UC San Diego
UC San Diego Previously Published Works

Title
One-Loop Corrections to the S and T Parameters in a Three Site Higgsless Model

Permalink
https://escholarship.org/uc/item/8gf582zw

Authors

Matsuzaki, Shinya
Chivukula, R Sekhar
Simmons, Elizabeth H

Publication Date
2006-07-17

Peer reviewed

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/8gf582zw
https://escholarship.org/uc/item/8gf582zw#author
https://escholarship.org
http://www.cdlib.org/

arXiv:hep-ph/0607191v7 27 Feb 2007

Preprint typeset in JHEP style - HYPER VERSION DPNU-06-04

MSUHEP-060717

One-Loop Corrections to the S and T' Parameters
in a Three Site Higgsless Model

TU-783

Shinya Matsuzaki

Department of Physics, Nagoya University
Nagoya 464-8602, Japan
E-mail: synya@eken.phys.nagoya-u.ac.jp

R. Sekhar Chivukula and Elizabeth H. Simmons

Department of Physics and Astronomy, Michigan State University
East Lansing, MI 48824, USA

E-mail: sekhar@msu.edu, esimmons@msu.edu

Masaharu Tanabashi

Department of Physics, Tohoku University
Sendai 980-8578, Japan
E-mail: tanabash@tuhep.phys.tohoku.ac.jp


http://arxiv.org/abs/hep-ph/0607191v7

ABSTRACT: In this paper we compute the one-loop chiral logarithmic corrections to the S
and T parameters in a highly deconstructed Higgsless model with only three sites. In addition
to the electroweak gauge bosons, this model contains a single extra triplet of vector states
(which we denote p* and p), rather than an infinite tower of “KK” modes. We compute
the corrections to S and T in ’t Hooft-Feynman gauge, including the ghost, unphysical
Goldstone-boson, and appropriate “pinch” contributions required to obtain gauge-invariant
results for the one-loop self-energy functions. We demonstrate that the chiral-logarithmic
corrections naturally separate into two parts, a model-independent part arising from scaling
below the p mass, which has the same form as the large Higgs-mass dependence of the S
or T parameter in the standard model, and a second model-dependent contribution arising
from scaling between the p mass and the cutoff of the model. The form of the universal
part of the one-loop result allows us to correctly interpret the phenomenologically derived
limits on the S and T' parameters (which depend on a “reference” Higgs-boson mass) in this
three-site Higgsless model. Higgsless models may be viewed as dual to models of dynamical
symmetry breaking akin to “walking technicolor”, and in these terms our calculation is the
first to compute the subleading 1/N corrections to the S and T parameters. We also discuss
the reduction of the model to the “two-site” model, which is the usual electroweak chiral
lagrangian, noting the “non-decoupling” contributions present in the limit M, — oo.
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1. Introduction

Higgsless models [[] accommodate electroweak symmetry breaking without the introduction
of a fundamental scalar Higgs boson [fJ. In these models, the unitarity of longitudinally-
polarized electroweak gauge-boson scattering is achieved through the exchange of extra vector
bosons , H, B, E], rather than scalars. Based on TeV-scale [E] compactified five-dimensional
gauge theories with appropriate boundary conditions [§, B, [0, [(I]], these models provide
effectively unitary descriptions of the electroweak sector beyond the TeV energy scale. They
are not, however, renormalizable, and must be viewed as effective theories valid below a cutoff
energy scale inversely proportional to the five-dimensional gauge-coupling squared. Above this
energy scale, some new “high-energy” completion, which is valid to higher energies, must be
present.

Deconstruction [[3, [J] is a technique to build four-dimensional gauge theories, with
appropriate gauge symmetry breaking patterns. which approximate — at least over some
energy range — the properties of a five-dimensional theory. Deconstructed Higgsless models
[B, 3, [, (7, i8, [9, ] have been used as tools to compute the general properties of
Higgsless theories, and to illustrate the phenomological properties of this class of models.



In the simplest realization of Higgsless models, the ordinary fermions are localized (on
“branes”) in the extra dimension. Such models necessarily [R(] give rise to large tree-level
corrections to the electroweak S parameter, and are not phenomenologically viable. It has
been shown, however, that by relaxing the fermion locality constraint [, P2, B3, B4, Bj
— more correctly, by allowing fermions to propagate in the compactified fifth dimension and
identifying the ordinary fermions with the lowest KK fermion states — it is always [RG] possible
to choose the fermion wavefunction in the fifth dimension so that all four-fermion electroweak
quantities at tree-level have their standard model forms.!

Recently, a detailed investigation of a highly deconstructed three site Higgsless model
[B7] — in which the only vector states are the ordinary electroweak gauge bosons and a single
triplet of p* and p° vector states — has been completed.? Although relatively simple in form,
the model was shown to be sufficiently rich to incorporate the interesting physics issues related
to fermion masses and electroweak observables. Calculations were presented addressing the
size of corrections® to aT', b — s, and Z — bb.

In this paper we compute the one-loop chiral logarithmic corrections to the S and T
parameters [2§, P9, Bd] in the three site Higgsless model, in the limit My < M, < A,
where A is the cutoff of the effective theory. We compute these corrections in 't Hooft-
Feynman gauge, including the ghost, unphysical Goldstone-boson, and appropriate “pinch”
contributions [B1, B3] required to obtain gauge-invariant results for the one-loop self-energy
functions.

For the S-paramter, we find the result

45> M x1 M, a M
aS3_site = [Tgw (1 - 2M5§) - + Elogm
_ éll_alogA_z + 3o <$1MP2> lOgA_2
24w 7 M2 8w \ 2M3, M?2
—8ma(ci(A) + ca(A)) . (1.1)

where the parameter z1 measures the amount of fermion delocalization, M,y is the reference
Higgs boson mass used in the definition of the S-parameter, and c; 2 are higher order counter-
terms [[§]. The parameters Mg, MV2V7 and z; are renormalized at one-loop? and, to this
order, in the first term of Eqn. ([.1) they should be understood to be evaluated at the scale

1t should be emphasized, however, that there is no explanation in any of these models (which are only
low-energy effective theories) for the amount of delocalization. In particular, there is no dynamical reason why
the fermion delocalization present must be such as to make the value of aS small.

2Note that the pi and p° here correspond to the W'* and Z' in that paper.

3In the original version of @], we used the notation Ap rather than aT'. To the order we are working, they
are identical: Y o< (Ap — aT') vanishes in an ideally delocalized model [@]

“In a forthcoming paper E] we will report the results of a full renormalization-group analysis of the O(p*)
terms in the three-site Higgsless model effective theory, allowing us to independently confirm the results in
Eqns. (EI) and (D)7 and to express the values of a.S and oT in terms of low-energy parameters.



A. Note that the chiral-logarithmic corrections naturally separate into two parts, a model-
independent part arising from scaling below the p mass, which has the same form as the
large Higgs-mass dependence of the S-parameter in the standard model, and a second model-
dependent contribution arising from scaling between the p mass and the cutoff of the model.
The form of the model-independent part of the one-loop result allows us to correctly interpret
the phenomenologically derived limits on the S parameter (which depend on a “reference”
Higgs-boson mass [P]) in this three-site Higgsless model.
Similarly, we obtain for T'

3 M? 3a A? N 4 co(A)

22 - log — + 0L 1.2
62 °MZ, . 32m C M2 2 (1:2)

aT3—site =
where Mp,.r is the reference Higgs-boson mass, ¢ is approximately cosine of the standard
weak mixing angle (see Eqn. (2.§)) , and ¢o(A) is the relevant O(p*) custodial isospin-violating
counterterm renormalized at scale A. Again, note the separation into model-independent and
model-dependent pieces and the standard-model-like dependence on the “reference” Higgs-
boson mass.

The next few sections of the paper introduce the model and the form of the Lagrangian
in terms of the gauge eigenstates and mass eigenstates. We then present the results of our
computations of the one-loop corrections to the self-energy functions of the W and Z bosons.
Subsequently, we compute the one-loop corrections to the S and T parameters arising from
the gauge sector and arrive at the results summarized above. We then turn to the relationship
between the M, — oo limit of the three-site model and the usual electroweak chiral lagrangian
B4, BY], discussing the importance of the “non-decoupling” contributions [Bd] which arise in
this limit.

We conclude the paper by discussing the relationship of our results to the general ex-
pectations for the form of these corrections in models with a strongly-interacting symmetry
breaking sector. Higgsless models may be viewed as dual [B7, B, BY, 0] to models of dynam-
ical symmetry breaking [, iJ] akin to “walking technicolor” [i3, fi4, i3, 6, E7, £g], and in
these terms our calculation is the first to compute the subleading 1/N corrections to the S and
T parameters. The model we discuss is in the same class as models of extended electroweak
gauge symmetries [£9, FJ] motivated by hidden local symmetry models [F1], 3, b3, p4, B3] of
chiral dynamics in QCD. We specifically compare our findings to the corresponding results in
the “vector limit” [5d] of hidden local symmetry models.

2. The Three-Site Model

The three-site Higgsless model analyzed in this paper is illustrated in Fig. [ll using “moose
notation” [p7]. The model incorporates an SU(2);, x SU(2)y x U(1)p gauge group with
couplings go, g1, and g2 respectively, and 2 nonlinear (SU(2) x SU(2))/SU(2) sigma models
in which the global symmetry groups in adjacent sigma models are identified with the cor-
responding factors of the gauge group. The symmetry breaking between the middle SU(2)
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Figure 1: The three-site Higgsless model analyzed in this paper is illustrated using “moose notation”
[@]. The model incorporates an SU(2)y, x SU(2)y x U(1)p gauge group with couplings go, g1, and go
respectively, and two nonlinear (SU(2) x SU(2))/SU(2) sigma models in which the global symmetry
groups in adjacent sigma models are identified with the corresponding factors of the gauge group.

and the U(1) follows an SU(2)r x SU(2)r/SU(2)y symmetry breaking pattern with the U (1)
embedded as the Ts-generator of SU(2)g. The leading order lagrangian in the model is given
by

2
f2
=1
1 1 1
—— tr[Lw]? — —tr[Viu]? — —tr[Ruw]?, 2.1
57 Ml — 5t = 5t ) (21)

where L, Vu, and Ry, are the matrix field-strengths of the three gauge groups, R, = B, %,
and the covariant derivatives acting on ¥(;) are defined as

DXy = Oudiqy — i) + 150V,
D“E(Q) = 6“2(2) - ZVHE(Q) + ZE(Q)R“ .

The 2 x 2 unitary matrix fields 31y and X(5) may be parametrized by the Nambu-Goldstone
(GB) boson fields 71y and m(9):

E(i) _ e2z’7r(i)/f7 for i=1,2, (2.4)

with the decay constant® f.
This model (see [27] for details) approximates the standard model in the limit

r=g0/1 <1, y=g/a<1, (2.5)

in which case we expect a massless photon, light W and Z bosons, and a heavy set of bosons
pT and p° with My < M, » - Numerically, then, go 2 are approximately equal to the standard

S5For simplicity, here we take the same decay constant f for both links.



model SU(2)y and U(1)y couplings, and we therefore define an angle § such that s = sin6,
c = cosf, and
47 e? dra e s Qo
2 2
~ — = — s ~ — = — s - = — 26
90 52 92 ¢ 9 (2.6)

where « is the fine-structure constant and e the charge of the electron.

2.1 Fermion Couplings and oS at Tree-Level

In general, the standard model fermions may be delocalized along the three-site moose in the
sense that their weak couplings arise from both sites 0 and 1 [5§, Rj]

Lp=J-((1—a1)L, +x,V,) + JEB, (2.7)

where .J* Z and J{ﬁ are the fermionic weak and hypercharge currents, respectively, and 0 < 1 <
1 is a measure of the amount of fermion delocalization. This expression is not separately gauge
invariant under SU(2)y and SU(2);. Rather, the fermions should be viewed as being charged
under SU(2)p, and the terms proportional to x; should be interpreted as arising from the
operator of the form

L'y =~y P (P2 Sf)e (2.8)

in unitary gauge. We will be interested only in the light fermions (i.e. all standard model
fermions except for the top-quark), and will therefore ignore the couplings giving rise to
fermon masses (these are discussed in detail in [R7)).

