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Radiative Transfer on Discrete Spaces 

Rudolph W. Preisendorfer 

Scripps I n s t i t u t i o n of Oceanography, UnLvers: :,y of California 

La J o l l a , California 

INTRODUCTION 

We shal l be concerned here with a study of radia t ive t ransfer 

processes on d iscre te ra ther than continuous opt ical media. That i s , 

we shall explore the consequences of replacing the usual geometric 

set t ing for radia t ive t ransfer processes — namely some continuum of 

points in three dimensional euclidean space £ — by a spa t i a l ly 

bounded set of po in t s , f i n i t e in number, each of which i s located 

in E3 in accordance with some expl ic i t rule of se lec t ion. Each 

point of the set i s then assigned certain scat ter ing and absorbing 

properties with respect to impinging radiant energy, and each i s gen­

era l ly allowed to in te rac t radiometrically in a specified way with a 

certain preselected subset of the given co l lec t ion . The main object 

of the present study i s to formulate and solve, within t h i s context 

;ind on a phenomenological l eve l , the problem of the steady s ta te 

radiance d i s t r ibu t ion at each point of the se t , under prescribed bound­

ary conditions. 

Several papers are planned for the exploration of radiat ive t r a n s ­

fer theory on d iscre te spaces. The present note i s concerned with the 
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formulation of the general theore t ica l foundation of the d iscre te 

theory. In par t i cu la r we shal l motivate and formulate the pr inc ip le 

of local in te rac t ion , deduce from i t the general equations governing 

the d iscre te radiance d i s t r ibu t ions about each point of the general 

d iscre te space and, f i na l ly , solve these equations in complete theo­

r e t i c a l d e t a i l . Subsequent papers wi l l exhibit further consequences 

of the principle of loca l in teract ion and wi l l range in sophist icat ion 

from the deduction of the pr inciple of invariant imbedding and the 

appropriate forms of the pr inciples of invariance on general d i scre te 

spaces down to numerical tabulat ions of radiance d i s t r ibu t ions for 

cer tain special d i sc re te spaces. 

The motivations for the present ser ies of studies are many; 

the four most inmediate and objective motivations are discussed below. 

Briefly, these a r e : ( i ) the need for the formulation of novel 

radiat ive t ransfer se t t ings which possess a high u t i l i t y po ten t ia l 

on the numerical analysis l eve l , but which also re ta in a high f i d e l i t y 

potent ia l ; ( i i ) the need for a sii.iple formalism which can, by means 

of an hypothetical micro s t ruc ture , explain such basic concepts as 

the volume scat ter ing and volume attenuation functions which occur 

in the continuous theory; ( i i i ) the need for an ana ly t ica l approach 

which holds promise for the solution of the problem of the abiogenetic 

character of the principles of invariance, the fundamental too l in 

the continuous theory, which ranks second in importance to only the 

equation of t ransfer ; ( iv) the need for a revision of cer ta in parts 

of the mathematical substructure of radia t ive t ransfer theory in 
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accordance with modern standards of mathematical and epistemological 

r igor . These motivations wi l l be explained now in more d e t a i l . 

F ide l i ty versus U t i l i t y in Physical Th ories 

One may l iken physical theor ies to l i f e masks of t he i r associated 

natural phenomena. The h i l l s and hollows of the face of nature in 

many places can be reproduced by mathematical cas t s with great 

d e t a i l . The f i d e l i t y of the cast can be high even in the reproduction 

of the more dynamical aspects of natural processes. But if the 

theor is t i s too enthusiastic in his quest for d e t a i l he may find, 

l ike the a r t i s t , t ha t he has inextr icably sealed the features of the 

mold from view; he wi l l have f i t t ed his mold so well tha t e i ther i t 

cones off as inscrutably detai led as i t s inscrutable or ig ina l or, 

more f rus t ra t ing ly , t ha t the mold can come free from the face of 

nature only by being c r i t i c a l l y d is tor ted with an attendant c r i t i c a l 

impairment of f i d e l i t y . 

As far as rad ia t ive t ransfer theory i s concerned, the t h e o r i s t 

has at hand i n i t i a l l y , in the form of the equation of t ransfer , a 

model of r e a l i t y which, within the experimental framework i t r ep re ­

sents , indeed f i l l s every hollow and follows every h i l l . I t would 

therefore be singularly fortunate if t h i s theory were endowed also 

with an equal measure of pract ica l u t i l i t y . For then no compromises 

between f i d e l i t y and u t i l i t y would be necessary. As i t happens the 

equation of t ransfer ac tua l ly has been used in i t s fu l l general i ty 
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many times to deduce in minute qualitative detail the salient 

features of the light field in real optical media (see, e.g., 

references 1 and 2). In a far greater number of instances, however, 

it was required of the theory to produce detailed quantitative infor­

mation about the light field; and the intractability of the general 

theory under such a requirement soon became all too evident. 

As a consequence of its inherently intractable form, the equation 

of transfer was eventually subject to many fidelity-reducing pro­

cedures in order to gain access to much needed quantitative infor­

mation about the structure of natural light fields. In the course 

of such quests the equation of transfer (or the radiance function it 

governs) was subject to every immediately obvious simplification 

device in order to make it more amenable to numerical representation 

or simple symbolic analysis. Specific examples are easily cited: 

Generally inhomogeneous media were replaced by homogeneous models 

(which was effected by considering the scattering and absorbing 

functions in the equations as constant functions of position); 

highly anisotropic scattering functions usually found in nature were 

replaced by isotropic scattering functions, the effect of the replace­

ment not being known nor easily estimable; the intricate and subtle 

location-dependent angular structure of the radiance distributions 

was smoothed to a relatively innocuous spherical or stepe-function 

shape in order to reduce the integrodifferential equation to sets 

of differential equations; scattering orders higher than the first 

or second order were dismissed as negligible; and so on. 



SIO Ref. 59-53 - 5 -

There is a single and important feature common to all these 

procedures by means of which they may be broadly classified. With­

out exception, each concession to complexity modified the analytical 

structure of the equation of transfer itself, or the function it 

governs. To see the significance of this type of theoretical ' 

activity and place it in a perspective by means of which we can 

anticipate and evaluate related and possibly novel types of theoretical 

activity we now briefly recall the basic mathematical structures 

underlying radiative transfer theory. 

Radiative transfer theory is a phenomenological theory which 

mimics in minute detail results of real (or imagined) probings of 

natural light fields. These probings in principle can be carried 

out by means of a single basic instrument, the radiance meter. The 

mathematical theory that follows on the >a*r?£ of the amassed experi­

mental evidence should then, at its core, consist of not more than 

three basic ingredients: (a) a mathematical representation of the 

space in which the experimental probings take place; (b) a mathematical 

representation of the quantity which the physical probe detects and 

records; and (c) a mathematical representation of the observed 

behavior of the quantities detected and recorded by the probe. These 

three notions, which we summarize briefly by the symbols X > N , 

and 7" , respectively, are sufficient tc form a mathematical 

foundation from which the entire existing superstructure of present 

day radiative transfer theory can be deduced. The mathematical roles 

of these concepts are quite simple: the equation of transfer ~f 

is an operator which within X acts on the radiance function M . 
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The radiance function N in turn i s defined on X . I n t h i s way 

the fundamental role of the space X in the theory becomes 

unmistakably c lear : i t se t s the stage for the other two concepts. 

