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There are two ways to do great mathematics.
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ABSTRACT OF THE DISSERTATION

Symplectic invariants and moduli spaces of integrable systems

by

Joseph Palmer
Doctor of Philosophy in Mathematics
University of California, San Diego, 2016

Professor Alvaro Pelayo, Chair

In this dissertation I prove a number of results about the symplectic geometry of finite
dimensional integrable Hamiltonian systems, especially those of semitoric type. Integrable systems
are, roughly, dynamical systems with the maximal amount of conserved quantities. Though the
study of integrable systems goes back hundreds of years, the earliest general result in this field is the
action-angle theorem of Arnold in 1963, which was later extended to a global version by Duistermaat.
The results of Atiyah, Guillemin-Sternberg, and Delzant in the 1980s classified toric integrable
systems, which are those produced by effective Hamiltonian T™-actions. Recently, Pelayo-Vu Ngoc
classified semitoric integrable systems, which generalize toric systems in dimension four, in terms of
five symplectic invariants. Using this classification, I construct a metric on the space of semitoric

integrable systems. To study continuous paths in this space produced via symplectic semitoric

xi



blowups, I introduce an algebraic technique to study such systems by lifting matrix equations from
the special linear group SLs(Z) to its preimage in the universal cover of SLy(R). With this method I
determine the connected components of the space of semitoric integrable systems. Motivated by this
algebraic technique, I introduce the notion of a semitoric helix; the natural combinatorial invariant
of semitoric systems. By applying a refined version of the algebraic method to semitoric helixes
I classify all possible minimal semitoric integrable systems, which are those that do not admit a
symplectic semitoric blowdown. I also produce invariants of integrable systems designed to respect
the natural symmetries of such systems, especially toric and semitoric ones. For any Lie group G, I
construct a G-equivariant analogue of the Ekeland-Hofer symplectic capacities. I give examples when
G = T* x R?*_in which case the capacity is an invariant of integrable systems, and I study the
continuity of these capacities using the metric I defined on semitoric systems. Finally, as a first step
towards constructing a meaningful metric on general integrable systems, I provide a framework to
study convergence properties of families of maps between manifolds which have distinct domains by

defining a metric similar to the L! distance on such a collection.

xii



Chapter 1

Introduction

A symplectic manifold is a pair (M,w) where M is a smooth manifold and w is a closed,
non-degenerate 2-form on M. The study of symplectic manifolds was originally motivated by
classical mechanics, where symplectic manifolds are used to model the phase space of certain physical
dynamical systems. Such systems are called integrable if they possess the maximal number of
independent quantities which are preserved by the dynamics.

Despite being a very classical subject going back to the 17th century or earlier, very few
general results are known about integrable systems, although there is extensive literature about
concrete examples. In the 20th century there have been a number seminal works which apply
to general integrable systems, some of the most famous ones being the action-angle theorem by
Arnold [2] and its global version by Duistermaat [22].

In the 1980s integrable systems of toric type were classified by Delzant [21], using as a
stepping stone the convexity theorem of Atiyah [3] and Guillemin-Sternberg [40]. Toric integrable
systems are those which have specific periodic symmetries in addition to having the conserved
quantities of an integrable system, and thus can be viewed as an effective Hamiltonian T™-action.
Delzant classified them in terms of the image of the associated momentum map, the joint map of
the conserved quantities, and showed that in this case the image is what is now known as a Delzant
polytope.

This subject has been recently revitalized by the Pelayo-Vu Ngoc classification of semitoric



integrable systems [70], which generalize toric integrable systems in dimension 4. This classification
is the culmination of several years of work constructing symplectic invariants of semitoric integrable
systems [69, 76, 77]. Semitoric integrable systems are classified in terms of five invariants, one of
which is analogous to the Delzant polytope while the other four are related to the focus-focus (or
nodal) singularities which can arise in semitoric systems but not in toric ones. The classification of
semitoric systems is much more delicate than that of toric systems because the presence of focus-focus
singularities create Duistermaat monodromy [22] in the natural structure of the system.

We begin with a general outline of the relationship between symplectic geometry, dynamical

systems, and integrable systems.

1.1 An informal example

If @ is a manifold which represents all possible configurations of a physical system, then
each point of T*@, its cotangent bundle, is a state of the corresponding system, containing both
location and momenta information. In this case, T*(@) is known as the phase space of the system.
The phase space is also equipped with a function H: T*@) — R, known as the Hamiltonian or energy
function, which assigns to each state of the system the total energy of that state. For this illustration
we assume that H is time-independent. Solving such a system amounts to extracting from H the
dynamics of the system. That is, the goal is to use a function on the phase space to determine an
R-action, or flow, on the phase space which represents the way that the system transforms over
time. This is where symplectic geometry becomes useful. We will see that every cotangent bundle is
equipped with a natural symplectic form, and thus is a symplectic manifold.

If (M,w) is a symplectic manifold and f: M — R is any smooth function then there exists a

unique vector field Xy on M which satisfies

W(X7,Y) = —df(Y)

for all vector fields Y on M. The vector field X ¢ is known as the Hamiltonian vector field of f. Thus,
symplectic geometry provides a method of producing a vector field from a function. If M is a phase

space and f = H is the associated time-independent Hamiltonian then the flow of X g, when it is



complete, describes the dynamics of the system. In this case (M,w, H) is known as a Hamiltonian
system.

The problem of understanding the flow of Xy can be a difficult one. In the situation we
have described, H will be a conserved quantity of the system, that is, H is invariant under the flow
of Xg. This already gives us a hint about computing the dynamics, the flow lines must always lie on
level sets of the function H. If more independent conserved quantities can be found, then the flow
will be further restricted.

Roughly, a completely integrable Hamiltonian system, or simply an integrable system, is a
Hamiltonian system on a symplectic manifold equipped with the maximum number of independent
conserved quantities. Symplectic manifolds are even dimensional, and if M is 2n-dimensional then
an integrable system on M will have a total of n conserved quantities. If an integrable system has
conserved quantities

f1:H7f27"'7fn:M_>R

then the joint map

F:(f177fn)M_>Rn

is known as the momentum map.
Suppose that F is proper, so each Hamiltonian vector field Xy, of the component f; of F is

complete. An important property of integrable systems is that the flows of X ,..., Xy, commute,

and thus produce an R™-action on M. The orbits of this R™-action are contained in level sets of F',
since each component of F' is preserved by this R™-action. Thus, in the study of integrable systems
there is interplay between dynamics - the orbits - and a singular fibration - the level sets of F'.
Now, we can give a better indication of the definitions of toric and semitoric integrable
systems. An integrable system is toric if the flow of the Hamiltonian vector field associated to each
of the components of its momentum map is periodic of period 27w. These systems are considered
to be very interesting, but nonetheless this definition is very rigid. Delzant [21] showed that two
toric integrable systems are diffeomorphic by a diffeomorphism which preserves the symplectic form

and the momentum map if and only if the images of their momentum maps agree. That is, Delzant

showed that toric integrable systems are classified by the image of their momentum map, which is



necessarily a specific type of polytope known as a Delzant polytope.

A semitoric integrable system is an integrable system in dimension 4 for which the singular
points of the momentum map are of a specific type and one of the two components of the momentum
map is proper with 27-periodic flow. The requirements of this definition are much less rigid than
those of a toric integrable system. Pelayo-Viu Ngoc [69, 70] classified these systems in terms of a list

of five invariants.

1.2 The aim of this work

The general goal of this dissertation is to construct invariants of integrable systems and
to study continuous deformations of integrable systems. Special emphasis is placed on toric and

semitoric systems. Questions addressed include the following:
1. Does there exist a meaningful topology or metric on the space of semitoric integrable systems?
2. Must the limit of semitoric systems be semitoric?
3. What steps can be taken towards a topology or metric on more general integrable systems?
4. What are the path-connected components of the space of semitoric systems?

5. Is there a reasonable way to define blowup/blowdown operations on semitoric systems? Can

the systems that do not admit a blowdown be classified as they are in the toric case?

6. Is there a purely combinatorial invariant of semitoric systems, analogous to the fans of toric

systems (and of toric varieties)?

7. What invariants of integrable systems can be produced which respect the natural symmetries

of such systems?

With these goals in mind, in this dissertation I define a metric, and thus topology, on the
moduli space of semitoric integrable systems which extends a known metric on toric integrable
systems and I characterize the connected components of the resulting topological space. I introduce
semitoric helixes, which are the natural combinatorial invariant of semitoric systems, and develop an

equivariant version of symplectic capacities in order to construct new invariants of integrable systems.



Also, as a step towards a metric on more general spaces of integrable systems, I define and study a

metric on spaces of maps which may not have the same domain.

1.3 Outline

e In Chapter 2 I give a quick exposition of the background necessary for the rest of the
dissertation. This chapter is broken into two parts. First is an introduction to symplectic
geometry, which includes the basics of symplectic geometry along with discussions of symplectic
invariants (such as symplectic capacities) and symplectic/Hamiltonian group actions. Secondly,
there is an introduction to the integrable systems from a symplectic point of view. This includes
the classifications of toric and semitoric integrable systems and a discussion of non-degenerate

singular points of integrable systems.

e In Chapter 3 I extend the metric on toric systems from [67] to semitoric systems. The metric
on toric integrable systems is defined by declaring the distance between two systems to be
the usual Lebesgue measure of the symmetric difference of their Delzant polytopes. I extend
this distance to semitoric systems by considering each of the five semitoric invariants from
the Pelayo-Vii Ngoc classification [70]. The metric on semitoric systems is constructed in
Section 3.2, and it depends on two parameters, a sequence and a measure on R?. The main

result of Chapter 3 is Theorem 3.2.12, which states that:
1. the proposed function is indeed a metric;

2. the topology of the metric space does not depend on parameters of the metric;

3. the resulting metric space is incomplete,
and describes the completion.

e In Chapter 4 I develop an algebraic method to study an object I introduce in this chapter
known as a semitoric fan. I study these objects in order to use them in Chapter 5 to determine
the connected components of the space of semitoric integrable systems. Roughly, a semitoric
fan is a collection of vectors in R? which can be obtained as the inwards pointing normal vectors

of an element of a semitoric polygon. Each subsequent pair of vectors in the fan determines



an element of SLy(Z), and composing these matrices must equal a specific matrix which is
determined by the number of focus-focus singular points in the corresponding semitoric system.
This equation in SLy(Z) does not contain enough information to classify such fans because it
does not count the number of times the vectors in the fan wind around the origin. Thus, I
study semitoric fans by lifting these equations from SLy(Z) to its preimage in the universal
cover of SLy(R). I am then able to prove Theorem 4.1.1, which describes how semitoric fans

can be related by a sequence specific transformations, and which is useful in Chapter 5.

e The goal of Chapter 5 is to determine the connected components of the moduli space of
semitoric systems from Chapter 3. From the definition of the metric, it is clear that any two
semitoric systems with different numbers of focus-focus singularities and systems with different
twisting index invariants must be in different components of the moduli space. In Chapter 5,
using the algebraic tools developed in Chapter 4, I prove that this is the only obstruction
to two systems being in the same component. That is, any two semitoric systems with the
same number of focus-focus singular points and the same twisting index invariant may be
continuously deformed into one another via a continuous path of semitoric systems with the
same number of focus-focus singular points and the same twisting index invariant. This is the

content of Theorem 5.1.1, which is proven using Theorem 4.1.1.

e In Chapter 6 I introduce a combinatorial invariant of semitoric systems which I call the
semitoric helix. Semitoric helixes are a refinement of semitoric fans from Chapter 4 which
generalize the toric fans of toric integrable systems. In this chapter I discuss the method of
producing these invariants using the semitoric polygon invariant introduced by Vi Ngoc [77]. I
expand on the techniques from Chapter 4 to study minimal models of semitoric helixes, which
in turn gives a classification of minimal semitoric systems. A semitoric system is minimal if
it is impossible to perform a symplectic blowdown on the manifold, and this corresponds to
the case that each vector in the associated semitoric helix is not the sum of the adjacent two
vectors. In this chapter, I give a complete classification of minimal helixes in Theorem 6.1.13

and explain the relation between semitoric systems, semitoric fans, and semitoric helixes.

e In Chapter 7 I construct invariants of symplectic G-manifolds and define an equivariant



version of symplectic capacities. In particular, I study G-capacities when G' = T* x R%~%. Since
integrable systems with complete Hamiltonian flows come equipped with a natural R™-action
these can be used as invariants of integrable systems in which & of the components of F' have
periodic flows. I construct an equivariant version of the Gromov radius, which is proven to
be a R™-capacity in Theorem 7.1.1 and I construct equivariant ball packing capacities for
toric and semitoric systems, which are proven to be T? and S! x R-capacities, respectively, in
Theorem 7.1.2. Roughly, these capacities measure the symplectic volume of the given toric or

semitoric manifold which can be filled with equivariantly symplectically embedded balls.

In Chapter 8 I study the continuity of certain G-capacities. The topology on the space of
toric integrable systems from [67] and the topology on the space of semitoric integrable systems
in Chapter 3 create the possibility to study the continuity of symplectic invariants on these
spaces. Theorem 8.1.1 specifies the regions of continuity of the packing capacities and the

equivariant Gromov radius on toric and semitoric systems.

In Chapter 9 I study families of maps which have different domains. For manifolds M and
N where M is equipped with a volume form I consider families of maps in the collection
{(¢,By) | By C M,¢: By — N with By, ¢ both measurable} and I define a distance function
similar to a generalized L' distance on such a collection. Theorem 9.3.1 states that the proposed
function is indeed a metric and that the resulting metric space is complete. The relationship
between convergence in this metric and the natural notion of pointwise almost everywhere
convergence in this context is given in Theorem 9.3.5. In Theorem 9.3.8 I use the new metric
to study families of maps which converge after an arbitrarily small perturbation. This metric
could in principle have many applications, but it was developed with integrable systems in mind.
If (M,w, F) and (M’,w’, F') are integrable systems such that M and M’ both symplectically
embed into a symplectic manifold (N,n) then the distance from Chapter 9 can be used to

compare M and M’.



Chapter 2

Preliminaries

In this section I provide a quick overview of the symplectic theory of integrable systems.
Section 2.1 covers general symplectic geometry and Section 2.2 is concerned with integrable systems
from a symplectic point of view.

There are many standard resources already available to supplement this chapter. For instance,
the books [10, 55] together form a great introduction to symplectic geometry which includes much
of the same information in Section 2.1. Additionally, the book [8] and survey paper [71] are good

resources from which to study the symplectic theory of integrable systems to complement Section 2.2.

2.1 Symplectic geometry

A symplectic manifold is a pair (M,w) where M is a smooth manifold and w is a closed, non-
degenerate 2-form on M. That is, dw = 0 and for each p € M if v € T, M is such that w,(v,w) =0
for all w € T, M then v = 0. In this case w is known as the symplectic form. Given two symplectic
manifolds (M,w) and (M’,w’) a diffeomorphism ¢: M — M’ is known as a symplectomorphism if

¢*w’ = w, and in this case (M,w) and (M’,w’) are said to be symplectomorphic.

2.1.1 First consequences

The existence of w puts some requirements on M. Let (M,w) be a symplectic manifold and

let p € M. By using a skew-symmetric form of the Gram-Schmidt process, it can be seen that on the



tangent plane T, M there exists an integer n > 0 and linear coordinates z1,...,%n,y1,...,Yn such

that

wp(zi,z5) = wp(yi, y5) = 0 and wy (24, y;) = 6ij

for all 4,5 = 1,...,n. This implies that M must be even-dimensional. The degeneracy condition on
w implies that w™ = w A ... Aw is a volume form, so M must be orientable.
If M is compact and 2n-dimensional, then its even dimensional de Rham cohomology groups

H2*(M), for k =1,...,n, must be non-trivial. This is because if w* = dn then

o= [an= [ n=c
M M oM

by Stoke’s theorem and the fact that 0M = @. This contradicts the non-degeneracy of w. In
particular, the only sphere with a symplectic structure is the 2-sphere.

In dimension 2n = 2 the definition of a symplectic form coincides with that of a volume
form. Thus, any orientable surface is a symplectic manifold.

Recall Cartan’s magic formula, which states that
Lxn=dixn+ixdn (2.1)

where £ is the usual Lie derivative, X is any vector field on M, n € QF (M), and ¢ is the interior
product defined by

LxT)(Xl, . an—l = 77(X, Xl, . an—l)

for vector fields Xy,...,X;_1 on M. In the case that w is a symplectic form then Equation (2.1)
implies that

Lxw=dixw

for any vector field X on M because w is closed.
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2.1.2 Local theory

An example of a symplectic manifold is R?” with linear coordinates 1,...,Zn, Y1,---,¥Yn

and symplectic form

Wy = zn:dl‘l A dy;.

i=1
Given an open U C M we pull back the symplectic form on M to U via the inclusion map in order

to give U a symplectic structure.

Theorem 2.1.1 (Darboux). Let (M,w) be a symplectic manifold and let p € M. Then there exists

an open neighborhood of p which is symplectomorphic to an open subset of (R*™, wy).

This theorem gives a local normal form for any point of all symplectic manifolds and thus
implies that the only local symplectic invariant is the dimension. Therefore, the study of symplectic
invariants by necessity is a study of global phenomena. This should be compared to Riemannian

geometry in which there are local curvature invariants.

2.1.3 An example: Cotangent bundles

Let @ be any n-dimensional manifold and T*@ its cotangent bundle. Let 7: T*Q — @ be
the natural projection so dn: T(T*Q) — TQ. Any z € T*(Q) is a pair x = (¢,&) where ¢ = 7(x)
and § € T;Q. Recall that if (U,qi,...,¢,) is a chart for Q then (dg1)g, ... (dg,), form a basis of
T:Q. Thus, any & € T;Q can be written as £ = > | &(dg;)q. This induces a chart, known as a
cotangent chart, (T*U,q1,...,qn,&1,.-.,&) on T*Q about the point (g, &).

Define a 1-form a € Q'(T*Q) pointwise by

a(qe) = g8

In a cotangent chart (T*U, q1,...,qn,&1,---,&) it can be seen that

i=1

This form « is known as the tautological one-form on T*(Q.
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Now define

so locally

w = zn:dqi A dE;.

i=1
We know that w is intrinsically defined because « is, and it is immediate from its definition that w is

a closed, non-degenerate 2-form. That is, w is a symplectic form on T*(Q).

2.1.4 Lagrangian submanifolds

Let (M,w) be a 2n-dimensional symplectic manifold. A submanifold X C M is said to be
isotropic if i*w = 0 where i: X — M is the inclusion map. The dimension of X can be bounded

above by symplectic linear algebra.

Proposition 2.1.2. If X is a isotropic submanifold of (M,w) then
. 1.,
dim(X) < idlm(M)

Proof. Suppose that X C M is isotropic and let p € M be any point. Then T, X C T, M is such

that wy(v,w) =0 for all v,w € T, X. Let
(TpX)Y ={v e T,M | wp(v,w) =0 for all w e T, X}
and dim(T,X) 4+ dim((T, X)) = dim(T, M) because the map

T,V = T, X

v = wp(v,-)

has rank dim(T,X) and nullity dim(T,X)“). Since X is isotropic T, X C (T, X)*, and we conclude
that if X is isotropic then

2dim(X) < dim(M). O
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Definition 2.1.3. A submanifold X of a symplectic manifold (M,w) is a Lagrangian submanifold if

X is isotropic, i.e. i*w = 0 where i: X < M is the inclusion map, and dim(X) = 1dim(M).

Suppose M = T*@, the cotangent bundle of an n-dimensional manifold @), equipped with
the standard symplectic form on cotangent bundles as in Section 2.1.3. Then () can be identified

with the zero section of T*@Q) which is given by

Qo ={(¢,;§) [ £ =0 in T,Q}.

In a local cotangent chart (T*U, q1, ..., qn,&1, - - ., Tiy,) this submanifold is described as & = ... =
&, = 0, so the tautological 1-form o = Z?zl &;dx; vanishes on Q. That is, if i: Qo — T*Q is the
inclusion map then i*a = 0. Thus i*w = —i*da = 0 so Qg is a Lagrangian submanifold.

Here we have seen that any manifold @ can be realized as a Lagrangian submanifold by
identifying it with the zero section of its cotangent bundle. This is the content of ”Weinstein’s

Lagrangian creed” that ”everything is a Lagrangian submanifold”.

2.1.5 Symplectic group actions

Let (M,w) be a symplectic manifold and let G be a Lie group with Lie algebra Lie(G) and
dual Lie algebra Lie(G)*. Then ¢: G x M — M is a symplectic G-action if:

1. ¢(g,-): M — M is a symplectomorphism for all g € G;

2. ¢(g,6(h,-)) = ¢(gh,-) for all g,h € G.

If ¢ is a symplectic G-action on (M, w) then the triple (M, w, ¢) is known as a symplectic G-manifold.

Such an action is a Hamiltonian G-action if there exists a map p: M — Lie(G)* such that
_d<M> X> = W(XMv )

for all X € Lie(G) where Xjs denotes the vector field on M generated by X via the action of G.

That is, for X € Lie(G) the vector field Xy is given by

(Xa)y = LOP(EX), )],y
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Such a quadruple (M, w, ¢, i) is known as a Hamiltonian G-manifold and p is known as the momentum
map.

An as example, consider the sphere S? viewed as a submanifold of R?® with coordinates (6, h)
where 6 € [0, 27) represents the angle and h € [—1, 1] represents the height (cylindrical coordinates
on R3). Then S? is a symplectic manifold since it is an orientable surface and the symplectic form is

given by w = df A dh. A symplectic action of R on S? is given by

¢:RxS*— 52

(t,(0,h)) — (0 +t,h).

The vector field induced on S? by this action is 6% and

0
—, - | =dh
? (ae’ )
which means that the action ¢ is Hamiltonian with momentum map —h: 5% — R.

Next consider a similar action on the torus. Let T? = S! x S! have coordinates (aq, as)

where o; € S2 C C and endow T? with the symplectic form w = da; A daw. Define an action

P: R x T? — T2

(t, (051,042) — (041 =+ t,ag).

The induced vector field is a%” and
0
— . )l =4d
w (aal s ) a1

which closed but not exact. Thus, this action is symplectic but not Hamiltonian.
Let ¢ be a symplectic G-action on (M, w) and let X s be the vector field on M generated by

X € Lie(G). By Cartan’s magic formula

Lx,w=dux,,w+tx,dw
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which implies that

dex,,w=0

because w is closed and the G-action is symplectic. The action is Hamiltonian if and only if ¢x,,w is

exact for all X € Lie(G). Thus, we see that if H!(M) = 0 then all symplectic actions are Hamiltonian.

2.1.6 Symplectic capacities

By Theorem 2.1.1 there are no local invariants in symplectic geometry, but we will see that
there are many interesting global invariants. An important class of such invariants are known as

symplectic capacities. Let

B?"(r) = {(x1,915- -+, TnyYn) e R?" | x%—i—y%—&-...xi—l—yi <r2}

denote the 2n-dimensional symplectic ball of radius r and let Z?"(r) = B2(r) x R?"~2 denote the
2n-dimensional symplectic cylinder. Both inherit a symplectic structure from the natural embedding
into R?". A symplectic embedding is an embedding which preserves the symplectic form. In the 1980s

Gromov proved the following influential theorem.

Theorem 2.1.4 (Non-squeezing theorem [35]). There exists a symplectic embedding p: B> (r) —

7Z?"(R) if and only if r < R.

This should be contrasted to the case of volume-preserving embeddings. For all , R > 0
there exists a volume preserving embedding B2n(r) < Z2"(R).

Theorem 2.1.4 motivates the following definition.

Definition 2.1.5. The Gromov radius of a 2n-dimensional symplectic manifold (M, w) is given by

cg(M) = sup{r > 0 | there exists a symplectic embedding B*"(r) < M}

If ¢: (M,w) — (M’',w') is a symplectomorphism then p: B"(r) — M is a symplectic

embedding if and only if ¢ o p is a symplectic embedding, so the Gromov radius is a symplectic
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invariant. The non-squeezing theorem asserts that

cs(Z2"(r)) = 7.

Let Symp®™ be the category of symplectic 2n-dimensional manifolds with symplectic em-
beddings as morphisms. A symplectic category is a subcategory € of Symp?" such that (M,w) €@
implies (M, \w) € C for all A € R\ {0}. Let € C Symp>" be a symplectic category.

The following fundamental notion of symplectic invariant is due to Ekeland and Hofer.
Definition 2.1.6 (]26, 44]). A generalized symplectic capacity on C is a map c: € — [0, 0o] satisfying:

1. Monotonicity: if (M,w),(M’,w") € € and there exists a symplectic embedding M < M’ then

c(M,w) < e(M',u');
2. Conformality: if A € R\ {0} and (M,w) € € then ¢(M, \w) = |A| ¢(M,w).
If additionally B2",Z2" € @ and c satisfies:
3. Non-triviality: 0 < ¢(Z*",wp) < oo and 0 < ¢(B?"*,wp) < oc;
then c is a symplectic capacity.

It is clear that the Gromov radius satisfies items (1) and (2), and by the non-squeezing
theorem we can see that it also satisfies item (3). Thus, the Gromov radius is a symplectic capacity
on the category of all symplectic manifolds. Since this definition was formulated, there have been

many more examples of symplectic capacities, see [13].

2.2 Integrable systems

Let (M,w) be a symplectic manifold and let X(M) denote the collection of vector fields on

M. Since w is non-degenerate the mapping

X(M) — QY (M)

X~ w(X,)
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is an isomorphism. This means that given any 1-form 7 there exists a unique X € X(M) such
that 7 = w(X,-). In particular, for each f: M — R there exists a unique vector field, called the
Hamiltonian vector field of f and denoted Xy, on M which satisfies —df = w(Xy, ). Hamiltonian

vector fields preserve the symplectic form because

Loy w = dix,w + 1, dw = —d(df) =0

f

making use of Cartan’s magic formula and the flow of X; preserves f because
Lo, [ =Xp(f) =df(Xy) = —(eox,w)(Xy) = —w(Xy, Xy) = 0.

2.2.1 Classical mechanics

A Hamiltonian dynamical system is a triple (M,w, H) where H: M — R is the Hamiltonian
function and represents the total energy of the system. Such a system evolves by flowing along X .
As a first example, consider R?" with coordinates (qi,...,qn,P1,--.,Pn) and the usual
symplectic form w = Z?Zl dg; A dp;. Let us compute Xz in this case. Let Xy = Z?:l aia%i + bia%i'
Then tx,,w = H implies that
"\ OH OH

> aidp; — bidg; = Y ——dg; +
i=1 i=1 9qi

dp;
Opi P

and thus Xy = > 1, g—ga%i - g—ga%i. This means that a curve v(t) = (¢(¢), p(t)) is an integral curve

for X if and only if

d¢; OH
dt B 8pi’
dp;  OH
at —  dg;’

recovering Hamilton’s equations from classical mechanics.
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2.2.2 Integrable systems

Recall that a Poisson bracket on C*° (M) is a bilinear map

{,'}: C®(M) x C®(M) = C*(M)

satisfying the following for f,g,h € C*(M):
1. skew symmetry: {f,9} = —{g, I}
2. Jacobi identity: {f,{g,h}} ={{f, 9}, h} +{g.{f. h}};

3. Leibniz rule: {f,gh} ={f,gth+ g{f,h}.

The symplectic form on M determines a natural Poisson bracket on C*°(M), given by

{f:9} = —w(Xs, Xy).

Proposition 2.2.1. Let f, H € C*°(M) where (M,w) is a symplectic manifold. Then {f, H} =0 if

and only if f is preserved by the flow of Xy .

Proof. This is because

Loy (f)=Xu(f) =df(Xn) = (—ix,w)(Xn) = —w(Xy, Xu) = {H, f}. O

Definition 2.2.2. An integrable system is a triple (M,w, F') where (M,w) is a 2n-dimensional
symplectic manifold and F = (f1,..., fn): M — R" satisfies
L. (df1)p,---,(dfn)p are linearly independent in Ty M for almost all p € M;

2. f1,..., fn Poisson commute. That is, {f;, f;} =0 for all 4,5 < n.

It is important to notice that the differentials dfi,...,df, may be dependent on a set of
measure zero in M. These points are the singularities of the integrable system and they are precisely
the points at which the most interesting dynamics occur.

The map F' is known as the momentum map and its components, fi,..., f,, represent

conserved quantities of the corresponding physical system. By Proposition 2.2.1 we see that {f;, f;} =
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0 implies that f; is preserved by the flow of Xy, for each ¢, j. If H = f; is the Hamiltonian function

of the system then each f; is preserved under the flow of Xp.

Remark 2.2.3. A note on momentum maps: The momentum map of an integrable system
F: M — R™ and the momentum map of a Hamiltonian G-manifold p: M — Lie(G)* are related but
not the same. It is unlucky that they have the same name. Let (M,w, F') be any integrable system
such that Xy, ,..., Xy, are complete. This is automatically true, for instance, if F' is proper. Let
B: Lie(G)* — R™ be any isomorphism of vector spaces and ¢: R™ x M — M take ((t1,...,ts), m)
to the point on M obtained by flowing m along X, for time t;, ¢ = 1,...,n. The order of the flows
doesn’t matter because the functions Poisson commute. Then (M,w, ¢, B o F') is a Hamiltonian

R™-manifold. @

2.2.3 Example

Consider R?" with the standard symplectic form

w= Zn: dz; A dy;
i=1

and F = (f1,..., fn): R?® — R" given by

1
fi=<@} ).

2
Then
0 0
Xf, =wig— +Yis—
1= i, v y;
for i =1,...,n. The flow of Xy, is circular motion in a plane parallel to {; = y; = 0}, and the origin

is a fixed point of the flow of Xy, for all i. By taking H: R?" — R to be given by

H=fi+...+ fn

one obtains a model of the the motion of a particle in a harmonic oscillator centered at the origin. The

coordinates 1, ..., x, describe the location of the particle and the coordinates y1, ..., y, describe
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its momenta.

2.2.4 Regular points of integrable systems

If p € M is a regular point of F', where (df1)p,...,(dfn)p are independent, then

(:X:fl)P7 AR (:X:fn)l) € TPM

are also linearly independent. Also,

wp((Xs)ps (X, )p) = {fis f}(p) = 0

which means that span((Xy,)p, ..., (Xy,)p) C TpM is a isotropic subspace of T, M. Thus, since it
is dimension n, this means that for any regular value ¢ € R™ the submanifold F~!(c) of M is a
Lagrangian submanifold. From this computation we can also see that n is the maximal number of
such functions which can exist by Proposition 2.1.2 which states that a isotropic subspace can have
dimension at most n. An integrable system may be viewed as a dynamical system with the maximal

amount of independent Poisson-commuting conserved quantities.

Lemma 2.2.4. Let (M,w, F) be an integrable system and let ¢ € R™ be a regular value of F. If
Xty Xy, are complete on F~1(c) then each connected component of F~(c) is diffeomorphic to

R % x T* for some k.
Proof. Use the flows of Xy, to produce charts on F~*(c). O

The following theorem completely describes the local dynamics at regular points of the
momentum map. Identify T*T", the cotangent bundle of the n-torus, with T™ x R™ by choosing

coordinates (x1,...,Zn, &1, ..., &) chosen such that the canonical 1-form is written o = Y | & Ada;.

Theorem 2.2.5 (Liouville-Arnold Theorem [2]). Let (M, w, F) be an integrable system with F proper
and let ¢ € R™ be a regular point of F'. Then there exists a symplectomorphism x from a neighborhood
of the zero section of T*T™ to a neighborhood of each connected component of F~1(c) such that

Fox=¢o(&,...,&) where ¢ is some local diffeomorphism of R™.
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This theorem, known as the Action-Angle Theorem, states that if F' is proper then the
preimage of a regular point is always a torus, known as a Liouville torus when they exist, on which
the flow of the Hamiltonian vector fields of each f; is linear and moreover that in a neighborhood of
that fiber there exist coordinates complimentary to those on the torus which create a Darboux chart.

Notice that this result is of a semiglobal nature. That is, it gives a local normal form for a
neighborhood of a fiber F~!(c). It is not global but it gives more information than a local theory,
which would only give a normal form for a neighborhood of a point p € M.

Let p € M be such that F(p) = ¢ is a regular point of F' and as before view (M,w, F) as a
Hamiltonian system by taking H = f;. Then, by Theorem 2.2.5, the corresponding Hamiltonian
system evolves from an initial condition of p along a linear path in the torus F~1(c). The dynamics
at regular points of an integrable system are very well understood. We will see that the dynamics
around the points that are not regular, the singular points, can be very complicated and the existence

of certain types of singular points can have surprising global effects on the system.

2.2.5 Singular points of integrable systems

The point p € M is a critical (or singular) point of F': M — R™ and ¢ = F(p) is a critical
(or singular) value if (df1)p, ..., (dfs), are not linearly independent. This is equivalent to the map
d,F': T,M — R" having rank less than n.

After covering the required background, we will define a notion of non-degenerate singular
points of integrable systems which is analogous to non-degenerate singularities in Morse theory.
In short, a singular point p € M is non-degenerate if the Hessians of fi,..., f, span a Cartan
subalgebra of the space of quadratic forms on T,M. In this section, we explain this definition
in detail and describe two important results about non-degenerate singular points: Williamson’s
pointwise classification of non-degenerate points and Eliasson’s local normal forms for non-degenerate
points.

This description is standard, and can for instance be found in [8, 79, 87].
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Background: Q(T,M) and sp(2n,R)

Here we quickly review how the space of quadratic forms on a linear vector space can be
identified with the Lie algebra sp(2n,R) and mention several other results which will be necessary
for studying singular points of integrable systems.

Let (M,w, F) be an n-dimensional integrable system and let p € M. Fix symplectic
coordinates 1,¥1,...,%n,¥n o T, M and view the elements v € T, M as column vectors. Denote

by Q(T,M) the quadratic forms on M. That is,
1
QT,M) = {q € C*(T,M) ’ q(x) = ixtAqx for A, a symmetric 2n x 2n real matrix}

where z* denotes the transpose of 2. The matrix A, is the Hessian of the function ¢: T,M — R.

That is, in coordinates wy = T1,..., Wy = Tp, Wpt1 = Y1, -, Wan = Yn,
(Ag)ys = 5
v Ow;0w;’

Since (T, M,w,) is a symplectic vector space, and thus a symplectic manifold, it comes equipped
with a Poisson bracket on C*°(T, M), which we denote {-,-},. Thus, (Q(T,M,{,-},) is a Lie algebra.

Let sp(2n,R) denote the Lie algebra of real Hamiltonian matrices. That is,

sp(2n,R) = {A € gl(2n,R) | A'J" = JA}

where

and I, is the n x n identity matrix. The Lie bracket on sp(2n,R) is given by the usual matrix

commutator [A, B] = AB — BA.
Proposition 2.2.6. The Lie algebras Q(T,M, {-,-},) and (sp(2n,R), [-,]) are isomorphic.

Proof. 1t is clear that A; = Ay implies that ¢ = ¢/. A matrix B is in sp(2n,R) if and only if
B = J!A for a symmetric matrix A, since B'J! = JB if and only if (JB)! = JB The isomorphism

from Q(T,M) to sp(2n,R) is given by ¢ — J 1 A,.
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Next we will show that this preserves brackets. Use symplectic coordinates wy = x1,...,w, =

Ty, Wpt1 = Y1, - - -, Wan = Yp and write Ay = (a;;) and Ay = (aj;). Then use

dq 9¢  Jq Of
/ — e
{a.0) = kzl Ok Oyr.  Oyx Oy,

n 2n 2n 2n 2n
1 1=1 =1 =1 =1

2n

! /
Y (ki ); — Ohn)iThy ) Witw;
ij=1

(Z QiQ4n)j <k+n)ia?cj> Wi,

~
Il

\u M” iMz

and write out

[T Ay, T Ay] = [J_l (aij)7J_1 (a/--)]

)

in coordinates to conclude that
J A, =1 Ag, T A

O

Given any function f: M — R such that d,f = 0 the Hessian of f at p is the quadratic

form H,(f) € Q(T, M) with associated matrix

Ase,(5) = <a2f(P)>

8wi6wj
where w1, ..., ws, are now coordinates on M.

Proposition 2.2.7. If f,g € C°(M) and p € M is a singular point of both f and g then

Hp{f 9} = {3 (f): Hp(9) }p-

Proof. Write out both sides in coordinates. O

The following will be useful when studying integrable systems.
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Corollary 2.2.8. Let f,g € C*°(M) be such that d,f =dp,g =0. If {f,g} =0 then

{g—fp(f)a j{p(g)} =0.

Background: Cartan subalgebras of Q(T,M)

Here we very briefly indicate the results we will need regarding Cartan subalgebras of Q(T, M)
which, in light of Proposition 2.2.6, we identify with sp(2n,R).

If g is any Lie algebra then the lower central series is the series

defined by g" = [g,g"!]. A subalgebra b < g is nilpotent if h” = 0 for some n. The normalizer of a
subalgebra h < g is given by

Ng(b) ={a € g|[ab] Cb}.

Definition 2.2.9. A subalgebra h < g is a Cartan subalgebra if is nilpotent and self-normalizing

(ie. b= Ng(fl))-

For any element a € g, denote by C'(a) the commutator of a given by

C(a)={beg|ab=ba}.

An element of a Lie algebra is regular if its commutator is of minimal dimension among commutators
of elements of g. In the case of a matrix Lie algebra, such as sp(2n,R), this amounts to a having all
distinct eigenvalues, in which case dim(C(a)) = n.

Non-degenerate singular points

We now have enough machinery to define the singular points which can arise in the integrable

systems we study. First consider the case of singular points with rank 0.

Definition 2.2.10. Let (M,w,F = (f1,..., fn)) be an integrable system. If p € M is such that
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d,F' = 0 then p is a non-degenerate singular point if

span(g'fp(fl), cees g{p(fn)) c Q(TPM)

is a Cartan subalgebra.

Suppose that p € M is a singular point of F' with rank n — k for some 0 < k < n. Let K

denote the kernel of d, F': T,M — Tp,R™ and let

J= Span((xfl )Pa ceey (xfn )p) c TPM'

Then J is a maximally isotropic subspace of (K,w,) which means that

Wp(v+ T, w+7) = wy(v,w)

is a well-defined symplectic form @, on K/J. The quotient K/J can be identified with a subspace

R Cc T,M. The dimension of R is 2k.

Definition 2.2.11. A singular point p € M of rank n — k is non-degenerate if H,(f1),...,Hy(fn)

span a Cartan subalgebra of Q(R).

Suppose that (M,w, F') is an integrable system where F' = (fi,..., f,) and suppose that

dpF = 0 for some p € M. Since {f;, f;} = 0 we know that

{H{P(fi)vg{p(fj)}p =0

by Corollary 2.2.8. This means that H,(f1),...,H,(f) span an abelian subalgebra of Q(T,M).
If they are independent, so the span is of dimension n, and their span includes a regular element
then p is non-degenerate. This idea is used to prove the following Proposition, which is a useful

characterization of singular points of any rank.

Proposition 2.2.12 (Bolsinov-Fomenko [8]). Let p € M be a singular point such that the rank of
d,F' is k. Then there exists functions g1, ..., gy related to fi,..., fn by a linear transformation such

that:
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1 dpgr = ... = dpgn—k = 0;
2. (Xg, _ir)ps---+(Xg,)p are linearly independent in T, M.

Let L = span{(Xg, )p, - -5 (Xg, . )p} C TpM and let

L¥» = {v e T,M | wy(v,w) =0 for allw € L}

The point p is non-degenerate if and only if Hp(g1), ..., Hp(gn-r) are independent and there exists a
matric

A € span{Hp(gn—k+1), -, Hp(gn)} C AT, M)

such that J=1A has 2(n — k) distinct eigenvalues in L.

Since every Cartan subalgebra of Q(T, M) is generated as the centralizer of a regular element
(denoted A in Proposition 2.2.12), we can classify such subalgebras by the types of eigenvalues which
appear in the associated regular element.

Pointwise classification of singular points

To classify non-degenerate singular points we appeal to a classification of Cartan subalgebras
of sp(2n,R) due to Williamson [82]. Let ¢ € Q(T,M) be a regular element. Then Williamson [82]

showed the following. The eigenvalues of a are divided into three types of groups:
1. Pairs of imaginary roots +ia (elliptic block);
2. Pairs of real roots £ (hyperbolic block);
3. Quadruples of roots +« + 1 (focus-focus block).

The matrix J~'A, corresponding to ¢ can be written in blocks. For each elliptic pair of eigenvalues

+ia there is a 2 x 2 block
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for each hyperbolic pair £+ there is a 2 x 2 block

g 0
0 -8

and for each focus-focus quadruple +a 4 i there is a 4 x 4 block

)

)

3
)

0 0 —8 —«

The matrices which commute with A, preserve these blocks while scaling them. Translating these
matrices back into quadratic operators implies the following classification of Cartan subalgebras of

Q(T,M).

Theorem 2.2.13 (Williamson [82]). For any Cartan subalgebra h C Q(T, M) there exist symplectic

coordinates x1,Y1, ..., Tn,Yn on TpM and a basis qi,...,qn of b such that each g; is one of:
1. elliptic type: q; = 9612 + y?;
2. hyperbolic type: q; = x;y;;

i = TiYi+1 — Lit1Yis
3. focus-focus type: ’ e e
Qit+1 = TiYi + Tip1Yit1;
Theorem 2.2.13 implies a classification of singular points for integrable system: the Williamson
type [87] of a singular point is given by the integers (m., mp, m,) where the Hessians span a Cartan

subalgebra whose basis from Theorem 2.2.13 has m, elliptic blocks, mj, hyperbolic blocks, and my

focus-focus blocks. The rank of the singular point is by m. +my, + 2my.

Local normal forms for singular points

The definition of non-degenerate and the Williamson type of a singular point are both
pointwise definitions. Here we review a result of Eliasson [28, 29] which states that the Williamson

classification can be used to construct local normal forms of non-degenerate singular points.
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Theorem 2.2.14 (Eliasson [28, 29]). If p € M is a non-degenerate singular point of an integrable
system (M, w, F') then there exists local symplectic coordinates (x1,...,%Tn,Y1,---,Yn) about p such

that there exist q1,...,qn: M — R where each q; is given by one of:

2, 2
zityi .

1. elliptic: q; = =5+;

2. hyperbolic: q; = x;y;;

qi = T3Yi+1 — Ti+1Yis
3. focus-focus:
qi+1 = TiYiTi+1Yi+15

4. non-singular: q; = vy;,

such that {fi,q;} = 0 for alli,j = 1,...,n. If p has no hyperbolic blocks then the assertion that

{fisqg;} =0 foralli,j=1,...,n may be replaced by the equality

(F'=F(p))op=goq

where ¢ = (q1,.--,qn), @ = (T1,.. ., Tp, Y1, -+, Yn) ">, and g is a local diffeomorphism of R™ which

fixes the origin.

2.2.6 Toric integrable systems

An integrable system (M, w, F) is toric if M is compact and the Hamiltonian flows associated
to the components of F are all periodic of the same period. That is, if B: Lie(T™)* — R™ is an
isomorphism of vector spaces then B~! o F is the momentum map (in the group action sense)
for a Hamiltonian T"-action. Such systems are classified, up to isomorphism, by the image of
their momentum map, which is necessarily a specific type of convex polytope known as a Delzant
polytope. Two toric integrable systems (M,w, F') and (M’',w’, F') are isomorphic if there exists a
symplectomorphism ¢: M — M’ such that ¢*F' = F.

A Delzant polytope A C R™ is a convex polytope which is also:

1. rational: each face of the polytope has a vector in Z™ which is perpendicular to it (i.e. it has
rational slope);

2. simple: n edges meet at each vertex;
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3. smooth: for any vertex p of A the there exists v, ...,v, € Z" each an inwards pointing normal
vector for a face which is adjacent to p such that vy,..., v, spans Z".
Denote the set of Delzant polytopes in R™ by Pr.
Using as a stepping stone the convexity theorem of Atiyah [3], Guillemin-Sternberg [40],

Delzant proved the following.

Theorem 2.2.15 (Delzant classification [21]). If (M,w, F) is a toric integrable system then F(M) C
R™ is a Delzant polytope. Furthermore, given any Delzant polytope A C R™ there exists a toric

integrable system (M,w, F) such that F(M) = A and such a system is unique up to isomorphism.

All singular points of toric integrable systems are automatically non-degenerate singular
points with only elliptic blocks. The singular points of rank n are precisely the preimages under F' of

the vertices of the Delzant polytope, F'(M).

Toric fans and minimal models

In addition to Theorem 2.2.15, Delzant also showed that every toric integrable system is
naturally a toric variety. Toric varieties [16, 17, 19, 33, 56, 61] have been extensively studied in
algebraic and differential geometry and so have their symplectic analogues.

The relationship between toric integrable systems and toric varieties has been understood
since the 1980s, see for instance Delzant [21], Guillemin [38, 39]. The article [24] contains a coordinate
description of this relation.

Associated to every toric variety is a fan, which can be recovered from the associated toric
integrable system as the collection of inwards pointing integral normal vectors to the faces of the
Delzant polytope. We will specialize to dimension 2n = 4.

A toric fan is a collection of vectors (vy,...,v4_1) € Z% which are arranged in counter-
clockwise order and satisfy det(v;,v;41) =1 for i =0,...,d — 1 where vy denotes vy. The inwards
pointing normal vectors of any Delzant polytope in R? form a toric fan and any toric fan can be
achieved in this way. What we call a toric fan is the type of fan which is associated to a non-singular,
complete toric surface.

If (vo,...,v4—1) is a toric fan then (vo,...,v;,v; + Viz1,Vit1,---,V4—1) is also a toric fan

and is known as the blowup of the original fan. The inverse of this operation, removing a vector
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which is the sum of two adjacent vectors, is known as a blowdown. A toric fan is minimal if it does

not admit a blowdown. That is, (vg, ..

fori=0,...,d— 1.

.,U4—1) is minimal if

Vi F Vi—1 + Ui

Minimal toric fans have a simple classification. I provide an alternative proof for the following

well-known result in Section 4.4.

Theorem 2.2.16 (Fulton [33], page 44). Up to the action of SLa(Z) all toric fans are of one of the

following three types:

1
1. Vo =

0

1
2. Vo =

0

1
3. Vo =

0

; U1

, U1 =

, V1 =

0

1

, V2 =

, V2 =

, U2 =

-1

k

, U3 =

y U3 =

-1

for ke Z, k #0.

This implies that any toric fan may be obtained from one of the three minimal models by a

finite sequence of blowups. Blowup of the toric fan correspond to the removal of an equivariantly

embedded ball from the associated toric integrable system. By equivariant embedded ball we mean

the image in M of an embedding p: B2"(r) < M for some r such that rotations of the coordinates

of the ball (as a subset of C™) agree with the T"-action on M up to an element of Aut(T™).