Some degree of fermion delocalization is desirable for phenomenological reasons. Di-
agonalizing the gauge-boson mass matrix and computing the relevant tree-level four-fermion
processes, one may compute the value of the S-parameter at tree-level, with the result [B5§, B3]

452 M2 x1 M?

tree

S = 7M2W (1— 5 = . (2.9)
P %%

Current experimental bounds on aS are O(1073) [F9]. Since exchange of the p meson is
necessary to maintain the unitarity of longitudinally polarized W-boson scattering, we must
require that M, < O(1TeV) — leading, for localized fermions with z1 = 0, to a value of aStree
which is too large. For the three-site model to be viable, therefore, the value of the fermion

delocalization parameter must be chosen to reduce the value of aS™¢ [R1], 2, B3, B4, 1, d].6

2.2 Duality and The Size of Radiative Electroweak Corrections

By duality [B7], tree-level computations in the 5-dimensional theory represent the leading
terms in a large- IV expansion [B(] of the strongly-coupled dual gauge theory akin to “walking
technicolor” [, {4, [, (6, f1, fj. The mass of the W boson, Myy, is proportional to a
weak gauge-coupling, gew, (which is fixed in the large- N approximation) times the f-constant

6See footnote 1.



for the electroweak chiral symmetry breaking of the strongly-coupled theory. Therefore, we
expect Mg, /M? to scale as [60, 1]

Mgy, 9ewN
— = = 2.1

which is the expected behavior of the S-parameter in the large-N limit [R§, [[q].

We now specify the limit in which we will perform our analysis. As shown below (see
Eqns. ({1, 9)), in the small x limit

MV2V z?
— R — 2.11

T (211)
so that the tree-level value of oS vanishes if z; = 22/2. In what follows, therefore, we will
assume that z; = O(x?). Overall, then, we work in the limit

1> |aStree| = O <9ng> > |aSenetoor] = © ( Gew ) >0, (2.12)
(4m)? (4m)?

which is manifestly consistent with the large-N approximation. Once we choose the value

of z1 to make the size of a.S?*° consistent with the phenomenological bound of O(1073),

one-loop electroweak corrections a.S°"¢~!°P hecome potentially relevant.

Note also that a7 ~ 0 in these models, independent of the degree of fermion delocal-
ization [, R§]. The one-loop corrections to aT" are therefore of interest. Those arising from
the extended fermion sector have been shown? to place strong lower bounds on the masses of
the KK fermions [R7]. Those arising from the gauge sector are considered below.

In practice, in calculating corrections to the gauge-boson self-energy functions, we will
work in the leading-log approximation, and to order «; we will neglect corrections O(a:z:2M5V)
or O(ax?p?), but keep those of order O(aw2Mg).

3. Gauge Sector Lagrangian

In order to obtain the relevant interaction terms to compute the one-loop electroweak correc-
tions, we expand the link variables 1 and X5 as follows

i 2T 3 .
Z(i):1+2if T + O(n°), fori=1,2. (3.1)

Furthermore, it is convenient to change the normalization of the gauge-boson fields so that the
gauge-boson kinetic energy terms in Eqn. (R.1]) are canonically normalized, and to introduce
the following vectors in “link” and “site” space, respectively

e Ly

"o — 1 Ao _ a
7o = (ng) , An=|ve |, (3.2)

2 R



with R}l = Ri =0, and Rﬁ = B,,. In terms of these quantities, the lagrangian (R.)) decom-
poses into the following pieces:
Loy =L+ L c c
(2) = ~nm + Lraa+ LrrA + LrraA
+Lasa+ Laaaat -, (3.3)

where we have ignored the interaction terms including more than three GB fields since these
terms do not generate vertices relevant to the one-loop processes of interest.
3.1 £A24: Kinetic Energy and Gauge-Fixing Terms

Terms in the lagrangian £24 are quadratic in the GB fields 7 or gauge fields fTZ

LA = chin % (aﬁa _f (D G- ffﬁ))T : (8“7?“ —f (D G- ﬂua» . (3.4

where the kinetic terms of the gauge fields ffﬁ are included in ,/:g;ﬁgge, D is a 2 x 3 difference

matrix in the link/site space defined as

1-10
D= (0 | _1>, (3.5)

and G is the gauge coupling-constant matrix with the diagonal elements (go, g1, 92)-
It is convenient to introduce charge eigenstate fields

V= + =\T 40 3 3 T
A;/, = (Luavu ) ’ AM = (L;uvuvBM) ’ (36)
ﬁi = (w(:li)vﬂ-(:g))Tv 7?0 = (ﬂ-?l)vﬂ-é))T )

where
172 1 ;12
Li:Lu:FZLu i:VH$ZVu
I N Iz N
and with 77?2?) and 77?2.) (1 = 1,2) defined analogously. Using the charge eigenstate fields, the
mass terms of the gauge fields are expressed as

(3.8)

. . 1 .
AT ME A + §A’?LTM§CA“0 : (3.9)

where Méc and szvc are the mass matrices for the charged and neutral gauge bosons

2 2
90 —Y9091
Méc = ; (3.10)
T <—9091 2¢3 )
2 % —goq1 O
M = T | —90a 207 9192 | - (3.11)
0 —q192 95



The lagrangian £44 includes quadratic mixing terms between the GB fields 7% and the
gauge fields /_fz These terms are eliminated by adding the following R, gauge fixing term”

[Ra]:

ﬁgpz—% (Jf)a (J)a (3.12)
where
G" = [(@A’W) - % (G-DT. 7?“)] : (3.13)

After fixing the gauge, the unphysical Goldstone boson fields acquire the gauge-dependent
masses M+ and M o

2 2 2 9
Mz, = & (% o) (3.14)
4 —91 91
&P (g+9t -9t
Mz, === (7 ) (3.15)
4 97 91 T 95

The lagrangian £24 combined with the gauge-fixing term in Lgr then become

" R -
L2+ Lop = —ATTIDRLA, — §A2T[DZO]AS
1
—atlD )7 — 57?0T[D7ro]7?0, (3.16)
where
1
(DA o] = (-18% = MEone) 9 + (1 - E) 104", (3.17)
[Dy+0] = (-10% — M?21,) . (3.18)

3.2 The Fadeev-Popov Ghost Lagrangian Lpp

Next we introduce the ghost terms corresponding to the gauge fixing terms in Eqn. (B.12)
Lyp =—Cf - (T, - CY, (3.19)

where Cf and (7} (I,J = 0,1,2) are respectively the Fadeev-Popov (FP) ghost and the
anti-ghost fields corresponding to the gauge groups on the Ith-and Jth-site, and

oGy

ey, =g; —L 3.20
TNy =gy 560 (3.20)

"We take the same gauge parameter for all the gauge groups.



with ©% being the infinitesmal generator of the gauge transformations. The infinitesimal
transformation laws for the gauge fixing functions G¢ are immediately derived from those for
the gauge fields A7, and the GB fields 7 8

5LZ — Dﬂ@u — <8u5ac +905abCLZ) (0]7 (321)
6V = DO = (90" + gretevy) o, (3.22)
0By = 9,02, (3.23)
omyy = 5(9098 - q109) + O(7?), (3.24)
0mly) = 5(919% — 920%) + O(7?). (3.25)
Defining the charge eigenstates for the FP ghost fields, we find
Lrp = LEp + Lip (3.26)
where
LEp = —CF (0701 — E[M2c)ij) CF + hec.
—C7 (07015 — E[M3clis) CF, (3.27)
£ = gy (Af {0"CrCP = 9" CICT} + A3,0"CFCT ) + b, (3.28)

with A:i = (L}, VJ)T and Af’u- = (Lf’L, Vi’)T, and where we sum over the repeated indices
(i,j=0,1and I,J =0,1,2).

3.3 The Non-Abelian Interactions L4414 and Laa44

The Non-Abelian interaction terms among the gauge fields Lj; and Vi are

Lasa = igo [ (0L — 0, LF) LF" L 4+ 9, L3 LI LV~

+ig | (0.V,F =0, V) VFTVE 4 9, VIVIFVYT | fhe. (3.29)

2
Laaaa = %0 [LZLZ (LAFLY™ + P LYF) = 2LF Ly LMLV

2l 7+7—7p3703 +7u—73703
g5 | L L, LPLY — LY L LA L ]
g% [yt - - +y+
+5 | ViV (UGN o L T ) U U U
g1 | ViV, VIBYYE VTR (3.30)

8Here we omit terms including more than two GB fields, since these interactions are irrelevant to the
processes we are concerned with.

— 10 —



3.4 The Goldstone Boson Interactions L 44, Lrra and Lrraa

The remaining Goldstone Boson interactions necessary for our computations are expressed as

follows:
Lras = —%eabc (9oLgvPimtyy + g2Vt RImsy) ) (3.31)
Lonra = —%e“bcﬁlﬂr&)wfn (goL*¢ + g1 VHe) — %e“bCOHW&)W&) (1 VH 4+ g2 R*) , (3.32)
Lrnaa = %ee“bee“l <ggglLZ7TE’1)V“C7TEl1) + glggV;W&)R“Cwé)> . (3.33)

These interaction terms may be rewritten in terms of the charge eigenstate fields as?

+h.c., (3.34)

Lraa = z‘% [gg (LRVHT = VILF) 15y — g2 B VH gy + goL VI mily

7 _ _ _ _
Lona = 3 [goauﬂa)ﬂ(l)L“?’ + 9 (auﬂ'a)ﬂ'(l) + 8M7T(2)7T(2)> VH3 4 ggﬁuﬂa)ﬂ(z)B“

+he., (3.35)

> _ PEN _
- (”?1) O 7T(1)) (9oL + g1 VIT) — g1 (77?2) Ip 77(2)) vt
g1 - — — _
Lrraa = = [goﬂa)ﬂ(l) (L:Vu + Livu3) - gOﬂ'a)ﬂ'(sl) (L,u V,u3 + LiV‘u )

2

ooy iy L VT — gow(ﬁ)w(ﬁ)L;Vﬂ— — 9277(—2)77?2)Buv“+ + ggw(g)w(;)BMw?’

+h.c.. (3.36)

4. Mass Eigenstate Fields

To facilitate our computation of the one-loop corrections to a.S and o', we express the
interactions derived above in terms of mass eigenstate fields. As we are interested in the limit
x = go/g1 < 1, we will diagonalize the mass matrices perturbatively in x.

The charged gauge boson mass matrix M(%C has the eigenvalues

2.2 [, .2 4
gif" |z £ 6
M2, =2 | 4.1
2 £2 2 4
9if L L 6
M2 =2 o4 . 4.2
=0l T o2 hoG >] (12)
Expanding the gauge-eigenstate fields in terms of the mass eigenstates, we find
Lf = vﬁ/i Wf + vﬁi ,off , (4.3)
VujE = v“,/vi W/jc + fu;/i p,jf )

Ad
9Here we define (A 9, B) = (0,4)B — A(9,B) .

— 11 —



where
v‘ﬁ,izl—%—l—---, vﬁi:—%<1+%+--->, (45)
U%i=%<1+%+'“>, U/‘)/i: _%4_...‘ .
The neutral gauge boson mass matrix vac has one zero eigenvalue, corresponding to
the photon, and the two non-zero eigenvalues

2¢2 [ .2 2)2,.4
gifelx (1—t%)x
M%:lT[@—T—i—O(x(i) , (4.6)
2 £2 2 2)2,.4
z 1—1t%)%x

where the angles s = sinf and ¢ = cos# are defined in Eqn. (R.6), and ¢ = tanf = s/c.
Expanding the neutral gauge-eigenstate fields in terms of mass eigenstates, we find

Li =vhA, +v5Z, + v£0p2 , (4.8)
VBZU‘A{AM‘FUZZM‘FUXOP?“
B, = v5A, +v57, —I—UEOpg, (4.10)
where
vﬁ:s(l_%52$2+...), Uézc 1_w+...)’ ,Ué/():_% <1+x2(1g3t2)
vfzc(l—%32x2+...)7 ng_s(l‘?w—k-”), U?):_%t 1_@_#”_
(4.11)

In obtaining the photon wavefunctions fuf"V’B, we have expanded the electromagnetic coupling
e in powers of = as
1 1 1 1

e2 @ 9 g

1

908
Since the mass matrices for the ghost fields are (see Eqn. (B.27)) equal to those of
the vector bosons, up to an overall factor of &, the corresponding relationships between the

gauge-eigenstate and mass-eigenstate ghost fields are

C'(io) = Uﬁ/:&Csz + vﬁi Cpt, (4.13)
CE = vjysCyx + v} Cpe (4.14)
and
Cihy = vk Ca+vs Cz+v5Cp0, (4.15)
0?1) = v} Catuvy Cz+ U;,/o Cpo, (4.16)
Clhy = v Ca+vy Cz+v5C. (4.17)
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Similarly, the charged GB matrix Mﬁi has the eigenvalues §M€V and §M§i, and the
neutral GB matrix Mﬁo has the eigenvalues {M% and éMzo. The mass matrices for the
Goldstone bosons are given in Eqns. (B.1§) and (B.14). Expanding the eigenvectors in powers
of x we find that the GB fields are expressed in terms of the mass eigenstate fields my+

and 7, 0 as
o3
Ty = v%z/iyzﬂwi,z + U%}iyoﬂpi,o, (4.18)
e VLGN S SSICORN (4.19)
(2) Tw=t,z W=7 Wpi,O p:t,O, :
where ) b b
Ufrz)_\}i 1_%4_... ,U7(r)0—\1[<—1—%+'“), (120)
Ug;_% 1+%+... 7”%%—\}(1_%"’_"’)7

with ¢ = 0 for the wavefunctions of my+ +

5. One-Loop Corrections to the Gauge Boson Self-Energies

In order to compute the one-loop corrections to the S and T parameters, we must evaluate
the relevant contributions to the gauge-boson self-energies 2§, Rg]. Using the results of the
previous section, the gauge-sector interactions may be written in terms of the mass-eigenstate
fields, yielding (order by order in x) the interactions necessary for our calculations. The gauge-
sector interactions, written in the mass-eigenstate basis, are summarized in Appendix [A], and
the relevant diagrams are shown in figs. f and J.

