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” UNIVERSITY OF CALIFORNIA
Radiation Laboratory

b _ | Berkeley, California
' June 21, 1951 -
Froms  Information Division B
Tés Sta.ndard D:.strlbutlon oo Technology-=Ma‘ber1als Test:l.ng
Accelerator v

Subjects Corrections to UCRL-1093

It is requested that the following corredtions be made to your
copies of the document UCRL-1095, "Beam Dynamics of the Linear

Accelerator" by Wolfgang K, H. Panofslv, February 15, 1951° :

0 Pg. 4. Bqe (1)s right hend side should bes
. e [Eo (rnz‘)cm(w'@ + f) + B¢ sin (Wt + ﬂ)—_\

_Pgo Z&o qu (2) Pu’b E after 8y .
: end put 7 after sin (Wt + f#).

 Pg, 13, Two equations on top of page: multiply first member by 3,

Pgo 15. Eq. (39): change sign in third term on R.HS, of equation,
Change y~to "gn/Ln

Eq, (40): put ; bei‘ore b"‘ =1/ l-ﬁn?

ng léo qu (42)3 Change RoHoSo 'bO - pnwlﬂﬁn"lys
j311«21.5.3

Eqo (43): should bes

.  : , e Zgn,)@( 1_12_5_)

Line sbove Equation (45): write:
: ’ We @btain, neglecting ‘coupling terms:
8 ,
Eq, (45): delete [] term and add = O,

Pge 17, Ba, (48) (N.R)s change nl/8 to nl/4_
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Corrections to UCRL-1095 =~ Cont.

Pge

Pg,

Pg.

Pgo

Pge

Pg,

Pgo

18,

19.

20,

R5e

26,

27,

289

Eqe (53): put , on @ B
Label (54) equatian below Eq. (53).
Ege (61) (EsR,): should read:
LENE 8 <N3 d¢)- (2utan¢)¢n_o
Eqe (62) (E.R.): delete 2G in denomlna:bor. "
delete exppnen‘t- 2 over W
Eqe (63) (NoR.): multiply by 2.
Eqe (64): "Delete last bracket { E 244 on line below Eq. (64):
where couping terms have been neglected,

Eq. (79)3
a

L {aieery)-

‘footnote, second equation (six lines from bottom): put

last term | |
Eqe (72): second members: change‘d“nf'z to—g“n-l .

Eq. (87): change B°p™2 0T, nfl R

Eqe (88): denominator: delete"‘lfn"l,.

exponent: change Tn'"3“ to fn"z R
Ege (92): in brackets delete‘_é"n“l.

delete last member of equation,



DECLASS E?EE
v , i ,
¥ , - UNIVERSITY OF CALIFORNIA
Radiation Laboratory
&' ‘ . .
Contract No, W~7405-eng=48-
BEAM DYNAMICS OF THE LINEAR ACCELERATOR
' : Wolfgang K. H. Panofsky
February 15, 1951
B A,‘L)‘p}ir:abl F‘e Ters
e v o : ’ _— Berkeley', Californis.
1
. R ,

UCRL-1095

A !

col .

oY
elossfTEL e offe® " s

au\‘no‘“ . L:_‘_‘.. i

'C\ass\hcaﬂon’— pate .

1



DrGF_f‘ﬁ% il [TP

UCRL41095
Technology- Materials
Testing Accelerator

Y

Standard Distribution ‘ _ A * Copy Nos.
Ltomic Energy Commission, Washington ' R 1-4
- Qak Ridge National Laboratory, X-10 Site ‘ 5
Carbide and Carbon Chemicals Division, Y-12 Plant = -6
Patent Branch, Washington : R -7
¢ Technical Information Service, Oak Ridge 8-12
- University of California Radiation Laboratory : - 13-17
Chicago Operations Office 18
" North American Aviation, Inc. : . _ 19
- Total : 19

w7

Informtion Division
Hadiation Laboratory -
University of California
Berkeley,. California



4
>

)

DECLASSIFIED

=3 UCRL=1095

Beam Dynsmics of the Linear Accelerator
Wolfgeng K, H, Panofsky
Department of Physics, Radiation Laboratory

University of California, Berkeley, California

February 15, 1951 S

Introduction
This report summerizes some of the known facts concerning the dynamics of

particle behavior in a heavy particle linear accelerator, This Teport is not

en original comtribution, but rapresents s compiletion of relations derived by -

ée&eral meﬁbers of this'Laboratoryg notably R. Serber; E, M, MeMillen, L, Henrich
and ﬁhﬁ.authgfo The graphs (Figso 11 and 12) concerning uhstable'opéfation of a
linesr accelerator are the results of numerical integrations performed under

the direchion Of'Lo Henrich, With fhe exception éf the short section on

ﬁnstable operation, this report deals only‘with‘questions which can be handled
by;analyti#al method89 Thisviﬁplies that the importent question of ph#se
accéptance from & very iéw velu@ity_injectorg iﬁportant‘in the MTAaafplicaticnp

is not given here. This problem has been handled by numerical integration and

on @ differential analyzer by L, Henrich (UCRL-866) and A, Nordsieck. Also the

effect of soupling between radial and phase motion has not been discussed in
detail beyond giving the equations to be solved, This is justified here since
the phase oscillations are very rapidly demped] also "resonances” which are

of importance in the theory of the circular machines are of no significsnce here.
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Beam Dynesmics of the Linear Accelerstor
Wolfgeng Ko H, Panofsky
Depértment of Physics, Redistion Laboratory
University of Calif'ornis, Berkeley, California

' Februasry 15, 1951

I, General Equations Of Moti@m

A particle ef charge e and rest mass M traveling in the limear a@celerator

will be acted on by both redial end longitudinal for@eso. The 1ong1tud1na1 forces

are due to the longitudinal (axi&l);@oﬁponent of the electric fields the trsnsverse
comporents are dus to ) theftransverse'component of the electric field, b):the
'effgct of tha»ra&%vﬁTequency magnetic field and ¢) any externmal fccusing meaps;

In order to determine the motiom precisely the two electric field components
'E (rgz?@ snd By(r,z¢t) have to be known and also the RoF magnetic f;eld gﬁ(rgzot)o
If the time variatlon is sznusoxdalg the equatlons to be 1ntegrated ares

d_ B dz | o -
= x| = e‘% Ax,2) cos (ot #Jgﬁ (1)
v/1= g2 | | +dan Bﬁ#w(wtﬁ‘(/)_f
LS | , _
%fr“ ff‘f)""‘-;':’“—**? %% = @";@Qﬁ(rﬁ)@os{wt * ﬁwBﬁﬁtroz)%% sin(a)tﬂ:@%ﬁ?
Yl i - ' | (2) ;

where F is anyﬂexternal radial ‘force, The superseriph @ aenotes the amplltude

of’ the Tespe@ﬁive field, Using empirical fields the equations can be integrated
“amerlcanlf £his is the only method feasible if exach results are desired,
Ldwever, meny general facts can be learned‘w1thouf & detailed lnf@gratl@no

