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Abstract

Temporal logic specifications for hybrid dynamical systems
by

Hyejin Han

This dissertation focuses on developing tools for certifying temporal logic
properties in hybrid dynamical systems that combine continuous and discrete
dynamics. In particular, operators, semantics, characterizations, and solution-
independent conditions to guarantee temporal logic specifications for hybrid dy-
namical systems are presented. Hybrid dynamical systems are given in terms
of differential inclusions — capturing the continuous dynamics — and difference
inclusions — capturing the discrete dynamics or events — with constraints. State
trajectories (or solutions) to such systems are parameterized by a hybrid notion of
time. Characterizations of temporal logic formulas in terms of dynamical proper-
ties of hybrid systems are presented — in particular, forward invariance, conditional
invariance, and finite time attractivity. These characterizations are exploited to
formulate sufficient conditions assuring the satisfaction of temporal logic formulas
— when possible, these conditions do not involve solution information. Notions
for specifying dynamical properties of systems with robustness to perturbations
are proposed. Characterizations of basic signal temporal logic formulas are pre-
sented. Combining the results for formulas with a single operator, ways to certify
more complex formulas are pointed out, in particular, via a decomposition using
a finite state automaton. An object grasping application and academic examples

are given to illustrate the results.
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Chapter 1

Introduction

1.1 Background

High-level languages are useful in formulating specifications for dynamical sys-
tems that go beyond classical asymptotic stability, where convergence to the de-
sired point or set is typically certified to occur in the limit, that is, over an infinitely
long time horizon; see, e.g., [IH3]. Temporal logic employs operators and logic to
define formulas that the solutions (or executions) to the systems should satisfy
after some finite time, or during a particular amount of bounded time. In partic-
ular, temporal logic can be efficiently employed to determine safety and liveness
type properties. Safety-type properties typically guarantee that the state remains
in a particular set, while liveness-type properties guarantee that the state of sys-
tem reaches a specific set in finite time. Such specifications are given in terms of
a language that employs logical and temporal connectives (or operators) applied
to propositions and their combinations. For certain classes of dynamical systems,
verification of these properties can be performed using model checking tools. For
instance, the question of whether a safety-type specification is satisfied can be

answered by finding an execution that violates the specification in finite time.



Linear temporal logic (LTL), as introduced in [4], permits to formulate spec-
ifications that involve temporal properties of computer programs; see also [5].
Numerous contributions pertaining to modeling, analysis, design, and verification
of LTL specifications for dynamical systems have appeared in the literature in
recent years. Without attempting to present a thorough review of the very many
articles in such topic, it should be noted that in [6], the authors employ tempo-
ral logic to solve a problem involving multiple mobile robots. In their setting,
the robots are modeled by continuous-time systems with second-order dynam-
ics and the proposed temporal logic specifications model reachability, invariance,
sequencing, and obstacle avoidance. Similar approaches but for dynamical sys-
tems given in discrete time, which are more amenable to computational tools,
such as model checking, have also been pursued in the literature. In [7], the
authors propose mixed integer linear programming and quadratic programming
tools for the design of algorithms required to satisfy LTL specifications for dy-
namical systems with both continuous-valued and discrete-valued states, which
are called mized logic dynamical systems. This broad class of systems are expres-
sive enough to be able to model discontinuous and (hybrid, in the sense of having
states that take on continuous, and on discrete values) piecewise discrete-time
linear systems. In [§], for discrete-time nonlinear systems with continuous-valued
and discrete-valued states, the authors formulate optimization problems related
to trajectory generation with linear temporal logic specifications for which mixed
integer linear programming tools are applied. In [9], the design of controllers to
satisfy alternating-time temporal logic (ATL*), which is an expressive branching-
time logic that allows for quantification over control strategies, is pursued using
barrier and Lyapunov functions for a class of continuous-time systems. More re-

cently, using similar programming tools, in [10], tools to design reactive controllers



for mixed logical dynamical systems so as to satisfy high-level specifications given
in the language of metric temporal logic are proposed. Promising extensions of
these techniques to the case of specifications that need to hold over pre-specified
bounded horizons, called Signal Temporal Logic (STL), have been recently pur-
sued in several articles; see, e.g., [I1], to just list a few.

Metric temporal logic (MTL) [12] and signal temporal logic (STL) [13] are
extensions of LTL that provide a “measure” of how robustly the specifications
are satisfied. In [I4], MTL is used to analyze the robustness of continuous-time
signals. The proposed approach provides a robustness degree in terms of the bound
on the perturbation that a signal can tolerate for the given specifications to still
be satisfied. In [I5], STL is employed for the verification of hybrid dynamical
systems. The authors propose robustness measures that indicate how far a given

trajectory stands, in space and time, from satisfying a given STL formula.

1.2 Motivation

Tools for the systematic study of temporal logic properties in dynamical sys-
tems that have solutions (or executions) changing continuously over intervals of
ordinary continuous time and, at certain time instances, having jumps in their
continuous-value and discrete-valued states, such as the frameworks proposed
in [16-20], are much less developed. A hybrid system H = (C, F, D, G) exhibiting

such behavior can be described as follows [20]:

r € F(x) xeC
(1.1)
rt € G(x) reD



where x € R" is the state. The map F : X = R” is a set-valued map and
denotes the flow map capturing the continuous dynamics on the flow set C, and
G : R" = R" is a set-valued map and defines the jump map capturing the
discrete dynamics on the jump set D. Throughout the dissertation, we assume
C Cdom F,and D C dom G.

A canonical academic example of a hybrid system is the well-known bouncing
ball system, which has infinitely many events over a bounded ordinary time hori-
zon (i.e., Zeno) at time instances that are not pre-specified and actually depend
on the initial condition of the system; see, e.g., [21]. Another canonical example is
the dynamical system resulting from controlling the temperature of a room with
a logic controller, in which the jumps of the logic variables in the controller occur
when the temperature hits certain thresholds. In such hybrid dynamical systems,
the study of temporal logic using discretization-based approaches may not be fit-
ting as, in principle, the time at which a jump occurs is not known a priori and
these times are likely to occur aperiodically. Though results enabling the reason-
ing of continuously changing systems and signals using discrete-time methods are
available in the literature (see, e.g., [14]), the sampling effect may prevent one
from being able to guarantee that the properties certified for the discretization
extend to the actual continuous time process.

Consider the temperature control model described as

Z=—z+ 2 +qzn. (1.2)

The variable ¢ denotes the state of the heater, i.e., ¢ = 1 when the heater is on
and ¢ = 0 when the heater is off. The state z is the room temperature. The
constants zg and z, denote the room temperature when the heater is off and the

capacity of the heater to raise the temperature, respectively. We observe that the



system constantly measures and controls the room temperature z to maintain it
within [Zmin, Zmax), Where zymin, and zy., are the minimum and the maximum of
the room temperature, respectively. This system requirement can be expressed in

terms of an LTL formula f involving the always operator O as follows:

f:=0p

where p is true when the temperature is in the desired range and is false otherwise.

Since robustness is a widely studied property of dynamical systems, we are
also interested in certifying LTL properties for hybrid systems with robustness to
perturbations.

For example, consider the temperature control system in (2. While the
system controls the temperature in the given range [zmin, Zmax), We need to carefully
verify such requirements under the presence of unknown perturbations. Indeed,
in the presence of perturbations, one would want to relax the specification to
2 € [Zmin — €, Zmax + €], where ¢ > 0 quantifies the approximation error in the
satisfaction of the original specification.

To specify and verify such property with robustness to perturbations, we pro-
pose a notion allowing for approximate satisfaction of LTL formulas. For the
temperature control problem, the proposed notions allow the temperature to start
from the given range [zyin, Zmax] but to remain in the larger range [2pmin—¢, Zmax+€]-
We refer to this notion as e-approximate satisfaction of Op, and we characterize
it in terms of conditional invariance.

Slight modifications in temporal logic specifications to achieve the satisfaction
of the given specifications has been presented in [I4],[15] while using the quanti-
tative measure of the satisfaction of the specifications. The difference in our ap-

proach is that our notions do not use the quantitative measure of the satisfaction



of the specifications reflecting the robustness of the satisfaction with multi-valued
and quantitative temporal logics. Our approach focuses on how to certify LTL
properties of systems under the presence of perturbations.

The proposed notion for approximate satisfaction of LTL formulas is extended
to the case when perturbations are explicitly considered in the model. For the
temperature control problem, we can include the disturbance w in the system in

(C2). The system with disturbance w is given by

Z=—2+4 20+ qzp +w. (1.3)

Since the perturbation is modeled, the specification to satisfy is z € [Zmin—¢, Zmax+
e], where € > 0, rather than z € [zimin, Zmax|- 10 specify and verify such property,
we propose a notion for robust approximate satisfaction of LTL formulas. The
proposed notion allows the temperature starting from the given range [zmin, Zmax)
to remain in the larger range [2min — €, Zmax + €] under the presence of disturbance
w. We refer to this notion as robust e-approximate satisfaction of Op, and we
characterize it in terms of robust conditional invariance.

In this dissertation, e-approximate and robust e-approximate satisfaction of
LTL specifications are introduced to specify dynamical properties of hybrid dy-
namical systems with robustness to perturbations. Such notions allow to analyze
dynamical properties of hybrid dynamical systems with robustness to perturba-
tions such as unmodeled dynamics, measurement noise, and exogenous distur-
bances. We propose an approach of specifying robustness properties using LTL
and certifying such properties without requiring the computation of the systems’
solutions, but rather, guaranteeing the existence of barrier function candidates or
Lyapunov-like functions, along with properties of the data defining the system.

Furthermore, as an extension of LTL, we consider signal temporal logic(STL)



for specifying and certifying properties of hybrid systems. The difference between
LTL and STL is that STL provides a framework for reasoning about temporal
properties over time with numerical predicates. Consider the continuous-time
dynamics of the thermostat model in (LZ). For example, we consider a simple
requirement as follows: during the first 60 seconds, the temperature always stay
within [Zmin, Zmax]- Then, this requirement can be expressed in terms of a STL

formula with the same proposition p above

Ulo,601P-

In this dissertation, inspired by the ideas in [11,22,23] for STL in continuous-
time and discrete-time systems, we introduce STL for hybrid systems. We propose
sufficient conditions that guarantee STL properties of hybrid systems employing

results on LTL for hybrid systems.

1.3 Contributions

In this dissertation, tools that permit guaranteeing high-level specifications for
solutions to hybrid dynamical systems without requiring the computation of the
solutions themselves or discretization of the dynamics, but rather, guaranteeing
properties of the data defining the system and the existence of Lyapunov-like
functions are presented.

We consider a broad class of hybrid dynamical systems, in which the state
vector may include physical and continuous-valued variables, logic and discrete-
valued variables, timers, memory states, and others; solutions may not be unique
and may not necessarily exist for arbitrary long hybrid time (namely, solutions

may not be complete); and solutions may exhibit Zeno behavior. In particular,



as in [20], a hybrid dynamical system is defined by a flow map, which is given by
a set-valued map governing the continuous change of the state variables, a flow
set, which is a subset of the state space on which solutions are allowed to evolve
continuously, a jump map, which is also given by a set-valued map governing the
discrete change of the variables, and a jump set, which defines the set of points
where jumps can occur. Along with the state space, these four objects define the
data of a hybrid dynamical system.

For this broad class of hybrid dynamical systems, characterizations of formulas
involving one temporal operator and atomic propositions are presented in terms of
dynamical properties of hybrid systems, in particular, forward pre-invariance and
finite time attractivity. These notions are used to formulate sufficient conditions
for the satisfaction of basic temporal logic formulas. More precisely, we show that
the specifications using the always operator can be guaranteed to hold under mild
conditions on the data of the hybrid system when a forward invariance property
of an appropriately defined set holds. To arrive to such conditions, we present suf-
ficient conditions for forward (pre-)invariance of closed sets in hybrid dynamical
systems that extend those in [24]. To derive conditions that certify that formu-
las using the eventually operator hold, we generate results to certify finite time
attractivity of sets in hybrid dynamical systems, for which we exploit and extend
the ideas used to certify finite time stability of hybrid dynamical systems in [25].
Furthermore, our (mostly solution-independent) approach allows us to provide an
estimate of the (hybrid) time it takes for a temporal specification to be satisfied,
with the estimate only depending on a Lyapunov function and the initial condition
of the solution being considered. Moreover, we introduce sufficient conditions for
certain formulas that combine more than one temporal operator, which combine

our conditions for the individual temporal operators.



While many of our results do not require computing solutions to the hybrid
dynamical system, which is a key advantage when compared to methods for
continuous-time, discrete-time, and mixed logic dynamical systems cited above
and the method for hybrid traces in [26], the price to pay when using the results
in this paper is finding a certificate for finite time attractivity, which is in terms
of a Lyapunov function. It should be noted that though our conditions are weaker
than those in [9], finding such functions might be challenging at times. However,
the same complexity is present in Lyapunov methods for certifying asymptotic
stability of a point or a set [27], or for employing continuously differentiable bar-
rier certificates and Lyapunov functions to certify temporal logic constraints for
continuous-time systems. On the other hand, it should be noted that the frame-
work for hybrid dynamical systems considered here is such that, under mild con-
ditions, in addition to enabling a converse theorem for asymptotic stability, has
robustness properties to small perturbations, which may permit extending the
results in this paper to the case under perturbations; see [20, Chapters 6 and 7].

Furthermore, we propose notions to specify and verify temporal logic specifi-
cations under the presence of perturbations. To this end, following [28], we first
build the set K := {x € R" : p(x) = True} with a given proposition p. Then, by
relaxing the set K, we collect additional points that are e-close to the set K. The
relaxed set is denoted by K¢, i.e., K¢ := K + B where B is the closed unit ball.
Using the set K¢, we introduce notions encoding e-approximate satisfaction and
robust e-approximate satisfaction of temporal logic specifications. As a first step,
we focus on basic temporal logic formulas involving the always and the eventually
operators to define the notions allowing for e-approximate satisfaction and robust
e-approximate satisfaction. For example, consider the satisfaction of the formula

Op from the set set K.



a) e-approximate satisfaction of the formula Op from the set K implies that

each solution, starting from the set K, stays in the set K°©.

b) Robust e-approximate satisfaction of the formula Op from the set K implies
that each solution, starting from the set K, stays in the set K¢ under the

presence of perturbations.

Moreover, equivalence relationships are established between the e-approximate
satisfaction notions, conditional invariance, and FTA with robustness to pertur-
bations. For this purpose, we introduce robust conditional invariance and robust
FTA for hybrid systems that extend conditional invariance and FTA, respectively,
to the case with perturbations. Moreover, due to the equivalence relationships,
sufficient conditions that guarantee e-approximate and robust e-approximate sat-
isfaction of the given formulas are formulated. In particular, we propose sufficient
conditions using barrier functions and Lyapunov-like functions tailored to robust
conditional invariance and robust FTA for hybrid systems, by extending the re-
sults in [25,2829].

We also propose characterizations of the satisfaction of the STL formulas in-
volving the always (Oz) operator and the eventually () operator. To charac-
terize the behavior of solutions to hybrid systems H during the given time Z, we
formulate the considered STL formulas as an LTL formula involving the strong
until operators (Us) using the auxiliary system, denoted H,. Finally, we present
sufficient conditions that guarantee the satisfaction of the STL formulas with the
always (Oz) operator and the eventually ($z) operator.

In addition, sufficient conditions for temporal logic formulas that have more
than one operator are presented in more detail than in [30]. In particular, we
show how to derive conditions for formulas that have more than one operator

by combining the conditions for formulas that have one operator. Additionally,

10



a discussion on the decomposition of temporal logic formulas using finite state

automata is included.

1.4 Organization

The contents of this dissertation are organized into following chapters.

Chapter 2: Preliminaries
In this chapter, the hybrid systems framework, basic properties used throughout

this dissertation are presented.

Chapter 3: Linear temporal logic for hybrid systems

In this chapter, linear temporal logic (LTL) for hybrid dynamical systems is in-
troduced. We define operators and specify properties of hybrid systems with
LTL formulas. For hybrid systems, nominal satisfaction of atomic propositions
and LTL formulas are presented. Furthermore, we introduce notions capturing
approximate satisfaction and robust approximate satisfaction of LTL formulas,
which extend the nominal satisfaction of LTL formulas to certify satisfaction of

LTL formulas robustly.

Chapter 4: Characterizations of temporal operators using dynamical
properties

In this chapter, we present equivalence characterizations for the satisfaction of
LTL formulas involving one temporal operator. The satisfaction of the formula is
assured by guaranteeing particular properties of sets such as invariance and finite

time attractivity notions for hybrid systems.

11



Chapter 5: Sufficient conditions guaranteeing the satisfaction of tem-
poral formulas for hybrid systems

In this chapter, sufficient conditions guaranteeing the nominal satisfaction of tem-
poral formulas are proposed. Sufficient conditions for each temporal operator use
either a certificate for finite-time convergence in terms of a Lyapunov function,
or the data of the hybrid system and the set of points where the proposition is
true to satisfy conditions for invariance using Lyapunov-like functions or barrier

functions.

Chapter 6: Sufficient conditions guaranteeing the satisfaction of tem-
poral formulas for hybrid systems under perturbations

In this chapter, sufficient conditions guaranteeing the satisfaction of temporal for-
mulas for hybrid systems under perturbations are proposed. Notions such that
e-approximate and robust e-approximate satisfaction of LTL formulas in Chap-
ter 3 allow to analyze dynamical properties of hybrid systems with robustness
to perturbations. Then, using Lyapunov-like functions or barrier functions, we
derive sufficient conditions that guarantee the satisfaction of temporal formulas

for hybrid systems under perturbations.

Chapter 7: Sufficient conditions for LTL formulas combining opera-
tors

In this chapter, sufficient conditions for LTL formulas that combine more than one
operator. Using the sufficient conditions for LTL formulas that involve a single
temporal operator in Chapter B conditions for LTL formulas that combine more
than one operator are given by compositions of the conditions for LTL having a

single temporal operator.

12



Chapter 8: Signal temporal logic for hybrid dynamical systems

In this chapter, signal temporal logic (STL) for hybrid dynamical systems is intro-
duced to specify and verify dynamical properties of hybrid systems. Equivalence
relationships between the satisfaction of STL formulas and the satisfaction of LTL
formulas involving the strong until operators are proposed. Using the equivalence
relationship, sufficient conditions that guarantee the satisfaction of STL formulas

are proposed.

Chapter 9: Object grasping using multiple agents

In this chapter, a networked hybrid system which is described by a multi-agent
system that consists of multiple subsystems is proposed to solve object grasping
problems. Each subsystem, a hybrid closed-loop system corresponding to each
agent, is commanded by an individual feedback controller which are coordinated

by a supervisory controller.

Chapter 10: Conclusion and future directions
In this chapter, the results in this dissertation are summarized and potential future

directions are discussed.
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Chapter 2

Preliminaries

2.1 Models of hybrid dynamical systems

In this dissertation, hybrid systems H modeled as in (LI]) are mainly con-
sidered. A solution ¢ to H is parameterized by (¢,7) € Rsg x N, where t is
the ordinary time variable, j is the discrete jump variable, R> := [0, 00), and
N:={0,1,2,...}. The domain dom ¢ C R>¢ x N of ¢ is a hybrid time domain
if for every (7, .J) € dom ¢, the set dom ¢ N ([0,7] x {0,1,...,J}) can be writ-
ten as the union of sets U/_o(Z; % {j}), where I; := [t;, t;41] for a time sequence
0=t <t <ty <--- <typ1. The t;’s with j > 0 define the time instants
when the state of the hybrid system jumps and j counts the number of jumps.
A solution is given by a hybrid arc. A function ¢ : E — R"™ is a hybrid arc if E
is a hybrid time domain and if for each j € N, the function ¢ — ¢(t, j) is locally

absolutely continuous on the interval I/ = {t: (¢,j) € E}.

Definition 2.1 (Concept of solution to H). A hybrid arc ¢ : dom ¢ — R™ is a

solution to H if
(S0) ¢(0,0) € CU D;

14



(S1) for all j € N such that I’ := {t: (t,7) € dom ¢} has nonempty interior,

t— o(t, ) is locally absolutely continuous and

o(t,j) e C for all t € int(17),
b(t,j) € F(p(t,5))  for almost all t € I7;

(S2) for all (t,j) € dom ¢ such that (t,j+ 1) € dom ¢,

o(t,j)e D, ot j+1) € Go(t, ).

A solution ¢ to H is said to be maximal if there is no solution ¢’ to H such
that ¢(t,j) = ¢'(t, ) for all (¢,j) € dom ¢ with dom ¢ a proper subset of dom ¢'.
It is said to be nontrivial if dom ¢ contains at least two elements. A solution ¢
is said to be complete if its domain is unbounded. It is Zeno if it is complete
and sup,dom ¢ < oco. It is eventually discrete if 7" = sup,dom ¢ < oo and
dom ¢ N ({T'} x N) contains at least two elements. It is genuinely Zeno if it is
Zeno, but not eventually discrete. See [20] for more details about hybrid dynamical
systems.

For convenience, we define the range of a solution ¢ to H as rge ¢ = {¢(t,7) :
(t,7) € dom ¢}. We use Sy(z) to denote the set of maximal solutions to H
starting from € CUD. Given a set A C R", R(A) denotes the (infinite-horizon)
reachable set from A; ie., R(A) := {¢(t,7) : ¢ € Su(A), (t,j) € dom ¢}.

Definition 2.2 (Hybrid basic conditions). A hybrid system H = (C, F, D, G) is
said to satisfy the hybrid basic conditions if the following hold:

e (' and D are closed;

e The flow map F is outer semicontinuous and locally bounded relative to C,

C C dom F, and F(z) is convex for each x € C;

15



e The jump map G is outer semicontinuous and locally bounded relative to D,

and D C dom G.

When H satisfies these mild regularity properties, then H is said to be well-
posed [20, Theorem 6.30]. Throughout the paper, we assume that #H satisfies the
hybrid basic conditions.

Perturbations affecting hybrid systems can be considered to model the con-
tinuous and discrete dynamics of hybrid systems. The general form of a hybrid
system H with a state perturbation w is denoted by H, = (Cy, Fy, Dy, Gy), 18

written as
t € Fy(z,w) (x,w) € Cy

xt € Gy(z,w) (x,w) € Dy

(2.1)

The solution concept for H in (L)) can be extended to a solution pair (¢, w) for
Hop.

A pair (¢, w), consisting of a hybrid arc ¢ and a state perturbation w €
W with dom ¢ = dom w(= dom (¢, w)), is a solution pair to H, in (1)) if
(¢(0,0),w(0,0)) € C, U D,,, and

(S1) For all j € N such that [ :={t: (¢,j) € dom ¢} has nonempty interior,

(o(t, 1), w(t, 7)) € Cy for all t € int I’
9 (¢, ) € Fu(6(t, j), w(t, j)) for almost all t € I’

(S2) For all (¢,7) € dom ¢ such that (t,7 + 1) € dom ¢,
(0t ), w(t,j)) € Dw, ¢(t,j+1) € Gu((t,]), w(t,j)).

In addition, a solution pair (¢, w) to H,, is said to be nontrivial if dom (¢, w)

contains at least two points; complete if dom (¢, w) is unbounded; maximal if
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there does not exist another (¢, w)’ such that (¢, w) is a truncation of (¢, w)" to
some proper subset of dom (¢, w)'.

Given a set K C R", we also define the set of all maximal solution pairs (¢, w)
to H, with ¢(0,0) € K as Sy, (K). The state perturbation w is a function on
a hybrid time domain that, for each j € N, t — w(t, j) is Lebesgue measurable
and locally essentially bounded on the interval {t : (¢,j) € dom w}. Additionally,
when w(t,j) = 0 for every (¢,7) € dom w, this means that #,, reduces to the
nominal hybrid system H as in (I]).

For convenience, we denote II(C),) := {z € R" : 3w € W s.t. (z,w) € Cy}
and II(D,) := {x € R" : 3w € W s.t. (z,w) € D,}. Throughout the paper, we
assume that C,, C dom F,, and D, C dom G,,.

Furthermore, given a function p : R" — R, we define a perturbed hybrid
system H, on R" capturing the effect of perturbations w with worst case size

given by p as in [20, Definition 6.27]. This model of H, is given as follows:

& € Fy(v) rel,

't e Gy(x) r €D,

(2.2)

where C, := {z € R" : (z + p(z)B) NII(Cy,) # 0}, F,(x) := conF ((x + p(x)B) N
II(Cy)) + p(x)B for all z € R"; D, := {z € R" : (z + p(z)B) NII(D,,) # 0},
G, ={veR":veg+plyB,gec G((z+ p(x)B) NII(D,)} for all x € R".
This perturbed system is used to analyze robustness of a hybrid system having

perturbations w of size p.
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2.2 Invariance and attractivity notions

In the following, we introduce the invariance and attractivity notions that are

used in this dissertation.

Definition 2.3 (Forward (pre-)invariance). A set K C R™ is said to be forward
pre-invariant for H if, for each solution ¢ € Sy(K), rge ¢ C K. The set K is
said to be forward invariant for H if it is forward pre-invariant for H and, for

every x € K, every solution ¢ € Sy(x) is complete.

Definition 2.4 (Conditional invariance). Given sets K C R™ and X, C K, the
set K is said to be conditionally invariant with respect to the set X, for H if, for
each solution ¢ € Sy(X,), rge ¢ C K.

Remark 2.5. Note that when X, = K, conditional invariance of K with respect

to X, is equivalent to forward pre-invariance of K.

Definition 2.6 (Safety). A hybrid system H is said to be safe with respect to
(X,, X,), where X, C R™ denotes the unsafe set and X, C R" \ X, denotes the

initial set, if each solution ¢ to H from X, satisfies rge ¢ C R™\ X,,.

Remark 2.7. Following the notion of safety in [31|], conditional invariance of K
with respect to X, is equivalent to safety with respect to (X,, X,), with X, == R"\ K
defining the region of the state space that the solutions to H must avoid when

starting from the set of initial conditions X,.

In the following, inspired by the ideas in [32] for continuous-time systems, we

introduce eventual conditional invariance for hybrid systems H = (C, F, D, G).

Definition 2.8 (Eventual conditional invariance). Given sets O ¢ C U D and

A CR", the set A is said to be eventually conditionally invariant with respect to
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O for H if, for each solution ¢ € Sy (O), there exists a hybrid time (t*, j*) € dom ¢
such that ¢(t,7) € A for all (t,j) € dom ¢ such that t + j > t* + j*.

Since H can have maximal solutions that are not complete, we introduce the
following notion which, compared to Definition 2.8, requires that only the complete

solutions to H must reach the set A in finite hybrid time.

Definition 2.9 (Pre-eventual conditional invariance). Given sets O C CUD and
A C R”, the set A is said to be pre-eventually conditionally invariant with respect
to O for H if, for each complete solution ¢ € Sy(QO), there exists a hybrid time
(t*,5*) € dom ¢ such that ¢(t,5) € A forall (t,j) € dom ¢ such thatt+j > t*+j*.

Definition 2.10 (Finite-time attractivity). Given sets O C CU D and A C R"
such that A is closed, the set A is said to be finite-time attractive (FTA) with
respect to O for H if, for each solution ¢ € Sy(O), Ta(¢) < oc.

2.3 Nonsmooth Lyapunov functions

For a hybrid system H = (C,F,D,G), let V : R" — R be continuous on
R™ and locally Lipschitz on a neighborhood of C. The generalized gradient of
V at x € C, denoted by 9V (x), is a closed, convex and nonempty set equal to
the convex hull of all limits of the sequence VV(x;), where x; is any sequence
converging to x while x avoids an arbitrary set of measure zero containing all the
points at which V' is not differentiable. As V' is locally Lipschitz, VV exists almost
everywhere. The generalized directional derivative of V' at z in the direction of v
can be presented as follows [33]:

Ve(x,v) = Cé%%}é)<c,v>. (2.3)
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In addition, for any solution ¢ — ¢(¢,0) to © € F(x),

SV (9(1,0)) < V(e(t,0), ¢(t,0)) (2.4)

for almost all ¢ in the domain of definition of ¢, where £V (¢(¢,0)) is understood
in the standard sense since V' is locally Lipschitz.
To bound the increase of the function V' along solutions to a hybrid system

H, we define the function uc : R™ — [—00, +00) as follows [34]:

max max ((,v) z € C
UC(LL’) = veF (z) €OV (x) (25)

—00 otherwise.

In particular, for any solution ¢ to H and any ¢t where %V(qb(t, J)) exists, we have

LV (6(t, ) < uc((t,5)). (2.6)

Furthermore, in order to bound the change in V' after jumps, we define the

following quantity:

un(e) im CrenGaé)V(C) —V(z) z€D 2

—00 otherwise.

Then, for any solution ¢ to H and for any (¢;41, j), (t;41,7+1) € dom ¢, it follows
that

V(o(tji1, 5+ 1) = V(o(tjs, 7)) < up(o(tits, 5))- (2.8)

Note that when F' is a single-valued map, uc(z) = V°(x, F(x)) for each x € C.
When G is a single-valued map, up(z) = V(G(z)) — V(z) for each z € D.
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Chapter 3

Linear temporal logic for hybrid

dynamical systems

Linear Temporal Logic (LTL) provides a framework to specify desired proper-
ties such as safety, i.e., “something bad never happens”, and liveness, i.e., “some-
thing good eventually happens”. In this section, for a given hybrid system H,
we define operators and specify properties of H with LTL formulas [35]. We first

introduce atomic propositions.

Definition 3.1 (Atomic Proposition). An atomic proposition p is a statement on

the system state x that, for each x, p is either True (1 or T ) or False (0 or L).

A proposition p will be treated as a single-valued function of z, that is, it
will be a function x +— p(x). The set of all possible atomic propositions will be
denoted by P.

Logical and temporal operators are defined as follows.
Definition 3.2 (Logic Operators).

e — is the negation operator
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e V is the disjunction operator

e A is the conjunction operator

e = is the implication operator

e & is the equivalence operator
Definition 3.3 (Temporal Operators).

e O is the next operator

e O is the eventually operator

e [ is the always operator

e U, is the strong until operator

o U, is the weak until operator

For example, consider the object grasping problem in the previous chapter.
Consider the situation where a vehicle reaches a target point on the object. Such
a behavior can be expressed in terms of an LTL formula involving the eventually

(<) operator; namely,

Op

where the atomic proposition p is defined as true when the vehicle reaches the
target.

As an additional example, in the autonomous navigation problem, consider
a vehicle navigates its environment without colliding with obstacles while ap-
proaching a target and it eventually reaches the target. Similarly, define the
atomic proposition p to be true when the vehicle reaches the target; and define

the atomic proposition ¢ to be true when the vehicle stays in the safe area. Then,
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the given requirement can be expressed in terms of an LTL formula involving the

strong until () operator; namely,

qU,p.