We define the self-energy amplitudes for the SM gauge bosons as

/ dha e (0] T A () AY(0)]0) = ig"TLa, 4, (p) + (p"p” term), (5.1)

where 7 and j denote the species of the SM gauge bosons. In the present calculation, we
choose the 't Hooft-Feynman gauge £ = 1. The amplitudes are evaluated by using the
Feynman integral formulae given in Appendix [B} as described there, the formulae are derived
using dimensional regularization and renormalized at the cutoff scale A of the effective theory.

5.1 Neutral Gauge Boson Self-Energies

The values of the individual diagrams in Fig. [ are shown in Appendix [J. Putting these
contributions together, we obtain the photon self-energy

Taa(p?) = 2| (3108 X st N (5.2)
AA\D ) = (47T)2 p og MI%V og Mgﬁ: s .
the Z A mixing self-energy
62 A2 A2
Hza(p®) = e 2Mfy log +- + (26 — 1) M3 log -
w pE
18¢2 + 1 A% 3(2¢2-1) A?
2
< 5 log M2, + 5 log | (5.3)
p
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é\/\/‘o .(V\/\ m\/\ M@M CVH wa

Figure 2: One-loop diagrams for the Z boson and photon self-energies 117z z4 44 in the three-site
model. Each external line in diagrams (A) — (L) can be either a photon or a Z boson; (M), (N),
(O) and (P) apply only to the Z boson. Expressions for the relevant vertices are given in Appendix

. Dots on vertices denote derivative couplings. As described in the text, the calculation is done in
't Hooft-Feynman gauge. The my,z , and Cy,z , fields, respectively, denote the 't Hooft-Feynman
gauge unphysical Goldstone bosons and the ghost fields corresponding to the electroweak and p bosons.

and the Z-boson self-energy

2 3 A? 56¢2 — 47 11 3 A2
M) = —< | a2 =2 L2 1 M2+ — M2 — 202 L1og 2
ZZ(p ) (471')28202 [{ C 2} w 1og M{%V + ] W+ ) 7Z ] p:l: 0og Mgi

1 1 A? 17 A?

2

3 —— 1 3c”—3 log ——
+p ({C+3C 12} og]w2 {c c+24} ogMzi)

(5.4)

These expressions are correct to leading-log approximation, and to order a; we neglect cor-
rections O(axz?ME,) or O(az?p?), but keep those of order O(ax?M 3) — and must therefore
also account for the difference!'® between M§ . and M§0 in contributions proportional to aMg.

We note that these results for IIz4 and II;z are not transverse. While in the case of
the Z-boson, one expects a scalar contribution renormalizing the Z-boson mass, the ZA
mixing self-energy, properly defined, must be transverse by electromagnetic gauge-invariance.
Therefore the calculation is not yet complete. As is well-known, a gauge-invariant result is
obtained only after inclusion of the appropriate pieces (the so-called “pinch contributions”)
of one-loop vertex corrections and box diagrams [B1], BJ]. In ’t Hooft-Feynman gauge the only

1°M§0 = Mp2+ + 82 MR, [ +

— 14 —
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Figure 3: One-loop diagrams for the W boson self-energy Il in the three-site model. The relevant
vertices are listed given in Appendix E Dots on vertices denote derivative couplings. As described in
the text, the calculation is done in 't Hooft-Feynman gauge. The myy,z , and Cyy,z , fields denote the
't Hooft-Feynman gauge unphysical Goldstone bosons and ghost fields corresponding to the electroweak
and p bosons.

such contributions arise from diagrams containing triple-vector-boson vertices, as illustrated
for the electroweak and p gauge bosons in Fig. 1.
5.2 Charged Gauge Boson Self-Energies

The values of the individual diagrams in Fig. [ are shown in Appendix [0. Putting these
contributions together, and using the relation Mgo ~ Mgi + %;MI%V, we obtain

€2 13 3 A2 12¢2+5 3 3 A2
I Y= — | M2 — M2 M2, + M2 — M3 41
ww (P) = s {4 Wy Z} OgM5V+{ g w gtz g VN
PAT 0, Tt
(5.5)

Again, the complete result will include pinch contributions.
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W+ W™ Pinch Part W W=
—_—
Z,A 7 A
+ - . + -
P P Pinch Part #° p
—_—
Z, A 7 A

Figure 4: Vertex correction diagrams constructed from the SM and p gauge boson loops which
contribute to the pinch part of the self-energies , @] for the Z and A bosons. The external fermion
lines are arbitrary, and may represent fermions charged under any combination of SU(2)y or SU(2);.

6. Pinch Contributions

6.1 Pinch Contributions in the Standard Model

We begin by reviewing the results of the pinch contributions to the Z and A self-energy
functions in the standard model: see the first row of diagrams in Fig. [l. As discussed in
detail in refs. [B1, B, the pinch contributions arise (in ’t-Hooft-Feynman gauge) from the
momentum dependence of the triple gauge-boson vertex, and yield effects proportional to the
following commutator of generators times coupling constants

[gT+i—

\/5 ) \/5 ] = g2T3 ) (61)

where the two terms in the commutator arise from the contraction of the momentum with
the two charged-W vertices, and g = e/s is the weak coupling constant. The factors g7'= /v/2
arise from the W couplings to the external fermion line currents J{,‘V =gJi/ V2.

The pinch parts of the vertex corrections are proportional to the value of ngé‘ on the
relevant external fermion line. They are therefore universal, i.e. they depend only on the
charges of the external fermion lines. As we will see, this property allows their effects to
be incorporated into the gauge-boson self-energy functions. To do so, we will need to re-
express this current in terms of the (tree-level) currents to which the photon and Z bosons
couple. In the standard model, the relationship between the neutral mass-eigenstate and
gauge-eigenstate fields is given by

ZH c—s\ (W
() () () - &
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and, therefore, the relationship between the currents to which the mass eigenstates couple to
the symmetry currents of the theory is given by

JL c—s\ (St
e -

Note that, in this notation, the J4 and Jz currents include the relevant tree-level couplings.
Inverting this relationship, we may solve for g2J§L in terms of J4 7, and we find

e? c
§J“: (ngg+eJZ> . (6.4)

Let us first consider the pinch contribution to IT44, where
Iy =ig"Tlan + ... (6.5)

and we neglect the terms proportional to p#p”, which will not contribute to the universal
corrections. The pinch parts of photon vertex corrections to the four-fermion scattering
amplitudes, then, are of the form

M\Zne_loop x A- I% e G(p*, M3,) - (eSZ/ +eA)+ (eEZ +eA)-eG(p*, ME,) - I% - AL (6.6)
The factors in the first term, read from left to right, represent the coupling of the photon
to one external fermion line, the photon propagator, the YW W = coupling proportional to
e, the relevant one-loop pinch vertex correction function G(p?, Mgv) to the second photon-
fermion vertex, and lastly the coupling of ngé‘ to the other external fermion line (with
“primed” charges). The second term arises from applying the pinch vertex correction to the
first fermion-vertex instead. A contribution to the self-energy function AIl44, on the other
hand, generally gives rise to a correction of the form

M|A4 x A-

one—loop

1
2

ek Allga(p®) - = - A" (6.7)

2
Thus Eqn. (B.§) may be viewed as yielding a contribution to IT44
Ally4(p?) = 2°p*G(p*, ME,) . (6.8)

Comparing this result for the standard model pinch contribution to that of [B1], B, we
find
ALY (p%) = 4€’p* Fo (M, My p?) (6.9)

we see that G(p?, Mgv) = 2Fy(Mw, My ; p?), where F; is defined in Appendix §. Note that
the function G(p?, Mgv) will be the same in every standard model pinch contribution to the
self-energies of the Z and A bosons. In addition, since the loop-functions depends only on
the (universal) form of the triple gauge-boson vertex and the masses of the gauge-bosons, by
substituting the appropriate gauge-bosons in the more general expression Fy(Ma, Mp;p?),
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we may use this result immediately to compute the relevant loop-function in any pinch con-
tribution in either the standard model or the three-site model.

The one-loop contribution in Eqn. (p.6) also gives rise to contributions proportional to
the product of the photon and Z charges of the external fermions, and hence also corrects
Iz A(p?). In general, a correction to Iz 4 would give rise to a contribution to the four-fermion
amplitude of the form

1
M’ozré—loop xA-—- AHZA(p2) )

- . ZiZ.
p? p*— M3 p? ?

1
— - Al o= A . (6.1

Hence, from Eqn. (f.6), we find a contribution
c
Al = 2~ (p* — MZ) Fa(Myw, M p?) - (6.11)

The pinch parts of the Z vertex corrections to the four-fermion scattering amplitudes are
of the form

1 1
M‘gne—loop x Z- : eE2F2 : (CSZ,—i—eA/) + (€§Z+€A) : €§2F2 G,

- ——-Z", (6.12
p?—MZ s p?—MZ (6.12)

where we have abbreviated Fy = Fy( My, Myy; p?) and the e factor arises from the ZWTW—
vertex. We see that this gives rise to a correction to Iz 4
AllZ 4 = 2€2§P2F2(MW7Mw;p2) : (6.13)
and, hence, the total pinch contribution to All4y is
ATISY = AIT) , + ATTZ, = 2e2§(2p2 — M2)Fy(My, My p?) (6.14)
in agreement with [B1, BJ].

Eqn. (p.19) also makes a contribution proportional to the product of the Z charges of
the external fermions. If we write corrections to Ilzz in the general form,

1 1
zZ 2
M’one—loop x Z - p2 _ M% : AHZZ(]? ) : p2 — M% -z s (615)
then, Eqn. (p.19) yields the pinch contribution
2
ATIZY = 4¢2 (v — M3)Fa( My, M5 p?) | (6.16)

52
in agreement with [B1, BJ].
An analogous calculation, arising from WW-boson vertex corrections and corresponding
to the commutator of one charged and one neutral current, yields the corresponding pinch
correction for the W boson propagator [B1, BJ]

4e?

AIIM, = ?(p2 — M) [F(Mz, My p?) + s Fo (0, My p%)] (6.17)

in which the two terms represent the contributions from vertex corrections with internal ZW
and vW states, respectively.
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6.2 Additional Pinch Contributions in the Three Site Model

We next consider the pinch contributions in the three site model [7], as illustrated in the
second row of diagrams in Fig. [. In this model, up to corrections of order O(x?), the
mass-eigenstate charged gauge bosons are related to the gauge-eigenstates through (cf. Eqn.