I t i s the substance from which the mathematical mold of physical 

r e a l i t y i s fashioned. 

• 
Returning now to the main l ine of the discussion we see, in 

the l igh t of the preceding observations, tha t most of the theo re t i ca l 

ac t iv i ty in the domain of radia t ive t ransfer has been centered 

on modifications of the basic s tructure of the equation ~]~ , or 

of the function |N| . Thus the c l a s s i ca l modification procedures 

may be classed as process-modifying procedures; the thi rd basic 

concept namely tha t of the space X > w a s v i r t u a l l y untouched in 

these procedures. Of course, the space )( has taken many 

superf ic ial ly d i s t i n c t forms such as half-spaces, slabs, cyl inders , 

spheres, e t c . ; however, an important underlying topological 

structure i s common to a l i ; each i s s t i l l a connected sub-set of 

(more than one) points in E 3 , with a non-empty in te r ior^or a 

union of such s e t s . 

I t appears possible then to explore at leas t one further 

modification procedure of a general kind, namely tha t associated 

with the modification of the basic space X i n t h e fundamental 

t r i p l e ( X j N , T )• This space-modifying procedure affects 

only the character of )( , and leaves free the choice of the 

character of the radiat ive t rans fe r process governing |sj and ~f 

on the space. Thus the various p o s s i b i l i t i e s such as inhomogeneity 
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of opt ica l s t ruc ture , anisotropic sca t te r ing , polar izat ion processes, 

e t c . , are a l l possible in the i r f u l l general i ty for each new choice 

of )[ . This space-modifying procedure of course gives r i se 

to possible f idel i ty-reducing consequences in the resul t ing theory 

just as do the process-modifying procedures. But whatever the 

consequences, they s t i l l demand exploration for possiole novel 

numerical procedures and theore t ica l methods;this then is the f i r s t 

motivation for the present study. 

On the Use of Hypothetical Microstructures in Physical Theory 

The second of the four motivations for a study of radia t ive 

t ransfer on d iscre te spaces a r i se s from the need for a sui table 

extension of the theory under which macroscopically defined ( i . e . , 

observable) concepts of the theory can be explained and profitably-

studied in terms of hypothesized microscopic (normally non-observable) 

e n t i t i e s which, however, s t i l l obey as far as possible the basic 

laws extant in the macroscopic domain. In th i s way the complex 

radiometric behavior of apparently continuous bulk media could 

possibly be explained in re la t ive ly simple terms by means of the 

behavior of aggregates of i r reducible (molecule-like) components 

without the necessity of introducing any new laws or novel 

p r inc ip les . 

As an example of a problem of t h i s kind, consider the case of 

the volume scat ter ing and volume attenuation functions in radia t ive 
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transfer theory. Even though these concepts take the stntus of 

point functions in the continuous formulations, they are neverthe­

less evaluated by experimental determinations of the radiometric 

response of small but finite volumes of material comprising an 

optical medium. By the introduction of a molecular level, however 

naive, into the theory, these properties of macroscopic aggregates 

can then be related in a known and perhaps informative way to the 

properties of the individual molecular components comprising the 

aggregate. 

The classical instance of this type of extension of a pheno-

menological theory occurred in the general thermodynamical theory 

of bulk matter which describes the macroscopic behavior of gases, 

liquids^and solids in terms of the directly observable phenomena 

of pressure, volume, and temperature. Right from the outset, i.e., 

from initial introduction of a rather primitive form of the hypothe­

sis of the molecular structure of bulk matter, namely that bulk 

matter was considered to consist of aggregates of small hard balls 

or of point masses which nevertheless were still subject to the 

same macroscopic (e.g., Newtonian and Coulombian) laws, the old 

familiar thermodynamic laws governing pressure, volume, temperature, 

heat, and work took on a new and lastingly deeper significance 

and descriptive power. 

As is well known radiative transfer theory was also offered 

the opportunity to adopt a molecular substratum by means of the 
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maxwellian theory of light and later still in the form of the quantum 

theory of matter and radiation. But these models of light in the 

microcosm involved concepts foreign to the relatively uncluttered 

array of concepts used in the classical phenomenological theory. For 

all practical purposes of the theory, radiant energy (light) was still 

usefully viewed as an apparently continuous, non-interfering, non-

diffracting type of phenomenon. The only wavelike phenomena of 

radiant energy that were detectable by the radiance-measuring apparatus 

were those associated with polarization, and those detectable by the 

attachment of various colored filters (or spectrum analyzers) to 

the radiance meters. Hence the classical theory was obliged to des­

cribe and predict those and only those features of the light field , 

in natural media which were observable by means of such radiance-

measuring apparatus, and to accomplish these descriptions and predic­

tions by adopting only macroscopically defined concepts. 

These observations show that radiative transfer theory still 

awaits its own extension to a microstructure theory. In such an 

extended theory it would be desirable to retain as far as possible the 

usual concepts and laws presently used within the theory. The 

extension would be made by means of these concepts and laws now applied 

to the hypothesized microstructure. Thus the shift of emphasis in 

the use of the fundamental laws and concepts would be from a con­

tinuous to the discrete space setting. In this way the radiometric 

behavior of the apparently continuous bulk media would possibly be 

explained in terms of the behavior of aggregates of irreducible 

(molecule-like) components without the introduction of any new concepts 

and radically different laws or principles. 
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Abiogenetic Principles in Physical Theory 

We come now to the discussion of the thi rd motivation of the study 

of discrete-space formulations of radiat ive t ransfer theory. This 

motivation i s derived from the apparent promise shown by these for­

mulations in resolving an outstanding problem in the foundations of 

the theory. This i s the problem of the apparent mathematical ab io -

genesis of the pr inciples of invariance which form an important 

cornerstone in the modern theory. 

Now a n abiogenetic pr inciple in a given physical theory i s 

(a) a p r inc ip le , ( i . e . , a rule of act ion, together with a set of 

associated const ructs , which may be followed in the formulation of a 

wide c lass of problems and laws in the theory) (b) whose statement 

has (as yet) no demonstrable theore t ica l or empirical basis within 

the main body of established pr inciples and constructs of the theory. 

According to t h i s defini t ion v i r t u a l l y a l l of the presently 

established principles were at one time in the limbo of abiogenetic 

p r inc ip les . Usually, with increased empirical knowledge and an a t t en ­

dant growth of comprehensiveness of physical theory, more and increas ­

ingly rigorous theore t i ca l and empirically-based connections are 

established between the principle and the main body of the theory 

so that eventually the abiogenetic character of the pr inciple i s 

correspondingly decreased. Thus at one time the far-reaching Pr in­
ze 

c iple of leas t act ion was cer ta inly abiogenetic in character . Now 

i t i s sol idly es tabl ished, a t l eas t in man's immediate neighborhood 

of space-time. On the other hand, Mach's pr inciple which a s se r t s 
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that the value at a point in space of the metric tensor in general 

r e l a t i v i t y theory (hence the i n e r t i a l mass of a given object) i s 

determinable by means of a well-defined procedure from knowledge of 

the t o t a l space-time d i s t r ibu t ion of matter and euergy — i s an 

outstanding example of an abiogenetic p r inc ip le . 