In general the motion descrlbed by Egs.. (1) amd (2) represan% coupled

mot&@mo_betweem the r end Z behav1or° In the case of largs relative drift tube

N

-aperture the energy géim per gap depends om radial position end in general the
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radial motion depends on the phase of the particle rélétive”to the R, f, creste .
In case this . coupling is nct negligible, numerical integrétion is requiredo.
Hewever, the dependence of energy gain/gap on rédial position*is usually-small

¢ that w1+h negllg ible error the phase motion (1,9° the Z motlon) can be
1nﬁegrated for gonstant r, Also owing to the rapid damping:df'the phasé moﬁibns‘:
Loward s constand phaseg reasonable approx1matlons to the radial motions-can be
mad@vﬁy agsuning & c@nstant phase, Under these 51mp11£y1ng assumptlons analytlgal ‘

Lreatment is pos sible,

II. Synchroneus Conditions

Thn bagic gecmetry of the linear accelerator is shown in Fig, loA At a‘givén
time the slectric fields are everywhere in phase and the magnetlc‘fleld in quadrature
Wl;h-thﬁ electric fields, Let Ln be the * repeat length” of the n" th sgap and gn
be the gap length, Let us éssuﬁe~thgt the velocity 1nc;ag§e§_£rom pn@l to gn
when pessing BCross the ot gap (Fig. 2)e Llet us measuré tﬁe‘coordiﬁate z from

the ¥electrical center® of each gaps we define the center by the condition thats

/E (2} sin <M>dz*§30 - o (3)
f the gap is bymmetrlcgi thls corresponds to the geometrlcal centero Let us.
define the pha&e“agr of the particle to be the number of radians in time by .

Which bhe part;cle crosses the electrical cenber of the nth_gap relative to the

time at -which the electric fleld reaches its crest valueO Let

F>0 @

@crrespond t6 & partlcle which crosses after the crest of the field has been

reached, and - S

< . ) .’-_ - . :
<o , ®
to 8 particle which erosses before, 'Thess conventions are in.agreement with

Bgso (1) and QZ,O
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The machine is to be designed such that there shall be a particle called

synchronous particle, for which under a specific set ef injection conditions

&
Jé; shall be independent of n, This phase angle is called the synchronous phase
angle ﬂé and all quantities such as emergy, velocity, ete,, as® ciated with the

synchrenous particle are designated by a subscript g° In principié the machine

sannot be designed'to have a synchronous particle without knoﬁing the motion
on the other hand, the motions caﬁnot be integrated without'knéwledge of the

fiolds in e given machine, In particular if the fractional chenges in velocity

" expected per gap are large, the désign can only be handled by_successive approxi-

mations, On the other hand, if the velocity cfp.q before entoring the gap and

the . velocity ¢f,, differ only by & small amount, then

x° (gn;l,s * ﬁn,,:s)/2 - _ ‘ - . (6)
.is'élearly the condition for a synchronous phaseglhere';& is the free'space
-wavelength, The existence of a syrchronous orbit also implies that the ihfluence

of radial position on phase motion is small,

/

The synchronous particle will increase its total relativistic eﬁeréy from

‘Wﬁés t@'WE#lss when crossihg the nth gaps this'ggin is given by:. | S

: o, Wi g
Wy s Mael,s a/e E, (z) cos (avms tg..;g{s)_dz, ‘ (7N
where Vg is the s§#ehronous velocity. In gemeral, using the definition (3) of

the ele@tricalvéenter;*wevcén write Eq, (7) in the form?

e 2

E, i)/,E§(Z>dz/é?/sz . E C v(Q)I

) YA o | o
Wy, eWpet,g =6 AT Eg Foys ?'n 1”8) cos Fg = e T By Ly cos ﬁs (8)
. N : (&5 T ) . : v, .

.
h
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is the mesn effective field, and

T =/E§‘(z_) cos 2"2 /E (z) daz | (1\0)

is the ®transit time’factor”o It is useful to evaluate T. in some 51mp11fled field
yshapeso The 81mplest cases often a good approx1matlon” is to con31der the field

to be uniform in the gap, i.eo

Be)=0  -fcse s Pact Gy
R
B >”‘§;“ —p< 2y )

For thls type Tisld

Tgbm %’ﬂ e | S asy

" If we comsider the field solution corresponding to a drift'tube’of boreizaﬁ, where

)

the field is given by Eq. (11) at r = a_, then it can be shown that the tran51t

tlme faetor for e particle at an: arbltrary radius r is glven byo.

i Qﬂr)‘ } (ﬁgn> .
Te . [2map K ngn\ feQ '3;_ ﬁ?! U(;4)

the extra factor® being due to the penetratlon of the fleld 1nto the drlft

: tubes, ror most purposas Bq. (14) is of sufflclent accuracyo The rmdependence

Jf Tis a factow whlch pwoduues coupllng between the radlal and the phase motlonso

Let the energy gain in M0@2 uaits per wavelength/
e B, T A ) S
ail & am——e—oe oG g ﬁ ;T o o o (15)
A \M@c? S A ST

be & basic design paremeter of the machine, In the nom-relativistic range

Eq, (8) can them.be written ass

Rere IQ(x)ET (ix) is tne zeroth order Bessel functlon of the flrst klnd with
1mag1nary arwumenﬁo : :
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Pa,s = Bael,s © o : - (18)(WeR. )

In the relativistic range the fractionel changes per gap are smally we can thus

pw TWZQ‘*'.L;)S Wms & Wnss end if APn,,s is the momentum 1nc;ease per gap we h_ave_
Awn,,ﬁ = VﬁggAﬁngg" Hence reiativistieallyg using BEq, (éﬁ)gj
Pns S?inl 58 Moo WK - (18)

Bquation (16 evidently includes Bq. {16 )(NOR,),

Thésé equations give the simple f‘elaﬁ‘ions between the moment;m Pn"’. total
energy Wi, ki;aetic energy Kﬁ and véloeity of the pa,rtiéle and the number of
drift tubes, Evident_ly the momentum will w‘mry linearly with the number of _

“drift tubes. The synchronous relations areg '_

Pngs Mo = (o # ny) Wo - (17}
_ 162 e/ 14 (o 2.2 T
LS M o / 1+ gn + n) " | (18)
B . = (n4n YW .1# (n +#n .)2-W2ﬁ' (193

