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ABSTRACT: A negative second virial coefficient has long been a predictor of potential protein 

crystallization and salting out. However, the assumption that this is due to attractive solute-solute 

interactions remains a source of debate. Here we reexamine the second virial coefficient from 

protein osmometry in terms of the free-solvent model. The free-solvent model has been shown to 

provide excellent predictions of the osmotic pressure of concentrated and crowded environments 

for aqueous protein solutions in moderate ionic strengths. The free-solvent model relies on two 

critical parameters, hydration and ion binding, both which can be determined independently of 

osmotic pressure data. Herein, the free-solvent model is mathematically represented as a virial 

expansion model and the second virial coefficient is expressed in terms of solute-solvent 

interactions, namely hydration and ion binding. Hydration and ion binding values are then used 

to estimate the second virial coefficient at various protein concentrations for three model proteins 

ovalbumin (OVA), bovine serum albumin (BSA), and hen egg lysozyme (HEL) in various 

monovalent salt aqueous solutions. The results show that the conditions for obtaining a negative 

second virial coefficient emerges when the ionic strength of the influenced region of the protein 

is higher than that of the bulk. This analysis suggests a plausible explanation as to why proteins 

are more favorable for salting out or crystallization when the solution is represented by a 

negative second virial coefficient.  

 

KEYWORDS: second virial coefficient, protein osmotic pressure, bovine serum albumin, free-

solvent model, solute-solute interaction, solute-solvent interaction 
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INTRODUCTION 

 Second virial coefficients are extensively used for understanding solutions and have been 

reported to be related to protein crystallization [1-8], aggregation [9-14], stability [15-17] and 

solubility [1, 2, 5, 18-20], diffusion [10], and purification [20-22]. Consequently, a variety of 

techniques which have been used to obtain the values of the second virial coefficients, such as 

osmotic pressure, sedimentation equilibrium, and static light scattering [23-28]. While these 

methods all yield second virial coefficients, the significance of the values remains open to 

interpretation and, depending on the method used to determine the values, may represent 

different thermodynamic states [23-28]. However, there is little argument that the sign of the 

second virial coefficient contains meaningful insight into the equilibrium state of the solution. 

In general, the sign of the second virial coefficient has been correlated to solute-solute 

interactions with positive values representing repulsive interactions and negative values 

representing attractive interactions [1]. However, recently, the negative virial coefficient for 

some methods, such as light scattering, has been argued to be anomalous in many cases. 

Specifically, for aqueous solutions of lysozyme, although these solutions exhibit negative second 

virial coefficients, the solute-solute interaction has been shown to be non-attractive [29]. For 

lysozyme, a negative second virial coefficient has also been observed in membrane osmometry, 

however, in sedimentation experiments of similar solution conditions, the second virial 

coefficient was observed to be consistently positive [30]. 

A Function of Solute-Solute Interactions 

Historically, the second virial coefficient for membrane osmometry is thought to account 

for solute-solute interactions in the form of attraction and repulsion between two protein 

molecules. Furthermore, since the second virial coefficient is assumed to account for solute-
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solute interactions, it is assumed that the virial coefficients are dependent on the solute 

concentration [11, 31-34]. As the protein in solution nears saturation concentrations, higher order 

virial coefficients are required to account for larger, aggregate formations (such as three-body 

interactions). Various models have been used for determining the virial coefficients, with the 

majority assuming solute-solute interactions.  

McMillan-Mayer Dilute Solution Theory 

The McMillan-Mayer Dilute Solution Theory has been used in an attempt to predict the 

virial coefficients based on the potential mean force between the protein molecules, iiB , and is 

given as [35] 

 
 i2

i
M

B
B ii


 , (1) 

where iB  is the i
th

 virial coefficient and    
  is related to the potential mean force of protein 

species i , iiW , via the McMillan-Mayer Theory [35]. For a two-body interaction between 

proteins (intra-protein species (self) interactions), the relationship to the McMillan-Mayer 

Theory for the second virial coefficient, 22B , is 

   drreB
kTW







0

2*

22 12 22 , (2) 

where r  is the center-to-center distance between two protein molecules and *  is the number pi. 

In order to compare the McMillan-Mayer Dilute Solution Theory virial coefficients to 

those obtained from data regression, Vilker et al. utilized a third order virial expansion model. 

For the second and third virial coefficients, Vilker et al. accounted for various interactions, 

including electrostatic, induction, and dispersion forces [36]. While the osmotic pressure, 

predicted from the McMillan-Mayer Theory virial coefficients, was the correct order-of-

magnitude, the model did not capture the physics observed in the experimental data [31, 36]. 
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Consequently, Vilker et al. extensively analyzed the McMillan-Mayer Theory, but could not 

provide an explanation for the observed deviation between the model and the osmotic pressure 

data [31, 36]. 

