice of {y1, y;, &1, &2, &} satisfying the same orthonormal
properties in (3.3.8)) - (3.3.10), there is a Lorentz transformation that takes one to the
other. With the integrability conditions assumed we may solve the systems (B3.3.1])
and ([B.3.2)) at least in an open neighborhood Dy of py in D. Using the uniqueness of
solutions to systems of linear ODE one sees that the solution {y, y*, #gul, \/—%guz, £}
remains to be orthonormal in the Minkowski metric in Dj.

Now one should realize that the y = A(1,2) here is with some positive A (not
necessarily identically 1 in Dg). It is then clear from all previous calculations that
the rest of the statements in the theorem can be easily verified. 0J
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3.4. The geometry of the associate ruled surface x* in hyperbolic space H*.
In this section we want to discuss the geometry of the associate ruled 3-surface ™ in
H*, which is associated with a given surface Z in the conformal 3-sphere. It’s relation
to the associate surface T is very much analogous to the one between the ambient
spacetime and the Poincaré-Einstein manifold of a given conformal manifold in the
work of Fefferman and Graham. It deems to be useful to understand the geometry
of the associate ruled 3-surface x* in H*.

It is rather easy now to do calculations for z* after we have calculated the first
fundamental form for the associate 4-surface & in Minkowski spacetime R'* in section
3.1l We first have

1
dot = —=(e'yr — e "y dt + (€' (ya)wr + € (y3)ur)du' + (€' (ya)uz + €7 (y})uz)du?

V2
and, using (3.1.2]),
2t

I = (@) = 2wdtdu’ + (—((2)a (@) + ()2 ) 2)

1
(3.4.1) + (wiwj + E((Qx)n(ﬂi)ﬂ + (20)i2(23)2))
6_2t * * * * 7 /
+ %((Q,\)il(ﬁ,\)jl + (230)i2(0) j2) ) du' du?
One can calculate the determinant
(3.4.2) det I*" = (E2|e! + e 1012 — e ()11 + (92))22)%)2,

8m?
which can tell us where the associate ruled surface x* is degenerate.

To obtain the second fundamental form of the surface z it suffices to see that
the conformal Gauss map & is still the unit normal vector to the surface x* in the
hyperboloid H*. Hence

1
3.4.3 1177 = — < dzt,de >= — (') + e7'Q%).
( ) 5 \/5( A )\)

By the similar calculations as that in the previous section we have the mean cur-
vature of the associate ruled surface x* as follows:

\/§det O\H
(det 2y — e 2Tr\Q% + e~ det %)

+

(3.4.4) H* =¥

Theorem 3.4.1. Suppose that & is an immersed surface in the conformal sphere S
with no umbilical point and that ™ is the associate ruled surface in the hyperboloid
H*. Then & is a Willmore surface in the conformal sphere if and only if the associate
ruled 3-surface x™ in the hyperboloid is a minimal surface.
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4. SCALAR INVARIANTS OF SURFACES IN CONFORMAL ROUND 3-SPHERE

In this section we want to introduce scalar local invariants for surfaces in conformal
round 3-sphere S3. We will first recall what are scalar invariants for hypersurfaces in
(pseudo-)Riemannian geometry. Inspired by the work of Fefferman and Graham on
scalar local invariants in conformal geometry we are going to use the associate surface
7 in the Minkowski RY* of a given surface & in 3-sphere S, where one considers the
standard conformal 3-sphere as the projectivized positive light cone of the Minkowski
spacetime to construct scalar local invariant.