Tip® M [+) o A

| W,mzﬁf' PRy B
Ko / Mo ‘ 14 {n+ no) WA - 1 | (20)
. Hers n is tsken to meke n = 1 the first gap of the machine and n, is the "effective

number of gaps” corresponding %o the injector, Nonmrelativisticaliy;,‘

Pa,s

= (n+n ) W',x ‘ C (19)(N;R;>

Ko [ Mo = (o s n,P0E /2 | (.‘26)(1\1030)

The rapeat length is thus simplys

rs

L, 7 Ao+ zg = ) Wy /i vl@en, e W ()
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III, General Stability Considerations for & "Long®™ Accelerator,

te JIypes of‘Staﬁility |

To ébtain»satiéfactory operation for a "lﬁng“ linear sccelsrator it is
clearly neceséary thab the orbits bé stable invphése snd also stable radigllyo'
What‘lengﬁh of such su accelerstor would be considered 6':lm:iig”,in this sense
'depehds of sourse on the toleran@eg_on injection cqﬁditionss‘voltége gradients‘
etcuavwhich'can be held, We éhall show later that the periods of the vafiéus

oscillations depend om the number N =n 4 n_, i.e, the total effective number of

°
drifs tubesvin@luding the injector, 4. linear accelerator of this type is thus .
"long® in the sense of requiring stability if it increases the injectisn momentum
ﬁy & iarge factor, A large injection voltage.thus tends to make an acéeléfaﬁof
v ‘ , : : /
effectively "short”, ' ' )
Phasé Sfabiliﬁy is produced in a lineér accelerator if.; late particle
‘receives a larger dégree of acceleration, This in the case of a linear a@ceﬁérator
means that the ?articls Whould traverse the center of each gap at a time when

. s e X T . : : . .
the field is inscreasing, Specificially the comditicn for phase stability in a

o : e 2
field Ez(zo-a)§; isg

2 i ] o |

The zonditions for rad al Stabllluy dre_mora complicatéd; Focusing is
cbtained by the following medhsmiems$ 1) velocity focusing, sometimes called |
glectrostatic or second order faéusingo 2> phase focusing, 3) focusing
brodqééd by éhargés coﬁtained within the beam, 4) foeusing‘produ@éd by‘eiﬁéfnal
means o |

b. The ﬁiﬂ@bmpatibiliﬁyw the;fsmov

If no cha&ge i uonialned ln “the beem, & partlcle crossing a gap of f the

’*Note thet this is +he inverse of the condition pertaining to phase stablllty
of & clroular sceelarator,

v



=100 . UCRL-1095

. axXis wiil cross as many'lineé of force directed toward the axis és.awgy'ffom

ltha aris, A net radisl momertum is thus produced ifd a) the pértidle changeé

its veloéity when srossing the gap and B) if the field varies in'tiﬁeb The
former mechenism is the ome responsible for the focu51ng action of electrostatic
lenéeso We shall show that 1ts.effect is only important in the flrst gaps of

a 1ine&r a@céleratar; The second effenst, due to the time varlatlon of the fleld8
rapldly becomes dﬂmlnatlng further along the machine, It is.clear that the
condition fer stable radlal focusing is essentially that the field be decreasiﬁg
during the time of passage thfough’thé.gaﬁl This condition appears inéémpatible
'With:the phase stability gondition eipréssed by Eq. (22), That this'disagreemént
is & fundamental one and cannot be removed by any arfifices of geomebry has been |

shown by MM 1 lozm,* ?

The theorem was interpreted by Ginzton, Hensen and.Kennédy
&s ﬂeing simplj a Manifeétatien of Barnshew's theqremvas:effectiVQ iﬁ‘a frame
moving with the chérgeduparticleo We shall here reproduce McMillsn's proof

since it‘indcrp@rates seyaral useful relations_to be used later, Using the

two Maxwell relati@ns.§7ﬁ§>é 0 and® i?i§’§ :%~%§%?; valid in a chéfge and current

free region, we csn easily show thatg.

. OE, - -
= ;I;mni
Be =355 | (28)
. OE,
T % .
B ) B comm e : : . 24 ).
ﬁ 2@25t . ﬁ 4)

are the leading teims in a Taylc” expansion of the radial electrlc field and
azimuthal magnetic fzexd in powers of the radlal distance re Accordlngly for

V

small Ty the radial momentum oi 2 partlcle srossing the gap 1s glven byg L
B Z dz v.' -
AP B"’[[ _-cat] & ) | - (25)

ﬂe MKS units are used throughout,

-
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= 2 ' : : :
Hera‘gmmuundéTMﬂ= represent the values of the respective partial derivatives
&b the time of passags of the particle, If the particle moves with a velocity

: dEy, o _ ' :
v = fo, then the rate g;ia at which the field veries with z for this particle is

(26}

3z Tde T TS
If we are hers concerned oﬁly with the phase fogusing action, we may ignore the

z dependence o»f B and r {which give rise to the slectrostatic foeusing%}'and put

Ap, = o B (f;fg;_'* %i;%)/ az . (273

- We can el;mxwate either the partial time or space derlvatlvé in.Eq; (258)
by the use of Bq. {26). Alsa since the phaseé@rand the quantity Wt are 'additive
in all cases, we c&n'put'igngbgég; ° Eliminating‘the partial space derivative,

ofg

we haved

APy = = LoV o dz = (-Mgz)wg%fﬁz(za ‘5%#@ dz} (28)
Al . ' . -

In the absence of foilskor grids or other devices occluding chérge Withinvthe
beam the total derivative integral will vanish dus toreither the'periodip end

conditions or by extending the integral into zero fieldo”The condition for radial

.phase=-fecusing ig thuss

Sag?//;?z- @o@% *Fydz < 0 - (29
This is tlearly incompatible with Eq, (22)9 the eondltlon for phase stab:lluyo
Clo ”Vél@@iﬁy fmwusimga
Note that inm this discussion culy phase facu31ng and not veloclty fccusing
has been_ln@ludedo If the 1atter is included also, then there will, actually be
5 small phase aAgle over which the orbits would both- be radlally st&ble and

phase stable, We can’ estlmate thﬂs rangs here by simply net assuming constancy

!
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of B as was dome in Eg, (26}, Thus remwrltlmg; Eq, (26) wz.th the a.Ld of qu (27)

’

and omitting the ﬁotal dex1vat1ve we haveg

‘ /(1"}mcos(wt¢ﬁdz | o - (30)

Let us esi'lmata this integral f@r the simple “square wave® field of Eqso(ll)(IZ)o )

~

Thi$ cen be written in the formg
OB EGL‘B ' ' gn o
SR g<.= , =

where 5 is the wdmary Scﬁmmmna i.00 5 (z) = 0 for 2z 75 0 a.nd/{(z)dz = ],

Hence g _ o . o gn‘;
' eB L.r | q_p2 : ) R R
AP%,' - h@)Ih LB cos (Wt Fﬁ’_@ ' o - {32)
& 2gy 0 B &, |
: ~z B =5 :

