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ABSTRACT OF THE DISSERTATION

HA-spaces and Commutative Homology Rings

by

Nicholas D. Nguyen

Doctor of Philosophy in Mathematics

University of California San Diego, 2013

Professor James P. Lin, Chair

In the study of Lie groups, topological groups, and H-spaces, one common
problem involved finding characterizations of spaces whose mod p homology is com-
mutative, and in the case that it is not commutative, one could ask what kinds of
commutators occurred in the mod p homology.

A common theme in H-space theory is trying to extend results for Lie groups
to H-spaces by creating new techniques and finding new proofs. As such, our disser-
tation stems from recent work in characterizing Lie groups whose mod p homology is

commutative using a tool called the adjoint action of the Lie group on its loop space.

Vil



Our main contribution starts with defining and studying the adjoint action,
along with similar maps like the commutator, for a generalization of compact simply-
connected Lie groups called finite simply-connected HA-spaces, and the homomor-
phism it induces on mod p cohomology (p odd). After finding a formula for the
induced homomorphism in terms of the coproduct, we proceed to several applica-
tions.

Given a finite simply-connected HA-space X, we use the adjoint action, along
with similar maps, and their induced homomorphisms to characterize HA-spaces
whose mod p homology is commutative. This generalizes earlier work by showing
that X does not need the full structure of a Lie group; it can be weakened to an
HA-space structure.

For our second application, given a finite simply-connected HA-space X, we
study the free loop space of X and use the adjoint action and related maps to compute
products in the mod p homology of the free loop space.

Finally, given a finite simply-connected HA-space X, we demonstrate how to
use the commutator on X in order to construct a new multiplication map on X which

induces a commutative algebra structure in mod p homology.
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1 Introduction

A major milestone in the study of topological spaces is the usage of functors
from the category of (pointed) topological spaces to some category of algebraic objects
like groups and modules. These algebraic objects can be used to distinguish spaces:
if a functor takes two topological spaces to different algebraic objects, then the spaces
are fundamentally different. We will focus on the singular cohomology over a ring R,
a contravariant functor that takes a space X to the graded R-module H*(X; R), and
the singular homology over a ring R, a covariant functor which takes X to the graded
R-module H,(X;R). The cohomology H*(X;R) is also an algebra over R, in that
objects inside it can be added, multiplied, and scaled by an element of R. Due to the
many structures available in H*(X; R), it has received much focus in mathematical
research. In particular, given a space, one can compute its cohomology and specify
its algebra structure (how objects are added and multiplied). Conversely, given an
algebra, one can ask if it arises as the cohomology of some space.

Now suppose our space has a continuous map p : X x X — X such that if x,
is the basepoint of X, then pu(z,z¢) = p(zo, z) = x. Examples of spaces with such a

map are (from specific to general) Lie groups, topological spaces, and H-spaces; the



map g is called a multiplication map on X, and the Lie group, topological space, or
H-space is denoted (X, u). In this case, the existence of p imposes more structure
to the cohomology and homology of X over a field F, (in this dissertation, p will
always denote an odd prime integer). The cohomology H*(X;F,) = H*(X, 11;F,) is
now a Hopf algebra, with a unary operation p* (induced by u) called the coproduct.
Furthermore, suppose that X is a space of finite type as well: X is homotopy equiv-
alent to a CW complex with a finite number of cells in each dimension. Then the
homology H.(X;F,) = H.(X, 1;F,) can be given an algebra structure induced by pu.
The presence of the coproduct in cohomology actually limits the possibilities for the
algebra structure of H*(X, u;F,), and consequently, there has been much effort on
computing the algebra and Hopf algebra structures of the cohomology of Lie groups,
topological groups, and H-spaces.

Mathematicians have made computations of the coproduct operations in the
cohomology over [F,, of a compact connected Lie group. It started in the 1950’s with
Borel’s work, where he found that if (G, p) is a classical Lie group, H*(G, i; Fp) is a
primitively generated exterior algebra, the simplest kind of Hopf algebra possible [4].
From there, mathematicians like Borel, Toda, Mimura, Shimada, Araki, and Kono
worked on the exceptional groups; the problem is that for certain combinations of
exceptional groups (G, p) and primes p, H*(G, i;F,) is not primitively generated.
It was not until 1977 that Kono finished these computations with his calculation of
coproducts in H*(Es, u; F5) [20].

Borel also showed that if G is a compact connected Lie group, H*(G, i; F))



is primitively generated if and only if the homology H.(G, u;F,) is a (graded) com-
mutative algebra [3]. From here, one can ask if there is a relationship between com-
mutativity of the homology H.(G,;F,) and commutativity of the group G itself.
If G is abelian, then H,.(G, i;F,) would be commutative. The converse is false: Ejg
is a nonabelian Lie group, but H,.(Es, u;F7) is commutative. Instead, we can turn
to Kono and Kozima’s work on the adjoint action of G on its loop space, a map
Ad : G x QG — QG given pointwise by Ad(g,1)(t) = gl(t)g~*. Notice that if G is
an abelian compact connected Lie group, then Ad(g,l) = [ for any element g and
loop [. In other words, the map Ad is equal to the projection on the second factor
Py Gx QG — QG given by pil(g,1) = I. Kono and Kozima prove that H, (G, u;F,) is
commutative if and only if the algebra homomorphisms Ad* and p$* (from H*(G;F,)
to H*(G x G;F),)) are equal |21].

As H-space theorists, we would like to know if this result holds for a larger class
of spaces than the Lie groups. This question has been asked for many results about
the cohomology of Lie groups in the history of H-spaces, and Kane, in his textbook
on the subject, even calls Lie groups the “experimental data” of H-space theory [19)].
One of the goals of this dissertation is to introduce a generalization of Lie groups that
we will call HA-spaces, and show how we can generalize Ad and other maps from
Kono and Kozima’s work to finite simply-connected HA-spaces in a way that allows
us to prove some of their results for this larger class of spaces. From there, we will use
our maps for other applications: the computation of products in the homology of a

type of H-space called the free loop space of an HA-space, and the construction of an



H-space whose homology is a commutative (if possibly nonassociative) algebra which
is isomorphic as a vector space to the homology of a given finite simply-connected
HA-space.

The remainder of the introduction will proceed as follows. We will start with
some concepts and definitions from the theory of H-spaces that will be used in this
dissertation; assumptions and notation will also be stated as well. We divide this
background material into two sections: the algebraic material, and the topological
material. Afterward, we will proceed by topic, giving a brief background of each
problem and stating our results. First, we will discuss Kono and Kozima’s work
in more detail, along with some subsequent developments by other authors, and
introduce some obstacles to generalizing their results to HA-spaces. Our results will
include details on how we overcame these challenges. From there, we will discuss
the problem of computing products in the homology of a free loop space, and find
formulas for products in the homology over I, (for any odd prime p) of a free loop
space of a finite simply-connected HA-space. Afterward, we will look at the question
of finding multiplication maps on a finite simply-connected topological space: given
such a space X, we want to know if there is a map v : X x X — X such that (X, v)
is an H-space whose homology over [F,, (p is a fixed odd prime) is a commutative and
associative algebra. In the case that our topological space is a finite simply-connected
HA-space (X, u), we find a formula for a map v : X x X — X in terms of p such
that the multiplication induced by v on the homology of X over [F, is commutative

(but possibly nonassociative), and determine conditions on H, (X, i; F,) which make



H.(X,v;F,) a commutative and associative algebra.

1.1 Algebraic Assumptions and Definitions

Let us begin with the algebraic assumptions and definitions that will be needed.
After stating our assumptions, we will introduce Hopf algebras and discuss some of
their characteristics and properties. For background material on Hopf algebras, we
recommend Milnor and Moore’s paper, [29], and Kane’s book [19].

Throughout this entire dissertation, the symbol p will always denote an odd
prime. All algebras will have F, as their base field. They will be assumed to be
associative unless otherwise stated. Given an algebra A, we will assume A is graded,
and denote the subspace of homogenous elements of degree n by A™. For any positive
integer n, we will require A™ to be a vector space (over F,) of finite dimension (it
has a spanning set with a finite number of elements), and A° must equal F,. If we
say an algebra is commutative, we mean in the graded sense. We will assume that
all homomorphisms between algebras are algebra homomorphisms which preserve
addition, multiplication, and scalar multiplication by the base field I, and we will just
write homomorphism for algebra homomorphism. The reader must be aware that we
will deal with functions between algebras which might only be linear transformations
which preserve addition and scalar multiplication. We will indicate when we are
dealing with such a function. If a homomorphism ¢ is said to equal zero or be trivial,

this means that ¢(x) = 0 if x has positive degree, and ¢(z) = x if x has degree zero.



If A is a graded algebra, then A will denote positive degree elements of A, A°¥ will
denote the odd degree elements, and A°*" will denote the even degree elements.
Before we continue, let us review the algebra structure on the tensor product

of graded algebras.

Definition 1.1.1. Let A and B be algebras. The vector space A® B can be given an
algebra structure as follows: let a,c € A and b,d € B. Then in A ® B, we multiply
the elements a ® b and ¢ ® d as follows (where |z| denotes the degree of an element
x):

(a®@b)(c®d) = (—1)"lac  bd. (1.1.1)
We will also abbreviate 0 ® 0 as 0.

First, let us recall that the cohomology over F, of a Lie group or topological

group (G, i) has a special structure:

Definition 1.1.2. An algebra A together with an algebra homomorphism A : A —

A® Ais a Hopf algebra A = (A, A) if the diagram commutes:

A< A A
iy
AR A X A
where
0, |b>0
G1(a®b) =



and

The homomorphism A is called the comultiplication or coproduct on A. According to

the diagram, for any a € A,

A(a):a®1+1®a+2a’®a" (1.1.2)

where |d|, |a”| > 0 and |d'| + |a"| = |al.

The term Y d' ®ad" = A(a) —a® 1 —1®a is called the reduced coproduct and
is denoted A(a).

An element a € A is primitive if A(a) = 0 (that is, A(a) = a®1+1®a). The
submodule of primitive elements of A is denoted PA. Elements of degree n in PA
are denoted P"A, elements of odd degree are denoted P°A, and elements of even
degree are denoted P"A.

A nonzero element a € A has height n, 1 < n < oo, if a® = 0, and a"~! # 0.
If no such integer exists, we say a has infinite height.

The module of indecomposables is QA = A/AA, the quotient module of A by
the image of the multiplication on positive degree elements. Elements of Q) A are cosets
of AA. Representatives of positive degree elements of QA in A are called generators;
given a basis of QA, a set consisting of a representative for each and every element

of this basis of QA is called a generating set for A. That is, any element of A can



be written as a sum, scalar multiple, and product of elements in the generating set.
Elements of degree n in QA will be denoted Q" A, elements of odd degree are denoted
Q°™ A, and elements of even degree are denoted Q" A. Elements of AA are called
decomposables.

If there is a choice of generating set for A which consists of primitive elements,
then we say A is primitively generated.

If we denote the dual of A by A*, then we say A is coassociative if A* is
associative, and A is cocommutative if A* is commutative.

An algebra homomorphism ¢ : (A, A4) — (B, Ap) between two Hopf algebras

is called a Hopf algebra homomorphism if

(P ®p)As = Agep.

If ¢ is an algebra isomorphism which is a Hopf algebra homomorphism as well, we say
that ¢ is a Hopf algebra isomorphism and that (A, A4) and (B, Ap) are isomorphic

as Hopf algebras.
Remark. We do not assume coassociativity or cocommutativity in our definition of a
Hopf algebra.

We have the following elementary properties of PA and QA from [19]:
Theorem 1.1.3. The vector spaces (QA)" and P(A*) are equal, and (PA)" = Q(A*).

Moreover, if A is a commutative (and associative) Hopf algebra (over F,), denote the

pth power map on A by § : A — A (so {(a) = a?). Then the following sequence is



exact for each positive integer n:

0— P"(&(A) » PPA — QA

Furthermore, any primitive element whose degree is not a multiple of 2p is a generator

of A. That is, when n is not a multiple of 2p, the linear transformation

P"A — Q"A

s injective, and if A is also cocommutative and coassociative, the linear transforma-

tion is an isomorphism.

Remark. As we will see in Example 1.1.5, odd degree elements cannot have nontrivial
pth powers, so although the exact sequence tells us that primitive elements whose
degrees are not a multiple of p are generators, since odd degree elements are never
nontrivial pth powers, we can be more specific and state that any primitive element

whose degree is not a multiple of 2p is a generator.
We also have the following characterization of primitively generated Hopf al-

gebras as well from [19]:

Theorem 1.1.4. A Hopf algebra A is primitively generated if and only if A* is com-

mutative, associative, and has no pth powers (that is, if a € A*, then a* =0).

Example 1.1.5. Let us list all the possible commutative Hopf algebras over I, with

a single algebra generator. These examples are called monogenic Hopf algebras. In
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each of these cases, the generator is primitive.
1) An exterior algebra on an odd degree generator: A(z2,+1)
2) A polynomial algebra on an even degree generator: F),[x,]

3) A truncated polynomial algebra on an even degree generator: F,[xs,]/ (17’2)2)

An important fact about Hopf algebras is that once these monogenic Hopf
algebras are known, we can describe the algebra structure of any other Hopf algebra

using the Borel Decomposition Theorem (quoted from [19]):

Theorem 1.1.6. Let A be a commutative (and associative) Hopf algebra. Then there

are monogenic Hopf algebras A; such that A and ®A; are isomorphic as algebras.
Definition 1.1.7. We will call ®A4; in Theorem 1.1.6 the Borel decomposition of A.

Note that the Hopf algebra (%)AZ- is primitively generated, but since the isomor-
phism might not preserve coproducts, A itself could have nontrivial reduced coprod-
ucts. Nevertheless, the Borel Decomposition Theorem tells us that Hopf algebras are
much easier to visualize than generic algebras, so spaces whose cohomology algebras
are Hopf algebras are easier to study. Thus, in the next section, we will introduce

topological spaces whose cohomology algebras over IF, are Hopt algebras.

1.2 Topological Assumptions and Definitions

In this section, we will state any assumptions on the topological spaces we

will be studying. After that, we will introduce the main objects we will be studying:
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the H-spaces, and the HA-spaces. Our exposition will compare these objects to the
more familiar topological groups as well. Next, we will quote an important property
of the cohomology of finite simply-connected HA-spaces from Lin’s paper [25] that
will be referenced in our results. After that, we will introduce some examples of
HA-spaces that we will focus on: loop spaces and free loop spaces. Finally, we will
end this section with a discussion of the differences between topological groups and
HA-spaces. For further background material on topological spaces and cohomology,
we recommend the books [8], [12], [26], [33], and [38]. For further background on
H-spaces, we recommend the books [19], [35], and [40].

For the rest of this document, unless specified, all spaces will have a basepoint
(typically denoted with a zero subscript or superscript), and are homotopy equivalent
to a CW complex which has a finite number of cells in each dimension and whose
basepoint is a subcomplex. All maps and homotopies are continuous and respect the
basepoint. If we say a space is finite, we mean it has the homotopy type of a CW
complex with a finite number of cells. If we say a diagram of topological spaces and
maps commutes (with no adjectives), we will mean it commutes up to homotopy. The
symbol “~" will mean “homotopic relative basepoints.”

Let us define some important maps which will occur frequently in our work:

Definition 1.2.1. Given a space X with basepoint xy, we define the diagonal map

Ax : X — X x X and constant (trivial) map k : X — X by

Ax(x) = (x,z), and k(x) = xo.
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The diagonal map induces the (cup) product in cohomology,
H*(X x X;F,) > H*(X;F,) ® H*(X;F,) —> H*(X;F,)
which we will also denote as A%. That is, if a,b € H*(X;F,),
A% (a ® b) = ab.

The identity map is denoted by idx : X — X, where idx(z) = x.

The (jth) projection map p; : X1 x Xy x ... x X,, = X is given by

(X1, o,y .o Xy Ty) = T4,
and the (jth) inclusion map i; : X; — X7 x Xo x ... x X, is given by

ij(x;) = (x(l],xg, e Ty ,xg),

where ¥ is the basepoint of Xj.
For any two spaces Y and Z, let Ty.z : Y x Z — Z X Y be defined by

Ty z(y,z) = (z,y). f Y = Z, we will abbreviate the map as Ty, or even just 7.

Remark. Whenever we have a map f : X x Y — Z where X,Y, Z are topological

spaces, we will abuse notation in cohomology over F, and call f* to be the composi-
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tion:

H*(Z;F,) L~ H*(X x Y;F,) —— H*(X;F,) ® H*(Y;F,).

We do the same for a map g : X — Y x Z and denote the following composition by

*

g

H*(Y x Z;F,) ——= H*(Y;F,) ® H*(Z;F,) ——= H*(X;F,) .

Let us introduce the most general type of space whose cohomology over F,, is

a Hopf algebra:

Definition 1.2.2. Let X be a topological space with basepoint xy. Suppose there

exists a continuous map u: X x X — X such that

p(x, xo) = p(zo, ) = .
That is, the following diagram commutes strictly:

X—Uo X x X (1.2.1)

XxX——X

Then X = (X, u) is called an H-space, p is called a multiplication map (or an H-
structure) on X, and xg is called a (strict) unit or (strict) identity. We may abbreviate

w(xy, z2) using concatenation:

w(xy, xo) = x129. (1.2.2)
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We can weaken the condition that X has an identity element xq by requiring
the diagram to commute (up to homotopy). In this case, we would say that X =
(X, 1) has a homotopy identity or homotopy unit. However, if X has the homotopy
type of a CW complex, then if (X, u) has a homotopy identity, there exists a map
to : X x X — X such that po(z,z0) = po(xo,z) =  and p =~ po [40]. Therefore,

unless specified, we will assume that our H-spaces have strict identities.

Given an H-space X with multiplication map u, we can define the induced
homomorphism on its cohomology over the group F, and use the induced homomor-
phism to define a coproduct on H*(X;[F,). By definition, p* will be a homomor-
phism from H*(X;F,) to H*(X x X;F,), and since the algebras H*(X x X;F,) and
H*(X;F,) ® H*(X;F,) are isomorphic, we have the following composition, which we

will show is a coproduct on H*(X;F,):

H*(X:F,) —“~ H*(X x X;F,) —= H*(X;F,) ® H*(X;F,).

We will abuse notation and call this composition p* as well, since we may work with
more than one multiplication map on the same space X, and we will need a way to
keep track of which multiplication map induces which coproduct. Now consider the

diagram in the definition of an H-space. If we apply cohomology with coefficients in



F,, we get
H*(X:F,) ~——— H*(X;F,) ® H*(X;F,)
=
i3 “w
H*(X;Fp) @ H(X;Fy) . H*(X;F)
where
.
0, [yl>0
iz ®y) =
r, y=1
\
and
(
0, |z|>0
iz ®y) =
y, v=1

\

15

(1.2.3)

Hence the cohomology of an H-space H*(X;F,) = H*(X,;F,) is a Hopf

algebra with coproduct p* induced by the H-space multiplication map (the reduced

coproduct is denoted by fi*).

Since X = (X, p) has finite type, then in homology, we have a linear transfor-

mation

H,(X;F,) ® H,(X;F,) —= H.(X x X;F,) —% H.(X;F,).

We will abuse notation and call this composition pu, as well. This composition defines

a product on H,(X;F,) = H.(X, 11;F,), making it an algebra:

pi(Z @ y) = zy.
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We can obtain a Hopf algebra structure on H,(X;F,) by using the diagonal map Ax:

H.(X;F,) Axe H.(X x X;F,) i>H*(X;1Fp) ® H. (X;F,).
We will call this composition Ay, as well. It is a coproduct on H,(X, p; F,) because
its dual map in cohomology, A%, is a product. Note that since the following diagram

commutes (strictly):

X x X a X
AXxXl LAX
X xXxXxX X x X
BX p

This implies that in homology, the induced linear transformation Ay, is an algebra

homomorphism with respect to the product ..

Remark. The preceding arguments also work for the case when (X, u) only has a

homotopy unit.

Notice that H-spaces require only the existence of an identity (the basepoint);
nothing about associativity or existence of multiplicative inverses is mentioned. Let
us introduce generalizations of these two conditions, along with a space that satisfies

both conditions:

Definition 1.2.3. If the compositions p(u X idx) and p(idx x p) are (basepoint

preserving) homotopic maps, then (X, ) is said to be homotopy associative. That is,



the following diagram commutes:

X x X x X 1 v v X
X x X . X

Elementwise, p (p X idx) is given by

p(p xidx) (z,y,2) = (zy)z,

and p (idx x p) is given by

p(idx x p) (2,9, 2) = z(y=2).

17

(1.2.4)

(1.2.5)

(1.2.6)

If the compositions are actually equal, then we call (X, ) an associative H-

space.

Amapi: X — X iscalled a (two-sided) homotopy inverse operation for (X, p)

if the compositions pu(i x idx)Ayx and p(idx x i)Ax are homotopic to k. In other
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words, the following diagram commutes up to homotopy:

(1.2.7)
Elementwise, p(i X idx)Ax is given by
p(i x idx)Ax(z) = i(z)x, (1.2.8)
and p(idx x i)Ax is given by
plidx x i)Ax(z) = xi(x). (1.2.9)

An H-space which is homotopy associative and has a two-sided homotopy

inverse operation will be called an HA-space.

Remark. Work of James [14], Sibson (32|, and Sugawara [37| show that if (X, u) is
a homotopy associative H-space, one can construct a two-sided homotopy inverse
operation i : X — X which satisfies p(i x idx)Ax ~ p(idx x i)Ax ~ k. They also
show that the map ¢ is unique up to homotopy in that any other map 57 : X — X
which satisfies p(j X idx)Ax ~ p(idx X j)Ax =~ k is homotopic to i [14, 32, 37]. The

reader must be aware that many authors like James and Sibson refer to the map 7 as
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a “homotopy inverse,” but that term is also used by modern textbooks like Hatcher’s
[12] in a different context with homotopy equivalences. Hence, we will refer to the
map 7 as a “homotopy inverse operation” (in an analogy with a strict inverse operation

in a group) and will often drop “two-sided.”

Notice that if Diagrams 1.2.1, 1.2.4, and 1.2.7 actually commute strictly, then
(X, 1) would be a topological group. Hence one can think of an HA-space as a
generalization of topological groups. However, unlike groups, we cannot state the
definitions for H-spaces and HA-spaces in terms of elements due to the ability to use
homotopy.

If (X, pu) is an HA-space, then its homology H.(X, y;F,) will be an (associa-
tive) algebra, and its cohomology H*(X, u;F,) is a coassociative Hopf algebra. In
the case that (X, p) is a finite simply-connected HA-space, we have found that by
choosing an appropriate generating set for H*(X, u; F,), we could simplify our calcu-
lations and find patterns that led to our results. We will use Theorem 2.1 from [25]
to choose generators whose coproducts have a specified form. We will quote it here

to introduce notation as well:

Theorem 1.2.4 (Lin). Let (X, u) be a finite simply-connected HA-space. Then ev-
ery even degree nonzero element of QH*(X, ;F,) has a primitive representative in
H*(X,;F,) (a primitive generator). Let B be the sub Hopf algebra generated by the

even degree primitive generators of H*(X;F,). Let

R={re H(X,w:F,): "(r) € Bo H'(X,jiF,)} .
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The set R is a sub-coalgebra of H*(X, p; F,) with R®*" = B, and the vector space R°™
is isomorphic to the vector space QH¥ (X, ;). All odd degree nonzero elements of
QH*(X, ;F,) have a representative in H*(X, u; F),) whose reduced coproduct lies in
B®R¥. Hence there is a generating set for H*(X, u; F,) whose even degree elements

are primitive and whose odd degree elements have reduced coproduct in B @ R,

Definition 1.2.5. We will refer to the generating set of H*(X, y;F,) described in

the previous theorem as S.
We can also generalize the idea of abelian groups with the next definition:

Definition 1.2.6. Given an H-space (X, u), if the maps p and pT'x x are homotopic

maps, then (X, u) is a homotopy commutative H-space.

If (X,p) is an HA-space which is also homotopy commutative, then its ho-
mology H,.(X, p; F,) will be a commutative algebra. However, it turns out that when
p is odd, many compact simply-connected Lie groups which are not homotopy com-
mutative (the groups A,, B, Cy, D,, and G,) have homology algebras H,.(G, i; F,)
which are commutative. One central problem we will address in our results is how
we can characterize such spaces and their cohomology over F,. Before we do so, let
us give some examples of H-spaces. First, let us introduce an example that actually
motivated Serre to consider a definition for H-spaces in his work on fiber spaces in

[31]:

Definition 1.2.7. Let X be a simply-connected topological space with basepoint z.

Its loop space X is the space of functions [ : [0,1] — X with the property that
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1(0) = (1) = zg. The space will have the compact-open topology, and its basepoint is
the constant loop Iy, where ly(t) = z for all ¢ € [0, 1]. We can define a multiplication
map . : QX x QX — QX given by concatenation of loops: if a and b are loops in

QX given by a(t) and b(t), then for any ¢ € [0, 1], p.(a,b) is a loop given by

a(2t) 0<t<1/2
pe(a,b)(t) = : (1.2.10)

b2t —1) 1/2<t<1

We also define a homotopy inverse operation i. : QX — QX where for any ¢ € [0, 1],

i(a)(t) = a(l — 1), (1.2.11)

Then (22X, i) is an HA-space. Note that it has a homotopy unit rather than a strict
unit.

If X = (X,p) is an HA-space with homotopy inverse operation i, then we
can define a second multiplication map uq : QX x QX — QX given by pointwise

multiplication of loops. For any ¢ € [0, 1],

po(a,0)(t) = pla(t),b(t))

= a(t)b(t), (1.2.12)

along with another homotopy inverse operation i : QX — QX given by pointwise
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application of . For any ¢ € [0, 1],

ia(a)(t) = i(a(t)). (1.2.13)

Then (QX, ug) is an HA-space. Note that the constant loop [y is a strict unit.
Furthermore, if (X, 1) is a topological group, then so is (X, ug).

When X = (X, p) is an HA-space, the maps p. and pg are homotopic (see
Corollary 1.2.5 of [40]), so the induced coproducts p and pg on H*(QX;F,) are
the same. Furthermore (22X, u.) is homotopy commutative (see Corollary 1.2.5 of
[40]), so H*(QX, u; F,) = H*(QX, po; Fp) is a cocommutative Hopf algebra, and

H,(QX, pe; Fy) = Ho(QX, po; Fp) is a commutative algebra.

The following definition introduces an important map that allows us to work

with pointwise definitions of loops during calculations.

Definition 1.2.8. Let us identify S as the quotient space [0,1]/{0,1}. Given a
simply-connected topological space X and its loop space QQX, we can define the

evaluation map € : ST A QX — X as follows:

e(t,1) = I(t). (1.2.14)

The evaluation map will induce a homomorphism £* : H*(X;F,) - H*(S'AQX;F,),

and since for each n > 1, the vector spaces H"(S* A QX;F,) and H" ' (QX;F,) are
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isomorphic, we have a composition of linear transformations in each degree n > 1:
H"(X;F,) —= H"(§' AQX;F,) — H" 1 (QX;F,).

(Warning: these linear transformations will lower degree by one) We will collectively
denote all of these linear transformations as the cohomology suspension map o*. El-
ements in the image of ¢* will be called suspension elements.

We also have the related map € : S' x QX — X given by &(¢,1) = I(t). It also

induces the cohomology suspension map, since the following diagram commutes:

SIx QX - -X

|

STAQX

In general, if z € H"(X;F,), then there is a generator s € H*(S*;F,) such that
£ (z) = s®o"(x). (1.2.15)

As a word of warning, the reader must know that there is another linear
transformation called the cohomology suspension, o : H"(X;F,) — H" (QX;F,).
For example, this map appears in Proposition 2.13 of Kono and Kozima’s paper [21].

The following diagram (based on material from Switzer’s textbook [38|) relates the
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two cohomology suspension maps for n > 1:

H™Y(QX:F,) <X QX F,)

%T\]U

H™(S' AQX:F,)

*

€

Hence 0" = o for any degree n > 1. We refer the reader to Switzer’s textbook for

further information about o.

Related to loop spaces are the free loop spaces, which can receive an H-space

structure from its base space as follows:

Definition 1.2.9. Let X be a simply-connected topological space. Its free loop space
AX is the space of functions [ : [0,1] — X with the property that {(0) = [(1). The
space will have the compact-open topology, and its basepoint is the constant loop [y,
where [(t) = zo for all ¢ € [0, 1]. Notice that QX C AX.

If X = (X,p)is an HA-space, then we can define a multiplication map gy :

AX x AX — AX given by pointwise multiplication of loops: for any ¢ € [0, 1],

pala, 0)(t) = pla(t), b(t)),

= a(t)b(t), (1.2.16)

and a homotopy inverse operation i, : AX — AX defined so that for any ¢ € [0, 1],

ir(a)(t) = i(a(t)). (1.2.17)
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Then (AX, py) is an HA-space with a strict unit. Furthermore, if (X, 1) is a topo-
logical group, then so is (AX, uy).
Given a simply-connected topological space X and its free loop space AX, we

can define the free evaluation map £;: S* x AX — X as follows:

Ep(t 1) = 1(¢). (1.2.18)

The loop space and free loop space are part of an important fibration sequence

which we will need for many of our definitions and results:

Definition 1.2.10. Let X be any simply-connected topological space. Let j : QX —

AX be the inclusion
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Now let us discuss an important property of topological groups, loop spaces,
and (strictly) associative H-spaces that distinguishes them from spaces which are

merely HA-spaces.

Definition 1.2.11. Let Y be a space. If X is a space which satisfies Y ~ QX then

X is called a classifying space of Y.

For example, any loop space has a classifying space. Milnor has shown that
given a topological group G, one can construct a space Bg such that G ~ QBg, so Bg
is a classifying space of G [28]|. He also shows a reverse procedure: given a loop space
Y = QX one can find a topological group G such that Y ~ G. Later, Dold, Lashof,
and Milgram find ways to construct a classifying space for any associative H-space:
given an associative H-space X, one can find a space By such that X ~ QBx |7, 27|.
Overall, any associative H-space is homotopy equivalent to a loop space, which in
turn is homotopy equivalent to a topological group.

