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THE CONVECTIVE EVOLUTION 
. , 

OF LARGE AMPLITUDE ALFVEN WAVES 

IN THE SOLAR WIND 
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Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

August 16, 19'71 

ABSTRACT 

LBL-45 

The convective evolution of large amplitude Alf~n waves 

propagating in a nonuniform, streaming plasma modeled after the 

solar wind is investigated. Observed large- and small-scale 

properties of the interplanetary medium which are relevant to 

this study are reviewed. An idealized solar wind .. model is devel-

oped which neglects solar rotation and has a radial magnetic 

field. 

In preparation for the nonuniform plasma problem, Alf'v~n 

waves p3.rallel to a uniform magnetic field ~O in a uniform but 

anisotropic plasma are studied in the Chew-Goldberger-Low and 

guiding~center formalisms. Exact solutions are found for stable 

and unstable plasmas. The exact nonlinear behavior of an unstable 

circularly polarized AlfV6n mode is .obtained: growth of a finite 

perturbation is quenched in a finite time, and decay begins 

immediately. When the plasma is stable, an arbitrarily large, 

constant~amplitude perturbation perpendicular to the uniform 

field can.prop:l.gate without distortion parallel to this field. 

-2-

The propagation velocity, 

is norilinearly dependent on the amplitude b of the wave part 

of the magnetic field through B = 
2 2 1.. 

(B
0 

+ .b )2 and the two 

-1 -1 2 
invariants p.L B p and p

11 
B -3 p • 

Experimental evidence indicates that this prop!.gating 

Al~n wave is an important low-frequency phenomenon in the solar 

wind. Its convective evOlution in the .idealized solar wind model 

is solved in two ways: by energetic considerations and by a 

detailed treatment of the wave equations in the Chew-Goldberger­

Low approximation. When the radial flow velocity is large 

compared to the AJ.Mn velocity VA' both methods produce the 

simple result VA (b/B0l = constant,where Bo denotes the radial 

magnetic field. The ad;tabatic plasma exp3.nsion tends to increase 

the effective anisotropy (p 11 - p~)/B2 and thus decreases VA. 

Consequently b/B
0 

grows, which reduces the effective anisotropy 

and keeps VA finite. Thus the wave prevents the solar wind 

from becoming unstable with respect to Alf'v~n perturbations. 
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CHA.Pl'ER 1 

/ 

INTRODUCTION TO .. THE CONVECTIVE EVOLUTION OF ~ WAVES 

1.1 The Driven Instability 

The object.i-ve of this research is the study of a driven 

instability in a plasma. 

Envision a.situation in.which some mechanism, internal 

or external or both, causes a plasma to become unstable with 

respect to some mode. The mode cannot grow indefinitely, as 

linear theory implies, due to.the finite amount of energy avail-

able in the plasma. Hence, as the mode graws, it a.ffe¢'ts the 

plasma, ultimately in a manner which limits its amplitude. 

With continuous application of the driving meclla.nism; the 

plasma must reach a steady state condition. This steady state 

may exhibit either an oscillatory behavior or a time independent 

asymptotic limiting configuration. The consequent balance between 

the applied driving mechanism and the self-limiting character of 

the wave constitutes a highly nonlinear problem. 

Although .such driven instability processes frequently 

occur in both laboratory and astrophysical plasmas, theorists 

have done little ·more than speculate on their properties. Both 

linear and quasilinear techniques are usually impotent against 

the severe nonlinearities which, of necessity, occur when the 

·Nave amplitude is so large that it quenches its own growth. 

One driven instability problem, which has yielded to 

analytic methods, forms the subject of this dissertation. 

-4-

1.2 Alfven Waves in the Solar Wind 

As the solar wind expands adiabatically from the sun, the 

double adiabatic or Chew-Goldberger-Low equations1 predict that 

the particle :pressures parallel and perpendicular to the local · 

field and the magnetic :pressure decrease. The parallel pressure 

decreases more slowly than the perpendicular am magnetic :pres­

SU+"es that tend to stabilize .the Alfven mode. Far enough from 

the sun, this model :predicts that the plasma. becomes unstable 

with respect to Alrv€n waves. 

An Alfv€m wave propagating in the solar wind near the 

sun finds itse:lf in an increasingly unstable environment as the 

streaming plasma convects it outward. Finding itself convected 

into a region where unstable growth occurs, the wave must approach 

a large amplitude at which self-quenching effects counter the 

driving mechanism provided by the adiabatic expansion. 

The analysis of the convective evoiution of Alrven waves 

in the solar wind is studied in the following chapters. 

1. 3 s\.lii!!!IB.I"Y of the Pa. ;per 

Chapter 2 outlines the experimentally observed character­

istics of the solar wind which are relevant to the study of 

Alf~n waves convected by it. Several excellent review articles 

2-6 provide additional details. 

Section 2.2 deals with large-scale characteristics of the 

interplanetary medium. The solar wind plasma. streams radially 

from the sun and drags solar magnetic field lines with it. This 

radial flow and the sun's rotation cause the interplanetary field 

"' 
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lines to have the shape of Archimedes' spirals.7 The ecliptic 

plane can be divided roughly into sectors along such spirals. In 

alternate sectors the field is: predominantly toward or away from 

the sun, as sketched in Fig. l. The plasma 1 s bulk velocity also 

shows a sector structure consisting of slow streams and fast 

8-10 streams. The fast streams tend to be hotter, with lower 

density and mare high frequency field activity. The dominant 

heavy p;Lrticle in the solar wind is the proton;ll Its temperature 

is characteristically a few electron voits with an'anisotropy of 

approximately 2 at 1 AU. ·The electron temperature there averages 

13 ev with an anisotropy between 1.1 and 1.2. 

Section 2.3 discusses low frequency modes observed in the 

solar wind. East Coast observers, Ness, Burlaga, Ogilvie, Sari, 

and others, emphasize the importance of tangential discontinuities 

12-16 
in the solar wind. Belcher, Coleman, Davis, Jones, and Smith 

on the West Coast view Alfven waves as a dominant meso-scale 

feature of the solar wind's wave population.1 7""21 Both sets of 

observers agree that Alfvenic perturbations occur at. least 25% 

of the time. Figures 2 - 4 present examples of spacecraft data 

which indicate the presence of outward propagating Alfve!n waves.
1 9 

The plasma density remains relatively constant, and perturbations 

in the magnetic field components correlate well with those of the 

plasma velocity. It is also observed that the magnitude of the 

total field remains constant in time, a characteristic shared 

by the waves treated theoretically in Chapters 4 and 5. The 

waves seen in sp;Lce are aperiod.ic and nonsinusoidal. The average 

-6-

field direction is also the direction of minimum field fluctua­

tion. The data indicate that the most pure examples of Alfven 

waves occur in the high velocity streams and on their trailing 

edges. Amplitudes are largest in these regions as well. Belcher 

and Davis argue that the waves observed at 1 AU probably are 

. remnants of turbulent stru:ctures occurri:rig near or on the sun.19 

In Chapter 3, an idealized model is developed for use in 

studying the convective evolution of large-amplitude AlMn waves 

in the solar wind. 

In order to obtain analytic results for the convective 

evolution problem, some simplifications are necessary. The 

spiral nature of the field is neglected, and the purely radial 

magnetic field which results corresponds physically to a non­

rotating sun. The complication of the magnetic .sector structure 

is also eliminated by assuming that the field is that of a 

magnetic monopole centered at the sun. Thus .:§ is everywhere 

outward or toward the sun in the absence of waves,as indicated 

in Eq. (3.1). The sector structure of the plasma streaming is 

also ignored for simplicity, and Eq. (3.3) specifies the bulk 

velocity ~ 

The result is a spherically symmetric idealized model in 

which the plasma bulk velocity and the magnetic field lines are 

radial everywhere. Background quantities, such as the radial 
I 

streaming velocity, temperatures, density, and so forth, are 

assumed to depend only on the distance r from the center of the 

sun. 
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The model set of equations chosen to describe the solar 

1 
t.;ind plasma and waves is the Chew-Goldberger-Low modeL This 

set of equations allows for the pressure anisotropy which is 

necessary to produce instability in Alfven perturbations. It has 

the disadvantage of omitting electron heat flow effects, which 

are important in the solar wind, and which must be inclUded in a 

more complete theoretical treatment of it. 

Although this paper treats highly nonlinear effects, many 

processes, such as coulomb collisions, wave-wave interactions, 

and resonant particle interactions are not included in the 

analysis. 

Since the wavelengths of the Alfven waves observed in 

space are small compared to 1 AU, the waves find themselves in a 
. . 
l.ocally uniform background plasma.. In Chapter 4 the behavior of 

iarge amplitUde Alfven modes in a uniform plasma immersed in a 

uniform magnetic field is investigated. The solutions obtained 

are exact solutions of both the Chew-Goldberger-Low and t~e 

1 22 23 • 
guiding-center equations. ' ' 

Section 4.2 outlines the analysis using the Chew-

Gcildberger-Low formalism. The same results are obtai ned in 

Sec. 4.3 within the more general guiding-center theory. Two 

classes of Alfven modes are described, both oriented parallel to 

the uniform field. 

Sections 4.2A and 4.3A deal with a wave propagating 

parallel to the background. field. This is characterized by a 

wave magnetic field component perpendicular to the uniform field 

-8-

whose amplitude is constant in space and time, but whose orienta-

tion is quite general. The total field, given by Eqs. (4.9b) 

and (4.17), is aperiodic and nonsinusoidal, in general. In the 

uniform plasma it prop:tgates at the generalized Alfven velocity 

VA given by Eq. (4.16) without change of shape. The plasma must 

be stable with respect to AlMn perturbations, i.e. VA must 

. be real, for this solution to exist. Simple examples of this 

wave are illustrated in Fig. 5. 

Sections 4.2B and 4.3B describe circularly polarized 

standing wave modes of the form shown in Fig. 6. These may occur 

in stable or unstable plasmas. The temporal evolution of the 

perpendicular signed field amplitude "'b of these waves is the 

same as the displacement of a classical particle moving in the 

magnetic potential j, de:('ined by Eq. (4.25). Equation (4.28) 

is the equivalent energy equation. When the plasma is Al~n 

stable in the absence of any Al:f'Wn mode, I has the form 

sketched in Fig. 7(a). In this case the standing wave mode 

oscillates in amplitUde, passing through zero twice each period. 

When the unperturbed plasma is unstable with respect to AlMn 

waves, Fig. 7(b) indicates the shape of the magnetic potential. 

An infinitesimal circularly polarized Alfven mode at first grows 

exponentially with time in such a plasma, and then more slowly. 

It ultimately reaches a quenched state, corresponding to the most 

extreme displacement of the associat.ed magnetic psetidoparticle, 

and decays, eventually at an exponential rate, toward zero 

amplitude. 

I/ 
"' 
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Some interesting properties of the propagating wave are 

· discussed in Sec. 4. 4A. This wave shares important properties 

with the Alfvln perturbations observed in the solar wind. Both 

are characterized by c·onstant plasma density, constant total 

magnetic field, and nonsinusoidal behavior. The relation between 

magnetic field and plasma velocity given by Eq. (4.18) agrees 

with the correlation observed experimentally. Moreover, the 

exact solution of Seas. 4.2A and 4.3A is characterized by ·varia-

tiona in the components of ~ in the plane orthogonal to the 

propagation direction, but the parallel component of ~ is 

constant. Belcher and Davis observe such an anisotropy: the 

variation in ~ along (~) is one-fourth to one~sixth of that 

in the directions orthogonal to (~) • l9 

Section 4. 4B comp1res the exact solution to the quenching 

problem provided by the standing wave mode with earlier quasi­

linear work on the firehose mode.
24 

Qualitative features of the 

exact solution are quenching in a finite time through purely wave-

particle interactions and immediate decay. Similar properties 

characterize the quenching of flute modes and two-stream 

instabilities, which.have been studied numerically. 

Chapter 5 treats the convective evolution of the "constant-

amplitude" prop1gating waves in the nonuniform plasma and field of 

the idealized model for the solar wind. Section 5.1 details the 

structure .of the convected waves. A constant-amplitude source, 

which is spherically symmetric with respect to the sun, supplies 

aperiodic, propagating Alfv~n waves. Steady state is assumed so 

-10-

that wave amplitudes do not depend on time and have only a weak 

radial dependence as the waves propagate in and are convected 

by the nonuniform, exp1nding plasma. The plasma pu:ameters, 

density and pressure, also depend only on r • A WKB phase 

dependence, specified in Eq. (5.2) - (5.6), is chosen for the 

wave components of field and velocity. To obtain consistent 

equations, we must allow for a small skewness 5 between the 

wave p1rt of the magnetic field and the wave p1rt of the fluid 

velocity. In the uniform plasma theory of Chapter 4 these 

components are exactly p1rallel or antip1rallel. Solutions to 

the convectiVe evolution problem have been obtained in two ways. 

Section 5.2 describes the derivation of a solution by the 

use of energy conservation. In this section the Altven velocity 

and the relation between velocity and field, characteristic of 

the propagating waves, are taken from the uniform plasma theory. 

The Alf'vl!'n velocity VA is assumed to be small compared to the 

bulk velocity u
0

• The total energy conservation relation for 

waves and plasma, Eq. (5.14), reduces to Eq. (5.20) for the 

spherically symmetric and steady state configuration. The energy 

flux vector .§ is evaluated in Appendix C for a Chew-Goldberger­

Low plasma. Its radial component, required in Eq. (5.20 ), is 

obtained in Appendix D for the wave configuration of the idealized 

model. There results the energy relation, Eq. (5 .25 ), which 

contains as unknowns the wave amplitude b and the plasma 

radial velocity u0 A second equation is provided by the 

radial component of the Chew-Goldberger-Low momentum equation, 
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'.rhich is exhibited in Eq. (5.26). Elimination of u0 between 

these equations leads to the differential equation (5.34). Its 

solution is sketched in Append:ix H. The result is given by Eq. 

(5 .36). 

The convective --evolution analysis is carried out in 

Sec; 5.3 .by using the.-detailed wave equations. No assumptions. 

are made regarding the velocity VA appearing in Eq. (5 .3 ), the 

wve component of the .fiuid velocity u.r , or tl:J.e relative size 

of VA and u
0 

•. For the wave ansatz, the nonra.dial ISrt of the 

Chew-Goldberger-Low :manentum equation is given by .Eq. (5.37). 

Similarly, the wave .ISrt the Chew.ColAberger·Low Maxwell equation 

is displayed in Eq. (5.38). These vector differential equations 

are solved, giving the usual Al:rven velocity for VA , the 

expected relation between the fluid velocity · u.r and the wave 

part of the magnetic ·field, the phase angle o 1 and Eq. (5.52). 

The latter is equivalent to Eq. (5.36), the result of the 

energetic analysis,· when VA << u0 • 

Sect~on 5.l!A .shows that, for solar wind parameters, the 

two solutions are identical. Properties of the solution are 

discussed. in Sec. 5.-4B. With no wave present the Chew-Goldberger­

Low model predicts ·that the expanding solar wind plasma becomes 

Alfv~n-unstable at sufficient distance from the sun, called the 

Alfv€n critical instability radius, r 
cr 

The presence of the 

wave prevents this unstable condition from arising. If the wave 

ampli:tUde is nonzero anywhere, VA can never ISSS through zero or 

become i!na£inary according to Eq. (5.36). The dependence of VA 

-12-

and wave amplitude b on radius is sketched in Fig. 10 for var-

ious choices of wave amplitude. 

If the wave amplitude is small within the Alrven critical 

instability radius r , where the generalized AlMn velocity cr 

VA vanishes in the absence of waves, it must increase dramat·· 

ically at rcr in order to keep the plasma stable. Figure lO(a) 

-(d) demonstrates this effect. If the growth_ of wave amplitude 

is too rapid, the assumptions used to derive the analytic solu-

tion break down. This and other limitations on the validity of 

the theory receive attention in Sec. 5.4c. The necessary condi;. 

tions are summarized by the inequalities (5.63), (5.64), (5.68), 

and (5. 72); when these hold the analysis is valid. They are 

satisfied for measured values of the solar wind parameters at 

1 AU. 

Section 5.4D compares the theoretical predictions of 

convective evolution with the observed properties of the solar 

wind. The Earth is well beyond the AlMn critical radius given 

by simple Chew·Goldberger-Low theory, and the solution of the 

idealized model yields a considerably smaller Altven velocity at 

1 AU than is observed. This discrepancy may arise from effects 

such as electron heat conduction, high frequency electron waves, 

and the spiral geometry of the solar wind. 

The possibility of extending the analytic solution to more 

general geometries is considered in Sec. 5.4E. The convective 

evolution of waves may be useful in intergalactic space, where 

Alfv6n waves have been proposed as an important particle accel- -

erating m~chanism.3l,32 
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CHAPI'ER 2 

OBSERVED FROPERTIES OF THE SOLAR WHID 

2.1 Introduction 

The solar wind is an extremely complex system. Great 

effort has been spent in experimental observations of its 

properties, J;articularly during the J;ast decade. Considerably 

more will be necessary before a thorough understanding of all its 

aspects exists. 

·No attempt will be made to survey everything that is 

known about the solar wind. Further details can be found in a 

. 2-6 
number of excellent reviews. 

The. convective evolution of Alfvt!n waves will be analyzed 

in a model which is a verY simplified abstraction of the physical 

solar wind. In this chapter known properties of the solar wind 

which are believed.to be relevant to the convective evolution 

problem are outlined. The discussion will by no means be 

eltha.ustive, and the original literature should be consulted for 

more extensive descriptions. 

Section 2.2 deals with the gross characteristics of. the 

solar wipd. Large-scale static structures of the plasma and 

magnetic field are discussed. 

Section 2.3 describes microscale phenomena which.possess 

Al.f~n wave characteristics and which are the subject of the 

theoretical investigations of this dissertation. 

2.2 Gross Features of the Solar Wind 

The solar wind seems to be a ubiquitous element of the 

solar system. It expands essentially radially .from the sun at 

-14-

velocities which are supersonic long before l AU is reached. At 

the orbit of Earth its bulk velocity is roughly 4oo km/sec, but 

varies between 300 km/sec and 800 km/sec. This streaming. veloc­

ity is independent of distance from the sun to a good approxi-

mation. 