Metric on toric integrable systems

In [67] the authors construct a natural metric on the moduli space of toric integrable

systems making use of the Delzant classification, Theorem 2.2.15. For A, B C R" let A© B =

(A\ B)U (B\ A) denote the symmetric difference and let A denote the Lebesgue measure on R™.

Given two toric integrable systems (M, w, F') and (M’,w’, F") with associated Delzant polytopes A

and A’, respectively, the distance between (M, w, F) and (M’,w’, F’) is given by A & A,
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2.2.7 Semitoric integrable systems

A semitoric integrable system [69], or symplectic semitoric manifold, is a 4-dimensional,

connected, symplectic manifold (M, w) with a momentum map F = (J, H) : M — R? such that:

1. the flow of the Hamiltonian vector field X ; is periodic;
2. J is proper;

3. F has only non-degenerate singularities without real-hyperbolic blocks (as in Section 2.2.5).

Notice that though semitoric systems are required to be 4-dimensional there is much more
freedom in the choice of momentum map compared to toric systems and M is not required to be
compact. Since the singularities of semitoric systems are non-degenerate and not of hyperbolic type
by condition (3), Theorem 2.2.14 implies any critical point of F' has one of three possible forms.
If p € M is a critical point of F' then there exists g a local diffeomorphism of R™ which fixes the
origin, Darboux coordinates (x1,x2,£1,&2) about p, in which p is represented by (0,0,0,0), and

q=(q1,92): R2 — R? such that

(F = F(p)) o (z1,22,&,&) " = go(q1,q2)

and q1, g2 are in one of the following forms:
1. elliptic-elliptic: q; = =1+&1/2 and qo = =3+63/2;
2. transversely-elliptic: q; = =i+61/2 and g = &o;
3. focus-focus: q1 = x1&2 — x2&1 and g = 1€ + 1285,

A semitoric integrable system (M,w,F = (J, H)) is said to be simple if there is at most
one focus-focus critical point in J~!(z) for all z € R. A similar (but weaker) assumption is generic
according to Zung [87], that each fiber F~1(c) for ¢ € R? contains at most one critical point
p € M. Any semitoric system has only finitely many focus-focus critical points [77] so we will
denote them by my,...,my,, € M and the associated singular values are denoted c; = F(m;),
j =1,...,my. All semitoric systems studied in this dissertation are assumed to be simple and
we assume J(my) < ... < J(mpm,). Suppose that (M;,w;, F; = (J;, H;)) is a semitoric system for
i =1,2. An isomorphism of semitoric systems is a symplectomorphism ¢ : M; — M, such that

¢*(Jo, Ha) = (J1, f(J1, H1)) where f : R? — R is a smooth function such that 88711];1 nowhere vanishes.
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We denote by Mgt the space of simple semitoric systems modulo isomorphism. Semitoric integrable
systems have, in addition to the elliptic singularities of toric systems, also singularities of focus-focus
type.

Semitoric systems have been studied by mathematicians and physicists in the past decade, and
there have been contributions to their study from many points of view, including mathematical physics
(eg. see Babelon-Dougot [4, 5], Dullin [25]), symplectic topology (eg. see Eliashberg-Polterovich
[27] or Leung-Symington [53]), and mirror symmetry (see Gross and Siebert [36, 37]). While this
dissertation is focused on classical integrable systems, much of the work on these systems is motivated
by inverse spectral problems about quantum integrable systems as pioneered in the work of Colin de
Verdiere [14, 15] and others, and which also has been the subject of recent works [11, 86].

Semitoric integrable systems are of interest in mathematical physics, symplectic geometry
and spectral theory, because they exhibit rich features from dynamical, geometric, and topological
viewpoints. Examples of semitoric systems permeate the physics literature. For instance the Jaynes-
Cummings system [18, 46], which is one of the most thoroughly studied examples of semitoric
system [73], models simple physical phenomena. It is obtained by coupling a spin and an oscillator,
and its phase space is S? x R2.

In [69, 70], Pelayo-Vu Ngoc provide a complete classification for semitoric systems in terms
of a collection of several invariants. We have included this as Theorem 2.2.27. While compact toric
integrable systems are classified in terms of Delzant polytopes, in the semitoric case a polygon plays
a role but the complete invariant must contain more information. Loosely speaking, the complete
invariant of semitoric systems is a collection of convex polygons in R? (which may not be compact)
each with a finite number of distinguished points corresponding to the focus-focus singularities labeled

by a Taylor series and an integer (See Figure 2.1).

The number of singular points invariant

In [77, Theorem 1] Vi Ngoc proves that a semitoric system has finitely many focus-focus
singular points. Thus, to a system we may associate an integer 0 < my < oo which is the total
number of focus-focus points in the system. The singular points are preserved by isomorphism so

this is an invariant of the system. For any nonnegative integer my € Z>¢ let Mgt m ; denote the
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hi1 €R

0y, € Vert(R?) 0y, € Vert(R?)
g1 € {—1,+1} Eg € {—1,+1}
kl eZ k‘g =/

(51)* € R[X,Y]lo (52)* € R[[X,Y]]o

Figure 2.1: The complete semitoric invariant is a collection of polygons with distinguished
points {c1,...,cm, } each labeled with extra information: a Taylor series (5;)°°, an integer
k; known as the twisting index, and an element €; € {—1,+1} known as the cut direction.
There is one polygon in the family for each possible choice of cut directions and each
allowed choice of twisting indices.

collection of simple semitoric systems with m; focus-focus points modulo semitoric isomorphism.

The Taylor series invariant

The next invariant we will study completely classifies the structure of a focus-focus critical
point in the neighborhood of a fiber up to isomorphism [76]. It is defined in terms of the length of
certain flow lines of the Hamiltonian vector fields for the components of the momentum map. The

details can be found in [76, 71].

Definition 2.2.17. Let R[[X, Y]] refer to the algebra of real formal power series in two variables
and let R[[X,Y]]o C R[[X, Y]] be the subspace of series >, ;- 0;,;X'Y7 which have o9 = 0 and

00,1 € [0, 27‘(‘).

The Taylor series invariant is one element of R[[X, Y]]y for each of the my focus-focus points.

The affine invariant and the twisting index invariant

The affine invariant is similar to the polygon from Delzant’s result, except in this case we
instead have a family of polygons related by specific linear transformations. The twisting index
describes how each critical point sits with respect to a privileged momentum map. These two

invariants will be described together because the twisting indices which label each critical point will
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be defined only up to the addition of a common integer related to the choice of polygon.

A convez polygon is the intersection in R? of (finitely or infinitely many) closed half planes
such that on each compact subset of R? there are at most finitely many corner points. A convex
polygon is rational if each edge is directed along a vector with rational coefficients. We denote the
set of all rational convex polygons by Polyg(R?). For A € R let £\ = {(z,y) € R? | # = \} and let

Vert(R?) = {fy | A € R}.

Definition 2.2.18. A labeled weighted polygon of complexity my € Zxo is an element
(A, (£, €5, k) 7)) € Polyg(R?) x (Vert(R?) x {—1,+1} x Z)™/

with

grélgurl(s) <M <A< <Ay, < Isneanm(s)

where 71 : R? — R is projection onto the z-coordinate. We denote the space of labeled weighted

polygons of complexity my by LWPolyg,,, (R?).

Notice there is a triple (£, €5, k;) associated with the singular point ¢; for each j =1,...,my.
These are related to the critical points of the semitoric system as follows: A\; = m1(c;); €; is the cut
direction at c;; and k; is the twisting index of c;.

Here we will briefly review how the affine invariant is produced in [77]. Consider the set
F(M) C R%. In the toric case this is the Delzant polygon. Let cy, ... yCm; € F(M) denote the images
of the focus-focus points and let B, = Int(F'(M)) \ {c1,...,cm,} which is precisely the regular values
of F [69, Remark 3.2]. For cach j =1,...,ms remove from B, the line segment K;J; which starts at
c¢; and goes upwards if €; = 1 and downwards if €; = —1 to form the set BE, where € = (e1,. .., €my)-

Now, B¢ is a simply connected set of regular values of F' so define a global toric momentum map
Fioric : F71(BY) — R?

and define A = Fioic(BE), the closure. The polygon produced depends on the choice of (ej);-n:fl and
of the toric momentum map on BE. The distinguished points in each polygon are the image of the

focus-focus singular points under Fioic. Of course, we are omitting many details in this explanation.
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Again, the interested reader should see [69, 70].

Let T € SLy(Z) be given by
1
T = € SL(2, 7). (2.2)

Definition 2.2.19. Let A € Polyg(R?) be a rational convex polygon. We say that a verter of A is
a point in the boundary A where the meeting edges are not co-linear. A point is said to be in the
top-boundary of A if it is the top end of a vertical segment formed by intersecting A with a vertical
line. Suppose that z is a vertex of A and (u,v) are a pair of primitive integral vectors starting at z
and extending along the direction of the edges which meet at z in the order such that det(u,v) > 0.

Then the point z is called
1. a Delzant corner when det(u,v) = 1;
2. a hidden Delzant corner when it belongs to the top boundary and det(u, T v) = 1;

3. a fake corner when it belongs to the top boundary and det(u, T v) = 0.

The action of G, x §

In order for isomorphic systems to produce the same invariants, we must consider the

collection of invariants we have so far modulo a group action.

Notation 2.2.20. Throughout this dissertation when referring to an m-tuple such as (k; );nzfl or

(ej);-n:fl for simplicity we will sometimes use vector notation. That is, we may refer to these m s-tuples

as k and €, respectively. These vectors will always have length m .

Let Gy, = {—1,+1}™ and § = {(T")* | k € Z} where T" is the transpose of the matrix T

from Equation (2.2). Given £ € Vert(R?) define tf : R? — R? by

. (z,y), <A
té ({177:[/) =
(x, k(x =N +y), =>A\

That is, téﬁ acts as the identity on the left of ¢ and, after a translation of coordinates which moves
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the origin onto £, acts as (T")" to the right of £. For @ € Z™f let tg =t  o--- 0 thf where £; = ().
™y

We define the action of Gy, x G on LWPolyg,, (R?) by
((63‘)?217 (Tt)k) : (Aa (EM 2 €55 kj);ﬁ:fl) = (tﬂ’<(Tt)kA)7 (&\J.,G}Ej, k+ k?)En:fO) (23)

where @ = ((Ea—ﬁje})/2);n:f1 .

Remark 2.2.21. Notice that if (A, (f,\j,ej,kj)?:fl) is changed via the action of G,,, to have

¢; € {—1,1} instead of ¢; for each j = 1,...,my then the new polygon is tz(A) where 4 =

(%‘%/2)?21 € {~1,0,1}/. Thus, the orbit of A under the action of G,,, may be written as

(ta(A))aeo,1yms if Ais the polygon with €; = +1 for all j = 1,...,my. @

The orbit under this action is the appropriate invariant. The choice of cut direction and
constant by which to shift the twisting indices parameterize the collection of all polygons in a given
orbit. Notice that the action of ¢z does not necessarily preserve convexity, but it will in the case of

the polygons we are interested in (Proposition 2.2.24).

Definition 2.2.22. A [abeled Delzant semitoric polygon is the equivalence class
[Ay] € LWPolyg,,, . (Rz)/(Gmf x G)

of an element Ay, = (A, (£y,, +1, k:j);-n:fl) satisfying the following.
1. The intersection of A and any vertical line is either compact or empty;
2. each £y, intersects the top boundary of A;
3. each point in the top boundary which is also in some ¢y, is either a hidden or a fake corner;
4. all other corners are Delzant corners.

The space of labeled Delzant semitoric polygons is denoted by

DPOlygmf (Rz) C LWPOlygmf (RQ)/(Gmf X 9)
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Remark 2.2.23. The twisting index is not a unique integer assigned to each focus-focus singular
point because such integers are not preserved under the action of Gy, X G, but the relative twisting

index between two points is preserved. @

Any set satisfying Condition (1) of Definition 2.2.22 is said to have everywhere finite height.
The following Proposition is a restatement of [70, Lemma 4.2]. Since a preferred representative A
can be chosen with €= (+1,--- ,+1) we see that it says that the orbit of A under G,,, is a subset of

Polyg(R?).

Proposition 2.2.24. Suppose A,, € LWPolyg,, . (R?) satisfies items (1)-(4) in Definition 2.2.22

and Ay, = [(A, (Ly;, +1, kj);.n:fl)]. Then for each @ € {0,1}™f the set tz(Ay,) is conver.

The volume invariant

The action of Gy, x § can change the vertical position of the images of the focus-focus

points, but their height with respect to the bottom of the polygon is preserved.

Definition 2.2.25. Suppose [Ay] € DPolyg,, (R?) with associated toric momentum map F. For
j=1,---,my we define 0 < h; < length(A, NZy;) by

hj = F(m;) — _min {m(s)}

mg

where 7 : R> — R? is projection onto the second coordinate and (A, (€x;, €, k;);2,) € [Ay] is any

representative.

This is well defined for any choice of polygon in the same equivalence class by [69, Lemma
5.1]. The word “volume” is used here because h; can also be viewed as the volume of a specific
submanifold of M [69].

The classification theorem

Now that we have defined all of the invariants we can state the result of Pelayo-Vu Ngoc

found in [69, 70].

Definition 2.2.26 (Pelayo-Vu Ngoc [70]). A semitoric list of ingredients is
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£=(+1,+1)

g=(+1,-1)

N\

{2/

ANNE
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e
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k=(0,1) k=(1,2)

)

Figure 2.2: Complete invariant of a semitoric system.

1. a nonnegative integer m;

2. a labeled Delzant semitoric polygon [Ay] = [(4, (£x;, €, kj);nf

1] of complexity my;

3. a collection of my real numbers hy, ..., hy, € R such that 0 < h; < length(m2(AN¥y,)) for

each j =1,...,my; and
4. a collection of my Taylor series (S1)*°, ..., (Sm,)*™ € R[[X,Y].

In other words, a semitoric list of ingredients is a nonnegative integer my and an element of
DPolyg,,, (R?) x R™ x R[[X, Y]l where j' element of R must be in the interval (0, length(ma(AN
€x;)))- Let I denote the collection of all semitoric lists of ingredients and let I,,, be lists of ingredients

with Ingredient (1) equal to the nonnegative integer m.

Notice how the ingredients interact in Definition 2.2.26. Ingredient (1) determines the number

of copies of each other ingredient and Ingredient (3) is in an interval determined by Ingredient (2).

Theorem 2.2.27 (Pelayo-Vi Ngoc [70, Theorem 4.6]). There exists a bijection between the set of

simple semitoric integrable systems modulo semitoric isomorphism and 1, the set of semitoric lists of



ingredients. In particular,

(p:MST*)H

(M, w, (H, 1)) = ([(A, (€r;5 €5, k5) 7)), (hy)

18 bijective.

my
j:la

((55)%)

my
Jj=1

)
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Chapter 3

The space of semitoric systems

3.1 Introduction

In [67] the authors define a metric on the space of Delzant polytopes via the volume of
the symmetric difference and pull this back to produce a metric on the moduli space of toric
integrable systems, as we described in Section 2.2.6. The construction of this metric is related to the
Duistermaat-Heckman measure [23].

The goal of this chapter is to define a metric on the space of semitoric invariants from
Theorem 2.2.27 and thus induce a metric on the moduli space of semitoric systems, Mg, thereby
addressing Problem 2.43 from [72], in which the authors ask for a description of the topology of the
moduli space of semitoric systems. Problems 2.44 and 2.45 in the same article are related to the
closure of Mgt in the moduli space of all integrable systems, so in this chapter I also compute the
completion of the space of invariants, which corresponds to the completion of Mg, in order to lay
the foundation to begin work on these problems. The main result of this chapter, Theorem 3.2.12,
states that the function I propose is a metric on Mgt and describes the completion of the space of

invariants. Theorem 3.2.12 is stated in Section 3.2 after I have defined the metric.

39
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3.2 Construction of metric and statement of main theorem

The invariants of semitoric integrable systems are discussed in Section 2.2.7. To define a
metric on Mgt I will first define a metric on each invariant and then I will combine all of these
metrics to form a metric on I. Finally, I will pull this metric back by the map in Theorem 2.2.27 to

produce a metric on the space of semitoric systems. This is the same strategy used in [67].

3.2.1 Comparing the Taylor series invariant

First we will define a metric on the Taylor series invariant. For 3=, -0, ;X'Y7 € R[[X, Y]]y
note that the term og; should actually be regarded as an element of S* = R/2nZ. This can be seen

from the construction in [76].

Definition 3.2.1. Suppose that {b,}52, is a sequence such that b, € (0,00) for each n € Z> and

>0 o by, < co. We will say that such a sequence is linear summable. Now we define
a0 s RIIX, Y]l x R[X, Y]lo > R

to be given by

oo
d({)bn}?f:o (s,8) = Z min{ !Ui,j — 0

i,j20
(4,5)7#(0,1)

: ’ ’
,biJrj} + mln{ |00’1 — 00,1 ,2m — ‘0'0,1 — 0'0’1| 7bl}

where s =37, .5 0, ;XY and s’ =Y ol XY,
“J =

4,20 74,5

Notice that two series which agree up to a high order will be very close in the metric space
and two series which agree only on the high order terms will be distant, as one would expect. In

Section 3.3.1 we develop a similar metric on R[[X, Y]], which could be of independent interest.

Proposition 3.2.2. For any choice of linear summable sequence {b,}>2 the space
(R[[X, Y]]O,dgb"}?:(‘) is a complete path-connected metric space and a sequence of Taylor series
converges if and only if the coefficient of Y converges in R/27Z and all other terms converge in R.

Thus, the topology of (R[[X, Y]]O,d({]b"}zo:“) does not depend on the choice of {b,}22,.

Proposition 3.2.2 follows from the proof of Proposition 3.3.2 in Section 3.3.1.



41

3.2.2 Comparing the volume invariant

Since the volume invariant h; is a real number we simply use the standard metric on R.

3.2.3 Comparing the affine invariant

The topology of spaces of polygons have been studied by many authors. For example,
in [41, 42] the authors study polygons with a fixed number of edges up to translations and positive
homotheties in Euclidean space and in [48] the authors study polygons in R? with fixed side length
up to orientation preserving isometries. For this chapter we will use a topology on polygons related
to the Duistermaat-Heckman measure [23] similar to what is done in [67]. A natural way to define a
metric on closed subsets of R? is to use the volume of the symmetric difference. Let © denote the

symmetric difference of sets. That is, for A, B C R? let

AeB=(A\B)U(B\A).

In order to define a metric on labeled Delzant semitoric polygons we would like to use the volume
of the symmetric difference of the polygons (as is done in [67]) but there are two problems. First,
the polygons here are not required to be compact, so the symmetric difference may have infinite
volume, and second there are many polygons to choose from. To solve the first problem we will
define a non-standard measure on R2. A natural choice would be a probability measure on R? but
the structure of DPolyg,,, (R?) is such that vertical translation should not affect the measure. This

is because the elements of DPolyg,, ; (R2) are only unique up to specific vertical transformations.
Definition 3.2.3. We say that a measure v on R? is admissible if:
1. it is in the same measure class as j, the Lebesgue measure on R? (i.e. u < v and v < p);

2. its Radon-Nikodym derivative with respect to Lebesgue measure only depends on the x-

coordinate, i.e. there exists a g : R — R such that dv/dau(z,y) = g(z) for all (z,y) € R?;

3. this function g satisfies zg € L' (1, R) and ¢ is bounded and bounded away from zero on any

compact interval.



42

Equation (3.1), in Section 3.3.2, is an example of such a measure. When only considering
compact semitoric systems one can use the Lebesgue measure on R? instead to produce a metric
which induces the same topology, see Remark 3.3.16.

We say that a measurable map T : R? = R? is a vertical transformation if it is of the form
T(x,y) = (z,y+ f(x)) for some f: R — R. Part (2) of Definition 3.2.3 implies that the measure is
invariant under vertical transformations and part (3) will force convex sets which have a finite height

at every z-value to have finite measure.

Proposition 3.2.4. Suppose that v is an admissible measure on R? and A € Polyg(R?). Then A

has everywhere finite height if and only if v(A) < co.

Proposition 3.2.4 is proven in Section 3.3.2. Let 8™/ denote the symmetric group on my
elements. For p € S™f let the action of p on a vector v = (vj);w:fl by permuting the elements be

denoted by p(?) = (vp(j));n:fl.

Definition 3.2.5. Suppose E, k' € Z™s for some nonnegative integer my. Then we say ko~ k' if
there exists a constant ¢ € Z and a permutation p € 8™/ such that k; = k:;)(j) +cforallj=1,...,my.

=,

We denote by [k] the equivalence class of k in Z™7 / ~.

Definition 3.2.6. Fix any k, k' € Z™/ such that k ~ k'. Let

m there exists ¢ € Z such that
St ={pes™

ki =k )—l—cforallj:l,...,mf

/
p(J

Notice that k ~ k' is equivalent to Sgé/ # &. The elements of S%n;%, will be called appropriate

permutations for k and &'

Now, assume that two labeled weighted polygons have the same number of focus-focus points
and twisting indices related by ~. We can shift the twisting index of one of the labeled weighted
polygons by the action of an element of G such that after the shift the two labeled weighted polygons
in question will have the same twisting index modulo the ordering. Once the twisting indices are
fixed we still have a family of polygons which depends on the choice of € € {—1,41}"/. The number
of possible choices of € is finite so we will simply sum up the symmetric difference of each pair of

polygons for each choice of €. Using Remark 2.2.21 we can concisely write this in the following way.
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Definition 3.2.7. Suppose that for i = 1,2 we have [A,]; = [(AY, (éf\j, +1, k;);n:ﬂ)} € DPolyg,, (R?)

for some my > 0 and with k ~ &/, so 8.7 # @. For p € 8"/ define

A (1wl [Aulz) = D7 v(ta(A) & tha (T (A)))

@€ {0,1}"f

where c € Z is the unique integer such that k; — kz/)(j) =cforall j =1,...,ms. In the case that

[(A)),[(A)] € DPolygy(R?) define
aL (A, [(A) = v(A e ).

If my = 0 the labeled weighted polygon becomes a single polygon. The definition of di"”
in this case should be thought of as the same formula as the ms > 0 case and it is only treated
separately because the sum in the more general formula would be empty if m; = 0.

1'in 8™+ because it is not symmetric. We will

Notice that diy"” is not a metric if p # p~
remove the dependence on a choice of permutation in the next section when we define the final
version of the metric. There are many ways to choose a representative from each equivalence class

which have matching twisting indices, but the volume of the symmetric difference will not actually

depend on that choice (see Proposition 3.3.5) so this function is well-defined on orbits of G, x G.

3.2.4 Definition of metric and main result

We assume that systems with a different number of singular points are in different components
of Mgr. Additionally, since the invariant k is discrete one might expect that different values of k
would not be comparable; this is not correct. If k ~ k' then systems with these twisting indices can
be compared via the metric we are about to define but they are in different connected components

(Remark 3.3.19).

Definition 3.2.8. Suppose that my € Z~ and k € Z™s. Then we define Mg my i C MsT m, to

be those elements with twisting index exactly k and define

MST,?’)’Lf,[E] = U MST,Mf,E"
k' e[k
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Furthermore, define
DPolyg,, 1(R?) ={(A, (6x,, ¢, k))],) € DPolyg,, (R?) | k~ K’}

and

L, @ = Im, 0 (DPolyg,, (R?) x R™ x R[X,Y];).

Notice that

MST = U MST,m]c,l;'

TrLfGZQO
EEZ”Lf

This union, and the union in Definition 3.2.8, are not disjoint unions only because they have repeated
terms. For instance, since the action of G can shift all of the twisting indices, we have that

Moty o = MST,mh(kﬁc)?:fl

for any ¢ € Z.
From Sections 3.2.1, 3.2.2, and 3.2.3, given some fixed appropriate permutation we already
know how to define a “distance” function on two systems with specified twisting index. To produce a

metric which does not depend on fixing a permutation we will take the minimum of each possibility.

Definition 3.2.9. Let my € Z3o and k € Z™ and suppose that m,m’ € ]Im_ i with m =

([Aw], (hy)7 ((Sj)oo);zfl) and m’ = ([AL], (h’)mf ((S5)= ) ’). Let v be an admissible measure,

J=1 Jj=0

{bn}22, be a linear summable sequence, and p € S%nlé, We define:

1. the comparison with alignment p to be
p,l/,{bn}?f: _ ) {b }'n, o0 oo .
g (mem’) = dp” ([A Z (d °((85)%°, (Sp3)™°) + [ — ;(j)|),
2. the distance between m and m’ to be

dVtntnzo (m,m’) = min {dp"/’{li”};);o (m, m')} .

[k " Lk
. [F] pests \malF]
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A minimum of even a finite number of metrics is not a metric in general, but we will see in

Theorem 3.2.12 that d:;{b'fgf‘o:o is a metric in this case. Now we use this distance defined on each
Bl

component to induce a distance on the whole space which can be pulled back to produce a metric on

Msr.

Definition 3.2.10. Let v be an admissible measure and {b,,}°, be a linear summable sequence.

Then we define

1. the distance on 1 by

V'r{bn}fw,o:[)

(e T s ] (m,m') | ifm,m € Hmf,[E] for some my € Z,k € Z™¢

1 , otherwise

for m,m’ €I

2. the distance on Mgt by Dribn}iio = P*d¥i{bn}no where & : Mgy — I is the bijective

correspondence from Theorem 2.2.27.
To state the main theorem we will have to first define the completion.

Definition 3.2.11. For any choice of my € Z>, and k € Z™ we define
L., @ = DPolyg, :(R?) x [0,1]™ x R[[X, Y]]g"

and

where the critical points satisfy the ordering convention from Remark 3.4.7 and D/I;E)Egmf 7] (R?) is

defined as in Definition 3.4.9.
Theorem 3.2.12. For any choice of
1. a linear summable sequence {b,}>2 ,;

2. an admissible measure v;
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the space (MST,D”’{b“}?;O) is a mon-complete metric space whose completion corresponds to I.

Moreover, the topology of (Mg, D*{n}n=0) is independent of the choice of v and {b,}22,.

Remark 3.2.13. There are several important facts to notice about Theorem 3.2.12:

1. This distance induces a unique topology on Mgt and thus Theorem 3.2.12 completely resolves

Problem 2.43 from [72].

2. In special cases a less complicated form of the metric can be used. The metric

Pl _ g gl {ba}io
my .k
is easier to work with and induces the same topology as D*{t»}n=0 (Proposition 3.3.18) so this
should be used to study topological properties of Mgt. Additionally, when studying compact
semitoric systems the admissible measure on R? can be instead replaced by the standard
Lebesgue measure without changing the topology (Remark 3.3.16). See Example 3.4.16 for an

explanation of why D {b»}2Z0 produces the appropriate metric space structure on Mgr.

3. Since toric integrable systems fall into the broader category of semitoric systems it is natural
to wonder if the metric defined in this chapter is compatible with the metric on toric systems
from [67]. Because we must choose an admissible measure to apply to the more general cases
the metric induced by d does not exactly match the metric defined on toric systems but they

do induce the same topology, see Section 3.3.5.

4. Since all metric spaces are Tychonoff (completely regular and Hausdorff) we know that Mgt
is Tychonoff. Thus the Stone-Céch compactification [78, 75] applies to Mgt so it admits a

Hausdorff compactification (just as in [67]).

3.3 The metric

In this section we fill in the details of constructing the metric and prove that it is a metric.
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3.3.1 Metrics on Taylor series

Let R[[X, Y]] refer to the algebra of real formal power series in two variables, X and Y.

Definition 3.3.1. Suppose that {b,}>2, is any linear summable sequence. Then we define the

distance on Taylor series to be the function

bn}oro .
dlnine  R[IX,Y]) x R[IX,Y]] » R

given by
{ba} -
b zc: . . . . _ .
dpixig | Do o XY, Y ol ;XY | =Y min{|oy; — o bisg} -
i,j>0 i,j>0 ij=0

Proposition 3.3.2. The space (R[[X,Y]], d]%?)g%ﬁ) s a complete path-connected metric space and
a sequence of Taylor series (sk = Zm;o UﬁinYj)k converges if and only if each sequence of terms

(oF ;)i converges.

Proof. First notice that the sum in the definition of the distance always converges. This is because

) )
{bn}nz iy g / ivg _
d]R[[X,Y](]) E O'i7jX YJ, E Ui,jX Y7 | < E bi_;,_j = E (ﬂ + 1)bn < o0
4,520 1,520 i,j=0 n=0

for any pair of Taylor series by the choice of {b,}52 . It is also clear that dﬂgﬁ"}g%‘]’ is symmetric and

positive definite. It satisfies the triangle inequality because that inequality is satisfied for each term

and thus we can see that (R[[X, Y]], d]gf[’}io%ﬁ) is a metric space.

Next we will prove the condition on convergence. Suppose that

: {bn}nz —
kli)n;c deiix’y)] (sk:80) =0

with sg, so € R[[X,Y]] as in the statement of the Proposition. Fix any I, J € Z>( and we will show
k—oo

that O"If’J — a?ﬁ,. Fix ¢ > 0 and find K such that k& > K implies that

oo

Z min{’”ﬁj - 0?,j| 7bi+j} <e
i,j=0
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because we may assume that e < by1 ;. Then we can see that |o% ; — 09 ;| < & so the result follows.

Now we will show the converse. Suppose that

lim |6, —a%.| =0
Jim [o7; — o7

for all 4,7 € Zxo. Fix € > 0, let N € N be such that

Z (n+1)b, < /2,

n=>N

and let K € Z be such that k > K implies that

g
NN +1)

k

— o0 |
Tij ~ Oij| <

for each ¢,j € Zx( such that i + j < N. Notice it is possible to do this simultaneously because there

are only finitely many such pairs (4,5). For any k > K we have that

abedie (sioso) < S0 Jok; — o+ ST by

i+j<N i+j2N
€
—_— 1 1)by,
NN, 2 Y
1+k<N n=>N
< € N(N +1) + 8o
N(N +1) 2 2

This proves the convergence condition.
Any element of this space may be continuously transformed into any other linearly in each
term, so it is path-connected. To finish the proof we will show that this space is complete. Suppose

that (sk),— is a Cauchy sequence in R[[X,Y]]. Using an argument similar to the one for convergence,

we can see that the sequence {o¥ ;172 is Cauchy for each i,j € Z3¢ and therefore of ; — oy for

9 € R. Since i i h h diti lud
some o; ; € R. since it converges in each term, we can use the convergence condition to conclude
that

b, 120 ixrq
m i | sk D2 ol XY | =0

li
k—oo “
1,520

and so all Cauchy sequences have limits. O
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We have characterized convergence in this space in a way which is independent of the sequence
{bn}22,. Since the topology of a metrizable space is completely determined by its convergent sequences

we have the following result.

Corollary 3.3.3. The topology on R[[X,Y]] determined by dﬂgﬁfﬁ%ﬁ does not depend on the choice

of linear summable sequence {b,}22 .

. . b} bnboe
Notice that R[[X, Y]]o is not a closed subset of (R[[X, Y]], dﬂ{w;,y]‘]’) and (R[[X, Y]lo, dn%[[)i,yﬁ)
with the restricted metric is not a complete metric space. To see this consider any collection of Taylor
series in which o9 — 27. This does not accurately describe the structure of the semitoric systems

and thus we use the altered metric from Definition 3.2.1. Proposition 3.2.2 follows from a slightly

altered version of the proof of Proposition 3.3.2.

Remark 3.3.4. A similar construction to dﬂ%&%ﬁ can be used to produce such a metric on Taylor

series in any number of variables. The only difference is that to produce a metric on Taylor series in
m variables the sequence {b,, }52, would be required to satisfy

i<n+:_1>bn<oo

n=0

—1 . . .
because there are ("+Z‘ ) terms of degree n in a Taylor series on m variables. %)

3.3.2 Metrics on labeled weighted polygons
We start this section with a proof.

Proof of Proposition 3.2.4. By definition A is the intersection of half-spaces and since it is assumed
to have everywhere finite height we can see that this collection of half spaces must include at least
two which are not completely vertical, i.e. not of the form {x > ¢} or {z < ¢} for ¢ € R. Let B
denote the intersection of these two half planes. Then by definition A C B and thus v(A) < v(B). If

the two half planes are parallel of a distance ¢ apart then

dv
V(B):jd—du:jcgd,u<oo
B R
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because xg € L'(u,R) implies that g € L'(u, R). If the spaces are not parallel then their boundaries
intersect at some point (zg,yo). Let m be the absolute value of the difference in the slopes of the
two boundaries. Then for each value (z,y) € R? the height of B at that z-coordinate is m |z — x|
and the sign of z — x¢ is the same for each (x,y) € B. Assume that z — zg > 0 for all (z,y) € B so
we have
dl/ o0 oo o0
v(B) = d—du = jm(:ﬂ —x9)g(z)dp = mfxgdu — mx jgd,u < 00
I

B x0o x0 e
because g € L'(u,R) and xg € L'(u, R). The computation is similar if z — zq < 0 for all (z,y) € B.
Any compact set without everywhere finite height will have infinite v-measure. This is
because a compact set which does not have everywhere finite height either is a vertical line, which

is not a polygon, or includes a subset of the form {(z,y) | a1 < & < as} for some a; < ag. Such a

subset has infinite v-measure because v is invariant under vertical translations. O

Even once we have fixed the cut directions there are many polygons to choose from based on
the choice of the twisting index (i.e. the orbit of the action of §) but if the same choice is made for

each pair of polygons this choice does not change the volume of the symmetric difference.

Proposition 3.3.5. Let my € Z>o, p € 8™, and and let ¥ C (D Polyg,, (R2))? be given by

£.1K]

9 = {(A, (b, 5, k)L LA (0, € )T € (DPolyg,, i (R2)|p € ST}

Then the function d'5” : ¥ — R is well defined.

Proof. Suppose that
A%u = (Alv (Z}\]‘7+17 k}):n:fl)a Afv = (sz (gijerl» k?):nzfl) € (A, (£>\j ) €4 k]);n:fl)]

and A/ = (A’, (6,\;,4—1, k;);n:fl) Then there exists some d € Z such that kjl = kf——d forj=1,...,my

and A! = T9(A?). Since p € S;*n;g/’ there exists ¢ € Z such that kj — ky,jy = c for all j and notice
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that this means that k? — K

o) = € + d for all j. Therefore,

dp([ALL[AL) = Y v(ta(AY) &ty (T°(A)))

e {0,1}"f

= 3 v(ta(TH(A) © by (T7(A))

7€ {0,1}"f

= 3" U(TUta(A%) &ty (T~-4A))))

7 e {0,1}"f

= D v(talA) &ty (T (AY)

@€ {0,1}™f

= dp”((AL].[AL])

because admissible measures are invariant under vertical transformations such as 7¢. The argument

that this function is well defined in the second input is similar. O

An example of an admissible measure on R? is the following. Define 1 so that

d 1 L ifjzl <1
L (e,y) = | (3.1)

dpe x% , else.

Notice 272 € L'(u,R) and gy = %(I,O) is bounded and bounded away from zero on compact

intervals. This proves the following.

Proposition 3.3.6. The measure vy is an admissible measure on R?.

3.3.3 Choice of v does not change the topology

While the choice of admissible measure will change the metric it does not change the topology
induced by that metric.
Lemma 3.3.7. Suppose that v is an admissible measure and Ay, A € Polyg(R?) for k € N are such
k—oo

that v(Ap © A) = 0. Then there exists a proper vertical segment A = {xo} X [yo,y1], with yo < y1,

and K > 0 such that A C Ay NA for allk > K.

Proof. Fix any N > 0 such that AN ([—N, N] x R) has non-zero measure with respect to v, and

thus also with respect to p. Since v is admissible we can find some ¢ > 0 such that 4v/ay > ¢ on
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[N, N] x R.

For each € > 0 let
U = {p € R?|B.(p) C (-N,N) x R) N A}

where B (p) is the standard open ball of radius & centered at p and int(A) denotes the interior of the
set A.

Fix any k € N and suppose U, \ A # &. Because Ay is the intersection of closed half-planes
its complement, Af, is the union of open half-planes. If ¢ € U, \ Ay, then there exists some open
half-plane with boundary including ¢ which is a subset of Af,. Let H, be the intersection of one such
half-plane with B.(q) so H; C A\ Aj. Then, since H, C (—N,N) x R,

v(Hy) = [ S > enlHy) = Su(B.) = e
Hp

Thus, if U. \ Ay is non-empty then v(Ay 6 A) > Fe?.
Now choose € small enough that U, is non-empty and choose K > 0 such that & > K implies
that V(A6 Ag) < %52. If U.\ Ag # @ then v(Ap S A) > %52, so we conclude U, C Ay, for k > K.

The set U, has nonempty interior so we can find the set A as in the statement of the Lemma. [

Now we will use Lemma 3.3.7 to prove Lemma 3.3.8, which says that the same sequences of

polygons converge with respect to any admissible measure.

Lemma 3.3.8. Suppose that vi,vy are admissible measures and that Ay, A € Polyg(R?) for k € N

have v (A),v1(Ag) < co. If v1(Ar © A) "2 0 then va(Ap & A) =),

k—o

Proof. Suppose that v1 (A& A) — 0 and let A, xg, yo, and y; be as in Lemma 3.3.7. We know that
the line {& = z(} intersects A so it must intersect the top boundary of A, since A has everywhere
finite height by Proposition 3.2.4. Since a convex set is the intersection of half-planes there must
exist a line ¢; which goes through the point where {x = x(} intersects the top boundary such that
all of A is in a closed half-plane bounded by ¢; (as in Figure 3.1). Such a line may not be unique if

there is a vertex with z-coordinate equal to x(, but any choice of such a line will do.
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b

Figure 3.1: Since A is convex it must all lie on the same side of /;.

The situation we describe next is shown in Figure 3.2. Let m denote the slope of ¢; and
let ¢5 be the line through (xg,y;) with slope m 4+ 1. Let m/ denote the slope of the line through
the point (zg,yo) and the point which is the intersection of ¢; with ¢5. Finally let ¢3 be the line
through (o, yo) with slope (m+m)/2. Since the slope of £3 is greater than the slope of £5 these two
lines must intersect at some x-coordinate greater than xg, but since the slope of £3 is less than m’ we
know that the intersection of £ and ¢3 must be to the right of the intersection of ¢; and £5. Thus
the lines 41, {5, and /3 bound a triangle which we will denote by G, as is shown in Figure 3.2. Let
N; = maxgeq 71(s). Since A is on one side of ¢; and G is on the other we conclude that GNA = .

For any N > x¢ let E} denote the region of R? which has z > N and is above or on /.
Now suppose that k is large enough so that A C Ay and let p € Ezlvl N ly. Then p € Ay implies
that G C A © A because Ay is convex and A NG = @. Similarly, if p is any other point in Ezlvl
we can conclude that some vi-preserving transformation of G must be contained in Ay © A. This
is because moving p vertically will result in acting on G by some matrix T" (as in Equation (2.2))

with € R with origin on the line {x = xo} (see Figure 3.3). In any case, if Ay N E} is nonempty

b

{z =N}

Figure 3.2: The lines /1, {5, {3, and triangle G.
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P1
"(G)
p2

Figure 3.3: Notice that for a fixed vertical line segment A C R? the measure of the convex
hull of A and p € R? only depends on the z-component of p. This is because if p1,ps € R?
with 71 (p1) = m2(p2) then the convex hulls are related by a vertical transformation.

and k is large enough so that A C Ay then we can conclude that v (A © Ag) > v1(G) > 0. Since
(A S Ag) *2%° () we can conclude that for large enough k the set A, N E} is empty.

Using a similar argument, one can define sets E}V for ¢ = 2, 3,4 that must also be disjoint
from Ay, for large enough k and N; these are shown in Figure 3.4. The sets E\ and E% are bounded
to the left by the line {z = N} and the sets E3; and E% are bounded to the right by {z = —N}.
The sets EX and E3; are bounded below by lines and the sets E%; and E3; are bounded above by
lines. Let Ey = U}, E and let Na > Nj be large enough so that for large enough k we have that
ApNEN,=@. Let Dy = [-N,N] xR for N € R and let Sy = R?\ (Ey U Dy).

Fix € > 0. Notice that for each N > 0 the set Sy is of finite vo-measure. Since {Sny}n>o
are nested we conclude that limy_,o, v2(Sx) = 0. Now choose some fixed N3 > Ny and K; > 0 such
that v2(Sn,) < € and k > K implies that A; N Eyn, = @. Since both 11 and v, are admissible

measures we know that their Radon-Nikodym derivative is bounded on Dpy,. This is because

dvp _ duy (dvi)
dvy  dp \ dp ’

which are both bounded on Dy,. Let ¢ > 0 be such that dv2/dv, < ¢ on Dp,. Now choose Kz > K
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Figure 3.4: For large choices of N and k the set Sy is small and the set Enx has empty
intersection with Ay. Then we can concentrate on the set Dy, on which the Radon-Nikodym
derivative dv2/dv, is bounded.

such that k > Ky implies 11 (A & Ag) < e. Finally, for k£ > K> we have

(A6 A) = f XA, — xal| dve
]RZ
= f Ixa, — xal dva + f Ixa, — xal| dve + f Ixa, — xal| dve
S Eng D

dv
< 1v9(Sn;) +0+ f IXAk _XA|d_VidV1
l)N3

<e+cr(Ap S A)

< (1+c)e,

which can be made arbitrarily small. O
By combining Lemma 3.3.8 and Proposition 3.2.2 we have the following corollary.

Corollary 3.3.9. Fiz a nonnegative integer my € Zxq, a vector ke Z™1, any two linearly summable

sequences {b,}52, and {b),}>2,, and two admissible measures v and v'. Then the metric spaces

o V7{bn}£'°:o) and (]I V'y{bé}fzo

(]Imf7[k], s ] g 7 o (B ) have the same topology generated by their respective

metrics.

3.3.4 d is a metric

While it does not hold in general that the minimum of even a finite collection of metrics

will be itself a metric, it does hold in this particular case. For this section fix an admissible measure
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v, a linear summable sequence {b,}7>, a nonnegative integer my, and l; k' € Zms. Let d denote

d ’{bﬁc}]" % and let dP denote dp’ ’%Z]"}" 9 as given in Definition 3.2.9. It is clear that d is positive
my

definite and it is symmetric because SEm]%I is closed under inverses so we must only show that the

triangle inequality holds. We show this in Lemma 3.3.12 but first we must prove two lemmas.

Lemma 3.3.10. Fiz k, k', k" € Z™s and let 8" }; be as in Definition 3.2.6. Then for any fized

my

qu k//k./

my _ 1
R We have that 8.7 . ={pog™ |p€5kk,

Proof. Let r € 87/ . . Then there exist constants ¢;,cy € Z such that

B
k; — k’q(]) = ¢ and £} — k' () = C2
for all j =1,...,my. In particular, for i = ¢(j) we have
kj — k;(q(j)) =(a+ k;/) - (k;/ —c) =c1+e
and so we conclude that p =roq € 8~ ;% and clearly r =pog~! so SE” o C {poq7llpe Sk o

Now let p € SE P and g € 8. lg so there are constants ¢, ¢y € Z such that

kj — k;)(j) = c and kj — k;l(j) =C1.

Subtracting these two equations gives k”/ k; jHy=c—a and thus pog—' € 82 O

q(J) k” K

Lemma 3.3.11. Let m,m’,m"” € ]Imf (7 and suppose p € 84 2 and q € 8. ’g Then

d?(m,m’) < d9(m,m") +dP°4 " (m”,m).

Proof. The my = 0 case is trivial so assume my > 0. Since p € SE S and q € S.. Ig there must be

constants ¢, ¢; € Z such that
kj — k;)(j) =C and kj — k;l(j) =C1.

Because dP is a sum of distances we can use the triangle inequality for each term with an appropriate
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permutation on the elements:

d(m,m) = > v(ta(A) Oty (T4(A)))

@€{0,1}™f
my
3 (4= (5300 ) + s = W)
j=1
< Y [lta@) &ty (TN A) + vty (T (A)) E @ (T(A))) ]
1e{0,1}™f

my
bn}oto oo (@l oo bn}ilorqi Noo ([l \oo
3 ("84 (57)) + AT () (83))

j=1

[ = B | + [ = i)

q(4)

=d%(m,m") + d*°T " (m",m).

O
Notice that in the case that p = g = Id this gives a proof of the triangle inequality for d'd.
Lemma 3.3.12. The triangle inequality holds for d.

such that d(m,m”) = d?(m, m") and by

2

1o . : my
Proof. Let m,m',m” € ]Imf’[k]. There exists some ¢ € SE,E
Lemma 3.3.10 we know that

min {d”°7 (m”,m/)} = d(m",m).

m
f
PESL

Now, using the inequality from Lemma 3.3.11 we have that
d(m,m') = min {d?(m,m’)}
pGSTi

< min {d%(m,m") +d"°7  (m",m')}

= d%m,m”) + min {d®¢  (m",m)}

m
]
PESE

=d(m,m") +d(m",m)

as desired. O
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Combining the arguments in Sections 3.3.1 and 3.3.2 with the present section, in particular

Proposition 3.2.2 and Lemma 3.3.12, we get the following.

Proposition 3.3.13. Let my € Zxo, kezms, {bn}52 be a linear summable sequence, and v an

vi{bntnlo

B Do 1] ) is a metric space.

admissible measure. Then the space (I

3.3.5 Relation to the metric on the moduli space of toric systems

In [67] the authors construct a metric on the moduli space of (compact) toric integrable
systems which we denote by M. Recall there is a one-to-one correspondence between elements of
Mr and Delzant polytopes. The authors of [67] define a metric on Mt by pulling back the natural
metric on the space of Delzant polytopes given by the Lebesgue measure of the symmetric difference.

Toric integrable systems can also be viewed as compact semitoric systems with no focus-focus
singularities. If my = 0 then G,;, x § = @ and thus the affine invariant is a unique polygon, the
Delzant polytope. To compare two such systems the semitoric metric defined in the present chapter
takes the v-measure of the symmetric difference of the polygons for some admissible measure v, as
opposed to using the standard Lebesgue measure on R? as is done in [67]. Notice also that Mr is
not equal to Mgt ¢ because, for instance, there are elements of Mgt ¢ which are not compact.

Moreover it is possible for two toric systems to be isomorphic as semitoric systems but not
isomorphic as toric systems. This is because if (M,w, (J, H)) and (M',w’, (J', H')) are two choices of
4 dimensional toric systems then a diffeomorphism ¢ : M — M’ is an isomorphism of toric systems if
¢*(J',H") = (J, H). This corresponds to taking f to be the identity in the definition of semitoric
isomorphisms. Thus we see that if ~ represents the equivalence induced by semitoric isomorphisms
we have that M/~ C Mgr,o so the metric on My produces a topology on a subset of Mgt ¢ via the
quotient topology.

