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Abstract

Representation Theory of SL2(Fp) and its Subgroups

by

Gary David Kirby

The aim of this thesis is to describe the principal series representations of SL2(Fp),
together with the character tables of some of its subgroups. We describe all

irreducible characters and conjugacy classes of a Borel subgroup B ≤ SL2(Fp),
the standard torus T ≤ SL2(Fp), and the unipotent subgroup U E B. We go on to

completely describe the principal series of SL2(Fp), those representations induced

from characters of B.
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Introduction

We describe the principal series representations of SL2(Fp). The irreducible

representations of SL2(Fp) were independently classified in 1907 by H. Jordan [4],

who calculated the ordinary character table of SL2(Fq). Jordan’s methods were

based off of Frobenius’s work in the article Über Gruppencharakatere [2], where

Frobenius determined the group characters of SL2(Fp).
Chapter 1 reviews the fundamental tools required for the theory of represen-

tations and characters. This includes basic definitions and elementary results on

representations and characters. In Chapter 2, we introduce the character tables

of cyclic groups, Fp and F×p , which will play a major role in determining the

representations of the Borel subgroup (B) and principal series of SL2(Fp). In

Chapter 3, we will determine the conjugacy classes of B. Using this, by inflat-

ing and inducing representations from subgroups of B, we deduce its character

table. The main results of this thesis are contained in Chapter 4. We consider

a one-dimensional character of B and induce to SL2(Fp). Using Frobenius reci-

procity, we will describe the principal series representations, dependent on the

one-dimensional character, and highlight the main result at the end of Chapter 4.
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Chapter 1

Background

Before we begin, let us define several important definitions and state some

fundamental results about representations and characters. For more detail and

proofs see Isaacs [3] or Serre [7].

1.1 Definition A representation of a finite group G is a pair (π, V ) where V

is a finite-dimensional complex vector space and π is a group homomorphism

π : G → GL(V ). If W is a subspace of V which is stable under G then W is

a subrepresentation of V. A representation V is called irreducible if there is no

proper nonzero subrepresentation W of V.

1.2 Definition If (π, V ) is a representation of G, its character χ is the complex-

valued function on the group defined by

χ(g) = Tr(π(g)).

In particular, we have

χ(hgh−1) = χ(g),

so χ is constant on each conjugacy class of G. Such a function is called a class

function. The class functions form a complex vector space CF (G,C) with the

usual addition and scalar multiplication. An irreducible character is the character

of an irreducible representation. Let Irr(G) be the set of irreducible characters.
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1.3 Remark If χ is the character of a representation (π, V ) of dimension n, we

have χ(1) = n. In other words,

dim(V ) = Tr(π(1)).

1.4 Definition Let χ be the character of a representation (π, V ). We define the

degree of χ to be equal to the dimension of V, i.e.

deg(χ) = dim(V ) = χ(1).

1.5 Definition On the complex vector space CF (G,C) of class functions from

G to C, we introduce the Schur inner product

〈f1, f2〉G :=
1

|G|
∑
g∈G

f1(g)f2(g).

Characters of a representation are class functions. So if χ is the character of

the representation (π, V ), for a fixed group G, one has two orthogonality relations

which are enormously useful in the study of characters.

1.6 Theorem (First Orthogonality Relation) The irreducible characters of

G form a set of orthonormal vectors in CF (G,C) with respect to the Schur inner

product. In other words, let χi, χj ∈ Irr(G); then

〈χi, χj〉G =
1

|G|
∑
g∈G

χi(g)χj(g
−1) =

1 if i = j

0 if i 6= j
.

Note that χ(g−1) = χ(g).

1.7 Theorem (Second Orthogonality Relation) Let g, h ∈ G. Then∑
χ∈Irr(G)

χ(g)χ(h) = 0

if g is not conjugate to h in G. Otherwise, the sum is equal to the size of the

centralizer of g in G.

1.8 Corollary Fix a finite group G. The size of Irr(G) is equal to the number of

conjugacy classes of G.
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1.9 Proposition Fix a finite group G and let χ1, ..., χc ∈ Irr(G) where c is the

number of conjugacy classes. If ni = deg(χi) then

c∑
i=1

n2
i = |G|.
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Chapter 2

Character tables of Fp and F×p

Let p be an odd prime for the remainder of this paper unless otherwise stated.

