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ABSTRACT 

The collective excitation of various neutron-deficient barium) 

xenon) and cerium isotopes by the "in-beam" method using lithium-drifted 

germanium counters has been obtained. The (heavy ion) xn) reaction has 

d t d Bal26 Bal24 X 122 X 120 d C 134 Th d f been use o pro uce ) ) e ) e ) an e . e ecay o 

Pr134 to ce134 was also observed) with a half-life of 17 ± 2 minutes. 

Partial level schemes for the ground-state rotational bands to spin 8+ 

or lO+ are proposed for the nuclides investigated. The lifetime of the 

first-excited state in Ba
126 

has been determined as an "in-beam" experi­

ment to be 2.7 ± 0.5 x 10-lO seconds and) hence) gives the deformation 

of Ba
126 

as ~ = 0.24 ± 0.02. 

The implications of the rotational energies and spacings as 

related to deformation in this region are discussed. 

A classical centrifugal stretching treatment employing realistic 

nuclear potentials is developed and the results of this and other works 

are compared to the calculated energy levels from this treatment. 
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I. INTRODUCTION 

The existence of three regions of deformed nuclei is now well estab-

lished. The properties of these nuclei have been surveyed by several 

l 2 authors. ' The success of the collective model of Bohr and Mottelson3 

has added considerable interest to the study of nuclear levels in these 

regions, but no model has yet completely described these nuclei. A 

recent survey of the collective model theories, especially those concerned 

with the hydrodynamic model of vibrations and rotations of deformed liquid 

drops was presented by Davidson. 4 

Experimental evidence concerning the region of deformation where 

N and Z vary from 50 to 82 was first given by Sheline, Sikkeland, and 

5 . 130 . 128 126 Chanda who observed the first-excited states ln Ba , Ba , and Ba . 

These isotopes were subsequently studied by Chanda, 6'7 who investigated 

the gamma-gamma coincidence spectrum of the nuclei involved, and proposed 

partial-level schemes for the three barium nuclei. The evidence suggesting 

the deformed· area of nuclei consisted mainly in (l) systematics of the 

first-excited state energi.es, and (2) the ratio of the energy levels 

observed in relation to that expected for rotational bands in even-even 

deformed nuclei. 

The study of the collective properties of nuclei in this new region 

of deformation is also the subject of the present work; in particular 

th ll t . . . 126 124 122 X 120 134 e co ec lVe excltatlon of Ba , Ba , Xe , e , and Ce . 

Since the study of the energy levels of nuclei which are produced by 

radioactive decay is strongly influenced by the spin of the parent nuclei, 
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the investigation of collective levels by this technique is limited. 

Other methods, therefore, were used in most of this work. 

Several groups have observed gamma rays emitted from nuclei which 

were de-exciting after being produced in nuclear reactions. Morinaga 

and Gugelot8 first observed the gamma rays in the cascade to lower excited 

states of nuclei produced in (ex, xn) reactionsc: Hansen, Elbe.k, Hagemann, 

and Hornyak9 used (p, xn) reactions and studied the spectra of the conver-

sion electrons from various targets using a magnetic spectrometer. 

St h L k d D. d 10 . (h . ) t' b d ep ens, ar , an . lamon , uslng eavy lOn, xn reac lOns, o serve 

the de-excitation cascades using an electron spectrometer and also Nai(Tl) 

and germanium solid-state detectors. As shown in these works, the ground-

state rotational band could be seen up to the 10+ level, and in some of 

the cases of Stephens et al. to the 18+ level. 

ll-13 More recently several authors have reported studies using 

similar techniques. The work of Miyano et al. in observing the collec­

tive states in Bal30 is of particular interest as it is in the neighbor-

hood of the new region of deformation. This work verifies the work of 

Chanda 6 who used radiochemical techniques on Lal30 to obtain the states 

. B 130 ln a . The Miyano work also demonstrates the desirability of inves-

tigating more of the nuclei in this region with the "in-beam" technique. 

The Berkeley heavy-ion linear accelerator (Hilac) was used to produce 

the isotopes investigated in the present work and the de-excitation of 

the ground- state rotational band.s was observed by use of lithium-drifted 

germanium counters. Ce 134 was also stud.ied by the production of Pr134 
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and observing the radioactive decay after chemical separation. By using 

an electrostatic method for recoil measurement of nuclear lifetimes 

14 developed by Novakov, Hollander, and Graham, the lifetime of the first-

126 
excited state of Ba was observed as an "in-beam" experiment. 

In the second part of this work, the results of these studies, along 

with those of Stephens, Lark, and Diamond10 will be compared to the rota-

tional spacings calculated from a classical treatment of centrifugal 

stretching of nuclei. 
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II . EXPERIMENTAL PROCEDURES 

A. Bombardment Methods 

The Berkeley heavy-ion linear accelerator (Hilac) was used to accel-

14 12 ll 10 erate beams of N , C , B , 'and B to the energies required to produce 

Ba l26, Bal24, Xel22, Xel20, CPl34, and. Prl34 f th . t t t _ rom e approprla e arge .s 

(Table I). The desired isotope's excitation function was calculated by 

using the Jackson ModeL l5 The ion energy corresponding to the peak in 

the excitation function was used as a starting point to look for the 

desired product. A crude excitation function was then experimentally 

obtained by observing the products at various energies. In most cases 

the Jacks0n Model calculated value and the experimental peak value were 

within ± 3 MeV. The bombarding energy given in Table I is the one which 

seemed to give predominantly the desired reaction product. In the case 

124 122 . of Ba and Xe , two dlfferent reactions were employed, using different 

projectiles and targets. 

1. "In-Jteam" Bombardment Methods 

The experimental setup for the "in-beam" gam.rna-ray detection (Fig. l) 

consi.sted of: (a) a retractable gold scatter foil and a beam-energy 

detector for beam.-energy measurements, (b) a lead collimator of approx-

imately 3/8-in. diameter connected to an electrometer which measured the 

beam hitting the collimator and facilitated focusing of the beam, (c) the 

target assembly which included the target on a retractable paddle and 

lucite windows which allowed viewing the.target while in the beam loca-

tion, (d) the Faraday cup, connected to an electrometer which measured 
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ii 
Table I. Nuclear reactions employed. 

Approx. Heavy Ion 
\i Isotope Reaction Bombarding Energy 

(MeV) 

Ba126 Inl15(Nl4, 3n)Bal26 52 

Bal24 Inll5(Nl4, 5n)Bal24 B4 
Sn116(c12, 4n) Ba 124 80 

Xel22 Inll5(Blo, 3n) Xel22 37 
Inll5(Bll, 4n)Xe122 

57 

Xel20 Inll5(Blo, 5n)Xel20 67 

Cel34 Il27 (Bll, 4n)Ce134 
57 

Prl34 I127 ( c12, 5n)Prl34 90 
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Lucile 
windows 

To collimotor 
electrometer 

To 

MU-35642 

Fig. 1. Vertical cross-section of the experimental setup for 
gamma-ray detection. 
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the beam intensity, and (e) the lithium-drifted germanium counter, shown 

in the instrumental section, IIB. 

Since the Hilac "partial-energy" beam was used, no degradation of 

the beam by absorbers was necessary. The desired energy was achieved by 

changing the tilt of the gradient in the post-stripper tank, and adjusting 

the tank tuners to obtain the beam of the desired energy. The beam was 

magnetically analyzed by deflection through 52°, and then traveled through 

a quadrupole focusing magnet and into the experimental area. (This entire 

proc~ss was operated by the Hilac crew, generally with little trouble.) 

The beam-energy was measured by scattering the beam from a thin 

("' l mg/ cm
2

) gold foil into a solid- state detector which was at an angle 

0 of 20 to the beam. The detector was calibrated. with the full-energy 

I 16 beam (10.4 ± 0.2) MeV nucleon and the beam energy measured was consid-

ered accurate to within l-2%. 