4.1. Scalar invariants of 4-surfaces in R'*. For our purpose we will focus on the
discussion of scalar (pseudo-)Riemannian invariants of 4-surfaces & in the Minkowski
spacetime R%*. Suppose that

¢ = p(v*, 0% v*0%) : A C R — R

is a local parametrization of a surface #, where A is a domain in R*. Hence it induces
a local coordinate

o= qg(v v?, 03 vt 0°) B C (—€,€) x A — RY
for RY* such that )
¢(1)2, V3, 1)4,115) = ¢(O,v2,v?’,v4, 1)5).
We will use the Capital Latin letters to stand for indices from 1 to 5 and Latin

letters to stand for the indices from 2 to 5. And we will use v = (v, v? -+ v°) and

o = (v? -+ ,v°). Hence the Minkowski metric in this coordinate is give as

Go =< do, dp >= (Go)rsdv’ dv”
and the fist fundamental form for & in R'* is given as
IF =< do,d¢p >= Gi;dv'dv’ = (Go)ij|w1—odv’dv?.
To be more restrictive we will assume that the surface z is timelike and let
£:B—Sh

be a unit normal vector field on & in RY*. Then the second fundamental form for
is given as

II° = — < dp,d¢ >= hy;dvidv’
And } ‘
gvi = _hikgk]¢vj-

Definition 4.1.1. Let i : M"™' — N" be an immersed hypersurface and let g
be a (pseudo)-Riemannain metric on the ambient manifold N". A scalar (pseudo-
)Riemannain invariant 1(i, N", g) for the hypersurface i in N at a point py on the
surface i is a polynomial in the variables that are the coordinate partial derivatives
of gr; of any order and the reciprocal of the determinant of g;; at the point py such
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that the value of 1(i,N", g) at po is independent of choices of local coordinates ¢ of N
which are induced from a parametrization ¢ of the surface i nearby the given point py.

The well-known examples of scalar Riemannian invariants for # in R are

o H= f]ijiz”

° |h|2 = g’kgﬂh hyy and H? = g”gklh .

o AH = gklg”h” Kls DivDivh = g’kg]lhw il H|h|2 = g’kg]l mnp, hklh'mn>
Trgh3 = gngikg kmh”hklhmn, and H3 = g” kg m”h,jhklhmn

b |Vh‘2 _gng]qgkrhm khpq s gZpg]T kqhzy khpq s gng]r kqhzy kilpqr
|VH\2 = g”gpqgk’"hm khpqr, \D1Vh|2 = g’pgjkgqrhw khpqr, Divh - dH

o AAH

Each scalar invariant has an order. To find the order of each scalar invariant one
simply scales the metric by a constant x and see what is the dimension of the scalar
invariant. For example, we can easily find that

To understand what are scalar Riemannian invariants I(Z, R%*, Gy) we want to use
the so-called Fermi coordinates. A Fermi coordinate is one such that 1) on the surface

¢ is a normal coordinate at a given point Zy; 2) the coordinate curves ¢(t, v?, v3, v? v5)

is a geodesic perpendicular to the surface at ¢(v? v3, v% v®) with unit speed (a line

segment perpendicular to the surface in R*). Hence, for a Fermi coordinate,
(411) &(Ula"' >U5) :¢(U27"' >U5)+U1€'
The following facts are well known.

Lemma 4.1.2. Suppose that & is a timelike hypersurface in R™. Suppose that ¢ is
a Fermi coordinate at a given point To. Then

Go = {(1) [9(;]}

and
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where

2 .
gRikﬂvkvl + -

hij(0) = hij(0) + hij(0)0" + -

R,]kl ﬁ,kﬁ]l ﬁ,] ﬁkl 1s the Riemann curvature tensor for x and n is standard matriz
of signature {—1,1,1 1} Moreover all the coefficients in the Taylor’s expansions for
G;; are polynomials of h” and the covariant derivatives of h,] at Tg.

Gij (D) = mij —

Therefore, in the light of Weyl theorem on the invariants of orthogonal groups, we
may conclude that

Proposition 4.1.3. All scalar invariants 1(Z, R, Gy) of a surface & in RY are linear
combinations of terms that are complete contractions of tensor product of the second
fundamental form h and the covariant derivatives of h.