Let Fp be the field with p elements. Then (Fp,+) is a cyclic group of order p.

Every homomorphism in Hom(Fp,C×) is uniquely determined by its value on 1,

a power of ζ := e2πi/p. Thus we obtain p one-dimensional representations of Fp,
giving the character table described in Figure 2.1 with αn(i) = ζ in.

Figure 2.1: Character table of Fp
(Fp,+) 0 1 2 · · · i · · · p− 1
α0 1 1 1 · · · 1 · · · 1
α1 1 ζ ζ2 · · · ζ i · · · ζp−1

α2 1 ζ2 ζ4 · · · ζ2i · · · ζ2(p−1)

...
...

...
...

...
...

αn 1 ζn ζ2n · · · ζ in · · · ζn(p−1)

...
...

...
...

...
...

αp−1 1 ζp−1 ζ2(p−1) · · · ζ i(p−1) · · · ζ(p−1)(p−1)

Since F×p is an abelian group every element is its own conjugacy class. On

account of Fp a field of p elements, F×p is a cyclic group of order p − 1. Let a

be a generator of F×p . We obtain the character table of F×p with ξ := e2πi/(p−1),

described in Figure 2.2, where ϕj(a
i) = ξij.
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Figure 2.2: Character table of F×p
(F×p , ·) 1 a a2 · · · ai · · · ap−2

ϕ0 1 1 1 · · · 1 · · · 1
ϕ1 1 ξ ξ2 · · · ξi · · · ξp−2

ϕ2 1 ξ2 ξ4 · · · ξ2i · · · ξ2(p−2)

...
...

...
...

...
...

ϕj 1 ξj ξ2j · · · ξij · · · ξj(p−2)

...
...

...
...

...
...

ϕp−2 1 ξp−2 ξ2(p−2) · · · ξi(p−2) · · · ξ(p−2)(p−2)

6



Chapter 3

Representations of the Borel

Subgroup

Let G = SL2(Fp) and consider the Borel subgroup,

B =

{(
u x

0 u−1

)
: u ∈ F×p , x ∈ Fp

}
.

It can be shown that B = TU = T n U, with U the normal subgroup of upper

triangular unipotent matrices and T the collection of diagonal matrices in B. Let

Z = {±I2}, the center of B.

Note that we have an isomorphism F×p → T , given by u 7→ diag(u, u−1) for

any u ∈ F×p . This implies that the character tables of F×p and T are the same.

Similarly, we have an isomorphism from Fp → U, given by

x 7→

(
1 x

0 1

)
.

So Fp and U have identical character tables.

The following proposition describes the centralizers of specific elements in B.

3.1 Proposition Let h ∈ B.

(i) If h ∈ Z, then ZB(h) = B,

(ii) if h ∈ T and h 6∈ Z, then ZB(h) = T,
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(iii) if h ∈ ZU and h 6∈ Z, then ZB(h) = ZU.

Proof Part (i) is clear since Z is the center of B. For (ii) let

g =

(
c y

0 c−1

)

be an element in B. If

h =

(
u 0

0 u−1

)
∈ T

with u 6= ±1, then conjugating h by g yields

ghg−1 =

(
c y

0 c−1

)(
u 0

0 u−1

)(
c−1 −y
0 c

)
=

(
u cy(u−1 − u)

0 u−1

)
. (3.1)

So h = ghg−1 if and only if y = 0, since c is nonzero and u 6= u−1. Hence g ∈ ZB(h)

if and only if g ∈ T. Now let

g =

(
c y

0 c−1

)
,

as before and let

h =

(
ε x

0 ε

)
be an element of ZU, with x nonzero and ε = ±1. Conjugating h by g we have,

ghg−1 =

(
c y

0 c−1

)(
ε x

0 ε

)(
c−1 −y
0 c

)
=

(
ε xc2

0 ε

)
. (3.2)

So h = ghg−1 if and only if c = ±1. Thus g ∈ ZB(h) if and only if

g =

(
±1 y

0 ±1

)
∈ ZU.