The ratio of the beam hitting the Faraday cup and the beam hitting 

the collimator in front of the target was used as an aid in final focusing 

of the beam. This ratio was generally 2:1 or better; although it did at 

times go as low as 1:2. 

The average beam currents were held to a few ffii.J.A when using the Li-

drifted germanium counter to detect the gamma rays. The beam-pulse 

repetition rate was twelve pulses per second in the earlier part of this 

work, and was later increased to forty pulses per second due to modifies-

tions made at the Hilac. The beam-pulse length was ."' 3 milliseconds. 
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The targets used were of two types: (l) thin self-supporting targets, 

and (2) thick targets. Thin self-supporting targets of indium and sepa-

rated tin isotope were used in the gamma-ray apparatus as previously 

described (see also Fig. l) .' Thic.k targets of indium and lead iodide 

were used in a terminating target holder, where the target holder was 

itself used as; the Faraday cup. 

The thick targets were:· 0.003-in. thic.k indium foil targets, and 

approximately 20 mg/cm
2 

lead iodide powder which served as an iodine 

target. The lead iodide target was made by pressing the powdered lead 

iodide into a flat disk and then spraying it with an acrylic lacquer to 

.. form a support for the pressed powder. 

. 116 116 117 
The self-supportlng Sn target (95·74% Sn , 1.02% Sn , 

1.49% Sn
118

, 1.06% sn
120

, and 0.69% other Sn isotopes) was rolled to a 

thickness of about 5 mg/cm
2 

at the UCLRL Machine Shop on a dual-roller 

press designed for foil production. Stainless steel holders were used 

to sandwich the tin during the rolling process. 

The In115 self-supporting target was produced in a manner similar 

to that used by Frank Grobelch of UCLRL in making the thin beryllium 

stripper foils for the Hilac (see also Ref. 17). The In115 (99·99%) 

was evaporated in vacuum from a molybdenum boat which was heated by 

passing a current of ~ 100 amperes through it. The indium vapor was 

deposited on a 2-in. X 3-in. glass microscope slide which had previously 

been coated with a layer of Teepol, a synthetic detergent supplied by 

Shell Development. After the layer of indium had reached the desired 

thickness, the heat was removed and the vacuum let up to atmospheric 

pressure. 
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The glass slide was then placed in a holder, 30° to the horizontal 

plane, and water was allowed to slowly lift the foil off the glass slide. 

0 The foil was removed from the water by placing the target holder 90 to 

the water surface, immersing the target holder into the water completely, 

making contact with the foil with the top of the target holder, and 

slowly reducing the height of the water. This allows the target holder 

to act as the support for the foil, and mounting the foil at the same 

time. 

(Since indium is classified with a moderate to high toxic hazard 

rating, 18 proper precautions must be observed in handling it.) 

2. Radiochemical Study of Pr134 Decay 

In studying the energy levels of Ce 13\ radiochemical separation 

134 and study of the radioactive decay of Pr were employed as well as the 

"in-beam" technique. The procedure was similar to that used by Chanda.7 

The target of copper iodide was prepared by evaporating the copper 

iodide in vacuum and depositing it on 2. 7 mg/ cm2 nickel foil. Target 

thickness varied from l-2 mg/cm
2

. 

A beam of carbon ions, with a beam current of around 150 ~A, was 

used. The praseodymium nuclei produced were chemically separated from 

the other products present. A crude excitation function was measured, 

and Pr134 was produced with maximum yield by selecting the beam energy 

as "' 90 MeV. 

The carbon i.on beam passed into the target chamber through a 7.1 mg/ cm
2 

nickel vacuum foil and through absorber foils before hitting the target. 
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(The target chamber was the same as used in Ref: 7.) A total of ten 

weighted aluminum absorbers were available to degrade the beam. The 

range-energy curves of Northclift19 were used to select the proper absorber r 

foil to give the desired beam energy. 

The recoil atoms were stopped in aluminum catcher foils which could 

be removed from the target chamber, and the chemical procedure to separate 

the products started within thirty seconds. 

The beam was stopped in a Faraday cup which also monitored the 

intensity of the beam. 

The aluminum catcher foil was dissolved in 10 M sodium hydroxide, 

and Fe 3+ carrier was added to bring down the praseodymium as the hydroxide. 

The Fe(OH)
3 

was dissolved with concentrated hydrochloric acid and removed 

with the use of a Dowex-l anion column eluted with 6 M HCl. The separa-

tion of the carrier-free praseodymium from the other rare-earth elements 

was accomplished with the use of Dowex-50 cation-exchange resin eluted 

with 0.53 M ex-hydroxy isobutyrate 20 buffered to pH == 4.5. The Dowex 

141 ll+)+ 
column had previously been calibrated by the use of Ce and Ce 

tracers and. was monitored with a solid-state detector placed at the tip 

of the column to indicate the activity of each drop as it was formed and 

fell into numbered sample cones. The signals from the detector were 

amplified and fed to a chart-recorder where visual observation of the 

activity could be accomplished. 

Since the above procedure took from 30-40 minutes, the following 

more rapid chemical procedure was also use.d. The aluminum catcher foil 

. .. 
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was dissolved in a 3-ml lusteroid cone with 10 M sodium hydroxide and 

3+ 3+ 2+ Ce , Pr , and Ba carriers added. This brings down the praseodymium 

acti.vities as hydroxides which were then washed with hot water. After 

dissolving the precipitate with concentrated nitric acid, the sodium 

hydroxide was again added to precipitate the hydroxide; hot water is 

used to wash it, and it is again dissolved in concentrated nitric acid. 

Hot concentrated hydrofluoric acid was added which brings down the 

praseodymium fluoride. The precipitate was washed with dilute hydrofluoric 

acid. and was considered ready for counting. This procedure was accom-

plished in at least 5 minutes, and the spectrum obtained was identical 

to that obtained using the column procedure. Since the bombardments 

were kept to around 15 minutes in length and the cerium and lanthanum 

nuclei in the region have long half lives, very little activity other 

than that from the praseodymium was produced in the rare-earth region. 

This accounts for the lack of other rare earth activities which would 

have followed the above chemical separation. Targets of copper and 

nickel were used to check for other activities which might also follow 

the chemical separation; these targets showed little if any activity 

after chemical separation, and none in the region of interest. 

The counti.ng of the sample was accomplished using a 3-in. X 3-in. 

diameter Nal(Tl) cr;ystal mounted to a DuMont 6363 photomultiplier tube.
21 

A Victoreen 400-channel pulse-height analyzer was used to collect and 

display the spectra. 
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B. Instrumental Methods 

l. "In-Beam" Gamma-Ray Detection 

The gamma-ray detection system is shown in simple block diagram in 

Fig. 2. The spectra were taken using a 2 X 3 em lithium-drifted germanium 

detector with a depletion layer of 6 mm. The detector bias voltage 

was 900 volts, supplied by an ORTEC Detector Control Unit. The resolu-

60 tion of the Ge detector was 6.1 keV for Co . 

0 The germanium detector was placed 90 to the beam, and at an angle 

of 45° to the target (Fig. 3). In order to minimize stray capacitance 

and noise, the preamplifier for the detector was connected directly to 

the signal lead from the detector, through sintered glass, sealed with 

epoxy resin. Figure 4 shows the germanium counter assembly with the low-

noise preamplifier attached, the liquid nitrogen "chicken feeder" (Linde 

CR-10 Cold Trap Reservoir), and the Varian Associates Varian pump which 

-6 
was used to maintain a pressure of around 5 X 10 mm Hg inside the 

detection system. 