Due to the very high electrical conductivity of this 

coronal plasma, it drags along magnetic field lines .from the sun 

as it convects outward. Since the bulk plasma kinetic energy 

density exceeds the magnetic field energy density by nearly a 

factor of 100, the s.olar wind controls the field line motion, 

and the field has negligible influence on the streaming motion. 

The field defines a local reference frame for plasma kinetic 

properties sue~ as pressure and temperature. 

The sun's rotation, in conjunction with the purely radial 

bulk velocity of the solar wind, causes the interplanetary 

magnetic field lines to have an Archimedes spiral shape in the 

ecliptic plane. This J;attern rotates with the sun and bas a 

period of about 27 days. A simple model 7 gives the theoretical 

static magnetic field as 

(2 .1) 

(2 .2) 

(2. 3) 

where 

(2. 4) 

Throughout this ];aper r, e, and ¢ are the usual spherical 
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coordinates, r 0 is a reference radius, u0 is the solar wind 

bulk velocity, which is assumed constant here, and u denotes 

the sun's angular velocity of rotation .• 

The spiral field lines are nearly radial within a few 

solar radii of the sun. At 1 AU the azimuthal velocity of the 

field lines is about 44o km/ sec, roughly equal to the solar wind 

bulk velocity there. Consequently the average field direction 

makes an angle of 45° with the radial direction. At times when 

the bulk velocity is quite high, the average field direction is 

slightly more radial, as the above model indicates should happen. 

Since Br ~ B¢ at 1 AU, Eqs. (2.1) and (2.3) show that 

with:in l AU the Iila.gilitude of the total field, I,!! I , falls roughly 

-2 as r At distances larger than 1 AU it decreases ~ore grad-

ually. A typical field strength at 1 AU is 3 to 8 gamma. 

The solar wind can be divided along the spiral field 

lines into sectors as indicated in Fig. 1. In alternate sectors 

the average field. points predominantly toward or away from the 

sun as shown. Although four sectors appear in Fig. 1, sometimes 

only two sectors are observed. 5 

'I'h b 
. 8-10 

e ulk.velocity also shows a sector structure. 

Slow streams of expanding plasma alternate with fast streams. 

The fast streams are generally' hotter. and have lower density 

than the low velocity streams. The magnetic field is character-

istically the same in fast and slow streams, except at the 

leading edges of high velocity streams, where both magnetic 

field and plasma density are high. Temperatures are also high 

-16-

in such regions as are the levels of magnetic field activity. 

This phenomenon is pro~ably related to the collision of the 

faster moving streams with the adjacent low velocity ones. The 

strength of high frequency field components tends to be higher 

in the faster streams. 

The dominant ion species in the solar wind is the proton, 

accounting for all but. a few percent of the plasma ions •11 A · · 

typical ion temperature is a few electron volts at 1 AU, giving 

a proton gyroradius of about 100 km. Electron temperatures are 

estimated to be approximately 13 ev at the Earth. Measured 

anisotropies, T,./~, where parallel and perpendie\llar refer- to 

the local magnetic field, :range in the vicinity of 2 for ions 

. 4 
and from 1.1 to 1.2 for electrons at 1 AU. The ion anisotropies 

were observed by Vela 3, whose velocity distribution sample time 

was approximately one minute. More refined experiments have 

produced the same kind of results. The sampling period for 

recent Vela 4 measurements of thermal anisotropies was 4 seconds!3 

The solar magnetic field seldom . varies over such short time 

scales, and thus the above numbers represent instantaneous thermal 

anisotropies. 

The properties of the solar wind outlined here must not 

be considered inviolable. For example, the magnetic field in an 

"outward" sector will occasionally point toward the sun for a 

brief interval. 

2.3 Low Frequency MOdes in the Solar Wind 

The gross properties described above are considerably 

complicated by a great variety of physical processes with char-

v 



' J ... --

... 

-17-

scteristic scale lengths smaller than 1 AU. For the purposes of 

~e theoretical work to follow, we concentrate on long-wavelength, 

I.cw-frequency perturbations of the background plasma and magnetic 

field, especially those which reveal Alfven mode characteristics. 

At this time there exists a rather heated debate between 

investigators on opposite coasts. The East Coast observers, 

Ness, Burlaga, Ogilivie, and Sari, tend to emphasize the dom-

12-16 
inance of tangential discontinuities in the solar wind. 

nte West Coast observers, Belcher, Coleman, Davis, Jones, and 

smith, picture Alfvtfn waves as a dominant feature of the low-

. . 17-21 
:frequency solar wind wave structure. Believing that a 

satisfactory resolution of this argument must await more complete 

data, we limit our };6rticipition to a few comments without 

~hoosing either side. 

Both sets of observers are agreed that perturbations with 

Al~n wave properties are observed at least 25% of the time. 

Since this phenomenon is most thoroughly discussed by Belcher 

and Davis,l7-l9 we concentrate on their findings in outlining 

the experimental evidence for Alfven waves in the solar wind. 

_Figure 2 depicts solar wind data obtained by Mariner 5.
19 

It shows the magnetic field ~ , plasma velocity ~ , field 

magnitude B , and plasma number density n. The vector quan-

tities are resolved into three mutually orthogonal components: 

parallel to the radial direction (R); parallel .to :the azimutl!la.l 

direction (T); and normal to the ecliptic plane (N). The 

strong correlation betweEm the components of ~ and the 
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components of ~ appears quite clearly. The relative constancy 

of IBI and n is also evident. ._,_ 

Figure 3 is an expansion of the field data of three ten­

minute intervals of Fig. 2. Here again the constancy of 1~1, 

despite the marked variations in field components, is clear . 

Further evidence of this characteristic is strikingly shown in 

Fig. 4, which depicts magnetometer data for a 1 hour period. 

Belcher and Davis argue convincingly that such char-

acteristics indicate the presence of Alfven perturbations. The 

Waves are generally nonsinusoidal and aperiodic, as is evident 

fran Fig. 3. A spectral decomposition indicates that the field 

4 
ccmponents fluctuate with characteristic times frcm 10 sec to 

3 sec. The local average field direction B0 is also the 

direction of minimum fluctuation. The magnetic field has an 

observed power anisotropy. of 5:4:1 in an orthogonal coordinate 

system whose unit vectors are B
0 

x r, 
A 

B
0 

, respectively. The propagation direction indicated by 

treating these phenomena as Alfv~n waves is almost always away 

fran the sun. 

The data indicate that the fluctuations are most purely 

Al~nic in the high velocity solar wind streams and on their 

trailing edges. These perturbations have largest amplitudes in 

the compression regions at the leading edges of the high velocity 

streams, but here the mode structure is more complex. The energy 

in the fluctuations there is comparable to the energy in the 

total field. 
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In the low velocity streams the Alfv~n structures tend 

~o be less pure, i.e., they are combined with non-Alf~nic 

phenomena, such as tangential discontinuities,3
4 

and the ampli­

tudes are reduced. 

Magneto-acoustic modes may occur, but were not identified 

by Belcher and Davis. If present, they have an average power less 

than a tenth of the power in Alfven modes. These investigators 

estimate that Al·rven waves propagating outward from the sun 

dominate the microscale structure at least 50 percent of the 

time. They speculate on a variety of possible sources for 

.Al.f~nic perturbations and conclude that they are probably 

l"eellnants of waves or turbulence structures generated at or near 

the sun which have been convected outward by the solar wind. 

This sketchy story of the experimentally determined 

properties of the solar wind will be used in the next chapter to 

construct a simple model for use in analyzing the convective 

evolution of AlMn waves. 
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CHAP.I'ER 3 

IDEALIZED MODEL OF THE SOLAR WIND 

3.1 Geometry of the Solar Wind Model 

The spi.l"aJ. nature of the average magnetic field config­

uration is an important feature of the structure of the solar 

wind. However, its inclusion intr.oduces formidable mathematical 

difficulties in an analytic study <;>f the convective evolution of 

large amplitude waves. 

Within 0.1 AU the average field is believed to be nearly 

radial, due to the slow solar rotation and the rapid radial plasma 

flow. A logical simplification is to eliminate the spiral nature 

of the magnetic lines of force entirely and assume that they are 

radial everywhere. This model corresponds physically to a non­

rotating sun, the magnetic field swept out by the streaming solar 

wind being purely radial in this case. 

The inter-planetary magnetic sectors contribute additional 

complications to the theoretical model. Within each magnetic 

field sector the Altven waves find themselves in a background 

field which is entirely away from or entirely toward the sun • 

. For the purposes of studying Wave evolution inside such a sector, 

it suffices to assume that the field points outward in every such 

sector. Since azimuthal variations in the static field introduce 

an unnecessary complication, . the field is chosen to be spherically 

symmetric for the theoretical analysis. 

Whereas tre fast and slow streaming sectors and consequent 

collision regions are vital to a great many solar wind processes, 

v 

.. 

.v 



-21- -22-

i~cluding Alfven waves, we seek primarily a theory of Alfv~n constant environment. Providing the space and time variations 

v::.ves convecting in a freely expanding plasma. Since there is of the background are sufficiently small over characteristic 

-~~ evidence of a preferred direction for the emission of solar wavelengths and wave periods, tlley affect the wave only by 

Wlind plasma, when solar rotation effects are negligible, we are 
producing gradual changes in wave parameters such as its ampli-

led to consider a spherically symmetric expanding plasma. 
tude, phase, and frequency. The f'u.ndamental character of the 

Thus we consider an idealized solar wind model which 
- wave is unchanged. 

~onsists of a background magnetic field corresponding to a A wave in the idealized.model and a wave in a more 

magnetic monopole: 
complicated geometry find themselves .in a plasma whose properties, 

in a frame of reference moving with the plasma, are changing 

(3.1) 
slowly in time. The wave responds in either case to the varying 

Wlln.ere B
0 

has an inverse square relation with r: characteristics of the supporting medium. Whether the variations 

(3.2) are caused by a slowly moving piston, an inverse square law 

Here, B
00 

denotes the radial background field at the reference 
expansion, or a complex convection process is relatively unimpor-

· tant to the wave, providing the variations occur over distances 
It can be negative or positive, corresponding, 

large compared to a wavelength. In the solar wind problem, the 

' 6 
largest wavelengths are 10 km, whereas gross plasma properties 

respectively, to an inward or outward directed field throughout 

interplanetary space. . 8 
evol~· over distances like 1 AU or !0 km. 

Li~ewise, in the absence of Altven perturbations, the 
Applying this philosophy to the convective evolution of 

]llasma fluid velocity .B is taken to be spherically symmetric:· 
Al~ waves in the solar wind, we hypothesize that the wave 

u(r, e, ¢) 
"' 

(3 .3) pu"ameters vary slowly as a consequence of the gradual changes 

~e r dependence of u
0 

will be derived later. in the idealized medium in which it propagates. Knowing this 

Similarly, we assume that the other plasma parame1;ers, dependence of wave parameters on the properties of the medium 

density and pressure, depend only on r. Gravitational effects in the idealized model, we hope to use the actual solar wind 

are ignored in the analysis. configuration, i.e. the variations of density, pressure, and the 

The WKB method of studying a wave which propagates in a spiral background field of the interplanetary medium, to predict 

nonuniform, time dependent medium assumes as a first approximation the true wave behavior. 

that the wave behaves as if it were in a locally uniform and 



Although it cannot provide the exact behavior of Alfve'n 

·.aves in the physical solar wind, the solution of convective 

evolution in the idealized model should yield the correct 

q;:Blitative features. Once the propagation properties are under­

l)tood in the simple geometry, propagation in the actual spiral 

geometry can be predicted by an appropriate transformation of the 

static plasma characteristics. Quantitatively, the model may 

serve as a lowest~er solution in a spherical.barmonic expan-

sion of the actual field geometry. 

Of course, the overwhelming argument in favor of the 

idealized model lies in the simplicity which permits the analytic 

results that are derived in subsequent chapters. 

Because distances characteristic of the model are so much 

larger,- than the wavelengths of interest, the waves find them-. 

selves in a locally uniform plasma -and field. Although slowly 

time-varying in the plasma frame, these properties are constant 

over the time and space scales characteristic of the waves. Thus 

to obtain insight into the waves to be studied in th!'! idealized, 

spherically symmetric model, we will first consider large ampli­

tude Alfv;en waves ... in a uniform plasma immersed in a uniform 

magnetic field. .The properties of the background medium will be_ 

assumed stationary, except as they are influenced .by the waves 

'&hemselves. This preliminary study is the subject of Chapter 4. 

Waves analyzed there are much like the experimentally observed 

AlMn perturbations. They are introduced into the idealized 

model for the convective evolution investigations of Chapter 5. 

3.2 Plasma Equations for the Solar Wind Model 

Even with the limited complications of the idealized 

model, the analytic details of the behavior of waves in an 

adiabatically exp~.nding plasma are rather formidable. Thus the 

equations describing the interactions of plasma and fields should 

be as simple as possible, and we are led to consider fluid models; 

We assume that the plasma consists of a single ion species; it is 

a re;Latively simple matter to generalize the result to multiple 

species, at least in the collisionless limit. Since we wish to 

consider unstable Altven waves, the model equations must include 

the possibility of pressure anisotropy. The simplest choice is 

the Chew-Goldberger-Low or "double adiabatic" model.
1 

These 

equations can be obtained from Maxwell's equations and velocity 

· moments of the. Vlasov equation, assuming that the ion gyroradius. 

is small com~ed to the length scales to be studied, that the 

ion gyrofrequency is larger than the frequencies of interest, and 

that the divergence of the heat flux tensor ~ vanishes. 

The Al~n waves observed in the solar wind have wave­

lengths greater than lo3 km, which is large compared to the 100 

km typical of the ion gyroradius •
19 This also implies that 

Alrv€n wave frequencies are smaller than ion gyrofrequencies, 

because the Alfven velocity and the ion thermal velocities are 

comparable in the. solar.wind. In Chapter 4, the analysis of 

Alf~n waves in a uniform plasma is _carried out in the more 

general "guiding-center" theory, which includes the possibility 

22 23 of heat flow. ' · In the guiding-center solution, the heat 

./ 

"' 
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flow tensor vanishes identically. Thus its neglect is justified 

in retrospect, and the Chew-Goldberger-Low model :i.s a fortunate 

choice in the case of Alrven waves in a uniform plasma and field. 

Dropping \1 • ~ in the idealized model is not justified, 

because of the plasma's nonuniformity, and constitutes probably 

the most serious defect of the model. Electron heat conduction 

is expected to be an efficient means of communicating temperatures 

at the sun to great distances. 35 The transfer of these high 

temperatures to the ions would modify the predictions of the 

double adiabatic model, which are that ""' a d ,., ... , n P,, 

proportional to -2 r and that pT..L and p"" fall·a.s 

are 

-4 r , in 

·the absence of waves. These latter relations are obtained in 

Sec. 5.4B. 

The pressure tensor which appears in. the double adiabatic 

model includes ion and electron contributions. Since \1 • ~ is 

appreciable for electrons, the electron pressures do not obey the 

Chew-Goldberger-Low equations and represent an unknown in the 

convective evolution problem. Multiple fluid theories have 

attempted to predict electron thermal properties, but none have 

succeeded in simulating the known characteristics of the solar 
. 6 

· vind)5,3 

In. order to maintain the simplicity of the double 

adiabatic model, heat flow due to electrons is arbitrarily 

assumed to be zero in the analysis which follows. With this 

hypothesis, electron~emperatures and pressures follow from the 

Chew-Goldberg-Low equations. 
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The observed electron pressure difference p~ - p~ is 

only a tenth of the electron pressure, whereas for ions it is 

one to four times the ion perpendicular pressure. Since electron 

and ion pressures at l AU are comparable, electron contributions 

are negligible when computing the total pressure difference 

p
11 

- p.L.. Both the Alfv~n wave dispersion relation, Eq. (4.16), 

and tJ:le solution of the convective evolution problem; Eq. (5.36), 

depend on the pressures only through this difference. Thus, when 

_details of the actual electron temperature behavior are included 

in the theory, the answer may still depend mainly on the ion 

pressure tensor. 

One possible improvement in the present approach might 

be the inclusion of an ad hoc heat flow term in the Chew­

Goldberger-Low model. This would preserve the basic simplicity, 

which permits a relatively simple solution, while serving as a 

better approximation to the physical world. Alternatively, the 

analysis could be carried out in the guiding-center formalism 

used in Chapter 4, which includes the possibility of heat 

conduction. 

Wave-wave interactions, the effect of Coulomb collisions, 

and resonant-particle interactions with Alfv~n waves are omitt~ 

in this· study. Some of these, such as collisional effects, can 

be readily incorporated into the fl<lid theory, but their 

inclusion would complicate an already formidable analysis and 

prevent ~ closed form solution. Finite gyroradius corrections 

have been omitted for similar reasons. Eviatar and Schulz studied 
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~he influence of some of these effects on ion pressure anisotropy 

in the solar wind. 3 7 They c~:mcluded that the ion-cyclotron 

instability and Coulomb collisons could account for the smallness 

of the observed anisotropy. The results derived in Chapter 5 

shew that AlMn waves of the type experimentally observed can 

also limit the anisotropy. 

Sagdeev and Galeev have studied three-wave interactions 

. 38 
the magnetohydrodynamic theory, in which p11 = pk. 

They conclude that a large amplitude circularly polarized Altven 

wave propagating parallel to a uniform magnetic field can decay 

into another Al~n wave and a sound wave. Although the type of 

Al.Mn wave observed experimentally has not been· studied eX:p1icit:l;v 

With respect to this type of instability, there is every reason 

t~ suspect that it, too, should be vulnerable to a similar. decay 

process. Nevertheless, the observed presence of extensive Altvfn 

modes in the solar wind indicates the presence of some effective 

barrier against such three-wave interactions. No attempt is made. 

to include them in the ensuing chapters. 