While more recent developments for predicting the virial coefficients based on the 

McMillan-Mayer Theory have been pursued, none have been experimentally validated [37, 38]. 

No further explanations on the causes of the deviations between the traditional virial coefficients 

(obtained from regression of experimental data) and those predicted by the McMillan-Mayer 

Dilute Solution Theory have been found in the literature.  

Traditional Virial Coefficient Model 

Although Vilker et al. [31, 36] used estimates of the potential of mean force to predict 

osmotic pressure using the McMillan-Mayer theory, the more traditional approach is to regress 

on the virial coefficients to fit the osmotic pressure data for dilute solutions to this model. For 

such solutions, the virial expansion model is truncated after the second term, 

 







 2

222

2

1
cBc

M
RT . (3) 

Using linear regression on dilute solution osmotic pressure data, the second virial coefficient, 2B

, is approximated. Since this method estimates the second virial coefficient from regression, it 

does not rely on physical parameters, nor does it have any predictive potential.  

Charge Dependency of the Virial Coefficients 

In 1981, Vilker et al. also correlated the virial coefficients with the charge of the solute 

[36]. Using concentrated BSA solutions, the authors develop the charge-based virial expansion 

model  



AC
C

EP
TE

D
 M

AN
U

SC
R

IP
T

ACCEPTED MANUSCRIPT

 6 

  






















 3

2

3

2

2

23

23

2

222

2

2
2

2 mm
M

cZ
RTcAcAc

M

RT
  (4) 

where the i
th

 virial coefficients, iA , are taken to be quadratically dependent on protein charge, or 

 
2

iiii ZcZbaA  . (5) 

Using non-linear regression, Vilker et al. determined the empirical coefficients, ia , ib , and ic , 

for each of the charge-dependent virial coefficients, iA , for BSA in 0.15 M NaCl in various pH 

solutions [36]. 

Considering Solute-Solvent Interactions 

Despite the overwhelming focus on the relationship between protein-protein interactions 

and the second virial coefficients, some research has considered solute-solvent interactions as 

potentially playing a role in observed second virial coefficient values. Scatchard and Pigliacampi 

suggested that the second virial coefficient is dependent on the interaction between ions and the 

solute (protein-ion interactions), among other interactions (i.e. protein-protein interactions, and 

the Donnan effect) [39]. Their model, however, did not consider water-solute interactions and, 

thus, required the use of an additional empirical term (assumed to be based on protein-protein 

interactions) in order to provide a reasonable fit of the experimental osmotic pressure data [39]. 

More recently, the general contributions of solute-solvent interactions (protein-ion 

interaction as well as protein hydration (protein-water interaction)) have been viewed as 

significant factors in the evaluation of virial coefficients. Yousef et al. suggested that the free-

solvent model may be expanded in a virial expansion-like way, eluding to the coupling between 

the virial coefficient and solute-solvent interactions [40, 41]. Winzor et al. [42] and Blanco et al. 

[43] discuss the deviations for the observed second virial coefficients determined from 

sedimentation and static light scattering. Winzor et al. speculated that the deviation occurs 
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because the second virial coefficient determined from sedimentation, similar to the value 

obtained from osmotic pressure, accounts for only solute-solute (or self) interactions, while the 

second virial coefficient determined from static light scattering yields accounts for solute-solvent 

interaction, as well as solute-solute interactions [42]. Winzor et al. [42] and Blanco et al. [43] 

argue that correcting the second virial coefficient to include solute-solvent interactions can 

provide a more accurate estimation of the parameter. 

Until now, no functional dependency of the virial coefficients with respect to 

solute-solvent interactions (specifically including hydration) or concentration has been offered. 

In this study, we reexamine the second virial coefficient in terms of the free solvent model for 

protein osmotic pressure. We have previously shown that the free solvent model accurately 

predicts the non-ideality of protein solution osmotic pressure up to near saturation [40, 41, 44, 

45]. In particular, the free solvent model uses only two independently determined parameters, 

protein hydration and ion binding. Thus, the expression of the second virial coefficient in terms 

of the protein concentration, hydration, and ion binding will be analyzed to determine the 

conditions and solution properties for which positive values, negative values, and a zero value of 

the second virial coefficients are obtained. 