Given a hybrid system H, the semantics of LTL are defined as follows. For
simplicity, we consider the case of no inputs and state-dependent atomic propo-
sitions. When a proposition p is True at (t,j) € dom ¢, i.e., p(¢p(t, 7)) = 1, it is
denoted by

o(t,j) I p, (3.1)

whereas if p is False at (¢,j) € dom ¢, it is written as

o(t, ) ¥ p. (3-2)

An LTL formula is a sentence that consists of atomic propositions and operators
of LTL. An LTL formula f being satisfied by a solution (¢,7) + ¢ (t,j) at some
time (¢, 7) is denoted by

(¢, (t,5)) F f, (3.3)

while f not satisfied by a solution (¢,j) — ¢(t,j) at some time (¢, j) is denoted
b
(¢, (t,9)) ¥ f. (3.4)

Let p,q € P be atomic propositions. The semantics of LTL are defined as

follows: given a solution ¢ to H and (¢, j) € dom ¢

(o,(t, 7)) Ep & o(t,7) Fp (3.5a)

!'Note that to be compatible with the literature, instead of I, we use F for a formula.
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(9. (t,J)) F-p < (o,(t,5)Ep (3.5b)
(0, (7)) FpVa & (o,(t4) Fpor (o,(t,5)Fq (3.5¢)
(¢, (t, 7)) FOp < (t,j+1) €dom ¢ and (¢, (t,j + 1)) Fp (3.5d)
(¢, (t,7) EpUsg < 3(t',j) €dom ¢,t' + " >t +j st. (¢,(t,5) Fq, (3.5)

and V (t",7") €dom ¢ s.t. t +j <t"+ 5" <t +7, (6, (", j")Ep
(0, (7)) FpUug < (¢, (', 7)) Fp V(' j) € dom ¢ st '+ 5" > 1+ j (3.5)

r (¢, (t,5)) F pUsq

(¢, (t,5)) FpAg < (¢,(t,5)) Fp and (¢,(t,7)) Fq (3.58)
(¢, (t,)EOp < (o, (t, ) Ep V'+j 2t+ (t.j) € dom ¢ (3.5h)

(¢, (t, 7)) EOp < 3, j) €dom ¢,t' +j =t +j st. (¢,(t,5) Fp. (3.5

The same semantics of LTL are used for formulas. For example, with a given
formula f, Of is satisfied by ¢ at (t,7) € dom ¢ when (¢,j + 1) € dom ¢ and
(¢, (t,7 + 1)) satisfies f.

Given an atomic proposition p, we introduce the following set where p is sat-

isfied:
K :={zeR":p(x)=1}. (3.6)

The satisfaction of a given LTL formula is assured by guaranteeing particular

properties of the solutions to H relative to the set K.

Definition 3.4 (Nominal Satisfaction of Propositions). Given an atomic propo-
sition p, let the set K be given as in ([B.6]). The atomic proposition p is satisfied
by a solution ¢ to H at (t,j) € dom ¢ if p(é(t, 7)) = 1; i.e.,

(0,(t, 7)) Fp & ot j) € K.
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Definition 3.5 (Nominal Satisfaction of Formulas). Given an LTL formula f,
the formula f is satisfied by a solution ¢ to H at (t,7) € dom ¢ if (¢,(t,7)) F f.
Moreover, the formula f is satisfied by H at (t,7) = (0,0) if each solution ¢ to H
satisfies (¢, (0,0)) E f.

In the following, we introduce a notion of approximate satisfaction of proposi-
tions which is used to define notions of approximate satisfaction of LTL formulas.

First, given an atomic proposition p and € > 0, we define the set K¢ given by

K®:= K + ¢B, (3.7)

where K is given as in (B.6). The set K* is exploited to capture approximate
satisfaction of the proposition p since it collects points in R™ that are e-close to

the set K.

Definition 3.6. (Approzimate Satisfaction of Propositions). Given an atomic
proposition p, let the set K be as in [B.6]). The proposition p is e-approrimately
satisfied by a solution ¢ to H at (t, 7)€ dom ¢ with e >0 if

o(t,j) € K*.

Remark 3.7. Given an atomic proposition p, one can also define a proposition
p° from the set K¢ in ([B1) that is satisfied (exactly) by a solution ¢ to H at
(t,7) € dom ¢ when ¢(t,j) € K. Specifically, once we build the set K* with
e>0 as in B1), p° can be defined as p*(x) = 1 for every x € K=, and p*(x) =0

otherwise.

Next, given an atomic proposition p, we present notions capturing approximate
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satisfaction of the formulas Op and $p using the set K¢ in (371).

Definition 3.8. (Approzimate Satisfaction of Op). Given an atomic proposition
p, let >0 and the set K¢ be as in B1). The formula f = Op is e-approximately
satisfied by H at (t,7) = (0,0) if each solution ¢ to H satisfies ¢(t,j) € K¢ for
each (t,j) € dom ¢.

We are also interested in Op being satisfied only for solutions starting from K.
The following notion requires that each solution ¢ to H starting from K C K*¢ stays
in K¢. As we show later in this section, this notion corresponds to conditional

invariance.

Definition 3.9. (Approximate Satisfaction of Op from K). Given an atomic
proposition p, let e >0 and the sets K and K¢ be as in ([B.6]) and [B1), respectively.
The formula f = Op is e-approximately satisfied by H from the set K at (t,7)=
(0,0) if each solution ¢ to H with ¢$(0,0) € K satisfies ¢(t,j) € K= for each
(t,7)€dom ¢.

The following academic example illustrates the case when the formula Op is

not satisfied by a solution ¢ to H at (¢,7) = (0,0), but Op is e-approximately

satisfied by a solution ¢ to H.

Example 3.10. Consider a hybrid system H=(C,F,D,G) on R given by

-1 ifx>1
F(z) =
0 ifx <0

forallze C:={zeR:2<0}U{zreR:z>1} and
) ifz€[0,1/2)

G(x):==1 ¢ ifx € [1/2,1)
1/246  ifz=1
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forallz € D :={r € R:0 <z <1}, where 0 < § < 1/2. Let an atomic

proposition p given by

p(e) = 1 if v € (—2,2) (3.8)
0 otherwise.

Pick a solution ¢ satisfying ¢(0,0) = 1.5, which implies that ¢(0,0) satisfies p.
The solution ¢ from ¢(0,0) flows initially and it is such that ¢(t,0) satisfies p for
all t <ty when ¢(t1,0) = 1. Since ¢(t1,0) = 1 is in the jump set, the solution
¢ jumps to 1/2 4+ 6. And, the solution ¢ satisfies p after the first jump; i.e.,
(¢, (t1,1)) E p. Since the solution ¢ is still in the jump set after the first jump,
the solution ¢ jumps to § and ¢(tq,2) satisfies p; i.e., (¢, (t1,2)) E p. Since ¢(t1,2)
is in the jump set, the solution ¢ jumps to ¢(t1,3) = —2. Thus, the solution ¢
does not satisfy p after the third jump. This example shows that the formula Op
is not satisfied by the solution ¢ at (t,7) = (0,0).

On the other hand, with the atomic proposition p in ([B.8), consider € > 0
and the sets K and K¢ as in (B.0) and B1), respectively. Then, we have that
K¢ = (-2 —¢,2+¢). Note that p is e-approximately satisfied by a solution ¢
to H at (t,j) € dom ¢ when ¢(t,j) € K°. Now, pick a solution ¢ satisfying
¢(0,0)=1.5, which implies ¢(0,0) € K. The solution ¢ from ¢(0,0) flows initially
so that ¢(t,0) € K= for all t < t; when ¢(t1,0) = 1. Since ¢(t1,0) = 1 is in
the jump set, the solution ¢ jumps to 1/2 + 6. The solution ¢ is in K¢ after the
first jump; i.e., ¢p(t1,1) € K. Since the solution ¢ is still in the jump set after
the first jump, the solution ¢ jumps to 6. The solution ¢ stays in K¢ after the
second jump; i.e., ¢(t1,2) € K. Since ¢(t1,2) is in the jump set, the solution ¢
jumps to —2. Here, ¢(t1,3) stays in K¢ and the solution ¢ flows after the third

jump. Then, the solution ¢ stays in K¢ by the flow map. Therefore, the solution
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¢ satisfying ¢(0,0) € K stays in K¢ for all future time; namely, the formula Op

is e-approximately satisfied by the solution ¢ from K at (t,7) = (0,0). A

Next, we introduce a notion capturing approximate satisfaction of the formula

Op.

Definition 3.11. (Approximate Satisfaction of Op). Given an atomic proposition
p, let >0 and the set K¢ be as in (B1). The formula f=<p is e-approximately
satisfied by H at (t,7) = (0,0) if for each solution ¢ to H, there exists (t,j) €
dom ¢ such that ¢(t,j) € K°.

In the following, given an atomic proposition p, we present notions capturing
g-approximate satisfaction of the formulas Op and ¢p with robustness to pertur-
bations w using the set K¢ in (3.7)). First, we introduce a notion capturing robust

e-approximate satisfaction of the formula Op.

Definition 3.12. (Robust Approximate Satisfaction of Op). Given an atomic
proposition p, let ¢ > 0 and the set K¢ be as in B1). The formula f = QOp is
robustly e-approzimately satisfied by H at (t,j) = (0,0) if each solution pair (¢, w)
to H,, satisfies ¢(t,j) € K= for every (t,5) € dom ¢.

The following notion is a refinement of the notion capturing approximate sat-

isfaction of Op from the set K in Definition [3.9]

Definition 3.13. (Robust Approximate Satisfaction of Op from K). Given an
atomic proposition p, let € > 0, and the sets K and K¢ be as in (3.0) and (B1),
respectively. The formula f = Op is robustly e-approximately satisfied by H from
K at (t,7) = (0,0) if each solution pair (¢,w) to H, with ¢(0,0) € K satisfies
o(t,j) € K¢ for every (t,j) € dom ¢.

Next, we introduce a notion capturing robust e-approximate satisfaction of the

formula p.
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Definition 3.14. (Robust Approzimate Satisfaction of <p). Given an atomic
proposition p, let € >0 and the set K¢ be as in [B.1). The formula f = <p is
robustly e-approximately satisfied by H at (t,j) = (0,0) if for each solution pair
(¢, w) to H,, there exists (t,j) € dom (¢, w) such that ¢(t,j) € K*.
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Chapter 4

Characterizations of temporal
operators using dynamical

properties

In this chapter, we present basic necessary and sufficient conditions for the
satisfaction of LTL formulas involving one temporal operator such as always (O),
eventually (<), next (O), and until (Us,U,). Given an atomic proposition p, we
build the set K as in (3.6) on which p is satisfied. Then, the satisfaction of the
formula is assured by guaranteeing particular properties of the solutions to the

hybrid system relative to the set K.

4.1 Characterization of O via forward invariance

According to the definition of the O operator, given an atomic proposition p, a

solution (¢, 7) — ¢(t,j) to a hybrid system H = (C, F, D, G) satisfies the formula

f=0p (4.1)
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at (t,7) when we have that ¢(t',j') satisfies p for all ¢ + 5/ > ¢ + j such that
(t',7") € dom ¢.

Using the set K in (B.6]), to characterize that every solution ¢ to H satisfies f
in (A1) at each (¢,j) € dom ¢, each solution starting in K needs to stay in K for
all time. For this purpose, we recall the definition of forward pre-invariance and

then present necessary and sufficient conditions guaranteeing f in (4.1]).

Definition 4.1 (Forward pre-invariance). Consider a hybrid system H. A set
K C R" is said to be forward pre-invariant for H if every solution ¢ € Sy (K)

satisfies rge ¢ C K.

Furthermore, we are also interested in f in (4.1) being satisfied at some (¢, 7) €
dom ¢ (not necessarily at (t,7) = (0,0)). For this purpose, we define the following

notion.

Definition 4.2 (Eventually forward pre-invariance). Consider a hybrid system
H. A set K C R" is said to be eventually forward pre-invariant for H ifi for
every solution ¢ € Sy(K), there exists (t,j) € dom ¢ such that ¢(t',j") € K for
all (t',5") € dom ¢ such that t' + 7' >t + ;.

Theorem 4.3 (Op via Forward pre-invariance). Given an atomic proposition p,
the formula f = Op is satisfied for every mazximal solution ¢ to a hybrid system
H at (t,5) = (0,0) with ¢(0,0) |- p if and only if the set K in ([B.0) is forward

pre-invariant for H.

Proof. (=) Since Op is satisfied for all solutions ¢ at (¢,5) = (0,0) and ¢(0,0)
satisfies p, we have that every solution ¢ to H satisfies that ¢(t,j) € K = {z €

R” : p(x) = 1} for all (¢,5) € dom ¢. This implies that K is forward pre-invariant

LA notion that does not insist on the solutions starting from K can also be formulated, but
it would be a departure from a forward invariance notion since such a notion would hold for
solutions that do not start from K.
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via the definition of forward pre-invariance of the set K in Definition [} namely,
rge ¢ C K.

(<) Since the set K is forward pre-invariant, each solution ¢ that starts in K
stays in K. That is, ¢(0,0) satisfies p and each solution ¢ at (¢, 7) in the domain
of each solution satisfies p. This implies that f = Op is satisfied for every solution

¢ to H at (¢,7) = (0,0) with ¢(0,0) I p. O

Theorem 4.4 (Op via Eventual forward pre-invariance). Given an atomic propo-
sition p, the formula f = Op is satisfied for every maximal solution ¢ to a hybrid
system H at some (t,j) € dom ¢ with ¢(0,0) Ik p if and only if the set K in (3.6])

is eventually forward pre-invariant for H.

Proof. (=) By the definition of O and the definition of solutions to H, since every
solution ¢ to H starting from K satisfies Op at some (t,7) € dom ¢, ¢(t',j)
satisfies p for all (¢, j') € dom ¢ such that t' + j" > ¢ + j; and thus, ¢(¢',j') € K
for all (¢',7') such that ¢’ + j' > ¢ + j. This implies that K is forward pre-
invariant after (¢,7) € dom ¢. Then, we conclude that K is eventually forward
pre-invariant for H via the definition of eventually forward pre-invariance of the
set K in Definition

(<) Since the set K is eventually forward pre-invariant, for each solution ¢
that starts from K, there exists (¢,7) € dom ¢ such that ¢(t', ;') € K for all
(t',j") € dom ¢ such that t' + j* > ¢t + j. This implies that ¢(0,0) satisfies p
and such solution ¢ satisfies p at each (t',j’) € dom ¢ such that ¢/ + j" >t + j.
Therefore, we conclude that f = Op is satisfied for every solution ¢ to H at

(t,7) € dom ¢ with ¢(0,0) IF p. O

Note that when K in (B.6]) is not forward pre-invariant for H, Op is not satisfied
for all solutions ¢ to H at every (t,j) € dom ¢ with ¢(0,0) I- p. The following
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example shows the case when Op is not satisfied for a solution ¢ to H at every

(t,7) € dom ¢ with ¢(0,0) I p.

Example 4.5. Let an atomic proposition p given by

r)=1 ifrel01
) foe )
p(z) =0 otherwise.
Consider a hybrid system H = (C, F, D, G) with the state x € R given by
F(x):=0 Ve e C:= {0,%}
2 ifr=1 (4.3)
G(z) == Vee D := {1} U{2}.
0 ifx=2

Now, pick ¢(0,0) = 1 so that ¢(0,0) satisfies p. A solution ¢ from ¢(0,0) does
not satisfy p after the first jump; i.e., $(0,1) W p; however, ¢(0,1) is still in
the jump set D so that it jumps to 0, and it satisfies p after the second jump;
i.e., $(0,2) I+ p. Furthermore, the solution ¢ flows after the second jump so that
o(t,2) satisfies p for everyt > 0. On the other hand, there exists another solution
that starts from 1 and stays flowing there for all furture time; hence, it satisfies
f. This example shows that Op is not satisfied for all solutions ¢ to H at every

(t,7) € dom ¢ when K = {x € R" : p(x) = 1} is not forward pre-invariant.

4.2 Characterization of ¢ via finite time attrac-
tivity
A solution (¢, j) — ¢(t,7) to a hybrid system H satisfies the formula

f=2%<p (4.4)
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at (t,j) € dom ¢ when there exists (¢, j) € dom ¢ such that t' + j* > ¢ + j, and
o(t', j') satisfies p. The same set K in (3.6]) is used in this section.

To guarantee that every solution ¢ to H satisfies f in (£4]) at each (¢,7) €
dom ¢, the distance of each solution to K should become zero at some finite
(t,j) € dom ¢ so that ¢ reaches K. Related to this property, we recall the
definition of finite time attractivity (FTA) for hybrid systems and then present
necessary and sufficient conditions guaranteeing the formula f in (@4]). In this
definition, the amount of hybrid time required for a solution ¢ to converge to the
set K is captured by a settling-time function Tx whose argument is the solution ¢
and its output is a positive number determining the time to converge to K. More
precisely, given ¢, Tx(¢) := inf{t+j : ¢(t,7) € K} is the time to reach K. Below,
given x € R™ and a nonempty set K C R", |z|x = inf cx |z — y|. We use  to

denote the limit from below.

Definition 4.6 (Finite-time attractivity). A closed set K is said to be finite time

attractive (FTA) for H with respect to O C CUD if for every solution ¢ € Sy (O),

Sup(t,j)edom qbt +] > TK(¢)7 and

lim £ )] = 0. 45
(t,j)€dom ¢:t+j /T (d) |¢( '])|K ( )

Furthermore, the set K is said to be finite time attractive (FTA) for H if so it is

with respect to C U D.

Theorem 4.7 (Op via FTA). Given an atomic proposition p, the formula f = <p
is satisfied for every solution ¢ to a hybrid system H at (t,7) = (0,0) if and only
if the closed set K in ([B.0]) is FTA for H.

Proof. (=) Since Op is satisfied for every solution ¢ to a hybrid system H at
(t,7) = (0,0), there exists (¢',j') € dom ¢ such that ¢ + j* > 0 and ¢(¢',j') €
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K = {z € R" : p(z) = 1}. In fact, ¢(t',j') € K implies |¢(t',j')|x = 0 and
t' + j' = Tk (@); that is,

with Tk (¢) = t' + j'. This implies that K is FTA via the definition of FTA of the
set K in Definition
(<) Since the closed set K is FTA for H, each solution ¢ to H satisfies

|0(t,5)x =0

lim
(t,j)€dom ¢ :t+j5 Tk (¢)

and Sup; jyedom ¢t +J = Tr(¢), where Tk (¢) = t' + j' for some (¢, j') € dom ¢.
Indeed, by the definition of the set K, its closedness, and the (local) absolute
continuity of ¢ (along with the continuity of the distance function to the set K),
there exists (¢, j') € dom ¢ such that ¢(t', j') satisfies p. This implies that f = Op

is satisfied for every solution ¢ to a hybrid system #H at (¢,j) = (0,0). O

4.3 Characterization of O via properties of the
data of H

A solution (t,j) — ¢(t,j) to a hybrid system H = (C, F, D, G) satisfies the
formula

f=0p (4.6)

when we have that ¢(¢,j + 1) satisfies p for each (¢,j) € dom ¢. Here, the same
set K in (B.0) is used. To guarantee that every solution ¢ to H satisfies f in

(45)) at each (t,j) € dom ¢, each solution needs to jump to the set K at the next
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hybrid time; i.e., ¢(t,j+ 1) € K.

Theorem 4.8 (Op via the data of H). Given an atomic proposition p, let the
set K be as in [B6). The formula f = Op is satisfied for all maximal solutions
¢ to H at each (t,j) € dom ¢ if and only if all of the following properties hold

simultaneously:
a) each nontrivial solution ¢ to H is such that $(0,0) € D; and
b) no flows of H are possible from any x € C'; and
c¢) G(D) C KN D; and

d) C c D.

Proof. (=) Suppose that Op is satisfied for all solutions to H. We need to show
that a), b), ¢), and d) hold. By definition of O and definition of solutions to #,
since every solution ¢ to H satisfies Op, ¢(0,0) € D and ¢(0,1) € K for every
#(0,0) € CUD. In fact, if C'\ D were not to be empty, then there would exist a
(trivial) solution ¢ with ¢(0,0) ¢ D, so Op would not hold since (0, 1) ¢ dom ¢.
Hence, C C D and ¢(0,0) € D hold; and thus, items a) and d) hold. Next, we
show that item b) holds. Proceeding by contradiction, if flow is possible from
a point x € C, then there exists a solution ¢ to H with ¢(0,0) = x and there
exists € > 0 such that [0,e) x {0} C dom ¢. Since z € D due to C C D,
¢(0,0) € D. However, (0,1) ¢ dom ¢ since [0,e) x {0} C dom ¢. This is a
contradiction, and thus, item b) holds. Finally, we show that item c) holds. By
definition of O, since every solution ¢ to H satisfies Op, then (¢,j + 1) € dom ¢
and ¢(t,j + 1) € K for each (t,j) € dom ¢. By definition of solutions, it implies
that for each (t,j) € dom ¢, ¢(t,j) =& € D and G(§) C K. Hence, item c) holds.
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(<) Note that ¢(0,0) € D and (0,1) € dom ¢ by items a) and b). Then, by
item c), G(¢(0,0)) C K since ¢(0,0) € D. Furthermore, for each (¢,7) € dom ¢
such that ¢(t,7) € C U D, no flows are possible from ¢(¢, j) by items b) and d).
Thus, (¢t,7 + 1) € dom ¢ and ¢(t,j + 1) € K by item c). Therefore, f = Op is

satisfied for every solution ¢ to H. O

4.4 Characterization of I/ via invariance and at-
tractivity notions

The until operator has strong and weak versions, named as strong until (U)
and weak until (U, ); see, e.g., [36]. Given two propositions p and ¢, the satisfaction
of the formula pU,q implies that p is true until ¢ happens to be true, and ¢ must
become true eventually. For the weak version, the satisfaction of the formula
pU,,q implies that p is true until ¢ happens to be true; however, ¢ is not required
to become true if p is true forever. In other words, according to the definition of
the U, operator, a solution (t,7) +— ¢(t, ) to a hybrid system H = (C, F, D, Q)
satisfies the formula

f=pUsq (4.7)

at (t,7) € dom ¢ when there exists (¢,7') € dom ¢ such that t' + 57 > t + j
and ¢(t', 7') satisfies ¢; and ¢(t”, j”) satisfies p for all (¢”, ") € dom ¢ such that
t+7<t"+7"<t'+7.

According to the definition of the U,, operator, a solution (¢,7) — ¢(t, j) to a
hybrid system H = (C, F, D, G) satisfies the formula
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at (t,j) € dom ¢ when f = pU,q is satisfied at (¢, j) € dom ¢; or ¢(t', j') satisfies
p for all (#',7") € dom ¢ such that t' + j' > ¢ + j.
The set of points in R" satisfying an atomic proposition p or an atomic propo-

sition ¢ are respectively given by

P={zeR":p(x)=1} and Q= {zr e R": ¢(x) = 1}, (4.9)

and we assume that the sets P and () are closed and P C CU D.
With the sets P and @ as in (£9]), when a solution ¢ to H satisfies pU,,q at
(t,7) = (0,0) with (¢, (0,0)) E p V g, we have the following cases:

1) the solution ¢ starts and remains in the set P for all hybrid time; or
2) the solution ¢ starts and remains in the set P up to when it reaches Q.
3) the solution ¢ starts from the set Q.

Remarkably, these properties can be assured using the conditional invariance no-
tion in Definition[2:4l In fact, notice that based on items 1) - 3), the solution needs
to either remain in P or remain in P U () for some time. Such a property coin-
cides with conditional invariance of P U Q) with respect to P\ @ for the following
auxiliary system H,,: given a closed set ) and a hybrid system H = (C, F, D, G),
we consider the system H,, = (Cy, Fy, Dy, Gy) given by

Fy(z) := F(x) VeeCp:=C\Q
if 4.10
Gy(z) = z Hzel Ve € Dy, :==DUQ. (4.10)
G(z) otherwise

The intuition behind the construction of the system #,, is as follows: the system

H., is used to characterize the behavior of the system H outside the set (). Indeed,
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the solutions to H are the solutions to H,, (and vice versa) up to when they reach
(if they do) the set ). By Definition of the weak until, when pl,,q is satisfied for
H, it follows that, the solutions to H,, starting from the set P\Q stay in P U Q.
Hence, by guaranteeing conditional invariance of P U @) with respect to P\(Q for
H.,, we establish that every solution to H starting from P U @) satisfies pU,,q for
‘H. Alternatively, the satisfaction of pU,,q for H can be guaranteed by conditional
invariance of P U @ with respect to P U@ (namely, forward invariance of P U Q)
for H.

Example 4.9 (Timer). Consider a hybrid system H = (C, F, D,G) modeling a

constantly evolving timer with the state v € R and

F(z):=1 Ve e C:=10,1],
G(z) =0 Ve e D :=[l,+00).

(o) __{ 1 ifve|31]

0 otherwise

1 if x € [1,400)
q(x) =

0 otherwise

for each x €R™. The sets P and Q in ([EL9) and the system H,, in (ZI0) are given
byQ =D, P= [%,1], and

Fy,(z):=1 Vo e Cy:=10,1),
Gu(z) =2 Ve e D, :=D=Q.

We notice that each solution to H, starting from P\Q = [%, 1) flows in P and
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reaches x =1 € (). Once a solution reaches x = 1, it jumps according to the jump
map Gy(x) = = and stays at {1} € Q by jumping since it cannot flow back to
P\Q. Hence, the solutions to H,, starting from P\Q never leave the set P U Q,
which implies that the set P U Q is conditionally invariant with respect to P\Q
for H,,. Note that conditional invariance of P U Q with respect to P\Q does not
hold for H since once a solution to H reaches @, it jumps outside P U Q. As a
consequence, the formula f = pU,q is satisfied for H since the solutions to H

starting from P\Q remain in P until reaching the jump set D = Q. A

Theorem 4.10 (pU,q via Conditional Invariance). Consider a hybrid system
H = (C,F,D,G). Given two atomic propositions p and q, let the sets P and Q be
given as in ([A9)) and let the system H,, be as in [AI0). The formula f = pU,q is
satisfied for every mazimal solution ¢ to H at (t,7) = (0,0) with (¢,(0,0)) EpVgq

if PUQ is conditionally invariant with respect to P\ Q for H.,,.

Proof. Suppose that PU(Q is conditionally invariant with respect to P\Q for H.,.
We show that, for each solution ¢ to H such that ¢(0,0) € P\Q, ¢ stays in PUQ
for all (¢,7) € dom ¢ such that t+j < 7g(¢). Indeed, let ¢ be a maximal solution
to H,, such that ¥(t,j) = ¢(t, ) for all (t,j) € dom ¢ such that t + j < To(o);
such a solution 1 to H,, always exists since the systems H and H,, share the same
data outside the set ). Furthermore, since P U () is conditionally invariant with
respect to P\Q for H,,, we conclude that ¥ (¢,7) € PUQ for all (¢,7) € dom .
Therefore, ¢(t,j) € PUQ for all (¢,5) € dom ¢ such that t + j < T5(¢), which

completes the proof. O
The bouncing ball example in [20, Example 1.1] illustrates Theorem .10

Example 4.11 (Bouncing Ball). Consider a hybrid system H = (C,F,D,QG)

modeling a ball bouncing vertically on the ground, with the state v = (11, 15) € R?
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and the data

x
F(z) = 2] VeeC :={zxeR?:x >0}
L —7
0
G(z) = VeeD:={reR?:z, =025 <0},
_—)\ZL'Q

where x1 denotes the height above the surface and xs is the vertical velocity. The
parameter v > 0 is the gravity coefficient and X € (0, 1) is the restitution coeffi-

cient. Let € > 0 and define atomic propositions p and q such that

1 if © €[0,¢e] and x5 <0
p(x) =
0 otherwise,
and
1 if v1 >0 and xo >0
q(x) =
0 otherwise.

The sets P and Q in ([A3) and the data of H,, in [EI0) are given by P = [0,¢] X
RSO; Q = RZO X RZ()? and

Fy(z) = F(x) Va € Cy
T if reR5o xR
/ =0 =0 Va € Dy,
where D,, = ({0} x Rg) U (Rsg X Rxg) and Cy, = Rsg x Rg. Note that each
solution to H, from P\Q either flows in P and reaches Q after jumping from
{0} x Reg C Dy, or directly jumps from {0} x Ry towards Q. Once a solution
reaches a point x € Q) after a jump, it jumps according to the jump map G, (x) =

x. Note that each solution to H,, from (0,00) x {0} C Q can only flow. Hence,
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every solution to H,, starting from P\Q never leaves the set PUQ, implying that
the set PUQ is conditionally invariant with respect to P\Q for H,,. Then, using
Theorem [{.10, we conclude that the formula pU,q is satisfied for H. A

Next, we consider the definition of the strong until operator. With the same
sets P and @ in (Z9), to assure that a solution ¢ to H satisfies pUsq at (t,j) =
(0,0) with (¢, (0,0)) Ep Vg,

1) the solution ¢ starts and remains in the set P until reaching the set @) in

finite hybrid time; or
2) the solution ¢ starts from the set Q.

Therefore, the satisfaction of pU,q for H requires, additionally, that every solution
¢ reaches () in finite hybrid time. When the set P U () is conditionally invariant
with respect to P\Q for H,,, this property is guaranteed by @) being eventually
conditionally invariant with respect to P U ) for the auxiliary hybrid system

Hs = (037 F37D37Gs) giVen by

Fy(z) :== F(x) reCs:=(C\Q)NP
Gs(x) = z Hzel r€Ds:=(DNP)UQ. @
G(x) otherwise

The hybrid system H, is just the restriction of H,, in (ZI0) to P U Q. It is easy
to see that Cs :== C,, N (PUQ) and Dy := D, N (P UQ). As a result, when,
additionally, () is eventually conditionally invariant with respect to P U@ for H,,
each solution to H; starting from P\@ reaches @ in finite hybrid time. Since the
solutions to H, are the solutions to #,, (and vice versa) up to when they reach

@, and the solutions to H,, are the solutions to H (and vice versa) up to when

they reach @, each solution to H starting from P\( reaches () in finite time and
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remains in P until it reaches @), which implies the satisfaction of plsq for H.
Alternatively, the satisfaction of pU,q for H,, can be guaranteed by using FTA of
) with respect to P U @ for H, instead of eventual conditional invariance of @)

with respect to P U @ for H,.

Theorem 4.12 (pUq via pU,,q + Eventual Conditional Invariance). Consider a
hybrid system H = (C, F, D,G). Given two atomic propositions p and q, let the
sets P and @ be given as in (L9) and let the system H, be given as in (LIT]).
The formula f = pUsq is satisfied for every solution ¢ to H at (t,j) = (0,0) with
(¢,(0,0)) EpVa if
1) the formula pU,q is satisfied for every solution ¢ to H at (t,5) = (0,0) with
(¢,(0,0)) EpVq (see Theorem[].10); and

2) the set Q) is eventually conditionally invariant with respect to PUQ for H.