In Mgt 0 the semitoric invariant is a unique polygon so to conclude that the metrics produce
the same topology it is sufficient to show that the same sequences of convex compact polygons

converge with respect to both the Lebesgue measure and any admissible measure.

Lemma 3.3.14. Let Ay, A C R? be convex compact sets for each k € N, let i denote the Lebesgue
measure on R?, and let v be any admissible measure. Then limy_, (A © Ay) = 0 if and only if

limy o0 Z/(A © Ak-) = 0.
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Proof. If limy_, 00 (A & Ag) = 0 we can see that limg_,o v9(A S Ag) = 0 where vy is the example of
an admissible measure from Section 3.3.2. This is because vy(A4) < u(A) for any set A C R2. Thus
we conclude that limg_, o V(A © Ag) = 0 by Lemma 3.3.8.

Now we will show the other direction. Suppose limy_, o V(AE Ay) = 0 and fix € > 0. Choose
some L > 0 such that 71 (A) C [-L, L]. By Lemma 3.3.7 we know there exists xg, yo,y1 € R with
Yo < y1 and xg € [—L, L] such that the set {zo} X [yo,y1] C A is a subset of Ay for k > K; for
some fixed K; € N. Now, suppose that k > K; and p € Ay has m1(p) > L + 1. Then, since Ay, is
convex, the triangle with vertices (xo, Yo), (0, ¥1), p, which we will denote by G,, must be a subset
of Ag. Since 71 (A) C [~L, L] we know that G, \ 7, '([~L,L]) C A © A, and the v-measure of
any such triangle G, defined by a point p € R? with 71(p) > L is bounded below by a constant
¢1 = v(Gp,) > 0 where pg = (L + 1,0). This is because any triangle G, where 7 (p) > L contains
a triangle G(r41,) for some y € R and any such triangle is the image under a vertical, and thus
v-preserving, transformation of G,,. Similarly, p € Ay, for k > K; with 7 (p) < —L would imply
that (A © Ag) > ¢ for some constant ¢y > 0. Thus, since limg_,o V(A © Ag) = 0 we conclude that
there exists some Ko > K such that k > K, implies that A, C 77 *([~L, L]). Since v is admissible
we know that there exists some c3 > 0 such that du/av < c3 on 77 *([~L, L]). Choose K3 > Ky such
that k& > K3 implies that v(A © Ay) < ¢/cs and notice that

d
p(AO AL = d—’:u(A O Ay < (MG Ay <,

because while the Radon-Nikodym derivative is not bounded on all of R? it is bounded on the set

A © Ay for large enough k. O

Corollary 3.3.15. The metric d induces the same topology on Mt as the metric defined in [67]

does.

Corollary 3.3.15 follows from Lemma 3.3.14. This result is concerning compact polygons. Of

course, if we consider non-compact sets these metrics will not induce the same topology.

Remark 3.3.16. Let M%%t C Mgt be the collection of compact semitoric integrable systems. Then
the polygons produced will always be compact and thus Lemma 3.3.14 applies. So we can conclude

that when restricting to M;‘}t the standard Lebesgue measure can be used in place of the choice of



60

admissible measure and the same topology will be produced. %)

3.3.6 d and d' induce the same topology

Let

]Imf”; ={me ]Imﬁ[];] | m has twisting index E}

and define d'd = @' {0n}n=0 on T by

dId,I/,{b”};"f:0
dId(m,m/) — my,k

1 otherwise.

(m,m') ifm,m’ € ]Imf i for some mjy € Z>O,E € Zms

Both d and d! are defined on T and the main result of this section will be that both of these metrics

induce the same topology on I

Lemma 3.3.17. Let m,m, €1 for n € N. Then d”’{bgff;o (m,my) =30 implies that AT jny Aj
mf,

forallj=1,...,my.
Proof. Again we use d to denote dy’{bfg}ﬁlo and dP to denote dp’y’{[g]"}?:o.
myg, myg,
Step 1. Let p, € 8™ satisfy d(m, my,) = dP»(m, m,,) for each n € N. For the first step of this

proof we will argue that )\Zn ) e A; by contrapositive. Suppose there exists some j € 1,...,my
such that A7 ) # Aj as n — oo. This means there exists a > 0 and a subsequence (n;)52, such that

Ao ()

~ \j| > aforanien.

Now let t; = t}kj and {7 = té*};ﬂm' Let A be a polygon which represents a choice of &€= {+1,...,+1}
for m. We must show that v(t;(A) ©¢7*(A)) is bounded away from zero. We may assume that a is
less than the horizontal distance from A; to the edge of the polygon A because A; € int(m(A)). Let
b= minze[AJ_,ay)\ﬁa]{ length(A N ¢,) } and notice that since A is a convex polygon we must have
that b > 0.

The set A may be shifted by a vertical transformation so that max{ma(AN¥¢;)} = 0 for each

x € R to form a new set A’ C R2, as is shown in Figure 3.5. Let A: R? — R? be the composition of

these transformations so A(A) = A’. This new set may not be convex but since v is invariant under
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[ 2]

Figure 3.5: Without changing the v-measure we can produce a new polygon which has
{y = 0} as its top boundary.

)\j > )\;”

{z=X+a} {z=XN} {g=X\—-a} {z=X\+a} {z=)\} {z=)—a}

Figure 3.6: Either A" < \; —a or A}* > \; + a. Each case is shown above and in either
case there is some positive measure region which is always in the symmetric difference.
This causes convergence to be impossible.

vertical translations we have that v(A) = v(A’). Notice that B = [\; — a, \; + a] x [—b, 0] satisfies
BCA.

Now there are two cases, both shown in Figure 3.6. If \; < A} then ¢;(B) N {y > 0} C
t;(A") ot} (A"). This is because ¢}" is the identity on points where z € [A; —a, A; +a] and so for x in
this interval A’ does not intersect the open upper half plane. The set ¢;(B) N{y > 0} always contains
the rectangle [A; + ¢/2,\; +a] x [0,9/2], as in Figure 3.6. Let ¢; = v([A\; + 9/2,A; + a] x [0, 9/2]).

Now suppose that A; > )\;‘ In this case the symmetric difference always contains the
region t;([A\j,A; + a] X [a — b,a]) which has the same measure as [A;,\; + a] X [a — b, a]; see
Figure 3.6. Let co = v([A\;, Aj +a] x [a — b, a]) and let ¢ = min{c1,c2}. So in any case we have that
v(tj(A) et (A) =2 c>0.

Assume that lim,,_, o, d(m,m,) = 0. This implies lim; , . v(A & A™) = 0. In this case fix
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¢ > 0 such that € < ¢, and find I > 0 such that ¢ > I implies that ¥(A © A™) < e. Then for ¢ > I

we have that

vlt;(A) o 5 (A)] S v[t;(A) © £ (A™)] + [t (A™) o t7(A)]

= V[t (A) &t} (A™)] + v[A™ & A,

which implies

viti(A) o] (A™)] = v[t;(A) ot} (A)] —v[A™ © A] > c —e.

Thus limy, 00 v[t;(A) © 17 (A™)] = 0 is impossible, but this is a term in d(m,my) so d(m,m,) — 0

is impossible as well. We conclude that /\Zn(j) —Ajforall j=1,...,my.

n—roo

Step 2: From Step 1 we know that )\Zn(j) — Aj for each j = 1,...,my. Let D =
min{|A\; — A\jy| | 7,5 € {1,...,ms},7 # j'}. Then there exists some N > 0 such that n > N implies

that |A”

P ()

— )\j‘ < d/3. Thus, for n > N we have that p, = Id and the result follows. O

Proposition 3.3.18. Let my € Zxy, ke zms, {bn}22, be a linear summable sequence, and v be

an admissible measure. Then d:{bfg}]’ﬁ“ and dﬁ’ygb”}io induce the same topology on 1.
£ fs

Proof. Any sequence which converges for d' will converge for d because d < d'd. Suppose that
(mn)$2, is a sequence in I which converges to m € I with respect to d. Then by Step 2 of the
proof of Lemma 3.3.17 we know there exists some N > 0 such that for n > N we have that
d(m,m,) = d'4(r,7,). Thus, we see that the sequence d'd(m,m,,) is eventually equal to a sequence

which converges to zero, so we conclude that d'(m,m.,,) "0, O

Remark 3.3.19. Each Hmf 7 C I'is in a separate component of (I,d). This is because these are
defined to be in different components for d'4 and we have just shown that d'¢ and d induce the same

topology. %)

3.4 The completion

In this section we compute the completion of the space of semitoric ingredients I which

corresponds to the completion of Mgt by Theorem 2.2.27. We will show that the completion of T is
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E where I is as is described in Definition 3.2.11 and Definition 3.4.9. The completion of an open
interval in R with the usual metric is the corresponding closed interval and we have already stated
that R[[X, Y]]o is complete (Proposition 3.2.2), so to produce the completion of I it seems the only
difficultly will be with the weighted polygons. This is not the case since in fact defining the distance
as a minimum of permutations has intertwined the metrics on these different spaces so we can not
consider them separately. This section has similar arguments to those in [67] except that in our
case we must consider a whole family of polygons all at once instead of only one polygon. For the
remainder of this section fix some admissible measure v, some linear summable sequence {b,}°2,

a nonnegative integer my, and a vector k € Zms. For simplicity we will use d and dP to refer to

V{b }71() pV{b }'n,O
Doyl 804

In Section 3.4.1 we show that the completion must contain T and in the remaining subsections

(from Definition 3.2.9) respectively, where p € 8™/.

we show that I is complete. In Section 3.4.2 we prove several Lemmas about Cauchy sequences which
are used in Section 3.4.3 to conclude that I is in fact the completion of I.

There is no way for elements of I with different numbers of focus-focus points or twisting
indices that are not equivalent (under the equivalence from Definition 3.2.5) to be close to one another
because the distance between any two such systems is always 1 (see Definition 3.2.10). Thus, we will
work with the components I .~ of L.

my,[K]
First, notice that the definition of d from Definition 3.2.9 holds on T as well. That is, extend

the definition of d in the following way:

Definition 3.4.1. Suppose that m,m’ € T denote

([Aw], (h3)52, ((57)%)52 )and ([AL], (R))32, ((S)%)52h)

, respectively. Then:

1. the comparison with alignment p is

dP(m,m’) = di"([Aw ( dgim = °((85)%, (Sp(y) ™) + ‘hj’hP(J ’)

||M3
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2. the the distance between m and m’ is

d(m,m’) = mi}}f {d?(m,m’)}.
st
k,k!

Proposition 3.4.2. d is a metric on I.

This proposition follows from the proof of Proposition 3.3.13.

Remark 3.4.3. Notice that d' is not a metric on I because it does not satisfy the triangle inequality.

This can be seen in Example 3.4.16. %)

Throughout Section 3.4.1 each space we examine can be viewed as a subspace of T and we

will endow them with the structure of a metric subspace.

Remark 3.4.4. The space I can be viewed as a subspace of T because there is a natural correspondence
between the elements of I and the elements of a subset of [. This is because there is at most one

element of I in each equivalence class in I so the space I corresponds to the subset {[m] | m € I}. @

3.4.1 The completion must contain fmf )

In the next few lemmas we start with I~ and build up to I - in several steps, showing
my,[k] m k]

that each inclusion is dense. First we will show that the completion of ]Imf (F] must include at least

all rational labeled polygons which satisfy the convexity requirements.

Lemma 3.4.5. Let fP/mf,[E] C D/P?ol/yg

— (R2%) be given by

ta(A) € Polyg(R?) for any @ € {0,1}™7,
P = 3 (A + LTI F B (A) < 0o, and

mingea 71(s) < A < ... < A, < mingea m1(s)

and let

H;nf’[lg] - ?/mf»[E] x [0,1]™ x R[[X, Y]]glf~

Then the inclusion 1 - CI' . is dense.
my,[k] my,[k]
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Proof Fix any element m = ([AWL (h,j);n:fl7 ((Sj)oo);n:fl) S ]I:nf )’ Since d < d'! we will show there

exists an element m’ € ]Imf ) arbitrarily close to m with respect to the function d'd. Clearly we
will have no problems with making the volume invariant or the Taylor series arbitrarily close so just
consider the polygons.

Let [Ay] = [(A, (€x;, +1,k))52)] € ‘J”mf 7 and fix £ > 0. We will show there exists some

element [Al] € @Polygmf (7] (R?) such that d;d’y([AW], [AL]) < e. We will choose this element of
DPolyg,, . i (R?) to have the same \; values as A,. Since the action of ¢z, @ € {0,1}™, does not

change the volume of sets we have
d ([Aw], [AL]) < 2™ v(A 6 A)

where (A, (£y;,+1, kj);rzl) € [A”]. To complete the proof it suffices to show that there exists an
element (A', (£, +1, kj);n:fl) € DPolygmfﬁ[E] (R?) such that A and A’ are equal except on a set of
v-measure less than 27/ ¢.

For j =1,...,my let p; € R? be the intersection of ¢y, with the top boundary of A. Let
U C R be a union of disjoint neighborhoods around each corner of A which is not an element of
{p; };n:fl such that v(U) < ¢/2ms*'. Also, let V.C R\ U be a union of disjoint neighborhoods around
each point p; for each j =1,...,my and v(V) < ¢/2ms*'. We will define A’ in several stages, editing
it several times. Start by assuming that A’ = A. By [67, Remark 23] we can edit A’ on the set U so
that every vertex is Delzant except possibly the ones in V.

Now, recall that for a semitoric polygon to be Delzant the points p; must all either be fake
or hidden Delzant corners. This is equivalent to saying that the corners on the top boundary of
tz(A’) must all be Delzant for @ =< 1,...,1 >. Since tz(A’) is a convex polygon and tz(V) is a
neighborhood of the edges tz(p;) we can again use [67, Remark 23] to conclude that we may edit
tz(A’) inside of the set V such that all of the vertices on the top boundary are Delzant. Now we
have finished defining ¢z(A’) and since this map is invertible we have also defined A’. Notice that for
j=1,...,my each point tz(p;) is either a Delzant corner, which would make p; a hidden Delzant
corner, or it is not a vertex at all, in which case p; would be a fake corner. Also, it is easy to check
that any new Delzant corner we had to define in ¢z(V') which is not on the point ¢z(p,) for some

j=1,...,my gets transformed by tgl to form a Delzant corner on A’. In conclusion, [Al] is a
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Delzant semitoric polygon and each of the 2" polygons in the equivalence class is equal to each

polygon in [Ay] except on a set of v-measure less than /2™7. O

So from the above Lemma we conclude that the completion of ]Imf (£ must contain H;n )
; )

In the next Lemma we show it must contain a larger set. The only difference between P’ g [F] and

P my . 1 that P m, i Allows irrational polygons.

Lemma 3.4.6. Let

tz(A) is a convex polygon for any @ € {0,1}™1,
fPHmf,[E] = 9 [(A (6, +1, k;);n:fﬁ] 0 < v(A) < oo,k ~ K and

mingea 71(s) < Ap < ... < Ay, < maxgea m(S)

and let

]II/ — :PI/

mf,[E] X [07 Hmf X R[[Xv YHO 7

mfv[]z]

Then the inclusion I’ .. CI” . is dense.
my, (k] my,[k]

Proof. Just as in the proof of Lemma 3.4.5 we can see that we only need to consider the polygons.
Suppose that [Ay] € iP”m,«,[E] and (A, (€y,;,+1, kj)?:fl) € [Ay]. Given any € > 0 we can find an
open neighborhood of the boundary of A which has v-measure less than e (since the boundary has
measure zero and v is regular) and we may approximate A by a rational polygon with boundary
inside of this neighborhood. In the case that A is compact this can be done by approximating the
irrational slopes with rational ones (exactly as done in [67]).

This strategy will work even if A is not compact. For the faces of A which are non-compact
with irrational slope (if there are any) we can still approximate these with a line of rational slope
because of the properties of the admissible measure v. Suppose there is a non-compact face of A
which has irrational slope r € R\ Q. Then choose ¢ € Q such that ¢ < r and v({gz <y <rz}) <e
and let the edge on the rational polygon have slope g. Such a slope can be chosen because if the
measure of that set is always finite and replacing g by g2 = 9+7/2 will produce a wedge with half the
measure of the original.

O

Remark 3.4.7. Since it is possible for A; = A; 1 for some j € 1,...,m; — 1 the order in which the
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critical points are labeled in a system cannot be made unique by only considering those\ values. This
means that there could be two elements in imh[,;] which have the same invariants except labeled in a
different order. Of course, we do not want this because these two elements should be the same, so we
use the other invariants to create a unique ordering on the critical points of any element of imf,[lZ]'
We fix the order so that if A\; = A\j;; for some j =1,...,ms — 1 then we require that h; < hj41. In
the case that A; = A\j41 and h; = h;41 we look to the Taylor series. In this situation we require that
the coefficient of X of the Taylor series (S5;)> is less than or equal to the coefficient of X in (Sj41)>
and if those are equal we look to the coefficient of ¥ and continue in this fashion. Now given any
system with critical points there is a unique order in which to label them which is essentially the

lexicographic order on the invariants. %)

For the next Lemma we only slightly change the restrictions on the ()\j);”:fl. Notice that we
allow (positive only) infinite values for the A;. This can only happen in the case that the polygon is
non-compact. If A\; = 400 then we define t; to be the identity because all of R? is to the left of this

value.

Lemma 3.4.8. Let

tz(A) is a convex polygon for any @ € {0,1}™f,

1" N O<V(A)<OO>ENE/7
P iy = 1A (O, +1,K5)20))
Aj € RU{oo} for j=1,...,my, and

mingea 71(s) <A1 <. .0 < Ay < Maxgen m1(8)

and let

1 — :]3///
m

- mg my
my,[k] X [07 1] x R[[Xv YHO :

fv[E]

The inclusion 1" cI” . isdense.
m m

7[R 7:[K]

Proof. Again, we only need to consider the polygons. We will prove this Lemma in two steps. First,
suppose that [Ay] € fP’”mf,[,;] has \; < oo for each j =1,...,my so the only thing that is keeping
[Ay] from being in Tllmf,[E] is the possibility that A\; = Xj1; for some fixed j € {1,...,my —1}. Let
i be all zeros except for a 1 in the j** and (j + 1)** positions. Then [A,] € T/Hmf,[ﬁ] implies that

tz(A) is convex so we know that there is a vertex of A on the top boundary with z-coordinate A;.
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Ny N T Ny

Figure 3.7: By cutting the corner and adjusting the values of A\; and \;;; of an element
in P my,f) W can produce an element of P G which is very close.

£kl

Let my denote the slope of the edge to the left of this vertex and let ms denote the slope to the right.
Then we can see that the convexity of tz(A) implies that m; > mso + 2. Now we want to show that
there exists some [Al] € :])//mf7[f} arbitrarily close in d'¥ to [Ay]. Let [AL] be equal to [A,,] except
that A; < A; < A, and that the top boundary of A" has slope m; — 1 on the interval x € (A}, A} ;).
So, as is shown in Figure 3.7, we have cut the corner off of A to produce A’ and clearly this cut
can be made as small as desired. This process can be repeated for each instance of A\; = A;; for
jed{l,...,my}.

Now we proceed to step two. Assume that [Ay] = [(4A, (£y;, +1, kj);n:fl)} € D/P;)_l;gmfy[g] (R2)
has A\p,, = 400 (and \; < oo for j = 1,...,my — 1) and we will construct a sequence with [Ay]

as its limit. Let N = maxj=1 . m,—1 |A;] and for any n € N which satisfies n > N define a set

A™ = AN [=n,n] with Ay, =n. That is
[AG] = (A", (b, + DT, (0, +1)).

Notice that each polygon in each family [A7] is convex because it is the intersection of two convex
sets. Then d%([Ay], [AZ]) — 0. Clearly a similar process can be used to produce sets which have

multiple A values which are infinite.
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Next we would like to consider arbitrary convex sets, but there is a subtlety. We must instead
consider all sets which are convex up to measure zero corrections (as is done in [67]). So far we have
only been working with polygons and if the symmetric difference of two polygons has zero measure
in v, and therefore also in u, those polygons are the same set. This is not true for arbitrary subsets
of R?. Recall that v and the Lebesgue measure i have exactly the same measure zero sets, so the

equivalence relation in the following definition does not depend on the choice of admissible measure.

Definition 3.4.9. Let

ACRZ,)\jERU{OO} forj:l,...,mf,

oy tz(A) is a convex set for any u € {0,1}™7,
emf,[ﬁ] = ¢ (4, (gkja+1vkj)j:1)} L
k~k,0<v(A)< oo, and

minge4 m1(s) <A1 <... < Ay, < maxgea m(8)

f

Further, for any measurable sets A, B C R? we say A ~ B if and only if u(A © B) = 0 and let [A]

denote the equivalence class of A with respect to this relation. Finally, let

m [(A7 (gk'a"’_lvkj)m:fl)] € em i Or
DPolyg,, i (R?) = ¢ [([A], (€x,, +1, k) 7)] i J 55[F]
v(A)=0and \; =0for j=1,...,my
Here it is important to notice that we have included one extra element in each
D/ng_lggmf F) (R?), the equivalence class of the empty set. For this element the values of \; are
unimportant so we set them all equal to zero (in fact, any fixed number will work). For the last

Lemma in this section we will show that the inclusion in fm R which is defined in Definition 3.2.11,

is also dense.

Lemma 3.4.10. The inclusion I . C 1

. 1
- 1s dense’.
mg,[K] my,[k]

Proof. Once more, we only have to consider the labeled weighted convex sets since it is easy to align the
volume invariant and Taylor series invariant. Let [(A, (£x;,+1, kj);n:fl)} =[Ay] € CD/P(\)ggmf ) (R?).
Now pick [(B, (¢x,,+1, k‘J);n:fl)] € fP”’mf ) and notice that they have the same A values, so if A and

B are close then so are all of the other polygons. Simply approximate A by a family of disjoint

1The explanation of how I’ . can be viewed as a subspace of I - is in Remark 3.4.4.
m g [K] m g, [k]
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{2 =M} {x;)\z}

Figure 3.8: An arbitrary convex set can be approximated from the inside by a polygon.
The convexity requirements will be met as long as the vertices on the top boundary at
{x = \,} for each j = 1,...,my are included in the polygon.

rectangles contained in A. We need to be sure that ¢z(B) is convex for any choice of @ € {0,1}™f so
take B to be the convex hull of the rectangles which approximate A from the inside and the points in
the top boundary of A which have z-value equal to A; for some j € {1,...,ms}. Since B C A and
tz(A) is convex around @ = A; for each j =1,...,my we know that ¢z(B) is convex (Figure 3.8).

O

From the results of Lemma 3.4.5, Lemma 3.4.6, Lemma 3.4.8, and Lemma 3.4.10, the

following lemma is immediate.

Lemma 3.4.11. The completion of Hmf (7] must contain ﬁmf GE

3.4.2 Cauchy sequences for d and d'¥

In this section we investigate the relationship between Cauchy sequences in d'¢ and dP. This

will be used to prove Lemma 3.4.14; that Tis complete.

Lemma 3.4.12. Let m,, € ﬁmf g forn=1,...,00. If (mp)22, is Cauchy with respect to d then

there exists a subsequence (my,)32, which is Cauchy with respect to d'?.

Proof. Let (my,)52; be as in the statement of the Lemma. Let Ag = N and let My = 0. We will define
A,, and M, recursively for each n € N. Suppose that |4,,_1| = c0 and M,,_; € A,,_1. Let g, = 27"
Find some M > 0 such that k,! > M implies that d(my, m;) > en/2. Now let M,, be any element of

Ay, —1 which is greater than M and M,,_1. This means d(myy,, ,m;) < €n/2 for any | > M,,. Forp € §™f
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let Bp ={l € Ay_1 |1 > My,d?(mpr,,m) < en/2}. Notice that N,egms By = {l € Ay [ > My}
by the definition of M,,. The union of this finite number of sets has infinite cardinality so at least one
of those sets must also have infinite cardinality. Choose any p,, € 8"/ such that |Bgn| = o0 (there
may be several possible choices). Now define A,, = (A,—1 N[0, M,,]) U B} . Notice that M,, € A,
and |A,| = oco.

Now let A = NyenA, and notice that |A| = oo because {M,, | n € N} C A.

So (mg)aca is a subsequence of (m,,)22 ;. We will show that this subsequence is Cauchy
with respect to d'9. Fix any € > 0 and find n € N such that ¢,, < . Now pick any k,l > M,, with
k,l € A. Then k,l € A, implies that k,l € 8} so dP"(muy,,mg),d"" (mpr,,my) < en/2 < /2. Also
notice that p, being an appropriate permutation to compare my, with mjs, and also appropriate to
compare m; with mys, implies that Id € 8™/ is an appropriate permutation to compare my and m;.
Thus

d"(my, my) < dP (my, mar,) + dP (mg,mag,) < €

by Lemma 3.3.11. O
Lemma 3.4.13. Suppose that (m,)32, is a sequence of elements ofimf i which is Cauchy with
respect to the function d'®. Then there exists some p € 8™ and m € im,- i such that

lim d?(my,,m)=0.
n—oo

Proof. For A, B C R? say A ~ B if and only if v(A© B) = 0 and let F denote the subsets of R? with
finite v-measure modulo ~. Now let & = {[A] € F | there exists B € [A] which is convex} and let dg
be the metric on this space given by the v-measure of the symmetric difference. For simplicity we
will write A € € instead of [A] € £&. We will show that this metric space is complete. Let x4 denote

the characteristic function of the set A € €. Then for A, B € £ we can see that

4e(A.B) = [ | Txa=xsldv = Jxa = xsu

the L' norm on (R2,v). Now suppose that (A¥)° | is a Cauchy sequence in (&,d¢) and by measure

zero adjustments we can assume that each A* is convex. Then (x 4+)$, is Cauchy in L'(R?,v) and



72

thus there must exist some function g : R? — R defined up to measure zero such that
lim |lg — xaxllzr =0
k—o00

because L' is complete.

oo

The functions (y4x)32; converge to g in L' so we know that there is a subsequence (X gxn )52,

which converges to g pointwise off of some measure zero set S. Let
A={z R\ S| g(z) = 1}

and now we will show that A is almost everywhere equal to a convex set so € is complete. Let
A’ be the convex hull of A and we will show that v(A & A") = 0. Let p € A’ which means there
exists ¢, € A and t € [0,1] such that p = (1 — t)g + tr. Since the subsequence (x gx. )22, converges
pointwise to x4 at the points ¢ and r (since ¢, € A and A is disjoint from S) this means that there
exists some N > 0 such that n > N implies ¢, € A*~. Thus, since each A* is convex we see that for
n > N we have p € A*». We conclude that p € AU S and thus AS A’ C S so v(AS A’) = 0. Also
notice v(A¥, A) — 0 as k — oo implies that v(A) < oo. This means A € € so (€,d¢) is a complete
metric space.

Let ([A%])%2, be a Cauchy sequence in (D/P?)Egmf’[a (R?),dp""). Let
[AE] = [(A¥, (6, 1, ))] and lot A% = #4(4%)

for each €€ {—1,1}"f with u; = 1_2€j . Since this sequence is Cauchy we also know that the sequence

(AE)2e | is a Cauchy sequence in (&,dg). Thus for each & € {—1,1}™/ there exists some convex
Az € € which is the limit of (A’g),;“;l in &. Let A= A(;,. 1). We have produced a family of convex,
v-finite sets which could be the limit, but we still need to check that there is some choice of (Aj);n:fl

such that Az =tz(Ap) in € for each j =1,...,my.

Fix some j € {1,...,ms} and let A; = A, where ¢; = —1 and ¢; = +1 for ¢ # j and let ¢,
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L : : : % ! ’ ’
/\f" /\;?” o To+a )\j" )\;?m o T+ a

Figure 3.9: The action of t}\,?m and t}\,_cn on a polygon. It can be seen that R, ,, is a
: ,

J

subset of the symmetric difference and has measure which is nonzero if ’)\f" — )\;?m‘ #0.

denote ti,; Since v is invariant under vertical translations we have that
de (tr(A), ta(A")) = de(A, AY)
so both go to zero as k — co. By the triangle inequality we can see that
de (te(A), Aj) < de (te(A), tr(AF)) + de (tr(A¥), A;)

so we conclude that

de (tk(A),Aj) = 0 as k — oo. (3.2)

If (\¥)72, diverges to +00 or converges to sup(m(A)) then we are done. This is because in
this case dg (tF(A), A;) — 0 as k — oo implies that A and A; represent the same element in & (i.e.
they are equal almost everywhere) and t* acts as the identity on Ag if A is the rightmost value of Aj.
Otherwise we can find some xg,a € R with a > 0 such that [zg, 2o + 2a] C 71(A) and there
exists a subsequence (A?”)j’le such that /\;C < xg for all n. Notice that AN ¢, is an interval for

any = € m1(A) because A is convex. Let d; = length(A N ¢;,) and 3 = length(A N ¢y, +,) and notice
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that d1,d2 < 0o because otherwise we would have v(A) = oo or v(A) = 0 because A is convex and
v is invariant under vertical translations. Also notice that length(A N ¢,) > min{dy,d2} for any
x € [xg,x0 + a] because A is convex. Pick any n,m € N and we can see that t}\f" and tifm only differ
by a vertical translation when acting on A N7 ([0, zo + a]) (see Figure 3.9). This guarantees that
there is a region R, ,,, in the symmetric difference " (A) o A (A) which has the same measure
A — Nlm

as a rectangle of length a and height min{dy, d, } positioned between the z-values of xg

and xg + a (since v is translation invariant). If R stands for the measure of a rectangle from x =

to © = xg + a of unit height we can see that
— i kn km
v(Rp,m) = min {51,52, ‘)\j —Aj ‘} R
and since R,, , C A" (4)e 25" ) we know that

min{él, (52,

Nen _ \fim ‘}R < Wty (4) © by (4)). (3.3)

The right side of Equation (3.3) is Cauchy with respect to m and n because (t,x, )52, converges

Aon
J
by Equation (3.2) and thus the left side is Cauchy as well. This means that (Af");l’ozl is a Cauchy
sequence of real numbers and thus must converge. Call its limit A; € R. To complete the proof we

must only show that V(tkj (A) & A;j) = 0. This is clear because
v(th, (A) © A7) < v(ty, (A) © thu, (4) + V(. (4) © 4;)
J J
and the right side goes to zero as n — oo. So we conclude that the original Cauchy sequence converges
to [(A, (4a,, +1, k‘]);n:fl)] Clearly the elements of each copy of R[[X,Y]]o and [0, 1] can be made to

converge. The only problem is that possibly this limit does not have the critical points labeled in the

correct order according to Remark 3.4.7 to be an element of DPolygmf (] (R?) so we reorder it by

some permutation p € 8"/ and the result follows. O

3.4.3 Tis complete

Lemma 3.4.14. ]Imf,[,;] is complete.
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Proof. Any Cauchy sequence in imf (k) st have a subsequence which is Cauchy with respect to d'¢
by Lemma 3.4.12. By Lemma 3.4.13 that sequence must converge with respect to dP for some fixed
p € 8™f, which in particular means that it must converge with respect to d. A Cauchy sequence

with a subsequence which converges must converge. O
Now Lemma 3.4.11 and Lemma 3.4.14 imply the main result of this section.

Proposition 3.4.15. Given an admissible measure v and a linear summable sequence the completion

Of (]L dy’{bn}?‘o:()) 18 (ﬁ, d”"{b"}f:o),

Example 3.4.16. The reason to use d instead of d'd can be seen by the examining structure of the
completion. Let
[(Al, ()\1 =0,e, =1,k = 0), ()\2 =l,eo=1,ky = 0))] ifl>0

[AL] =
[(Al, (/\1 =ler =1,k = 0), (/\2 =0,e0 =1,kg = 0))] ifl <0

and suppose that m; € I is a system given by

([Afﬂ]ﬂ((sl)ooﬂhl%((SQ)OOvh?)) ifl>0

mp; =

([AL], ((S2)%, ha), ((51)°,h1))  if1<0

for I € [-1,1] \ {0} such that lim;_,o m; exists in (I,d). This can be thought of as one of the critical
points being fixed and the other passing over it at [ = 0 as is shown in Figure 3.10. The complications
in defining this come from the fact that the order of the critical points switches at [ = 0 so the labeling
has to switch. Now we can see the problem with using d'¢, which is that lim;_,¢+ m; # lim;_,o- my
with respect to d'd.

@

Finally, Theorem 3.2.12 is produced by combining Proposition 3.3.13, Corollary 3.3.9, and

Proposition 3.4.15.
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h<0 h>0

A

{z =0} {z =0}

Figure 3.10: A continuous family in T in which one critical point passes over the other as
h increases from negative to positive.

3.5 Further questions

Now that we have defined a metric, and in particular a topology, on Mgt there are several
questions that would be natural to address. First of all, one may be interested extending the metric
defined in this chapter in the way that this chapter has extended the metric from [67]. To produce
such an extension to a larger class of integrable systems one would first have to classify those systems
with invariants in a way which extends the classification from [69, 70]. Also, one can now ask what
are the connected components of Mg, which is the topic of Chapter 4. Furthermore, with a topology
on Mgt we can consider Problem 2.45 from [72], which asks what the closure of the set of semitoric
integrable systems would be when considered as a subset of C°°(M,R?). To address this problem an
appropriate topology on C*°(M,R?) would have to be defined. This situation is much more general
than the systems which are the focus of this chapter so it may be best to study metrics constructed
in a more general case such as in Chapter 9.

This chapter is partially motivated by the desire to understand limits of semitoric systems
which are themselves not semitoric. One method to do this is to study the elements of i\ I in relation
to integrable systems. Perhaps some subset of this can be interpreted as corresponding to non-simple
semitoric systems or to some other type of integrable system not included in the classification by
Pelayo-Vi Ngoc [69, 70]. Problem 2.44 from [72] asks if some integrable systems may be expressed
as the limit of semitoric systems in an appropriate topology and the study of i\ I may make some

progress on this question.

Acknowledgements. Chapter 3, in part, is comprised of material submitted for publication
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Chapter 4

Classifying toric and semitoric fans

4.1 Introduction

In this chapter I present an algebraic viewpoint to study four-dimensional toric integrable
systems, based on the study of matrix relations in the special linear group SL2(Z). Recall, one can
associate to a rational convex Delzant polygon A the collection of primitive integer inwards pointing

normal vectors to its faces, called a toric fan. This is a d-tuple
(vo = Vg, v1,...,vq-1) € (Z*)4,

where d € Z is the number of faces and det(v;,v;+1) = 1 for each 0 < i < d — 1. This determinant
condition forces the vectors to satisfy the linear equations a;v; = v;—1 + v;41, for i =0,...,d -1
where v_1 = v4—1, which are parameterized by integers ag,...,a4—1 € Z (Lemma 4.3.3). These

integers satisfy

0 -1 0 -1 0 -1 1 0
_ (4.1)

1 ag 1 a1 1 ag_1 0 1

(this equation appears in [33], page 44) but in fact not all integers satisfying Equation (4.1) correspond
to a Delzant polygon. This is an equation in SLo(Z) and in this chapter I lift it to the group G

presented as

G=(S,T|STS=T"'ST1)

78
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where SLy(Z) = G//(S*). The group G is the pre-image of SLy(Z) in the universal cover of SLa(R),
and thus I can define what I call the winding number of an element of g € G that evaluates to the
identity in SL2(Z). Roughly speaking, we view g as a word in S and 7" and by applying this word to
a vector one term at a time I produce a path around the origin. I define the winding number of g to
be the winding number of this path in the classical sense.

The equation in G analogous to Equation (4.1) has the property that a collection of integers
ao, - - -, aq—1 satisfy the equation if and only if they correspond to a toric fan, and from the integers it
is straightforward to recover the fan. As such, this is a method to translate problems about toric fans
into equivalent problems about the algebraic structure of the group G. This allows us to simplify
the proofs of some classical results about toric fans (Section 4.4), and generalize these results to the
semitoric case (Section 4.5). Associated to a semitoric system there is also a collection of vectors
(vo, - ..,v4—1) which satisfy more complicated equations (given explicitly in Definition 4.2.5) known as
a semitoric fan. A semitoric fan can be thought of as a toric fan for which the relations between some
pairs of adjacent vectors have been changed as a result of the presence of the focus-focus singularities
of semitoric integrable systems. Roughly speaking, semitoric fans encode aspects of the singular
affine structure induced by the singular fibration associated to a semitoric integrable system.

I present the following theorem in this chapter which is an application of the algebraic
method I introduce. In Chapter 5 I will use this theorem to describes the path-connected components

of the moduli space of semitoric integrable systems with a fixed number of focus-focus singular points.

Theorem 4.1.1. Any semitoric fan may be obtained from a standard semitoric fan in a finite number

of steps using four standard transformations.

A more detailed description of Theorem 4.1.1 is given in Theorem 4.2.8 and the definitions
of the standard semitoric fans and the four standard transformations used in Theorem 4.1.1 are given
in Definition 4.2.7.

The machinery in this chapter is developed with the goal of proving Theorem 5.1.1 in the
next chapter, which describes the connected components of the moduli space of semitoric systems

from Chapter 3.
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4.2 Fans, symplectic geometry, and winding numbers

4.2.1 Toric fans

A toric variety is a variety which contains an algebraic torus as a dense open subset such
that the standard action of the torus on itself can be extended to the whole variety. That is, a toric
variety is the closure of an algebraic torus orbit [56]. By an algebraic torus we mean the product
C* x...x C*, where C* = C\ {0}. It is well known that the geometry of a toric variety is completely
classified by the associated fan. In general, a fan is set of rational strongly convex cones in a real
vector space such that the face of each cone is also a cone and the intersection of any two cones is a
face of each. In this chapter we will be concerned with two-dimensional nonsingular complete toric
varieties and their associated fans, which we will simply call toric fans. As described in Section 2.2.6,

these fans are given by a sequence of lattice points
(vg = va,v1,...,v4-1) € (Z*)?

labeled in counter-clockwise order such that each pair of adjacent vectors generates all of Z2 and

the angle between any two adjacent vectors is less than 7 radians. That is, det(v;, v;41) = 1 for

Recall a Delzant polygon is a convex polygon A in R? which is simple, rational, and smooth.
A toric fan may be produced from a Delzant polygon considering the collection of inwards pointing
normal vectors of the polygon.

Here I adapt Theorem 2.2.16 to relate it to Delzant polygons.

Theorem 4.2.1 (Fulton [33], page 44). Up to the action of SLa(Z), every Delzant polygon can be
obtained from a Delzant triangle, rectangle, or Hirzebruch trapezoid by a finite number of corner

chops.

The minimal models (the Delzant triangle, rectangle, and Hirzebruch trapezoid) are defined
in Definition 4.4.9 and depicted in Figure 4.1. The corner chop operation is defined in Definition
4.2.7 and is a standard operation in algebraic and symplectic geometry (see, for instance, [49]). The

proof of Theorem 4.2.1 sketched by Fulton in [33], which uses only two-dimensional geometry and
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slope %

Figure 4.1: (a) The three minimal models from Theorem 4.2.1. (b) An illustration of a
Delzant polygon produced by corner chopping the Hirzebruch trapezoid.

basic combinatorial arguments, is relatively long and does not immediately generalize. In Section 4.4
we provide an alternative proof using SLy(Z)-relations. This proof may be easily extended to the
semitoric case.

As a consequence of Theorem 4.2.1 in [67] it was recently proved:
Theorem 4.2.2 ([67]). The moduli space of toric polygons is path-connected.

That is, any two toric polygons may be deformed onto each other continuously via a path of
toric polygons. One shows this by first knowing how to generate all toric polygons as in Theorem
4.2.1. Then one shows, using elementary analysis, that the four minimal models can be continuously
transformed into one another and that the corner chop operation is continuous. Again, let us
emphasize that the results about toric fans are not new, we have just used a new viewpoint to arrive

at classical results. We will see that this new viewpoint allows us to generalize the known results.

4.2.2 Semitoric fans

In analogy with semitoric polygons (originally defined in [70, Definition 2.5]) we define

semitoric fans. Recall

T = € SLQ(Z)

Definition 4.2.3. Let v,w € Z2. The ordered pair (v, w) of vectors:
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1. is on the top boundary if both vectors are in the open lower half-plane;
2. satisfies the Delzant condition if det(v,w) = 1;
3. satisfies the hidden condition if det(v, Tw) = 1; and

4. satisfies the fake condition if det(v, Tw) = 0.

Remark 4.2.4. Notice that a pair (v, w) satisfies both the fake and Delzant conditions if and only if

for some k € Z and € € {—1,+1} and in order for such a pair to be in the top boundary we can only

have the case in which ¢ = —1. %)

Definition 4.2.5. Let d € Z with d > 2. A semitoric fan is a collection of primitive vectors
(vo = V4, V1,...,04-1) € (ZQ)d labeled in counter-clockwise order such that each pair of adjacent
vectors (v;, vi41) for i € {0,...,d— 1} is labeled as a Delzant, fake, or hidden corner. We require that
each labeled pair of vectors satisfies the corresponding condition from Definition 4.2.3 and we further
require that all fake and hidden corners be on the top boundary. The complezity of a semitoric fan is

the number of corners which are either fake or hidden.

Notice that the labeling of the pairs is required only because of the case described in Remark
4.2.4 in which a pair can satisfy both the fake and Delzant conditions. In all other cases the corner
type of a pair of vectors can be uniquely determined by inspecting the vectors involved.

Definition 4.2.5 is inspired by the toric case. Theorem 4.2.1 states that any toric fan can
be produced from a minimal model using only corner chops. Similarly, our goal is to use a series of
transformations to relate any semitoric fan to a standard form up to the action of the appropriate

symmetry group.

Definition 4.2.6. The symmetry group of semitoric fans is given by

g ={T"kez}
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where G’ acts on a semitoric fan by acting on each vector in the fan.

Definition 4.2.7.

1. Let ¢ € Zso. The standard semitoric fan of complezity c is the fan (uo,...,ucr3) € (Z?)°T4

given by

0 1 c -1

Uy = Ul = , Ug = y Uz = )

-1 0 1 0

and
—c+n
Ug4n =
-1

for n =0,...,c— 1 in which the first four pairs of vectors are Delzant corners and the rest are

fake corners.

2. Let (vg = vg,...,v4-1) € (Z*?)% be a semitoric fan. The following are called the four fan

transformations:

(a) Suppose that (v;,v;4+1) is a Delzant corner for some i € {0,...,d — 1}. Then

(V0, - -+, Vis V5 + Vi1, Vig1, - - -, Vg—1) € (Z*)*H

obtained by inserting the sum of two adjacent vectors between them. The new pairs
(vi,v; +vi41) and (v; + viy1, vi41) are both Delzant corners. The process of producing

this new fan from the original is known as corner chopping [49].

(b) A reverse corner chop is the procedure by which a single vector v;, i € {0,...,d — 1},
which is the sum of its adjacent vectors is removed from the fan. This is the inverse of a
corner chop and can only be performed if both pairs in the original fan involving v; are

Delzant corners.

(¢) Suppose that the pair (v;, v;11) is a hidden corner. Then

(V05 + + s Vis T041, Vit 1, - - -y Va—1) € (Z2)4T

is a semitoric fan with (v;, Tv;4+1) a Delzant corner and (Tv;41,v;+1) a fake corner (Lemma
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4.5.1). The process of producing this fan is known as removing the hidden corner (v;, v;y1).

(d) Suppose that the pair (v;,v;41) is a fake corner and the pair (v;11,v;42) is a Delzant
corner. Then

(vo, - V5, TWit2, Vit ..., Va—1) € (Z*)

is a semitoric fan with (v;, Tv;42) a Delzant corner and (Tv;42,v;4+2) a fake corner (Lemma
4.5.2). The process of producing this fan is known as commuting a fake and a Delzant

corner.
Using the algebraic results from Section 4.3 we show the following.

Theorem 4.2.8. Let d > 1 be an integer. Any semitoric fan (vg,...,vq—1) € (Z*)¢ of complexity
¢ € Zxo may be transformed into a semitoric fan §'-equivalent to the standard semitoric fan of

complexity ¢ by using the four fan transformations.

Remark 4.2.9. The method we are using to study semitoric integrable systems is analogous to
the method we use to study toric integrable systems. Theorem 4.2.1 explains how to generate the
Delzant polygons and is used to prove that the space of Delzant polygons is path-connected (Theorem
4.2.2) which implies that the space of toric integrable systems is connected. Similarly, Theorem 4.2.8
shows how to generate the semitoric polygons, and as an application we prove Lemma 5.3.5 which
describes the connected components in the space of semitoric ingredients (Definition 2.2.26) and this
implies Theorem 5.1.1, which describes the connected components of the moduli space of semitoric

systems. @

4.2.3 Algebraic tools: the winding number
It is shown in Lemma 4.3.1 that the special linear group SLy(Z) may be presented as

SLo(Z) = (S, T | T~'ST~! = STS, S*=1)

where

S = and T =
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Thus Equation (4.1) becomes

ST ... §T%1 = |

where ag, . ..,aq_1 € Z and I denotes the 2 x 2 identity matrix. Given vy, v; € Z? with det(v1,v2) = 1

a set of vectors

(v, 1, . ..,v4-1) € (Z*)?
may be produced by
Vit2 = —Ui + Q;Vit1
for i = 0,...,d — 1 where we define vy = vy and vgy; = v1. In this way associated to each list

of integers satisfying Equation (4.1) there is an ordered collection of vectors unique up to SLa(Z).
It can be seen that the determinant between any adjacent pair of these vectors is one and thus if
these vectors are labeled in counter-clockwise order, then they are a toric fan. The reason that
not all sequences of integers which satisfy Equation (4.1) correspond to a toric fan is that the
vectors vy, . . .,v4—1 € Z? may circle more than once around the origin, and thus not be labeled in
counter-clockwise order (see Figure 4.2). Thus, we see that viewing ST --. ST%-1 as an element of
SLo(Z) is losing too much information.