Modular TranLamp amplifiers (LRL Drawing 15 X 4845) were used through-

out most of this work. The signal was amplified in the single delay line 

mode, and sent to the RIDL 400-channel Model 34-l2B analyzers, and a 

Tektronix 54lA oscilloscope. By observing the counting rate and baseline 

shift on the oscilloscope due to the counting rate, beam currents were 

selected to minimize gain shifts and resolution effects due to high 

counting rates. 
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Pulse- I 
height 14'1 Counting area 
analyzer I 

Target area 

Ge detector 
Pulse- 2 

r---- height rSTi..::.grn a_IL_f:.A_!!:m~p~-1-----~r Prea mp.l'l So.ce 
analyzer ~ 

Oscilloscope :rrigger 
Pulse- 3 

~ height j. r f Envelope 
analyzer 

.-Monitor 

Pulse- 4 

r height f. 
analyzer Gate's- G A S S E R ~Master trigger 

II 

MU-35630 

Fig. 2. Simplified block-diagram of the electronics used in 
the gamma-ray measurements. 
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Z N-5 0 18 

Fig . 3 . Photograph of the germanium detector, target holder 
arrangement used for the gamma - ray measurements . 
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ZN-5019 

Fig . 4. Photograph of the germanium detector assembly. 



-16-

In.order to count only during the beam bursts, means of gating the 

RIDL analyzers on a time basis was desi!Sned by Richard G. Leres.of UCLRL. 

The unit, called a Gating and Sequential Subgrouping External Router 

(GASSER)
22 

was used to provide the time sequence gating needed with the 

analyzers. A total of twelve gates, individually variable from several 

microseconds to two seconds, were available. The gates can be triggered 

independently or in a sequential manner. 

The timing-.pulse arrangement of GASSER can be seen by referring to 

Fig. 6 which illustrates the various gates and pulses used in connecti.on 

with the electron spectrometer in measuring the lifetime of the first­

excited state of Ba126 . The employment of these gates is discussed with 

the lifetime apparatus. The Hilac master trigger was used to start the 

sequential operation of GASSER II, a modification of the original GASSER. 

2. Lifetime Measurement Procedure 

The method used for measuring the lifetime of the first-excited 

. . 126 . h 14 state of Ba was essentially that of Novakov, Hollander, and Gra am. 

The equipment was set up by Burde, Diamond, and Stephens. 

The diagram of the high-voltage target arrangement is shown in 

Fig. 5· As the reaction products are made, they are given a recoil 

energy around 5 MeV. Depending on the mean lifetime of the level, 

conversion electrons are given off before they reach the negative high-

voltage grid. The electrons are then slowed down by the negative-voltage 

gradient depending on the distance from the grid• After passing the grid, 

the electrons are accelerated by the full-voltage gradient to an energy 

j' 
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rvoltage grid 
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Target foil 
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f- a -~ : 
:-- b . 

MU-35634 

Fig. 5. Drawing of the target-high voltage assembly used tg 
measure the lifetime of the first-excited state of Ba12 . 
The distance c could be varied over limits, while the 
distance b was fixed. 
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greater than their original energy. In this manner an electron is given 

an additional amount of energy, the magnitude.of which depends on the 

recoil distance before electron emission, and therefore, the lifetime 

of the nuclear state involved. By comparing the electron energy with 

the high voltage off to that when it is on, and with a knowledge of the 

recoil velocity and electric field magnitude, a value of the mean life-

time of the state can be obtained. 

The recoiling atom leaves the target foil and travels in the direc-

tion of the spectrometer with velocity v • 
r 

Assuming that the recoil 

velocity of the product is not altered by the decay of the compound 

nucleus, the recoil energy of the final product. is given by: 

( l) 

where Ab, Ar' and At are the mass number of the bombarding particle, b; 

the recoil atom, r; and the target, t. The energy calculated in this 

manner is used to obtain the velocity of the recoil atom; 

v 
r 

( 2) 

where M is the mass of the recoil atom, and f is a factor which allows 

for the slowing down of the recoil in the target. 

... 

In estimating f, and with a target thickness of "' 200 iJ.g/cm
2

, the 

average thickness seen by a recoil atom would be approximately 100 flg/cm
2

. 

23,24 
Assuming that the range of the recoil atom is proportional to its energy, •' 

this would reduce the energy of the recoil to 0.6 E . Since the velocity 
r 

depends on the square root of the energy, the velocity of the recoil atom 
• 
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would only decrease to 0.8 of the original velocity. This sets f as 0.8 

for the targets used in the present work. 

The distance traveled after the recoil atom leaves the target and 

before emission of the conversion electron is 

D = v t 
r 

where t is the time involved. 

(3) 

The electron energy as it passes the high negative voltage grid i.s: 

D E = E. - (l - -)v e 
g l c 0 

(4) 

where E. is the initial electron energy, e is the electronic charge, V 
l 0 

is the applied voltage, and c is the distance from the target to the grid. 

The electron is then accelerated by the negative voltage gradient and 

receives an energy change V e, The final energy of the elect.ron when 
0 

leaving the last grid is: 

D 
Ef = El. - (l - -)V e + V e = c 0 0 

or: 

D E. + - V e 
l c 0 

= E. + Q V 
l c 0 

(electron volts) 

E. 
l 

(6) 

(c-,) 
\ I 

Using the energy of the peak of the electron distribution as found 

by the electron spectrometer with and without the high voltage applied, 

the value of 6. can be found, 

kd (8) 

where k is the energy/channel setting of the electron spectrometer and 
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d is the channel difference in the electron peak energy distribution as 

found. Using this relationship, 

1::, 
D = (v /c) 

0 

( 9) 

and 

t = (v /c)v 
o r 

( 10) 

where T is the mean lifetime of the state. 

The single wedge-gap type electron spectrometer used to analyze the 

electrons and its automatic operation has been previously described. 
25 

The signal from the spectrometer was amplified and sent to the analyzer 

where it was gated by the pulse sent from GASSER II. 

GASSER II timing pulse arrangement is shown in Fig. 6. The Hilac 

master trigger started .Gate l which was used as a delay gate to trigger 

the high voltage pulse during alter.nate beam pulses. Gate 2 was triggered 

by Gate l also, and was used as a delaying gate to allow the leading edge 

of Gate 3 to be set to coincide with the beginning of the flat portion 

of the rf envelope representing the beam pulse. The following edge of 

Gate 3 was adjusted te end with the beam burst. Gate 3 was used to gate 

the signal from the electron spectrometer using the first 100 channels 

of a 400-channel RIDL analyzer. 

Gates 4 and 5 were set te monitor "out-of-beam" activity and were 

used to gate the second and third 100 channels ef the analyzer. Gate 6 

was not used. Gate 7 was triggered by the alternate Hilac master trigger 

ef that which triggered Gate l, and was used as a delaying gate to adjust 

·-

.. 
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Fig. 6. The timing-pulse arrangement of GASSER II for the 
life-time determination. (See text.) 
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the leading edge of Gate 8 to coincide with the beginning of the rf 

envelope flat portion. ~e following edge of Gate 8 was set to end 

with the end of the flat portion of the rf envelope. This gate was 

. used to gate the fourth 100 channels of the analyzer. 

The spectrum resulting from the first 100 channels of the analyzer 

was the electron energy distribution as influenced by the high negative 

voltage, while the spectrum of the fourth 100 channels represented the 

distribution with the high voltage off, 

" 
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III. ISOTOPE RESULTS 

The mass assi.gn:ments of the nuclei considered i.n this work were 

based on several criteria, The peak of the calculated exci.tation func-

tion for a product formed in a "x neutrons out" reaction was used as a 

starting point for investigation of the nuclides studied. (In all cases 

the assignments were consistent with these predictions.) The assigDJ!lent 

126 122 of the gamma-rays from Ba and Xe was facib.tated by comparison with 

!he values previously found. by Chanda
6 

(Ba
126

) and Morinaga and La:r'k
26 

(xe122), Th 1· f · h P l3;+ d' - · l · d d th "l·.n-bea·m" . e resu ts o -c e .r ra 10chem1ca stu y an e 

134 l2l· 
method both support the assignment of the Ce levels. Since Ba ,. was 

produced by two reactions, with different targets and projectiles, both 

in agreement, the mass assignment is considered to be quite certain. 