The Free-Solvent Model 

The free-solvent model addresses protein-solvent interactions in determining 

non-idealities of osmotic pressure in concentrated protein solutions. Essentially, the model treats 

the hydrated protein as a separate macromolecule with all associated (bound) water and salt ions 

are absorbed into its definition. In effect, this approach renders the solution ideal with respect to 

the remaining solvent species that have no attractive interactions.  
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As early as 1916, Frazer and Myrick analyzed the osmotic pressure non-idealities in 

concentrated aqueous sucrose solutions using a free-solvent mole fraction model based on 

hydration [46]. More recently, Yousef et al. revised the free-solvent model to include the 

interactions of ions with charged macromolecules, such as proteins [40, 41, 44, 45, 47] It is 

important to note that both protein hydration and ion binding are physically realistic and 

independently measureable. Hydration and ion binding can be measured by various methods, 

such as 
17

O NMR and EMF method, respectively, which have been reviewed in the literature 

[48-50]. Furthermore, when the free-solvent model is used for regression of these parameters, it 

has been reported that regressed values of hydration and ion binding have a low covariance 

(O(10
-5

)), indicating the independence of these parameters in the free-solvent model [40, 41, 44, 

45, 47, 51]. Since the free-solvent parameters, hydration and ion binding, are i) physiologically 

realistic, ii) can be determined by methods independent of osmotic pressure, and,  iii) have a low 

covariance when they are determined through regression in the free-solvent model, implies that 

the free-solvent model is highly robust in this application [40, 41, 44, 45, 47, 51]. 

The free-solvent model has been described at length elsewhere [40, 41]. Here we provide 

only the most salient features necessary to show the transformation of it to mathematically 

calculate the second virial coefficient. For a two-chamber osmometer, with the chamber 

containing the proteins denoted as compartment II and the chamber containing only the solvent 

and diffusible ions denoted as compartment I [40], the free-solvent model, with the free-solvent 

mole fraction as the composition variable, follows the van Laar equation, 

 















1

1

1

ln
x

x

V

RT
 . (6) 
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Assuming the solutions is made up of n distinct species, and letting species 1 be the 

solvent, species 2 through  1p  be the proteins (for p  protein species), and species  2p  

through n be the remaining diffusible species, the initial total moles of the solution in 

compartment II is  


n

i iNN
1

IIII , where i denotes each species. The final total moles of 

free-solvent in chamber II (after solute-solvent interactions) is 

 






 
1

2

II

12;1

1

2

IIIIII p

j j

n

pii

p

j jij NNNN  , where II

jN  denotes the moles of protein j  in 

solution and 
ij  is the number of moles of species i  interacting with protein j  to make the 

hydrated macromolecule. Then, the mole fraction of free-solvent in chamber II is 

 

















1

2

IIII

1

2

II

1

II

1II

1 p

j j

p

j jj

NN

NN
x


, (17) 

while in chamber I, the mole fraction of free-solvent is 

 







n

pi
i iN

N
x

12
1

I

I
1I

1 . (8) 

For a two compartment osmometer with a single protein species and one monovalent salt 

in aqueous solution, the free-solvent model reduces to [40] 

 
  
   



















I

1

II

3

II

23212

II

1

I

3

I

1

II

212

II

1

1 1
ln

NNNN

NNNN

V

RT




 . (9) 

 

DETERMINING THE SECOND VIRIAL COEFFICIENT FROM THE FREE-SOLVENT 

MODEL 

To transform the free-solvent model to a virial expansion model, it is necessary to first 

linearize the virial expansion model and free-solvent model with respect to the same 
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concentration variable, mole number. Since the concentration variable of the virial expansion 

model is typically the concentration of the protein (in grams per liter), whereas the free-solvent 

model is the mole fraction of free water (after considering solute-solvent interactions), both 

equations are re-expressed in terms of the number of moles of the species in solution. The free-

solvent model, for a single protein and a monovalent salt in water, in terms of the mole numbers 

is given by Eqn. 9. 

For the virial expansion model (Eqn. 3), the concentration variable, 2c , is first converted 

to the mole fraction of protein in compartment II, or 

  





















2II

2

2

1

2
2

II

2

1

1
x

V

M
Bx

V
RT , (10) 

where the mole fraction of protein, II
2x , in Eqn. 10 does not take into consideration the solute-

solvent interactions, but rather is the conventional mole fraction of protein which, for a single 

protein and monovalent salt in water, is 

 
II

3

II

2

II

1

II

2II

2
NNN

N
x


 . (11)  

Combining Eqns. 10 and 11 to obtain the virial expansion model in terms of mole 

numbers gives 

 























































2

II

3

II

2

II

1

II

2

2

1

2
2II

3

II

2

II

1

II

2

1

1

NNN

N

V

M
B

NNN

N

V
RT , (12) 

where 
II

1N , 
II

2N , and II

3N  are the number of moles of water (species 1), protein (species 2 ), and 

salt (species 3 ) in the solution chamber (compartment II), respectively. Now that both models 

are in terms of the same concentration variables, taking the derivative of the virial expansion 

model (Eqn. 12) with respect to the mole number of protein, 
II

2N , yields 
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
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
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
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