CHA.Pl'ER 4 

EXACT NONLINEAR EVOLUTION OF LARGE AMPLITUDE ALFvEN WAVES 

IN A UNIFORM PLASMA 

4.1 Introduction 

In anticipation of the labor involved in studying the 

evolution of large amplitude waves in the solar wind, which is 

both nonuniform and convecting, it is necessary to find a mode 

with a mathematically simple description, at least in a uniform 

plasma. 

As this preliminary stage in studying the convective 

evolution problem, two classes of Alfven waves ha.ve been dis-

covered Which in a uniform plasma immersed in a uniform magnetic 

1 field are exact solutions of the Chew-Goldberger-Low model and 

22 23 the guiding-center equatipns. ' The first is a wave prop-

agating parallel to the uniform magnetic field. It is character-

ized by a wave magnetic field component perpendicular to the 

uniform field whose magnitude is constant in space and time, but 

whose orientation is arbitrary. There is experimental evidence 

that this mode is important in the solar wind, l9 and chapter 5 

treats its theoretical behavior in a convecting plasma ·modeled 

after the solar wind. The second class of Alfven waves is a 

circularly polarized standing wave oriented parallel to the 

uniform magnetic field. When an excess of pressure parallel to 

the magnetic field makes such a wave unstable, it is known as the 

"firehose" or ''garden-hose" instability. By use of elementary 

analytical methods, the nonlinear quenching of this unstable wave 

.. ._,J 
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can be solved exactly in either model, thus providing perhaps 

the first simple and complete solution of .the nonlinear growth 

of a plasma wave, rigorous within the limitations of the guiding-

center equations. 

In what follows· we consider Alfven waves in an infinite, 

uniform plasma in a uniform magnetic field ~· The v&ocity 

distribution is in general anisotropic. 

The firehose mcide has already been studied in such a 

plasma by quasilinear techniques. 24' 39, 40 The Vlasov equation 

carried to second order· in the perturbation shows that the 

unstable waves, initially growing due to ari excess of pressure 

parallel to ~0' react back on the particle distribution, causing 

the parallel pressure.to decrease and the perpendicular pressure 

to increase as long as any waves are growing; the growth rate is 

made smaller by the relative decrease of parallel pressure, and 

wave growth is thus self-quenche(!.. An explicit examination of 

this process has not appeared in the literature. 

The Chew-Goldberger-Low model· is chosen for the simplicity 

inherent in a fluid description and because to lowest order it 

predicts. the same nonlinear behavior of Alfven waves as the Vlasov 

equation. In Appendix A the earlier quasilinear results are 

generalized to arbitrary k by carrying the Chew-Goldberger-Low 

equations to second order in the wave perturbation. (Of course, 

finite ion-gyroradius effects must be appended to the Chew-

C~ldberger~Low equations to correctly predict growth rates for 

small wavelengths.) This calculation verifies that, at least to 
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second order, the Chew-Goldberger-Low model agrees with the more 

complete kinetic description. It was thus deemed a reasonable 

model for this investigation despite the approximations implicit 

in it. 

The Altven modes that exactly solve the Chew-Goldberger­

Low model also satisfy without approximation the more widely 

recognized guiding-center equations. Moreover, the guiding-

center solution has the property that the heat-now .tensor, which 

is arbitrarily dropped in deriving the Chew-Goldberger-Low 

equations, vanishes, providing further justification for the 

suitability of the Chew-Goldberger-Low equations to this study. 

Section 4.2 treats exact Altven' wave solutions in the. 

Chew-Goldberger-Low model. In Sec. 4.2A a magnetic perturbation 

perpendicular to the uniform field ~O of constant, but arbi• 

trarily large, amplitude is shown to be an exact solution of the 

Chew-Goldberger-Lqw mOdel provided the usual AlMn wave stability 

criterion, Eq. (4.19), is satisfied. Such waves propagate without 

distortion parallel to ~O at the generalized Altven velocity, 

given by Eq. (4.16). Figure 5 illustrates examples of this wave. 

The constant-amplitude Alf~n wave in the Chew-Goldberger-Low 

model has been briefly treated as an example of a "simple wave'' 

of classical fluid theory.
41 

In Sec. 4.2B a circularly polarized Alfv6n wave with ~ 

parallel to ~O is studied. This mode red}lces the Chew­

Goldberger-Low model to Eqs. (4.12), (4.13), (4.20), and (4.23) 

through (4.27), which are derivea without any approximations. 
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· Ihe mode does not propagate. The magnetic field has a helical 

structure consisting of ~O and a component perpendicular to 

:eo of signed amplitude ·"b(t), as shown in Fig. 6. The time 

evolution of ~(t) is easily obtained from the energy Eq. (4.24): 

~(t) can be viewed as the displacement of a classical particle 

I!LOving in the potential j(J> ), which is sketched in Fig. 7 for 

various initial plasma conditions. If the stability criterion 

(4.19) hbl{):s, 'b(t) oscillates between positive and negative 

values with an amplitude-dependent frequency, which approaches 

the AlMn frequency in the small-amplitude limit. 

If the AlMn stability criterion (4.19) is not satisfied, 

three special cases can occur, depending on the particular 

boundary conditions assumed for the plasma. The. usual initial 

condition assumed for plasma instability studies corresponds to 

Fig. 7(c), in which p 11 (o) > p.J..(o) + B
0

2/41t, and the initial 

perturbation amplitude 'b and its time derivative '1:1' are small 

and positive. The amplitude grows exponentially at first, then 

more slowly; it reaches a maximum value in a finite time and 

immediately decreases, ultimately decreasing to .zero exponentially. 

This demonstrates that wave quenching occurs in a finite time and 

is followed by immediate decay. If the initial conditions 

correspond to the situation in Fig. 7(d), the wave amplitude 

oscillates (nonsinu6oidally), never passing through zero. If the 

initial conditions correspond to Fig. 7(b), the wave amplitude 

oscillates nonsinusoidally and passes through zero twice each 

period. 
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Section 4.3 shows that identical res·.:lts are obtained 

from the guiding-center equations. 

In Sec. 4.4 the exact results of Sees. 4.2 and 4.3 are 

discussed. It is noted that the constant-amplitude wave may be 

an important low-frequency phenomenon in the solar wind. The 

circula.l'."ly polarized firehose mode is related to the quasilinear 

theory of the Alfv~n instability.24, 39,4o .Qualitative features 

of the nonlinear evolution of the circularly Polarized firehose 

mode are compared with characteristics of other unstable waves. 

4.2 :Au-a.llel Alf~n Waves in the Chew-Goldberger-Low Model 

The Chew~Goldberger-Low equations or double adiabatic 

1 23 equations are 1 

dp/dt -p'i7·~, (4.1) 

pd,B/dt -'i7•p + ('i7 )( .!! ) )( W41( , 
~ 

( 4~2) 

owot 'i7 X (~ X .£!) (4.3) 

0 1 . (4.4) 

0 1 (4.5) 

'i7 • .!! = 0 1 (4.6) 

AA AA 

P.L (~ - BB) + p 11BB 1 

P.£1 + PP' (4.7) 

(4.8) 

The usual notation for the convective derivative, 

d/dt = (o/ot + ~·v), 

I 

.; 
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eas been used. In these equations B denotes the magnitude of 
' 

the total magnetic field ~ . 

We assume tbat the unperturbed state consists of a uniform 

plasma in a uniform and constant magnetic field ::§
0 

• Choose a · 

Cartesian coordinate system with z axis parallel to ::§
0

• 

All plasma waves discussed in Sees. 4.2 and 4.3 are 
. 42 

assumed to have the following space-time dependence: 

~· ~(z, t ), ( 4. 9a) 

::§ ::§0 + ~(z,t), 

u•B 
"'"'0 

o, (4.9c) 

~·::§o o, (4.91) 

b - lb(z,t)l b(t), 
"' 

(4.9e) 

pl. PJ..(t ), 

pll p
11 

( t ), 

p = constant. (4.9h) 

Note tba~ the only spatial dependence is through the variable z, 

hence the name parallel Al~n waves. 

Without any approximation, use of properties (4.9) reduces 

the Chew-Goldberger-Low Eqs. (4.1) through (4.8) to the simple 

system 

B
0 

o:joz, (4.10) 

- (Br)B
2

}(p 6 - B
2 I 411 )o£/oz, (4.11) 
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pJ. (t)/pJ. (0) B(t)/B(O), ( 4.12) 

p
11

(t)/p
11

(o) = B2 (o)/B2 (t). (4.13) 

Equations (4.10) and (4.11) can be combined to give a 

wave equation for ~: 

~/ 2 -1 I 2 2/ 2 I 2 OROt = -P (BO'B) (pti~B 411)0.~0Z. (4~14) 

Equation (4.14) can be treated by a separation of var-

iables technique, but, due to its nonlinearity, particular 

solutions cannot be superposed to give more general ones. Guided 

by solutions of the linearized plasma equations, we investigate 

two classes of solutions of Eqs. (4.10) through (4.14). 

A. Constant-Amplitude Propagating Solutions 

in the Chew-Goldberger-Low Model 

Assume b(t) is constant in time. Equations (4.12) and 

( 4.13) imply that p
11 

and pJ.. are also constant. With 

£ = b ~(z,t), Eq. (4.14) reduces to 

o2£/ot2 = vA
2 o2£/oz2

, (4.15) 

where the generalized Alfven velocity VA is given by 

(4.16) 

and is also constant. 

The general solution of the simple wave Eq. (4.15) is 

A A A 

b = X cos e(z -VAt)+ y sin e(z -VAt), (4.17) 

where ~ has been chosen perpendicular to ::§
0 

in accordance with 

Eq. (4.91), and 8(•) is any twice differentiable real function. 
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For example, if e(x) oc tanh(kx), then for 

!z- VAt! >> k-l the direction of 2 is nearly constant, 

whereas whe~ £ rotates. The total magnetic 

field is essentially uniform where Jz -VAt! >> k-l and is 

slanted with respect to the ~ direction in this region. The 

field lines twist in the vicinity of z = VAt so that the total 

field ~ always makes the same angle with ~0 . The approximate 

shapes of the field lines for e(x) = 1{ tanh(l!x), 

e(x) = 1r/2 tanh(kx), and e(x) = (7n:/2)exp[-(l!x)2 J are shown 

in Fig. 5(a), (b), and (c), respectively. In the Chew-

Goldberger-Low model, the field structures shown propagate 

without distortion at velocity VA parallel to ~o· The prop­

agating interface at z =VAt, where the interesting field' 

behavior occurs, bas been likened to a shock front moving 

through a uniform plasma. The helical structure of Fig. 6 

.results if e(x) = kx. 

The f'l.uid velocity B is obtained from Eq. (4.10): 

(4.18) 

Since B must be real, VA must be real, i.e., 

(4.19) 

vhich is the well-known stability criterion for Alfven waves. 

In summary, Eqs. (4.16) through (4.18) and (4.9a) through 

(4.9h) constitute an exact solution of the full nonlinear Chew­

Goldberger-Low equations when the stability criterion (4.19) is 

satisfied. The solution is a wave of arbitrary but constant 

amplitude, propagating without distortion at the Alfven velocity 

IvA J, parallel or antiparallel to ~0 • The total field ~ always 

makes the same angle with ~ _ and bas the same orientation 

throughout each :plan• z = constant. 

B. Standing Wave Solutions with Time-Varying-Amp.:j;it~es 

in the Chew-Goldberger-Low Model 

We next consider solutions of Eqs .. (4.10) through (4.14) · 

in which the wave amplitude can vary with time. 

Since Eq. (4.9) assumes that the wave amplitude is . 

independent of z, we write 

~(z,t) = "b(t) b(z), (4.20) 

where "'b(t) represents an amplitude that may assume positive or 

negative values. Substitution of this trial solution into Eq. 

(4.14) gives 

Separating this equation into parts dependent on z and 

t, respectively, we find 

21' 2 2"' do/dz · = -ko ( 4.21) 

and 

( 4.22) 

A 

In order that b have finite components, the constant k 

must be real, and Eq. (4.21) gives: 

b(z) = ~ cos(kz + 5) +; sin(kz + 5). (4.23) 

;,, 
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~us the magnetic field has a helical structure with axis 

parallel to ~O as shown in Fig. 6. In what follows we assume 

the wavelength large compared with. the ion gyroradius to pre­

serve the validity of the Chew-Goldberger-Low model. 

An energy-like equation for "b ( t) can be obtained by 

multiplying Eq. (4.22) by "b', using Eqs. (4.12) and (4.13) to 

carry out the resulting elementary integrations. Thus we find 

K, (4.24) 

where K is a constant and 

,r{ "'b) - 1 2 2 -1 2 2 
.F' = 2' k B0 P (p11 (0)[B{O)/B] + 2pJ..(O)[ll/B(O)] + B /41!). 

( 4.25) 

The dependence of . j on o is through B: 

(4.26) 

From Eqs. (4.10), (4.ll), (4.20), and (4.23) we find 

;e(z, t) (kB0 )-1 "b'[~ sin(kz + 5)- t cos(kz + 5)]. ( 4.27) 

~quatiorts (4.12) and (4.13) specify p.l. (t) and p
11
(t). 

If Eq. (4.18) is multiplied by p(kB
0

)-2, and Eqs. (4.12), 

(4.13), and (4.27) are used to simplify the result, we obtain 

1 ' 2( 1 _2 2 P u t) + 2 P11 (t) + PJ. (t) + ~(t)/8JT = K'. (4.28) 

This is the energy equation for the combined system of plasma and 

wave with the obvious physical interpretations: 1 2 2 PU represents 

the plasma translational energy density, is the thermal 

energy density parallel to ~' p~ is the thermal energy density 

perpendicular to ~' and B
2

/8JT is the total energy density in 

the field. 

Viewing Eq. (4.24) as an equation in lb(t), we see that 

it describes the motion of a particle with displacement·~ , 

velocity "'b 1
, and total energy K moving in the potential p( "b). 

The time development of 'b ( t) foli()WS easily from this inter­

pretation of Eq. (4.24). 

First we consider the properties of p( o). From Eq •. 

(4.25), one obtains 

oj/oo re 'b{[B
0

2/41!] + p.J. (O)B
0
2 [B(O)B]-l- p

11
(o)B0

2 B2 (o)B-4) • 

(4.29) 

One extremum occurs at "b = 0, because J is even in "b. When 

. 4 . 
multiplied by B the curly brace in Eq. (4.29) is a monoton-

ically increasing functiqn of l"b /. Thus the brace is positive 

for all "'b ~ 0, if it is nonnegative at "b = 0, i.e., if 

(4.30) 

Equation (4.30) is the Al~n stability criterion; when it holds, 

j( '0) has only the extremum at 'b = 0 and must have the form 

sketched in Fig. 7(a). In the Alfv~n unstable case, when Eq. 

(4.30) does not hold, the curly brace is zero for exactly one 

value of I o I > o, and }C 'b) must have the form sketched in 

Fig. 7(b). 
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Evolution of the circularly polarized Alfven wave in the 

stable and unstable cases is governed by the energy constant K, 

which is determined by the initial conditions. 

Case 1. Stable Plasma 

When Eq. (4.30) holds, j(o) is the minimum value of 

j(o). Thus K carinot be less than j(o), since this would imply 

an imaginary velocity o 1 • 

A quiescent, stable plasma with "'b 0 corresponds to 

K = j(o). 

Assume K > .J( 0 ), and let !b
1 

= "1:>
2 

> 0 be the real 

roots of the equation j('O) = K, which is a quartiC in E. In 

view of Eq. (4.24) and Fig. 7(a), '0 oscillates between the 

turning points ""b1 and "1:>2 • Figure 6 shows the magnetic field 

behavior for this wave. One complete cycle, observed from a 

fixed spatial reference, is demonstrated by the sequence 

{a){b)· • · (f){g)(f)· •• (a). 

When i"'b1, 2 1 « BO' Eq. (4.24) can be expanded in "'b 

to give 

6 '· (4.31) 

where 6 is a positive constant. Equation (4.31) is that of a 

simple harmonic oscillator with its frequency m given by 

2 -1 2 2 m = p k [(B0 /4rr) + p~(o) - p
11

(o)] • (4.32) 

Thus for small amplitude waves we recover the Alfvt!n dispersion 

relation. This solution is a standing wave; it can be viewed as 

-4o-

a linear combination of two circularly polarized Alfv!in waves, 

special types of the constant-amplitude solution considered in 

Sec. 4.2A, propagating in opposite directions. 

For more severe perturbations the frequency of oscillation 

is amplitude-dependent, the period -r_ ]?~_i:ng ___ s~ply the transit 

time of the "magnetic" particle oscillating in the potential 

p( 'b): 

T 
d'b 
o' 

4 r2 ~d.,:....___,... 
(2[K - j( '1>)] f2 

0 

Although this solution is a standing wave, "b does not oscil-

late sinusoidally, so this mode cannot be viewed as a super-

position of circularly polarized parallel propagating AlMn 

waves. 

Case 2. Unstable Plasma 

Assume that Eq. (4.30) does not hold, i.e., ass~e 

The plasma is unstable with respect to small-amplitude .Alfven 

waves, and the ma:gnetic potential ff has the form sketched in 

Fig. 7(b)-(d). The evolution of the circularly polarized Alfv~n 

wave depends on the value of K relative to J(o). 

(a) Assume K > j(o), which corresponds to Fig. 7(b). 

Let j( "b
1

) = }C'"'?J
2 

) = K, where - 'b
1 

= o
2 

> 0 as before. 

As in Case 1 for large-amplitude waves, 'b oscillates 

between the values 'b1 and 'b2 with period T given by Eq. 

/ 

• 



... 

I 

I 

-41-

(4.33). The oscillation is nonsinusoidal to the extent that ¢ 
is nonparabolic. The development of the magnetic field in time 

can be seen in Fig. 6: a complete cycle consists of the sequence 

(a)··· (f)(g)(f)• • • (a); o resses through zero twice each period. 

(b) Assume :.K -:::.p(o), which corresponds to Fig. 7(c). 

The case K = j(o) is the situation usually consider.ed 

L'1 instability studies: the plasma is unstable, but initially 

unperturbed. If a small-amplitude circularly polarized Al:rve'n 

wave perturbation is introduced with '"b(O) > 0 and 'b'(O) > 0, 

'b initially grows exponentially, then more slowly until its 

growth stops at 'b
2

, the positive root of /("b) = K. Imme­

diately the mode decays, with 'b. ultimately falling exponen-

t:ially to z-ero. 