However, the same construction cannot be done for HA-spaces in general. As
we will see in Section 2.5, HA-spaces may not be associative enough to possess classi-
fying spaces. Thus, a challenge that occurs when generalizing a result from H-spaces
with classifying spaces to H-spaces which do not is that we can no longer assume that
the space is homotopy equivalent to a topological group with an associative multipli-
cation and a strict inverse operation. Let us illustrate with some concepts from Lie
group theory which have found applications in characterizing finite simply-connected
topological groups whose homology over [F,, is commutative. The following definitions

are due to Kono and Kozima from [21]:
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Definition 1.2.12. Let (G, u) be a finite simply-connected topological group (for
example a compact simply-connected Lie group). The adjoint action of G on itself
ad : G x G — G is given by

ad(g,h) = ghg ™, (1.2.19)

and the commutator (map) com : G x G — G is given by

com(g,h) = ghg 'h™"

= (gh)(hg)~". (1.2.20)

The adjoint action of G on its loop space Ad : G x QG — QG is defined so that given

g € G and [ € QG, for any t € [0, 1],

Ad(g,l)(t) = gl(t)g".

= ad(g,l(t)) (1.2.21)

Notice that at t = 0,

Ad(g,1)(0) = g¢l(0)g™"

= 9o,
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so Ad(g,1) is indeed a loop in QG. There is also a map we will call Com : G x QG —

QG. Tt is defined so that given g € G and | € QG, for any t € [0, 1],

Com(g,)(t) = gl(t)g (1)~

= com(g,l(t)). (1.2.22)

Notice that at ¢t =0,

Com(g,1)(0) = gl(0)g~'1(0)~"
= 9909 9o
= g9~

= 9o,

so Com(g,1) is indeed a loop in QG.
Notice how these definitions rely on strict associativity in order to unambigu-
ously multiply more than two elements. Furthermore, notice how strict inverses were

needed when we verified that the maps Ad and Com give outputs in QG.

Previously, Kono and Kozima have used these maps on Lie groups to find
a characterization of compact simply-connected Lie groups whose homology over
F, is commutative. Let p§ : G x QG — QG be projection onto the second fac-

tor. Kono and Kozima prove that the induced homomorphism Ad* : H*(QG;F,) —
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H*(G;F,) ® H*(QG;F,) is equal to the induced homomorphism of the projection
onto the second factor pf* : H*(QG;F,) — H*(G;F,) ® H*(QG;F,) if and only
if the algebra H.(G,;F,) is commutative [21]. Iwase proves this result for finite
simply-connected loop spaces (QX, uug) by using the fact that loop spaces, despite
being homotopy associative and possessing only a homotopy inverse operation, are

homotopy equivalent to topological groups [13].

Remark. Kono, Kozima, and Iwase actually use their maps to characterize p-torsion
in H,(G;Z). However, the absence of p-torsion in H,(G;Z) is equivalent to commu-

tativity of H.(G, i; F,) [17].

1.3 Commutator Maps for HA-spaces

We will commence stating the main results of this dissertation. For our first
set of results, we will construct a commutator map for HA-spaces (that generalizes
the definition of a commutator map for topological groups) and use it to find a new
characterization of finite simply-connected HA-spaces whose homology over [, is a
commutative algebra.

First, let us define our commutator for a simply-connected HA-space.

Definition 1.3.1. Let (X, u) be a simply-connected HA-space. We define the com-



30

mutator com : X x X — X as

com(z,y) = p(p(z,y),i(u(y,z)))

= (zy)iyz). (1.3.1)

Now let us look at generalizing Kono and Kozima’s definition of Com : G x
QG — QG, where G = (G, p) is a simply-connected topological group with identity

go- Again, notice that at t = 0,

Com(g,0)(0) = gl(0)g~"1(0)~"
= 999 90

= g9

= 9o,

so Com(g,!) is indeed a loop in QG. This calculation works because of the strict
inverses.

Now consider a simply-connected HA-space (X, 1) with basepoint z and ho-
motopy inverse operation i. Given any x € X and [ € QX, suppose we have a loop

© € AX given pointwise by

p(t) = (@l(®)il(t)z).

= com(z,l(t)). (1.3.2)
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Is ¢ € QX7 Let us plug in ¢t = 0:

p(0) = («1(0))i(l(0)x)
= (xwo)i(zox)

= zi(z).

We must be careful: i is merely a homotopy inverse operation, so it is not necessarily
true that xi(x) = o for all z € X. Thus, a function which takes a pair (z,1) € X xQX
to a loop given by (xl(t))i(I(t)x) may give values (loops) in AX that might not be in
QX.

Nevertheless, we can develop a map whose domain is X x QX and whose
codomain is €2X which generalizes Kono and Kozima’s definition of Com. We can

use the fibration in Definition 1.2.10:

Theorem 1.3.2. Let (X, u) be a simply-connected HA-space. Define a map Com :

X x QX — AX so that given x € X and | € QX, for any t € [0, 1],

Com(z,)(t) = (xl(t))i(l(t))

= com(x,l(t)). (1.3.3)

Then there exists a map Com : X x QX — QX which is unique up to homotopy such
that

C/’o?fzzjoC’om,
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and if (Xp) is also a topological group, then this definition of Com will agree with

Kono and Kozima’s definition.

Our first result using com and Com is the computation of the induced ho-
momorphism com* : H*(X, ;F,) — H*(X, u; F,) ® H*(X, u; Fp) for a finite simply-

connected HA-space (X, u).

Lemma 1.3.3. Let (X, pu) be a finite simply-connected HA-space and p be an odd

prime. If x is an element of S (see Theorem 1.2.4, then

com™(x) = " (x) — Tx x11" (). (1.3.4)

This lemma serves as a starting point for the main results of this disserta-

tion. From here, we can use this formula for com™ to find a formula for Com* :

H*(QX;F,) - H(X;F,) ® H*(2X;F,) on suspension elements.

Lemma 1.3.4. Let (X, pn) be a finite simply-connected HA-space and p be an odd

prime. If x is an element of S, then

Com™(c*(z)) = (1@ o™)" (x). (1.3.5)

Using these formulas, we can find additional characterizations of finite simply-
connected HA-spaces whose homology over [F,, is a commutative algebra. This allows
us to present a connection between the commutator com of an HA-space and com-

mutativity of H,(X, u;F,):
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Theorem 1.3.5. Let (X, u) be a finite simply-connected HA-space and p be an odd
prime. Then
a) the algebra H. (X, ji; F)) is commutative iff com* is a trivial homomorphism.
b) the algebra H.(X, 1;F,) is commutative iff Com* is a trivial homomor-

phism.

These results improve on previous ones by Kono, Kozima, and Iwase, who
prove Theorem 1.3.5 for the special cases when (X, ) is a finite simply-connected
loop space, a topological group, or a Lie group. Their results rely on the fact that
these kinds of H-spaces either have an associative multiplication and strict inverse,
or are homotopy equivalent to a space with those properties (and hence possess a
classifying space). We show that only homotopy associativity and existence of a

homotopy inverse operation are needed to prove these results.

1.4 The Homology of Free Loop Spaces

We will use Lemmas 1.3.3 and 1.3.4 to compute coproducts in H*(AX;F,) and
determine when H*(AX;F,) and H*(X;F,) ® H*(2X;F,) are not only isomorphic

as algebras, but also as Hopf algebras.

Definition 1.4.1. Given a simply-connected HA-space (X, ) with two-sided homo-
topy inverse operation i, we give the product space X x QX a multiplication map
Hxxax, where

UXxxQXx = (,u X MQ)(ZdX X TQXVX X ngx) (141)
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Pointwise, given (z1,01), (x9,l2) € X x QX at t € [0, 1],

MXXQX((xly l1)7 (ZEQ, lg)) = (.1711'2, ll(t)lg(t)) (142)

We also define a homotopy inverse operation

Ixxox = 1 X 10

This makes (X x QX, uxxax) an HA-space.

We focus on a homotopy equivalence h; : AX — X x QX. First, we will
look at the definition of h; for topological groups, and then discuss what happens for

HA-spaces.

Definition 1.4.2. If (X, p) is a simply-connected topological group, then we can

define hy(¢) = (p(0),1), where [ € QX is the loop given by

1(t) = (0)""p(t). (1.4.3)

Notice that at t = 0,

so [ is indeed an element of Q.X.
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In the case that (X, u) is a simply-connected topological group, we will show
that the map h; is a homeomorphism.

In the case that (X, u) is a simply-connected HA-space that is not known to
be (homotopy equivalent to) a topological group, then like Com, we cannot write

down h; pointwise. This is because the loop [ given by

which might not equal z( in general. Instead, we can use a map A} : AX — X x AX

to help us define h;:

Theorem 1.4.3. Let (X, u) be a simply-connected HA-space. Define a map h} :
AX — X X AX so that given a loop ¢ € AX, for any t € [0,1], h)| takes a loop

v € AX to a pair (p(0),1) where | € AX is the loop given by

1(t) = (i(0(0)), 0(2)) - (1.4.4)

Then there exists a map hy : AX — X x QX which is unique up to homotopy such
that

hy ~ (idx x j)h, (1.4.5)
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and hy is a homotopy equivalence. In particular, if we define hy : X x QX — AX by
ho(z,1)(t) = xl(t), (1.4.6)

then h2h1 ~ idAX and hlhg ~ idxxgx.
Hence H*(AX;F,) and H*(X;F,) ® H*(QX;F,) are isomorphic as algebras

via the isomorphisms
hi: H'(X;F,) ® H(QX;F,) - H(AX;F,),

hy: H(AX;F,) - H(X;F,) ® H*(QX;F,),

while H,(AX;F,) and H.(X;F,) ® H,(QX;F,) are isomorphic as vector spaces via

the linear transformations
hiw : Ho(AX;F,) — Ho (X Fp) @ H (QX;Fp),

how : Ho(X;F,) @ H (QX;F,) - H(AX;F)).

We can ask if hy is an H-map; that is, we ask whether the following diagram

comimutes or not:

h1><h1

AX x AX X xOQX x X xQX

ﬂAj lMXxQX

AX X x QX

h1
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If hy is an H-map, then it would induce a Hopf algebra isomorphism

hy - H*(X;F,) ® H*(QX;F,) - H*(AX;F,),

and an algebra isomorphism

hi: H(AXF,) — H (X F,) @ H(QX;F,).

Consequently, we can multiply elements of H,(AX, pa;F,) by using hy. and hg, to
carry out the multiplication in H. (X, 1;F,) @ H,(QX, pa; Fp).

However, it is not clear if h; is an H-map in general. In this case, we can
use a basic tool from H-space theory, the H-deviation, to study how h; preserves the
multiplication. The H-deviation of Ay is a map Dy, : AX x AX — X x QX, and it is
defined (up to homotopy) so that Dy, is nullhomotopic if and only if h; is an H-map.

We will find a formula for Dy, in terms of Com which will allow us to compute
products in H,(AX, uy;F,) using three pieces of information: the product structures

of H.(X,u;F,) and H,(QX, po;F,), and knowledge of

Com, : H.(X:F,) ® H,(QX;F,) — H.(QX;F,).

Lemma 1.4.4. Let (X,pu) be a simply-connected HA-space. Given any r @ y €
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H*(X;F,) ® H*(QX;F,), we have:

i (hi(z @ y)) = Ajx (D, @ [(h) @ BY) (pxxax)']) (W xox (@ @ y)). (1.4.7)

Let pi : X x QX — QX be projection onto the second factor, ey : AX — X be defined
by eo(@) = ¢(0) and jo : QX — X x QX be the inclusion jo(l) = (xo,l). Then we

can write Dy, as the composition

Dh1 ~ jQ oCom o (’L X ngx) o (80 X (pg2 ¢} h1>> ¢} TAX' (148)

From here, we can use Dy, to find a multiplication map

B X XX X X xQX - X xQX

such that the following diagram commutes:

hl ><h1

AX x AX X x QX x X x QX (1.4.9)
N lﬂ
X X x QX
h1

Theorem 1.4.5. Let w: X x QX — QX be given by

w(z,l) = Como (i X idox)(x,1)

= Com(i(x),l).
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Then the following choice of i : X x QX x X x QX — X x QX will make diagram

1.4.9 commute:

/] = (ZdX X /.LQ)(/.L X w X /LQ)(ZdX X AX X AQX X ngx)(ZdX X TQ)(’X X idgx),

(1, by, w9, 1) = (w1, 22), po (Com(i(r), 1), palli, 12))) -

With these results, we can we can use Com* to determine when H*(AX, pp; F,)
and H*(X, ;; F,) @ H*(Q2X, po; F,) are isomorphic as Hopf algebras in the case that

(X, p) is a finite simply-connected HA-space.

Theorem 1.4.6. Let (X, u) be a finite simply-connected HA-space. Then
a) the homomorphism Dy is trivial iff Com* is a trivial homomorphism.

b) the algebra H.(X, ;F,) is commutative iff

hi: H*(X x QX, uxxax;Fp) = H (AX, up; Fp)

15 a Hopf algebra isomorphism.

We can use Theorem 1.4.5 and Com, to compute products in H,(AX, pp;F,).

We will study the multiplication map

pas : Ho(AX;F,) ® H (AX;F,) — H(AXTF,)
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in the homology of (AX, ). Given

IRtyeuc H(X;F, @ H.(QX;F,) ® H.(X;F,) ® H.(QX;F,),

we have

pxxox((T®1), (§ ®u) = 7y @ tu,

where 1, (Z ® ) = Ty and pq.(t ® 4) = tu. In contrast, the product of (Z ® 1) €
H,(AX;F,) and (y ® u) € H.(AX;F,) can be more complicated. The following
theorem gives an idea of what can happen; we will restate and prove the theorem in

more generality in Chapter 4:

Theorem 1.4.7. Let 7,5 € H.(X;F,), t,u € H.(QX;F,) all have positive degree

and be primitive. Then

+zy ® tul.

Dually, in cohomology, we can use Lemma 1.4.4, Theorem 1.4.5, and Lemma

1.3.4 to compute coproducts of elements in the image of

o H*(X;F,) — H*(AX;F,).
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Theorem 1.4.8. Let x € S. Then

pa(hi(l®o*(z)) = (MORM)1Iecdr)elel+11®1l®o*(v)

+1® Tox x[((1" @ 0™)(p*(x))] @ 1].

Kono and Kozima briefly mention an application for their work describing the
difference between the group structure of (AG,us) and that of (G x QG, pugxaa)-
They define a homeomorphism of topological spaces ® : QG x G — AG, where ®(l, g)
is the loop given by [(t)g. If ® is a group homomorphism, then the following diagram

would strictly commute:

OG x G x QG x G —exmlidacxTxide) oo o

x| Js

AG x AG AG

HA

In general, however, ® is not known to be a group homomorphism unless (G, u) is
abelian [13]. Instead, Kono and Kozima present a modified diagram which will always

commute. First, they define a map

w: QG xExOQGExGE =00 xOG xE xd

given by the composition involving the adjoint action Ad:

w = (ZdQG X TG7QG X Zd(;) (idQGXQ X Ad X ZdG') (ZdQG X AG X idQGXG) ;
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for any ¢ € [0, 1],

w(lly g1, l2) 92>(t) = (llv Ad(.glv lQ)v g1, 92)<t)

= (Li(t), g1l2(t) g1 ", 91, 92)-

Then the following diagram strictly commutes whether or not ® is a group homomor-

phism:

OG x G x QG x G w QG x QG x G xG—t2" 06 x G
@x@t j@

AG x AG AG

HA

According to this diagram, if the coproduct structure of H*(G, p; Fp), the coproduct
structure of H*(Q2G, uq;Fp), and values of the homomorphism Ad* are known, then
we can use those pieces of information to compute coproducts in H*(AG, pa; F)).
However, Kono, Kozima, and Iwase do not offer any results in this direction beyond
mentioning the diagram. Hamanaka applies homology to this diagram to compute
products in H,(AG5; Fy) using his calculations of Ad,, but remarks that for the other

exceptional Lie groups, “it is complicated to write them out exactly” [9].

1.5 Constructing New H-spaces

Given a finite simply-connected HA-space (X, ) and an odd prime p, we will

find an explicit form for a map v : X x X — X so that v induces a new multiplication
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map on H,(X;F,) = H.(X,v;F,) which makes it a commutative (but possibly nonas-
sociative) algebra. We also find conditions on the original multiplication map p and
its induced homomorphism which make H,(X,v;F,) commutative and associative as
well.

One interesting aspect of H-space theory is that we do not restrict our spaces
to just one multiplication map. The idea of finding alternate multiplication maps
on H-spaces which induced given conditions on cohomology or homology comes from
Harper and Zabrodsky’s work [11]. Their process of constructing new multiplication
maps from old ones is called altering the H-structure. Their technique can prove
that the underlying topological spaces of the Lie groups (Fy,u) and (FEg, p) have
a multiplication map v which induces a commutative multiplication map on their
homology algebras over F3. We adapted their methods to finite simply-connected
HA-spaces (X, ) with homotopy inverse operation ¢ to find an explicit form for a
multiplication map v which makes H,(X,r;F,) a commutative (if not associative)

algebra:

Theorem 1.5.1. Let (X, ) be a finite simply-connected HA-space and p be a fized

odd prime. Define an H-structure v : X x X — X as a product

v(z,y) = ((com(z,y) ...) com(z, y))p(x, y) (1.5.1)

J/
-~

r=1 fimes

where concatenation means multiply using p. Then (X,v) is an H-space for which
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H.(X,v;F,) is a commutative algebra. Furthermore, if x is an element of S, then

v(2) = 5 (0 (2) + T xp' () (L5.2)

N | —

We can also ask when H,(X,r;F,) is associative. In fact, we look at certain
cases when H,(X,r;F,) turns out to be commutative and associative, and determine

a way to measure lack of associativity in terms of the original coproduct p*:

Theorem 1.5.2. Let (X, u) be a finite simply-connected HA-space. Let v be defined
as in equation 1.5.1. The Hopf algebra H.(X,v;F,) is associative if and only if in

H* (X, ;)

(o)W + (T — Qe p )T — (1T u)p") =0.  (1.5.3)

| =

Finally, if v* is coassociative, then H*(X,v;F,) is primitively generated as a Hopf

algebra with coproduct v*.

1.6 Outline of the Dissertation

Our first main goal is to generalize Com and Ad beyond Lie groups and topo-
logical groups. In Chapter 2, we will review and present properties of H-spaces,
HA-spaces, and their cohomology. We start off with a description of some common
techniques we will use in our calculations that involve (free) loop spaces, products of

spaces, homotopy associativity, and homotopy inverse operations. Next, we will col-



45

lect important results about the cohomology of finite H-spaces in Section 2.2. After
that, we will look at HA-spaces and find properties of the homotopy inverse operation
which parallel properties of a group inverse operation. From there, we discuss maps
between H-spaces and introduce the H-deviation of a map, a way of measuring how
maps between H-spaces preserve the multiplication on the spaces. Once we have pre-
sented this background material, then in Chapter 3, we discuss Kono, Kozima, and
Iwase’s results and generalize them to finite simply-connected HA-spaces. We start
with some properties of the free loop fibration, and then use it to give definitions of
the maps com, ad, Com, and Ad that agree with Kono and Kozima’s definitions when
dealing with Lie groups and topological groups. From there, we prove Lemma 1.3.3,
Lemma 1.3.4, and Theorem 1.3.5. Then, in Chapter 4, we will introduce and study
the map h; and its H-deviation Dp,,, along with their induced homomorphisms in co-
homology. This analysis allows us to prove Lemma 1.4.4, Theorem 1.4.5 and Theorem
1.4.6. We also use Theorem 1.4.5 to compute products in H,(AX, pp;F,) and obtain
a generalization of Theorem 1.4.7. Finally, in Chapter 5, we give a brief introduction
to alterations of H-structures: creating new multiplication maps on a space using an
old one. Then we use Lemma 1.3.3 to prove Theorem 1.5.1, and afterward, we look
at some examples and discuss associativity of our new multiplication map (and the

product structure it induces in homology), proving Theorem 1.5.2 along the way.



2 Properties of H-spaces and

HA-spaces

This chapter will cover some additional background material that we will need
in this dissertation. First, we will describe the techniques we will be using in many of
our calculations, especially those which involve maps whose codomain is a (free) loop
space or a product of spaces. In the next section, we will go over some important
properties of the cohomology of finite H-spaces and their loop spaces. We review some
results from Lin’s work on generators of the cohomology of finite H-spaces in [24],
and collect some important properties of the cohomology suspension map defined in
Section 1.2. Afterward, we will study HA-spaces and focus on maps whose codomain
is an HA-space. This will allow us to give some additional properties of the homotopy
inverse operation on an HA-space. Then, we will discuss maps between H-spaces and
how we will deal with maps that do not preserve the multiplication. After that, we

give a brief discussion of measuring associativity on an H-space using A, -forms.

Remark. From now on, we will abbreviate the H-space (X, u) as just X, unless we

are considering multiple multiplication maps on the same space.

46



47

2.1 Loop Spaces, Products, and Homotopy

This first section presents elementary material, which we collect here for con-
venience. These techniques will be used in many of our more involved calculations,
and as such, we feel it is important to describe them.

Throughout Chapters 3 and 4, we will be working with maps whose codomain
is a loop space or a free loop space. Oftentimes, it will be convenient to work with
pointwise definitions of the map (where we evaluate the loops at ¢t € S') during

calculations. The following lemmas will justify this practice.

Lemma 2.1.1. Let X and Y be simply-connected topological spaces and g1, g2 : X —

AY. Let &5 : S' x AY = Y be the free evaluation map given by

Consider the compositions E(ids1 X g1), €;(idsr X g2) : S* x X — Y. Elementwise,

these are given by

grlidsr x gr)(t,2) = gu(x)(?),

erlidst x go)(t, ) = ga()(1).

Suppose that

éf(idsl X 91) ~ éf(@dsl X gg)
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Then

g1 = ga2.

Proof. Since

éf(idsl X 91) ~ éf(idsl X gg),

there exists a map I : S* x X x I — Y such that

F(t,z,0) = £&;(ids1 x g1)(t,z) = g1(2)(1),

F(t,z,1) = £&f(ids1 X g2)(t,x) = go(z)(1). (2.1.1)

Define a map G : X x I — AY so that G(x,u) is a loop given by

G(z,u)(t) = F(t,z,u).

Then according to equation 2.1.1,

G(x,0) = (),

G(:L“7 1) = gg(l'),

so GG is a homotopy from g; to gs. O

A similar proof can be used to show a corresponding result for maps into a

loop space:



49

Lemma 2.1.2. Let X and Y be simply-connected topological spaces and g1, 92 : X —

QY. Lete: SYAQY — Y be the evaluation map given by

Consider the compositions €(idsi A g1), €(idsi A g2) : S AN X — Y. Elementwise,

these are given by

e(idsr Agr)(t,x) = gi(2)(t),

e(idst N\ go)(t,z) = go(x)(t).

Suppose that

E(idsl A\ 91) ~ €<idsl A gg)

Then

g1 = ga.

Next, let us explain how we work with maps into a product of spaces. Given
topological spaces X, Y, and Z, and amap f: X — Y x Z, we will use projections

p1:Y xXZ —=Y and py: Y X Z — Z to break down the map f into its components:

f(@) = (p1f(x), paf ().

We can then perform calculations on each component separately in order to determine
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whether the map f is equal to or homotopic to some other map.

Lemma 2.1.3. Let X,Y, Z be topological spaces and f,qg: X — Y X Z be maps. Let

p1:Y XZ =Y andpy: Y X Z — Z be the projections. If

mf ~pig
and
p2f = pag,
then
[~y

Proof. Let Hy : I x X — Y be a homotopy from p,f to p1g, and let Hy : [ x X — Z

be a homotopy from p,f to pog. That is,

Hl(ovx) = p1f($),
Hl(lvx) = plg(x),
HQ(O,CL’) = p2f(£)?

Hy(1,2) = pag(x).

Define H: I x X —Y x Z by

H(t,z) = (H\(t,z), Hao(t,z)). (2.1.2)
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Then
H(O,2) = (Hy(0,x), Hy(0, )
= (p1f(2),p2f(2))
= f(l‘),
and
H(l,l’) = (Hl(lax)vHQ(Lx))
= (p1y(x), p2g(x))
= g(z),
so H is a homotopy from f to g. =

Remark. In the language of category theory, if we work in the category of pointed
topological spaces with morphisms being (based) homotopy classes of maps, then the
previous lemma states that the Cartesian product of two pointed topological spaces

is a product in the category.

Let us end this section with an example on working with homotopy associativ-
ity and homotopy inverse operations for an HA-space (X, ) with homotopy inverse

operation 7 : X — X.
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Example 2.1.4. Let X be an HA-space and f : X x X — X be defined by

fz,y) = (zy) i(y),

and let p; : X x X — X be projection onto the first factor:

pi(z,y) ==
We want to show that
[~
We can expand f(z,y) as
f(l’,y) = NX(NX X ZdX)(ldX X ZdX X Z)(ZdX X Ax)<l’,y) (213)

We can use homotopy associativity: px(pux X idx) ~ pux(idy X px), to see that f is

homotopic to a map which takes (z,y) to

px(idx x px)(idxy x idx X i)(idx x Ax)(z,y)
= pix (idx % (px(idx x )Ax)) (2, y)

=z (i(y)y) (2.1.4)

By Definition 1.2.3,

MX(idX X Z)AX ~ kf,
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so f is homotopic to a map which takes (x,y) to

px (idx x k) (z,y) = px(z, o)

= p1(l‘,y).

Therefore, f ~ p;.

As we have seen, we can use homotopy associativity to move the parentheses
and obtain equation 2.1.4, and apply the homotopy inverse operation to “cancel”
the product i(y)y that appeared in equation 2.1.4. In full detail, we had to expand
f(z,y) in equation 2.1.3 in order to identify px(pux X idx) in the composition, and
use homotopy associativity to make py(idxy X i)Ax appear in the composition so we
could replace it with k.

In practice, the process of expanding compositions with p and ¢ can get cum-
bersome, especially when more elements are being multiplied (we might have to use
homotopy associativity multiple times and include numerous idx factors). Therefore,
in Chapters 3 and 4, we will refrain from writing expansions like the one in equation

2.1.3, so that calculations will look more like the next example:

Example 2.1.5. Let X be an HA-space and f : X x X — X be defined by

f(z,y) = (zy) iy),
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and let p; : X x X — X be projection onto the first factor:

pi(z,y) =2

We want to show that

[ ~p.

We can use homotopy associativity to see that f is homotopic to a map which takes

(z,y) to x (i(y)y). Hence f is homotopic to a map which takes (z,y) to

= pi(x,y).

Therefore, f ~ p;.

2.2 H-spaces and their Cohomology

In Section 1.1, we saw that there are only three kinds of monogenic Hopf
algebras (recall that all algebras have F,, p odd, as their base field), and any other
Hopf algebra is isomorphic (as an algebra) to a tensor product of monogenic Hopf

algebras. One can ask which Hopf algebras occur as the cohomology of some H-space.

Example 2.2.1. Let us look at exterior algebras first. Given any odd natural number
n, Adams shows that there is an H-space X (which might not be a topological group),

called an odd sphere localized at the odd primes, such that the cohomology of X over
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H*(X,Fp) = A (z),

and X itself is a CW complex of finite type (finite number of cells in each dimension)
that has the odd sphere S™ as a subcomplex [1]. Hence given an odd prime p, any
exterior algebra (with any number of generators in any odd degree) over F, can be
realized as the cohomology of an H-space, namely the product of some odd spheres

localized at the odd primes.

In contrast, when dealing with a finite H-space X, the possible degrees of even
degree generators in H*(X;F,) are much more limited. Lin’s Binary Theorem from
[24] describes the degrees in which even degree generators can occur. Let us quote

part of it:

Theorem 2.2.2 (Lin). Let X be a finite simply-connected H-space, and let m be a
J

positive integer. Then Q*™H*(X;F,) = 0 unless m = Y mp® + 1, where the m,
s=1

coefficients are either zero or one, and at most one of the my coefficients is zero

(unless j =1, in which case my = 1).

Lin uses the Binary Theorem to prove the following result about the cohomol-

ogy of QX and the cohomology suspension map o*:

Lemma 2.2.3 (Lin). Let X be a finite simply-connected H-space. Then

H*(QX;F,) =0
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and o* vanishes on even degree elements of H*(X;IF,).

In general, we have the following facts about the cohomology suspension map

o* from [39] and [6] respectively:

Theorem 2.2.4. Let X be a simply-connected H-space.
1) (Whitehead) Decomposables in H*(X;F,) vanish on the cohomology sus-
pension map, and the image of o* is contained in PH*(X;F,).

2) (Clark) Moreover, for n > 1, if we look at the linear transformations

Q"H*(X:F,) — P" 'H*(QX:F,),

induced by o*, then if n is odd, then this induced linear transformation is injective on

Q"H*(X;F,), and unless n — 1 = —2 mod 2p, it is surjective onto P""*H*(X;F,).

In the case that X is a finite simply-connected HA-space and S is the gen-
erating set from Theorem 1.2.4, ¢* is injective on the set of odd degree elements of

S.

2.3 HA-spaces and their Cohomology

Let (X, u) be an HA-space with homotopy inverse operation i. We will intro-
duce some properties of i, along with its induced homomorphism on cohomology. To
do this, we need to look at homotopy classes of maps whose codomain is an HA-space.

While it has been known that the set of (basepoint-preserving) homotopy classes of



o7

maps whose codomain is an HA-space has a group structure (see James’ paper [14]
and Zabrodsky’s book [40]), we would like to discuss this group structure in more
detail and provide our own presentation.

For any space Y and any HA-space X, given a map f : Y — X, let us denote

the homotopy class of f by [f]. That is,

[f] = [g] if and only if f ~ g.