E3)
+ z +
() (4)(5)

In order to understand the form of the pinch contributions, we need to understand the currents
to which these gauge-bosons couple

d z 1—mx)-%JE
)L s U ) (6.19)
in -3 1 \/isx(J:t —i—lei)

where JH represents the current associated with fermions primarily charged under SU(2)o

delocalized by an amount x1 — the ordinary fermions — and J*’ represents any matter charged
primarily SU(2); (see Eqn. (2.§)). Here we approximate gy =~ e/s and g; = e/sx. From this,
we find 9
e / xe 1
JH = JH — 1-=-)Jt, 6.20
r V2sx * 2\/53( z? i ( )

where we have neglected terms of order O(z12?) = O(23). Note that, as required by ideal

delocalization, the ordinary fermions do not couple to the charged-p bosons when z; = 22 /2.
Comparing to Eqn. (6.1]), we see that the pinch contributions arising from p-boson vertex
corrections in the three site model will be proportional to

(6.21)
The second term above is proportional to 22, and is therefore irrelevant in what follows.
The pinch contributions are therefore proportional to the value of e2J§‘ ,/ 5?22 on the
relevant external fermion line. As in Eqn. (p.4), the key to understanding the pinch contri-
butions is to determine the relationship between J4 " and the currents to which the neutral
mass-eigenstates couple. Diagonalizing the mass-squared matrix, we find that the relationship
between the neutral boson gauge- and mass-eigenstates is given by (c¢f. Eqn. ({.11)))

s c —s 022_682:5 Léf
Ar =1 s ¢ sz B* 1, (6.22)
r) \seg 1 )\

where the rotation matrix is orthogonal up to corrections of O(x?). The relationship between
the currents to which the neutral mass-eigenstates couple and the symmetry currents is given,
therefore, by

2 2

JY c —s S5 (1—xp)edy

Jhl=1s ¢ s eIy , (6.23)
/

Jp -3 —% 1 S+ 2 JY)
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allowing for fermion delocalization. Inverting the matrix, we find the relations

2 2
%(J{{' N ) Ay 263 zJ (6.24)

and
2(1—:31),]5 :chJrst;—gJ;‘. (6.25)

Noting that z1 = O(2?), and therefore neglecting it on the left hand side of Eqn. (6.25), we
may rearrange these equations to find

62

2 _ g2 2
e TN TN —s 2 "
522 Ty = ST (1 2 > Tpte (1 > Tate 2cs (1 2 — 52 x2> Tz (6.26)

This equation will allow us to extract the pinch contributions in the three site model — note
that the operator ezJiﬁf //32332 has, counter-intuitively, relevant weak-size couplings to the
ordinary fermion currents J/ and JY!

In analogy with our calculations in the standard model, we may immediately read off the
form of the p-boson vertex correction contributions to photon exchange

1 _ 2 2 22
— g [o(1- )4 SR (1- TR ) 2z o 4.2),
(6.27)

where the 2eF, includes both the ~vpTp~ coupling e, and the loop-function 2F, = 2F, (M, M,;
Similarly, the p-boson vertex corrections to Z exchange may be written

1 e(c? — s?) - e 2¢2 1
Z _ , )
M‘one_lmp _Z.pz—M% 2 2cs F (1_x_>A +e 2cs 1_62_32ﬁ 2

+(AZe A2,

M];

one—loop

(6.28)

where the Zp*p~ coupling is proportional to e(c? — s%)/2cs to leading order (see Table [ of

Appendix A1).
We may then compute the corresponding pinch contributions, by comparing Eqns. (f.27)

and (f.29) to Eqns. (6.7), (6-10), and (f.15). From this we obtain

—site I
AL (p?) = de? (1= 55 ) pFa(My, Myip?) | (6.29)
_site e?(c? — 2 22 «x
A0 = ) <1 — 3 2—§> (p* = MZ)F2(Mp, Mp:p?) | (6.30)
CS ct— 87T
2(.2 2
Z,3—site; 2\ __ € (C — S ) _ ﬂ 2
AZ; () = S (1 xz) Fy(M,, M, p?) | (6.31)
2.2 2)2 2
3—site € (C — 8 ) 2c al
ATz () = s2¢? <1 22 P) (p* = M) Fy(Mp, Mp; p?) . (6.32)
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Figure 5: One-loop vertex contributions to neutral-current processes arising from the delocalization
operator L}. As described in the appendix, since they are universal — i.e. proportional to the charges
of the external fermions — these contributions can be incorporated into the neutral gauge boson self-
energy functions 11z 4, zz. Eots on vertices denote derivative couplings. The delocalization operator is
proportional to x1 = O(z?), and therefore only the contributions proportional to M p2, which are illus-
trated here, contribute to this order. There are analogous contributions to charged-current processes,
which result in corrections to Iy .

Precisely analogous computations, arising from W-boson vertex corrections and corresponding

to the commutator [J ["fi, gy |, yields the pinch correction for the W boson propagator

2
ATy 5 (p?) = 2—2 <1 - %) (p® — M) Fo(M,, My;p?) . (6.33)
Note that, consistent with isospin symmetry, Allzz in Eqn. (§.32) reduces to Allyy in
Eqn. (6.39) in the limit ¢ — 1 with e/s held fixed.

Finally to the order in which we work, expanding Fg(Mp,Mp;pQ) for p? ~ MX%V,Z <
Mp2, we see that we may approximate Fy(M,, M,;p®) ~ Fy(M,, M,;0), and these pinch
contributions only affect the values of the self-energies at zero momentum.

As described here, the “pinch” contributions are determined entirely by the gauge sym-
metry and fermion coupling structure(s) of the theory. Examining Eqn. (f.23) however, one
notes that the couplings of the fermions (with current J*) to the p are suppressed by x.
The vertex diagrams illustrated in the lower row of Fig. [, therefore, do not contribute in
the case of ordinary fermions on the external lines! Diagrammatically, as shown explicitly in
Appendix [{, for ordinary fermions the contributions in Eqns. (p.29) — (.33) may be shown
to arise instead from v —p, Z — p, and W — p mixing corrections to the four-fermion scattering
amplitudes.

7. Fermion Delocalization Contributions

Consider the fermion delocalization operator of Eqn. (.§)

L'y =—x '@L(sz(l)zzl))ﬂm :
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where D, %) = 0,3 1) —igo LY 1) + 1913 1)V, The link variable 3y is expanded as

» T 27y
2(1) — ¢ my/f — 1 _|_217 _ f2 I (71)

From this, we see that the delocalization operator of Eqn. (2.§) is expressed as

2 abe,_a b yuc 2 abe,_a b c
E}- = _$lglf€ ’71'(1)‘/;J Jg —Zﬂlﬁe 7(1)8”,71'(1)(]5
2
+z101 Fee“bEECdV;W?Dﬂ&)de +--, (7.2)

where JI' = Y y*T%)r,. In terms of the mass- and charged-eigenstate fields, to leading order
in x, we find

2

€ T 3
LN = < ) J! [pjww —pim,-

2
. € I 3 <~ <~
—Zm <—2) Jg [<7TW+ 8;1, ﬂ'Wf) + <7Tp+ ap 7Tp7>
p

x
<~ <~
— <7TW+ u 7Tp—> — <7Tp— Ou 7TW+>
3 2 _ 2

e T1\ u3 =5
—m (P) JL <Au + TSCZ“> (7TW+7TW7 + 7Tp+7Tpf) + - 5 (73)
where we have used f ~ v2M ,=/91 and go ~ e/s which are valid only to leading order in x.
As illustrated in Fig. [, these couplings in the delocalization operator give rise to vertex-

11

corrections to neutral- and charged-current four-fermion processes.”* These diagrams are

evaluated in Appendix [], and their effects are summarized by the effective interactions in
Eqn. (F.I0). Using the relation (c¢f. Eqn. (6.3))

SHL = (elh+sT), (7.4)
we may rewrite Eqn. (F.10) in terms of the currents JY| and J%,
Lo ={GrJY + ZGIJ;;} Zy+ {5cGa Il + 2GaJ"} Ay, (7.5)

where we have abbreviated G = Gl,g(Mgi;xl), and these functions are defined in Eqns.
(F-11)) and (F.19). Note that these vertex corrections are universal — i.e. proportional to the
charges of the external fermions. As in the case of the “pinch” contributions, their effects

may be incorporated into corrections of the gauge-boson self-energy functions.

1 As described in @]7 these contributions correspond to renormalizations of the parameter ;. As noted
previously (see footnote 1), there is no explanation for the amount of delocalization in this low-energy effective
theory.
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The contribution of these corrections to four-fermion amplitudes mediated by the photon
(M‘;"e‘lw” ) and Z boson (M%"E_IOOP ) exchange may then be written

1
M?{ne—loop _ {SCGQZ"‘ (1 +82G2)A} P {SCGQZ/ + (1 —|—32G2)A/} , (76)

M%ne—loop _ {(1 +G1)Z + ZGlA} {(1 + Gl)Z/ + ZGlA/} ) (7.7)

1
p? — Mj

where, as before, A(") and Z(’) are photon- and Z-charges carried by the external fermions.
From the forms of Eqns.([7.q) and ([.7), we can read off the corrections to the self-energy
functions,

Allaa(p?) = 25°G2 - p?, (7.8)
A, (p%) = scGy - (p* = M), (7.9)
AllZ 4(p%) = ZGl P, (7.10)
Allzz(p?) = 2G1 - (p° — M3) (7.11)

By an analogous computation, or by noting the isospin symmetry relation, Allyy = Allzz|c—1
with (e/s) fixed, we can also easily read off the corresponding correction to the W boson self-
energy function.

Substituting Eqns.(F.11) and (F:19) into Eqns.([-§)-([T11) we find

4e? sz A2
delocal /, 2\ __ 1 2
ArIAA (p ) - (471')2 (P)p lOg M2i 5 (712)
p
2 2
delocal /. 2\ e x1 2 1 2 2 A
AIZY(p7) = (@m)Zsc <F) [(40 - 1) pT = 2Mw] lOgM—Qi’ (7.13)
P
2 1 x A2
AHdelocal p2 _ € (462 o _> p2 a2 L1 log : 714
) = G > ) 0t =113) (5) TR (7.14)
7e? T A2
delocal /, 2 2 2 1
Al (p7) = m(? Myy) <?) log Ve (7.15)
p

8. Total Gauge Boson Self-Energies

8.1 Neutral Gauge Bosons

Including the standard model and three-site “pinch corrections”, and the corrections arising
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from the fermion delocalization operator, we find the neutral gauge boson self-energies

Maa(p?) = HAA(p2) + 4e?p? {F2(MW,Mw;p2) + Fy(Mys, Mys5p%)} (8.1)
_ 2626
Tza(p?) = Mzalp — MZ)Fy(Mw, My ; p?)
T 2 L2
( —82) (?)} _MZ>F2(Mpi7Mpi7p )7 (82)
2

Ozz(p) = sz(p2)+ (p — MZ)Fy(Mw, My; p?)

e?(c? — 32)2 {1 n 3c? x1

2 2 2
+ 52¢2 2(c? — s2)2 (ﬁ)} (p” = Mz)Fa(Mps, Myz;p7), (8.3)

where the 1144 74,77 were computed in Section b.1, and the function F, is defined in Ap-
pendix [§. Evaluating and simplifying, we have

— 2 M2, A2

Taa(p?) = — Tlog —2= + 141 8.4
A4(p?) )z’ [ 0g e + 141og 7 (8.4)

_ 2 M2, 10 3z A2

Ta(p?) = —° 1 142 — = 4 2 (2L .
240°) = Tzse? [{7C +6} S0z, +{ “T3 (3:2) | (8:5)

2 M?2
= 2 € 2 p*
HZZ(p ) (471')28262 [ 2MW log M‘%V

20 39 3.,/ A2
4 2V 2 i 22 _1 o
+{14c 3 ¢ + 54 + 5C <$2>}log p2i>] . (8.6)

up to O(az?p?) or O(ax?ME,). Note that the modified AA and ZA self-energies are purely
transverse. The ZZ self-energy, 1177 (p?), represents, in part, a renormalization of the elec-
troweak symmetry breaking scale'? similar to the corresponding one-loop renormalization
proportional to the Higgs boson mass-squared in the standard model [B4].

8.2 Charged Gauge Boson

Including the standard model and three-site “pinch corrections”, and the corrections arising

12That is, a renormalization of the electroweak F-constant, equal to the vacuum expectation value of the
Higgs in the standard model
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from the fermion delocalization operator, we find the charged gauge boson self-energy

— 4¢?
Mww(p?) = Dww(p?) + ?(p2 — M3)) [AFy (Mg, My p®) + s> F5(0, My ; p*)]
e

2 3 (x 2 2 2
t3 {1 t3 (ﬁ)} (p® — My ) Fo(Mpo, M,x;p7) -, (8.7)

where Iy is computed in Section p.2, and the function F; is defined in Appendix B.
Evaluating and simplifying, we find

2 M?2
— e 3 +
Mww(p?) = (Im)252 [— Z(M‘%V + M%) log M%V
12¢2 — 9 3 3 3 /1y A2
iy Ve Ry Ve R Ve ——<—>M2 log ——
+{8 WTEME TR T ) W % g,

2 P 1

Note that, in the custodial isospin symmetric limit sin?@ — 0 (i.e. ¢®> — 1 and M % — M‘%V),
Eqn. (B.6) reduces to Eqn. (B.§).