The pr inciples of invariance in rad ia t ive t ransfer theory a re , 

f i r s t of a l l , principles in the sense of part (a) in the def in i t ion 

above. The constructs involved in t h e i r statement are the diffuse 

reflectance ft and the diffuse transmittance "]- functions 

associated with homogeneous slabs of l i gh t - sca t t e r ing mate r i a l s . In 

the statements of the pr inc ip les , the slabs may have f i n i t e or 

i n f i n i t e opt ical depth but always i n f i n i t e l a t e r a l extent . The 

statements of the principles give r i s e to expl ic i t formulae which 

r e l a t e , by means of the R and T functions, the radiance d i s ­

t r ibut ion a t some in t e r i o r point of a slab to the incident boundary 

radiance d i s t r ibu t ions on each face of the s lab . 

The basic idea behind the modern form of the pr inciples made i t s 

f i r s t appearance in a paper by Ambarzumian published in 1943. In 

that paper the opt ical medium was an i n f i n i t e l y deep homogeneous 

i so t ropica l ly-sca t te r ing s lab . Only one of the two functions (the R 

function) was used, and only one of the four statements of the 

principles were given. This unheralded appearance of the R. 

function and i t s f i r s t invariance statement without any substant iat ing 

ground-work and without any subsequent j u s t i f i c a t i on , e i the r t heo re t i ca l 

or empirical, immediately set the abiogenetic character of the 
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pr inciples of invariance. Specif ical ly, there was no immediate 

connection between the principle and the established equation of 

t ransfer for radiance which lay at the foundation of the theory. I f 

any connection at a l l could be drawn between the pr inciple and the 

exist ing body of radiat ive t ransfer i t could perhaps be made, though 
7 

tenuously, with some early peripheral s tudies f i r s t by Stokes and 
8 

l a t e r by Rayleigh dealing with the ref lec t ion of l ight from pi les 

of g lass p la tes or regular ly s t r a t i f i e d media. 

Subsequently, the Ambarzuraian pr inc ip le of invariance was 
9 

rounded out by Chandrasekhar to four comprehensive statements 

involving two functions, the R and T functions, which pertained 

to homogeneous p lane-para l le l slabs with a rb i t r a ry volume sca t te r ing 

(phase) function. However t h e i r abiogenetic character remained 

unchanged. S t i l l l a t e r , the four principles were generalized to be 

applicable to a wider c lass of spaces, namely non-homogeneous, curvi­

l i nea r , non steady s t a t e spaces; and the number of functions was 

increased from two to four (two R and two T ).10>11*12 

Again, the pr inciples remained as abiogenetic as ever. 

In a subsequent note we w i l l show that—in the context of 

a rb i t ra ry d i sc re te spaces—the existence of the general R_ and J" 

functions (and even more general counterparts) can be rigorously 

established and, furthermore, the pr inciples of invariance can be 

derived from an i n tu i t i ve ly simpler (and empirically meaningful) 

pr inc ip le , the so-called principle of local in terac t ion (developed 

below) on which, inc identa l ly , the whole of discrete-space radia t ive 
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t ransfer theory can be based, including the appropriate forms of the 

equation of t rans fe r . Further, i t appears that on the b a s i s of 

the loca l in teract ion pr inc ip le , and by means of a sequential t r ans i t i on 

from discre te to a rb i t ra ry proximations of continuous spaces, the 

continuous-space, arbitrary-geometry counterparts of tho invariance 

principles may thus be proved with a r b i t r a r i l y great precis ion. 

Other approaches to the solution of the problem of the abiogenetic 

principles of invariance possibly can be made by cap i ta l iz ing on the 

apparent Green-function nature of the p and ~[~ functions with 

respect to the equation of t rans fe r . Such an approach has been 
11,13 

considered elsewhere. But such approaches involve mathematical 

techniques of possibly questionable r igor for reasons which wi l l be 

touched on in the following and f ina l discussion. 

Fini tary Formulations of Physical Theories 

The fourth and f i n a l motivation to be discussed here is concerned 

with the poss ib i l i t y of a f i n i t a r y formulation of radia t ive t ransfe r 

theory, tha t i s , a mathematical formulation of the theory solely 

in terras of i n tu i t i ve ly based mathematical constructs which are mani­

pulated in accordance with i n tu i t i ve ly sound rules of log ic . The 

term " in tu i t ive" used here i s in the s t r i c t l y defined sense used by 

the i n t u i t i o n i s t i c school of modern mathematics as established by 

Brouwer (see , e . g . , references 14) . 
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The intuitionistic philosophy in the domain of pure mathematics 

is analogous in some ways to the operationism philosophy in the 

domain of physics: each requires its concepts to be formulated in 

accordance with performable activities, noumenal in mathematics, 

phenomenal in physics. The existence of an object (or its accepted 

representation) must be established on the authority of only those 

principles which yield explicit performable rules of action culminating 

in that object (or its accepted representation). 

The similarity between physical operationism and mathematical 

intuitionisra clearly gains in depth when one observes that the 

notion of the completed infinite is excluded from the intuitionistic 

mathematical philosophy. Only the potentially infinite sets are 

allowed, that is, arbitrarily large sets which are constructable 

element by element according to known performable rules (algorithms). 

The analogy is deepened even further when one observes that the 

rules of logic in either discipline do not make unqualified use of 

the law of the excluded middle which states that: with respect of a 

given proposition p , precisely one of the two and only two possibili­

ties, " p true" or " p not true" must always hold. The proposition 

may be a mathematical statement about'the property of a set of 

numbers, or it may be — in the physical case — a statement about 

the phase space coordinate of an elementary particle. 

Our purpose here is not to expound on the tenets of operationism 

and intuitionism, but to bring to the reader's attention a hint 

of the logically unsatisfactory state of affairs extant in physical 
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theor ies which are associated with non-operat icnal is t ic pr inciples 

and which s t i l l couch t h e i r concepts in and operate with non-intui t ive 

mathematics. The obvious remedy for th is s t a t e of a f fa i r s i s to com­

bine the best elements of each school of thought. The preliminary 

f i n i t a ry (in fac t , s t r i c t l y f in i t e ) formulation given below (and in 

subsequent papers) i s r e s t r i c t ed to one small segment of physical 

theory, namely radia t ive t ransfer theory; but i t serves to point 

up the fact t h a t , despite the adoption of the severly attenuated 

mathematical methodology associated with the f in i t a ry formulation, 

many of the so-called c l a s s i ca l r e su l t s are recoverable in t h i s new 

and in tu i t ive ly defensible formulation. For one of the few presently 

exis t ing applications of f in i ta ry methods to other physical theor i e s , 

in par t icular to measurement processes and to quantum mechanics, 

respect ively, see references 15 and 16. 

