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ABSTRACT

Results of a calculation of the s¢1f—energy radiative level
shift of order a of the ZS% and ZP,/2 states in a stroﬁg Coulomb
potential are given. The shift is évaluated numerically'to all
orders in Za for Z in the raﬁge 10-110. An estimate 1s obtained for‘the'
effect of terms of high order in Zo on the Lamb shift in hydrogen.

With this estimate taken into account, the theoretical value is

'S = 1057.864(14) Miz.



.Recent experiments with a variety of hydrogen—like ions have
determined the values of the Lamb shift in these Systems.1 Compaf-'
ison of these values to the values of the Lamb shift predicted by
quantum eléctrodYnamics is one of the fundamental tests of the theory.
Furthermore, cafrying out this'comparisbn over a wide range of values
of the nuclear charge Z is important in order to test whéther the
theory cofrectly predicts the Z dependence of the Lamb éhift, For
atomic hydrogen, new experimental techniques in measuring the Lamb
shift give promise of increasing the precision of the measurements
by an order of magnitude.2 -Similar precision in the theory requires
knowledge of the contribution of terms of high order in Zo. For
high-Z atoms, a comparison can be made between the experimental and
theoretical binding energies of the innermost electrons.3 In this
case the theoretical value of the radiative level shift in a Coulomb
potential with nuclear charge Z provides a first approximation to the
shift of the corresponding level in the neutral atom with the same Z.
For the applications listed above, it is nécessary to have accurate
values predicted by quantum electrodynamics for the radiative shift
of levels in a Coulomb potential for a wide range of Z.

In this letter we report the results of a calculation of the
self-energy coﬁtribution to the Lamb shift of electron 1evels_in a
| strong Coulomb potential. The self-energy radiative level shift of

order o of the ZS% and 2P11 states, corresponding to the Feynman



2.

diagram in Fig. 1(5),is'¢onsidered to all orders in Zq. We.héve o :
evaluated it numerically with no approximations‘by a slightly
modified vérSion of a method used previously to evélﬁate the IS%_,
state self-enefgy.4 ‘The evaluation has been done forrvalués bf z
given by Z = 10, 20, 30,..., 110. We have estimated the small Z
Lamb shift bybeXtrapolating the calculated values wifh a procedure
which takes into account the known behavior of the Lamb shift.at
small Z. Oﬁr method of evalﬁating the energy shifts is based,oﬁ the
expansion of the bound electron propagator in termé of the known
Coulomb radial Green's functions. This expansion was‘uéed by
. Wichmann and Kroll in lheir study of vacuum polarizafion.5 We -
- employ the covariant regulator schemé to carry out the mass renormal—v
ization. Divergent terms and terms of order lowef‘than (Za)4 are
isolated and treated ahalytically; Detailed results and modifications
of the method necessary'for the n = 2 states are described in é forth-
coming paper.

Because of the approximate Z4/n3 scaling of thé self-energy

\

level shift AE, it is convenient to express the shift of each ' .

state in termsvof a slowly varying function F(Za) defined by'

3

4 .
o = 2 L2 pzoymc? W
. n : .

where n is the principal quantun number of the state. Values we have

obtained for'F(Za) are listed in Table I. The numbérs in parentheses



are estimpates of the uncertainty associated with the numerital .

v infegration in the evaluation of F(Za). Onlylthe-sélf-energy ,
corre5ponding‘to Fig. 1(a) is included in F(Za). Values of F(Za)
for intermediate values of Z can eaéily be obtained by ordinary pdiy—
nomial interpolation. Erickson has obtained én appfoximation for-the Z

- dependence of the Lamb shift which agrees qualitatively with our results.6

Table I. Values for the function F(Za) -

F(Za)

. 28, 2P,
2 2
10 4.893(2)  -.1145(4)
20 3.5063(4)  -.0922(4)
30 2.8391(3)  -.0641(4)
40 2.4550(3)  -.0308(4)
50 2.2244(2) .0082(3)
60  2.0948(4)  .0549(3)
70 2.0435(8)  .1129(3)
80 2.065(2)  .1884(3)
) 90 2.169(3) .2934(3)
100 2.387(3) 453(1)
110 2

.798(3) .725(2)

We obtain an estimate for the contribution of the terms. of
high order in Za to the small Z Lamb shift as follows. We isolate

the known low order -terms of the self-energy contribution to the



Lamb shift’ Sg; = AE(2S,) - AE(2P,) by writing

| K. (2,0)
S = 2 (20 2 1’.n(Zon)—2 RS = 1
SE- T g Ry w7
| n 1 22 o
’ 31r<1 + T - 7&2) (Zo) - % (20)° tn’(20) 2 @

As a consequence of this definition, the function GSE(Za) appfoaéhes a
constant as Zo -+~ 0, We eXpect that the small Za behavior of GSE(Za)

has the fonn‘
GspZ) = a +bEAME) P rc@) v ... ()

where the omitted terms are higher order in Zo. This behavior is
suggested by thé form of the higH order terms of the yacuumvpolarization.
Fitting the function on the right-hand side of (3)'tovfhe values of
GSE(Za) correSpdnding to our calculated values of the self-energy at |

Z = 10, 20, and 30 yields a value of GSE(a) = -23.4 £ 1.2 for hydrogen.
The upper and lower limits for GSE(a) are obtained by similar extrap- |
olations with the value of GSE(Za) at Z = 10 replaced by its upper and
lower limits correspondlng to the uncertainty llsted in Table I.