9. Precision Electroweak Corrections

9.1 The S Parameter and Counterterms

The neutral gauge boson self-energies contribute to the S parameter as [g]
2 2

—/ —/ C” — 8" —
122 I ,(0) — 114 4(0) — o 11,4(0), (9.1)

By using Eqgs.(§.4)-(B.0), the leading correction to the S parameter is evaluated in the limit
Mpzi 0 > M&V as

O451—loop

«a M?  41a A2 3a sz A2
St _100p = ——— log —£- — ——1 + (—1) logm .
p

4+ 2
27 M2 24n P dn \a? 6:2)

Note that the first term arises from “scaling” between My, and M, — and has a coefficient
precisely equal to the leading-log contribution from a heavy Higgs boson[R§]

o} M?

This allows us to match our calculation to the phenomenological extractions of S which
depend on a reference standard model Higgs-boson mass.

The dependence on the renormalization scale (here taken to be the cutoff A of the effective
theory) is cancelled by the scale-dependence of the appropriate counterms [[L§]. The O(p*)
counterterms relevant to Si_jo0p are given by

Vag 124
Ly = c10192Tr [V X0y B 7212)] + c2g190 Tr[ Ly B0y VH 211)]- (94)

— 925 —



By using Eqn. ([.§)-([£10), these may be written in terms of the mass eigenstate fields as
£(4)|%l,lzd = §5ZZ(Z;LDWZV) +i6z4(Z, D" Ay) + §5AA(A;1DWAV) ) (9.5)

where D* = —92¢g 4+ 9*9” and

e?(c? — 52
072 = % —s%c; + Pey| (9.6)
S = | (= 32)er + (36 — P)es 97)
2sc ’ ’
Saa = 2€%|c1 + o (9.8)
From this, applying Eqn. (P-J)), we find the contribution to S
551_1oop = —871'(61 + Cg) . (9.9)

Adjusting for the reference Higgs mass, using Eqn. (P.J) and adding the contribution
from the counterterms in Eqn. (0.9), we arrive at our final result (Eqn. (L))

452 M2 z1 M? 2
a53—site = [ i W (1 ! p>

p

|
- + Tor og
_ le_alogA_2_|_3_a <$1MP2) logA—2
247 Mg 8w \ 2M3, Mg
—8ma(c1(A) + c2(A))

M2

o 2
MP2 2‘]\4W Href

where the tree-level expression and the counterterms are now understood to be evaluated at
scale A.

9.2 oT and a Counterterm

The T parameter [P is expressed in terms of the W and Z boson self-energies as

My () Tzz(0)

AT jo0p = Mz, M2 (9.10)
Noting
Mgi B Mpzi _ s2(4c? — 1) +O@?) (9.11)
M2, M2 c? ’
from Eqns.(B.§) and (8-9), we have
Ty _jo0p = sa M sa A" (9.12)

-2 - log ~— -
1672 ® M2, 3212 82
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Note that, as in the case of the S-parameter, the first term arises from “scaling” between
My, and M, — and has precisely the same form as the leading-log contribution from a heavy
Higgs boson [

3a M12{

————log — . (9.13)
16mc? M3,

aTHiggs =

This allows us to match our calculation to the phemenological extractions of 17" which depend
on a reference standard model Higgs-boson mass.

The dependence on the renormalization scale (here taken to be the cutoff, A, of the
effective theory) is cancelled by the scale-dependence of the appropriate counterterm. The
O(p*) counterterm!3 relevant to T I —loop 18

2 2
T Y Joe T
5L = cogs f2 <tr[D“z(2)532{2)]) o 0 2 <tr[puz(2)§2{2)]) : (9.14)

Using Eqns. ([6)), (£.9) and ([L10), in unitary gauge we read off a correction to the Z boson
mass (but not the W boson mass) from Eqn. (9.14):

4
SM2 = — ”; O Mz, (9.15)
which leads to a contribution to aT":
4o eg(A
5 (aT))1—100p = 7(;20( ). (9.16)

Adjusting for the reference Higgs mass, M., using Eqn. (P-13) and adding the contri-
bution from the counterterm in Eqn. (P.14), we then arrive at the final result quoted in Eqn.
2 2 2
3 M 3 A 4 A
B0 g Mo Bo g A dmaa(d)

167c MHmf 32mc M; c

aT3—site =

In addition to this contribution, there will typically be additional contributions to the T-
parameter? arising from isospin-violation in the fermion sector B7).

10. Reduction to the Two-Site Model

In the limit Mp;49s — 00, which corresponds to taking the self-coupling of the Higgs to
infinity, the standard model formally reduces to the electroweak chiral lagrangian [B4, B3]
which may be viewed as the “two-site” model illustrated in Fig. [. Consider the limit
M, — oo in the three-site model, obtained by taking the coupling g; in Fig. [] to infinity.
In either case one is taking a dimensionless coupling to infinity, and the ordinary decoupling
theorem [Bg] does not apply.

3Note that the tree-level value of oT is O(Mjyy, /M ;1) in Higgsless models [@]7 and therefore this counterterm
is formally of O(p*). This is manifest in Eqn. (P.14) by the fact that the counterterm is proportional to g3.
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90 92

Figure 6: Two-site nonlinear model which is, formally, the limit of the standard model as Mp;gqs —

oo [B4, B3

W — 7Tw+ Tw— T+
“ :t "’ \‘ "l
P
6g7Tw7TWzZ
2 2
Z Z <My gz Z
wW-,z Tw+z TwW-.z Tw+.z
p:bo." .
gi:z ([‘;b;és_.)gﬂw,zwwyzww
w+ W= wt W

Figure 7: p-exchange diagrams contributing to the my+my - ZZ, mypr+ myy- WTW ™ and mzmzWTW =
interaction terms at energy scales p? < M p2.

Indeed, as noted above, there are interaction vertices proportional to M, (see Eqn. (A.1))
in the three-site model. These yield corrections to IIzz and Il that are proportional
to In Mg /MV2V without any 1/M 3 suppression factor. Ordinarily, one would expect such
contributions to the low-energy behavior of the theory to arise only from diagrams without
propagating p bosons. In this case, however, the non-decoupling is manifested by the presence
of terms proportional to In M2 /Mg, in the amplitudes for diagram (N)zz of Fig. 2 and
diagrams (M )ww and (O)ww of Fig. 4, all of which include propagating p fields. Examining
the contributions of these diagrams in detail (see Eqns. ([C.3§, [D.13], D-17)) reveals that these
diagrams contribute only to 11 zww (0), and therefore affect o' but not aS.

Nonetheless, we have seen above that the one-loop leading-log contribution to 1" arising
from scaling between My, and M), has precisely the same form as the leading-log contribution
from a heavy Higgs boson. In retrospect, this is an expected result. The chiral-logarithmic
contributions of this kind depend only on the low-energy theory valid at energy scales between
My, and M,. The leading order — O(p?) - interactions in this energy regime are determined
entirely by gauge-invariance and chiral low-energy theorems. Since the gauge- and chiral-
symmetries of the three-site model at energies below M, are precisely the same as those in
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‘ ‘7TW+7TW7ZZ - WIW™ | wgmy,WIW ™ | mgmg ZZ

2-site —e? 0 0 0
. e?(?—s?)? e? e?
3-site |  —rom— 12 i 0

Table 1: This table lists the coupling constants of the tree-level two-pion/two-gauge-boson interac-
tions arising from the O(p?) interactions in the 2-site and 3-site models. Adding the non-decoupling
contributions arising from p-exchange illustrated in Fig. E, Eqn. (|L10.1]), we see that the 3-site inter-
actions reduce to those of the 2-site model at energies less than M,,.

the standard model, the O(p?) interactions must be the same in both theories — and therefore
the chiral-logarithmic corrections arising from this energy regime must also be the same in
both theories [B1], 2, B3, b4

Examining the pion and Goldstone boson interactions in the O(p?) lagrangian, we find
that the only differences between the three-site and two-site model relevant to the calculation
of the gauge-boson self-energies occur in the two-pion/two-gauge-boson interactions summa-
rized in table 1. We may see how the three-site to two-site reduction occurs explicitly.'*
Starting in the three-site model, we have the L4 vertices listed in table . We also have
nrAA interactions mediated by p-exchange, as illustrated in the left panel of Fig. [{. At
energies I/ < M,, we may integrate out the p-mesons and, at tree-level, we obtain additional
nmAA interactions as illustrated in the right panel of Fig. . The correspondingly induced
couplings are evaluated to be

2 62
5g7TW7TWWW = _@7 597Tz7rzWW = _4_827
2
e
0Grynw 2z = ErE (10.1)

Combining these contributions with the three-site couplings given in table [, we find that the
three-site model interactions reduce to those of the two-site model at energies less than M,.

11. Discussion

We have computed the one-loop corrections to the S and T parameters in a highly-deconstructed
three site Higgless model. Higgsless models may be considered as dual [B7, BS, Bd, Ed] to mod-
els of dynamical symmetry breaking [, i3] akin to “walking technicolor” [3, 4, i3, i, i3,
f], and in these terms our calculation is the first to compute the subleading 1/N corrections
to the S and T parameters. We find that the chiral-logarithmic corrections naturally separate
into a model-independent part arising from scaling below the p mass, which has the same form
as the large Higgs-mass dependence of the S or T' parameter in the standard model, and a
second model-dependent contribution arising from scaling between the p mass and the cutoff

See Figs. 2 and 3 of ref. [@]
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of the model. The former allows us to correctly interpret the phenomenologically derived lim-
its on the S and T parameters (in terms of a “reference” Higgs-boson mass) in this three-site
Higgsless model. We also discussed the reduction of the model to the “two-site” model, which
is the usual electroweak chiral lagrangian, noting the “non-decoupling” contributions present
in the limit M, — oo.

Our analysis has focused on contributions to the S and T parameters from the extended
electroweak gauge sector. In principle, there would also be contributions from the extended
fermion sector of the model. We calculated these contributions? to a7 in the three-site
model [P7] and demonstrated that they are sizable enough to place strong lower bounds on
the masses of the KK fermions. Specifically, the enlarged fermion sector results from adding
fermions with Dirac masses (M) and the bound from a7 is M > 1.8 TeV. The contributions
of these Dirac fermions to the S parameter decouple in the large-M limit; the lower bound
on M is large enough to render their O(M3,/16w2M?) contributions to a.S negligible.

In the limit in which the vector fields at sites 0 and 2 are treated as external gauge
fields (i.e., not as dynamical fields) the three-site model is equivalent to the “vector limit”
bl (with a=1) of “Hidden Local Symmetry” [p1l, b2, 3, b4, p3] models of chiral dynamics
in QCD. The calculation of one-loop corrections to the S-parameter presented here — in the
limit of “brane-localized” fermions, z; = 0 — is equivalent to those presented in [2, p5]. Note,
however, the contributions to the T parameter arise from one-loop diagrams involving the
vector-boson at site 2, and cannot be reproduced in the limit that one treats this gauge-boson
as external.

In a forthcoming publication [BJ] we will report the results of a full renormalization-group
analysis of the O(p*) terms in the three-site Higgsless model effective theory, allowing us to
independently confirm the results in Eqns. (1)) and (.9), and to express the values of a.S
and o7 in terms of low-energy parameters.

Acknowledgments

We thank Chris Jackson for correspondence about the calculation of a.S in Higgsless mod-
els, and Sally Dawson, Nick Evans, and Koichi Yamawaki for discussions. The visit of S.M. to
Michigan State University which made this collaboration possible was fully supported by the
fund of The Mitsubishi Foundation through Koichi Yamawaki. R.S.C. and E.H.S. are sup-
ported in part by the US National Science Foundation under grant PHY-0354226; they thank
the Aspen Center for Physics for its hospitality while this work was being completed. M.T.’s
work is supported in part by the JSPS Grant-in-Aid for Scientific Research No.16540226

— 30 —



A. Interactions of Mass Eigenstate Fields

In this appendix, we rewrite the gauge-sector interactions from Section [ in terms of mass
eigenstate fields using Equs. ([£3) — (£4) and ([.§) — (f.14), expanding those in powers of
x and keeping the terms which give rise to a non-trivial contribution to the gauge boson
self-energy functions in the leading log approximation, up to corrections of order O(am2M8V).