Proof. By definition of Hy, if the formula pU,,q is satisfied for H by item 1), each
solution to H, starting from P\@ remains in the set P U Q). Furthermore, when
additionally @) is ECI with respect to P U @) for H,, each maximal solution to
Hs starting from P\ remains in the set P U () and reaches the set @) in finite
hybrid time. The proof is completed if we show that each maximal solution ¢ to
H starting from P\@ stays in PUQ for all (¢, j) € dom ¢ such that t+j < To(o),
and To(¢) < oo. To this end, let ¢ be a maximal solution to H starting from P\ Q.
By item 1), ¢ remains in P\@ up to when it reaches @) (if that ever happens).
Next, since both H and H, share the same data on P\(@Q, there always exists a
solution ¥ to Hs such that i (t,7) = ¢(t, j) for all (t,7) € dom ¢ provided that
t+j < Tg(¢) = To(v). Furthermore, by item 2), we know that 7g(¢) = To(¢) <
0o. Then, since we already know that ¢ (¢,7) € P UQ for all (t,5) € dom ¢ by
item 1), we conclude that ¢(t,7) = ¥ (t,5) € PUQ for all (¢,j) € dom ¢ provided
that ¢ + j < To(¢) = To(¥); and thus, the proof is completed. O]
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The following example illustrates Theorem

Example 4.13 (Thermostat). Consider a hybrid system H = (C, F, D, G) model-
ing a controlled thermostat system. The variable h denotes the state of the heater,
i.e., h =1 implies the heater is on and h = 0 implies the heater is off. The vari-
able z is the room temperature, z, denotes the room temperature when the heater
is off, and zx denotes the capacity of the heater to raise the temperature such that
20 < Zmin < Zmax < 20 + 2a. The system H with the state x := (h,z) € {0,1} xR

is given by

F(LL’):[O —Z+Zo—|—ZAh}T Vl’ECZ:CQU01
G(z) = [1—h zr Ve € D := Dy U Dy,

where Cy == {x € R> : h = 0,2 > zpin}, C1 = {r € R? : h = 1,2 < zpav),

Dy:={ze€eR*:h=0,2< zpm}, and D; .= {x € R* : h = 1,2 > zy.}. Define

v

the atomic propositions p and q as

1 if v € {1} X (—00, Zmax]
p(x):=

0 otherwise,

1 Zfl’ S {O} X [Zmirn +OO)
q(z) ==

0 otherwise,

for each x € R™. The sets P and Q in [@9]) are given by P = {1} X (—00, Zmax),
Q = {0} X [zmin, +00). The system H,, is given as in [@I0), where C,, = {1} X
(—00, Zmax) (= P) and D,y = ({0} x R)U ({1} X [2max, +00)). Then, the system Hq
is given as in (L11)) with Cs = Cy(=P) and Ds = ({0} X [2min, +00))U{(1, 2Zmax) } -
Note that each solution to Hs from P\Q(= P) flows in P and reaches Q) after
Jgumping from {(1, zmax)} € Ds. Once a solution reaches a point © € @, it jumps

according to the jump map Gs(x) = z and stays in Q by jumping, which implies Q
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is eventually conditionally invariant with respect to P U Q for Hs. Furthermore,
each solution to H.,, starting from P\Q(= P) flows in P and reaches Q) for the
first time by jumping from {(1, zmax) } t0 {(0, Zmax)}. Once a solution to H,, lands
on {(0, zmax) }, it jumps according to the jump map G, (x) =z and stays in Q by
jumping. Hence, each solution to H, starting from P\Q does not leave the set
PUQ, which implies that the set P U Q is conditionally invariant with respect to
P\Q for H.,; and thus, using Theorem[{.10, we conclude that the formula pU,q
is satisfied for H. As a result, using Theorem [{.13, we conclude that the formula
pUsq is satisfied for H. A

The following result characterizes the satisfaction of pU,q using FTA for hybrid

systems in addition to the satisfaction of pl,,q.

Theorem 4.14 (pU,q via pU,q + FTA). Consider a hybrid system H = (C, F, D, Q).
Given atomic propositions p and q, let the sets P and Q be as in (L£9) such that
the set () is closed and let the data of Hs be given in ([AIT)). The formula pUsq is
satisfied for ‘H if and only if

1) the formula pU,q is satisfied for H; and

2) the set Q is FTA with respect to P U Q for H.

Proof. Suppose that pU,q is satisfied for H. By definition of plf,q, we conclude
that pU,q is satisfied for H. Next, we show that the set @) is FTA with respect
to PUQ for H,. To do so, we consider a maximal solution ¢ to H, starting from
P U Q. In particular, each maximal solution to H, starting from (), the solution
stays in @) by construction of H,. Hence, we consider a maximal solution ¢ to H
starting from P\ Q. Since pU,q is satisfied for H, the solution ¢ either reaches

the set @ in finite time or remains in P\@Q. To exclude the latter case, we show
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that when ¢ remains in P\(@Q, then ¢ is a maximal solution to H. Indeed, assume
the existence of a solution ¢ to H that is a nontrivial extension of ¢; namely,
there exists I C Rs¢ x N such that [ # () and dom ¢ = dom ¢ U I. Note that
(dom ¢) = ¢(dom ¢) C P\Q. Also, since ¥ must remain in P\Q up to when
it reaches (), we can choose I such that ¢ (dom ¢ U I) C P\Q. Hence, ¢ is a
solution to H,, which contradicts the fact that ¢ is a maximal solution to H,.
Furthermore, since pUsq is satisfied for H, we conclude that ¢, being a maximal
solution to H, must reach @ in finite hybrid time.

Now, suppose that the formula pU,q is satisfied for H. This implies that
each maximal solution ¢ to H remains in P\@ for all hybrid time; otherwise, ¢
remains in P\Q up to when it reaches @ in finite hybrid time. To exclude the first
scenario, we note that when ¢ remains in P\Q for all hybrid time, it follows that
¢ is also a maximal solution to Hs. However, by item 2), the maximal solutions

to Hs must reach Q). O
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Chapter 5

Sufficient conditions guaranteeing
the satisfaction of temporal

formulas for hybrid systems

5.1 Sufficient Conditions for Op

In the following, we present sufficient conditions guaranteeing f = Op. Due to
the equivalence we provide in Section [4.1l any sufficient condition that guarantees
the needed invariance property of the set guarantees the satisfaction of the formula
Op. For example, in [24137], such invariance property for hybrid systems is studied

as follows:

e Forward pre-invariance of a set in [24, Theorem 4.3];

e Forward pre-invariance of a subset of the sublevel sets of a Lyapunov function

in [24, Theorem 5.1];

e Forward pre-invariance of a set defined by a barrier function in [37, Theorem

1].
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By exploiting the results and the ideas in [37], the conditions given below provide
sufficient conditions to verify that H is such that every solution ¢ to H with
¢(0,0) I p satisfies f = Op. Below, the concept of tangent cone of a set is used;
see [20, Definition 5.12]. The tangent cone at a point = € R" of a set K C R",
denoted Tk (), is the set of all vectors w € R™ for which there exists z; € K, 7, > 0

with z; — x and 7; \ 0 such that w = =2, For a set K C R", U(K) denotes any

Ti

open neighborhood of K and 0K denotes its boundary. Furthermore, the notion

of barrier function candidate with respect to K for H is given as follows [37]:

Definition 5.1 (Barrier Function Candidate). Consider a hybrid system H =
(C,F,D,G). A function B : R" — R is said to be a barrier function candidate
with respect to K for H if

{ B(z) <0 Vo e K
(5.1)

B(z) >0 Vo e (CUDUG(D))\ K.

Assumption 5.2. The flow map F' is outer semicontinuous, nonempty, and lo-

cally bounded with convex values on C. Furthermore, the jump map G is nonempty

on D.

Theorem 5.3. Consider a hybrid system H = (C,F,D,G) satisfying Assump-
tion[Z2. Given an atomic proposition p, suppose the set K in ([B.6]) is closed and
K C CUD. Then, the formula f = Op is satisfied for all solutions ¢ to H (and
for all (t,7) € dom ¢) with ¢(0,0) Ik p if there exists a barrier function candidate
B with respect to K for H as in (&) that is continuously differentiable and the

following properties hold:
1) (VB(z),n) <0 forallz e CN(UOK)\ K) and alln € F(z) NTe(x).
2) B(n) <0 forallx € DNK and alln € G(z).
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3) G(DNK)c CUD.

Proof. Under conditions 1)-3), we conclude that the set K in (3.6]) is forward pre-
invariant for H using [37, Theorem 1]. Then, by Theorem 3] the formula f = Op
is satisfied for each solution ¢ to H at (¢,7) = (0,0) with ¢(0,0) IF p since the set
K is forward pre-invariant for #. Moreover, this property at (¢, j) = (0,0) implies
o(t,7) IF p at each (t,5) € dom ¢; and thus, the formula f = Op is satisfied for
each solution ¢ to ‘H and at each (¢, j) € dom ¢ with ¢(0,0) IF p. O

Remark 5.4. Note that Qp is satisfied for all solutions ¢ to H if $(0,0) I+ p
and ¢(t, j) IF p for all future hybrid time (t,j) € dom ¢. Under the conditions in
Theorem[5.3, solutions with ¢(0,0) ¥ p may satisfy p after some time if ¢ reaches
the set K in (B6]) in finite time. Convergence to such set in finite hybrid time is

presented in the next section.
Next, the bouncing ball example in [20, Example 1.1] illustrates Theorem (.31

Example 5.5. Consider a hybrid system H = (C, F, D, G) modeling a ball bounc-

ing vertically on the ground, with state x = (x1,12) € R* and the data given by

x
F(z) = ? Ve e C:={zr e R": 2y >0},
-
i (5.2)
0
G(x) = Vee D :={zeR": 2z =0,z5 <0},
_—)\1’2

where x1 denotes the height above the surface and xo is the vertical velocity. The
parameter v > 0 is the gravity coefficient and A € [0,1] is the restitution co-
efficient.  Fvery maximal solution to this system is Zeno. Define an atomic

proposition p as follows: for every x € R", p(x) = 1 when z € C U D and
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2vx1+ (9 —1) (2o +1) < 0; p(x) = 0 otherwise. Let K be given as in (3.0). Then,
we observe that the closed set K is the sublevel set where the total energy of the
ball is less than or equal to 1/2. The function B(z) := 2yxy + (12 — 1)(za + 1) is
a barrier function candidate since B(z) < 0 for all x € K and B(x) > 0 other-
wise. Then, we have (VB(x), F(z)) = 0 for each x € C; and thus, condition 1)
in Theorem [5.3 is satisfied. Moreover, we have B(G(z)) = 2yx; + \?23 —1 <0
for every x € DN K since A € [0,1]; and thus, condition 2) in Theorem [5.3 is
satisfied. Finally, since G(D) = {0} x R>q C C'UD, condition 3) in Theorem[2.3
is satisfied. Therefore, via Theroem[5.3, the formula f = Op is satisfied for each
solution ¢ to H from K and at each (t,j) € dom ¢. A

Example 5.6. Consider a hybrid system H = (C, F, D, G) modeling a constantly

evolving timer system with the state x = (1, h) € X :=[0,00) x {0,1} given by

F(x) = 1] VeeC:={reX:0<7<T},
0
_ (5.3)

0
G(x) = ] VeeD:={zeX:7>T},
1—nh

where T denotes a timer variable, h is a logic variable, and T is the period of the
timer. Moreover, for each x € X such that 0 < 7 < T, p(x) = 1; otherwise,
p(z) = 0. Let K be given as in [B0). Consider the barrier function candidate
B(x) :== 7 —T. We notice that C N (U(OK) \ K) = 0; and thus, condition 1)
in Theorem [5.3 is trivially satisfied. Moreover, we have B(G(x)) = =T < 0 for
every x € D; and thus, condition 2) in Theorem is satisfied. Furthermore,
since G(D) = {0} x {0,1} € C U D, condition 3) in Theorem is satisfied.
Therefore, via Theorem [5.3, the formula f = Op is satisfied for each solution ¢
to H and at each (t,j) € dom ¢. A
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5.2 Sufficient Conditions for $p

In the following, we present sufficient conditions guaranteeing the formula
f = Op. Due to the equivalence we provide in Section[4.2] any sufficient condition
that guarantees the FTA property of the set K in (3.6]) guarantees the satisfaction
of the formula ¢p. In that sense, we observe that the results on finite-time stability
(FTS) for a set for hybrid systems in [25] and the results on recurrence for a set for
hybrid systems in [38] can be applied to derive sufficient conditions guaranteeing
the desired FTA property. In the following, by exploiting the results and the
ideas in [25], sufficient conditions are proposed to verify that H is such that every
solution ¢ to H satisfies f = Op; see Appendix [Bl for more details about sufficient
conditions for FTA.

As stated above, the satisfaction of the formula f = Opis assured by conditions

that guarantee that the set K in (B8.6]) is FTA for #, where

1 it ve K
p(x) = (5.4)
0 otherwise.

In the following, we propose sufficient conditions to satisfy the formula f = <p.
Below, the function V : R” — R is continuous on R" and locally Lipschitz on a
neighborhood of C'. Using Clarke generalized derivative, we define the functions
uc and up as follows: wuc(x) = maxX,ecp) MaxXceay(x) (¢, v) for each v € C,
and —oo otherwise; up(z) := maxcea(z) V(¢) — V() for each z € D, and —oo
otherwise, where OV is the generalized gradient of V' in the sense of Clarke; see
Section for more details. Moreover, a function a : R5y — R is a class-K
function, denoted by a € I, if it is zero at zero, continuous, and strictly increasing
and « is a class-KC, function, denoted by a € K., if @ € K and is unbounded.

Given a real number s € R, ceil(s) denotes the smallest integer upper bound for
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Theorem 5.7. Consider a hybrid system H = (C,F,D,G). Given an atomic
proposition p, let the set K in ([3.6) is closed. Suppose there exists an open se
N that defines an open neighborhood of K such that GI(N') C N C R™. Then, if

1) there exists a continuous function V : N — Rsq, locally Lipschitz on an

open neighborhood of C NN, and ¢; > 0,¢5 € [0,1) such that

1.1) for every x € NN (CUD) such that p(x) = 0, each ¢ € Sy(x) satisfies

vi—e2(z) < su .
o) > p t, 5.5
ei(l=e2) (t,5)edom ¢ ( )

1.2) the function V is positive definite with respect to K and
1.2a) for each x € CNN and p(x) =0, uc(x) + 1V (x) <0;

1.2b) for each x € DNN and p(x) =0, up(z) < 0.
or

2) there exists a continuous function V : N — Rsq, locally Lipschitz on an

open neighborhood of C NN, and ¢ > 0 such that

2.1) for every x € N'N(CUD) such that p(z) = 0, each ¢ € Sy (x) satisfies

cez’l(vim))g sup  j; (5.6)
(t,5)edom ¢

2.2) the function V is positive definite with respect to K and

2.2a) for each x € CNN and p(x) =0, uc(x) <0;

2.2b) for each x € DNN and p(x) =0, up(z) < —min{e, V(x)}.
LA set A can be chosen as N' = R" for the global version of FTA.
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hold, then, the formula f = p is satisfied for every solution ¢ to H from Ly (r)N
(CUD) at(t,j) = (0,0) where Ly(r) = {x € R* : V(z) < r}, r € [0,00], is a
compact sublevel set of V' contained in N'. Moreover, for each ¢ € Sy(Ly(r) N
(CUD)), defining £ = ¢(0,0), the first time (t',5') € dom ¢ such that ¢(t', ') I+ p
satisfies

t'+j' =T(9), (5.7)

and an upper bound on that hybrid time is given as follows:

a) if 1) holds, then T is upper bounded by T*(§)+T*(¢), where T*(§) = ‘0/11(716—20(5))
and J*(¢) is such that (T*(§), T*(¢)) € dom ¢.

b) if 2) holds, then T is upper bounded by T*(¢) + T*(§), where JT*(§) =
ceil(w) and T*(¢) is such that (T*(¢), T*(&)) € dom ¢ and (T*(¢), T*(£)—

[

1) € dom ¢.

Proof. Note that the set K is closed and collects the set of points such that p is
satisfied. Now we show that the conditions in Proposition [B.1] or Proposition [B.3]
hold for K.

e Item 1) implies that for every x € N N (C U D) \ K, each ¢ € Sy(x)
satisfies (5.5]); and the function V' is positive definite with respect to K; and
uc(x) + Ve (z) < 0 for every z € (CNN)\ K and up(z) < 0 for all
x € (DNN)\ K. Thus, Proposition [B.1] applies.

e Item 2) implies that for every x € N N (C U D) \ K, each ¢ € Sy(x)
satisfies (5.6]); and the function V' is positive definite with respect to K; and
uc(z) <0 for every z € (CNN)\ K and up(z) < —min{e, V(z)} for every
x € (DNN)\ K. Thus, Proposition [B.3] applies.
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Therefore, K is FTA for H if item 1) or 2) holds. Then, by Theorem A7, the
formula f = <p is satisfied for all solutions to H at (¢,7) = (0,0). O

Note that the conditions about the supremum over the hybrid time of a solution
in (B.3) and (B.6]) are due to not insisting on completeness of maximal solutions.
When every maximal solution is complete, these conditions hold automatically.

See Remark for more details.

Remark 5.8. Under condition 1.2) or 2.2) in Theorem[577, given a solution ¢ to
H, there exists some time (t', 7)) € dom ¢ such that ¢ satisfies p. Furthermore, we
have this satisfaction in finite time (t', '), obtained by the settling-time function
T, for which an upper bound depends on the Lyapunov function and the solution
only. Note that a settling-time function T does not need to be computed. However,
we provide an estimate of when convergence happens using an upper bound that

depends on V' and the constants involved in items 1) and 2) only.

Remark 5.9. Note that conditions (B.5) and (&) hold for free for complete
solutions unbounded in t or/and j in their domain. Moreover, mazximal solutions
are complete when the conditions in [20, Proposition 2.10 or Proposition 6.10]
hold. Specifically, if mazximal solutions ¢ are complete with dom ¢ unbounded in
its t component, then (B.0) holds automatically; and, if the solutions are complete

with dom ¢ unbounded in its j component, then (B5.6]) holds automatically.

Remark 5.10. Item 1) in Theorem[5.7 characterizes the situation when the for-
mula f = Op is being satisfied for all solutions ¢ to H due to the strict decrease
of a Lyapunov function during flows. Item 2) in Theorem[57 provides conditions
for f to be satisfied for all solutions ¢ to H due to a Lyapunov function strictly
decreasing at jumps. Finally, we can combine the properties in item 1) and item

2) to arrive to strict Lyapunov conditions for verifying that H is such that every
¢ satisfies f at (t,7) = (0,0); see Proposition[B.4)
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Remark 5.11. Based on the definition of recurrence for sets in [38, Definition 1],
the recurrence property could be used for certifying the formula Op. When the set
K that collects the set of points such that p is satisfied is globally recurrent for a
given hybrid system H = (C, F, D, G), for each complete solution ¢ € Sy (C'UD),
there exists (t,7) € dom ¢ such that ¢(t,j) € K; namely, it implies that ¢ satisfies
p at (t,j) € dom ¢. In [38], robustness of recurrence and equivalence between the
uniform and non-uniform notions are established for open and bounded sets. We
observe that the recurrence property is studied with respect to open sets. Therefore,
once we have an open, bounded set that collects the set of points satisfying p, we
can employ the recurrence property to verify that <p is satisfied. Furthermore,
we can use the results on robustness of recurrence presented in [38] to derive the

satisfaction of the formula $p with robustness.
In the following examples, the item 1) in Theorem (.7 is exercised.

Example 5.12. Inspired from [25, Example 3.3], consider a hybrid system H =
(C,F,D,G) with state x = (z,7) € R x [0, 1] given b

—k|z|*sgn(z)
F(z) = Ve e C:=R x|0,1],

(5.8)
G(z) == Ve e D :=R x {1},

where a € (0,1) and k > 0. Consider the function V : R x [0,1] — Rsq given
by V(z) = %,22 for each x € C. Moreover, each x € C satisfies p only when

x € {0} x [0,1]. Now we consider the set K = {x € C : p(x) = 1}. We have that,

2The function sgn : R — {—1, 1} is defined as sgn(x) = 1 if z > 0, and sgn(z) = —1 otherwise.
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for each x € C'\ K,

(VV(2), F(z)) = —k|2|"® = —2 5 kv (2) 2.

Furthermore, for allz € D\ K, V(G(x))—V(x) = 0. Therefore, condition 1.2) in
Theorem[5 D is satisfied with N = Rx[0,1], ¢; = QHTak: >0 andcy = HTO‘ € (0,1).
By applying [20, Proposition 6.10], condition 1.1) in Theorem[Z71 holds since every
maximal solution to H is complete with its domain of definition unbounded in the

t direction. Thus, the formula f = <p is satisfied for all solutions ¢ to H at
(t,7) = (0,0). A

Next, the bouncing ball example in Example illustrates Lyapunov condi-

tions for verifying that <p is satisfied for all solutions to H at (¢,7) = (0,0).

Example 5.13. Consider H = (C,F, D,G) in Example [5.0. Define an atomic
proposition p as follows: for each x € R"™, p(x) = 1 when xo < 0, and p(x) =0
otherwise. With K in (3.8) and N = R, let V(x) = |xg| for all x € R™. This
function is continuously differentiable on the open set R™ \ (R x {0}) and it is
Lipschitz on R™. It follows that

(VV(z), F(z)) = =y vz e (CNN)\ K,
and uc(z)+c,Ve(x) <0 holds with ¢y = v and cg = 0. For each xz € (DNN)\ K,
V(G(2)) = —Axg = | — Ax2| = M| = AV (2),

and up(z) = V(G(z)) = V(x) = AV (z) = V(x) = —(1 — \)V(x). Thus, condition
1.2) in Theorem [57 is satisfied since (D N N)\K = 0. Note that by apply-

ing [20, Proposition 6.10], every maximal solution is complete and condition 1.1)
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in Theorem [5.71 holds with the chosen constants ¢y and co due to the properties of
the hybrid time domain of each maximal solution. Therefore, the formula f = <p
is satisfied for all mazimal solutions to H at (t,7) = (0,0). Since every solution
from K, after some time, jumps from K and then converges to K again in finite

time, we have that f = <Op holds for every (t,j) in the domain of each solution.

A

Note that Theorem [5.7] guarantees that <p is satisfied for all solutions ¢ to
H at (t,7) = (0,0). These conditions can be extended to guarantee that <p is
satisfied for all (¢,7) in the domain of any solution if the set K is forward pre-
invariant or when only jumps are allowed from points in K and the jump map

maps points in K into N.

Theorem 5.14. Consider a hybrid system H = (C, F,D,G). Given an atomic
proposition p, let the set K in ([B.0) is closed. Assume that there exists an open
set N that defines an open neighborhood of K such that GIN) € N C R™.
Then, if there exists a continuous function V. : N° — Rsq, locally Lipschitz on
an open neighborhood of C NN, and ¢,c; > 0, ¢o € [0,1), such that each ¢ €
Su(Ly(r)N(CUD)) is complete, G(DNK) C Ly (r)N(CUD), and at least one
among items 1.2) and 2.2) in Theorem [B71 holds, then, the formula f = Op is
satisfied for every solution ¢ to H from Ly (r) N (C U D) and for all (t,7) in the
domain of each solution, where Ly (r) = {x € R" : V(x) < r}, r € [0,00] is a

compact sublevel set of V' contained in N .

Proof. The set K is closed and collects the points such that p is satisfied. We
first show the case when item 1.2) in Theorem [57 holds. Since each solution
¢ € Sy (Ly(r)N(CUD)) is complete, this implies that there exists (t1, j1) € dom ¢
such that

lim t,7)|lxk = 0.
im0t Dl
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If there exists (o, jo) € dom ¢ such that ¢(t2,7j2) ¢ K, then ¢ left K by jumping
since condition 1.2a) in Theorem [5.7] does not allow flowing out of K. How-
ever, if that is the case, then ¢(t2,j2) € Ly (r) N (C' U D) since G(D N K) C
Ly(r) N (C U D); and then, due to completeness of ¢, there exists (¢, j3) such
that limyy; w,+j, |#(2,7)|x = 0. Thus, proceeding in this way for all hybrid time
instant that the solution leaves K, condition 1) in Theorem [.7] holds and for
every (t,7) in the domain of each solution ¢. Therefore, the formula f = <p is
satisfied for all solutions to ‘H from Ly (r) N (C' U D) for every (¢, 7) in the domain
of each solution. The proof for the cases when item 2.2) in Theorem [£.7 holds

follows similarly. O

The following example about the firefly model in [39, Example 25] illustrates
Theorem (.14

Example 5.15. Consider the hybrid system H = (C, F, D,G) modeling two im-
pulsive oscillators capturing the dynamics of two fireflies. This system has the

state x = (x1, 1) € R? and the data given by

Fz) = 7] Ve e C = [0,1] x [0,1],

- (5.9)
G(z) = g(1+&)m) Ve € D:={z € C:max{x, s} = 1},

(1 +E)x2)

where v > 0 and the parameter £ > 0 denotes the effect on the timer of a firefly
when the timer of the other firefly expires, and the set-valued map g is given by
g(z) = z when z < 1; g(2) = 0 when z > 1; g(z) = {0,1} when z = 1. Define
p as follows: for each v € R?, p(z) = 1 when v € C and x, = x5, and p(x) =0
otherwise. Then, the set K is {x € C : p(x) = 1}. Let k = == and note that

2+€
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V(z) :=min{|z; — 23], 1 + k — |21 — 22|}

forallz € X == {z e R?: V(z) < 5} = {2z € R? : |13 — ao| # HE}. This
function is continuously differentiable on the open set X \ K and it is Lipschitz

on X. Let m* = EE and m € (0,m*). Consider C,, = C N M and D,, = DN M,

where M :={z € CUD :V(z) <m}. By the definition of V', it follows that
(VV(z),F(x)) =0 Ve e Cp \ K.

We now consider x € Dy, \ K. Since V' is symmetric, without loss of generality,

consider x = (1,x59) € Dy, \ K where x5 € [0,1] \ {ﬁ} Then, we obtain

V(z) = min{l — x5, k + x5},

V(G(z)) = min{g((1 4 &)xs),1 + k — g((1 4 &)xs)}.

When g((1+€)x2) = 0, it follows that V(G (z)) = 0. When g((148)xs) = (148)xo,

there are two cases:

a) 1y < 7=, V(z) =k + 2 > (1+8)zy > V(G(2));

b) 1 > 5=, V(z) =1— 29 > V(G(2)).

2+4-¢€7

Thus, V(G(z))—=V(x) <0 for all x € D,,\ K. By applying [39, Proposition 6.10],
every mazimal solution to the hybrid system H,, = (Cy, F, Dy, G) is complete.
Moreover, given € > 0, for e = 1%5 and m such that (K +eB) N C C C,,, we

have that for all x € D,, N (K +¢B), G(x) =0 € K. Therefore, it follows from

3Since (1, ﬁ) e{zeR":V(z) = £}
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Theorem[5.14) that the formula f = Op is satisfied for every solution ¢ to H from
N :={xeCuUD:V(x)<m} forall (t,j) in the domain of each solution. A

5.3 Sufficient Conditions for Op

Theorem 5.16. Given an atomic proposition p, let the set K be as in ([B.6). The
formula f = Op is satisfied for all solutions ¢ to H at each (t,j) € dom ¢ if the

properties a), b), and c¢) in Theorem [].§ hold simultaneously.

Remark 5.17. By the definition of next operator, one could consider that the
flow set C' is empty to specify Op for all solutions ¢ to H. Under this assumption,

H reduces to a discrete-time system.

The following example illustrates the sufficient conditions in Theorem to

guarantee the satisfaction of Op.

Example 5.18. Let a hybrid system H = (C, F, D, G) with the state x € R and
data given by
D:=R, G(z):= sgn(x), (5.10)

C is empty, and the flow map F is arbitrary. The function sgn(z) is defined in
Ezample 512, and p(x) =1 if || = 1. Let K := {—1,1}. By using the map G,
for every x € DN K, G(x) € K; for everyx € D\ K, G(z) € K. Therefore, the

formula f = Op is satisfied for all solutions to H.

5.4 Sufficient Conditions for plq

In this section, sufficient conditions that guarantee the satisfaction of the for-
mulas pU,,q and pU,q are presented by employing sufficient conditions that guar-

antee the needed invariance and attractivity properties of the sets.
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First, we present sufficient conditions that guarantee the satisfaction of the for-

mula pU,,q by using the sufficient conditions for conditional invariance in Propo-

sition

Theorem 5.19 (pU,q). Consider a hybrid system H = (C,F,D,G). Given
atomic propositions p and q, let the sets P and Q) be as in ([£9) such that P and
Q@ are closed and P C C' U D. Then, the formula f = pU,q is satisfied for all
solutions ¢ to H at (t,j) = (0,0) with (¢, (0,0)) E pV q if there exists a C' barrier
function candidate B with respect to the sets (P\ Q,R™\ (P UQ)) for H as in
(C3) such that K :== {x € CUDUQ : B(x) < 0} is closed and the following
hold:

1) (VB(x),n) <0 forallz € (C\Q)N(U(OK)\K) and alln € F(x)NTe\g(x).
2) B(n) <0 for all € K N (D\Q) and all n € G(x).
3) Glx) cCUDUQ for all z € KN (D\Q).

Proof. Let the system H,, = (Cy, Fy, Dy, Gy) be as in (£I0). Since K = {x €
CUDUQ : B(z) <0} and the barrier function candidate B satisfies B(x) < 0 for
all z € P\@Q and B(x) >0 forallz € (CUD)\(PUQ)=(CUDUQ)\(PUQ),
we conclude that B is a barrier candidate with respect to (P\Q,R™\(P U Q))
for H,, in (AI0). Furthermore, item 1) implies that (VB(x),n) < 0 for all z €
(UOK)\K)NC, and all n € F(z)NTg, (x). Item 2) implies that B(n) < 0 for all
x € KN(D\Q) and all n € G,,(x). Furthermore, when x € KNQ, G, () = x and
B(z) < 0. Hence, B(n) <0forallz € KND, and all n € G,,(x). Item 3) implies
that G, (K N(D\Q)) C C, U D,,. Furthermore, G,,(KNQ) C KNQ C C,UD,,.
Hence, G,(K N D,) C C, U D,. Thus, using item 1) in Proposition with
O and X, therein replace by P\Q and R™\(P U @), respectively, we conclude
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that P U @ is conditionally inavariant with respect to P\@ for H,,. Hence, using
Theorem [4.10, we conclude that pl,,q is satisfied for H. O

The following example illustrates Theorem

Example 5.20 (Bouncing Ball). Consider the bouncing ball example in Example
to confirm the conclusions therein using Theorem [5.19. Consider the barrier
function candidate B(z) := x1 — € with € > 0. Indeed, B is a barrier function
candidate with respect to (P\Q,R"\(P U Q)) for H since B(x) < 0 for all x €
P\Q = [0,e] x Ry and B(x) > 0 for allz € (CUD)\(PUQ) = (g,00) x Rg.
Furthermore, for all x € C\Q = Rs¢ X Ry, we have (VB(z), F(z)) = x2 < 0;
hence, item 1) holds. Furthermore, for allx € KND = D, B(G(z)) = B(x) < 0;
hence, item 2) holds. Finally, for all x € D, G(z) € {0} x R>g C C; hence, item
3) holds. As a consequence, using Theorem [5.19, we conclude that the formula
[ = pUyq is satisfied for all solutions ¢ to H at (t,7) = (0,0) with (¢, (0,0)) E

pVq.

In the following, we present sufficient conditions that guarantee the satisfaction

of the formula pU,q by using sufficient conditions for ECI for hybrid systems.

Theorem 5.21 (pU,q using Eventual Conditional Invariance). Consider a hybrid
system H = (C, F,D,G). Let the system Hs, = (Cs, Fs, Ds, Gs) be as in (EIT]).
Given atomic propositions p and q, let the sets P and Q be as in (L9) such that
P and Q are closed and P C C U D. Then, the formula f = pU,q is satisfied for
each solution ¢ to H at (t,7) = (0,0) with (¢, (0,0)) E pV q if the following hold:

1) The formula pU,q is satisfied for each solution ¢ to H at (t,5) = (0,0) with
(¢,(0,0)) FpVa.

