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. PAR TITION OF NUMBERS AND APPLICATION TO * 
HIGHER DERIVATIVES OF COMPOSITE FUNC TIONS 

Jorma. T. Routti t 

Lawrence Radiation Laboratory 
University of California 

Berkeley, California 94720 

and 

Andreas Szeless t 

Department of NuClear Engineering 
University of California 

Berkeley, California 94720 

September 30, 1970 

ABSTRACT 

Formulae and algorithms are presented for computing thepartiti.ons 
and the number of partitions of positive. integers. Results are given and 
applied through an equivalent form of the partition problem to the deter­
mination of highe r de riv'atives of compos ite functions, in particular to the 
probabllity-generating functions in reactor noise analysis. 

1. INTRODUCTION 

In combinatory analysis one defines the 

unrestricted partitions, b(i), of a positive in­

tegral number, n, as the positive integer so­

lutions to the equation 

several problems. As an example consider 

the calculation cif higher derivatives of a com­

.pcisite function 

:E b(i) =n 
i 

(1 ) 

By collecting the terms of equal value on the 

left-hand side into subgroups, this equation 

can be written in an equivalent form, 

n 
:E i c(i) = n. 
i=1 

(2) 

Here each nonnegative integral coefficient, 

c(i), is the number of b(i)' s equal to i in 

Eq. 1. ln the subsequent discussion we deal 

with the form given in the latter equation. 

We present computational algorithms for 

finding the solutions, c(i), and the number of 

different solutions of Eq .. 2, and discuss 

some of their applications. 

Nonnegative integer solutions c(i),also 

called c i below, of Eq. 2 are needediri. 

y=f
1

(x
1

), 

where .. xi = f(x). 

(3) 

It can be shown that. the nth derivative of y 

·th tt . :- d· 1,2 WI respec 0 x IS expresse as 

Dn =E n! 
x y c

1
! c

2
!··· c !. .. n 

(4) 

where the summation is extended over all non­

negative integer solutions of .E:q.2. and 

where 
n 

s =2: 
i=1 

c .. 
1 

(5) 

/ 
\ 



In a similar way one may obtain the !!.th de­

rivative of an r-fold composite function 

where 

y = f (x ). 
r, r 

x = f i(x i)' r r- r-

x 2 = fi (xi)' 

xi = f(x). 

(6) 

by applying' Eq. 4 repeatedly. This is done 
1. by substituting for I>x fk • for i:'5k:'5r.' 

k (Dj " )C j 
1., ,. xk_i fk _i 

=LD~ fk n --"'-T '1 • 
,k j=i c j . J. 

(7) 

where the surnrnationi-S' done over all nonnega­

tive integer solutions of 

1. 
1: j c. = 1. and s 
j=i J 

1. 
1: c. 
j=1 J 

Another example of the solution 'of Eq. 2 

is encountered in the statistics of rare events. 

Liiders
3 

derives a generalized Poisson-type 

formula applicable to cases in which multiple 

events may occur simultaneously. If hi is 

the given mean for the occurrence 6f art i-fold 

event. and the probabilities for the occur­

rence of single, double. and soon up to 1.­

fold events are independent. then the proba­

bility that exactly c i i-fold events occur is 

giv~n by Poisson's formula 

p(i) 
c. 

1 

-h. c 
e 1 h. 

1 

c. ! 
1 , 

(8) 

With the above assumptions the probability 

for the occurrence of n events is given by 

P =~TIn. p(i) = e -pj~TTn hi c~ • (9) 
n L.i c. L..J c .. 

i=1' 1 i=1 1 

where the summation is extended over all 

nonnegative integer, solutions of 
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t 
i=t 

c. = n. 
1 

Other aspects of the theory of partitions. 

as well as a comprehensive historical survey 

,of the field with an extensive bibliography. has 
4 

recently been given by Gupta. 

II. COMPUTING THE SOLUTIONS 

The solutions of Eq. 2 are obtained by 

permuting the ci's over an appropriate range 

of nonnegative integral values and comparing 

their sum with n. The number of permuta­

tions can be obviously limited to values 

c.:'5 [n/i] , where the brackets indicate trun-
1 , 

cated integral quotients. For these ranges of 

c.'s the number of possible permutations is 
1 n ([n/i 1 + 1). This number can be further 

,reduced if the permutations for any i < j are 

skipp~d whenever the sum, tiC. exceeds n. 
, '" i=j 1 

,We have written a Fortran program 
DKOPF1 to perform the permutations de-

scribed above and have run it on the CDC-6600 

computers at Lawrence' Radiation Laboratory­

Berkeley. The permutations are done by 

starting with the smallest values of i.' Table 

I lists the solutions and the sums 

s = t c. for n from 1 to iO. 
• 1 
1= 

With this algorithm it is necessary to 

compute the solutions to determine their num­

ber. For large values of n the computer 

time required becomes prohibitively long. 

We next present an algorithm in which the, 

number of solutions of Eq. 2 is obtained 

without actually determining the solutions. 