The reader may argue tha t a f i n i t a ry formulation i s apparently 

clumsy and r e l a t ive ly in t rac tab le when compared with the i n f in i t a ry 

formulations using the ideas of uncountably i n f in i t e se ts along with 

in tegra ls and derivat ives of functions over them. However, t h i s 

c r i t ic i sm can be directed only at the calculus l eve l . I t wi l l be 

admitted tha t the calculus of f i n i t a r y formulations i s presently not 

as well developed as the in f in i t a ry formulations. However, i t would 

be j u s t as foolish to ignore f in i t a ry formulations on such grounds 

as i t would be to re jec t the e l e c t r i f i c a t i o n of a new c i ty because 

i t i s apparently hopelessly isola ted from the customary power sources: 

the problem of e l ec t r i f i ca t ion should not be solved by returning to 

the o i l lamp, but ra ther by finding a new way of generating the 

necessary supply of e l e c t r i c a l power. 
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A different objection to th« use of finitary formulations in 

physics nay be made on pragmatic grounds: the infinitary formulations 

using the concepts of the completed infinite, the unqualified use of 

the law of the excluded middle, and such admittedly disguised chimeras 

as the axiom of choice, are harmless ploys that quickly and painlessly 

allow one to arrive at the desired results eventually attainable by 

the more conservative finitary tactics. So why not take the simplest 

and most practical route? This is a compelling argument, especially 

in this age of accelerating progress made possible by the hack »n» tack 

approaches to the solution of everyday physical problems. The argument, 

however, is patently false. Elementary counterexamples to the argu­

ment can be drawn from the ranks of number theory, and other branches 

of mathematics, or even mathematical physics. Such an illustration 

would, however, be intrinsically difficult and uninformative for the 

general reader. Thus, the following simile, though crude, would 

perhaps serve better to bring home the fallacy along with a hint of 

its potentially catastrophic'consequences. 

The infinitary programs in pure mathematics and mathematical 

physics can be likened to the economies of separate cities each of 

wh^ch has evolved from the clumsy but workable barter level up through 

the more elegant but still practical treasury-backed money certificate 

level and, finally, reaches the ethereal levels in which only the 

abstract concept of credit in all its symbolic glory remains. The 

commodities and services available in each city are supposed evenly 

matched within each city. Thus, for example, inhabitants of each 
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c i ty who remain in t h e i r cit3^ experience no d i f f i cu l t i e s in building, 

buying and se l l ing houses solely by the in te rna l exchange of c red i t ; 

each c i ty could ac tua l ly thr ive mater ia l ly ( in the l i t e r a l sense) on 

the intramural flow of f inancia l accredi ta t ion . Someday somewhere in 

ei ther c i t y , however, i t i s reasonable to expect that at leas t one 

credi tor may for some reason be compelled to move to the other c i t y . 

The c red i to r , preparatory to moving, i s disturbed to find that the 

accredi tat ion s t ructures of the two c i t i e s are incompatible, even 

though each has at i t s roots a hard-cash equivalent of services or 

commodities. He therefore demands of his debtors in his own c i ty 

a hard-cash l iquidat ion of a l l his debts so tha t he may s t a r t afresh 

in the new ci ty but without any loss of accumulated progress or 

wealth s t a t u s . His dismay deepens and his hopes for a loss less move 

into the new c i t y crumble when he finds tha t not only can he not 

equate his services or commodities to i t s counterparts but , more 

horribly, he finds tha t there i s in his c i ty no hard-cash equivalent 

to his own accumulated c r ed i t s for services or commodities. He 

panics, so do his c red i to r s ; and the house of economic cards begins 

i t s kaleidoscopic col lapse. 

Someday, somewhere in the i n t r i c a t e lacework of i n f i n i t a r y 

mathematical and physical theories enough demands for "hard-cash" 

l iquidat ion of debts may be brought to bear on them so tha t a 

serious ha l t in material progress may occur while a forced re-evalua­

t ion of the accredi ta t ion system takes place. The debt may be in the 4 

form of an hi therto mutually agreed upon (but never quite verif ied) 

"exist ing point" somewhere in an uocountably in f in i t e se t ; the 
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creditor (nature) for some reason might demand of the debtor (the 

physicist or mathematician) that he produce the "point" immediately 

and palpably. Or the debt may be in the form of an action conveniently 

based on an "either-or" dichotomy postulated by seme lazy physicist or 

mathematician who ruled out the actual possibility of "neither-nor" so 

that his inability to literally produce one or the other of the 

possibilities at a crucial moment may abruptly annihilate at this 

juncture a vital bridge to the remaining subnetwork of consequences of 

his theory. 
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HEURISTIC INTRODUCTION TO THE PRINCIPLE 

OF LOCAL INTERACTION 

We now present an intuitively simple experiment one may perform 

with two particles which are allowed to interact radiometrically. 

From results of this experiment we proceed to trace a chain of deduc­

tions to a primitive form of the local interaction principle. From 

this we make an inductive leap to the general form of the principle 

presently envisioned. We may observe here that an alternative 

approach to the principle is possible by suitably dissecting the 

equation of transfer for radiance. However, such a biopsy could 

be performed only after several layers of infinitary fat have been 

laboriously stripped away. For the reasons cited at length above, 

we have chosen relatively more naive finitary approach to the 

principle. The question of the interrelation of the principle of 

local interaction and the equation of transfer will be touched on 

again in subsequent papers wherein some connections between the two 

will be made. We now turn directly to the heuristic introduction 

of the principle. 

The Classical Interreflection Problem 

Suppose it has been found by direct experimentation that a 

small volume or "point" of material exhibits the following radio­

metric response to a finite set of incoming pencils of radiation: 

for an incoming set of beams of radiation of total radiance M ° 

and arbitrary directions of incidence, the resultant radiance 
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d i s t r ibu t ion i s angularly uniform of magnitude f\/c.2L where 

•^-< I i s some number obtained from the experiment. Suppose now there 

are two such "points" or "par t ic les" F? and pz in an otherwise 

empty region of space. For our immediate purpose R and Pz 

may be thought of as representing small d is jo int spheres of sca t t e r ­

ing material separated a distance which is large compared to t he i r 

r a d i i . One of the points , say P, , i s now i r rad ia ted by a 

single pencil of radia t ion of radiance magnitude N° . Since the 

region between p, and . P± i s hypothesized to be empty of any 

other scat ter ing mater ia l , i t follows that the i n i t i a l or immediate 

resul tant radiance of P( as seen at P t i s given by N ° 2 » 

that i s , p2 a t t h i s stage of the discussion i s i r rad ia ted by 

primary scattered radiant flux from the d i rec t ion of F> , the 

magnitude of the primary radiance being NC2I 

The pa r t i c l e Pz now sca t t e r s an amount ( K j 0 ^ ) 2i =• N c 2 . a 

in the direct ion of p( (the quanti ty N ° Z acting as the 

i n i t i a l i r r ad i a t i ng pencil of flux on P^ ) . For the same reason 

as before P( sees precisely t h i s amount of radiance arr iving 

from P2 which is composed of secondary scat tered flux with 

respect to the source flux comprising.' N ° . The par t i c le R 

in turn sca t te r s the f ract ional amount {U°23) X of 

t e r t i a r y scattered flux back to P2 . This amount, i s in 

addition to the amount N ° Z of primary scattered flux or ig ina l ly 

sent t o F^ . This process i s continued indef in i te ly . Thus Pz 

at the next s tage , sca t te r s back an amount N ° 2 4 t o p 

in addition to the secondary scat tered flux N l ^ * 2 determined 

during the immediately preceding interchange. 
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The t o t a l radiance received by & as a r e su l t of the f i r s t 

n sca t te r ings by P, in the direction of P2 i s represented by 

,(n> 
tf,2 = N°2_ -»- N°23 + • • o » - i n - i INTZ 

whereas the total radiance received by P, as a result of the 

first n flux scattering interchanges by P2 i n the direction 

°f n is represented by 

Nc;,' = N°23 -r N°2* -v- . . . + h i ° z ; n 

To summarize the f i r s t 0 interchanges between P, and p2 

we may write N ^ and N W as : 