Proof. From the above lemma it is easily that all scalar invariants of a surface T in
R4 are polynomials of the first fundamental form g, the second fundamental form
h and covariant derivatives of the second fundamental form h, if we evaluate them
in a Fermi coordinate for the surface. Then, by the Weyl theorem on the invariants
of orthogonal groups, we know they are linear combinations of full contractions of h
and covariant derivatives of h. O

4.2. Scalar invariants of the homogeneous associate surface 7 in R'*. Let us
work with the parametrization

7= aA(1,2) + apA T ——(1,2") = ayx + apy}

1—a

and use the calculations given in Section B.1] and Section 3.2 Now let us compute
some scalar invariants for our associate surface Z on the light cone where p = 0. Then
the first fundamental form is

—a 0 i} a’wy
Ifc|p:0 -

from ([B.I.4)), whose inverse is

W2 -1 wp  wy
1 83 aly aF)y
4 = 0 0 0
T |P:0 - W1A 0 1 0
anA'A a?E) X
w 1
w5 0 0 o2 E;
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And the second fundamental form at p = 0 is

0 0
Izl p=0 = [0 QQJ ’

So the simplest (pseudo-)Riemannian invariants is the mean curvature H, but it is
clear that

H|pmo = QLEA((QA)M + (2x)22) = 0.

The first non-trivial one is

(4.2.1) 2] =0 = GG hijhi| p—o = a2 Qu %,

which produces the first non-trivial invariant |I7|? for the surface Z in the conformal
3-sphere(cf. see the definition for scalar invariant of surfaces in the conformal 3-sphere
in the next subsection). In fact the following non-trivial invariants without taking
any derivative are all easy to calculate

Tk _ .k k
Tl”pih |p:0 =« TII;EQ)\

for any k= 2,3, --- . Obviously those are the ones that can been easily seen with no
difficulty at all.

Next we want to calculate |VH|? and AH at p = 0. To do so, let us first recall
from Section [3.2] the mean curvature

pdet Q\H
a(det ) — pTrQ, Q5 + p2 det Q%)

H =

Hence H, = H, = H,» = 0and [VH|?> = 0 at p = 0, that is, |V H|? gives no invariant
for the surface . Let us set the convention to have a, b, ¢ stand for «, p; i, j, k stand
for u',u?, and A, B, C stand for all four variables. We then calculate, at p = 0,

1

AH = mwwmg%m)
1 L o _
(4.2.2) = 5 0.(V191570,H) + 0,(V/ 915" 05 H) + 0:(\/ 191570, H))
1

= ﬁ(ﬁa(v ‘Q‘@a’)@pf[) + 0,( 19]9" 0 H) + ‘g‘(@pgpp)aﬁﬁ)

= 204_37'[)\

where one needs to use the fact that §°°|,—o = 0 and 9,§°|,=0 = % based on calcula-
tions in Appendix [Al This confirms that #, is indeed a conformal invariant
of order 3 for a surface 4 in 3-sphere in general conformal metric A?gy.
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The next invariant we want to calculate is AAH. To do so, from (A.0.14) in
Appendix [Al we observe the following:

2 9
ap|szgp = ——|CU)\|2, 8p|p=0.gpp =
(67 «
(4.2.3) 2 .
8p|p:0§p2 = __2E_ and 8 0 ‘p Og a ‘(A)A|2.

After a lengthy calculation we get

AAﬁﬂp:O = 8(1_5(A>\H>\ + 9|w)\|27'[)\ — 3DiV(w)\)H)\
BTI"(Q)\QK)
2m?

(4.2.4)

—6wA(V7-[A) - |Q)\|2H)\).

This tells us that AyHy + 9|w?|*Hy — 3Div(w?)Hy — 6w (VH,) — i)’Tr(&m,\??'-[;\ is
a conformal invariant of order 5 for the surface  in 3-sphere.