IiI. RECURRENCE 'FORMULA FOR THE 
NUMBER OF SOLUTIONS 

By defining the number, of solutions to 

Eq. 2. that is. the number of unrestricted 

partitions of n. as p(n). we can directly 

,write 

\/ 



• 

l ' 
\0' 

pin) 1 + 

[¥] 
L 
i=1 

p(i) + 

[~-1] 

L 
i=1 

pin, i) • (10) 

The three terms on the right-hand side cor­

respond 'to different highest nonzero values, 

c i ' appearing in Eq. 2. The first term cor­

responds to the partition, which includes n, 

of which there is only one. The second term 

corresponds to the 'partitions that include as 

their highest integer a number between (n-1) 

and [(n+1)/2]. Only one such number. for 

instance (n-i). may appear in anyone parti­

tion, and the remaining numbers. whose sum 

equals i, can be made up unrestrictedly in 

p(i) different ways. The third term on the 

right-hand side of Eq. 10 corresponds to the 

partitions that have as their highest number 

an integer between [ (n-1)j2] and 1. Here 

we define pen. i) as the number of restricted 

partitions of n that have i as their highest 

integer. 

The quantity pin, i) can be written as 

i 
p(n,i) = E pen-i. k), 

k=1 

(11) 

where the right-hand side corresponds todif­

ferent restricted ways of making up the re­

mainder (n-i) of a partition already containing 

one i. We can further split the sum above 

and write 

i r2i-~ 
E pen-i. k) = L . p(n-i, k) 

k=1 k=1 

+. t p(n-i, k). (12) 

k=fn-~-1] +1 

The second term on the right-hand side corre­

sponds to the restricted partitions of n with 

the highest integer greater than [(n-i-1)j2]. 

We next use the fact that the number of re-

-3-

stricted partitions p(n-). kj for k > [(n-i+1)j2] 

is equal to the number of unrestricted parti­

tions of the quantity (n-i-k), that is, p(n-i-k). 

It then follows that 

k=~~_i]+ 1 pln-i.k) 

.J'n.-i-11 ll~[_'-2-J 

; (;1 p(n-i-k- fn-~-1j) 

i-tn-~~~ 
~ p/[nziJ + 1-k) (13) 
k=1 \1 

where the integral arguments of the third 

form are equal to those of the middle form 

for any combinations of nand i. 

Combining Eqs. 10 through 13, we obtain 

for the number of unrestricted partitions of n 

the recurrence formula 

[~ 
pen} = 1 + L p(i) 

i=1 

The number of unrestricted partitions 

according to Eq., 14 can be conveniently de­

termined by setting up a table as shown in 

Table II. We start from the top of the table 

;'\>y filling first the columns for n, [n/2]! a:nd: 

{(n-1)/2]. The columns following [n/2] give 

an appropriate number of unrestricted parti­

tions. which have been computed earlier and 

are given in the column pin). These terms 

correspond to the first sum on the right-hand 



side of Eq. 14. Sirriilarilyan appropriate 

number of restricted partitions corresponding 

to the latter part of Eq.14 are written fol­

lowing the column [(n-1)/Z]. Each entry in 

the columns of re stricted partitions - -for in­

stance, p(j; i)-- is obtained by summing over 

i given restricted and unrestricted pCi.rtitions 

in the (i:.!)th row; as is indicated by Eq. 11. 

Thus for instance 

and 

'p(7, Z) = p(5, 1) + p(5, Z) 

= 1 + Z 

= 3 

p(10,4) = p(6, 1) + p(6, Z) + p(3) + p(Z) 

= 1 + 3 + 3 + Z 

= 9. 

In order to extend this computation to large 

values of n we have ,written a FO,rtran pro­

gram DKOPFZ and run it dn the CDC-6600 

computers of Lawrence Radiation Laboratory­

Berkeley. To save memory space 'the unre­

stricted and restricted partitions already cotn­

puted are stored in opposite triangles of a 
, \ 

square matrix of dimension equal to the maxi-

mum value of n. 

The numbers of unrestricted partitions ob­

tained for n up to ZOO are given in Table III. 

With program DKOPFZ the computer time re­

quired with a CDC-6600 machine for computing 

the number of partitions for n up to 50 is 

0.33 sec, and for n up to ZOO is 4.45 sec. 

This compares with about 400 sec required 

for determining the solutions for n up to 50 

with program DKOPF1. 

An asymptotic for~ula for the number of 

unrestricted partitions has been given by 

Ramanujan. 5 This formula possesses an 

amazing accuracy and has been proven by 

Ramanujan to yield for large values of n a 

number nearest to the correct integer pen)'. 

The ,results from the asymptotic formula have 

been checked by MacMahan and found to be 

in agreement for n up to 158" and in addition 

-4-

forn = ZOO with the results obtained by using 

a recurrerice formula to solve for the number 

of unrestricted partitions, p(n)' s, from the 

known expansi'on formula 
7 

00 

1 f(x) = 1 + ~ pen) xn 

n=1 
Z 3 (1-x)(1-x )(1-x ) ... 