A.1 Three-Point Vertices Proportional to Gauge Boson Masses: L4

Rewriting eqn. (B.34) in terms of mass eigenstate fields yields

ﬁwAAZi[ Z {(gnwﬂzMW +9 " nupt )WW*

n=A,Z,p"
+ (gnw+ nMW + g L+ nypt > wp}
o i
+ Z {ggg BTz + 905 auﬁ“wp> +h.c.. (A1)
a,B=W,pt

The couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given

in Eqns.({.5), (E11) and (E20) as

eM ,+ 452 — 1
- _ SYp 2 L,v _ ,V,L1. (1) _ 4. BV, (2
nty NP (1—1— g ¢ > ([vnva vy, Uy | Vel — bV Vg vﬂwi) . (A2)
gz(’; — e\]\/épi <1 + 4828_ 1m2> ([UTLL’UX — vaé] U7(T1)i —t- UEUXUE):E) , (A.3)
S P P

- eM ,+ 45% —1
gnh = \/;S (1 +— x2> (vﬁvg vvvé) v( ) (a #£ B), (A4)

x eM,: 45 — 1
N (1 T3 ) (vhol —vevf) ol (a#8), (A.5)

for a, B = W+, pT and n = A, Z, p°. In obtaining the expressions for these couplings, we have
used Eqn. (4.12) and

g1f=\/§Mpi <1—%2+--->, (A.6)

which follows from Eqn. ([.2)). The explicit expressions for each of these couplings is shown
in table fl. From table [, in the isospin symmetric limit s — 0 (or ¢ — 1) with (e/s) fixed,
we find

T T 0 T — Ty —
p — p — w — w — Tz
gzw+’c—>l = 9w+w- = 0, g Ow+’c—>l - gZp* ’c—)l - gwfva’c—)la
50

™ — ™ +
g Ow+|c—>1 gzﬂpf|c—>1 9W p+|C—>17 (A7)

as expected.
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Bl 9ot | P |
A —EMW 0
Z esMw eMy x? 1 — 1
0 eMpi c;p2(4c2_4_|.§’2_) eMpi fsc m2((_402i4)+c%)
p T 2s 1— 8 Is 1+ g
I p \
gnp+ ganr
A 0 —eM +
p
eM,+ 22 (8¢ —6+%) e(2—s2)M 4 )
Z e (1 - g - e (1 + 8(C2fsz)cz)
0 esMw esMw
p 2c2 202
Jah [ g=w+ | B=pt |
a=W"~ 0 eM + (1 B :(32(4c2+1—c22)>
N 2s 8
M 24P 11- 2
a=p _625:& <1 x(c8 2)) 0
0
9o H B=wW+ ‘ B=pt ‘
M I _A2i7_2
a=W-" 0 —2e <1+“ o 2)>
M 2(_4, 2+7_ 2
e, | <1+w> 5

Table 2: The Goldstone boson couplings proportional to gauge boson masses.

The interaction vertices in eqn. ([A.]) include terms that explicitly mix the standard
model and new-physics sectors of the model. The second term in line one of Eqn. (A1)
includes an interaction (Zpmy ) contributing to diagram (N)zz of Fig. P The first term of
line one includes an interaction (W pmyy) contributing to diagram (M )y of Fig. [I; the first
term of line three includes a Wpm interaction contributing to diagram (O)ww of the same
figure. All three of these terms contribute to diagrams whose amplitudes are explicitly found

to have non-decoupling contributions proportional to In(M 3 /]\43‘,)7 unsuppressed by factors
of 1/M?.
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A.2 Three-Point Vertices Dependent on Derivatives: L, ;4

Rewriting Eqn. (B-37) in terms of mass eigenstate fields yields

. mn n
Lona = z{ E ny [gﬂwyrw My + - + I g, O i T
n=A,Z,p"

+977w+7rf (G“WWHTV + 8“7Tp+7rwf)

wl o < o “
+ Z « g7rz7TW7 <7TZ 8# 7TW7) +gﬂ-p0ﬂ-p7 (7Tp0 a” 7Tp—>

a=W= pE

(67 g (e} g
+g7rz7rﬂ, (ﬂ.Z au ﬂ—p*) +g7‘(‘p07rW, (ﬂ—po aM 7TW7)

+h.c.. (A.8)

The couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given

in Eqns.({£.5), (E11) and (E20) as

e 1 1
n _ 1 (1),,(1) ()@ (. B L ZyV A.
gﬂ'aﬂ'g 23 ( + 2 > |: 7'(' 7I' (U + ,U )—I_U Uy (t ,Un + xvn) ) ( 9)
. 1+ 202 oo b 4 1@ )+ 1 @),@,V (A.10)
Yrzms = 23 2 Urz Ung mz Vg Vo | '
a _ ¢ 1_‘_5 2 (1) (1)( + 1 )_|_ (2) () 14 (All)
9 oms = 55 5% Ur o v v — U7 U Vo | .

for a, B = W+, p and n = A, Z, p°. In obtaining the expressions for these couplings, we have
used Eqn. (E13). The explicit expression for each of these couplings is shown in table .
From table [, in the isospin symmetric limit s — 0 (or ¢ — 1) with (e/s) fixed, we find

_ Wt w+ _ Z _ wt
gﬂ_W"’ﬂ-W* |C—>1 - gﬂzﬂ'W7 |C—>1 ’ g7rZ7rp7 |C—>1 - gﬂ-W“'ﬂ-p* |C—)1 - gﬂ-poﬂ-W7 |C—)1 9
z — Wt o° — Pt
.g7rp+7rp7 |C—>1 - gﬂ'p07rp7 |C—>1 ’ gT(W‘FWp* |C—>1 - gT(ZT(p, - g7rp07rW7 |C—)1 ’ (A12)

up to an overall sign, as expected.

The interaction vertices in Eqn. ([A.§) include terms that explicitly mix the standard
model and new-physics sectors of the model. The terms on line two of ([A.§) include inter-
actions (Zmym,) contributing to diagram (M)zz of Fig. [ the terms of line four include

Wnzm, and W,y interactions contributing, respectively, to diagrams (R)ww and (S)ww
of Fig. B

A.3 Four-Point Vertices: L, 44

Rewriting Eqn. (B.36) in terms of mass eigenstate fields yields

— 33 —



Nl G Iy - I o -
A e 0 e
e(c?—s?) x2(—802+8—ci2) e(c2—s?) 9
Z 2sc _@ 1 8 2sc 1+ 4(05:—52)
0 e e(c?—s%)z e
P 2sx 8sc? 2sx
9o | B=W"] B=p |
2 2 1
— z?(—4c’—14 )
a=W — 5 e <1 + 3
a=p" irrelevant — E(C;S_Ciz)x
g7orlp07r6 5 = W_ 5 =P
2 2 1 2 2 1
- r?(—4c+T—5) z?(—4c*+7—73)
a=W v <1 + 5= ( 1+ S
a=p" — _ e

Table 3: The Goldstone boson couplings dependent on derivatives. The expression of the g” ’ _

TZ Ty

coupling is not shown (denoted as “irrelevant”) since the vertex constructed from this coupling does
not contribute to the self-energy functions of the standard model gauge bosons W, Z and photon.

n#m
_ nn o nm “w
Lrraa = TW+Tw - Z 'g7rW+7TW* s+ Z g“w+7TW* N
n=A,Z,p0 n=A,Z,p0
n#m
nn “w nm m
n=A,Z,p0 n,m=A,Z,p0
a#p
aa B af B
T+ T - Z gWWJFﬂW* auat + Z gﬂW‘FﬂFW* 04“5
a=WH+ pt a,B=W=* p*
a#p
aa H af M
VAV Z g7rZ7rZ o + Z g7rZ7rZ aﬂﬂ
a=WH+ p* a,f=Wt,pt
a#B
aa M apf M
+T 07 o Z I om0 W + Z g auf (A.13)
a=WH, p* a,f=WH, p+

These couplings are expressed in terms of the gauge and Goldstone boson wavefunctions given
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in Eqns. (£5), (E11) and (f20) as

nno eT (1+ s°z?) [vfrla)v%)vﬁvx +t- @@ V] ; (A.14)

V70,
«@
Irama Ta “Ta ‘N “n

g, = o (14 5%02) [ol(whl + o o) + o oD Y, + o} E)]

Ta

s2x
(A.15)
QQSM = % (14 s*a?) vgrl(x)v,(ri)vévg , (A.16)
gffgm = % (1 + 823;‘2) vfr{)}vfr{j ( év,‘y/ + vﬁL/vg) , for B # v (A.17)
oy = = (14 5%2%) ool (A13)
95;” = % (1 + 82332) vf}z)vsz) (vév,‘y/ + vﬁL/vg) , for 8 # ~ (A.19)
gffmpo = % (14 s*2?) th)o v,rlp)ovgvg , (A.20)
QEZM#O = % (1 + 32;52) Uﬂlp)ovﬂlp)o (véfu}// + ’Uﬁ[;'Ug) , for 8 # v, (A.21)

where subscripts a, 8 and v denote W* and p* and n does A, Z and p°. In obtaining the
expressions for these couplings, we have used Eqn. (f.19). The explicit expression for each of
these couplings is shown in table [|. From table [], in the isospin symmetric limit s — 0 (or
¢ — 1) with (e/s) fixed, we find

zZ | _ W*W*’ _ W*W*‘
g7‘('p+7‘('p, c—1 — g7rﬂ+7rp7 c—1 — gﬂpoﬁpo c—1

07z Wtp~ Wtp~
g7prp+7rp, ‘C—>1 = 2g7rp+7prp, ’C—>1 = 2g7rﬂo7rpﬂo ‘C—)l ) (A22)

up to an overall sign, as expected.

A.4 Three-Point Vertices among the Gauge Bosons: L4444

Rewriting Eqn. (B.29) in terms of mass eigenstate fields yields

1
Laan = 1{ > G- (W;W“—n” -+ 5n,WM/+“VI/—”>
n=A,Z,p°

_ I _ _
G+ <(W,fup“ + W) S (W7 4 p WY )>

1
95t <PZVP“_H” + gnuupﬂ‘p_”) } +h.c., (A.23)
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3722 37222
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S S
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af — T — _ - _
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_ + . s . a=W % L+ 2 4521‘
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Table 4: The Goldstone boson couplings between two gauge bosons and two Goldstone bosons. The

vertices denoted as “irrelevant” do not generate leading log corrections to the gauge boson self-energy

functions we are concerned with.

where Ay, = 9, A, — 9, A, (A = A, Z,pH9 W*). These couplings are expressed by using
the wavefunctions given in Eqns.([L.J) and (f.11)) as

Iiv+w-
n
Iw+p-

n
9p+p-

_|_

L[| |l » |0

1+

(1
t
(

122
2

1
§S2>
1
2

)

[ 1
(oot + 1 el | (A.21)
r 1
v%VvLivL + vaVVvVivV] , (A.25)
r 1
(ool S0 | (A.26)

for n = A, Z, p. In obtaining the expressions for these couplings, we have used Eqn. ({.12).

The explicit expression for each of these couplings is shown in table . From table [, in the

isospin symmetric limit s — 0 (or ¢ — 1) with (e/s) fixed, we find

as expected.

ng+p* |c—>1

0

— 4P
= Yw+p- les1

0
9€V+W* |C—>1 = Q%pr |c—>1 ) (A'27)
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Table 5: The three-point couplings among the gauge fields.

A.5 Four-Point Vertices among the Gauge Bosons: L4444

Rewriting Eqn. (B-30) in terms of the mass eigenstate fields yields

Laaaa =
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gt - (pjh pynn” — p,fp,jn”m”)}
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)

m”)

ST (oo P ) — 29 g }

+9W+ o (PRPoWs 0"~ = PR W "~ + huc)
+gW+p (py, py WlH_ -
+gW+W ( W+W p,u—i- v— W+W p,u— v+

AW WEW (WHEWY T — R W) |

p:p“_ij"_ + h.c.