- It .is only necessary to evaluete this tery nom-relativistically since veloeity

i

,fc_icjusing is only of importance at low velocities., Let us ﬁegflec‘b terms deriving

from the fact that the velocity ‘pn is not the synchronous velocity given by Eqo (19)e

" The B dependencs effects the value of the radial momentum in two waysg 1) since

the. veloeity is increased during passage, more time is spent during the focusing
pert of the field then the defocusing part, 2) Even if the ‘particle crosses the- -

center of *he gap at the crest of the r.f, wave, the times of passing the entrance

- and ent of the gap are not" symmetrlcal mth respe@t to the time of pass:n.ng the

_ Penter,, the parfbxule takes o longer time to a.pproa.ch the. center than te leave it,

e

This causz—gs the focusing field at the time of entry imto the gap to be weaker than
the defocusing field at the time of departurs, This second effect, which increases

with gap lemgth, counteracts the first omeg in fact there will be & critical gap

- length beyond which the second order focusing will be negative (defocusingde

In order te evaluate approximately BEq. (32) we have to determine the times
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. - & -
%, and t_ at which the particle crosses z = mg;% and z =
that th@ ,par'ﬁsiele travels with the velocitys
: Pn*Bn-l  3Bn-1%Pn in th =g&n
?M = R in e renge —3—

and the velocity

L 3@@*%«4‘;

o] &n
M i in the range 0< z< 3=
Since :
WL =cn (;5“ + @nml‘)
we have

' 1

o meal 1) mem
W = LT1M W T

-sgn

o

& 2 £ 0

1

15_.,.

4N

and
ﬂg@iF 3 en 1
AT bl v =5y i vl Rl v
o
Using Eqs. (15) and (Ieﬁithe radial momenttm becomesy
APW _ Car 1 1 cd | é ngn
Mo ZRcosﬁ) “;:n N-1 L * 4N}

.

UCRL-1095

Let us assume

)Y

Expanded in orders of N T‘(, this becomes, @arrylng tems to order N"z only.,

' YA-,P&:’ e B2 1 sin é - i 1 sin-g*-é@tﬁ _ ugn cosf
M e A T cos 8ff, Y e » \ n

This is eomposed of a phase defccusing terms

and a ‘secpnd order f’ocusing (er dafocusing term)

I “h m%:
o Lkﬁ ~ ZLn

\

‘cos ﬁs

(33)

(34)

B&»We are azsuming here- ‘rha’r B = ﬁsﬂ i ao 1gnor1ng terms in ?_g_, These will -

later he 1ﬂ@xmdad

1
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" The Speﬁxllc form of this latter term (not the former“) will depend on the
specific shape of the field,

Hence there will be a small phase,anglé of the crder?

Sﬁsm[cou ngn’ m]/ . (55)

for which = par¥ticle is both phase ‘stable and- focus1ngoz In the Berkeley 40=-foot’
acecalerator gn/in == 1/4 and n, = 243 therefore this angle.ié very smell,

Note ﬁhaﬁ at gn%Ln~? ;34'the'se@ond order focusing ﬁanishesg this is the
point where the two effects mentioned above cancel, Particularly when large
apertures are usadg.leading to & large "effective gap®, the velocity~fnéusing
may easily becoﬁe defocusing, ‘

d, Radial @sciliations'@f e grid or foil focused linear acceleratoro_

The'theqrem showing incompatibiliﬁy of radidl stability.with phase stability
is_essentially.based on the fact that a pérticle_will cross no net radial electric
1ines of force if the field were sté’cic° Ciearly if the entrance téréhe end
drlft tube were closed by 2 grid or foil (Flgo 4) a net inward momentum would
result, Mathematically this corresponds to +he total derivative 1ntegra1 in

Bag, (38) not Vmﬁlphlng at its upper 1imit, Acgordingly the fir;t order focusing

term becomeso
&P > o tJEF - (,.L-:- Mww§ E, (zg v @),dz ' ( | (36)

'This is ﬁh@ﬁgenéral foréula'far the radial momentuﬁﬂgained- Hera EF is tletelectrlc
field at the foil at the time of passage of the particle through the .foil (or
gridh

We can evaluate Eg. (26) agaiﬁ only in terms of a specific model o give

the field veriaticng, stng agaxn the "square wave® field of Bq.(11/12) we obtaing
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B=Bs

We can simplify this ekpression by only carrying the first order in B

’

wa obtaing

reB, 'Iﬁ - [ngg 2 " eZn 3 ﬁmﬁs : |
NP o o mpme = { posfz— o~ ,in< ) F - (38)
Pz:“ %s@ 5 - ”«*cm ? &/ By s | Lm sm§ ﬁg . ( ‘)

N

P g méi gin mgn'»f—zgz sin (m; ) s:m& "Lﬂﬁ fﬁﬁ c@s(;:n> swxé = "OQQ’ §>

(39)

whers

The cerrection term in F zepresents the 1nf1uence on the radial mamentum of
the orbits not at synchrcnous velocity, These equations are relat1v1sz1ca11y
correcte |

We cox sonvert Eg. {38) into the fprm of & difference equationi such an
equétion then forms a goéd basis for nﬁmerical solution, I% shall be pointed
out here again that this analysié treats each gap foectiveiy as a.éthin" lens,

. L)
1.0, csloulates the change inm radial momentum in the lens but ignores radial
notion in the lens itself, Again it will be evident by looking &t the resulting
motion that this spproximation is justified if N is not too small.
Al

We can putbs

AP dr. dr ' —=
r 1 n=1 Y . 2
U Yo g~ Vo1 ~a Jn=V/ ‘/—1“’%
Wl Ba Boc1 Bpot :
& e b" e (I" =L )mmm' (1‘(“ =L ) (40)
. 2n {“n ﬁngs . ntl tn | pnm n n s .

This relation in combinat lun with Egs, (38) and §?879 gives a difference equatlon

for rppy in terms of r, and Tpo1 if the phase.mmtion has been obtained, i.8., if

- are knownt as & fun@t@un of n, We are going to write down the resultant

By ond By

"equation only in the nonmrelat1v1st ¢ case} u51ng Egs. (13, 15 and 16) we obtalno
L .