Let K =ker((S,T) — SL2(Z)) where (S, T) denotes the free group with generators S and T
and the map (S,T) — SLo(Z) is the natural projection. For any word in K a sequence of vectors
may be produced by letting the word act on a vector v € Z2 one term at a time. We know we will
end back at v, but the sequence of vectors produced contains more information about the word.
This sequence can be used to define a path in R? \ {(0,0)}. Of particular interest, especially when
studying toric and semitoric fans, is the winding number of such a path. That is, the number of
times the path, and hence the collection of vectors, circles the origin. This construction is explained
in detail in Section 4.4, and in particular Definition 4.4.4 given a precise definition of the number of

times an ordered collection of vectors circles the origin. Let w : (S, T) — Z by given by

w(oc) =3s—t

for o € (S,T) where s is the number of appearances of S in ¢ and ¢ is the number of appearances
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of T in 0. We find that if 0 € K then w(o) is a multiple of 12 and w(v)/12 is the winding number

associated to the word o. We present the group
G=(S,T|STS=T"'5T"")

on which the w descends to a well-defined function wg : G — Z. In fact, G is isomorphic to the
pre-image of SLa(Z) in the universal cover of SLy(R) (Proposition 4.3.7). Thus, if K’ is the image
of K projected to G, then given some g € K’ there is an associated closed loop in SLy(R). The
fundamental group of SLy(R) is Z and the classical winding number of this loop in SLy(R) coincides
with W (o) for any o € (S, T) which projects to g. Finally, in Corollary 4.4.6 we show that integers

ag, - --,aq—1 € Z correspond to a toric fan if and only if the equality
ST ... ST = 51
is satisfied in G. This correspondence is the basis of our method to study toric and semitoric fans.

4.3 Algebraic set-up: matrices and SLy(Z) relations

The 2 x 2 special linear group over the integers, SLy(Z), is generated by the matrices

S = and T =

We will see that to each toric (resp. semitoric) integrable system there is an associated toric (resp.
semitoric) fan and we will use the algebraic structure of SLs(Z) to study these fans. For our purposes,

the following presentation of SLy(Z) will be the most natural way to view the group.

Lemma 4.3.1. The 2 x 2 special linear group over the integers, SLo(Z), may be presented as

SLy(Z) = (S, T | T7'ST~! = STS, S* =1).
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Proof. Tt is well-known that

SLo(Z) = (S, T | (ST)® = S* = —1I) (4.2)

(see for instance [12]) where (—I)? = I and —I is in the center of SLy(Z). To obtain the relations in

the statement of the lemma from those in Equation (4.2) notice

(ST =S5? < STS =T"'ST ' and S* = -I = S* =1I.

To obtain the relations of Equation (4.2) from those in the statement of the lemma we only have to
show that S? squares to the identity and is in the center of the group to conclude that S = I. We

have that (S?)? = I and that S? commutes with S. To show that S? commutes with T' notice

TS? =TS(TSTST)
= (T'STST)ST

= S2T.

This concludes the proof. O

For v,w € Z?* let [v,w] denote the 2 x 2 matrix with v as the first column and w as the

second and let det(v, w) denote the determinant of the matrix [v, w].

Lemma 4.3.2. Let u,v,w € Z? and det(u,v) = 1. Then det(v,w) = 1 if and only if there exists

some a € Z such that w = —u + av.
b
Proof. In the basis (u,v) we know that v = . Write w = for some a,b € Z. Then we can
1 a
see that det(v,w) = —b so det(v,w) = 1 if and only if b = —1. That is, w = —u + av. O

The result of Lemma 4.3.2 can be easily summarized in a matrix equation, as we will now

show. Let

(vo = V4, V1 = Vg41,V2,...,V4—1) € (Z2)d

be a toric fan and define A; = [v;,v;41] for i = 0,...,d. Note that Ag = Ay.
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Lemma 4.3.3. For eachi € 0,...,d — 1 there exists an integer a; € Z such that A;;1 = A;ST%.

Proof. By the definition of a toric fan we know that for each 0 <7 < d — 2 we have that

det(vi, Ui—i—l) = det(vi_H, Ui+2) =1

so by Lemma 4.3.2 there exists a; € Z such that v;y5 = —v; + a;v;41. Then

AiSTai = [’Ui+1, —v; + awi]

= [Vi41, Vi2]
= Ait1,
and this concludes the proof. O
It follows that
Ag = Ay 1 STt = Ag_oST428T%1 =... = A,ST ... ST%-1

which means

AO = Ad = A()STaO ce STad'_l,

and so

ST ...ST% 1 =] (4.3)

This is a restatement of Equation (4.1) which is from [33]. So to each toric fan of d vectors there is
an associated d-tuple of integers which satisfy Equation (4.3), but having a tuple of integers which
satisfy Equation (4.3) is not enough to assure that they correspond to an toric fan. The determinant
of the vectors will be correct but, roughly speaking, if the vectors wind around the origin more then
once then they will not be labeled in the correct order to be a toric fan, as it occurs in the following

example.

Example 4.3.4. Consider the sequence of integers ag = —1,a1 = —1,a2 = —2,a3 = —1,a4 =
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on 1

V2

Figure 4.2: These vectors do not form a fan because they are not labeled in counter-

clockwise order.

—1,a5 = 0 and notice that

ST 18T ST 28T~ 1ST 18710 =1

so Equation (4.3) is satisfied for ¢ = 0 but these integers do not correspond to a toric fan. This is

because the vectors they produce:

1 0 -1
Vo = , V1 = , U2 = )

0 1 -1

1 -1 0
v3 = , Vg = , Us =

0 1 -1

travel twice around the origin® , see Figure 4.2. @

So we need extra information that is not captured by viewing this word in S and T as an
element of SLy(Z). For a more obvious example notice that even though they are equal in SLy(Z)
we can see that S* corresponds to a toric fan while S® does not. From [33] we know that integers

(ag, ...,aq) € Z* which satisfy Equation (4.1) correspond to a toric fan if and only if

ag+...+aqg_1 =3d—12

1For a formal definition of this, see Definition 4.4.4.
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so we would like to prove that

d-1
3d — Zi:o a;
12
is the number of times that the vectors corresponding to (ag,...,aq—1) circle the origin. In order to

prove this we will need some more terminology, and in order to keep track of the extra information
about circling the origin we will need to consider a group which is larger than SLy(Z).

Consider instead the free group with generators S and T, denoted (S,T). We know SL3(Z)
is a quotient of (S, T) by Lemma 4.3.1 so there exists a natural projection map m : (S,T) — SLa(Z).

Also define a map w : (S,T) — Z by

¢ ¢
w(ShTw . 0T =33 b~ Y a
=0 i=0
for any SboT ... SbT% ¢ (S T) where ag,...,as by, ...,by € Z. Given a toric fan with associated
integers (ag, . ..,aq_1) € Z* we will show that w(ST? --- ST%-1) = 12. Both m; and w factor over

the same group G which is the fiber product of SLy(Z) and Z over Z/(12). Now we can see that we
wanted the particular presentation of SLo(Z) from Lemma 4.3.1 so that the relationship between G

and SLy(Z) would be clear. This discussion is made precise in the following proposition.

Proposition 4.3.5. The following diagram commutes.

(5,T)
SLy(Z) <———@
wSLQ(Z)\L wcl

Z

2/(12) ~———

w

The group G is the fiber product of SL2(Z) and Z over Z/(12) and is given by

G=(S,T|STS=T"1sT71),

each of i, o, T3, and my is a projection, and w : (S,T) — Z, wg : G — 7, wsr,(z) : SL2(Z) — Z/(12)
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are given by the same formal expression

14 4
ShoTeo . ST 3N b = Y . (4.5)

1=0 1=0

Proof. It can be seen that the map wsy,,(z) : SLa(Z) — Z/(12) is well-defined by noting that both
relations in SLy(Z) as presented in Lemma 4.3.1 preserve the value of the formula (Equation (4.5))
up to a multiple of 12. Similarly, since the relation ST~1S = ST'S preserves the value of the equation
we know that w¢ is well-defined. Since each of these functions to Z or Z/(12) is given by the same
formal expression and since each 7 is a quotient map, the diagram commutes.

To show that G’ with the associated maps is the fiber product of SLy(Z) and Z over Z/(12)

we must only show that wg restricted to the fibers is bijective. That is, we must show that
WG [zt ayt 5 (A) = Ty (ws, () (A))
is a bijection for each A € SLy(Z). To show it is surjective, notice that for any g € G
m3(S**g) = m3(g) and wa(S*g) = wg(g) + 12k

for any k € Z. To show it is injective it is sufficient to consider only A = I. Since S* is in the center
of G we know that SLy(Z) = G/(S*) so w3 *(I) = {S* | k € Z}. Since wg(S**) = 12k we know for
each choice of k this maps to a distinct element of Z.

O

Notation 4.3.6. We have several groups with generators S and T'. To denote the different equalities
in these groups we will use an equal sign with the group in question as a subscript. That is, if an
equality holds in the group H we will write =y. For example, S* =g, zy I but St #£q 1.

There is another useful sense in which G is an unwinding of SL(Z). While SL3(Z) is discrete,
and thus does not have a natural cover, it sits inside the group SLy(R), which has a universal cover.

We claim that G is the preimage of SLa(Z) inside of the universal cover of SLa(R).

Proposition 4.3.7. The group G is isomorphic to the preimage of SLa(Z) within the universal cover



92

Proof. Let G’ be the preimage of SLy(Z) in the universal cover of SLy(R). We note that there exists
a homomorphism, ¢ from G to G’ defined by
cos(f) —sin(6) 1 =z

¢(5) = o o(T) =
sin(f)  cos(6) 0 1

0<O</2 0<z<1

where the paths given are to represent elements of the universal cover of SLy(R). It is easy to show
that ¢(S)p(T)¢(S) equals ¢(T) " 1p(S)d(T)~!, and thus ¢ does actually define a homomorphism.
We have left to show that ¢ defines an isomorphism. To show this, we note that each of G and G’
have obvious surjections m and 7’ to SLg(Z). Furthermore it is clear that m = 7’ o ¢. Thus, to show
that ¢ is an isomorphism, it suffices to show that ¢ : ker(n) — ker(#’) is an isomorphism.

However, it is clear that ker(r) is (S%). On the other hand, ker(n’) = 71 (SL2(R)) = Z, and

is generated by ¢(S)*. This completes the proof. O

We will see that there is a one to one correspondence between toric fans up to the action of

SLo(Z) and lists of integers ag,...,a4—1 € Z satisfying

ST ... g7~ = 4 (4.6)

(Corollary 4.4.6). Equation (4.6) is a refinement of Equation (4.3) which implies both that the
successive pairs of vectors form a basis of Z? and that the vectors are labeled in counter-clockwise
order. In Proposition 4.5.4 we produce an analogous equation for semitoric fans.

Now we would like to simplify these toric fans. We will understand which integers ag, . . ., aq—1
are possible in an element ST ... ST%-1 € (G corresponding to toric fan by studying PSLo(Z) =
SLy(Z)/(—I). The following lemma is important for this and will also be useful later on when
classifying semitoric fans. If ST ... ST*-1 € G projects to the identity in SLy(Z) then by Lemma
4.3.8 we can see when one of the exponents must be in the set {—1,0,1}. In any of these cases, we

will be able to use relations in G to help simplify the expression.

Lemma 4.3.8. Suppose that

ST ... §T%d-1 =PSLs(2) I (4.7)
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for some d € Z, d > 0. Then if d > 3 there exist i,j € Z satisfying 0 < i < j < d—1 such that

a;,a; € {—1,0,1}. Furthermore:
1. If d > 3 then i,j can be chosen such that i # j — 1 and (i,7) # (0,d — 1).
2. Ifd=3 thenag =a1 =as =1 orag=a; =ay = —1.
3. If d =2 then ag = a; = 0.
4. If d =1 then Equation (4.7) cannot hold.

Note that part (1) is the statement that ¢ and j are not consecutive in the cyclic group
Z/(d). Of course, it is clear that such ¢ and j may be chosen if three or more elements of the list

ap, . ..,aq—1 are in the set {—1,0,1}.

Proof. Tt is well known that PSL3(Z) acts on the real projective line R U {co} by linear fractional

transformations:
a b b a b
(x) = art for z € R and (oo):g
cr+d c
c d c d
Let d > 3. Suppose that at most two of ag,...,aq—1 are in {—1,0,1} and if there are two in

{=1,0,1} that they are consecutive or indexed by 0 and d — 1. Notice that

ST ... ST~ =pgy,(z) I implies that ST ... ST*-1 ST =pgy_(z) I

by conjugating each side with ST . This conjugation method and renumbering the integers can be
used to assure that a; ¢ {—1,0,1} for ¢ = 1,...,d — 2. Since this expression is equal to the identity

in PSLy(Z) it acts trivially on R U {oo}. In particular, we have

ST ... 8T (00) = 0.

Notice that S(z) = /= and T*(x) = « + a for a € Z. Further notice that for any a € Z \ {-1,0,1}

and z € (—1,1) \ {0} we have ST*(z) € (—1,1) \ {0}. We see that ST%-1(c0) = 0 and since
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ag—2 ¢ {—1,0,1} we know ST*-2(0) € (—1,1) \ {0}. Putting these facts together we have

ST ... ST%-1(00) = ST - .- ST-2(0)

= ST ... ST%=3(g) for some z € (—1,1) \ {0}
= ST (y) for some y € (—1,1) \ {0}
-1

Cy+ag

This contradiction finishes the d > 3 case.
If d = 3 essentially the same result holds except that it is not possible to choose two elements

that are non-consecutive. Notice

1 -1
ST ST ST (o0) = ST ST (0) = — (a n a0> .
1

For this function to be the identity we would need
-1
— +ag=0.
ai

This implies that aga; = 1 so since they are both integers we have ag = a; = € where e € {—1,1}.
Conjugating by ST we find symmetrically, that a;as = 1, and thus that ey = a; = a2 = £1.

If d = 2 then we have

-1
ST ST (c0) = ST (0) = —

ag
so we must have ag = 0 and then

STYST (z) = S*T* (z) = = + ay,

so we are also forced to have that a; = 0, as stated in the lemma. If d = 1 then ST (c0) = 0 for

any choice of ag € Z, so there are no solutions. O



95

4.4 Toric fans

Let ag,a1,...,aq—1 € Z be a collection of integers such that
ST ... 5 T%-1 =SL2(Z) 1.

This means that

ST ... ST%1 =4 S* for some k € Z

by Proposition 4.3.5. We claim that these integers correspond to a toric fan if and only if k = 1.
The idea is that k = 1 precisely when the vectors in the corresponding fan are labeled in
counter-clockwise order, and the only relation in the group G, which is ST'S = T~1ST~!, preserves

the number of times the vectors circle the origin. Now we make this idea precise.
Lemma 4.4.1. Let g € ker(w3). Then —wfég) c7Z.

Proof. Since m3(g) = I we know wsr,,(z) © 73(g) = 0, so by Proposition 4.3.5 m4 o wg(g) = 0. Thus

wa(g) € ker(my) = {12k | k € Z}. O

Recall that G is isomorphic to the preimage of SLy(Z) in the universal cover of SLy(R) by
Proposition 4.3.7. Let ¢ be the isomorphism from G to its image in the universal cover of SLy(R)

with
cos(f) —sin(6) 1 =z
o(S) = . o(1) =
sin(f)  cos(6) 0 1
0<0<T/2 0<z<1
This means to each element of the kernel of 73 we can associate a closed loop based at the identity

in SLy(R) denoted ¢(g). The fundamental group 1 (SL2(RR)) is isomorphic to Z and is generated as

((S%)), so let 1 : 71 (SLa(R)) — Z be the isomorphism with ¥(¢(S5%)) = 1.

Lemma 4.4.2. Let g € ker(mg : G — SL2(Z)). Then

Proof. Since ker(m3) is generated by S%, it suffices to check that 1(4(S%)) = %254) = 1, but this

holds by definition.
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O
Definition 4.4.3. Define W : ker(w3) — Z by
W) = 2L
We call W (g) the winding number of g € ker(ms).
Definition 4.4.4. Let
(vo = vg,v1,...,v4-1) € (Z*)?
with det(v;,v;01) >0 for i =0...,d — 1. We define the number of times (vo,...,vq4—1) circles the

origin to be the winding number of the piecewise linear path in (R?)* = R?\ {(0,0)} produced by

concatenating the linear paths between v; and v; 41 for i =0,...,d — 1.

Lemma 4.4.5. Let ag,...,aq-1 € Z such that ST --- ST~ =gp,(z) I and let vo,v1 € Z? such

that det(vg,v1) = 1. Define vy, ...vq—1 by

Vit2 = —VU; + Q;V;i41

where vqg = vo and vg41 = v1. Then the winding number W (ST®0 ... ST%-1) € Z is the number of

times that (vo, ...,vq_1) € (Z?)? circles the origin.

Proof. Let A; be the matrix [v;, v;11] and recall that A;1; = A;ST. Thinking of the elements ST
as elements of G, and thus as elements of the universal cover of SLo(R), this gives a path from A; to
A;y1, and concatenating these paths gives a path from Ag to itself in SLo(R). Projecting this path
into the first column vector of the appropriate matrix gives a path in (R?)*. We claim that this path
is homotopic to the path formed by taking line segments between v; and v; 1. This is easily verified
because both paths between v; and v;; travel counterclockwise less than a full rotation.

We know that W (ST ... ST*-1) equals 1 of the path in SLy(R), and now we need to
show that this equals the winding number in (R?)* of the first column vectors. To show this we
note that the element of 71 ((R?)*) (the group is abelian, so we may ignore basepoint) is given by

the image of the element of 7 (SL2(R)) under the natural projection map. Thus, we merely need to
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show that this projection acts correctly on a generator of m1 (SLo(R)), but it is easy to see that the

image of ¢(S*) yields a path of winding number 1.

O
Corollary 4.4.6. There exists a bijection from the set of all sequences (ag, .. .,aq_1) € Z%, d > 0,
which satisfy
ST ... STt =g S*
to the collection of all toric fans modulo the action of SLa(Z). This bijection sends (aq, .. .,aq) € Z¢
to the equivalence class of fans
{(vo = va,v1 = Vgq1,V2, ..., va-1) € (Z2) | vo, v, € Z2, det(vg,v1) = 1}
in which
Vit+2 = —V; + QVi41
fori=0,...,d—1.
Proof. Let (vo = vg,v1,...,v4-1) € (Z*)¢ be a toric fan. That is, det(v;,v;11) = 1 for each
1=0,...,d—1 and the vectors are labeled in counter-clockwise order. It is shown in Section 4.3

Equation (4.3) that associated integers (ag, .. .,aq_1) € (Z)? exist such that

ST ... 5Tt =SL2(Z) I

which means

ST ... ST~ =g S

for some k € Z with k > 0. By Lemma 4.4.5 we know

W (ST .- ST%-1) = 1

so that the vectors will be labeled in the correct order for it to be a fan. Thus, W (S*) = 1 but

W(S*) = k so k = 1. Notice such a construction is well-defined on equivalence classes of toric fans



98

because the integers are prescribed via linear equations and fans in a common equivalence class are
related by a linear map.
Now suppose that (ag,...,aq_1) € Z% satisfy ST ... ST%-1 =5 S* and define

(7)0,.. . ,Q)dfl) S (Z2)d by

Vit2 = —Ui + Q;Vit1
where vg, vy € Z? are any two vectors for which det(vg,v1) = 1. Then for each i = 0,...,d — 1 we
have
0 -1
det(viy1, vig2) = det det(v;, vi41) = det(vi, vig1),
1 a;

so by induction all of these determinants are 1. By Lemma 4.4.5, the path connecting adjacent
vectors wraps around the origin only once, and since each v;1 is located counterclockwise of v;, we
have that the v;’s must be sorted in counterclockwise order.

It is straightforward to see that these constructions are inverses of one another.

O

Now that we have set up the algebraic framework the following results are straightforward
to prove. First we prove that any fan with more than four vectors can be reduced to a fan with fewer

vectors.

Lemma 4.4.7. If (vo = vg4,...,va—1) € (Z*)? is a toric fan with d > 4 then there exists some

1€{0,...,d—1} such that v; = v;_1 + Viy1.

Proof. By Corollary 4.4.6 we know that to the fan (vg = vg,...,v4—1) there is an associated list of
integers ag, . ..,aq—1 € Z such that v;42 = —v; + a;v;41 and
ST ... 8T%-1 =4 §4, (4.8)

We must only show that for some i € Z we have a; = 1. Since S* =psL,(z) I we can use Lemma 4.3.8
to conclude that there exist ¢, j € Z satisfying 0 < ¢ < j —1 < d — 2 such that a;,a; € {-1,0,1} and
(2,7) # (0,d — 1). By way of contradiction assume that a;,a; € {—1,0}. Conjugate Equation (4.8)

by ST for varying n € Z to assure that ¢ # 0 and j # d — 1. Then at each of these values we may
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use either ST°S = S? or ST~1S =¢ S2TST to reduce the number of ST-pairs by one or two and
produce a factor of S2. These reductions do not interfere with one another because the values in

question are not adjacent. So we end up with

SAsTbo . STV =5 S

where ¢ > 1 because we started with at least five ST-pairs and have reduced by at most four. This
means

ST ... ST =

with ¢ > 1. In fact, £ > 1 because ST" =¢ I is impossible for any choice of by € Z.
This implies that W (ST? - .. ST%-1) = 0 and thus, by Lemma 4.4.5, that the corresponding
collection of vectors winds no times about the origin. However, this is impossible since for such a

sequence of vectors v; 41 is always counterclockwise of v; and £ > 1. O

The case in which a vector in the fan is the sum of the adjacent vectors is important because
this means the fan is the result of corner chopping a fan with fewer vectors in it. Now that we have
the proper algebraic tools, we will be clear about the specifics of the corner chopping and reverse
corner chopping operations.

Suppose (vg = vg, Vo, .. .,v4_1) € (Z?)?is a toric fan with associated integers (ao, ...,aq_1) €
Z%. Then

Vit2 = —Ui + Q;Vit1

so if a; = 1 then we have that v; 11 = v; + v; 2. Now we see that in this case

det(v;, vi42) = det(v;, —v;) + det(vi, vi41) =1

SO

(wo =V ..., W; = Vi, Wi41 = Vi42y...,Wij—2 = 'Ud—l) S (ZQ)d_l
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is also a fan. Next notice

—w; + (@41 — Dwiy1 = —(vi + vig2) + Aip1Vip2 = —Vip1 + Qip1Viga = Wiy

and

—wi—1 + (@i—1 — D)w; = (—0i—1 + @im10;) — V3 = Vig1 — U = Wig1

so this new fan has associated to it the tuple of integers (ag,...,a;—1 —1,a;41—1,...,a4-1) € 71,
An occurrence of 1 from the original tuple of integers has been removed and the adjacent integers
have been reduced by 1. Algebraically, this move corresponds to the relation ST'S =g T-'ST!.
Geometrically this move corresponds to the inverse of chopping a corner from the associated polygon
(as is shown in Figure 4.1). The corner chopping of a toric polygon is done such that the new face of
the polygon produced has inwards pointing normal vector given by the sum of the adjacent inwards
pointing primitive integer normal vectors.

Now we can see that Lemma 4.4.7 tells us that fans with five or more vectors are the result
of corner chopping a fan with fewer vectors. We will next classify all possible fans with fewer than

five vectors.

Lemma 4.4.8. Suppose that integers ag, . ..,aq—1 € 7 satisfy

ST ... ST%-1 =g S (4.9)

for somed € Z, d > 0.

1. If d = 4 then up to a cyclic reordering the set of integer quadruples which satisfy this equation

is exactly ag = 0,a1 = k,ae = 0,a3 = —k for each k € Z.
2. Ifd=3 then ag =ay; = ao = —1.
3. If d < 3 then there do not exist integers satisfying Equation (4.9).

Proof. Notice ST --.ST%-1 =45 §4 implies that

STGO e STad*l :PSLQ(Z) I
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From Lemma 4.3.8 we know that if d = 1 then this equality is impossible and if d = 2 the only
possibility is ST°ST° =psL,(z) { but STOSTO £ S*. Now assume that d = 3. Again by Lemma

4.3.8 we know the only possibilities are ag = a1 = ag = +1. If ag = a1 = a3 = 1 then notice that

STSTST =g S% #¢ S*.

Next notice that

ST 1ST'ST~ ! =4 64

so that is the only possibility for d = 3.
Now suppose that d = 4. Lemma 4.3.8 tells us that at least one of the a; is in the set
{-1,0,1}. By conjugation (which cyclically permutes the order of the integers) we may assume that

ap € {—1,0,1}. If ap = 1 then

STST ST ST = ST~ 18T 8T~ 1

so for this to equal S in G we must have a; — 1 = as = a3 — 1 = —1 by the d = 3 argument above.
It is straightforward to check that STSST 1S =5 S* so we have found the required solution.

If ag = —1 then notice

ST™'ST™ ST ST* =¢ S* implies ST“T'ST* ST =¢ S* =pgr,z) [

so by Lemma 4.3.8 we must have a; +1 =ay = a3+ 1 = £1. This time, if a1 +1 =as = a3+ 1= —1
then Equation (4.9) does not hold, since the left side will equal S®, but ifa; +1=as =az+1=1
then the equation holds. So we have found another solution, ST~'SSTS =g S*, which has the form
described in the statement of the Lemma .

Finally, suppose that ag = 0. Notice

ST°ST,, ST*ST™ =g S* implies ST* ST % =g S* =pg1,z) I

so we can use Lemma 4.3.8 to conclude that we need as = a3 + a3 = 0. Let a1 = k € Z. Now we
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have that

STYST*STOST—F = §*

for any k € Z. Finally, observe that the other two possibilities we derived in the d = 4 case are just

reorderings of this one with k£ = 1. O

Definition 4.4.9. A Delzant triangle is the convex hull of the points (0,0), (0, ), (A,0) in R? for
any A > 0. A Hirzebruch trapezoid with parameter k € Zx¢ is the convex hull of (0,0), (0,a), (b,a),

and (b + ak,0) in R? where a,b > 0. A Hirzebruch trapezoid with parameter zero is a rectangle.

These are shown in Figure 4.1. So we see that the fan corresponding to any Delzant triangle

with associated integers (—1,—1,—1) and the fan corresponding to a Hirzebruch trapezoid with

parameter k is

with associated integers (0, k,0, —k). The following Theorem is immediate from Lemma 4.4.7 and

Lemma 4.4.8.

Theorem 4.4.10 ([33]). Every Delzant polygon can be obtained from a polygon SLo(Z)-equivalent

to a Delzant triangle, a rectangle, or a Hirzebruch trapezoid by a finite number of corner chops.

Proof. Let A be any Delzant polygon with d edges, let (vy,...,v4_1) € (Z2)? be the associated
fan of inwards pointing primitive normal vectors, and let (ag,...,aq_1) € Z% be the integers
associated to this fan. By Lemma 4.4.7 if d > 4 then a; = 1 for some ¢ € {0,...,d — 1} so the
fan is the result of a corner chop for some fan with d — 1 vectors. That is, A is the result of
a corner chop of some Delzant polygon with d — 1 edges. If d < 5 then Lemma 4.4.8 lists each
possibility. If d = 4 and a9 = a1 = as = a3 = 0 then A is SLa(Z)-equivalent to a rectangle, if
ap = 0,a1 = k,ay =0, and ag = —k for k € Z\ {0} then A is SLy(Z)-equivalent to a Hirzebruch

trapezoid, and if d = 3 with ap = a1 = ag = —1 then A is SLy(Z)-equivalent to a Delzant triangle. [
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4.5 Semitoric fans

Now we will apply the method from Section 4.4 to classify semitoric fans (Definition 4.2.5).
The first step in the classification is given by a series of lemmas which we will use to manipulate the

semitoric fans in a standard form.

Lemma 4.5.1. If (vo,...,v4-1) € (Z*)? is a semitoric fan and (v;,vi11) is a hidden corner, then

2\d+1
(wo =00, ..., w; = V3, Wit1 = TVif1, Wit2 = Vit1, ..., Wq = vg—1) € (Z*)*F

is a semitoric fan in which (w;, w;11) is a Delzant corner and (w;11,w;+2) is a fake corner.

Proof. We know that det(v;, Tv;+1) = 1 because that pair of vectors forms a hidden corner. Notice

that
det(wi,wiﬂ) = det(vi, T’Ui+1) =1
and
det(wiﬂ, Tu)iJrz) = det(T’l}iJrLT'UiJrl) = 0,
which concludes the proof. O
Lemma 4.5.2. If (vo,...,vq_1) € (Z*)¢ is a semitoric fan and (vi,viy1) is a fake corner and

(Vit1,Vit2) s a Delzant corner, then

2vd
(wo = vo, ..., wi = v, Wit1 = Tit2, Wit2 = Vit2,. .., Wa-1 = Vi—1) € (Z7)

is a semitoric fan in which (w;,w;11) is a Delzant corner and (w;i1,w;1+2) is a fake corner.

Proof. We know det(v;, Tv;+1) = 0 so v; = Tv;41 since they are both on the top boundary and we

also know det(v;41,v;12) = 1. Now we can check that

det(w,;, w,;_H) = det(vi, TUH_Q) = det(TvH_l, T’UH_Q) = det(vH_l, ’UH_Q) =1

and

det(wi_H, T’LUH_Q) = det(TvH_z, TUZ‘+2) = 0,
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which concludes the proof. O

In Lemma 4.5.1 we have described the process of removing a hidden corner and in Lemma
4.5.2 we have described the process of commuting a fake and Delzant corner. Both of these processes

are defined in Definition 4.2.7.

Lemma 4.5.3. Suppose that (vo,...,v4_1) € (Z*)? is a semitoric fan. Then after a finite number
0
of corner choppings the fan will be §'-equivalent to one in which two adjacent vectors are and
—1
1
0

Proof. Let vg = vg. If

V; =

for some ¢ € {0,...,d — 1} then notice

a
Vi—1 =

-1
for some a € Z. This is because (v;_1,v;) is not on the upper boundary so it must be a Delzant
corner. Then by the action of T77% € G, which does not change v;, we can attain the required pair of

vectors.

Otherwise, renumber so that vy is in the lower half plane and v is in the upper half plane.
Then insert the vector vg + v; between them. This new vector will have a second component with

a smaller magnitude than that of vy or of v;. Repeat this process until the new vector lies on the

+1
z-axis. Since it is a primitive vector it must be . However since it is the sum of two vectors of
0
opposite sides of the z-axis with the one above being counterclockwise about the origin of the one on
1
bottom, it must be . O]
0

Now we can put Lemmas 4.5.1, 4.5.2, and 4.5.3 together to produce a standard form for

semitoric fans (see Figure 4.3). This standard form will be important to us in Section 5.2 because
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U4 Us Ug Ug = uy

Figure 4.3: Any semitoric fan with complexity ¢ € Z>( can be transformed into the
standard fan of complexity c¢. This image has ¢ = 3.

it can be obtained from any semitoric fan of complexity ¢ by only using transformations which are

continuous in the space of semitoric polygons.
Proposition 4.5.4. Let (vy,...,vq_1) € (Z?)* be a semitoric fan of complexity c € Z.

1. By only corner chopping, removing hidden corners, and commuting fake and Delzant corners

we can obtain a new fan (Wo = Wetc, - - -, Wepe1) € (Z2)'T¢ with £+ ¢ > d such that
0 1
o wy = and wy, = ;
-1 0
e cach corner (w;,w;y1) for i =0,...,¢ —1 is Delzant;
e cach corner (w;,w;i1) fori=4,... .0+ c—1 is fake; and

o wy =T wq so det(wy—1, T wp) = 1.

2. The fan (wo, ..., Were—1) has associated integers by, ..., by—1 such that
we = —wy + bowy,
Wito = —wW; + bjw;y1 fori=1,...,0—2, and
wy = —wWp—1 + be_1wy.

These integers satisfy

ST ST -+ ST =¢ S*.
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3. The fan (wo, ..., Wetre—1) can be obtained via a finite number of corner chops and reverse corner

chops from a fan (ug, ..., ucr3) € (Z2)“T* where

0 1 c —1

Uy = ,Ulp = , U2 = , Uz = y

-1 0 1 0

and
—c+n
Ug4n =
-1

form=0,...,c—1. In this fan the first four pairs are Delzant corners and the rest are fake
corners.

Proof. The first part is immediate from Lemmas 4.5.1, 4.5.2, and 4.5.3. By Lemma 4.5.3 we know
after a finite number of cuts and renumbering it can be arranged that the first two vectors in the fan

are

0 1
and

-1 0

Then we invoke Lemma 4.5.1 to remove all of the hidden corners, and finally use Lemma 4.5.2
commute all of the fake corners to be adjacent and arrive at the fan (wo, ..., wepc—1) € (Z*)*+¢ in
the statement of the proposition. Notice that (w;, w;1+1) being fake for i = £,...,¢ + ¢ — 1 implies
that

det(we, Tweq1) = - -+ = det(wpye—1,Twg) = 0.

Now, we know both vectors in a fake corner must have negative second component by definition, so

this implies that

wp = Twey = T?wepg = - = TCwy.
Now (TCwg = wg, w1, . ..,we_1) € (Z%)* is a toric fan (we know the vectors are in counter-
clockwise order because we started with a semitoric fan) so there must exist bg,...,by—1 € Z as in

Part 2 of the statement of this theorem. Since

ST ST -+ ST =¢ S*
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if £ > 4 we can use Lemma 4.3.8 to conclude two nonconsecutive exponents are in {—1,0,1} and one
of these exponents is not by or by—1. Let b; € {—1,0,1} for some 0 < i < ¢ — 1. If b; = 1 then we can
remove the vector w;;1 from the semitoric fan to produce a new semitoric fan via the reverse corner
chop operation. In this way we remove a vector from the fan and reduce the number of ST-pairs
in the corresponding element of G via STS =g T-'ST~!. If b; = —1 then we use the relation

ST—1S = SSTST and since

SSTST =¢ S(STS)T =g S(T'ST 1T =¢ ST~'S

this relation can actually be realized by a corner chop, which we know corresponds to a legal move at
the level of fans. If b; = 0 then we actually have a factor of S? in the word. Notice that T.STSTST
reduces to either T'SS or SST via a corner chop depending on where it is cut. In particular, if our
word contains the subword T%t1SST?, we can perform a corner chop to obtain T%*+1STSTST*!,
and then a reverse corner chop to reduce to T*SST?t!. Note that this can be done even if the T¢
was in the ST term. By repeating this operation as necessary, we can move any factors of S5 to
the front of our word. So we see that in any case we can do an algebraic reduction which will reduce
the number of ST-pairs by one and also corresponds to a fan transformation.

Repeat this process until there are only four ST-pairs. Then by Lemma 4.4.8 we know we

must have reduced this equation to

STkS2T—F82% —( 54

and thus we use the relation 7SS = SST to end up with S*. This means the corresponding integers
are by = 0,b] = 0,05 = 0, and b5 = 0 which produces the desired fan (ug, ..., Uct3)-
If ¢ < 4 by Lemma 4.4.8 we must have £ = 3 and by = —1,b; = —1,bs = —1. In this case we

can do a reverse corner chop to again achieve S%. O

Theorem 4.2.8 is immediate from Proposition 4.5.4.

Remark 4.5.5. Notice that Theorem 4.4.10 is different from Theorem 4.2.8 because in Theorem

4.4.10 the minimal models of the Delzant polygons may be achieved through only corner chops. In
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Theorem 4.2.8 we use instead a variety of transformations (all of which are continuous, as we show

in Section 5.2). @

Acknowledgements. Chapter 4, in part, is comprised of material submitted for publication by
the author of this dissertation, Daniel M. Kane, and Alvaro Pelayo as Classifying toric and semitoric

fans by lifting equations from SLa(Z), currently available as arXiv:1502.07698 [47].



Chapter 5

Connected components of space of

semitoric sytems

5.1 Introduction

Recall Mg, the moduli space of semitoric integrable systems which is defined in Section 2.2.7
and endowed with a metric, and thus topology, in Chapter 3. In this short chapter we use the results

of Chapter 4 to prove the following:

Theorem 5.1.1. If (M,w,F) and (M',w', F") are simple semitoric integrable systems such that:
(i) they have the same number of focus-focus singularities;
(ii) they have the same sequence of twisting indices,

then there exists a continuous (with respect to the topology defined in [63]) path of semitoric systems
with the same number of focus-focus points and same twisting indices between them. That is, the
space of semitoric systems with fived number of focus-focus points and twisting index invariant is

path-connected.

This is analogous to Theorem 4.2.2, which states that the moduli space of symplectic toric

manifolds is path-connected.

109
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The Jaynes-Cummings system is an important example of a semitoric system with precisely
one focus-focus point and is studied for example in [73] (systems with exactly one focus-focus point
are referred to as systems of Jaynes-Cummings type for this reason). Since the twisting index is

trivial when there is precisely one focus-focus point Theorem 5.1.1 implies the following.

Corollary 5.1.2. Any semitoric system with precisely one focus-focus singular point may be contin-

wously deformed into the Jaynes-Cummings system via a path of semitoric systems.

5.2 Preparations

The results of Section 4.5 have an interpretation in symplectic geometry of toric manifolds
and semitoric integrable systems.
To define see semitoric fans from this point of view we will need to examine single elements

of the Delzant semitoric polygons defined in Definition 2.2.22. An element (A, (£x;, €;, k)i €

j=1
LWPolyg,,, . (R?) is a primitive semitoric polygon if

1. A has everywhere finite height;

2. ¢ =+1forj=1,...my;

3. each /), intersects the top boundary of A;

4. any point in 9*PA N Ly, for some j € {1,...,my} satisfies either the hidden or fake condition;

and

5. all other corners satisfy the Delzant condition.

Remark 5.2.1. Though a semitoric polygon is a family of polygons, it is determined by choosing a

single primitive semitoric polygon. @

5.3 The connected components of Mgy

Recall semitoric fans from Definition 4.2.5. Here we describe how they are related to Delzant

semitoric polygons.
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Definition 5.3.1. Let A € LWPolygmf (R?) be a primitive semitoric polygon. Then the associated
semitoric fan is the semitoric fan F formed by the inwards pointing primitive integer normal vectors to
the edges of A in which the pair of vectors in F are labeled as fake, hidden, or Delzant to correspond

with the labeling of the corners of A.

Lemma 5.3.2. Each relation in Theorem 4.2.8 corresponds to some continuous transformation of

the polygons. More specifically, suppose that two fans Fo,F1 € (Z*)¢ are related by
1. performing corner chops;
2. performing reverse corner chops;
3. removing hidden corners; or
4. commuting fake and Delzant corners;

(see Definition 4.2.7). Then there exists a continuous family of (compact) primitive semitoric polygons

Ay, t €[0,1], such that the fan associated to Ag is Fo and the fan associated to Ay is Fy.

Proof. Suppose that A is a primitive semitoric polygon with associated fan F = (vg, . ..,vq_1) € (Z?)?
and fix some ¢ € {0,...,d — 1}. Let v_y := v4_1 and vg := v so that the formulas used in this proof
will be valid if 4 = 0 or ¢ = d — 1. Throughout, let p € A be the vertex situated between the edges
with inwards pointing normal vectors v; and v; 1. Let u; € Z2, i = 1,2, denote the primitive vectors
along which the edges adjacent to p are aligned, ordered so that det(u,us) > 0.

For wy,ws € Z2 let 35 (w1, we) denote the half-space given by

Hy (w1, w2) = {p + trwy +tows 1 1y +tg > €}

First we consider the corner chop operation. Suppose p is a Delzant corner. Fix some 5 > 0
smaller than the length of the edges incident at p.
For t € [0,1] let

Ar=AnN i]{;fo(ul,uQ).

We see that A; is a continuous family and since the edges of A; are parallel to the edges of A except

for the new edge with inwards pointing normal vector given by v; 4+ v;411 we see that the fan of A,
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is the corner chop of the fan for A for ¢ € (0, 1]. Since a reverse corner chop is the inverse of this
operation, we can use the same path backwards.
Now suppose that p is a hidden corner. Let o € Z be the second component of v; 1. For

€o > 0 smaller than the length of the adjacent edges and ¢ € [0, 1] let

Ay =AN G'C;EO (u1, OéQUQ).

It is straightforward to see that the normal vector to the new edge of the polygon is Tv;11. We see
that A; is a continuous family and by construction it has the desired fan. Thus A; is the required
family for the operation of removing hidden corners.

Finally, suppose that p is a fake corner and the next corner, which has adjacent edges which
have inwards pointing normal vectors v;4+1 and v;49, is a Delzant corner. Here we can see that this

fan is the result of removing the hidden corner (v;,v;12) from the fan

F = (’U()7. ey Uy Vi, .. .,Udfl) S (Z)d_l.

We know (v;, v;42) is a hidden corner because it is given that (v;, v;+1) is fake, which means v; = Tw;41.
Then we compute

det(vi, TUZ‘J,_Q) = det(Tvi_H, TUi+2) =1

because (v;11,v;4+2) is Delzant. Thus there is a continuous path from any polygon with fan F to any
polygon with fan F. Let A’ have fan F’ and let p’ € A’ be the corner with adjacent edges which have

v; and v;42 as inwards pointing normal vectors. Now, for some ¢ > 0 small enough, we can consider

Ay = AN (BPuh, ub)

where u} and uf, are the primitive integral vectors directing the edges adjacent to p’, ordered so that
det(uf,uh) > 0, and 8% is the second component of v;. This is a continuous path to a polygon with

the required fan. This completes the proof.
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Figure 5.1: For each fan transformation there is a continuous path of semitoric polygons
which transitions between the fans. In (a) we show the corner chop and in (b) we show the
removal of a hidden corner (which is replaced by a fake and a Delzant corner).

Recall that toric polygons are precisely the compact primitive semitoric polygons with
complexity zero. Thus, by Proposition 4.5.4 and Lemma 5.3.2 we have recovered Theorem 4.2.2.

In light of Proposition 4.5.4 and Proposition 5.3.2 the only difficulty remaining is to prove
the following lemma is incorporating the case of semitoric systems which have noncompact polygons
as invariants. Recall that Polygrsn{ ’E(R2) denotes the set of labeled semitoric polygons which have
my focus-focus points and twisting index k.

Lemma 5.3.3. Let my € Zso and k € Z™5 . Then Polyg?{’k(RQ) is path-connected.

Proof. We must only consider the primitive semitoric polygons, because if the primitive polygons
converge so do all of the polygons in the family. Any two compact primitive semitoric polygons in
Polyggn{7E(R2) with the same fan can be connected by a continuous path. This path is made by
continuously changing the lengths of the edges because the angles of the two polygons must all be
the same since they have the same fan. So, by Proposition 4.5.4 given two elements of Polyg?{"E(R%
which are compact we know that the corresponding fans are related by the moves listed in that
proposition and then by Lemma 5.3.2 we know these moves correspond to continuous paths of
my K

polygons. So we have established that any two compact elements of Polygg{ (R?) are connected by

a continuous path.
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Figure 5.2: The continuous path from a compact primitive semitoric polygon to a
noncompact primitive semitoric polygon with finitely many vertices.

Next assume that

] = (A, (0,5, )74)] € Polyelif *(R%)
is such that A is noncompact but has only finitely many vertices. Choose N € R such that all of
the vertices of A are in the region {(x,y) € R? | —-N <z < N}. Theset AN[-N —1,N + 1] is a
polygonal subset of R? but the corners which intersect £x.; U/_x_; may not be Delzant. By [67,
Remark 23] we may change the set on arbitrarily small neighborhoods of these corners to produce a
new set, A’, which is equal to AN[—N — 1, N + 1] outside of those small neighborhoods and has
only Delzant corners inside of those neighborhoods. Thus A’ is a primitive semitoric polygon and
by choosing the neighborhoods small enough we can assure that A N [—N, N] = A’ N [-N, N]. For

€ [0,1) let A(t) be the polygon with the same fan as A’ the property that
A(t)N[-N,N]=A"N[-N,N],

and which has all of the same edge lengths as A’ with the exception of the two or four edges which
intersect £ U £_p. These edges are extended horizontally by a length of ﬁ By this we mean that
if an edge of A’ which intersected {(z,y) € R? | z = N} had as one of its endpoints (zg, yo) with
2o > N then the corresponding edge of A(t) would have as its endpoint (zo + %, Yo + mi), where
m is the slope of the edge in question. Then define A(1) = A and we can see that A(t) for ¢ € [0,1]
is a path from A’, which is compact, to A so [(A(t), (€x;, +1, k]);n:fl)] is a continuous path which
connects a compact semitoric polygon to [A,]. This process is shown in Figure 5.2.

Now we have connected all of the elements except for those with an infinite amount of
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vertices. Suppose that

[Au] = [(A, (b, €5, k)] € Polygit ™ (R?)

is such that A is noncompact and has infinitely many vertices. We will connect [A,,] to a polygon
which has only finitely many vertices to finish the proof. Since A has everywhere finite height and
is the intersection of infinitely many half-planes we can choose two of these planes which are not
horizontal and are not parallel to one another. Denote the intersection of these two half-planes by A
and notice A C A. Since the boundaries of these two half-planes must intersect we can see that A
can only be unbounded in either the positive or negative z-direction, but not both. Without loss of
generality assume that A is unbounded in the positive z-direction.

Let v be any admissible measure. For any n € Zx since v(A) < oo we know there exists
some x, € R such that

V(AN [z, 0)) < Yn,

A does not have a vertex on the line ¢, , and =, > |\j| for all j =1,...,m;. Let A,, denote the
polygon which satisfies

A, N [—o00,2,] = AN [—00, z,

and has no vertices with z-coordinate greater than z,.

For each n € Z>( and ¢ € (0, 1] define A, (¢) to have the same fan as A, ;; and to have all
the same edge lengths as A,y except for the two edges which intersect ¢, . Extend those two edges
horizontally by 1/t — 1. Define A,,(0) = A,,. Now A, (t) for t € [0,1] is a C° path which takes A,, to
A, 4+1. Moreover,

ASA,(t) CAN[xy,00] 80 V(AOAL()) <n

for each t € [0,1]. Each of these paths for n € Z>o can be concatenated to form a continuous path
Ay, t €[0,1], from A to A and we know that Ay has only finitely many vertices. It is important not
only that each A, be getting closer to A but also that the path from A, to A, stays close to A.
Then we define [(A(t), (A, +1, kj);nzfl)} which is a continuous path from a semitoric polygon with

finitely many vertices to [A,,]. This is shown in Figure 5.3.
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Figure 5.3: The continuous path which adds new vertices to a noncompact primitive
semitoric polygon. This process is repeated to form a path to systems with infinitely many
vertices.

Remark 5.3.4. According to [77, Theorem 3] all of the polygons in Polyggan ’k(RQ) are compact if

my > 1. (%)

=1 -

Now we can classify the connected components of Mgt and M. Recall that I[mf z my

if k; = k; + ¢ for some ¢ € Z so when stating the following lemma we require that the first
component of the twisting index be 0. This is done only to make sure that there are no repeats in
the list of components. Recall [ is the collection of semitoric lists of ingredients with m; = 0 and

Mst,0 = ®~1(I) is the collection of semitoric systems with no focus-focus singularities.

Lemma 5.3.5. The connected components of I are
{I,., 5 | ms € Zso,k € Z™ with ki = 0} UTy

and they are each path-connected.

Proof. Tt is sufficient to prove that ]Imf i is path-connected for each choice of my € Z>( and kezms.