We can also calculate the covariant derivatives of the second fundamental forms for
the associate surface. We first list the relevant Christoffel symbols for the calculation

nk _ 1k _ 1k _
Ph,=T% =Th =0
(4.2.5)

e 1 A A 1 * *
= 2—]%((%)“3 — (W})ur + a((QA)jl(Qﬂkl + () (23) )

Then we calculate

Nk = —ﬁ((%)ij((w?)uk — (Wp)us + i((Qx)kl(Qi)u + (00)a(23)r)
A m
(4.2.6)  hija = =)y
o 1

- ﬁ((ﬂx)zg’((w?)ui — (W) + —((Qx)kz(Qi)m’ + () ki () k)

— 55 W@ = (W))u + — ((Qx)kl(Q Jki (00 k5 (83 r)
ilij,k = OK(Q)\)ij,k + oz(Q,\)ljwlAéik + a(QA>ilwl)\5jk-
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The easy one is
~ . - ) 1
in the light of (2.5.14]). While

¢; = hz’B7C§BC = Bij,C'ng + ﬁibﬁflbk = ilij,kgjk + ilij,agja + ilia,kgak

1 3 N 1 A 1 A

= E(QA)ZJ7] + Q—E\(QA)ZJWj Q—E\(QA)ZJWj Q—E\(QA)ZJWj
1 1

YN . Wiy + (Q/\>ing/'\ =0

due to the integrability condition B.3.4). Thus IDivh|%(= 0) does not give any in-
variant on the surface #, nor does Divh - dH (=0). Because §°°|,—o = 0.

We want to calculate |@i~z|2 since we have all the covariant derivatives HAB,C in
(42.6). The calculation is direct yet very long. We omit the detail here.

. 2 6
IVA*| =0 = a (IVQI* +8|dH|*—6Q-Q* — (QA)ZJWQ(RA)&M ()i (ki gwr),

ES
EX
where the Codazzi equation for the surface Z in (S*, A\?go)
()ijk = (Q)inj + (B)ziji + (Hy)wi Exdix — (Hy)ur Ex6ij

has been used. At this point we like to write each term as local scalar invariant of
the surface & in (S®, A\2gg). We first calculate

(20)iwr (BY)sije = ()91 (BN)aign + (Q)ijws (BY)zij
= EA((Q) 1wt (RY)s1 + ()2197 (BY)32 + (2)29w3 (BY)s2 + (2)1205 (RY) 1)
= B\()iw} (RY)ai = —E3(Hy) i (RY)3i = —RicN(ny, AH,).

Then we deal with the last term

(00 (W )rigwr = ()i (W )riwd) 5 — ()5 () kiwr

1 .
= _E)\(Q)\)ij(H)\)i,j — §E§|Q)\|2D1V(w>\)

where
Div(wt) = By w; = BN (w]) s
= B3 (< Aoyn vy > + < (Y3 ui (3w >)
= H} — |+ (BM1212 + E71 < (un)us, (03)us >
Q-
]2

Aoys = 2E\Hyn, + QEAyT\ — (RM)12129»

= H?+2 + BN (B 1212
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and
Q-
|2

2
D ET <@t (¥ ) >= WP 42
i=1

So we have obtained
V|2 pm0 = a (V|2 + 8|dH,|? 4 2RicM (1, VH)) + 3H3 |0

(4.2.7)
+ 3KT|Qx* + 69y, - Hess(H)))

where
Ky = Ey' (RY)121

is the sectional curvature of (S?, A2gg) of the tangent plane to the surface .

4.3. Scalar invariants for surfaces in the conformal round 3-sphere. Let us
start with the definition of scalar invariants for surfaces in conformal sphere.

Definition 4.3.1. Let i : M"™' : N" be an immersed hypersurface and let [g] be a
class of conformal metrics on the ambient manifold N|™. 1.(i,N", g) is said to be a
scalar conformal invariant of the hypersurface i in the conformal manifold (N", [g]) if
it 15 a scalar Riemannian invariant and

(4.3.1) I.(i, N" Mg) = A L.(i, N", g).
for any positive function A on N", where k is the order of the invariant 1.(i,N", g).
Recall that, for an immersed surface £ in S*, we have

[1(i,S*, \2g) = M1 (i, S?, go).