The spin and parity assignments were made from the systematics of 

the expected rotational bands. These include (l) the way the energies 

fit the centrifugal stretching treatment (see Sec. IV), and (2) the 

observation that in all cases when the spins and pari ties were .known; 

the ground-state rotational 'band was the most prominent (or only) band 

populated by the method used. In the case of Ba
126

, the lowest energy 

transition wa~ shown to be E2 from lts K/L intensity ratio. 

The germanlum counter was calibrated by the use of several gamma­

ray standards. The Lul77m standard used in the 0-500 keV range is an 

exceptionally good standard for the Ge counters since it has over 20 

27,28 
transitions or peaks easily resolved with these counters, The use 

177m of Lu and other standards enabled us to measure the gamma-ray energies 

to an accuracy of ± O.J%-
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In.the following, the properties of the different nuclides will be 

discussed individually. Section IIIF will summarize the data, and discuss 

the nuclei more fully. 

A. B~riurn-126 

The gamma-ray spectra as found near the peak of the In
11

5(N14, 3n) 

excitation function is shown in Fig. 7· The relative intensities of the 

· of Ba 126 6 4 6 flrst four transitions as observed were 1.00:0. 5:0. 7:0.2 

(after correction for absorbers and detector efficiency). In addition 

to the transitions that have been assigned to Ba
126

, three other peaks 

were found. The 511-keV annihilation radiation peak, the 560-keV In115 

coulomb ~xcitation peak, and. a 690-keV peak can be seen. The 690-keV 

peak, which is observed. in all the Li-d.rifted germanium counter spectra 

72 72* where neutrons are present, is assumed to result from aGe (n, n')Ge 

reaction. The Ge 72 is excited to the 690-keV 0+ level which then de-exci.ted 

by electron conversion to the 0+ ground state. Since the electrons are 

emitted within the germanium crystal, they are captured and detected with 

very high efficiency as the 690-keV peak. 

In comparison with Fig. 7, the gamma-ray singles spectrum7 from the 

decay of La
126 

(t1; 2 ~ l minute) is shown in Fig. 8. The purpose of 

~bowing this figure is very apparent. The ease and precision with which 

Fi.g. 7 allows the assignment and. energy of the transitions to. be made can 

be contrasted with the difficulty encountered by Chanda. The radiochemical 

study required gamrna-ga:quna coincidence measurements 9nd still left an 

amount of uncertainty. In spite of this, the difference in the transitions 
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Fig. 7. Pulse-height sRectrum as observed for In155 target bom­
barded by 52 MeV Nl ions. 



1::­·u; 
c 
QJ 

c 

keV 

460 

-26-

511 keV 

• La126 singles spectrum 

aJI0 1 
> 
-~ 
0 
QJ 

a:: 

10°~--~----~--~~--~--~----~--~----~--~--~ 
20 40 60 80 100 

Pulse height (arbitrary units) 

MU-29697 

Fig. 8. 1a
126 gamma ray singles spectrum for the energy range 

0-1000 keV. This figure is taken from Chanda et al., ref. 6. 
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energies as found. by Chanda and those of this work are less than one 

percent. 

The partial-level scheme involving the ground-state rotaUonal 

band is shown in Fig. 9· 

The K/L ratio of the 256-keV level was 4.5 ± 0.6, and whi.le agree­

Vlent with· the theoretical value 29 for an E2 transition is not exact 

(K/L = 5. 4), the transition has been assigned as an E2 transi.tion. The 

K/L (theoretical) for an Ml transition of this energy would be 7·5· 

An example of the electron spectra observed in the lifetime study 

of the first-excited state of Ba 126 is shown in Fig .. 10. The mean life­

-10 time (T) for the 256-keV transition was 2.7 ± 0.5 X 10 seconds. The 

limits of error quoted are due mainly to the statistical uncertainty in 

' the calculation of the centroid peaks of the electron distribution. (In 

determining the lifetime of the 2+ level, an approximate value for the 

455-keV 4+ transition was also measured. 
-ll 

This value, 8 X 10 seconds, 

has been subtracted from the 2 ~o lifetime to allow for the effect of 

the decay from the 4 ~ 2 level.) Figure ll shows the value for the 

256-keV transition along with other values in various regions. This 

~o 

figure follows that of Grodzins. 5 T'ne value for the lifetime as deter-

( ) 126 . . 
mined above gives a deformation ~ of Ba of 0.24 ± 0.02, uslng Eqs. 

(25 - 27). ~ is the deformation parameter of a spheroid given by 

~ == 4/3(:rr/5) 1/
2
(6R/R) 

0 
with R 

0 
the mean nuclear radius and 6R the 

difference between the major and minor semi-axis of the spheroid. 



-28-

10+ 2919 

829 

8+ 2090 
8+ 1857 

757 
634 

6+ 1223 
6+ 1333 

573 621 

4+ 650.6 4+ 711.6 

420.6 455.5 

2+ 
! 

229.5 2+ l 256.1 
229.5 256.1 

0+ 0 0+ 0 
117" 80 124 keV I,. sJ26 keV 

MU-35629 

Fig. 9. The partial level scheme of barium isotopes as found 
in this work. 
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Fig. 11. Reciprocal transition probability ~l (2~ 0) = ~ ~ 
as a function of energy, E2+. The solid point represents 
the value determined in the present work. The open circle 
values are from Ref. 30. 
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Bo Bariu:rn-124 

0 t l . d . h 124 h l . f he five nuc ei consldere ln t is work, Ba has t e east 

reliable assignments of gamma rays in its decay. Since Ba
124 

was produced 

in In115(N14 , 5n) and Sn116 (c
12

, 4n) reactions, the background is much 

higher as compared with Ba 126 which was formed in In
11

5(N
1

\ 3n) reaction. 

The peaks of Ba
124 

occur at higher bombarding energies where more reactions 

are possible. The products from these reactions all contribute to the 

backgroundo Of these products, those formed in (N
14

, com) and (c
12

, axn) 

reactions may become useful in future study of this region. 

The 229-ke V gamma ray was as signed as the 2 -7 0 transition of Ba 
124

. 

. 116 12 As can be seen ln the Sn ( C , 4n) spectra shown in Fig. 12, there is 

also a prominent 189-keV peak in the spectra. This peak was also present 

in the In115(N14, 5n) reaction. It appears to follow the excitation func­

tion with the other peaks which have been identified as Ba
124 

transitions, 

although this determination was crude enough to leave some question. 

B:owever, from a preliminary lifetime measurement, the 189-keV lifetime 

appeared to be about an order of magnitude longer than the 229-keV transi-

tion and unreasonably long for a collecti.ve E2 transition of this energy o 

On the basis of this and the systematic variation of the energies of the 

fi.rst-exci.ted states of the bari.um nuclei, the 229-keV transition was 

assigned as the 2 -70 transitiono It is hoped that future investigation 

on this nuclide will allow placement of the 189-keV transition. 

124 
Figure 9 gives the partial-energy level diagram for Ba o 
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116 Fig. 12. Pulse-height spectrum as observed for a Sn target 
bombarded with 80 MeV c12 ions. · 
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c. Xenon-122 

The spectra as found in the In
11

5(B
11

, 4n) reaction is shown in 

Fi.g. 13. While the background for this reaction :i.s higher than the 

115( 10 ) . In B , 3n reactlon, the peaks found are essenti.ally the same. The 

five transitions identifi.ed with Xe
122 

are the most prominent; however, 

there is a peak at 460 keV which did not follow the same excitation func­

ti.on as the other peaks. This peak seems to be due to Xe 123 ; and did not 

appear in the (B
10

, 3n) reaction to any extent. For In
11

5(B
11

, 4n) the 

819-keV assignment is complicated by several peaks (see Fig. 13); assign­

ment was made by comparing the In
11

5(B
10

, 3n) peaks~ The relative inten-

sities of the first four transi.tions, after correction for absorbers and 

counter efficiency was 1.00:0.87:0.86:0.74 in Xe
122

. 