Let m,m’ € Hmf i with
m = ([Au], (hy);21, ((87)%)2) and m = ([AL], ()72, ((S5)%)72).
By Lemma 5.3.3 we know there exists a continuous path

[Aw ()] = [(A®), (€x, 6y, +1, k)71,

t € [0,1], from [A,] to [A!,] and by Proposition 3.2.2 we know R[[X, Y]]y is path-connected so there
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exists a continuous path (S;(¢))* from (5;)> to (S%)> for each j = 1,...,my. For j =1,...,my let

len; = length(m2(A NLy;))
len; = length(ma (A" N 4y))

len; (t) = length(ma(A(t) N €y, (1))

for ¢t € [0, 1] and define
1—t)h; | th]
h]‘(t) = <()J + J,) lenj(t).

len; 1enj

Now we have that 0 < h;(t) < len;(t) and t — h;(t) is a continuous function from [0,1] to R because
it is impossible for a semitoric polygon to have a vertical boundary at £y, for any j € {1,...,my}.

Now define

m(t) = ([Bw®)], (i (1))521, ((S;(1));21)
for t € [0, 1] which is a continuous path from m to m’. O
Thus we have established the following result.

Theorem 5.3.6. The set of connected components of Mgt is
Mgy, £ | My € Zso,k € Z™ with ki = 0} UMsr0
and each MST,mf,E is path-connected.

Theorem 5.1.1 is equivalent to Theorem 5.3.6.

Acknowledgements. Chapter 5, in part, is comprised of material submitted for publication by
the author of this dissertation, Daniel M. Kane, and Alvaro Pelayo as Classifying toric and semitoric

fans by lifting equations from SLa(Z), currently available as arXiv:1502.07698 [47].



Chapter 6

Semitoric helixes and minimal

models

6.1 Introduction

In this chapter I introduce a new combinatorial symplectic invariant of compact symplectic
semitoric manifolds which I call a semitoric helix. This invariant encodes information about the
singular affine structure around the preimage of the boundary of the momentum map by correcting
for the effects of the Duistermaat monodromy from the focus-focus singular points which effects
semitoric fans. Using this new invariant I give a complete classification of the minimal models of
semitoric integrable systems; that is, I give an exact list of seven models depending on parameters
which do not admit a symplectic semitoric blowdown, and any semitoric integrable system can be
obtained from one of these by a sequence of semitoric blowups. This clarifies the relationship between
blowdowns and the previously known invariants of compact semitoric integrable systems described in
Section 2.2.7. I classify the minimal models of compact 4-dimensional symplectic semitoric manifolds
by characterizing the minimal models that can be obtained from a semitoric helix by a finite sequence

of blowdowns. A surprising fact is that the proof is purely algebraic.
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6.1.1 Minimal models of symplectic toric manifolds

Recall that a toric fan (vo,...,vq_1) € (Z?)? is minimal if

Vi # Vi1 + Vit

for i = 0,...,d — 1. Since a blowup on a toric fan is inserting the vector vy + vi4+1 into the fan
and a blowdown is the opposite of this operation, minimal toric fans are exactly those on which
a blowdown cannot be performed. Thus, any toric fan can be reduced to a minimal toric fan by
performing blowdowns until no more are possible. On the other hand, this implies that any toric fan
may be obtained from a minimal toric fan by a finite sequence of blowups. This occurs exactly when
the associated toric integrable system does not admit a symplectic toric blowdown.

Let (M,w, F) be a 4-dimensional toric integrable system and recall that M comes equipped
with a natural T2-action. A symplectic toric blowup is performed by removing a equivariantly
embedded open ball B4(r) from M and collapsing the boundary via the Hopf map. A symplectic
toric blowdown is the inverse of this operation.

We can, once again, restate Theorem 2.2.16 to suit the motivation of this chapter.

Theorem 6.1.1 (Fulton [33]). A toric manifold is minimal if its fan is one of the following up to

the action of SLa(Z):

1 0 -1
1. vg = , V1 = , V2 = 5
0 1 -1
1 0 -1 0
2. vg = , U1 = , V2 = , Ug = ;
0 1 0 -1
1 0 -1 0
3. vg = , V] = , Vg = , U3 = for ke Z, k # 0.
0 1 k -1

Respectively, these are known as the Delzant triangle, the square, and the Hirzebruch trapezoid.

These fans are shown in Figure 6.1. Respectively, they correspond to CP%, CP' x CP!, and

a Hirzebruch surface.
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AT

Figure 6.1: The three possible minimal toric fans listed in Theorem 6.1.1, where k € Z is
the parameter for the Hirzebruch trapezoid.
6.1.2 Symplectic semitoric manifolds and helixes

Around any elliptic-elliptic point of a semitoric integrable system there exists a toric mo-
mentum map as is used when producing the associated semitoric polygon (see Section 2.2.7). A
symplectic semitoric blowup or blowdown is performed by performing a symplectic toric blowup or
blowdown, respectively, on this toric momentum map around the elliptic-elliptic point as described

in Section 6.1.1.

Definition 6.1.2. A symplectic semitoric manifold (M,w, F') is minimal if there does not exist any

(M',w', F") such that (M,w, F') can be obtained from (M’ ,w’, F') by a symplectic semitoric blowup.

In this chapter I construct a combinatorial invariant of semitoric manifolds, the semitoric
helix, by correcting for the effects of the Duistermaat-monodromy of the focus-focus points at the

cost of the periodicity.

Definition 6.1.3. A semitoric heliz of length d € Z~o and complexity ¢ € Zyg is an equivalence

class H = [{v; }iez] where {v;};cz C Z? is a collection of vectors such that:
1. det(v;,viy1) =1 for all i € Z;
2. vg,...,vq—1 are arranged in counter-clockwise order;
3. Tv; = v;44 for all i € Z.

The equivalence relation on such collections of vectors is given by {v; }iez ~ {w; }iez if and only if
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U1
(7)
Vg = T’UO
Vo v

L2 s Vs

vy
U3
V2

Figure 6.2: A minimal semitoric helix of length 6 and complexity 2. In the classification
from Theorem 6.1.13 this is a type (7) minimal semitoric helix with Ay = ST2ST?.

v; = T*w; o for all i € Z and for some fixed k,¢ € Z. A semitoric helix is minimal if

Vi F Vi—1 + Uig

for all 7 € Z.

A minimal semitoric helix is shown in Figure 6.2. The semitoric helix is better suited to
studying blowups and blowdowns than the semitoric fan is, and it is a more natural object because
the vectors in a semitoric fan are effected by the artificial corners which are created by making cuts

when producing the semitoric polygon.

Definition 6.1.4. Let H = [{v; }sez] be a semitoric helix. If v; = v;_1 + v;41 for some j € Z then
a new semitoric helix of the same complexity and one less length can be produced by removing
{Vj+na}nez from {v;};cz. The new helix is known as the blowdown of H at v;. The opposite of this

operation, adding in the sum of two adjacent vectors, is known as a blowup.

Remark 6.1.5. Performing a blowup/blowdown on a semitoric helix H corresponds to performing
a blowup/blowdown on the associated semitoric manifold, so minimal semitoric integrable systems

are precisely those associated to minimal semitoric helixes. %)
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6.1.3 From semitoric systems to semitoric helixes

There is a unique semitoric helix related to each semitoric integrable system. We outline the
construction here, and it is given in full detail in Section 6.3. Let (M, w, F') be a semitoric integrable

system.

1. Construct polygon: Associated to (M,w, F) is semitoric polygon which consists of an infinite
family of polygons [77] which I have described in Section 2.2.7. Fix a polygon A from this

family;

2. Construct semitoric fan: A is rational, so take the collection of inwards pointing integer
normal vectors wy, . .., w,;,—1 of minimal length to its edges. If all of the cuts in A are up, this

corresponds to considering the associated semitoric fan (see Chapter 4);

3. Correct for monodromy effect: For each j such that (w;, w;j;1) is either hidden or fake
replace Wji1,...,Wnm—1 by

ij+1, cee ,Twm_l.

Label the new list of vectors wy, ..., w

!/

4. Remove repeated vectors: Now each pair (wj, wj, ) either satisfies det(wj, w;

3

41)=1lor
w; = Tw;, ;. For each j such that wj; = wj; remove w} ; from the list (these come from the

fake corners) and denote the remaining vectors by vy, ..., v4—1. Notice det(v;,v;41) =1 for all

5. Extend to helix: Extend this finite list of vectors to a semitoric helix H of length d and
complexity ¢ (the number of focus-focus points of the original semitoric manifold) by forcing

condition (3) from Definition 6.1.3.

Given a symplectic system (M, w, F) the semitoric helix H produced by the above construction
is known as the semitoric helix associated to (M,w, F'). The construction procedure includes several

choices by the resulting semitoric helix is unique.

Lemma 6.1.6. Given a semitoric integrable system (M,w, F') there exists exactly one associated

semitoric heliz.
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Lemma 6.1.6 follows from Lemma 6.3.1.

Definition 6.1.7. The map ¢ assigns to each semitoric integrable system (M, w, F') a semitoric helix

d(M,w, F) = H, where H is the semitoric helix associated to (M,w, F).

Lemma 6.1.6 shows that ¢ is well-defined.
The main result of this chapter is Theorem 6.1.13, which is the classification of all minimal
semitoric systems in terms of the associated semitoric helix. To prove Theorem 6.1.13 T use a refined

version of the algebraic tools used in Chapter 4.

6.1.4 The algebraic technique

Recall the groups

SLy(Z) = (S, T | STS =T-'ST~*,5* = I),

PSLy(Z) = (S,T | STS =T"'ST~*,S* =1I),

and

G=(S,T|STS=T"'ST™1)
Let (R?)* := R?\ {(0,0)}. Here we set some notation.

Definition 6.1.8. Given any closed loop 7: [0,1] — (R?)*, 5(0) = 5(1), we denote by wind(y) € Z

the usual winding number of ~.

Define pr: SLy(Z) — (R?)* by

pr: —

Definition 6.1.9. Given any loop v: [0,1] = SL2(Z), v(0) = v(1), we define the winding number of

7, denoted wind(y), by

wind(v) := wind(pr(7)).
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Thus, there exists a map

ker(G — SLy(Z)) — Z

which takes each element o € ker(G — SLy(Z)) to wind(p(c)). The winding number
1
W (S, T) - —Z,

12

defined in Chapter 4, extends this map to all of (S,T) and descends to a map on G which we also

denote W. Recall that given o € G,
W (o) = wind(pr o p(0)).
For a semitoric helix H = [{v;};ez] and B € SLa(Z) we use the notation
BXH := [{Bwv;}iez]-
A cyclic permutation of a list (ag,...,aq_1) € Z¢ of integers is given by
(ak modd, @k+1 modds - - - » @k+d—1modd)-

The following is the helix version of Corollary 4.4.6.

Proposition 6.1.10. Associated to any semitoric helixz of length d and complexity c there is a lists

of integers (ag, ...,aq_1) € Z¢ which satisfy
ST .. STt =, SAX~IT°X

for some X € G. This list of integers is unique up to cyclic permutation, and any such list of integers
is associated to some semitoric helixz. Semitoric helizes H and H' have the same length, complezity,

and associated integers if and only if there exists B € SLo(Z) such that

H=BXH.
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Proposition 6.1.10 is proven in Section 6.4.

An obstruction to producing semitoric helixes is producing words in S and 7" which not only
evaluate to the correct matrix in SLy(Z) but also which have low winding number. In order to study
these we develop a theory of reduced forms of words; those words with only positive powers of S
which evaluate to a given matrix, up to sign, in SLy(Z) and which have smallest possible winding
number. It turns out there is a relatively simple characterization of these reduced forms and we are
able to take advantage of the fact that the words corresponding to minimal semitoric helixes are
nearly reduced. By understanding the difference between these and their reduced forms we classify
the possibilities.

Thus, the first step towards classifying minimal semitoric helixes is to produce a standard

form of minimal winding number for elements of PSLo(Z).

Definition 6.1.11. A word in S and T is S-positive if it can be written using only non-negative

powers of S, T, and T,

Theorem 6.1.12 (Standard form in PSLy(Z)). If X € SLa(Z) there exists a unique string X € (S, T)
such that X =pg,(z) X and

X =gy T°ST ... ST~
where a; > 1 fori=0,...d — 2. Moreover,

W(X) < W(n)

for all S-positive n € (S,T) satisfying n =psr,z) X -

We call X the standard form of X. Theorem 6.1.12 is proven in Section 6.5.

6.1.5 Main result: minimal models of semitoric integrable systems

Lemma 6.6.3 has the following consequence, which is proven in Section 6.6 and is the main

result of this chapter. Let

= € SLy(Z)|A = 8T ... ST*-1 such that d > 1,aq_1 ¢ {0,1}}. 6.1
8 ={AeSLy(Z)|A=ST*...ST h that d ¢ {0,1}} (6.1)
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A semitoric helix of length d is determined by specifying the complexity and any d consecutive vectors

in any representative of the helix.

Theorem 6.1.13. Suppose that (M,w, F) is a compact minimal semitoric integrable system with
associated semitoric helix H = ¢(M,w, F) of length d and complezity ¢ > 0. Write H = [{v; }icz]. If
d < 5 then the representative {v;};cz can be chosen to be exactly one of the following:

type | length VQy v v vy Vg1 complexity

(1) | d=2 <(1)) (:; c=1
(2) | d=2 (?) (j) c=2
(3) | d=3 (? , (_1), (_01> k # 42 c=1

c>0

() () wrm | enr
) (&) ik

Otherwise, d > 5 and we say that 3 is of type (7). In this case there exists some unique Ay € 8 such
that [vg,v1] = Ao and

Vj = Qj—2V5—-1 — Vj—-2
determines {v; }icz € H where ag, . ..,aq—1 are defined by

S2ASIT Ay = ST ... ST,

Additionally, for each Ay € 8 there exists such a semitoric helix.

Types (1)-(6) are shown in Figure 6.3 and a a representative example of type (7) is shown in

Figure 6.2.

Idea of proof of Theorem 6.1.13

In the proof of Theorem 6.1.12 we use a reduction algorithm with four steps. Three of these

steps reduce the winding number by 1/2 and the remaining step, which corresponds to a blowdown,
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Figure 6.3: Minimal semitoric helixes of type (1)-(6) of Theorem 6.1.13.

does not change the winding number. We will see, by Lemmas 6.5.4 and 6.5.6, that if ag,...,aq—1 is
associated to a semitoric helix then

Yals il TG r 17 X = 2 Tk
W (ST ...ST%1) — W (STa ... STai-1) = PSL.(Z)

%, otherwise,
and thus we know that ST% ... ST%-1 can be reduced to the standard form from Theorem 6.1.12
by using only one or two of the moves which reduce W along with any number of blowdowns.
This observation allows us to prove Lemma 6.6.3, which classifies all minimal words satisfying

Equation (6.3). This implies Theorem 6.1.13, which is proven in Section 6.6.

6.2 An application to semitoric systems

Theorem 6.1.13 has the following surprising consequence in the study of symplectic semitoric

manifolds, which follows from Lemma 6.6.4.

Theorem 6.2.1. If a compact semitoric integrable system (M,w, (J, H)) has more than 2 focus-focus

singular points, then J has either a non-unique mazimum or a noN-unique MINIMUM.

In [77, Theorem 3] Vil Ngoc uses an analytic argument related to the Duistermaat-Heckman

measure on semitoric manifolds to prove a result analogous to Theorem 6.2.1 in the case that the
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manifold is non-compact with 2 or more focus-focus singular points. Combining these two results we
conclude that if (M,w, F) is a semitoric manifold, compact or not, with greater than 2 focus-focus

points then J either has a non-unique maximum or a non-unique minimum.

Remark 6.2.2. Type (7) semitoric helixes always have a specific form. If H = [{v;};¢z] is a semitoric

helix then
1. d > b5;
2. vy = —yg;
+1
3. v = for some k € {3,...,d — 1} (Lemma 6.6.4).
0

6.3 From semitoric systems to semitoric helixes

In this section we explain how to produce a semitoric helix from a semitoric integrable system

using the associated semitoric polygon.

6.3.1 Producing a semitoric helix

Let [A,] be a compact Delzant semitoric polygon of complexity ¢ € Zx¢ (i.e. it has ¢

focus-focus points) and write

Ay = (A, (0x;)521, (65)521) -

The hidden and fake corners come from the existence of focus-focus singular points in the system.
To create a semitoric helix we remove the effect of these points.

Suppose that A has ¢ > 0 edges and let wy, ..., ws_1,w; = wy € Z? denote the inwards
pointing normal vectors of minimal length to those edges ordered cyclically. That is, choose wq to be
an inwards pointing normal vector to any edge of A and order wy, ..., ws—1,w, so that w; and w;41
are normal vectors to edges adjacent to the same vertex and det(w;,w;y1) > 0. Then the vectors

are ordered in counter-clockwise order and wg = wy because they are normal to the same edge. We
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p

3 T
N
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Figure 6.4: The semitoric helix is produced by unwinding the polygon on the fake corner
.

call a pair (w;, w;11) Delzant, fake, or hidden depending on the corner type of the vertex in between
them. Notice there are exactly ¢ vertices of A which are not Delzant.
Define

f(m) =|{i <m | (w;, wi41) is not Delzant}|

and consider the sequence

(Tf(O)w07 Tf(l)wl, o ,Tf(ffl)wgi17 Tf(f)we) c (Z2)Z+1.

Notice that any two adjacent vectors in this sequence are either a Delzant pair or equal to one
another. Remove any vector that is equal to an adjacent one and renumber in the same order to
produce

(UOa <oy Vd—1, Ud) € (ZQ)d+1

which are again in counter-clockwise order. Now vy = T vy where c¢ is the total number of corners
that are not Delzant. Extend (Ui)f:_ol into a semitoric helix H of length d and complexity ¢ by using
the relation T°v; = v;+4. The semitoric helix H is said to be associated to A,,.

The idea of this construction is shown in Figure 6.4.

Lemma 6.3.1. Suppose [A,] and [Al)] are compact Delzant semitoric polygons such that [A,,] = [Al,].
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If H and H' are associated to A,, and A/, respectively, then H = H'.

w?

Proof. Check that the semitoric helix produced does not depend on which element of [A,,] is chosen
or on any choices made during the construction. The element of [A,] is defined up to the action of

G. x G and the only choice made during the construction is which edge to place wq on. O

Lemma 6.1.6 follows from Lemma 6.3.1.

Lemma 6.3.2. Given any semitoric helic H there exists a Delzant semitoric polygon [A,)] such that

P([Au]) = K.

Proof. Let H = [{v;}icz] be a semitoric helix of length d and complexity c. Define a collection of
vectors wo, . . . , Watc by

w; =v; fort=0,...,d—1

and

w; =Ty, fori=d,...,d+c.

Then det(w;, w;y1) =1fori=0,...,d—1,

det(Twi, wi+1) = det(Twz-, Twz) =0

fori=d,...,d+c¢—1, and wy = wg4. by the periodicity requirement on the helix H. The vectors
Wo, . .., Wate_1 are arranged counter-clockwise so there exists a polygon A C R? with d + ¢ edges
which has these as inwards pointing normal vectors. The polygon A has d Delzant corners ¢ fake
corners, and since T’ does not change the y-value of a vector we see that either all of the fake corners
are on the top boundary of A or all of the fake corners are on the bottom boundary of A. Let \; be

the horizontal position of the i*" fake corner and we may number these so that

AL < Ao <. < A

Since each vertical line intersects the top and bottom boundaries at most once each. If the fake

corners are on the top boundary let €; = +1 for j = 1,...,c and otherwise let ¢; = =1 forj=1,...,c



131

Then,

(A, (éz\j )5:17 (%’)5:1)]

is a Delzant semitoric polygon with associated semitoric helix . O

Lemma 6.3.2 shows that ¢ is surjective by producing a right inverse, but ¢ is not injective.
This is because the semitoric helix does not encode information about the length of the edges of the
associated polygon or about the position of the focus-focus points, the values Ay, ..., A..

If A, is such that ¢; =1 for j =1,...,c then the inwards pointing normal vectors to A,,

form a semitoric fan as in Chapter 4.

6.4 Semitoric helixes and SLy(Z)

In this Section we prove Proposition 6.1.10, which is the tool we use to translate questions

about semitoric helixes into questions about words on letters S and T

Lemma 6.4.1. Given any semitoric heliz H = {v;}icz of length d there is a list of integers
(ag,--.,a4—1) € Z% such that

A;Vig1 = V; + Vigo (62)
fori=0,...,d— 1. Furthermore, given vy, vi, and (ag,...,aq—1) the helix can be recovered.

Proof. Let H = {v;};cz be a semitoric helix of length d and complexity ¢. Let A; = [v;,v;41] and

write v; 4o in the {v;, v;41} basis as
Viy2 = biv; + a;viq,

for a;,b; € Z. Thus,

0 b
Ai = Ai+1
1 a;
and since A;, A;11 € SLo(Z) we see the determinant of each side is 1 so b; = —1. The result
follows. O

Definition 6.4.2. The ag,...,a4—1 in Lemma 6.4.1 are the associated integers to the helix K.
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—_~— —_~—

Recall SL2(R) denotes the universal cover of SLa(R), so o € SLa(R) is a continuous map

a: [0,1] — SLa(R) satisfying a(0) = I. Recall G is isomorphic to the preimage of SLy(Z) in the

universal cover of SLy(R), denoted SLs(R), by Proposition 4.3.7 via the homomorphism p: G —

SLo(Z) generated by

The operation in G is concatenation and the operation in SLa(R) is given by the following. if
a, B € SLa(R) then

a,B: [0,1] — SLa(R)

—_~—

and we define a8 € SLy(R) by

That is, the path a5 is obtained by traveling first along the path o and then along the path produced
by multiplying each element of the path 8 on the left by «(1). It turns out that the path produced

by traveling first along 8 and then along « multiplied on the right by 8(1) is homotopic.

—_~

Lemma 6.4.3. If a, 5 € SLa(R) then the paths in SLa(R) from I to a(1)B(1) given by

B(2t), 0<t< )2
Yo(t) =
a2t —1)B(1), Ye<t<1
and
a(21), 0<t<
71(t) =

are homotopic.



133

IH—/Q(S) (1)

Figure 6.5: The homotopy from the proof of Lemma 6.4.3. A point (z,y) in the above
plane represents a(z)5(y) € SLa(R).

Proof. A continuous homotopy between them is given by

a(2t), 0<t<s/2
Vs(t) =9 a(s)B(2t —s), s/2<t< e
a2t —=1)B(1), H*<t<1

for 0 < s < 1, which is shown in Figure 6.5.

O
Recall the map pr: SLa(R) — (R?)*, where (R?)* = R?\ {(0,0)}, given by pr([vi, v2]) = va.
Since
m1(SLa(R)) = m((R?)") = Z
and
cos(2mt) —sin(27t) cos(2mt)
pr =
sin(27t)  cos(27t) sin(27t)

for t € R we see pr sends a generator of 71 (SLz(R)) to a generator of w1 ((R?)*), so pr*: m (SL2(R)) —

m1((R?)*) is an isomorphism.

We say a path v: [0,1] — (R?)* travels only counter-clockwise at most one full rotation

if t — 6(y(t)) is an increasing function where 6: (R?)* — [0,27) is the angle coordinate with
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0(+(0)) = 0.

Lemma 6.4.4. Let 3 = [{v; }iecz] be a semitoric helix of length d and complexity ¢ and let Ay =
[vo,v1]. If o € G is given by

o=.8T% ... 5T%

then pr(AO p(a)) is homotopic to a path from vy to vq—1 which travels counter-clockwise at most one

full rotation.

Proof. Let A; = [v;,v;41] for 1 < i< d—1 and recall A; = A;_15T%-. Thus,

pr(Ai_l p(ST* 1 ))

is a path from v; to v;11 which is homotopic to

~

cos (%) —sin (%’5) + ta;_1cos (%t)

~

sin (%) cos (%t) + ta;_4sin (%t)
= cos 5 v;_1 + sin > ;.

The path ~; travels only counter-clockwise at most one full rotation from v;_; to v; so the composition

of paths 71, ..., v4—1 travels counter-clockwise from vy to v4_1. The result follows because vy, ..., v4-1
are arranged in counter-clockwise order. O
Lemma 6.4.5. The integers (ag,...,aq4_1) € Z¢ are associated to a semitoric heliz of complexity

c = 0 if and only if

ST .. ST%1 =5 S*X~'T°X (6.3)

for some X € G. If H = [{v;}icz] is a semitoric heliz with associated integers (ag,...,aq—1) then

Ay = [vo,v1] satisfies X =¢ Ap.

Proof. Let A; = [v;,v;11]. By Lemma 6.4.1 and the fact that

— ST
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we find that A;41 =31.,(2) A;8T% for all 1 € Z. We conclude that
Ad =sL,(z) AoST™ ... ST~
and since T°Ag =g1,,(z) Aa this implies that
ST .. ST =gy ,(z) Ay ' T°Ay.
Since S* generates the kernel of the projection G — SLy(Z) this means that
ST ... ST =g S*ATIT A,

for some k € Z. This is because when reducing an element of SLy(Z) we can assume that the relation

G4 =sL,(z) I is not used until the last step. Rearranging we have
ApST ... ST =1 A ' T~¢ =¢ S**. (6.4)

To complete the proof we must only show that £ = 1 in Equation (6.4).

Let 0,m € G be given by
o =¢ ST™...ST* ' and n =g Agc Ay T~

Since W (S%) it is sufficient to show that W(n) = 1. By Lemma 4.4.2 ¢ =g1,,(z) I implies that

W(n) = wind(p(n)). By Lemma 6.4.3 write

p(Ag)(4t), 0<t<Ya

[(p(o)) (4t = )] A, Ya<t <2
(p(m)(t) =

c Ay [(p(T)) (4t — 2)], 12 <t < 3/a

[(p(Ao)) (4t — 3)]cAg'T—, 3/a<t< 1.
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Let 7o: [0,1] = SL2(R) be the path from A;' to itself given by

[(p(e))(25)] A, 0<t< 2
Yo(t) = (6.5)
oA [(p(T~9)) (2t —1)], Y2<t< 1.

The paths 9 and p(n) are homotopic via the homotopy

p(Ag 1 (%), 0<t< 9/

(4=2)] 45", 21 <t <o

P (4] i<y

[(o(a0)) (2=t | o5 e, 332 <1<

W~

for 0 < s < 1 where vy is defined as above. Thus, to complete the proof we only must show
wind (o) = 1 where 7 is as in Equation 6.5. By Lemma 6.4.4, the path

(br(p()20)))

0<t<l/2

is homotopic to a path which travels counter-clockwise at most one full rotation. The path

[pr(eAg* p(1=5)(2t = 1))]

b
1/2<t<1

travels only counter-clockwise and cannot cross the line {y = 0}, so it completes at most one
half-rotation. Since JAalT*C =SL,(2) Aal, the path 7y thus circles the origin an integer number of

times, so we conclude that wind(pr(g)) = wind(y9) = 1. This completes the proof. O

Proof of Proposition 6.1.10. Let H = [{v;}iez] be a semitoric helix of length d and complexity c.
Then there exists associated integers (ao,...,aq_1) € Z% as in Definition 6.4.2 by Lemma 6.4.1. If
{w; }iez € H then by Definition 6.1.3 there exists some k, ¢ € Z such that v; = T*w;, for all i € Z.

In this case a;v;y1 = v; + v;42 implies that

AjWig14¢ = Wite + Wig24e
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and denoting a; := a; moaq this implies that

Qi —gWit1 = Wi + Wit2.

Thus, the associated integers for {w;};cz are given by

(a—g,a1-¢,...,a4-1-¢)

which agrees with those integers for {v;};cz up to cyclic permutation. Thus, the map is well-defined.

Suppose (ag, - . .,aq_1) € Z% is a list of integers satisfying

ST . ST%1 = S4X~IT¢X

for some ¢ € Z~g. Let Ag € SLy(Z) be any matrix satisfying X =sL,(z) Ao and define vg, v € Z? so

that Ag = [vg, v1]. Then define vg,...,v4-1 by

U = A;—2Vj—1 — Vj—2

for i = 2,...,d — 1. Use the relationship v;+q = Tv; to extend wvq,...,v4—1 to {v;}icz. Since
W (ST®o...ST%-1) =1, the vectors v, ...,vq—1 are in counter-clockwise order and by construction
det(v;,vi41) = 1 for all ¢ € Z, so [{v;}iez] is a semitoric helix with the prescribed associated integers.
If H and H’ are semitoric helixes of the same length and complexity which are such that
H = BH' for some B € SLy(Z) then they have the same associated integers since those integers are
defined by a linear equation, Equation (6.2), which is invariant under the action of B.
Conversely, suppose that H = [{v; }iez] and H'[{v}}iez] are semitoric helixes of the same

length and complexity. Let B € SLo(Z) be the matrix which satisfies

[vo, v1] = Blvg, v1].

Then act on both sides of Equation (6.2) with B~! to discover that H{’ has the same associated

integers. O
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6.5 Standard form in PSLy(Z) and the winding number

First we prove several lemmas which will be needed in the proof of Theorem 6.1.12.

Lemma 6.5.1. If o € (S,T) is S-positive and o =pgy,,(z) I then W (o) = 0 where W (o) = 0 if and

only if o is the empty word.

Proof. Since ¢ is S-positive up to conjugation by 7" we may write it as
o =) ST®...ST* "
for some ag,...,aq—1 € Z. We define a sequence of vectors
V0, ... ,V4—1 € 7>
by choosing any vy, v; € Z? with det(vg,v1) = 1 and defining vy, ...,v4_1 by
Vit+2 = —V; + Q;Vi41

fori=0,...,d—3. Let v: [0,1] = (R?)* be a path which connects v, ...,vq—1 in order and travels
only counter-clockwise. Then, W (o) = wind(y) and wind(y) > 0 because v must travel at least once

around the origin to move only counter-clockwise and return to «(0). O

This implies that each element of PSLy(Z) has a representation in S and T with minimal

winding number.

Lemma 6.5.2. If X € PSLy(Z) then there exists some q € 157 such that w(c) > q for all o € (S,T)

which are S-positive and satisfy 0 =psr,z) X

Proof. Since S =pgr,,(z) S—1 every element of PSLy(Z) has an S-positive representation. Fix some
S-positive n € (S,T') such that 7 =pgr,,(z) X~tandlet ¢ = —W(n). Let o be any S-positive element
of (S,T) such that o =pgy,,z) X. Now o =g1,,(z) I, so W(on) > 0 by Lemma 6.5.1. This means

W (o) > ¢q and the result follows because W (1) does not depend on the choice of o. O
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6.5.1 Standard form for elements of PSLy(Z)
In this section we prove Theorem 6.1.12.
Lemma 6.5.3. ST™"S =pgr,(z) (I'ST)" forn > 0.

Proof. First notice ST'S =pgr,(z) 771871 implies S =psL,(z) 1T'STST so

STﬁ 1 S :PSL2 (Z) TST

since S =pgr,,(z) S~L. Now,

ST™"S =psL,z) (ST 'S)" =psry@) (TST)"

for n > 0, and if n = 0 the claim reduces to S? =psLy(z) - O

Proof of Theorem 6.1.12. Let o € (S,T) any S-positive word with ¢ =pgr,z) X. There are four

steps to the reduction algorithm we will use on o.

1. replace each S? with I;
2. replace each ST~"S with (T'ST)", for some n > 0;
3. replace each ST'S with T-1ST!;

4. go back to Step (1) if Step (1) or Step (2) is possible.

Each of these reductions preserves the value of o in PSLy(Z) and recall that the winding number
cannot decrease indefinitely by Lemma 6.5.2. Steps (1) and (2) reduce the winding number while
Step (4) can only be performed if the winding number is not already minimal and Step (3) preserves
the winding number but reduces the number of times S appears in the word, which is also bounded
below. Thus, this process must terminate and after the reduction the word will be of the required
form.

Now we will show uniqueness. Suppose that

o,n€(S,T)
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with o =PSLy(Z) n and

o= T°ST™ ... ST,

1 =(5,T) TV ST ... ST% -1,

where a;,a; > 1fori=0,...,d—2and j =0,...d" — 2. First assume min(d,d') < 1, and in this
case assume d > d'.
If d’ = 0 then

TPV ST . ST =pgr, ) |

which contradicts Lemma 4.3.8 unless d = 0, in which case 7o =psL,z) I sob=10"
If d =1 then

vV s | ST4-17% ST —pgp ) 1

$0 ag—1 — a € {0,£1} by Lemma 4.3.8. Consider the cases if d > 1. If ag—1 — a, = 0 then
TPV ST | ST%4-2 5% =pgy gy |
which contradicts Lemma 4.3.8 after replacing S? by I. If ag_1 — a}, = —1 then
vV ST | ST %-2ST™1S =pgr, 2
which contradicts Lemma 4.3.8 after replacing ST 1S by T'ST. Finally, if ag_1 — af, = 1, then
vV ST ST ST =pgy o T

which contradicts Lemma 4.3.8 unless a4_ = 2. This process is repeated to conclude that ag = ... =
QAg—o = 2 SO

TPV (ST 41STS =pgr, () [

which implies

ThY 18T —pgy 0 I
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By Lemma 4.3.8 this can not hold. Thus, d = 1, in which case
TPV ST %S =pgp,z I,

sob—b =0 and ap — aj; = 0 by Lemma 4.3.8.
Finally, assume d,d’ > 1 and assume that aq_1 # a/;, _,, otherwise cancel them from both

sides. In this case we see that XY ! =PsL,(z) I implies
TPST® ... ST 1T 1 ST -2 .. ST%S =pgp,z) |
$0 a4—1 — al,_; = %1, by Lemma 4.3.8, since we have assumed a4—1 — a);_; # 0. Assume
ag_1—ay_; =1,
otherwise exchange X and Y. Then choose maximal k € Z3( such that
ag—2 = Q4-3 = ... = Ag_2_(p—1) = 2.
where k =0 if ag_o # 2. If K < d — 1 then

XY™ =pgr,y ) TVST ... ST 2+ (ST (STS)T %2 ... ST~ % ST~
=psL,z) T°ST™ ... ST -2-+=Y(T STk ST~ % —=~1 §T~% 8T~

=psLy(z) TVST® ... ST -2+ T —>=k=1  gp-acgp=t,

Since ag_2— —1 > 1 and —al,_, — k — 1 < —1 this expression cannot evaluate to the identity in

PSL3(Z) by Lemma 4.3.8.
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Otherwise, £k = d — 1, in which case

XY =pgr, ) TU(STH N(STS)T -2 ... ST % ST
=psio@ TP HTST) 1 ST %w-2"1 g7~ 85T~

=psryz TP ST w—2"4 7% 8T,

which again cannot evaluate to the identity in PSLy(Z) by Lemma 4.3.8. This completes the proof of
uniqueness.

Lastly, we will show the standard form has minimal winding number. Let X € PSLy(Z) and
suppose 7 € (S,T) is S-positive with 1 =pgr,,(z) X. Then 7 can be reduced to the standard form of
X, denoted X, by following the reduction algorithm at the beginning of the proof. Since each step of

the algorithm either preserves or reduces the winding number, W (X) < W(n). O

6.5.2 Standard forms and the winding number

Recall that given any X € PSLy(Z) we denote by
X €(S,T)

the standard form of X, as given in Theorem 6.1.12.

Lemma 6.5.4. If X € PSLy(Z) \ {T*}rez then

W(X) + W(XT) = 5.

Proof. Write

X =Tb8T% ... §T% 1

and since X # T* for any k € Z, d > 0. Now, W((Y)_l) = —W(Y) where
(X)) =57 tpeas TP gTITb,

We will reduce (Y)fl to standard form and keep track of the winding number. Replacing each
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S~1 by S increases the winding number by d/2. Now replace each ST~%S with (T'ST)% for each
even index 7 which at most increases the odd indexed powers of T by 2. Since each a; > 2 for
i=0,...,d—2 we do the replacement ST~%*+25 = (T'ST)%~2 for odd 0 < i < d — 3 and the
replacement ST~%*+18§ = (T'ST)%~! for i = 1 and the highest odd i < d — 2. Thus we have now
used ST—"S = (T'ST)", for varying values of n > 0, a total of d — 1 times decreasing W by 1/2 each

time. The word produced in this way is now in standard form so it is equal to X1 and

WET) = W(X) 4o - = WX+

as desired. O

We can now prove that in many cases the first power of T in X and the last power of T in

X1 must sum to 1.

Lemma 6.5.5. For X € PSLy(Z) write
X =51y T°ST% ... ST
and
X1 =(gp TV ST% ... ST 1.

Then

Aq—1 +b, :aii/—l +b:0

if X =psL,(z) TEST® or X =PSLy(2) Tk for some k,a € Z, and
ag—1+b =ay_;+b=1

otherwise.

Proof. The cases of X =pgr,(z) TkST® and X =PSLy(Z) T* are easily checked. Suppose X is not of
that form. Since X1 X =31,(z) I by Lemma 4.3.8 some power of T" that is not at the front or end
of the word must be —1, 1, or 0. Since X and X! are in standard form, X #PSLy(Z) TkSTY, and

X #psL,(z) TF this means that a),_, +b € {£1,0}.
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If al,,_,+b = 0 then S? is a subword of X ~! X which can be replaced by I and if a;, _;+b = —1

then ST~1S is a subword of X—1 X which can be replaced by T'ST. In either case this means that

w(X7TX) < W (XT) 4 W(X) - £ =0

where the last equality is by Lemma 6.5.4. By Lemma 6.5.1 w(X~1X) > 0 with equality only

when X = I. Since X # I we must have a/, _, +b = 1. The same analysis on X X1 implies that

ag—1 +b =1. O

Lemma 6.5.6. Let X € PSLy(Z) and ¢ € Z~q. Then W(X1T<X) = W(X-1T¢X).

Proof. 1f X =pgy,,(z) T* for some k € Z then

X-1TeXx =(S,T) X-17°X =(S,T) TC

so the result holds. If X =pgr,,(z) T*ST for some k,a € Z then there are two cases. If ¢ > 1 then

XITeX =g X 'T°X =g TFSTST™F

so the result holds. If ¢ = 1 then

XITeX =g TF ST

while

XIT°X =gy T*STST "

and the result still holds.
If X #TF and X # T+ST® for all k,a € Z, then X—1T°X is already in standard form for
any ¢ > 0 by Lemma 6.5.5, so

X-1TeX =(8,T) X-1T°X.
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6.6 Minimal models for semitoric helixes

Definition 6.6.1. An S-positive word with no leading T’

ST ... ST ¢ (S, T)

is minimal if ag,...,aq—1 # 1.
Minimal words are those associated to minimal helixes.

Lemma 6.6.2. Suppose 0 = ST ... ST ¢ (S,T) is minimal and there exists X € G\
{S%T*}y kez such that

o=¢ S*XIT°X.
Then, after cyclically reordering ag, . ..,aq—1 if necessary, ag < 0 and one of the following hold:
(i) ao =0 and T =g,y T** ST ... ST%1;
(ii) ao <0 and @ =g ) (TST)"T** ST ... ST,

Proof. Notice
c

W(o)=W(S'X'T°X)=1- 5

while

WE) =W (X 1TX)=W(X 1T°X)

— — c 1 c
:I/I/(X*1)+I/V(X)—E:ﬁ—E

by Lemmas 6.5.6 and 6.5.4 since X #pgr,, (z) T* for any k € Z. Thus, W (o) # W () so o is not in
standard form. This means that a; < 1 for some fixed j € {0,...,d — 2} and since o is minimal this
implies a; < 0.

If a; = 0 for any j € {0,...,d — 2} then reorder so that ag = 0 so

o= 827" 8T . ST%1
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and notice that

n=T"ST% .. ST%1

satisfies W (n) = W (). All steps in the reduction algorithm in the proof of Theorem 6.1.12 reduce
the winding number, except for the blowdown ST.S — T~1ST~!, so the only possible step to reduce
71 into standard form is a blowdown. For a blowdown to be possible we must have a; = 1 for some
Jj€A{l,...,d— 1}, contradicting the minimality of o. Thus, & =g 1) 7.

Otherwise, a; # 0 for all j € {0,...,d — 1} so, after cyclically reordering, ag = —n < 0. In
this case let

W = (TST)"T* ST ...ST™

and notice 7" =pgr,(z) 0. Again, W(n') = W(7) so the only possible reduction move would be a
blowdown, but if a blowdown could be performed on 7’ that would contradict the minimality of o,

except in the case that a; = 0, which we have assumed does not occur. Thus, & = 7' O

Here we classify all words associated to minimal semitoric helixes. Recall § from Equa-

tion (6.1).

Lemma 6.6.3 (Classification of minimal words). The word o € (S,T) is associated to a minimal
semitoric heliz H of complexity ¢ > 0 if and only if o is exactly one of the following, where Ag = [vg, v1]
and {v; }icz € H:

type o€ (S, T) c Ay

(1) |o=ST7tSsT* c=1| ST? =
(2) |o=ST"325T? c=2| ST7! =

(3) |o=92T98T2"2 a#1,-3 |c=1|ST*! =

(5) |o=S2TeSTeST=* ,a#+l |c#£1| ST-* =

(6) |o=82Te82T=% a#1,c—1|c>0 I =

(
(
(
(4) |o=ST-18T-15T! c#2 I = (
(
(
S

(7) |o=S2A;'TA, c>0 Ay €
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where a € Z is a parameter.

Proof. Suppose that ¢ is minimal and associated to a semitoric helix H of length d and complexity

¢ > 0. By Lemma 6.4.5 there exists some X € G such that

o=¢ S*XIT°X. (6.6)

We will proceed by cases on X.

Case I: X =pgy,(z) T* for some k € Z. This implies that

ST .. ST%-17¢ = §4

and so ag,...,a4—2,a4—1 — ¢ are associated to a minimal toric fan. Such words are completely
classified in Lemma 4.4.8 and we conclude either d = 3 and ag = a; = as — ¢ = —1, which is minimal
only when ¢ # 2, or d = 4 and ag = a3 = 0, a3 = ¢ — a1, which is minimal only when a # 1,¢ — 1.
Thus o is either of type (4) or (6).

Case II: X #pgL,(z) T* for all k € Z. In light of Equation (6.6) apply Lemma 6.6.2 to o

and conclude that, after passing to an equivalent helix by cyclically permuting,

0 =(S,T) ST ... STt

satisfies either

1. ag =0; or

2. a;#0forall j=0,...,d—1and ag = —n < 0.
If ag = 0 then

g =T%8T% ..  ST%!

and otherwise

&= (TST)"T™ ST ... ST,

We now have three further cases on X.
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Case Ila: X =pgL,(z) TkST® for k,a € Z. First assume ag = 0. If ¢ = 1 then

X-1Tcx =(s,1) T*aflsTafl

so o0 = S2T~2715T%"1 which is minimal for a # 42 and is of type (3). If ¢ # 1 then

X 1TeX =T745ST°ST*

so 0 = S2T~2ST* which is minimal if a # +1 and is of type (5).

Now suppose ag # 0. Then

= (TST)"T*ST* ...ST!

for some n > 0. If ¢ = 1 then ¢ = T7*71ST%! s0o a = —2 and thus & = (T'ST)T~* so ¢ =
ST—1ST~*, which is of type (1). If ¢ = 2, then & = T~¢ST?ST* which means a = —1 and ag = —2
so 0 = ST=2ST~2, which is of type (2). If ¢ > 2, then @ = T~%ST°ST* which means a = —1 and
ag = —1s0 o= ST 18T 1ST~1, which is of type (4).

Case IIb: X #pgi,(zy S2TF, S*T*ST® for all (,k € Z and a; # 0 for all i =0,...,d— 1.
In this case ap = —n < 0. If d = 2, then ¢ = ST "ST* and & = (T'ST)"T* which means
(TST)"T™ =(s,1) X-1T¢X. Since X~1T°X starts with T'S it must end with S by Lemma 6.5.5 so

ay = —1. Now W(o) = 1 — ¢/12 implies that n = 5 — ¢ so we have

(TSTY T~ =57y X 1T°X. (6.7)

The right side of Equation (6.7) contains 7°T* while the highest power of T on the left side is T2, so
¢ = 1. Thus we obtain o = ST~4ST~! and have type (3).
If d > 2 then

(TST)"T* ST ... ST =g X 1T°X

implies that X —17°X must end with S by Lemma 6.5.5, so ag—1 = 0 which contradicts our assumption

in this case.
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Case Ilc: X #ps1,(z) STk S2TEST for all 4,k € Z and a; = 0 for somei € {0,...,d—1}.
If ap # 0 then a; = 0 for some j # 0 which contradicts the forms of the minimal word prescribed in

Lemma 6.6.2. Thus, ap = 0 and so

which is minimal if X does not end with ST and X! does not begin with T'S, and is of type (7).

O

Proof of Theorem 6.1.13. Let H be a minimal semitoric helix of length d with associated integers
(ag,...,aq_1) € Z%. Then o = ST ...ST%-1 is a minimal word and, passing to an equivalent helix
if necessary, we conclude o must be of some type (1)-(7) in Lemma 6.6.3. Types (1)-(6) for o in
Lemma 6.6.3 correspond to types (1)-(6) for H in Theorem 6.1.13. Notice these each have length
d <5.

Otherwise, 0 must be of type (7), which means there exists some X =g A, where H =

{vi}iez and Ay = [vg, v1] € 8, such that

o= SPXTX.

Since Ay € S notice that Ag = ST ... ST%-1 with £ > 2, which implies that o has at least six

occurrences of S, so the length d of H satisfies d > 6.

Lemma 6.6.4. Any semitoric helix of complexity ¢ > 2 includes the vector ! or its negative.

0
Proof. We will show that this vector is in every minimal semitoric helix of complexity ¢ > 2, and
since every semitoric helix can be produced by a sequence of blowups on a minimal semitoric helix,
and since blowups do not remove vectors from the helix or change the complexity, the result will
follow.