2) There exist a C* function v : R® — R, a locally Lipschitz function f.: R —

R, and a constant r1 > 0 such that the following hold:
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2.1) (Vu(z),n) < fo(v(x)) for alln € F(x) N Tg (x) and for all x € Cs;
2.2) v(n) <wv(x) for alln € G(x) and for all x € DN P;

2.8) The solutions to

y= fe(y) (5.11)
starting from v(P \ Q) converge to (—oo,r1) in finite time.

3) There exist a C' function w : R® = R, f;: R — R which is nondecreasing,

and a constant ro > 0 such that the following hold:

8.1) (Vw(z),n) <0 for alln € F(x)NTg (x) and all z € Cy;
3.2) w(n) < fa(w(zx)) for alln € G(z) and all x € DN P;

3.3) The solutions to
2 = fa(2) (5.12)

starting from w(P \ Q) converge to (—oo,19) in finite time.
4) One of the following conditions holds:

4a) Each complete solution to H starting from P\ Q) is eventually contin-

uous and, with 1 coming from item 2),

Sp:={reCnN(PUQ):v(x)<r}CqQ. (5.13)

4b) Each complete solution to H starting from P\ Q is eventually discrete

and, with ro coming from item 3),
Sy={x e DN(PUQR) :w(r) <1} CQ. (5.14)

4c) Each complete solution to H starting from P\ Q is eventually continu-
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ous, eventually discrete, or has a hybrid time domain that is unbounded

in both the t and the j direction and, with r1 and ro coming from item

2) and item 3) respectively, (5.13) and (5.14) hold.

4d) With ry and ry coming from item 2) and item 3) respectively, (5.13)
and (B5.I4) hold, and G(S2) N C, C Si.

5) No mazimal solution starting from P has a finite time escape within (P\Q)N

C
6) Every mazximal solution from (P NOC)\ (DU Q) is nontrivial.

Proof. By item 1), every maximal solution to H from P U @ satisfies pU,q. It
remains to show that every maximal solution to H starting from P\ also satisfies
pU,q, as solutions from () already satisfy it. To this end, note that each maximal

solution ¢ to H from P\(Q satisfy one of the following conditions:
a) ¢ reaches () in finite hybrid time;
b) ¢ is not complete and does not reach @ in finite hybrid time; or
¢) ¢ is complete and does not reach ) in finite hybrid time.

In the rest of the proof, we show that ¢ can only satisfy case a). First, we
show that case b) is not possible due to items 5) and 6) using contradiction. That
is, suppose ¢ is not complete and never reach @); in particular, dom ¢ is bounded.
Let (T, J) = supdom ¢. Due to the fact that ¢ never reach ) and since ¢ satisfies
pUq, we conclude that ¢ remains in P\Q. Moreover, under item 5), the maximal
solution ¢ does not have a finite escape time inside (P\@)NC, which implies that
(T,J) € dom ¢. Now, by the definition of solutions to H, ¢(T,J) € C U D.
First, let ¢(T,J) € D. In this case, ¢ can be extended via a jump. Next, let
¢(T, J) € C\D. In this case, when ¢(T, J) € int(C')\D, we use [[SA)| to conclude
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that ¢ can be extended via flow; and for the case when ¢(7T', J) € 0C\ D, we use
item 6) to conclude that ¢ can be extended via flow. Therefore, if (T, J) € dom ¢,
then ¢ can be extended via flow or a jump. This contradicts maximality of ¢; and
thus, case b) is not possible.

Next, we show that case c) is not possible due to items 2)-4) using contra-
diction. Suppose that items 2), 3), and 4a) hold. Suppose that there exists a
complete solution ¢ to H that does not reach @ in finite hybrid time. By con-
struction of H, and since H satisfies pU,q, we claim that ¢ is also a maximal
solution to H,. However, using the arguments in a) in the proof of Theorem [C.5]
there must exist (¢*, j*) € dom ¢ such that ¢(¢,7) € S; C @ for all (¢,5) € dom ¢
and t+j > t*+47*. This implies that ¢ must reach @) in finite hybrid time via flow.
Next, suppose that items 2), 3), and 4b) hold. Proceeding as when 4a) holds, we
claim that ¢ is also a maximal solution to H,. Using the arguments in b) in the
proof of Theorem [C.3] there exists (t*,j*) € dom ¢ such that ¢(t,j) € So C Q
for all (¢,j) € dom ¢ and t + j > t* 4+ j*. This implies that ¢ must reach @ in
finite hybrid time by jumps. Similarly, suppose that items 2) and 3) hold and
either item 4c) or item 4d) holds. Using the claim that ¢ is a maximal solution
to H, and the arguments in the proof of Theorem [C.H, we conclude that there
exists (t*,j*) € dom ¢ such that ¢(¢,5) € S; U Sy C @ for all (¢,7) € dom ¢ and
t+j > t*+ j5*. This implies that ¢ must reach @ in finite hybrid time via flow or

jumps. Therefore, we conclude that case c) is not possible. O

Theorem 5.22 (Strong Until using Eventual Conditional Invariance via Flows).
Consider a hybrid system H = (C, F, D, G). Given atomic propositions p and q, let
the sets P and Q be as in (X3) such that P C CUD. Then, the formula f = pU,q
is satisfied for each solution ¢ to H at (t,7) = (0,0) with (¢, (0,0)) E pV q if the
following hold:
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1) The formula pU,q is satisfied for each solution ¢ to H at (t,7) = (0,0) with

(¢,(0,0)) EpVag.

2) There exist a C1 function v : R*® — R, a locally Lipschitz function f.: R —

R, and a constant r1 > 0 such that the following hold:

2.1) (Vu(z),n) < fo(v(z)) for alln € F(x) NTe(x) and for all x € (C'N
P)\ Q;

2.2) v(n) < wv(x) for alln € G(z) and all z € DN P;

2.3) S1:={xeCN(PUQ):v(x) <r} CQ and the solutions y to (51T

starting from v(P \ Q) converge to (—oo,11) in finite time.

3) For each solution ¢ € S (P \ Q), there exists a solution y to (5.11)) starting

from v(¢(0,0)) such that there exists t* € Rsq satisfying:

t* <sup{t: (t,5) € dom ¢}, y(t) € (—o0,r] Vit > t*. (5.15)

Proof. Consider system H introduced in (ZIT]). Using item 1), we conclude that
a maximal solution ¥ to H starting from P\ either remains in P\Q for all
time, otherwise, 1) remains in P\ up to when it reaches the set (). Hence, each
maximal solution ¢ to H, starting from P\Q remains in P U Q. In particular,
either ¢ reaches ) in finite time, or ¢ remains in P\Q. To exclude the latter
case, we show that, when ¢ remains in P\(@Q, ¢ must be a maximal solution to H.
Indeed, assume the existence of a solution 1 to ‘H which is a nontrivial extension
of ¢; namely, there exists I CR>oxN such that I # () and dom ¢ U I =dom 1.
Note that 1(dom ¢) = ¢(dom ¢) C P\Q. Also, since ¥ must remain in P\Q up
to when it reaches @), we can choose I such that ¢(dom ¢ U ) C P\Q. Hence,

1 is a solution to H,, which contradicts the fact that ¢ is a maximal solution to
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... Next, using item 3), we conclude the existence of a solution y to 7 = f.(y)
starting from v(¢(0,0)) such that, for some t* > 0, (5.15) holds. Combining the
latter fact to item 2) and using Theorem for H,, we conclude that ¢ must
reach () in finite time. Hence, () is eventual conditional invariant with respect to

P\Q for H,. Finally, the proof is completed using Theorem T2 O

Theorem 5.23 (pU,q using Eventual Conditional Invariance via Jumps). Con-
sider a hybrid system
H = (C,F,D,G). Given atomic propositions p and q, let the sets P and Q) be as
in (E9) such that P C C' U D. Then, the formula f = pU.q is satisfied for each
solution ¢ to H at (t,5) = (0,0) with (¢,(0,0)) E pV q if the following hold:
1) The formula pU,q is satisfied for each solution ¢ to H at (t,7) = (0,0) with
(¢,(0,0)) EpVg.
2) There exist a C' function w : R® = R, f;: R — R which is nondecreasing,
and a constant ro > 0 such that the following hold:
2.1) (Vw(x),n) <0 foralln € F(x)NTe(x) and all z € (CNP)\ Q;
2.2) w(n) < fi(w(x)) for allm € G(x) and all x € DN P;
2.3) Sy ={xreDN(PUQ):w(x)<ry} CQ and the solutions to (5.12)

starting from w(P \ Q) converge to (—oo,rs) in finite time.

3) For each solution ¢ € Sy (P \ Q), there exists a solution z to (512) starting

from v(¢(0,0)) such that there exists j* € N satisfying:

j*<suplj: (t,)) € dom 6}, =(j) € (—oo,ra] V)= .

Proof. The proof follows the exact same steps used to prove Theorem while
using Theorem instead of Theorem [C. 15l O
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Next, we employ the conditions for pre-ECI in Theorem for hybrid sys-
tems when we know the lengths of the flow interval between each successive jumps

approximately.

Theorem 5.24 (pU,q using Eventual Conditional Invariance under Approximate
Flow Lengths). Consider a hybrid system H = (C, F, D,G). Given atomic propo-
sitions p and q, let the sets P and Q be as in (&9) such that P C C U D. Let
a set L C Ry be a closed set of approximate flow lengths of the solutions to 'H
starting from P\ Q as in (C9), and let 7py := supZ. Then, the formula f = pUsq
is satisfied for each solution ¢ to H at (t,j) = (0,0) with (¢,(0,0)) E pV q if the
following hold:

1) The formula pU,q is satisfied for each solution ¢ to H at (t,5) = (0,0) with
(¢,(0,0) FpVyg.

2) There exist a C* function v : R® — R, a locally Lipschitz function f.: R —

R, and a function f;: R — R which is nondecreasing such that

(Vou(z),n) < fe(v(x)) Vn e F(x)NTe(z), Ve e (CNP)\Q,

v(n) < fa(v(x)) Vn € G(z), Yx € DN P.

3) There ezists a constant r > 0 such that

S:={xe(CuD)N(PUQ) :v(z)<r}CqQ.

4) The solutions to the reduced hybrid system H, starting from v(P\ Q) x {0}
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converge to (—oo,r] X Rsq in finite time, where

[ y } - { fciy) ] (y,7) € Rx ([0, 73] N R>o),
H, :
y: = { fd(()x) ] (y,7) e R X T.

5) No mazximal solution starting from P has a finite time escape within P N

(C'\ Q) and every mazimal solution from (P NOC) \ (DU Q) is nontrivial.

Proof. Consider the system H, introduced in (&I1]). Using Theorem for H,
under items 2), 3), and 4), we conclude that @) is pre-ECI with respect to P\Q

for Hs. The rest of the proof follows using the same steps in the proof of Theorem

.21 O
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Chapter 6

Sufficient conditions guaranteeing
the satisfaction of temporal
formulas for hybrid systems

under perturbations

6.1 Approximate satisfaction of LTL formulas

First, we provide equivalent characterizations of approximate satisfaction of
Op. For this purpose, we recall a notion of conditional invariance for hybrid

systems in Definition 2.4

Proposition 6.1. (Approzimate Satisfaction of Op from K ). Given an atomic
proposition p, let e >0 and the sets K and K¢ be as in ([B.6]) and [B1), respectively.
The formula f = Op is e-approximately satisfied by H from K at (t,j) = (0,0) if

and only if the set K¢ is conditionally invariant with respect to the set K for H.

Next, we present an equivalent characterization of approximate satisfaction of
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<p, in terms of finite time attractivity, defined as follows. Below, the amount of
hybrid time required for a solution ¢ to converge to the set M is captured by a
settling-time function 7, whose argument is the solution ¢ and its output is a
positive number determining the amount of (hybrid) time needed to converge to
M; ie., given ¢, Ty (¢) := inf{t + j : ¢(t,j) € M}. Below, the arrow  is used

to denote the limit from below.

Definition 6.2. (Finite Time Attractivity). A closed set M C R™ is said to be
finite time attractive (FTA) for a hybrid system H with respect to O C CUD if for

every solution ¢ to H with ¢(0,0) €O, Sub jegom o t+J = T (@), and

|¢(t, )| = 0. (6.1)

lim
(t.5)edom ¢:t+j,/Tar(9)
Furthermore, the set M is said to be FTA for H if so it is with respect to C U D.
The following result is immediate.

Proposition 6.3. (Approximate Satisfaction of Op). Given an atomic proposi-
tion p, let € > 0 and the set K and K* be as in (B6]) and B1), respectively. The
formula f = <p is e-approximately satisfied by H at (t,7) = (0,0) if and only if
the set K¢ is FTA for H.

Due to the equivalence presented in Proposition [6.1], sufficient conditions that
guarantee the approximate satisfaction of the formula f=0Op from the set K are
proposed by employing sufficient conditions to guarantee conditional invariance of
the set K¢ with reect to the set K as in [29, Theorem 3.2]. Below, the concept

of the tangent condll to a set is used; see [20, Definition 5.12]. The tangent cone

IThis tangent cone is also known as the contingent cone, or the Bouligand tangent cone.
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at a point z € R" of a set K C R” is given by

h—0t

Tk (z) == {v € R": lim inf@ = 0}.

Given sets X,, X, C R" with X, N X, = (), we introduce the notion of a barrier

function candidate with respect to (X,, X,) for H.

Definition 6.4. (Barrier Function Candidate for H). Consider H=(C,F,D,G).
Given sets X,, X, CR™ with X, N X, =0, a function B : R™ — R is said to be a

barrier function candidate with respect to (X,, X,) for H if

{ B(z) <0 Vo € X,
(6.2)

B(z) >0 Ve e (CUD)NA,.

Theorem 6.5. (Approximate Satisfaction of Op from K). Consider a hybrid
system H = (C,F,D,G). Given an atomic proposition p, let € > 0 and the sets
K and K¢ be as in (36) and B71), respectively. Then, the formula f = Op is e-
approzimately satisfied by H from K if there exists a C' barrier function candidate
B with respect to (K,R™\ K*) for H as in ([6.2) such that L := {x € CUD :
B(x) <0} is closed and the following hold:

1) (VB(x),n) <0 forall x € (UOL)\ L)NC and for alln € F(x)NTe(x);
2) B(n) <0 for allz € LN D and for all n € G(z);
3) G(x) Cc CUD forallz € LND.

Due to the equivalence in Proposition 6.3 sufficient conditions to guarantee

the approximate satisfaction of the formula f=<p is proposed by using sufficient
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conditions to guarantee FTA property of sets similar to those in [28, Theorem 5.7]

with the set K replaced by the set K* as in (3.7)).

Theorem 6.6. (Approzimate Satisfaction of Op). Consider a hybrid system H =
(C,F,D,G). Given an atomic proposition p, let € >0 and the set K¢ be as in (3.1).
Suppose there exists an open set N that defines an open neighborhood of K¢ such
that N C R™. Suppose that there exists a continuous function V : N'—=Rsq such
that O C Ly(r) N (C U D) where Ly(r) = {z € R" : V(z) < r},r € [0,00], is a
sublevel set of V' contained in N'. Suppose that for all z € D such that v € N,
G(z) € N. Then, the formula f = Op is e-approzimately satisfied by H with
#(0,0) € O at (t,5) = (0,0) if

1) there exists a continuous function V : N'—=Rxy, locally Lipschitz on an open

neighborhood of C NN, and constants ¢; > 0, ¢y € [0,1) such that

1.1) for every x€ (N N (C U D))\ K¢, each solution ¢ to H with $(0,0)=x

yil-c2 (x)

satisfies < a=e,y < SUP(Lj)edom o b

1.2) the function V is positive definite with respect to K¢ and
1.2a) for each x € (CNN)\ K¢, uc(z) + 1V (x) <0 ;

1.2b) for each x € (DNN)\ K¢, up(z) <0; or

2) there exists a continuous function V : N'—Rxq, locally Lipschitz on an open

neighborhood of C NN, and a constant ¢ > 0 such that

2.1) for every x€ (N N (CUD))\K®, each solution ¢ to H with $(0,0)=x
satisfies ceil(@) < SUD( j)edom ¢ J 5
2.2) the function V is positive definite with respect to K¢ and
2.2a) for each for each x € (CNN)\ K¢, uc(z) <0;

2.2b) for each for each x € (DNN)\ K¢, up(z) < —min{c, V(z)}.
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Moreover, for each solution ¢ to H with ¢(0,0) € O, defining & = ¢(0,0), the first
time (t',j') € dom ¢ such that ¢(t',j") € K satisfies

t _I_]/ = TK5(¢);

and an upper bound on that hybrid time is given as follows:

a) if 1) holds, then Tk- is upper bounded by T*(§) + T*(¢), where T*(§) =
‘:(716_26(25)) and J*(¢) is such that (T*(§), T*(¢)) € dom ¢.

b) if 2) holds, then Tg- is upper bounded by T*(¢) + T*(§), where J*(§) =
ceil( X&) and T*(¢) is such that (T*(¢), T*(€)) € dom ¢ and (T*(8), T*(€)—

C

1) e dom ¢.

6.2 Robust approximate satisfaction of LTL for-
mulas

First, we provide equivalent characterizations of robust e-approximate satisfac-
tion of Op, in terms of robust conditional invariance properties for hybrid systems.

For this purpose, we introduce robust conditional invariance.

Definition 6.7. (Robust Conditional Invariance). Given two sets K=, K C R"
such that K C K*®, the set K*® is said to be robustly conditionally invariant with
respect to the set K C K* for H, if, for each solution pair (¢,w) to H, with
#(0,0)e K, ¢(t,j) € K= for every (t,j) € dom ¢.

The following result is immediate.

Proposition 6.8. (Robust Approximate Satisfaction of Op from K ). Given an
atomic proposition p, let € >0 and the sets K and K¢ be as in (3.6) and (B7),
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respectively. The formula f = Op is robustly e-approximately satisfied by H from
K at (t,7) = (0,0) if and only if the set K¢ is robustly conditionally invariant

with respect to the set K for H.,,.

The following example illustrates a situation when robust approximate satis-

faction of Op is needed.

Example 6.9. (Bouncing Ball with Perturbations). Consider a hybrid system
H=(C,F,D,G) modeling a ball bouncing vertically on the ground, with the state

x = (x1,72) € R? and the data

T
F(x) = ? VeeC:={reR?:z; >0},
| 7
0
G(z) = Ve e D:={reR?:z; =0,zo <0},
'—>\.§L’2

where x1 1s the height above the surface and x5 denotes the vertical velocity. The
parameter >0 is the gravity coefficient and X €0, 1] is the restitution coefficient.
Here, we include uncertainties at impacts with the ground and in the wvelocity
of the ball. The hybrid system H.,, = (Cy, Fy, Dy, Gy,) with a state perturbation

w = (wy,wq) ER? is given by
Huw (6.3)
where the flow and jump maps are

To — W1 0
Fu(x,wy) := , Gy, wy) ==
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and the flow and jump sets are

Cp = {(z,w) € R*xR:z >0,w; € [0, Winax) },

Dy = {(x,w9) ER* xR :2y = 0,29 < 0,wy € (0,1)}.

The disturbances wy and wy satisfy wy € [0, Wiax) With Wyax >0 and wy € (0,1).
Define an atomic proposition p as follows: for each x € R? p(x) = 1 if x €
I1(Cy,) UIL(Dy) and 2yz1 4+ (x9 — 1)(z2 + 1) < 0; p(x) = 0 otherwise. Let K
be given as in ([B.6]), which collects the set of points such that p is satisfied. The
set K s the sublevel set where the total energy of the ball is less than or equal
to 1/2. By constructing K¢ as in [B7) with € = wyax, we have that for each
x € K¢, 2y + (22 — 1) (22 + 1) < e. We observe that , without disturbances, all
solutions starting from the set K remain in the set K, thus, the set K is forward
invariant with w = 0. However, in the presence of the disturbance wy € (0, Wax),
solutions starting from the set K may leave the set K due to the effect of wy. In
the meanwhile, by the construction of the set K¢, we observe that all solutions
starting from the set K remain in the set K¢ even if such solutions leave the set
K. Hence, to specify and verify such dynamical property for H,,, we need a notion

of robust approximate satisfaction of the formula Op. A

Due to the equivalence presented in Proposition [6.8] any sufficient condition
that guarantees robust conditional invariance of K¢ with respect to the set K
guarantee robust approximate satisfaction of the formula Op. Inspired by the
results for nominal conditional invariance in [29], we propose sufficient conditions
for robust conditional invariance using barrier functions. First, the notion of
barrier function candidate B for H,, is formulated. This notion extends the one

in [29] to the case with disturbances w.
Definition 6.10. (Barrier Function Candidate for H,,). Consider H,, = (Cy, Fu, Dy, Gu).
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Given sets X,, X, CR™ with X, N X, =0, a function B : R" - R is said to be a

barrier function candidate with respect to (X,, X,) for H, if

B(z) <0 Vzed,
B(z) >0  Vz e (II(Cy) UII(D,)) N A,.

(6.4)

A barrier function candidate B is defined as a scalar function of the state
variables x which is nonpositive on the set of initial conditions X, and strictly
positive on the unsafe set X,. This barrier function candidate B is exploited to
verify invariance properties for hybrid systems with a perturbation w. Similar to

the results on conditional invariance in [29], the following is assumed:

(A1) The flow map F, is outer semicontinuou, nonempty, and locally bounded
with convex images on C',,. Furthermore, the jump map G, is nonempty on

D,.

First, we introduce sufficient conditions for robust conditional invariance using

barrier functions.

Proposition 6.11. (Robust Conditional Invariance). Consider a hybrid system
Hyo = (Cu, Fu, Dy, Gy) satisfying . Let the sets X, and X, be such that
X, R"\ X, CII(C,) UII(D,,). The set R™\ X, is robustly conditionally invariant
with respect to X, for H,, if there exists a C' barrier function candidate B with
respect to (X,, X,) for Hy as in (©4) such that L := {z € II(Cy) UII(D,) :
B(x) <0} is closed and the following hold:

1) (VB(z),n) <0 for all (x,w) € (UOL) \ L) x W) N C, and for all n €
Fy(z,w) N T, (x); and

2A set-valued map M : R™ = R™ is outer semicontinuous at x € R" if for each sequence
{z;}$2, converging to a point x € R™ and each sequence y; € M (z;) converging to a point y, it
holds that y € M (x); see [20, Definition 5.9].
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2) B(n) <0 for all (x,w) € (L x W) N Dy, and for all n € G (x,w); and

3) Gy(z,w) C U(Cy) UIL(D,,) for all (x,w) € (L X W) N D,,.

We have the following result.

Theorem 6.12. (Robust Approzimate Satisfaction of Op from K). Consider
H=(C,F,D,G) and H, = (Cy, Fy, Dy, Gy) satisfying . Given an atomic
proposition p, lete > 0 and the sets K and K¢ be as in (3.6]) and (B1), respectively.
Then, the formula f = Op is robustly e-approximately satisfied by H from K if
there exists a C* barrier function candidate B with respect to (K, R™\ K¢) for H,
as in ([6.4) such that L := {z € II(C,) UIL(D,,) : B(x) < 0} is closed and the
following hold:

1) (VB(z),n) <0 for all (x,w) € (UOL)\ L) x W)NC, and for all n €
Fy(x,w) N Tye,)(z); and

2) B(n) <0 for all (x,w) € (L x W) N D, and for alln € G, (x,w); and

3) Gy(z,w) C U(Cy) UIL(D,,) for all (x,w) € (L x W) N D,,.

In the following, we characterize robust e-approximate satisfaction of the for-
mula Op via a new robust FTA property for hybrid systems. Below, the amount
of hybrid time required for a solution pair (¢, w) for the convergence of ¢ to the
set M is captured by a settling-time function 7j;, whose argument is the solution
pair (¢, w) and its output is a positive number determining the time to converge

to M; i.e., given ¢, Ty (o, w) :=inf{t 4+ j : ¢(t,j) € M} is the time to reach K.

Definition 6.13. (Robust Finite Time Attractivity) A closed set M CR" is said to

be robustly finite-time attractive (FTA) for H,, with respect to O C I1(C,,)UII(D,,)
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if for every solution pair (¢,w) to H., with $(0,0) € O, Supy jyegom ot +J =
TM(¢aw)7 and

lim t,9 =0. 6.5
(t,5)Edom ¢:t+7 T (é,w) |¢( j)‘M ( )

Furthermore, the set M 1is said to be robustly FTA for H, if so it is with respect

to I1(C,) UTI(D,,).
The following result is immediate.

Proposition 6.14. (Robust Approximate Satisfaction of $p). Given an atomic
proposition p, let € >0 and the set K and K¢ be as in (3.0) and (3.7)), respectively.
The formula f=<p is robustly e-approximately satisfied by H at (t,7)=(0,0) if
and only if the set K¢ is robustly FTA for H,.

Due to the equivalence presented in Proposition [6.14], any sufficient condition
that guarantees robust finite time attractivity of K¢ guarantee robust approximate
satisfaction of the formula Op. Similar to Theorem [6.6], using sufficient conditions
for nominal finite time attractivity, we extends the one in Theorem to the case
with a perturbation w for sufficient conditions that guarantee robust approximate

satisfaction of Op.

Theorem 6.15. (Robust Approzimate Satisfaction of Op). Consider a hybrid
system H = (C,F,D,G). Given an atomic proposition p, let ¢ > 0 and the
set K¢ be as in [B1). Suppose there exists an open set N that defines an open
neighborhood of K¢ such that N' C R™. Suppose that there exists a continuous
function V. : N'— Rsq such that O C Ly(r) N C U D where Ly(r) = {x € R" :
V(z) < r},r € [0,00], is a sublevel set of V' contained in N. Suppose that for
all x € D such that x € N, G(x) € N. Then, the formula f = Op is robustly
e-approzimately satisfied by H with ¢(0,0)€O if
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1) there exists a continuous function V : N'—=Rxy, locally Lipschitz on an open

neighborhood of 1I(Cy,) NN, and constants ¢; > 0, ¢z € [0,1) such that

1.1) for every x € (N N (I1(Cy) UII(Dy)))\ K¢, each solution pair (¢, w) to

Ha with ¢(0,0) = satisfies T8 < sup, i) jom ot

c1(1—c2)
1.2) the function V is positive definite with respect to K¢ and
1.2a) for each x € (II(Cy) NN)\K®, uc(z) +cVe(z) <0 ;

1.2b) for each x € (II(D,) N N)\K?, up(z) <0,
or

2) there exists a continuous function V : N'—Rxq, locally Lipschitz on an open

neighborhood of T1(C,) NN, and ¢ > 0 such that

2.1) for every xe (N N (II(C,) UIL(D,)))\ K*, each solution pair (¢, w) to

H., with ¢(0,0)=x satisfies ceil(@) < SUD(; jyedom ¢ J
2.2) the function V' is positive definite with respect to K¢ and
2.2a) for each for each x € (II(Cy) NN)\ K¢, uc(z) <0;

2.2b) for each for each x € (II(Dy,) NN)\ K¢, up(z) < —min{e, V(x)}.
Moreover, for each solution pair (¢,w) to H, with ¢(0,0) € O, defining & =
#(0,0), the first time (t',5') € dom (¢, w) such that ¢p(t',j') € K*° satisfies

t _I_]/ = TK5(¢aw)7

and an upper bound on that hybrid time is given as follows:

a) if 1) holds, then T is upper bounded by T*(&) + T*(¢), where T*(§) =
VE2E) gnd J*() is such that (T*(€), T*(8)) € dom (¢, w).

c1(1—c2)
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b) ” 2) hOldS, then ;Ks 7:8 upp67 ‘)()unded by ; (¢) \7 (5) wh67 € j (g) —
Cell(—( )) and ; (¢) 7:5 SUCh th(lt ( 7 (¢ é € dO ¢ ’ a d ; ¢ é )
c )a \7 ( )) m ( )
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Chapter 7

Sufficient conditions for LTL

formulas combining operators

In the previous chapters, we provide sufficient conditions for formulas that
involve a single temporal operator. Table [[.I] summarizes the conditions for each
temporal operator. As indicated therein, all that is needed is either a certificate for
finite-time convergence in terms of a Lyapunov function, or the data of the hybrid
system and the set of points where the proposition is true to satisfy conditions for
invariance. The latter can be actually certified using Lyapunov-like functions or
barrier functions as in [24], which for space reasons is not pursued here.

Moreover, the case of logic operators can be treated similarly by using inter-
sections, unions, and complements of the sets where the propositions hold. For
instance, sufficient conditions for O(p A ¢) can immediately be derived from the
sufficient conditions already given in Chapter d with {x € R" : p(z) = 1} n{z €
R™: q(z) = 1} in place of {z € R" : p(z) = 1}.

The following sections present sufficient conditions for formulas that combine
more than one operator. The conditions therein are given by compositions of the

conditions in Table [7.1l
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Sufficient Conditions

Op a) Barrier function for forward pre-invariance
Op b) Lyapunov function for FTA

pUq ¢) Combination of a) and b)

Op d) G(D)c DNn{x e R": p(x) =1}

Table 7.1: Sufficient conditions for O, <, U, O
7.1 Conditions for <O

Corollary 7.1. Consider a hybrid system H = (C, F, D, G) and an atomic propo-

sition p. Suppose C' is closed relative to R™, and
e Given the atomic proposition p, the set {x € R™ : p(x) = 1} is closed;

o The map F : R® = R" is outer semicontinuous, locally bounded relative to
{z € C:p(x) =1}, and F(x) is convex for every z € {x € C : p(x) = 1}.
The map F is locally Lipschitz on {x € C': p(x) = 1}; and

e There exists an open set N that defines an open neighborhood of {x € R™ :
p(x) =1} such that GIN) C N C R™.

Then, the formula f = <0Op is satisfied for all solutions ¢ to H for all (t,7) €

dom ¢ if the following properties hold:

1) Conditions 1), 2), and 3) in Theorem [5.3 hold; and

2) Condition 1) or condition 2) in Theorem [5.77 holds.

Alternatively, sufficient conditions to guarantee the formula <¢Op can be ob-
tained by strengthening the Lyapunov conditions in Theorem (.71

Corollary 7.2. Consider a hybrid system H = (C, F, D, G) and an atomic propo-
sition p. Suppose
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e Given the atomic proposition p, the set {x € R" : p(x) = 1} is closed; and

e There exists an open set N that defines an open neighborhood of {x € R™ :
p(x) =1} such that GIN) C N C R™
Then, the formula f = <0Op s satisfied for all solutions ¢ to H that remain in a

compact subset of N for all (t,7) € dom ¢ if the following properties hold:

1) there exists a continuous function V : N — Rsq, locally Lipschitz on an

open neighborhood of C NN, and ¢,¢; > 0, ¢o € [0,1) such that

1.1) for every x € NN(CUD) such that p(x) = 0, each ¢ € Sy(z) satisfies

Vi-ca(g . Vix -
cla_c(Q)) < SUD(; jyedom ¢ T AN ceil (ﬁ) < SUP(,j)edom ¢ J ¢

1.2) the function V is positive definite with respect to K and
1.2a) for each x € CNN, uc(z) + 1V (x) < 0;

1.2b) for each x € DNN, up(z) < —min{e, V(z)}.