The time T required for the amplitude to reach satura-

tion and decay to its initial amplitude o(O) is 

2 
·f'b . . 2 d"b • 

"b' 
o(o) 

(4.35) 

The exponential rate for growth and decay is . the usual 

firehose growth rate. The duration of exponential growth will be 

arbitrarily long as ":b(o) is made arbitrarily small, although 

in practice 'b ( 0) cannot be made much less than the inherent 

random fluctuations .in ~· 

The growth-decay behavior is demonstrated in Fig. 6 by the 

sequence (c) (b )(a )(b) (c), with ultimate decay to the uniform 

magnetic field pictured in Fig. 6(d). 
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When K = p(o) the exact equations predict pure decay, 

or growth-saturation-decay, but the mode is not periodic. When 

K is near p(o), but not equal to it, any circularly polarized 

wave oscillates between solutions of jJ( 'b) = K. The perturba-

tion amplitude spends most of its time near zero amplitude, since 

'b 1 is small there. The period increases markedly as K 

approaches j( 0). 

(c) Assume jmin < K <j(o), where Pmin denotes the 

minimum value of ]>('b), corresponding to Fig. 7(d). 

Let j( 1>
1

) = p( o
2

) = K, where 0 < o
1 

< ll
2

, and 

choose the coordinate system so that o 1 < o(O) < o 2 • 

Figure 7(d) shows that 'b oscillates between the limits o
1 

and o
2

, never ressing through zero. The field behavior for a 

full cycle is illustrated in Fig. 6 by the sequence (a)(b)(c)(b)(a). 

4.3 rarallel Altven Waves in the Guiding-Center Model 

The results obtained in Sec. 4.2 in the Chew-Goldberger-

Low model also follow from the guiding-center equations, which, 

because the heat-flow tensor is not arbitrarily neglected, 

·constitute a more realistic approximation to an actual plasma. 

We work with the equations obtained by Kulsrud from the Vla.sov 

equation in the small gyroradius limit. 23 This is a kinetic 

description, and thus the particle distribution function F
0 

must be specified. We take F
0 

to be lli-Maxwellian: 
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where A. Constant-Amplitude Propagating Solutions 
1 2 

w - -(v - u) 
2"' "'1 (4.37) in the Guiding-Center System 

and 

Parallel and perpendicular refer to the total magnetic field. 

Using Eq. (4.36) and the characteristics (4.9) of the 

-waves of interest, we show in Appendix B that Kulsrud' s guiding-

center equations reduce to 

Ell = o, (4.39) 

(4.4o) 

(4.41) 

p.L (t)/p.J.. (0) B(t)/B(O), ( 4. 42) 

P
11
(t)/p

11
(o) = B2 (o)/B2

(t), (4. 43) 

(4.44) 

(u • b)B = 0. 
~ .... . (4.45) 

Equations ( 4. 4o) through ( 4. 43) are identical to those 

obtained fran the Chew-Goldberger-Low model, Eqs. (4.10) through 

(4.13). Equation (4.39) disposes of the parallel electric field, 

which appears in the guiding-center theory, but not in the Chew-

Goldberger-Low model. 

The solutions of the Chew-Goldberger-Low system consid-

ered in Sec. 4.2A have the property that /;§ / and /u l remain ,_.. 

constant in time. Thus both sides of Eq. (4.44) vanish, Eq. 

( 4. 45) is satisfied, and the guiding-center equations reduce to 

those derived from the Chew-Goldberger-Low model and lead to the 

same solutions as obtained in Sec. 4.2A. 

B. T~e-Varying-Amplitude Standing-Wave Solutious 

in the Guiding-Center System 

The time-varying-amplitude Alfv6n modes considered in 

Sec. 4.2B satisfy Eq. (4.44) in view of Eq. (4.27) and a simple 

manipulation of Eq. ( 4.22). Equation ( 4. 45) is likewise satisfied 

because Eqs. (4.23) and (4.27) show that :!:! and ~ are orthog­

onal. 

The guiding-center equations. have thus ·been simplified to 

the Chew-Goldberger-Low results, Eqs. (4.10) 11hrough (4.13 ), .and 

lead to the same time-varying..;amplitude solutions obtained in 

Sec. 4.2B. 

Note that, since the solutions obtained fran the guiding-

center equations have a hi-Maxwellian velocity distribution, the 

heat-flow tensor ~ vanishes. This justifies, in retrospect, 

the use of the Chew-Goldberger-Low model, which arbitrarily 

assumes that 'iN~ = o}• 23 
::: 



4.4 Discussion of the Uniform-Plasma Solutions 

A. Significance of the Constant-

Amplitude Propagating Alfv~n Wave 

It has been known for many years that in a uniform 

magnetofluid-dynamic plasma a transverse magnetic perturbation 

of arbitrary orientation and constant amplitude (or special cases 

of this tyPe of wave) propagates at·the Alfven velocity parallel 

· to a uniform magnetic . field without distortion, . i.e., . there is 

no coupling to particles or waves in the absence of other 

perttirbations.38, 43 -45 Sections 4.2A and 4.)A show that this 

conclusion holds even for an anisotropic plasma in the Chew-

Goldberger-Low and guiding-center mOdels. Examples are pictured 

in Fig. 5. 

The constant-amplitude propagating ·Alfv~m wave may be 

important in the solar wind. Mariner V data18,l9 show the high 

eorrelation or anticorrelation between magnetic field and fluid 

velocity which characterizes Alfv6n waves [see Eq. (4.18)). 

Although the individual field components fluctuate in a seemingly 

random fashion, the total field magnitude is relatively constant 

over large regions of. the solar wind. The wave propagates at the 

Alfv~n velocity, always .away from the sun. Furthermore, the 

amplitude of the magnetic fluctuation is comparable to the total 

field, so that explanation of the phenomenon requires a large-

amplitude theory. Subsequent analysis of the data may show that 

the random fluctuations in the observed field can be duplicated 

oy the constant-amplitude Alfv~n wave with suitable choice of the 
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arbitrary function e. The constant-amplitude Alfv~n wave is 

characterized by a constant magnetic field component B0 in the 

direction of propagation; it has not been established whether the 

. 46 
solar wind has this property. 

The simple picture of a constant-amplitude. wave propaga­

ting parallel to the .uniform field without distorion may no 

longer be valid if other waves are present. It has been shown, 

for example, that a ·large-amplitude circularly polarized AlMn 

wave in a magnetofluid-dynamic plasma (p 11 = p .l.) can couple to 

another AlMn wave and an ion sound wave if the waves satisfy 

certain three-wave resonance conditions. 38 

This wave is used in Chapter 5 for the study of the 

convective evolution of large-amplitude Altven waves in the solar 

wind. Although it retains the important property of being loca.lly 

constant in amplitude, its amplitude varies slowly with distance 

from the sun as it propagates through the nonuniform and rapidly 

convecting plasma. Its importance in the solar wind receives 

fUrther attention in Chapter 5. 

Barnes and Suffolk have investigated the large-amplitude 

propagating Altven wave using a relatiVistic kinetfc theory. 47 

B. The Variable-Amplitude Cfrcularly Polarized Alfven Mode 

Energy conservation prevents the indefinite growth of a 

linearly unstable plasma wave. Nonlinear effects, such as wave-

particle and wave-wave interactions, ultimately iimit the ampli-

tude of modes that increase exponentially with time in linear 

theory. 
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This mode quenching problem rarely yields analytic 

solutions in closed .form, and insight regarding wave-saturation 

processes is acquired with difficulty. Except in special cases, 

even the qualitative properties are unknown. For example, does 

the plasma approach the saturated state of maximUm wave energy 

'asymptotically as ·t - oo, or does saturation occur in a finite 

time? If the latter. ·holds, does the quenched state represent a 

stable configuration, or will further evolution occur? 

. Earlier quasilinear studies24' 39, 40 
of the firehose mode 

produced equations .accurate to second· order in the wave amplitudes 

of the form 

d ( 'J) /dt ( ( P11)/B0 
2

) f ~k 7 ()!. t )t(h t ), 

d( P
11

) /dt = [ ( 4(",1) - 2[ P" ));(B0
2 J J d3k r(J!, t )t(J!, t ), 

dv(~t)/dt = 2r(!t,t) w(!t,t), 

't(ht) 5~ + !') 

(4.46) 

(4.47) 

(4.48) 

(4.49). 

(4 .• 50) 

Here 5] is the perturbation in the magnetic field, parallel and 

perpendicular refer to the direction of ]0' and finite gyroradius 

eff~cts have been dropped. The brackets denote ensemble and 

spatial averaging .in the deriVa.tion of Davidson and V"o'lk. 

Equations (4.46) through (4.50) are obtained in Appendix A from 

theChew-Goldberger~Low model. 
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The quasilinear equations have the advantage of treating 

an arbitrary distribution of linearly polarized Alfv6n waves. 

They imply the existence of a quenching point: the plasma is 

initially unstable if (P11)(o) > (PJ.)(o) + B0
2

/41t, but, as the 

waves grow, ( P .1) increases and ( P11 ) decreases .until 

r(!,t) = o, and no waves are unstable. 

However, Eqs. (4.46) through (4.50) have not been solved 

in even the simplest cases. The qualitative properties of the 

quenching process obtained so simply in Sec. 4.2B for the 

circularly polarized 11104e--IlB.Illely, that quenching occurs in a 

finite time and is followed immediately by decay--are obscured 

by the complexity of Eqs, (4.46) thro~h (4.50). Indeed these 

gross features may have been lost by the approximations used in 

deriving them from the more fundamental .equations. The quasi-

linear theory cannot provide quantitative information concerning 

the quenching process, since, as Davidson and VOlk note, higher-

order nonlinear ef'fects become important as r ... 0; In deriving 

2 
the quasilinear equations one treats r (~,t) as a zero-order 

quantity, an assumption which clearly breaks down at tl:le quenching 

point. 

Qualitative features of the .quenching of the circularly 

polarized Alfv~n wave are shared by other wave saturation 

processes: 

1. Numerical studies of the flute mode in the low-

density regime show exponential growth at small amplitudes, then 

saturation followed by decay. 25 The energy in the mode oscilla');es, 
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. I 
:r.<~ch l1ke the Alfven wave of Case 2(b), Sec. 4.2B, when K. is 

;;.lightly less than §( 0). 

2. Investigation of the nonlinear evolution of a single­

~velength longitudinal flute mode with frequency near a harmonic 

o·f the gyrofrequency in a loss-cone plasma. in,dicates saturation 

in a finite time followed by decay. 26 The analysis is invalid 

neyond the decay regime, so that oscillatory behavior cannot be 

revealed. The mode considered is a symmetric standing wave, and 

the analysis involves a .pseudopotential, both characteristics 

ll!aving analogues in the theory of Sec. 4.2:B. 

3. In a plasma consisting of two cold streams, a 

·dynamical theory of the two-stream instability shows that "the 

electric. field does .not grow and level off at some value E . max 

'11/here r = O, but, rather, because of the dynamics, overshoots 

tl:ds point and then oscillates back to its initial state ."
27 

4. .The bump-on-the-tail lilllit of the two-stream 

instability has similar properties: wave saturation occurs in 

~ finite time and is followed by gentle oscillations of the wave 

energy, with period comp3.rable to p3.rticle-trapping times. 28-3° 
The pure circularly polarized AlMn wave discussed here 

my never occur in the physical world. The requirement of a 

large uniform plasma in a uniform magnetic field subject to no 

ather perturbation makes its experimental realization nearly 

impossible. It is hoped that the advantage of having an exact 

solution in a simple form to an otherwise intractable class of 

problems will make this study beneficial. The characteristics 
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of the simple wave-quenching process may serve a useful purpose 

if only pointing the way to important characteristics of more 

complete and more complex plasma instability problems. 

Berezin and Sagdeev have studied the variable amplitude 

circularly polarized Alfven mode in a generalized double adiabatic 

model which includes finite gyroradius effects. 48 The resulting 

analysis is more complicated, but the evolution of the mode 

remains essentially the same as found in Sec. 4.2B. 
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CHAPI'ER 5 
. .. 

CONVECTIVE EVOLUTION OF ALFVEN WAVES 

IN THE IDEALIZED SOLAR WIND MODEL 

5 .1 The Wave Structure 

The convectiye evolution analysis of.Alf~n waves in the 

solar wind is based on the spherically symmetric idealized model 

discussed in Chapter 3. This .consists of a static magnetic 

monopole field, ·in· which a spherically symmetric· plasma flows 

radially outward at supersonic and super-Alfv6nic velocity u0 
along the field lines. 

At some arbitrary radius a source of Alf~n waves is 

introduced. It is spherically symmetric, in a sense to be 

explained below, and emits propagating Al~n waves of the type . 

studied in Sec. 4.3A in the guiding-center approximation. The 

amplitude of these 'einitted waves, i.e., the component of ~ 

perpendicular to the radial direction, is assumed to be constant 

in time at the source. 

The locus of the source ·can be at the surface of the sun 

in the theoretical ·model, although the iocation of the .actual 

source of the Alf~n waves ob~erved experimentally in the 

vicinity of 1 AU is .not known at present. Recalling the ideas 

of Chapter 21 the turbulence in the solar corona produces fluc­

tuations in the magnetic field which metamorphose into Alfven 

waves long before they reach 1. AU. Another possibility is that 

the turbulent region between ~he fast and slow streams of the 

solar wind sectors ·may be the dominant source of constant-

-52-

amplitude outward-propagating Alfven waves. Whatever and where-

ever the actual source may be, for the analytic model it suffices 

to assume a constant-amplitude source at some radius r . 
s 

This 

reference radius must be large com~ed to a wavelength so that 

the wave is not aware of the curVa.ture of the model. The solu-

tion is readily extended to smaller radii. For example, erie 
. . 

. might postulate known properties of Alfv£n waves at 1 AU and 

solve for the source required at the solar corona to produce 

them. 

In the uniform plasma problem considered in Chapter 4, 

the magnetic field for the Alfv6n wave propagating along the 

z axis can be written, 

~(z,t) = B0~ + b[x cos a(t - z/VA) + y sin e(t - z/VA)]. 

(5.1) 

In Eq. (5.1), 8(·) is an arbitrary twice-differentiable 

function, subject to the restriction that it not change so 

abruptly that the gyroradius limit of the Chew-Goldberger-Low 

theory is exceeded. 

An appropriate generalization to a spherically symmetric 

convecting plasma containing large-amplitude propagating Alrven 

waves is the ansatz 

.§(vt) = B0 (r)r + b\r)Ce cos s(r,t) +~sin s(r,t)J, 

(5.2) 

where r, e, and ¢ denote the usual spherical coordinates. 



-53-

We choose the WKB phase dependence appropriate to a wave 

propagating radially at the Alfv~n velocity VA in a plasma 

which is itself convecting radially at the velocity u
0

: 

S(r, t) (5.3) 

The function .e(·} must be differentiable and possess smoothness 

properties to be derived later; otherwise it is arbitrary, as in 

the uniform-plasma case. 

To simplify the notation, we define 

b (e) ;;; e cos 8 + ~ sin 8 ' (5.4) 

i.e., b ( 6) is a unit vector perpendicular to the radial 

direction which makes an angle 9 with the local e direction. 

This notation is somewhat unsatisfactory, since e and ~ are 

determined by the l!ldial position £ at which 8 is computed. 

Making this relation notationally explicit, e.g. b[9(r,t),r], 
"" -

would unnecessarily complicate the equations. The meaning of 

b ( 8) should always be clear from the context. 

Using this notation, the ansatz (5.2) can be written 

(5.5) 

with e(r,t) defined by Eq. (5.3). 

Since a steady-state solution is sought, the wave 

amplitude b at any radius is independent of time. However, 

the waves are no longer "constant-amplitude" as they are in a 
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uniform plasma. The slow variation of wave amplitude with radius 

as the wave propagates in the expanding plasma is the objective 

of this investigation. 

With the introduction of ansatz (5.2) or (5.5), the 

topology of spherical systems causes the idealized model to 

becOm.e ill~posed and destroys its spherical symmetry. Suppose 

that for some spherical surface r = r 0 and some time tO' 

e(r
0
,t

0
) = 2rrq, where q is any integer. On this surface the 

A 

wave components of .;§ given by Eq. (5.5) would be in the e 

direction everywhere as shown in Fig. 8. The loss of spherical 

symmetry is clear, and the evident field singularity at the pole 

is physically and mathematically nonsensical. 

Figure 8 shows that in the vicinity of the equatorial 

plane the ansatz, Eq. (5.5), is consistent and represents a 

locally spherically symnetric wave. Providing the analysis is 

restricted to waves propagating radially in equatorial latitudes 

such that IQ - rr/21 « 1, Eq. (5.5) is mathematically con~ 

sistent. This allows the analysis to be carried out locally as 

if the entire system possesses spherical symmetry, even though 

the model breaks down at polar latitudes, and the wave introduces 

a preferred direction. The restriction of the analysis to a 

small solid angle is adequate, since the large amplitude AlMn 

waves reside principally in the narrow, high-velocity spirals 

18 19 
at the boundaries between high and low density sectors. ' 

The ansatz represented by Eq. (5.5) is sufficiently 

general to fit the seemingly random phase of the aperiodic large-
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amplitude Alfv~n waves observed by the interplanetary spacecraft, 

¥ith suitable choice of the arbitrary phase function 8(·). The 

liave is expected to propagate away from the sun 49 in the convec­

ting plasma without modification of the shape :function a(·), but 

the magnetic field changes as the amplitudes of its radial and 

perpendicular components vary sloWly. 

In analogy with the large-amplitude propagating Al:fv~n 

iiave in a homogeneous Jllasma, we assume that the bulk plasma 

velocity .B bas the :form 

u(r,t) -- (5.6) 

where o and 'l.r are slowly varying :functions of r, and the 

time dependence of u(r, t) occUrs through the phase f'unction ,..., .. ""' . 

8(~, t). 