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
























3II

3

II

2

II

1

II

3

II

1

II

2

2

1

2
22II

3

II

2

II

1

II

3

II

1

1
II

2

2
1

NNN

NNN

V

M
B

NNN

NN

V
RT

N


, (13) 

while the derivative, with respect to the mole number of protein, of the free-solvent model 

(Eqn. 9) is 

 
     
     






















II

3

II

23212

II

1

II

212

II

1

3212

II

212

II

1

II

3

II

23212

II

112

1

II

2 1

11

NNNNN

NNNNN

V

RT

N 


. (14) 

In the dilute region the derivatives can be equated, or   

 
 

 
 

     
     















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


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
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
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


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


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
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




























II

3

II

23212

II

1

II

212

II

1

3212

II

212

II

1

II

3

II

23212

II

112

1

3II

3

II

2

II

1

II

3

II

1

II

2

2

1

2
22II

3

II

2

II

1

II

3

II

1

1

1

11

2
1

NNNNN

NNNNN

V

RT

NNN

NNN

V

M
B

NNN

NN

V
RT





. (15) 

Finally, the second virial coefficient can be solved for in terms of the free-solvent model 

which introduces solute-solvent interactions as the dominant factors for osmotic pressure 

deviation from ideality, or 

 
 

     
     
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






























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2

3II

3

II

2

II

1

II

3

II

23212

II

1

II

212

II

1

II

3

II

1

II

2

3212

II

212

II

1

II

3

II

23212

II

112

2

2

1

2
1

11

2
N

NNN

NNNNNNNN

NNNNN

M

V
B




. (16) 

For the traditional virial expansion approach, since the second virial coefficient is 

empirically determined, a dilute solution concentration data set near zero concentration is 

typically used to regress on the parameter. Conversely, the linearized free-solvent model with the 

independently determined ion binding and hydration (Eqn. 16), provides a solution for the 

second virial coefficient at any single concentration value, up to near saturation concentrations. 

In addition, from Eqn. 16, it is clear that the second virial coefficient is concentration dependent 
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which is consistent with observations by others [11, 31-34] Thus, we will use a mean-value 

approach to compare the second virial coefficients between the traditional, regressed value and 

that predicted from the parameters of the free-solvent model (Eqn. 16).   

In this work, using Eqn. 16, the second virial coefficient is directly calculated from 

physical parameters related to the free-solvent model for ovalbumin (OVA) in 0.15 M NaCl, 

pH 7.0 and 0.5 M NaCl, pH 7.0, bovine serum albumin (BSA) in 0.15 M NaCl solutions at 

pH 4.5, 5.4, 7.0, and 7.4, and hen egg lysozyme (HEL) in 0.15 M NaCl, pH 7.0 and 0.15 M KCl, 

pH 7.0. The resulting second virial coefficients are then correlated to the protein hydration and 

ion binding to provide insight into the solution property dependence of the sign of the second 

virial coefficient for these cases. 

 

EXPERIMENTAL 

 Concentrated osmotic pressure data of OVA, BSA, and HEL in various solutions were 

used to predict the second virial coefficient based on the solute-solvent interactions of each 

solution (Eqn. 16). The second virial coefficient based on solute-solvent interactions are 

compared to those solved by the traditional method (data regression, Eqn. 3). 

Solution Properties Studied 

The second virial coefficient was predicted for OVA (in 0.15 M NaCl, pH 7.0, 25
o
C and 

0.5 M NaCl, pH 7.0, 25
o
C) [44], BSA (in 0.15 M NaCl, 25

o
C at pH 4.5 [36], 5.4 [36] 7.0, and 7.4 

[36]), and HEL (in 0.15 M NaCl, pH 7.0, 25
o
C and 0.15 M KCl, pH 7.0, 25

o
C) [45]. 

Osmotic Pressure Measurements 

 The osmotic pressure data for both of the OVA solutions, three of the BSA solutions (pH 

4.5, 5.4, and 7.4), and both of the HEL solutions are available in literature [36, 44, 45, 52]. In 
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addition, although Scatchard et al. [52] measured the osmotic pressure of BSA in 0.15 M NaCl, 

pH 7.0 for dilute concentrations, we provide additional osmotic pressure data for BSA in 0.15 M 

NaCl, 25
o
C at pH 7.0 at higher concentrations. 

 

 The osmotic pressure of BSA in 0.15 M NaCl, pH 7.0, 25
o
C was measured using the 

method and osmometer described by Yousef et al. [41]. Briefly, the BSA solution was prepared 

by dissolving a known amount of BSA in 0.15 M NaCl solution. The pH was adjusted using 

1.0 M NaOH and 1.0 M HCl to a final pH of 7.0. The solvent solution was prepared by 

dissolving a known amount of NaCl in nanopure water. The pH was adjusted in a similar manner 

to the BSA solution. 