N<«> __ N ° Z ( l - £ 2 n ) 
I T 12 — 

l-Z* (1) 

,„, _ N^0_-Z-) (2) 
nSi - • ; ,, 

I 

which simply represent the sums of the corresponding f i n i t e geomet 

ser ies with common r a t i o , 
r i c 

3. 
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Passage to the Steady State Limit 

Now, because of the f i n i t e speed of propagation of scattered 

flux and because Z£- applies to any i r r ad i a t i on , however small 

or l a rge , there w i l l be a t any f i n i t e time af ter the i n i t i a l 

i r rad ia t ion of P, , an i n f i n i t e number of remaining interchanges 

s t i l l possible between p, and pz . However, because 2 7 < ) 

for suff ic ient ly large values of n > the numerical difference 

between h l ^ and f\lK defined by 

N„ S — — 

can be made arbitrarily small. That is, for any positive number 

C , ™ integer f)0 can be found (explicitly) such that if n 

is an integer greater than f)0 , we have 

i _ z | N U - < | = ^ _ < € 

(3) 

A similar statement holds for N ™ and the corresponding 

quanti ty (S/-, defined a s : 

N°Z3 

NSl 5= . (4) 

We define the quant i t ies IN/(<? and \\)g, exhibited above 

a s the steady s ta te radiances between R and Pz. 
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Preliminary Formulation of the Local In terac t ion Principle 

We now come to a key observation on the mutual r e l a t ions 

between N| ' £ , f\J <J' and between N l 2 , N zl - A n 

examination of (1) and (2) shows tha t i f N<£ i s mult ipl ied 

by Z , we obtain fyj £ ' , i . e . , for each given integer n 

we see that the re la t ion 

N(;; - N E Z 
(5) 

holds. Furthermore, a more detai led examinatirn of ( l ) and (2) could 

show that i f Nf(£|,» • i s multiplied by ^ and i f to t h i s i s 

added N ° £ we would obtain N/,^' i . e . , in symbols: 
i 

N1;; = N»Z * N,r»x w 

which holds for each given integer n 

A similar set of re la t ions may be shown to hold between the 

steady s ta te radiances N^ and fV2, . Thus, i f M , 2 

in (3) i s multiplied by ^ , we obtain the expression for f\/i 

in (4) : ' 

*U ~ Ka Z , & 
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which is analogous to (5) above. Similarly we have 
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which i s analogous to (6 ) . 

I t i s immediately ver i f iable that the pai r of r e l a t i ons (5 ) , 

(6) i s equivalent to the pair ( l ) , (2) in the sense tha t e i the r pair 

i s derivable from the other t y a f i n i t e number of algebraic operat ions. 

Mpre importantly, a similar observation may be made for the pai r 

(3 ) , (4) and the pair (7 ) , (8 ) , i . e . , each i s derivable from the 

other by a f i n i t e number of algebraic operations. The pair (7 ) , 

(8) const i tu tes the germ of the pr inciple of loca l in teract ion 

developed and exploited below for the case of an a rb i t r a ry f i n i t e 

number of radiometrically i n t e r ac t ing points . 

Symmetric Formulation of the Local In te rac t ion Principle 

A more symmetric formulation of the p r inc ip le , as surrmarized 

in (7) and (8 ) , can be given by allowing f| also to be i r rad ia ted 

by an outside source. Thus J f N J, replaces tsj ° , and No°2 

represents the i n i t i a l i r r ad i a t i on of £ by some exter ior source, 

i t i s easy to see t h a t , by following once again the steps leading 

to (7) and (8 ) , we have for the more general case: 

N* = N „ z + NotZ (9) 
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Various Levels of In terpre ta t ion of the Principle 

The special principle of loca l in terac t ion as summarized 

by the pair (9 ) , (10), despi te i t s apparently r e s t r i c t i v e deriva­

t ion , i s of far-reaching general i ty and app l i cab i l i t y . I t s general i ty 

may be discerned by a sui tably general re in te rpre ta t ion of the 

notion of "point" or "par t i c le" as summarized by P l and pz 

in the der ivat ion. By in terpre t ing P, and Pz not as 

simple "geometric points" but as pa ra l l e l planes which are ( se t s of 

points) separated by a vacuum, and by considering ZL as the r e f l e c ­

tance (or transmittance) of the planes, N \z and \^JZX are 

then interpreted as the steady s t a t e radiances set up between P\ 

and p2 . A broader in te rpre ta t ion would consider the "points" 

P( and Pz as extended three dimensional se ts of poin ts , 

i . e . , bodies of scat ter ing material which are in .radiometric i n t e r ­

action (such as two clouds, or the atmosphere and the ea r th , or 

the atmosphere and the sea) . In such an in te rp re ta t ion N ° , W»e 

and N21 would not be numbers but functions and ^ would 

then be considered as functional operator on )\J , 2 and l s / 2 , 

ra ther than j u s t a single number. The juxtaposi t ion of two symbols 

such as N , , £ ( N ^ X ^0*- N°Z ) would now be interpreted 

as a generalized l inear operation on the function N ^ i ( N ri , OH |\J 
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by the operator JJ> , rather than jus t a simple mul t ipl icat ion 

of numbers. These ideas lend great depth to the discrete-space 

formulations. They wi l l be amplified in a subsequent paper. 

BASIC DEFINITIONS 

The discre te locat ion space Xo ' i s a bounded f i n i t e subset 

of d i s t i nc t points of euclidean 3-space E 3 , i . e . , X n = {u,}...t ;x„] 

OCi e B 3 where 1= I , - . . , O > a™* 0 i s a f i n i t e 

in teger and there ex i s t s a posi t ive integer OL < OO such 

that each X 5 I ^. x ^ D =̂>> |XJ<GL. I n a "y specific applicat ion 

of the subsequent r e s u l t s , a specific rule of construction must 

be given for Xn • F ° r example, X n may consist of a l l 

in tegral l a t t i c e points jc/ of E3 in the sphere C ^ . defined by 

the inequal i t i es | a t / | ^ a . , A. -\y...if) where Q- i s some 

given integer. In what follows the spat ia l disposi t ion of the 

elements ?Ci cf X n i s a rb i t ra ry but fixed. 

The Local Direction Space ~=" ' __ 1 n i3 
x > ^- - = " ' j • * » •> ' ' j 

a set of uni t vectors in j ~ \ defined as - . 5 ^ f. r . iwhere 
•3 ——> I "•< I 5 . . . j Jx '^A;' 

I l j = C ^ j - ^ ) / | X j - a f ; / , and .' i ; ^ J C J . In other 

words IS-£ i s generally the set of uni t vectors at X; each 

of which points to some specific subset of j±; ^ n - I other 

elements of X n * e . g . , J \ . points from CCX- to OCj 

For each / , the set ZET/ i s c lear ly a subset of "Hi. , 

the uni t sphere in E 3 . 
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The loca l scat ter ing function ^ (X • i • ' • ) -v- . e Y 

i s a function defined in 3 l "* IH. to the set non 

negative real numbers. 

The local absorption function A ( X ; • \ - v . eXn * s a 

function defined in J=[_ ^ to the set of non negative rea l 

numbers. 