Using the above proposition, the orbit stabilizer equation will help us deter-

mine the conjugacy classes of B. If h ∈ T and h 6∈ Z, then ZB(h) = T which
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implies the conjugacy class of h has size p. By equation (3.1), every element of

T \ {±I2} is in a different conjugacy class, therefore there are p − 3 conjugacy

classes of size p coming from non-central elements of T.

If h ∈ ZU and h 6∈ Z, then ZB(h) = ZU, which implies the conjugacy class of

h has size p−1
2
. It suffices to see when the matrices(

ε x

0 ε

)
,

(
ε′ y

0 ε′

)

with x, y ∈ F×p , ε = ±1, and ε′ = ±1 are conjugate, to determine the number of

such classes. Equation (3.2) implies they are conjugate if and only if ε = ε′ and

y/x is a square modulo p. This implies that there are four conjugacy classes of

size p−1
2
. Since

2 + p(p− 3) + 4

(
p− 1

2

)
= p(p− 1) = |B|,

we have exhausted the conjugacy classes of B. Figure 3.1 below describes these

p+ 3 conjugacy classes.

Figure 3.1: Conjugacy classes of B

Representative εI2

(
ai 0
0 a−i

) (
ε 1
0 ε

) (
ε a
0 ε

)
ε ∈ {±1} ai ∈ F×p \ {±I2}

Centralizer B T ZU ZU
Cardinality 1 p (p− 1)/2 (p− 1)/2

Number of classes 2 p− 3 2 2
Total Contribution 2 p2 − 3p p− 1 p− 1

To determine the character table of B, we may induce and inflate representa-

tions from the subgroups T and U.

3.2 Definition Let N E G and let ν : G → G/N, given by g 7→ gN denote the

canonical epimorphism. For any representation ρ : G/N → GL(V ) we write

InfGG/N(ρ) := ρ ◦ ν : G→ GL(V ).
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This representation of G is called the inflation of the representation ρ. If ϕ is the

character of representation ρ, we write infGG/N(ϕ) for the character of InfGG/N(ϕ).

To begin let us determine the derived subgroup B′ of B to find all one dimen-

sional representations of B. By definition, the derived subgroup is the smallest

normal subgroup such that the quotient is abelian. We know U is a normal sub-

group of B and B/U is isomorphic to T, which is abelian. So the derived subgroup

B′ must be a subgroup of U. Moreover, B′ is the trivial subgroup or all of U since

U is a cyclic group of order p; however, B is not abelian, so it must be that B′

is all of U. Therefore, every one-dimensional character of B is an inflation of a

character from B/U. This implies that there are p−1 one-dimensional characters.

Let χj = infBT (ϕj) be the character of InfBT (ϕj) for all 0 ≤ j ≤ p−2. Therefore,

we obtain a portion of the character table of B :

B εI2

(
ai 0
0 a−i

) (
ε 1
0 ε

) (
ε a
0 ε

)
ε ∈ {±1} ai = F×p \ {±1}

χ0 1 1 1 1
χj εj ξji εj εj

3.3 Definition Let H be a subgroup of G and let π : G → GL(V ) be a repre-

sentation of G. The restriction of π to H, denoted ResGH(π), is defined by

[ResGH(π)](h) = π(h)

for all h in H. If χ is the character of π, write resGH(χ) for the character of ResGH(χ).

3.4 Definition Let G be a finite group, H a subgroup of G, and let σ : H → C×

be a one-dimensional character of H. The induced representation, IndGH(σ), has

vector space

V = IndGH(σ) = {f : G→ C : f(hg) = σ(h)f(g),∀g ∈ G, h ∈ H}

and representation ρ : G→ GL(V ), given by the G action [ρ(g)f ](x) = f(xg) for

all x, g ∈ G. The dimension of the induced representation is given by the index of

G and H, i.e.

dim(IndGH(σ)) = [G : H].
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The character of IndGH(σ) is given by (see [6])

[indGH(σ)](g) =
∑

x∈H\G
g∈x−1Hx

σ(xgx−1).

In particular, [indGH(σ)](g) = 0 unless g is conjugate to an element in H, and if

g = 1 then [indGH(σ)](1) = dim(V ).

To determine if characters are irreducible, we will use the following theorem

without proof, see Isaacs [3] or Serre [7] for details.