Corollary imposes bounds on 1.2a) and 1.2b) for each point where flow
and jump is possible, respectively, rather than only when p is not true. Such
conditions further guarantee invariance of {z € R" : p(z) = 1}.

A similar estimate for the time to converge as in Theorem 5.7 holds. Condition
1) in Corollary [Tl can be alternatively guaranteed with a Lyapunov-like/barrier
function as in [24].

Corollary requires strict Lyapunov functions, but nonstrict versions as in

Theorem [5.7] can be similarly stated.

7.2 Conditions for O

Sufficient conditions to guarantee the formula f = OOp are given by those in

Theorem [(.141
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7.3 Conditions for O(pU,q)

Sufficient conditions to guarantee the formula f = O(pUsq) are already given

by those in Theorems H.21], 5.22] 5.23] and [5.24]

7.4 Conditions for pUOq

The formula f = pU;Oq can be certified by applying one of Theorems [5.2T}-
5.241 and Corollary with p therein replaced by gq.

Corollary 7.3. Consider a hybrid system H = (C, F, D, G). Suppose C' is closed

in R™ and

e There exists an open set N defining an open neighborhood of {x € R™ :
q(x) = 1} such that GIN) Cc N C R";

o The map F : R® = R" is outer semicontinuous, locally bounded relative to
{z € C : p(x) = 1}, and F(z) is convex for every {x € C : p(x) = 1}.
Additionally, the map F' is locally Lipschitz on {x € C : p(x) = 1}.

Then, the formula f = pUs;Oq is satisfied for every solution ¢ to H if
1) one of Theorems[D.2IH5.2]] holds; and

2) condition 1.2) in Corollary[7.2 with p therein replaced by q holds.

7.5 Decomposition of general formulas using fi-
nite state automata

In certain cases, formulas that combine more than one operator can be de-

composed into simpler formulas for which our results for formulas with a single
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operator can be applied. To decompose a general formula combining into several
formulas with a single operator, one can employ the finite state automaton (FSA)
representation of an LTL formula [40-42]. Following [42, Chapter 2], a particular
fragment of LTL, called syntactically co-safe LTL (scLTL), is considered so that
each formula f over a set of observations can always be translated into an FSA.
An LTL formula belongs to the scLTL fragment if it contains only temporal oper-
ators &, O, U, and it is written in positive normal form: the negation operator —
occurs only in front of atomic propositions. Next, given an LTL formula f in the
scLTL fragment, we outline the process of constructing an FSA, which we denote
Ay, and specify properties of a hybrid system H with A;. We first introduce the

FSA representation of LTL formulas that belongs to the scLTL fragment.

Definition 7.4 (Finite State Automaton). Given an scLTL formula f, a finite

state automaton (FSA) is given by the tuple Ay = (S, s0, 0,0, Sr), where

S is a finite set of states,

so € S is the initial state,

O is a finite set of observations,

0: 8% 0 — S is a transition functionﬂ

Sp C S is the set of accepting (final) states.

The semantics of an FSA are defined over finite words of observations (or
inputs). A run of Ay over a word of observations wo = wo(1)wo(2) ... we(n) with
wo(k) € O for all k =1,...,n is a sequence wg = ws(wg(2)...ws(n +1) € S
where wg(1) = sp and wg(k+1) = d(ws(k), wo(k)) for all k =1,...,n. The word

!"When 4 is set valued, namely, § : S x O = S maps points in S x O to subsets of S, then A
is said to be non-deterministic.
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Y2 51 |p2 |ﬁp1 |—'p2 |ﬂp3

p1|p2|p3|—p1|-p2|-ps

Figure 7.1: An example of an FSA representing the formula f = Ops A (p1 Usps).
The state sq is the initial state and s; is the final state. When several transitions
are present between two states, one transition labeled by the set of all observations
using the symbol | as shown.

wo is accepted by A; if the corresponding run ends in an accepting automaton
state; i.e., wg(n+ 1) € Sp.

With an FSA associated to a general formula f in the scLTL fragment, the tools
presented in this paper for the satisfaction of basic formulas having one operator
can be applied to certify f. For instance, the formula f = $ps A (p1 Usps) has the
following associated FSA: Ay = (S, 59, 0, 9, SF), where

S = {50,81752}, Sp = {81}, 0= {p17p27p37_'p17_'p27_'p3}7
S0 ifSISO, 0 = D1,

5o if s =50, 0 = py,

6(870): 59 ifS:SQaO#p?n v(‘S?O)eSXO

(7.1)

s1 if s =89, 0= p3,

s1 if s = sy.

This FSA is shown in Figure [[.Il As shown therein, the FSA state s is initially
at sp and when s reaches the final state sy, it implies that the given formula f is
satisfied. As s starts at sy, we must have that the initial observation o is either

0 = p1 or o = py. If it is 0 = py, s remains at sq, but if 0 = py, we have a transition
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from s = sg to s = s3. Then, once s is at so, we have a transition of s from s,
to sp if o = p3. If 0 # p3, s remains at sy. In other words, the FSA captures the

given formula as follows:

1) When s is at sg, po has to be eventually satisfied and p; has to be satisfied
until py is satisfied; i.e., p1Usps is satisfied. Once py is satisfied, s jumps to

S9.

2) When s is at so, ps3 needs to be eventually satisfied for f to be satisfied;

i.e., Ops is satisfied. Additionally, once ps is satisfied, s jumps to s;.

To apply our tools, by extending the ideas in [43], we build an augmented
version of H, denoted by Ha, with state (z,s) € R™ x S and input o € O in
which s transitions according to the FSA associated with the formula. Its input
o, namely, the observation o, is determined by the propositions that are satisfied
(or not). For example, when z is such that p;(z) = 1 then o = p;, while when
p1(z) = 0 then o = —p;. Then, according to our tools, the satisfaction of the

formula f is assured by the following conditions:

e Conditions in one of Theorems [5.21H5.24] with ¢ therein replaced by p, and
with P = {(z,s) € R" x S :pi(x) =1,s = so} and Q = {(x,s) e R" x S :

po(x) = 1,8 = s}, are satisfied; and

o K ={(z,s) e R"x S :ps3(x) =1,s = s} is FTA for H 4; namely, conditions
in Theorem [5.7], with p therein replaced by ps and with set K just defined,

are satisfied.

The methodology outlined above can be automated, and is part of current re-

search.
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Chapter 8

Signal temporal logic for hybrid

dynamical systems

Signal temporal logic (STL) is a simple extension of Metric temporal logic
(MTL) where real-valued variables are mapped to Boolean values via predicates.
In this section, inspired by the ideas in [IT22/23] for continuous-time and discrete-
time systems, we introduce STL for hybrid systems. For a given hybrid system
‘H, we define operators and specify properties of H with STL formulas.

In the following, the syntax of STL formula ¢ is defined recursively as follows:

pu=ploele VY| oUay, (8.1)

where p is an atomic proposition R" — {0,1} and ¢, are STL formulas. The
operators —, V,U are the negation, disjunction, until operator, respectively. One
can also define operators other than the ones that are used for constructing the
grammar. Given the operators negation and disjunction, the operators conjunc-
tion (N), implication (=), equivalency (<) are defined as p A ¢ = =(—p V =),

o=1="pV o= (p=1Y)A (¢ = ) respectively. Furthermore, the
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operators eventually (<) and always (O) are defined as Oy = T Ujqp e and
Ola,p) = (o, 7), respectively.

A STL formula ¢ being satisfied by a solution (¢,j) — z(t,j) at some time
(t, ) is denoted by

(z, (£, ) F . (8.2)

Let p and ¢ be atomic propositions. Given a solution = to H, (¢,7) € dom z, and

Z C Rsp x N, the semantics of STL are defined as

(¢, (t,4)) E—p < —((¢, (t, 7)) F p) (8.3a)
(@, (t,3) FpVae(9,(t7) FpV(o (i) Fq (8.3b)
(@, (t,3) FpAge(9,(t7) EpA(o, (1) Fq (8.3¢)
(¢, (t,5)) F Ozp < 3(',j') € dom ¢ : (¢, (¢, ")) Fp, (¢, ) €{(t,4)} +I (8.3d)

(¢,(t,5)) F Ozp < V(t',j') € dom ¢ = (¢, (', ) Fp, (t',5)€{(t,7)} +T (8.3¢)

(0, (t, 7)) F pUszq & 3(t', j') edom ¢ = (¢, 7)€ {(t, )} + I, (¢, (', j')) Fq (8.3f)
and V(t", j") €dom ¢ N ([, '] x {j,j +1,...5'}) : (6. (", j")) F p

(0, (t, 7)) F pUwzq < V(' j) €dom ¢ : (', ) €{(t, 7))} + I, (¢, (', j))Fp (8.3g)

or (¢7 (ta ])) = pus,Zq'

The same semantics of STL are used for formulas. For example, given a STL
formula f, when a solution x satisfies 7z f at (¢, ) € dom x if the formula f holds
at some time (¢, j') € dom x such that (¢,5") € {(t,7)} +Z.

Note that the STL syntax reduces to that of LTL when it is untimed; i.e.,
Z =Ry xN.
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8.1 Characterizations of STL Formulas using Dy-
namical Properties

In the following, we first consider the continuous-time dynamics of H to il-
lustrate our approach. Consider the continuous-time dynamics of H given by

Hs = (C, F) as follows:
&= F(x) r e C CR"™ (8.4)

A solution z : dom = — R™ to (84)) is given by a function ¢t — z(t) satisfying (8.4)
for all ¢ € dom z, where dom  C R, denotes the domain of definition of the
solution x. Given an atomic proposition p, we define a set of points that satisfy p
given by

P:={zeR":p(x)=1}. (8.5)

Consider a set Z C R>( such that
1:= [TminaTmax]a (86)
where T > 0 and Thax = Toin-

8.1.1 Characterization of O

With the set P in (83) and the set Z in (8.0]), given the system in (84]) and

an atomic proposition p, when the formula

f=0zp
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is satisfied for every solution ¢ to ([84) at t = 0, ¢(t) € P for all t € Z. Here,
we consider the following system with the state (z,7) € R™ x R>( given by, with

7(0) =0,

Hfﬂ— : (ZE’,T) e C x ]RZO' (87)

Note that for each solution pair (¢, 7) to Hy,, with 7(0) = 0, a solution component
¢ is a solution to (84]). The intuition behind the construction of the system #; .
in (87) is as follows. The system H; . is used to characterize the behavior of
solutions ¢ to (84]) while t € Z. Indeed, with the evolving timer state 7 from
7(0) = 0, when 7 € Z, this implies that t € Z. We notice that to satisfy Ozp for
each solution ¢ to (84) at t = 0, each solution ¢ to H, starting from R™ x {0}

satisfies the following properties:
e the solution 1 stays in R"” X [0, Tiyi,) until reaching P X [Tiin, Tmax]; and

e once the solution ¢ reaches P X [Tinin, Tiax], ¥ stays in P X [Tiin, Timax) until

reaching R"™ X (Tiax, 00).

The fact that each solution to H, starting from R™ x {0} stays in P X [Tinin, Tmax)
implies that the solution stays in P X [Tinin, Tmax] for each ¢ € [Tinin, Timax); and
thus, we conclude that each solution to (84) stays in P for each t € [Tiin, Trmax]-

Hence, the satisfaction of Ozp for each solution to (84]) at ¢ = 0 is assured
by guaranteeing particular properties of the solutions to Hy . from R"” x {0} as

stated above. For this purpose, given an atomic proposition p and the state
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(x,7) € R™ x R>, we define atomic propositions p,, ps, and p. as follows:

1 if re [O, Tmin)

0 otherwise,

1 if p(l’) = 1, TC [TminaTmax]
e 7) = 59
0 otherwise,

1 if 7 € (Thax, +00)
pe(T) =

0 otherwise.
Theorem 8.1 (Ozp). Consider a system in (84l). Given an atomic proposition
p, let P be given as in (8D). Given a set T C Rsg, let T and Ty be as in
(B6). Let the system Hy . be as in (81) and atomic propositions p,, py, pe be as in
[R). Then, the formula f = Ozp is satisfied for every solution to (84) att =0
if and only if the formula f = p, Us(pp Uspe) is satisfied for every solution to Hy,
from R™ x {0} at t = 0.

Proof. (=) Suppose that f = Ozp is satisfied at ¢ = 0 for every solution ¢ to (8.4).
We consider a solution pair (¢, 7) to (87) such that (0) = ¢(0) and 7(0) = 0
and ¥ (t) = ¢(t) for all t € dom . In fact, such a solution pair (¢, ) always
exists since both the systems (84 and (87) have the same flow set and flow map.
Moreover, we note that 7(t) = ¢ for all ¢ € dom ¢ since 7(0) = 0. By definition
of O operator, when f = Ozp is satisfied at ¢ = 0 for every solution ¢ to (84,

o(t) € P for all t € Z = [Tinin, Tmax), which implies (¢, 7) satisfies
1) for every t € dom ¢ such that t < Tyin, 7(t) € [0, Trnin);
2) for every t € dom ¢ such that t € T = [Tiin, Timax), ¥(t) € P when 7(t) € Z;

3) for every t € dom ¢ such that t > Ty.x, 7(t) € (Tnaz, +00).
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That is, items 1) and 2) implies that (¢, 7) satisfies p, until satisfying p,; and items
2) and 3) implies that (v, 7) satisfies p, until satisfying p.. Thus, we conclude that
f = paUs(psUsp,) is satisfied for every solution to (87) at t = 0 with 7(0) = 0.
(<) Suppose that f=p.ly (pyUspe) is satisfied for every solution to (8.1) at
t =0 with 7(0) = 0. We show that, for each solution ¢ to (84), ¢ stays in P for
all t € Z = [Tinin, Timax)- Let (¢, 7) be a solution pair to (8.7) such that 7(0) =0
and ¢(t) = ¢(t) for all t € dom ¢. The solution component # is a solution ¢ to
(B) since the systems (8.4 and (87)) share the same flow set and flow map; and
we note that 7(¢t) = t for all ¢ € dom ¢. Since f = pa Us(pp Usp,) is satisfied for

each solution (¢, 7) to (81) at t = 0 with 7(0) = 0, by definition of U operator,

e when (¢, 7) does not satisfy p,Usp., (¢, T) satisfy p,, which implies that
TE [Ov Tmin>;

e when (¢, 1) satisfies p, Usp., (¢, T) satisfies p, until satisfying p.; namely,
(,7) € Px Z until 7 € (Thpax, ).

Hence, we conclude that each solution ¢ to (84]) such that ¢(t) = 1(t) satisfies
p for all t € Z, which implies that f = Ozp is satisfied for every solution ¢ to (8.4
at t = 0. O

In the following, we propose characterization of the satisfaction of Ozp using
conditions that guarantee the satisfaction of the strong until (Us) in Section (.41
Consider the system H; . in (7)) and atomic propositions p,, ps, p. in (88,
let the sets P,, P,, and P, be as in (83]) while replacing p therein by the atomic
propositions p,, pp, and p., respectively. Following (4I0), let the system S, be

given by

Sm : | (ZE’,T) € (CXRZ())\(PI,UPC) (89)
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The system S, is what we refer to as the modified version of (84]), which is used
to characterize the behavior of (84]) outside the set P, U P,. Here, the solutions
to (84) are the solutions to S, (and vice versa) up to when they reach (if they
do) the set P, U P.. Moreover, we consider the system S, by following (ZIT]), as

the restricted system of S,,, given by
Sm : (fIZ,T) c ((CXRZ())QPCL)\(P(,UPC). (810)

Using conditions in Section [5.4] the satisfaction of the formula p, Us(py Usp.)

is verified.

Theorem 8.2. Consider a system in ([84). Given an atomic proposition p and
a set T C Rxg, let Tipin and Trax be as in (80) and let the system Hy, be as in
®1) and atomic proposition p,, py, and p. be as in (88)). Let the sets P,, P,, and
P. be as in (8H) while replacing p therein by pa., py, and p., respectively. Then,
the formula f = pa Us(pyUsp,) is satisfied for every solution to Hy, starting from
R™ x {0} att =0 if

l.a) (P, U P, U P,) is conditionally invariant with respect to P, for S,,; and

1.b) (P, U P,) is eventually conditionally invariant with respect to P, for S, or

(P, U P,) is finite-time attractive with respect to P, for S, .
and
2.a) (P, U P.) is conditionally invariant with respect to P, for S,,; and

2.b) P. is eventually conditionally invariant with respect to Py for S, or P, is

finite-time attractive with respect to Py for S, .
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Remark 8.3. Given sets P,, P, and P. which are defined by atomic proposi-
tion pa, py, and p. in (8S), when conditions in Theorem [82 hold, the formula
PaUs(pyUspe) is satisfied for every solution to Hy, starting from R™ x {0} at

t =0, which implies that f = Ozp is satisfied for every solution to (84) at t = 0.

Furthermore, the satisfaction of the formula f = Ozp for each solution to (8.4)
at each ¢ > 0 implies that the set P in (835]) is forward pre-invariant for (84]) after

t/ =1 + Tmin-

Corollary 8.4. Consider the system H; in (84). Given an atomic proposition
p, let P be given as in (8D). Given a set T C Rsg, let T and Ty be as in
(B6). Let the system Hy, be as in (8). Then, the formula f = Ozp is satisfied
for every solution to (84l) at each t > 0 if P X [Tiin, 00) is eventually forward

pre-invariant for Hy ..

Proof. Suppose that P X [T, 00) is eventually forward pre-invariant for H ..
We show that, at every ¢ > 0, for each solution ¢ to Hy, ¢ stays in P for all
t" € [t + Twin, t + Tax)- Let (¢, 7) be a solution to Hy, such that ¢(t) = ¢(t) for
all t > 0 with 7(0) = 0; such a solution satisfies 7(t) = ¢ since 7(0) = 0. Hence,
since P X [Tiyin, 00) is eventually forward pre-invariant for #;,, we conclude that
Y(t) € P for all t € [T, 00) while 7(t) € [Tiin, 00). Therefore, at every ¢t > 0,

o(t') € P for all t' € [t + Tinin, t + Timax), Which completes the proof. O

8.1.2 Characterization of <7

With the set P in (83]), given the system in (84]), an atomic proposition p

and a set Z C R>(, when the formula

=<

96



is satisfied for every solution ¢ to (84) at ¢ = 0, there exists ¢t € Z such that
¢(t) € P. The system H, in (8.7) is used to characterize the behavior of solutions
¢ to (84l while t € Z. We notice that to satisfy $zp for each solution ¢ to (8.4
at t = 0, each solution ¢ to Hy, in (87) starting from R"” x {0} satisfies the

following properties, with Ty, = minZ, T, = maxZ and the set P in (83]):
e the solution 1 stays in R" X [0, Tyi,) until reaching R™ X [Tinin, Tinax]; and

e once the solution ¢ reaches R" X [Tiin, Tmax], ¥ stays in R™ X [Tinin, Tinax]

until reaching P X [Tinin, Tiax]-

Now, we redefine atomic propositions p, and p. in ([838)) as follows:

1 ifrel
(7)==
0 otherwise,
(8.11)
1 ifeeP, 7€l
pe(z,7T) =

0 otherwise.

Theorem 8.5 (Czp). Consider a system in (84]). Given an atomic proposition p,
let P be given as in (8H). Let the system Hy, be as in [81). Given a setT C Ry,
let Thmin be as in (80) and let an atomic proposition p, be as in [838) and atomic
propositions p, and p. be as in (8II)). Then, the formula f = <zp is satisfied for
every solution to (84) at t = 0 if and only if the formula f = paUs(pyUspe) is

satisfied for every solution to Hy, from R™ x {0} at t = 0.

Proof. (=) Suppose that f = <zp is satisfied at ¢t = 0 for every solution z to (8.4).
We consider a solution pair (¢, 7) to (871) such that ¢(0) = x(0) and 7(0) = 0
and ¢ (t) = z(t) for all t € dom 9. In fact, such a solution pair (¢, 7) always
exists since both the systems (8.4]) and (8.7)) have the same flow set and flow map.

Moreover, we note that 7(¢) =t for all ¢ € dom ¥ since 7(0) = 0. By definition of
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&7 operator, when f = Ozp is satisfied at ¢ = 0 for every solution z to (84)), there
exists t € T = [Tinin, Trmax] such that z(t) € P. This implies that (¢, 7) satisfies

1) for every t € dom x such that t < Tiyin, 7(t) € [0, Trnin);

2) for every t € dom x such that t € Z, 7(t) € Z; and there exists ¢’ € Z such
that z(t') € P and 7(t') € Z.

This implies that (¢, 7) satisfies p, until satisfying py, and (1, 7) satisfies p, until
satisfying p.. Thus, we conclude that f = p, Us(pyUspe) is satisfied for every
solution to (81) at t = 0 with 7(0) = 0.

(<) Suppose that f=np.ldy (pyUspe) is satisfied for every solution to (8.7) at
t = 0 with 7(0) = 0. We show that, for each solution x to (84]), there exists t € 7
such that z(t) € P. Let (1, T) be a solution pair to (87) such that 7(0) = 0 and
¥(t) = x(t) for all t € dom x. The solution component 1) is a solution x to (8.4)
since the systems (84) and (7)) share the same flow set and flow map; and we
note that 7(¢) =t for all ¢ € dom z. Since f=npa Us(pyUsp,.) is satisfied for each
solution (¢, 7) to (81) at ¢t = 0 with 7(0) = 0, by definition of U, operator,

e when (¢, 7) does not satisfy p,Usp., (¢, T) satisfy p,, which implies that
TE [Ov Tmin>;

e when (v, 7) satisfies p, Usp., (1, T) satisfies p, until satisfying p.; namely,
(,7) € R" x Z until (z,7) € P x T.

Hence, we conclude that each solution z to (8.4)) such that x(t) = 1 (¢) satisfies

p for all t € Z, which implies that f = Ozp is satisfied at ¢ = 0 for every solution

x to (84). O

Remark 8.6. Given sets P,, P, and P. which are defined by an atomic proposi-

tion p, in 8F) and atomic propositions p, and p. in (8I1)), when conditions in
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Theorem[82 hold, the formula p, Us(pyUsp.) is satisfied for every solution to Hy,
starting from R™ x {0} at t = 0, which implies that f = Ozp is satisfied for every
solution to (84]) at t = 0.

8.1.3 In hybrid systems

In the following, we consider a hybrid system H = (C, F, D,G) as in (L.T).
Here, we consider the hybrid system H, = (C;, F;, D,, G,) with the state (z, 7, k) €

R™ x R>¢ x N given by

F(z,1,k) = 1 Ve e Cr:=C xRsp x N
(8.12)

GT(I,T, k’) = T Vo € DT =D X RZO x N.

E+1

Note that for each solution pair (p, 7, k) to H, with 7(0,0) = 0 and £(0,0) = 0,

the solution ¢ is a solution to H. Consider a set Z C R> x N such that

I = [Tmin7 Tmax] X {Jmim ']min + 17 R Jmax}v (813>

where Thin, Jmin = 0, Thmax > Twin, and Joax > Jmin. The satisfaction of Ozp
for each solution to H at (¢,7) = (0,0) is assured by guaranteeing particular

properties of the solutions to #, from R™ x {0} x {0} as follows:

e the solution ¢ to H, stays in R" x [0, Tinin) X {0, 1, . .., Jmin—1} until reaching
P X [Tmina Tmax] X {Jmim Jmin _I' 1) ey Jmax}; and

e once Y reaches P X [Tiin, Tmax] X {Jmins Jmin + 1y -y Jmax}, ¢ stays in
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P X [Thin, Tinax] X {Jmin, Jmin + 1, - - -, Jmax ) until reaching R™ x [T},ax, 00) X
{Jmax> Jmax + 1a ey OO}

Now, we redefine atomic propositions p,, py, and p. in (8.8]) as follows:

1 if 7€ [0, Tam), k€{0,1,.. . Jum — 1}

Pa(T, k) :=
0 otherwise,
1 ifx € P17 € [Tin, Tiax)
pb(l',T, k) = ke {Jmin>Jmin+ ]-7---a<]max} (814>
0 otherwise,
1 if 7> Thax, k> Jmax
pe(T, k) =

0 otherwise.

Theorem 8.7 (Ozp). Consider a hybrid system H = (C,F,D,G). Given an
atomic proposition p, let P be given as in ([83). Given a set T C R™ x N, let
Troin, Tiaxs Jmin, and Jpax be as in (8I3). Let the system H, be as in (8I2) and
atomic propositions p,, py, and p. be as in (8I4)). Then, the formula f = Ozp is
satisfied for every solution to H at (t,5) = (0,0) if and only if

o the formula f = PaUs(ppUsp.) is satisfied for each solution to H, from
R™ x {0} x {0} at (t,7) = (0,0).

The following example illustrates Theorem R.71

Example 8.8 (Thermostat). Consider the hybrid system H = (C, F, D, G) with
the state x := (h,z) € {0,1} x R in Ezxample [{.13. Following the formulation
therein, a specification of interest is that the room temperature maintains within
[Zmin, Zmax] during the first 60 seconds while avoiding a lot of switching off and on

the heater (i.e., less than three times), which is related to the satisfaction of Ozrp
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for H with the atomic proposition p as

1 Zfl’ S {O, 1} X [Zmim Zmax]

0 otherwise,

px) =

for each v € R™ where T = [0,60] x {0,1,2}; namely, Tin, Tmax, Jmin, and Jmax
in BI3) are 0, 60, 0, and 2, respectively. Then, the set P in (83 is given by
P ={0,1} X [Zmin, Zmax); and the system H. is given as in (8I2)). Since T = 0,

the propositions p, and p. in (8I4) are defined as

1 ifxe P,7€]|0,60], ke {0,1,2}
oz, 7, k) =
0 otherwise,

1 if7>60,k>2
pe(T, k) =
0 otherwise.
Finally, the satisfaction of Ozp for H at (t,7) = (0,0) is translated into the
satisfaction of the formula pyUsp. for H from ({0,1} x R) x {0} x {0} at (¢,5) =
(0,0). JAN

We redefine atomic proposition p;, and p. in (814]) as follows: atomic proposi-

tions pg, p, pe are given by

1 lf T € [Tmimeax]a
pb(Tv k) = ke {Jminajmin+ 17"'7Jmax}

0 otherwise,
(8.15)

1 ifze P,T € [TminuTmaX]u
k S {Jmina Jmin _I' 1) ceey Jmax}

pe(z, 7, k) :

0 otherwise.
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Theorem 8.9 (Czp). Consider a hybrid system H = (C,F,D,G). Given an
atomic proposition p, let P be given as in (83). Given a set T C R™ x N, let Tynin,
Taxs Jmin, and Jnax be as in (8I3). Let the system H. be as in (8I12). Let an
atomic proposition p, be as in (8Id) and atomic propositions py, p. be as (8I0).
Then, the formula f = Ozp is satisfied for every solution to ‘H at (t,7) = (0,0) if

and only if

e the formula f = PaUs(ppUsp.) is satisfied for each solution to H, from
R™ x {0} x {0} at (t,7) = (0,0).

Corollary 8.10. Using Theorem [82, the formula f = p,Us(ppUsp.) is satisfied
for every solution to H, starting from R™ x {0} x {0} at (t,7) = (0,0) if

l.a) (P,UP,UP,) is conditionally invariant with respect to P, for H,, in ([EI0);

and

1.b) (P, U P.) is eventually conditionally invariant with respect to P, for Hs in
(EI11) or (P,UP,) is finite-time attractive with respect to P, for H, in (E11).

and
2.a) (P,U P,) is conditionally invariant with respect to P, for H,, in (£I0); and

2.b) P. is eventually conditionally invariant with respect to P, for Hs in (EII)

or P, is finite-time attractive with respect to Py, for H in (E1).
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Chapter 9

Object grasping with multiple

contact points

Figure 9.1: Grasping an object with multiple agents, in this case, given by ground
vehicles. Each vehicle establishes contact at the desired locations to grasp the
object, and after that, may steer the object to a different location. A hybrid
control controller guarantees that the vehicles establish contact simultaneously
without rebounding.

In this chapter, a grasping task involving multiple contacts is considered as an
application of hybrid systems. Building from the control strategy in [44], a hybrid
control approach is presented for grasping objects by multiple agents without

rebounding. When multiple agents grasp an object cooperatively, the motion of
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the agents is constrained due to the geometrical and frictional conditions at the
contact points. Each agent acting on an object of interest is controlled by a hybrid
controller which includes a position controller, a force controller, and some logic
to coordinate grasping. The proposed approach provides a method to steer the
agents to the desired grasping positions on an object along the desired direction
and to asymptotically exert the desired forces at each contact point.

In particular, we study the networked hybrid system which is described by
a multi-agent system that consists of multiple subsystems. Each subsystem, a
hybrid closed-loop system corresponding to each agent, is commanded by an in-

dividual feedback controller which are coordinated by a supervisory controller.

Hybrid Controller

Position Fi‘l Robot 1 fea m
Force / , and @4— ferr
Controller 1/ Sensors X1 m1

i j@
d ;
T :
Zeyii Position/ | F2l Robot 2 | fe2 mpy,
yd | Force / ; and - (& )— fe.2
s ‘ Controller 2| Sensors X2 () mo
ic . i
" |Supervisory
Controller
Position/ |F} Robot N m
‘ | Force / and f;]\l]\r &)r— fe.n
‘ Controller N| | Sensors ? ma

Figure 9.2: Example of networked hybrid systems. Hybrid control architecture
with N individual position/force controllers, the supervisor, and the grasp gener-
ator. For each 4, the signals my, , and m; are noises affecting the measurements
of f.; and z;, respectively.
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9.1 Object Grasping Problem

We consider the problem of grasping an object at N contact points using the
same number of end effectors or agents evolving in space, as shown in Figure
for N = 3 agents evolving on the (x,y)-plane. Each contact point and associated
force to exert, denoted (xf,yd; z¢;) and f¢; for each i € T := {1,2,...,N},
respectively, will serve as the reference to each of the agents. The problem to

solve is as follows:

Problem: Given an object to grasp, N agents to achieve contact with the object,
and, for each i € Z, contact positions (22, y¢,, z¢;) and desired contact forces fZ;,
design an algorithm to guarantee that the N agents establish simultaneous contact
at points nearby ({Eii, yii, zgl) without rebounding and, after that, asymptotically
exert force f¢; for each i € Z. O

The proposed approach to provide a solution to object grasping problem is to
treat the grasping task involving multiple contact points as a multi-agent system
in which each agent is commanded by an individual feedback controller, which,
in turn, are coordinated by a (hybrid) supervisory algorithm. More precisely, a

hybrid closed-loop system corresponding to agent i has state & and dynamics of

the form

0 & = F(&) &ed e 0.1)

& = Gi(&) & eD;

and the resulting system consists of N hybrid systems coordinated to perform the
desired grasping task.