ﬂ@{M e

&, ., - G
Tusl T Py T ¥p T3 (E*MQ) (? n>’ 4¢
. . ) . g8in Ln‘ cos g

We have glso omitted the terms in @nmgn Sg these can be introduced7using the
C o ~ %) )
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relations @ 3; ,
- ke = rir:)l - @' = ﬁrﬁ.gb

on

ngs \ . N
which exprebscs the r*a*be of phasm varla’clon as. & function- of’ devn.atlon from

b;smchrormus velocity., This @@upung term is .‘usually small.,: :

Fou, or grid f@casztng thus gives rise to stable rad1a1 osc:.llatlons in. -

o

(1 :ﬁ‘.) | | - -(‘43',)
- | N

Figure b shows the @giuns of stable Iocus:f.ng and uf phasge stab:i 11+y for gn/lnﬁ 253

4ne Tange s

the region where both motions are stable isg

_”‘“’4‘§<0 T o (42)
Note that if gn/Ln = 1/29 foil or grid focumng becomes :Lneffectlve, “(Figo '5)
For large vsiues of N = nm , We can write these equa’c’:.ons a8 dlfferenﬁlal

equatlcnsa We oblaing

4 (p Em), % [, 2 S
“é’f?(b“ & ) * Fing [-w el Gl L (49
whers ‘ . o o _
. : En - 2 g :
o , T cms(q;;ia n) = 2B, sinm #f:& sin% . . ,
{ = & . - o . . . .
X . ... BEn cos T ' (46)
£ 5LN == 8 )

ch a syunchrono e orbit this g Ivess

- . - dr . .K( ‘ - . '
e R n Xs , _
‘/l 4 (.L.Q:-’g“i.&@} , W§ == * W T, g,o : , : (44)»

Here K 8 ¥ :»:“ga dﬂe

" We thus flnd 'i“hav we chbain osmlla’clons which wz.ll be increasing in

\ ampl:u:ud,,o‘ As ,_lﬁgtz,bally the escillations become (see Appen,dlx I)s

t ' . L]

a o /2 4 T .
- Andn )1/@[1 +(nin_ )2 WE]EL/“’; . 7
1/4

Tl By o oe ' o : I (48)
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which is simply; non-relativisticallyg
| | AV PN v/
s 228 “(wn ) :
1/8 : o
rncC n- e : (48)(N‘Ro)
Eq., (47) can be integrated exactly nor=relativistically givings ‘
Corp = N'{A g (2 YK N') + BY, (ZYVKSN )?S o (49)
This equation has been plotted for N, = 24 and va.rio_u‘s_values of ¢s in Fig, .6,
Its asymptotic expsnsion is identical with Bq. (49)(N.R.).

In case folils of thickness N atoms/unit area and atomic number Z .fath_e'r than -

grids are uséd, multiple Coulomb scattering will lose a certain fraction f of

the beam up to the n'bh

drift tube, Serber5 has shown that, approximately’gv
: =363 d%/a’ ‘ | :
lef =16 e - ‘ - o (50)-

where

9 v o 1/2
(g)z 3om. (Nr‘gz)Zz _ <m V annzd/3 52 (n /
LA) © '

.’W)? Mo) lofg "““;;r’g'““"” ?1;" -1
here m is fha electron u;ass and ry is the classical electron radius.
If grids are used the tra.nsmission will depend on the opacity of the grids,
The permissible transmission of the grids is limited by the field concentration
on the grid wires. | |
5, Phas;e Oscillations in a Linear Accelerator.
Let us examine the oscillations of thel phase __jg; about the synchronous phase -
angle ﬁs in the phgse stable case, i.e. ¢S< 0. Let us put
Bn ’ﬁnas " L o »
-éngﬁs*ﬂnf ’ (61)

- .
L 0, »S *_ W

. In generals o ' v ’ , S
‘ o Vip=Wyo1 = e/ EZ(Z) cos‘(f{ﬁ‘-fz-_+§n> dz . ' ‘ -(52)

C &
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Using Eq, {10) we obtaing’

Wﬁ""wrmi o éds@t ' 51‘-0 o
e W'mmnT 1 4G g (53
WM.c? A A cos 'pnas ( )
.o

' where s

G=1 2 ot oo ,
2 ] = co

- Ly Ly

for a uniform field is la'f‘actor correlating the energy gain to the deﬁation_frbm -

" synchronous velo@ity‘, Eq. {53) can be re-written asg

\

W o ng? 1 . ) : \ E | | N
“";“'m;&“ﬁ@ WA - L G cos(ﬂ{n * }Zfs)mcos ﬁfs cos ﬂs {55)
Mgc“‘ A pepc] . . ‘

But im general, %o the first order in 'gsn"s

LA L T ¢ 3

Hencs?

A L _ : : s _ R
7’ . <) P ‘=1
X’ 51 ?sm ﬁn Xinml @s,,nml Pn-1 ® -2 z,n £ cos % (@”’ cos(yfn*ﬁsﬂ "’co_sﬂs

(57)
This equation, in congunctmn with the equa.tlon (cf qu (42))
‘ C ﬁngs

_end the synchronous conditions Bq, (18}‘ and (19) gives a second order difference
squation for the phases, suitable for direct computation.

‘Wr‘itten ag a differential equat_i'on Eq. (57) becomess

-d‘( AT [ B\ os(derded | . o
dn b“g‘,,n Ps,m dn)* <% Br, s W)\ = 5% & cos P =1y =0 (59)

or in terms of N = ntn s

Jiedd ¥ ol—= .4 m ), ¢ ). ’
SRV G S | P o W A X (1.1, %x“ﬁﬁ% cos(fy*f; )-cosfls 1 = 0

N - di L an . cosfy_
) (60)
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Thiz is the general equation for the phase oscillations 6f a ’1in"gaa"r accelerators, .
2, Small Os&iiléﬁioméo

Ir jﬁ@(_g 1 we can write Eq, (60) ass

(1=G6)/2 T
“""’"""""‘@ - %&’ 2 j %I\T {1 *:/W%\‘Nz) / n?=¢ dgn - (2 ten #,) £, =
X . , . IR

< » i (1) _

This canh be written in the non-relativistic and extremely relativistic limits ass

; _ ?_m (NE“G 2 o (231 ten ﬁf Y H, = g C (e1)(NeR.)
endg .
= w () - (2n ven g} £, = 0  (B1)(ER,)

The resultant phase motlons are 'bhens

' ﬁn{: W c@s[? \/mzm tan ﬁl /_I; & S_] : E (-62)(1_\1012.,)

ﬂ ol W cos[ (\(mzn tangf / A>N;=1/2 *3] (62')(E R, )