3.5 Theorem (Frobenius Reciprocity) If W is a representation of H and U

a representation of G, then

〈indGH(ψ), χ〉G = 〈ψ, resGH(χ)〉H .

Consider the normal subgroup ZU of B and once again let α be a nontrivial

irreducible character of U. Define α± : ZU → C×, given by α+(±I2u) = α(u) and

α−(±I2u) = ±α(u) for u ∈ U. Both α+ and α− define one-dimensional characters

of ZU. Then consider IndBZU(α+) and IndBZU(α−), both of dimension p−1
2
. Since α

is a nontrivial character of U, we know α = αn for some 1 ≤ n ≤ p− 1.

3.6 Proposition IndBZU(α±n ) is an irreducible representation of dimension p−1
2
.

Proof Consider χ = indBZU(α±n ), the function given by

χ(b) =
∑

x∈ZU\B
xbx−1∈ZU

α±n (xbx−1).

Since [B : ZU ] = p−1
2
,

dim(IndBZU(α±1n )) =
p− 1

2
.

Consider {(
ai 0

0 a−i

)
: 1 ≤ i ≤ p− 3

2

}
,
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a set of coset representatives for ZU \B. Then if zu =

(
ε 0

0 ε

)(
1 y

0 1

)
,

χ(zu) =
∑

x∈ZU\B

α±n (xzux−1)

=

p−3
2∑
i=1

α±n

((
ai 0

0 a−i

)(
ε 0

0 ε

)(
1 y

0 1

)(
a−i 0

0 ai

))

=

p−3
2∑
i=1

α±n

(
ε ya2i

0 ε

)

=

p−3
2∑
i=1

α±
na2i

(
ε y

0 ε

)
.

Thus, resBZU(indBZU(α±n )) =
∑
s∈F×2

p

α±sn and the first orthogonality relation gives us

〈
α±n ,

∑
s∈F×2

p

α±sn

〉
ZU

= 〈α±n , α±n 〉ZU = 1.

Therefore, IndBZU(α±n ) is irreducible. Furthermore,

ResBZU(IndBZU(α±n )) =
⊕
s∈F×2

p

α±ns.

Define µ±n = indBZU(α±n ). This gives us four distinct irreducible characters of

dimension p−1
2

: µ+
1 , µ

−
1 , µ

+
a , µ

−
a . Recall a is a generator of F×p . We summarize the

character values of B in Figure 3.2, where a representative of each class is given.

The numbers τ and τ ′ are defined as follows:

τ =
∑
s∈F×2

p

α+
s

(
1 1

0 1

)
=
∑
s∈F×2

p

ζs.

Similarly, define

τ ′ =
∑
s∈F×2

p

α+
as

(
1 1

0 1

)
=
∑
s∈F×2

p

ζas.

12



Figure 3.2: Character Table of B

B εI2

(
ai 0
0 a−i

) (
ε 1
0 ε

) (
ε a
0 ε

)
ε ∈ {±1} ai ∈ F×p \ {±1}

Cardinality 1 p (p− 1)/2 (p− 1)/2
Num. of classes 2 p− 3 2 2

χ0 1 1 1 1
χj εj ξji εj εj

µ+
1

p−1
2

0 τ τ ′

µ−1 εp−1
2

0 ετ ετ ′

µ+
a

p−1
2

0 τ ′ τ
µ−a εp−1

2
0 ετ ′ ετ

Since ∑
s∈F×2

p

ζs +
∑
s∈F×2

p

ζas + 1 = 0,

we obtain

τ ′ = −1− τ.

13



Chapter 4

Principal Series of SL2(Fp)

Recall G = SL2(Fp). Fix a character χ of B, inflated from T, so that

χ

(
ai x

0 a−i

)
= ξij,

for some j. Consider the representation

V = IndGB(χ) = {f : G→ C : f(bg) = χ(b)f(g),∀b ∈ B, g ∈ G}.

Let ρ be the representation of G on V given in Definition 3.4. Since χ is a one-

dimensional character of B,

dim(V ) = [G : B] = p+ 1.