In Eq. (5.6), o(r) is a small phase angle which is 

arbitrarily introduced to allow for the small .difference in 

direction between the wave components of ~ and ~ which 

results :from the nonuniform plasma and field. In the case of a 

uniform plasma and fi12ld, Eq. ( 4.8) shows that these· components 

are parallel (antiparallel) when the direction of prop1.gation is 

a.ntiparallel (Jarallel) to the uniform field direction. For the 

nonuniform solar wind :model considered in this chapter, the 

ansatz, Eqs. (5.5) and (5.6), is overspecified if we assume that 

o(r) is identically zero, as it is in the uniform case. That 

is, the equations that result when Eqs. (5.5) and (5.6) are 

substituted in the Chew-Goldberger-Low equations are inconsistent, 

and no solution exists if o = 0. We assume throughout that 

o(r) is small: 

lo(r)l « 1, (5. 7) 

and we verify in Sec. 5.4C that this holds :for Altven waves in 

the solar wind at 1 AU. 

As in the uniform situation, the pressures and density 

do not vary in time at a p1.rticular position. Due to the non-

uniformity of the solar wind model, each depends on r: 

p p(r ), (5.8) 

(5.9) 

(5.10) 

We carry out the analysis of large-amplitude AlMn 

waves prop1.gating in the idealized model in two ways. In Sec. 

5.2 we solve the problem by using energy am momentum conser-

vation equations :for the radial direction. In Sec. 5.3 the 

solution is· obtained by using the wave p1.rts of the Chew­

Goldberger-Low momentum and Maxwell equations, without reference 

to energy conservation. 

Section 5.4 compares the results of the two methods, 

specifies ranges of validity of the analyses, and discusses 

. consequences and applications of the solutions •. 

..; 
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).2 Solution of the Convective Evolution Problem from an 

Energetic VieW}X?int 

In order to .apply energetic considerations to Al~n 

waves propagating in the expanding solar wind plasma, certain 

properties of .the wa~s must be knoWn. In this section we asSUI)le 

the following properties derived for propagating Alfv6n waves in.· 

Sees. 4.2 and 4.3: 

(5.ll) 

(5.12) 

Recall that p 6 = p
11 

- Ji' Eq. ( 4.8). Thus we suppose that the 

relations obtained far waves in a uniform system hold locally 

in the nonuniform plasma, with each wave parameter assigned its 

local value. 

We also assume throughout this section that the Al~n 

velocity is small compared to the plasma bulk velocity: 

{5.13) 

This assumption is.discussed in more detail in Sec. 5.4. In the 

solar wind the ratio is VA/u0 $ 0.1. 

Taking a global viewpoint of the spherically symmetric 

system outlined in Sec. 5.1, we write the energy conservation 

equation 

0 (5.14) 
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where U represents the total energy per unit volume, including 

contributions from plasma particles and the electromagnetic 

fields, and 2 denotes the total energy flux vector. Equation 

(5.14) states that the total energy lost from a fixed volume 

equals the flux of energy out of that volume. 

The model described in Sec. 5.1 is ass~ed to be iri a 

steady-state condition, i.e., the sources of Alfve'n waves and 

convecting plasma were turned on at t = -oo, and all transient 

effects have disappeared at the time of observation. 

Although the wave is time dependent, and its shape is 

quite irregular, its amplitude is constant in time at each point. 

Consequently the energy density U is stationary in time. Thus, 

in the steady-state situation being considered, Eq. (5.14) 

reduces to 

v·2 o, (5.15) 

and it suffices to compute the energy flux vector 2· 

Since 2 must include the flux of particle energy and 

the flux of electromagnetic energy or Poynting flux, it bas the 

form: 

L J •3v ~· l ~ r(z; £; t) + (o/4·)~ x B (5.16) 

e, i 

In Eq. (5.16):, m is the particle mss, ~ is its velocity, f 

is its distribution function, and the summation is over electrons 

and ions. 
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In Appendix C, £ is computed for a general bi-thermal 

;article distribution. f . From the guiding-center analysis of 

~napter 4 it- would seem appropriate to assume that f is bi-

fitl.xwellian in ;[, • However, the Chew-Goldberger,..Low formalism 

ignores the details of the particle distribution, and f is 

left in .its most general form. In this formalism, 2 becomes 

- + ,S +!! X (~ X !!)/4n:, 

· As usual, perpendicular and parallel refer to the local total· 

magnetic field direction. In Eq. (5.17) S is .the heat flow 

tensor ~ contracted over two of its three indices: 

Since 'V • ,S = 0 is assumed in the Chew-Goldberger-Low model, 

the term ,S is dropped henceforth, because only the divergence 

of 2 occurs. 

Since we assume spherical symmetry, Eq. (5.15) has the 

:form 

where Sr is the radial component of the energy flux vector. 

Equation (5.19) has the obVious solution 

is 
r 

constant. (5.20) 
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The calculation of the radial component of £ req·u.ires 

some algebra, because parallel and perpendicular in Eq. (5.17) 

refer to the total field direction rather than the radial 

direction. For example, )(! 11 (~, t ), which is a vector in the 

direction of ~(~t), is the projection of the total fluid 

velocity onto ~(~t). Appendix D cc:mtains the details for the· 

ansatz, Eqs. (5.5) and (5.6), and shows that 

The first term in Eq. (5.21) is the dominant term for 

thermal velocities small compared to the convection velocity ~· 

The remaining terms determine the evolution of the wave amplitude 

in the convecting plasma. In keeping with inequality (5.13) we 

drop the term proportional to p vA3 in Eq. (5.21) so that the 

latter becomes 

s 
r (5.22) 

The Chew-Goldberger-Low relations supply the additional 

equations which are needed to obtain the dependence of the 

parameters on r. 

The mass conservation law, Eq. ( 4.1) in the steady state 

becomes 

'V • (p )(!) = o, 

and, since the system is spherically symmetric, Eq. (5.23) 

integrates to give 

-.. 



.... 
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constant. (5 .24) 

When S given in Eq. (5.22) is substituted in the r 

energy conservation law, Eq. (5.20), and the constant factor 

s.pecified in Eq. (5 .24) is· divided out, there results the 

relatively simple energy equation: 

constant. 

The b.ulk solar wind velocity u
0 

is approximately 

constant; the lowest order corrections to u
0 
2 = constant are 

of' order Although these correction terms can 

usually be neglected, it is not valid to absorb u 
2 

in the 
0 

constant term in Eq. (5.25), since the other terms in this 

equation are the same order as the lowest order corrections to 

2 
~.· = constant. 

Thus, in order to solve Eq. (5.25), we need an accurate 

expression for u0 • This can be obtained fran the radial 

component of the Chew-Goldberger-Low momentum equation, Eq. (4.2). 

Appendix F proves that, for the spherically symmetric model of 

outward propagating Alfvln waves, the radial part of Eq. (4.2) 

can be written 

(5 .26) 

Inspection of Eq. (5.26) verifies that the variations in u
0
2 

. . 2 
are of order v th • 

-e:e·-

We must add to Eqs. (5.25) and (5.26) the adiabatic laws, 

Eqs. ( 4. 4) and ( 4.5 ), to determine the pressures in the convecting 

plasma. For the steady state problem, these equations reduce to 

-1 -1 
P B !i constant 

and 

-3 2 
P B p 

II 
constant, 

In view of Eq. (5.24), and the fact that changes in u
0 

2/ 2 are of order vth u0 1 

-2[ 2/ 2 P a: r 1 + o(vth u0 )]. 

In Eq. (5 .25) we have dropped a term of order vth3. 

Thus, for the purpose of calculating p and the pressures to 

the order required in Eq. (5.25) and the right s~de of Eq. (5.26), 

it is unnecessary to carry along the exact r dependence of the 

bulk velocity u0 • It suffices to treat u
0 

as constant in Eq. 

(5 .24} to calculate p, and hence p.J.. and 11t' except where p 

2 
appears with the large u0 factor on the left side of Eq. (5.26). 

We introduce the notation 

1B (r) = B(r )/B0 (r) 

(1 + b2/Bo2l/2 

and define 

Po - p(ro) 

P.Lo = p.L(ro) (5.30b) 



(5. 30c) 

(5 .300) 

and 

(5 .30e) 

To the accuracy re~uired in Eq. (5.25) ahd the right side 

of' Eq. (5.26), we can write 

p(r) (5.31) 

(5.32) 

and 

(5.33) 

The remaining task is to eliminate the large terms 

involving u0 between Eqs. (5.25) and (5.26) and, using Eqs. 

(5.31) ~ (5.33), to obtain a differential equation for ]B (r). 

The algebraic steps are sketched in Appendix G. The result is 

(41! pj. 11//) 
' r-r - 0 

"ii22 
(1[) 

-213 -2 
. 4n PI/ ,.LO Boo o • 

- 1), (5.34) 

(5.35) 
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Appendix H outlines the solution of the differential 

e~uation (5.34). The result is 

constant. 

This solution will be discussed in Sec. 5.4, when the 

solution provided by the wave analysis has been obtained. 

5.3 Solution of the Convective.Evolution Problem from a 

Wave Viewpoint 

In this section we carry out the analysis of' the convec­

tive evolution of' Large-amplitude Altven waves by working 

directly with the detailed magnetic and velocity vectors which 

describe the waves. 

The nonradial.or wave components of the Chew-Goldberger-

Low momentum equation, Eq. (4.2), and Maxwell equation, Eq. (4.3), 

are required. Appendix F shows that the wave part of the momen-' 

tum equation for the idealized solar wind model can be written 

p( o/0t + uo o/Or + uo/r ) [~ b(8 + 5)] 

- B
0 

bb(S)o(p6 B-
2 )/0r 

(5.37) 

Appendix J demonstrates how to obtain the following form 

for the wave part of the Chew-Goldberger-Low Maxwell equation, 

Eq. (4.3), in the idealized solar wind mOdel: 
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- [u0 b b(S) + B0 ~ b(S + 5))/r 

In view of the definition of b (8) in ~. (5. 4) 1 it 

follows that 

2l £(s)f2le = ; x £(e). (5.39) 

Using ~. (5.39) and the space-time dependence of the 

phase function S(r,t) specified by Eq. (5.3), the differentia­

tions in Eq. (5.37) and Eq. (5.38) can now be performed. 

The wave part of the momentum equation becomes 

:J ~[e vA (u0 + vAr
1 

+ u0 o•]; x £cs + 0) 

+ S(u0 + VArl [ (l/4rr) - p 6 B-2 ] BOb~ x b(9) 

-P u0(~ + ~r) b(S + 5) 

+ [(b' + b/r)[(l/4rt) - p6 •""] - b d(p6 B-2 )/dr}Bo b(e), 

l (5.4o) 

w~ere primes denote derivatives with respect to r, and e is 

the derivative of the arbitrary function 8(·) with respect to 

its argument (or simply the partial derivative of e(r,t) with 

respect to t ) • 

becomes 
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The wave part of the Chew-Goldberger-Low Maxwell e~uation 

B0(~
1 - U~r)b(S + 5)- [(u0 + uJr)b + u

0 
b')b(S),. 

(5. 4i) 

The structures of E~s. (5. 4o) and (5. 41) are similar. 

Since b is orthogonal to ~' they are vector e~uations with 

" all terms contained in the plane perpendicular to r • Since 

5 is small, the left-hand side of each consists of vectors 

approximately in the ~ x b ( 6) direction; the right-hand sides 

are roughly in·the b(S) direction, i.e. perpendicular to the 

left-hand sides. Thus both sides of the equations must almost 

vanish. In fact if we set the wave velocity phase lag 5 equal 

to zero, as it is in the uniform plasma situation of Chapter 4, 

each side of Eqs. (5. 40) and (5. 41) must vanish identically, 

giving four scalar equations for the three unknowns VA' -~ 

and b. These four equations are incompatible, i.e., the 

problem is overspecified. This demonstrates the necessity of 

including the phase lag 5(r) in the ansatz, Eqs. (5.5) and 

(5.6). With the inclusion of 6, Eqs. (5.4o) and (5.41) 

constitute four scalar equations for the four scalar unknowns 

VA' ~ b, and 5, and a consistent solution can be found. 

The validity of the assumptions used to derive Eqs. (5.4o) and 

(5.41) remains to be verified. 



First we show that the 5' terms in Eqs. (5.40) and 

:s.41) can be neglected for values of the pg.rameters appropriate 

to the solar wind. In Eq. (5.41), 5' can be neglected if 

It can be dropped from Eq. (5. 4o) providing 

For the solar wind problem, Eq. (5.42) holds if Eq. 

(5.43) is true, since VA < u0. Thus, it suffices to demonstrate 

the validity of Eq. (5. 43). 

In the solar wind VA- 50 km/sec, u0 ~ 4oo km/sec; 

e ~ 10-3 rad/sec, and a characteristic length scale for 

variations in 5 is R - l AU - 10
8 

km. 

Thus Eq. (5. 43) holds for. solar wind pg.rameters if 

or 

5 « 30. (5.44) 

Equation (5.44) holds in view of Eq. (5.7). We demonstrate below 

that 5 is indeed small, once a formula for 5 is obtained. 

Thus, the 5' terms can be dropped from Eqs. (5.4o) and (5.41). 

Next we compare the order of a term on the left side of 

Eq. (5.4o) with a term on its right side, for typical solar wind 

parameters: 

8 -3 10 X 10 X 50 
> - ~ 14. 

('5.45) 
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In estimating this ratio we have chosen observei values of the 

pg.rameters which give the smallest ratio. T'n·..:s we have used the 

smallest observed angular frequency, 
. -3 -1 e ::: 10 sec , and a 

large value for the solar wind bulk velocity, u0 ~ 600 kin/sec. 

The ratio is much larger for more typical solar winds. A more 

refined estimate of the components of Eq. (5.4o) is made in 

Sec. 5.4, where the limits of validity are discussed. 

The situation is illustrated in Fig. ·9, which shows the 

relative magnitude of the vector components of Eq. (5.4o). When 

the component of Eq. (5.4o) in the ~" b(e) direction is 

computed, the contribution from each tenn on the left side is 

large, but the contributions from right-side terms are small, 

due to the combined effects of their small size and the order 5 

projection of the almost orthogonal unit vector b ( e + 5). On 

the other band, if the component of Eq. (5.4o) is computed ih 

the b (e) direction, the important contributions inciude the 

right-side terms and the order 5 projection of the large 
A 

r x b(e + 5) term on the left side. 

Similar arguments apply to Eq. (5.41). 

Th~s we can solve Eqs. (5.4o) and (5.41) by taking 

components in the ~ x b(e) direction, neglectic.€ t~e right 

side contributions, and by taking components in the b(S) 

direction, keeping all terms. 
A A 

The r X b(8) components of Eqs. (5.4o) and (5.41) 

become, respectively, 

-If 

... :. 



and 

where 
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2 5 terms have been dropped. 

0 

(5.46) 

Solved simuitaneously, Eqs. (5.46) and (5.47) give the 

solutions anticipated by the uniform plasma theory of Chapter 4: 

(5. 48) 

and 

2 -1 2[ /1·-) -2] VA = p B0 (1 '+'II - p .6 B • (5.49) 

These properties were assumed to hold in the energetic analysis 

of Sec. 5.2. See Eqs. (5.11) and (5.12). 

Resolving Eqs. (5.40) and (5.41) into components in the 

b (e) direction, neglecting corrections of order we find, 

respectively, 

and 

+ ((b' + b/r)[(l/4~)­
l. 

p 
6 

B-
2
]- b d(p

6 
B-

2 )/dr1B
0 

(5.50) 

(5.51) 

The simultaneous solution of Eqs. (5.50) and (5.51) for 
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6(r) and b(r) is straightforward, but somewb~t lengthy. The 

procedure is outlined in Appendix K. The results are 

(5.52) 

where C is a constant, and 

. • 2 . 2 -1 2 ... 
-(2 e VA r b ) d[rb(u0 + VA)] /dr. (5.53) 

This solution, Eqs. (5.48), (5.49), (5.52) and (5.53), 

is discussed in the next section, where it is compared with the 

predictions of the energetic analysis of Sec. 5.2. 

5.4 Solutions of the Convective Evolution Problem 

A. Comp3.rison of the Results of the Two Methods 

The equations of primary interest are those giving the 

dependence of the plasma parameters and the wave amplitude as 

functions of r. In the energetic analysis this is Eq. (5.36). 

In the detailed wave analysis of Sec. 5.3, the solution is Eq. 

(5.52). 

The only assumptions made in deriving Eq. (5. 52) were 

the spherical symmetry of the idealized model and the smallness 

of 5 and 5'. No restriction places limits on the relative 

magnitudes of u
0 

and VA. Thus, within the approximations of 

the Chew-Goldberger-Low model, Eq. (5.52) should be accurate 

regardless of the size of VA and uO' providing the assumptions 

basic to the model and Eqs. (5.7), (5.42) and (5.43) are 

maintained. 

Equation (5.52), alone, does not represent a self-

contained solution to the convective evolution problem, because 
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~ot~ b a~d u0 remain unknown functions of r, after VA' p, 

:p,, and p 11 have been eliminated via Eqs. (5. 48 ), (5 .17 ), (5 .21 ), 

and (5.22), respectively. This equation may be combined, e.g., 

with the parallel pu-t of the momentum equation, Eq. (5.26), in 

order to obtain solutions u0 (r) and b(r). The complex inter­

relations among the parameters would necessitate a numerical 

solution, which has not been attempted. In any case, the problem 

can be solved quite satisfactorily for the purpose of modeling 

the solar wind. Since vJu0 is small, and u0 remains con­

stant to order (VA/u0 )
2 

as noted in Sec. 5.2, b(r) is the 

only unknown in Eq. (5.52). This represents a result of adequate 

accuracy for the solar wind in view of the already gross 

approximations included in the idealized model and the .lack of 

precise data from space probes. 

In the energetic analysis, Sec. 5.2, terms of order 

VA/u0 are consistently dropped in computing wave quantities and 

the solution, Eq. (5.36). It has not been possible to carry 

through the details of the energetic method with VA/u0 of 

arbitrary size as in Sec. 5.3. The reason for .this apparent 

asymmetry· between the energetic and wave approaches is not clear. 