Hence it is easy to observe that

[T12(3, 8%, X2g0) = A2 A2 M A Ty = A2 T2, 8%, go)
and
Trazg, (11)"(2,S% N2g0) = A T, (11)%(%,S?, go) for all k = 2,3, -+ -.

On the other hand, it does not seem easy to directly verify that H, is a conformal
invariant for a surface in the conformal 3-sphere, though this is a well-known one. We
have verified this in computing the mean curvature (cf. (Z5.12)) of the surface ¢ in the
de Sitter spacetime S'3 as well as in the above calculation of AH (cf. (IZ2)) of the
homogeneous associate surface Z. In general it takes tremendous, if not impossible,
to verify whether an invariant I(#, S, A2g) is conformally invariant, complicated by
the six integrability conditions. The most important application of the construction
of associate homogeneous surfaces is the following:



31 Scalar Conformal Invariants

Theorem 4.3.2. Suppose that & : M* — S? is an immersed surface with no umbilical
point. And suppose that

T=ay+apy :RT xRt x M? = R

is the associate surface for T, where T* is the conformal transform of &. Then any
scalar (pseudo)-Riemannian invariant 1I(z, R*, Gy) evaluated at p = 0, if it is non-

trivial, is a scalar conformal invariant 1.(Z,S*, N2go) multiplied with |I15|*" for some

mteger n.

Proof. For any invariant I(z, RY4, Q~0), we know that it is a full contraction of tensor
product of the second fundamental form and the covariant derivatives. For a choice
of representative \?gy on S?, in the corresponding parametrization ([B.1.)), we claim
that

(432) I("Z’> R174> g~0) |p=0 = a_kl("& S?,’ )\2gO)|II)\|2n

for a positive integer £ and a nonnegative integer n, due to the homogeneity of the
associate surface. To see the right side of (£3.2) is indeed a scalar Riemannian
invariant multiplied with factor [I7,]?" for some integer n, we consider the tensors

that determines the first and second fundamental forms of the associate surface in
that parametrization. We recall from (2.5.5]) that

Oy = I7,

is the traceless part of the second fundamental form for the surface  in the 3-sphere
with the conformal metric A2gy. We also know from (B.I13)) that

W = —IL((ITy) " MdHy)) = ——=— IT\(VHy),

o

|11,

which causes us to include the possible negative n in the right side of (£3.2). We
may also recall from (25.3)) that

1 o
m = §EA|HA|2.

Next we want to show that (2} is also a tensor product of covariant derivatives of
the 1-form w?, covariant derivatives of the second fundamental form I, and co-
variant derivatives of Riemann curvature tensor of the conformal metric A2gy on the
3-sphere(including Oth order). Recall the definition

(QK)U =< y;aguiuﬂ' >

We use the same idea in the calculation of the trace of 2* in Section 2.0l Hence we
write

(4.3.3) Euiwi = —(0)i0x — ()i + (Co) i€ — my;€.
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From (2.6.2) we know that
. 1
< houd = (P + H).

Using &€ = Hyyy + 1, from Lemma 234 and (B:0.22), we have
< &Lk,y; >= —(H)\)uk + (R)\);gk

and
<&yl >= —H,.
Therefore we derive from (£3.3) that

1
(434) < Eurur 0 >= (R)ig+5 (0 P+ HR) Q)i+ (Con) i (— Ho+ (RY)ai)+ Hmd,

ij
where
(Tl = T4 + IQAI 2102

w0k 1[50 — [ [05)
is the Christofel symbols for the Mobius metric m|du|2. On the other hand we have

guiuj = (H)\)uiujy)\ + (H)\)u’ (y)\)uj + (H)\)uj (y)\)ul + H)\(y)\)uiuj + (ﬁ))\)uiuj
which implies
< guiuja y;f\ > = _(Hk)uiuj + H)\ < (y)\)uiuju yl >+ < (H)\>uiuju yl >

—
= _(Hk>uiui — H, < (yk>uiv (yi\)uj > —< (nk)uiv (yi\)uj >
=
— < 1ny (y)\)ul >ui