The local conservation property of the local scat ter ing and 

l oca l absorption functions at X' , /C = •>•• . , n } i s defined 

by: 

A ( * x , 5 ) 4 - Z 2 U ; j 5 } J / ) = I (11) 

where £ i s an element of a given subset 3HL of ~=~ 

which must be defined a t each DC • for each d iscre te space )<o 

Sett ing ^ X C - t y if S i - ' ) ~ S C ^ - 5 r ) 7 ( U ) 

becomes: 

For our present purposes, we wi l l say that X n i s conservative 

i f A ^ > * ) s 0 on ^ 1 for every X; e X o ; and non-

conservative i f | > A O n , f ) > O for some f f Z a t 

every x.e'Xn • There are intermediate p o s s i b i l i t i e s , 
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but they are of no in t e r e s t here. ' Henceforth,unless otherwise 

specified, we wi l l assume that Xn i s non-conservative. The 

specific radiance d i s t r i bu t ion N(X;t-) a t =c • e Xo 

i s a function on 2E^ to the set of non negative rea l numbers. 

Two points a ; > X„ of X n are said to be eclipsed 

i f there i s a point OCj f X o such that 3t; ^ Xj , x ^ a * I 

and f;\ — f. 

Eclipse convention for radiance d i s t r i bu t ions : I f CK • and 

XK are eclipsed, then we se t , by def in i t ion , N C*A-, 5- K) — *" '.. *.• 
= M(*rKj SKJ ) = O . 

Res t r ic t ion convention for radiance d i s t r i bu t ions : In 

certain applicat ions of the r e su l t s developed below, i t w i l l be 

necessary to r e s t r i c t the domain of the radiance d i s t r ibu t ion a t 

CC; £ Xn to cer ta in subsets of 3 1 . ( i ) the most common 

res t r i c t ion i s to 3 T y . For convenience we wi l l wr i te N fc*x-j ?«• • ) 

a s NJS , and set M ( : t / > , S ) = 0 for a l l S f ^ / . In 

pa r t i cu la r , to simplify notat ion, we set N •; = 0 x - I , . - - , n . 

( i i ) In general , i f N(X/} •) i s r e s t r i c t e d to a given fixed 

subset ^ . C ^ . C 3 : j then we set N(*<• , t ) = 0 

for f =fc ^_^. Q p o r t h e r e m a i n d e r o f t h e p r e s e n t discussion, 

r e s t r i c t i on convention ( i i ) wi l l in force, unless exp l ic i t ly noted 

otherwise. 

* This assumption's primary job i s t o insure the v a l i d i t y of equation 

(29) below. Actually t h i s assumption may be relaxed somewhat. We 

shal l not , however, go in to such d e t a i l s here. 
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Source Convention. To each element "X.; ^ A n i s assigned an 

incident radiance d i s t r ibu t ion | N / ° ( a ^ , ' ) defined on some f i n i t e 

subset ZT.° of -rr ; i . e . , ^°*]s° . , ? * • ? . For 

brevi ty , we wi l l wri te N° (xi> $/;) "=• N/J^ . In general 

j ^ . contains d i rec t ions which are not in —(2~ - ) ; in t h i s 

way we provide the system )< n with the poss ib i l i ty of ex te r io r sources. 

LOCAL INTERACTION PRINCIPLE 

The statement of the local in te rac t ion pr inciple for \ n 

i s an immediate general izat ion of the special two-point case 

developed in the Introduction. Specif ical ly , l e t X ; E X n 

Then for every F £ J ^ • 

f\ 

K*. 

Relation (12) i s the principle of loca l in terac t ion for ^ I 

i t takes the following special form for S = Si- £ "JzT • 

f\ 

(12) 

(13) 
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VECTOR FORMULATION OF THE PRINCIPLE 

Relation (13) for the principle of local interaction is formally 

a set of r»a equations in the f)Z unknowns NAJ- , x'Jj^\r. ,0 ; 

however, with the eclipse and restriction conventions on |\/(*,, •) 

the actual number of unknowns may be less than n 2 . Nevertheless, 

in order to emphasize the inherent symmetry of the following formu­

lations, we can and shall explicitly carry through the discussions 

employing all n*" symbols N A" . The inherent symnetry of the 

local interaction principle is most clearly seen when vector notation 

is employed. We now consider the necessary steps leading to such 

a formulation. 

Specific Radiance and Field Radiance Vectors 

We shall designate by t\j± the | * f)2 array of /N/; • 

values: 

This vector is called the specific radiance vector: the word "specific" 

serves to recall the important fact that N + is manufactured , 

in the above manner, from the specific radiance distributions N(3t/, • ) . 

There is another radiance vector which can be obtained from N ("X * ) 

by a certain permutation of the entries of l\/4. . This 

new arrangement is of the form: 

tN«'»W-.N.„tf.llN„,...}N„,,...,N|rl jK/„, ...,M,„). 
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We shall be designated t h i s vector by the symbol Jsf_ a^d c a l l i t 

the f ie ld radiance vector. The word "f ield" i s used to point up 

the s imi lar i ty of N _ and the well known concept of f ield radiance 

used in the continuous theory of rad ia t ive t r ans fe r . To 3ee t h i s , 

one may divide f\)_ into 0 blocks each of f\ en t r i e s , s t a r t ing 

with N n • Then the f i r s t block consis ts of radiance values 

of the form Nf, with x running from 1 to f\ The 

second block consis ts of radiance values of the form Iv/j, , with 

X running from I to 0 The / / ^ block therefore contains 

the radiance values for a l l the incoming d i rec t ions to OCA- € A O 

(These incoming di rec t ions are simply the negatives of the elements 

of ^ • , hence the minus sign subscript in l\/_ ) . I t wi l l be 

convenient to have an e x p l i c i t notation for these subsets of ft/_ > 

and for corresponding subsets of f\/+. . Thus we set 

N*t*i) = ( is / / , , . . . , fV/o) , * = i v i n > s o t h a t 

| \ )+ = ( N 4 (*,) ^ ..3 fvy+ Lxh)j. Furthermore, we define N - &.) - >'. 

; 0 v J | i v . . , i a O so that N _ = ( | S / - < x , ) 5 . . . - , f V - . ( a n ) ) . M + ( o c / ) 

i s the specific radiance vector at "2C- j t\J_C Jf/") , the field 

radiance vector at X •• • Furthermore, to put the source or 

incident radiance d i s t r ibu t ions in vector form, we write Nl (OCA) «r 

•= ( N ^ - 5 . . . 0 W ^ , Z ) ^ > = l , . . ^ r l , ( v j ^ y l s the incident radiance 

vector a t a . . Final ly , set Nl ° - ( ^J°C^t) ? . - - ) ^ 8 f J t"0 
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Scatter ing Matrices 

With the preceding def in i t ions of the various radiance vectors 

a t ZK - we see tha t the form of the loca l in te rac t ion pr inciple 

given in (13) motivates the def ini t ion of the following set of 

matrices. For each £ , ^ — / , . . ^ , s e t : 

j Z L*j J 5U J Sit) Z C*; 5 %U \ fig) - Z C*i 5 Su i W 

5(*/) = 
(14) 

k Z ^ - j f n i S f i , ) ^ ( X / j J o ; )&8 ) - • 2 " C ^ i ^ J ^ n > ) , 

In short Z"cx ; ) for each x = ' ) " • ̂  j i s an n * n matrix 

whose entry in the c* t h row and /3 "t h column i s Z(3f / > f <* • j S •/»") 

5 f f «*/ ) i s the loca l scat ter ing matrix. 