For application to the convective evolution of Alfv~n waves in 

the solar wind, a 10 percent inconsistency in theoretical 

predictions is quite acceptable. The neglect of effects such 

as heat flow, wave-particle and wave-wave effects mentioned in 

Chapter 3 are expected t6 con~ribute more serious discrepancies 

between the present theory and the physical world. 
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In the limit of large bulk velocity u0, the factors '"'o 

and u0 +VA in·Eq. (5.52) are constants, and the solution 

obtained by wave analysis is identical to Eq. (5.36) derived 

from energetic considerations. 

Throughout the remainder of Chapte.J,: 5 we assume that 

VA/u0 is negligibly small compared to 1, and that u0 may be 

treated as a constant. 

B. Properties of the Solutions 

In the absence of any Alf~n wave perturbation, i.e., 

b = 0, the solution of the idealized solar wind convection model 

is easily obtained. We find 

p p0 (rofr)
2, (5.54) 

A 

(5 .55) ~ u
0 

r, 

~ = d 2A B00(r r) r (5.56) 

4 
(5.57) p.L pJ,.O (r Jr) , 

and 

where the subscript refers to the value of the respective 

parameters at r = ro. 

From Eq. {4.16) the Alfv~n velocity can be written 

!(rr/rl {Po-l[•oo2/4•. + _>.Lo (5.59) 

It is evident that, if p 
0 

is nonzero, the Alfven 
II 

velocity becomes imaginary beyond the critical instability 



~sjius r
0

r given by 

r cr 
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(5. 6o) 

The IJ].asma is unstable where r > r Far into the Alfv€n 
cr 

unstable region VA approaches the limiting value 

·c I )1/2 
- P,O' Po · 

The solution obtained in Sees. 5.2 and 5.3 predicts a 

strikingly different behavior for the convecting plasma, when 

Alfv~n waves .are present. Equations (5.36) and (5.52) shOw that 

if a wave is present, regardless of its amplitude, then the solar 

wind never becomes AlMn unstable. Even an infinitesimally 

small wave, providing the approximations used in deriving the 

solution hold, renders the plasma stable everywhere by adjusting 

it amplitude in a way that maintains the reality of VA. In 

fact, VA can never reach zero. 

In order to show explicitly the functional relation 

between the wave amplitude b and r, Eqs. (5.36) and (5.52) 

can be written 

const. 
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In Eq. (5.62), b0 denotes the wave amplitude at the reference 

radius is the radial field at and and [3.l.-

are defined in Eq. (5.35). 

It can be seen by inspection that Eq. (5.62) is merely a 

polynomial in b, with coefficients depending on r. It turns 

out to be a polynomial of degree 8 in b2
, and hence numerical 

.solution methods are appropriate. The resulting r dependence 

of VA and b for various choices of wave amplitude at the 

reference radius is shown in Fig. 10 (a), (b), (c) and (d), In 

2/ 1 each case it is assumed that p
110 

= B
00 

41( and P.iO = 2 P110 

The qualitative behavior is relatively independent of these 

:IBrameters. 

The wave amplitude increases most markedly in the 

vicinity of the critical instability point where the Alf~n 

velocity would vanish if the wave were not present. By Eq. 

(5.6o), this critical instability radius is r
0

r = {372 r
0 

for the particular choice of reference plasma parameters used in 

Fig._ 10. Figure iO(a) shows an example of relatively large wave 

amplitude prior to the critical instability radius, and the 
. . 

increase necessary to maintain plasma stability is rather mild, 

At the .other extreme, Fig. lO(d) shoiv.3 au example in wi1i(;:: ti1e 

wave amplitude is initially very small. It isn't able to grow 

comparable to B
0 

before the critical instability radius is 

reached. In order to stop the Alfv~n velocity's plummet toward 

zero, b/B0 must increase abruptly and markedly at r cr 
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In all cases VA approaches zero as r increases. The 

~atio (b/B0 )2 is proportional to r as r ~ oo, and Eq. (5.52) 

shows that VA goes to zero as -1 
r in this limit. 

Since p each vary as -2 r in the idealized 

model, Eq. (5.36) can be written in the form 

F, 

where F is a constant. This exPression is amenable to a 

physical interpretation. The quantity is the area of the 

spherical .surface of radius r with center at the sun. The 

formula VAb
2/4n represents the Pbynting energy flux density of 

the Alfve'n wave as viewed in a frame moving with the local plasma 

bulk velocity. Thus Eq. (5.36) states that the flux F of 

Alfven wave energy, viewed in a frame tied to the convecting 

solar wind and nornlalized to the local plasma density, is the 

same through every spherical surface centered at the sun. 

This is a relatively simple conclusion when compared to 

the involved analyses of Sees. 5.2 and 5.3, which produced it. 

It suggests the existence of a general principle in operation 

for convecting waves in a nonuniform medium, the work of Chapter 5 

providing a .IBrticular example of its application. IVhat this 

more general theorem might be is unknown. Attempts to obtain 

:Sq. (5.36) ·by simpler methods have failed. It is not known 

whether other types of convecting waves exhibit an analogous 

property. 
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C. Ranges of Validity of the Convective Evolution Analysis 

The parameters in the idealized solar wind convection 

model are limited.by restrictions which are fundamental to the 

validity of the Chew-Goldberger-Low equations used to describe 

the plasma and fields and also by requirements imposed during 

the analysis of the problem •. These validity limits are examined 

below. 

The fluid nature of the Chew-Goldberger-Low model 

requires that the average ion gyroradius r be small compared 
g 

to distances over which plasma variables change appreciably. 

This places a restriction on the constant-amplitude source of 

prop3.gating waves: the waves cannot betoo sharply .curved. In 

terms of the arbitrary phase function e , this requires 

When inequality (5.63) is satisfied the rotation of the magnetic 

field and velocity vectors about r takes place over.distances 

large comp3.red to r , and the fluid model should be accurate. 
g 

Throughout most of the' radial range of convective 

evolution, the characteristic length for ampiitude changes is 

r . In order that such changes "te s=ll C''.'er a d:i.st2.~ce of 

order r g' we require 

r >> r . 
g 

(5.64) 

This also guarantees that the directional changes in the field 

due to the spherical geometry of the model are small over 

distances like r . 
g 

Inequality (5.64) is easily satisfied in 
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~he physical solar wind. 

More severe restrictions are imposed on the parameters 

when effects at the critical instability radius rcr are 

considered. Figure.lO.:·-Bhows clearly that as the wave amplitude 

is made smaller, the s.udd:en wave growth necessary at r cr 
to 

maintain plasma stability occurs oVer shorter length scales. 

Eventually, when the wave amplitude is too small inside rcr' 

Eq. c5. 52 ) requires that b change over distances small compared 

t at r and the Chew-Goldberger-Low model breaks down. 
.o rg cr' 

To quantify these remarks, an estimate is obtained in 

Appendix L for the maximum rate of change of the quantity· h , 

defined by 

in terms of the plasma parameters h, f311 , and f3.L at any 

reference radius r interior to the Alrven critical instability 
0 

radius rcr· Assuming h(r
0

) << 1, which is the most dangerous 

limit ·with regard to· producing rapid changes in h, we find 

(oh/'Or) ~ 
max 

(5.66) 

Validity of the fluid theory requires 

to hold everywhere. 

In terms of the wave amplitude ratio at r
0

, we demand 

that 

h(r
0

) » 

This represents a very weak restriction on the wave amplitude 

when solar wind parameters are used. 

Throughout the analysis of Sees. (5.2) and (5.3), it is 

assumed that the phase angle 5 between the wave components of 

ll and .B is small compared to 1. An estimate of 5 can be 

obtained from Eq. (5.53), which can be expressed in the form 

This phase lag is largest where h changes most rapidly and VA 

is small, which occurs near the critical instability radius r 
cr 

The worst case occurs when h is small inside r Using cr 

Eq. (L.ll) from Appendix L, and neglecting the 

Eq. (5.69), which varies slowly, we find 

'~ ~ - [ "o2 (; V4 r h2) -1 t ~ r • 

cr 

In view of Eqs. (5.36) or (5.52 ), 

during the convective evolution. Thus we write 

tn r term in 

(5. 70) 

is constant 

(5. 71) 

The assumption that 5 be small compared to 1 requires 
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(5. 72) 

:lliclte that in this instance a large bulk velocity is detrimental. 

If u
0 

is too large, the plaf!ma convects out from the sun so . 

rapidly that the nonradial parts of ~ and ~ cannot keep 

themselves parallel or antiparallel, as they always are in a 

uniform plasma and field. 

In Sec. 5·3 we argue that the ratio of the left side of 

Eq. (5.4o) to its right side is large. In view of Eqs. (5.45) 

and (5.48), this ratio can be written 

The worst case corresponds to h 1 large and VA small, 

since both tend to make the ratio small. Thus, .in view of Eq. 

(L.ll), we have 

L/R ~ (a r VA h
2
/u0

2
)r ~ r 

cr 

(5. 74} 

Since we have assumed that this ratio is large compared 

to 1, we again obtain restriction (5.72) on the minimum allowed 

wave amplitude. 

The last assumption used in the analysis is that 5 1 is 

small, inequality (5.43). A more refined estimate of 5 1 

follows from Eq. (5. 69) and d/ dr "' h 1 /h. We find 

Using Eq. (L.ll) to obtain the largest value of 51
, we 

have 
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r 1 
51 < lu 2(lJ V , 4 2)-1 J 

- 0 Anr i 
_;r ~ r 

cr 

(5. 76) 

Substitution of Eq. (5.76) into inequality (5.43) gives 

u0
2 (a r VA h2 )-l << 1 • (5.77) 

2 . 
As noted above, VA h is a constant, and inequality · 

(5.43) holds providing inequality (5.72) is satisfied. 

Summarizing these limitations, we find that the convective 

evolution.analysis of Sees. 5.2 and 5.3 ~s l'd. ~ va 1 when inequalities 

(5.63), (5.64), (5.68), and (5.72) hold. 

and 

At 1 AU the relevant parameters are typically 

u0 "' 4oo km/ sec, 

VA "' 50 lml/sec, 

r "' 100 lrm., g 

8 
rcr "' 10 km, 

For these values the validity relations become 

e << 4 Hz , 

108 km >> 102 km, 

h » 10-12 , 

(5.64 1 ) 
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and 

(5 • 72 I ) 

For high frequency Alfven perturbations, the last inequality 

requires h >> 10-4• For the lowest observed frequencies, 

a .... 10 -:; Hz, c ) 2 Eq. 5.72' requires h >>.0.0). Since h"' 1 

in the disturbed, high velocity regions wh~re AlMn waves pre­

dOminate, these restrictions are easily satisfied in the phys-

ical solar wind. 

D. Comparison of the Analytical Results 

with Observations 

The theory of Sees. 5.2 and 5.3 is remarkable in showing 

that the Chew-Goldberger-Low model predicts a stable plasma in 

spite of the adiabatic expansion, which tends to produce the 

Alfven instability condition, and in spite of the neglect of 

the wave-wave interactions which are usually invoked to quench 

such instabilities. 

Due primarily to the neglect of heat flow, and secondarily 

to effects such as_the single species. analysis, the assumption of 

spherical symmetry, and the neglect of the spiral velocity sector 

structure of the solar wind, the analysis is riot an accurate 

solution of the radial dependence of wave amplitude in the solar 

wind. 

The outward propagating AlMn waves are probably created 

oy magnetic turbulence in the coronal region of the sun, which 

settles down within a few solar radii to the locally constant-
19 

amplitude waves observed at 1 AU. The Alfven critical instabll-

ity point predicted by the Chew-Goldberger-Low model for reason­

able estimates of the pressures and fields at the sun occur-s 

much closer to the sun than 1 :AU. Consequently, the convective 

evolution analysis predicts nearly zero Al~n velocity at 1 AU, 

i.e·, much smaller than the 50 krn/ sec observed. This theory 

also predicts that the wave amplitude should be much larger than 

observed. For example, assume that p11 = p.L- = B
0
2j4Jt at two 

solar radii or 0.01 AU from the sun's center. The Alf'v€n 

critical instability point is then r ~ o 014 AU cr • • When AlMn 

waves are present in the solar wind, the ratio b/B varies as 
1/2 ° . 

r beyond rcr' as shown in Sec. 5.4B. Consequently, the 

convective evolution theory predicts b/B
0 

"' 8 at 1 Au. Observa­

tions indicate that this ratio is more typically unity.19 

Equally suspicious results follow theoretically if we 

substitute the observed quantities at 1 AU into Eq. (5.52) and 

solve for them at the sun. We find p
1
,fpJ.. "' 10-4 and h "' 0.1 

at the solar corona. Both estimates are unreasonably small in 

view of the powerful turbulent forces operative there, tending 

to isotropize pressures and field fluctuations. 

This breakdown of the model over distances like 1 AU may 

be due to electron heat conduction effects, which are negleeted 

in the theory. The electrons are relatively free to move along 

the magnetic field lines, and their large thermal velocities 

permit them through heat conduction to maintain temperatures at 

1 AU at a much higher level than the simple adiabatic theory 

predicts. Consequently, the Alfv~n critical instability point, 
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Mhere parallel pressure exceeds the perpendicular and field 

;ressures, is pushed out farther from the sun, or eliminated 

altogether. Scarr35 notes that thermal conduction and heat 

transport should produce large effects even ·in the dilute plasma 

at the Earth. 

Further discussion of.heat flow effects, including· 

estimates of the thermal transport involved, appears in Appendix 

M. 

Hollweg has "semi-self-consistently" treated the effect 

of solar rotation on the expected proton anisotropy in the solar 

wioo. 50 
He neglects wave processes entirely and uses only the. 

two adiabatic relations, Eqs. (4.4) and {4.5). If the protons 

are assumed isotropic at :ro It these eqUa.tions predict that the 

£Iroton anisotropy at 1 AU is P/P..l. ~ 75, when the field is 

radial. When the spiral geometry arising !'rom solar rotation is 

accounted for, I;§ I increases and consequently p1Jp~ -:::: 16 at 

1 AU. This anisotropy is still much larger than observed, but 

the improvement is obvious. The isotropy-producing influence 

of Alfv€'n waves, in conjunction with the _spiral geometry, may 

provide a more satisfactory explanation for the observed proton 

anisotropy. 

c.-F. Kennel suggests that wave effects may also be 

important in postponing the occurrence of the Alfv~n critical 

instability radius. 51 For example, the electrons may produce 

high frequency waves which affect the ion distribution; instabil-

ities with frequencies somewhat below the ion gyrofrequency may 
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tend to reduce the. ion pressure anisotropy and thus cause the 

firehose instability to occur at a larger radius than simple 

Chew-Goldberger-Low theory predicts. 

The theory whi.ch ultimat.ely describes the evolution. of 

Alfv€n waves in the convecting solar wind must include the 

effects of the slowly changing backgroUnd on these waves. The 

expansion must locally affect the proton anisotropy regardless 

of how severely counter-effects limit this tendency. The wave 

amplitude variations also produce anisotropy changes. A complete 

theoretical treatment. of Al~n wave evolution must acknowledge 

the consequences derived .in the present simplified model, 

together witP, thermal conduction and whatever other effects 

prove important. 

E. Generalizations and Further Applications of the 

Convective .Evolution Analysis 

Although the analyses of Sees. 5.2 and 5.3 are strongly 

bound within the spherically symmetric model, the resulting 

constant of the wave evolution, Eq. (5.36) or (5.52), may have 

a much wider validity. 

Consider a more general situation, such as the actua+ 

configuration of the solar wind, in which a plasma convects in 

an arbitrary, but slowly varying geometry. Suppose that it 

carries along Altven waves of the type developed in Sec. 4.2A, 

which propagate according to the theory of Chapter 4 relative 

to the moving plal!ma. A wave crest finds itself in a medium 

whose properties p, p
11

, pl., .:§0' and thus VA' slowly vary in 



=ome arbitrary fashion dictated by the geometry and the wave 

itself.. In the idealized spherically symmetric model the wave 

at each point is only aware of the local environment, and its 

amplitude is governed by Eq. (5 .52). It seems reasonable that in 

the more general.situation the wave's development is governed by 

th€ local plasma properties, and again should obey an analogue 

of Eq, (5.52). What this analogue might be is difficult to say. 

In the idealized moqel, we find 

2 -1 
p a:: (u

0 
r ) 

-2 r (5.79) 

Since u0 ~ constant for the ranges of parameters we consider, 

o·oth p and B0 have the same r dependence. Thus the factor 

B0
2 in Eq. (5.36) can equally well be written B

0
2-v pv, for 

any constant v. For example, Eq. (5.52) can be written, 

including the more accurate u0 dependence of p, as 

Unfortunately, this ambiguity in the solution, i.e. 

whether BO'. p, 
. -2 

or r should appear in the left side of 

Eq. (5.36), (5.52), or (5.80), prevents its immediate application 

to more general solar wind geometries. In the real solar wind, 

-2 
p varies as r , but B0 does not, due to solar rotation and 

the consequent· spiral field.. Thus, if Eq. (5.36) is used to 

derive the relation between b and r, the answer depends on 
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whether p or B
0 

appears as a factor in the left side. 

As mentioned earlier in this chapter, the signs of u0 

and VA are not necessarily both positive for the validity of 

the analysis. The treatment is aimed toward the solar wind 

configuration, in which the Alfven waves are propagating outward 

in a plasma. which is itself flowing away from the sun. The 

mathematical analysis is the same if the outward convecting 

plasma supports inward propagating waves, or vice versa. 

The convective evolution of Alfvl!n waves may have 

applications outside the solar system. Kulsrud31,32 has spec-

ulated that Alfv€n waves are an important particle accelerating 

mechanism in interstellar space and has considered how they 

might be produced there. The effects of convection on .such waves 

would form an important part of a complete theory. 

5.5 Concluding Remarks 

In the uniform plasma problem discussed in Chapter 4, 

the exact solution provides more insight into the unstable Alfv~n 

mode's behavior than does quasilinear theory. In quasilinear 

analysis the growth of unstable waves produces corrections to 

p~ and p 11 which tend to lessen the instability and thus, at 

some point, quenches the waves' growth. The exact analysis shows 

quite clearly that a small--amplitude circularly--polarized wave in 

an unstable plasma grows exponentially f~ a while, then less 

rapidly, eventually overshooting the Alfven stability point. 52 

Finding itself in a momentarily stable plasma, it reaches a 

maximum amplitude and decays, ultimately exponentially with time, 



-:award its initial value. 