Is (ρ, V ) an irreducible representation? We know that indGB(χ) is an irreducible

character if

〈indGB(χ), indGB(χ)〉G = 〈χ, resGB(indGB(χ))〉B = 1,

by Frobenius Reciprocity. This implies that indGB(χ) is irreducible only if χ shows

up in resGB(indGB(χ)) only once.

The Bruhat Decomposition states that, if

w =

(
0 1

−1 0

)
,

14



then

G = B tBwB.

A nice exposition of Bruhat Decomposition for G can be seen in Bonnafé [1].

This implies that we may view V = IndGB(χ) through two of its proper subspaces.

Define

V1 = {f : B → C : f(bg) = χ(b)f(g),∀b, g ∈ B}

and

Vw = {f : BwB → C : f(bg) = χ(b)f(g), ∀b ∈ B, g ∈ BwB}.

Then V1 and Vw can be naturally identified with subspaces of V. Namely, for

f ∈ V1, we can identify it with f̃ ∈ V, defined as

f̃(g) :=

f(g) if g ∈ B

0 if g ∈ BwB

for all g ∈ G, and similarly for Vw. Through this identification we get V = V1⊕Vw
sinceG = BtBwB.We can see that the dimension of V1 is one by the isomorphism

V1 7→ C, given by f 7→ f(1). Thus, the dimension of Vw is p since

dim(V ) = dim(V1) + dim(Vw).

4.1 Proposition The subspaces V1 and Vw of V are stable under ρ(B).

Proof The space V1 is the collection of f in V such that f(x) = 0 for all x ∈ BwB
and Vw is the collection of f in V such that f(x) = 0 for all x ∈ B. Since

[ρ(b)f ](x) = f(xb) and the sets B and BwB are stable under right multiplication

by B, the result follows.

This implies that the restriction of IndGB(χ) back to B is the direct sum of V1

and Vw, i.e.

ResGB(IndGB(χ)) = V1 ⊕ Vw.

Let ψ1 be the character of V1 and ψw the character of Vw as representations of B.

Then by Proposition 4.1 we have

resGB(indGB(χ)) = ψ1 + ψw.
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Let us define

V U
w = {f ∈ Vw : f(gu) = f(g),∀u ∈ U, g ∈ BwB},

the U invariant subspace of Vw. Let us analyze what it explicitly means for f to

be in V U
w . If f ∈ V U

w , then f : BwB → C satisfies f(bg) = χ(b)f(g) for all b ∈ B
and g ∈ BwB. Additionally, f(gu) = f(g) for all u ∈ U and g ∈ BwB, as defined

above.

4.2 Theorem The dimension of V U
w is one.

Proof Claim 1: BwB = BwU. It is clear that BwU ⊆ BwB since U is contained

in B. Conversely, let g ∈ BwB; thus g = bwb′ for some b, b′ ∈ B. Since B = TU,

we may let b′ = tu for some t ∈ T and u ∈ U. Then

bwb′ = bwtu

= bwtw−1wu

= bt−1wu

= b′′wu

which is an element of BwU with b′′ = bt−1.

So if we look at the map from V U
w → C given by f 7→ f(w) we see that the

dimension of V U
w is at most one.

Claim 2: The map θ : B × U → BwU given by (b, u) 7→ bwu is a bijection of

finite sets. Let bwu be an element of BwU. Then there exists b ∈ B and u ∈ U
such that θ(b, u) = bwu, implying θ is a surjection. Moreover the cardinality of

B × U is easily seen to be p3 − p2 and

|BwU | = |BwB| = |G| − |B| = p3 − p2.

Therefore θ is a surjection of finite sets with the same cardinality and thus a

bijection.

Now consider the map f̃ : B × U → C, given by f̃(b, u) = χ(b) and define

f = f̃ ◦ θ−1. Then

f(bwu) = f(θ(b, u)) = f̃(b, u) = χ(b).

16



Then f ∈ V U
w and f is nonzero, which implies that the dimension of V U

w is one.

4.3 Definition Suppose G = H n N and let (φ,W ) be a representation of G.

The deflation of (φ,W ) is the representation of H with vector space

WN = {w ∈ W : φ(n)w = w,∀n ∈ N}

with H action given by [DefGH(φ(h))w] = φ(h)w, for all w ∈ WN . Notice this is a

well defined action since for any w ∈ WN we have φ(h)w ∈ WN . To see this, note

that if n ∈ N, then

φ(n)φ(h)w = φ(nh)w

= φ(hh−1nh)w

= φ(h)φ(h−1nh)w

= φ(h)w

since h−1nh ∈ N and w ∈ WN .