Although this procedure does not give rigorous limits to the error in

GSE(a), we feel that they are valid limits to the uncertainty,



:This view is supported'by thé fact that extrapolétions from fhé
calculated points af Z= 20; 30; and 40 and frém the calculated points
at Z = 30, 40, and 50 both yiéld_a value for GSE(d) within the stated
limits. In addition, extrapolation from the ;alculated pointS'at
Z = 10, 20; and 30 with #n ordinary 2nd degree pqunomial.in Za yields
a value within the limits. Fig. 2 shows the calculatéd values of
GSE(Za) from.Z = 10 t6 50. The error bar at Z = 10 corresponds- to
the uncertainty in F(Zd). The'point at Z =1 is the eXtrapolated
value GSE(q)._ )
To.order:a;the remaining radiative correction to be included
is the vacuum polarization correspondingbto the Feynman diagram in
Fig. l(b). Wichmann and Kroll have considered this correction in
detail.” They have shon that for small Z the dominant contribution
is given by the UEhlingvpotential whiéh is the part of the vacuum
polarization lihear in the external potentiai. in particular, they
found that the part Which is third order in the external potential
contributes only 308 Hz,td the ZS,/2 state level shift in hydrogen.
: (Even'powers:in the éxternal potential give'no contribution as a
éonsequence Qf.Furry‘s_theorem.) We express the total vacuum

‘polarization tontribution of order o to the Lamb shift as

mczv[--%-+éa w(Za) - f%-(Zu)z 1",n(Z0L)-2
o | | 4
+ (Zo)? q,p(Za)]



The known low-order terms displayed in (4) are obtéined from the
‘Uehling potential.’ = In view of the Wichmanh-Kroll result, the .
function GVP(Za) is weil approximated for small Z by the ﬁart GU(Za)-
which arises from the Uehling potential. We have calculated the smali
Zo, behavior of"GU(Za) and obtain |
1199 . 5
210

+

07 128"

GVP(Za):z.GU(Za) = - (Zaj Qn(Za);Z |
- (5)

+ 0.5 (Zo) + .

The sum of the-seif-energy and vacuum polarization contributions

G(Za) = GSE(Za) + GVP(Za) for hydrogen is G(a) =.-24.0 = 1.2 and.giVes a shift
of -0.173(9) Miz. The value corrésponding to this correction according
to the compilation of Lautrup, Petermah, and de Rafael is -0.126(5) NHZ.7
That value is”baééd on a caiCulation of the high order binding cofrection
by Erickson..6 We do not know the source of th¢ discrepancy between that
value and our value. Our result is consistent with the earlier estiﬁate
of Erickson and Yennie:8 G(0) = -19.08 + 5.  Combining our value for |
the high order binding correction With the values for the other contrib-
~ution listed inLautrup, Peterman, and de Rafael, we obtain the
theoretical.Lamb.shift value of S = 1057.864(14) Miz in h&drogen. ‘The
effect of the high order binding terms is quite important in comparison

5 _

to the accuracy of the recent preliminary experimental result:

S =-1057.893(20) MHz.



00 . vd301238

-7-

I am gfateful to Professor Eyvind H. Wichmann for many
helpful discussions. I wish to thank Professor Glen Erickson for

communicating unpublished results on the Lamb shift.



REFERENCES

t+  Work supported by the U.S. Atomic Energy Commission.

1.
2.

8.

9.

M. Leventhal, Nucl. Instr. and Meth. 110, 343 (1973).
F. M. Pipkin, ""Recent Fine Structure MEasurementsbin Hydfogen—

Like Atoms," Atomic Physics 4, Prdceedings of the Fourth

International Conference on Atomic Physics, G. zu Putlitz, E. W.
Weber, and A. Winnacker, Eds. (Plenum PreSé, N.Y., to be published).
A. M. Desiderio and W. R. Johnson, Phys. Rev. A3, 1267 (1971).
P, J. Mohr, Ann. Phys. (N.Y.) 88, 26, 52 (1974).

E. H. Wichmann and N. M, Kroll; Phys. Rev. lgl, 843 (1956).

.G. W. Erickson, Phys; Rev. Letters 27, 780 (1971);

B. E. Lautrup, A. Peterman, and E. de Rafael,\PhYs. Reports.

| 3, 193 (1972). We note two misprints in Table 1.1 of this

reference: on line 5, (Zaz) should read (Zoc)2 and the quantity
b should be -55/48 -41og2; see their Ref. 127;_

G. W. Erickson and D. R. Yennie, Ann. Phys. (N.Y.j 35, 271, 447
(1965).v

S. R Lundeen, Bull. Am. Phys. Soc. 20, 11 (1975).



-
€
LY
e
Ny
i
O

0

FIGURE CAPTIONS

Fig. 1 Feynman‘diagrams for the radiative corrections of order a:

(a)'selffenergy and (b) vacuum poiarization;

Fig. 2 Calculated values of GSE(Za) for Z = 10 to 50 and the’extrap-

olated value at Z = 1.
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