The. nonlinear analysis of Chapter 5, which is a large-

amplitude. theory like that presented in Chapter 4, similarly 

yields insights into the driven instability problem that may 

prove more useful than the information a quasilinear. method 

could provide. 

A quasilinear treatment of the convective evolution 

problem would solve for the linear behavior of the wave, and 

use the resulting linearized wave to compute higher order 

corrections to the distribution function and other plasma param-

eters. The Wa.ve could be followed in this manner frcm the source 

to the Al~n critical radius rcr' where VA first vanishes. 

Just beyond this point, the Alfven velocity is imaginary in the 

linear theory, the wave is unstable, and in the quasilinear 

theory, the. resulting exponential wave growth reacts back on the 

plasma in a manner which makes the plasma less unstable. 

The.rigorous analysis of Sees. 5.2 and 5.3 shows that_ 

wave growth already occurs as the condition VA = 0 is being 

approached. In other. words, instead of waiting for the plasma 

to become unstable and then growing to an amplitude which renders 

the plasma stable, the wave grows before VA reaches zero in a 

way that keeps VA always real and.Eq. (5.36) or (5.52) satis­

fied. 

This is probably an important property of any driven 

instability problem in which the driving mechanism changes slowly 

compared to wave periods or growth rates. For example, in the 
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magnetosphere, when excess electrons are injected, electron 

cyclotron waves are believed to become unstable, grow, and cause 

pitch angle diffusion of other electrons, which then scatter into 

the loss cone and precipitate into the atmosphere. If the 

injection time is short and the electrons rapidly inserted, this 

picture is probably correct, i.e., plasma instability precedes 

wave growth. However, if the injection process is adiabatic on 

the time scale characteristic of the whistler modes, the whistler 

amplitude may increase slowly, maintaining an amplitude which 

keeps the plasma always stable. 

Since rigorous solutions of driven instability problems . 

are practically nonexistent, it is not possible to do more than 

speculate in this way on what properties such processes might 

share. Moreover, the implications of the analytical results of 

Chapter 5 are not fully understood at the present time. 

Whatever approach is used to determine it, the effect of 

the expanding plasma_ on the waves present in it must be included 

in a theoreticai model of the physical· solar wind. 

Scarf has remarked, 35 "In fact, the observed values of 

(T
11

/T ) are so much smaller than predicted by strict conserva­
.L -± 

tion of [the adiabatic invariants] 1-1 and v that it is 

necessary to invoke some type of wave-particle interaction to 

account for the observed near isotropy at 1 AU." 

The analytic solution (5.36) or (5.52) shows one way in 

which the presence of waves can produce the required isotropy. 



3ince p.L p B and p
11 

~ p3 B -2 are the adiabatic laws, 

;;ave growth tends to increase p .1.- and decrease pll , thus 

reducing the pressure anisotropy. 

The idealized models treated in this paper represent 

imperfect approximations to reality, but the effects derived in 

the simplified case must appear in a complete theoretical picture 

of interplanetary processes. 

APPENDIX A: QUASI LINEAR THEORY OF THE FIREHOSE 

INSTABILI'rY IN THE CHEW-GOLDBERGER-LOW MODEL 

We outline a derivation from the Chew-Goldberger-Low 

equations of the quasilinear results obtained by Davidson and 

Volk. 24 
It is not surprising that identical results follow, 

because the assumption of diagonal pressure tensor and neglect 

of the heat•flowtensor explicit in their work are used in 

deriving the Chew-Goldberger-Low equations. It is useful, 

however, to point out an important difference between the defini-

tion of the average pressures in the two analyses. Note, also, 

that in our analysis the. ensemble averages implied by Davidson 

and VOlk are not required: it suffices to consider only 

spatially averaged quantities. 

We assume a uniform, infinitesimally perturbed plasma in 

a uniform magnetic field ~0 . We view all Chew-Goldberger-Low 

variables as consisting of a space-average part, which may depend 

on time, and a fluctuating part: p(:;s,t) = (p)(t) + op(:;s,t), etc. 

The hexagonal brackets denote spatial averaging. 

Taking the space-average of the Chew-Goldberger-Low Eqs. 

(4.1) through (4.3), we find 

( p) ( t) constant p, (A.l) 

( u) ( t) constant o, (A.2) 
. ~ 

(~) ( t) constant = ~o· (A.3) 

When the Chew-Goldberger-Low Eqs. (4.1) through (4.8) are 

linearized in fluctuations about these spatial averages and the 
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·~stable AlfV~n wave characteristics are assumed, the usual 

linearly polarized firehose waves follow. To first order in the 

perturbation we find 

5p o, (A.4) 

p.J,. (p.J,.}(t), (A.5) 

pll (pll}(t), (A, 6) 

5~(!;, t) 5~(~ 0) e?' (b t )t, (A. 7) 

5£(bt) -i r(~t)(~·~or1 5~(bt), (A.8) 

1 

r(~ t) ±(~·B0 )[((p,J(t)- 'B
0

2
/4n)/p]2

• (A.9) 

We assume that the fi:J;"ehose instability criterion holds so that 

the growth rate r (~, t) is real. The field fluctuation 5~ is 

perpendicular to ~ and ~0' a characteristic of Alfven waves. 

The average pressures are constant to first order; to 

calculate their second-order evolution in time it suffices to 

car:J;"y the two adiabatic equations (4.4) and (4.5) to second order 

in the perturbation and space average the result. We find 

(A.lO) 

(A.ll) 

where the magnetic field spectral density ~ is defined by 

1jr(k,t) 5(k + k') :: (5B(k,t);5B(k',t).) 
""" """ "" """" """" 

(A.l2) 

and satisfies 
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(A.l3) 

In order to compare the results (A.lO) through (A.l3) 

with those of Davidson and V'olk, we note that p.l., which appears 

in the Chew-Goldberger-Low equations, is the pressure perpendic-

ular to. the local magnetic field ~ = ~O + 5.!!, whereas the 

quantity P.l., which is used in the earlier work, is the pressure 

perpendicular to ~o· Similar remarks apply. to p
11 

and P11 • 

Thus we have 

(pll) - ( p BE >, 
~ 

(A.l4) 

(p.l.) - ~(~ (I - BE)), 
~ 

(A.l5) 

{P,,) - ( p BOBO ), 
~ 

(A.l6) 

(P.L) = ~ (~ (~ - BOBO)). (A.l7) 

To second order it .follows that 

(A.l8) 

(A.l9) 

Note that (p.J..) - (P..L) is a second-order quantity, and 

similarly for (p 
1
) - ( P

11
). Thus to the required accuracy, 

I 53 
(p,J(t) in Eq. (A.9) may be replaced by (PJ(t). 

Taking the time derivative of (A.l8) and (A.l9), we have 
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((P
11
)/B0

2
) j d3k r(,!;,t) H,!;,t), (A.2o) 

-[(4(P
11
)- 2(P~))/B02 ] f d3k r(f,t) 1Jr(ht). (A.21) 

Equations (A.9), (A.12), (A.l3), (A.20), and (A.21) are 

identical to Eqs. ("4.46) through (4.50) obtained by Davidson and 

'iOlk. Finite gyroradius effects have been ignored here and shouid 

be included in a more complete treatment. 
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APPENDIX B: GUIDING-CENTER EQUATIONS FOR THE 

" PARALLEL ALFVEN WAVE 

We start with the guiding-center equations in the form 

obtained by Kul.srud. 23 This system, which Kul.srud terms the. 

'Adiabatic Equations, " is 

op/Ot. + 'i7· (p~) = o, 

p = p BE + pl.(I - BB), 
~ II ~ . 

w = BB 'q¢ - 'i7·~ - q'i7·B, 

u - u•BB, 
"' "' 

'V·] = o, 

6WOt = 'i7 X (~ X ]}, 

2: e J F 0 dq dw = 0 , 

~~ e IF 0 q dq dw = o, 

(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

o, (B.6) 

(B. 7) 

...E + wV'·B + eE,/111, 
(B.8) 

(B.9) 

(B.lO) 

(B.ll) 

(B.l2) 

(B.l3) 
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(B.l4) 

w (B.l5) 

(B.l6) 

In these equations the notation of the Chew-Goldberger-Low model, 

Eqs. (4.1) through (4.8), has been used where applicable; the 

particle distribution function F0 depends on the particle 

velocity ~ through q and w; parallel and perpendicular refer 

to the direction of the local magnetic field ~; Ell is .the 

parallel electric field component; and the summations in Eqs •. 

{E.4) through (B.14) are' over particle species. 

It is convenient to simplify Eqs. (B.7) and (B.8) by 

using (B. 9) to eliminate ~ in favor of the fluid_ velocity .B· 

.We find 

w 

Q 

- 'V·u - q'\7•B, - (B.l7) 

.B·d£1<:tt + [~ + (q- .B·B)~] w +w'V·B + eE
11
Im. 

(13.18) 

We consider Alfv6n waves ha~ properties (4.9) and use 

these characteristics to simplify (B.l) t~ough (B.l8). 

Equations (B.l) and (B.lO) are trivially satisfied. 

Equations (B.2) and (B.3) reduce to 

(B.l9) 

Equation (B.ll) becomes 
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(B.20) 

The wave equation (4.14) is readily obtained from (B.l9) and 

(B.20). 

Equation (B.14) e;ives 

(B.21) 

Finally, Eqs. (B.l7) and (B.18) simplify to 

w (B.22) 

and 

"I 2 1 A 21 )-1 ::C 21:::....._ Q = -(u•b B B ) - 2 p(q- u•B)(pt:.- B 4n: uu <Jl,;. 

.· -- - -(B.23) 

-We assume a bi:-Maxwellian distribution function: 

-1 -~ 2 
C p.L p

11 
exp[-pwlpJ.- p(q- u11 ) l2p

11
]. 

(B.24) 

The appropriate time dependence of the normalization factor is 

included in Eq. (13.24). With this choice, Eqs. (B.4) and (13;5) 

give the appropriate pressures. The quasineutrality condition 

(13.12) holds for all times if it is true initially, .and Eq. 

(B.l3) requires that the fl~id velocity be the same for electrons 

and ions, u 1 ~ = u 1 ~. Equations (B.6), (B.22), (B.23), and 

(B.24) reduce to 

.. I 1 . I . I . 2 1 ( )2 • I 2 c "I ) I (-pL PL "' 2 pll P11 + pwp.L p.J. + 2 P q-ull pll I\1 - w B B P PJ.. 

= 0 • (B.25) 
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Since F 
0 

is never zero, and since ( q - u
11

) and w 

are independent variables, the coefficients of w, 1, (q - u
11 

), 

and ( )2 
q - ull in the curly brace of Eq. (B.25) must vanish: 

and 

:P.L/p.J;. - B/B 

:PJ./pJ; + ~ iVp" 

o, 

o, 

Equations (B.26) and (B.27) give 

(B.26) 

(B.27) 

(B.28) 

o. (B.29) 

(B.30) 

(B.31) . 

Thus for the Alfv6n modes under consideration and for a 

bi-Maxwellian particle distribution, the guiding-center equations 

reduce to Eqs. (B.l9) through (B.21) and (B.28) through (B.31). 

Equations (4.39) through (4.43) and (4.45) are equivalent to 

Eqs. (B.21 ), (B.20 ), (B.l9 ), (B. 30 ), (B. 31 ), and (B.28 ), 

respectively. Equation (4.44) follows from Eq. (B.29) when 

p is eliminated by means of Eq. (B.)l). 
If . 

-<f3-

APPENDIX C: DERIVATION OF THE ENERGY FLUX VEGrOR _e 

IN THE CHEW-GOLDBERGER-LOW MODEL 

The dLstribution function used in the definition of the 

energy flux vector £ , Eq. (5.16), must describe a plasma which 

possesses a local fluid velocity :\! and is locally anisotropic 

in pressure and telilperature. In view of the guiding-,center theory 

of Chapter 4, an appropriate choice woUld be to make f bi-

Maxwellian in the particle velocities. The theory of Chapter 5 

has not been carried out using the guiding-center equations, and 

the Chew-Goldberger-Low model used there does not require the 

choice of an explicit particle distribution. Thus f is simply 

assumed to have the properties basic to the double adiabatic 

model:
1 

I J m f d
3

v - P(t,. t), 

e, i 

P-l L J my_ f d
3v - :\!(~:, t), 

e, i 

> J m(~ - :\!) (~ - :\!) f d)v - P.J. ~ + p 6 B B, 
L_ 

e, i 

~ ' 
e, i 

and 

o. 

(C.l) 

(C.2) 

(c.4) 

(C.5) 
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In these equations, parallel and perpendicular notations 

~efer to the local, total magnetic field directionj 9 is the 

eontraction of the third rank heat flow tensor over two of its 

indices. The vanishing of the divergence of the heat flow.tensor, 

basic to the Chew-Goldberger-Low model, is provided by Eq. (C.5). 

It is readily shown that the bi-Ma.xwellian distribution used· in 

.l .. ppendix B satisfies Eqs. (C.l) to (C.5). 

The particle contribution to Eq. (5.16) is written more 

·.15efully as: 

f 
+ u/· + (~.l. - Jej)2 + 2JeJ..• (~.!. - M.L) + u~ 2] 

x [(~II -Mu) + (~.I. - Je.l.) + Je] f d3v 

(c.6) 

The various terms may be read off, using Eqs. (C.l) -

(C.4). We find: 

L 
e, i 

1 2 
2pu Je+ 

(C.7) 

The double adiabatic model assumes that the plasma is 

LTlfinitely conducting, so the electric field satisfies 

~ + 
-1 

c ~ )( ;§ 0. (C .8) 
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Using Eqs. (5.16), (C.7), and (c.8), we write the energy 

flux vector ~ in the Chew-Goldberger-Low model in the form 

+ .l} X (~ X ~)/41!. (C.9) 

. 
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APPENDIX D: CALCUlATION OF THE RADIAL COMR)NENT 

OF THE ENERGY FLUX VECTOR FOR THE IDEALIZED MODEL 

We outline the calculation of the radial component Sr 

o.f the energy flux vector 2 in the idealized solar wind model 

described in Sec. 5.1. This model consists of a spherically 

symmetric so~ce of propagating Alfvtn waves .in a radially con­

vecting plasma imme~sed in a monopole magnetic field. 

Since we are .only interested in taking the divergence of 

~~ we drop the (divergenceless) heat flux vector ~ from the 

expression obtained for 2 in Appendix C. Thus 2 can be 

written in the form 

1 2 1 2 p u :';! + (p..L + 2 pii)J;! + p.L :';!1 + pll :';!II+;§ X (J;! X ;§)/4:n:· 

(D.l) 

The local magnetic field consists of the radial part 

B
0

; and the wave component b b(e). The plasma velocity is 

2 = u0 ·r + ~ b(e + o), by Eq. (5.6). We neglect the small 

misalignment o between the nonradial parts of ;§ and :';! • 

Because of Eq. (5.7), the consequent error in Sr' of order 

o2 
p vth2 u

0 
, is negligible. The geometry of field and velocity 

vectors is sketched in Fig. 11. 

Let a: sin-l b/B denote the angle between ~ and r. 
Recalling that ~II . is the component of the total field velocity 

in the ;§ direction, we write 

(D.2) 

-1~-

Similarly we find 

( -u
0 

sin a + ~· cos a) ( b (e) cos a - ~ sin a). (D.3) 

Using the usual expansion of the double cross product, 

the Poynting vector for the propagating Al~n wave is 

;§ X. (J;! X ;§) '"" . (u.
0
b2 - ~bB0 )r + (B2~- B0

2
u0 - bB0~)b(8). 

(D.4) 

When Eqs. (D.l) - (D.4) are combined, the radial component 

of 2 becomes 

+ pL(u
0 

sin a-~ cos a)sin a+ (u0b
2

- ~bB0 )/4:n:. 
(D.5) 

Finally, we use the properties of the propagating Al~n 

waves derived for the uniform plasma case in Sec. 4.2A. These 

are Eqs. (5.ll) and (5.12), which are assumed to hold in Sec. 

5.2. With them Eq. (D.5) reduces to the following expression. 

for the radial component of the energy flUx density: 
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I 

APPENDIX E: VECTOR CALCULUS FOR ALFVEN WAVES 

IN THE IDEALIZED SOLAR WIND MODEL 

We req,uire quantities such as _!! • \l _!! and 

the analysis of the Chew-Goldberger-Low equations for convected 

large-amplitude Alrven waves in the spherically symmetric solar 

wind model. Let ·~ and ~ be any vectors having the forms 

A A0 r + a b(8) (E.l) "'. 

and 

!! B0 r + b b(e), (E.2) 

.mere AO' a, BO' b, and e depend only on the spatial 

coordinates through the radius r. 

Writing the vector operator in spherical coordinates we 

have 

(~ A0 + 9 a cos e +~a sin e) 

·(r o/Or: + '9 r-1 o/Oe + ~(r sin e)-l o/OIJ) 

X (r Bo + ~ b cos e + ~ b sin 8). (E.)) 

Since the assumption of spherical symmetry in Chapter 5 

requires.that we restrict the analysis.to the vicinity of the 

equatorial plane, e is approximately rt/2. The differential 

operators in Eq. ·(E.)) act on both the scalars and the vectors 

in the last factor. Carrying out the indicated operations, we 

find 

A0 CJWOr + (a Bofr) b(e) - (ab/r)~. (E.4) 
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Thus we can write 

with a similar result for ~ • \l )C• If o is small as postulated. 

in Eq. (5.7), then Eqs. (5.5) and (5.6) give 

(bu,/r );. 

(E.6) 
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APPENDIX F: THE MOMENTUM EQUATION FOR THE IDEALIZED MODEL 

OF ALFvEN WAVES IN THE SOLAR WIND 

Using the vector calculus derived in Appendix E for 

~opagating AlMn waves in a spherically symmetric . system, we 

can write the Chew-Goldberger-Low momentum equation, Eq. ( 4.2 ), 

in the form 

+ [(l/4:n:)- p6B-2 ][B
0 
~/Or:+ b(8)B0 b/r-; b2/r). 