1
—(Hy\) iy + —
(H)) J+EA

—(H )i — ELA(QA)ik(RA)i?&k?& + (BY)30)w

by (B.0.23) and (B.0.22). Thus, comparing ([{£3.4) and ([{3.5]), we have

(4.3.5)
(Qk>ik < (yA>ukv (yI\)uJ > —< I—{Au (ybul >y

()i = —(Hy)uis — Hyméy, — E%(QA)m(RA)jgkg - (RY)gs) .
(136) - 3(|M|?+H§><QA>U
—|QA| 2102055 + |26 — |20 (Hy)ur — (R)31)-

The last factor that goes into the left side of the equation ({3.2) is the reciprocal of
the determinant:

~ a’ a’ 2 6 2 6 &
det §l,—0 = —2(p7’—q) | p=0 = W(detﬂ,\) = Ey = a’det I}.
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due to (B16), where I$ = (2)*(\2gy) = Ey|dul?.

To verify that the right side of (£.3.2)) is actually a conformal invariant, for a positive
functions A on 3-sphere, we simply compare the right side of (4.3.2)) evaluated at v = 1
with that evaluated at « = A and A = 1. We then observe that

I(#,8%, Mgo) = A"1(2, 5%, o).
Therefore it is a conformal scalar invariant for the surface z in the 3-sphere. 0J
APPENDIX A. THE INVERSE OF I IN GENERAL PARAMETRIZATIONS
We consider the general parametrization
T =ayy+apy; : RT x RT x M? — RY,

Then the first fundamental form in matrix form is

—2p —« 0 0
. 2N 2, A
(A.0.7) I = a0 ety atw
0 ofwj 9
0 awy a’k
where
(Fy, = l(1?2 +¢°) + 2p(wy)? (Fy, = i(p2 + %)
m m

1 . 1
(A.0.8) { Fio=Fy = Eq(p +7) 4+ 2pwiwy and § Ffy = Fyy = Eq(p +7)

1 .1

\F22 = E(q2+7’2)+2P(W§\)2 \F22 = E(q2+7"2)

and
p q| _ *
It is easily seen that
_ m ?+q¢  —qp+ r)}
A.0.9 Yy l= ————
( ) (E7) (pr — ¢?)? [—Q(p +r) pPP+¢
and
« 10
Flomg = F |p=0:E[Q 1}'

Let

a1 G12 a13 a4
( ]:7;)—1 G21 G2 (23 A4
a31 (32 (az3 a34
G41  G42 43 Q44
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Therefore, for example,
—2pay; — aas =1

—aaq; + a2w1a13 + a2w2a14 =0

(A.0.10)

2 2 2
a‘wiag + « F11a13 +« F21a14 =0

2 2 2
" Wol12 +« F12a13 +« F22a14 = 0.

Subtracting the first equation multiplied by « from the second equation multiplied
by 2 in (A.0.I0), we get

(A.0.11) a’ays + 202 pwians + 202 pwsans = —a

And subtracting (A.0.T1)) multiplied with w; from the third equation in (A.0.10) as
well as subtracting (A.0.11]) multiplied with wy from the fourth equation in ([A.0.10)),
we get

(A.0.12) 2P {am} _ [awl}

Q14 [6709)))

Plugging back what are a;3 and a4 to the equation (A.Q0.11]) we have

o= a1 = 2ploreal () [1))

W2
(A.0.13) .
aa
on= =220 ol 2]

Similarly one gets

o = a7 (-1 = 2pfor el () 2]

—2
(A.0.14) o*F* {@3] = [ ,OW1] and

A24
Qo2 =

1+ 2ploral () 2]

o? ()

(A.0.15) Q2F* {ag’?’} - H and

(A.0.16) Q2 F* [a“?’] - m and 2 = o) m

= 200+ 20l (P 2]

o? W9
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APPENDIX B. THE GEOMETRY OF THE 3-SPHERE S§ IN R'*