(is) 

The values given by us in Table III for n up 

to ZOO agree with these re,sults. 

IV. ILLUSTRATIVE EXAMPLE 

As an example we consider the relation­

ship between a probability-generating furic- , 

tion y(x) and the probability densitie sbi (t), 

00 

y(x) =.E 
i=O 

i 
bi(t) x , 

where t is a parameter. If y(x) is known, 

then bi(t) can be obtained as 

1 
IT (~\ 

\ dx J x=O 

(:1.6) 

(17) 

For instance, in the noise analysis of nuclear 

reactors, one encounters a specific probability­

generating function given by Mogilner and 

Zolotukhin8 of the form 

y = fZ(x Z) 

-b/a = c x z , (18) 

X Z =f
1

(x
1

) 
Z aX 1 Z -ax! 

(i+xi ) e -(i-xi) e 

, ' 

(19) 

Xi = f(x) 

=[1+d(1_x)]1/Z, (20) 

where a, b, c, and d are experimentally 

measured parameters. In the interpretation 

of neutron noise measurements the probability 

densities up to approximately the ZOth order 

are needed. In order to compute the nth 

(, 

IJ 



\ 
/ 

probability density according to Eq; 17 one 

has to know the ~th derivative with respect to 

x of y(x) given in Eq. 18 through 20. Using 

Eq. 4 once gives 

(21) 

where the summation is extended over all non­

negative integer. solutions of Eq. 2 and where 

n 

s =2: 
i=1 

c. 
1 

The terms of the form Dlf for 
X' 

1 ::; £ ::; n in Eq. 21 dm readily be calculated 

from Eq. 20. However, to find D S f2 Eq. 4 
xi 

is used a second time, . 

-5-

e! 

5 i "(D~1 f1) 1 

-el , i! 
i=1 i· 

where the summation is extended 

over all nonnegative integer 

s· 

solutions of 2: i ei 
1=1 

s and where 

. (22) 

It is obvious that D~ f2 in Eq.22 has to be 

calculated first. becluse it is then used in 

Eq. 21. 

Eq. 18. 

S' . 

D f2 can easily be caJculated from 
x 2 1 

The terms of the form Dx f1 for 

1 ::; £ ::; s are calculated fromEq. 19. 
This demonstrates in practice how Eq. 4 

through 7 are used for the case in which the 

~th derivative of a twofold composite function 

is needed. Amore detailed description; and 

numerical results of this example, are given 

elsewhere. 9 

,I 
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Appendix. The Fortran Listings of programs DKOPF1 and DKOPF2. 

C TH IS PPOGPfI/1 COf'?UTF S THF~ ~,OLUT T OJ-iS T(I THF f'APT I T I en PP;)PLr-r,; Py 
C FH,i[JH!G Tf-tt~ J,.CNf\F=·C!\TTVf-~ If',ITF:CEh' sc,L\ITlm,!:-:, L,( I) rw TI--H:- r:OUATlor.;s 
r: ;, II: ., () F I -:'l_ ( I ). I::: 1 • ;:, • 0 no. I":, F': Q l ! I'. L T 0 ;-:. F 0 i' !< = : '1 .;. 1 + 1 , 0 • 0 • ,.: 2 0 'V 
C THF r·1f.':THOD /'.i-If') Tf'F~ PF~UL T:-, APr': r'I~f:\I(':e:Fn r:,y rnUTTI I\~,I;J S7FlJ-c,.c, 
r: p,1 Ur:i:I_-;·Tr-'··::T. ['r,:'TITlC!'! C(:- r'!Uf FE :'S til.' ;.; fL.H>TICi'i .,-;, \,:1(,";">' 
C r~rc:F! I V/,T1 Vl:S or CC~';JO:-: J TF FUI·jr:T J r i-!S. ~.F-r'l:=-:;r'[<r· 1 '.'7("·. 

C:TH"" O,'L Y DJ\T /I. CI'.[:'r; SPFr: J FJ FS ".-11 l\f"D ~"? J N Focc>IA T (? lIn) • 
c: THIS IS " SCHE'~'/\TIr: LJSTI"j(; FOP r'? UP TO ~:;O, 
r: TH~ THREF R~PtTITIVF ~Fr:TIONS or THECOC~ 
C AI't'" Ci"'L y Pi\r~~T I /' .. LL Y L I :-,TED /'.1,1(\ :,HOt IV') f';f'-
r:. CO"PL.F'T[':D • f',~, PT;YC;\Ti,[>i ":L':I. t:'F:T0W 
c: COr.ip J LA T I ()~"! J\i'ln r)(r: CUT 1 O~". 