)

—W,SW o)

p"7)

(A.28)

where we have neglected terms which do not affect the gauge boson self-energy functions at
the one-loop level. These relevant couplings are expressed by using the wavefunctions given
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gty | n=4 | n=2 | n=/s" |
2 .
m=A e? ¢ irrelevant
2 2.2 .
m=27 ¢ 5 irrelavant
. . 2 22 (—4c2 49— 1)
m = p° || irrelevant | irrelevant o7 <1 + %
mn —
‘ Iptp- H n=4 ‘ n=2 ‘
2
_ 2 e2(c?—s2 (4—*
m=A € 2sc < 8(cz— 32 >
_ e2(c2—s?) a?(4-%) e2(c?—s? 2(802_5+ )
m=2 2sc L+ 8(c2— P> 2) 48202 1+ 4(c?—s?) 5
m = 0 e2 eZ(c?—s?
=P sx 28261‘
0.0 2 + ,— 2 + — +1i7—
e’ _ e pTpT e _ 2 wHw eall
gW*p* T 28210 gW*p* T 28210 gW+W* (1 + (2 ¢ ) ) v wrw- T 252 -

Table 6: The four-point couplings among the gauge fields. The vertices denoted as “irrelevant” do
not generate leading log corrections to the gauge boson self-energy functions.

in Eqns.(.5) and ({.11) as

) _
e 1
g = = (1+ 82:L'2) (vl e )?vivk + — (’UW:‘:)2’L)X’L)X{| , (A.29)
9 -
e 1
gyl = = (1+ s%2?) (vﬁi)%flvfn + = = (v;/i)zv,‘fv%] , (A.30)
5 -
e 1
gfvjvﬁp = 3 (1+ s%z?) vévivﬁi (v[fo)2 + ?vyviv;/i (U;’/O)ﬂ , (A.31)
A - i (14 s%2?) _vL (L) + ivV ()3 (A.32)
Iw+p- = 52 W\ pE 22 WEpE ) )
oo _C (1+ s%2?) _(UL Pwh)? + L@l )? (A.33)
Iw+w- = 32 w) (Vpx 22 W) )7 .
2
+Ww— € 1
T = 52 (1+ s%2?) |(vie)* + F(vyvi)ﬁ‘} : (A.34)

for m,n = A, Z, p. In obtaining the expressions for these couplings, we have used Eqn. (}t.19).
The explicit expression for each of these couplings is shown in table [f. From table [}, in the
isospin symmetric limit s — 0 (or ¢ — 1) with (e/s) fixed, we find

0,0 - -
p°p pp _ pp
Iw+w- les1 = Iw+w- les1 = 977 les1
07 200 +
X pTp
9p+ es1 = gW*p = Yw+p—> (A.35)

as expected.
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A.6 FP Ghost Terms in the Mass Eigenstate Basis

Rewriting Eqn. (B.2§) in terms of mass eigenstate fields yields

int __ - n 2 n "¥a.
L¥p =i D |grw-mu0"CuwsCo— + ghs 1,0 Cpi
n=A,Z,p"

+g"W+p,nu(8“CW+Cpf + 0*CCy-)| +hec.. (A.36)

Note that these couplings are equal to the three-point couplings among the gauge bosons
listed in table f| due to gauge invariance.

B. Feynman Integral Formulae

We define the following Feynman integrals:

o d*k 2k + p)H(2k + p)¥
0 Maia?) = [ o [i<:2—(M,%]p[)<fc(+p>2p2 M) By
: N 1
ZF2(MA7MBap2) = / (27‘(‘)4 [k‘2 — ME;] [(k‘—l—p)2 _Mé] ) (B2)
: d*k 1
Z&wnz/@mqm—M%‘ (B.3)

By introducing Feynman parameters, and performing dimensional regularization, these inte-
grals are evaluated as
2 muv 2 v 2 2 1 2 1
(4m)°F1" (Ma, Mp;p°) = g" MA+MB—§29 : E‘i'l

1
- / dzAE (%) log A’X(ﬁ)]
0

+ (pt'p” term) | (B.4)
P B Mpip?) = L~ [ drtog a5, (®5)
(47)2F3(M) = M? - % — (M?log M* + M?) , (B.6)
where
AB(p?) = aM3 + (1 — 2)ME — a(1 — 2)p?, (B.7)
% = %—W—I-logélw. (B.8)

Interpreting the results in terms of a dimensional cutoff representing the cutoff of the effective
theory, we make the replacement

— log A%, (B.9)
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Equivalently, the replacement above may be viewed as evaluating the counterterms, which
cancel divergences, renormalized at the scale of the cutoff.

In applying these formulae to extract the leading-log corrections to the S and T pa-
rameters arising from loops of p-mesons, we encounter two separate cases. In one case, the
loop-corrections involve only propagating p-mesons . We refer to this as the degenerate heavy
mass case, in which M3 ~ M% > |p?| = O(MZ). In the other case — which we refer to as
the hierarchical mass case — loop-corrections involve one p-meson and one light gauge-boson,
and M% > M3 ~ |p*| = O(MZ,).

We first examine the degenerate heavy mass case in which, from Eqns. (B.4)-(B.6), we
find the approximate formulae,

1 A2
(4)2FI (M4, Mp; p?) =~ g™ [ <Mi + M3 - §p2> log
A

1
+M3 + M+ -p* + 0(p4/Mi)]

3

+ (p"p” term) , (B.10)

(4 B (Mo, M) ~ log 2o + 224 0 /art) (B.11)
b ) Mi 6 Mi )

(47)2F3(M4) = M3 log — Mj3. (B.12)

M3

Consider next the hierarchical mass case. In this case, the expression for the function
F3 remains the same as in Eqn. (B.19). In order to derive the approximate formulae for the
functions FI" and Fy, we may rewrite the expressions (B.4) and (B.5) as follows:

v v 1 A? 1
(47m)* F{" (Ma, Mp;p?) = g" [ <Mi + M — §p2> log > + M3 + M — 27
A
1
—2/ dz (M3 + (1 — z)Mp — (1 — 2)p?)
0

x log <x+(1—$)M—% —x(l_x)p—22>]

M2 M2
+ (p"'p” term) , (B.13)
A2 1 M2 p2
(47)2Fy(My, Mp;p*) = log — — / dxlog (x +(1—2)-L —2(1 - x)—) .
M3 Jo M3 M3
(B.14)
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Expanding the right hand sides in terms of 1/M3, we find

v , 1 A% 3 5
(47)*F{" (M a, Mp;p®) = g" [ <fo + Mp — —p2> log o + 5 (M3 + M — 12p%)

3 M2 18
M4
—I-(Q(—g) + (p"p"” term) , (B.15)
MA
2 M2 M2 1 2
2 2\ B B p
(47‘1’) FQ(MA,MB7p ) = logm —|—1+ M—iIOgM—i + §M—i
ML M
O(—L1log £ B.16
+O(G R lon 378, (B.16)
where we have used [6J]
! 1
/ dzA{' (e2) = —1 — €1 loge; — €2 +--, (B.17)
0
/1d:E:EA61(€ ) = —14—16 —16 + (B.18)
0 LA = Ty Tt gt ’ '
! 3 1 1
/ dz(l —z)AT' (e2) = —— —€1loger — —€1 — sea + -+, (B.19)
) 4 2173
! o 5 1 1
; dzz(l — 2)Af (e2) = ~36 + 36~ € + (B.20)

with A{*(e2) =z -1+ (1 — x)e; — 2(1 — z)e2. Note the large logarithm, log(M3/M3), in the
expression for F5.

As a sample application of Eqns.(B.15) and (B.I€), consider evaluating the amplitudes
(M)zz and (N)zz, from diagrams (M) and (N) in Fig. B , in the limit Mgi > ME,:

2‘62 3:2 —8C2+8— 1 ,
(M)zz ~ 83762{1 + ( 1 2) FI" (M« My; p?) + O(az® M)

ie? 2? (-8 +8— %
~ 83762 F{LV(MP:I:,MW;p2)+ ( 4 ¢ )guqu(ij:)
+0(ax? My, (B.21)

—ie2ghv 22 (8¢% — 6 + ci
(N)zz =~ WMpzi 1— ( 1 2) Fy(M,+, Myy; p*) + O(ax® M)

x2 (862 -7+ c%)

—ieghv
Fg(Mp:t) — F3(My) — 1 F3(M )

252¢2

+0(ax? M3, (B.22)

1

where 22 ~ 4M5V /Mii. It is easy to see that, in the leading log approximation, these
expressions precisely equal Eqns. (C.37) and ([C.3§) in Appendix [d.
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C. Feynman Graph Results: Neutral Gauge Bosons

In this appendix, we present the results of each contribution to the neutral gauge-boson
self-energy functions IT44 74, 77, as shown in Fig. B

C.1 Photon Self-Energy Amplitude 144

ie?ghv [ 19 A?
(A)'Y'Y = W 9Mp2j: + sz log M2 s (Cl)
L p*
ie?ghv [ 5 19 , A?
(B)yy = e My + | log o, (C.2)
i w
Z629uu [ A2
(0)77 = (47T)2 — 6Mp2:l: IOg M—2i s (C 3)
L p
Z629uu [ A2
ie2ghv [ 1 A2
(E)'y'y = Tiae 2M§i - —p2 log 3 (C 5)
(4m) 3 M=,
L P
ie2ghv [ 1 A?
(F)yy = 7 2M€V — —p2 log —5-, (C.6)
(4m) 3 M,
Z629uu [ A2
(G)’Y’y = W — 2Mp2i log M—zi s (C?)
L p
Z629uu [ A2
(H)yy = —(47r)2 —2M3, | log —MV2V ) (C.8)
i629uu [ A2
(I)yy = T | 2M?. logM—zi, (C.9)
L p
i629uu [ A2
(J)yy = @ | 2M3, logM—Vzv, (C.10)
ie2ghv [ 1 A2
(K)\y = T | M3, + 6p2 log Ve (C.11)
L p
Z629uu [ A2
Lo = T | W+ 5P’ | log T (C.12)

where we have neglected terms of O(ax?ME,).
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C.2 Photon/Z boson Mixing Amplitude 11,4

ie2ghv (2 — g2 19 9 A?
Ay, = 18M2 + —=p? | + = (42 — 1) M| log —— 1
Az = Trzse | 2 (8 ot 3p>+4(c ) Mz RV (C.13)
ie?ghv | 9 9 19, A?
(B)Z“/ - (471')286 ¢ <9MW + Fp > log M{%V ) (014)
ie2ghv [ — &2 3 A?
= —12M2 ) — = (42 — 1) M2 | log —— 1
(C)zy (4m)2sc 4 < pi) 2 ( ¢ ) z| %8 Mii ’ (C.15)
Z'e2g;u/ I A2
D)y, = — 62 ME, | log —- 1
( )Z“{ (471')286 6c w | 108 M%/? (C 6)
ieghv [ — 52 2 A?
E)g, = AM?, — Zp? 2MZ | log —— 1
(E)z, (4m)2sc 4 ( =3P > e dz)los Mii ' (C.17)
ie2ghv (2 g2 2 A?
F)g, = AMEZ, — Zp? | | log —- 1
(F)z4 (4m)2sc| 4 ( w 329) 0g Mz, (C.18)
ie2ghv 'C2 _ g2 A2
= —AM? ) — M2 | log —5— 1
(G)Z'y (47T)2SC 4 < pj:) & 7| log Mgi ) (C 9)
ie2ghv 'C2 _ g2 A2
H)y, = —4AME,) | log —- 2
(H)z, (4m)2sc 4 ( W) 8 MI%V ’ (C-20)
ie2ghv (2 s2 1 A?
Iz, = <—4M2 ~ M2 log — 21
W)z, (4m)%sc 4 pi) Pl M[?:t ’ (€20
Z'e2g;u/ I A2
= 2(1 — A)M3, | log —- 22
(J)Z’Y (47T)2SC ( c ) w | 108 M[%V ) (C )
ie2ghv (2 s2 1 1 A?
K)gz, = —2MZ% + —p? ) — = (4¢® — 1)MZ | log —— 2
(K)zr = yzse | 2 ( ot 3p> e — DMz | log Mz, (C.23)
2629/“/ I A2
(L)r = i | (M + 577 o (C24)

where we have used a;zMgi ~ 4M3, and neglected terms of O(ax?ME,).
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C.3 Z Boson Self-Energy Amplitude Il

ie2ghv | (c? — s%)? 9 19 , 5 27 s 9 5 A?
(A)ZZ = (471‘)28262 1 <9Mpi + Ep ) + <180 — ?> MW + ZMZ log M—pzi s
(C.25)
ie2gh |, 9 19, A?
(B)zz (In)252c c <9MW + <P > log M—vzv , (C.26)
ie?ghv [ 3(c? — s2)? 15 3 A?
= - M2 — (1262 — — ) Mj, — ~MZ| log —o 2
(@22 = Grygre 2 ot < 2 ) L R I VR (C27)
ie2ghv 412 A2
(D)zz st | 6¢* My | log M—gv , (C.28)
i629uu (62 _ 82)2 A
(E)zz = ()22 1 <2M§ - 3p2> + (2¢* — 1) M, log ~7~ (C.29)
ie2gh '(62 . 32)2 1 A2
(F)ZZ = (471')28202 4 <2MI%V - §p2> IOg M—I%V ; (030)
ie2 [ (2 — s2)2 A2
(G)zz = e T M2 — (2¢ = 1) M, | log R (C.31)
L p
ie2 gt I (2 — s2)2 ) A2
(H)zz = (4%)23202 N 2 Miy | log MI%V ’ (C-32)
ie2 gt i (02 . 82)2 1 A2
(zz = esE| T s M2 — My + §M§ logm, (C.33)
L p
ie’g"” _ 4 2 2 A2
(N)zz = (In)2s2c2 —2(c" —2c" +1)Myy | log Mz (C.34)
ie?ghv _(62 — 52)2 1 3 1 A?
K)zy = —MAE o op?) — (262 -2 ) MR - = log ~—5—
(K)zz = ez |2 ( o T 6p> ( ‘ 2) LR R VA
] (C.35)
ie2ghv 1 A2
I _ Al g2 L 202) |1 i
( )ZZ (47‘(’)28202 c < w + 6p > og MI%V ) (C 36)
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(M)z7 = (j§§§’:§C2 lé ( % - §p2> <c2 - g) M éM%] log Aﬁ; , (C.37)
(N)zz = (Z§j§:;62 {%MEV log M;v + %M,?i + <4c2 — ;) M3, + %M%] log MA—;E} ,
(C.38)
()75 = 9 FM&V] log X (C.39)
(4m)2s2c2 | 4 Mgi
(P)zz = (ngg& [— EMV%/] lOgMA—;E’ (C.40)

where we have neglected terms of O(az?M{,) and used M3, ~ ¢ M2 which is valid to leading
order in z.