 The protein and solvent chambers were separated using a semi-permeable membrane 

(5000 MWCO, cellulose ester, Molecular/Por, Type C, Spectrum, Laguna Hills, CA). The 

pressure in the protein chamber was measured using one of two pressure transducers (PX-726 

(range: 0-25 psi), PX-102 (range: 0-100 psi), Omega Engineering, Stamford, CN) connected to a 

data acquisition setup (National Instruments) and recorded (LabVIEW, National Instruments 

Corporation, Austin, TX). 

Physical Parameters 

 The physical parameters of OVA and BSA are available in literature and were used in 

this work [41, 44]. For BSA in 0.15 M NaCl at pH 7.0, the hydration and ion binding was 

obtained by nonlinear regression of Eqn. 9 (TableCurve 2D (Systat Software, San Jose, CA, 

USA)). 

The physical parameters for HEL in 0.15 M NaCl, pH 7.0, and 0.15 M KCl, pH 7.0, are 

also available in literature [45, 53, 54]. In addition since the reported literature values of HEL ion 

binding to chloride are both 2 mol Cl/mol HEL53 and 4 mol Cl/mol HEL [54], we also regress 
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on the ion binding value. In this manuscript, a predetermined hydration value, obtained from 

solvent accessible surface area (SASA) analysis [45, 51, 55-59] using PDB 4LYZ [60] to 

represent the HEL protein structure, was used. The average value of SASA was used to 

determine the hydration of HEL, assuming 15.2 molecules of water per nm
2
 of surface area [45]. 

Using this hydration value, ion binding was determined (for both salt solutions) via nonlinear 

regression (Eqn. 9) (TableCurve 2D (Systat Software, San Jose, CA, USA)) of the osmotic 

pressure data.  

The physical parameters from the protein solutions described above were used to 

determine the second virial coefficient based on solute-solvent interactions.
 

Traditional Second Virial Coefficient 

The second virial coefficient for each solution is also determined using the traditional 

method: nonlinear regression of Eqn. 3. The molecular weight of the species was not a fitted 

parameter (i.e. the second virial coefficient was the only regressed parameter). 

Second Virial Coefficient from Free-Solvent Parameters 

As mentioned above, the second virial coefficient was found to be a function of 

concentration [11, 31-34]. This is inevitable as the osmotic pressure data typically observed for 

concentrated protein solutions is not quadratic in nature. Hereto, in the free-solvent model based 

second virial coefficient, the concentration is an explicit parameter. Therefore, the second virial 

coefficient is determined at each concentration within the osmotic pressure range using Eqn. 16 

and then compared to the value obtained from the traditional virial expansion model using 

regression. As mentioned above, using a mean-value approach, the value of the concentration 

(used in Eqn. 16) at which a second virial coefficient based on solute-solvent interactions is 

equivalent to that determined from the traditional virial expansion method was then be recorded. 
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Propagation of error was used throughout this analysis to determine the range of error for the 

second virial coefficient based on solute-solvent interactions. 

 

RESULTS AND DISCUSSION 

The Values of the Physical Parameters 

The near-saturation concentration osmotic pressure data for BSA in 0.15 M NaCl, 25
o
C, 

pH 7.0 (Table 1) was used for regressing on the hydration and ion binding of BSA. Nonlinear 

regression of the concentrated osmotic pressure data using the free-solvent model yielded a 

regressed BSA hydration value of 1.121 ± 0.0234 g H2O/g BSA and a regressed ion binding 

value of 9.80 ± 0.356 mol NaCl/mol BSA (Table 2). The regressed value of hydration agrees 

with those of BSA in 0.15 M NaCl at pH 4.5, 5.4, and 7.4, as well as corresponding to a 

monolayer of water [45] and the SASA [51]. 

 The SASA of HEL was determined to be between 5,732 – 7,927 Å
2
 using the molecular 

structure (PDB: 4LYZ [60]) which yields a hydration value between 0.872 – 1.206 g H2O/g HEL 

(with an average hydration of 1.039 g H2O/g HEL) (Table 2). Using the osmotic pressure data of 

Yousef et al. for HEL in 0.15 M NaCl, pH 7.0 and 0.15 M KCl, pH 7.0 [45, 61], the regressed 

ion binding values, using a hydration value of 1.039 g H2O/g HEL, were 

2.74 ± 0.015 mol NaCl/mol HEL and 2.74 ± 0.009 mol KCl/mol HEL, respectively (Table 2). 

The physical parameters used for predicting the second virial coefficient based on solute-

solvent interactions are shown in Table 2. The physical parameters for OVA, BSA, and HEL 

have been previously reported [41, 44, 45, 53, 54]. 
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Second Virial Coefficients 

 The values for the second virial coefficients from the traditional virial expansion model 

(Eqn. 3) and the second virial coefficients based on the free-solvent parameters (Eqn. 16) are 

summarized in Table 2. The values of the second virial coefficient determined for the traditional 

method are presented as the mean ± standard deviation. 

