
Lawrence Berkeley National Laboratory
Recent Work

Title
UNPHYSICAL UNITARITY OF PARTIAL-WAVE AMPLITUDES

Permalink
https://escholarship.org/uc/item/8r91q9xs

Author
Finkelstein, Jerome.

Publication Date
1965-04-27

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/8r91q9xs
https://escholarship.org
http://www.cdlib.org/


UCRL-16077 

University of California 

Ernest 0. 
Radiation 

Lawrence 
laboratory 

TWO-WEEK LOAN COPY 

This is a Library Circulating Copy 
which may be borrowed for two weeks. 
For a personal retention copy, call 
Tech. Info. Division, Ext. 5545 

UNPHYSICAL UNITARITY OF PARTIAL-WAVE AMPLITUDES 

Berkeley, California 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



· Nuov~ Ci~ento 
UCRL-16077 

UNIVERSX'fY OF CALIFORNIA 

Lawrence Radia.ti~n La.boratory. 
Berkeley, .California. 

AEC Contract N o. W -740S-eng..o48 

·., 

/ 

UNPHYSICAL UNlTARlTY OF PAR'!'IA.L-.WAVE AMPLITUDES 

Jerome Finkelstein r .. 

April 1.7, i96S 

.. 

. , ' .. ' '· .. 
.·· 

.! 

·.· 

._·.;. 

----;_ 

I, 

""' .·· ·I 

. ' f ··: 

' • ~ ' • 1 

•, .· 



. ·~~ .. ·. ,- ,. 

. . ' ~ 

.• t' 

"'· ··. : ··,: ·~ 

UGR.t- i6077 

. . .· . . ·.· ., .. · ·. ·. * •' 
UNPHYSICAL UNITARITY OF PAR.'riAL·WAVE.AMPLITUDES .~: 

-.: 

Jerome Finkelstein.· 

La.wronce Radiation Laboratory 
University of California 

Berkeley. California .. 

April 2.7. 1965 . 

·. '·. .:.· 
.' . ·· .. ; . ·.~----· -, ._ . -t 

' . 

'• . . ~ 

. :· 

·, . 
. / 

. . ~-. 

. ·,I 

•·. ·. 
' . 

"• 

,,_ .. 

.. 

The unit&rity relation for a. partial-wave scattering am.plit'\lde. (A.t)ab is 

where a. b,. and n are ,channel indicee. and . 
~ ; : ,. . . 

A(e, t) :: 

It is o!ten convenient to define.· 
.... - . . . .. ~ .; 

·,,· 

and write the unitarity relation · ~ . '. 
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Unless a and b both ctenote the lowest channel, it may be necessary to use the · 

... 
unitarity relation below the phyeical threshold.. In this note' I ·.wish to point out < . 
that, below threshold Eqs~ (i) and (1') are lncompatible for odd I.. ax~d that (1') io " 

implied by unphysical unitarity of the full amplitude. In practice the amplitude B.t· ·. 
' . . . i . . . ' . . . ·. . 

is used; however. so far as 1 am aware.· nobody has justified ite use from general_ 

S-matdx principles •. 
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Equations ('1) and (i' ) · impfy. 

and 
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where p and 11 fl,re both diagonal matrices.;, ;Assume they ar~ both corre~c~; 
· .. ' •,. ~. ' -~-'' . ~. '. . ' 

and take a. 1- b, with. s. between the thresholds tor a· a~d·~b •. Th~~ t;~m· (Z), 
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.. ,, !1 ,0'1· .!·,·. :··· ;., 'f.•; ... ·. 

Q = 
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for odd J.. 

·. ( 1) and ( i •) a.re. compatible only in the trivial· case in which there i$. no inelastic .... ·. · . • 
. : .... : . . ; ' .-:.·J' ~- ' ,; '! .. :I 1,'._ .. : ' ' ·._: 1. •. ' . • ~ ~ \, ' ·• \' , •.. '' •. ·•. \' .;_ ··,1· ·.< ... ~.- . ~-" "-,. :·;; >: 

a ca.tte ring~ . · .. ,, 
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I wish to derive (1 •) when a 1is betw~eri'the. tw~ thresholds. say· 
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_ sa < s < sb: the other ca.ses can bs done simlla.riy. 
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unitarity relation is . 

·Neglecting.apin, the unphysical:· _ 
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1m Aab (s, t) .~ • -J.··. ~ 3.iz J dO,. A:,. (a, z..,.l A.,;~ I•! io~bl ~~~~ • ~~· •· ·•· .· .. • (3) 
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where s is above .the lowest threshold, and, t · io real. 
__ ;./ .--. The left. side ()f Eq •. (3) is _·.,_: 
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Since· qa. . is real a.nd. qb .and z are i.maginary, '. (qa qb. ) . ~:: (-:.H Cia.· qb, ,. ~d · ; , ; : 

...... ' ~. ; f -~-:(.. : J 

J?~_ ""(2j),:::,(..,~r .. P1 (z), andao:(4).is equa1to ,:,,. .. ;i._. 1: .,!,. ·,;,;, =~·· ·' :,;,rl ,::) ;:; 'ir1 
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The right side of Eq. (3) is ,- _ , 
• •:' ~ . I ,: I f ~;; 1 •. \ ' ''-
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Since channels· a and ~ are. physical, 
1Z is J."eal; and .the integral in (6) is 

; ,_. ,, , . . . . ,. , . , . an ., \·· ,_,. ·'i 

''.• 

' • ' • ' f~ ' ' 
., 

,• ' . ' • , • • .1 ; I i • · ' ~ ' : ~. . l i, ~ 

/ 

; . 
6'•· 

' ' ' . ' ~· . i ; ' \ ' • : ~ • ~. ~ • ·_, ' I. •• 

I' ' \ :i. . ' 
·.-\. ·~ 

1·,' ';' : '.: ' 1 . ;. ~ , '! :-{ i i · • •. 1 
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Now (7) is clea,rly ,an- analytic function of z~b~ when za.b· l_a ~eal (when channel b 

ie physical). it eq~als 4w (U '+i)-1. 61., J. ,·, Pl ·, .(zab)' a~~ the'ref~~e it equals' t11at for 

all values o€. za.b" ·.Then (6} b .equal to. ,_ _ ., _. , .1 ••• , . , • t 
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Equating (8) and (5). and assu.rning sufficient analyticity in· t- to ·separate the ,,_ 
. ~-< ' . .-:.t .. ··.: . ' : . ·._ ;':·,.~ ... ·!.·> ~: 

partial waves, we arrive a.t · ( t' ). _ : . · 
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