4.4 Lemma Let (φ,W ) be a representation of G = H nN and ψ the character

of W. Define WN as in Definition 4.3. Then

[defGH(ψ)](h) =
1

|N |
∑
n∈N

ψ(hn). (4.1)

for all h ∈ H.

Proof Define the projection map prN : W → W, given by

prN(w) =
1

|N |
∑
n∈N

φ(n)w.

We have that [defGH(ψ)](h) is the trace of φ(h) on WN for all h ∈ H. Notice that

Tr(φ(h)|WN ) = Tr(prN ◦ φ(h)).

17



Hence,

[defGH(ψ)](h) = Tr(prN ◦ φ(h))

= Tr(φ(h) ◦ prN)

= Tr

(
φ(h) · 1

|N |
∑
n∈N

φ(n)

)

=
1

|N |
∑
n∈N

Tr(φ(hn))

=
1

|N |
∑
n∈N

ψ(hn).

4.5 Theorem Let ψ be a character of B and ϕ be a character of T. Then

〈ψ, infBT (ϕ)〉B = 〈defBT (ψ), ϕ〉T .

Proof We calculate,

〈ψ, infBT (ϕ)〉B =
1

|B|
∑
b∈B

ψ(b)[infBT (ϕ)](b)

=
1

|T |
1

|U |
∑
t∈T

∑
u∈U

ψ(tu)[infBT (ϕ)](tu)

=
1

|T |
∑
t∈T

[defBT (ψ)](t)ϕ(t)

= 〈defBT (ψ), ϕ〉T .

The third equality follows from equation (4.1) and the fact that [infBT (ϕ)](tu) =

ϕ(t) for all b = tu in B.

4.6 Theorem Let χ be a one-dimensional character of B inflated from the char-

acter ϕ of T. Then

〈indGB(χ), indGB(χ)〉G = 1 + 〈ϕ, ϕ−1〉T .
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Proof Recall that V1 is a representation of B with character ψ1. Let ρ1 be the

representation associated to V1 and notice ρ1(b)f = χ(b)f. Since the dimension of

V1 is one,

ψ1(b) = Tr(ρ1(b)) = χ(b),

for all b ∈ B. Thus χ = ψ1. Hence, using Frobeinus reciprocity, we see

〈indGB(χ), indGB(χ)〉G = 〈χ, resGB(indGB(χ))〉B

= 〈χ, ψ1 + ψw〉B

= 〈χ, χ〉B + 〈χ, ψw〉B

= 1 + 〈infBT (ϕ), ψw〉B

= 1 + 〈ϕ, defBT (ψw)〉T .

Note that ψUw = defBT (ψw) since ψUw is the character of V U
w . It suffices to compute

[ρ(t)f ](w). Recall f 7→ f(w) is a complex linear isomorphism between V U
w and C.

Hence,

[ρ(t)f ](w) = f(wt)

= f(wtw−1w)

= f(t−1w)

= ϕ(t)−1f(w).

So ρ(t)f = ϕ−1(t)f for all f ∈ V U
w . Thus, ψUw = ϕ−1 and hence,

〈ϕ, ψUw 〉T = 〈ϕ, ϕ−1〉T

giving us

〈indGB(χ), indGB(χ)〉G = 1 + 〈ϕ, ϕ−1〉T .

4.7 Corollary Let ϕ be defined as above.

(i) If ϕ 6= ϕ−1, then IndGB(χ) is irreducible.
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(ii) If ϕ = ϕ−1, then IndGB(χ) splits into two nonequivalent representations.

Proof Using Theorem 4.6, if ϕ 6= ϕ−1 then 〈indGB(χ), indGB(χ)〉G = 1. This implies

that IndGB(χ) is an irreducible representation and thus proves (i). Similarly, if

ϕ = ϕ−1 then 〈indGB(χ), indGB(χ)〉G = 2. Since indGB(χ) is an N-linear combination

of irreducibles (which must satisfy that the squares of their multiplicities sum

to 2) it must be indGB(χ) is the sum of two nonequivalent irreducible characters.