Let (Y, X) be the set of (basepoint-preserving) homotopy classes of maps from Y to X
(our notation is due to Hatcher from [12]). Let us show that the HA-space structure
of X can be used to define a group structure on (Y, X). First, we will work with the
functions (from Y to X) themselves, and define a binary operation on functions from

Y to X:

Definition 2.3.1. Let Y be any space and X be an H-space. Given f:Y — X and

g:Y — X, we define a function f*x¢g:Y — X by

frg=p(fxg)Ay.

Elementwise, this means that for any y € Y,

(fx9) () = fw)agy).

Let us show how the homotopy associativity of X will impose an associativity



o8

condition on the binary operation x:

Proposition 2.3.2. Gwen f:Y — X, g:Y — X, and h : Y — X, the binary

operation * satisfies

(fxg)xh=fx*(gxh).

Proof. By definition,

(fxg)xh = p((f*g)xh)Ay

= p((n(f xg)Ay) xh)Ay. (2.3.1)

Elementwise, this map takes an element y € Y to (f(y)g(y))h(y) € X, so equation

2.3.1 becomes

Since X is homotopy associative, p (X idyx) ~ pu (idx X p). Thus, we have

(fxg)xh>~p(idy x p)(f x gxh)(idy x Ay)Ay. (2.3.3)

Elementwise, this map takes y to f(y)(g(y)h(y)), so the right hand side of equation



29

2.3.3 becomes

(fxg)xh =~ pu(fx(u(gxh)Ay))Ay

— fx(g#h). (2.3.4)

The binary operation passes to homotopy classes in (Y, X) as follows:

[f]=g] = [f * g]. (2.3.5)

In particular, by the previous proposition,

([T lgl) + [h] = [f * gl x[h]

= [/ (lg] = [h]), (2.3.6)

so * is an associative binary operation on (Y, X'). In fact, it gives a group structure

on (Y, X):

Proposition 2.3.3. Given an HA-space X and any space Y, (Y, X) is a group with
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binary operation *.

Proof. Let us show that the identity element of (Y, X') is the homotopy class of the

constant map k : Y — X. To do this, we look at the map f * k. In X,

(f %K) (y) = (u(f X k) Ay) (y) = n(f(y), z0) = f(y),

so fxk = f. Similarly, k * f = f, so in (Y, X),

] [K] = (K] [f] = [f]. (2.3.7)

Inverse elements are defined using the homotopy inverse operation ¢ : X — X.

Notice that

frliof) = p(fx(iof)) Ay
= u(idx x i) (f x f) Ay

= plidx x 1) Axf,

and the last map is nullhomotopic since u (idx x ) Ax is nullhomotopic. Similarly,

(iof)* f~k, soin (Y, X),

[f]xlio fl=Tlio fl+[f] = [K]. (2.3.8)

Hence we will denote [i o f] by [f]7!.
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Equations 2.3.7 and 2.3.8, along with Proposition 2.3.2, show that (Y, X) is a

group under the operation * with identity [k]. ]

Here are some properties of the homotopy inverse operation ¢ that are anal-
ogous to properties of inversion in a group, namely, that in a group G, (¢7')™' =g
and (g192)~" = g, 'g;'. They have been used throughout the literature, but we were
unable to find a reference, so for convenience, we have provided a proof using homo-
topy classes of maps into an HA-space. Our proof exploits the fact that (Y, X) is a
group, so the properties of the group inverse operation in (Y, X) can be used to prove

statements about maps being homotopic.
Lemma 2.3.4. In X, ioi~idx andiop~ pu(i x i)Tx x.

Proof. Recall that in any group G, (¢7')' = g. Since (X, X) is a group, for any

class [f] (where fis amap f: X — X), we have

In particular,

[iod] =[] = (lidx]™")~" = lidx],

S0 101~ idy.

Recall that in any group G, (g192)~" = g5 *g; . Since (X x X, X) is a group,
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for any classes [f] and [g], we have

Let f = p; and g = po, where py,ps : X X X — X are projection maps. Then we

have

(pl *p2> <I7y) = M(p1(x,y),p2(l‘,y)) - ,u(ac,y), and

((iopa)* (top1)) (z,y) = pli(pa(z,y)),i(p(z,y)))
= wu(i(y),i(r))
= (i xi)(y,x),

= (p(i xi)Txx) (z,y),

so in (X x X, X),

[iou) =1~ = (o) * [pa)) ™" = [po] " % [pa) ™ = (i ) Txx].

Therefore, i o 1 >~ p(i x i)Tx x. O

Next, we examine ¢*, the induced algebra homomorphism on H*(X;[F,). In

Definition 1.2.3, we see that

p(i X idx)Ax ~ plidx x i)Ax ~ k. (2.3.9)
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Thus, if z € H*(X;F,) has positive degree and p*(z) =2®1+1®x+ ) c®d, then

we can apply cohomology to equation 2.3.9 to determine a formula for i*(z):

Proposition 2.3.5. Suppose v € H*(X;F,) has positive degree and p*(z) =2 @1+

l@x+> c®d. Then

(x)=—z =) i'(c)d=—z— Y c[i*(d)]. (2.3.10)

Proof. When we apply cohomology to equation 2.3.9, we see that

A% @ Dt (x) = A}(i*®1)<x®1+1®x+20®d)
— A% (z’*(m)@l—i—l@x—i—Zi*(c)@d)

= i"(z)+a+ Y i*(c)d,

A1 @i (z) = A}(l@i*)<x®1+1®x+zc®d>
- A}<x®1+1®z’*(:€)+zc®i*(d)>

= z+i*(2)+ Y cfi*(d)],

SO

and therefore,

f(z)=—z =) i'(c)d=—z— Y c[i*(d)]. (2.3.11)
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In particular,

D it(e)d = c[i*(d)). (2.3.12)

By dualizing to homology, we obtain the following result:

Corollary 2.3.6. Let 7 € H.(X;F,) have positive degree and Ax.(Z) =2 ®1+1®

T+ ¢®@d. Then

(1) =-z =) ie)d=—z— ) ei.(d)]. (2.3.13)

In addition, equation 2.3.11 tells us that the map ¢ induces multiplication by

~1on QH*(X;F,).

Example 2.3.7. If x € H*(X;F,) is primitive, then i*(z) = —z. In general, if x is a

product of primitive classes x1, ..., x,,

In general, +* may not be multiplication by —1 on generators.

Example 2.3.8. Let X = Eg and p = 3. For reference,

H*(Eg; F3) = A (23, 27, T15, T19, Ta7, T35, T39, Ta7) @ Fp [18, 220 / (333, 3530) :
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In particular, we have the following coproducts [10]:

p(z;) =2; ®1+1®x,;, where j =3,7,8,19, 20,

,u*(m15) =215 & 1+1® 15 + Tg @ X7,

p(r35) = 35 @ 1+ 1 ® 235 + 25 @ To7 — $§ & T19 + Tog ® T15 + TeTog & T7.

Since z; is primitive for j = 3,7,8, 19,20, we have i*(z;) = —z; in those cases. For

r15 and x35, we have

i*(r15) = —mi5 — 1" (28) 27
= —T15+ TsT7,
i*(135) = —35 — 1" (28)Tar — i (—23)T19 — ¥ (W20)T15 — 1*(TsTa0) Ty

2
= —T35 + TgXo7r + TT19 + T20T15 — T8T2L7-

Given a generator z, it is possible to find another generator & that represents

the same class as = in QH*(X;F,) (again, p is odd), with i*(7) = —Z.

Definition 2.3.9. If 7 is an algebra generator for which i*(z) = —Z, then 7 is a —1

characteristic generator of H*(X;F,).

Proposition 2.3.10. Suppose x is a generator of H*(X;F,) and p*(2) =2 @1+1®
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v+ c®d Let & =x— 253 i%(c)d. Then i* (i) = —i.

Proof. Since p*(z) =z @1+ 1@z + > c®d, i*(x) = —x — > i*(c)d. Let & =

T — z% Y i*(c)d. Then

(@) = (79;2) (#)

]

Remark. Kane’s book (specifically Chapter 48) contains a similar proposition [19].
However, his proof only works on maps ¥ : X — X which induce multiplication by

an integer A which multiplicatively generates IF,\{0}.

Although x and 7 represent the same element in QH*(X;F,), their coproducts

may not be equal.

Proposition 2.3.11. p*(z) = ]ﬁ(u*(z*(:&)) — p*(x)).
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Proof. By definition,

p—2
Since i*(z) = —x — Y i*(c)d, we can rewrite this as
. n 1 N 1 “(2)
T=ux x i*(x
p—2 p—2
and hence
1 1
T=- T+ *(x).

p—2 p—22

We obtain the result by taking the coproduct of both sides.

]

These —1 characteristic generators will be useful in Chapter 5 when we look for
different coproducts on H*(X;F,) and study whether they give primitively generated

Hopf algebras.

2.4 Maps Between HA-spaces

Both Lie groups and topological groups have their own versions of homomor-
phisms - maps that preserve the structures on the spaces. We can define a similar
notion for H-spaces as well. One interesting feature of H-space theory is that unlike
group theory, we do not assume every map between H-spaces preserves the multipli-
cation. Consequently, H-space theory has a tool for examining maps which do not

preserve the multiplication, and we will need this tool in our definitions and results.
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Material in this section can be found in [40].

Let us start with a generalization of group homomorphisms:

Definition 2.4.1. Let (X, ux) and (Y, uy) be H-spaces, and f : X — Y be a map.

Then fis a ux — py H-map if fopux ~ py o (f x f). That is, the following diagram

commutes:
XxXx— _yxy
#Xl lHY
X 7 Y

Frequently, we will drop “ux — py 7 and simply write “H-map.”

A map that is an H-map induces a special kind of homomorphism on coho-

mology:

Definition 2.4.2. Let (A, %) and (B, p};) be Hopf algebras and ¢ : A — B be an

algebra homomorphism. Suppose that the following diagram commutes:

A i B
uzl luB
AR A = B® B

Then we call ¢ a Hopf algebra homomorphism. If ¢ is also an algebra isomorphism,
then we will call it a Hopf algebra isomorphism, and A and B are said to be isomorphic
as Hopf algebras.

In particular, if (X, px) and (Y, uy ) are H-spaces and f : X — Y is an H-map,
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then f*: H*(Y;F,) - H*(X;F,) is a Hopf algebra homomorphism:

H*(Y:F,) L H*(X:F,)

u*yl lu}

H*(V:F,) @ H*(Y; F,) —5 H*(X; F,) @ H'(X;F,)

and f.: H.(X;F,) - H.(Y;F,) is an algebra homomorphism:

H.(X:F,) ® H(X;F,) —"*"— H,(Y;F,) ® H.(Y:F,)

H/X*l/ lN/Y*

H,(X;Fp) H,(Y;F,)

Example 2.4.3. Let (X, u) be an H-space and consider the diagonal map Ay : X —

X x X. If we give X x X the multiplication map pxxx : X* = X x X given by

,UX><X<:C7yaz7w) = (/,L(Z', z),u(y,w)),

then

fxxx (Ax x Ax) (2, y) = (u(z, y), p(x,y))

and

AX:“(*T? y) = (/L(ZE, y)7 :U’(xv y)) 9

so the diagonal map is an H-map. Therefore, the cup product A% : H*(X;F,) ®
H*(X;F,) — H*(X;F,) is a Hopf algebra homomorphism. Indeed, this must occur

because the coproduct map, by definition, is an algebra homomorphism.
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Let us find a relationship between H-maps and homotopy inverse operations

that generalizes the fact that group homomorphisms preserve multiplicative inverses.

Lemma 2.4.4. Let (X, ux) and (Y,py) be HA-spaces with homotopy inverse op-
erations ix and iy respectively. Let f : X — Y be an H-map. Define a map

ff(X, X)) — (X,Y) as follows: given [g] € (X, X),

Fi(lg)) = [f9)- (2.4.1)

Then f* is a group homomorphism, and

Proof. Let us show that f* is a group homomorphism. Before we proceed, let us
indicate that the group operation in (X, X) will be denoted * and the group operation
in (X,Y) will be denoted by % Since f is an H-map, f o ux =~ py o (f X f), so for

any gi, g2 : X — X, we have

fux(gr X g2)Ax =~ py(f x f)(g1 X g2)Ax

= py((fg1) x (fg2))Ax (2.4.3)

(elementwise, the right hand side of equation 2.4.3 takes x to (fgi1(x)) (fg2(x))). This
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means that in (X,Y),

fﬁ([gl] ;'2 l92]) = [fgi] ;5 [f 2]
= fﬁ([gl]);‘;fﬁ([%])a

so f*is a group homomorphism. In particular, it preserves group inverses, so for any

l9] € (X, X),

[fixg) = fHlixg)

= [fgI™!
- [ZYfg]7
so if we pick g = idx, we see
[fix] = [iv f],
SO fZX ~ ny O

One major difference between group theory and H-space theory is that we
do not assume that every map between H-spaces is an H-map. When dealing with
maps which are not H-maps, we need a way to express how they fail to preserve the

multiplication.
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Definition 2.4.5. Let (X, uy) and (Y, uy) be H-spaces, and f : X — Y be a map.
Then the H-deviation of f (from a px — gty H-map) is the map Dy : X x X — Y

which satisfies

py (Dy X [y o (f X [)]) Axxx = fopux. (2.4.4)

In (X x X,Y), this means

(Dl * [py o (f x /)l = [f o px].

If Y is an HA-space, let iy denote the homotopy inverse of Y. Then Dy can be chosen

as

Dy = py((f o px) x (iv o py o (f X f)))Axxx. (2.4.5)

Elementwise,

Df(xl, T2) = f(z1m2)iy (f(z1)f(22)) . (2~4~6)

In particular, f is an H-map iff D is null-homotopic.

Example 2.4.6. Suppose we have an HA-space X, with homotopy inverse operation

1. Let us examine when ¢ is a u — ¢ H-map by studying D;. Elementwise, we have

Di(x1,x9) = i(x1m9)i(i(xy)i(x2)). (2.4.7)
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Hence we can rewrite D; as the composition

D;=(iop)x(io((iopy)*(iops))) (2.4.8)

By Lemma 2.3.4, D; is homotopic to a map which takes (z1, z3) to

i(xllfg)(ffgxl).

Let us find a relationship between the map D; and the commutativity of X as
an HA-space. The following result generalizes the fact that a group is abelian if and

only if its inverse operation is a homomorphism.

Theorem 2.4.7. The homotopy inverse operation i s a p — u H-map if and only if

X is a homotopy commutative HA-space.

Proof. If X is a homotopy commutative HA-space, then p ~ uT', so D; is homotopic
to a map which takes (21, x2) to i(z122)(x122), and hence is null-homotopic. Thus, i
is a p — p H-map.

If D; is null-homotopic, then in (X x X, X),

[Di] = [k]. (2.4.9)

Let p1,p2 : X x X — X be projection maps. By equation 2.4.8, the left hand side of
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equation 2.4.11 becomes

()™ (o) ™ o] 1) = [, (2.4.10)

so if we (left) multiply both sides of equation 2.4.10 by [u], we obtain

SO

[po] % [p1] = [u]- (2.4.11)

Since [po] * [p1] = [uT] (elementwise, the maps py * p; and pT take (z,y) to yz),
equation 2.4.11 becomes

[T] = [,
so X is a homotopy commutative HA-space. O

H-maps can play a role similar to group homomorphisms: if we have a famil-
iar H-space (Y, uy) and a less familiar H-space (X, ux), we could look for an H-map
f: X — Y to help us study X and its cohomology. For example, if f is a homotopy
equivalence, then f* : H*(Y, uy;F,) = H*(X, ux;F,) would be a Hopf algebra iso-
morphism. This would allow computations of coproducts in H*(X, ux;F,) using the

coproducts of H*(Y, uy; F,).
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If f is not (known to be) an H-map, we can actually use its H-deviation to ex-

amine the difference in the coproduct structures of H*(X, ux;F,) and H*(Y, py; F,):

Lemma 2.4.8. Let (X, pux) and (Y, py) be H-spaces, and f : X — Y be a homotopy-

equivalence. Let y € H*(Y, py;Fp). Then

1 (f* () = Axx (D} @ ((f* @ [*)uy)) iy (y). (2.4.12)

In particular, the induced homomorphism D} is trivial if and only if f* is a Hopf

algebra isomorphism:

W W) = (F @ )i (v). (2.4.13)

Proof. Let us verify equation 2.4.12 first. By definition, Dy must satisfy

py (D X [py o (f x f)]) =~ fopux,

so when we apply cohomology, we see that for any y € H*(Y, uy; F,),

1 (f* () = Axx (D @ ((f* @ [*)u3)) my (y). (2.4.14)

Now let us check equation 2.4.13. Write pi-(y) =y @1+ 1@y + > v @4y
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Then if D} = 0 on positive degree elements,

(W) = Axux (DF (f* @ [ )is) w3 (y)
= Aux (D5 ((ff e f ) yol+1y

+> ®y”>- (2.4.15)

Since D3 (y) = D3(y') = 0 and D}(1) = 1, we can simplify equation 2.4.15 to

px(f(y) = Axux (D@ (f*@ fry) (1ey)

= (f"® fuy(y).

Hence if D} is trivial, f* is a Hopf algebra isomorphism.

On the other hand, suppose D} is not a trivial homomorphism. Choose a
positive degree class y € H*(Y, puy; F,) so that D;Z(y) # 0, and any element of smaller
positive degree than y is in the kernel of D}. Write uy.(y) = y@1+10y+> vy @y".

Then

(W) = Axux (D (f* @ [ )isy) i (y)
= Aux (D5 ((ff e f ) yeol+1y

- >y @yﬂ), (2.4.16)

By our hypotheses, since each ' has degree less than that of y, D;‘c(y’) = 0, so equation
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2.4.16 gives us

# (@ M uy(y).

Hence if D7 is not trivial, f* is not a Hopf algebra isomorphism. O

Another application of H-maps and H-deviations concerns H-spaces with the
homotopy type of a product. Given H-spaces (X, ux), (Y,uy), and (Z,puz), and a

homotopy equivalence f : X — Y x Z with homotopy inverse g : ¥ x Z — X (so

gf ~ ’LdX and fg ~ idyxz), let

Wyxz Y X ZXY XZ =Y xZ

be defined by

My xz = (MY X MZ)(idY X TZ,Y X idz)-

We can ask if the map f is an H-map; that is, we can ask if the following diagram

commutes:
fxf
X x X Y XxZxYxZ (2.4.17)
HXL lNYXZ
X 7 Y xZ

As an analogy, in group theory, we may ask if a group G is isomorphic to a direct sum

or direct product of groups. In our situation, if f and g are H-maps, then diagram
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2.4.17 commutes and thus the following diagram commutes:

X x X 979 YXxZxY xZ
/‘«XL lMYxZ
X - Y x Z

However, if f and g are not H-maps, we can instead ask if the homotopy equivalences f
and ¢ induce what is called a twisted H-structure on Y x Z. This twisted H-structure,

if it exists, would be a map

LY XZXYXZ =Y XxZ

which makes the diagram commute:

X xX Y XxZxYXZ (2.4.18)
-] )
X - Y x Z

Let us explain the meaning of the term twisted H-structure. The following definition

is based on one from Zabrodsky’s paper [41]:

Definition 2.4.9. Let (Y, uy), and (Z, uz) be H-spaces, and i,i2 : Y — Y X Y be
inclusions. Suppose we have a map w : Y x Y — Z for which wi; and wi, are both

nullhomotopic. Then the w-twisted H-structure on Y X Zisamap ji : Y XZXY X Z —
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Y x Z given by the following composition:

ﬂ = (’Ldy X ,uz)(,uy X w X [Lz)<Ay><y X idZXz>(idy X TZY X Zdz)

Elementwise, given y1,y, € Y and 21, 20 € Z, we have

(Y1, 21, Y2, 22) = (y (Y1, Y2), iz (WY1, Y2), pz(21, 22)).

If we abbreviate py (y1,vy2) = y1y2 and pz (21, 22) = 21 - 22, we have

ﬂ(yla 215 Y2, 22) = (ylyg,w(yl,yg) : (Zl : 22))~

The map w is called the twisting factor.

There are similar definitions where the domain of wis Y X Z, Z xY, or Z x Z.

Example 2.4.10. In this example, let Y = Z = F) with identity element gq. Let us

find a twisted H-structure for F; x F,. Let com : Fy X Fy — F; be the commutator:

com(g,h) = ghg *h™'.
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Note that if 71,45 : Fy — F, x F} are inclusions, then

comoii(g) = com(g,qo)
= 9909 9"

= 9o,

comois(g) = com(go,g)
= 90999

= 9o

The com-twisted H-structure on F; X F} is the map

[LZF4XF4XF4XF4—>F4XF4,

(g1, hi, 9o, ha) = (9192, (919297 g5 ) hha).

In the context of diagram 2.4.18, we would like to know if there is a map w (in
finding w, we must also determine its domain among the choices in Definition 2.4.9)

and an w-twisted H-structure

Y XZXYXZ =Y xZ
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that makes diagram 2.4.18 commute. We will encounter this problem in Chapter
4. As we will also see in Chapter 4, functions which are not H-maps, along with
their H-deviations, allow us to study new H-spaces using information from old ones,
just like how one studies unfamiliar groups using homomorphisms and isomorphisms

involving familiar ones.

2.5 A,-spaces and A,-forms

At this point, we have seen two “degrees” of associativity for an H-space (X, p):
e (Strict) associativity: p(pu X idx) = pu(idx X )
e Homotopy associativity: p(p X idx) =~ p(idx X )

In this section, we will introduce A,-spaces and A,,-forms, which describe and measure
how associative a multiplication map is. Although this section is optional (it will only
come up in parenthetical remarks), it will allow the reader to appreciate the wide gulf
between HA-spaces and topological groups. References for this material can be found
in Stasheff’s paper [34] (which introduced the ideas of A,-forms) and Kane’s book
[19].

First, suppose we have three elements x, y, and z in the H-space (X, ). There

are two ways to multiply them using w:

p(p xidx) (z,y,2) = (zy)z and p(idx x p) (2,9, 2) = z(y2).



82

If the maps p (p X idx) and p (idy x pu) are homotopic, we can represent this using

a 1-cell called Ks:

(zy)z  x(y=)
o——=O

Ky =
The left vertex (0-cell) represents the map u (p X idy), and the right vertex represents
w(idx x ). The edge (1-cell) between them represents a homotopy between the
maps.

Now let us step up to multiplying four elements z, y, z, and w. There are five

ways to multiply them:

(zy)(zw), ((zy)2)w, (x(yz))w, z((yz)w), and z(y(zw)).

We can first consider homotopies between pairs like (zy)(zw) and ((zy)z)w, giving
a union of five O-cells and five 1-cells, but we can impose a stronger condition and
assume all possible homotopies among all five maps exist. We can represent them

using a 2-cell called Kjy:

(zy)(zw) ((zy)z)w
Ky = 2(y(zw) (z(yz))w

z((yz)w)
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Notice that each edge is a copy of K3, whose vertices are maps applied to three
elements formed from products of x, y, 2z, and w. For example, the top edge is a
copy of K3, and the vertices represent the maps u (idx x pu) and p (p X idy) applied
to the elements xy, z, and w. The 2-cell itself represents a homotopy between the
homotopies (the edges).

We can continue this process of forming (n — 2)-cells K, to represent homo-
topies between maps that multiply n elements in (X, ). For reference, here is K, a

single vertex that represents the only way of multiplying two elements using pu:

KQ — CUC%/
Given n elements of X, xq, xs, ..., ,, each map, homotopy, homotopy between homo-

topies, and so on represents placing pairs of parentheses in the expression “xy2s ... x,"
3 2 n

in order to obtain a product of elements. In particular, each map from X" to X cor-
responds to placing n — 2 pairs of parentheses, obtaining an unambiguous order of
multiplying elements in X using p. For example, in our picture of K, the bottom
vertex corresponds to placing two pairs of parentheses in “xyzw”, one pair around
“yz” and another pair around “yzw.” A homotopy between two of these maps cor-
responds to placing only the n — 3 pairs of parentheses that the two maps have in
common. For example, the top edge in our picture of K, corresponds to placing a
pair of parentheses around “xy,” and the edge in the upper right corresponds to a pair

of parentheses around “xyz.” Homotopies between homotopies correspond to placing
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n — 4 pairs of parentheses, and so on.

Given K, a face (n — 1 dimensional cell) of K,, will correspond to placing
only one pair of parentheses. We can formalize the idea of copies of K; being subsets
of the boundary of K, for j < n by introducing notation for faces of K,,. The face
(Kp—s+1 X K), corresponds to placing a parenthesis to the left of z;, and to the right
of Tprs 10 X1 T 1(Th o+ Tpys1)Thas-- - Tne

Hence we can construct K, from K;, j < n, as follows: K, will be the cone

on OK,, where

0K, = | (Kas x Ky,
2<s<n—1
1<k<n—s+1

Now let us formalize the idea of homotopies (and homotopies of homotopies,

and so on) and introduce A,-forms using the cells K,:

Definition 2.5.1. Let (X, u) be an H-space. The space X is said to admit an A,,-
form (where 2 < n < o00) if there exist maps M; : K; x Xt 5 Xfor2<i<n
where

M, : Ky x X x X — X is given by My(k,z,y) = p(z,y),

and if 4 > 2, we have compatibility conditions that allow M; restricted to 0K; x X°

to be written in terms of M;, j < i: the composition

Ko X K X X 0K, x Xi M x
(Ki—st
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can be written as

(Oé,ﬁ,l'l, s 7xi) = Mn—s-i—l(aaxl) ceey Tle—1, MS(B)*Tk) s 7xk—s+1)7xk+sv s 7171))

A space with an A,-form will be called an A,-space. If the maps M; exist for all

1 > 2, then X is an A.-space.

For example, any H-space is automatically an As-space by definition.
If (X,u) is an HA-space, then let H : I x X3 — X be a homotopy between

w(idx x p) and p (p X idx) (where I is the unit interval [0, 1]) such that

H(O,2,9,2) = pluxidx)(z,y,2) = (2y)z, and

H(l,z,y,z) = plidx x p)(z,y,2) =z(yz)

Denote the point in Ky by ky. Since I and K3 are homeomorphic, let f: K3 — I be

a homeomorphism taking the left vertex to 0 and the right vertex to 1. Then define

MQ(k%x)y) = M($7y) and

Ms(k,x,y,2) = H(f(k),x,y,z).

Then at the vertices, we have

Ms(f7(0), 2y, 2) = H(0, 2,y, 2) = p(u x idx) (2,y, 2) = (wy)2
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and

Ms(f~'(1),z,y,2) = H(1,z,y,2) = p(idx x p) (x,y,2) = z(yz).

Let us verify the compatibility conditions. The face (K, x K3), corresponds to the

left vertex f~1(0). Indeed, we have

MQ(k2>M2(k27x7y>vz) = (P’ X ZdX) (f,y,Z) = (my)z

Furthermore, the face (K> x K3), corresponds to the right vertex f~'(1). This time,

we have

My(ko, x, Ma(ko,y,2)) = p(idx X p) (x,y, 2) = x(yz).

Thus, an HA-space is also an As-space. Conversely, if (X, i) is an H-space which is an
As-space, we can use M3 to define a homotopy H : I x X® — X between pu (idx X )
and p (p X idx):

H(7ﬂ7$7y72) = M3(f71(70)7$7y72)'

Then

H(0,z,y,2) = Ms(f(0),2,y,2) = pu(p X idx) (z,y,2) = (xy)z, and

H(l,x,y,2) = M3(f~ (1), 2,9, 2) = p (idx x p) (2,9, 2) = 2(y2).

Therefore, an As-space is a homotopy associative H-space. From here, we can appeal

to Sibson’s theorem: given a homotopy associative H-space, a homotopy inverse oper-
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ation i : X — X can be constructed that satisfies u(7 x idy)Ax ~ u(idx xi)Ax ~ k
[32]. Hence any As-space is an HA-space.

If (X, u) is a topological group or associative H-space, we can take advantage of
strict associativity and define all the maps to simply take the product of the elements
of X:

Mi(k?,l‘l,...l'i) =T1...%;.

Hence any topological group and any associative H-space is an A.-space.

More generally, A,-forms are designed to be homotopy invariants in the sense
that if X has an A,-form and f : X — Y is a homotopy equivalence, then we can
use f to induce an A,-form on Y. For example, any loop space 2X is homotopy

equivalent to an associative H-space (with a homotopy unit)

X ={l:[0,r] = X: r>0, and 1(0) = I(r) = zo}

whose multiplication map p is given as follows: if a : [0,7] — X and b: [0,s] — X

are two loops in ' X, then p.(a,b) is given by the loop

Hence any loop space is an A..-space. Conversely, any A.-space possesses a classi-

fying space (see Stasheff’s paper [34] and Kane’s book [19] for a construction). In
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conclusion, we can say that any A.-space is homotopy equivalent to a loop space,
which is homotopy-equivalent to an associative H-space, which is homotopy equivalent
to a topological group.

Overall, there is a countably infinite difference in degrees of associativity be-
tween HA-spaces and topological groups: HA-spaces are only guaranteed to have
As-forms, but topological groups have A,-forms for any integer n > 2.

To summarize, we have:

e A_.-spaces: topological groups, loop spaces, associative H-spaces

e As-spaces: HA-spaces

e A,-spaces: H-spaces

Again, we note that A.-spaces possess classifying spaces, while Az-spaces might not.

Chapter 2, in part, has been submitted for publication of the material as it
may appear in Journal of Topology and its Applications, 2013. Nguyen, Nicholas,
Elsevier, 2013. The dissertation author was the primary investigator and author of

this paper.



3 The Adjoint Action and Related

Maps

One outcome of Kono, Kozima, and Iwase’s work is that given a finite simply-

connected topological group G, the adjoint action ad : G x G — G given by
ad(g, h) = ghg™"

may not equal p§ : G x G — G, the projection onto the second factor, but the ho-
momorphisms they induce in cohomology and homology over [F,, are equal if and only
if H.(G,;F,) is a commutative algebra [13]. In total, they introduce the following

maps:

e the commutator map com : G x G — G given by

com(g,h) = ghg 'h™'.
e the adjoint action Ad : GXxQG — QG, where Ad(g, 1) is the loop given pointwise

89
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Ad(g,1)(t) = gl(t)g™".

e a map that we will denote as Com : G x QG — QG, where Com(g,l) is the

loop given pointwise by

Com(g,1)(t) = gl(t)g~"1()™".

