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QUANTUM MONTE CARLO STUDY OF THE CLASSICAL BARRIER HEIGHT FOR THE
H + Hp EXCHANGE REACTION:
RESTRICTED VERSUS UNRESTRICTED TRIAL FUNCTIONS

P. J. Reynolds,* R. N. Barnett,* W. A. Lester, Jr.*
Materials and Molecular Research Division
Lawrence Berkeley Laboratory
University of California
Berkeley, California 94720

Abstract

The fiked—node quantum Monte Carlo (QMC) method is used to obtain the
classical barrier height for the H + H2 exchange reaction. Using a

spin-restricted, single determinant trial function WT, we find that the

reaction barrier Ep is less than 9.69 * 0.25 kcal/mole. This mean

value is below the calculated energy barrier obtained by Liu in the most
extensive CI calculations on this system. Furthermore, the QMC saddle
point energy of -1.65903 = 0.00040 hartrees at the CI-determined geometfy
lies 0.00027 a.u. {0.17 kcal/mole) below Liu's best CI value. Finally,
spin-restricted and spin-unrestricted single determinant trial functions
are contrasted. Although the variational energy <?T|H|WT> for an SCF

¥r must be Tower for the unrestricted case, this is not true generally
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W-7405-ENG-48. Also, Department of Chemistry, University of California,
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for QMC. In fact, we show that if the unrestricted SCF 9% has the

Tower QMC energy, then there exists another spin-restricted, single-

determinant YT whose QMC energy is lower than the QMC energy of the

spin-restricted SCF WT.

I. Introduction

The hydrogen exchange reaction H + H2 > H2 + H is perhaps the
simplest of chemical reactions. As such it has been the testing ground
for theories of chemical kinetics and collision dynamics [1]. An accurate
potential energy surface is needed at the base of these theories. Thus,
many studies of the H3 enérgy*surface; both semi-empirical and ab
initio, have been performed [2-4]. Experimental work on the H + H2
reaction [5] provides rate constants, cross sections, and other infor-
mation describing the collision dynamics, but does not give a direct
quantitative description of the H3 energy surface. Instead, the config-'
uration interaction (CI) method has provided the results that serve as
the standard of comparison. By this method accuracy of better than 1
kcal/mole has been obtained [3]. Quite recently, Liu has extended these
calculations at the H3 saddle point, achieving an accuracy on the order
of 0.1 kcal/mole [4]. His motivation, at least in part, was to provide a
calibration for the quantum Monte Carlo (QMC) random walk method [6].

Here we use the QMC approach to calculate the total H3 energy at
the saddle point, qnd to obta1n'thec1a$sica1 barrier Eb to the H + H2
exchange reaction;. We perform Monte Carlo calculations for both spin-

restricted and spin-unrestricted, single determinant, double-zeta-quality

trial functions. Despite the simplicity of these WT'S, we obtain



k)

in excess of 99% of the correlation energy, and determine Eb to an
accuracy comparable to Liu's best result. To place this finding in
perspective, in Sec. Il we first give a brief description of the QMC
approach and its history. In Sec. III we contrast spin-restricted and
spin-unrestricted trial functions, both from the variational and the QMC
points of view. Our results on the H3 barrier are then presented and

discussed in Sec. IV.

II. Quantum Monte Carlo

In recent years, Monte Carlo methods have been increasingly applied
to quantum-mechanical problems. Such quantum Monte Carlo (QMC) methods
fall into two major categories. Variational QMC [7] enables one to
evaluate expectation values of physical quantities with a given trial
wave function WT, which may be variationally optimized. In effect one
evaluates a ratio of two integrals, although implementation of the Monte
Carlo procedure is generally more sophisticated. On the other nhand,
"exact" QMC [6,8] is an approach in which the Schrodinger equation is
directly solved numerically. Thus it is not necessary in the latter
apgroach to already have a highly accurate wave function in order to
compute reliable expectation values. Instead, a simulation of the
quantum system is allowed to evolve under what is essentially the
time-dependent Schrodinger equation (in imaginary time). After a
stationary state is obtained, the properties of interest are "measured";
averages over this equilibrium state give the desired expectation
values. Only recently have chemical calculations by exact QMC methods

been carried out [6,9].
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Exact QMC approaches differ s]ight]y'from one another [8]. The
method we use here--the fixed-node, diffusion QMC--is outlined below.
For a full discussion the reader is referred to Refs. [6b] and [8d].