Therefore, IndGB(χ) must split into two nonequivalent representations, proving (ii).

4.8 Theorem Let ϕ1 and ϕ2 be characters of T and χi = infBT (ϕi) for i = 1, 2. If

ϕ1 6= ϕ±12 then IndGB(χ1) is not isomorphic to IndGB(χ±12 ).

Proof If IndGB(χ1) is isomorphic to IndGB(χ±12 ) then we may consider

HomG(IndGB(χ1), IndGB(χ2)).

The Schur inner product of the corresponding characters then must satisfy

〈indGB(χ1), indGB(χ2)〉G 6= 0.

Hence,

〈indGB(χ1), indGB(χ2)〉G = 〈χ1, resGB(indGB(χ2))〉B

= 〈infBT (ϕ1), ψ1 + ψw〉B

= 〈infBT (ϕ1), ψ1〉B + 〈infBT (ϕ1), ψw〉B

= 〈ϕ1, defGB(ψ1)〉T + 〈ϕ1, defGB(ψw)〉T

= 〈ϕ1, ϕ2〉T + 〈ϕ1, ϕ
−1
2 〉T .

This implies that 〈ϕ1, ϕ2〉T 6= 0 or 〈ϕ1, ϕ
−1
2 〉T 6= 0. Therefore ϕ1 = ϕ±12 .

Only two irreducible characters of T satisfy the properties imposed in Corollary

4.7 (ii), namely when ϕ = ϕ0, the trivial character, or ϕ = ϕ p−1
2
, the Legendre

character. If ϕ is the trivial character on T then χ = infGB(ϕ) is the trivial character

on B. Then IndGB(χ) contains the constant functions, which is a copy of the trivial
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representation of G. Since the dimension of IndGB(χ) is p+1, its complement must

be an irreducible representation of dimension p; this representation is called the

Steinberg representation (see Reeder [6]). Therefore

IndGB(χ) = C⊕ St,

where St denotes the Steinberg representation.

If ϕ = ϕ p−1
2
, denote ϕ = Leg for the Legendre character where

ϕ

(
ai 0

0 a−i

)
= Leg(ai) =

1 if i is even

−1 if i is odd.

4.9 Definition Let H be a subgroup G. For any element g ∈ G we set gH :=

gHg−1. Let (φ,W ) be a complex representation of H. Consider the isomorphism

cg−1 : gH → H,

given by x 7→ g−1xg. We set gφ = φ ◦ cg−1 , this defines a representation of gH. In

other words, for any x ∈ gH and w ∈ W we have

gφ(x)w = φ(g−1xg)w.

Let ψ be a character of (φ,W ).We define gψ as the character associated to (gφ,W ).

It is given by
gψ(x) = ψ(g−1xg)

for x ∈ gH.

To determine the dimensions of the two nonequivalent representations of IndGB(χ),

we state the following theorem (see Isaacs [3] for proof), which we will use in

Corollary 4.11 below.

4.10 Theorem (Mackey decomposition formula) Let U andH be subgroups

of G and let (φ,W ) be a complex representation of H. Then one has an isomor-

phism

ResGU (IndGH(φ)) ∼=
⊕

g∈U\G/H

IndUU∩gH(Res
gH
U∩gH(gφ)).
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4.11 Corollary Let ϕ be the Legendre character. Then IndGB(χ) splits into two

nonequivalent representations, each of dimension p+1
2
.

Proof We have already shown in Corollary 4.7 (ii), IndGB(χ) splits into two

nonequivalent representations. In order to calculate the dimensions of these rep-

resentations, we will show their corresponding characters are conjugate under the

action of G̃ = GL2(Fp).
Denote by B̃ the Borel subgroup of G̃, whose elements are the upper triangular

matrices, and T̃ the subgroup of diagonal matrices. Similarly to B and G, we have

B̃ = T̃ n U and G̃ = B̃ t B̃wB̃. (4.2)

One may reference Bonnafé [1] for more details on (4.2). Define

A =

{(
a 0

0 1

)}
.

Since A and T are normal subgroups of T̃ with trivial intersection and |T̃ | is equal

to |AT |, namely (p− 1)2, we have

T̃ = A× T.