Since ¢ > 2 the only possible types for minimal models are types (4)-(7). By Theorem 6.1.13

we see that (4), (5), and (6) include the required vector. Let H = [{v;}icz] be a semitoric helix of



type (7) with associated integers aq, ...,aq—1 and let Ay = [vg, v1]. Then

SPAGIT Ay =57y ST ... ST 1,

implies

SPAGITC =gy ST ... ST+
for some k € Z, since Ag starts with S. By the recurrence relation
AiVi+1 = U + Vjy2

we see

[Vkt2, Vky3] =sLq(z) AoST™ ... ST+
Combining Equations (6.9) and (6.10) yields
[Vk+2, Vkt3] =pstaz) AoS? Ay T°

which implies

[Vk+2, Vk+3] =PsL.(z) T =pPsL.(z)

SO V42 is the required vector.
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(6.8)

(6.10)

O

Theorem 6.2.1 follows from Lemma 6.6.4 because the existence of a horizontal vector in a

semitoric helix implies that there must be a vertical edge on the moment polygon for the associated

semitoric manifold.
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Chapter 7

Symplectic G-capacities

7.1 Introduction

In this chapter I give a notion of symplectic capacity for symplectic G-manifolds, where
G is any Lie group, which I call a symplectic G-capacity, and give nontrivial examples. Such a
capacity retains the properties of a symplectic capacity (monotonicity, conformality, and an analogue
of non-triviality) with respect to symplectic G-embeddings. Symplectic capacities are examples of
symplectic G-capacities in the case that G is trivial. In analogy with symplectic capacities, symplectic
G-capacities distinguish the symplectic G-type of symplectic G-manifolds. As a first example I

construct an equivariant analogue of the Gromov radius where G = R* as follows. Let Symp?™¢

denote the category of 2n-dimensional symplectic G-manifolds. That is, an element of Syme"’G is a
triple (M, w, ¢) where (M,w) is a symplectic manifold and ¢: G x M — M is a symplectic G-action.

Given integers 0 < k < m < n I define the (m, k)-equivariant Gromov radius

gk Symp?™®" [0, o0] (7.1)

(M,w, @) — sup{r > 0| B2™(r) <R;k> M},

*
where < denotes a symplectic R¥-embedding and B2™(r) € C™ is the standard 2m-dimensional

ball of radius r > 0 with R*-action given by rotation of the first k& coordinates.
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Theorem 7.1.1. If k > 1, the (m,k)-equivariant Gromov radius cg’k: Syme”’Rk — [0,00] is a

symplectic R*-capacity.

I prove Theorem 7.1.1 in Section 7.2.3. Thanks to the added structure of the R¥-action the

proof is elementary.

Let Symp?f"’w be the category of T"-manifolds which can be obtained from toric integrable
n 1
systems. The morphisms of Symp?F"’T are T"-equivariant embeddings. Similarly, let Sympé’f *E be

the category of (S! x R)-manifolds which can be obtained from semitoric integrable systems with
(S! x R)-equivariant embeddings as the morphisms. Notice that Mr is isomorphic to the quotient of
Sympgrn’w by toric isomophisms and translations of the momentum map while Mgt is the quotient
of Sympéﬁ1 xR by semitoric isomorphisms and translations of the momentum map.

As an application of symplectic G-capacities to integrable systems I define the toric packing

capacitytoric packing capacity

T: SymeTn’Tn — [0, 00] (7.2)
(M, w,0) sup{ vol(P) | P is a toric ball packing of M } D ’
vol(B2n)

where vol(E) denotes the symplectic volume of a subset E of a symplectic manifold, B?" is the
standard symplectic unit 2n-ball, Symp?rn"w is the category of 2n-dimensional symplectic toric

manifolds, and a toric ball packing P of M is given by a disjoint collection of symplectically and

T"-equivariantly embedded balls. In analogy I define the semitoric packing capacity

8T Symp‘é’fng]R — [0, 0]

on Sympé’f1 *B the category of semitoric manifolds (see Section 2.2.7), where P in (7.2) is replaced

by a semitoric ball packing of M (Definition 7.5.2).

Theorem 7.1.2. The toric packing capacity T Sympgrn’Tn — [0, 00] is a symplectic T™-capacity and

the semitoric packing capacity 8T : Sympg’l‘?lX]R — [0, 00] is a symplectic (S* x R)-capacity.

In Chapter 8, I will study the continuity of capacities which are defined in the present chapter

using the metric on toric integrable systems from [67] and the metric on semitoric integrable systems
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from Chapter 3.

7.2 Symplectic G-capacities

Recall for n > 1 and r > 0, B2"(r) C C" denotes the 2n-dimensional open symplectic ball of

radius r and

22" (r) = {(z)iey €C" | || <1}

is the 2n-dimensional open symplectic cylinder of radius r. Both inherit a symplectic structure
from their embedding as a subset of C™ with symplectic form wy = %Z?:l dz; A dz;. We write

B2" = B?"(1), Z*" = Z?*(1), and in this chapter — will always denote a symplectic embedding.

7.2.1 Symplectic G-capacities

Let G be a Lie group and let Sympl(M) denote the group of symplectomorphisms of
the symplectic manifold (M,w). Recall, a smooth G-action ¢: G x M — M is symplectic if
@(g,-) € Sympl(M) for each g € G. The triple (M,w, ¢) is a symplectic G-manifold. A symplectic
G-embedding p: (My,w1, 1) — (Ma,ws, ¢2) is a symplectic embedding for which there exists an
automorphism A: G — G of G such that p(¢1(g,p)) = ¢d2(A(g),p(p)) for all p € My, g € G, in
which case we say that p is a symplectic G-embedding with respect to A. We write <%, to denote a
symplectic G-embedding. We denote the collection of all 2n-dimensional symplectic G-manifolds by
Symp?™%. The set Symp>™“ is a category with morphisms given by symplectic G-embeddings. We
call a subcategory Cg of Symp®™% a symplectic G-category if (M, w, ¢) € Cq implies (M, \w, ¢) € Cg

for any A € R\ {0}. Let Cg C Symp®™“ be a symplectic G-category.
Definition 7.2.1. A generalized symplectic G-capacity on Cq is a map c: Cg — [0, 00] satisfying:

1. Monotonicity: if (M,w,¢),(M',w',¢') € Cc and there exists a symplectic G-embedding

M <% M’ then c(M,w,d) < c(M', ', ¢");
2. Conformality: if A € R\ {0} and (M,w, ¢) € Cq then ¢(M, \w, ¢) = |A| c«(M,w, ¢).

When the symplectic form and G-action are understood we often write ¢(M) for ¢(M,w, ¢).

Let ¢ be a generalized symplectic G-capacity on a symplectic G-category Cg.
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Definition 7.2.2. For (N,wy, ¢n) € Cg we say that ¢ satisfies N-non-triviality or is non-trivial on

Nif0<e(N) < 0.

Definition 7.2.3. We say that ¢ is tamed by (N, wn, dn) € Symp?™¢ if there exists some a € (0, 00)
such that the following two properties hold:
(1) if M € C¢ and there exists a symplectic G-embedding M <%, N then (M) < a;

(2) if P € C¢ and there exists a symplectic G-embedding N <%, P then a < c(P).

The non-triviality condition in Definition 2.1.6 requires that B2", Z?" € €5 and 0 < ¢(B?*") <

c(Z?™) < 0o, and tameness encodes this second condition without necessarily including the first one.

2n,G

If ¢ is a generalized symplectic G-capacity on Cg C Symp we define

Sympe™%(c) = { N € Symp®>“® | inf{¢(P) | P € €q,N << P} =01},
Syme”G( y={N ¢ SympZ”’G | sup{c(M) | M € Cq, M HEN N}=o0},

Symp%’G(C) ={Ne¢€ Symp?™¢ | ¢ is tamed by N }.

tame

A generalized symplectic G-capacity gives rise to a decomposition of Syme”’G.

Proposition 7.2.4. Let ¢ be a generalized symplectic G-capacity on a symplectic G-category Cq.

Then:

2n,G

U Symptame( )

0% (c) U Symp

(a) Symp*™¢ = Symp; 2% ()

(b) the union in part (a) is pairwise disjoint;

(¢) ¢ is non-trivial on N € Symp>™® if and only if N € Cq N Symp2-S (c).
Proof. Tn order to prove item (a) we show that if N € Symp*™ is not in Sympg"™ % () USymp2™©(c)

then it is in Symp2S (c). If M <%, N <€ P for some M, P € Cg then M <5 P so (M) < ¢(P). Let

a; = sup{c¢(M) | M <% N} and ay = inf{ ¢(P) | N <% P}. Since N ¢ Symp2"(c) U Symp>™©(c)

we have that 0 < a1 < ag < oco. Pick a € [a1,a2]. If M € Cg and M <% N then c¢(M) <a; < aand
if P € Cgand N < P then ¢(P) > a3 > aso N € Symp2%(c). Item (b) follows from a similar

argument and (c) is immediate. O

In light of item (c) we view Symp:™:(c) as an extension of the set of elements of Symp?™¢

on which ¢ is non-trivial to include those elements outside of the domain of c.
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7.2.2 Symplectic (T* x R?*)-capacities

For 1 < d < n the standard action of T¢ on C" is given by

¢C" ((al>7,d:17 (ZZ)ZL:l) = (alzla -y 424, Zd+1a AR Zn)

This action induces actions of T% = T* x T4~* on B2" and Z?", which in turn induce the standard
actions of T* x R?=* on B2" and Z2" for k < d. The action of an element of T* x R%~* ig the action
of its image under the quotient map T* x R?~* — T?. In the following we endow B?” and Z?" with

the standard actions.
Definition 7.2.5. A generalized symplectic (T* x R?=)-capacity is a symplectic (T* x R4=F)-capacity

if it is tamed by B?"* and Z2".

7.2.3 A first example

The Gromov radius cg: Symp>" — (0, oc] is given by

cp(M) :==sup{r > 0| B*(r) — M }.

Fix 0 <k <m < n and let cg’k be as in Equation (7.1). If k =0 and m = n then cg = cg’k.

Proof of Theorem 7.1.1. Parts (1) and (2) of Definition 7.2.1 are immediate. By the standard

m

inclusion map ;¥ (B2") > 1 so we only must show that ¢**(Z*") < 1. Suppose that for r > 1

p: B2 (r) B 72 s a symplectic R¥-embedding with respect to some A € Aut(R¥). Let
(1, ..., me) = A"1(1,0,...,0).
Since A is an automorphism 7;, # 0 for some jy € {1,...,k}. Pick
w=(0,...,0,wj,,0,...,0) € B*"(r)

with entries all zero except in the j{" position and such that |wj,| > 1. Let u = (uq,...,u,) = p(w)

and note |u;| < 1. Let .: R < R¥ be given by t(z) = (,0,...,0). Let ¢p: R* x B2™(r) — B2™(r)
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and ¢z : RF x Z2" — 72" be the standard actions of R¥. Then for z € R

p(eB(A™ o (), w)) = ¢z(u(x), p(w)) = dz(e(x),u).

Thus

p({(0,... e Wow; .0,...,0) |z € R}) = { (e*™ur,uz,...,u,) |z € R} (7.3)

and since p is injective and 7;, # 0 this means that u; # 0. Let
S ={(0,...,0,a,0,...,0) € B> (r) | |a| < |wj,|}
where « is in the ji" position and
Sz ={(B,ua, ..., un) € 2" | [B] < |ua] }.

Equation (7.3) implies that p(0Sp) = 05z and since p is an embedding this means 9(p(Sp)) = 95z.
Since p(Sp) and Sz have the same boundary, wy is closed, and Z?" has trivial second homotopy

group,

f Wy, = ij.
Sz,

p(SB)

Finally, integrating over z we have
i . . B i .
5 j dz/\dz—fwg—fpwz— fwz—jwz—i j dz Adz.
|2[<|w,] Sp S p(Se) Sz 2] <|ua]
This implies that 1 < |w;| = |u1| < 1, which is a contradiction. O
It follows from the proof that ¢ *(B2) = ¢ *(Z2") = 1.

Proposition 7.2.6. Let M = (S%)" with symplectic form wyr = 3 >.1 | dh; Ad0; where h; € [-1,1],
0; €10,27), i =1,...,n, are the standard height and angle coordinates. Let R*, 1 <k < n, act on

M by rotating the first k components. Then
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forallm,k € Z with 1 <k <m < n.

Proof. The map p: B?"(v/2) LNV given by

p(rleiela cee 77ﬂnei9") = (91,7’% - 17 s ,Hna’r?m - 1)

N

is a symplectic R™-embedding, so 5" (M) >
k
Fix k,m,n € Z satisfying 0 < k < m < n and let p : B>™(r) £S5 M be a symplectic

R*-embedding for some r > 0. Let
B ={(hi,0i)jes e M | h; e {1} ifi<kandi#j}
for j=1,...,k. For R € (0,r) let
Ar ={(2,0,...,0) € B*(r) | |z| < R}.

Every point in Ag, except at the identity, has the same (k — 1)-dimensional stabilizer in R* so
there exists jo < k such that p(Ar) C By, for all R € (0,r). Write p = (H;,0;)}_; and consider
coordinates (r,0) on Ag given by (rel?,0,...,0) — (r,6). For i # jo this means that H; is constant
if ¢ < k and the R"-equivariance of p implies that H; and ©; are independent of 8 if ¢ > k. Thus if

ie{l,...,n} and i # jo then

f dh; A df; = f dH; AdO; = 0
p(AR) AR

for R € (0,r). Therefore,
szzij:jwM:E f dh;, A d6; +EZ f dh; A d6; gljdh/\dG:%
2 Jo Jo 2 £ v ? 2
AR p(AR) p(AR) i#jo \p(Ar) 52

for any R € (0,7). This implies that r < V2 so
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for any k,m,n € Z satisfying 0 < k < m < n. O

r>1
\_/
RN

Figure 7.1: A symplectic R-embedding.

Example 7.2.7. For k,n € Z~q with k < n let M = Z?" with the standard symplectic form. There

are two natural ways in which R* can act symplectically on M given by

o1 ((t)Fq, (20)1y) = (P21, 0222y o @M 2p i, 2)

and

¢2((t)?:17 (Zi)?:l) = (Zl7 62it122; s 7ezitkzk+17 Zk+27 e 7Zn)

where ¢;: R¥ x M — M for i = 1,2. Let p: M — M be given by

AR _ Zk+1 21
p((zl)lzl) (1 + ‘Zk+1|’ 1 _ |Zl|7Z27 i ?Z]C7Zk+2) .. 7Zn>

similar to the map shown in Figure 7.1. The map p is well-defined because |z1| < 1 and it is an

RE-equivariant diffeomorphism because

Z1

k Fk+1 i i i
p(o1((t)iey, (zi)i1)) = <1 P , et o] cefitzay ey o .,zn>

= 2 ()1=1, p((2:)11))

for all t1,...,t; € R. Thus the symplectic R¥-manifolds (M,w, ¢1) and (M,w, ¢3) are symplectomor-
phic via the identity map and RF-equivariantly diffeomorphic via p but they are not R¥-equivariantly

symplectomorphic because 0113’1(M,w, ¢1) =1 and 0113’1(M,w, ¢2) = 0. %)
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7.3 Hamiltonian (T* x R"*)-actions

In this section we review the facts we need for the remainder of the chapter about Hamiltonian
(T* x R"~*)-actions and their relation to toric and semitoric systems. Let (M,w) be a symplectic
manifold and G a Lie group with Lie algebra Lie(G) and dual Lie algebra Lie(G)*. Recall, a
symplectic G-action is Hamiltonian if there exists a map p: M — Lie(G)*, known as the momentum
map, such that

—d(p, X) = w(Xw,-)

for all X € Lie(G) where X, denotes the vector field on M generated by X via the action of G. A
Hamiltonian G-manifold is a quadruple (M, w, ¢, i) where (M, w, ¢) is a symplectic G-manifold for
which the action of GG is Hamiltonian with momentum map u. Let Ham?"¢ denote the category
of 2n-dimensional Hamiltonian G-manifolds with morphisms given by symplectic G-embeddings
which intertwine the momentum maps. Let J?” denote the set of all 2n-dimensional integrable
systems and define an equivalence relation ~j on this space by declaring (M,w, F') and (M’ ,w’, F)
to be equivalent if there exists a symplectomorphism ¢: M — M’ such that F — ¢*F': M — R" is

constant.

7.3.1 Hamiltonian R"-actions and integrable systems

Let (M,w,F = (f1,..., fn)) be an integrable system and for i = 1,...,n let ¢!: M —
M denote the flow along Xy,, the Hamiltonian vector field of f;. The Hamiltonian flow action
bp: R" x M — M, given by ¢p((t1,...,t,),p) = ¥i* o...0tin(p), defines a Hamiltonian R™-action
on M. The action of G on M is almost everywhere locally free if the stabilizer of p is discrete for
almost all p € M. Let S"Symp%’Rn be the space of R™-manifolds on which the action of R" is
Hamiltonian and almost everywhere locally free and let ~g» denote equivalence by R"-equivariant

symplectomorphisms.

Lemma 7.3.1. Let Xq,...,X, be vector fields with commuting flows on an m-manifold M, with
n<m. Let R™ act on M by ¢((t1,...,tn),p) =i o...0in(p) where Yt is the flow of X;. Then,
for p € M, the vectors (X1)p,...,(Xpn)p € TpyM are linearly independent if and only if the stabilizer

of p under the action ¢ is discrete.
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Proof. If (X1)p,...,(Xy), are linearly independent then, since they have commuting flows, there is a

chart (U, g), with U C M and g : U — R™, such that g=': g(U) — U satisfies

gty 0, 0,.00,0) = 0((t1, ..., tn), D)

for any (t1,...,tn,0,...,0) € g(U). Thus g(U) is an open neighborhood of the identity in R™ and
there exists no non-zero point in g(U) which fixes p, so the stabilizer of p under the action of R™ is
discrete. On the other hand, if (X1),,...,(X,), are linearly dependent, there exist t1,...,%, € R
not all zero such that Y., ;(X;), = 0. Thus (ati,...,at,) € R" fixes p for all @ € R and so the

stabilizer of p is not discrete. O

Proposition 7.3.2. Let i be the map which takes an integrable system on M to M equipped with

its Hamiltonian flow action. Then

P: % g — FSymp ™ E" /ropn

s a bijection.

Proof. By Lemma 7.3.1 we know that the Hamiltonian flow action must be almost everywhere locally
free because the Hamiltonian vector fields of an integrable system are by definition independent
almost everywhere. Next suppose that R™ acts Hamiltonianly on M in such a way that the action
is almost everywhere locally free. Since the action is Hamiltonian there exists a momentum map
w: M — Lie(R™)*. Define F = (f1,..., fn): M = R™ by F = Aoy where A: Lie(R™)* — R" is the
standard identification which is induced by the standard basis {ey,...,e,} of R". These functions
Poisson commute because action by the components of R” commute and are linearly independent
at almost all points because the group action is almost everywhere locally free (Lemma 7.3.1).
Thus, (M,w, F) is an integrable Hamiltonian system. Let {v1,...,v,} be the standard basis of
Lie(R™) = R™ induced by the standard basis of R™. Let vy denote the vector field on M generated
by v € Lie(R™) via the action of G. Then (u,v;) = fi: M — R so df; = w((vi)ar, ) which means
that the Hamiltonian vector field associated to f; is (v;)ar. Thus the Hamiltonian flow action related

to F' is the original action of R™. O
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Here we fix the identification between Lie(T™)* and R™ that we will use for the remainder of

the chapter. We specify our convention by choosing an epimorphism from R to T!, which we take to

be x +— e2V—1z,

7.3.2 Hamiltonian T*-actions

We denote by Ham?rn’w the category of 2n-dimensional symplectic toric manifolds with

morphisms as symplectic T"-embeddings and we denote equivalence by toric isomorphism by ~.
In general being an invariant is weaker than being monotonic, but in the case of toric manifolds
these are equivalent because symplectic T"-embeddings between toric manifolds are automatically
T"-equivariant symplectomorphisms. Delzant proved [21] that in this case u(M) is a Delzant polytope,

i.e. simple, rational, and smooth, and that

2n,T" /.
v Haan /NT — fPT

(M, w, ¢, )] = p(M)

is a bijection, where Pt denotes the set of n-dimensional Delzant polytopes. Let Ham?»T" —

Symp?™™" be given by (M,w, ¢, j1) — (M,w,¢) and let Symp%"’w denote the image of Ham%n’w

under this map. Also let ~1 denote equivalence on Symp?F”’Tn by T™-equivariant symplectomorphisms.

7.3.3 Hamiltonian (S' x R)-actions

1
Let (M;,w;, F; = (J;, H;)) be a semitoric integrable system for i = 1,2. Let Hamgﬁ:g *® denote

the category of simple semitoric systems and let ~g1 denote equivalence by semitoric isomorphism.

4,S' xR

1
Let Symp *® denote the image of Ham%S *® under the map Ham®' =¥

4,51 xR

— Symp given by

1
(M,w, ¢, 1) = (M,w, ) and let ~gr denote the equivalence on Sympé%g *® inherited from ~gr on

4,S* xR
Hamgy

7.4 Symplectic T"-capacities

In this section we construct a symplectic T™-capacity on the space of symplectic toric

manifolds. Recall My = Ham?f”’w /=~ is the moduli space of 2n-dimensional toric integrable systems



162

up to T™-equivariant symplectomorphisms which preserve the moment map. In [31, 64, 65, 68] the
authors study the toric optimal density function €: Ham?F”’Tﬂ//%T — (0, 1], which assigns to each
toric integrable system the fraction of that manifold which can be filled by equivariantly embedded
disjoint open balls. This function is not a capacity because it is not monotonic or conformal. Next
we study a modified version of this function which is a capacity.

For M e Symp®™"" by a T"-equivariantly embedded ball we mean the image ¢(B>*(r)) of
a symplectic T"-embedding ¢: B*"(r) I M for some 7 > 0. A toric ball packing of M [64] is a
disjoint union P = | | . 4 Ba where B, C M is a symplectically and T"-equivariantly embedded ball

in M for each a € A, where A is some index set. That is, for each o € A there exists some 7, > 0

and some symplectic T"-embedding ¢, : B?"(r) I M such that

(ba(BQn(ra)) = Ba.

An example is shown in Figure 7.2. Recall the toric packing capacity T : SyInp?F"’Tn — [0, 00]

defined in Equation (7.2). In the following for M € Symp*™"" let ¢jy™ (M) be defined by first lifting
the action of T™ on M to an action of R” and applying the usual cy™ to the resulting symplectic

R™-manifold.

By

By ~—2¢
Figure 7.2: Toric ball packing of S? by symplectic T?-disks.
2n,T™

Lemma 7.4.1. Let M € Sympy~ , N € Sympzn’w be such that the T"-action on N has £ € Zxg

xed points. If there is a symplectic T"-embedding M I N then T(M < LN,
B

Proof. Since the center of B2*(r), r > 0, is a fixed point of the T"-action we see that the maximal
number of such balls that can be simultaneously equivariantly embedded with disjoint images into M
is the Euler characteristic x(M) of M, which is the number of fixed points of the T"-action on M.

Each of these balls has radius at most cg™(M). For r > 0 we have that vol(B2"(r)) = r?"vol(B*").
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Therefore
(T(M))2"vol(B2*) < x(M)vol (B (™ (M))) = x(M) ("™ (M))*"vol(B"),

Since T™-embeddings send fixed points to fixed points and M I N we know that x(M) < ¢.
Furthermore, since M <+ N and cp™ is a symplectic T™-capacity by Theorem 7.1.1 we have that

g™ (M) < g™ (N). Hence T(M) < £72 ¢y (N). O

Proposition 7.4.2. The toric packing capacity is a symplectic T™-capacity on Symp?r”’Tn.

Proof. Let M € Symp%"’w with x(M) € Zx fixed points and fix any ordering of these points.

Notice that T(M) is the supremum of
{172n | 7€ RX(M), Py () € M is a toric packing }

where 7= (r1,..., 7)) € RX(M)

X(M) /2

720 = { > 3"

j=1

is the standard ¢2"-norm, and Py (7) C M is the toric ball packing of M in which B?*(r;) is embedded
at the j* fixed point of M for j = 1,...,x(M). Suppose that p: B>"(r) I Misa symplectic
T"-embedding into (M, w, @) for some 7 > 0. Then for any A € R\ {0} the map py: B*(|\| r) I M
given by

px(z) = p(#/1A)

is a symplectic T"-embedding into (M, Aw, ¢). Thus if Py (7) is a toric packing of (M,w, ¢) then
Pyr(IA 71, - -5 [Al 7y (ary) is a toric ball packing of (M, Aw, ¢) for any A € R\ {0}. This and the fact
that | Ar||lan = |A][|7]|2n for all 7 € RX(M) and A € R imply that T is conformal. Now suppose that
M, M e Symp?fn’w and p: M I M. If P C M is a toric ball packing of M then p(P) C M’ is
a toric ball packing of M’ of the same volume so T(M) < T(M') and we see that T is monotonic.

Finally, suppose that there is a symplectic T"™-embedding M I g2, Then, since Z2" has only one
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point fixed by the T"-action and recalling that g™ (Z*") = 1, it follows from Lemma 7.4.1 that
T(M) < (1) ey™(2*") = 1.

Finally, suppose that p: B?" I Misa symplectic T"-embedding. Then P = p(B?") C M

is a toric ball packing of M and thus

Hence 7 is tame. O

Example 7.4.3. Let M € Symp%”’w. In [65] it is shown that there exists a Z-valued function

Embys: Ry — [0, nlx(M)] such that the homotopy type of the space of symplectic T™-embeddings
from B2"(r) into M is given by the disjoint union of Emby,(r) copies of T™. Thus, for each r € Rxq

we may define a symplectic T"-capacity &, on Sympgfn’w given by

&t Symp?fn’w — [0, 0]

(M,w, $) — (vol(M))=Emby ((vol(M))=r).

Since Emb,, is invariant up to T™-equivariant symplectomorphisms [65] and symplectic embeddings
in SymeT"’Tn are automatically symplectomorphisms we see that €, is monotonic and it is an exercise
to check that it is conformal. It is tame because the space of symplectic T?-embeddings of B?” into

72" is homotopic to n! disjoint copies of T". %)

7.5 Symplectic (S! x R)-capacities

In this section we construct a symplectic (S* x R)-capacity on the space of semitoric integrable
systems. Let (M,w, F' = (J, H)) be a simple semitoric integrable system with my focus-focus singular
points and let {); };n:fl C R be the image under J of these points ordered so that Ay < Aa < ... < Ay,

Let ()\;,y;) be the image under F of the j focus-focus singular point and for € € {£1} let t5, be
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Enzf

those (Aj,y) € £, such that ey > ey;. Let 0F = 65, U...Ul, 7. A homeomorphism

Am

£ F(M) = f(F(M)) C R?

is a straightening map for M [77] if for some choice of € € {£1}™/ we have the following: f|z(ar)\ e
is a diffeomorphism onto its image; f|p(a)\¢7 is affine with respect to the affine structure F'(M)
inherits from action-angle coordinates on M and the affine structure f(F(M)) inherits as a subset
of R%; f preserves J, ie. f(z,y) = (z, [P (2,9)); flrare extends to a smooth multi-valued map

from F(M) to R? such that for any ¢ = (z9,%o) € £¢ we have
lim df(z,y) =T lim df(z,y);

(z,y)—c (@,y)—c
x<To x>0

and the image of f is a rational convex polygon. Recall that T is the matrix given in Equation (2.2).
We say f is associated to €.

Let T C AGL2(Z) be the subgroup including powers of T' composed with vertical translations.
It was proved in [77] that a semitoric system (M,w, F') has a straightening map f: M — R? associated

to each € € {£1}™/, unique up to left composition with an element of T. Define
Fu ={foF|fis a straightening map for M }. (7.4)
If V,: R? — R? denotes vertical translation by a € R, then
{F(M)|Fe%yt={Vs(A) CR?| A is associated to M and a € R}

where a polygon is associated to M if it is an element of the affine invariant of M. Up to vertical
translations the set Fyy is the orbit of a single non-unique function under the action of G,,, x §. If
F € F); then there exists some €€ {—1,+1}™ such that F|y;e: M€ — R? is a momentum map for

a T?-action ¢p: T? x M€ — M€ where M€= M \ F~1(¢9).

Corollary 7.5.1. The manifold M€ has on it a momentum map for a Hamiltonian T?-action unique

up to G. Thus M€ € Symp4’1r2 and the given T%-action is unique up to composing the associated
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momentum map with an element of G.

We call such actions of T2 on M€ induced actions of T?. Given any p: N — M with

p(N) € M¢ define pz: N — M€ by pz(p) = p(p) for p € N.

Definition 7.5.2. Let (M,w, F) be a semitoric integrable system and let (N, wy,®) € Symp4’T2.
A symplectic embedding p: N < M is a semitoric embedding if there exists € € {£1}™/ and an
induced action ¢z : T? x Mz — Mg such that p(N) ¢ M€ and pz: (N,wy, ®) SN (M€ w, ¢e) is a

symplectic T2-embedding.

Let (M,w, F) be a semitoric manifold. A semitoric ball packing of M is a disjoint union
P =|],c4 Ba where B, C M is a semitorically embedded ball in M. The semitoric packing capacity

8T Sympé%ngR — [0, 00] is given by

sup{ vol(P) | P C M is a semitoric ball packing of M } T
8T(M) = ( vol(B) .

In order to show that 87 is a (S! x R)-capacity we need the following lemmas.

Lemma 7.5.3. For i = 1,2 let (M;,w;) be a symplectic integrable system, let f;: M; — R be
a function, and let Xy, denote the Hamiltonian vector field of f; on M;. If p: My — Ms is a

symplectomorphism such that p.X¢, = Xy, then fi — p* fa: My — R is constant.

Proof. Notice that

d(p* f2) = p"(df2) = p" (tx;,w2) = p* (tp. 20, w2)

= wa(puXpy, pu () = (P w2) (X, o) = 1o, w1 = dfy,

thus f1 and p* f5 differ by a constant. O

Lemma 7.5.4. Let (M;,w;, F; = (J;, H;)) be semitoric integrable systems for i =1,2. If

1
p: Ml‘ﬂMg
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is a symplectic (S* x R)-embedding with respect to the Hamiltonian flow action on each system, then
p*Ja=ecJi +c; and p*Hy =aJ; +bH| +cy

for some e € {£1} and a,b,cy,cg € R such that b # 0.

Proof. Since p is S' x R-equivariant there exists A € Aut(S' x R) such that p(¢(g,m1)) =
#(A(g), p(mq)) for all g € S' x R and my; € M;. Associate S' x R with R/Z x R and give it
coordinates (z,y) € R%. Then A € Aut(S! x R) and A continuous means that A descends from a

linear invertible map from R? to itself, which we will also denote A € GLg(R). Write A = (A;;) for

n
A;j e Rand i, j € {1,2}. The automorphism A sends the identity to itself so A € Z x {0} for all
0

choices of n € Z. This implies that Aj; € Z and Ay; = 0. Since A is invertible and A= € Aut(S* x R)
we see that (A;)~! € Z and so Aj; = &1. Since A is invertible and upper triangular we know that
Ao #£ 0.

For a function f: M; — R let X; denote the associated Hamiltonian vector field on M;,
i=1,2. Also, for v € g = Lie(S* x R), thought of as the tangent space to the identity, let vy, denote
the vector field on M; generated by v by the group action. Endow g with the coordinates (¢, 8) so
that the exponential map will send (o, 8) € g to (o, 8) € R/Z x R. Now notice that X;, = (1,0)
and Xp, = (0,1) -

For m; € M;, i = 1,2, such that p(m;) = ma we have

4
dt

(olot(t,00.m)) = &

P, (m3) = (#(AL(2 0)],m2)) = (TA(L,0)) ,,, (m2)

t=0 t=0

Notice that T(; gy = (A11,0) € g. Then p.X;, = (TA(I,O))M2 = A11(1,0)p, = A11Xy,. Similarly we

see that p,Xg, = A12Xj, + AooXp,. By Lemma 7.5.3 this implies that

L
All

A 1
24—

* ], = d "Hy = ——— H
p 2 Ji+cy an p Ho Aiirus Ay +cm

for some cy,cy € R. Recalling that Ay € {1} and Ay, Ass # 0 take e = (A11) "%, a = M2 and

b= (A22)~! to complete the proof. O
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Proposition 7.5.5. The semitoric packing capacity, 8T, is a symplectic (S* x R)-capacity on

g 4,5t xR
ympgm

Proof. The proof that 8T is conformal and non-trivial is analogous to the proof of Proposition 7.4.2,
so we must only show that 87T is monotonic. Let (M;,w;, F;) be semitoric for ¢ = 1,2 and suppose
¢: My ﬂ—ﬂg Ms is a symplectic (S x R)-embedding. Recall that action-angle coordinates are local
Darboux charts in which the flow of the Hamiltonian vector fields are linear. Since ¢ is symplectic,
(S! x R)-equivariant, and ¢*(Fy) = Ao F; where A: R? — R? is affine (Lemma 7.5.4), this means
that ¢ sends action-angle coordinates to action-angle coordinates. Since semitoric embeddings are
those which respect the action-angle coordinates, given any semitoric embedding p: B2"(r) < M

the map ¢ o p: B2*(r) < M, is a semitoric embedding. It follows that 8T(M;) < 8T(M>). O

Theorem 7.1.2 follows from Propositions 7.4.2 and 7.5.5.

Remark 7.5.6. There are many examples of classical symplectic capacities (see for instance [13]),
and it would be of interest to adapt these capacities to the equivariant category. It would also
be useful to construct symplectic G-capacities for more general integrable systems. In particular,
integrable systems where a complete list of invariants is not known (that is, the vast majority).

In [34] the authors give a lower bound on the number of fixed points of a circle action on
a compact almost complex manifold M with nonempty fixed point set, under the condition that
the Chern number ¢j¢,—1[M] vanishes. These results apply to a class of manifolds which do not
support any Hamiltonian circle action with isolated fixed points, and which includes all symplectic
Calabi-Yau manifolds [84] (see [34, Proposition 2.15]). The class of symplectic Calabi-Yau manifolds
is thus of particular interest because they do not admit integrable systems of toric or semitoric type.
Also, there is work extending the classification in [70] and related results to higher dimensions [80], so
one could extend the semitoric packing capacity to higher dimensional semitoric systems, for which
there is currently no classification.

Another interesting direction would be to generalize the work in [51] to our setting. There,
the author constructs infinite dimensional symplectic capacities for a general class of Hamiltonian
PDEs. In case the PDEs preserves some G-action, one may expect to construct also G-capacities in
such infinite dimensional setting, and this may give new interesting result on the long time behavior

of solutions.
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Symplectic capacities are also of interest from a physical view point, for instance in [20] the
authors describe interrelations between symplectic capacities and the uncertainty principle. It would

be interesting to explore similar connections to symplectic G-capacities. %)

Remark 7.5.7. In this chapter G can be a compact Lie group (like in the case of symplectic toric
manifolds) or a non-compact Lie group (like in the case of semitoric systems). In general there are
obstructions to the existence of effective G-actions on compact and non-compact manifolds, even in
the case that the G-action is only required to be smooth. For instance, in [83, Corollary in page 242]
it is proved that if N is an n-dimensional manifold on which a compact connected Lie group G acts
effectively and there are oy,...,0, € HY(M,Q) such that oy U...Uo, # 0 then G is a torus and
the G-action is locally free. In [83] Yau also proves several other results giving restrictions on G, M,
and the fixed point set M. If the G-action is moreover assumed to be symplectic or Kihler, there
are even more non-trivial constraints. Therefore the class of symplectic manifolds for which one can
define a notion of symplectic G-capacity with G non-trivial is in general much more restrictive than

the class of all symplectic manifolds. %)
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Chapter 8

Continuity of GG-capacities

8.1 Introduction

In this Chapter I use the metric on toric integrable systems [67] and the metric on semitoric
integrable systems from Chapter 3 to study the continuity of the symplectic invariants defined in
Chapter 7.

The continuity of symplectic capacities is discussed in [6, 13, 26, 85]. The semitoric and toric
packing capacities are each defined on categories of integrable systems which have a natural topology,
but we can only discuss the continuity of the (m, k)-equivariant Gromov radius on a subcategory
of its domain which has a topology, so I restrict to the case of (m, k) = (n,n). The T™-action on a
symplectic toric manifold may be lifted to an action of R™. Let Symp?r"’Rn be the symplectic category
of symplectic toric manifolds each of which is endowed with the R™-action obtained by lifting the

given T™-action which is a subcategory of Sympzn’w.

Theorem 8.1.1 (Continuity of capacities). The following hold:

(i) The toric packing capacity T Symp%"’w — [0, 00] is everywhere discontinuous and the restric-

tion of T to the space of symplectic toric 2n-dimensional manifolds with exactly N fized points

of the T™-action is continuous for any choice of N > 0;

(ii) The semitoric packing capacity 8T : SympéleR — [0, 0] is everywhere discontinuous and the

restriction of 8T to the space of semitoric manifolds with exactly N elliptic-elliptic fived points

170



171

of the associated (S* x R)-action is continuous for any choice of N > 0;

(iii) The (n,n)-equivariant Gromov radius restricted to the space of symplectic toric manifolds

7,1 . 2n,R™
B |gymp2r=m Sympr, — [0, 00]

is everywhere discontinuous and the restriction of ¢y Symp2n B 10 the space of symplectic toric
T

2n-dimensional manifolds with exactly N fized points of the R™-action is continuous for any

choice of N > 0.

Theorem 8.1.1 generalizes [31, Theorem A], which deals with 4-manifolds, and solves [67,

Problem 30].

8.2 Continuity of symplectic T"-capacities

In this section we study the continuity of the symplectic T"-capacity constructed in Section 7.4.

The metric on My = Ham?r”’Tn A from [67] is described in Section 2.2.6.

The map
Ham?F”’Tn/%T — Symp%"’w /~1
given by [(M,w, ¢, u)] — [(M,w, ¢)] is a quotient map and thus we can endow Symp2T"’T"/~T with

the quotient topology. Since SymeT"’Tn /~r is a quotient of Sympgfn’w we can pull the topology

up from Symp?F”’Tn/NT to Symp?r"’w by declaring that a set in Symp%”’w is open if and only if it

is the preimage of an open set from SymeT"’Tn/ ~7 under the natural projection. Two points in

Sympgr"’w are not separable if and only if they are T™-equivariantly symplectomorphic. Thus, a
map c: Symp%”’w — [0, 00] which descends to a well-defined map ¢ on Symp%”’Tn /~r is continuous

if and only if the map

¢: Hami™ " Jar = [0, 00

is continuous, where ¢ is defined by the following commutative diagram:
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2n,T"™ 2n,T"
Hamy" ———— Symp7. —— [0, 9]

| [

2n,T" /__ 2n,T"™
Hami"" /~p —— Sympy" /~7

Next we define an operation on Delzant polytopes. Let n € Z~q. For zg € R", wy,...,w, €

Z™, and € > 0 define

}Cio(wl,...,wn) = {IL‘()—Fthjwj Itl,...,tn € R}Oathj > E}. (81)

Recall that Pr denotes the set of Delzant polytopes (Section 2.2.6). Suppose that A € Pp
and zg € R" is a vertex of A. Let u; € Z", i = 1,...,n, denote the primitive vectors along which
the edges adjacent to xq are aligned. The e-corner chop of A at x is the polygon A7 € Pr given
by AL = ANHE (u1,...,u,) where ¢ is sufficiently small so that AZ = has exactly one more face

than A does as is shown in Figure 8.1. One can check that if A € Pt then Af € Pr. Notice that

Zo

A | —> | As

€
Hs,

Figure 8.1: An e-corner chop at a vertex zy of A for some € > 0.

lim. o dp(A, A% ) = 0. This means that given any element of Pr with N vertices, corner chopping
can be used to produce other polygons which are close in dp and all polygons produced in this way
will have more than N vertices. Let PY¥ denote the set of Delzant polygons in R™ with exactly N

vertices. We will later need the following.

Proposition 8.2.1 ([31]). Let N € Z~o and A € PY. Any sufficiently small neighborhood of A is a

subset of U(N/>N)f]’¥,.

We study ball packing problems about symplectic toric manifolds by instead studying packings

of the associated Delzant polygon. Let A € Pr be a Delzant polytope. Let AGL,,(Z) = GL,(Z) x R"
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Figure 8.2: (a) An image of A(1) C R% (b) An image of an admissible, but not maximal,

packing.
denote the group of affine transformations in R™ with linear part in GL,(Z). For r > 0 let
A(r) = Conv{rey,...,re,, 0} \ Conv{rey,...,re, } where Conv(E) denotes the convex hull of the
set E C R™ and {ey,...,e, } denote the standard basis vectors in R™. Following [64], a subset 3
of A is an admissible simplex of radius r > 0 with center at a vertex xg of A if there exists some
A € AGL,(Z) such that:
(1) A(A(r) =3
(2) A(0) = o;
(3) A takes the edges of A(r'/?) meeting at the origin to the edges of A meeting at x.

An admissible packing of A is a disjoint union R = | |, 4 ¥o C A where each X, is an

admissible simplex for A. This is illustrated in Figure 8.2. The half-plane HZ  given in Equation
(8.1) is designed so that that an e-corner chop on a Delzant polytope corresponds to the removal of

an admissible simplex of radius .

The function Q: SympzT"’T"/NT — (0, 1] given by

__sup{vol(P) | P is a toric ball packing of M }

M) vol(M) ’

known as the optimal toric density function, has been studied in [31, 64, 68]. In particular, in [31]
Pelayo-Figalli studied the regions of continuity of 2 and proved the n = 2 case of Theorem 8.1.1
part (i). They stated the theorem in terms of €2, while we state it in terms of 7.

2n,T"

Let vol: Sympr, — R denote the total symplectic volume of a symplectic toric manifold

and let volp: Pt — R denote Euclidean volume function of a polytope in R". Let

(B2n (T)u WB, ¢B7 /J'B) S Ham%‘n”ﬂm

denote the standard ball of radius » > 0 in C" with the standard action of T"™ and suppose
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that (M,w, ¢, n) € Ham?rn’Tn. Let Agp = pg(B?"(r)) and A = u(M). Then, as shown in [64],

vol(M) = nln"volp(A) and if f: B2(r) Iy M is a symplectic T"-embedding then

vol(B?"(r)) = vol(f(B*"(r))) = n!z"volp(u o f(B*"(r))) = nln"volp(Ap).

Theorem 8.2.2 ([64]). Let (M,w,¢,u) € Ham%‘n’w and let A = p(M). Suppose ¢: B (r) < M
is a symplectic T"-embedding for some r > 0. Then u(¢p(B?*(r))) C A is an admissible simplex of
radius 2. Conversely, if © C A is an admissible simplex of radius 2 then there exists a symplectic
T™-embedding ¢: B> (r) — M such that p(¢p(B?"(r))) = X.

Moreover, if P is a toric ball packing of M, then u(P) C A is an admissible packing of A.
Conwversely, if R is an admissible packing of A then there exists a toric ball packing P of M such

that u(P) = R.

Since there is a toric ball packing P of M related to an admissible packing R of A by
u(P) = R, it follows that vol(P) = nla"volp(R). To study packing of the manifold we will study

packing of the polygon. Thus, we define 7r: Pp — (0,00) by

w1 (A) = sup{ volp(R) | R is an admissible packing of A }.

Suppose that A € PN with vertices vy,...,vy € R™ and let &, (A) be the supremum of volp(R) over
all admissible packings R of A in which v; ¢ R.

The following result generalizes [31, Theorem 7.1] to the case n > 3.

Theorem 8.2.3. Fizxn € Z~o. For N € Z31 and let f]’]%[ denote the set of Delzant polygons in R™

with exactly N vertices. Then:
1. 7w is discontinuous at each point in Pr;
2. the restriction WT‘T¥ is continuous for each N > 1;

3. if A € PN then PY is the largest neighborhood of A in Pt in which wr is continuous if and

only if m&(A) < wp(A) for all 1 <i < N.

Proof. First we show (1). Let A € PX and for any small enough € > 0 perform an e-corner chop (as

in Section 8.2) at each corner to produce A, € P3N, Any admissible packing of A, can have at most
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2N simplices and each simplex must have one side with length at most € while the other sides are
universally bounded by the maximal side length of A. The size of such simplices decreases to zero as
¢ does, so lim._,o mr(A) = 0. Hence

lim dry(A, Aa) =0

e—0

but

lim |7p(A) — mr(AL)| = 7p(A) > 0,
e—0

so mr is discontinuous at A.
Now we prepare to show part (2). For any vy,...,v, € Z" let [vy,...,v,] denote the n x n
integer matrix with i** column given by v; for i = 1,...,n. Let n: SL,(Z) — GL,(R) given by

(o1, - va]) = {vl Vn ]

[or] " Jon

take a nonsingular integer matrix to its column normalization. Notice for any A = [v1,...,v,] €
SL,(Z) that

det(A) = [vr]-- - [vn] - det(n(A)).

Suppose A € P is n-dimensional. In a neighborhood around each vertex the polytope is described
by a collection of vectors v1,...,v, € Z" with det(vy,...,v,) = 1 along which the edges adjacent
to this vertex are directed. So, associated to any vertex of a Delzant polytope, there is a matrix
A € SL,(Z) given by A = [v1,...,v,] which is unique up to even permutations of its columns and
thus, though A is not unique, the values determined by det(A) and det(n(A)) associated to a vertex

are well-defined. Fix A € PY and {A;}32, C Py such that

lim dp(A, A;) = 0. (8.2)

J—00

For j large enough for each vertex V of A there must be a corresponding vertex V; of A; so that
Vi =V asj — oco. Let A € SL,,(Z) be a matrix corresponding to V" and let A; € SL,(Z) be a matrix

corresponding to V; for j € Z large enough. In particular, convergence in dp, which is convergence in
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L'(R"™), implies that locally these vertices must converge, so Equation (8.2) implies that

Jim_[det(1(4)) — det(n(4,))] = 0.
Now we are ready to prove (2) by showing that the collection of possible vertices of Delzant
polytopes is discrete. Fix A € PY¥ with a vertex V at the origin and let £ > 0. Choose § > 0 small

enough so that if A’ € PY with a vertex V' at the origin then dp(A, A’) < § implies that
|det(n(A)) — det(n(A"))| <e, (8.3)

where A € SL,(Z) is a matrix associated to V and A’ € SL,(Z) is a matrix associated to V’. Suppose
that ¢ < det(n(A)). Now let A’ = [wy,...,wy,] for w; € Z™, i = 1,...,n. These are all nonzero

integer vectors so |w;| = 1 for i = 1,...,n. For each ¢ we have
1 =det(A") = |wy]| |wa|...|wy|det(n(A")) = |w;| det(n(A"))

and so by Equation (8.3)
1 < 1
det(n(A")) ~ det(n(A)) —¢’

Jw;| <

Thus each w; € Z™ has length at most (det(n(A)) — &)™, a value which does not depend on A’, and
so to be within ¢ of A the vectors directing the edges coming out from the vertex V’ of A’ must
be chosen from only finitely many options. This means the set of possible local neighborhoods of
vertices is discrete. Thus, for small enough § > 0 we conclude that dp(A, A’) < § implies that there

exist open sets U, U’ C R™ around the vertices V and V' such that

ANU = F (AN NU')

where F.: R — R is a translation by some fixed ¢ € R™. Now, let A € iP¥ be any Delzant polytope
in R™ with NV vertices. In a sufficiently small dp-neighborhood of A all polytopes must have the
same angles at the finitely many vertices by the argument above. Thus they are all related to A by

translating its faces in a parallel way, which continuously changes 7. This proves (2) because 7y is
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continuous on such families.