Note first that the steadyfstate,solutiqn to the following equation,

Y(Ryt) _r ol .
SR pov? + v(R) - E] HRME) (1)

is the solution to the time-independent Schrodinger equation. For a
molecular system within the Born-Oppenheimer approximation, D =-ﬁ2/2me,
B is- the three-N dimensiona] coordinate vector of the N electrons, and
V(R) is the molecular Coulomb potentia]. Equation (1), however, is simply
a diffusion equation combined with a first-order rate process, and thus
may be readily simulated. This connection between a quantum system and a
"random walk" was first noted by Metropolis who attributes it to Fermi
[10]. The function W(B,t) plays the role of the density of diffusing
particles, which undergo exponential birth/death according to the rate
term [ET - V(R)] w(R,t), and diffusion with a diffusion constant D.
Unless constrained by symmetry, the steady-state solution to Eq. (1)
is the ground-state eigenfunction ¢0(E). Furthermore, the value of
ET at which the population of diffusers is asymptotiéa]]y constant
gives the energy eigenvaiue E0 [6]. The Towest eigenstate, however, is
that of a Bosé system. In order to tréat a Fermi system, such as a
molecule, one needs to impose anti-symmetry on W(E). A method which does
this, and at the same time provides more efficient sampling (thereby

reducing statistical error) is importance sampling with an anti-

symmetrized trial wave function v; [8b]. The zeroes (nodes) of ¥
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become absorbing boundaries for the diffusion process, maintaining the
anti-symmetry.
To implement importance sampling, Eq. (1) is multiplied by Y7, and

is rewritten in terms of é new probability density f(R,t) given by

f(R,t) E‘PT(R) ¥(R,t) . (2)

The resultant equation for f(R,t) may be written as

f 2
3 = 07+ [E-E (R)IF - OV-[FF(R)] (3)

The local énergy EL(R), and the "quantum force" FQ(R) are simple

o~ ~

functions of .. In particular,

RIE HERIYR) (42)

“and

FolR) = 270 R)1(R) (40)

Equation (3), like Eq. (1) is a geﬁeralized diffusion equation, now with
the addition of a drift term due to the presence of FQ.

It is Eq. (3) that we solve stochastically. Using a short-time
Green's funcfion approach, the diffusers follow a "random walk" whose
asymptotic distribution is given by the steady-state solution fm(i) of
Eq. (3). Properties of interest (e.g., the energy) are measured during

the latter (equilibrium) part of the "walk," and are thus averages over

the distribution f_(R).



Earlfer work with QMC t6,9d] demonstrated that for avnumbenvof 2710
electron molecules, exceptionally accurate ground-state total energies
could be obtained byrthis method. These energies were in every case more
accurate tnan tne best estfmates obtained by ab initio CI procedures. .
For a metnod to be truly useful in chemistry, however, one needs also to
be able to calculate accurate energy differences, such as binding energies
and barriers to chemical reaction. For QMC this is a far more difficult
task, since a statistical uncertainty:of‘O.I% in the total enengy can
totally mask the sought after energy difference. Nevertheless, this
problem is not'insurmountdee. ?1?st, one can prooeed by "orute force"
recognizing that as the sample size N increases»the statistical error
decreases as 1/V/N. This approach, however, extracts a great eost,in
computer time. On the other hand, algorithmic developments, such as the
“differential QMC" [11] enable a reduction in statistical error by at
least an order of magnitude through a corre]ated:sampling technique.