Let us calculate the Gauss Theorem for the 3-sphere S3 in Minkowski spacetime
R4, There is nothing new or difficult about the calculation, but this helps to under-
stand better about the geometry of the 3-sphere S§ € N4 C R It is very crucial
and important in our approach to use the fact that the induced metric on S3 is exactly
the conformal metric A2gy. We consider the Fermi parametrization induced from a
parametrization of the surface 2 : M? — S? such that

(B.0.17) yn = M@ (', u? ) (1, 2(ut, u? u?)) c MP — S§ c Ny c RY
with
(B.0.18) 2t u?,0) = &(u', u?) and (y)us|ws—o = M.

Notice that y, here is the extension of 5\(1,%) before. We use the two null normal
vectors {yx,yl} where

(B.0.19) <yhn > =L <yl () >=<yl, ()2 >=<y}, (12w >=0.
The first fundamental form is
(B.0.20) I8 = N2y =< dyy, dyy > .
And the second fundamental form is
(B.0.21) 1% = — < dyx,dyi > yf\— < dyy, dyx > yx
To calculate the curvature for the metric gy = A\2gy we calculate
V2 Vo, 0w =V Vo O = RN0ui, 0,3) e = (R, 'Ot

First

Vo, 00 = U0 )urwi— < (U3 )wrs (Wur > 2= < (U2 )uss (U > 0}
Then

8uivguj auk = (yk)u’“ujui_ < (yk)uﬁ (y;)uk >yt Ya— < (yk)uﬁ (yk)uk > '3/;
- < (yk)uﬂﬁ (y;)uk > (yk)ui_ < (yk)uﬂ'a (yk)uk > (yi)ul

and
V3 V3 0 = (04} 0u)"™

Ts3
= (Un) i — < U)wrs WDwr > Wa)w— < (Ua)urs (Un)ur > (Y1) s

Hence
(BY)ik '0u =< (n)ur> WR)ur > (Wa)uit < (U)wrs (Ua)ur > (Y1)
— < W)t ) > W) w— < W), () s > ()
One may realize that

< (yj\)u,yf\ >=0and < (yj\)ui,y,\ >=(
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and conclude

WDw = (@)™ < (WD) uis Wa)um > (Y2

Therefore

(RN ik 0w = (< (Wn)wrs Wur > 6,7+ (92) 51 (90)™ < (YD) uts (W2)um >
— < (y)\>ui7 (yl)uk > 5jl - (g)\)zk(g)\)ml < (yI\)qu (y)\)um >)aul

and

(RN ijre =(R) i " (93t =< (Un)wr, (W) > (92)at < (Ud)uss () > (92)n
- < (y)\>ui7 (yi\>uk > (gA)jl_ < (yi\>uj7 (y)\>ul > (g)\>zk

On the surface &, where u® = 0, we have
E\

0 0
[(g)is] = | 0 Ex O
0 0 1

Therefore we have, for i,j € {1,2},

— < W)ty W)w > = < (n)us, (W)us > Endij = (RN
— < (Y )uis WD) > Exbit < (Un)uts (YD > Ex = (B35
— < W)ty W)t > Ba— < (Ui, Wwi > Ex = (RY)ijij

Finally we obtain, for i,j € {1,2},

1
(B022) < H)\, (yI\)W >= E—A(RA)ijjg = —(R)\)i:s,
and for i # j,
< (W )ui> (W) > = —(RY)iaga
1
(B.0.23) < (W)t (YL )u > = —(BN)izia + 5((RA)33 — (RM1212)

< () W > = =5 (R — (RY)1on)
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Finally, for the induced Fermi coordinate from an isothermal coordinate, we can
easily see that

2
; 1
(Rk)sz‘,z = E(Z RA)SM

(B.0.24) - E% > () = (B)an(T0)E)
1 2

TE L ((RY)31)us

Because Y27, (I'y)% = 0 for each k = 1,2, where (T5)f; is the Christofel symbols for
the conformal metric I, = E)|du|? in the isothermal coordinates.
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