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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



- s
I :
5 A

it

- ‘Nuovo Cimento !

_ UNIVI:«RSXTY OF CALIFORNIA

" Lawrence Radiation La.baratory
Berkeley, California

: _' 'AEC.Contract N o W-“Meﬁ—éng-‘&@ o

: UNPH 'SICAL UNI’I‘.ARITY OF PAR”IAL-WAVE A.MPLITUDE 8

Jerome E‘inkelstein |

 April 27, 1965

. UCRL~-16077



it
I

. where a,b, and n ai’ev:chann.el indiées.’ ‘and

i .1- ',j‘_ UCRL- 16077

, UN PHYSICAL UNITARITY O}.‘ PAR”‘IAL-WAVE AMPLITUDES

“ P i E

| Jerame F‘inkelstein :

La.wrence Radia.tion Laboratory
. University of California
Berkeley, California

_Apr.ilv-Z‘T. 1‘?’65_. |

‘_ The uhit&rify telat_ioa for a pa.rtiaLl-_-Wa.Q_e ecéttermg amplitude(Al)ab ia TR

| Im{ Aﬁ.(s)}abf ; ,' 5_-72-1“ ' [Af(f”an[Al(s’]nbQ‘?"%’.Z?f“ ) (1)

L ;" e
N ¢

- Afs,t) = Z {22 +.1) Ay (9;)'.5’3 () [ 00
It ic often convenient to 'dgiine.g i:':’:" o

Byl = 9 % (Bl)a.b

and write the unitarity rezation

e ] Eml iyt )

Unless a2 and b both denote the loweut ch&nnel. it may be necessary to use the

. uniﬁa.rity relation be).ow the phycical threehold In this ncte I wish to poim out )
that, below threehold Eqa. (i) and. (1') are £ncompatible for odd 1 emd that (ﬁ') is ft o
v' implied by unphysxc&l unitarity of the full amphmde. ln practice the a.mphtude Bﬁ

s used* however. go ﬁar as, x am aware. nobody ha.s justiﬁed its use Erom geaeml

S-matrix prmciples.- -




~'.chuations (ﬁ) and (1') impiy. respectively.

"iml'Ag (e)] @ - 9(9)

AL

Im{ Bg ‘sh : - '5(5) .

.where ® and ﬁ are bath diagonal matricea.vi

_and take @ ;4 b with s between the threeholds for a and

sca,ttermg. o

Assume they are both corract.

UCRL-16077

Then from"v'vZ), we

, | I wiah to denve 1') when 8 is between the two threaholda. say

25 <s < Bb ahe other casm can be done similatly.

i “'»_;:’f§'»'v.

unztarxty relation isz

 where & ia above‘the_ lbwesé"thréahom'.? ‘and,ﬂ"t;:' is real The_ left ‘_sid_e of Eq.. (3) ia

1%_ Z(um [q qb (Bﬁ(s) )ab Pﬂ(z) (q Aqb)

mnce'q is real and Cgb a.nd z: a,re imaginary. (q

Py (z) = (= 1.) Pﬁ (z). and g0’ (“) ia equal to

Neglecting spin. ehe unphysmal

(B, *ta) )a,, Pg (zn Até)i')__'

\ "“,“ o L B
1 NS
qb)~=(1)q&qb and




. .

The right side of Eq. (_3.) ;is'," = o ;

S . \)’(Jdna o (g@) ;Pﬁl'_(anb) ' =

- partm!. waves. we arrwe at (i' ).

' UoRL-te07z

yeenglelPEmizel,,. e

E

IAEER

Z’ ~m o - %’ Z m' + u m" N ma Yoy 0 B By,

w ., PR [ . S
H L : . ¥ Lo

&megﬁaméla;' a and n are physical, -:“.an' is real, and the integral in (6) 8 :

0 et T e

y

x pﬂ" [zabzan . -_(1,- b ) (i - :. ) coo¢ J . ) .}(7)._ n

Now (7) is cl@arly an ana.lytic function of . b’ when m&b !.s real (when chamwl. b

is phymcal). it cquals éw (24 -H)"i 6, '1" P.!' (z b)' and therefore it equ.als ﬁ:ha.t foz'

all values oﬁ-..&b Thcm qe) is. equal to o o g DT {__"

Z .._72 945.3) Z (u'u)q qa‘ qb‘ P,.(z b) (@ w’(@)

Equatmg (8) and (5). and aasuming auffxcient analyticity in t to separate the

fv.'_

PRI J" 57
i »"_x' .’;,:~ B . g. N N R L T -
. AN o Wi, .

,‘-

1 wou,ld l.ike to than&l;:) Profeasor Geoﬁfrey F Chew for sugg@ating t}us problem.




y Commission..

6077

i

UGRL-

Energ

Atomic

-y

(]
S

£ fﬁg

-5

Tl
Q.-
0

spl

au

o

ES AND,

FOOTNOT

rformed under the

5 pe

*Thie work wa

Leitt’"ex'ré. 2,365 :: ;

.. R

R. Frazer and J

849 (1962)

128,

Rev.
Rev.

&
.

Zeﬁxach

iagen and C,

'

'Zaghar

w

B

xample,

Fore

1

Phys.

Shaw,

137, B1242 (1965).

v

~ o

Rev.

64).

vY.
9

745 (4

and D
B

35,.

G, L.
l‘ Rev> 1

‘ I:"hys.

Fulc.o.
e,

v

R’
Oli

J

. L

2




This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed 1in
this report.

As used i1n the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.