In order that the solutions to Eq. (3) be antisymmetric, we impose
the "fixed-node approx1mat1on." Thet is, we solve the Schrodingen
equation subject to the boundary condition that W(R t) Van%sh at the
nodes of WT(B)Z The magn1tude of the error thus 1ntroduced depends on
the qua]ity'of the nodes of WT(R); and van1shes as WT( ) > ¢ ( ).

To the extent that WT(R) is a good approx1mat1on to ¢ ( ), the exact

e1genfunct1on ¢o(~) is a]most certalnly qu1te sma]]vnear the nodes of W
v ‘Thus one expects the fixed4nodeverror also fo be small for a

reasonable choice WT(E). (In the present study this error is estimated

to be no more than a few tenths of a kca]/mo]e.) Furthermore, this error

is variationally bounded [6,8d].
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But what is a "reasonable" choice of W%(E)? In practice one wants
a‘trial function which is as simple as possible, and yet provides accurate
results. Anderson's early work with the “"random-walk method" [6a] had no
importance sampling--corresponding to choosing WT(E) = 1. Since even
that exceptionally simplie choice led to reasonable fesu]ts, we feel

confident using simple quantum chemical trial functions in this study.

IIT. Spin-restricted versus Unrestricted Trial Functions

In a self-consistent field (SCF) approach, it is well known that an
unrestricted wave function W( SCF will have a lower energy expectation
value than a restricted function Wécg. If allowing different coeffi-
cients for the up and down molecular spin-orbitals does not provide a
reduction in energy, at worst the unrestricted SCF energy minimum will

coincide with the restricted SCF energy. Thus,*

(u) (r)
Evar < Eyar (5a)
where
(i) = _ (1) .
Evar =< WSCFIHIWSCF >, i =u,r . (5b)

A similar statement about the ordering of the corresponding fixed-node

(u) (r)

QMC energies--obtained using Yeep and Yoop as the trial functions--does

*Here ng% and ngg refers to a pair of variationally optimized
functions, differing only by spin restriction. Our W%u) and Wér) in
Sec. IV are SCF functions multiplied by Jastrow factors, without full
re-optimization. Thus, Eq. (5a) need not hold for those o's.
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not follow. The QMC energies are determined by the position of the nodes

of Y, which are not necessarily optimized by optimizing Evar’ A

T
trial function with better nodes will give a lower QMC energy. In fact,
a trial function wiﬁh thg exact nodes;of ¢O(E) will give the gxact o
energy, even if WT(B) differs from ¢0(3) everywhere e]sé. So the
question becomes, does Wégg or Wégg pfovide the Bettervnodal
description of ¢o?_ |
To answer this question,vwe need first to QnderstandJWHat we mean
here by the nodes of a tria]_fuﬁcfion. fo this end we consider the SCF

wave function Yoo and focus on the H3 system. We begin with

Yser(R) = | Wp(r)ey  W(rpds,  Wplrgley | (6a)

birsy  Blrds,  Giry)ss

Ulry)  uy(rsg)
= hin) (ry) () "1%2%
| P Nlr) o W)
=¥y (ry) ) wyiry) a,8183 (6b) ]
J
WZ(Y']_) WZ(‘”Z)
* ¥ (r3) ¢3(%l) l ¢3(r2)),:§38182 .



The three terms in (6b) are equivalent. Each corresponds to having the
electrén in molecular orbital (MO) wl with spin up, and the electrons

in MO's wz and w3 with spin down. They differ only in the labels

given the three e]ectrdns. For example, only the first term corresponds
to'assigning the up spin the label "1". Thus, in QMC where the spins are
labelled, we need only consider one term in (6b). The other terms.are

sampled when the electrons are at these other coordinates. Thus we write

l"z("'z), \Pz(r3)

¥sep(R) = ¥y(ry) 1885 (7)

Ua(ry)  Ws(rs)
This function, unlike the general form Eq. (6), vanishes when a pair of
particles (2 and 3) are in the same position. It is the nodes of a trial
function in the form of Eq. (7) which determines the ultimate accuracy of
the fixed-node QMC results.