 Recognizing that the traditional second virial coefficient is also concentration dependent, 

the entire range of protein concentrations for the osmotic pressure data was used to predict the 

second virial coefficient based on solute-solvent interactions (Eqn. 16). The second virial 

coefficient values based on solute-solvent interactions is presented as the range of values using 

the concentrations at which osmotic pressure is available (Table 2). Using the mean-value 

approach, the second virial coefficients based on solute-solvent interactions are compared to the 

traditional values and the concentration at which the predicted second virial coefficient agrees to 

the traditional value is also reported (mean ± standard deviation) (Table 2). The error was 

propagated for the predicted second virial coefficient at the mean-value concentration. 

 

Comparison of the Second Virial Coefficients Based on Solute-Solvent Interactions to 

Literature Values 

Ovalbumin 

Although no second virial coefficients exist for OVA in 0.15 M NaCl which are 

independent of osmotic pressure, Bull and Breese examined the virial coefficients for OVA in a 

variety of salt solutions [62]. The authors considered high ionic strengths, and for 1 molal NaCl 

at the isoelectric point of OVA, the second virial coefficient was determined to be 4.4 x 10
-6

 

L·mol/g
2
 [62]. This value is an order of magnitude higher than the values calculated based on 
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solute-solvent interactions, however this may be explained by the high ionic strength and the 

solution pH (approximately pH 4.6). However, Yousef also obtained second virial coefficients 

from osmotic pressure data using the traditional method. Yousef found the second virial 

coefficient to be 19.3 x 10
-8

 ± 1.3 x 10
-8

 L·mol/g
2
 and 22.1 x 10

-8
 ± 2.4 x 10

-8
 L·mol/g

2
 for OVA 

in 0.15 M NaCl, pH 7.0 and 0.5 M NaCl, pH 7.0, respectively [61]. The traditional values by 

Yousef agree well with those from the predicted second virial coefficient based on solute-solvent 

interactions. 

Bovine Serum Albumin 

 The second virial coefficient has also been predicted for BSA in various solutions by 

Scatchard et al. [39, 52]. The authors’ model, similar to the model developed here, is dependent 

on the concentrations of the solute, thus the second virial coefficient values were predicted for 

individual protein concentrations. The authors reported second virial coefficient values of 

1.46x10
-9

 L·mol/g
2
 (BSA in 0.15 M NaCl, isoionic) [39], 1.04 – 1.42x10

-9
 L·mol/g

2
 (BSA in 

0.15 M NaCl, pH 5.4) [52], and 1.95 – 2.11x10
-9

 L·mol/g
2
 (BSA in 0.15 M NaCl, pH 7.1 ± 0.1) 

[52]. These studies obtained values for the second virial coefficient which are similar to those 

obtained from the model developed using only solute-solvent interactions (Eqn. 3). 

Hen Egg Lysozyme 

 No second virial coefficients are available in literature for HEL in either 0.15 M NaCl or 

0.15 M KCl, pH 7.0. However, Curtis et al. reported an experimental second virial coefficient 

value of -25 x 10
-8

 ± 4.9 x 10
-8

 L·mol/g
2
 for HEL in 0.1 M KCl, pH 6.0 using low-angle laser-

light scattering (LALLS) [53]. This value is within reasonable agreement with the predicted 

values [42, 43]. 
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Interpretation of the Sign of the Second Virial Coefficient 

The three proteins studied here have predicted second virial coefficients (based on solute-

solvent interactions) that agree with those reported using other methods [31, 36, 39, 52, 53, 62]. 

The method developed here, which uses only solute-solvent interactions and solute concentration 

to predict the second virial coefficient, is capable of predicting the change in the sign of the virial 

coefficients. While the sign of the second virial coefficients for the OVA and BSA solutions 

were positive, the sign of the second virial coefficients for the HEL solutions were negative 

(Table 2). 

 The negative second virial coefficients are purported to be due to attractive protein-

protein interactions, although this has been recently reported that HEL does not have attractive 

interactions [29, 30]. An alternative explanation for the sign of the second virial coefficient can 

be obtained with a thorough examination of the solute-solvent interaction parameters. 