Figure depicts the proposed control architecture. To solve the stated prob-
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lem, we develop a hybrid controller supervising individual controllers in each
agent, namely, position controllers and force controllers. Using the information
provided by a grasp generator, the main task of each such controller is to first
regulate position, so as to steer the agent to nearby the contact point simultane-
ously, and then regulate both position and force, so as to keep the vehicle nearby
the contact point and exert the force needed to establish a stable grasp without
rebounding. The supervisor employs the output of an algorithm providing the
contact points and force needed to establish a stable grasp, which in Figure 0.2
corresponds to the grasp generator. Furthermore, when small perturbations are
present in the system, which may trigger events of the supervisor at different time
instances, contact with the object occur at times and at points that are nearby
to those in the nominal conditions, and the resulting forces remain close to those
determined by the grasp generator. The proposed logic does not incorporate
avoidance strategies between the agents and the objects but that is part of future

work.

9.1.1 Agents model

We consider agents with dynamics in joint space given by

M(@)i+C(q,9)g+N(q,d) =T =T (q) [ (9.2)

where M is the manipulator inertia matrix, C is the Coriolis matrix, N includes
gravity terms and other forces that act at the joints, 7 is the vector of the actuators
torques, J is the Jacobian matrix relating the joint space velocity to the workspace
velocity, and f. is the vector of the contact forces due to the interaction between
the manipulator and the environment. As the interest is in the interaction of

N agents with an object, for each i € Z, ([Q.2) is rewritten in the workspace
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coordinates x; = (x;, y;, ), after a coordinate transformation from q to y;, which
results in [45]

MiX@' + dXz + /\7@ =F — fei (9.3)

where Mvi, C;, and N, (for simplicity their arguments are not included) are ob-
tained from the matrices in joint space (namely, M;, C;, and N;; cf. ([@.2)), and

F; is the vector of forces/torques applied at the end-effector of the i-th agent.

9.1.2 Object model

The surface of the object to grasp is assumed to be soft and so that both the
tangent plane and the normal can be defined at the contact points — these points
are obtained from an algorithm that calculates a stable grasp; see Section 0.1.4

The object is defined by the set of points given by

W= {x:s(x) <0}

where s is a function that is smooth enough and y are the workspace coordinates.

9.1.3 Contact force model

To characterize the relationship between the bodies’ penetration and the reac-
tion force involved in the end effector-object interaction, we employ the so-called
Kelvin-Voigt linear contact model. In such a model the viscoelastic material of
the environment is described by the dynamics of a linear spring with stiffness k.

and damper coefficient b.. The contact force f.; is then given as follows [46]:

fei(Xis Xi) = keXeq + beXe (9.4)

107



when contact between the end-effector and the object occurs, and zero otherwise.
The states x,; and x,; are the compression distance and the compression velocity
along the direction of contact, respectively — we use subindex ¢ to denote such
local coordinates. Figure depicts such local coordinates on the (z, y)-plane:
red and green lines on the desired contact point refer to z,;-direction and yy ;-

direction, respectively.

Agent 2 Agent 2
X

. R
‘2 '\(”Z,zvygz)

d d
__— (zc,S’yc,S)

1
3 X

Agent 3 Agent 3

i@yl y)

X Agent 1 Agent 1
(a) (b)

Figure 9.3: Example of grasping task with three agents (i.e., N = 3) on the
(2, y)-plane. (a) For each agent 4, the desired contact point (z2,,y2,) is given by
the grasp generator. Red and green lines on the desired contact point refer to
xg-direction and yy;-direction, respectively. (b) Position trajectory of each agent
until the contact force is stabilized.

9.1.4 Stable grasp generator

Given the object to grasp as defined in Section 0.1.2] we choose the contact

points and forces in the workspace
(@, yd ) eRS, flLeRd  Vierl (9.5)

that guarantee a stable grasp.
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position
control

q; = 0,1

seey Yi)

force
control

see e)

®

Figure 9.4: Modes of operation of the supervisory controller for agent i, i € Z.
The logic includes two different phases in position control mode and in waiting
mode — see a)-e) list in Section [@.2

q; = —1

The force balance equations for a grasped object subject to the contact force

fei with a set of N contact points can be described as follows:
w=WFf (9.6)

where w is the resulting wrench, W = [W; --. Wy] such that

n; S; 0

d d d d d d
(IC,H Ye,is Zc,i) X Ty (IC,H Ye,is Zc,i) X Si Ny

for each i € Z; f = (f&,..., fey), and n; and s; are the normal and tangent to
the object at i-th contact point, respectively. A solution (O.5) to (9.6]) with w =0
defines a stable grasp, where G is determined by the contact force and object
models.

There exist various approaches to optimize the placement of grasp points.

In this paper, we use the method of maximizing grasp quality in [47]. Using

the Ferrari-Canny metric, the most commonly used metric as a grasp quality
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evaluation, an optimal grasp minimizing the magnitudes has been chosen among
multiple different grasps satisfying (O.0) with w = 0. We refer the reader to [48]

for more details of the choice of the contact points and forces.

9.2 Hybrid Controller for Synchronized Grasp-
ing

The proposed controller is hybrid due to the combination of state variables that
change continuously and, at times, jump [20,39]. To coordinate each of the agents,
the hybrid controller implements a supervisory logic that employs a controllable
decreasing timer variable 7; € R and a logic variable ¢; € @ := {—1,0,1,2, 3}
for each ¢ € 7 agent. The timer state is used to schedule the steering of the agents
so as to make contact with the object simultaneously. The five possible values of
the logic variable represent the different modes of operation and phases therein —
these are defined in the enumerated list below; see also Figure [9.4]

Also for each agent, the hybrid controller includes a position controller and a
force controller for the purposes of controlling the position of the agents and the
force exerted to the object. The position controller steers the agent to contact.
The force controller employs measurements of the contact force in the direction
of motion.

To design these control algorithms, we follow the approaches in [49H51]. First,
we design the following inner feedback loop that compensates for the internal and
external forces of the manipulator, but certainly does not overcome the contact

force:

Fi=u; + dXz + N, (9.8)
where wu; is a new virtual control input. Then, as in [50], without loss of gen-
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erality, we focus on the case in which the interaction between the agent and its
environment occurs along a normal direction to the object, namely, the interac-
tion between the agent and the object happens at a point on the line with that
normal direction. We refer to this line as the interaction line. In this way, we
further assume that the mass is unitary. Then, the dynamics of the agent along

the interaction line is given as follows:

Xi = wi — fei(Xis Xi)- (9.9)

Using the contact force model in Section 0.1.3] once an agent reaches the
surface of the object, the contact force is calculated based on the compression
distance and velocity, respectively, for which, when focusing on the interaction
between the agents and the object along the interaction line, results in f.; in
(@.4]) being a scalar quantity given in local coordinates x,,; and #,;; namely, when

contact occurs,

feilXis Xi) = kewei + bebes (9.10)

Note that the x,;-direction spans the interaction line as it is defined as the direc-
tion of the contact force; see Figure

Given the contact points and forces in (@.5]) from the grasp generator, and
assuming that the agents start far enough away from the object, the proposed

supervisory logic is as follows:

1) The position controller initially steers the agents to (nearby) the interaction
line. During this phase the agent is in position control mode, for which

¢ = 0.

2) When the agent position is close enough (characterized by the parameter

e > 0) to the interaction line, the agent enters into waiting mode, for which
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¢; = 2. In this mode the agent holds its position.

When all agents are in waiting mode, all logic variables are set to value 3 and
the travel time of each agent to make contact with the object is computed
by solving the closed-loop system dynamics; see Section [0.31 Then, the
appropriate waiting duration for each agent is calculated by resetting 7; to a
nonnegative value chosen to guarantee that all agents establish contact with
the object simultaneously. The decreasing timer counts down as long as it
is nonnegative. The logic variable g; of the agents in this phase remains at

3.

When 7; reaches zero, the logic variable is reset to ¢; = 1, and the agent
enters another position control mode phase, but now the agent is directly

steered towards the object along the intersection line.

When the contact force f.; is larger or equal than a certain threshold (de-
noted v4), we set ¢; = —1 to put the agent in force control mode. The
force controller is activated and the contact force is regulated to the magni-
tude of fC‘fZ-. A switch back to the position controller is only possible when
the contact force has decreased enough (characterized by a parameter 7},
which is positive and strictly smaller than %) — this hysteresis mechanism
assures that rebounding does not occur and provides robustness to small

perturbations; see [44] for more details.

As a result, all agents make contact with the object simultaneously and maintain

contact at nearby the desired location without rebounds.

The logic outlined above can be modeled as a hybrid control algorithm given

in terms of differential and difference equations with constraints. With such a

model, the tools for stability analysis in [20,89] are applied. The state of the
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control algorithm is given by

n= (Q1>7'1aQZ>7'2a--->QN>7N)

and its input is

Ue = (X1>.fc,1>X2>.fc,2a <. '>XN>.fc,N)

plus the measurement noise signal

m = (mlvmfc,wm?vmfc,m s 7mN7mfc,N>

as show in Figure 0.2l Next, we provide the differential and difference equations,
along with the constraints, for each agent ¢ € Z. Below, [; denotes the i-th

interaction line.

Flows: The continuous change of the logic variable ¢; is given by the trivial dif-
ferential equation

¢ =0 (9.11)

which always keeps the logic variables constant in the continuous-time regime.
The timer variable 7; continuously decrements itself according to the differential
equation

7 =—1 (9.12)

when ¢; = 3 and 7; > 0 and, for any other values of ¢; and 7;, 7; changes trivially
according to

#=0 (9.13)

Jumps: The jumps of the hybrid controller update the variables ¢; and 7; so as to

implement the logic above. These updates are instantaneous and governed by the
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following difference equations with constraints:

a) From position control mode to waiting mode:

when ¢; = 0 and dist(l;, x;) <&
b) From waiting mode to position control mode:

bl) to steering toward the object (first phase):

when ¢; = 3, dist(l;, x;) < e and 7; <0,

b2) to steering back to nearby the line (second phase):

when ¢; € {2,3} and dist(l;, x;) > ¢

¢) From position control mode to force control mode:

when ¢; =1 and f.; > 74

d) From force control mode to position control mode:

when ¢; = —1 and f,.; <1
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e) From waiting mode (first phase) to waiting mode (second phase) when all

agents are nearby their respective interaction line:

¢ =3
(9.19a)
Ti+ = E(X@)
when
g =2forall kel (9.19b)

where 7; is the waiting time.

The output of the hybrid controller assigns the virtual input u; (see (O.8)) of the

agents as follows:

Kkp(Xi) if ¢; € {0,1}
ui = Kkp(Xi, fei) if ¢ = —1 (9.20)

where kp is the position controller and kg is the force controller. Note that when
the agent is in waiting mode, its input is identically zero so as to wait at the
current location. The time to reach the surface of the object, namely, 7T;, can be
analytically computed once the position controller is designed. More details on
how to design such feedback laws using Lyapunov theory are provided in Section

9.4].
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9.3 Hybrid Closed-loop System for Synchronized
Grasping

In the following, the state of each individual agent is denoted n; € R?® and
represents position and velocity in the local frame For agent i € Z, the states
n;,1 and 7; o are the position and velocity in the w;-direction, and 7,3 is the
position in the yy-direction. As stated in Section [9.2], the i-th hybrid controller

employs 7; and ¢; to implement a supervisory logic. The logic therein leads to an

i-th hybrid closed-loop system H; = (C;, F;, D;, G;) as in (@) with state
&= (0,70, ¢5) € Z = R> x Rz x Q

and dynamics given by

i1 = Miz2

Mg = Uz

Nz = Uy, if ;e cC?uctuc?ucs (9.21a)
7 =0

¢ = 0

M1 = M2

ni2 = 0

s = 0 if , € CUCT (9.21D)
o= —(6—2)

¢ =0

'For simplicity, we write it in local coordinates. The global coordinates case requires replacing
n; by ®(n;); see Appendix for more details.
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and

n=m, T =0, ¢ =-1 if & € DY

no=m, T =0, ¢ =1 if & € DU D?

nt=m, T =0, ¢ =0 if & € D2 (9.22)
n=mn, T =0, ¢ =2 if ¢ € D3

n=m, 7 =Tin), ¢ =3 if & € Dj,

where u; := (ug;, uy,;) is given by

0, if y,; position is controlled
Uei =\ Ki(xf; —nin) — Kimi2,  if 24 position is controlled
k}(| f(ffi — fei) + feis if force control is applied,
i k(i — mis), if yp; position is controlled
i =
0 otherwise.

The virtual control inputs u,, and w,;, which result from applying (0.8) and
decoupling horizontal and vertical motion, are assigned to position and force feed-
back controllers. Mass is assumed to be unitary for simplicity. The parameters
k;, kY are the proportional and derivative feedback gains of the z; position con-
troller, respectively, and k;y is the proportional feedback gain of the y; position
controller. The parameters z{ ; and y¢; are the desired position in the z;-direction
and vy, -direction, repsectively. The parameter fZ is the desired contact force.

The flow set is C; := {(&, {nj3. ¢ tjenviiy) € Z xRV x QN71: & € CF Vk €
K, (& {nj3 aj}jerviy) € O} where K := {0, 1,2,3,5},

CV={6€eZ qg=1,1= 0, fe(mi1, mi2) < 75}

Cil = {fi €Z:q=-1,17=0, fc(ﬂz‘,lam,z) > ’Yi}
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C}=1{,4€Z:¢=0,1,=0,m, < Ty Mi3 — yZi‘ > e}

Cl={&€Z:q=1Ins—yl,|<eVjeTl}

Cl = {(& {njs, g ienviy) € Z xRV QY7 g =2,
i3 = yial e (a5 # 2N s =yl > €),35 € T\ {i}}

CE = {fz €eZ:.q=3712>0, ‘7]2',3 — yzl\ < 8}, (923)

where ~i, 4 and € are the thresholds. The controller parameter x;,; denotes the
minimum position along the xg,i—directionH The jump set is D; := {(&, {13, ¢j }jen\(i}) €
ZxRN"Ex QN7 & € DEVE € K, (&, {n;3: ¢ }jer\iy) € D},

D) ={,€Z:q=171=0 f(ni1,m2) >V}

Dj={&€Z:qg=—1,1=0,fe(mi1,mi2) <}

D ={4€Z:¢#0,7,=0,m1 < Ty Mis — y§lz| > e}

D} ={4€Z:¢=0,7=0,]|n3— Z/g,i| <e}

Di = {(&; {njs gi}jery) € Z xRV x QY gy =2,
s — Yyl <e,Vjel}

D} ={&€Z:¢=31=0,|n3— yg2| <e}. (9.24)

With these definitions, the flow map is defined for every &; € C;, which is given

by
F&) ifgecluctuctucs

(2

e - (925
Fi(&) if&Geciucy

(2

2See Appendix [D.1] for more details.
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where

F;O(gl) = [ni,Q Ugi Uyg 0 O]T>

(9.25b)
Fl&) =2 0 0 —(g—2) 0
and the jump map is given by
GY(&) if & e DY
Gi(&) if& e DiuD;
Gi(&) = G2(&) if& e D? V¢ € D; (9.26a)
GH&) & e D}
Gi(&) it & e Df
where
Up Up Ni
Gl&) =0 |, GE&=|0]|, Gi&)=]0],
-1 1 0
_ (9.26D)
i i
Gi& =0 |, Gi&) =] Ti(n)
2 3

9.4 Design

The state of each individual agent is denoted 7; € R? and represents position
and velocity in the local frameH For agent 7 € Z, the states n,; and n;, are

the position and velocity in the z,;-direction, and 7; 3 is the position in the yy ;-

3For simplicity, we write it in local coordinates. The global coordinates case requires replacing
n; by ®(n;) where ®(n;) is a transformation involving both rotation and translation of the
coordinates.

119



direction. As stated in Section @.2], the i-th hybrid controller employs 7; and
¢; to implement a supervisory logic. The logic therein leads to an i-th hybrid
closed-loop system H; = (C;, F;, D;, G;) as in Q1)) with state & = (n;, 7, ¢;) €
Z = R*® x R3¢ x Q. The controller parameters k}, k} are the proportional and
derivative feedback gains of the wx,,; position controller, respectively, and k;w is
the proportional feedback gain of the y,; position controller. The parameter k} is
the proportional feedback gain of the force controller.

For each i € Z, we define A; := (x{,,0,y¢;) where x/; = f;/k.. Then, given
parameters k., b. € (0,400) of the work environment and desired contact force

0< fd < fc ; where fc ; is the maximum allowed force, one can always find

1. compact sets Ko, K14, Ko; C R3,

2. parameters kb, kj k.,

k%, 74,74, @ ; of the hybrid controller
such that the set A; x {0} x {—1} is locally asymptotically stable with basin of
attraction containing ((Ko; x {0} x {1})U(K;,; x {0} x {0}) U (K2, x {0} x{—1}))
for H;.

In fact, a particular choice of these sets is

o Ko; = (Lyy(r1) N{n; € R® : miq < 0}) U (Liy(r2) N {m € R : ;1 > 0})

where af kL k) > 0, Vi(mix,mi2) = sa1(nig — @)% + 3010y with a1, by

. . a _ ; _ P 1 .
satisfying 3+ = k,, and Va(n;1,7:2) = sas(nin — x1;)? + 3ban?y with as, by
: : a __ 1.1 P ._ k‘ d .
satisfying 2 = k, + k. where x;,; = i T e T and ry are the maximum

value of the level set of V; and V3, respectively, and the following conditions
are satisfied: the ri-level set of V; intersects the point 7, ; =0, 7,2 = -0
and ry = min{rg, r5}, where the r¢-level set of V5 is such that it crosses the
intersection of the rp-level set and the min +4 line, and the 74-level set of
V4, is such that it intersects the point 1,1 =0, ;2 = Nig — 0, where nig is a

bounded maximum value of the velocity with ¢ > 0;

120



Figure 9.5: Example of sublevel sets of Lyapunov functions. 7} = (17, 7),) is
the initial point. 77, is the maximum impact velocity. The lines [,, and [, are

Ly =A{i1smi2) tmig = —'Z—jm,l + 3} and Ly = {(mi1,mi2) c mip = —'Z—jm,l + 2}

o Ki; = Ly, (rs) where Vi(n;3) = as(misz — yf;)% as > 0,k > 0, and r3 is
the maximum value of the level set of V5 when V3 is at 1,3 = |yZ,~| +df — ¢

where df is a maximum allowed distance dist(l;, ;) with ¢’ > 0;

[} KQJ' = LVF (T’F) where VF("]i,l; ni,2> = a(m,l — 3752)2 + bn7«272 + 20(7]2"1 — IZ»T]Z"Q,

a pr O —sin8 —cosf
and P ::{ ]:R{ ! ]RT,pl,p2>0,R::[ ,

c d 0 po cosff —sinf
and 3 := arctan(—k./b.), k) € (O, W), rp is the maximum value

of the level set of Vp when Vpisat ;1 =0, 92 = %xfz where :Ef, = fgi/kc;

and

the parameters in 2) can be chosen as follows: 7] 1 = 0, 7 ax = T0; (kc —

k2b—2ckcbe+ab? i 71 ¢ F i _ : kp . d F d d
V=, Yomin = OciTris Vomax = Ke min{ Teptle Lo,i0 xf,i}v Ty; € [If,iminv +o0]

d _ F gkp"rkc
= Ty ;be} NN

k
brid basic conditions (see [20]), we can find f € KL such that for each ¢ >

where x Since the hybrid closed-loop system satisfies the hy-

Zvlmin

0 and each compact set K;q, K;1, K;2 C R? such that ((Ko; x {0} x {1}) U
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(K1 x {0} x {0}) U (K3; x {0} x {—1})) is a subset of the basin of attraction
of H;, there exists 0* > 0 such that for each position and force measurement
noise m : Rsy — 0*B, solutions & to H,; with noise m for initial conditions
20 € ((Ko; x {0} x {1}) U (Ky; x {0} x {0}) U (Ky; x {0} x {—1})) are such
that the 7; component of the solutions satisfy |n;(¢,7)|a < B(In|a,t + ) + € for
each (t,j) € dom¢;. Figure shows an example of sublevel sets of Lyapunov

functions above.
Theorem 9.1. H; satisfies the hybrid basic conditions, which are as follows:

A1) C; and D; are closed sets in Z.
A2) F;: Z — Z is continuous on C;.

A83) Gi: Z — Z is an outer semicontinuous and locally bounded relative to D;,

and D; C domG;.

Proof. Condition (A1) is satisfied since C; and D; are closed. The flow map F;
in (D7) is continuous on Cj, satisfying (A2). The jump map G; in (D.§) is single
valued on D; and therefore it satisfies (A3). O

9.5 LTL specifications

In the following, we present how express system specifications as LTL formu-
las. For example, consider a horizontal position controller that is designed for

controlling the horizontal position of the agent as follows:
m =12, N2 = —kpm — kana + kpx?

where k,, kg > 0 are controller parameters. A specification of interest is that the

position of the agent eventually reaches the equilibrium point (¢, 0) in finite time.
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This can be expressed as

f=%p

with the proposition p such that p is true when (11, 7,) = (2¢,0).

9.6 Nominal case

Now, we illustrate the design conditions above. We consider the task of grasp-
ing an object with multiple contact points. The proposed hybrid system is sim-
ulated with MATLAB using the Hybrid Equation (HyEQ) Toolbox [52]. The
simulation results show how the proposed controller stabilizes the horizontal and
vertical positions and ensures contact force regulation in the multi-agent sys-
tems. In the following simulation, we apply the proposed hybrid controller in
Section for N = 3 to grasp an object defined on the (z,y)-plane as a poly-
gon with vertices (in clockwise order) given by {(—1.89, —4.95), (—4.99, —4.22),
(—3.70,3.26), (—0.31,4.96), (2.94,4.62), (4.34, —3.48)}; see Figure The pa-
rameters k. and b, are set to 10 and 0.3, respectively. For each i € 7 := {1,2,3},
the gains k%, k) and kj  are set to 16.0, 2.0 and 4.0, respectively; the set of
gains (kj, k3, k3) is set to (1,0.5,0.5). The desired contact forces f¢; obtained
from the stable grasp generator are 4.39, 4.2 and 2.97, respectively, at each con-
tact point. The thresholds vi and ~4 are chosen as 0.76 and 1.33, respectively.
The thresholds € and " are set to 0.01 and 0.05, respectively. The initial con-
dition of each agent is (n? 1,77 5,11 3) = (—0.5,0,0), (31, m5,75,3) = (—0.5,0,1),
(n31:m32:m55) = (1,0,0), respectively.

Figure illustrates the closed-loop trajectory of the three agents obtained

from the simulation. The vertical position controller is initially applied (i.e.,

¢; = 0). Approximately 1.5 seconds later, when dist(l;,&;) = |73 — yZi| < g, the
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horizontal position controller is applied (i.e., ¢; = 1). When the contact force
fei > 74, the force controller is activated (i.e., ¢; = —1). The contact force is
regulated to f(ffi by using the force controller. As the plots of the contact forces
in Figure indicate, the proposed hybrid controller guarantees that the agents
do not bounce off the surface of the object after contact.

As shown in Figure 0.7, at approximately 2.5 seconds, all three agents make
contact with the object (i.e., {z;1}?_; = 0) simultaneously. A movie of this

simulation is available at https://youtu.be/6B8m584u-g4.

2 1 2
0 0 # 0

s 5
0 1 2 3 4 s o 0 1 1 2
[ ————————————————— 3
4 2
.3 n2,3 13,3 1
3 0 S e EE— 0
p
4 4
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[ 2 3 6 o 2 3 6 o 2 3 6
0.15 0.08
o o s o
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0 1 2 3 4 5 5 0 1 2 3 5 3 0 1 2 B 4 5 3
8 8 8
fc,lj /\/ fc,Qj /\/ fc,Sj /\/
é ch,l 2’7; (2,4*4]1 (2,4**4# fc,SZ’Vg
0 1 2 3 4 5 6 o 1 2 3 4 5 6 o 1 2 3 4 5 6
Time[s] Timel[s] Timel[s]
(a) Agent 1 (b) Agent 2 (c) Agent 3

Figure 9.6: Grasping task with three agents: Plots of state variables of agent 2 in
its local frame.

Figure shows the trajectories with respect to the local coordinates for
different environments. After each agent makes contact with the object (i.e.,
xg; = 0), it maintains its contact with the object while the position of each
agent is stabilized. Note that the different environment material stiffness k., the
equilibrium point xf; is changed according to xf; = |f&]/ke so as to exert the

desired contact force magnitudes of fgfi.
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Time[s]

Figure 9.7: Plots of x, position corresponding to each agent.

Egq

b b b o kN e s o o

Te,1

Figure 9.8: Position vs. velocity plots for agent 1 corresponding to different envi-
ronment material stiffness k.. The parameter k. is set to 2, 5 and 10, respectively.
Agent 1 does not bounce off the surface of the object after contact (i.e., x; = 0).

9.7 Extension to agents having Dubins-like dy-
namics

Figure shows the trajectories of the position x,; corresponding to each
agent with different values of noise. In this section, motivated by the wide ap-
plicability of Dubins-type models, we apply our hybrid controller to the car-type
model given by

Ty = v COSOpi,  Yoi = vg;sinby,
(9.27)

Ugi = Uy — fein  Ori = g
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Figure 9.9: Plots of local position x,; for each agent. Each case has a Gaussian
noise with zero mean and variance of ¢ = 0.01,0.03,0.05,0.1,0.2,0.25, respec-
tively, as f., and m,; for each i € 7.

where, for each i € T agent, (z4;,v,;) € R? denotes planar position, 6,; € R
denotes orientation and v,; € R denotes the forward velocity, respectively; see,
e.g., [53]. The inputs ug,; and wu,; are the angular velocity input and the accelera-
tion input, respectively. The norm of the angular velocity input is upper bounded
by the constant @y ;, which implies that the vehicle turns have a (nonzero) mini-
mum turning radius. In other words, given an input signal (ug;, u,;), the resulting
paths in the (z,y)-plane have bounded curvature.

In the following simulation, the initial condition of each agent ¢ € Z := {1, 2,3}
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is (xg,l,y?,p?f?,lﬂgl) = (-2.5,-3,1,3), (I?,z,y?,z,v?gﬁ?,g) = (-2,3,1,-%) and
(203, Yps: Vs, 0p5) = (=2.5,2,1,—F), respectively. A Gaussian noise with zero
mean and variance of ¢ = 0.01,0.03,0.05,0.1,0.2,0.25, respectively, define the
noise signals f.; and m; for each i € Z. The contact time ¢’ is changed under

different noises, but mismatch of contact time is approximately 0.08 seconds in

the worst case (Table [@.]).

Figure 9.10: Plots of global position (z,y) for three agents both without noise
and with different values of noise corresponding each case in Figure @.9] such as
o = 0.01(green), 0.03(yellow), 0.05(magenta), 0.1(cyan), 0.2(blue), respectively.

Figure 9.11:  Position vs. velocity plots for agent 2 with distur-
bances: each case has a Gaussian noise with zero mean and variation
of o = 0.01(green), 0.03(yellow), 0.05(magenta), 0.1(cyan), 0.2(blue), 0.25(black),
respectively.

Compared to the nominal case, mismatch of the equilibrium points is approxi-
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o | te—t] [ Ite —t] | [t2 — ]

0 0 0 0
0.01 | 0.05 0.05 0
0.03 | 0.05 0.08 0.05
0.05 | 0.05 0.05 0
0.1 0 0.08 0.08
02 | 005 | 0025 | 0.025
0.25 | 0.01 0.05 0.05

Table 9.1: Contact time of three agents.

mately 0.1 (in norm) in the worst case. Please go to https://youtu.be/7VPnZj6a7Bo

to watch a movie of this simulation.
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Chapter 10

Conclusion

In this dissertation, a hybrid controller for grasping tasks in a multi-agent
system is introduced as an application of hybrid dynamical systems. The proposed
hybrid controller supervises the position and force controllers for each agent, in
order to steer the agent to the object while the contact force is regulated to avoid
rebounding. Moreover, using timers and logic variables, multiple agents working
on the object are synchronized so that they achieve a stable grasp.

On the other hand, temporal logic for hybrid systems is introduced to formu-
late specification for hybrid systems in high-level languages. For hybrid systems,
notions encoding e-approximate satisfaction and robust e-approximate satisfaction
of temporal logic specifications are proposed to specify and verify temporal logic
specifications under the presence of perturbations. Our approach is proposed to
establish relationship between the satisfaction of formulas having temporal logic
operators and some of the invariance notions and finite-time attractivity (FTA)
notions studied in control literature. In particular, (robust) forward invariance,
(robust) conditional invariance, eventual conditional invariance, and (robust) fi-
nite time attractivity notions are revisited in the context of hybrid systems. More-

over, sufficient conditions certifying such dynamical properties are presented. As a
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consequence, sufficient conditions (not involving the computation of the systems’
solutions) guaranteeing the satisfaction of temporal logic specifications (with ro-
bustness to perturbations) are proposed.

Furthermore, a relationship between signal temporal logic (STL) specifications
linear temporal logic (LTL) formulas involving the strong until operators is estab-
lished so that sufficient conditions that guarantee the satisfaction of basic STL
specifications are derived.

There are many directions for future research towards developing tools for the
formal verification and design of hybrid systems using LTL. By using LTL, we can
guide the design of dynamical systems with constraints. A promising area is the
use of learning techniques with formal specification expressed in temporal logic

formulas.
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Appendix A

Comparison Lemmas

The following result is a version of the well-known comparison Lemma that

can be found in [27, Lemma 3.4].

Lemma A.1. Consider the scalar system

= f(t,u), u(ty) = up, (A1)

where for all t > 0 and all u € S C R, f(t,u) is continuous in t and locally
Lipschitz in u. Furthermore, let [to, T) be the maximal interval, T can be infinity,
of existence of the solution u(t). Moreover, suppose that u(t) € S for allt € [to,T).

On the other hand, let v(t) be a continuous function such that v(ty) < uo,
v(t) € S forallt € [to,T), and its upper right-hand derivative D v(t) satisfies

the following differential inequality, for almost allt € [ty, T),
DYo(t) := limsupw < f(t,v(t)). (A.2)
s—0t

Then, v(t) < u(t) for allt € [ty, T).
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Lemma A.2. Assume that the function t — v(t) in Lemma [A 1 satisfies v(t) =
v(x(t)) for allt € [ty, T) with t — x(t) a solution to the system & € F(x) x €
C C R", and v € C', it follows that, for almost all t € [ty,T), DT v(t) = o(t) =

(Vo(x(t)), &(t)).

Proof. Since the solution z is absolutely continuous, it follows that @(t) exists for
almost all t € [ty,T). Furthermore, since v € C'. Hence, 0(t) exists for almost all
t € [to,T). Let t € [to,T) such that 0(¢) exists, then, by definition of the time
derivative, we conclude that

B (t) =lim W20 — iy gup U= — (),

50 s—0+

Furthermore, using the classical chain rule for composition of differentiable func-

tions, we conclude that 0(t) = (Vu(x(t)), 2(t)). O

Lemma A.3. Let x : [tg,T) — R™ be a solution to the following constrained
differential inclusion © € F(x) x € C C R" Then, for almost all t € [ty,T),

i(t) € To(x(t)).

Proof. Let t € [ty,T) such that &(t) exists; thus, #(t) € F(z(t,7)). Furthermore,
let a sequence {t,},cy C (to, 7' —t) such that ¢, — 0. That is, for v, (t) := (z(t,)—
x(t))/tn, we have lim,, v, (t) = @(t) and at the same time x(t)+t,v,(t) = z(t,) € C.