In the n@nmrelativistic' case the periocd of phase oscillations is,; measured in

terms of number of drift tubesz

o /T L |
" T v 7, S Ry

For g/l = o25 G = ,213 and the amplitude damps as ¥ 6%, \

In the extremely relatlmstlc orbits, the_phase motion becomes nonao_scillatofy

‘a5 demanded by the asymptotic constancy of the velocity, N
Lo Lar}ge- oscillations, .
In the previcus section we have derived the periodr of small oscillations about

an equilibri’:ﬁm pha.se sngle ,ﬁso

 The complete phase equetion (.60_") i\s not integréble
analy‘blCdl.L:yq but we can astlmaue the lx.mlts of stablllty it representso The |

prlnclpal :mférebta in investigating the reglon of stablllty is. the pro‘blem of

(
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caleulating the range of input phase Whiéh.Will be staﬁle; Since thé pha&e

cscillations are quite rapidly demped, we have to discuss the problem for low
velociﬁies onlys any particles phasemstabie'eariy in the machine will remain‘
- well wit thin the stable regleng in fact it Would be permissible to decrease c¢

_31ight1y toward higher energy. We are therefore Justified to treat the problem

non-relativistically only, In thet case qu (50) can be wrltten asyg

G dﬂin [le/( 2=G]
(64)

1=

where u~ﬁ;N2mG°

fhig is identical to the differential equationm of motiQﬁ gf-_vapendulﬁm6
of mass proportiscnal to the 1 # L/(ZmG).power of the "time® u which is "biased”
by'a torqus or ite axis such that its‘equilibriuﬁ positioﬁlié an éngle éﬂ; beléw
the horizantél (Figo 7). The motion can thus be‘déscribedlby av"potentiai”.
pr@waticnal t@é

T(g,) = = §, + sin @, + cos #_ tan @ + constant - (65)

which ig plotted in Fig, 8. The last térm in Eq. (64) which slightly:affécts

the'dampiﬁg only, haglbeen neglected, If partlcles are 1n3ected at -the correct
;njawtlan anergy, the rangs of phase acceptance is approx1mately 3 ﬁ;g 18, for
| ‘ %<¢<*¢‘ o . (668)

Since ﬂg,ls given by cos ﬁ; v

threshold/voperating” thig gives. mmediately the

acceptanee phase as & functlon of operating voltage near thresholdo ‘
The asceptance of & glven particle for. a given value of ﬁ; depends on the
velus of the starting phase and starting velocity, - These are défined by the

‘condition that the sum of the Ypotential energy®™ and "kinetic energy® of the

equivalent pendulum shall not exceed the depth of the potential,
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Since the'effective "kinetic' energy” iss

T, e g%n' (i)“ - | ' (67)

g, |9,

and the effective potential energy, measured relative to its max:Lmum@ =t

[}

isg Caw :
: 1-G : sim( g Ysin 4, .
Vepp = By © 2n vﬁcgg;ﬁfs e (2 % ﬁf ) (68)
Let ZXW be the'de?iaﬁiom of the injection energy, W, from.its synchronous value,
We can putl : :
‘ ;ﬂ.&, = n e_aglgam = b WAW ' - (69)
- nEn ﬁnos : Q . p .

" Hence the phase acecspbance condition isg

n n@(%ﬁg)§$v%:%in(@£* @%j51§¥¢; - sgbgg +.¢£) < 0 (70);

@ - BCS g

Fige 9 shows a.plot of ﬂQ'Z§.n i/% ZXW/Wb,for various values of ﬁ;ﬁ This defines

()
e set of closed curves such that any particle within these curves willvbe’stably
accelerated, For smell oécillations Eq, (70)l¢orresponds to the simple harmonic -

oscillator of total energys

Vopp = R0 (m) #4 gﬁm - ten #.) - 2[., tan g, + g’g] . (71}

Note fha+ the per cent tolersnce of the 1ngec+10n voltage becomes luss critical
s the desmgn 1nge@tmon voltage decreaseso Also note that the "depth® of the
potential varies_éé ﬁ%g for. small ﬁé, | |

| . 6. Unstable operation,

It is clear that if a linesr accelerator is short enough it can be operated
W1+hout grids, It will then be either phase unstable or radlally unstableo The

3 was clearly operated in

coriginel x of0 linear accelerator of "8loan and Lawrence
such & manner, BExperiments with the 40mfoat linear acceleratoer Without grids

have shown that oms cen obtain an,”unﬁtable beam of essentlal y the same

-,
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magnitudé.as is obtaina%le with gfids.‘ However, the briticalitj'of adjustméﬁt
is greaﬁly increased, | “

Figure L0 shows some possible phase motions which”might gi&e rise to\éhort.
time fovuﬁed operation, Since ‘during the time ¢IZ>.0 one‘will obtainJa établé
radlal restoring lo;ceo phase motions which will spend a sufficient time near the

hump of the potential Veff at ﬁ; ,ﬁ ,‘Wlll give radlally stable orbits,

The qﬁestion is thus ome of the tolerances in injection energy required to achieve
such 0peratimﬁg | -
Seweral orbits have been éomputed by first.integrating Eq,.(Sé}’numerically,'
in ‘the form of a fiﬁité“differehée equation, Typical curves gre’shown in'Figf il
for various initial values of AW/W,, and for ﬁg = - 10° and a starting phase of

1

| 61500 . <
Ignoring the vélocity dependent term in Eq. (34) we obtain the simple redial
difference equétiOﬁn snalogous to Eq, (41)s a | -
wa BTt matf m SR c0 (2R
' : 8 . ‘
Usiﬁg the phase motions of Figo 11, this equation has been integrgted for both
paraile% and divergent injeétiono ‘A typical stable orbit is shown in Fig, 12,
With the parsmeters indicated the range cf_ZXWVWO 1eaéing to orbits passipg the
- 40-foot accelerator is only .05 peréento This ig in fair.agreemént with the
performance Obtaimed; : . ' ' - _' ﬂ
For referemce let.us write Eq, (%2)3 which deécribes the unstable.radial

motion, in completely re;at1v1stlco but dlfferentlalg form, We obtaing .

’, ) . . '
S a d-"f’n , mf'n sin®d ‘ '
. 5?’<K& )t Ya ?3?#@?3 o o T _(72>
ag ’

o A ) “
if the ug;=coup11ng is ignored,
. Y . . N
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7o BSpate charge effects, {

In the Berkeley 40-foot iinear sccelerator space,cﬁarge effects are totally

F

negligible‘gwing to the limitation on the beam current by the injéctoro In the

MIA epplicetion on the other hand, such effects may become important.,

l

Exact treatment of the spacse charge effect is obvibusly'impcssible sincse
one cannot treat the orbits independently. The only practical method seems to

be to introducs a mean field corresponding to the expected motion as & whole and -

\ LOEN

‘let ‘each particle movae in such & mean field, L
If I is the beam current, the charge per bunch is 2al/ and if the bunch is

will experience & radial

*

congentrated in 2 sphere of radius j)s each particle

field of order of magnitudes

I T 1 Fo Ar
I 1Y) % = fgIs“;‘af’

' Hence & term is inmtroduced intc the radial equation which is of order?