Ionic Strength of the Protein-Influenced Solvent 

In order to understand the solution properties which cause the second virial coefficient to 

become positive and negative, we first define the ionic strength of the solution surrounding the 

protein (or the protein-influenced solution, as determined from hydration and ion binding) as the 

ratio of the salt ions influenced by the protein to the protein hydration,        .  This value is 

then compared to the bulk ionic strength, M to produce the ratio of the protein-influenced 

solution ionic strength to the bulk solution ionic strength,  ,  

 
M

1232 
  . (22) 
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Second Virial Coefficient Dependency on the Ionic Strength of the Protein-Influenced 

Solution 

When the ionic strength of the protein-influenced solution is less than the bulk ionic 

strength ( 1 ), as is the case for the OVA and BSA solutions, the second virial coefficient is 

positive. As the protein-influenced solution ionic strength becomes closer to the bulk ionic 

strength (or 1 ), the second virial coefficient gets closer to zero, and when the protein-

influenced solution ionic strength is greater than that of the bulk ( 1 ), the second virial 

coefficient is negative. Not only is this observed for the predicted second virial coefficient, but 

also the traditional virial coefficients, as well as those from other methods [31, 36, 39, 52, 53, 

62]. 

For both OVA solutions and BSA in pH 5.4, 7.0, and 7.0, the predicted second virial 

coefficient is positive, and the ionic strength ratio is less than 1. However, while the predicted 

second virial coefficient for BSA at pH 4.5 is positive, the protein-influenced solution ionic 

strength is slightly greater than the bulk. This might be explained by the fact that the value of 

BSA hydration reported in literature for BSA in 0.15 M NaCl, pH 4.5 ( 133.112   g H2O/g BSA) 

[41] deviates from the expected hydration of BSA based on the solvent accessible surface area                     

( 153.112   g H2O/g BSA) [63]. If the SASA-based hydration of BSA is used with the ion 

binding reported in literature, the ionic strength ratio,  , is 1. An example of the second virial 

coefficient dependence on the ionic strength ratio for BSA is shown in Figure 1. 

For both HEL solutions, the protein-influenced solution ionic strength is greater than that 

of the bulk, and negative values for the second virial coefficient are obtained. Additionally, 

regardless of which set of physical parameters are used for the HEL solutions, the ionic strength 
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of the protein-influenced solution is greater than the bulk ionic strength and the virial coefficient 

is negative. 

 

CONCLUSION 

Previously, no functional relationship for the second virial coefficient with respect to the 

concentration or solute-solvent interactions has been reported. Herein, the second virial 

coefficient was shown to be a function of solute-solvent interactions, as well as the 

concentrations of the species in solution, which is consistent with observations made or 

speculated by others [40-43]. argued. Furthermore, from the data reviewed in this study, the sign 

of the second virial coefficient has now been correlated to the ratio of the protein-influenced 

solution ionic strength to the ionic strength of the bulk. For ionic strength ratio (protein-

influenced solution ionic strength to the ionic strength of the bulk) values greater than one, 

negative second virial coefficients are observed. Here we have introduced this ratio as a first step 

to providing a physical interpretation of the meaning of the sign of the second virial coefficient 

for non-attractive protein solutions. 
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NOMENCLATURE 

iA  i
th

 virial coefficient 

cba ,,  fitted parameters for charge dependent virial coefficients 

iB  i
th

 virial coefficient 

1B  first virial coefficient 

2B  second virial coefficient 

3B  third virial coefficient

 

   
  function of the potential mean force of species i

 

ic  concentration of species i  

i  place holder for terms
 
 

k  Boltzmann constant 

im  molal concentration of species i  

iM  molecular weight of species i  

n  number of solvent species 

K

iN  initial number of moles of species i  in compartment K  

KN  initial total number of moles in compartment K  

KN  final total number of moles, after solute-solvent interactions, in compartment K  

p  number of protein species 

R  gas constant 

r  center-to-center radius between protein species 

T  temperature 
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iV  specific volume of species i  

iW  potential mean force between species i  

ix  mole fraction of species i  

Z  charge of protein 

Greek 

  ratio of the ionic strength of the protein-influenced solution to the bulk ionic strength 

ij  net number of moles of solvent component i  interacting with protein j  

  osmotic pressure 

p  protein contribution to the osmotic pressure 

D  Donnan contribution to the osmotic pressure 

*  number pi 

Superscripts: 

I  compartment I (solvent) 

II  compartment II (solution) 

Subscripts: 

i  individual species i  

j  individual protein species j  

1  solvent 

2  protein 

3  salt 
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LIST OF TABLES 

Table 1 Osmotic pressure of BSA in 0.15 M NaCl, pH 7.0, 25
o
C. 