D I ~1Ef'JS 1 ml l., (:)1 ) 
"':'::0 
1..1 PI TF ( :-> • 1 r () () ) 

1 000 F CR,' 1h T ( ~;~6H 1 !,:('f'(J',WCI', T 1 VE I ~!T[-n-:p sc Lt .. IT I or· I S L ( I) OF' Tf"'f'.: F(' urI T.J Oil:::' 
1 / ~~. 7 HO F I -l'- I ,( I ) • I = 1 • ? • .. 0 .. ,!<. r: 0 U /\ t. lO !<, FOP :<:::~' 1 • ~" 1 + 1 • .. .. .. • ~'? .. 
::'/~AH n·tF S(J~l OF L( I) I~:~ II.L,r,() PPlI',ITf·D. ///) 

eRE' AD 1 f"DUT CflPf) 
r n: /\ r) C ? 1 ,-, () 1. ) ". 1 • ~,1? 

lr01 Frp~~T(2!ln) 
C PFP~.';UTf-: OVf'P D I Ff·TPf':-.f'.IT V I\L UF' S or l<. 

DO r' n 0 I< :: ( .. 1 1 .:/ r:) . 
c rsc I~, THE Nln."PFP OF SOLUTIOI'S F--OP Et\r:HK. I~, Ie:, THE .SU'·." CO~·1PUTF.[) 

IC:;C.=(I 
r C-,::: () 

C DFTF prOT NF r·1f.X I Hur' VALUES OF L( J ) 
N::O=K/S(: 
r-.i/ln::1< /4.0 
I'll' R =k /I~P 

• .. a _ . ~ . . 
6 eo .. 

1'13 ::K./3 
1'12 =i</2 
t--J 1 ::1<:/1 

C JUf·iP 1 t'!TOTHF OUT;'OS T LCCP COh!~, I DF Pr=:: 0 

e • e b 

• e • 41 

• " .. . e 

) , 

G (' TO ( r=.:,n , l;. <.) • (- S • tt 7 • it 6 • Ie ~; , Ie I! • {, ::-~ , t~ ?, ;, 1 ,Ii 0 • :-:. (". , ::: ;::; • -:: 7 • 36, :3 <::, .;.1; . • :3:< , ,J? .7. I • 
1 3 n • "~9 • ? (', • ? 7 , ':, C' • ?~: • ? It • ?:-': • ? 2 • ? 1 , r' 0, 1 C; • 1 p • 17. 1 (, , 1 c:;. 11, • 1 ::' , 1 ;:', 1 1 , 1 0 • n , e. 
?7.6.5.~,~.?,1) K . 

C II',! F:/\CH lJ)t'P c:r':~:)\.:!TL TI-'f--: J!'~cr·r::-t·Sr.r) sur·' !;I'!fl n'ft':i< IT (!.r:,l\I!'~.T ,< 
1 D~'I 1'-;(', E·)0=r:.~:')() 

1.<:", =.: 1 ['. + t ::- ."H'- ~-:: () 

/' 

L ( ~~ 0 ) :: I :~ (' 
1 F ( I S' .. (; r " V ) I ~ 0 :: ~.I5 (\ 
IF(IS.GE.K) GO TO 65 

w 
) 

2 D~ 140 !t'lQ=0.i'.i40 
I :-:. == I .';.t. I t; 'J-::- t:. () 

""I,-':: L, n 
l.. ( (, '.! ) =: t /: r, 
1 F ( J~, ~ C :." .. 1<) I" c: :: ~ ! I: (') 

IF( I~~~~ .. Y) rn T0 ~~ 
..., ',:, 1 lor' 1 II .:-: ::: (' • ;'.' i. " 

Ie:=: r ~,+ 1 4P':c48 

L ( (, f' ) =: I I, Q 

I F ( 1 S • (:' F .. ~-: ) y 4 f' = ",11 P 
IF(IS .. G~.K) ~O TO 65 



#) 

1\ 

.. e • .. . . 
48 DO 103 Ij:::n.N] 

1:-,=1S + I]-)~3 

K'<=~ 
L(~ )=}.3 
I F C J S • ~ ,:- ~ K l r 3::: N ] 
IF(JSeG~eKl GO TO 65 

49 DO 10? ~? =0.N? 
I S = 1~. + I? -::. ;0 
K'<=2 
L (? l,,; r :c, 
I F ( IS" c.;,' " 1< ) I;:: ~~ f'J ? 
IF~IS.Gr"K) ~n TO ~~ 

!:"f) f)0 Irq 11 :::('.i'll 
IS=IC: + '1*1 
n<::= 1 
LCI )=11 
IF ( IS. Gr.. K ) I 1 = N 1 
IF(IS~CE.K)GOTO F5 
Gr TO (q" 

6~ IFCIS.GT.K) ~o TO 50 
I SC:::: 1 S c:+ 1 
IF( I~C~NFel) GO TO 66 

VI P rTF C 3 • 1 n () 3) ( 1 , J ::: 1 • K ) 
1003 Forr1AT(//17HV 

V,:P 1 TFC .3. 1 [)()I.L l 
1 00 11 FC'PJ·';AT ( /) 

c: C:O",PUTF ~U·~ OF ,L ( I ) 
66 IP=(') 

on 67 I=I<~(.I< 
67 IF::: IP+L( J ) 

r:: pnlf'lT THF SrJUJTTCl'lS 
IF(KK.FQ.l)GO TO 68 
I I ::: I<K-l 

-7-

\"PITE( 3,10(5) ISe.K.IP,(KO.I=l,II).(L(I),l=KI<.J<) 
GO Tn 09 

6n en·IT J f'lLlf-': 
IIJRITFC3;10nc;) J~('_.k.'P.(LCl). 1=1.(1<.1<) 

InO~ F0PMATC4!S.30I.3/?0X.201.3) 
6Q CONTINUE 

C St.JATP.I\CT TI-IE LI\ST TEPr·/I FROi~THF: SUf\1 

· . . '" 
• 
• 

• 
• 
. .. . .. 