Mor:i.naga and Lark
26 

also stud:i.ed the levels of Xe
122 

using the 

Te
122(o:, 4n) reaction and Nai(Tl) counters. The agreement of the two 

works is very good. (See Table II.) 

The partial-level decay scheme as determi.ned by the present work is 

shown :i.n Fi.g. 14. 

D. Xenon-120 

The fi.rst three ground-state rotational band transi.ti.ons found :i.n 

the In
11

5(B
10

, 5n)xe
120 

react:i.on were assigned without ambiguity (Fig. 15). 

They are very prominent and easily identified by their exci.tati.on func-

ti.ons and systematic spacing. The next two peaks i.n the band were not 

assigned, however, wi.th the same assurance. The 690-keV neutron.-induced 

peak is present, and there also appears to be another peak at 701 keV. 
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Fig. 13. Pulse-height spectrum as observed for an In115 target 
bombarded with 57 MeV B11 ions. 



-35-

Table IL Ground-state rotational band transition energies 
122 

of Xe (k.eV) o 

Transition This work. Morinaga and Lark.
26 

2 ~o 33Ll 337 

4 ~2 497·5 502 

6 ~4 638.2 640 
. 

8 ~6 750 750 

10 ~8 "' 819 "-' 830 
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Fig. 14. The partial level scheme of xenon isotopes as found 
in this work. 
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There is also evidence for a peak at 773 keV. The 701-keV and 773-keV 

peaks have been. tentatively identified as the 8 ~ 6 and the 10 ~ 8 transi-

t . t· l . X 120 lOns respec lVe y In e 

Th t . l l l h f X 120 . h . F' 14 e par la -energy eve sc eme or e lS s own ln lg. . 

E. Praseodymium-134, Cerium-134 

The gamma-ray spectrum associated with the decay of Pr134 is shown 

inFig. 16. Also present in this spectrum are gamma rays from the decay 

of Prl35 f),EC Cel35, as evidenced by the 220-keV and 300-keV peaks. The 

410-keV peak was assigned as the 2 .~ 0 transition and the 635-keV transi­

tion as the 4 ~2 irt c~ 134 . 

The placement of the 960-keV peak is uncertain. It is possible that 

it represents the 2' ~o gamma-band transition. Using the systematics 

for the vibrational levels as proposed by Simons,3l the E2+ (K == 2) 

predicted would be 942 keV. Since very little information is known for 

vibrational levels in this regionj however, the peak was not assigned. 

Since only the 2 ~o and 4 ~ 2 transitions are possibly the 2' ~o transi-

t . p 134 lOn were seen in any appreciable amount, the spin of the parent .r 

activity is probably quite low. 

The observation of the decay of the 410-keV gamma ray resulted in a 

l34 half life for Pr · of 17 ± 2 minutes. Since there are relatively few 

sources of error in the determination of half life by Y decay other than 

those involved. in background subtraction, this result is held to be more 

accurate than the value of t 1; 2 ~ l hour 

samarium with 660-MeV protons.32 

obtained in bombardments of 
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Fig. 16. Pr gamma-ray spectrum. The Pr was produced by 
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II II the Il27(Bll, 4n) The spectra obtained with the in-beam technique in 

reaction is shown in Fig. 17. The I 127(B10, 3n) reaction was also inves­

tigated but the coulomb excitation of I 127 dominated the spectrum at the 

energies necessary for the 3ri reaction. 

The assignment of the first two peaks agrees well with the radio-

chemical experiment. The 815-keV peak has been assigned as the 6 -7 4 

transition. The 871-keV peak was tentatively assigned as the 8 -76 

transition, while the peak at 840 ·keV was not assigned. The 871-keV 

peak was chosen on the basis of the systematic spacings involved. 

Figure 18 shows the partial-~nergy level scheme for Ce 134 . 

F. Sunnnary and Implications of Results 

A summary of the ground-state rotational band transitions as deter-

mined in this work is shown in Table III. The classification system of 

the transition used has the following designation: A, definite peak, 

definite assignment; B, definite peak, rather indefinite assignment; and 

C, indefinite peak and indefinite assignment. The nuclei studied in this 

work are all at the edge of a region of deformation, and hence the transi-

tions and deformation determined in this work are of interest in extending 

the knowledge of nuclear shapes in this region. 

In stating the evidence for a new region of deformation with less 

than 82 neutrons, Chanda6' 7 used several .methods to estimate the deforma-

tion of the barium nuclei from the energy levels involved. Three of these 

methods have been considered in the following: (l) the comparison of the 

first-excited state energies E2+ with an (E2+) cri t as suggeEited by Alder 
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* Table III. Ground-state rotational band transitions (keV), 

Transition 

2 --,) 0 

4 --,) 2 

6 --,) 4 

10 --,) 8 

Xel20 

321.8 A 

472.6 A 

601.4 A 

701 c 

773C 

Xel22 

33Ll A 

497·5 A 

638.2 A 

749·9 A 

819 c 

Bal24 

229.5 A 

420.6 A 

573 B 

634 B 

256.1 A 

455·5 A 

621.4 A 

757·1 A 

829 B 

Cel34 

409·5 A 

638.9 A 

814.6 A 

871.4 B 

* The accuracy of these transitions is expected to be ± 0.3%· The 

additional significant figure used in most cases is of interest only 

in comparing transitions of similar energy in the same nucleus. 
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et al.,33 (2) the collective-model description of Bohr and Mottelson,3 

and (3) the theoretical calculations of Marshalek, Person, and Sheline .34 

In addition to the above considerations, the values of deformation as 

calculated by Myers and Swiatecki35 from their mass formula are included. 

(Section IV of this work utilizes the concept of centrifugal stretching 

in a treatment of the nuclei in this work and those in Ref. 10.) 

The e9ergy of the first-excited state of the even-even xenon, barium, 

and cerium isotopes is shown in Fig. 19. To obtain an estimate of the 

transition between rotational and vibrational nuclei, the value of the 

first-excited state is compared to a critical value33 given by: 

(E0+) 0 t 
L crl 

( ll) 

where ~ 0 is the moment of inertia of a rigid rotator as given in rlg 

Eq. (33) of Sec. IV. Since no dependence upon Z is included in the 

evaluation of (E2 ) 0 t' there is some uncertainty as to the applicability 
+ crl 

of this model. If E2+ < (E2+) cri t' the model implies that rotational 

spectra should occur and the nuclei are considered deformed. 

126 124 0 

The first-excited states of Ba and Ba lle below the value of 

(E0 +) ot as. can be seen in Fig. 19, and are, therefore, considered 
~ crl 

deformed nuclei and ind.icati ve of a region of deformation. 

For even-even . .huclei with a ground state of' I= K = O, the ground-

state rotational-band energy levels are fairly well described using the 

collective model of Bohr and Mottelson.3 This model predicts (to first 

order) the energy levels of deformed nuclei as a function of I given by: 



<ll 
> 
Q) 

>-
0" ,_ 
Q) 

c:: 
w 

-45-

Mass number 

MU-35638 

Fig. 19. The energy of the first-excited states of the 
even-even xenon, barium, and cerium isotopes. The 
(E2+)crit shown as the dashed line indicates the 
transition between spherical and spheroidal nuclei. 
(The cel32 ~oint is an approximate value as observed in 
the rl27 (C 2 ,7n) reaction. 
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( 12) 

where I represents the spin of the state, and ~ is the moment of inertia, 

and only even spin states .. and positive parity are allowed. For a rota-

tional band with spins I= 2, 4, 6, 8, ... , Eq. (12) predicts the energy 

ratios: 

etc. 