Hence, using (C.2), we conclude that @(t) € T (z(t)). O

137



Appendix B

Results on Finite Time

Attractivity

In the following, we present sufficient conditions that guarantee FTA of a closed
set K for a hybrid system H; see [25]. First, Proposition characterizes the
scenario where the distance of each solution ¢ € Sy (N) to K strictly decreases

during flows, but is only non-increasing at jumps, and N is an open neighborhood

of K.

Proposition B.1. Let a hybrid system H = (C, F,D,G) on X and a closed set
K C N CX with an open set N such that GIN')CN. The set K is FTA for H
if there exists a continuous function V- : N'— Rsq, locally Lipschitz on an open

neighborhood of C NN, and ¢; > 0, ¢y € [0,1) such that

1) for everyx € NN (CUD)\ K, each ¢ € Sy(x) satisfies

V1702 (IE) <

c1(1—c2)

sup t,
(t,7)edom ¢

2) there exist functions oy, an € Koo such that aq(|z|x) < V(z) < as(|x|k) for

138



allz € (CUDUG(D))NN and

uc(x) + Ve (x) <0 Vz e (CNN)\ K (B.1a)

up(z) <0 Vee(DNN)\K, (B.1b)

where the functions uc and up are defined in (Z0) and (27), respectively.

Furthermore, for each ¢ € Sy(N N (C U D)) with £ = ¢(0,0),

a) the settling-time function T satisfies T (¢) < T*(&) + T*(€) where T*(§)
‘:(716_26(5)) and J*(&) is such that (T*(§), T*(§)) € dom¢; and

b) |o(t, )|k =0 for some (t,j) € dom¢ such that t > T*(&).

Proof. Let ¢ € Sy with ¢(0,0) = £ € NN (CUD) and rge ¢ C N. Pick any
(t,j) € dom ¢ and let 0 =, <t; <--- <t =1 satisfy

J

1) = Ut ti] x {i}). (B.2)

=0

dom ¢ N ([0, ¢] x {0,1,.

For each i € {0,1,..., 5} and almost all s € [t;, t;41], ¢(s,1) € (CNN)\ K. Using

(Z:6)), the condition in (B.1al) implies that, for each i € {0, 1,

.., 7} and for almost
all s € [ti,ti+1],

&V ((s,1) < uc(é(s, 5)) < —aV((s, 1)), (B.3)

which implies that

V72(@(s,1)) dV (p(s,1)) < —cids. (B.4)
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Integrating over [t;,t;11] both sides of this inequality yields

1_102 (Vl_cz ((tiv1,7)) — vi-e (o(ts, Z))) < —c1(tip1 — t). (B.5)
Similarly, for each i € {1,...,7}, ¢(t;,i —1) € (DNN)\ K and
V(o(ti,i)) = V(g(ti,i — 1)) < 0. (B.6)

The two inequalities in (B.5) and (B.6]) imply that, for each (¢,7) € dom ¢,

= (VIT(6(t, ) = VITR(9)) < —art. (B.7)

Using G(N') C N, the lower bound on the function V', and the fact that ¢, € (0, 1),
we get

o (0(t, )lx) < VI (6(.5) S VRO —al— et (BS)

Then, it follows that

1
olt. i <t (770~ a1 - ) 5 ). (B.9)
Furthermore, an upper bound for the settling-time function can be computed as

T(¢) <T*(&)+T(E), (B.10)

where 7*(¢) = L2 and 7%(€) is chosen such (7*(€), J*(€)) € dom ¢. Note
c1(1—c2)

that 7*(£) < Sup( jyedom o ¢ given by 1), the existence of (7*(¢), J*(£)) € dom ¢

is guaranteed. O
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Remark B.2. Condition 1) in Proposition[B1l guarantees that the domain of def-
inition of the solutions to H are long enough to allow for the solution to converge
to K. Condition (B.1a) guarantees finite time convergence of limy;_7(4) |6(t, 7)|
to zero over a finite amount of ordinary time t (potentially with jumps within it).
Finally, the upper bound on the settling-time function T depending on the Lya-
punov function and the initial condition will be effectively exploited to estimate

the amount of hybrid time it takes for a temporal specification to be satisfied.

A dual version of Proposition [B.lis given next, namely, it pertains to the case,
when the distance of a solution ¢ € Sy to a closed set K strictly decreases at

jumps.

Proposition B.3. Let a hybrid system H = (C, F,D,G) on X and a closed set
K C N CX with an open set N such that GIN) CN. The set K is FTA for H
if there exists a continuous function V. : N'— Rsy, locally Lipschitz on an open

neighborhood of C NN, and ¢ > 0 such that

1) for everyx € NN (CUD)\ K, each ¢ € Sy(x) satisfies

ceil(v(f)) < sup j;
(t,5)edom ¢

2) there exist functions oy, as € Koo with an(|z|x) < V(z) < as(|z|k) for each

x € (CUDUG(D))NN such that

uc(x) <0 Vee(CNN)\ K (B.11a)

up(z) < —min{e, V(z)}Vee(DNN)\ K, (B.11b)

where uc and up are defined in (Z5]) and (27), respectively.

141



Moreover, for each ¢ € Sy(N N (CU D)) with &€ = ¢(0,0),

a) the settling-time function T satisfies T (¢) < T*(&) + T*(§) where J*(§) =
ceil (V@ ) and T*(&) is such that (T*(§), T*(€)) € dom¢ and (T*(§), T*(§)—
1) € dome;

b) |o(t,7)|xk =0 for some (t,j) € dom¢ such that j > T*(§).

Proof. Let ¢ € Sy (&) with £ € N. Pick any (¢,7) € dom ¢ and let 0 = tq < t; <

-+ < tjp1 =t satisfy

dom ¢ N ([0,8] x {0,1,....5}) = ij([ti,tiﬂ] x {i}). (B.12)

=0

For each ¢ € {0,1,...,7} and almost all s € [t;,t;11], ¢(s,4) € C. Using (2.0),
the condition in (B.IIDL) implies that, for each i € {0,1,...,;} and for almost all

€ [ti,tisa], w < 0. Integrating over [t;,¢;1+1] both sides of this inequality

yields
V(o(tivr,1)) — V(p(ti, i) < 0. (B.13)
Similarly, by using (Z8) and (B.11L), for each i € {1,...,j}, ¢(t;,i — 1) € D and
V(p(ti,i)) — V(p(tii — 1)) Z min{c, V(¢ — 1)}

Using the lower bound on the function V' and the fact that ¢ > 0, we get

a(|¢(t, 5)k) < V(o(t, j)) < V(E) — émin{ca V(g(tii = 1))}
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Then, it follows that

J
|6t )k < a7’ (V(S) —>_min{c, V(¢(t;,i — 1))}) :
i=1
Furthermore, an upper bound for the settling-time function can be computed as
T(p) <TH(E) +TE), (B.14)

where 7*(€) = ceil (“) and 7*(&) is such that (7*(&). (), (T*(), (&) ~
1) € dom ¢. Note that J*(§) < SuD( jjedom »J given by 1), the existence of
(T*(&),T*(€)) € dom ¢ is guaranteed. 0

The following result combines the conditions in Proposition [B.1l and in Propo-
sition [B.3l Its proof can be formulated by combining the arguments in the proofs

of Proposition [B.1] and Proposition [B.3

Proposition B.4. Let a hybrid system H = (C,F,D,G) on X and a closed
set K C N C X with an open set N such that GIN) C N. The set K is FTA
for H if there exists a continuous function V. : N — Rsq, locally Lipschitz on
an open neighborhood of C NN, and ci,c3 > 0, co € [0,1) such that item 1)
in Proposition [B.1 and item 1) in Proposition are satisfied, and there exist

functions aq, s € Ko such that
a1 (|z]x) < V(z) < as(|z]k)
forallzx € (CUDUG(D))NN and

uc(x) + Ve (x) <0 Ve e (CNN)\ K (B.15a)
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up(z) < —min{es, V(x)} Vee (DNN)\K, (B.15b)

where uc and up are defined in (230) and (271), respectively. Furthermore, for
each & € Sy(N N (C U D)) with € = $(0,0),

a) the settling-time function T satisfies T(¢) < mingeqr o {77%(€) + T7(€)}
where THE) = Ly TF(€) ds such that (T(€), J7(€)) € dom, T5(€) =

c1(1—c2)

ceil (M), and T3 (§) is such that (T55(€), T5(&)) € dom ¢ and (T3(€), T5(&)—

c3

b) |o(t,7)|x = 0 for some (t,j) € dom¢ such that t > T*(§) or j > T5(£).
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Appendix C

Results on Conditional Invariance
and Eventual Conditional

Invariance

The following results are valid for the general class of hybrid systems H satis-

fying the following mild assumption:

(SA) The system H is such that the set C' is closed, F' is outer semicontinuous
and locally bounded with nonempty and convex values on C', and G has

nonempty values on D.

The properties of F in|(SA)|are used in the literature of differential inclusions
as mild requirements for existence of solutions from intC' plus adequate structural
properties for the flows, see [54-56]. When F is single valued, the properties of I’

in [(SA)| reduce to simply continuity.
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C.1 Sufficient Conditions for Conditional Invari-
ance

First, we recall the sufficient conditions for invariance notions using a barrier
function in [29,37] for hybrid systems. Below, the concept of the tangent con
to a set is used; see [20, Definition 5.12]. The tangent cone at a point = € R" of

a set C' C R" given by

h—0+ h

To(z) = {v € R" : liminf 2 0e _ 0} . (C.1)
We also recall the equivalence [57, Page 122]

veTo(@) o i}, — 0"
< (C.2)
and {Ui}iGN — VT + hﬂ)i € (C VieN.

Furthermore, for the given two sets O, X, C R" with O N X, = (), we recall

from [29] the notion of a barrier function candidate with respect to (O, X,,) for H.

Definition C.1 (Barrier function candidate). Consider H = (C, F, D, G). Given
two sets O, X, C R" with ONX, = 0, a function B : R" — R is said to be a

barrier function candidate with respect to (O, X,) for H if

B(z) <0 Ve e O
(C.3)

B(x) >0 Vxe (CUD)NA,.

In the following, we recall a result on safety for hybrid systems [29, Theorem

3.2] to derive sufficient conditions for conditional invariance for hybrid systems.

IThis tangent cone is also known as the contingent cone, or the Bouligand tangent cone.
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Given two sets O and &, the conditions given below provide sufficient conditions

to verify that R™\ X, is conditionally invariant with respect to O for H.

Proposition C.2 (CI using barrier functions). Consider a hybrid system H =
(C,F,D,G). Let two sets O and X, such that O, R"\X,, C CUD. The set R"\ X,
is CI with respect to O for H if there exists a C' barrier function candidate B
with respect to (O, X,) for H as in (C3) such that K := {x € CUD : B(z) <0}

is closed and the following hold:

(VB(z),n) <0 Vo € (U(OK)\K)NC,¥n € F(z) N To(z),
B(n) <0 Ve e DN K,Vn e G(x),
G(DNK)cCuUD.

According to Remark 2.5 when O = R™"\ X, CI of R"\ X, with respect to O
reduces to forward pre-invariance of the set K := . In the next statement, we
recall from [37, Theorem 1 and Proposition 2] sufficient conditions for forward

invariance using barrier functions.

Proposition C.3 (Forward invariance using barrier functions). Consider a hybrid
system H = (C, F,D,G). Let K be a closed set such that K C C'UD. The set
K is forward pre-invariant for H if there exists a C* barrier function candidate B

with respect to (K, R™"\K) for H as in (C3)) such that the following hold:

(VB(z),n) <0 Vo € (U(OK)\K)NC,¥n € F(z)NTo(z),
B(n) <0 Ve e DN K,Vn e G(x),
G(DNK)cCuUD.

Furthermore, the set K is forward invariant for H if the following additional

conditions hold:
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e No maximal solution to H starting from K has a finite time escape within

CNK.

o Every mazimal solution from (0C N K)\D is nontrivial.

Remark C.4. One can guarantee that the solutions to H do not have a finite
escape timeH inside the set K N C when, for example, the set K N C' is compact
or when the flow map F has a global linear growth on K N C. Furthermore,
according to [37, Proposition 3], the existence of a nontrivial solution starting from
each point in (K N OC)\D can be proved by verifying the following infinitesimal
condition. F(x) N Trnc(x) # O for all x € U(x,) N (K NOC) and for all z, €
(K NoC)\D.

C.2 Sufficient Conditions for pre-Eventual Con-
ditional Invariance

In the following, inspired by [32, Theorem 3.4], we propose sufficient conditions

for pre-eventual conditional invariance for hybrid systems.

Theorem C.5 (Pre-eventual Conditional Invariance). Consider a hybrid system
H = (C,F,D,G) and sets O C CUD and A C R™. The set A is pre-ECI with

respect to the set O for H if the following properties hold:
1) There exist a C* function v : R* — R and a locally Lipschitz function
fe : R — R such that
la) (Vou(z),n) < fo(v(z)) Vexel, Vne F(x)NTe(x),

v(n) <wv(z) Vee D, VneGx);

2A solution has finite escape time inside a given set if the solution diverges while remaining
inside the set within a bounded (hybrid) time domain; see [27, Chapter 3].
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1b) there exists a constant r1 > 0 such that the solutions to y = f.(y),

starting from v(O), converge to (—oo,r1) in finite timeH

2) There exist a C' function w : R® — R and a nondecreasing functioﬂ fa:
R — R such that
2a) (Vw(z),n) <0 Ve e C, Vn € F(x)NTe(x),

w(n) < fa(w(z)) Vz € D, Vn € G(x);
2b) there exists a constant ro > 0 such that the solutions to z+ = fu(z),

starting from w(Q), converge to (—oo,19) in finite time.
3) One of the following conditions holds:

3a) Each complete solution to H starting from O is eventually continuous

and, with vy coming from item 1b),
S ={zreC:v(x)<nr}CA (CA4)

3b) Each complete solution to H starting from O is eventually discrete and,

with ro coming from item 2b),
Sy:={xeD:w(x) <ry} CA (C.5)

3c¢) Each complete solution to H starting from O has a hybrid time domain
that is unbounded in both the t and the j direction and with vy and ro

coming from item 1b) and item 2b) respectively, (C4) and (CH) hold.

3The solutions to § = f.(y) from v(O) exist at least until they reach the set (—oo,71).
4A scalar-valued function f; is said to be nondecreasing if for each z <y, fa(z) < fa(y).
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3d) With ry and ro coming from item 1b) and item 2b) respectively, (C.4)
and (C.A) hold, and G(S2) N C C S;.

Proof. According to the definition of pre-ECI, we need to show that for each
complete solution ¢ to H starting from O, there exists (t*, j*) € dom ¢ such that
o(t,j) € A for all (t,j) € dom ¢ such that ¢ + j > t* + j*. Consider a complete
solution ¢ to H starting from ¢(0,0) € O. Let y be the maximal solution to
y = f.(y) starting from y(0) = v(¢(0,0)) € v(O) and let z be the complete
solution to the system z* = f;(2) starting from z(0) = w(¢(0,0)) € w(O).

First, if the solution ¢ initially flows, we use item la) to conclude, via the
comparison lemma in Lemma [AT] Lemma [A2] and Lemma [A3 that v(¢(t,0)) <
y(t) for all t € I°, where I° := {t € Ry : (¢,0) € dom ¢}. To show this, we
used the fact thalg I° € dom y. Furthermore, if the solution ¢ jumps initially, we
conclude using item 1a) that v(¢(0,1)) < y(0). By extending this reasoning over
the domain of ¢, we conclude that v(¢(t, 7)) < y(¢t) for all (¢,5) € dom ¢.

On the other hand, using item 2a), we conclude that if ¢ initially jumps, then
w(¢(0,1)) < fa(w(e(0,0))) = fa(2(0)) = z(1). Otherwise, when the solution ¢
initially flows, we conclude that w(¢(t,0)) < w(¢(0,0)) = 2(0) for all ¢t € I°.
Moreover, by extending this reasoning over the domain of ¢ and using the fact
that fy is nondecreasing, we conclude that w(¢(t, 7)) < z(j) for all (¢, j) € dom ¢.
Indeed, it is easy to see that w(é(t,j)) < w(p(t',j)) for all (¢,7) € dom ¢ such
that ¢ > ¢ and (¢',j) € dom ¢; namely, the bound of the function w does not
increase over the interval of flow of ¢.

Since f,; is nondecreasing, the existence of j, € N such that z(j,) € (—o0,rs)

®When y has a finite-escape time t, > 0, using item 1b), it follows that limg ~, y(t) = —oo.
Furthermore, since v(4(t,0)) < y(t) for all t € dom y N 1Y, then there must exist t, € I with
ty < t, such that lim », v(4(t,0)) = —oo. Hence, ¢ should escape to —oc no later than y.
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(coming from item 2b)) implies that z(j) € (—oo,r2) for all j > j,. Similarly,

from the existence of ¢, € R>( such that y(t,) € (—oo,r;) (in item 1b)), it follows

that y(t) € (—oo,r;y) for all t > t,. Moreover, since the solution ¢ is complete,

({t,} x N)ndom ¢ # 0 or (Rso x {j.}) Ndom ¢ # (. Therefore, we conclude

that v(¢(t,7)) < rp for all (¢,j) € dom ¢ such that ¢t > ¢, or w(¢(t,7)) < re for

all (¢,7) € dom ¢ such that j > j,.

To complete the proof, we show that there exists (¢*,j*) € dom ¢ such that

o(t,j) € Aforall (t,j) € dom ¢ such that t 4+ j > t* + j*. To this end, we present

the following cases depending on items 3a)-3d).

a)

When the solution ¢ is complete and eventually continuous, it follows that, for
some t € Rso, ¢(t,j) € C for all (¢,7) € dom ¢ such that ¢t > #. Hence, we
have v(¢(t, 7)) < ry and ¢(¢, j) € C for all (¢, j) such that ¢ > t* := max{t,,{};
and thus, 57 is nonempty. Then, if S; is a subset of A, with j* such that
(t*,7*) € dom ¢, we have ¢(t,j) € S; C A for all (¢,j) € dom ¢ such that

t4j§ >t + 5%

When the solution ¢ is complete and eventually discrete, it follows that, for
some j € N, ¢(t,j) € D for all (t,7) € dom ¢ such that j > j. Hence, we have
w(o(t,§)) < ro and ¢(t,7) € D for all (¢, ) such that j > j* := max{j,, j};
and thus, Sy is nonempty. Then, if S, is a subset of A, with ¢* such that
(t*,7*) € dom ¢, we have ¢(t,j) € Sy C A for all (¢,j) € dom ¢ such that

t4j >t + j*

When the hybrid time domain of the solution ¢ achieves both an unbounded
amount of flows and an unbounded number of jumps, we conclude that ({t,} x
N) Ndom ¢ # 0; hence, v(¢(t, 7)) < 7y for all ¢ > ¢, such that (¢,j) € dom ¢.

Also, (Rso x {j.}) Ndom ¢ # 0; hence, w(p(t,j)) < re for all j > j, such that
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(t,j) € dom ¢. As a result, S; and Sy are nonempty. Then, if S; and Sy are
subsets of A, with (#*,7*) € dom ¢ such that t* > t, and j* > j,, we conclude

that ¢(t,j) € S1 U Sy C A for all (,7) € dom ¢ such that t + j > t* + j*.

Then, when one among items 3a)-3c) holds, according to the arguments in a)-
c), we have that every complete solution ¢ starting from O satisfies that there
exists (t*,7*) € dom ¢ such that ¢(t,j) € A for all (¢,5) € dom ¢ such that
t4j >t + 5.

Next, suppose that item 3d) holds and the solution ¢ is genuinely Zeno, which
implies that ¢ does not satisfy items 3a)-3c). In this case, the solution ¢ jumps
infinitely many times on a bounded interval of ordinary time and it always flows
after a finite number of jumps. Hence, due to the fact ¢ is genuinely Zeno, there
exists (£,7) € dom ¢ such that j > j, satisfying w(¢(Z, 7)) < r2 and ¢(£, ) € D,
which, in turn, implies ¢(#,j) € Sy C A. Note that w(¢(t,)) < 7 for all (¢,7) €
dom ¢ such that j > j > j.. Moreover, using the fact that ¢ is genuinely Zeno,
¢ jumps to a point in C; namely, there exists (,7), (f,7 + 1) € dom ¢ such that
o(t,74+1) € C. Now, according to item 3b), when ¢(£,7+1) € C, ¢(t,7+1) € S,.
Namely, the solution ¢ jumps to the set S; C A at (£,7), which implies that
v(o(t,j+1)) < r1. Now, we show that the solution ¢, which jumps to S; at (£, 7),
satisfies v(4(t,7 + 1)) < 7y for all ¢ such that (¢,j +1) € dom ¢. Proceeding
by contradiction, assume the existence of # > f such that (¢, + 1) € dom ¢
(i.e., t' is in the interval of flow) and v(¢(#,j 4+ 1)) > r1. Let y be a solution
to y = f.(y) starting from v(é(f,j + 1)) < 7. Under item 1b), with a locally
Lipschitz function f., the unique solution y has to remain in (—oo,r;) once it
reaches (—oo,r;1); otherwise, it contradicts uniqueness of solutions. Moreover,

using the comparison lemma in Lemma [A.1l Lemma [A.2] and Lemma [A.3] we
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have v(¢(t,j + 1)) < y(t) for all (t,j + 1) € dom ¢. Hence, we conclude that
v(¢(t, 7+ 1)) < ry for all t > £ such that (¢, + 1) € dom ¢, which contradicts the
existence of ¢ > £ such that (¢, j+1) € dom ¢ and v(é(t', j+1)) > r1. Therefore,
we conclude that v(¢(t, j +1)) < r; for all ¢ such that (,7 + 1) € dom ¢; namely,
v(¢(t, 7+ 1)) < r; for all ¢ in the interval of flow. As a result, we conclude that
w(o(t,j)) < ry for all (t,7) € dom ¢ such that j > j and v(¢(t,5)) < i for all
(t,j) € dom ¢ such that t > £; and thus, with (¢*,j*) € dom ¢ such that j* > j
and t* > £, we conclude that ¢(t,5) € S;USy C A for all (¢,5) € dom ¢ such that

G >t + g 0
The following example illustrates Theorem [C.5

Example C.6. Consider a hybrid system H = (C, F,D,G) with the state x =

(z1,79) € R? and the data

—X1 — T2

F(x) = VeeC:={xeR?:2; >0,7; > 2o}
Ty — X2
— \/§

G(z) = 2/ VeeD:={reR?:z; =02, <0}.
—932/\/§

Consider the sets O and A given by O = [0,1] X (—o0, —1] and A = Ry X
[—1/2,400). Next, to conclude that the set A is pre-eventually conditionally
invariant with respect to the set O for H, we show that the conditions in The-
orem are satisfied. Consider the functions v(x) = |z|* and f.(y) == —2y.
For all x € C, (Vu(z), F(z)) = =2(a? + 23) = f.(v(x)); and for all z € D,
v(G(x)) = 23 = v(z). Thus, item la) holds. Furthermore, we notice that
v(0) = [1,400) and that, for ri = 1/2, (C4) holds. Finally, for the system

v = f.(y) = =2y, it is easy to see that the solutions starting from v(O) = [1, +00)

153



reach the set (—oo,1/2) in finite time; hence, item 1b) is satisfied. On the other
hand, consider the functions w(x) = —xg and fy(z) := z/2 if z € w(D) and
fa(z) = z otherwise. For all x € C, (Vw(x),x1 — x2) = x9 — 21 < 0; and for all
v €D, w(G(x)) = x2/V2 < fa(—13) = —x9/2 since x5 < 0. Hence, we conclude
that item 2a) holds. Moreover, item 2b) holds for ro = 1/2 and the solutions
to zt = fy(z) starting from w(O) = [1,4+00) reach (—o0,1/2). Finally, for all
r€G(S)NC={zeC: 2 < ﬁ}, v(xz) < 1/2. Hence, G(Ss) NC C Sy, which
implies that item 3d) holds. A

Remark C.7. As illustrated in ExamplelC.d, once we propose the candidate func-
tions v and w, we find the functions f., fq and the constants ri,ro such that the
conditions in Theorem [C'8 hold. That is, for a particular expression of the data
of the hybrid system and the sets O and A, we can automate the process of gen-
erating the functions and parameters satisfying the conditions in Theorem[C 4 as

in [58,159].

Note that, it is possible to conclude pre-eventual conditional invariance of A
with respect to O using only condition 1) (or only condition 2, respectively) in
Theorem [C.5] provided that we have the knowledge that the solutions from O
can reach the set A only via flowing (or only jumping, respectively), as shown
in the following result. Indeed, in many applications of hybrid systems, the state
variable is composed of both continuous and discrete variables, see the thermostat
hybrid model in Example Furthermore, when the sets O and A are defined
only in terms of the continuous state variables (respectively, only in terms of the
discrete state variables), it is possible to conclude that the solutions from O reach

the set A only by flowing (respectively, only by jumping).

Proposition C.8 (Pre-eventual Conditional Invariance via Flows). Consider a
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hybrid system H = (C, F, D,G) and sets O C CUD and A C R". Then, the set

A is pre-eventually conditionally invariant with respect to the set O for H if

1) there exist a C' functionv : R™ — R, a locally Lipschitz function f.: R — R,
and a constant vy > 0 such that condition 1) in Theorem[C. 3 holds and, the

set Sy :={r e C:v(x)<r} CA; and

2) for each complete solution ¢ € Sy (O), the solution y to y = f.(y) starting
from v((0,0)) satisfies y(t) € (—oo,ry) for allt > t*, for some nonnegative

t* <sup{t: (t,5) € dom ¢}; and

3) G(A)N D C A, or each solution from O is eventually continuous.

Proof. According to the definition of pre-eventual conditional invariance, we need
to show that, for each complete solution ¢ to H starting from O, there exists
(t*,j*) € dom ¢ such that ¢(t,j) € Aforall (¢,j) € dom ¢ such that t+5 > t*+j*.
Consider a complete solution ¢ to H starting from ¢(0,0) € O. Let y be a maximal
solution to y = f.(y) starting from y(0) = v(¢(0,0)) € v(O). First, if the solution
¢ flows initially, using the comparison lemma in Lemma [A.Jl Lemma [A.2] and
Lemma [A-3] under item 1a) in Proposition [C.H], we conclude that v(4(t,0)) < y(¢)
for all t € 1Y, where I° := {t € Rxg : (,0) € dom ¢}. Furthermore, if the
solution ¢ jumps initially, we conclude using item la) in Proposition that
v(¢(0,1)) < y(0). By extending the latter reasoning along the domain of ¢,
we conclude that v(¢(t, 7)) < y(t) for all (¢,7) € dom ¢. On the other hand,
by item 2), there exists t* € Rsq such that t* < sup{t : (¢,j) € dom ¢} and
y(t) € (—oo,ry) for all ¢ > ¢*. This fact implies that ({t*} x N) N dom ¢ # (;
hence, v(¢(t, 7)) < ry for all ¢ > t* such that (¢,7) € dom ¢ and S is nonempty.

As a consequence, using the fact that S; is a subset of A, we conclude that, for
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all (¢,j) € dom ¢ such that t > t*, we have ¢(t,j) € A provided that ¢(¢,7) € C
and that ¢ reaches A as it flows after ¢*. Next, under item 3), if ¢ is eventually
continuous, then ¢ remains in A by flowing; however, once ¢ reaches a point
x € DN A, it jumps. However, according to item 3), it remains in the set A after

the jump, which completes the proof. O

Proposition C.9 (Pre-eventual Conditional Invariance via Jumps). Consider a
hybrid system H = (C, F, D,G) and sets O C CUD and A C R". Then, the set

A is pre-eventually conditionally invariant with respect to the set O for H if

1) there exist a C' function w : R® — R, a nondecreasing function f; : R — R,
and a constant ro > 0 such that condition 2) in Theorem[C.3 holds and, the

set Sy :={x e CUD:w(x) <r} CA; and

2) for each complete solution ¢ € Sy(Q), the solution z to zt = fq(z) starting
from w(¢(0,0)) satisfies z(j) € (—o0,19) for all j > j*, for some nonnegative

J* <sup{j: (t,j) € dom ¢}.

Proof. According to the definition of pre-eventual conditional invariance, we need
to show that, for each complete solution ¢ to H starting from O, there exists
(t*,j*) € dom ¢ such that ¢(t,j) € Aforall (¢,j) € dom ¢ such that t+5 > t*+j5*.
Consider such a complete solution ¢ starting from ¢(0,0) € O. Let z be a maximal
solution to 2zt = fy(z) starting from z(0) = w(¢(0,0)) € w(O). First, if the
solution ¢ jumps initially, then we conclude that w($(0,1)) < z(1). Furthermore,
if the solution ¢ initially flows, we conclude using item 2a) in Proposition [C.5]
that w(¢(t,0)) < 2(0) for all t € I° where I° := {t € Rs : (t,0) € dom ¢}. By
extending the latter reasoning along the domain of ¢ and using the fact that f; is

nondecreasing, we conclude that w(o(t, j)) < z(j) for all (¢,7) € dom ¢. On the
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other hand, by item 2), there exists j* € N such that j* < sup{j : (¢,j) € dom ¢}
and z(j) € (—oo,r2) for all j > j*. This fact implies the existence of (t*, j*) €
(Rso x {7*}) Ndom ¢ # O such that w(¢p(t*,5%)) < ro. Hence, ¢(t*,j*) € S,
and w(¢(t,5)) < ry for all (¢,5) € dom ¢ with j > j* and S, is nonempty. As
a consequence, using the fact that S, is a subset of A, we conclude that, for all
(t,j) € dom ¢ such that j > j*, it follows that ¢(¢,j) € A, which completes the

proof. O

Remark C.10. Note that condition 2) in Proposition[C.8 holds for free for com-
plete solutions starting from O for which the domain is unbounded in t. Similarly,
condition 2) in Proposition[C.9 holds for free for complete solutions starting from
O for which the domain is unbounded in j. Moreover, maximal solutions are

complete when the conditions in [20, Proposition 2.10 or Proposition 6.10] hold.

Remark C.11. In Theorem [C.3, one could think of unifying conditions 1) and
2) as follows:

(Vo(z),m) < fe(v(z)) Ve Fx)NTo(z), Ve e C,
v(n) < fa(v(z)) v € G(z),Vr € D,

(C.6)

where the functions f. and fq are defined in Theorem[C 3. Furthermore, one could
think of concluding pre-eventual conditional invariance of A with respect to O by
showing that the set (—oo, 1] is pre-eventually conditionally invariant with respect

to v(Q) for the reduced system given by

v =fly) yevC)
y = faly) yev(D).

(C.7)

Such a comparison-based reasoning is very useful to analyze purely continuous-
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time or purely discrete-time systems. In general, a key step for such a reasoning

to hold consists in showing that (C.6) and (C1) imply that

v(e(t, 7)) <y(t,j)  V(t.j) € dom ¢. (C.8)

However, (C.8) does not necessarily hold under (C.6) and (C.T) due to the possible
mismatch in the instant of jumps between the solutions ¢ to H and y to (CT).
It holds, however, if we replace the inequalities in (C.0) by equalities (the latter
is in general very restrictive). As a consequence, the comparison arguments, in
general, do not extend directly to the context of hybrid systems. Hence, it would
be interesting to investigate a general version of the comparison lemma for hybrid

systems as it would simplify considerably the conditions in Theorem [C. 3.