7 () Gr:· TO C 1 () 1 • 1 ()? • 1 n?, 1 () A , 1 ('\ ~-~ • 1, ,.... (',. 1 n"" , 1 (1 n .1 0 Cl. 1 1 0 • 1 1 1 • 1 1 2 • 1 1 ~>. • 1 1 1.\ • J 1 . - • 

• 
• 
" 

1 . 1 1.6. 1 1 7. J 1 f' • 1 19, 1 ;J 0 • l? 1 • 1 t'? I? 3 • 1 ? c. 1 ? ':c • 1 ? 6. 1 ? 7. 1 (0" ~ 1 ? q • 1 ~ (1 ~ 
? i :-q • !<~ ,;:> ,. 1 3 ~>,. 1 ~4 • 1:0 '" • 1 :.' ( , I ~~ 7. L:H~ • 1 :-:;h. 1 A 0 • I ILl • 1 I~? 1/!- ~. 1/~ 11 • 1 t· ,~ • 
3 1·h6.I47.14P.149.1~O) KK 

101 IS= IS-L( 1) 
I"? 1~,=I~,-L(?)~f,? 
1 n.3 IS::: I .S - L ( :< ) .:!- 3 
<I • 
0 • 
'lI " 1 It! 3 
lil'! 
1 ~0 
2no 

• 
• 
II 

1 C:-,: I s-Lc I! p.) ')('/1 n 
I S = I ~ "'L ( II 9 ) -:c II C) 
I ~= I ::-.-L (:3("\) -~-'-:;0 
CONT II'~Ur-: 
STOP 
ENr,> 
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pr~(jGPM'l OI'CPF2( TI'-·PI.)T.Ot!TPUT) 

C Tl-lIS ppor;p/)~,l COr/'PUTF:--· T~·F. l'IUr"EWP OF Ui':r?ESTPIcTFO P/\PTTTIOI'!<: .• :',0'1). nr­
C ~11 r-OF1 ~,!=t'ISTI\PT.t'JSTr\PT+1 ••• '0 1NSTCP. t, PFCU,:'r'F:'~r:F' FOP~"iUL/\ Ie; U<::,r'') ':'HT.CC! 
C (If')f.':S ~:C:T PEouyrf7 C()~'r>UTIt':G THE: r:.'APTITI0f':S .. Tl!'-:r~FTHOnf'.t'!D IHrc~ PFSUL_T"tI 
C 1\,t:,'F r)l~~CUSSfr~ r'Y rcuTTl t\I'.ID ;',ZFLFt,S JI'I ucr:L-Pf::_r-'OkT. P/\PTITICt!rlF ' 
C IJl_Jf.r~EPS A"![) I\r--:;L.JC{\TIO~. TO HIGf-:r:-TCH-'IVI':'..TI\'f-:S OF cor·J1 POSITE Fur<CTIC;',S~ 
C Sr--PTF~H':-'F-:P 197('" 

c THE:: Of'.'LY DI\TJ\(:A~:r)::'Pf:'CIFIFS NSTll.PT 1\1·1[; ~!~:,TCP 1.1-: rO~2·"f\T(211('». 
C nit.: L.O\',TT? LfF:T i,dr,riCU_ OF n r,1/\Tr;TX ;c.iC-·'--:-; 11-1;:: i!l.);;r:FT;~ OF UI',;-',,-::,HdCT'i:; 
C PARTliIOi'IS- M·JD TI-l[:'_ UPPEP r--?IGHT TPliH.I(~Lr: THF Nln~FTPS OF PFSTPJCTF[l 
C PAPTITJONS~ , 

10 

1 ?(' 

151"1 
160 

170 
20 () 
300 

':If .. n 
} (""n 

~~(\ n 

CC)",,"ON ,F' ( ?('O. 21"0 ) • S (200) 
NM/\X=?0(1 
PFAD Inn2.NSTART.N~TOP 
F c,p r~ /!l T ( ? 1 1 I" ) 
DO 1 ('. 1=1 ,?nO 
S(I)::n e 
DO 1 0 J~ 1 • ?OO 
nCI.J)=0" 
DO 5da N=NSTART.NC:;TOP 
f'<12="!/? 
l-F(N?LJ'oO) 1-.0 TO 110 
DO 1 0 0 J= 1 11'-1? 
,JP="l~~AY-,J+ 1 
~ ( r·! • ~l'" ) = ~.,( ,J ) 
~,I 1 (':.: ( i', -1 ) / ';' 
IFCiI12,,,tJ'!lC"l) (;0 TO 300 
[I(~ 2('0 J=l.i!l? 
A ( I'! • J " = n 0 