We are now in a position to return to our discussion of the SCF
functions ngg and ngg. Let » be the lowest MO of symmetry

og, and let u be the lowest MO of symmetry o, For H3 we can write

A(PZ) A(P3)

(r)
YO L(R) = a(ry) @, B,8, , (8a)
SCF'< 1 u(rz) u(r3) 1°2°3
and
w(”)(R) =a(r,) T(rZ) T(r3) 8.8 (8b)
SCF = 1 %172°3
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where x,.;, T, and u and j differ in their pérameter values. Although it
is not clear which of Egs. (8a) and (8b) has better nodes--i.e., nodes

that more closely approximate the true Hq solution--we can define a

third function 4’§r) which is spin-restricted and has the same nodes
(u),
as ¥oop!

02 ()

§ (8c)

The nodes of W.ér) and Wégg are the same because the MO T is o,

g
and thus has no nodes of its own. Therefore, we have a restricted trial
function 4’§r) with the same QMC energy as ngg, but with a higher
(u) (r)

variational energy than either WSCF or WSCF (since these latter wave

functions are variationally optimized). Hence,

e(u)  glr) g'lr) (9a)

var — “var — - var
while

(u) _ '(r)
EQMC = E MC (9b)
(r) _ oo M)y () (u) g(r (r)
where E var = <V’T IHI‘P-T >, and EQMC’ EéM%, and E QMC are the QMC
energieé_corresponding to the trial functions Wégg, ngg and T'ér).
(r)

Equation (9b) does not order EQMC’ There are thus two
possibilities:
E(r) < E(u) This cése at first glance seems counter
QMC qQMC , gla se unter-

intuitive. Releasing the symmetry restriction on the spin orbitals

Case I:

should not raise the energy.
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r {u . -
Case II: EéM% > EéMg. If this were the case, an equally seeming
counter-intuitive result ensues. From (9b) we then obtain Eé;é > E é&%.
That is, comparing two spin-restricted functions, the optimized (SCF)

function W(r)

SCF has a higher energy than the function we defined in

(8c).

In reality there is no problem with either case, since the SCF
optimization does not imply a QMC optimfzation. In fact, an optimization
for the lowest QMC energy would result (in the case of H3) in an
unrestricted function having the same QMC energy as an optimized
restricted function. This follows frbm Eq.-(8), since only the 2 x 2
determinant determines the nodes for both the restricted and unrestricted
forms of Yoo ”

Using variational (SCF) optimization for ¥;, QMC computations* (see
next section) are found to yield a lower energy for the restricted
function ng)(R), i.e., Case I. In other words, WéE)(R) provides,

~ ~

in this case, the better nodal description of ¢O(R). OQur numerical

~

results are presented and discussed below.

Iv. H3 Saddle Point

‘Recently, Liu [4] has performed extensive ab initio configuration
interaction (CI) calculations, with extended Slater-type basis sets, on

H3 at the saddle point geometry. That work provides a benchmark against

*Qur actual ¥7(R) contains additional factors (cf., Sec. IV), but as
these are purely positive the nodes of Y7 and hence the QMC energy are
unaffected.
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which the QMC approach might be judged. Here we report on a QMC
calculation of.H3 using essentially a double-zeta STO basis set (see
Table 1), at the collinear saddle point geometry [3] Rap = Rpe =
1.757 bonr, wher‘e-RmB is the internuclear separation. We discuss

results obtained with single-determinant spin-restricted and unrestricted

SCF functions ngg and ng%. These functions are multiplied by electron-
electron and electron-nuclear Jastrow factors [12,6b,9b,c]. Since these
factors are positive definite, .they do not affect the position of the
nodes, and therefore leave the QMC energy invariant. These terms do,
however, speed the convergence of the Monte Carlo energy estimate, by
making EL(E) a smoother function. Of éourse, by introducing correla-
tion, the Jastrow factors lower the variational energies obtained from
the product functions T%r) and Wéu).lig_g_lig,the SCF energy.