Overall, they use these maps to characterize commutativity of H,(G;F,). Let us

quote (and combine) Theorems 2.2 and 2.3 from Iwase’s paper [13]:

Theorem 3.0.2 (Iwase). Let G be a finite simply-connected topological group and p
be any odd prime. Let BG and BAG be the classifying spaces of G and AG respec-
tively. Let j : G — BAG be the inclusion, and pSt : GxQG — QG and p§ : GXG — G
be projections from the second factor. Then the following conditions are equivalent:
i) The induced homomorphism j* : H*(BAG;F,) — H*(G;F,) is surjective.
i) The Pontryagin ring H.(G;F,) is a commutative Hopf algebra. In other

words, the adjoint action of G on itself induces the trivial action

ad, = p§. : H.(G;F,) ® H.(G;F,) — H.(G;F,).

Note: Twase means “trivial” in that ad, = pS., not that these maps equal zero
on positive degree elements.

i) The Hopf algebra H*(G;F,) is primitively generated.
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w) There is a H*(BG;F,)-module isomorphism

H*(BAG:F,) = H*(BG;F,) ® H*(G;F,).

v) The integral homology H,.(G;Z) has no p-torsion.

vi) The adjoint action (of G on QG) induces the trivial action

Ad, = p. : H,(G;F,) ® H.(QG;F,) — H,(QG;F,).

vii) There is an isomorphism of algebras H*(BAG;F,) = H*(BG x G;F,).

It was not known if these results require G to be a topological group, or if the
statements can be proven to be equivalent for a larger class of spaces. If we want to
generalize these results beyond topological groups, we must be careful: if we weaken
the associativity condition on G (to be more precise, if we no longer require G to be an
A-space), we are no longer guaranteed to have classifying spaces for G and its free
loop space. Consequently, we cannot generalize statements (i), (iv), and (vii) from
Iwase’s theorems, and we will have to find other methods of proving the equivalence
of the remaining statements. A more immediate challenge is defining generalizations
of the four maps: without a strict inverse, it is not immediately clear how we should
define the maps and find formulas for them. Even if we allow a homotopy inverse
operation, there is the question of how to define C'om and Ad so that their codomain

is a loop space, not a free loop space (see the discussion at the beginning of Section
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1.3).

We overcome these challenges as follows. We weaken the requirements for
associativity and existence of inverses to homotopy associativity and existence of
a two-sided homotopy inverse operation, resulting in an HA-space. Given a simply-
connected HA-space X, we will use the free loop fibration to develop our own versions
of the maps ad, com, Ad, and C'om that generalize the maps introduced by Kono and

Kozima:

Theorem 3.0.3. Let X be a simply-connected HA-space and p be any odd prime.
There exist maps ad : X x X — X, com: X x X = X, Ad: X x QX — QX, and
Com : X x QX — QX such that if X s a topological group, these maps agree with

the maps defined by Kono and Kozima.

We will proceed to prove the following theorem, generalizing Kono, Kozima,
and Iwase’s results and removing the need for classifying spaces. For convenience, we

will number each statement to match with the corresponding statement from Iwase’s

paper:

Theorem 3.0.4. Let X be a finite simply-connected HA-space and p be any odd
prime. Then the following conditions are equivalent:
i) The homomorphism com* : H*(X;F,) - H*(X;F,) ® H*(X;F,) is trivial
iii) The Hopf algebra H*(X;F,) is primitively generated.
v) The integral homology H,.(X;7Z) has no p-torsion.

vi) The homomorphism Com* : H*(QX;F,) — H*(X;F,) ® H*(QX;F,) is
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Moreover, in statement (ii) of Iwase’s theorem, note that he assumes the equiv-
alence of the commutativity of H,(G;F,) and the equality of ad, and pS,. We will go

into more detail and prove:

Theorem 3.0.5. The homomorphism com* : H*(X;F,) - H*(X;F,) ® H*(X;F,)

is trivial iff H.(X;F,) is commutative.

The key to the proof of our theorems will be the calculation of formulas for
com® and Com*. Once we define the four maps, we will deduce these formulas by
taking advantage of a property of the cohomology of finite simply-connected HA-
spaces, Theorem 1.2.4.

Before we go further, let us point out why we work with com and C'om instead
of ad and Ad. A classical theorem from the topology of Lie groups is that a compact
connected Lie group is abelian if and only if it is a torus [30]. According to a theorem
by Araki, James, and Thomas, if a compact connected Lie group is not abelian,
then it is not homotopy commutative [2]. Thus, the commutator map com is not
nullhomotopic for these groups. Nevertheless, Borel observes that when p is odd
and G is one of the classical groups A,, B,, C,, or D,,, H,(G;F,) is a commutative
exterior algebra [3|. Our results stem from a desire to find a relationship between the

commutator com on a compact simply-connected Lie group G, and the commutativity

of H.(G;TF,).



94

This chapter will start with the free loop fibration from Definition 1.2.10.
We will prove some important properties about the free loop fibration that will be
needed for our definitions and results. Next, we will define our maps com, ad, Com,
and Ad for simply-connected HA-spaces and study their induced homomorphisms in
cohomology. Finally, we will use com and C'om to characterize finite simply-connected

HA-spaces whose homology over [, is a commutative algebra.

3.1 The Free Loop Fibration

We will need to use the free loop fibration to not only prove our results, but
also to define our maps in the first place. Frequently, we will face the following
situation: for some space Y and a simply-connected HA-space X, we have a map

f Y — AX, and we would like to know whether:

1. If there exists a map f : Y — QX such that jf ~ f:

2. If the map f is unique up to homotopy: if there is another map fo : ¥ — QX

such that jfs ~ jf ~ f, then does this imply that f ~ f,?

In this section, we will discuss these questions using a fibration sequence called the

free loop fibration. We will explain why the free loop fibration is indeed a fibration,



95

and then prove some properties of the fibration and the maps in it.

Let us address existence of a lift by verifying that ¢ is a fibration:

Proposition 3.1.1. Let X be any simply-connected topological space, j : QX — AX

be the inclusion

Then €y s a fibration, and we have a fibration sequence which we call the free loop

fibration:

QX

|

AX

Jo

X

Proof. Let Y be any space and f : Y — AX be any continuous map, and suppose

that we have a homotopy G : Y x I — X such that for any y € Y,

G(y,0) = eo(f(v)) = f(y)(0). (3.1.1)

Furthermore, since f(y) € AX, pointwise, we have

fW)(0) = f(y)(1). (3.1.2)
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We will prove that ey is a fibration by constructing a homotopy F : Y x I — AX

such that

Notice that at t = 0, we must have

eo(F(y,0)) = G(y,0) = f(y)(0) = f(y)(1).

To find F', we can instead look for a homotopy

F": (S"xY)xT—X

such that

F" = é4(idgt x F).

In other words, we would use F"” to define F' pointwise:

F(y,t)(s) = F"(s,y,t).

Finding F"” is equivalent to finding a map

F": Y xIxS' —X

(3.1.3)

(3.1.4)
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where

F" = (Tyg1 x idp)(idy x Trg1)F",

which in turn is equivalent to finding a map

FliYxIxI—X

such that

F'(y,t,s) = F"(y,t,s)

= F(y,t)(s) (3.1.5)

(recall that we defined S' to be the quotient space of I = [0,1] by {0,1}). Hence
F'" must satisfy the following properties: since F'(y,t) € AX, F(y,t)(0) = F(y,t)(1),
and thus

F'(y,t,0) = F'(y,t,1),

while by equation 3.1.3, when ¢t = 0,

F'(y,0,s) = f(y)(s),



and by equation 3.1.4, when s = 0,

We can take

F'(y,t,s) =

F'(y,t,0) = G(y,1).

G(y,t — 3s) 0<s<
F) (350) 5<s<
G(y,t+3s—3) 1-1<

PSS

Wl

IA
—_
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Let us show that this map is well-defined and continuous. In particular, when

W+

s = =, we have

F'(y,t,

and when ¢t = 0 as well, we get




and when ¢t = 1, we get

When s =1 — £, we have

t
F/(yata 1- _)

so at t =0, we get

G(y,0)

G(y,0+3(1—0) —3),

99
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and at t = 1, we get

o (325 = rw

= G(y,0)

_ G(y,1+3(1—%)—3).

We see that F’ is well-defined and continuous. Let us now check that F” preserves

the basepoint yo € Y. Depending on what s and ¢ are, we either have

F'(yo,t,8) = G(yo,t — 35),

F/(y()?tv 8) = f(yO) (gs—_Qi) )

or

F'(yo, t,s) = G(yo, t + 3s — 3).

Since G is a basepoint-preserving homomorphism, we must have
G(yo,t — 3s) = G(yo,t + 3s — 3) = xp,

and since f preserves basepoints, f(yo) = lo, the constant loop at zg, so

f(yo) (gs__;) = o
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Hence no matter what ¢ and s are,

F'(yo,t,8) = xq.

We now verify the other requirements of F’. If s = 0, we have

F,(y,t,O) = G(yat - 3<O))

and when s = 1, we have

When t = 0, we have

F'(y,0,s) = f(y)< 38_0)

Therefore, when we use F” to define F' : Y x [ — AX using equation 3.1.5, we see

that F' is a homotopy that lifts G. Hence g : AX — X is a fibration.
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Let us determine the fiber. By definition,

ey ({zo}) = {9 €AX : eo(p) = ¢(0) = (1) = xo}

- QX

so the fiber is indeed the loop space of X. O

In particular, given f :Y — AX such that €0f .Y — X is nullhomotopic,

there exists a map f such that jf ~ f:

QX

)

-
€0

X

In addition to the maps in the fibration sequence, we also have the following map

from X to AX:

Definition 3.1.2. We define y : X — AX as follows: given z € X and ¢ € [0, 1],

x(@)(t) = .

Let us prove two properties of the map j. The first property will allow us to

see how j interacts with the multiplication maps on 2X and AX:

Lemma 3.1.3. The map j : QX — AX is an H-map.



103

Proof. By definition, if [1, 1, € QX at any ¢ € [0, 1],

pally, lo)(t) = L(t)l(t)

= pa(l, 2)(t),

SO

pa(ly, la) = pa(ly, o).

Hence for any 11, [, € QX,

pa(i(ln),3(l2)) = pally,l2)
= pa(li,ly)

= Jj(pall,la),

50 pua(j X j) = juq. Thus, j is an H-map. =

Let us determine a uniqueness condition on lifts of a map f ;Y — AX. That
is, suppose there exists two maps fi, fo : Y — QX such that jf; >~ jfs ~ f What
conditions will guarantee that f; ~ f;7 The following lemma will show that if X is

a simply-connected HA-space, then given a homotopy G : Y x I — AX from jf; to
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71f2, we can find a homotopy F: Y x I — QX from f; to fs.

QX

flf/L
J

f

Lemma 3.1.4. Let Y be any topological space, X be any simply-connected HA-space
with homotopy inverse operation i : X — X, and suppose we are given maps fi, fs :

Y — QX, such that

Jfh ~jfa.

Then

J1 = fo

Proof. Let G:Y x I — AX be a homotopy from jf; to jfs. That is,

G(y,0) = jfi(y), and G(y,1) = jfa(y).

Let us recall a crucial property of X, and specifically its homotopy inverse operation
1: the composition

pulidx x 1)Ax(x) = zi(x)

is nullhomotopic. In other words, there is a homotopy K : X x I — X such that

K(z,0) = xp, and K(z,1) = xi(z). (3.1.6)
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For each fixed x € X, the map K defines paths in PX from z( to zi(x) via K(z,s),
s € [0,1]. Since we require homotopies to preserve basepoints, for any s € [0, 1], we
must have

K (xg,s) = xp.

We will use these paths to modify G to obtain a homotopy F’ : Y x [ — AX from a

map homotopic to f; to another map homotopic to fo with the property that

F'(z,t)(0) = F'(x,t)(1) = o,

so I defines a map F': Y x I — QX which is a homotopy from a map homotopic to
f1 to another map homotopic to fo. Hence f; ~ f.

Let us commence modifying the homotopy G. Currently, we have

G(y,0)(0) = j f1(y)(0) = o,

G(y,1)(0) = j f2(y)(0) = o,

but if 0 < ¢ < 1, it may not be true that G(y,t)(0) is equal to zg. Our first modifica-
tion will be to replace the loops defined by G(y,t) with loops in AX whose starting
points in X are of the form xi(x). This will allow us to use the paths defined by the

homotopy K. Let us define G’ : Y x I — AX as follows:

G/ = MA(idAX X [X 070 80])AA)(G (317)
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G'(y,t) = ua(G(y, 1), x(i(G(y, 1)(0)))), (3.1.8)

G'(y, 1)(s) = n(Gy, 1)(s),i(G(y, 1)(0))). (3.1.9)

Then at s = 0,

G'(y,1)(0) = u(G(y, 1)(0),1(G(y, 1)(0)))-

Notice that at ¢t = 0, since G(y,0) = j f1(y) is a loop that starts at ¢, G(y,0)(0) = zo,

we have

and similarly, at ¢t = 1, we get

Gy, 1)(s) = Gly,1)(s)

Therefore, G’ is actually a homotopy from jf; to jfo. When 0 < ¢t < 1, it is still

possible that G'(y,t)(0) might not equal xq since 7 is only known to be a homotopy
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inverse operation. To overcome this obstacle, we use the paths from the homotopy

K. Define K’ : Y x I x I — X as the composition

K' = K((0G) x idy), (3.1.10)

so for each y € Y, t € I, we have

K'(y,t,s) = K(G(y,1)(0), s), (3.1.11)

and at s = 0,

K'(y,1,0) = K(G(y,1)(0),0)

while at s =1,

K'(y,t,1) = K(G(y,1)(0),1)

so for each y € Y, t € I, K’ defines a path from xy to u(G(y,t)(0),i(G(y,t)(0))).
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Now we will define F’ : Y x I — AX pointwise:

;

K'(y,t,4s) 0<s<i
Flybe)=1cwnus-1)  L<s<d
K'(y,t,2 — 2s) %gsgl

\

Let us check that I is well defined. At s = }L, we have

K'(y,t,1) = G'(y,1)(0),

and at s = %, we get

G'(y,t)(1) = G'(y,1)(0)

= K'(y,t,1).

Now we will verify that F” is a basepoint-preserving homotopy. Let yo € Y be the

basepoint, and [y be the constant loop at xy. Depending on what ¢t and s are, we

either have

F'(yo, t)(s) = G'(yo,t)(4s — 1)
F'(yo, t)(s) = K'(yo, t,4s),

or

F'(yo, t)(s) = K'(yo,t,2 — 2s).
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For any t and s, we have

G(yo,t) = lo,

SO

G'(yo,t) = na(G(yo,t), x(i(G(yo,1)(0))))
= pallo, x(20))
= MA(ZOJO)

— lOv

which implies

G (yo,1)(s) = o

Meanwhile,

K'(yo,t,5) = K(G(yo,1)(0),s)

= K(zg,s)

Therefore, no matter what ¢ and s are, we must have

F'(yo,)(s) = o,
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so for any t,

F/(y07t) = lOa

and hence F” is a basepoint-preserving homotopy. Let us check that F'(y,t)(0) =

F'(y,t)(1) = xo:

F'(y,t)(0) = K'(y,t,0)

Fl(y,t)(1) = K'(y,t,2-2)

Thus, we can define a homotopy F : Y x I — QX pointwise by

F(y,t)(s) = F'(y,t)(s). (3.1.12)

Let us continue working with F' and examine what is happening at ¢ = 0. We have

G(y,0)(s) = Jfils)

= f1($)7
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and for any u € [0, 1],

K'(y,0,u) = K(G(y,0)(0),u)
= K(jf1()(0),u)
= K(zo,u)

= lo(U),

so the loop defined by F' at t = 0 is given pointwise by

(

lo(4s) = xg 0<s<i
Py, 0(s) =4 fias - 1) Los<d
lo(2 —2s) = 1o(25 — 2) = x 1<s<1

\

We can write down a formula for it using loop concatenation u. and inclusion maps

il,iQZQX%QXXQXI

F(y,O) = Nc(ﬂc(l(Jafl)JO)

= pe((peie) X idox)irfi(y),

so F(y,0) defines a function f] : Y — QX with

f1 = pe((peiz) x idax )iy f1,
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which is homotopic to f; since (QX, ) is an H-space with a homotopy identity:

fi = pe((peiz2) x tdox)is fi

12

pe(idax X idax )i fi

= Mci1f1

12

tdox fr

= fl-

Similarly, F(y, 1) defines a function f} : Y — QX with

fé = ﬂc((,chQ) X Z.dQX)il.fQ

which is homotopic to f,. Therefore F' represents a homotopy from fi to f3, so we

have
i~ f {
~ f5 (via the homotopy F)
~ fy
as functions from Y to QX. O]

In addition to the fibration and the spaces in it, we will often need to work with

the products X x QX, X x AX, and X x X, along with projections from these spaces.
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Let pf : X x QX — X, pf: X x QX — QX, pf : X xAX — X, py : X x AX — AX,
py¥ X xX — X, and p5 : X x X — X be projections. We can relate these projection

maps in the following commutative diagrams:

X xox X (3.1.13)
idXXjL idx
X x AX X
idXXE()L " idx
Xx X — X
X xox 2 QX (3.1.14)
idxle La‘
XX AX — AX
;
X X ——s X

3.2 Defining The Maps for HA-spaces

In this section, we will use the free loop fibration to define the adjoint actions,
commutator, and related maps for HA-spaces. We will state and prove properties of
our maps that generalize some of the results from Section 2 of Kono and Kozima’s
paper |21]; additional properties will be stated and proven in Section 3.5 at the end
of this chapter.

Our first task is to define these maps for simply-connected HA-spaces. Let us

start with the maps ad : X x X — X and com : X x X — X.
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Definition 3.2.1. We define ad : X x X — X and com : X x X — X as follows:

com = p(idx X 1) (X (uT)) Axxx, (3.2.1)
com(z,y) = (zy)i(yx), (3.2.2)
and
ad = p(com x py)Axxx, (3.2.3)
ad(z,y) = ((zy)i(yz)) y. (3:24)

Notice that if X = G is also topological group with i(g) = ¢g~', then these definitions

simplify to those of Kono and Kozima:

com(g,h) = (gh)(hg)™"

= ghg 'h7,

and

ad(g,h) = ((gh)(hg)~")h

To define Com for simply-connected HA-spaces, we must start by defining
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another function whose codomain is AX and mimic Kono and Kozima’s definition of

Com.

Definition 3.2.2. Given x € X and [ € QX, we define a function Com: X x QX —

AX to be the loop given by

Com(z,1)(t) = com(z,l(t))

= (2l@))il(t)z).
In other words, the composition &y(idg: X C/*or\n) ST X X x QX — X is

ép(idg1 x Com)(t,x,1) = com(,I(t))

= (@) i(lt)z).

Theorem 3.2.3. Let X be a simply-connected HA-space. There exists a map Com :

X x QX — QX which is unique up to homotopy such that

—

Com ~ j o Com,

QX
Com L .
J

X x QX AX

—

Com

and if X = G 1s also a topological group, then this definition of Com will agree with

Kono and Kozima’s definition.
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Proof. We need to show that Com lifts to QX in the free loop fibration. To verify

this, we compute 5060?1 and determine if it is nullhomotopic:

eoCom(z,1) = Coml(z,1)(0)
= com(x,1(0))
= (zxo)i(zoT)

)

SO EUC/’OFL is nullhomotopic. By the fibration sequence in Definition 1.2.10, there is a

map we will call Com : X x QX — QX such that

joCom ~ C/’o?n, (3.2.5)

and by Lemma 3.1.4, C'om is unique up to homotopy in the following sense: if Com, :

X x QX — QX is another map which satisfies

—

joComg >~ Com,

then

Comsy ~ Com.
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If X is a topological group, then we may take

Com(z,1)(t) = zl()z ' 1(t) ",

because for any ¢ € [0, 1],

joCom(z,1)(t) = xl(t)x'l(t)™"

—

= Com(x,1)(1).

Hence our definition agrees with Kono and Kozima’s definition in the case that X is

a topological group. ]

Now that we have defined Com, we can perform a similar process for Ad :

X x QX — QX.

Theorem 3.2.4. Let X be a stmply-connected HA-space. Define a map Ad : X x

QX — AX so that given x € X and | € QX, for any t € [0, 1],

Ad(z, 1)(t) = (2l(t))i(z). (3.2.6)

Then there exists a map Ad : X x QX — QX which is unique up to homotopy such
that

Ad ~ j o Ad,
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QX

2

J

X x QX AX

Ad

and if X = G is also a topological group, then this definition of Ad will agree with

Kono and Kozima’s definition.

Example 3.2.5. Given a simply-connected HA-space X with homotopy inverse oper-

ation 7, let K : X x I — X be a homotopy from k (where k(x) = x¢) to p(idx xi)Ax:

K(z,0) =z, and K(z,1) = zi(x). (3.2.7)

We can use K to define a map Com : X x QX — QX pointwise:

K(z,4s) 0<s<i
Com(z,1)(s) =  Coml(x,1)(4s — 1) log<d
K(z,2 — 2s) $<s<1

For each x and [, Com(z,l) is a concatenation of paths and loops. First we use the
homotopy K to find a path from xy to xi(x), the starting point of C/‘O?”L(ac, [). Next,
we follow around the loop %(m, [). Finally, we return to zy by moving backwards
along the path from zy to xi(x) given by K.

A homotopy F': X x QX x I — AX from Com to joCom (which equals Com



pointwise) is given by

K(z,4s+ (1 —1)) 0<
Pl t006) = 3 oo 1) (25 ‘<
K(z,2—2s+(1—1)) 1—
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t
SSZ
sgl—%
t
t<s<1

We can perform a similar procedure for finding an explicit choice of Ad : X x QX —

QX.

The proof of the following lemma will demonstrate our main technique for

proving statements involving Com and Ad; it will let us demonstrate the utility of

defining the maps Com and Ad.

Lemma 3.2.6. Let X be a simply-connected HA-space, and let 15 : QX — X x QX

be inclusion in the second factor. Then

Ad o ig ~ ZdQX

(3.2.8)

Proof. According to our definition of Ad and ;@, the following diagram commutes:

Ox

]

J

994 X x QX AX

2 Ad

Let us prove that

leloiz Zjoidgx.
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Then we can obtain equation 3.2.8 by using Theorem 3.2.4 (the definitions of Ad and

2171) and Lemma 3.1.4:

joAdoiy =~ ;1?102'2

~ joidox (3.2.9)

will imply

Ado ?:2 ~ ZdQX

For any t € [0,1] and [ € QX,

Adoir()(t) = Ad(zo,1)(t)

— (joidax() (1), (3.2.10)

SO

Zl\dozgzjoidgx.
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Therefore, equation 3.2.9 holds, so by Lemma 3.1.4,

Ad o ig ~ ZdQX

]

Notice that working with Ad and Com allowed us to perform calculations, since
Ad and Com have simple pointwise formulas while Ad and Com do not (the pointwise
formula for Com in Example 3.2.5 requires us to work with the homotopy K, which
does not have an explicit definition, and requires us to work with a concatenation of
paths and loops on X'). Future applications of this technique will be more complicated
when homotopy associativity and homotopy inverse operations become involved.

Unlike Kono, Kozima, Hara, and Hamanaka, we will focus on com and Com
instead of ad and Ad, but it will help to look at relationships among all four maps.

Let us start with some properties involving inclusion maps:

Lemma 3.2.7. Let X be a simply-connected HA-space and i1 : X — X x QX and
is : QX — X x QX be inclusions. Then the compositions Adoi1; : X — QX,

Comoiy: X — QX, and Comoiy : QX — QX are nullhomotopic.

Before we prove the theorem, let us discuss our presentation for the proofs
of these results that involve computation on the spaces, especially when homotopy
associativity and homotopy inverse operations are involved. First, we prove the result
in the special case that X = (G is a simply-connected topological group. Here, we

will use Kono and Kozima’s definitions, which allow direct calculation of the maps
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Com and Ad without needing to work in the free loop space with Com and Ad. Tn
a topological group, we have the advantage of an associative multiplication, and a
strict inverse i(g) = g~'. Nevertheless, we will include additional parentheses in our
calculations so that they resemble the ones in the proofs for HA-spaces, in order to
make the arguments in the HA-space case easier to understand.

Once we transition over to HA-spaces, our first step is to prove a similar
equation involving the maps Com and Ad. Unlike Com and Ad for HA-spaces, the
maps Com and Ad have pointwise definitions similar to Kono and Kozima’s definitions
of Com and Ad, and our calculations will actually resemble the ones in the proofs
for topological groups. Essentially, we will be working in the free loop space for half
of the proof. For the second part of the proof, we need to go from the free loop
space (with Com and lei) to the loop space (with Com and Ad). To do this, we use
Theorems 3.2.3 and 3.2.4, along with properties of the inclusion map j : QX — AX,

to obtain the original equation in the theorem or lemma statement.

Proof. We will focus on proving that Ad o, is nullhomotopic; the proof for the other

two compositions is similar.

-1

First, suppose that X = G is also a topological group. Then i(g) = ¢~ and
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Ad(g,1)(t) = (gl(t))g~'. Hence for any t € [0, 1],

Adoiy(g)(t) = Ad(g,lo)(t)

= (glo(t))g™"

= (990)9~"

= g9 !

= lo(t),

so Ad o, is equal to the constant map from G to Q2G that takes any element g to the
constant loop lj.

Now suppose X is an HA-space. We have

Adoi(z)(t) = Ad(z, 1))

so the composition @oil is nullhomotopic. If we let kg : X — QX and k| : X — AX
be trivial maps (they both take x € X to the constant loop Iy € QX C AX), then we

have

Adoiy ~ k). (3.2.11)
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By definition, j o Ad ~ Ad and joko =k} (since [y € QX C AX), so equation 3.2.11
becomes

JoAdoiy =~ jok,

so by Lemma 3.1.4,

14d0i121km

so Ad o iy is nullhomotopic. O]

Recall that we defined ad in terms of com so that

ad = p(com x py)Axyx. (3.2.12)

We can find a similar relationship between Com and Ad:

Theorem 3.2.8. Let X be a simply-connected HA-space. The maps Com and Ad
are related as follows:

Ad ~ po(Com x p)Axxax. (3.2.13)

That is, the following diagram commutes:

X x QX Ad OX (3.2.14)
AXXQXl J729)
(X x 2X) x (X x QX) - QX x QX
ComXxps

Proof. Let (G, i) be a simply-connected topological group with a strict inverse i(z) =
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27!, We want to prove that

Ad = MQ(COTI’L X pg)AGXQG (3215)

(note the equals sign). For any t € [0, 1], we have

Ad(g, 1)(t) = (gl(t))g ™",

while

po(Com x p3)Agxac(g, )(t) = pa(Com x p3)(g,1, g,1)(t)

= ((gl() (I(t)g) ) U(1). (3.2.16)

In a topological group, (I(t)g)™" = g '(t)~", so equation 3.2.16 becomes

po(Com x pg)AGxQG(Q,l)(t) = ((gl(t)) (g_ll(t)_l)) (1)
= ((gl®)g™") (L)~ H1(t))
= ((gl1)g™")

= Ad(g,)(?),

so equation 3.2.15 holds. O

In the previous proof, notice that we used the following property of strict
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inverses:

(gh)™ =h""g~".

Recall that Lemma 2.3.4 is the corresponding property for homotopy inverse opera-

tions. We will need it to prove Theorem 3.2.8 for HA-spaces.

Proof. Let us first prove that
1@ ~ MA<C/b7\n X (pS(ZdX X j)))AXXQX. (3217)

Pointwise, we have

Ad(z,1)(t) = (l(t)) i(z),

and

pa(Com x (phidx x 1)) Axxox(e,0(t) = (Com(z,0(®)) ()

= ((@l(®) i (U(t)z)) (1)) (3.2.18)

By Lemma 2.3.4, MA(@ X (p’Q‘(z'dX X j)))AXXQX is homotopic to a map which takes

(x,1) to a loop given pointwise by

(,1(t)) = ((xl(2)) (i(x)a(U(£)))) [[(8)]. (3.2.19)

By homotopy associativity, MA(go?@ X (pé\(idx X j)))AXXQX is homotopic to a map
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which takes (z,[) to a loop given pointwise by

(z,0(8)) = ((@l(®))i(z)) @{U#)IT))

= Ad(z, (&) (1)) (3.2.20)

By applying the homotopy inverse operation, this map is homotopic to one that takes
(x,1) to a loop given by

(l(t))i(x) = Ad(z,)(t),

so equation 3.2.17 holds. By definition,

joAdQZXE,

jOC'omzC/'or\n,

and by diagram 3.1.14,

ipy = p3 (idx x j),

so equation 3.2.17 becomes

joAd =~ px((joCom)x (jp))Axxax

= ua(j x 5)(Com x pP)Axxax- (3.2.21)
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By Lemma 3.1.3, 7 is an H-map, so

:uA(] X ]) = j,qu

and equation 3.2.21 becomes

joAd~ jug(Com x pHAxxax.

Therefore, by Lemma 3.1.4,

Ad ~ po(Com x p)Axxax- (3.2.22)

O

We also have the following formula involving Ad that generalizes part (i) of

Proposition 2.2 of [21].

Lemma 3.2.9. Let X be a simply-connected HA-space. Then

Ad (idx x Ad) ~ Ad (u x idax) (3.2.23)

as maps from X x X x QX to QX. In other words, the following diagram commutes:

X x X x QX X v o0x (3.2.24)
uXidssz LAd
X x QX 956

Ad
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Let us prove this lemma for topological groups.