K 1:: (I'l-J-l) /;~ 
IFeJ&GToKl) GO TO 150 
Q('. 120 1<=1 •• ..) 
q (~-I •• ) )=fI (~·l. J) +P (~I-J .1<) 
(;0 TO ?I"O ' 
DO 160, K=I.:<1 
8 ( 1'-! •• J ) = B ( ~,; • J ) + t':] ( ~ 1-.) • I< ) 
:<?= (t""J) /?+ 1 
,)1<' 1 =J-!.-:l 
f) 0 1 -, 0 K= 1 • J K 1 
Kn=1'-lr'1AX-I<?+~~+ 1 
r) (~, • J )=H (N 1 J) +8 (~I-J • KP.) 
CO~IT n . .!LJE 
S ( ~.I ) = 1 e 
If="(r>J?oLF .. C) <:'0 TO ::35() 
DO 31 (] 1:: 1 .I'I? 
1 R=N~1AX- I + 1 
S ( "I , :::: S ( 1" ) + P( N • J Po ) 
TF(N12.LFe(\) GO TO 400 
D~' ::360 t:.: 1 , "11 2 
c:; ( ~, ; ) = S ( f'J ) + ", ( ~-'. J ) 
F ,-.r- ",' 1'_ T ( T:' ~ r ;' co:: e (" ) 
Ce';T J NI)F 
~.TC.;::> 

rc'r,'c'" 
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Table 1.. The solutions c
i 

and the sums of the solutions. s. for n = 1, 2. ...• 10. 

n s q 2 3 4 5 .6 7. 8 

1 

T' 2 
2 2, 

1 3 
2 3 

3 " 

1 4 
2 4 
3 4 
4 4 
5 4 

1 5 
2 5 
3 5 
4 5 
5 5 
6 5 
7 5 

1 6 
2 6 
3 6 
4 6 
5 6 
6 6 
7 6 
8 6 
9 b 
10'6 
11 6 

1 7 
2 7 
3 7 
4 -; 
5 7 
6 7 
7 7 
8 7 
9 7 

iO- 1 
11 7 
12 7 
13 7 
14 -; 
15 7 

2 2 
1 0 

3 3 
2 1 
1 0 

4 4 
3 2 
2 0 
2 1 
1 0 

5 5 
4 3 
3 1 
3 2 
2 0 
2 1 
1 0 

6. 6 
5 4 
It 2 
3 0 
,. 3 
'3 1 
2 0 
3 i 
2 0 
2 i 
'1 0 

7 7 
6' 5 
5 3 
4 1 
5 4 
4 2 
3 0 
3 1 
4. 3 '3 .. ' i 
2 0 
3 2 
2 0 
7 i 
1 0 

1 8 8 8 
2 8 7 6 
386 4 
4 852 
5 840 
6 ,. 8 6 5-
785 3 
8 8 4 ,. 1 
984 2 

10 8 3 0 
11 8 5 4 
i2' ~ .. 2 

o 
1 

00 
1 I) 

o 1 

o 
1 
2 
o 
o 

o 
1 
2 
o 
1 
o 
o 

o 
1 
2 
3 
o 
i 
o 
6 
1 
o 
o 

o 
1 
2 
'3 
o 
1 
2 
o 
o 
1 
o 
0. 
1 
o 
o 

o 
o 
o 
1 
o 

o 
o 
o 
1 
1 
o 
o 

o 
o 
o 
o 
1 

o 
o 
o 
o 
o 
1 
o 

o 
o 
o 
o 
o 
o 
1 

o 0 0 0 
o 0 0 0 
o 00 0 
o b 0, 0 
1 0 0 0 
1 000 
2 0 0 0 
o 1 0 0 
o 1 0 0 
o 0-11' 0--
o 0 0 1 

o 0 0 0 0 
o 0 000 
o 0 000 
0'0 0--0 "0'---
1 0 0 0 0 
1 0 0 0 0 
1 0 0 0 0 
2 0 0 0 0 
o 1 0 0 0 
(j e-er 'iY'O 
1 1 0 0 0 
o 0 1 0 0 
o 0 1 0 0 
0'-0 0 C 0' 
o O_<?_.Q., __ ! _ __ 

0000000 
100000(f 
2 0 0 0 000 
3 0 -0 0 0 i:l 'cf" 
400 0 000 
(j -r :0'-0'-0-0"0" 