"‘2 . ‘ 3 . ‘4 . ) ‘ .
do r [A. C
s - Z‘zﬁ"(@ ° L , (14)

space charge

where 1, = e/ §£= 1/M0@2 is the proton 6harge times the current “times 376 L)L

X

meesured in rest energy units of the particle accelerated,

7.

Clsarly the wvalue of ;bgj will depend on the partigular acceleratﬁr desigﬁg .
" and even on the injecticn conditions, This fact, in addition to the crudé initial
assumptions, mekes an evéluation of this term meeningless except as-an estimate,

’in order to'keep the transi£ time factor T of Bq, (14) within reaéonab%e
limitsn the drift tﬁbe radius anvhas to he & réasonably sma11 fragtion ef‘the

fepeat length L,. For a practical designy

fy f\;ﬂLm/zm.'wi("A/m) N, " (7s)

"hencegy
a%r 2rn? g o (765
e . g Sz ot P X ¥ -
dn® »NS 'W??_ : . :

space chargs
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7

N

Hence bthe space charge effect will become important only in the very first drift

tubes, As a numericel example we might consider an energy gain of 350 Mev for-

-

deuterons in 300 meters and & beam current of 1 ampere and a wavelength of 25 meters,

-

This gives I, = 2,0 x 1077 W, = 10157 and hences
. el 1 oD = : ‘ (77)
1,2 R
_ an K ; .
: space charge
. Although this affest is not serious hers it must be included in s correct orbit

waleulation, Note that for a given energy gain/ﬁnit length of machine this

sxpreasion scales as >55 snd would become a serious current lbmitatign at highe;

frequency., | ‘ '_ L
8o ~Magnetia Lenseé .
Magnetic f,JusLng has been sucsessfully used for electron linesr acceleraﬁors

but its use with a heavy particle accelerator appeared impossiblé owing to the

excessive magnet‘pOWers required, Early calculations in connection with the

40~-foot Berkeley machine SHOWed megnetic focusing to be totally 1mpract1c93°°
E, Mo MoMillen showed that at MTA LrequenCIGS magnetic’ foouS1ng wcuid agaln be
practicsl,

The %hécry of magneticvlenSes is'fhoroughiy‘discussed by Zwerykin, et a149

end the reader is referred to them for a thorough discussion of the details of
the motions,
. Fige 13 sheows a-diagram'of g thin magnetié lenso Ions entering the fringing

o fleld at a radius r from the axis Wlll experlence 8 force in the m21mutha1 (ﬂ)

L#] 4 s

direction owing tc the redisl somponent of the magnetic field, This-azimuthal

motion in bturn will inbe ract with the longitudinal (z) component, resulting in a

displacement +n&g-d the axig, As the particle crosses the eentral plane of the

lens the az ;mufhai motion w111 be reuarded but never reversed° the radlal fores

sthus retains its direction toward the axis, Fig, 14 qualitatively shows the
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behavior of r, 9, 7, and the radial forwe &s.s function of g, Nete that & net

rotation of the orbit is. ob+a1ne ¢ however, if the besm enters with zero angular

&5

momentum about the axis, it will leave with zero angular mementum. This.is simply
§ a consequense of the conservation of the oanonicalrangular momentum
S w2 8 - or Ayt = ' ’ . (e
Here %ﬁ is the maguebtic vector potentlalo A béam with initial mechanieal anguler
momentum. befors entering the lens or a beam generated in a megnetic fielid with .

zerc angular momenbum will never reach the point r = 0 injection into the linear

-,

accelerator with angular momentum (by injection mis-aligmment) or fhe magnetmc

field in the lon scurce will generate 2 “hci;ow beam. ‘
_Let us consider each drift tube to contain a magnet of thevgenaral shépe‘

of Fig. 13, and 1eﬁ B{z) be the magnétic field of inducticn along the axis, The"

relativistic dlffurentwaa equation of motlonn if the canonlcal angul&r momeptum

o » .
of Bg. (?9} is zero is given by {See Zwvryking ot a1? o Do 65632 -
% (dW)(f’r) . (e‘s')? | .
+ g =l =+ Flg~) =0 o - (80)
922 Wo?zf, dz J | dz i\F : 8

”Zworyking ot a1%, use in their equations the potent1a1 ﬁ'fhrough whick a partlcle
would have to be accelerated to have a given energy. They also use the term
a = 9/2Mw \G&MﬁSlﬁﬂ}o To convert their equations te our notations ws uses

= | ‘- —1 4.8&%5"5‘3 J/ﬁc,"? gW/WO
o A+ o) = (5072 ) = fl«zkcp/vvfo)-' ‘
14 ef = (b”r* 1}z = (W W “)/2W

Bguation IBO-M of Zwvzyklnq et all

: k \ xﬁﬁ 3., " 2 a’ 00 1 4 2 &% \ . »«eHg_ . . ’ .
. 5 = -—*gat = i 3 ; r
5 . | ‘ > l A a ] 4;{ 1 ,'* a% &M@—@Z(l 4 aﬁf} ﬂ ’ * "

-

L becomes in our nobations

: . NE o 2 '
. 4 d élﬁ“ . r R @B rj{ 4 l Na., - ~
O E (ﬁbﬂi ?ﬁ“j Ty (’Wg) 555 B a2 - ?

xe T . | .
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S E . : J T
where W is the totsl relativistic energy and W, is the rest energy. This can be

Wribtenras,_ignoring here velocity focusings$ I : ‘
| - 2 o ‘ .
o r() :) -o , e

Slnce the magnets are contalned in the drift tuben let us call Rn the radial
p051t10nv1n ‘the drift tube @enter’where the momentum is Bno: Let Bh be the root

mesn square megnetic field.. Theng

QRnJlmRn)Pn+1 (Rn“anl) Rn _ oBp | . :
CLnay . L = = Rply 2P, Pn 7 oo (82)

Henceg from Eq. (6}9 in the dlfferentlal limite

ol (2) ) i (B9

'Let the dlmengxnﬁless quantlty'B be defined byo

R)/(znrlc) ‘ : (84) .
The radlal equation is thuss : ' ) ' ‘

v 575 A (B \mm 7 ®a\, a2 (Poas) o 0 ey
1+ %W 3x G, XLH\T L +BARH_«-H-:a-sﬁnf,n ) =0 (85) :

Fe P -]