Figure 20 shows the energy level ratios EI/E2 (ratio of the energy of the 

state with spin I to the energy of the first-excited. 2+ level) for typical 

nuclei in the various regions and the nuclides of this work. There are 

several places where the ratio shows a sharp rise, and approaches the 

limit as calculated above. 

The rise in the rare-earth and heavy-element regions are regarded 

as ind.ication of deformation in these regions. Since a similar rise can 

be seen for the nuclei just below 82 neutrons, this may also indicate 

deformation. 

As seen in the comparison of E2+ with (E2+)crit and the ratio 

EI/E2+, the more neutron-deficient barium isotopes studied seem to have 

the largest deformation. The value for the.quantity EI/E2+ for Xe
120

, 

as determined in this work, is lower than that for Xe
122 

and, therefore, 

the deformation (or tendency toward deformation) of the xenon isotopes 

appears to have reached a maximum with Xe122 . The more neutron-deficient 

isotopes of cerium, on the other hand, will probably have still larger 

deformations, and may well exceed those of the barium isotopes. 

,. 
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by the vertical dashed lines; the Bohr-Mottelson 
theoretical limits are shown as horizontal dashed lines. 
The data has been given in Ref. 7. 
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. 126 
The experimental value of ~ for Ba as determined from the life-

time of the first-excited state [see Eq. (28) etc..] is compared with 

calculated values of Marshalek et al. 34 and Myers and Swiatecki 35 (see 

Fig. 21). Marshalek et al. summed the Nilsson single-particle energies, 

without pairing force or Coulomb corrections, as a function of deformation 

and. obtained a value for the total nuclear energy. The d.eformation shown 

corresponds to the value of deformation for which the energy summation 

was a minimum. 

The Myers and Swiatecki values are obtained as a result of the semi-

. empirical mass-formula calculations, and are based on the potential energy 

surface given for the nuclei involved,35 

The agreement of the experimental points of the present work and 

those of Fagg36 with the calculations of Myers and Swiatecki is very good. 

rhe major difference between the values from the two theoretical works 

seems to be more of magnitude in the deformation rather than if deforma-

tion exists. Both treatments agree as to the variation.of deformation 

with mass number; although the magnitude seems thus far to be fit better 

in this region by Myers and Swiatecki. 

The lifetime as determined in this work for the first state in Ba
126 

can also be used to indicate the deformation of.the region by calculating 

the enhancement factor, F, for this transition. The enhancement factor 

is: 

Ty (experimental) 

F = Ty ( s . p • , 2 -) 0) (13) 

I 

'. 
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Fig. 21. Deformation, ~' for the even-even barium n~clides. 
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where the single proton transition probability, T~, is given by: 30 

( 14) Ty(s.p., 2 ~o) = 7·5 X 107 Ey(2 ~o)A4/3 
-l 

with Ey(2 ~ 0) in MeV, Ty is in sec , A is the mass number, the statis-

tical factor has been set equal to one, and the nuclear radii have been 

assumed to vary as r = 1.2 Al/3 fm. For the 2 ~o transition in Ba
126, 

F ~ 70, a value which approaches those obtained in the deformed rare-

earth and heavy-element nuclei. 

It must be pointed out that there appears to be no sharp discontinuity 

of nuclear properties in this region (such as occurs in regions above the 

82 neutron shell) which would indicate the definite onset of deformation. 

Thus, to make more definite statements concerning nuclear shapes, one 

would have to know a considerable amount about higher collective (vibra-

tional) exc;:itations. In the absence of such information, we can only 

compare the ground-state band properties of tpese nuclei with those of 

comparable nuclei, lying in regions where more confidence is placed in 

knowledge about the nuclear shapes. This has been done, and indicatE:;s 

·that most likely Ba 124 and Ba 126 in particular have stable equilibrium 

deformations. 
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IV. CENTRIFUGAL STRETCHING TREAT:MENT OF NUCLEI 

A. General Treatment 

Bohr in his considerations of the coupling on nuclear surface oscilla­

tions to the motion of individual nucleons37 proposed the following 

Hamiltonian: 

n2 
[-d- (~4 d) l d 

(sin 
d J{ =- + 3Y dr) 2B ~4d~ di3 ~2 sin 3Y dr 

l 3 12 

+ 1/2 c~2 L: k ] 
4~2 k==l sin

2
(Y - 2rrk/3) 

( 15) 

where ~ andY are deformation parameters, B is a mass parameter, C is a 

potential energy parameter, ~ is the projection of the nuclear angular 

momentum on the principle axes, and 4B~2 sin2(y - 2rrk/3) are the moments 

of inertia on the principle axes. 

This Hamiltonian was used by Davydov and Filippov38 as a starting 

point for their treatment of an ellipsoidal nucleus where no interchange 

of energy with vibrational or intrinsic states during rotation was 

considered. Their Hamiltonian was: 

3 
L: 

k=l 2 sin
2

(y - 2rrk/3) 
(16) 

The energy levels for deformed even-even nuclei using this rigid asymmetric 

rotor model were calculated by Moore and White.39 

40 To extend the asymmetric rotor model, Davydov and Chaban assumed 

the nucleus was rigid against Y vibrations but not ~ vibrations, 

Equation (15) then becomes: 
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where the inclusion of t3 as a parameter allows for the possibility of 0 . 

oscillation of the nucleus about a spheroidal instead of a spherical 

shape. 41 DayJ KlemaJ and Mallmann computed the energy levels of asymmetric 

even nuclei using the Davydpv-Chaban model. 

42 More recently) it was shown that a classical treatment of centrif-

ugal stretching could be used to calculate the rotational levels of the 

nucleus. For an axial symmetric nucleusJ the energy of the nucleus (E ) 
n 

consists of a potential energy (P.E.) quadratic in the change of deforma-

tion from an equilibrium value similar to the Davydov-Chaban quantum 

mechanical treatment) and a rotational kinetic energy (K.E.) equal to 

n2
I(I + l) divided by twice the moment of inertia: 

E 
n 

= l/2 c(A- A )2 + n.2r(r + l) = P.E. + K.E. ~ ~0 ~(t3) 

~here ~(t3) represents the moment of inertia. 

(18) 

The method used in the present work as a centrifugal stretching 

treatment of nuclei is essentially that used in the above classical 

treatment. A better expr~ssion for the potential energy in Eq. (18) can 

be obtained by using the deformation energy constants as derived by 

Swiatecki )5 

where aJ bJ CJ D are constants specified by the mass formula. The values 

of the mass-formula constants for typical nuclei are given in T;:Jble IVJ 

.. 



-53-

* Table IV. Mass-formula constants for typical nuclei. 

Nucleus 
t .• a b c D c 

--
Ba126 36·95 8.01 4.47 27.47 4.26 

wl74 32.48 12.14 6.07 34.08 5.64 

u238 25.09 15.49 7·92 41.95 20 .. 4 

* Reference 35· 

tThe fitted value of c taken from the two-parameter c.s.(III) treatment. 



along wi.th the fitted value for c which is discussed in Sees. IVB and 

IVC. Replacing the potential energy part of Eq. (18) with Eq. (19) 

results in: 

2 3 2 n2
I(I + l) 

En = a~ - b~ + c exp(- D~ ) + ~(~) (20) 

The terms. of Eq. (20) are shown graphically in Fig. 22, along with E 
n 

for w174, as fitted in a two-parameter calculation (as explained in 

Sec. IVB). As can be seen from thi.s figure, the minimum in E , which 
n 

represents the equilibrium deformation of the nucleus, moves to higher 

values of ~ as the spin of the nucleus increases, as a consequence of 

centrifugal stretching. 