[BSA] (g/L Soln) Osmotic Pressure (psi) 

48.75 0.3 ± 0.02 

107.52 0.9 ± 0.02 

151.07 1.4 ± 0.02 

151.07 1.4 ± 0.02 

200.39 2.3 ± 0.01 

225.04 3.6 ± 0.02 

248.39 4.6 ± 0.12 

248.39 4.1 ± 0.02 

269.61 5.6 ± 0.02 

269.61 5.5 ± 0.02 

299.85 7.9 ± 0.01 

299.85 7.9 ± 0.01 

299.85 8.3 ± 0.02 

325.01 10.2 ± 0.02 

325.01 10.9 ± 0.03 

325.01 10.5 ± 0.01 

347.98 14.3 ± 0.05 

347.98 14.0 ± 0.01 

347.98 14.1 ± 0.03 

371.72 19.9 ± 0.02 

400.28 24.0 ± 0.01 

400.28 24.7 ± 0.07 

400.28 24.0 ± 0.10 

417.97 28.4 ± 0.02 

450.44 38.0 ± 0.03 

450.44 37.5 ± 0.01 

450.44 37.3 ± 0.02 
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 Table 2 The traditional (Eqn. 3) and solute-solvent based (Eqn. 16) second virial coefficients and the ionic strength 

ratios (ionic strength in the solvent surrounding the protein vs. bulk ionic strength) for several OVA, BSA, and HEL 

solutions. 

Protein 

(kDa) 

Solution 

Properties 

Salt, pH 

Hydration,  

 

Ion Binding,  

 

Second Virial Coefficient, x10
8
 

 

Ionic 

Strength 

Ratio 
 

Traditional 

Based on Solute-Solvent 

Interactions 

Range 
Mean-Value, 

[Protein] (g/L Soln) 

OVA 
0.15 M NaCl, 7.0 0.86 ± 0.04 [44] 4.08 ± 0.43 [44] 43.1 ± 2.15 15.0 to 104.6 43.1 ± 16.46, 51 0.81 ± 0.112 

0.5 M NaCl, 7.0 0.89 ± 0.04 [44] 18.87 ± 1.03 [44] 30.6 ± 1.72 27.4 to 83.9 30.6 ± 40.09, 59 0.94 ± 0.098 

        

BSA 

(66.4) 

0.15 M NaCl, 4.5 1.113 ± 0.0063 [41]
 

11.59 [41] 13.2 ± 1.57 -4.8 to 20.8 13.2 ± 2.38, 468 1.05 ± 0.005 

0.15 M NaCl, 5.4 1.137 ± 0.0059 [41] 10.62
 
[41] 30.8 ± 1.41 7.7 to 41.3 30.8 ± 2.11, 21 0.94 ± 0.005 

0.15 M NaCl, 7.0 1.121 ± 0.0234 9.80 ± 0.356 33.6 ± 2.04 12.8 to 44.9 33.6 ± 13.38, 36 0.92 ± 0.051 

0.15 M NaCl, 7.4 1.177 ± 0.0050 [41] 8.81 [41] 63.5 ± 4.84 23.4 to 101
 

63.5 ± 2.32, 39 0.75 ± 0.003 
 

 
 

 
    

HEL 

(14.3) 

0.15 M NaCl, 7.0 

0.724 ± 0.008 [45]
 

2 [53]
 

-25.5 ± 2.64 

-94.2 to -7.4 -25.5 ± 1.25, 54 1.30 ± 0.014 

1.614 ± 0.010 [45] 4 [54] -110 to -4.6 -25.5 ± 1.64, 57 1.16 ± 0.007 

1.039 2.74 ± 0.015 -83.6 to -7.6 -25.5 ± 1.00, 59 1.24 ± 0.007 

0.15 M KCl, 7.0 

0.734 ± 0.003 [45] 2 [53] 

-10.6 ± 1.54 

-109 to -1.9 -10.6 ± 2.69, 105 1.27 ± 0.005 

1.595 ± 0.007 [45] 4 [54] -146. to 2.5 -10.6 ± 0.73, 114 1.17 ± 0.005 

1.039 2.74 ± 0.009 -131 to -1.5 -10.6 ± 0.35, 117 1.23 ± 0.004 

12





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



Protein g

OH g 2

32










Protein mol

Salt mol

2B







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moleL
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LIST OF FIGURES 

Figure 1 The relationship of the second virial coefficient versus the ionic strength ratio (ionic 

strength of the protein-influenced solvent to bulk ionic strength), , for a protein with 

a molecular weight of 66 kDa (similar properties to BSA). The second virial 

coefficient was solved for various ionic strength ratios (hydration was held constant, 

ion binding was varied) (dashed line). The hydration of the ions bound to the solute 

was considered in the calculation. The solid lines represent the second virial 

coefficient and ionic strength ratio for an ideal solution (i.e. 02 B  and 1 ). 
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Figure 1 
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Graphical Abstract 
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Highlights 

 

 The second virial coefficient is related to solute-solvent interactions, hydration and ion 

binding 

 The predicted values agree with experimental values from literature 

 Conditions for negative and positives values are explored and it was concluded that the 

ionic strength ratio of solute-bound solvent is critical for the value 

 The second virial coefficient relies critically on protein-ion binding 

 Protein-ion interaction is a critical parameter for understanding solubility, salting-in, 

salting-out, and crystallization 
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