Proof. Let (G, ) be a simply-connected topological group with strict inverse i(g) =

g~ At any t € [0,1], we have

Ad(ide x Ad)(g,h,1)(t) = g ((hl(E)h™") ¢!
= ((gh)l(t)) (h'g™")
= ((gh)l(¥)) (gh)~"

—  Ad (p x idag) (g, h, ) (1)

Hence Ad(idg x Ad) = Ad (p X idgg). Notice that we actually have equality when G

is a topological group. O

Remark. If G is a simply-connected topological group, then the homotopy relations
in Lemmas 3.2.6 and 3.2.9 become equalities, and hence Ad : G x QG — QG defines

a group action of G on QG.

In order to prove this lemma for HA-spaces, we will need to define another

map as well.

Proof. Let (X, p) be a simply-connected HA-space. Define Ad: X x AX — AX so

that at any t € [0, 1],

—

Ad(z, ) (t) = (wp(t))i(z). (3.2.25)
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Notice that if [ € QX C AX, then

Ad(x, (1) = (2l(t))i(x)

= Ad(z,1)(1),

so by definition,

Ad(idy x §) = Ad (3.2.26)
as maps from X x QX to AX.
First, let us show that
Ad (idX X Ej) ~ Ad (1 % idox) (3.2.27)

as maps from X x X x QX to AX. Pointwise, at any ¢ € [0, 1],

A (idx x Ad) (2.9.)(t) = (& (010)ily))) ().

and

Ad (p x idax) (2, y,))(t) = ((zy)l(t)) i(xy).

By Lemma 2.3.4, we see that Ad (1 % idgx) is homotopic to a map which takes (z,y,[)

to

((zy)l(1)) (i(y)i(x)) -
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By using homotopy associativity, we can conclude that this map is homotopic to
@ (ZdX X 1@) .
To finish the proof of the lemma, recall that j o Ad ~ Ad. Then on the left

side of equation 3.2.27, we have

2

Ad (z’dx X @) ~ Ad(idx x (j o Ad))

= Ad(idx x 7) (idx x Ad). (3.2.28)

By equation 3.2.26, we can simplify the previous equation and obtain

—

Ad (z’dx x @) ~ Ad(idx x Ad)

~ jo Ad(idy x Ad). (3.2.29)
Meanwhile, on the right side of equation 3.2.27, we have
Ad (p % idax) ~ j o Ad (u x idax) . (3.2.30)
Therefore, by combining equations 3.2.27, 3.2.29, and 3.2.30, we obtain
jo Ad(idy x Ad) ~ jo Ad (pu X idax), (3.2.31)

so by applying Lemma 3.1.4, we can conclude that Ad (idx x Ad) and Ad (1 % idgx)

are homotopic maps. O
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Let us find a relationship between com and C'om using the evaluation maps.

Lemma 3.2.10. Let X be a simply-connected HA-space. Then

com(idx x €)(Ts1 x % idgx) =~ é(idg1 x Com)

as maps from ST x X x QX to X.

Proof. Given (t,1) € S* x QX by definition,

Eplidg x §)(8,1) = (t)

= £(t,10),

so the following diagram commutes:
St x QX —= X

idg1 XJ idx
St x X x QX a— Stx AX — X
idg1 xCom ef
Pointwise, we have
Er(idgr x @)(t,x, ) = com(z,l(t))

= com(idx x é)(x,t,1)

= com(idy x €)(Te1 x X idox)(t,x,1),
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so therefore,

com(idX X é)(T517X X ZdQX) ~ é(stl X Com)

]

Additional properties of ad, com, Ad, and Com (generalizing those found in
Kono and Kozima’s paper) that were not used in our results will be presented and
proven in Section 3.5. For convenience, let us summarize the properties we proved so

far for a simply-connected HA-space X:

1. Let 75 : QX — X x QX be inclusion in the second factor. Then

Ad o iy ~ idgy. (3.2.32)

2. Let 77 : X — X x QX and iy : QX — X x QX be inclusions. Then the
compositions Adoi; : X — QX, Comoiq : X — QX, and Comoiy : QX — QX

are nullhomotopic.

3. The maps Com and Ad are related as follows:

Ad ~ po(Com x pAxxax- (3.2.33)

4. As maps from X x X x QX to X, we have
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5. As maps from S! x X x QX to X,

com(idx x €)(Ts1 x X idgx) ~ é(idg1 x Com).

3.3 Induced Homomorphisms

Now let us study the cohomology and homology of a finite simply-connected
HA-space using our maps. We will find formulas (Theorem 3.3.3 and Theorem 3.3.5)
for the induced homomorphisms of our maps. To do this, we will take the results
from the previous section on relationships between the maps and apply cohomology
and homology to them.

Let us begin by listing the induced homomorphisms in cohomology and their

domains and codomains. We have:

com™: H*(X;F,) - H(X;F,) ® H(X;F,),

ad* : H*(X;F,) - H*(X;F,) ® H*(X;F,),
Com™ : H*(QX;F,) - H*(X;F,) @ H*(QX ;F,),

Ad* - H*(QX;F,) - H(X;F,) @ H*(QX;F,).
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In homology, we have the following induced linear transformations:

com, : H(X;F,) ® H.(X;F,) = H.(X;F,),

ad, : H(X;F,) ® H(X;F,) - H.(X;F,),
Com, : H.(X;F,) ® H.(QX;F,) - H.(QX;F,),
Ad, : H(X;F,) ® H(QX;F,) — H.(QX;F,).

Let us apply cohomology and homology to Lemmas 3.2.6, 3.2.7, 3.2.9, 3.2.10, along
with Theorem 3.2.8 from the previous section to obtain properties of, and relationships
between, these induced homomorphisms and linear transformations. Recall that for

any v € H*(X;F,), t € H*(QX;F,),

0, |t[>0
h(zet) =

r, t=1

0, |z|]>0
iz ®t) =

t, z=1

and for any 7 € H.(X;F,), t € H.(QX;F,),

i1(Z) =z ® 1 € H(X;F,) ® H.(QX;F,),
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in(t) =1®1 € H (X;F,) ® H(QX;F,).

Proposition 3.3.1. We have the following properties of com*, ad*, Com™, and Ad*:

1. As homomorphisms from H*(QX;F,) to H*(QX;F,),

-k * g J%
150 Ad" = idg,,

so for any t € H*(QX;TF,),

i50 Ad*(t) =t.

Hence Ad*(t) =1®t+ ...

2. As homomorphisms from H*(QX;F,) to H*(X;F,),

1] 0 Ad* = ij o Com™ = 0,

and as a homomorphism from H*(QX;F,) to H*(QX;F,),

i50Com™ = 0.

In particular, for any t € H*(QX;Fy),

Com*(t) € H*(QX;F,) ® H*(QX;F,).
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3. As homomorphisms from H*(QX;F,) to H*(X;F,) ® H*(QX;F,),

Ad* = N (Com” © p§*) iy,

4. As homomorphisms from H*(QX;F,) to H*(X;F,) @ H*(X;F,) ® H*(QX; F,),

(1® Ad)Ad* = (u* @ 1) Ad".

5. As homomorphisms from H*(X;TF,) to H*(SY;F,) ® H*(X;F,) ® H*(QX;F,),

(Te1 x @1)(1® E")com™ = (1 ® Com™)é™.

In cohomology, there is a generator s € H'(S';F,) such that if x is a element
of H*(X;F,), then

£(x) =s®o"(x),
(T x ®1) (1 ® &%) (com*(x)) = s @ Com™(0*(x)). (3.3.1)

If we write

com™(x) = Za@b € H(X;F,) ® H*(X;F,),

then since Tg, y(a ® s) = (—Dlellsl(s @ a) = (—1)l9l(s ® a),

Com* (0" (x)) = (-1)" > "a @ o7 (b). (3.3.2)
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We have the following properties of com,, ad,, Com,, and Ad,:

6. As linear transformations from H,(QX;F,) to H.(QX;F,),

Ad*ZQ* = idQX*y

so for any t € H.(QX;F)),

Adyisn(T) = Ad,(1® 1) = 1.

7. As linear transformations from H.(X;F,) to H.(QX;F,),

Ad*ll* = Com*il* = 0,

so for any & € H (X;F,),

Ad(z®1) =Com,(z®1)=0.

As a linear transformation from H.(QX;F,) to H.(QX;F,),

Comyio, = 0,
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so for any t € H (QX;F)),

Comyig(t) = Com,.(1®t) =0.

8. As linear transformations from H.(X;F,) ® H.(QX;F,) to H.(QX;F,),

Ad, = po.(Com, @ p)Ax xaxs

9. As linear transformations from H.(X;F,) ® H.(X;F,) ® H.(QX;F,) to
H.(QX;F,),

Ad,(1® Ad,) = Ad, (. ® 1).

Hence given z,y € H.(X;F,), and t € H.(QX;TF,),

Ad (T @ Ad, (g 1)) = Ad.(Ty R T).

10. As linear transformations from H,.(SY;F,) ® H.(X;F,) ® H.(QX;F,) to
H*<X7 IFP)J

com (1 ®E.)(Ts1 x. ® 1) = €,(1 ® Com,).

Remark. Parts 6 and 9 of Proposition 3.3.1 tell us that Ad. gives H,(QX;F,) the

structure of a module over H,(X;F,).

By our definition of com, we can show that the induced homomorphism of com



140

in H*(X;F,) is a homomorphism com* : H*(X;F,) - H*(X;F,) ® H*(X;F,) which

can be written as a composition:

com = Ay, x (W@ (T 1)1 @i ). (3.3.3)

Example 3.3.2. Suppose x € H*(X;F,) is primitive. Then p*(z) =2 ®1+1® z,

and i*(z) = —x. Hence com*(z) = 0.

Let us find an elementwise formula for com™* in terms of the coproduct p*. To
do this, we need to determine a choice of generators for H*(X;F,) that will facilitate
calculation. In particular, since com* is a composition involving p*, we would like
to pick generators based on their coproducts. If X is a finite simply-connected HA-
space, the set S defined after Theorem 1.2.4 will suffice: if an odd generator x has
reduced coproduct > 2’ ® a2, we want each 2’ to be an element of B. Recall that B

is primitively generated, so by Theorem 1.1.4, B is cocommutative: if b € B, then

e (0) = Txp"(b). (3.3.4)

With this, we can find a formula for com*(x) when z € S:

Theorem 3.3.3. Let X be a finite simply-connected HA-space. Let x € S. Then

com™(z) = g (x) — Tx " (x). (3.3.5)

Proof. If = is a primitive generator, then com*(z) = 0. Thus, we will compute
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com*(x) where x is a generator of H*(X;F,) that is not primitive. Write p*(z) =
r®1+1®z+ > c®d, where each ¢ € B. Next, we apply (1 ® i*). By equation
2.3.11, we obtain

@141 (2)+ Y c@i*(d) =2@1-10x— Y 1acfi*(d)]+ ) c®i*(d). (3.3.6)

Now we need to apply A%, (1" ® (T*u*)). Notice that the summand ) ¢ ®i*(d) is
in B® H*(X), so since

1 (0) = Tip* (c), (3.3.7)

for these terms, we have

Aeex (17 @ (Txep™)) = Axux (Txp") @ (Txp")) = (Tx ) Ak (3.3.8)

Since p*(1) = T p*(1) = 1® 1, the above equation also works on the terms —1 ® z —
> 1® cli*(d)]. Thus, when we apply A%, «(u* @ (Txu*)) to the right hand side of

equation 3.3.6, we get

Aux (W ® (Txp)) (@ @ 1) + (Tp) Ay (1@ x — Y 1@ cif(d)] + ) e®i*(d))

= () = T (@) — (Tu) (=i ()] + c[i*(@)))

= pi(x) = Txp'(x). (3.3.9)

Since the summand z ® 1 + 1 ® x in p*(z) is invariant under 7% (due to the zero
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degree factors), we can replace the coproduct with the reduced coproduct i*(x):

com™(z) = a*(x) — Txp"(z). (3.3.10)

]

Recall that we defined ad = p(com x pX)Axxx. Let us use this to compute ad*(z)

when z € S:

Lemma 3.3.4. Let X be a finite simply-connected HA-space. Let x € S. Then

ad*(z) = 1 ® x 4+ com™(x). (3.3.11)

Proof. We have

*

ad* = N, x(com™ @ py*)u*.
fu(r)=r®1+1®x+ > c®d, with each ¢ € B, then
(com™ @ py )’ ()

= com*(z)@py (1) +1® 1@ py*(x) + Zcom*(c) ® py *(z)

= com*(:v)®1®1+1®1®1®x+200m*(c)®1®d,

SO

ad*(x) = com™(z) + 1 @ x + Z com™(c)(1 ® d). (3.3.12)
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Note that if we expand ¢ = > ¢;...¢, as a sum of products of primitive generators

n
¢; in B, then we have com*(c) = ) [[com*(¢;) = 0 since com™ vanishes on primitive
J=1

elements. Hence equation 3.3.12 becomes

ad*(x) = com™(z)+1®@x+ Zcom*(c)(l ®d)

= 1®x+ com™(z).

In particular, ad*(z) = 1 ® z = p5*(z) if and only if com*(z) = 0. O

Now that we have a formula for com™ on S, we can find a formula for
Com™: H*(QX:;F,) - H*(X;F,) ® H(QX;F,)

on suspension elements in H*(QX;F,):

Lemma 3.3.5. Let X be a finite simply-connected HA-space. Let x € S. Then
Com*(c*(z)) = (1®c")(a"(x)). (3.3.13)
Proof. By Lemma 3.2.10, we have
com(idy x €)(Ts1 x % idox) ~ é(idgr x Com).

This implies that in cohomology, there is a generator s € H'(S*;F,) such that if z is



a element of H*(X;F,), then

&(x) =s®a’(z),

(T x ®1) (1®E") (com™(x)) = (1 ® Com™*) (£*(x)).
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(3.3.14)

When we try to get a formula in H*(QX;F,) with o*(z) and without s € H'(S; F,),

we need to be mindful of T, ., which causes a sign change on terms in com*(x) whose

left factors have odd degree: if « € H*(X;F,) has odd degree, then since |s| = 1,

Tixla®s) = () s@a

= (-D)Ms®a.

Consequently, if we write

com*(z) = Za@b € H*(X;F,) ® H"(X;F,),

then

(—1)'“‘2&@0*(()) = Com™(c*(z)).

(3.3.15)

Hence if no term in the expansion of com*(x) has the form a ® b where a has odd
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degree and b is not in the kernel of ¢, then equation 3.3.15 simplifies to

(1® o")com™(x) = Com™(c*(z)). (3.3.16)

Let z € S. We can show that no term in the expansion of com*(z) has the form a®b
where a has odd degree and b is not in the kernel of o*. If z has even degree, z is
primitive, so com*(x) = 0, and there are no terms in com*(z) with the form a ® b
where a has odd degree and b is not in the kernel of o*. If = has odd degree, then if
x is primitive, com*(z) = 0. If x is not primitive, we can write its reduced coproduct

as

af(x) = Zb@r,

where each b has even degree and each r has odd degree. Hence by Theorem 3.3.3,

com™(x) :Zb®r—2r®b.

The terms in the expansion of com*(x) with an odd degree element in their left factor
are all of the form r ® b, but since each b has even degree, each b is in the kernel of
c* by Lemma 2.2.3, so in the end, equation 3.3.16 holds for any element of S.

Now let us prove the lemma. If z is an even degree generator in S, then z

is primitive, so p*(z) = 0. Furthermore, since z has even degree, by Lemma 2.2.3,
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0*(xz) = 0. Hence by Theorem 3.3.3,

Com*(c*(z)) = Com™(0)

= (1®0%)(0)

= (I1®o") (" (x)) (3.3.17)

Now suppose z is an odd degree generator in S. We have that

Com*(c*(z)) = (1®d")com™(x).

— (1®0")[i' (@) - Thi' ()] (3.3.18)

Since i*(z) € B H*(X;F,), Txp*(z) € H*(X;F,)® B. By definition, every element
of B is either an even degree generator in S, or a product of even degree generators.
Thus, by Lemma 2.2.3, when we apply (1® o*) to [@*(x) — T% " ()], the terms from

—T% () will vanish. Therefore,

Com*(o*(2)) = (1 ® 0*) o [7*(2)]. (3.3.19)

]

By Theorem 3.2.8, Ad ~ jq(Com x p)Axxax, so since o*(z) is primitive, by Lemma
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3.3.5, we have:

Ad* (0" (x)) = Axpax(Com™ @ py)ug(o*(x))
= Axpax(Com™ @py") (0" () ® 1+ 1@ 0" (x))
= Akyax (Com (0" (@) @101+1010 10 0% (z))
= Com*(c"(z)) +1® o (x)

= 1®d(x)+ (1®c")p"(z). (3.3.20)

In general, we have this relationship between the triviality of Ad* and Com™:

Lemma 3.3.6. Let X be a finite simply-connected HA-space. In H*(QLX;F,), Ad* =

p¥ iff Com* = 0.

Proof. By part 3 of Proposition 3.3.1,

Ad* = A;(xQX<Com* ® pg*):u’;b

so in cohomology, for any y € H*(QX; F,), if we write uf(y) = y@1+1Q@y+>. v ®y",

then we have

Ad*(y) = Com*(y) + 1@y + > (Com*(y))(1®y"). (3.3.21)
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Suppose that Com* = 0. Then by equation 3.3.21,

Ad*(y) = Com*(y)+1@y+ Y (Com*(y)(1®y")
- 19y

— (). (3.3.22)

Now suppose that Ad* = p$*. We will show that Com* = 0 by induction
on degree. First, choose y so that y has positive degree and there are no elements
of H*(2X;F,) with degree less than y. Then y is primitive, and hence by equation
3.3.21,

Ad*(y) = Com*(y) + 1 ® y,

and by our hypothesis,

Ad*(y) = p3*(y) =1®y,

SO

Com*(y) +1@y=1®vy,

and hence Com*(y) = 0.
For our induction, suppose Ad* = p¥*; and Com*(z) = 0 for all z € H(QX;F,)

with degree less than n. Consider any class y with degree n. We have

Ad*(y) = Com*(y) + 1@y + > (Com*(y))(1®@y"),
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and by our hypothesis,

Ad*(y) = pi*(y) =1 ®y.

Since each 3’ has positive degree less than n, Com*(y') = 0, so

Com™(y)+1®@y+ Z(C’om*(y’))(l ®1y")=Com*(y) +1®y,

SO

Com™(y)+1@y=1®vy,

and thus Com*(y) = 0. Hence Com™ = 0 by induction on degree. ]

The computation of Com* and Ad* on elements of H*(Q2X;F,) which are not
in the image of the suspension (or in the subalgebra generated by suspension elements)
is still an open problem when the integral cohomology of X has p-torsion. See [10]
for some examples using the exceptional Lie groups. Nevertheless, we can use these
results to find new ways of characterizing finite simply-connected HA-spaces whose

integral homology has p-torsion.

3.4 Homology Algebras and HA-space Commutator
Maps

Given a finite simply-connected HA-space, we will find a connection between

the commutator map com and commutativity of H,(X;F,) and then prove Theorem
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3.0.4.

As stated in the introduction to this chapter, many of the classical compact
simply-connected Lie groups have commutative homology algebras (with coefficients
in F,,, p odd). The key to finding a relationship between homotopy commutativity
of the group (or HA-space) and commutativity of its homology is not to look at com
itself, but rather at the induced homomorphism com*.

Throughout this section, X will be a finite simply-connected HA-space.

Theorem 3.4.1. Let X be a finite simply-connected HA-space. The homomorphism

com* : H*(X;F,) - H(X;F,) ® H*(X;F,) is trivial iff H.(X;F,) is commutative.

Proof. If H,(X;F,) is commutative, then H*(X;F,) is cocommutative, so if z is any

element of S,
i(x) = Txp* ().
By Theorem 3.3.3,
com* () = Ti* () — T471* () = 0,

so com* vanishes on the generating set, and hence on H*(X;F,).
If H.(X;F,) is not commutative, then H*(X;F,) is not primitively generated
[16]. Thus, in S, there is an odd element x whose reduced coproduct is > c® d # 0,

where each ¢ has even degree and each d has odd degree. Then by Theorem 3.3.3,

com*(x)zZC@d—Zd@c.
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No term of the form ¢ ® d could equal any term of the form d ® ¢ for degree reasons:
the left factor of ¢ ® d has even degree, while the left factor of d ® ¢ has odd degree.

Hence com*(z) # 0. O

Now let us turn to Theorem 3.0.4. Zabrodsky has shown that H*(X;F,) is
primitively generated if and only if H,(X;Z) has no p-torsion in Theorem D of [41],
and Kane has shown that H*(X;F,) is primitively generated if and only if H,(X;F,)
is commutative in Theorem 1.1 of [16], so by Theorem 3.4.1, we have the equivalence
of statements (ii), (iii), and (v) in Theorem 3.0.4. Let us finish things by showing

that statements (iii) and (vi) are equivalent:

Theorem 3.4.2. Let X be a finite simply-connected HA-space. The Hopf alge-
bra H*(X;F,) is primitively generated if and only if the homomorphism Com* :

H*(QX;F,) - H(X;F,) ® H*(QX;F,) is trivial.

Proof. Suppose that H*(X;F,) is primitively generated. Zabrodsky shows that since
X is an HA-space, then H*(X;F,) being primitively generated implies H*(X;F,)
must be a free algebra [41]. Since H*(X;F,) is finite dimensional, it must be an
exterior algebra on odd degree generators. Consequently, by the Leray-Samelson
theorem (quoted from [19]), since H,(X;F,) is associative (due to the fact that X is
an HA-space), it must also be an exterior algebra on odd degree generators.

Let us use part 9 of Proposition 3.3.1 to show that if z is a positive degree
element of H,(X;F,), and v € H,(QX;F,), then Ad.(z ® u) = 0. By Lemma

2.2.3, H,(Q2X;F,) has no odd degree elements, so any element u € H,(QX;F,) has
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even degree. Thus, if 7 € H,(X;F,) has odd degree, then Ad,(Zz ® @) has odd
degree, so it must be zero. Otherwise, if Z has even degree, then since H,.(X;[F,)
is an exterior algebra on odd degree elements,  must be a product of two elements

T = yz = . (y®Zz) where z has odd degree (note that  and Z might be decomposables

as well). Then

Ad(z®u) = Ad(pu.®1)(§®z® u)
= Ad,(1® Ad,)(§® Z® )

= Ad.(y ® Ad.(z @ 1)),

and since Ad,(Z ® u) would have odd degree, it must be zero, so Ad,(z ® u) = 0 for
any T € H,(X;F,) with positive degree. On the other hand, by part 6 of Proposition

3.3.1, Ad.(1 ® u) = u. In comparison, we have

so Ad, = pSl.. Dually, in cohomology, we have Ad* = p$*, so by Lemma 3.3.6, Com*
is trivial on H*(QX;F,).
Now suppose H*(QX;IF,) is not primitively generated. Then there exists a

generator z € S, with

Br(z) =) ber#£0,
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and since any even degree element of S is primitive, z must have odd degree, so each
b has even degree, and each r is a generator of H*(Q2.X;F,). Since z, and each r, are

odd degree generators, by Theorem 2.2.4, 0*(2) # 0, and o*(r) # 0 for each r. Hence

Com™(0*(z)) = (1@0")oe[n*(z)]

Hence Com* is not trivial on H*(QX;F,). O

With this result, we have shown that Kono, Kozima, and Iwase’s results do
not require a space to be homotopy equivalent to a topological group. That is, we do
not need the entire structure of a finite simply-connected topological group: a finite

simply-connected HA-space will be enough.

3.5 Other Properties of the Maps

Let us prove some other properties of the maps ad, com, Ad, and Com, gen-
eralizing the results from Kono and Kozima’s paper [21] (specifically from Section 2
of their paper). These properties were not used in our results from this chapter, but

will be needed in a few examples in Chapter 4.

Remark. Part 3 of Proposition 2.2 from Kono and Kozima’s paper [21] states that

Ad commutes with diagonal maps, so we will not prove it ourselves. The material
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involving maximal tori of Lie groups is not applicable to HA-spaces, so they will not

be generalized.

Proposition 3.5.1. Let X be a simply-connected HA-space. The maps Com and Ad

are related as follows:

That is, the following diagram commutes:

X x QX Com 006 (3.5.2)
idxXAgxl THQ
X x QX x QX - OX x QX
Adxiq

Proof. First, suppose X = G is also a topological group, so Ad(g,1)(t) = (gl(t))g™,

Com(g,1)(t) = (gl())(I(t)g)"", and ia(1)(t) = I(t)~". Then

Ho(Ad X ig)(ida x Aac)(g,D)(t) = pa(Ad x ia)(g,1,1)(1)
= ((gUe))g ™) U™
= (gl®) (g7 11()™")
= (gl) (U(t)g) ™"

= Com(g,l)(t).
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Now suppose X is only known to be an HA-space. Let us first prove that
pa(idax x §)(Ad x ig)(idx x Aqx) ~ Com (3.5.3)
as maps from X x QX to AX. We have

pua(idyx x )(Ad x ig)(idx x Aax)(, D)(t) = ((@1(8))i(2)) i(U(1)).

By homotopy associativity, puo(Ad X ig)(idx X Aqx) is homotopic to a map which

takes (z,[) to a loop given by

(2l(1)) (i(2)i(1(1)))-

By Lemma 2.3.4, this map is homotopic to one that takes (z,[) to a loop given by

(21(1)i(l(t)z) = Com(z, 1)(t).

Hence

pa(iday % §)(Ad x ig)(idx x Aqx) ~ Com.

By definition, j o Ad ~ Ad and joCom ~ 50?1, SO

palj x j)(Ad x iq)(idx X Agx) == j o Com.
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Since j is an H-map, ux(j X j) =~ juq, so

Jia(Ad X ig)(idx x Aqx) ~ jo Com,

so by Lemma 3.1.4,
/.LQ(Ad X ZQ)(ZdX X AQX) ~ Com.

]

Proposition 3.5.2. Let X be a simply-connected HA-space. Let D : X x QX xQX —

X x QX x X x QX be defined as

D($7l17l2) = (l’,lhl',lg)

= (idx X Toxx X idox)(Ax X idoxxax)(x,l1,l2).

Then

pa(Ad x Ad)D ~ Ad(idx X pox).

That is, the following diagram commutes:

Adx Ad

X x QX x QX D X x0OXxX xQX OX x QX
idxXp,Ql/ jMQ
X x QX 0X

Ad
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Proof. Suppose X = G is also a topological group. Then

po(Ad x Ad)D(g, 11, 1,)(t) = pa(Ad x Ad)(g,b1,g,12)(t)
= ((gh(t)g ") ((gl2())g™)
= ((ght)(g™'9)) (2()g™)
= ((gh(®)) ()™
= (g(L®)a(t)))g™
= Ad(g, pa(l, l2))(t)

= Ad(ide % uo)(g, 1, 1)(1).

Now suppose X is only known to be an HA-space. We will first prove that

pn(Ad x Ad)D ~ Ad(idx % pax) (3.5.4)

as maps from X x QX x QX to AX. We have

pa(Ad x Ad)D(x, 1y, 1) () = ((xh (1))i(x)) ((xla(t) )i(z)) .

By homotopy associativity, MA(@X ZXE)D is homotopic to a map which takes (x, [, l5)

to a loop given by

((@h (1)) (i(2)x)) (L(t)i(2))

By definition of the homotopy inverse operation, this map is homotopic to one that
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takes (x,l1,ls) to a loop given by

(2l (1)) (l(t)i(x)) .

By homotopy associativity, this map is homotopic to one that takes (z,l;,ls) to a
loop given by

(2 (D)(1))i(z) = Ad(idx x po)(x, 11, 1) t).

Hence

pa(Ad x Ad)D ~ Ad(idx x pox).

By definition, j o Ad ~ lei, SO

,uA(] X j)(Ad X Ad)D ~ j o Ad(ZdX X MQX).

Since j is an H-map, pua(j X J) =~ juq, so

jIUQ<Ad X Ad)D ~ ] ¢} Ad(ZdX X ng)7

so by Lemma 3.1.4,
pa(Ad x Ad)D ~ Ad(idx X pox).

]

Proposition 3.5.3. Let X be a simply-connected HA-space. Let D : X xQX xQX —
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X x QX x X x QX be defined as

D($7l17l2) - (I’,ll,l’,lg)

= (idx X Txox X idox)(Ax X idoxxax)(x,l1,l2).

Then

po(Com x Com)D ~ Com(idyx X paox)-

That is, the following diagram commutes:

X x QX x QX DX x QX x X x QX -ZmxCom_0x « QX
idxXp,Ql/ jMQ
X x QX — OxX

Proof. Unlike the other properties proven in this section, we will immediately work
with HA-spaces, and we will not need the free loop space. We will exploit the fact

that QX is a homotopy commutative HA-space:

polox =~ pao.

By Proposition 3.5.1, ug(Com x Com)D is homotopic to
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Elementwise, this map takes (z,l,l5) to an element of QX given (in terms of Ad) by

(Ad(z,l1)iq(ly)) (Ad(x,ls)ig(l2))

(here, concatenation indicates multiplying using uq). By homotopy commutativity
and homotopy associativity (of Q.X), this map is homotopic to one that takes (z, 1, [5)

to

(Ad(x, 1) Ad(x,15)) (ia(l)ia(ly)),

and by Lemma 2.3.4, this map is homotopic to one that takes (z,l;,(3) to

(Ad(z, 1) Ad(z, 1)) i (Ils) . (3.5.5)

Now, elementwise, we have

/LQ(Ad X Ad)D(.I’, ll, lg) = Ad(l’, ll)Ad(l’, lg),

and by Proposition 3.5.2, this is homotopic to Ad(idx X pax ), which is given elemen-

twise by

Ad(ZdX X IUQX)(I', ll, lg) = Ad(l’, lllg).

Thus, the map described in equation 3.5.5 is homotopic to one that takes (z,l;,13) to

(Ad(x,l4l3)) iq (Ils) .
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By Proposition 3.5.1, this map is homotopic to one that takes (x,ly,[3) to

Com(z,lily) = Com(idx X pax)(z,l,ls).