In evaluating the energy of the nucleus [Eq. ( 20)], the variation 

of the moment of inertia with deformation must be specified. Three 

possibilities have been considered. 

Using the form of the hydrodynamic model, the relationship of the 

mdment of inertia with changing deformation is: 

( 21) 

where Bis taken as a parameter, rather than the hydrodynamic value. 

Substituting Eq. (21) into Eq. (20), we have: 

2 
E = a~ n 

and setting e = n2 /6B, 

( 22) 

( 23) 
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Fig. 22. The dotted line is the nuclear energy, En, in Eq. (20) 
for three values of I; the dashed line represents the kinetic 
energy term; and the solid line represents the lotential 
energy. The curves are for the parameters of W 74. 



The designation c.s.(r) will. be used in referring to energies calculated 

using Eq. (24). 

To evaluate Eq. (23) for use (l) for zero-parameter estimates, and 

(2) to check the plausibility of the value of e used, the following 

derivation was used. 

Since: 

B(E2; 0 ~ 2) = 407 T(E2; 2 ~ O)E~5 ( 25) 

in units of e
2 

X lo- 48 em 4 , where B(E2; 0 ~ 2) is. the reduced transition 

probability for the 0 ~2 transition, T(E2; 2 ~o) is the gamma-ray 

transition probability for the 2 ~o transition, and Ey is the energy 

of the 2 ~o transition in keV, 

(26) 

where Q
0 

is the quadrupole moment in·units of lo- 24 cm2, and: 

59 Q0 l/2 
~ = 3·12[(1 + ~) - l] 

ZA 
(27) 

where Z is the atomic number, and A is the mass number [Eqs. (25), (26), 

and (27) are given in Ref. 43], we obtain: 

3780 E- 5/ 2T(E2; 2 ~o) 1/2 1; 2 
~ - 3.12([1 + y 2/3 ] - l} (28) 

ZA 

Using the empirical relationship for the transition probability:3°. 

where Ey is in keV, and substituting Eq. (29) into Eq. (28): 

~ = J.l2[(l + 653 E-l/2A- 7/ 6)
1

/
2

- l] 
y 

(29) 

(30) 

.. 
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Expanding the square-root part of the expression and neglecting higher-

order terms, we obtain: 

(31) 

which, after converting from Ey(keV) to Ey(MeV) and squaring gives: 

~2 = 1040 E-lA- 7/3 (32) 
y 

By plotting ~2A7/3 vs E~1 , the constant in Eq, (32) was determinedto be 

closer to 1200 for the rare-earth region, resulting in: 

Using the approximate relationship from Eq, 

.then: 

6 -2 
e~ 

(24), 

(33) 

(34) 

where e is defi.ned in Eq, (23), Substituting Eq, (35) into Eq, (33) and 

solving for e gives: 

200 
e = -:fl3 

A 

which can then be used in Eq, (24), 

Si.nce ~(~) oc ~2 would continue to increase with increasing ~ beyond 

the rigi.d moment of inertia, the application of c.s.(I) is not ·valid at 

large deformations, A.dependence of~(~) which has a parabolic shape at 
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low deformations and. approaches the rigid body moment of inertia at large 

deformations is given by: 

~(13) = ~ . (13) [l - exp(- 132/f2
] r1g 

where ~. (13) = 2/5 AMR
2
(l + 0.31 13 + .•. ),AM= nuclear mass, r1g · 

and f =parameter. Substituting Eq. (37) into Eq. (20): 

(37) 

R = r Al/3, 
0 

E 
n 

2 3 2 h2
I(I + l) 

al3 - bl3 + c exp (- Dl3 ) + ---------'----'---------
4/5 AMR

2
(l + 0.31 13)[1- exp(- 132/f2)] 

and substituting: 

E 
n 

referred to as c.s.(II). 

(38) 

= e (39) 

Another form for the moment of inertia which is of intere$t, since 

it would seem to lie between the two previous forms, is: 

(41) 

where B is essentially the same as in Eq. (23). 
I . 

Th:j._s form of ~(13) would be parabolic at small deformations and would 

reach its maximum value at 13 "'0.7, where it would start to.decrease and 

become invalid. Substituting as before for e and. ~(13) in Eq. (20) 

results_ in: 

designated C.S.(III). 
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B. Methods of Calculation 

The process of finding the equilibrium deformation of a nucleus for 

each spin from 0 to 20 for c.s. (I), c.s. (II), and c.s. (III) by a tri.al-

and-error procedure could result in a.lifelong project. Fortunately, 

the development of high speed computers has made thi.s problem almost easy. 

:I'o obtain the energy or' the nucleus and the related deformation, the 

expression for E is differentiated with respect to ~' set equal to zero, 
n 

and solved for ~· This deformation, ~eq' is used to calculate En for the 

nucleus for that spin. This process must be repeated for each spin for 

which E is desired, and the results determine the energy E as a func-
n n 

tion of spin I. 

In order to evaluate an approximate beta-vibrational energy, and a 

zero-point correction, the second derivative of E was evaluated at ~ n eq 

to obtain the curvature of the effective potential for each value of I. 

This curvature was used to obtain the zero-point correction as used with 

a harmonic oscillator potential: 

where Cis the curvature of the potential and Bis the massparameter as 

previously defined. The zero-point correction is added to E to give the 
n 

total energy, TE, of the nuclear state. These total energies can be used 

to obtain the transition energies and state energies of the nucleus, and 

can be compared with the experimental values. The beta-vibrational energy 

was just twice the zero-point correction, nw. The IBM 7094· computer at 

UCLRL was used to evaluate ~ , E , TE, and the related values. · eq n · 
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Stephens, Lark, and Diamond10 compared the Davydov-Chaban model, 

involving two parameters, with ~heir experimental values; Harris
44 

did 

a similar comparison using an expression that resulted from considering 

higher order corrections to the cranking model, also with two parameters. 

To compare the centrifugal stretching treatment as outlined here with 

these calculations, the various c.s.- methods were parameterized as two-

parameter solutions. The value of c in the mass formula was chosen in 

all the treatments as a parameter to allow some change in the potential 

energy. In c.s. (I) and c.s. (III), the value of e was varied and in 

C.S.(II), f was allowed to vary; thus allowing in each case a parameter 

in the kinetic energy term. 

c. Results of Centrifugal Stretching Treatment 

The experimental rotational energies for the isotopes considered in 

the present work are compared with those calculated from c.s. (II) and 

c.s. (III) in Table v. [c.s. (I) was in the region of three percent devia-

tion for the nuclei considered.] As can be seen, the agreement is quite 

good. Since all levels of these nuclides were used, including the less 

reliable assignments, the percent deviation of one to two percent is 

understand13ble. The root-mean square of the percent deviation was calcu-

lated as: 

rms % dev. = (1: 
n 

I 
i 

(44) 

where Ii, If are the initial and final spin considered, E is the percent 

deviation of the calculated values compared with the experimental values, 

and. n is the number of levels fit. 
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" Table v. Experimental rotational state energies 
* (keV). compared with c.s. calculations 

Isotope 2+ 4+ 6+ 8+ 10+ rms % 
dev. 