The term P is a coupling term between the derivative-of the phase motion

n, s’
and'the “adiai mobion., For = synchronous orbit the radiallmdtion under influence
of the magnetlo fée d @nly is “thuss RS < 1 ':. .
| - Al (e, 8,7 a o
Rk =gy e - &)
Ba . :
‘,Leﬁ'ué-now investigate the combined effect of phase defocusiﬁg,ana magnetié lens

action. The radial equation, when combining Bq. (37) and Eq,. (40), becomésg

,

~  ) o \,. N

teking r 2R asnd using synchronous orbitsg

I3
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Thé motion is thuss

]

N - n | 2
of (o2 h S een )]

SCETRCTA

. (88)
To'maiﬁfﬁin‘constant smplitude we have to grade the magnetic field such that$ -
By = W (= tan #,) # constant _ S (89)

The value of the constant depends on the excess stability requlred at 1ngect10n‘*
A remark m¢ght be made here as to the order of the varlous kinds of focus1ng9

expressed in terms of the dependence on N, the total number of drift tubes, Thls_

dependence is given in the following table,

Order of radial term
v‘Spacé”Chafgév S i | N=°
"Véioéity Focusing oy
‘ Fhaée_Défddusiﬁg“_ﬁ ‘"‘:'—Nwi .
;Magnetic Focusing | _é

for constant Wy - N

Note also ﬁhat ctherAthan for the magentié term, all nonereiativistie»eéuations
dgpend énly'on tﬁe ordinal number N of drift tubess the gradieﬁtAénd the'natur;
of thevpérticle»ars-ﬁet contained explicitly in ths equations describing the mofibns;
The,relativistic'moticns and the action of the magneﬁic lénses can be described
in _tgrms of the two dimerisioniess constants Wa and B>\ ,,, |
= Output Beam Shape |

The detallﬁ ef the shape of the beam emerglng from a 11near accelerator‘

depend of course on the injeotion conditions, Howeverg‘if,the machine is long,

*‘Detalled cal@ulatlons baued on this equatlon are glven in UCRL=10733 Eng. Note
303-60, M3, . o .

'
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generalfthings can be said without detailed integration,-
Let A be the amplitude of a given radial oscillation., The probability of a

particle emerging at a radius r is thens

P(r) = = | | - (90)
o SN
The outpﬁt>beam'dénsity o“(r) is then given bys
Tm n ' . '
. N(A) 2nAdA :

A\

Here N(A) is the 1n1t1a1 probablllty distribution per unit area for a given
. amplitude° N(A) will of course depend on the injection conditlonso Qualitativelj
‘the besam profile Will be well répresénted by taking N(A) cgnstanto _Thevresultént
beam shaée‘is shown in Fig. 15, The =t singularity is due to the crossing over”
of radial oscillations of various azimuthaldrieﬁtationso This singularity, which
is iﬁdependent of the location §f,any agtuél foeci has been deménstrated to occur -
in the 40-foot linear accelerator both for grid and ﬁo grid operatidn°

The actual value of the central meximum is llmlted éy. a) space charge,
b) asymmetry of the accelerator, and ¢) angular momentum of the beam, .

Space charge limiting of the singularity cean easily be §hbwn to be very
small at reasonably high out?ut energies,' The effect of éngular momentum has N
been studied® end in effect pfoduces a "hollgw bean®,

Thg angular divergepce‘of the outgoing'béam depénds on the wavelength of
the radial oscj’.llations° Thig waveiengths‘iﬁ @ﬁe case of magnetic focusing3 }s

given bys (See Bg. (88))

\ ' ' 1 . ' v
ERER >\ & (@n?\) K‘DI B, = %’ al(@ ten % {] %AZ‘ x constant
| I S C

for a magnet system désigned for cpﬁstant amplitude of radial cscillétioﬁo

Eng, Note UCRL-820, 200-10, M14, and Eng. Note UCRL-792, 205-10, M4,
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if rma% is the maximum radius at the machine pfopér, the beam envelope as a function

of the distance y from the machine_will spread asg$ o

L@ oW

The beam shepe will not “deviate in its genersal behawior from that,discussad 

previously as a function of the distance from the machiné,
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i Appendix T

‘The Adisbatic Theorem

The differential equations governing the OSCillations’in-¢£ and r, (if
coupling is neglected) can always be put into the forms
d [ & | |
’as'(m ‘&3’) te=o0 o )
where m = m{n) and kﬁk(n); Let us assume that m(n) and k(n) are slowly varyings’

m? 5 k- k' k- :
Em«vﬁ-and k <<~)/m . | (1-2)

ies€es let

Lot us try a solution of the forms

. - Aa) o ir)wsn)dn

()
- Substituting into I;lg v :

(m'A® +m A¥ m-AQz +x A) +i(Cwm A* +om® A 4+ Wt mA) = 0 (I=4)
ignoriﬁg_highef»érder terms this giveéz | .

em Aw2 ¢k A =0 - | (1-5)

2wm A' 4 Wn' A+ w'mA=0 (1-6)

. Hences$ X ' - o v
W=y = _ | o (1-7)

and, from (I-6)s

4 =

Ve S
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Figore Captiouns

Fige Lo  Schematic diagram of drift tube geometry° The lines AB and cD denote
- division into unit cells, - | - 3 e ’

Figo 2. Diagrem indicﬁting ﬁotaﬁion used for the geémetrical parameters.

Fige 30' Lines of force between drift tgbes. |

Fig, 4. Grid.or fbillgeométryu ) ‘

Fige 50 Diaéram.indgcating réhge of.foil (grid) focusing.and‘phgse stability
for gn/ih ? ;25° . o

Fig, 6, Radial oScillatiAns of foil focused linear acceléraﬁpr.for various

| synchronous ?hase anéleso
Pig, 7o Pendulum modél representing phase oSgiilatiqns of linear gécqlerator,
| The sign conventions for?ﬁ; are indicated.‘ﬁ
V'Figo 8, Effective “potential® applying to pendulﬁm model;‘ Note the‘rébidity
| of potential depth iﬁqrease with sYnchronous.phase angle,

Fig; Ge Diggr&@vshcwing tolefance of the injection conditigns,  Aliapartic1es.
étarting'inside the indicated curves will be:stably aéceleraﬁea, |
Z&W = deviation in 1n3ectlon energy from synchronous value,r.

Tig., 10, Possible mode of phase unstable operatlon of a "short" linear accelerator.

Figo 11, ?hase mqtlon of particles in a phase unstablelaccelerator fqr.varlous LY

| injection energies.

Fig, 12; Radisal ﬁotions for typical phase unstable motioﬁs,_

Fige 13, . Magnetic lens, . _ ‘ | o

vFigo iéo BehaV¢or of radlus (r)g a21muth angle (ﬁ)g engular’ veloclty (%g),

" radial force (F.) as a function of axlal dlstance° o o

Fig, 15, Output besm profile of a long acecelerator, Tt is assﬁmed thét'radigl

‘oscillations are random in phase,

\
1.
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