Therefore,

pa(Com x Com)D ~ Com(idx X uox).

]

Let us apply cohomology and homology to the previous propositions to find

properties of the induced homomorphisms and induced linear transformations:

Proposition 3.5.4. We have the following properties of com*, ad*, Com*, and Ad*:

1. In H*(QX;F,), Com* = (1 @ ALy )(Ad* @ i),

2. In H*(QX;TF,),

D*(Ad" @ Ad*)pax = (1 ® gy )Ad”.

3. In H*(QX;F,),

D*(Com™ @ Com™ ) ugs = (1 ® ugx)Com™.

We have the following properties of com,, ad,, Com,, and Ad,:

4. In H(X;F)) ® H.(QX;F,), Com, = pa.(Ad, ®ig.)(1 @ Agxs).
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5. In H,(X;F,) ® H,(QX;F,) ® H.(QX;F,),

6. In H(X;F,) ® H.(QX;F,) ® H.(QX;F,),

pos(Com, ® Com,)D, = Com, (1 ® poxs)

Let us end with a relationship between Ad, C'om, and H-maps.

Lemma 3.5.5. Let (X, ux) and (Y, uy ) be simply-connected HA-spaces. Let f : X —

Y be an H-map. Then the following diagrams commute:

Adx

X x QX 95,4
fXQfl Lﬂf
Y x QY e QY

Comx
X x QX QX
fXQfl lﬂf
Y x QY QY
Comy

(we will use subscripts X and Y to distinguish between the respective maps for each

space). For reference, QU f : QX — QY is pointwise application of f; if | € QX,

QD) = FU>)),
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and similarly, Af : AX — AY is pointwise application of f; if ¢ € AX,

(AN)(P)() = [(p(1))-

Proof. Let us first prove this lemma for the special case that (G, ug) and (H, pg) are
simply-connected topological groups, and f : G — H is a group homomorphism. For

any g € G and [ € QG, if t € [0, 1],

(Qf)Ade (g, D(t) = f((gl(t))g™") € H. (3.5.6)

Since f is a group homomorphism, 3.5.6 becomes

() Ada(g,1)(t) = (f(9)fU))F(9)™"
= Adu(f(9), () D)(®)
= Adu(f xQf)(g,1)(t).

The proof for the second diagram is similar.
Now suppose that (X, ux) and (Y, py) are simply-connected HA-spaces with

homotopy inverse operations given by ix and iy respectively, and f : X — Y is an
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H-map. We will first prove that the following diagram with free loop spaces commutes:

X x QX A Ax (3.5.7)
fXij LAf
Y x QY —— AY

Ady
For reference, here are the maps involved:
QX
Adx J
Jx
X x QX —— AX
Adx
QY
Ady l )
Jy
Y x QY —— AY
Ady

For any z € X and [ € QX if ¢t € [0, 1],

(AS)Adx (2, 1)(t) = f((zl(t))i(z)) € Y.

Since f is an H-map, (Af);lzlx is homotopic to a map which takes (z,[) to a loop
given by

(f@)fU®))) fix (@),

By Lemma 2.4.4, fix ~ iy f, so (Af)//lax is homotopic to a map which takes (z,[)
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to a loop given by

(F@FUE)) iy (f(@) = Ady(f(@), (Q)D)(E)

— Ady(f x Qf)(2, ().

Therefore, diagram 3.5.7 commutes.
By definition, jxAdy ~ Ady and jyAdy ~ Ady. Meanwhile, if I € QX C

AX, then (Qf)(l) € QY C AY, so

gy QN = Q)0
= (AN Ux D),

so Jy (2f) = (Af)jx. Since we have proven that

Af o Adx ~ Ady(f x Qf),

then since jxAdx ~ deX and jy Ady ~ zflzly, we must have

Af ijAdX ~ ijdy(f X Qf),

so since jy (Q2f) = (Af)jx,

ijf e} AdX ~ ijdy(f X Qf),
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and therefore, by Lemma 3.1.4,

Qf o Ady ~ Ady (f x Qf),

so the diagram is commutative:

Adx

X x QX QX
fXQfl lﬂf
Y x QY yrS QY
The proof for the second diagram with Comyx and C'omy is similar. ]

Chapter 3, in part, has been submitted for publication of the material as it
may appear in Journal of Topology and its Applications, 2013. Nguyen, Nicholas,
Elsevier, 2013. The dissertation author was the primary investigator and author of

this paper.



4 The Free Loop Space of an

HA-space

One of Kono and Kozima’s motivations for introducing the adjoint action came
from their study of the free loop space (AG, uy) of a Lie group (G, u). One can ask
how the group structure on (AG,u,) differs from the product group structure on

(G x QG, pexoc) where

pexaa = (1 X pa)(ide X Tog.a X idac).

Kono and Kozima show that there is a homeomorphism of topological spaces ¢ :
QG x G — AG where ®(l, g) is the loop given by [(t)g. If this homeomorphism is

also an H-map, then the following diagram would commute:

(paxp)(idoexXTXide)

QG x G x QG x G OG x G
<I>><<I>l l@

AG x AG AG

HA

167
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Kono and Kozima present a modified diagram that changes the maps in the top row.

They define a map

w: Q@ xExQGxGE =00 x0OG xE xd

given by the composition

w = (idQG X TG7QG X idg) (idQGXG x Ad x ng) (idQG X AG X idggxg) ;

for any ¢ € [0, 1],

w(lh g1, l27 92>(t) = (l17 Ad(917 12)7 g1, 92)<t)

= (L(t),91l2(D) g1 ", 91, 92)-

Then the following diagram commutes whether or not ® is a group homomorphism:

QG X GXQGXG—2——= QG x QG x G x G2 . 0Gx G (4.0.1)

x| |s

AG x AG AG

KA

An application of this diagram would be the computation of products in the algebra
H.(AG, up;F,) using three ingredients: the product structures of H.(G, u;F,) and
H,.(QG, npo; Fp), and knowledge of the induced linear transformation Ad,. However,

the furthest that anyone has gone in the past is Hamanaka, who computed the map
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Ad, : H.(G;Fq) ® H.(QG;Fo) — H.(QG; Fy) for the cases when G is an exceptional
Lie group other than Fg [9]. Hamanaka proceeded to apply homology to the previous
diagram to provide a formula for p, in terms of the maps p., pos, and Ad,, but is
only able to provide an example for G = G5, remarking that the other cases were too
complicated to write down.

In this chapter, we present another approach to computing products in the
algebra H.(AX, pa;Fp), where X is a finite simply-connected HA-space . Our method
stems from the H-deviation of another homotopy equivalence, h; : AX — X x QX.

In the case that X is a topological group, we can write down h;:

However, if X is only known to be an HA-space, we will need the free loop fibration
to define h;.

This chapter starts with an introduction to the free loop space AX and its
relation to the product space X x QX. We will focus on the homotopy equivalence
hi: AX — X x QX and its H-deviation. Our most important finding is a formula for
the H-deviation of hy which involves the map Com : X xQX — QX (from Chapter 3).

We then use the H-deviation of hy to find a twisted H-structure on X x 2.X, obtaining
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a diagram similar to Kono and Kozima’s diagram 4.0.1 for HA-spaces. From here, we
can use the induced homomorphisms (in cohomology) of hy and Com, along with the
twisted H-structure, to find another characterization of finite simply-connected HA-
spaces whose homology over F, is commutative, and compute products in H,(AX;F,)
using fiy, pox, and Com,.

Throughout this chapter, we will let p : X x QX — X, p¥ : X x QX — QX,
Pt X x AX — X, p) : X x AX — AX be projections. Recall that the following

diagrams commute strictly:

X x ox -2 X (4.0.2)
idXij Lidx

X X AX — X

X xx "% 0X (4.0.3)
idXle Lj

X x AX AX

Py

4.1 The Homotopy Equivalence and its H-deviation

We have noticed a few mentions of the homotopy equivalence of AX and
X x QX with various conditions on what kind of space X needs to be throughout the
literature, but we were unable to find a proof. In particular, given a simply-connected
HA-space X, we would like a map h; : AX — X x QX which is a homotopy equiva-
lence. We will define h; in this section, and prove that it is a homotopy equivalence.

First, let us introduce and define h; for the special case when X = G is a
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simply-connected topological group and prove that it is a homeomorphism in this
case using elementwise calculations. This will prepare the reader for the more general
case when X is a simply-connected HA-space when additional tools such as the free

loop fibration are needed due to an inability to write down h; pointwise.

Definition 4.1.1. Let G be a simply-connected topological group. We define a map

hy : AG — G x QG as follows. Given a loop ¢ € AG, at t € [0, 1], let

Notice that at ¢ = 0, the second component is

©(0)1(0) = o,

so the loop given by ¢(0)~'p(¢) is indeed an element of QG. We also define a map

hy : G x QG — AG so that given (g,1) € G x QG, at t € [0, 1],

ha(g,0)(t) = gl(t).

Theorem 4.1.2. Let X be a simply-connected topological group. Then hohy = idpg

and hihs = idgywaq, so hy and he are homeomorphisms.



172

Proof. Let us compute hohy and hihs elementwise. At ¢ € [0,1], for any ¢ € AG,

haha(0)(8) = h2((0), 0(0) ™ (1))

so elementwise, hohy = idyg. Meanwhile, for any g € G and [ € QG,

ha(g.D)(t) = ha(gl(t)
= (910), (91(0)) ™" (91(1)))
= (990 (95"97") (9l(1)))
= (9:(97") (9l(1)))
= (9.(97"9) (1))
= (g,1(t)),

so elementwise, h1ho = idgxag. O

Now let us transition to the case when X is a simply-connected HA-space. We
cannot simply copy the definition of h; for topological groups, because a loop [ given

by
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has its basepoint at i(¢(0))¢(0), which may not equal z, so this loop might not be
an element of Q2.X. Just like in Chapter 3 when defining C'om and Ad, we will need
the free loop fibration.

Recall that we have a fibration sequence

where j : QX — AX is the inclusion

Recall that the map j is an H-map, and it has unique lifts (see Section 3.1). We will

need these facts when defining the homotopy equivalences.

Definition 4.1.3. Given an HA-space X, its loop space QX and its free loop space

AX, let us define a map A} : AX — X x AX so that at ¢t € [0, 1], R} (¢) is given by
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Notice that

prh(@)(t) = (0)

When we apply gopd, we get

eopshi(p) = pyhi()(0)

= i((0))(0), (4.1.2)

so the composition eopyh; : AX — X is nullhomotopic. Hence there is a map

Ry : AX — QX such that the diagram commutes:

Qx (4.1.3)
o
J
AX T AX
pyhy l
X

From here, we can define h; : AX — X x QX as

hl = (80 X hlll) AA)(. (414)

Then by equation 4.1.1 and diagram 4.1.3, we have the following commutative dia-
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gram:
X x QX (4.1.5)
e
idx Xj
AX X xAX

1

Unlike the case when X is a topological group, we cannot write down a pointwise
definition of hy.
Now let us define a map A} : X x AX — AX as follows: hi(z, ) is a loop

given by

We define hy : X x QX — AX to be the restriction of A} to X x QX. Then the

following diagram commutes:

X x QX X >< 954 (4.1.6)
/ deN / idx Xj
AX X x AX X x AX

Let us show that h; is a homotopy equivalence:

Proposition 4.1.4. The spaces AX and X x QX are homotopy equivalent as topo-

logical spaces.

Proof. We will prove that the compositions hohy : AX — AX and hihs : X X QX —
X x QX are homotopic to the identity maps idyx and idx«qx respectively.

To prove that hohy =~ idpx, let us look at the composition hyh] : AX — AX.
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Elementwise, it is a loop given by

hyhi (9)(t) = (0) (i(p(0))(t)) (4.1.7)

By homotopy associativity, this map is homotopic to one that takes ¢ to a loop given
by

((0)i(¢(0))) ¢ (2)-

By using the homotopy inverse operation, this map is homotopic to one that takes ¢
to a loop given by ¢(t), so

hl2h/1 ~ idAx.

Hence by diagram 4.1.6,

hghl ~ idAx. (418)

To prove that hihs ~ idxyxqx, let us look at hihs : X x QX — X x AX.

Pointwise, it is given by

Miha(z,0)(t) = (2l(0),i(=(0)) [z(t)])

= (z,i(2)[l(1)]).

Let us use projection maps to study each component of hlhs(z,l)(t). In particular,
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we have

prhiha(el) = @

= pi(idx x j)(idxxax)(z,1), (4.1.9)

while at any ¢ € [0, 1],

oy ho(z, 1) (1) = i(2)[xl(t)], (4.1.10)

so by homotopy associativity, p5h) hy is homotopic to a map which takes (z,1) to the

loop given by

(i(x)x) 1(t),

and this map, in turn, is homotopic to one that takes (x,1) to the loop given by

i(t) = j)

= ph(idx x §)(idxxax)(x, 1)(t). (4.1.11)

Consequently, by equations 4.1.10 and 4.1.11,

Py by ~ py (idx X j)idx cax (4.1.12)

and therefore, by equations 4.1.9 and 4.1.12,

h’lhg ~ (ZdX X j)’idxxgx. (4113)
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Thus, by diagram 4.1.6, (idx x j)h} ~ hq, so we can rewrite the previous equation as

(ZdX X ])hth ~ (ZdX X j)idXxgx.

(4.1.14)

We need to show that hihs >~ idxxqx. We will proceed by proving that

p?hth = p?idXxQX

and

Phihy =~ pidxxax.

When we apply p? on both sides of equation 4.1.14, we get

p?(ZdX X j)hlhg ﬁpi\@dX X j)idXXQX.

and by diagram 4.0.2,

pi(idx x j) ~idxp,

so we obtain

idxpSthihy =~ idxplidx xox,

and hence

phihy ~ plidxxax.

(4.1.15)

(4.1.16)
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When we apply p5 on both sides of equation 4.1.14 and use diagram 4.0.3, we obtain

Jpshihs =~ jpfidxxax,

so by Lemma 3.1.4,

pyhihy ~ pYidx cax. (4.1.17)

Therefore, by combining equations 4.1.16 and 4.1.17, we obtain

hlhg ﬁidXXQ)(. (4118)

Hence, we can conclude that h; is a homotopy equivalence. O

In particular, the induced homomorphisms

hi: H*(X;F,) ® H*(QX;F,) - H(AX;F,)

and

hy: H(AX;F,) — H (X, F,) ® H*(QX;F,)

are algebra isomorphisms. Hence any element of H*(AX;F,) has the form

hi(r ®y)

where © € H*(X;F,) and y € H*(QX;F,).
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An immediate application of the homotopy equivalence h; is that we can use
it to help us compute the homomorphism on cohomology induced by €y. By equation

4.1.4, the following diagram commutes:

AX X x QX (4.1.19)

Hence if x € H*(X;F,), then

ex(x) = hipS(x) = hi(z @ 1). (4.1.20)

Now that we have introduced the homotopy equivalence h;, we can proceed to
discuss when it is an H-map, and examine its H-deviation, a map Dy, : AX x AX —
X x QX. We will find a way to write Dy, as a composition of maps, including Com.

One may ask how the homotopy equivalences interact with the HA-space struc-

tures. Recall that we give X x Q2X a product HA-space structure with

UXxQxX = (,u X ILLQ)(ZdX X TQX7X X ngx) X XOQX x X x QX - X x QX. (4121)

Pointwise, given (z1,11), (x9,l2) € X x QX at t € [0, 1],

,UXXQX((xla ll), (1]2, lg))(t) = ([Ell’g, ll(t)lg(t)) (4122)
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Thus, what we would like to know is if hy and hy are H-maps. If they are H-maps,

then in particular, the induced algebra isomorphism in cohomology

hy - H*(X;F,) ® H*(QX;F,) - H(AX;F,)

would be a Hopf algebra isomorphism, and the induced linear transformation in
homology

how : Ho(X;F,) ® H(QX;F,) - H(AX;F))

is a vector space isomorphism which is also an algebra isomorphism. Thus knowing the
coproducts in H*(X;F,) and H*(QX;F,) would allow easy computation of coproducts
in H*(AX;F,): we compute the coproducts in H*(X;F,) ® H*(QX:;F,) and apply
h} to get coproducts in H*(AX;F,). Dually, we can find the product of two elements
in H,(AX;F,) by multiplying their preimages under hy, in H,(X;F,) ® H.(QX;F,)
and then applying ho,.

However, hy might not be an H-map. Instead, we will determine how it fails

to preserve the multiplication by using its H-deviation:

Dp, : AX x AX — X x QX,

Dy, = pixxax ((h1oppy) X ((7 X i) o (Lxxax) © (h1 X h1))) Axxxax-

In order to study Dp,, we will also need the H-deviation of h), which is given as
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follows. First, we need the multiplication map on X x AX:

UXxAX = ([L X HA)(ZdX X TAX,X X idAx) X X AX x X xAX — X x AX.

Pointwise, given (21, ¢1), (22, ¢2) € X x AX, at t € [0,1],

pxxax (w1, 1), (T2, p2))(t) = (2122, P1(t) Pa(t)). (4.1.23)

From there, we define the H-deviation of A} as a map

Dyt AX X AX — X x AX,

Dh’l = UXxAX ((hll o MA) X ((Z X ZA) o) (MXXAX) o (hll X hll))) AAXXAX' (4124)

We can write out Dy, pointwise. Given o1, 0y € AX, Dy (¢1,02) € X x AX is given

as follows: its first component is

(¢1(0)2(0)) @ (01(0)¢2(0))

and its second component is a loop (in AX) given by

(i (#1(0)2(0)) (1 (D) p2(t))) i (i (92(0)) 1.(8)) (i (#2(0)) a(t))) -
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Recall that according to diagram 4.1.5,

(idx x j)hy ~ R, (4.1.25)

We can use this to find a formula involving Dy, and Dj. Note that idx X j :
X x QX — X x AX is an H-map (the proof is similar to that of Lemma 3.1.3). From

there, by applying Proposition 1.4.2 from Zabrodsky’s book [40], we see that

(idx X j) Dp, ~ Dh/l, (4.1.26)
X x OX
Dy, L
idx Xj
AX x AX X x AX

/!
hl

Let us combine equation 4.1.26 with diagrams 4.0.2 and 4.0.3; the resulting diagrams

in the following proposition will be used in the proof of Lemma 4.1.6.

Proposition 4.1.5. The following diagrams commute:

Q
X x Qx —2 X (4.1.27)
Dhy l . l
idx Xj idx
AX x AX X x AX ~ X
h’l P
X x QX —2 96 (4.1.28)
Dh1
Lidx XJ l]
AX x AX X xAX AX
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We will show how the H-deviation of h; allows us to examine coproducts in
H*(AX;F,). The first part of Lemma 4.1.6 is a restatement of Lemma 2.4.8 with A],
but the second part of the lemma is specific to Dy, , so the proof following the lemma

will focus on proving equation 4.1.30.

Lemma 4.1.6. Given any x ®y € H*(X;F,) ® H*(QX;F,), we have:

A2 ©)) = Abxeax (D @ () ® b)) (xwax)"]) (xxax) (@ @ y)] . (4.1.29)

In addition, we can write the map Dy, as the composition

Dy, ~ ja 0 Como (i x idgx) o (g9 X (pf o hy)) o Tax (4.1.30)

where jo : QX — X x QX is defined by jo(l) = (w0, ().

This means that the coproduct structure in H*(AX;F,) can be determined
from the coproduct structure of H*(X:;F,) and H*(2X;F,), along with knowledge of
the map Com*.

We will prove equation 4.1.30 for topological groups first, and then prove it

for HA-spaces. We will use the definition of h; from Definition 4.1.1.

Proof. Let X = G be a finite simply-connected topological group. We will prove that

Dy, = ja o Como (i  idag) o (g0 X (pF 0 h)) © Tac
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(notice the equality sign). We can write

Dy, = paxac ((hi o pa) x ((i X ig) © (taxac) © (h1 X h1))) Axexac

pointwise: for any ¢1, 02 € AG, Dy, (p1,92) € G x QG is given as follows: its first

component is

(01(0)¢2(0)) (1(0)ip2(0)) ™"

= 9o, (4.1.31)

and its second component is a loop in QG given by

(#1(0)¢2 1) (210 "er(1) (92(0) " 2(1))) ™

= (200" n( (sDz ( 220 e2(0) " (210 Men(1) 7))
= (@07 (£ 9®)) (0 ( Pat) ' 02(0)) (22(0) P r (1) ™))

= (22(0)7" (s 0)) ({2 ( 0) (#1(0) "1(1) )

= (2(0)7" (ga( (902 o1( _1)

= (0 (201 0) (20) 1) 20)”

= Com(2(0)~",1(0) "1 (1)). (4.1.32)

By definition,

i (e0(p2)) = 2(0) "
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and

©1(0) o1 (t) = pYha (1) (1),

so Dp, (¢1, p2) is given by

Dy, (01,02) = (g0, Com(i(go(2)), p2hi (1))

= j2 o) Com (¢] (Z X ’ldgg> 0] (80 X (pé2 (¢] hl)) @) TAg((pl, @2)

Hence

Dy, = ja0 Como (i x idgg) o (g9 X (pf o hy)) o Thg.

]

When we prove Lemma 4.1.6 and equation 4.1.30 for finite simply-connected
HA-spaces, we will need to work with h} and Dy, since these maps have pointwise

formulas that we can use for calculations. We will also need to define another map

—_—

(70?1 : X x AX — AX similar to //QZ from Lemma 3.2.9.

Proof. Let us start by writing out Dy, again. This time, we will need to define a map

—

Com: X x AX — AX, where for any t € [0, 1],

—
—

Com(z,p)(t) = com(x, (1))

= (wp(t))i(p(t)x). (4.1.33)
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Notice that

Coml(idx x j) = Com. (4.1.34)

Let us first prove that prh/l is nullhomotopic. Note that

P Di (01, 02) = (£1(0)02(0)) @ (£1(0)p2(0)) ,

SO p/th/1 is nullhomotopic. Now let us prove that

—

pé\Dh/1 ~ Com(i x idyx) (g0 x (P3h)))Tax.

The verification of this equation will imitate the calculations in equations 4.1.31 and
4.1.32 from the previous proof. By definition, pé\thl(gol, o) € AX is a loop in AX

given by

(i (#1(0)2(0) (1 (D) p2(t))) i (0 (92(0)) p1.(8)) (i (#2(0)) a(t))) -

By using homotopy associativity, along with Lemma 2.3.4 (see equation 4.1.32 for

a similar calculation), we can see that pé\Dhrl is homotopic to each of the following
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maps (defined by their image of (¢1, ¥2)):

(0 (p1(0)22(0)) (1 (D) p2(t))) @ (i1 (0))pa (1)) (1(02(0))p2(1)))
(((2(0))i(21(0))) r(8)) (2(t) (@ (i(p2(0))pa(t)) i (i(£1(0)) 1 (2))))
((2(0)) (1(1(0))pr(1))) (#2(t) ((i(p2(8))2(0)) i (i(£1(0)) 01 (2))))
((2(0)) (1(1(0))1(1))) ((2(D)i(p2(1))) (2(0)i (i(1(0))pa (1))
((2(0)) (1(1(0))p1(1))) (2(0)i (i(1(0)) 01 (1))

(1(2(0)) (#(£2(0))pr(8)) 7 ((i(01(0))1(2)) 2(0))

and therefore, pg\Dh/l is homotopic to a map Dy : AX X AX — X x QX which takes

(1, p2) to an element of X x AX given pointwise by

Dy(p1, 02) (1) = [ (92(0)) (i(1(0)) 2 (8))] ¢ [(2 (£1(0)) pr.(£)) i (02(0))] -

Now, recall that

PAR, (1) = i(1(0))p1(t) € AX,

SO

D, 02)(t) = [i(2(0)) (i(r(0)) 01 (1)) 2 [(2 (1(0)) r(2)) i (02(0))]

—_—
—_—

= Com (i(2(0)), pyhi (1)) - (4.1.35)



Elementwise, we have

(i(902(0))7pé\h/1(801)) = (Z X idAX)(@Q(O)apghll(Spl))
= (i X idax) (g0 X (p3h})) (02, 01)

= (i x idax)(g0 X (PYR)))Tax (1, ©2),

so we can expand equation 4.1.35 as

— —
—

Com (i(2(0)), pihy (1)) = Com(i x idax)(e0 x (D3 W) Tax (1, 93).

Hence

—

pé‘thl ~ py Dy = Com(i x idyx) (g0 x (pyh;))Tax-

Now let us prove that

jpsDn, ~ py Dy

~ Com(i x idax) (20 x (P2H,)Tax

~ jO Com(z X idgx)(EO X (pghl))TAX

According to diagram 4.1.28,

7P3 D, ~= py Dy

189

(4.1.36)

(4.1.37)

(4.1.38)



190

Meanwhile, by combining diagrams 4.1.5 and 4.0.3,

pé\hll = ] Opghl,

so we see that the right side of equation 4.1.37 becomes

— —

Com(i x idax)(go x (P2R,))Tax = Com(i x idax)(co x (j o p2hi))Tax. (4.1.39)

We need to more j to the left end of the composition. Given @1,y € AX, the map

on the right can be expanded elementwise:

Com(i x idax)(eo % (j 0 pthy))Thx (61, 02)

—_—
—_—

= Com(i(p2(0)),7 o pyhi(¢1))
_ Comlidx x §)(i  idex)(¢2(0), p2hr (1)

— Com(idx x j)(i x idax)(z0 X (pPh1))Tax (1, ¢2),

—

and by equation 4.1.34, @(idx X j) = C/'OFL, so equation 4.1.39 becomes

—

Com(i x idax) (g0 x (P2H,)Tax =~ Com(i x idax)(eo x (p2h1))Tax.  (4.1.40)
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Since j o Com ~ C/’o?mwe can simplify equation 4.1.40 to

—

Com(i x idax)(go x (P2R,))Tax
~ Com(i x idax)(eo % (ph1))Tax

~ jO C’om(z X idgx>(50 X (pghl))TAX- (4141)

Thus, when we combine equations 4.1.38 and 4.1.41, we obtain

§pYDh, =~ j o Com(i x idgx) (g X (p3h1))Tax,

so by Lemma 3.1.4,

pgDhl ~ C’om(@ X idgx)<€0 X (pghl))TAX (4142)

To conclude the proof, recall that p{‘thl is nullhomotopic, so by diagram 4.1.27,

p$iDy, is nullhomotopic as well. Since

Dy, (901, <P2) = (p?Dhl(SDl, @2)7P§)Dh1 (901, 802))7

(42 0 p%) © Dy, (91, 02) = (20, 3 Dy (01, 92)),

and p$!Dy, is nullhomotopic, we haveD),, =~ (j2 o pg) o Dy,. Therefore, by equation
4.1.42,

Dh1 ~ jg ] Com(z X idgx)(So X (p§h1>>TAX
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]

We can use this lemma for some applications. First, we can find a twisted
H-structure on X x QX using hy; and Dp,. Second, we can look at multiplication in
the homology algebra H,(AX;F,) using information from the product and coproduct
structures of H,(X;F,) and H.(QX;F,), along with knowledge of Com,. After that,
we can look for a relationship between h] being a Hopf algebra isomorphism and

commutativity of the homology over F, of the original space X itself.

4.2 Twisted H-structures and AX

Let X be a simply-connected HA-space. This section will restate the results
of Section 4.2 in the context of twisted H-structures. We will show how to obtain a
twisted H-structure on X x QX using the H-deviation of the homotopy equivalence
hi: AX — X x QX.

Although AX and X x QX have the same homotopy type, it may not be true
that the homotopy equivalence hy is an H-map. Instead, we can use the H-deviation
and Lemma 4.1.6 to find a map w : X x QX — QX and an w-twisted multiplication

structure & on X x QX such that the following diagram commutes:

hl ><h1

AX x AX X x QX x X xQX (4.2.1)
. lﬂ
AX X x QX
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or equivalently,

h2><h2

AX x AX X x QX x X x QX (4.2.2)
. lﬂ
AX " X x QX

Theorem 4.2.1. Let X be a simply-connected HA-space. Let w: X x QX — QX be

given by

w(z,l) = Como (i X idgx)(x,1)

= Com(i(x),1).

Then the follounng choice of 1 : X x QX x X x QX — X x QX will make diagram

4.2.1 commute:

,l], = (ZdX X /,LQ)(/,I/ X w X ,LLQ)(ZdX X AX X AQX X ngx)(ZdX X TQX’X X idgx),

(1, b, w9, 1) = (w1, 22), po (Com(i(w), 1), palli, 12))) -

Note that this theorem implies that hy is a uy — @ H-map.

Proof. We will prove that diagram 4.2.1 commutes as follows. Recall that

(xxax) o (Dpy X [(xxax) © (h1 X h1)]) 0 Apxxax = hy o fin,
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so it suffices to show that

(txxax) o (Dn, X [(txxax) © (b1 X h1)]) 0 Axxxax = fi(hy X hy).

Throughout this proof, given z1, 25, € X and 1,1y € QX, we will write

M(%,xz) = I1Z2,

NQ(lla l2) = lils.

Given ¢; € AX, we will write

hi(wy) = (yj, ;)

where y; € X, a; € QX.
First, let i1 : X — X x QX and iy : QX — X x QX be inclusions. Let
us verify that the compositions wi; and wiy are nullhomotopic. For any x € X and

l € QX,

wit(x) = Com(i X idgx)(x,ly)
= Com(i(x),l)

= Comoijoi(x),

and by Lemma 3.2.7, Com o iy is nullhomotopic, so therefore wi; is nullhomotopic.
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Similarly, we have

wis(l) = Com(i x idax)(zo,!)
= Com(i(xg),l)
= Com(xo,l)

= Comoiy(l),

and by Lemma 3.2.7, C'om o iy is nullhomotopic, so therefore wiy is nullhomotopic.