Finally we show (3). Let A € P and assume that 7p(A) = w4 (A) for some i € {1,...,N}.
Then there is an optimal packing of A which avoids the i*® vertex. For ¢ > 0 let A, € T¥ *1 be the
e-corner chop of A at the i'" vertex. Since the optimal packing of A avoids the i*? vertex, we see
that lim. 0 dp(A, A.) = 0 and lim._,o 77 (A) = 7 (A.) so there is a set larger than PY on which
7 is continuous around A.

Conversely assume that A € PY satisfies 75.(A) < 7p(A) for all i = 1,...,n. By Propo-
sition 8.2.1 we know that any small enough neighborhood of A only includes polytopes with N
vertices and polytopes with more than N vertices, which are produced from corner chops of A.
We must now only show that 71 cannot be continuous on any neighborhood of A which includes
any such polygons. For ¢ > 0 let A, € Tg“ be the e-corner chop of A at the i** vertex. Then
lim. o m1(A;) = i (A) < 7r so for small enough corner chops 71 (A, ) is bounded away from 7r(A).
Thus any set on which 7r is continuous around A cannot include any corner chops of A. From this
we conclude that any such set cannot include polytopes with greater than N vertices; The result

follows since is continuous on all of 2P¥ . O

Theorem 8.1.1 part (i) follows from Theorem 8.2.2 and Theorem 8.2.3. In addition, these
Theorems also imply the following result. Let N > 1 and let Sympglffz’\q,rn denote the set of symplectic
toric manifolds with exactly N points fixed by the T™-action. For (M,w, ¢) € Symp?{fﬁn with fixed

points pi,...,pny € M let

Ti(M) = (Sup{ vol(P) | P is a toric ball packing of M such that p; ¢ P}) D
B vol(B2n) '

Proposition 8.2.4. The space SympZTn}\T,rn is the largest neighborhood of M in Sympgrn’w in which

T is continuous if and only if TH(M) < T(M) for every 1 <i < N.

Theorem 8.1.1 part (i) and Proposition 8.2.4 are illustrated in Figure 8.3. If n = 2

Proposition 8.2.4 was proved in [31].
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> »

Figure 8.3: Continuous families of Delzant polygons on which (a) T is continuous and (b)
7 is not continuous.

8.3 Continuity of symplectic (S! x R)-capacities

In this section we study the continuity of the symplectic (S* x R)-capacity constructed in

Section 7.5 relative to the metric defined in Chapter 3. We are only interested in the topology of

4,8 xR

Sympgi /~sT S0, as is suggested in Remark 3.2.13, we will use the simplified version of the metric

Dld — (b*dldyVL{bn}Zo:o.
mf,k

1
Recall that while D' produces a different metric space structure on Symp‘é%g xR /~sT it induces
1
the same topology on Sympg’l‘? XR/NST as the full metric (Proposition 3.3.18). Fix an admissible
measure v and let d%,T = di,d’” denote the metric on semitoric polygons from Definition 3.2.7 relative

to the identity permutation.

4,5t xR

4S xR /~st is a quotient of Hamgly we can pull the topology up from

Since Hamg

st 4,51 xR

4S XR/MST to HaurnST xR by declaring that a set in Hamgy is open if and only if it

Hamg’

is the preimage of an open set from Haméf *R J~gr under the natural projection. We endow

4,5 xR StxR ,S1xR

Sympgrr with the quotient topology relative to the map HarnS — Symp4 which forgets

4,51 ><]R

the momentum map. Thus a map c: Sympgiy; — [0, co] which descends to a well-defined map ¢

4S><

on SympéT ® Jgr is continuous if and only if the map ¢: Hamyg; /~sT — [0, 00] is continuous

where ¢ is defined by the commutative diagram:



179

4,S* xR 4,51 xR
Hamgy, —— Sympgy —— [0, 0]

| L

4,S'xR 4,5t xR
Hamgy *"/~st — Sympgy * /~st

Let Ay = (A, (£, +1, k;j);-n:fl) be a primitive semitoric polygon, and let v € A be a vertex.

Definition 8.3.1. An admissible semitoric simplex of radius r > 0 with center at v is a subset X of
A such that there exist some A € AGLy(Z) and @ € {0,1}™/ satisfying:
- AAG)) = 1(E);

- A(0) = ¢7(v);

- A takes the edges of A(r"/?) meeting at the origin to the edges of t%(A) meeting at t%(v);

- ¥ c A% where

= x=A; and (=24 + 1)y > mingy. ) Yo +
Au:A\ (x,y) GA J ( ) ()‘] ?JO) J
for some j € {1,...,ms}

An admissible semitoric packing of A, is a disjoint union R = [ | ., Yo where each ¥, is an

admissible simplex of some radius, where the radii of the simplices are allowed to be different.

Such a simplex cannot exist at a fake corner.

Figure 8.4: An admissible semitoric packing. Here ¢ denotes t%.

Lemma 8.3.2 ([65]). Let FP be a momentum map for the usual T™-action on B**(r), r > 0, and
let (M,w,$, F) be a Hamiltonian T"-manifold of dimension 2n. If p: B>"(r) — M is a symplectic

T™-embedding with respect to some A € Aut(T™) then there exists some x € R™ such that the following
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diagram commutes:
B2(r) —— M

AL

R2 (At)71+x RQ
where (AY)™1 + z is the affine map with linear part (A')~1 which takes 0 to z.

In [50] a proper Hamiltonian T™-manifold is a quadruple (Q,w®, FQ,T') where (Q,w?) is a
connected 2n-dimensional symplectic manifold with momentum map F? for an action of T” and
I' C Lie(T™)* is an open convex subset with F?(Q) C I' and such that F? is proper as a map to I'.
A proper Hamiltonian T"-manifold is centered about p € T if p is an element of each component of
FR(QX) for each subgroup K C T", where QX is the set of all points in @ which are fixed by the

action of all elements of K.

Lemma 8.3.3 ([50]). Let (Q,w®, F?.T) be a proper Hamiltonian T™-manifold of dimension 2n. If
(Q,w?, FR.T) is centered about p € T and (FQ)~'({p}) = {q}, then Q is equivariantly symplecto-
morphic to {z € C" | p+ 377, |zj\217;1 e '}, where n{,...,n% € Lie(T™)* are the weights of the

isotropy representation of T™ on T4Q).
We use Lemma 8.3.2 and Lemma 8.3.3 to prove the following.

Proposition 8.3.4. Let (M,w, F = (J, H)) be a semitoric manifold such that
O((M,w, F)) = (my, ((57)%)j21: [Aul, (h)321)

where Ay, = (A, (Ly,, —&—l,k‘j);—rzl) is primitive with associated momentum map F e Far such that
F(M)=A. Then:
1. Suppose p: Bi(r) < M is a semitoric embedding for some r > 0. Then F(p(B*(r))) c A
2

18 an admissible semitoric simplex with radius r=. Conversely, if ¥ C A is an admissible

semitoric simplex with radius r* then there exists a semitoric embedding p: B*(r) — M such

that F(p(B*(r))) = .

2. Let P be a semitoric ball packing of M. Then ﬁ(P) C A is an admissible packing of A, .
Conversely, if R is an admissible packing of A, then there exists a semitoric ball packing P of

M such that F(P) = R.
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Proof. Part (2) follows from Part (1) since the semitoric simplices associated to disjoint semitorically
embedded balls are disjoint. This follows from the fact that F~!(p) is a 2-dimensional submanifold
of M for any regular point p € A and the embedded balls are 2-dimensional.

Suppose that B C M is a semitorically embedded ball of radius » > 0. Then for some
€€ {—1,+1}™s the map pg: B4(r) < M€ is a T?-embedding with respect to some A € Aut(T?).
Recall M€ is a Hamiltonian T?-manifold and denote a momentum map for this action by F€. Let

p = F¥(p(0)) and let A¥ = F(M?). Hence by Lemma 8.3.2 the diagram

Bi(r) 2> M
WL
ty—1
Ap DA

commutes for some z € Lie(T?)*. Since A is an automorphism so is (A*) ™1, hence it sends the weights
of the isotropy representation of T? on Ty(B*(r)) to the weights of the isotropy representation on
T,M. Since (A?)~! is linear and Ag is the convex hull of the isotropy weights of the representation

on Ty(B*(r)) and the origin, we find that
5= [(A) " +2](Ap)

is the convex hull of p, p+ r2aq, and p + r2as, minus the convex hull of p + r2a and p + r2as, where

1(1 — &) recall

a1 and ay are the weights of the isotropy representation of T? on T,M. For 4 =
that tg(A) =A%and let ¥ = (tg)_l(zg). Notice that ¥ = F(p(B(r))) C A and is an admissible
semitoric simplex.

To prove the converse let ¥ C A be an admissible semitoric simplex. This means that there

exists some € € {—1,+1}" such that

satisfies the requirements of Definition 8.3.1, where @ = (1 — €). Let A’ = t?(A). Let p be the
unique vertex of ¥'. Thus, ¥’ is the convex hull of p, p + r2ay, and p + r2as, minus the convex hull
of p+ r?a; and p + r2am, for some a; € R?, i = 1,2. Let I' C R? be the unique open half plane

satisfying TUA’ =Y. Let N = ﬁ*I(E) and let w" = w|y. We can see that N C M is open and by
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the proof of the Atiyah-Guillemin-Sternberg Convexity Theorem [3, 40] we know that N is connected.
The map Fis proper because its first component, .J, is proper and thus FN = t?\ (ﬁ\N) : N — Y is
proper. Therefore FN:N 5 Tis proper because (ﬁN)*l(F \ ¥) = @, and hence (N, w’, ﬁN, I)is
a proper Hamiltonian T2-manifold. Since (N,w?", ﬁN7 I') is centered about p € R? by Lemma 8.3.3

we conclude that IV is equivariantly symplectomorphic to

{2€C?|p+ |zl a1 +|2?a e T} =Bi(r).

It follows that there exists a symplectic T2-embedding p: B(r) < M€ with image N so F(p(B%(r)))

F(N)=1%. O

Define the optimal semitoric polygon packing function st : Polyger(R?) — [0, 0o] by
7sT([Aw]) = sup{ volp(P) | P is an admissible semitoric packing of A, }.

It is well-defined because any two primitive semitoric polygons in the same orbit are related to one
another by a transformation in Gy, X § which sends semitoric packings to semitoric packings and

preserves volume.

Definition 8.3.5. We call « € (0, 7) a smooth angle if it can be obtained as an angle in a Delzant

polygon.

Equivalently, o € (0, 7) is smooth if and only if it is the angle at the origin of 4, (A(1)) for

some A, € SLy(Z).
Lemma 8.3.6. The set of smooth angles is discrete in (0,7) C R.

Proof. Fix a smooth angle o € (0,7) and fix some € > 0 small enough so that (o« —e,a+¢) C (0, 7).
Let

B.(a) ={p € (0,m) | B is a smooth angle and |a — | <e}

and let 6. > 0 be such that if § € B.(«) then |sin(a) — sin(8)| < .. Now fix any 8 € B.(«). This
means there exists some Ag € SLo(Z) such that § is the angle at the origin of A = Ag(A(1)). Let

£1,¢5 € R denote the lengths of two edges of the simplex A which are adjacent to the vertex at the
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origin. These each represent the magnitude of a vector in Z™ so ¢; > 1 for i = 1,2. By the choice of
d. we have that sin(f) > sin(a) — d.. Since A has area 1/2 we know that M%in(ﬁ) = 3 and so for
1 = 1,2 we conclude that 1 = ¢1/¢5sin() > ¢; sin(f8) which implies that

4 < ! < !
" “sin(B)  osin(a) — 6.

Therefore associated to each 3 € B.(«) there is a pair of vectors in Z? each with length less than

(sin(a) — 0.)~1, a value which does not depend on 3. There are only finitely many such vectors. []

The proof of Lemma 8.3.6 is taken from the proof of [31, Theorem 7.1] and is a two-
dimensional version of the strategy used in Theorem 8.2.3. Let o € (0, 7) be called a hidden smooth

angle if it can be obtained as a hidden corner in a primitive semitoric polygon.
Corollary 8.3.7. The set of hidden smooth angles is discrete in (0,7) C R.

It is important to notice that a sequence of smooth angles can approach 7. This must be

the case, for example, if a semitoric polygon has infinitely many vertices.

Definition 8.3.8. We say that a vertex v of (A, (£y,,+1, kj);n:fl)) is non-fake if it is either Delzant
or hidden in one, and hence all, elements of the affine invariant. For N > 1 let PolngSVT(RQ)O denote
the set of primitive polygons with exactly N non-fake vertices and let Polyg]svT (R?) denote the set
of (G, x G)-orbits of elements of Polygls(R?)o. Let IV be the set of all semitoric ingredients for

which the affine invariant is an element of Polygds(R?) and let

Sympgy v " = &~ (1V)

where ® is as in Theorem 2.2.27.

Recall 37 (v) defined in Equation (8.1). The following are two operations which can be

performed on [A,,] to produce a new element of Polyggy(R?)o.

Definition 8.3.9. Let A, = (A, (€>\j,+1,kj);n:f1). Let p € A be a vertex and let vy, vy € Z2 be
the primitive inwards pointing normal vectors to the two edges which meet at p ordered so that

det(vy,v2) > 0.
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If p is a Delzant vertex of A, then the e-corner chop of Ay, at p is the primitive semitoric

polygon
APE = (A N ﬂ-(;(vl +v2), (€x;, +1, k:j);-n:fl) .

Similarly, given [A,,] we say that [AP:?] is the e-corner chop of [Ay] at p.
Suppose p is a hidden corner of A,, and thus there exists j € {1,...,my } such that p € £),.

The e-hidden corner chop of A, at p is the primitive semitoric polygon
APE = (A Nt (F (v +v2)), (6, +1, kj)T:fi) .

We say that [AP:] is the e-hidden corner chop of [A] at p.

w

The hidden corner chop of a hidden corner amounts to acting on the polygon with t}X to
J
transform the hidden corner into a Delzant corner, performing the usual corner chop on this Delzant

corner, and then transforming the polygon back with te_; . This is shown in Figure 8.5.
J

(a) (d)

Figure 8.5: In (a) a hidden corner is shown. In (b) we unfold it by reversing the sign
of the associated ¢; resulting in a Delzant corner. In (¢) we perform corner chop on this
corner and in (d) the ¢; returns to its original sign.

Lemma 8.3.10. Fiz N € Z>q. Each [A,] € Polygd(R?) has an open neighborhood in Polyghy (R?)
which consists exclusively of transformations of [Ay] in which its sides are moved in a paral-
lel way. Moreover, any sufficiently small neighborhood of [A,] in Polyggr(R?) is contained in

UnN'=N) POlyg]sVTl (R?).

Proof. The angles of non-fake corners are discrete by Lemma 8.3.6 and Corollary 8.3.7. This means
that there exists a neighborhood of [A,,] in which all elements which have N non-fake vertices must
have all of the same angles as [A,,]. This is the open neighborhood described in the Lemma. Any
semitoric polygon with fewer non-fake vertices than [A,] is bounded away from [A,,] because the

only ways to change the number of non-fake vertices are a corner chop or introducing a smooth angle
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into an edge of infinite length but by Lemma 8.3.6 smooth angles are discrete. O
Lemma 8.3.11. The map wst: Polyggr(R?) — [0, 00] is discontinuous at every point.

Proof. Primitive semitoric polygons must have at least one non-fake vertex. Let
[Aw] = [(Av (E)\]‘ 9 +1a k]);nzfl)]

be a semitoric polygon. First assume that [A,,] € Polygdt(R?) for some N > 1 and that wgr([A,]) <
00. Then for € > 0 small enough define [AZ] to be the semitoric polygon produced by performing an

e-corner chop at each non-fake vertex of [A,]. We have that
lim 57 ([A], [A5]) = 0. (8.4)
e—0

A packing of [Ag)] has at most 2NV disjoint admissible simplices. Since their side lengths are determined
by the lengths of the adjacent edges, one of which is length ¢, we have that lim._,o 7sT([AZ,]) = 0.

Since every semitoric polygon has positive optimal packing we have
lim [msr([Aw]) = w7 (A)] = Ts7([Aw]) > 0

and thus, in light of Equation (8.4), wgr is discontinuous at [A,].

Suppose [A,] € Polygd(R?) for some N > 1 and g7 ([A,]) = co. Since [A,] has only
finitely many non-fake vertices, any admissible packing has only finitely many admissible simplices.
Hence there is a vertex at which an arbitrarily large simplex fits. The only possible case is that N =1
and the polygon is of complexity zero. Taking a corner chop of any size at the single non-fake vertex
produces a polygon on which wg evaluates to a finite number, so wgt is discontinuous at [A,].

Now suppose that msr([Ay,]) < oo and [A,] € Polyggr(R?) \ Uys, Polygd}(R?). For
i € Z>1 let I; C R be given by I, = [-n,n|\ (—=(n —1),n — 1) and let N; € Z>( denote the number
of non-fake vertices of [A,,] with z-coordinate in ;. This number is finite by the definition of a
convex polygon and it is invariant under the action of Gy, x §. For € > 0 small enough let [Af] be
a semitoric polygon which has a small corner chop at each non-fake vertex such that, at each vertex

in I; for i € Z>1, the largest possible admissible simplex that can fit into that vertex has volume at
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most &/(nN;5't1). Then an admissible packing R of [AS] satisfies

volp(R) < i N ;H 2N; =«
i=1""
Therefore
tim 57 (A, . [A%)) =
while
lim [rsz([A]) = 7 ([A5])] = mse([A)) > 0
and thus g is not continuous at [A,]. O

For [A,] = [(A,(K,\j,—l—l,kj);lfl)] € Polygit(R?) with non-fake vertices v, ..., vy, let

ﬂgr‘ri (A) be the total volume of the optimal packing excluding all packings which have a simplex

centered at v;.

Theorem 8.3.12. Let wgr: Polyggr(R?) — [0, 00] be the optimal semitoric polygon packing function.

Then:
1. wgr is discontinuous at each point in Polyggr(R?);
2. the restriction 7TST|P01ygévT(R2) is continuous for each N € Zx1;

3. if [Ay] € Polyght(R2) then Polygl (R?) is the largest neighborhood of A, in Polygd(R?) in

which msr is continuous if and only if Tir([Aw]) < msT([Ay]) for all 1 <i < N.

Proof. Part (1) is the content of Lemma 8.3.11.

By Lemma 8.3.10, given any [A,,] € Polygd}-(R?), there exists a neighborhood of [A,] in
PolygiT(R?) containing exclusively orbits of polygons formed by translating the sides of A,, in a
parallel way. Hence part (2) follows from this because mgr is continuous on such transformations.

For Part (3) suppose first that msr([Ay]) = m&p([Ay]) for some i € {1,..., N }. This means
that there exists some optimal packing avoiding the i*® non-fake vertex. For ¢ > 0 let [AZ] be
the result of an e-corner chop at the i'" vertex and notice that lim. o diT([Ay],[A%]) = 0 and
lim,_,o 757 ([A%,]) = 757 ([Aw]). Thus there exists some set larger than Polygiy(R?) on which mgp is

continuous, as shown in Figure 8.6.



187

Figure 8.6: Corner chop of a corner not used in the optimal packing.

Finally, to show the converse assume that [A,,] satisfies ﬂgri? ([Ay]) < 73p([Ay)]) for all
1 < i< N. By Lemma 8.3.10 there is an open set around [A,,] in which the only elements not in
PolygéVT (R2)( are obtained from [A,] by iterations of corner chops, parallel translations of the edges,
and introducing a smooth angle into an edge of infinite length. For € > 0 let [A%] be any e-corner
chop at the i'" non-fake vertex of [A,]. Then

lim 77 ([AL]) = myr([Aw]) < 7s7((Aw])

E—

and the result follows. O

1
Notice that the quotient map Sympé’g <R _, Polyggr(IR?) is continuous and the metric on

Sympél{?1 “B is the sum of the metric on Polyggr(R?) and the metric on the remaining components.
Thus, Theorem 8.1.1 part (ii) follows from Theorem 8.3.12. For (M,w, F') € Sympé’TS;\?R with fixed

points p1,...,pn € M let

sup{ vol(P) | P C M is a semitoric ball packing of M and p; ¢ P})i

ST'(M) = ( vol(B4)

oy 4,5 xR 4,S'xR .
Proposition 8.3.13. Let N > 1. If (M,w,F) € Sympgy 5 then Sympgy n  is the largest

neighborhood of M in Sympg’{?l “Bin which 8T is continuous if and only if ST (M) < ST(M) for all

1<i<N.
Theorem 8.1.1 part (ii) and Proposition 8.3.13 are illustrated in Figure 8.7.

Definition 8.3.14. The semitoric radius capacity is the symplectic (S x R)-capacity

1
8T rad : Sympéf R _, [0, o]
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Figure 8.7: Continuous families of primitive semitoric polygons on which (a) 87T is
continuous and (b) 8T is not continuous.

given by
8T rad(M) = sup{r > 0 | there exists a semitoric embedding B*(r) < M }.

It can be shown that 8§T,.q is a (S' x R)-capacity in the same way that it was shown
that 8T is a (S* x R)-capacity. Recall that Symp?r"’Rn is the symplectic R"-category which is the
collection of toric manifolds with their T™-action lifted to an R™-action. Let Symp%t‘}?}n denote those
systems with exactly N points fixed by the R"-action. By repeating the proofs of the continuity
results Theorem 8.1.1 part (i), Proposition 8.2.4, Theorem 8.1.1 part (ii), and Proposition 8.3.13 we

immediately have the following result, that yields Theorem 8.1.1 part (iii).

anen and 8Tyaq are discontinuous everywhere on their domains

Theorem 8.3.15. The maps cg™[g,,,.
T

and the restrictions cx™ n and 8T 14z are both continuous. For
B |symp2T7j,'$ rad|Symp§§NXR

2n,R"™
(M,w, F) € SympTyjN

the set Symp?{fﬁn is not the largest neighborhood of M in Symp?rn’w in which cg’"|symp%n,]mn is

. 4,8 xR 4,8 xR . . .
continuous and for (M,w, F) € Sympgr n - the set Sympgy v is the largest neighborhood of M in

Sympé’{?lXR in which 8Ty aq is continuous if and only if N = 1.
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Chapter 9

Moduli spaces of maps

9.1 Introduction

In [74] the authors shown that if M and N are symplectic manifolds with B; C M for each
t € (a,b) and

{(¢¢, Bt) | t € (a,b) and ¢;: By — N}

is a smooth (see Definition 9.7.1) family of symplectic embeddings such that
1. each By is open and simply connected;
2. if s <t then B; C By;
3. for all ¢, s € (a,b) the set U, ¢, ;¢ (By) is relatively compact in N,

then there exists a symplectic embedding

¢o: | J B — N.

t € (a,b)

Given a collection of embeddings which satisfy certain conditions not related to convergence,
this result assures the existence of an embedding from the union of their domains, which takes the
place of the limit. In the present chapter, given a collection of embeddings which does not converge,
I ask how much each embedding needs to be perturbed in order to produce a convergent collection.

In particular, I am interested in situations in which each element of the collection may be perturbed

189
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by an arbitrarily small amount in order to produce a converging family. In this case, unlike in the
result above, I am more interested in the nature of the family of embeddings than the existence of
such a limiting embedding. To formalize what I mean by a small perturbation, we define a distance
function on maps which do not necessarily have the same domain. An LP space is a space of maps
with a natural metric, and we explain the relationship between the distance defined in the present
chapter and the L' norm in Remark 9.3.3. Another example of examining a metric on a space of
maps is the study of symplectic energy [43] which is defined in terms of a specific metric on the space
of compactly supported Hamiltonian symplectomorphisms.

The study of collections of maps between smooth manifolds, particularly of embeddings or
diffeomorphisms, has recently attracted a lot of interest [1, 7, 65, 74, 66]. Having a distance function
defined on a collection of such mappings gives the collections the structure of a metric space about
which new questions may be posed, as it is for instance done in [67]. It is the goal of this chapter
to define a distance function on collections of maps with distinct domains, which are subsets of the

same manifold, and study the properties of the resultant metric space.

9.1.1 Outline of chapter

In Section 9.2 I define the space of maps over which we will be working and the distance
function. I state the main results of this chapter in Section 9.3. In Section 9.4 I prove several
properties of the distance function including some parts of Theorem 9.3.1, and in Section 9.5 we
prove the rest of Theorem 9.3.1. Next, in Section 9.6 I examine the convergence properties of the
distance and prove Theorem 9.3.5. Finally, in Section 9.7 I use what we have established in the
preceding sections to study families of embeddings which do not converge to an embedding and prove
Theorem 9.3.8. In the last section, Section 9.8, I comment on how the ideas from this chapter can
be used to further study such families and mention some other possibilities for applications of this

distance.

9.2 The distance function

Considering families of maps with different domains is essential for applications, see for

instance the work of Pelayo-Vu Ngoc [74, 66]. Suppose that the maps are defined on subsets of a
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smooth manifold M with a volume form V and map to a complete Riemannian manifold N with
natural distance d. By this we mean that if g is the Riemannian metric on N and y;,y2 € N then
L v :[0,1] = N is piecewise C! with
d(yr,y2) = inf & [ /gy (1), (1)) dt
0 7(0) =1 and y(1) = y2
We will soon see that the properties of the distance will not depend on the choice of metric g and it
is known that any smooth manifold admits a complete Riemannian metric, so we are not making any
assumptions on N. Throughout the chapter by metric we will always mean a metric function on
the space and if referring to a metric tensor we will always specify the Riemannian metric. Also,
it is well known (see the Hopf-Rinow Theorem [45, Satz I]) that (N, g) is a geodesically complete
Riemannian manifold if and only if (IV,d) is a complete metric space, so throughout this chapter
we will call such a manifold complete without specifying. Let py be the measure on M induced by
V. That is, for any A C M we have puy (A) = [, V. Now we will define the set of maps we will be

working with (shown in Figure 9.1).

Definition 9.2.1. Let

By C M a nonempty measurable set and
M(M, N) = (¢7B¢)

¢ : B4 — N a measurable function

which we will frequently denote by M when M and N are understood and we will also frequently

write only ¢ where the associated domain is understood to be denoted by By. Also let
FM) = {{(d¢, B)) }re(ap) C M |a,b € R with a < b}.

For the remaining chapter we will denote by F(8) the collection of one parameter families in
a set 8§ indexed by an open interval in R.

Recall the symmetric difference of sets A and B is given by A A B= (A\ B)U (B\ A).
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Figure 9.1: I will be considering maps from subsets of M to N.

Definition 9.2.2. For (¢, By), (¢, By) € M we define the penalty function piw : M — [0,1] by

1 ifx € Bd) A Bw;
Phe() = min{l,d(¢(z), ()} if z € By N By;
0 otherwise,

and we define

D4((6 By), (4, By)) = [ phyduv.
M

A reasonable first guess for the “distance” between two elements in M would be to integrate
a penalty function over M. That is, we start with a function which assigns a penalty at each point
in M depending on how different the mappings are at that point, and then compute the “distance”
between the two mappings by adding up all of these penalties via integration. For each point in the
symmetric difference, we know that one mapping acts on it while the other does not, so we assign it
a maximum penalty of 1. For each point which is in the intersection of the domains, we simply find
the distance between where each map sends the point, cut off to not exceed a maximum value of 1,
and use this as the penalty.

Notice that we need the minimum in Definition 9.2.2 to make sure that any point on which
both mappings act is not penalized more than the points which are only acted on by one mapping.
It is worth noting that even though the choice of the constant 1 may seem arbitrary it is shown
in Proposition 9.4.3 that any positive constant may be used instead and the induced distance will
be strongly equivalent (see Definition 9.4.1). Also, if d is chosen so that the metric space (N, d) is

complete (which can always be done [60, Theorem 1]) the choice of d will not change the properties
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Figure 9.2: A graphic representing the values of pjf)w on8 C M.

of the induced metric.

However while D4, is the natural “distance” it turns out to not be a distance function on
M. There are two main problems. First, it is possible that @‘fw will evaluate to zero on two distinct
elements of M and second it might be that D%, evaluates to infinity. The first problem is a common
one and can be addressed in the standard way, by having D¢, act on equivalence classes of maps,
but the second problem will require a more delicate solution.

The problem of D4, evaluating to infinity is even worse than it seems. Suppose that
¢i(x) = (x,t) takes R into R? for all ¢ € (0,1). Using the notation from above in this case we have
that M = By, = Rforallt € (0,1) and N = R? with dg= the usual distance. Then ¢; has a pointwise
limit of ¢g(x) := (x,0) as t — 0, but despite this we have that D%}z (1, do) is infinite for all ¢ € (0,1).
This example shows that @‘fw is not always able to capture when a family of maps is converging. I

am able to solve this problem by observing Djdw restricted to various subsets of M.

Definition 9.2.3. I define D restricted to a measurable set 8 C M by
DL, By), (v, By)) = [ vy dpsv.
S

Figure 9.2 shows a good way to visualize computing Dg. Now each Qg contains all of the
information about Dfl\/[ on the set 8§ and, as long as § is chosen to be of finite volume, Dg cannot

evaluate to infinity. The problem now, of course, is that we no longer have just a single metric with
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information about all of M but instead have an infinite family of metrics which each have information
about only one finite volume subset of M. I solve this last problem by recalling that any manifold
admits a nested exhaustion by compact sets, which must each have finite volume. For the remaining
portion of this chapter by exhaustion we will always mean a countable nested exhaustion by finite
volume sets. In the following definition we set up the framework for this chapter. I will write v(s 3y

in place of v(s, 1 and D?Sn} in place of Df{lsn}:?:l for simplicity.

Definition 9.2.4. Let M and N be manifolds with d a metric on N induced by a Riemannian

metric.

1. Let {8,}52, be a exhaustion of M by nested finite volume sets and let vs, } be the measure

on M given by

_ . 7n/u\7 (Amsn)
W=

n=1

for A C M. Notice that v(s (M) =1 so s, } is a probability measure. Then define
D5,y (4,9) = fpiwdl/{sny
M

2. If CD?ZSH}(QS7 1) = 0 for one choice of exhaustion then, by Corollary 9.4.7, it equals zero for all

choices of exhaustion and complete metrics d, so in that case we write D(¢, ) = 0.
3. Let
MY (M,N) :=M(M,N)/ ~
where (¢, Bg) ~ (¢, By) if and only if D(¢, 1)) = 0. As before we will frequently shorten this

to M~ and we denote by [¢, By| the equivalence class of (¢, By) € M.

There is an equivalent definition of ®C{lsn} given in Proposition 9.4.4 which is used in some

of the proofs in this chapter and explicitly shows the relation between Df{isn} and Dg.

9.3 Main results

Now we have enough notation to state our first result. Let M and N be manifolds and V a

volume form on M.
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Theorem 9.3.1. For any choice of a metric d on N induced by a complete Riemannian metric
and a countable exhaustion {8,152, of M by nested finite volume sets, the space (M™, Df{lsn}) is a
complete metric space. Moreover, such a metric and exhaustion alway exist and if d' and {8]}22

are other such choices then 'D‘f{l/s, } induces the same topology as 'D‘jfsn} on M™.

In light of Theorem 9.3.1 we can now make the following definitions. Recall that F(M)

denotes the collection of one-parameter families of M indexed by an interval (a,b) C R.

Definition 9.3.2. Let a,b,c € R with a < b and ¢ € [a,b]. Also let {(¢¢, Bt)}ie(ap) € F(M) and

¢o € M.

1. Let 8§ C M be any subset. If lim;_,. ”Dg(qﬁt, ¢o) = 0 we write

D
¢y = Ppg ast — c.

2. If limy_,, @f{lsn}(qbt, ¢) = 0 for one, and hence all, choices of {8,}52, and d, we write

bt 2 ¢ as t — c.

3. Since all metrics D}f&”} generate the same topology on the set M~ we denote this set with such

topology as (M™, D).

Thus M~ is a metric space with metric D?Sw} for any choice of exhaustion and complete
metric and the metric spaces for different choices of exhaustion are all equivalent topologically. Notice
that all of the information about Df , is contained in D, if M is finite volume, and in this case we

will only have to consider ®‘fw, see Remark 9.4.12.

Remark 9.3.3. Recall that L? spaces are collections of maps from a fixed measure set to R. Since M
is a collection of all maps between fixed manifolds we can see that in some sense M is a generalization
of LP spaces. The function Df[lsn} is similar to the L' norm, but there are several differences. It
is noteworthy that any measurable mapping from M to N is “integrable” with respect to D‘fsn},
in the sense that the distance between any two measurable mappings is finite. This is why M

includes all measurable maps, while L? includes only functions which satisfy a growth restriction.
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In Example 9.4.13 we work out a specific case which does not converge in L? for any p but does

converge with respect to the distance defined in this chapter. @

Now that there is a metric defined on M~ we can explore families in F(M"™) which converge
with respect to that metric. In Section 9.6 we study another type of convergence and we explore
the connection between these two natural forms of convergence on M~. The limit inferior and limit

superior of a family of sets are reviewed in Equations (9.6) and (9.7) in Section 9.6.

Definition 9.3.4. Let a,b,c € R with a < b and c € [a,b]. Let {(¢¢, Bt) }re(ap) € F(M) and suppose

there exists some measurable B C M satisfying

BC{xElith

t—c

%1_1}(1: o¢(x) ex1sts}

and py (Et_m B\ B) = 0. This in particular requires that the domains converge as sets as is

described in Definition 9.6.1. Then, with

¢:B—> N

T %1_{1% P ().

we say that {(¢:, Bt)}ie(ap) converges to (¢, B) almost everywhere pointwise as t — c in M and we

write ¢; 225 ¢ as t — c.

Theorem 9.3.5. Let a,b,c € R such that a < b and c € [a,b]. Suppose {(¢t, Bt)}ie(ap) 5 a
family such that (¢, By) € M for t € (a,b) and let (¢p,B) € M. If ¢ ¢ ¢ ast — c then

¢ L2 ¢ ast— c.

There are many different directions one could head from this point, but since there is research
already being done regarding the convergence properties of families of embeddings [66, 74] we will
pursue an application in that field. I will use D to study families of embeddings which do not converge
to an embedding and quantify how far they are from converging. With this in mind we make the

following definitions.

Definition 9.3.6. Define Emb (M, N) C M to be those elements (¢, B) € M such that B C M
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is a submanifold and ¢: B — N is an embedding. Also define EmbZ (M, N) C M~ to be those

equivalence classes [¢, B] € M~ such that [¢, B] includes an element of Embc (M, N).

Definition 9.3.7. Let a,b € R with a < b, ¢ > 0, and {(¢¢, Bt) }+e(a,p) € F(M). A smooth family

{(¢, E)}te(a,b) € F(M) is a convergent e-perturbation (with respect to @?Sn}) of {(¢¢, Bt) }re(ap) if
1. there exists (5, E) € Emb (M, N) such that (;Fﬁvt Ly ;5 as t — a;

2. B, = B, for all t € (a,b) and

lim B, C B;

t—c
3. for all ¢t € (a,b) we have that @?8”}(@, qgt) <e.

The function

T?Sn} : F(M) — [0, 0]

takes a family in F(M) to its radius of convergence given by

J ] there exists a smooth convergent
T{Sn}({(¢t,Bt)}t€(a7b)) :=infce >0
e-perturbation of {(¢y, Bt)}te(a,b)

In part 2 of Definition 9.3.7 we make a requirement on the domains. This is so that the
singular points cannot simply be removed from the domain to form a convergent e-perturbation. It is
important to notice that, unlike many of the properties we have introduced so far, T?sn} does depend
on the choice of d and {8,,}°2 ;. I am most interested in the r?Sn} = 0 case, where an arbitrarily small
perturbation can cause the family to converge to an embedding. It is natural to wonder whether a
family can have radius of convergence zero but still not converge to any element of M. The following

Theorem addresses this.

Theorem 9.3.8. Leta,b € R witha < b, {(¢¢, Bt)}te(a,p) be such that (¢¢, By) € M for eacht € (a,b),
and let rfsn} be the radius of convergence function associated to a complete Riemannian distance d
on N and an ezhaustion of finite volume nested sets {8,}52, of M. If T?Sn}({(d)t, Bi)}eap)) =0
then there exists (¢, B) € M unique up to ~ such that ¢y 2= ¢ as t — a. Furthermore, the converse

holds if there exists some T € (a,b) such that s <t < T implies Bs C By.
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This theorem is important in the study of families with rfsn} = 0 because to characterize
such families we may assume right away that there exists some limit ¢y and study its properties in
order to understand the family we started with. In the final section we explore some ideas about
the open questions regarding T?Sn} including restricting to embeddings with specific properties and
considering a converse of Theorem 9.3.8 in the case in which the domains do not eventually shrink or

stabilize.

9.4 Definitions and preliminaries

9.4.1 Basic properties of the distance

Let M be an orientable smooth manifold with volume form V and let N be a smooth
Riemannian manifold with natural distance function d. Again let uy be the measure on M induced by
the volume form V. In this section we will prove all but the completeness statement in Theorem 9.3.1,
which is postponed to Section 9.5. Recall the different notions of equivalent metrics. The use of these

terms varies, but for this chapter we will use the following conventions.
Definition 9.4.1. Let d; and dy be metrics on a set X. Then we say that d; and dy are:
1. topologically equivalent if they induce the same topology on X;

2. weakly equivalent if they induce the same topology on X and exactly the same collection of

Cauchy sequences;

3. strongly equivalent if there exist c1,co > 0 such that

cidi < dp < cads.

Now we define the following function.

Definition 9.4.2. Let (¢, By), (¥, By) € M. For a > 0 and a finite volume subset § C M define

DY (6, Bs), (1 Bu) = [ w5 dury
8
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where
« if x € By A By;
P40 (@) = min{a, d(é(z),¥(x))} if € By N By;
0 otherwise.

In Definition 9.4.2 we have a family of functions depending on the choice of o > 0, but in

fact these will induce strongly equivalent metrics.

Proposition 9.4.3. Let § be a finite volume subset of M. If > a > 0 then

B

d, d,
De* <D B<a

d,«x
8 DS :

Proof. Notice

.Dgﬁa(djﬂb) = J‘mln{a7d(¢7w)}duv =+ O‘MV((B(# A BT/J) N S)
BsNByns

< [ min{8, d(6, )} duy + Buv ((By & By) N8)
BsNByNS$

= D3’ (¢, 9)

and also notice that

D§7(6,9) = [ min{B, d(¢,)} dprv + Buv ((By & By)N8)

ByNBy NS

< mings, Zat6,v)) du + 8o (B & By) N18)
ByNByNs

Do, y).

«

O

So Proposition 9.4.3 means that the choice of @ > 0 will not matter when we use Dg’a to
define a metric, so henceforth we will assume that o« = 1. That is, for any finite volume subset § C M

we have Dg as defined in Definition 9.2.3. In the above proof we wrote out the definition of Dg in
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a way which did not explicitly use the penalty function pgw. We can now notice that there is an

equivalent definition of Dg which will be useful for several of the proofs.

Proposition 9.4.4. Let M and N be manifolds with a volume form V on M, d a distance on N
induced by a Riemannian metric, 8§ C M a compact subset, and {8,}52, a nested exhaustion of M

by finite volume sets. The function Dg given in Definition 9.2.3 can be written

De(6,9) = [ min{1,d(¢, )} dpy + pv((By & By) NS).
By NByNS

and the function D¢ (s} from Definition 9.2.4 satisfies

D5y (¢,9) = Zz—n n(‘b’ 751)

This proposition has a trivial proof. Before the next Proposition we have a definition.

Definition 9.4.5. Suppose a,b € R with a < b and ¢ € [a,b]. For a set X and a function
F: X xX —[0,00]

we say that a family {a;}ic(ap) C X is Cauchy with respect to F as t — c if for all € > 0 there exists

some ¢ > 0 such that s,t € (¢ —d,c+ J) N (a,b) implies F(a;,as) < €.
Below are several important properties of Df{lsn}, which is defined in Definition 9.2.4.

Proposition 9.4.6. Let a,b € R with a < b, {(¢¢, Bt) }ie(ap) € F(M), and ¢,%p € M. Further
suppose that d is a metric on N induced by a Riemannian metric and {8,}°2, is an exhaustion of

M by nested finite volume sets. The function D({isn} has the following properties.

1. {(¢¢, Bt)}te(ap) 18 Cauchy with respect to D?S"} as t — c if and only if it is Cauchy with

respect to Dg as t — ¢ for all compact 8 C M.
2. limy_,, D?Sn}(@, @) = 0 if and only if ¢; o5, ¢ ast — c for all compact § C M.

{s }((b V) =0 if and only if DL(¢,v) = 0 for all compact 8 C M if and only if pv((By &

By)N8) =0 for every compact 8 C M and ¢ = v almost everywhere on By N By.



201

Proof. Let € > 0 and fix some compact subset 8 € M. Then 8 C |, 8,, = M and since 8 has finite

volume and the §,, are nested we can find some I € N such that py (8\ 8;) < €. This means that
D < CDgI +e.

Now that we have this fact we will prove the three properties.

(1) It is sufficient to assume that a = ¢ = 0 and b = 1. Suppose that {(¢:, B¢)}ie(0,1) is
Cauchy with respect to D({lsn} as t — 0 and fix some compact § C M. Let £ > 0.

From the above fact we can find some I € N such that D¢ < @gl + ¢/2. Now, since this

family is Cauchy with respect to Df{lsn} we can find some ¢ € (0, 1) such that s,¢ < ¢ implies

9

d
Q{Sn}((bb ¢€) < 21+1M\7 (SI) .

Using the expression for @‘{isn} from Proposition 9.4.4 we have that

= ,ann(@»%) S
2.2 v (8n) 214y (ST)

n=1

which in particular means
,[Dgl(d)fn(bs) < €
pv (8r1) 21+ 1y (S1)

2

S0 'Dgl((btv,(/)t) < 6/2'

Finally, we have that for s,t < §

D (1, 9s) < DL, (b1, bs) + g <e.

The converse is easy and the proof of (2) is similar to the proof of (1).
(3) Suppose Df{isn}(q’),d)) = 0 and fix some compact § C M. Notice that this means that

Dgn (¢,) =0 for all n. For any € > 0 from the fact above we know we can choose some I such that

D¢, ) < DE (¢,9) +e=¢
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so we may conclude that Dg (¢, 1) = 0.

Next, assume that D¢ (¢, 1)) = 0 for all compact § C M, which means that
HV((B¢> A Bw) N S) =0

because this is a term in Dg. Suppose that there is some set of positive measure in By N By, for
which ¢ # 1. Then since manifolds are inner regular there exists some compact subset of positive
measure K on which they are not equal. But this implies that D% (¢, 1)) # 0.

Now since py ((B¢ A By)n 8) = 0 for every compact 8 C M and ¢ = 1 almost everywhere

on By N By it is clear that D‘fsn/}(¢7¢) —0. 0

Corollary 9.4.7. Let {8,,}22, be an exhaustion of M and let d be a metric on N induced by a
Riemannian metric. Suppose that (¢, By), (¢, By) € M such that D‘fsn}(d), ¥) = 0. Then for any

such parameters {8,152, and d' we have that @‘{i:s/ 1 (0,1) =0 as well.

Given the new information in Proposition 9.4.6 we can prove the following important

Proposition.

Proposition 9.4.8. For any choice of an exhaustion of M by finite volume sets {8,}>2 ; we have
that D?Sn} is well defined and is a distance function on M™. Also, if {8! 152, is another such choice

of exhaustion then D?Sn} and :D?S’ y are weakly equivalent metrics on M™.

Proof. Fix some {8,}52; a compact exhaustion of M and let ¢, p,9 € M. It is a straightforward

exercise to show that

Pho() < pg,(2) + 1y (2)

for each x € M and thus

9?5,1}@,%/1) < D({isn}(@ p) + 95{15”}(/)7 ¥).

It should be noted that this inequality would not hold without the minimum in piw. From here we

can see that if ¢ ~ p then

Df{isn}(@ V) < Df{lsn}(/ﬂ/))
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and similarly the opposite inequality is true as well. So

Dis, 1 (0, 0) = Dis 1 (1)

and thus D4

{s,y is well defined on M™.

Now D({isn} is positive definite on M~ because it is positive on M and by definition
D?Sn}(qb, p) = 0 implies ¢ ~ p. Since @f{lsn} is well defined on M~ and satisfies the triangle
inequality on M we know that it satisfies the triangle inequality on M~ and similarly we know that
9({1&} is symmetric on M™.

Proposition 9.4.6 parts (1) and (2) characterize both convergent and Cauchy sequences of
Df{isn} in a way which is independent of the choice of {8,,}22 ;. This means that different choices of

{8, }22, will produce weakly equivalent metrics D?Sn}. O

9.4.2 Independence of Riemannian structure

We have seen that M™ is a metric space with metric Dfsn} for any choice of compact
exhaustion and the metric spaces for different choices of exhaustion are all weakly equivalent. Now
we will show that this construction is actually independent of the choice of Riemannian metric on N
as well. For the remaining portion of the chapter we will use ||-|| to denote the usual norm in R* and

dgr to denote the usual distance on R¥.

Lemma 9.4.9. Fiz any measurable finite volume subset § C M and let a,b,c € R with a < b and
c € la,b]. Now let {(¢+, Bt) }re(ap) € F(M) and (¢, B) € M. Suppose that ¢; E21N peMast —c

and R: BN8 — (0,00) is any function. Then
fim s ({2 € BN B S | d(6(a), 0(2) > Rz))) =0

Proof. 1t is sufficient to prove for a = ¢ =0 and b = 1. First, for t € (0,1) let Cy = {x € BsNBNS§ |
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d(é(x), pe(x)) > R(x)}. Since Cy C 8§ we notice that

De(61,9) > [ min{1,d(¢, 1)} dprv
Cy

> j min{1, R} dpvy.
Cy
Now for each n € Nlet D" = {zx € BN§ | R(z) > 27"} and notice that

j min{1l, R} duy > fmin{l, R} duvy
Cy D" N Cy

> 927" 1y (DN CY).

Now combining the above facts we have that D& (¢, ¢) = 27" - py (D™ N Cy) for any choice of n € N
SO

lim py (D" NCy) =0 (9.1)
t—0

for all n € N.

Finally fix £ > 0. Since R(x) > 0 for all z € BNS we know that the collection { D"} ; covers
BN8. Since BN has finite volume we know there exists some N € N such that vy (BN S8)\ DV) <
¢/2. This implies that for all ¢ € (0,1) we have that uy (Cy\ DY) < /2. By Equation (9.1) we
conclude that we can choose some T such that t < T implies that vy (Ct N DN ) < ¢/2. Now for t < T

we have that py (Cy) = py (Cy \ D) + py (Ce N DY) <. O

Now we show that any choice of continuous metric on N will produce a weakly equivalent

metric on M"™.