Furthermore, we define the D *P matrix ^ . a s : 

1 < - * i ) 

Zcxi) 

o 
o 

(15) 

(*n) 
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Thus, i s an D % n matrix with H blocks 

along i t s main diagonal consisting of the H * O matrices 2E.(3( } ; 

the zeros indicate tha t a l l other C\* — O3 entr ies of " ^ 

are set equal to zero. i s the scat ter ing matrix for X n • 

In order to place the incident radiance terms of (13) into vector 

form, we define a matrix 2 " ° ^ v ) , x\ - I v - ., rt , which has a 

similar s t ructure to Z ^ ^xi) : 

(*;) - I 

<; 3 *.,-;£,) Z<*<*ir,5 J . . ) - - . Z"c*,3j£ifcn) 

:i6) 

V ^ J « . - « i f c , V r c*<3 £ , 5s,a) .. . z ^ 3 j - , s r , n ) ; 

Thus Z ° ( ^ ) i s , for each * ' • = • ! , . . . , 0 an ^ . < r> 

matrix whose entry in the a H row and bib column i s Z?cx. j foe J f < 0 

Furthermore, analogously to ^ , we define the (Z.-4^.") x f) 

matrix a s : 

Z*(JT,) 
o , , O 

(17) 

Q tx J\ 
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n 

Thus Z ° i s an ( Z < d x ) x p matrix with n blocks along. 

i t s main diagonal such t ha t the Cih block (counting frcm the 

top l e f t ) has the order _ ^ . X D . The zeros indicate 

tha t a l l the other ( Z J^ ) n ( n - I ) entr ies are zero. 

Vector Synthesis of the Principle 

Using the notation jus t defined, the principle of loca l i n t e r ­

action (13) can be put into the following vector form: 

N+ C*;) = N.U,) ZC*;) -f | \Too)Z V , ) . (18) 

A = l 9 » < > - - , n 

Relation (18) i s made even more compact by using the remaining 

notation introduced above: 

N is)_ 2 + N l ° 2 (19) 

which i s the required vector formulation of the local in te rac t ion 

pr inc ip le . 

I t appears from (19) tha t we have completely rounded the nota t icnal 

c i rc le and have returned to the or iginal speical forms (9 ) , (10) 

of the principle deduced in the Introduction. However, now (19) 

represents in matr ic ia l form a system of n z l i nea r algebraic 

SET ydy prescribed equations in the unknowns is//- with 
J 
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source conditions. In order to place the system (19) in a form 

which immediately suggests i t s solution i t wi l l be necessary t o 

f i r s t introduce the notion of the permutation matrix t^\ 

FUNCTIONAL RELATIONS FOR THE RADIANCE VECTORS 

The Permutation Matrix M 

Equation (19) i s the most compact form of the principle of 

local in terac t ion on an a rb i t r a ry d iscre te locat ion space Xn • 

I t i s not , however, in the form most sui table for obtaining solutions 

for the quant i t ies Ki A • . What we require i s the so-called 

symmetric form which involves only (\) f or f\j_ . In order t o 

cast (19) into i t s symmetric form and thereby ready i t for so lu t ion , 

we reca l l that the vectors N/4 and | s j_ . are composed of iden t ica l 

se ts of numbers N^ , ytj— \> < . , f) ; t he i r sa l ien t difference 

a r i ses from the order of appearance of the numbers W / ' in 

oach. Accordingly, there should exis t an f)7 >. P 2 matrix W\ 

with the property tha t 

N/+~ N-fVl . (go) 

in fact the required |V) is the form: 



SIO Ref. 59-53 - 36 -

M * 

\ 

En, 

F 

(21) 

F F • • • 

where £ i s an Ov-fl matrix of the form EV; = ( ^ - » j ) 
J J 

and where C ^ = 0 unless K=x and ^ =* J > in which case 

G<,~ { « In other words E " x : has a l l en t r i e s zero except 

for a uni t entry in the trn row and j rn column. 

I t follows immediately tha t 

Mz = 1 (22) 

so that 

M= M - 1 
(23) 

and 

| M 1 ~ I i 
(24) 

i . e . , (VI represents a norm-preserving transformation in an 

f\2 - dimensional vector space vr>
z » Therefore, in addition t o (20) , we have 
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N_ = N/+ M . 
(25) 

The Functional Relationships for N+ and N-

From (19) , 

W+ = K L Z + M ° Z ° , 

and making use of M and property (22): 

rv/+= ( N / . M ) ( M Z ) H - " IS / °2 

= ls/ + M 2 H- N°Z 

Hence 

ls/+(I - M Z ) = N 0 - 5 - O 
(26) 

Furthermore, from (19) and (25); 

N - = M . 2 M * NJ°2M .. 

so tha t 

(SI. ( X - I M ) = rvTZ°M 

— •-

(27) 
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Equations (26) and (27) are the required functional r e l a t ions govern­

ing N/<. a"d |\J_ . We now turn to the question of the so lvab i l i ty 

of (26) and (27) for ^J+ and | \ /_ respect ively. The answer to 

t h i s question devolves on the i n v e r t i b i l i t y of the operation ( X " ~ ^ f v 1 j 

or , equivalently, on that of the operation ( I ~ I M Z ) • 

SOLUTIONS" OF THE FUNCTIONAL RELATIONS 

The Norm Contracting Property of the Scat ter ing Matrix 

Let V= (l*' 5 •••! 1Ai*) be an element of X/^z , the 

fi - dimensional (radiance) vector space associated with X f\ • 

The norm / V | of V i s defined in the usual way as | \ / l = L 7 " »̂ J • 

Let ^ be a l inear transformation on V^z into i t s e l f . ^ ^ 3 

said to be norm-contracting If there i s a real number ^ , 

Q < . y .< | , such tha t for every V 6 Vo» , 

IVSK VI VI . 

I t i s easy to show tha t the l inear transformation ^ j ^ on \/nz 

into i t s e l f i s norm-contractinga To t h i s end we r eca l l tha t the 

location space /( n i s hypothesized to be non-conservative which 

by (11) implies tha t every elfanent "Zcx^ •, SAM. j 5v b ) o f - ^ 

i s l e ss than unity and not a l l such elements are zero. Set 

y = nr>axj2"C*4-;k,» . f A ) : a> , / s | . - . /y Clearly £? < J f< | , and 

for every \ / £• \ / 4 , we have 
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i v s i < y i v i 
1 (29) 

I t follows inraediately from (24) tha t Z M and N/)Z a r e a l s 0 

norm-contracting l inea r transformations on Vn*- into i t s e l f ; 

furthermore, the associated o in each case i s precise ly tha t for 2 

Solutions 

We now make use cf the following well-known property of norm-

contracting l inear transformations (see, e . g . , ref. (17)) : Let 3 

be a norm-contracting l inear transformation with a given contraction 
» # """""" 

factor o on a f i n i t e dimensional vector space Vm . Then the 

transformation ( J - 5 ) has an inverse C l - S ) ~ where 1 i s 

the iden t i ty transformation, and 

( 1 - 5 ) " ' = 1 + S •+ S (30) 