B 126 . t l a experllllen a 256.1 711.6 1333 2090 2919 
c,s, (II) 252.8 727·9 1345 . 2072 2890 1.38 
C,S, (III) 250·7 732·3 1355 2074 2865 1.98 

124 Ba experimental 229·5 650.6 1223 1857 
c,s, (II) 229,2 655·0 1209 1867 0.70 
C.S, (III) 227.8 659·8 1214 1852 0.88 

X 122 . t l e exper1men a 331.1 828.6 l)_!-67 2217 3036 
c.s, (II) 328.1 844.2 1475 2202 3014 1.06 
C.S. (III) 324.9 855·6 1492 2201 '2966 2.13 

. 120 
Xe experimental 321.8 794.4 1396 2088 2861 

C.S. (II) 320.8 806.6 1400 2086 2857 0.78 
c.s,(III) 315·5 819·5 1420 2086 2804 2.10 

Ce 134· experimental 409·5 1048 1863 2734 
C,S, (II) 408.1 1062 1848 2732 0.79 
C, S, (III) 4o6.l 1065 1850 2721 0.99 

* There are two parameters in the various c.s. treatments. 
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It was of interest to compare the c.s. treatments of this region 

with other regions. Table VI gives the rotational state energy rms % 

deviation for the two-parameter fits of nuclei in the rare-earth region. 

The experimental data and Davydov-Chaban values were taken from Ref. 10. 

For comparison, the average of the rms % deviation of each mod.el is also 

listed. As can be seen by this table, the agreement is excellent for all 

the treatments for the nuclei shown; however, the C.S.(III) treatment, a 

classical treatment, does seem to be the best in this region. 

An id.ea of the deviations involved. as a function of spin can be seen 

from Fig. 23. Here the average percent deviation for the nine nuclei in 

Table VI are plotted vs the spin of the state. This average %deviation 

shows the systematic variation amongthe nuclei considered. An interesting 

poi.nt is the complete reversal of the deivations in the case of c.s. (I) 

compared to c.s.(II). This reversal was the reason for proposing c.s.(III) 

which is intermediate between the two previous forms. Since in the region 

of interest there is not a great deal of difference between the three 

models, the reversal of the deviations is quite sensitive to the details 

of the models. 

In an effort to examine the applicability of the c.s. treatments to 

- 1 · 232 238 l VII h th heavy nuc el, Th and U were studied. Tab e s ows e errors 

resulting from the three c.s. treatments for these nuclides; they are 

certainly well within the experimental error limits. Table VIII shows 

the comparison of the various calculated proper:ties for these nuclei usi.ng 
) 

C.S.(III) with the experimental values. In addition to the fit of the 
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Nucleus a 

w172( 7) 

wl74( 6) 

wl76( 6 ) 

Hfl66(6) 

Hfl68(6) 

Hfl70(8) 

Hfl72(7) 

Ybl64(.5) 

Yb166( 6) 

Average 
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Table VL Rotatl.onal state energy rms % de:viation 

for two-parameter fit o 

Davydov­
Chabanb 

Oo27 

Ool6 

Oo20 

Oo79 

Oo22 

Oo3l 

Ool2 

Oo45 

H 
. c arr1.s 

oo69 

Oo30 

0.46 

Oo59 

Oo26 

0.76 

0.46 

Ool4 

Oo20 

O.o43 

Centrifugal 
(I) 

Oo55 

0.38 

0.20 

0.69 

o. 24 

OolO 

0.48 

Oo23 

Stretching 
(II) 

Oo86 

Oo23 

0.34 

0 .. 57 

Oo28 

0.99 

0.41 

Ool7 

Ool7 

0.42 

Treatment 
(III) 

Oo25 

Oo22 

Ool5 

0.69 

0.12 

Ooll 

0.37 

0.12 

Oo28 

aNuJriber i.n parenthesi.s indicates the total number of levels f:i.t o 

bRefo 10 • 
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Fig. 23. Average percent deviation of the calculated state 
energies compared to the experimental values as a 
function of I, for the three C.S. treatments. 

.. 



Table VIL Rotational state energy rms % deviati.on 

for two-parameter fit. 

Nucleus8 c.s.(r) c.s. (II) c.s. (III) 

Hf178(4) 0.017 0.028 0.014 

Th2.32(5) 0.25 0.1.3 0.22 

u238( 6) 0.08 0.1.3 0.08 

8 . 
Number in parenthesis indicates the total number of leveJ,s fi.t. 



Table VIII. Experimental values compared with the c.s. calculations. 

* Rotational state energies (k~V) 
rms % Calculated Observed 

E( 0' ---7 0) E( o' ---7 o) b r?>calc r?>obs 
c 

2+ 4+ 6+ 8+ 10+ 12+ dev. (keV) (keV) 
-- -- -- -- ~·· 

Hf178 exp. 93·17 306.9 632·7 1059·7 ll97a 
calc. 93·17 306.8 632·7 1059·8 1576.1 2169·3 0.017 1663 l4L~o 0.302 0.265 

Th232 exp. 49·75 162.5 334.1 557·9 828.2 
calc. 49.63 162.9 334·7 558.1 825·9 1131.2 0.22 833 730 0.262 0.257 

u238 exp. 44.7 148.2 307.6 518.7 777·0 1078.2 
calc. 1+4.8 148.1 307·3 518.6 777·3 1078.4 0.08 1015 993 0.303 0.280 

* 232 238 178 Th and U are from Ref. 45; Hf data are from the Table of Isotopes. There are two parameters, 

c and e, in the calculation, using c.s.(III). 

aData are less certain. 

b Ref. 46. 

cRef. 47. 

"" 

I 
0\ 
0\ 
I 
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rotational energies, the value of the zero-point vibration correction 

has been used to obtain the values for the E(O' ~ 0) transitions, 

(Since the form of the zero-point vibrational correction is forharmonic 

oscillator potentials, not the potential as used in the c.s. treatment,. 

the calculated values are expected to only be approximate.) 

Tables VII and VIII also include the same comparisons for Hf
1'78 

which was selected to study the behavior of the c.s. treatments with 

good rotors in the rare-earth region. The f:i.t for Hf178 is remarkable 

but in reducing the deviation to such a low value, the parameters used. 

in the two-parameter fit of c.s.(III) were somewhat unrealistic. 

The "in-beam" use of electron spectrometers and germanium counters 

in obtaining experimental transition energies is creating, as demonstrated 

here and in the other "in-beam" works mentioned, a rapid increase :i.n 

information on collective (especially rotational) energy levels. This 

information will certainly be useful in testing various proposed collec-

tive models and the centrifugal stretching treatments as proposed here. 

The results of the centrifugal stretching demonstrate the ability 

of a classical treatment to rep;r.oduce the experimental rotati.onal state 

energi.es. In ad.di tion to giving this information, the deformation of 

the nucleus and an approximate. value for the E( O' ~ 0) beta band transi-

tion can be calculated and these compare reasonably well with experiment 

in the few cases thus far tried. 

These calculations represent the first attempt to employ realistic 

nuclear potentials in centrifugal stretching calculations. It is clear 
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that a number of i.mprovements ought to be made. One should, for example, 

require fi.tting of the equilibrium deformation and beta-vibrational 

energies where these are known. Also the gannna-vibrational band, which 

is completely absent from this treatment, ought to be taken into account 

in some way. Nevertheless, the present calculations have been shown to 

be rather successful in reproducing the experimental data even without 

these improvements. 
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V. CONCLUSIONS 

The "i.n- beam" method was used to measure the transition energies 

of nuclides at the edge of a region of deformation. The ability of 

this method in giving thi.s information for nuclides with short half-

li.ves has been compared to the more standard radiochemical techniques 

and was shown to be particularly valuable for collective excitation 

studies. The lifetime of Ba 126 as measured indicates a definite deforma-

tion for this nucleus. 

The systematics of the first-excited. state energies of .these nuclei 

along w:i.th the rotational band energy spacings have been shown to also 

indicate defermation in this region. 

The calculated deformations of Myers and Swiatecki35 appear to show 

good agreement with the several values experimentally determined. As 

more nuclides are investigated i.n the future and their deformation 

determined, the theoretical values can be more intensi.vely compared 

for this region. 

The centrifugal stretching treatment can definitely be cons:i.dered 

as an excellent method for calculating energy levels in nuclides although 

more investigation will be necessary before the systematic nature of the 

parameters varied can be used for complete predicti.on of the levels. 
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