Lemma 9.4.10. Suppose that dy and ds are topologically equivalent metrics on N each induced by a
Riemannian metric and let {8,}22, be any exhaustion of M by finite volume sets. Then Df{%n} and

DL{% y are topologically equivalent metrics on M™.

Proof. Fix finite volume § C M. If we show @gl and @gQ are topologically equivalent then we have

proved the lemma by Proposition 9.4.6. It is sufficient to show that the same families indexed by
d

(0,1) converge so suppose {(¢¢, Bt) }te(0,1) € F(M) and (¢o, Bo) € M such that ¢; N ¢o ast — 0

d
and we will show that ¢, % ¢p as t — 0. Fix € > 0 and without loss of generality assume that
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e < v (8). Let

C? = {x € BN Bo N8 | da(do(), ¢u(x)) > 3#\75(5)}

Let bl (r) = {y € N | di(y,y0) < r} for i = 1,2. Since d; and dy are weakly equivalent metrics for
each y € N there exists some radius r, > 0 such that the ball with respect to d; of radius r, centered

at y is a subset of the ball with respect to do of radius £/3uv(s) centered at y. Thus there exists some

R:ByN8& — (0,00) such that

£
by () (R(2)) C O3, ) <3Mv(5)> for all z € By N 8. (9-2)

Define C} = {x € BN ByN 8 | di(¢o(x), p:(x)) > R(x)} and notice that Equation (9.2) implies that
d
C? c C}. By Lemma 9.4.9 since ¢, o, ¢y as t — 0 we know that lim;_, pv (C}) = 0 and so we

can conclude that

lim v (C) = 0.

Now we can find some T € (0,1) such that if t < T then py (C7) < ¢/3 and also v ((B; &

By) N8) < ¢/3. Then

DE (1, 00) = [ min{1, da(6r, 6o} dprv + v ((By & Bo) N8)

B;NByNS§
< jmin{l, da (¢, Go} duy + fmin{l, da(¢1, ¢} dpv + pv ((Be & Bo) N8)
(ByNBoN8)\ C? h

€
ggf?w(s)dMV‘FHV (Otz) "‘HV((Bt ABO)HS)

<€f34¢/34¢/3=c¢.

We conclude this section with the following lemma.

Lemma 9.4.11. Let {8,,}52, be a nested exhaustion of M by finite volume sets and suppose that
di1 and dy are metrics on N induced by smooth Riemannian metrics. Then 'D}fg } and 'Df{lg y are

topologically equivalent metrics on M™.

Proof. Both d; and ds are continuous with respect to the given topology on N. This means that
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1
m —
0 T g 1
Figure 9.3: An image of ®,, ;.
they are topologically equivalent metrics and so by Lemma 9.4.10 the result follows. O

Remark 9.4.12. If M is finite volume, such as in the case that M is compact, then there is an
obvious preferred choice to make when choosing the exhaustion, namely simply {M} itself. In such a

case we will always use

D4r(6,%) = [ phyduy = [min{1,d(6, %)}y + v (By 5 By).
M By N By

There are also no choices now when defining convergent e-perturbations or the radius of convergence

except for the choice of metric on N. %)

9.4.3 A representative example

To conclude Section 9.4 we work out an important example which will be referenced

throughout the chapter.

Example 9.4.13. Let ®,,, 4 : (0,1) — R by

@m’k(x) =m:- X(k/m’k+l/m) ((E)

(shown in Figure 9.3) for k,m € N with & < m where xs is the indicator function for the set 8 C (0,1).
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We can see that

[ ®mp=1
(0)1)

for all possible values of £ and m. We will use these functions to construct an example which is
similar to the “traveling wave” example that is common in introductory analysis [32] except that our
example changes height so it always integrates to 1.

Consider the sequence
D1 =Po,1,02 = P2, 03 = P12, 00 = P 3,5 = P1 3,06 = Paz, 7 = Py, ...
(as shown in Figure 9.4) and let ¢¢: (0,1) — R by
¢o(z) =0 for all z € (0,1).

Notice that this sequence does not converge pointwise to ¢g for any point « € (0,1). Also notice

0] 12 1 o] 12 1 ol 325

!

@2 @3 @4 05 ol

13 .2;’:; 1 0] /s .'fo:s 1

Figure 9.4: A few terms of {¢,}. It can be seen that each integrates to 1 and the
“traveling waves” pass over every point infinitely many times, so pointwise convergence is
impossible.
that since the integral of any element in this sequence is 1 we can conclude that this sequence does
not converge in L' (or LP for any p € [1,00]) either (as is mentioned in Remark 9.3.3), but it will
converge with respect to D. This is because the measure of values in the domain which get sent to a

number other than zero is becoming arbitrarily small, so we can conclude that

Jim_ DG 1) (6n, d0) = 0.
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This example shows a case in which we have a family which does not behave well pointwise almost
everywhere or with respect to the LP norm, but it does behave well with respect to D.

Of course, if we replace the indicator function with a bump function we can produce a
sequence of smooth functions which has the same essential properties as these functions. In fact, for
this example we have considered a sequence of functions instead of a continuous family of functions
because it made it easier to describe the sequence, but we could easily extend this sequence to
a smooth (see Definition 9.7.1) family of smooth embeddings of (0,1) into (0,1) x R indexed by

t € (0,1) which has the same properties. %)

9.5 Completeness of M~

9.5.1 Preparation

Below is a collection of various technical Lemmas which are needed for Section 9.5.2. In this

section we will frequently use the alternative expression for D given in Proposition 9.4.4.

Lemma 9.5.1. Let A C M be a measurable finite volume set and let a,b,c € R such that a < b and

€ [a,b]. Suppose that some family of measurable functions {fi : A — RF}e(ap), is Cauchy with
dpk

respect to [, || fe — fs| duv as t — c. Then there exists some f : A — R* such that f, Da, f as

t — ¢ where dgr is the usual metric on RF.

Proof. Tt is sufficient to show the result in the case that a = ¢ =0 and b= 1. For ¢t € (0,1) we know

that f, maps into R* so we may write it into components. Write

fo(@) = (fH (@), f2 (), ., [ ()

Notice for any fixed j € {1,2,...,k} that

k Y2
f”ft_fs” dpv Zf <Z(fti_fsi)2> dpv
A

A i=1

-

A

ftj - fsj dpy
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so we conclude that {ftj}te(o,l) is Cauchy in L*(A) for each j € {1,2,...,k}. Since L'(A) is complete

we know for each j € {1,2,...,k} there exists some function f7 : A — R such that
: J _ £J —
}1_{%{ 7= 7] v =0,

So we define f(z) = (f1(z), f2(x),..., f¥(x)) for z € A. Now, notice that for any x € A we have

S

I fe(x <A ()] -

=1

Finally, notice

DY (fi. f) jmm{l 17 = 11} dyav
< jmin{l,z }ft’ - fi|}duv

k
<> [ minfL|ff = £[} du

=1

M?r
:»gﬁ N

.
I
—

|ff = £] dpv.

Since [,

ftj — fj‘ duy goes to 0 as ¢ goes to 0 for any choice of j € {1,2,...,k} the result follows. O

Lemma 9.5.2. Let a,b,c € R with a <b and c € [a,b]. Let {(¢¢, Bt) }re(ap) € F(M™ (M, R*)) and
(¢, B) € M~ (M,R¥) be such that ¢y 2~ ¢ as t — ¢ and suppose there exists a fived closed subset

P C R* such that ¢;(B;) C P for all t € (a,b). Then

v({z e B|¢(x)¢ P})=0

and thus there exists some (¢', B') ~ (¢, B) such that ¢'(B) C P.

Proof. Without loss of generality assume that a = ¢ =0 and b = 1. Since P is closed notice that for
y € R¥ we have that

inf {dgx(y,p)} = 0 implies y € P
peP



where dgx is the standard metric on R¥. Thus, if we let C = {z € B | ¢(z) ¢ P} and

Cn={zeB] ;gg{de(¢(x>,p>} >27"}

for each n € N then we have that

(@

C = Ch.

n=1

So it will be sufficient to prove that uy (C,,) = 0 for each n € N.

Let 8§ C M be compact and notice that ¢, 2= ¢ as t — 0 implies that
lim D& (éy, ¢) =0
t50  Can8YL '
We know

DE 5 (00,0) = [ min{1,des (61, 6)} dprv + v (B & B)NC,N18)
B:NC,NS8

>27" puy (ByNCpN8) + py ((Cr, \ Be) NS)

=27 uy (C,N8) =0.

This implies that

lim (27" - py (C, NS)) =0

t—0

for any choice of compact 8§ C M which of course means uy (Cy,) = 0 for each n € N.
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O

Lemma 9.5.3. Suppose that p : N — R* is an isometric embedding of Riemannian manifolds

(ie, it preserves the metric tensor) where R¥ is equipped with the standard Riemannian metric and

a,b,c € R with a < b and c € [a,b]. Then given some family {(¢¢, Bt)}ie(ap) € F(M) and ¢ € M we

have that ¢y -2~ ¢ as t — c if and only if (po ¢y) 2= (po ) ast — c.

Proof. Let dy be the natural distance function on N and let dgx be the standard distance on R¥.
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Then we may define a second distance function d on N by

de: N xN—R

(Y1, y2) = drr(p(y1), p(y2))

If we can show that these are topologically equivalent metrics on N then the result will follow by

Lemma 9.4.10. Fix some yy € N and let

b(r)={y € N |dn(y,50) <r}and b*(r) = {y € N | da(y,y0) < r}.

Now notice that in general do < dn (see Remark 9.5.4), so we must only show that given some
arbitrary R > 0 we can find some r > 0 such that b*(r) C b(R).
Since b(R) C N is an open set and p is an embedding we can find some open set U C R*

such that U N p(N) = p(b(R)). Now since U is open and p(yo) € U we can find some r > 0 such that

{2 € R* | dge (2, p(yo)) < r} C U. (9.3)

Now let y € b*(r). Then we can see that Equation (9.3) tells us that p(y) € U. Clearly
ply) € p(N) so p(y) € UNp(N) = p(b(R)). Since p is injective we now know that y € b(R). Thus

b%(r) C b(R).

Remark 9.5.4. An isometric embedding of Riemannian manifolds preserves the metric at each
point, so it will preserve the length of curves, but often the shortest path between two points in
p(N) C R (a straight line) is not contained in p(N). This means that even though p preserves the
metric the images of two points in R* may be closer than those two points are in N and this is why

dy < dy in the proof above. %)
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9.5.2 Proof that (M~,D) is complete

The goal of this section is to prove that (M~ D?sn}) is a complete metric space for any
choice of an exhaustion of M by finite volume sets {8, }°2; and metric on N induced by a complete
Riemannian metric d. To do this we first have to prove several lemmas. We will start by considering
mappings restricted to a compact set and indexed by (0, 1), but later it will be easy to generalize
this to all of M by using a compact exhaustion and to arbitrary intervals. The first lemma proves

the theorem in the special case that N = R¥ and all maps have the same domain.

Lemma 9.5.5. Fiz some compact set 8 C M and let {(¢¢,8)}e(0,1) € F(M(M, R*)) be a family

which is Cauchy with respect to @ng as t — 0. Then there exists some ¢g : 8§ — R, unique up to ~,

de
such that ¢, D, ¢o ast — 0.

Proof. The proof has five steps. Figures 9.5 and 9.6 show how the proof works in a specific case.
Step 1: First we will define a new family {(¢},8)}1e(0,1) € F(M) for each n € N. Since

{(#t,8)}1e(0,1) is Cauchy with respect to Dg“k for each n € N pick some T;, € (0,1) such that
ST = D (9 dr,) <27 (9.4)
Now for each n € N we can define a new family {(¢},8)}se(0,7,,) by
¢i() if |¢e(x) — o, (2) || < /2

or, (z) + W% otherwise.

Step 2: Next we will show that each family {(¢7,8)}ie(0,7,) converges in Dng. Notice for

any t,s < T, we have that ||¢}(z) — @(x)“ < 1 so in fact we have that

D (@7, 00) = [ |67 = 9x| duv.
8

1Recall that the functions in Example 9.4.13 are labeled in the opposite order for convenience.
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Figure 9.5: Applying the proof of Lemma 9.5.5 to Example 9.4.13. In Step 1 we choose
T, = 12 because'in this case ¢12 satisfies Equation (9.4) for n = 2 and we restrict each
mapping to have values within the shaded area (within a distance of 1/2 from ¢r,) to
produce the family {(47,8)}. In Step 2 we find the limit of those functions to define ¢3.
At the points in which this function takes values on the boundary of the shaded area we
can see that the family is approaching a value outside of the shaded area, so in Step 3 we
remove these points from the domain to form ¢3.

B N
¢14

2
14

BN N
P25

b3

Figure 9.6: Two examples in which the maps are restricted to find the limit #3 in Steps 1
and 2 of the proof of Lemma 9.5.5. In each case we start with ¢; and create ¢, by changing
the function to have only values with a distance less than /2 to ¢p,.
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Since for any « € 8 we have that [¢:(z) — ¢s(2)| > ||¢7 (x) — 7 (2)|| we know
DG (61, 05) > D& (07, 87) = | |[6F — 62| duv
s

and since {(¢¢, 8)}1e(0,1) is Cauchy with respect to Dng we now know that {(¢}, 8)}e(0,7,) is Cauchy
with respect to [5 ||¢F — @7 || duv. Thus by Lemma 9.5.1 we know that for each n € N there exists a
map ¢f : § — RF suchthat@&@ast%().

Step 3: In this step we will define ¢ for each n on all but a subset of measure less than

27"+2 of 8. Let

By ={x €8] ¢, (=) — ¢f(x)|| < V/a}.

Now define

o5 = &g lsp : By — R”.

Now we will show that ¢f is defined on all but a small subset of 8.

Let € > 0 and pick some t < T}, such that ZDZRI" (67, ¢5) < . Then
d - d — Aoy = =\ o
D™ (¢, 95) < D™ (¢1,, 97) + D™ (97, 0) <27" +¢

for all € > 0 so we may conclude that Dng (¢, ,¢8) < 27™. Next also notice that since 8 \ By C §

we know that

_ — 1
DY (¢, 95) > [ min{l, |, — F [} duv > 1iv (8\ BF).
S\ Bl

This means that uy (8 \ BY) < 272, Since By C 8§ we conclude that py (Bf) > py (8) — 2772

So if

wy <S\DBSL>=Q>O

n=1
the we would have a contradiction because we can choose some n € N such that 272 < @. Thus

we have that
v <5\ U B(’f) =0.
n=1

Step 4: Next we must show that the limiting functions are equal on the overlap of their
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domains. That is, we must show for any m,n € N that ¢{*'(x) = ¢ (x) for almost every x € Bf* N B{.

Our first step towards this goal is to define
By ={z € By | ||ér, (2) — 6} (2)]| = V/2}

and show that

lim oy (E7') = 0

for all n € N.

Since E}' C By we know that for any « € E}* we have that

o, () — G (@) > 172

and also that

[ér, (2) = 8 (2)]| < Va.

Thus we may apply the triangle inequality to notice that
Hqﬁif(x) - qST}(x)H > 1/4 for x € E}.
Now we just notice that since E}' C 8 we have

S S — 1
D5 (7. 08) 2 | |67 — 86| duv > Juv (B]).
I

Thus we conclude that lim; o py (Ef) = 0, as desired.

Now let C = {x € B"NB™ | ¢f(x) # ¢ (x)} and we will show that uy (C) = 0 to complete

this step. Notice that for any z € C'\ (E} U E®) we have that ¢ (x) = ¢[*(z) = ¢¢(x). Notice

jmin{l7
C

C\ (B N EY)

= pv (E}) + pv (E") .

(67 — G771} dpy < pov () + oo () + [ min{L, |37 — 37} dpay
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Then, since 0 < [, min{1,

&F — o7 ||} dpv < pv (EY) + py (Ef™) and the right side decreases to

zero as t — 0 we conclude that

lim [ min{1, [#f — 67"} dpy = 0
C
so lim;_,q 'D?*k (67, ¢7*) = 0.

Finally, by the triangle inequality
dok  in m Aok / n Aok o dok == .m
D" (65, 95") < D™ (65, 01) + D" (07, 0F") + D" (87", 65")

and we know each term on the right goes to zero as ¢t — 0. Since ¢t does not appear on the left side

we may conclude that

DE (8, 08) = [ min{1, 6f — 6"} dpv = 0.
C

Notice that the function min{1, ||¢§(x) — ¢7*(x)||} is strictly positive on C, so since integrating it
over C yields zero we conclude that py (C) = 0.

Step 5: In this step we will define the map ¢g : § — R* and show that it is the unique limit.
Now define

¢o(x) = ¢f (x) for any n such that © € B

This map is well defined almost everywhere because the ¢g are equal almost everywhere on the
overlap of their domains and US%; By covers almost all of 8.

Now we must show this is the limit. Since we already know that {(¢¢, 8)}.e(0,1) is Cauchy
it is sufficient to choose a subsequence and show it converges to ¢y. We will consider the sequence

{(¢r,,8)}5%,. Fix some € > 0 and pick N € N such that 2772 < ¢/3 for all n > N. Now for each
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n > N pick ¢, € (0,T},) such that iDng (¢, dy) < ¢/3. Then for any n > N we have

d d — FI—— dop ——
D (o1, 00) < D™ (o1, 07 ) + D™ (67, 05) + D™ (dg, bo)
<27 fef3 272

< E.

dpk dpk
Thus we conclude that ¢, Ds ¢o as t — 0 and thus ¢ Ds oo as t — 0. To show
gk
that this is unique suppose that there exists some other ¢} : 8§ — R* such that ¢, Ds ¢past— 0.

Then for any compact set 8’ C M and t € (0,1) we have that
d d d
D" (b0, d) < D™ (¢0, ¢1) + D™ (¢, ¢p) — 0 as t — 0

since both have domain 8, so ¢g ~ ¢}.

O

For the next step we will continue to focus on a single compact set and the case in which

N = RF, but this time we will allow the domains of the functions to vary.

Lemma 9.5.6. Fiz some compact subset 8 C M. Any family {(¢¢, Bt) }re(0,1) € F(M(M,RF)) which
is Cauchy with respect to Dng as t — 0 also converges with respect to DZR’“ ast — 0 to some
b0 : By — RF where By C 8. Moreover, among maps in M with domains a subset of 8 that share this

property, (¢o, Bo) is unique up to ~.

Proof. Let {(¢4, B)}re(o1) € F(M™(M,RF)) be a family which is Cauchy as ¢ — 0 and define

7 RF — RF via w(ay, ..., 25) = (0,21, ...,25). Now, for each t € (0,1) define ¢; : 8 — R¥1 by

~ 1,0,...,0) ifz¢ B,
¢i(x) = ( : ?
(e (x)) if z € B;.
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Notice that for all s,¢ € (0,1)

min{l, [|¢¢(z) — ¢s(2)||} iz € B, NBs

(@) = @)} =4 1 ifse B A B,

0 if 2 ¢ B, U B,.

Thus for s,t € (0,1) we have that

DG (60, 64) jmm{l dr — 0|} duy

:jmin{l, (;/5;—&); }duv+flduv+f0duv
B;NB,N8 (By & Bs) NS\ (By U By)

= [min{1, | ¢ — 6|} duv + v ((B: & B NS)
B;NB;N§

= D& ¢y, 6.

Now we can see that {q?t, 8}ie(0,1) must be Cauchy as well. Since these are all functions into R+ with

the same domain we can invoke Lemma 9.5.5 to conclude that there exists some limit ¢>0 § — RFHL
Rk+1

which is unique up to ~ such that g 2, b as t — 0. Since K = 7(R¥) U {(1,0,...,0)} is a

closed subset of R¥! we can invoke Lemma 9.5.2 to conclude that we may assume that %(S) C K.

This allows us to define (¢g, By) in the following way. Let

By ={z €8 | ¢o(x) # (1,0,...,0)}.
So for any x € By we know that g/bz(x) € 7(R¥), which means that we can define

b0 : By — RF

e (@)

Rk+1

Since ngk (¢4, po) = Dy G+t (¢1, gbo) we can see that ¢, —5— ¢o implies that ¢; ~——+ ¢o and we

know that ¢q is unique up to ~ because ¢0 is.
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Finally we will expand to consider all of M instead of just a single compact set, but we will

still only consider N = R¥.

Lemma 9.5.7. (M~ (M,RF), D) is complete. That is, if {8,}5% is any nested finite ezhaustion of

M then (MN(M, R¥), D?g’l}) is a complete metric space where dgr is the standard metric on RF.

Proof. Tt is sufficient to show that families indexed by (0,1) which are Cauchy as ¢ — 0 also
converge as t — 0. Let {(¢s, Bt) }e(0,1) € F(M™(M,R¥)) be Cauchy with respect to D?“gi}. From
Proposition 9.4.6 we know that this means for all compact 8§ C M this sequence is Cauchy with
respect to Dng and from Lemma 9.5.6 we know that this means for each compact § C M we have
some ¢§ : B§ — R* where B§ C § such that (¢§, BY) is unique up to ~. Let {8,}2°; be a nested

compact exhaustion of M and now we would like to conclude that for n < m we have that

(63 s, B3 01820 ~ (65 BE)

Notice that

dgk dgk m dgk m
D (5™ 1s,,, 00) = DG (5™, de) < DG (6™, 1)

because 8,, C 8,,. Since Dgﬁf (¢§’",¢>t) — 0 as t — 0 we know that @g“ik ((bé’"

$.,$t) = 0ast— 0.
From Lemma 9.5.6 we know that such a limit with domain a subset of §,, is unique up to ~. Thus

S, ~ (;53”. This means that the symmetric difference of their domains has zero

we conclude that ¢g™
volume, so py ((Bg A Bg ™) N Sn> =0, and also they are equal almost everywhere on the overlap

of their domains. So now we can define By = UZO=1 Bg " and ¢g : By — R¥ almost everywhere by
do(x) = ¢5" () where z € 8,,

dpk
and this is well defined. Since ¢ ('D—‘Jz—> oo as t — 0 for all §,, in a compact exhaustion of M we

know by definition that ¢y —2— ¢g as t — 0. O

Now we are ready to prove that (M~ D) is complete.

Lemma 9.5.8. Suppose that {8,}°2, is a nested exhaustion of M by finite measure sets and that d
is a metric on N induced by a Riemannian metric. Then (MN, Df{lsn}) is complete if and only if

(N,d) is complete.
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~

o

Figure 9.7: {ét}te(o,l) is a family of maps into R¥.

Proof. Tt is sufficient to show that Cauchy families indexed by (0,1) converge as t — 0. First assume
that (N,d) is complete and let {(¢¢, B;)}ic(o,1) € F(M) be Cauchy as t — 0. Now, by the Nash
embedding theorem [59, Theorem 3] we know there exists an isometric embedding p : N — R* for
some k € N. In fact, since N is a complete Riemannian manifold we can choose p to have a closed
image [58, Theorem 0.2].

Let dy denote the distance on N induced by the metric and let drr denote the standard

distance on R*. Notice for y1,y2 € N we have that

drx (p(y1), p(y2)) < dn (Y1, y2)- (9-5)

(See Remark 9.5.4). Define

(th Z:po(thBt—)Rk
as is shown in Figure 9.7. From Equation (9.5) above we know that

DI (31, 8s) < Db, 64)

for all compact 8 C M so we can conclude that {(¢;, Bi}ie(o,1) is also Cauchy with respect to D. By

Lemma 9.5.7 we know that there exists some ¢y : By — R¥ such that ¢; 2= ¢y as t — 0 and by
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Lemma 9.5.2 we can conclude, up to measure zero corrections, that

$0(Bo) C p(N).

Thus we may define

qf)o SipiloqgolBog)N.

By Lemma 9.5.3 we know that ¢, -2 ¢ as t — 0 implies that ¢, -2 ¢ as t — 0 and so we can
conclude that the Cauchy sequence converges.
It is easy to see that if N is not complete then M™ is not complete. Consider a sequence of

constant functions {¢; : M — N };¢(0,1) such that

¢t($) =Ut

where y; is a Cauchy family in N which does not converge.

O

Theorem 9.3.1 follows from Proposition 9.4.8, Lemma 9.4.11, Lemma 9.5.8, and the fact that

every manifold admits a complete Riemannian metric [60, Theorem 1].

9.6 Almost everywhere convergence and D

We already have a definition of convergence in distance, so in this section we will define
and explore the properties of a way in which these maps can converge pointwise almost everywhere.
To talk about convergence of a family in F(M) we must have both the domains and the mappings
converge. First, we will describe the convergence of the domains.

Let a,b,c € R with @ < b and ¢ € [a,b]. Now let {B; C M };c(a) be a collection of

measurable subsets of M. Recall the limit inferior and limit superior of a family of sets, given by

lim(B;) = U ﬂ B, (9.6)

i—e 5€(0,1) | te(a,b),
[t—c|<d
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and

m(B,) == ) U B (9.7)

t—c
§€(0,1) \ te(a,b),
[t—c|<d

respectively. So the limit inferior of the family is the collection of all points which are eventually
in every B; as t — ¢ and the limit superior is the collection of all points which are not eventually
outside of every B;. Clearly it can be seen that lim(B;) C lim(B;). We say that the family converges

if these two sets only differ by a set of measure zero. That is,

Definition 9.6.1. Let a,b,c € R with a < b and ¢ € [a,b] and let {(¢¢, B¢) }re(ap) € F(M). If

o { T80 \ (B} =0

t—c

we say that the collection of sets {B;}ie(ap) converges to lim, , (B;) ast — c or {(¢¢, Bt) }re(ap)
has converging domains as t — c. Furthermore, if {[¢¢, Bt]}ie(a,p) € F(M™) is such that {Bi}ie(a,p)

converges for one choice of representative we say it has converging domains.

Remark 9.6.2. Notice that any nested family of subsets will converge by this definition. For a,b € R
with a < b let {B;}ie(q,5) be a family of subsets such that for s, € (a,b) we have that s < ¢ implies
B; C Bs. Then

hith:}iith: U B;.
—a

i—a te(a,b)

Remark 9.6.3. Notice that if {[¢:, Bt]}ie(ap) € F(M™) has converging domains as t — ¢, for
a,b,c € Rya < b, c € [a,b], then we can always choose some collection of representatives {(¢}, B}) €

(64, Bi]}te(ap) such that lim B; = lim B, where both limits are taken as t — c. %)

Now that we understand the convergence of domains we are prepared to describe almost
everywhere convergence in M. Let a,b,c € R with @ < b and ¢ € [a, b]. Notice that if x € lim, , .(B;)
then there exists some § > 0 such that if ¢ € (a,b) and |t — ¢| < 6 then x € B,. This means that

¢¢(x) exists for such ¢ so we may ask if {¢¢()}ie(a,b)n(c—s,c+5) cOnverges as a family of points in N
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as t — c¢. If it does converge than we have a limit

lim ¢ (z)

t—c

and thus we arrive at Definition 9.3.4.

Remark 9.6.4. Here it is important to notice that the limit (¢, B) from Definition 9.3.4 is not
unique in M but by Corollary 9.6.7 we know it does represent a unique element in M"~. Furthermore,
given {[¢¢, Bt]}te(ap) € F(M™) we can create a family in F(M) by making a choice of representative
for each t € (a,b). If a choice exists such that the resulting family in F(M) converges than we say
that {[¢¢, Bt]}te(a,p) converges almost everywhere pointwise. Corollary 9.6.6 shows that any limit
computed in this way gives the same element of M™. In such a case we would write [¢;] 2> [¢o] as
t — c. Note that the existence of one choice of representatives which converges does not guarantee

that all choices will converge. %)

We are now ready to prove Theorem 9.3.5.

Proof of Theorem 9.3.5. 1t is sufficient to prove for families indexed by (0, 1) and limits as t — 0. Let
{8n}52, be a nested exhaustion of M by finite volume sets, (¢, B) € M, and {(¢¢, B¢) }1e(0,1) € F(M)
such that ¢, 2¢5 ¢ as t — 0. For the duration of this proof let lim(B;) denote lim, ,,(B;) and
lim B; denote lim;_,¢ B;.

Recall that for # € B we have that z € lim B, and ¢;(x) — ¢(x) as t — 0 by Definition 9.3.4.

Thus

lim pf}, () = lim min{1, d(¢1(), ¢(x))} = min {1, d (}i_r)l(l) o), qb(ac)) } —0.

t—0

Also notice that for any x € M \ lim B; we know that = ¢ B and also for small enough ¢ we know
x ¢ By. That is, there exists some T € (0,1) such that ¢ < T implies that = ¢ B, so for such ¢t we

have that © ¢ B U B;. This means that for ¢ < T we have that pgm(m) = 0. Thus

. g
lim p, () = 0

for any z € M \ lim B as well. Every z € § must either
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1. be in B or M \ lim B; and thus satisfy limp‘j)td)(:t) =0ast— 0
2. be in lim B, \ By, which is a set of measure zero.

This means that pgt ¢ — 0ast — 0 pointwise almost everywhere. Also notice that each pgt o 18
bounded by the constant function 1, which is integrable on M because vyg,; (M) = 1. These two

facts allow us to invoke the Lebesgue Dominated Convergence Theorem to conclude that
. d : d < od
lim Dfs (60, 6) = lim [ pf, ¢ dvys,y = [ limpf , dvgs,) = 0. O
M M

Remark 9.6.5. Notice that the converse of Theorem 9.3.5 does not hold. We know because of

Example 9.4.13 in which the family converges in D but not pointwise almost everywhere. %)

The following two results are a consequence of Theorem 9.3.5 and the fact that (M™, SD?S”})

is a metric space.

Corollary 9.6.6. Almost everywhere pointwise limits of families in F(M™) are unique in M~ . That
is, let a,b,c € R witha < b and ¢ € [a,b]. Now suppose {[¢¢, Bi|}re(ap) € FOM™), (of, BY), (67, BF) €
[¢¢, By] fort € (a,b), and (¢*, BY), (¢?, B%) € M such that (¢%, B}) % (¢%, BY) ast — ¢ fori=1,2.

Then [¢*, BY] = [¢?, B?] in M~ .

Proof. Let {[¢¢, Bi]}ie(an), (01, Bt), (67, BE), (¢*, B), and (¢?, B?) be as in the statement of the
Corollary. Thus for any choice of a nested exhaustion of M by finite volume sets {S,,}52 ,, a complete

metric d on N which is induced by a Riemannian metric, and ¢ € (a,b) we have that

0< DY, 1(0",¢%) < DY, 1(0", 61) + Dis 1 (01, ¢7) + Dis 1 (7, 7).

The middle term on the right side is zero because (¢}, B}) ~ (¢?, B?) and the remaining terms both

approach zero as t — ¢ because (¢i, Bf) 2= (¢, B') € M~ as t — ¢ by Theorem 9.3.5. O

Corollary 9.6.7. Almost everywhere pointwise limits of families in F(M) are unique up to ~. That
is, suppose that a,b,c € R with a < b and c € [a,b] and further suppose that {(¢¢, Bt)}re(ap) € F(M)

and ¢, ¢ € M. If ¢y 2> ¢ and ¢y 2> ¢ then ¢ ~ ¢'.
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Figure 9.8: A figure of the relevant maps when defining a smooth family of embeddings.

9.7 Families with singular limits

We will be considering one parameter families of mappings in F(M"). For this type of family

we can adapt the definition of smoothness from [74] which is visualized in Figure 9.8.

Definition 9.7.1. Let a,b € R with a < b. We say that a family of smooth maps {(¢¢, B:) }1e(ap) €

F(M) is smooth if:
1. each element of {B,;} is a submanifold of M;
2. there exists a smooth manifold B and a smooth map g : (a,b) x B — M such that

(a) the mapping g; : b — g(t,b) is a smooth immersion;

(b) for each t € (a,b) we have g,(B) = B;.
3. the map (¢,b) — ¢; o g;(b) is smooth.

Despite the choice of terminology, it is unknown if this sense of smoothness implies that the

family is continuous with respect to the topology on M.

Definition 9.7.2. We say that a smooth family {(¢¢, Bt)}te(ap) € F(Embe (M, N)) has a singular

limit if either

1. the family does not converge in D as t — a;
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2. there exists some ¢y € M such that ¢, 2= ¢ as t — a but [¢o] ¢ EmbZ (M, N).

In Case 1 we say that the singularity is essential because Theorem 9.3.8 assures it cannot be removed

by arbitrarily small changes.

Recall the function rf{isn} : F(M) — [0, 00] from Definition 9.3.7. This function quantifies
how far a family is from converging by measuring how much each embedding must be changed in

order to create a new family which does converge. It is straightforward to show that r is surjective.

Proposition 9.7.3. For any q € [0, 00] there exists some choice of manifolds M and N, an ezhaustion
{8,152, of M, a distance d induced by a complete Riemannian metric on N, a,b € R such that

a < b, and a smooth family {(¢¢, Bt)}re(ap) € F(M) for which r?sn}({(gbt, Bi)}e(ap)) = ¢

Proof. From the existence of families of embeddings which do converge we know that 0 is in the image
of r. Also, notice that if ¢; : (0,1) = R, ¢¢(z) = (Y/¢) sin(Y/¢) then T?gn}({((btth)}te(a,b)) = o0.
Pick some ¢ € (0,1) and let ¢, : (0,3¢) — R for t € (0,1) via

xT

1
= 5o + 30

Pu(z)
So in this case By = (0,3q) for all t, a =0, b = 1, M = (0, 3¢g) with the usual measure inherited from
R, and N = R with the usual distance. Since M is finite throughout this example let D := ZD?M}
and r := T?M} where d is the standard distance on R. Notice that if we perturbed this family to
converge to some limit which did not have (0, 3¢) as its domain we could change the domain of the
limit to (0,3¢) and have a smaller perturbation. So we can assume that the domain of the limit is
(0,3q). Suppose that we wanted to change this family so it converged to some map ¢q : (0,3q) — R.

We can see that the ¢; oscillate to the left and right, so let

and
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Now let

so that ¢;, = ¢r and ¢, = ¢g for all n € N. Notice

d(ér(x), dr(2)) = 2/3
for all 2 € (0, 3q) so
(oL (x), o(x)) + d(¢o(x), Pr(z)) = %5,

Clearly this implies that

min{1, d(¢r(x), po(x))} + min{l, d(¢o (), ¢r(z))} = %3

and so integrating each side over (0,3q) gives

D(or, ¢o) + Do, dr) = 2¢q

so one of the two terms must be greater than or equal to q. Without loss of generality suppose that
D(ér,d0) = q. In such a case choose any € > 0 and find some T' € (0,1) such that ¢ < T implies
'D(qgt, ¢o) < € where {@} is any family which converges to ¢y. Then pick some n € N such that

l, <T and let t =1,,. Now

D($t, ¢1) + D(be, do) = D(¢y, bo)

0 D(¢y, d1) = q — € for all £ > 0. This allows us to conclude that r({(¢¢, B:)}) > q.
Now let q?t : (0,39) — R with é)}(x) = 9“3—[1 be a family of maps which is clearly smooth and

has limit ¢o(z) = 5. Now notice

D(r, &) = [ min{1, d(¢y, 6)} dpy = g [sin(1/e)| < q

(0, 39)

and it is important to notice that D(¢, gi:t) = ¢ is achieved infinitely often. Thus we know that

r({(¢¢, Bt)}) < ¢ so in fact we know that r({(¢:, Br)}) = ¢. O
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It it unknown if having zero radius of convergence is independent of the chose of parameters
d and {8,}22; (see Section 9.8.2). In the case that T?Sn}({(@, Bi)}) = 0 we say that the family has

a removable singularity with respect to CD?SH}. Now we are prepared to prove Theorem 9.3.8.

Proof of Theorem 9.3.8. Suppose that {(¢¢, Bt)}ie(ap) € F(M) and r({(¢¢, Bt) }re(ap)) = 0. Fix
some compact § C M and we will show that {(¢¢, Bt) }+e(a,p) is Cauchy with respect to Ds.
Fix some € > 0. Let 6 = ¢/4 and since 7({(¢¢, Bt) }te(ap)) = 0 define some other family

{(?, ,BSE)} such that
1. D(qﬁt,@) < ¢ for all t € (a,b);
2. B, = E? for all ¢t € (a, b);
3. there exists some Zﬁ € Emb (M, N) such that és? Ay ;ﬁ ast — a.

From Theorem 9.3.5 and item (3) above we know that
0 D 5
P == ¢

as t — a so we can choose some T € (a,b) such that t < T implies Dg(¢?, %5) < 4. Finally, we can

conclude that for any ¢, s < T we have that

DS(¢ta ¢S) < DS(¢1§7$§) + D8(¥§a;&§) + DS(%#%E) + 98(@7 (bs)

<46 =e.

This means that {(¢¢, Bt)}ie(a,p) is Cauchy as t — a for each Dg so by Proposition 9.4.6 we know
that it is Cauchy with respect to D as t — a. Finally, since (M™,D) is complete by Theorem 9.3.1
we can come to the first conclusion of this Theorem.

Now we will show the second claim. Suppose that the domains satisfy the required property
for T € (a,b) and that ¢, 2~ ¢g as t — a. Fix € > 0 and find some T} € (a,T) such that s,t < T}
implies that D (¢, ¢s) < . Now let B : (a,b) — [0, 1] be a smooth bump function such that B(t) =0

for t > Ty and b(t) =1 for ¢ < Ti+a/2. Now define f : (a,b) — [T1+a/2,b) via

T +a

f(t) = (1—B(t))t+B(t) 5
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Finally let

b = b1 B,

and notice that {(qi, By)} is a smooth family satisfying ggt 2L dry )y as t — a. By the choice of
T; we can see that for all t € (a,b) we have D(¢, qgt) < €. Also, because of the requirement on the

domains we know that B; C By(;) and thus g;t : By — N is defined on all of B;.

Remark 9.7.4. It is natural to wonder if r({(¢¢, Bt)}+e(ap)) = 0 implies the family must in fact
converge pointwise almost everywhere in M™~. The answer to this question is no; again consider
Example 9.4.13. The functions in Example 9.4.13 converge in D and all have the same domain so
we know that T?Sn} = 0 for these functions, but we also know that they do not converge pointwise

almost everywhere. %)

9.8 Further questions

9.8.1 Approaches to prove a converse to Theorem 9.3.8

Now we have set up all of the machinery to begin to explore the converse of Theorem 9.3.8
in the case that the domains are not restricted to shrink or stabilize eventually. That is, we will

outline some potential avenues to answer the following question.

Question 9.8.1 Is it true that {(¢¢, By) }re(a,p) —2— ¢o implies that r‘{isn}({(qﬁt, Bi)}e(ap)) =07

There are two approaches in the general case: we can attempt to extend embeddings or we

can smooth singular limits by understanding the singularities locally.

Extending embeddings to remove singularities

This follows the method used to prove the partial converse direction of Theorem 9.3.8
given in the statement of the theorem. The idea is that if {(¢¢, By)}ie(ap) 2= do as t — ¢ (for

a,b,c € R,a < b,c € [a,b]) then in order to get an e-perturbation of {(¢:, B:)}ie(a,p) We choose
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some T € (a,b) such that s,t < T implies that 'D‘fsn}(qbt,(és) < €. Then, just as in the proof of
Theorem 9.3.8, we must smoothly change the family so that ¢ < % implies that (% = ¢% . The
difficultly here is dealing with the domains. If lim By ¢ B T then this idea we have outlined will not
define an embedding with domain all of By, so this embedding would have to be extended. It is
important to notice that uy (Bo A B Tia ) < ¢ and so the embedding can be defined in any way on
the extension, as long as it does not change on B Tia. Thus, this questions comes down to asking
when an embedding of some subset of M can be extended to a larger domain in M. Extending
embeddings or smooth maps has been of independent interest for many years. See for example the
Tietze Extension Theorem [32, Theorem 4.16], the Whitney Extension Theorem [81, Theorem I}, and
the Extension Lemma [52, Lemma 2.27]. For a collection of more recent work in extension problems

see [9].

Removing singularities locally

The basic strategy is the following. Suppose for a,b,c € R,a < b, ¢ € [a, b] that

{(¢1, Bi) he(ap) € FM)

satisfies ¢y 2= ¢ as t — a for some ¢ € M and suppose further that § C B is a closed subset of M
containing all of the singular points of the limiting map ¢ and that eventually 8§ C By for all ¢t. That
is, we assume that

dlp\s : B\ 8 = N

is an embedding and there exists some T' € (a,b) such that ¢ < T implies 8 C B;. Then for some
neighborhood of § we can define (Z by ¢¢, restricted to that neighborhood for some small enough
to € (a,b). Then to define 5 outside of a slightly larger neighborhood of 8 we simply use ¢ unchanged.
We must then connect these two pieces in a way which makes the result an embedding. Finally each
¢+ can then be changed on a neighborhood of § to converge to ¢, and outside of that neighborhood
they converge to ¢ = 5 already. A schematic of this idea is shown in Figure 9.9. The difficulty comes
when we must connect the two embeddings; it is well known that partition of unity type arguments

can be used to smoothly transition between two smooth maps [52] but in this case we must also
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$0(S)
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Figure 9.9: The strategy is to connect the embedding ¢;, with the map ¢ which is an
embedding away from 8. In this way we are able to avoid the singular part of ¢ while only
changing it slightly on a small set.

preserve the embedding structure.

9.8.2 Implications of a positive answer to Question 9.8.1

If the answer to Question 9.8.1 were yes, then there are several implications. First, we will
have a new characterization of families with removable singularities, namely these are exactly the
families which converge in D. Second, there is then an easy proof that T?Sn}({(@, Bi)}) = 0 does
not depend on the choices of {8,}22; and d. The proof is the following:

Let {8,152, {8,152, d, and d’ be choices of finite exhaustion and metric. Suppose that

a,b € R with a < b and {(¢¢, Bt) }ie(a,p) € F(M) is a smooth family such that

T?Sn,}({(¢tht)}te(a,b)) =0.

Then by Theorem 9.3.8 we know that limD‘fsn}(@,qﬁ) = 0ast — a for some ¢ € M. By
Theorem 9.3.1 this means that lim fols, }(qﬁt, ¢) = 0 as t — a and thus by the assumed positive

answer to Question 9.8.1 we know that 7’?;, y({(¢¢, Be) be(apy) = 0.

9.8.3 Applications in symplectic and Riemannian geometry

In [67] the authors produce a metric on the space of toric integrable systems. An integrable
system is a 2n-dimensional symplectic manifold (M, w) along with a map F': M — R™ such that the

components of F' Poisson commute and are independent almost everywhere. The metric defined in
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the present chapter could potentially be used to define a metric on more general spaces of integrable
systems, as long as those systems could be viewed as subsets of the same manifold.

It would be interesting to study Question 9.8.1 restricted to a specific type of embedding. For
example, thinking back to the original motivation from Section 9.1, one could consider whether this
is true for the collection of symplectic embeddings where the original smooth family {(¢¢, Bt) }te(a,b)
consists exclusively of symplectic embeddings and the perturbed family {(é)}, E)te(a,b)} from the
definition of the radius of convergence is also required to be symplectic. Resolving singular points
of symplectic manifolds is related to this in spirit and has been studied extensively such as in [54].
Symplectic manifolds have been shown to admit a high degree of flexibility (see for example Moser’s
Theorem [57] or Darboux’s Theorem [10]) although Gromov’s nonsqueezing theorem [35] represents
a level of rigidity that symplectic embeddings do need to respect. One could also consider the case
of isometric embeddings of Riemannian manifolds, even in the case of M(R, R?). Clearly studying
further types of embeddings would be enlightening as it would allow us to gain a greater understanding
of the rigidity of these structures. Indeed, it is the purpose of this chapter to create a foundation off

of which many types of families of embeddings may be studied.

Acknowledgements. Chapter 9, in full, is comprised of material submitted for publication
by the author of this dissertation as Metrics and convergence in moduli spaces of maps. currently

available at arXiv:1406.4181 [62].
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Action-Angle theorem, 19

admissible measure, 41

admissible packing, 173

admissible semitoric packing, 179
affine invariant, see polygon invariant

almost everywhere locally free, 159

blowdown, 28
blowup, 28

blowup/down, 120

commute fake and Delzant corners, 84

convergence

almost everywhere pointwise, 196, 221

convergenct perturbation, 196
in D, 195
sets, 222

corner chop, 83, 172

Cotangent bundle, 10

Darboux theorem, 10
Delzant
corner, 34
polytope, 27

triangle, 102

equivariant Gromov radius, 151, 155
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everywhere finite height, 36

fake corner, 34
fan, see also toric fan, 80

four fan transformations, 83

Gm; <G, 35
Gromov radius, 14, 15

equivariant, 155

Hamiltonian
dynamical system, 16
flow action, 159
group action, 12, 159
vector field, 16
harmonic oscillator, 18
Hessian, H,, 22
hidden corner, 34

Hirzebruch trapezoid, 102

integrable system, 17
and group actions, 159
semitoric, 30
simple semitoric, 30

toric, 27, 58, 161

labeled Delzant semitoric polygon, 35



labeled weighted polygon, 33
Lagrangian submanifold, 11

linear summable sequence, 40

my, 31
metric on maps, 194
minimal models
toric, 80, 102
moduli space of maps, 191
momentum map
actions vs. integrable systems, 18
of a group action, 13, 159

of an integrable system, 17

non-degenerate singular point, 23

non-squeezing theorem, 14, 15

penalty function, 191
Poisson bracket, 17

polygon invariant, 32

Q(T,M), 21

quadratic form, 21

removal of hidden corner, 84

reverse corner chop, 83

semitoric
ball packing, 166
blowup/down, 120
completion of moduli space, 45, 62
embedding, 166

fan, 81, 111

integrable system, 30
invariants of system, 36
isomorphism, 30
list of ingredients, 36
manifold, 30
metric, 45
optimal packing function, 182
packing capacity, 152, 166
radius capacity, 187
special cases of metric, 46
singularity
elliptic, 30
focus-focus, 30, 32
smooth angle, 182
standard semitoric fan, 83, 105
straightening map, 165
symplectic
ball, 14, 153
capacity, 15
category, 15
cylinder, 14, 153
embedding, 14, 231
form, 8
G-capacity, 169
G-embedding, 153
generalized G-capacity, 153
group action or G-action, 12, 153
manifold, 8

(T* x R4=F)-capacity, 155
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symplectomorphism, 8

tame, 154

tautological form, 10

Taylor series invariant, 32

toric
ball packing, 162
blowup/down, 119
fan, 28, 78, 80, 97
integrable system, 27
optimal density function, 162
variety, 80

twisting index invariant, 32

equivalence of, 42

volume invariant, 36

Williamson type, 26
winding number, 96, 123

winding number (of vectors), 85

zero section, 12
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