D. Feynman Graph Results: Charged Gauge Bosons

In this appendix, we present the results of each diagram contributing to the charged gauge-
boson self-energy function Ilyy, as shown in Fig. B

= 228 L1 - @MW + 1—5%) o8 377 0.1
(Blww = (4;"2 . (gMW + ot %%) log ]Q—; , (D.2)
(Chww = (f;q:; % (gMgi - gMp%) + %gﬂ) + (—=9¢2 + 18) M3, — %Mg log MA—;[
_ (Tj)gf; % <9M§i + %ﬁ) + (—9(:2 + %) M2, — §M§] log MA—; ,
: ’ (D.3)
(D)ww = (if;gf; - 3M$V] logﬂj—;v, (D.4)
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(szjﬁq:y ~ M| log M—;v ) (D.5)
ie?ghv __ §M2i +3(C2_2)M5{/] logA—2 (D.6)
(dm)2s® [ 477 M}
R L
(if;f:; :— ZM,?i 43— 2)M5V] log MA_; , .,
(Z:;f:; :_ (1 —262) (MVQV - ép2> log ]\j}—;v , (D.8)
(Zj;f:; :_ 62—2 (Mvzv + Mz - %p2) log ]\3—; , (D.9)
o (s 3w @9 0 o
(ile;f:; :_ i (Mgi - ép2> + <C2 - %) Mgy + éM%] log MA—; , (D.10)
(T:;]:; : (=¢®+2) M, — M7 | log M—;V ; (D.11)
A R
(Ze:;}:; {EMI%V log ;}—;V +| - iMPﬂ + <02 - Z) My, + ZM%] log MA_;E} :
(D.13)
% [— iMﬁi + (A —1) M, — iz\@] log MA_;E , (D.14)
%{iMélogﬁ—; + |- ngi + (Cz + i) M2, — %M%] 10gMA_;E} 7
(D.15)
(ileji]::2 N ngi + <C2 - Z) M, + %M%] log MA—; : (D.16)
(Zzle;i]:; _i (MVzV M - %p2> log ]\1}—; : (D.17)
(i 1% <M3i - §p> (e gg) M 15_6MZ] oa gz (O
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e = 20 [ (i ) - (- ) s~ S o

o) (e D) o
v = 2t 1 (o s 1) = (2= T) S o

_ (T;g:; % <M§i — 6]92) <202 - ?) M2, iM%] log M;i : (D.20)
()ww = (47736' :— M 1ogj§—;v, (D.21)
Vyww = (4;0’ :— M3 logﬁ—;v, (D.22)
(W)ww = (ﬁ?’;; :— ileo + (2 —2) ME + %M%] log MA—;E

= (T;Sq;; :— iMsi + <02 — Z) M3, + EM%] logMA—;i, (D.23)
(X = (ﬁ?’;; - ngi + <02 - g) M2 | log MA—; , (D.24)

L P

Y)ww = (T;Sq;; E %] logMA—;E, (D.25)
(Z)ww = (Z:;Sq;; _g 5[/] logMA—;i, (D.26)
(ww = (T;Sq;; _ - é %] log MA—;, (D.27)
B = (0 —é W] 1ogMA—§i, (D.29)

where we have neglected terms of O(az?M{,) and used M3, ~ ¢ M2 which is valid to leading
order in z. Note that, in Eqn. (p.J), we have used the relation Mp20 = Mpzi + i—;M&V which
follows from Eqns.(f.J) and ([£.7) to leading order in z = go/gi.

E. Pinch Contributions and v-p, Z-p, W-p Mixing Amplitudes

As discussed in Section p.2, the p-pinch contributions of Eqns. (5.29) — (6.33)) arise diagra-
matically from the v-p, Z-p and W-p mixing contributions to the scattering amplitudes of
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ordinary fermions. From Eqn. (p.2¢), we see that the couplings of the neutral p-meson may

be written

2 2 2
e T " c’—s 2c¢ 11 "
Jﬁ—ng —SIIJ‘<1—F> JA—ZE 2@ <1_C2—32§> JZ' (El)

For ordinary fermions, whose couplings to the gauge-eigenstate V# at site 1 are suppressed
by z1 = O(x?), the v — p and Z — p mixing amplitudes give rise to corrections to four-fermion
scattering amplitudes analogous to Equs. (6.27) and (f.29):

1 1 2 _ g2 2¢2
M oAty [ (- B) 4055 (1- 255 2]
p b = x C

Mg 2¢ — 52 2
+ (A Z+ .A',Z’) , (E.2)
1 1 x g 22
Z_ 1 / 1 /
M| memHme[—«Sf(l—ﬁ)A—lﬂ o <1_C2—32F>Z:|
+ (A Ze A 2. (E.3)

Comparing to Eqns. (p.4) and (6.17), we see that these corrections may be absorbed into
redefinitions of the neutral boson self-energy contributions through

Allyy = 23Mi3 (1 - %) P2T14,(0), (E.4)
Ay = S (1 2 ) 07 - M) (E:5)
A7, = SMipg <1 - %) p*Tlz,(0), (E.6)
Allyy = & - SQM% <1 0226282%> (p* — MZ)Tz,(0) (E.7)

where we have assumed p? =~ MEV L, <M p2. Similar considerations (or, alternatively, taking
the limit s — 0 and Mz — My in Eqn. (E7)) lead to contributions to the charged-boson
self-energy

X X
ATl = 7 (1 _ 2:6—;) (9% — M2y ,(0) . (E.8)

In this appendix, we present the results of the mixing amplitudes Il14,, IIz,, and Iy,
and we confirm that the relations Eqns. (E.4)-(E.§) reproduce the results of Eqns. (6.29) —

(B:33).

E.1 Photon-p and Z-p Mixing Amplitudes 114, and 1Iz,

The photon-p mixing amplitude 114, and the Z-p mixing amplitude Iz, arise from the
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Figure 8: One-loop diagrams contributing to Z — p mixing amplitude

diagrams illustrated in Fig. §. We find

ie?ghv [9n2 A?
A)yp = 21 log —
( )’YP (471’)28 _ 0og Mg,
ie?ghv [ 6012 A2
Cyp = £ | log —
( )“/P (47)2s e og Mg )
ie2ghv [ M2 A2
E),, = —2 1 log —
( )’YP (47‘1’)28 0og Mg )
2 [ 2 A2
ie*g P
G)yp = ——L | log —
( )’YP (47)2s _ 0og Mp2 )
2 v [ 2 A2
ie®g P
K),, = ——L | log —
( )“/P (47)2s _ og Mp2 )
for 114, and
0202 2y v [Qpf2 A2
(Azp = LT\ 0 1o
2(4m)2s2c x M?
2002 2 o [ g2 A2
ie*(c® —s
(©)zp = LTI e g £
2(4m)?s%c x M
202 2\ v | 2 A2
ie*(c® —s
(E)zp = (—22)9 —F | log ——
2(4m)?s%c x M
202 2y [ 2 A2
@)z = ie*(c* —s)g | My log X
2(4m)2s2¢ x M?2
202 2 o [ 2 A2
(K)z, = ie*(c* —s%)g | My og X
2(4m)2s2¢c x M?2
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Figure 9: One-loop diagrams contributing to W — p mixing amplitude

for IIz,. Here we keep only the leading M, 3 /x terms, and neglect other subleading contribu-
tions. Putting these contributions together, we find

22 M? A?
I = ———Llog — E.1
Ap(O) (471')28 T 0og Mp2 ) ( 9)
(2 — s%) M3 A?
Hz,(0) = <mysee 2 8 (£:20)

Combining Eqns. (E.19)-(E.20) with Eqns. (E.4)-(E.7) yield the results presented in Section

b3,
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E.2 W-p Mixing Amplitude Iy,

The W-p mixing amplitude Ily, arises from the diagrams illustrated in Fig. f. We find

Oy = gt :9];43 o8 377 (E:21)
Py =yt :—Mf log;}—;, (B.22)
(@ = 515 :—Mf o8 - (B:23)
e = gt —7 10%%, (B.24)
Ty = s 7 logﬁ—;, (5.25)
(W, = % —f— 10%%, (E.26)
(X)) = % _1;4_5 1og]\1>—; (E.27)

Here we keep only the leading M p2 /x terms, and neglect other subleading contributions.
Putting these contributions together, we find

2 Mp2 A2

The amplitude Eq. (E.29), used in Eq. (E.§), yields the results presented in Section p.J.

F. Vertex Corrections from Fermion Delocalization Operator

From the forms of the x1-dependent interactions of Eqn. ([.d), we see it is straightforward to
compute the vertex correction amplitudes J 2 —Aand J 2 — Z. Note that the vertex correction
arising from an interaction of the first term of line two in Eqn. ([7.3) is suppressed by a factor
of (MI%V /Mii) due to the my + loop; therefore, it may be neglected since we are concerned
with the leading log contributions of the form log(A? /M‘%lﬂ p). The relevant Feynman graphs
are shown in fig. fj.

By using the formulae of Feynman integral in Appendix [B, the vertex correction am-
plitudes corresponding to diagrams (A)-(E) of figure [ are evaluated to be, for an external
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photon

2ie3 g /14 A?
(B)JgA = (471')282 <_> IOg M2, (Fl)
ot
ie3g  ray A?
(C)JzA - _(47'(')282 (_) log Mp2i ) (F2)
ie3gh  raq A?
(E)sa = (i7)2s2 <P> 08 17 (F.3)
p:l:
and, for an external Z-boson
ie3gv  ray A?
(A)J%Z - (47‘(’)2836 (P) IOg Mpzi s (F4)
ie3(c? — s%)g" /1y A?
(Blrpz = e — (32) 108 M (£:5)
ie3ghv  raq A?
(@) yzz = T I(dm)255e <$2> log —5- MZ (F.6)
ie3(c? — s%)g" /1y A?
Dz = - 2(4m)?s3c (?) log M2’ (£.7)
P
i€3(02 _ 82)g/u/ 1 A2
(B)ipz = gmpse— (32) 108 A (F8)

It should be noticed that (C) s3 s+ (E) s3 » = 0; the corresponding one-loop generated operator
is written in the form,

e? x A?
L)) = =" (9o Ly — g1V )¥r - [7 ( 1) log

F.
(47)2s2 \ a2 Mpi ’ (F.9)

in which the operator (goL, — g1V}, is orthogonal to the photon.
Combining Eqns.(F-4)-(F.§) and (F.I)), we find that the vertex corrections are incorpo-
rated into the following operators:

Lot =— - CL(Mssr) - T Z, + e Go(MPssan) - TP A, (F.10)
where

2 2

2 . e 2 1 I A
G (M501) = (s <2c - Z) (P) log 32~ (F.11)

P

2¢2 T A?

2( pi,ﬂn) (4%)232 (m2> 0og Mp2i ( )
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