Define ϕ̃, a character of T̃ where

ϕ̃

(
u 0

0 v

)
= ϕ

(
v−1 0

0 v

)
= Leg(v).

By the Mackey decomposition, we obtain

resG̃G(indG̃
B̃

(infB̃
T̃

(ϕ̃))) = indG
G∩B̃(resB̃

G∩B̃(infB̃
T̃

(ϕ̃)))

= indGB(resB̃B(infB̃
T̃

(ϕ̃))),

since G ∩ B̃ = B. Furthermore, since B̃ = T̃U = ATU we have

infB̃
T̃

(b̃) = ϕ̃(at)

= ϕ(t)

= infBT (ϕ)(tu)
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for any b̃ = atu ∈ B̃. This implies that for any b = tu ∈ B,

resB̃B(infB̃
T̃

(ϕ̃))(b) = ϕ̃(t)

= ϕ(t)

= infBT (ϕ)(tu).

Therefore

indGB(resB̃B(infB̃
T̃

(ϕ̃))) = indGB(infBT (ϕ)).

For simplicity denote R̃(ϕ̃) = indG̃
B̃

(infB̃
T̃

(ϕ̃)) as the induced character from B̃. I

claim wϕ̃ 6= ϕ̃. To see this, let (
u 0

0 v

)
∈ T̃ .

Conjugating by w, we obtain

w

(
u 0

0 v

)
w−1 =

(
v 0

0 u

)
.

Then,

ϕ̃

(
u 0

0 v

)
= Leg(v)

and

wϕ̃

(
u 0

0 v

)
= ϕ̃

(
v 0

0 u

)
= Leg(u),

implying wϕ̃ 6= ϕ̃.

Since wϕ̃ 6= ϕ̃, we see by a similar argument to the proof of Theorem 4.6 that

〈R̃(ϕ̃), R̃(ϕ̃)〉G̃ = 1.

Hence R̃(ϕ̃) is irreducible. By Clifford Theory, since G is a normal subgroup of

G̃, resG̃G(R̃(ϕ̃)) = indGB(infBT (ϕ)) is equal to the sum of two irreducible characters

in G that are conjugate under the action given by G̃, see [3, Theorem 6.2]. There-

fore, these two irreducible characters have the same dimension in G. Since the

dimension of IndGB(χ) is p + 1, these irreducible characters must have dimension
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p+1
2
. Ergo if ϕ is the Legendre character, IndGB(χ) is equivalent to the direct sum

of two inequivalent irreducible representations, each of dimension p+1
2
.

We summarize all constructed principal series representations of SL2(Fp) in

the following theorem (cf. [5, Theorem 2.1]).

4.12 Theorem Let ϕ1, ϕ2 be two irreducible characters of T and χi = infBT (ϕi),

for i = 1, 2.

(i) Suppose that ϕ2
i is not the trivial character for i = 1, 2. Then IndGB(χi) is an

irreducible representation of dimension p + 1. Furthermore, IndGB(χ1) and

IndGB(χ2) are equivalent if and only if ϕ1 = ϕ±12 ;

(ii) If ϕ1 is the trivial character, then IndGB(χ1) is the direct sum of the triv-

ial representation and Steinberg representation, where St is an irreducible

representation of dimension p;

(iii) Let ϕ1 = Leg, the Legendre character. Then IndGB(χ1) is the direct sum of

π+ and π−, both irreducible of dimension p+1
2
.

These are called the principal series representations of G.

We have accounted for

2 +
p− 3

2
+ 2 =

p+ 5

2

irreducible representations of G. There are p+4 conjugacy classes in G (see [1]), so

there are p+3
2

many irreducible representations remaining. The sum of the squares

of the dimensions of the principal series is

1 + p2 +

(
p− 3

2

)
(p+ 1)2 + 2

(
p+ 1

2

)2

=
(p− 1)p(p+ 3)

2
.

Since |G| = (p − 1)p(p + 1) we see that the sum of squares of the dimensions of

remaining irreducible representations is

(p− 1)2p

2
.

The remaining representations are referred to as the cuspidal representations of

G (see [5, Theorem 2.3]) which are beyond the scope of this paper.
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