Since ZM and /s/JSl a r e ncrm-contracting i t follows immediately 

that (26) and (27) possess unique non t r i v i a l solution vectors fs/+ 

and K/_ whenever (vj ° i s not the zero vector. Thus 

- I 
f V + - U°7L° ( I - M ? ) J 

* Vni may be infinite dimensirnal; however, we shall net need this 
stronger condition. Furthermore; a strictly finitary demonstration 
of the existence of (I- S)~» may be given. 
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or 

N f = 
N°X° 

- •> N f = 
I - M Z 

- •> (3D 

and 

N M 
K/_ = 

I - Z1M 
(32) 

Equations (31) and (32) const i tu te the required so lu t i rns for the 

specific and f ie ld radiance vectors , respect ively, under a given 

incident source condition f\J ° and for the d iscre te locat ion 

space A n • 

SCATTERING-ORDER DECOMPOSITION OF THE SOLUTIONS 

In the continuous theory cf radia t ive t r ans fe r i t i s quite often 

helpful in a physical or mathematical analysis of a multiple scat ter ing 

problem to decompose the radiance d i s t r i bu t ion W ( X j » ) a t a 

point X. in the opt ica l medium into an i n f i n i t e s e r i e s , the O th 

term of which consis ts of a radiance d is t r ibu t ion associated with 

radiant flux scattered precisely f) times; thus : 

oo 

n —o 
(33) 
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where N C a ) • ) i s the reduced radiance d i s t r ibu t ion with respect 

to which the scat ter ing orders are usually indexed. More often than 

not, owing to the complexity of the multiple scat ter ing process, the 

theor i s t i s unable to obtain expl ic i t closed ana ly t ica l forms for the 

f i - a t w radiance d i s t r ibu t ions in terms of the reduced radiance d i s t r i ­

bution (which i s generally the given radiometric datum). Usually 

only estimates and bounds en /\Jn(^J<- ) of a very crude (but occasionally 

helpful) nature can be wrung frcm the general transport equation. ' 

Not the l eas t of the many ana ly t ica l ly pleasant features of the 

d iscre te space formulations of rad ia t ive t ransfer theory i s the 

poss ib i l i ty of obtaining simple closed forms for the r\-av>< radiance 

d i s t r ibu t ions about each point of the location space )(c, • These 

forms are obtained d i r ec t ly frcm the i n f i n i t e series representat ion 

of I - M 5 . • We now br ief ly outl ine the de t a i l s of obtaining 

the desired decomposition. 

To begin with, we set 

H°¥ - Ni°Z 
(34) 

N+ i s the reduced radiance vector with respect tr which the 

following n-<Vu-j, scat ter ing orders are indexed. |\j J. may be 

interpreted as the radiant flux of zero scat ter ing order which i s 

fed into the system Xrj • We continue by inductively defining fsj^ 

as : 

Nl- <"(Mr) , 
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so t ha t 

Nl = N / + ° ( M Z ) \ (35) 

^ 4 may be interpreted as the portion of NJ-t- representing the 

n~ gyu radi anc e vector. i . e . , a radiance d i s t r i b u t i r n consis t ing 

of radiant f lux which, with respect to tha t comprising KJ1 .̂ , has 

been scat tered at most PI t imes. I t follows t ha t , by means of 

(30) and (31), the specific radiance vector f\J+ may be represented 

by the following formal i n f i n i t e se r i e s : 

© J 

'N* - Z Mt" , 
( 1 * 0 (36) 

which i s analogous to i t s continuous counterpart (33). 

I t i s of in te res t to observe that (35) (and hence (36)) i s 

especial ly amenable to numerical evaluation on la rge-sca le automatic 

computors. 

The Truncated Decomposition 

In addition to i t s useful conceptual features and i t s basic 

numerical t r a c t a b i l i t y , the sca t te r ing order decomposition of the 

radiance vector as given in (36) y ie lds a r e l a t ive ly straightforward 

and p rac t i ca l t runcation formula with a well-defined error bound. 
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That i s , i f the i n f in i t e ser ies (36) i s truncated a t the K'-b b term, 

« ^ O , we can estimate the norm of the difference between /V + 

and the f i n i t e sum of the f i r s t |< terms. Specif ical ly; write 

K 

IS/+ * 2 1 IN? 
rt> r O + 

-4- 2 l< , 

sc tha t 

1 u+ - £ is/; i — 1 i < 1 . 
But then, according to (35) we may wr i t e : 

£ N'+
n ] - j £ NJj ( M 2 ) n 

which, by v i r tue of the t r iangle inequal i ty which holds in V n * ( t n e 

present vector space), may be replaced by the inequal i ty 

This inequali ty may be strengthened further by using the ncrn-

contracting property of the operator M Z • T n a t i s 

< ( M Z r | - | [ N ; ( M 2 r - ] ( M2) I 

< y |N/j(Mz) n - | - Y | L < ( M i r J ] ( M i ) | 

< # 2 | f \ j ? ( M Z ) tt-Z 

» 
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Continuing to apply the norm-contracting propert ies in t h i s way, we 

eventually a r r ive at the inequal i ty : 

iK/WM2.ri < x n IN/: i , 

so tha t the error estimate becomes 

« 
| i \ /+ - z: K/+° | < 

M « 0 

uo 

which reduces to 

n--K+' 
y"lN?i y 

(37) 

For non- t r iv ia l scat ter ing problems we have | f\/+ ( s ) M t I J 

therefore, the re la t ive error associated with the K-term truncation 

cer tainly cannot exceed Y *"*/ ( I — Y) i.e. 

(38) 

As an example of the use of (38), suppose that Y =1/2. 

Then a truncation of the infinite series at |<-=. S , has associated 

with it a relative error less than 4#. 
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SIM-lARY AND PROSPECTUS 

Starting with an arbitrary discrete space Xrj a"d the principle 

of local interaction (12) on X n , it has been possible to 

formulate tho complete multiple scattering problem on X p (equation (19)? 

and to solve it explicitly (equation (31)) along with estimates en 

the accuracy cf an iteration-type approximate solution (equation (38)). 

These results only begin to show the analytic advantages cf a 

discrete-space approach to radiative transfer problems. In subsequent 

papers we will show how the principles of invariance on X n may 

be derived from the local interaction principle. The results of such 

a derivation may be applied to such practical problems as the numerical 

computation cf the light field in natural aerosols and hydrosols. This 

also will be shown in subsequent works. 

The local interaction principle will also be used to formulate 

the basic transfer equation on discrete spaces and, by limiting processes, 

also those on continua. Thus the principle is capable of tying together 

all the fundamental concepts and laws of radiative transfer theory. 

For all its power and comprehensiveness, the principle has never­

theless a commonplace origin in everyday knowledge of radiative transfer: 

Its underlying precept was implicitly known and instinctively perceived 

by every investigator who ever engaged in an interreflection study, or 

who made use of the concept of the volume scattering (phase) function. 

In this light the following observation by Hach forms a particularly 

apt conclusion to this work: 
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"Let it be remarked in conclusion that .,. every general 

principle, brings with it, by the insight which it furnishes, dis­

illusionment as well as elucidation. It brings with it disillusionment 

to the extent that we recognize it in facts which were long before 

known and even instinctively perceived, although our present recognition 

is- more distinct end more definite; and elucidation, in that it 

enables us to see everywhere throughout the most complicated relations 

the same simple facts." 

The Science of Mechanics. Open Court 
Pub. Co., (La Salle, 111., 1942, 9th Ed.), 
p. 88. 
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