Let us compute fi(hy X hy). For any ¢,y € AX,

fi(hy x h1)(p1,02) = [i(h(1), hi(p2))
= [i(y1, o1, Y2, 2)
= (idx X po)(u x w X pa) (Y1, Y2, Y2, a1, a1, a2)
= (idx %X pa)(y1y2, Com(i(ya), o), araz)

= (1192, pa(Com(i(y2), a1), (a1a2))) . (4.2.3)

Now let us write out

(txxax) o (Dp, X [(xxox) o (b1 X h1)]) 0 Axxxax
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elementwise. For any ¢1, p2 € AX,

(Hxxax)(Dny X [(xx0x)(h X 1)) Axxxax (1, ¢2)
= (xxax) (Dr, (01, 02), (xxax) (Y1, a1, 2, a2))
= (uxxax) (Dn, (@1, 92), (1192, a102))
= (1Y Dny (1, 02), Y (1142, 102)), pia (D5 Dy (01, 02), 05 (1142, 0102 ))

= (u(PV D, (p1,92), y192), o (Py Dpy (01, 2), 0102)) .

By Lemma 4.1.6, p$!Dy, is nullhomotopic, while

pgDhl ~ Com(i x idgx)(go X (pghl))TAX-

Let us write out the map on the right side elementwise. Recall that

pPhi(e5) = €0()),

so according to the notation of this proof,

o) = vy,

hi(wj) = a;.
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Hence

Com(i x idax)(go X (Pghl))TAX(%,%)

= Com(i(y2), a1).

Thus, (Mxxgx)(Dhl X [(MXXQX)(hl X hl)DAAXXAX; and hence hl O LA, 1s hOHlOtOpiC

to a map which takes (¢1, p2) to

(Y192, pa(Com(i(ys), ar), (aras))) = fi(hy X ha) (1, ).

Therefore, hy o up =~ fi(hy X hy). O

In the next section, we will use this theorem to compute pp, in H,(AX;F,)

using fis, fox, and Com,.

4.3 Multiplication in the Homology of the Free Loop

Space

Let X be a simply-connected HA-space. Since h; and hy are homotopy equiv-

alences, their induced linear transformations in homology,

his: H(AX;F,) = H(X;F,) ® H.(QX;F),)
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and

how : Ho(X;F,) @ H(QX;F,) - H(AX;F))

are vector space isomorphisms (for which hy.hs, and ho,hq, are identity linear trans-
formations), but not necessarily algebra isomorphisms. We will use Theorem 4.2.1 to
give a formula for multiplying two elements in H,(AX;F,) in terms of the multiplica-
tion structures on H,.(X;F,) and H,.(2X;F,), along with the linear transformation
Com, : H(X;F,) ® H,(QX;F,) - H.(QX;F,).

Since hg, is a vector space isomorphism, any element of H,(AX;F,) has the
form

hou(Z ® 1)

where 7 € H,(X;F,) and t € H,(QX;F,).

Remark. We must stress that hs, and hy, may not be algebra isomorphisms. For
example, in H,(X;F,) ® H.(QX;F,), if z € H(X;F,) and t € H,(QX;F,) (¢ has

even degree),

&I

&
|
|

Pxxox+(T®1R1®1)
= (z®1)(1a1)
= (1e)(Eel)

= pxxox«(1®tRT®1)

and we will see that in H,(AX;F,), if Com, : H.(X;F,)® H.(QX;F,) = H.(QX;F,)
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is not trivial, then there exists choices of z € H.(X;F,) and ¢t € H,(QX;F,) such

that

houo(Z @ 1) # pas(hou(1 ® 1) ® hoo(Z ® 1)).

To avoid confusion, we will never suppress py, using concatenation, but for conve-

nience, for any Z,y € H.(X;TF,), t,u € H,(QX;F,), we will write:

1:(Z ® y) = 7y,

pxxox«(ZT@t@gygeu) = (@) (Ja)

Let us use Theorem 4.2.1 to examine the multiplication of H,(AX;F,):

Theorem 4.3.1. Let X be a simply-connected HA-space. Let z,y € H.(X;TF,),

t,u € H(QX;F,), and the coproducts of § and t are as follows:

Ax.() =7@1+1@7+ Y 757},
B

Aox.(H) =t@1+101+ > I, @
Y
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Then if § and t have positive degree,

pins(hos(T @ 1) @ how(y @ )

= hou[T ® Com,(i.(7) @ t)u

8
+§j@®Cbm4'@)®ﬂgaa (4.3.1)
+ny ® Com.(i.(y3) @ 1)t u
+:)3y ® tal.
If either y=1 ort =1,
firs(hox (T @ 1) @ how(§ @ @) = how(TY @ tu). (4.3.2)

Proof. When we apply homology to diagram 4.2.2, we see that if 7,y € H.(X;F,),

t,u € H(QX;F,), then

finx(hos(T ® 1) @ hou(y @ 1))

= hufi(TRT®Yy®u), (4.3.3)

where

fir = (1@ pro) (s ®@ Wi @ p0x) (1 @ Axse @ Agxe @ 1)(1 @ Tox x» ® 1),
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we = (Com,) (i, ® 1).

By applying hi. on equation 4.3.3, we get

= hiho i (T RTR YR )

= LEete o), (4.3.4)

so to prove the theorem, it suffices to compute ji.(T ® t ® § @ @) and then apply ho,.
At some point, we will need to evaluate (Ax, ® Aqx.)(g®1t). Because of this, we will
break the argument into four cases, depending on whether 4 = 1 or not, and whether
t =1 or not.

First, suppose that both 3 and ¢ have positive degree. Before we compute fi,,

let us write down (Ax, ® Aqx.)(y @ 1):

(Axs @ Agxi) (g 1)

= JRIeI®I+IRIelei+) jol1el ot
Y
HRJRI®I+197e1ei+ ) 107e1f, o

o
v

) GeBeteltY HBejolot
8 8

+Y TRl et (4.3.5)
B

First, we apply (1 ® Tox x« ® 1) to T ® 1 ® y ® @. Since H,(QX;F,) has no nonzero
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elements of odd degree, t has even degree, so

1@Toxx+@DNITRIRIRU) =TRYRXtR Q.

Next, we apply (1 ® Ax, ® Agx« ® 1). By equation 4.3.5, we get

1A% @Ax. @)1 @ Toxx« ®1)(ZTRtR YR 1)

= j®g®1®£®1®a+f®y®1®1®E®ﬂ+zf®ﬂ®1®ﬂy®f’§®ﬂ

v
+IQ1EJRIRIEI+IRIOJRIRIRI+ Y 210y QL O
v

) ITRRGARIRIeU+LY IRGAUR1IRIeu

5 5

= —/ —I g7 g —

+Y TQUOYRL O @ (4.3.6)

By

Now we apply (s ® wy ® pa«). By part 7 of Proposition 3.3.1, we see that for any

z € H(X;F,), v e H(QX;F,),

Com,(z®1) =Com,(1®7v) =0,

and since C'om, is a graded linear transformation,

Com,(1®1) =1,



so we get
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= IR 1t

+2 @ Com, (i.(7) @ 1) @ a+ Y T @ Com,(i.(y) @ F,) ® /1

Y
+Y 2y, @ Com.(iu(h) ® 1) @ @
E
+> zyy ® Com.(i.(y}) ® F,) ® t/u.
By

Finally, we apply (1 ® pq.), which gives us [i,(T ® t ® § ® u):

+2 ® Com, (i.(g) @ D + Y T @ Com.(i.(y) ® )

Y
+ a1y ® Com.(i.(y}) ® t)u
E

+ "z @ Com.(i.(g)) ® Tt/
By

J

59

(4.3.7)

(4.3.8)

We obtain the formula in the theorem by applying ho.. This proves the main part

of the theorem. Now we proceed to the special cases where one of 7 or t has degree

Z€ero.



Suppose ¢ = 1 and ¢ still has positive degree. Then

(Axi @ Aox)(1®D) =1010I01+1010101+ Y 10101, &

v
v

SO
i (ZTRt®1®a)
= (1®pe)(T@Com,(10t)@u+7®Com,(1®1)Rtu
+Y 2@ Com.(1® 1) @ /u)
ol
= I®ta.
Now suppose ¢ = 1 and ¢ has positive degree. Then
(Ax. ®@Apx)FO ) =7010101+107e101+» 7eyelal,
[
SO

[:(Z@1®Yy®u)
= (1®pe)(@g@Com(1®1)@u+7® Com,(in(y) ®1) ®
+> 7y ® Com.(i.(y3) © 1) @ 1)

5
= IR

204
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Finally, if y = 1 and ¢ = 1, then

(Ax, ®@Aox)(1®1)=1®101®1,

SO
(Z®1®1®a)
= (1®puq)(@®@Com(1®1)®u)
= ITXuU.
We obtain the formulas in the theorem by applying ho.. O]

We have the following corollary about the linear transformations hy, and ho,

and how they affect generators and decomposables.

Corollary 4.3.2. The linear transformation hg. sends decomposables of H.(X;F,)®
H.(QX;F,) to decomposables of H,(AX;F,). In addition, if {¢1,...,¢.} is a gener-
ating set for H.(X;F,) @ H.(QX;F,), then a possible generating set for H.(AX;F,)

is a subset of {ho.(C1),. .., h2(C)}.

Proof. A decomposable in H,(X;F,) ® H.(QX;F,) will be a sum of one of the fol-
lowing kinds of elements:
1) An element of the form Zg®1 = (z®1)(y®1) where 7,y € H.(X;F,) have

positive degree.
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2) An element of the form 1 ® tu = (1 ® t)(1 ® @) where ¢, € H.(QX;F),)
have positive degree.

3) An element of the form z ® ¢ = (z ® 1)(1 ® t) where Z € H,(X;F,) and
t € H,(QX;F,) have positive degree.

By Theorem 4.3.1 (specifically equation 4.3.2), we have

hao(Ty @ 1) = piaa(hao (T © 1) @ hau(y © 1)),

hoo(1 @ t) = pas(hos(1 @ 1) ® hou(1 @ @),

S0 hou (ZY®R 1), how(1 @ tw), and ho,(T ®1) are decomposables as well. Hence hy, sends
decomposables to decomposables.

For the rest of this proof, let us abbreviate C = H,(X;F,)® H,(QX;F,). Since
hs, sends decomposables to decomposables, we have an induced linear transformation

on the module of indecomposables,

hS : Q(H.(X;F,) @ H(QX;F,)) = QH.(AX;F,),

hS.(E 4 CC) = hg(@) + H,(AX;F,)H.(AX;F,).
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Note that th* is surjective: given

Z+ H,(AX;F,)H.(AX;F,) € QH.(AX;F,),

we have

hs (hio(2) + CC) = houhiu(2) + Ho(AX;F,) H(AX;F,)

= z+ H.(AX;F,)H.(AX;F,).

However, ho, may send generators to decomposables, so hg* may not be injective.

Consequently, if

B={a+CC,...,¢.+CC}

is a basis of Q(H.(X;F,) ® H.(QX;F,)), then the set

hs.(B) = {ho. (1) + H (AX;F) Ho(AXF), .o hoo(60) + Ho(AXF) Ho(AXF,) )

will span QH,(AX;F,), but it may not be linearly independent. Then a subset of
hS.(B) will be a basis for QH,(AX;F,). Therefore, if {¢,...,&} is a generating set
for H.(X;F,)®H.(QX;TF,), then a subset of {he.(¢1), ..., ha.(¢)} will be a generating

set for H,(AX;F,). O

We also have the following corollary about powers in H,(AX;F,).
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Corollary 4.3.3. Let 7 € H.(X;F,), t € H (QX;F,) and n > 1. Then

[hou(Z © D))" = hou(" ® 1), (4.3.9)

where [ha (T ® 1)]" means to take the power using pip., and

[hoe (1@ D)™ = hau(1 @ 7). (4.3.10)

Proof. Let us use induction on n. Suppose

[hoo(Z @ 1] = hoo(Z" P @ 1).

Then by equation 4.3.2,

hou(Z" ®@1) = ppu(hoe(Z"' @ 1) @ hou(Z ® 1))
= ppe([Pox(Z @ D))" @ hou(Z @ 1))

= [ha(Z®1)]".

Hence equation 4.3.9 holds by induction. The proof of equation 4.3.10 is similar. [J

Example 4.3.4. Let us illustrate Theorem 4.3.1. Let 7,y € H.(X;F,), t,u €

H,.(QX;F,). We will use the same notation as in the theorem for their coproducts.
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According to Theorem 4.3.1, if t = u = 1, we have

Pps(hos (T @ 1) @ how (TR 1)) = hoo(Ty @ 1), (4.3.11)

and if instead £ = y = 1, we have

pas(Pos(1 @ 1) @ hoo(1 @ 1)) = how(1 @ tu), (4.3.12)

and if y = 1 and ¢ = 1, we have already seen that

fops(hos (T @ 1) @ hoy(1 @ 1)) = how(T @ 1), (4.3.13)

so in these cases, ho, acts like an algebra homomorphism on H,(X;F,) ® H.(QX;F,).
Now, let us look at fip«(ho.(1®1) @ hoy(F®1)) with the additional assumption
that g and ¢ are primitive. By Corollary 2.3.6, i.(y) = —, so by Theorem 4.3.1, we

have

fae(hos(1®1) @ hou(F 1)) = hou(1® Com,(in(y) @ 1) + y @11)

= hoa(—-1@Com,(g®t)+yt). (4.3.14)
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Note that if Com, (g ® t) vanishes (for example, if § has odd degree), then

pas(hox(1 @ 1) @ how (R 1)) = how(1 @ Comy(i(§) @) + § R 1)
= ho(-1®Com,(y@1)+ 9y 1)

= o (g@1). (4.3.15)

Let us see what happens if Com, (g ®1t) does not vanish in a concrete example
in H,(AFy;F3). We will use Theorems 1 and 2 from Hara and Hamanaka’s paper
[10] for data about coproducts in H,(2Fy;F3) and computations of Ad,. We will
use T to denote elements in H,(Fy;F3) (instead of y) and ¢ to denote elements in
H.(QFy;F3) (instead of t). Note that Hara and Hamanaka use ad (with a lower case)
to denote the map Kono and Kozima call Ad. For reference, a generating set of

H*(F4,F3) & H*(QF4,]F3> would be

{391,770 1L, 730 1,101, 1 @, 1 @t1,1 @i, 1 @ e}

According to Hara and Hamanaka, in H,(2Fy; F3), we have the following calculation

of Ad, : H.(Fy;F3) ® H.(QUFy; F3) — H (QFy; Fs):

Ad,(Tg ® ta) = t1o.

According to part 4 of Proposition 3.5.4, if t € H,(QFy;F3) is primitive (Aqx.(t) =
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t®1+1®t), then for any T € H,(Fy;F3),

Com, (2 ®1t) = po(Ad, @i0.)(T ® Aax.(t))
= po(Ad, ®ig.)(TRIR1+721®1)
= po«(Ad,(Z @) @1+ Ad(Z®1) 1)

= Ad.(z®1) (4.3.16)

since Ad,(Z ® 1) =0 (by part 7 of Proposition 3.3.1). Thus, in H,(QFy;F3), we have

COm*(i'g & 7?2) = ??10.

Therefore, in H,(AFy;F3), by equation 4.3.13,

pons (hoe(Zs @ 1) @ hou (1 ® 12)) = hou(Ts ® ta),

while by equation 4.3.14,

pias(hoe(1 @12) @ how(Ts @ 1)) = hou(1® Com,(i.(Ts) @ t2) + Tg @ 1o)
= ho(—1® Com,(Ts ® t2) + Tg @ t2)
= —hz*(l ® {10) + hg*(fg & 52))

#  paxs(hou(Ts ® 1) @ hou(1 ® 15)).
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Hence there is a nontrivial commutator [ho,(Tg ® 1), hoo(1 @ £5)] in H,(AFy; F3),

[how(Tg @ 1), hou(1 @ E)] = hou(1 ®119)

= hoo(1® Ad. (75 ® B)). (4.3.17)

Notice that this means ho.(1 ® t19) € H.(AFy;F3) is a decomposable; recall
that 1 ® t19 € H.(Fy;F3) ® H.(QFy;F3) is a generator.

Let us continue our calculation of products and commutators in H,(AFy; Fs).
If j =3 or 7, and k is either 2,6, 10, 14, or 22, then for any u € H,(Q2Fy;F3) (so @ has
even degree),

Com.(z; ® u) =0,

so by Theorem 4.3.1,

pins (hou(L @ 1) @ hoo (2, @ 1)) = hau(@; ® 1)

= fiax(h2e (T © 1) @ hoo (1 @ 1)),

and consequently,
[h24(; ® 1), ho(1 @ Ti)] = 0.
Next, we look at pip.(hos(1 @t6) ® hoy(Tg ® 1)). The element tg € H,(Q2Fy; F3) is not

primitive; its coproduct (again using data from Hara and Hamanaka’s paper [10]) is

Agxi(tg) =t @1+ 101t —t2 @1y — Ty ® 2.
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In order to use Ad,(Ts ® tg) to compute Com,(Tg @ tg) (with part 5 of Proposition
3.5.4), we will also need the following: ig.(13), iq«(ts), Adi(Ts ®@12), and Ad,(TgR13).

Let us compute iq.(fg). Since iq.(ta) = —t2, by applying homology to Lemma 2.3.4,

i0(t3) = iqi(pou(ts ® 1))
= pia«(tas ® ig.) (Tax«(t2 @ t2))
= fig(—t2 ® (—12))

)
t5,

so by Corollary 2.3.6,

iae(ts) = —tg+ i.(t3)la + ig.(t2)l5
= —tg+ f% + (—52)53

= —fs.

We already know that COm*<j]8®1?2) = lTlO = Ad*(l’f}g@fg) and Ad* (Zf’g@t_ﬁ) = '514—1?101?%.

Before we compute Com..(Zg®1s), we also need Ad,(Zs®%3), which can be calculated



using part 5 of Proposition 3.5.4:

Hence

Ad (T3 ®13) = po(Ad.(Ts @ 1), Ad.(1® 1))
+io (Adi(1 @ 12), Ad.(Ts @ 1))
= tiota + tat1o

= —tyota.

Com,(Ts ® tg)

pos(Ady @ 10.)(Ts @ Agx«(Ts))

fiow(Ady ® i) (T Rl @1+ T3 R 1 Qs — Tg @2 DTy — Ty @ Ty @ 12)
pox(Ad(Ts Rtg) @ 1 — Ad(Tg @ 1) ® tg

+Ad (Ts @ 1) @ Ty — Ady(Zs ®@ 1) @ £2)

pras((f1a — tiols) @ 1 — 0 — Eyota ® Ty — 19 ® 13)

514 - 51053 - 510{% - 510@

214
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Therefore, by Theorem 4.3.1,

finx(hau(1 @ t6) @ hou(Tg @ 1))

—1 ® Com,(i.(Tg) ® t2)t5 + Tg ® tg). (4.3.18)

By part 6 of Proposition 3.5.4,

Com,(Ts ®13) = pg(Com,(Tg @ 1ts),Com,(1 ®1y))

+g (Com, (1 ® ta), Com,(Tg ® ta))

Hence equation 4.3.18 becomes

ﬂA*<h2*(1 & 7?6) & hg*(fg & 1)) = hg*[—l & 7?14 + 1 & Zloig + [Z'g & {6]

Thus, we have another commutator:

[hou(Ts © 1), hou(1 @ t6)] = hou(1 @ 14 — 1 @ E10t3)

= hg*(l X Ad*<lf8 & E@)) (4.3.19)

Since the remaining generators of H,(QFy;F3), namely t1g, t14, and o9, are

primitive, by calculations similar to the one for ppp.(1 ® to ® Ts ® 1) in Example
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4.3.4, we have

COm*(fg (%9 El()) = Ad*(i'S & t_IO)

= 1® xt;

where k = £1 € F3,

Com,(Ts ®@t1y) = Ad.(Tg ®1t1)

== 1®t_227

Com.(Ts @ty) = Adi(Ts® taa)

= _1®ﬁ07

SO

pons(hos(1 ® 1) ® how(Ts ® 1)) = ho(1 ®@ Com, (is(Ts) @ tho) + Ts @ tho)

== _hQ*(l & /{Eg) + hQ*(ES ® 2?10)7

pias(hos(1 ® t1g) @ hoo (T ® 1)) = ho(1 ® Com, (i (Ts) ® tig) + Ts @ T14)

= —ho (1 ®ta2) + hou(Zs @ t14),
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pias(hos(1 @ t22) @ hoo(Ts ® 1)) = hou(1 @ Com,(i(Ts) ® tg2) + Ts @ T22)

= ho (1 ®@1}y) + hau(Ts @ t22).

At this point, we have seen generators of H,.(X;F,)® H,(Q2X;F,) whose image

under hy, is a decomposable in H,(AX;F,). By Corollary 4.3.2, there is a subset of

{h2e (T3 @ 1), hou(T7 @ 1), hou (T ® 1), oo (1 ® 1),

ho(1 ® t6), how(1 @ tho), hou(1 ® t1a), how(1 @ T22)}

which is generating set for H,(AFy;F3). Based on our calculations, we could take

B ={ho(T3R1), how(Ty @ 1), hou(Tg @ 1), hou(1 R ts), how(1 R 16)} .

We can use equations 4.3.11, 4.3.12, and 4.3.15 to show that these five elements
of B are indeed generators; there is no way to write any of these five elements as
(sums of) products of each other. Since the heights of 73, 77,75 € H.(Fy;F3) are
2,2, 3 respectively, to € H,(QFy;F3) has height 3, and ¢ € H,(Q2F,;F3) has infinite
height, by Corollary 4.3.3, the heights of the elements of B are 2,2, 3,3, and infinity
respectively. Furthermore, we have these commutators involving 7s ® 1 and 1 ®¢; for

j=2,6,10,14,22 in H,(AX;F,):

[ho4 (T ® 1), hau (1 @ 12)] = hou(1 ® t1p),
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[hg*(ffg & 1), hg*(l &® Eﬁ)] - hQ*(l ® 7?14 -1 ® 2?101?%),

[how(Ts ® 1), hou (1 @ F10)] = £hau(1 @ T3),

[how(Tg @ 1), how(1 ® t14)] = how(1 @ t22),

[hQ*(jS ® 1)a hQ*(l ® 1?22)] - _hZ*(]- ® 7E?o)

The generating set B, along with information on heights and commutators, give us a
complete picture of the algebra H,(AFy;F3). We see that ho, takes 1 ® 19, 1 ® t14,
and 1 ® o9 (which are generators of H,(Fy;F3) ® H.(Q2Fy;F3)) to decomposables in
H,.(AFy;F3). We note that t19, t14, and t9y are in the image of Com,. In addition,

for j = 2,6,10, 14, 22,

[hou(Ts @ 1), how(1 @ 15)] = hou(1 ® Ad, (75 ® 1;)).

We are currently exploring further connections between commutators in H,(AFy; Fs)
and the linear transformation Ad,.

Let us end this section by briefly looking at what happens in cohomology. We
can use Theorem 4.2.1 and Lemma 3.3.5 to compute coproducts of elements in the
image of

ripor : H*(X;F,) — H*(AX;F,).

Theorem 4.3.5. Let X be a finite simply-connected HA-space. In H*(X:;F,), let

x € S (see Theorem 1.2.4 and the discussion afterward for the definitions of S).
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Then

pr(hil®o*(z)) = RMOM1I®c"(2)0101+10101®0"(x)

+1® (Tox x (1" @ o) (5 (z))) @ 1].

Proof. When we apply cohomology to diagram 4.2.1, we see that

paht = (hy @ )i,

where

r=(1eTHxx®1)(1®@AY @ Ajy @ 1)(1" @ w" ® ug) (1 ® pg),

w'=(i"®1)Com™.

Recall that o*(x) € PH*(QX;F,), so

polo’(z)) = 0" () @ 1+ 1® 0" (x),

and by Lemma 3.3.5,

Com*(c*(z)) = (1 ®oc")(a"(x)),
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SO

wi(o*(z)) = (@ 1Com™(o"(x))
= (eI (n(r)

= (i*®") (7" (x)). (4.3.20)

Let us compute (1 ® o*(z)). We start with (1 ® pg):

(1® puo)(1® o™ (x))

= 1R (r)®1+1®1x 7 (z).

Next, we apply (¢* ® w* ® ug) and use equation 4.3.20:

(1 @ w" ® pg)(1 @ po)(l®o*(z))
= (1) ®w(o"(2) @ puo(l) + 47 (1) @ w(1) ® pg(o™(z))
= II(@E ) (i (r) @11

+1R110100@)R1+18181818 110 (z).

To apply (1® A% ® Ay ®1), we multiply the second and third factors, and multiply
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the fourth and fifth factors.

(1© Ay ® Ay ® D' ©w' @ up)(1® i) (1 © o (1))

= 1@ d)(E"(2)®1+11c(r)®1+101®1®d"(x).

Finally, we apply (1 ® T3y x ® 1):

10 Toxx @11 @AY @ Agy @ 1) (1" @ W™ @ o) (1 @ pg)(1© 07 (x))
= p(1ea(z))
= (1eThxx@ )1 (@ @) (@ (v) ®1)

+1Ro (7)) ®1®1+10101® 0" (x).

Therefore, when we apply (h} ® h}), we obtain

pa(hil®@ o (x)) = (b1 @hE (1 ® o™ (z))
= Meh1ledr@)elel+l0loleot(z)

+1@ Tox x[((1" @ 0™)(p*(x))] @ 1].

O

Overall, it will be worthwhile to continue learning about the maps Ad, Com,
and their induced homomorphisms and linear transformations in order to examine co-

products in H*(AX;F,), and multiplication and commutators in H,(AX;F,). When
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Hara and Hamanaka made their calculations of Ad, in [10], they needed to use the

fact that for the Lie groups G = F}, Eg, E7, Es, for any positive even integer k,

dim Q*H*(G;Fs) < 1.

Future efforts will need to find ways of bypassing this requirement.

4.4 The Cohomology of the Free Loop Space and h;

For this section, we will restrict ourselves to finite simply-connected spaces.
Recall Iwase’s observation that the homeomorphism ® : QG x G — AG from the
introduction to this chapter will be a group homomorphism if G is abelian. In
that case, there would be an isomorphism of Hopf algebras ®* : H*(AG;F,) —
H*(QG:;F,) ® H*(G;F,). In this section, we will show that a weaker condition than
(homotopy) commutativity will suffice for showing that our homotopy equivalence hq
will induce a Hopf algebra isomorphism, and this condition applies to finite simply-
connected HA-spaces as well.

Given a finite simply-connected HA-space X, we can characterize commuta-

tivity of H,(X;F,) using h} by applying Lemma 4.1.6 and Theorem 3.4.2.

Theorem 4.4.1. The algebra H.(X;F,) is commutative iff the induced homomor-

phism hi is a Hopf algebra isomorphism.

Proof. By Theorem 3.4.2, commutativity of H,(X;F,) is equivalent to Com* being
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trivial.

If Com* = 0, then by Lemma 4.1.6,

D;kn = TXX © (53 & (hi Opg*)) o (i* X 1) oCom* ojék =0,

so Dy =0, and hence by equation 4.1.29,

py o hi(z ®@y) = (b ® hY) o (uxxax) (r ®y).

Hence h7 is not only an algebra isomorphism, it also preserves coproducts, so it is a
Hopf algebra isomorphism. This implies that H*(AX;F,) (with coproduct p}) and
H*(X;F,) ® H*(QX;F,) (with coproduct p% ) are isomorphic as Hopf algebras.

Now suppose that h} is a Hopf algebra isomorphism. Then by Lemma 2.4.8,

Dy =0, so by Lemma 4.1.6,

D; =Txxo (g5 @ (ki ops*)) o (i* ® 1) o Com* o js = 0.

We will prove that if Dj = 0, then Com* = 0. Now, note that *, &g, p¥, hi, and
Txx are all injective homomorphisms:

1) By Lemma 2.3.4, i* o i* = id%, so i* is a bijection.

2) By equation 4.1.20, ef(z) = z ® 1.

3) Recall that p$*(y) = 1 @ y.

4) The maps h; and Ty x are homotopy equivalences, so their induced homo-
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morphisms are algebra isomorphisms.
Although j3 is not injective on H*(X;F,)®@ H*(QX;F,), we have j5(1®y) =y,
so jj is injective on {1} ® H*(Q2X;F,) and surjective onto H*(2X;F,). Therefore, in

order for D; = 0, we must have Com* = 0. O

Thus, if the algebra H,.(X;F,) is commutative, then h] is a Hopf algebra
isomorphism. Consequently, if the coproduct structures of H*(X;F,) and H*(QX;F,)
are known, then the coproduct structure of H*(XA;F,), and dually the multiplication
in H,(AX;F,) are easily determined in this case. As we have seen, if H,(X;F,) is
not commutative and Com, is not trivial, then the multiplication in H,(AX;F,) can
look very different from the tensor product multiplication structure on H,(X;F,) ®
H,(QX;F,).

As a corollary, we have the following connection between commutativity of

H.(X;F,) and commutativity of H,(AX;F,):

Corollary 4.4.2. The algebra H.(X;F,) is commutative iff the algebra H.(AX;F,)

18 commutative.

Proof. If the algebra H,.(X;F,) is commutative, then by Theorem 4.4.1, h] is a
Hopf algebra isomorphism, and equivalently hi, is an algebra isomorphism. Thus,
H.(X;F,)® H.(QX;F,) and H,(AX;F,) are isomorphic as algebras. Since H,(X;F,)
and H,(Q2X;F,) are commutative (see Definition 1.2.7), this implies H,(AX;F,) is
commutative as well.

If the algebra H.(X;IF,) is not commutative, then H*(X;F,) is not primitively
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generated, so there is a generator z € S with i*(2) # 0. Since even degree elements in
S are primitive by definition, this generator z must have odd degree (and |z| > 1 since
we assume X is simply-connected), so by Theorem 2.2.4, 0*(z) # 0. By Theorem

4.3.5, the coproduct of hj(1 ® 0*(2)) in H*(AX;TF,) is

(1@ (2) = M) lecr(z)olel+lelel®o(z)

+1 @ Tox x[((" @ 0™)(p"(2)] @ 1].