1 1 ~ 0 boo 
2 f"O '0 006 
o 200 000 
1200000' 
o 0 1 0 000 
1 0 i 0 6'6 (5 
2 0 1 0 0 0 0' 

n 

1 9 
2 9 

. '3----9-
4 9 
5 9. 
6 , 9 

9 
8 9 

---q---- -if 

10 9 
11 9 
12 9 
13 9 
14 9 
IS <} 

16 9 
iT9 
18 9 
19 9 
20 9 

--2r- 9 
22 9 
23 '9 
24 9 
2'5 -9 
26 9 
n' I) 
28 
29 
30 

9 
9 
9 

1 10 
-2-- '10 
3 10 
4 10 
5 10 
6 10 
7 10 

"8 10 
9 10 

10 10 
11 10 
12 10 
13 10 
14 11) 
15 10 
16 10 
17 10 
18 10 
19 10 
20 16 
21 10 
22 To 
23 10 
24 io 
25 10 
26 10 
27 10 
28-- 10 
29 10 
30 10 
31 10 
32 10 
33 10 13 8 3 0 

1'4--'8-'-'-3 --1 o I 1-'0'---0--00-" 34--To 
15 8 2 0 
16 8 4 3 
17 8 3 1 
18 -8 - 2 0 
19 8 3 2 
20' 8 2 0 
21 8 2 1 
22 8 1 0 

o 0 2 0 0 00 
00010'-0'6" 
1 0 0 1 0 0 (j 
o 1 0 1 ~ 6· 6 . 
o 0 0 0 1 .0 0 
1000r()(f 
o 0 0 '0 0 1 0 
000 0 o. 0 ~ 

35 10 
36 '10 
37 10 
38 io 
39 10 

- 4-0-- 10 
41 10 
42 10 

9 
8 
,f 
6 
0; 

7 
6 
5 
4 
0; 

4 
3 
6 
5 
4 
4 
1 
3 
5 
4 
3 
1 
2 
4 
3 
2 
3 
2 
2 
1 

10 
9 
8 
7 
6 
5 
8 
7 
6 
0; 

6 
5 
4 
4 
7 
6 
5 
4 
0; 

4 
3 
4 
3 
6 
5 
4 
4 
1 
3 
i 
5 
4 
3 
'3 
2 
4 
3 
2 
1 
2 
2 
i 

C I 23 4 5 6 7 8 9 10 

o 0 0 0 0 
o 0 0 0 0 

9 0 0 0 
7 1 0 0 
;;- 2 0-6 1)"t'r '0 -1)--0 '---,-, 
3 3 0 0 
1 4 0 0 
6 0 1 0 
'" 1 1 0 
2 2 1 0 
(5 3 f 0 
3 0 2 0 
1 1 2 0 
o 0 1 0 
5 0 0 1 
3 1 0 1 
1 2 0 1 
2 0 1 1 
o 1 1 1 
1 0 0 2 
4 0 0 0 
2 1 0 0 
o 2 0"0 
1 0 1 0 
o 0 0 1 
3 0 0 0 
1 1 0 0 
o 0 1 0 
2 0 0'--0 
o 1 0 0 
1 0 0' 0 
o 0 0 0 

o 0 0 0 0 
o -0 0 0 0 
00000 
o 0 0 0 0 
o 0 0 0 0 
0-0-00'0 
00000 
o 0 0 0 0 
o 0 0 0 0 
o O. 0 0 0 
o 0 0 0 0 
o 0 0 0 0 
o 0 0 0 0 
o 0 0 0 0 
o 0 0 0 0 
1 0 0 0 0 
1 0 0 0 0 
'1 '0- 0 .. 0 0 
1 0 0 0 0 
1 0 0 0 0 
o 1 0 0 0 
o 1 0 0 0 
o 1 0 0 0 
o . 01 0' 0 
o 0 1 0 0 
00 0 1 0 
o 0 0 0 1 

10 0 0 0 0 0 0 0 0 
81000000''0 
b 2 000 0 0 0 0 
4 3 0 0 0 0 0 0 0 
240000000 
o 5 000 0 0 0 0 
101000000 
511,0000''0'0' 
3 2 1 0 0 0 0 0 0 
1 3 1 0 0 0 0 0 I) 

4 0 2 I) 0 0 0 0 0 
2 1 2 0 0 0 0 0 0 
o 2 2 0 0 0 0 0 0 
1 0 30 O' 0' 0 0 0 
6 0 0 1 000 0 0 
410100000 
220 1 0 0 0 0 0 
030 1 000 0 0 
301100000 
111100000 
002 1 000 0 0 
20 0 i 0 0 0 ,. 00 
010200000 
50 0 0 1 6 0 0 0 
310010000 
1 2 001 0 0 0 0 
201010000 
(j 1 f 01'0000 
100 1 100 0 0 
o 0 002 0 0 0 0 
400001000 
2 1 000 1 0 0 0 
020001000 
1 0 100 i 0 (j b 
000101000 
30000010'0 
1 1 000 0 100 
o 0 1 000 i 0 0 
2 0 0 0 0 0 0 1 0 
o f 6· 0 0 \l 0 1 0 
1 0 000 000 1 
000000000 

o 
"0 
o 
o 
o 
o 
o 
'0 '--

o 
o 
o 
o 
o 
o 
o 
o 
o 
a 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
o 
0' 
o 
o 
o 
o 
o 
o 
o 
1 