C.3 Sufficient Conditions for Pre-eventual Con-
ditional Invariance using Approximate Flow
Lengths

In this section, along the ideas discussed in Remark and inspired by the
work in [60] for hybrid observers, we propose a new set of sufficient conditions for
pre-eventual conditional invariance. Indeed, given two sets O, A C R", we assume
the existence of a set K C A that is forward pre-invariant for . Furthermore, we
assume that we know approximately the length of the flow interval, between each
successive jumps, for all the solutions starting from O until they reach the set K.
Below, we use dom ; ¢ (respectively, dom ; ¢) to denote the projection of dom ¢

on the first (respectively, second) dimension, and we denote T'(¢) = sup dom ;¢
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and J(¢) = supdom ; ¢. By t;(¢), we denote the time stamp associated to the

jump j uniquely characterized by (¢;(¢),j — 1) € dom ¢ and (¢;(¢),j) € dom ¢.

Definition C.12 (Approximate flow lengths). A closed set Zo x C Rsq is said
to be the set of approximate flow lengths for the solutions to H starting from the

set O and remaining in R"\ K if, for each such a solution, we have

0<t—ti(¢) <supZox VY(t,j)€ dom ¢, (C.9a)
tiv1(0) —t;(¢) € Zox Vj € Nsg if J(¢) = 400, (C.9b)

orVje{l,...,J(¢) — 1} if J(p) < +o0.

The set Zo x C R contains the possible lengths of the flow intervals between
successive jumps for the solutions starting from O and remaining in R™\ K. The
role of (C.9al) is to bound the length of the intervals of flow which are not covered
by (C.9h), namely possibly the first [0, #;(¢)] and the last dom ; ¢ N [t (@), +00]
(when they are defined). The existence of a set Zp x C Rx¢ is not a problem,
even when K = (), since it can always be given by Zp x = Rso. However, it has
advantage when Zp x C Rx¢ is selected as tight as possible, namely to have as
much information about the duration of flow between successive jumps as possible

so that we reduce the number of possible solutions.

Theorem C.13 (Pre-eventual Conditional Invariance under Approximate Flow
Lengths). Consider a hybrid system H = (C, F, D,G) and three sets O C C'U D,
A CR" and K C A such that K is forward pre-invariant for H. Let the set
ok be as in Definition (CI12) and let Tpy = supZo k. Then, the set A is

pre-eventually conditionally invariant with respect to the set O for H if

1) there exist a C' function v : R* — R, a locally Lipschitz function f.: R — R,
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and a function fg: R — R which is nondecreasing such that

(Vu(z),n) < f.(v(z)) Ve e C\K,Vn € F(x)NTc(z), (C.10a)

v(n) < fa(v(z)) Vx € D\K,Vn € G(z); (C.10b)

2) there exists a constant r > 0 such that

S:={reCUD v(x)<r}CA (C.11)

3) Every solution to the reduced hybrid system H, starting from v(O) x {0} con-

verge to (—oo,r| X Rsq in finite time, where

?{ _ fc(y) (y’ 7_) cR x ([0’ TM] N Rzo),
wol L7 b (C.12)
+
Y _ | falw) (1,7) € R x Tox.
T+ 0

Proof. According to the definition of pre-eventual conditional invariance, we need
to show that for each complete solution ¢ to H starting from O, there exists a
hybrid time (¢*, 7*) € dom ¢ such that ¢(¢,j) € A for all (¢,j) € dom ¢ such that
t+4 5 > t*+ 5. Without loss of generality, consider a complete solution ¢ to H
starting from ¢(0,0) € O and remaining in the complement of K. Let (y,7) be a
maximal solution pair to the system in (C.12)) such that y(0,0) = v(¢(0,0)) € R
and 7(0,0) = 0. By definition of the set Zp x, we conclude the existence of a
solution (y,7) to H, such that dom (y,7) = dom y = dom ¢.

Now, we pick any j € dom ;¢ and we let IV := {t € R5¢ : (t,j) € dom ¢}.
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Using Lemmas [AT] [A2] and [A.3] under (C.I0al), we conclude that v(¢(t, 7)) <
y(t,7) for all ¢t € I.

Furthermore, for any j € dom ; ¢ such that (¢,5 — 1), (¢,j) € dom ¢, using
(CI0D), we conclude that v(¢(t,7)) < y(t,j) for all (¢,j) € dom ¢. Since the
solution y starting from v(¢(0,0)) converges to (—oo, r] in finite time, we conclude
that, there exists (t*,7*) € dom ¢, such that v(¢(t, 7)) € (—oo,r] for all (¢,7) €
dom ¢ : t+j > t*+;5*. This implies, by item 2) and completeness of ¢, the existence
of (t*,j*) € dom ¢ such that ¢(t,7) € A for all (¢,5) € dom ¢ : t + 5 > t* + j*,

which completes the proof. O

The following example illustrates Theorem [C. 13l

Example C.14 (Bouncing ball). Consider the hybrid system H = (C, F, D, G) in
ExamplelZ A withy =1 and A = 0.5. Let the sets O := {0} x[2, 3] and A := [0, 1] x
[—1,1]. Furthermore, consider the set K :={x € CUD : 2x; + 23 < 1/2} C A.
Using Proposition[C 2 with the barrier function candidate B(z) := 2x, + 22 —1/2,
we conclude that the set K is forward pre-invariant for the considered hybrid
system. Next, for v(x) := 2x, + 22, we conclude that for f.(y) = 0, (CI0a) holds.
Furthermore, for fq(y) = y/4, (CI10D) holds. Now, for r = 1/2, it is easy to see
that (C11l) holds. Finally, to conclude pre-eventual conditional invariance of A
with respect to O using Theorem [C 13, it is enough to show that the set Lo k is
bounded. Indeed, using Proposition with the barrier function candidate given
by Bi(z) := 2z + 23 — 9, we conclude that the zero sublevel set of By, which
contains O, is forward pre-invariant. Hence, R(Q) is bounded. Furthermore,
from every initial condition in R(O), the unique mazimal solution reaches the set

D in finite time. Hence, the interval of flow of the solutions starting from O is

uniformly bounded. A
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C.4 Sufficient Conditions for Eventual Condi-
tional Invariance

Theorem C.15 (Eventual Conditional Invariance via Flows). Consider a hybrid
system H = (C,F,D,G) and two sets O C C'U D and A C R™. Suppose that
there exist a C' function v : R® — R, a locally Lipschitz function f. : R — R,
and a constant r; > 0 such that the conditions in Proposition[C 8 hold. Then, the
set A is eventually conditionally invariant with respect to the set O for H if the

following additional condition holds:

o for each solution ¢ € Sy (), there exists a solutiony toy = f.(y) starting from
v((0,0)) satisfying y(t) € (—oo,ry) for all t > t* and for some nonnegative

t* <sup{t: (t,7) € dom ¢}.

Theorem C.16 (Eventual Conditional Invariance via Jumps). Consider a hybrid
system H = (C,F,D,G) and two sets O C CUD and A C R™. Suppose that
there exist a C* function w : R® — R, a nondecreasing function f;: R — R, and
a constant ro > 0 such that the conditions in Proposition hold. Then, the
set A is eventually conditionally invariant with respect to the set O for H if the

following additional condition holds:

o for each solution ¢ € Sy(O), there exists a solution z to z* = fy(z) starting
from w(¢(0,0)) satisfying z(j) € (—o0,re) for all j > j* and for some nonneg-

ative j* < sup{j: (t,j) € dom ¢}.
Proof. The proof is the same as in Proposition O

Theorem C.17 (From pre to non-pre Eventual Conditional Invariance). Consider

a hybrid system H = (C, F,D,G). Consider two sets O C CUD and A C R"
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such that A is pre-eventually conditionally invariant with respect to O. Then, the
set A is eventually conditionally invariant with respect to the set O for H if the

following property holds:

(x) There exists a set S C C U DU A such that OU A C S and S is forward
invariant for Hy = (Cs, Fs, Dg, G) in (EI0) with Q therein replaced by A.

Proof. When holds, since the set A is pre-eventually conditionally invariant
with respect to the set O for H, to complete the proof, it remains only to show
that the solutions to H starting from O\ A always reach the set 4. Proceeding by
contradiction, assume the existence of a maximal solution ¢ to H starting from
O\ A that never reaches the set .[A. We notice that each solution to H starting from
O\ A is a solution to H, provided that it does not reach the set A. Hence, since
the set S is forward invariant for H,, we conclude that the solution ¢ is complete.
The aforementioned fact contradicts the fact that A is pre-eventually conditionally

invariant with respect to the set O for H, which completes the proof. O

Example C.18. We reconsider the hybrid system in Example [C 8. It is easy to
see that the set S := O U A is forward invariant for H,,. Indeed, all the solutions
to H., starting from the set O flow in the set O until they reach the set A. Since
from A, every solution is discrete, complete, and remains in A, S is forward

nvariant. A
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Appendix D

Hybrid Controller for Grasping

D.1 Hybrid Controller in Local Coordinates

For easiness of the exposition, we first introduce the hybrid controller supervis-
ing the position and force control in specific coordinates, then change coordinates
to allow for arbitrary contact locations and force directions, and finally introduce
the complete hybrid controller along with its main properties.

In this section, we introduce a (logic-based) hybrid controller using measure-
ments of the contact force. With a specific coordinate system, the proposed
approach enables transitions between the position and force controllers. For sim-
plicity, we consider only one agent in local coordinates (as in [44]) but including
vertical motion. The state of an individual agent 1 := (11, 72,73) € R3 is repre-
sented with respect to the local frame where the constraints are imposed by the
object. The states n;,m2 and n3 are the current horizontal position, the current

horizontal velocity, and the current vertical position, respectively.
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D.1.1 Position Controller

A position controller xp is designed for controlling the horizontal and vertical
position of the agent. The horizontal position controller, denoted x/%(n,z¢), is
composed of proportional /derivative control, and the vertical position controller,
denoted k%(n,yy), is given by proportional control. The position controllers s’

and k% stabilize the horizontal position and vertical position, respectively, and

are given by

Kb (n, xf) = ky(zf —m) — kanpn (D.1a)
K5 (1,98) = kpy (Y — n3). (D.1b)

The parameters z¢, y¢ € R are the desired horizontal and vertical position when
using the position controllers. The parameters k,, k; € R are the proportional
and derivative feedback gains of the horizontal position controller, and k,, € R

is the proportional feedback gain of the vertical position controller.

D.1.2 Force Controller

A force controller kp relies on the contact force. We assume that the mass

is unitary. Proportional /feedforward control is used for the force controller as

follows:
k(1 fo) = fe(m, ) + k(£ = fe(m, m2)) (D.2)
where
F(ee) = ke +0cm2 it m >0 | (D.3)
0 it n <0
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The parameter f¢ is the desired set-point for the contact force f.(n1,1). The
desired contact force fZ satisfies 0 < f¢ < fc where fc is the maximum allowed
force. The parameter k; € R is the proportional gain, and k., b. € (0, +00) are
the elastic and the viscous parameters of the contact, respectively. We consider
the contact force due to the interaction between the robot and its environment
occurs along a normal direction. The work environment can be defined along the
horizontal direction, such as W = {n € R : ; > 0} with the surface S = {n €

Rsi’)]l :0}

D.1.3 Hybrid Controller Supervising xp and kg

of i ily
z; m =0 T K A
L —
" L/

m <z
i 72
Desired

/Position

L ]

2l yd
(=2, ) | ThrdShold

n R B R R
m
(a) Example of position control. (b) Example of switching between posi-

tion/force control.

Figure D.1: (a) When the vertical position 73 is controlled, the horizontal position
ny is far enough from the surface of the work environment, 7, < zj. (b) When
fe(m,m2) > 2, the position controller is switched to the force controller. Two
boundary lines [,,, l,, correspond to threshold parameters 71, 2, respectively.

The main idea of the proposed approach is to stabilize the horizontal and ver-
tical position, and to regulate the contact force by switching between the position
and force control. The proposed control approach is implemented in a hybrid
controller H.. At this point, the logic variable ¢ € @ := {—1,0, 1} are added to

the state variable.
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The logic variable ¢ is used to switch between the position and force controllers,
and the logic variable ¢ makes the transitions between the horizontal and vertical
controllers. Specifically, the position controller is activated and the force controller
is deactivated when ¢ is set to 0 or 1, whereas the position controller is deactivated
and the force controller is activated when ¢ is set to —1. Additionally, ¢ is set to
0 when the vertical position controller is applied, whereas ¢ is set to 1 when the
horizontal position controller is applied.

Figure [D.1] shows the basic concept of the proposed approach. As shown in
Figure , when the agent is controlled vertically, the horizontal position 7,
is far enough from the surface of the environment. In this way, when ¢ =0, the
horizontal position 7, is restricted as n; <z, where x; € R, denotes the minimum
horizontal distance from the surface of the environment S = {n € R? : n; = 0}.
Note that x¢ > zj. Moreover, we define the region of vertical position control
with the thresholds e € R.y. The vertical position controller can be applied (i.e.,
q=0) when |n3—yd| >e and n; <}, whereas horizontal position control can be
performed (i.e., ¢g=1) when |3 —yd| <e.

Furthermore, when the agent establishes a contact with the work environment,
the position controller is switched to the force controller according to the value
of the contact force f. relative to the hysteresis levels defined by the thresholds
v and ~y,: The conditions f.(n1,m2) <y and f.(n1,12) > are used to determine
which controller (k% or xr) is activated. As shown in Figure the threshold
parameters y; and 7, are used in the definition of the lines [, and [, as follows:
Ly ={(m,m) i = —IZ—jﬁl + %} and by, :={(m,n2) : m2 = —12—2771 + %}

While the horizontal position controller is applied (i.e., ¢ =1), the supervisor
switches the force controller on (i.e., gt =—1) if f.(11,72) >~2. On the other hand,

if f.(m1,m2) <1 while the force controller is applied (i.e., ¢=—1), the supervisor

167



Co for 72 72
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In3 —ygl = 8 .
I =gl < (S vite
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1 R A d _
D3 Yo €
(a) Vns € Ryg=1 (b) Vns €R, g=—1 (C) qg=0,m <z} (d) g=1

Figure D.2: Flow and jump sets of the hybrid controller.

selects the horizontal position controller (i.e., ¢*=1).
The dynamics of the hybrid controller H,. has the update law for the logic
variables ¢ as follows.

Jumps:

e From horizontal position control to force control (i.e., gt = —1): when ¢ =1

and f.(n1,m2) > 72, the logic variable ¢ is mapped to —1.

e From force control to horizontal position control (i.e., g™ = 1): when ¢ = —1

and f.(n1,n2) < 71, the logic variable ¢ is mapped to 1.

e From vertical position control to horizontal position control (i.e., gt = 1):

when ¢ = 0 and |3 — y| < ¢, the logic variable ¢ is mapped to 1.

e From horizontal position control to vertical position control (i.e., gt = 0):

when ¢ = 1 and |3 — y| > ¢, the logic variable ¢ is mapped to 0.
Flows:

e §=0: when ¢ =1 and f.(n1,72) < 79; or when ¢ = —1 and f.(n1,72) > 71;
or when ¢ = 0 and |13 — y¢| > ¢; or when ¢ = 1 and |3 — yd| < &, the logic

variables remain constant.
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The output of the hybrid controller is given by

U= (U, Uy) (D.4a)

where

rp(nap)  ifg=1
us = kp(n, fl)  ifg=-1
0 otherwise, (D.4b)

rp(nyf)  ifg=0

0 otherwise.

The flow and jump sets, C' and D with state

z:=(,q) € X =R*xQ

are described in Figure [D.2l The hybrid controller H, in the closed-loop system,

denoted by H,.; has continuous dynamics given by

m = 7o
N2 = Ug
? ze(C (D.5a)
7;]3 = Uy
g =0

where u, and u, are given in (D.4]) and C' := Cy U C, UCy U Cs3 C X defines the
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flow set,

Co={z€X:q=1, fe(m,n) < 7}
Cr={z€X:q=—1, f(m,m) =}

02::{26X:q=0,771§$Z>|773_yg|25}

(D.5b)

Cg::{zeX:q:1,|n3—y§l|§5}.

The closed-loop system H. has jump dynamics given by

gz_zgfa q+:_1 ZEDO
EF=¢, qt=1 z€D
£ ' (D.6a)
gz_zgfa q+:]- ZEDQ

& =&, ¢~ =0 z€ D3
and the jump set is D := DyU D, U Dy U D3 C X,
Dy:={z€ X :q=1, fo(m,n2) > 72}

Dy:={z€ X :q=—1, fe(m,m) <mn}

D2::{z€X:q:0,\n3—yZ\§a}

(D.6b)

Dyi={z€X:q=1,|ns—yl| >e}.

With these definitions, the flow map and the jump map are defined as follows:

F(z)=1[ us u, 0] VzeC (D.7)
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where u, and u, are given in ; and the jump map is given by

Go(2) if z € Dy
G(Z) = G1(Z) if z € D1 U D2 Vze D
GQ(Z) if z € D5

where

GO(Z) = (777 _1> ) Gl(z) = (777 1)7 G2(Z) = (7770) :

The resulting hybrid closed-loop system is given by

2 =F(z) zeC
2t =G(2) zeD.

(D.8a)

(D.8b)

(D.9)

Lemma D.1. H, satisfies the hybrid basic conditions, which are as follows:

A1) Cand D are closed sets in X.

A2) F: X — X is continuous on C.

A3) G: X — X is an outer semicontinuous and locally bounded relative to D,

and D C domG.

Proof. Condition (A1) is satisfied since C' and D are closed. The flow map F' in

(D) is continuous on C, satisfying (A2). The jump map G in (D.8) is single

valued on D and therefore it satisfies (A3).

O

D.2 Stability of Hybrid Closed-loop System

In the following, the stability properties of the hybrid controller in the closed-

loop system H. are revealed by using Lyapunov functions. The position con-
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troller kp and the force controller kp are designed for given parameters k., b,
of the work environment, desired contact force f¢, and controller parameters
k:;}, K ky, kp, xd,v1,v2. Before the stability result for H,, we present a few tech-

nical lemmas.

Lemma D.2. (Horizontal Position Controller) The closed-loop system with the

horizontal position controller k% given by

=12, = —ky — kany + kyaf (D.10)

has the equilibrium point (x¢,0) globally asymptotically stable where x¢ > 0 and
kp, kq > 0. Furthermore, a Lyapunov function certifying such property for system
(D.10) is given by

Vi(m,me) = Laq (m — 2f)* + $ b1 (D.11)

with ay, by satisfying i = kp. Moreover, every solution to (D.1d) starting from
(), ) € R? reaches the set Sy := {(n1,m2) € R* : iy > 0} in finite time. In
particular, for every initial condition (n?,n9) € S := (R*\ S1) N {(m,m2) € R*:
ne > 0}, every solution t — (n1(t),n2(t)) is such that no(T) > 0, where T > 0, is

the time to reach S;.

Proof. Note that the desired horizontal position z¢ is the steady state of the
. . €1 n— x‘} .
horizontal position. Let e := = . A Lyapunov function Vj :
€2 T2
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R? — R>q be given by

Vile)=e' Ple=

(& (&

0 b (D.12)

N[

1

— 2 1p .2
=gaie]+ 506

where ai,b; > 0, and

fle) = “ . (D.13)

—]{Zp €1 — ]{Id €9

Therefore, it follows that, if k,, ky > 0 and k, = ‘;—11,

<V‘/1(6>, f(e)) = (a1 - bl ]{Zp) €1 €9 — bl kd 6%

0 —aq + bl k’p (D14>

= —€ €

0 by kq

[44]. The equilibrium point (x¢,0) is said to be stable for the closed-loop system
in (D.10). By Krasovskii-LaSalle’s invariance principle, trajectories that stay in
{(n1,m2) € R? : my > 0} converges to the equilibrium point. Furthermore, to show
that every solution starting from (n?,7n9) € R? reaches the set S; := {(n1,72) €

R? : 7, > 0} in finite time. O

Lemma D.3. (Horizontal Position Controller) The closed-loop system with the

horizontal position controller k% given by

= 12, Mo = —(kp + k) + (—ka — be) 2 + kp (D.15)
has the equilibrium point (x},0), x} = k,ffkc z¢ globally asymptotically stable

where ¢ > 0 and k,, kg > 0. Moreover, a Lyapunov function certifying such
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property for system (D.13) is given by
Va(m,me) = ag (m — x¢)* + 5 by (D.16)

with as, by satisfying b = ky, + k.. Moreover, every solution to (D.15) starting
from (n?,n3) € R? reaches the set Sy := {(n1,m2) € R? : kery + benpa > Yo,m1 > 0}
in finite time. In particular, for every initial condition (n9,n3) € S5 := (R?\ S5)N
{(n1,m2) € R? : my > 0}, every solution t — (n1(t),n2(t)) is such that ny(T) > 0,

where T' > 0, is the time to reach S.

Proof. Note that the steady state of the horizontal position is given by x} :=

b gl Tepem | | = m AL function V : R2 — Rog b
kp+ke 0 — ~ == . yYapunov runction Vs : — >0 e
€2 2
given by
1 as O
Va(é) =é' Pye = 5éT ’ e
0 by (D.17)

where as, by > 0, and

(@) = “ . (D.18)
—(k‘p + k‘c) e — (k‘d + bc) €9
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It follows that, if k,, k4 > 0 and ‘g—; =k, + ke,

(VVa(), f(&)) = (ag — by (kp + k) & & — by (kg + be) €2
|0 —ay b (kp k) | (D.19)

= —€ (&

0 by (kg + b.)
[44]. The equilibrium point (2, 0) is said to be stable for the closed-loop system
in (D.15). By Krasovskii-LaSalle’s invariance principle, trajectories that stay in
{(m,n2) € R? : p; > 0} converges to the equilibrium point. Furthermore, to show

that every solution starting from (n?,n9) € R? reaches the set Sy := {(n1,72) €

R? : keny + bena > 72,1 > 0} in finite time. O

Lemma D.4. (Vertical Position Controller) The closed-loop system with the ver-

tical position controller K% given by

7:]3 == _kp,yn3 _'_ kpgll/g (D20>

has the equilibrium point y¢ globally asymptotically stable where k,, > 0. Fur-
thermore, a Lyapunov function certifying such property for system (D.20) is given
by

V() = 5 s (5 — v’ (D.21)

and az > 0.

Proof. Note that the desired vertical position y¢ is the steady state of the vertical

position. Denote ez := y, — y¢, and V3 : R — Rs be given by

1
Vi(es) = 543 e (D.22)

175



where a3 > 0. The continuous dynamic of eg is given by

ég = —k’p7y €3 (D23)

It follows that, if k,, > 0,

<VVEJ,(63), 63> = —k’p7y as 6?;’. (D24)

Therefore, the equilibrium point y¢ is said to be asymptotically stable for the

closed-loop system in (D:20). O

Lemma D.5. (Force Controller) The closed-loop system with the force controller

Kkr given by

o="1n, 1= —kpkep — kgbeny + ks f? (D.25)
has the equilibrium point (x1",0), " = i—ii globally asymptotically stable where

ke,be > 0, ky € (0, _202(’;‘%?2’55;“”0). A Lyapunov function for certifying such

F
m—x
property for system (D.23) in coordinates ep := P s given by
2

Vp(ep) = 6;PF6F (D26a)
where

a ¢ p1 O

Pp = —R| R, (D.26b)
c b 0 po
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and py,p2 > 0,

—sinf3 —cosf

R := , [ :=arctan (—]Z—Z) . (D.26¢)
cosf —sinf
. . . . . d
Proof. Note that the steady state of the horizontal position is given by xl" := i—i
eFr1 T — If . :
Denote ep = = and pi,pe > 0. The diagonal matrix Pg
€F2 2

corresponds to the matrix P, rotated clockwise by § = arctan (—%) is given by

a c —sinf3 —cosf pr 0 —sinf8  cosf
PF = = y
c b cosff —sinf 0 po —cosf3 —sinf
(D.27a)
where
a := pysin® B + po cos? B,
b := p1 cos® B + pysin® B, (D.27b)
c:=(p2 —p1)sinBeos B, pa <pi.
Note that 3 € (—3,0). It follows that
ab—c¢* >0, >t 4k (D.28)
and Pr = PJ > 0. Let Vp : R? — R be given by
a c¢
VF(EF) = EEPFEF = %6; Er
c b (D.29)

_ 1 2 1 2
= 5@61:1 + §b€F2+C€F1€F2
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and

€2

f(6F) = (D30a)
—]{Zf ]{IC €1 — ]{Zf bc €9
where
Febe > 0, ky € (0, 22 ketobhotoch.) (D.30b)

It follows that

(VVir(er), f(er)) = —2epQrer,
Ak ks (bk. + cbo)ky — a (D.31)

Qr =
(b + cbo)ky —a  2(bbky — c)

We now check that Qr is positive definite matrix. First, 2ck.k; is positive since

¢, ke, kg > 0. Then, note that the determinant of Q) is given by
— (bk. — cbc)Qkff + (—4ck, + 2abk. + 2acb.)k; — a® (D.32)
and the condition for the roots of this quadratic expressions to be real is
(—4c*k, + 2bkea + 2cbea)?® — 4a® (bk. — cb.)* > 0 (D.33)
which holds true by ¢ > ’Z—z, then its two roots kg1, kyo are real and distinct.

Furthermore, if % > z—i then the largest rule, say ks € (0,k;), is positive where

k= —2Ci’gzjfi’§;;g“0b6. Therefore, the equilibrium point (21", 0) is asymptotically

stable for the closed-loop system in (D.25) where Q@ > 0 such that k., b. > 0, ks €

—2¢2ko+abke+ach.
(0’ (bke—cbe)? : [

The following result characterizes the compact set of initial conditions from

178



where contact detection and contact force regulation are guaranteed, which are

“subsets” of the basin of attraction of the closed-loop system.

Theorem D.6. Denote A := {(x',0,y)}. Given parameters k., b. € (0,+00) of

the work environment and desired contact force 0 < f4 < fc, there exist
1) Compact sets Ky, K1, Ky C R3,

2) Parameters ky, kg, ks, 71,72, 2¢ of the hybrid controller such that A x {—1}
is locally asymptotically stable with basin of attraction containing ((Ky X

{1H U (K x {0}) U (Ky x {—1}))N(CUD,).

Remark D.7. The set of initial conditions K, is such that, for every initial
condition n° € Ky and for given parameters of the horizontal position controller,
an agent can reach the surface of the work environment with a bounded value of the
horizontal velocity. The set of initial conditions K, is such that, for every initial
condition n° € K, and for given parameters of the vertical position controller, the
agent can approach the desired vertical position yl+e. The set of initial conditions

Ky can be estimated with the maximum level set of Ly, (Tmaz) for m > 0.

Proof. We construct the compact set of initial conditions K from the Lyapunov
functions in Lemmas[D.2] [D.3] [D. 4 and [D.5l For every initial condition n° € KyU
K, and ¢° € Q, by Lemmas [D.2], [D.3] [D.4] and [D.5], and the controller logic, every
solution z to H,; reaches the jump set Dy in finite time. Moreover, when a solution
reaches Dy at the hybrid time (¢,7), a solution 7(¢,j) € Ly, (rr) which is the
maximum level set of the Lyapunov function Vr. Since Ly, (rp) x {—1} C CY, the
flow set (' is forward invariant from the jumps at Dy. For every initial condition

n’ € Ky and ¢° € Q, by definition of K, and the control logic, n(t, j) € Ly, (rr).
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In addition, as every solution starting from K reaches the jump set Dy in
finite time and the flow set C} is forward invariant from the jumps at Dy, the
solution stays in C'; and converges to the equilibrium point. We can define the
Lyapunov function V¢ to show that the closed-loop system with the force controller
guarantees Lyapunov stability of A x {—1}. The force controller which is defined
as the system in (D.25)) affects the states of horizontal position and velocity.
Therefore, the states 73 and ¢ do not flow while the force controller is applied,
and (n3,q) is remained as it is initially. By Lemma [D.5 the equilibrium point
(z}',0) is asymptotically stable for the closed-loop system in (D.28) provided that
Qr > 0. O

Lemma D.8. From every point in C'U D, there exists a solution and every maz-

imal solution to H. is complete and bounded.

Proof. The result follows from Proposition 6.10 in [39] using the following prop-

erties.

e For each point such that z € D, the jump map satisfies G(z) C C U D.

Therefore, (c) in Proposition 6.10 does not occur.

e Since z does not blow up in finite time, (b) in Proposition 6.10 does not

occur.

e It is impossible for solutions with initial conditions z(0,0) € CUD to escape

C' U D, all maximal solutions are complete and bounded.
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D.3 Hybrid Controller in Global Coordinates

As explained in Section in the local coordinate system, the position of
contact is defined as the origin and the direction of contact force is the horizontal
direction according to the horizontal axis. In this section, we present matrix
transformations to change the coordinates of the controller in Section [D.1lso that
contact is allowed in arbitrary locations, which we refer to is global coordinates.

A general transformation involves both rotation and translation of the coor-
dinates; that is, the general transformation performs a rotation to make the axes
of the two coordinates parallel, and then translates them. This relationship is

described as

vp=R(Zvr) va+vr)a (D.34)
where
vrjc=R(Zvr) (pe — p1) (D.35a)
cosf sind
R(Zvp)= : (D.35b)
—sinf cosf

The subscripts L and G denote variables being in local coordinates and global
coordinates, respectively. The variables vy, vg € R? are unitary vectors, and 0 is
the angle of v to match vy direction. The vectors p; and ps denote the origin
positions in the local and global coordinate systems with a specific coordinates,
respectively.

The homogeneous transformation matrix combines both the rotation to global
coordinates and the translation of the origin of local coordinates with respect to

global coordinates. The vectors vg € R? and vy, € R? are augmented by one and
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their dimensions of the relationship can be written in matrix form

v v,
“letye| © (D.36a)

1 1

where

cosf sinf wvpq
R(ZUL) lel
Trja = = | —sinf cost wvrgo |- (D.36b)
0 O 1
0 0 1

Now, we write the hybrid closed-loop system H.;, which is in the local coor-
dinate system. For a single agent ¢ € R? in the global coordinates defined by

n € R3, which are related by

cos @& +sinb&s + v aa
n=>®&) = cos & +vr/Ga : (D.37)

— sin@fl + 008953 + VL/G,2

We consider N hybrid systems on the (z,y)-plane, where the agent i has state
n; (in local coordinates) and &; (in global coordinates). The output of the i-th
controller is given by

Ui 1= (U, Uy) (D.38a)
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and

Rp(®(&), 2f,)  ifg=1

Uzi =19 Kkp(P(&), cdz) if ¢ =—1

0 otherwise, (D.38b)
]OE) ) ita—0

0 otherwise.

The i-th hybrid controller leads to the closed-loop system H; with state

zi=(&,q) € X =R*xQ

has continuous and discrete dynamics identical to the hybrid system defined in
(D9), and leads to the hybrid closed-loop system in local coordinates described

as:
Z = E(zz) zi € C;

it =Gi(z) 2z €D,

1

ic{1,2,... N} (D.39)

where for each i, F; and G; are defined in (D.7)) and (D.g]), respectively; and C; and
D; are given in (D.50) and (D.6H), respectively. Moreover, the stability properties

as in Section [D.2 hold for the i-th hybrid system HZ,. See [39] for more details.
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Appendix E
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