Let us write out the reduced coproduct. First, we write

ﬂ*(Z) _ Zz/ ® 21/7

where each 2" is an odd degree generator (again |2”| > 1), so 0*(z”) # 0. Then

pa(hi(l®o™(2))) = (b1 @ h)[1 @ Tox x (" @ ™) (7*(2))] @ 1]

= (hem)D 1ec (@) ei(Z)e1]

To compute Tx i (hi(1 ® 0*(z))), we note that the following diagram commutes

strictly:
AX x AX MM X % QX x X x QX
Tax Tx xox
AX x AX X xOQX x X xQX

hl ><h1
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Txxax(h1 X hi)(p1,902) = Txxax(hi(er), hi(p2))
= (hi(p2), (1))
= (h1 X h1) (2, 1)

= (hl X hl)TAX(Sf?z,(Pl)-

Hence

Tixir(hi(1®0%(2))) = Tix(hi@h)D) 100 (Z") @i (Z) 1]
= (@) Txox) 100 (") @i*(2) @ 1]

= (h® h“{)[Zz*(z/) ®R1®1da"(Z")].

In H*(X;F,) ® H*(QX;F,), we have

Y iwo () eif(Z)el# ) () elelec ()

since the second factor of every term on the left has positive degree, while the second
factor of every term on the right has degree zero. Since (hi ® h}) is an algebra

isomorphism, it is injective, so

(Broh)D) 1o () ei'()@1] # (heh)]D_i'(Z)elele o ("),

and therefore

pa(hi(1®a™(2))) # Tixpa(hi(1 @ 0™(2))),
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so H*(AX;F,) is not cocommutative, and hence H,(AX;IF,) is not commutative. [

Chapter 4, in part, has been submitted for publication of the material as it
may appear in Journal of Topology and its Applications, 2013. Nguyen, Nicholas,
Elsevier, 2013. The dissertation author was the primary investigator and author of

this paper.



5 Altering H-space Structures

Given an H-space X with multiplication map p, we may ask if there is another
multiplication map on X which induces a different coproduct structure on its coho-
mology with desired properties. For example, suppose X is homotopy associative with
multiplication map p, and for some odd prime p, H,(X, u;F,) is not commutative.
One may ask if there is a multiplication map which makes H,(X, v;F,) commutative,
and furthermore, if the coproduct v* makes the cohomology algebra H*(X,v;[F,)
primitively generated.

For example, if G is one of the classical compact simply-connected Lie groups
A, By, Cy, and D, or the exceptional group G, H,.(G;F3) is commutative, while
the opposite is true if GG is one of the following groups: Fy, Eg, E7, or Es. The main
difference between these two sets of Lie groups is that the homomorphism com* does
not vanish on the cohomology over F3 of F), Fg, E7, and Fs. Thus, one can ask if
there is an alternative multiplication map on Fj, Eg, E7, and Eg which induces a
commutative homology algebra over F3, and if com or com* will play a role.

The idea of modifying the multiplication map of an H-space to produce desired

properties in cohomology originated from Harper and Zabrodsky’s work [11]. They

228
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used the fact that an H-space (X, p) has a map vy : (X, ) — (X, 1) (where X is an
integer) which is analogous to raising an element to the Ath power in a group (because
of this, Harper and Zabrodsky call ¢, a power map for X). In particular, ¢, induces
multiplication by A on QH*(X;F,). Harper and Zabrodsky use the H-deviation of
¥y from a p — p H-map to construct new multiplication maps on X and produce
primitively generated cohomology algebras under specific conditions.

While Harper and Zabrodsky focused on power maps where A\ multiplicatively
generates the group F,\{0}, we instead looked at a specific power map for A = —1:
the homotopy inverse operation of an HA-space. Consequently, the multiplication
maps we obtained (in terms of the H-deviation of the homotopy inverse operation)
could actually be rewritten in terms of com. Hence we present our formulas for
new multiplication maps in terms of com, and utilize our results from Chapter 3 to
determine properties of the cohomology algebra using the new coproduct.

Since we will be dealing with multiple multiplication maps on the same space
(different H-spaces with the same underlying topological space), from now on, we
will write (X, 1) to indicate an H-space X with multiplication map p. Consequently,
we will write the cohomology of (X, p) over [, with coproduct induced by p as
H*(X, 11;F,); the homology with product induced by p will be denoted H.(X, u; F,).

As a warning, the homology might no longer be an associative algebra.
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5.1 Cocommutative Hopf Algebra Structures

Let us begin by defining what it means to alter an H-structure. Basically,
we start with one multiplication map on X = (X, i), and use the binary operation
from Section 2.3 to combine it with another map to produce a new multiplication
map. Once we have introduced alterations of H-structures, we introduce iterated
multiplication maps on (X, u) in order to discuss multiplying more than two ele-
ments at a time, along with their induced homomorphisms, the iterated coproducts
in H*(X, u;Fp,). Finally, given a finite simply-connected HA-space (X, u), we will
show how to construct a multiplication map v : X x X — X using iterated multi-
plication maps such that H,(X,v;F,) is commutative. Throughout this chapter, the
symbol “x” will always be defined using the original multiplication map u, and con-
catenation of elements will mean multiply using . In addition, 7: X x X — X x X

will be given by

T(z,y) = (y,z).

Definition 5.1.1. Given an H-space (X, ) an altered multiplication map (or altered
H-structure) on X is obtained by choosing a map w : X x X — X which must
factor through the smash product. That is, if 71,7 : X — X x X are inclusions and

k: X — X is the constant map k(z) = o, then

wiy ~ wig ~ k. (5.1.1)
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From here, we define a map

v: X xX—=X

v=wx*pu=p(wxp Ax. (5.1.2)

Elementwise, we have

v(z,y) = w(z,y)(zy).

We need to check if (X, ) has a homotopy identity and verify:

Vvip ~ vig ~ idx.

To do this, we use the fact that (X, u) is an H-space, so by Definition 1.2.2,

By using equation 5.1.2, we have:

1/le = ,LL(U)X[L)A)(Zl
= p(wx p)(in X i1)Ax

= u((wiy) x (piy)) Ax. (5.1.4)



By equations 5.1.1 and 5.1.3, we have

Similarly, we can show that

I/ig ~ idx,

so (X,v) is an H-space (with a homotopy unit).

The process of creating v is also called altering p.
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A justification for this method of producing new multiplication maps on X

comes from Theorem 1.4.3 from [40]. In fact, if g and v are two multiplication maps

for a space X, and (X, u) is also homotopy associative and has homotopy inverse

operation 7, then we can set w = v (i opu) so that v = (v* (1o pu)) * u >~ w* u. In

other words, if we start with a homotopy associative multiplication map p, we can

obtain any other multiplication map (up to homotopy) by altering .

Before we continue, we need to determine an order of operations for using our

binary operation on three or more maps.

Definition 5.1.2. Given an H-space (X, pu), we define the iterated multiplication

maps inductively:

p? = p(p xidx) - X7 — X,

(5.1.5)
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and for n > 1,

n

= e cad XYY XX X (5.1.6)

Essentially, when multiplying more than two elements, we multiply from the left. For

example,

Pz, ey Tpyr) = (o ((T122)x3) - o) T -

We will call

P (X 5 Fy) = HY (X, ;) 20D

the nth (iterated) coproduct on H*(X, u;F,). We have

W (@) = (" @ 190 D) D (). (5.1.7)

Given any space Y, we define the iterated diagonal maps inductively:

A%/ = (Ay X Zdy)Ay Y — YXB, (518)

and for n > 1,

AL = (Ay xidy" AL Y — y X0, (5.1.9)

AV(y) = 4,9, -, y).

We successively apply Ay on the left each time. In H*(Y;F,), we have the nth
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iterated cup product

AV H*(Y;F,)*" M — H*(Y;F,),

and

AV @y @ ... @ Ynr) = Ag;L_l)*(A;(yl ®Y2) @ ... @ Ynt1)

= Aglil)*@lw R ... ® Ynt1)

= Y1¥2- - Yn+1- (5.1.10)

Hence A} takes 1 @ yo ® ... ® Yp4+1 to the product y1ys ... Ynt1.

Suppose fi,... f, are n maps from Y to X (n > 1). Then the map

fl*fQ**fnY%X

is defined by the composition

i for ook fu=pu"" (fi x .o x f) AL (5.1.11)

In addition, we abbreviate

fr...xf (n times) (5.1.12)

asn- f.
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Let us determine what p™*(x), the nth coproduct of x € H*(X, u;F,), could

look like. That is, we compute it up to a sum of subalgebras.

Lemma 5.1.3. Let x € S, where S is the generating set from Theorem 1.2.4. Then

W (x) has the form

n n—1 /n—-1-k
§)W4®m®r@+§:<E:PW®B®BW**ﬁ®HWKuﬁN®T%>-

i=0 k=0 j=0

(5.1.13)

Proof. Since the iterated coproducts are defined inductively, we will prove the lemma
using induction.

In order to perform induction, we need some facts about the sub Hopf algebra
B. Let b € B. Since B is a Hopf algebra, we have p*(b) € B ® B. We can be more

specific and note that
pwd) =1+ Vel +10,

where o/, b € B have positive degree (so they are in B), and thus p*(b) will have the
form

B® B+1® B. (5.1.14)

We will need this observation in an inductive proof of formula 5.1.13.

Now let « be an element of the generating set S. Then p*(z) has the form

r@1+1®c+ B H (X, uF,).
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Since the terms in the reduced coproduct must have factors which have positive

degree, we can be more specific and write
r®1+1®x+ B® HY(X,1;F,).

Suppose that the (n — 1)th coproduct of z, u"~V*(z), has the form

n—1

Zle@n—lﬂ‘ QR 1%

1=0
n—2—k

n—2
+ ( Y 1¥ @B BT @ HY (X, 5 F,) © 19
k=0

J=0

By definition, the nth coproduct of z is

P (z) = (p* @ 190D ().

Let us apply p* @ 121

5.1.15, we have

n—1
(Iu* ® 1®(n—l)) (Zligm—l—i R 1®z>

=0
n—2

_ Zl Q18" 1~ @ r 0 1% + (z®1)® 1®n—1 4 (1®z)® 1®n—1

1=0
+H(B @ H* (X, 1;F,p)) © 19"

n—2

— Zl®”_i®x®1®i+x®1®1®”_1+1®x®1®”_1
=0

+B®@ H*(X,i;F,) ® 1",

(5.1.15)

) . (5.1.16)

on each term of equation 5.1.16 individually. By equation

(5.1.17)
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The last term in equation 5.1.17 will give us the k = n — 1 term in equation 5.1.13.

When we examine the sum

n—2
Zl®n—i®x® 142101l 1r® 1®n71’
i=0

we see that it equals

Y1 gre1® (5.1.18)
=0

since the i = n—1termis 1 ®@ 2z ® 19" ! and the i = n term is z ® 1 @ 1971,

Consequently, we have

n—1
(W ® 1®(n71)) (Zl®n1i R 1®i>

=0
n

= Y 1" @re1% + Be H (X, ;F,) @ 19", (5.1.19)

=0

For the other term in 5.1.16, we can equation 5.1.14 when applying p* ® 121 Tt
will help to break up the inner sum into two parts: the j = 0 term (whose leftmost

factor is B), and the remaining terms j = 1,...,n — 2 — k (which have 1 as their
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leftmost factor). We have

Effk

J=0

<
*
(024
—_
®
3
AN
3
M1
3

19 ® B® B2 g (X, ;F,) ® 1®’“>>

(B ® B®n—2—k¢—0 ® H*(X,/L,Fp) ® 1®I<:)>

n—2 [n—2—k
(@190 Y) ( ( 1% @ B® B*" 7" @ H*(X, 1;F,) ® 1®’€>>
k=0 \ j=1
n—2
— (B®B)®@ B*" > %@ H*(X, 1;F,) ® 1
k=0
+(1® B) ® B¥" * %@ H*(X, 1;F,) ® 19%)
n—2 [/n—2—k
- ( Y 191¥ @B B @ H'(X, 1;F,) @ 1®’f) : (5.1.20)
k=0 \ j=1
This will give us the £k = 0,...,n — 2 terms in equation 5.1.13. To see this, we will

need to change the indexing of the inner sum in the last term:

n—2—k
1® 1®j ® B ® B®n727kfj ® H*<X7 1L Fp) ® 1®k

_ 1®j+1 ® B ® B®n717k*(j+1) ® H*(X’ 1w Fp) ® 1®k

will go from j=2toj=n—1—k:

n—1—k
Z 1®j ® B ® B®nflfkfj ® H*(X,/L,Fp) ® 1®k.

J=2
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The terms in the second to last line of equation 5.1.13,

7
no

(B® B® B*"** @ H*(X,;;F,) ® 1%

k=0
+1® B® B> * @ H*(X, 1;F,) @ 1%%)
n—2

= ) (BeB" "o H'(X, 5F,) ® 1%
k=0

+1® B B*" " o H* (X, 1;F,) @ 1%%)

will become the 7 = 0 and j = 1 terms respectively in the sum

n—2 [/n—1—k
> ( Y 199 BB M @ HY(X, 1;F,) @ 1®’“> : (5.1.21)
k=0 \ j=0

Consequently, we have

[\

n—2—k
( > 1% @ BB o HY(X, i5Fy) © 1®’“>>
0 7=0

n—

(,u* ® 1®(n71)> (

e
Il

3

k=0

-2 [/n—1-k
- ( Y 199 BB M @ HY (X, 1;F,) @ 1®’f) (5.1.22)

j=0
Thus, by equations 5.1.19 and 5.1.22, the nth coproduct p™*(z) will have the form

n

Zl®n7i Rr® 1®i 4 B ® H*<X,/L,Fp) ® 1®n71
=0

n—2 [/n—1-k
+y ( > 1% @ B B M @ HY (X, 15F,) © 1®k> . (5.1.23)
k=0

J=0
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and since

B® H* (X, ;) @197
k

+ 1% ® B® B " g (X, ;F,) ® 1®’“>

n—1 /n—1-k
- ( 1% @ B @ B®" 7" @ H* (X, u; F,) ® 1®k> ,
we can simplify equation 5.1.23 to

n n—1 /n—1-k
Y1 gre1® 4y ( Y 1@ BB @ HY (X, 1;F,) @ 1®k> .
1=0 k=0

5=0
Therefore, by induction, we have formula 5.1.13. O

The following result shows that any finite simply-connected HA-space can be
given a new multiplication map that will result in an H-space whose cohomology over

[F, (with coproduct induced by the new multiplication map) is cocommutative.

Theorem 5.1.4. Let (X, pu) be a finite simply-connected HA-space with homotopy
inverse i. Let v = (’%1 . com) «u Then (X,v) is an H-space for which H.(X,v;F,) is
a commutative (non-associative) algebra, and there is a generating set for H*(X, v;F))

such that if x is an element of this set,

vi(z) =< (W (x) + T p" (x)) . (5.1.24)

N | —



Proof. We have

(P om)
v = 5 -com | x [

— O (X002 5 Y AlP-D/2,

so when we apply cohomology, we obtain

* —1)/2]* * — * - *
= A[)((pXX)/] ((com™)EP=D/2 @ ) l=1/2x

Let x € S. By Lemma 5.1.3, ul(®=1/2*(z) has the form

(p—1)/2
Z 18l-D/2~i g 1 i 1®i
i=0
[(p—=1)/2]-1 [[(p—1)/2]-1—k
+ Z Z 1% @ B @ Belr-1)/2-1-k=j
k=0 =0

QH*(X, 1;Fp) @ 19%) .

241

(5.1.25)

Next, we apply (com*)®®~Y/2. ;*. Since B is generated by primitive even degree

classes, by Example 3.3.2, com* vanishes on B (so the terms in the second and

third lines of equation 5.1.25 vanish on (com*)®®=V/2 @ ;;*). Hence, when we apply
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(com*)®P=1D/2 @ 1* to the expression in 5.1.25, we obtain

((com*)EP=V/2 @ 1*) (=172 ()
(p—1)/2-1

= Y @) g om @) e (1o )
=0

+(1®1)2eD2 g 1 (z) (5.1.26)

Finally, we apply an iterated cup product A[XPX )1( /2 on equation 5.1.26. For each term,

we will obtain a product of elements (most of them will be (1®1)) in H*(X, u; F)) ®

H*(X, 1;F,). For example,

AP (1@ 1)20Y2 @ ()

= (1®1)...(1®1)u*(z)

= ().
Hence when we apply Apr)l( /2% on equation 5.1.26, we obtain

(p—1)/2-1
vi(z) = Z com™(x) | + p*(x).
= p_lcom*(x)+u*(x). (5.1.27)
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By Theorem 3.3.3, if x € S, com*(z) = p*(x) — T*p*(x), so

vi(e) = —— (W) =T (x)) + ' (2)

Thus, when x € S,

and in particular,

T ) = 3 (T + ) (2) = v (2),

and since S is a generating set, we can conclude that H*(X, v;F,) is cocommutative.

]

Example 5.1.5. Consider the exceptional Lie group (Fy, p) with its usual Lie group

multiplication map u. Recall that
H*(Fy, 11; F3) = A(w3, v7, 711, 715) @ F3[ws] /(23).

According to the previous theorem, if we want its mod 3 cohomology to be a cocom-

mutative Hopf algebra we should replace u by v = com * u. That is,
v(g,h) = ghg™'h~"gh. (5.1.28)

Let us compute v* on the generating set S for H*(Fy, p1; F3) (which is isomorphic to
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H*(F,,v;F3) as an algebra, but not as a Hopf algebra). The elements x3, x7, and xg
are already primitive (their coproducts are symmetric), so u* = v* on these elements.
Instead, let us focus on xq; and x15.

We have z11, whose coproduct is p*(z11) =211 @ 1 + 25 @ 23 + 1 ® x17. If we
compute v*(x1;) without using the previous theorem, the calculations would look like

this:

vi(xy) = com™(x11) + com™ (xg)p*(x3) + p*(x11)
= (2g®@r3—23Q@28)+0+ (11 @1+ 23R w3+ 1R 211)

= $11®1_x8®x3_l’3®378+1®1’11.

Let us use the theorem on v*(xy5):

V*($15):.T15®1—$8®$7—$7®$8+1®I‘15.

Thus, v* = T*v* on this generating set for H*(Fy,v;F3). Hence H*(Fy,v;F3) is
cocommutative.
Now let us look at (Es, ). This time, we want a multiplication map v so that

H*(Eg,v;F5) is cocommutative. Recall that

H*(E& M;Fs) = /\($3, L11,T15, X23, L27, L35, L39, I47) & F5[l‘12]/(9€?2)~
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According to the theorem, we should take

v(g,h) = ghg *h*ghg *hgh. (5.1.29)

For example, in the generating set S, let us look at three non-primitive elements: x5,

Zo7, and x39. Their original coproducts are as follows:

B (z15) = 212 ® 3,

[i*(227) = 12 ® 215 + 377, ® 23,

B (239) = 212 ® Ty + 327, @ T15 + Toy ® T3,

and the new coproducts are:

V" (r15) = 312 @ T3 + 373 ® T19,

17*(1'27) = 3[1712 ® T15 + 4[13%2 ® T3 + 3[L‘15 ® T12 + 41’3 ® $%2,

7 (239) = 312 ® o7 + 4aTy ® 215 + 327, ® 23

+3297 ® 12 + 4315 @ 75, + 373 @ 23,

Although H.(X,v;F,) is now commutative, remember that H,.(X, i;F,) was

associative (by virtue of (X, u) being an HA-space). In the next section, we explore
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the associativity of H.(X,v;IF,) and look at examples where H,(X,r;FF,) is both

commutative and associative.

5.2 Associativity and Primitive Generators

This section deals with questions of associativity, both for the new H-spaces as
well as the homology algebras. We start with a method of checking when H, (X, v;F,)
is not only commutative, but also associative, using a formula called a coassociator
consisting of the original coproduct. We then give an example of computing coas-
sociators. After that, we look at (X, v) and give sufficient conditions for (X, v) to
not be an HA-space. Finally, we look at examples of (X, v) for which H.(X,v;F,) is

commutative, but not associative.

Theorem 5.2.1. Let (X, pu) be a finite simply-connected HA-space with homotopy
inverse i. Let v = (1%1 . com) x (. The Hopf algebra H.(X,v;F,) is associative if

and only if in H*(X, 1;F,),

(o)W + (T —1ep )T — (1T u)u") =0 (5.2.1)

I,

Finally, if H (X, v;F,) is associative, then H*(X,v;F,) is primitively generated as a

Hopf algebra with coproduct v*.

Proof. To check associativity of H, (X, v;F,), we can dualize and check coassociativity

of H*(X,v;F,). This means that we need to compute the difference of the second
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coproducts for v* and check if it equals zero:
1) —(1ev v
Taking the second coproduct on the left gives us

* * * kok 1 * k* ok
el = S((W+Tw)el)o (W +T")

(W ep"+ ()T + (T p" @ p' + (T " @ )T ")

N e

while taking the second coproduct on the right gives us

* * * koK 1 * * ok
ey = SAe @ +T'w))og (W + 1)

N e

(Top)p"+ Q@ )T + (AT " )" + (L@ T )T ") .

Since p is homotopy associative, on (X, i), we have

p(p < idx) 2= p(idx X p).

Elementwise, we have

p(p X idx)(z,y, 2) = (WT)((0T) x idx)(z,y,z)
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and

ulidx x p)(x,y, =) = (uT)(idx x (uT))(z,y, ),

SO

(WT)((T) x idx) =~ (uT)(idx x (uT)).

Therefore, in cohomology, p* and T*u* must satisfy

(W@ =(1eu)u

and

Therefore,

—~

vl —(1euv )

()T + (T @ Dy — (1@ p )T p" = (1@ T u")u’),

Ny

so H*(X,v;F,) is coassociative if and only if

~~

el —(1euv)

(eI + (T o) —(1eu)Tpw — (1T " )u’) = 0.

A
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Finally, since X is a finite space, a generating set for H*(X,v;F,) will have a finite
number of even degree elements. Hence there are no pth powers in the homology ring
H.(X,v;F,) [24]. Thus, if H.(X,v;F,) is associative, then H,(X,v;F,) is a commu-
tative and associative algebra with no pth powers, so by Theorem 1.1.4, H*(X,v;F,)

is primitively generated as a Hopf algebra. O

Remark. The expression in 5.2.1 is called the coassociator (of the coproduct v).

Let us compute some coassociators of generators in some of the exceptional

Lie groups.

Example 5.2.2. Let us return to (Fy,v). The coassociator from Theorem 5.2.1
vanishes on the generating set S, so H,(F}y, v;F3) is not only commutative, but also
associative. Since H,(F}y, v;F3) has no 3rd powers, we can conclude that H*(Fy, v;F3)
is primitively generated. Can we find a generating set of primitive elements for
H*(Fy,v;F3)? Our calculations have shown that the —1 characteristic generators

(see Proposition 2.3.10) corresponding to the ones from S will work:

T3 = T3, 7 = X7, Tg = T8,

T11 = T11 + T8x3, Tis = T15 + TgL7.
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For example,

v (Z11) = v(z11) + v (zsws)
= 11 ®1l—1g@r3 —13Q23+ 1Ry
+ 23231+ 23 @23+ 13 23+ 1 ® 1873
= 211 +2523R01+1®@ 211 +1 Qw73

Now, since H,.(F}y,v;F3) is associative, we can ask if (F}, ) is homotopy as-
sociative, or even associative. However, if it turned out to be an HA-space, then
since H*(Fy,v;F3) is primitively generated, Theorem 3.2 from [41] would require
H*(Fy,v;F3) to be a free algebra. Since H*(F}, v;F3) is finite-dimensional, this would
mean that H*(Fy, v;F3) must be an exterior algebra, which is false. Therefore, (Fy, v)

is an H-space that is not an HA-space.

In general, given a finite simply-connected HA-space (X, x) with altered mul-

p—1

tiplication map v = (T . com) * (1, let us show when (X, v) is not an HA-space:

Theorem 5.2.3. Given a finite simply-connected HA-space (X, u) with altered mul-

tiplication map v = (1%1 . com) * p, suppose that H.(X, p;F,) is not commutative.

Then the H-space (X, v) is not an HA-space.

Proof. There are two cases to consider: whether H,(X,rv;F,) is associative or not.

If H,(X,v;F,) is not associative, then (X, r) cannot be (homotopy equivalent



251

to) an HA-space, since the homology of an HA-space must be an associative algebra.

If H.(X,v;F,) is associative, then by Theorem 5.2.1, H*(X,v;F,) is primi-
tively generated. Since (X, i) is a finite simply-connected HA-space and the algebra
H.(X, u;Fp) is not commutative, the integral homology H.(X;Z) has p-torsion [17].
Hence H*(X;F,) is not an exterior algebra [5]. Then H*(X,v;F,) (as an algebra)
must have even degree generators, and since H*(X, v;F,) has finite dimension, these
even degree generators must produce truncated polynomial algebras, so H*(Xv;F,)
is not a free algebra.

Let us finish with a proof by contradiction. If (X,v) is an HA-space, then
since H*(X,v;F,) is primitively generated, by Theorem 3.2 from [41|, H*(Xv;F,)
is a free algebra, contradicting our earlier observation that H*(Xwv;F,) is not a free

algebra. Hence the H-space (X, v) is not an HA-space. 0
Now we turn to some examples of nontrivial coassociators.

Example 5.2.4. Let us look at the Lie group (Es, ). We will start with H*(Eg, p1; F3)

and then look at H*(Fjg, u; Fs). For reference,

H*(Ess ]Fs) =A (333, L7, L15, 19, L27, L35, $39,$47) ® ]Fp [5E87 5E20] / (ﬂfg, :v%o) .

A generating set for H*(Eg, p; F3) will have an element 35 whose coproduct is

,u*(1735) =235 01+ 1Q 35 + 13 Q Ty — [L’g X 19 + Tog X T15 + TgToy & T7.
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Let

v(g,h) = ghg *h™'gh. (5.2.3)

Then in H*(Esg,v;F3), we have

vi(zss) = 235014+ 1® x35 — 25 ® X7 + xé @ T19 — Too @ T15 — TgTag K T7

2
—To7r ® Tg + T19 ® Tg — T15 @ Tog — L7 & TgTap,

and the coassociator on x3s5 is

Tg @ Tg @ T19 + T8 @ To0 @ T7 + T2 @ Ty & X7

—T19 @ T3 @ g — L7 Q@ Ty ® Top — T7 @ T & Tg. (5.2.4)

For reference,

T8 ® T3 ® T19 came from computing (T*u* ® 1) on — 23 ® w19,

Ty ® Tog ® Ty + Too ® Ty ® x7 came from (T*p" @ 1) on xgxey ® X7,

—T19 ® T3 ® g came from — (1 ® pu*) on 119 ® 3,

—T7 ® Ty ® Tog — Ty ® Too ® xg came from — (1 ® p*) on z7 ® xgTa,

so the main causes for the nonzero coassociator are the terms —:I:§ @ L9 + TgTog @ Ty

in *(x35). Notice that their left factors are decomposables.
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In fact, due to the presence of two even degree elements in QH*(FEs, u;F3)
linked by a Steenrod operation P? (namely the elements represented by xg and xa
in §), it is impossible to find a multiplication map on Eg which induces a product
structure on H,(Es;F3) that is both commutative and associative [18].

Meanwhile, in H*(Es, v;Fs5), where

v(g,h) = ghg *h~*ghg *h~'gh, (5.2.5)
we have i =4 = —1 in Fj5, so the coassociator of xy7 is
433’12 X T1a @ T3 + T3 X T1a Q T1a. (526)

These came from (T*u* ® 1)(322, ® x3) and —(1 ® u*)(3r3 @ z3,) respectively. The

coassociator for xs3g is

4r19 ® T12 @ 15 + 217%2 ® x12 ® T3 + 2712 @ ‘T%Q ® 3
+T15 @ T12 @ T12 + 313 ® fo ® T1g + 323 @ T12 ® xi
= —(T"w @ 1) (B, ® 115) — (T @ 1)(27, © w3)

H(1L® p") (315 ® 27,) + (1@ ) (w3 ® 21). (5.2.7)

Again, the terms in the original reduced coproducts with decomposable factors cause
nonzero terms in the coassociator. Unlike QH*(Es, u;F3), QH*(Es, uu; F5) only has

one element with even degree. There may be a possibility of an entirely different
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multiplication map on Fg which induces an algebra structure on H,(Es;F5) that is

both commutative and associative.

Example 5.2.5. Our final example is (E7, ). Recall that

H*(Eq, 1, F3) = A(x3, 7, 711, T15, T19, Tor, T35) @ F3[zs]/(73).

In H*(E7, p; F3), we have a generator xzs with

,u*(ﬂigg,) = I35 X 1 + g & To7 — 1’% (%9 19 + 1 X X35,

If we let

v(g,h) = ghg 'h™'gh,

(5.2.8)
then the coassociator of x35 in H*(E;,v;F3) is
Ty Q) Tg @ T19 — T19 @ Tg & Tg
= (T ®1) (—zf @ x19) — (1@ p*) (219 ® 23) - (5.2.9)

Notice that the nonzero terms in the coassociator of x35 came from applying left or

right coproducts on terms with decomposable factors in the original reduced coprod-

uct of 3.

Overall, if

v(g,h) = ghg~'h~'gh,
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then H*(Fy,v;F3) and H*(Eg,v;F3) are primitively generated, while H*(E;, v;F3)
and H*(Eg,v;F3) are cocommutative, but not coassociative. One property that both
H*(Fy,v;F3) and H*(Eg,v;F3) have in common is that the generators can be chosen
(using Theorem 1.2.4) so that each of their original reduced coproducts consists only
of sums of tensor products of primitive generators. On the other hand, a generating
set for the algebras H*(Fy,v;F3), H*(Eg,v;F3) or H*(E7,v;F3) would have only one
even degree generator, while a generating set for H*(FEs, v; F3) would require two. It
is an open question as to whether there is a multiplication map on E; that makes its

mod 3 homology commutative and associative.
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