\.,> 
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Table II •. Recurrenc~ table for the number of ,unrestricted partitions pen) of an integer n. 

p Inl 0 : 1: + .~ plil : + ft
1

] pin, il 
i=1 i= 1 

n pen) 1 [I] p(1) p(2) p(3) p(4) p(5) p(6) [nz1 ] p(n.1) p(n.2) p(n.3) p(n.4) p(n.5) 

1 1 1 0 0 

2 2 1 1 1 0 

3 3 1 1 1 1 1 

4 5 1 2 1 2 1 1 ( 

5 7 1 2 1 2 2 1 2 

6 11 1 3 1 2 3 2 1 3 

7 15 1 3 1 , ,,2 3' 3 1 3 4 

8 ZZ 1 4 1 '2 3 5 3 1 4 5 

9 30 1 4 1 Z 3 5 '4 1 4 7 6 

10 42 1 5 1 2 3 
. 

5 7 4 1 5 8 9 
\ 

11 56 1 5 1 Z 3 5 7 5 1 5 10 11 10 

. . 
. . . 

.\ Ii 
( 
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Table III. Number of unrestricted parti tions for n 

from 1 to 200. 

::::,~ __ n~:. ~::-.--:::.:...._~...:=...::...::~ ... _..:. .~_. __ . _____ .. _~_. __ .::..:... __________ ~ ... _. ______ . ______ ... ....-. ______ ......... ,.._.-..:. .. - ~:.. .. ___ :.';'.:=:=:":'=;:;':="': 

n pen) n pen) n pen) n pen) 
--~'.---' .- -.~ , .. _.-.. _- .- - ~ .. ---.-----.------ .--------- ... --- ---" .. .--....... -- _ .. 

1 1 51 239943 101 214481126 151 45060624582 
2 2 52 ?81589 102 241265379 152 49686288421 
3 3 53 329931 103 271248950 153 54770336324 
It 5 54 386155 104 304801365 154 60356673280 
5 7 55 451276 105 342325709 155 66493182097 
6 1 1 56 526823 106 384276336 156 73232243759 
7 15 57 614154 101 431149389 151 80630964769 
8 22 58 715220 108 483S02844 158 88751178802 
9 30 59 831820 109 541946240 159 97662728555 

10 42 60 966467 110 60716371+6 160 101438159466 
11 56 61 1121505 111 679903203 161 118159068427 
12 77 62 1300156 112 761002156 162 129913904637 
13 101 63 1505499 113 851316628 163 142798995930 
14 135 64 1741630 114 952050665 164 156919475295 
15 176 65 2012558 115 1064144451 165 172389800255 
16 231 66 2323520 116 1188908248 166 189334822579 
17 297 67 2679689 117 1327710016 161 207890420102 
18 385 68 3087135 118 1482074143 168 228204732751 
19 490 69 3554345 119 1653668665 169 250438925115 
20 627 70 4087968 120 1844349560 170 274768617130 
21 792 71 4697205 121 205614$051 171 301384002048 
22 1002 72 5392783 122 2291320912 172 330495499613 
23 1255 73 6185689 123 2552338241 113 362326859895 
24 1575 74 7089500 124 2841940500 174 397125074150 
25 1958 75 8118264 125 3163127352 175 435157697830 
26 2436 76 9289091 126 3519222692 176 476715857290 
27 3010 77 10619863 127 3913864295 177 522115831195 
28 3718 18 12132164 128 4351018600 178 571701605655 
29 4565 79 13A48650 129 4835211870 179 625846153120 
30 5604 80 15796416 130 5371315400 180 684957390936 
31 6842 81 18004327 131 5964539504 181 749474411781 
32 8349 82 20506255 132 6620830889 182 819876908323 
33 10143 83 23338469 133 7346629512 183 896684817527 
34 12310 84 26543660 134 8149040695 184 980462880430 
35 14883 85 30167357 135 9035836076 185 1071823774331 
36 17977 86 34262962 136 10015581680 186 1171432692373 
37 21637 87 38887673 137 11097645016 187 1280011042268 
38 26015 88 44108109 138 12292341831 188 1398341145571 
39 . 31185 89 49995C}25 139 13610949895 189 1527273599625 
40 37338 90 56634173 140 15065878135 190 1667727404093 
41 44583 91 6411235c} 141 16670689208 191 1820701100652 
42 53174 92 72533807 142 184'.0293320 192 1987276856363 
43 63261 93 82010177 143 20390982751 193 2168627105469 
44 75175 94 92669720 144 22540654445 194 2366022141845 
45 89134 95 104651419 145 24908858009 195 2580840212973 
46 105558 C}6 118114304 146 27517052599 196 2814570981591 
41 124754 97 133230930 147 30388671978 197 3068829878530 
48 147273 98 150198136 148 33549419497 198 3345365983698 
49 113525 99 169229815 149 37027355200 199 3(460724)2125 
50 204226 100 190569292 150 40853235313 200 3912999029388 

... 

\0.-
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r-------__________ LEGALNOTICE--__________________ ~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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