Our QMC results for the saddle-point energy Esp’ and the barrier
Eb are presented in Table II. They are compared with the Hartree-Fock
energy, Liu's CI calculation and the variational energies obtained from
ngg, Wégg, and Wér) and W%u). These variational energies,
given in lines 2-5, give an indication of the quality of the trial
functions as compared to the CI wave function. Note that although the

(r)

bounded barrier height obtained variationally with WTr is roughly
three fimeé too large, this séme function in the fixed-node QMC approach
gives a bound of £y = 9.69 = 0.25 kca]/mo]é, whose mean is lower than
Liu's CI result, and is within 0.1 kcal/mole of the presumed exact

result. The fixed-node QMC approach gives a bounded energy since the
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ground-state energies of both H and H2 are given exactly by QMC [6].
We also note that, as discussed in Sec. III, the SCF function Wégg
gives a poorer description of the nodes of ¢0 than the spin-restricted
SCF function ngg. This is evidenced by a higher QMC energy.

Recently, Anderson's group [13] and Ceperley [14] have independently
also performed QMC calculations on the H3 system. Using planar nodes
in their trial functions, both groups obtain Eb = 10.2 = 0.2 kcal/mole.
Ceperley also "re]easeé the nodes", enabling the system to relax to its

exact Fermi ground state. His answer of 9.68 * 0.08 kcal/mole is in good

agreement with the present results.
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Table Captions

Table I.

Table II.

The self-consistent field trial functions végg and ngg

used in this paper [cf., Eq. (7)]. The molecular geometry is
collinear, with Rip = Rpe = 1.757 bohr. The outer H atoms
have a double-zeta basis set. To limit the number of basis
functions, the central atom has a single 1ls function with an

optimized zeta.

Comparison of éadd]e-point energies and barrier heights for

H + H2. A restricted and unrestricted SCF trial function are

(r) (u)

contrasted. The functions ¥ScF and Ysop are described in
Table I; Wér) and Y%u) have additional Jastrow factors. The
last two lines of the table give the fixed-node QMC energies.

The best QMC energies are lower than the best CI results.
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Table T
Molecular Orbitals
Trial Function STO T il W U
(r)
¥ Is, 275 0.30377 0.30377  0.02016
s, , .925  0.01525  0.01525  0.82413
s, 120 0.58878  0.58878 0
Is, .275 . 0.30377  0.30377  -0.02016
Is. .925  0.01525  0.01525  -0.82413
(u)
wi) 1s, ; 250 0.26704  0.39079  0.06092
s, .925  -0.03444  0.01129  0.78015
s, 120 0.71817 0.45952 0
s, 250 0.26704  0.39079  -0.06092
s .925  -0.03448  0.01129°  -0.78015

C,?2
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Table 11
: Estimated
Total Saddle-Point Energy Bounded Barrier Barrier Height
_ Esp Hei?ht Eb ‘
Method (hartrees) ESD_[E(H)+E H2)]exact (kcal/mole)
(kcal/mole)
Hartree-Fock -1.594652 50.1 24.5°%
A0 elr) ~1.5893 53.4 .
<w§gg|H|w§gg> -1.5995 47.0 -
<) [ ]r)s ~1.6323(20) 26.5(1.3) -
U]y elu) ~1.6309(4) 27.4(0.2) -
Best CI ~1.65876" 9.86 9.59(0.06)"
aMe(44)) ~1.65822(41) 10.20(0.26) -
QMC(%#F)) ~1.65903(40) 9.69(0.25) -

a Derived from Ref.

b Ref. 4

3 by third order fit to H3 SCF surface.
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