(F.l) 

Equations (5.11) and (5.12) imply the result 

(F.2) 

Hence these radial terms can be eliminated from both sides of 

Eq. (F.l). Invoking spherical symmetry, we find that the radial 

component of Eq. (F.l) reduces to 

o u0 duJdr = - dp/dr - d(p6 B0
2
B-

2
)/dr - (8:n:r1 

db
2
/dr, 

(F.)) 

which is equivalent to Eq. (5.26). 

Equation (5.26) can also be obtained from the radial 

component of the total momentum conservation equation 

?Jg/0-t + \7 • :!: = 0 ' (F~4) -
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where ~ is the total plasma momentum, 

~ = P ~ + ~ x y' ( 4rrc ), 

and ~ is the total momentum flux tensor, 

T ;;; 
~ P ~ ~ + p - ~EM • 

~ 

(F .5) 

(F.6) 

In Eq. (F.6), ~EM is the momentum flux due to electromagnetic 

fields, 54 

(F.7) 

The wave part of the momentum equation, Eq. (F.l~ is 

p(o/0-t + u0 o/Or: + uJrHu.r b(e + o)J 

(F.8) 
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APPENDIX G: DERIVATION OF A DIFFERENTIAL EQUATION FOR b (r) 

IN THE. ENERGEriC SOLUTION OF THE IDEALIZED MODEL 

We begin with Eqs. (5.25) and (5.26). Differentiate 

Eq. (5.25) with respect to r and multiply the result by P/2. 

Subtracting this from Eq. (5.26) to eliminate the large u
0 

terms, we find 

o. (G.l) 

In obtaining Eq. {G.l) the rigorous dependence of p on r ··has 

been used in evaluating the large 
2. 

p u
0 

terms. 

Using Eq. (5.12) to express the Alf've'n velocity VA in 

terms of the· pressures, density and field, using Eq. (5.31) to 

eliminate p, and carrying out some of the differentiations, we 

can reduce Eq. (G.l) to the .form 

d[p.L + Pr~/2 + [.(l/4JT.) - p~ B-
2
/2]b

2J/ar 

+ {4'i + p11 + [ (3/4•) • p6 B"
2 J b2

) /r -. 0. 

J 
-~ 

(G.2) 

Now we use Eqs. (4.8), (5.29), (5.32}, and (5.33) to 
' .-:-:· 

write all variables in terms of r, fu'(r ), and constants. When 

all possible differentiations are carried out, and terms are 

collected, we find 

-lo8-

+ (rJr)
4

(B00
2

/4JT.) J dlf3
2/ar 

(p 1Bo-11B-l + Boo2/41T.)&52 -l}ro4/r5. 
~0 . . 

When Eq. (G.3) is multiplied by 4JT./B00
2

, and 

definition (5.35) is used, Eq. (5.34) is obtained. 

(G.3) 

., 
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APPENDIX H: THE SOLUTION OF DIFFERENTIAL EQUATION (5.34) 

Because of the mixing of the dependent and independent 

variables "jB and r in Eq. (5.34), the usual integration 

techniques do not yield a solution without a great deal of effort. 

The solution itself can be written in a fairly simple form. We 

outline a sequence of manipulations of (5.34) which yields the 

:-equired answer. 

Equation (5.34) may be .written: 

1 + f3.l-.1Bclf8 - f3
11 
(rlr0 )2 (1}3~)4 ] afj

2
1ar 

+ [f311 (rlro)2<'feci1B)4- ~~ (rlro)~ o41B-6 

+ (f3~14)'@ 018-3 - (f3.J.I4)1}1 ~] dj?
2 lar 

(H.l) 

A rearrangement and factorization of Eq. (H.l) gives 

1 
1 + f3.l- 1{5Jfd- f3 11 Crlr0 )2 (1~c!Uj) 4J a\1flar 

-'- 1B2 {r I 2 iP 411)-6 9 -fJ-31w21 ( - 1) f3 11 (r r 0 ) w 0 J.U - (f3J. I 4) ~;.-- 0 w J d dr 

- ~llr r0-~JBc/fBl 4 } 
- Clf32 - 1)[1 + f3.L 1E c!1B - f3il(rlro)2 c1BJlB )4 J lr o. 

(H.2) 
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Next we divide Eq. (H.2) by the factor 

which is valid providing the solution doesn't pass through b = 0 

_ or VA = 0. This gives 

_&f3~14)1Bo1B-3- f3/l(rlro)21Bo4-[E-6 JdJB2/dr + ~,r ro-2(/Bjf')4 

1 + t3J..'lfdTB - f31/ (rlro)2 C]B dif3 )4 

0. 

. 1 
The numerator of the first term is - 2 times the r 

derivative of its denominator. All terms in Eq. (H.3) are now 

easily integrated, giving 

= const. (H.4) 

Exponentiating, we find the. solution of Eq. (5.34) is 

= const. (H.5) 

Using Eqs. (5.29), (5.35), and (5.12), we can write 

(H.6) 
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In .view of Eqs. (3.2) and (5.31) we have 

I 2 2 
p B0 = (const. )r • (H. 7) 

Thus Eqs. (5.39), (E:.6), and (H. 7) reduce the solution 

(H.5) to the_ form 

const. (E:. 8) 
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APPENDIX J: MA.'(',,'ELL' S EQUATION FOR THE IDEALIZED MODEL 

The Chew-Goldberger-Low Maxwell equation, Eq. (4.3), can 

be expanded as 

(J.l) 

where the divergence operator is understood to act on both vectors 

on its right. Carrying out the indicated differentiations and 

using Eq. (4.6), we find 

Using the results of Appendix E .to expand ~ v ~- and 

~ · v ~ for the ansatz, Eqs. (5.5) and (5.6), we find 

(J •3) 

The radial part of Eq. (J .3) simply gives -2 
B

0
- r , i.e., 

the monopole background field of the idealiz~ solar wind model. 

The wave part of the Maxwell equation is 

bCJ b(e)/Ot = B0 o[u.r b(e + 5)]/CJr 

- [u
0 

b b(e) + B
0 

u.r b(e + o)l/r 

- b b(e) 2Ju
0
/2Jr - u

0 
o[b b(e)]/er. (J.4) 
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APPENDIX K: SOLUTION OF EQUATIONS (5. 50) AND (5. 51) 

The unknown phase lag 5 can be eliminated by dividing 

mq. (5.50) by Eq. (5.51). This gives: 

-1 
P VA BO 

Lu0(~ + u,/r) + (b'+b/r)[(l/41t) -Pftl-
2

)B0 -bB0 d(pftl-
2 )/6r 

[B0(u,j- ~/r)- Cud + u0jr)b- u0 b') 
(K.l) 

Using the exact mass conservation I.a:w 

(K.2) 

where p
0 

and u
00 

are the values of p and u0 at some 

reference radius r
0

, elementary identities such as 

and Eq. (5.49) for the Alfven velocity, we can write the 

~umerator of Eq. (K.l) in the form 

p u
0 

d(ru.r- rti0-l VA
2 

b/B0 )/dr. 

(K.3) 

(K.4) 

Similarly, the denominator of the right-hand side of 

Eq. (K.l) reduces to 

(K.5) 

Thus Eq. (K.l) can be expressed in the simpler form 
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( -1 2 I .1 p u 0 d r l.\r - r u0 VA b B
0

) dr 

d(r u0 b - r l.\r B
0

)/dr 
(K.6) 

Making use of Eq. (5. 48) to write l.\r in terms of b 

and VA' we obtain 

-d[VA u0-
1 

B0-
1

(u0 + VA)rb)/d[(u
0 

+ VA)rb) • 

·.· (K. 7) 

Multiplying Eq. (K.7) by the differential in the dom-

inator of the right-hand side, we have 

which can be written 

2 d[ (u0 + VA)rb) 

(u0 + VA)rb 

Equation (K.9) has the obvious integral 

2 2 2 
(u0 + VA)- r b VA 

uo Bo 
const., 

0 . 

2 -1 which becomes Eq. (5 .52) when r is replaced by B
0 

• 

(K.8) 

(K.9) 

(K.lO) 

An expression. for o(r) can be obtained from Eq. (5.51). 

We find, after similar manipulations, 
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This can be written in the alternate form 

• 2 2 -1 2 
o =' -(2 e VAr. b ) ·· d[rb(u0 +VA)] /dr, (K.l2) 

which gives the r dependence of o when b is specified by 

Eq. (K.lO). 

-116-

I 

APPENDIX L: ALFVEN CRITICAL INSTABILITY FQINT INVESTIGATIONS 

The solution of the convective evolution problem, E~. 

(5.36) or (5.52 ), can be written in the limit V/uo << 1 in 

the form 

4 
h e(r) (L.l) 

where r 1 is an arbitrary reference radius, 

(L.2) 

(L.3) 

e(r) - 1 + 13J.. (r) - 1311 (r) (L.4) 

and 

(L.5) 

Differentiating E~. (L.l) with respect to r, we solve 

for h' = dh/ dr and find 

-2 [ 2 2 2 -2 4 -3 ] h' = 2 r r 1 h t=~11 (r1 )(1 + h
1 

) (1 + h ) + ~ h e(r1 ) 

'{•(r) + h2(1 + h2,-l [ '<l/J(rl)i rl-2(1+',_2)2(l+h2)-2 

- t3.l (rl)(l + ~2)1/2(1 + h2)-l/2]} -1 

j 
(L.6) 

From Fig. 10 one sees that breakdown of the analytic 

theory due to fast change in amplitude of the field's wave 

component is only possible when h(r) << 1 inside the critical 

instability radius r cr 
Moreover, the violent change in h 

.. 



.. 
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.Jccurs while h is still small. Thus, in investigating the 

::ll3.Ximum value of h 1 , we will assume 

h(r) « 1, 

when r < r ~ cr 

We choose the.reference radius rl to be at or near 

- and consider hI (r) for r near rl. cr 

Figure 10 shows that the Alf~n velocity at rcr is 

small comp:u-ed to its value, v* = ( 4np r 1
/

2 
B

0 1 if the plasma 

-1/2 1/2 
were isothermal there. Since we can write VA = ( 4np) B0 E , 

e(r
1

) is small: 

(L.8) 

Consequently the second term in the numerator bracket of Eq. 

(L.6) may be neglected. 

With these approximations, Eq. (L.6) reduces to the more 

tractable form 

h' - 2 r1-1 h ~ll(r1) {•(r) + h2[lo/311(r1) - ~~(r1)] }-1. 

In view of Eq. (L.8), Eq. (L.9) can be written 

h • - 2h ~11 (r1 )r1-1 {•(r) + h2( 4+3~1 (r1)]}1, (L.lO) 

which shows clearly that the denominator brace never vanishes. 
. 2 2 

(Since VA is. proportional to e(r) and VA > 0 everywhere 

according to the solution (5.36), e(r) must be positive for 

all values of r.) 
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The numerator of Eq. (L.lO) is a monotonically but slowly 

increasing function of r for r < rcr' the scale length for 

changes in h being of order rcr' In the denominator brace of 

Eq. (L.lO), e(r) is the dominant term well inside the critical 

instability radius, since h2 is small there. As r increases 

to·. r 
1

, e(r) approaches zero, and the monotonically increasing 

h2 term, although still small, becomes dominant in the brace. 

Choose r
1 

to be the point where e(r) equals the term 

2 h [4 + ~j_(r1 )). Then at r
1 

the denominator brace of Eq. (L.lO) 

is a minimum, and r
1 

gives? approximately, the maximum value of 

hi. To avoid anomalous cases we assume t:>~,ll ~ 1, and, omitting 

factors of order 1, we find 

I 

h max 

where rl is the radius at which 

(L.ll) 

(L.l2) 

2 We require an estimate for h (r
1

) in terms of the 

plasma configuration at an arbitrary point interior to the 

critical radius. 

We select a point r 0, with r 0 < rcr' having known 

plasma parameters t:>l.(r
0

), t:>
11
(r

0
), and h(r

0
) << 1. For 

values of r between r 
0 

and r cr' h remains small compared 

to 1, and we have 

(L.l)) 
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At r
1 

, E is small as argued above, and thus r
1 

is 

~iven by 

(L.l4) 

Equations (L.l), (L.12), and (L.l4) can now be used to 

·estimate h(r
1

): 

h(r1 ) ~ {h 
4
(r0 )[1 + ~~ (r0 ) - ~11 (r0)Hl + ~,_ (r0 JW11(r011

/
6 

. 

(L.l5) 

Substituting the last result in Eq. (L.ll), we find an 

estimate for the maximum rate of change ·or h .in terms of the 

:Pl.asma parameters at the selected radius r
0 inside the Alf"'n 

critical instability radius: 

(L.l6) 

'I'his result is valid only if h(r0 ) << 1. 
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APPENDIX M: ESTIMATES OF THE 

SOLAR WIND HEAT FLUX DENSITY .DUE TO ELECTRONS 

A very crude estimate of the electron thermal flux 

density Qe can be obtained by using the electron temperature 

at the solar corona, 10
6 

°K, and at 1 AU, 105 °K, to estimate 

the electron thermal gradient at 1 AU. Spitzer's forniula for 

the heat transport coefficient then gives55 

"' 2 x 1013 ev em -2 sec -l (M.l) 

This enormously overestimates the actual heat flux, 

because high electron thermal conductivity severely.red1,1ces 

thermal gradients at 1 AU. 

In the absence of Al~n li!l.ves, the idealized theoretical 

model used in Chapter 5 predicts 

"' constant, (M.2) 

i.e. there is no electron heat transport. 

The actual heat flow must lie somewhere in between these 

extremes. 

Measurements· of the electron velocity distribution give 

an estimate of the electron heat flux by taking the third moment 

of the distribution. The average over one year of Vela 4 data 

gives33 

( Q ) "' 4 >< 109 ev em -2 sec -1 
e (M.3) 
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By comparison, the flux density of energy in thermal 

motion of the electrons and ions, calculated by assuming 10 ev 

per ion or electron, 10 ions and electrons per cm3, and 

uo = 4oOkm sec -l, give this latter value also: 

Qthermal 4 9 -2 -1 
'?( 10 · ev em sec • (M.4) 

The energy flux density due to the bulk transport of 

particle kinetic energy is given by 

~ulk "' 2 X 1011 ev em -
2 

sec -l 

Since the electron heat flow Q * , obtained from the 
e 

estimated sun-Earth temperature gradient, 0.01 °K/km, exceeds 

the measured value ( Qe ) by a factor of 5000, the electron 

temperature gradient at 1 AU must be less than its estimated 

value by this factor. Thus the average electron temperature 

gradient at 1 AU should be This small value 

at 1 AU implies a swift decrease of electron temperature near 

the sun, probably occurring in a strongly turbulent. region where 

the heat transport coefficient is anomolously small. 

Equations (M.3) and (M.4) show that electron heat 

conduction is an important effect in the solar wind. However, 

since the energy flow due to electron heat conduction is 

comparable to the thermal energy transported by convection, it 

does not dominate other contributions to the overall energy 

balance. 
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FIGURE CAPI'IONS 

Fig. 1. Due to solar rotation and radial plasma flow outward, 

the average interplanetary magnetic field lines in the 

ecliptic plane describe the Archimedes' spirals specified 

by Eqs. (2.1) - (2.4). The areas in which the magnetic 

field is generally toward (or away from) the sun form 

sectors whose boundaries follow these spirals. This 

sketch indicates a total of four sectors, but at times 

only two are observed. 5 

Fig. 2. This Mariner 5 solar wind data covers a twenty-four 

hour period.l9,56 Magnetic field components ~~ ~ 

and ~ are plotted using horizontal and vertical line 

segments. Plasma velocity components vR' vT' and 

v are plotted with diagonal lines. The units employed 
N 

are magnetic field in gammas, plasma velocity in km/sec, 

and number density N . -3 
~n em 

The strong positive correlation between magnetic 

field components and plasma velocity components and the 

fact that the average field is toward the sun on this 

day clearly indicates the presence of an outward-
, 

propagating Alfven wave. 

Note that /~/ and N are relatively constant,. 

despite the marked fluctuations in ~ and y_ • 
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Three ten-minute intervals of the day used in Fig. 2 

show details of the !IJE.riner 5 data. 19 The crosses 

denote magnetic field components ~, BT' ~, and, 

at the bottom, /;§ /. The horizontal lines indicate 

plasma velocity components VR' VT' VN' and the plasma 

number density N. The five minute sampling period uf 

the velocity detector precludes the correlation of its 

data with the measurable high-frequency fluctuations of 

the magnetic field. The tendency of the averaged 

velocity to follow magnetic field trends is obvious. 

?ig. 4. This one-hour sample of Mariner 5 data illustrates the 
19 

high-frequency fiucttiations of the magnetic field !!· . 

The magnitude of ;§ remains quite constant while 

appreciable fluctuation in its components occur. 

Fig. 5. Magnetic field lines of constant-amplitude Alfvtn wav$ 

for various choices of the function e(·), which spec-

ifies the direction of the field disturbance £: 
(a) 

(c) 

e(x) 

e(x) 

rr tanh kx; (b) e(x) = (rr/2) tanh kx; 

(7rr/2) exp[-(kx)2 ]. In each illustration 

the field lines make a 45° angle with !!o everywhere, 

corresponding to 1£1 = B0• In (a) and (c) the nearly 

uniform field at large positive values of k(z -VAt) 

is parallel to the field at large negative values of 

k(z - VAt); the exaggerated perspective makes them seem 

nonparallel. 

In the Chew-Goldberger-Low and guiding-center 
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models these field configurations propagate without 

distortion at the generalized Alfv~n velocity 

p:~.rallel to !!o· 

Fig. 6. Temporal evolution of the time-varying-amplitude Alfvfn 

mode. Field lines are pictured for: (a) o ~ 6BO' 

(b) 'b ~ 3BO' 

(e) o ~ -BO' 

(c) 'b.:::; BO' (d) o = 0, 

(f) o :::: -3BO' (g) o ~ -6B0• 

The helical standing-wave structure is generated by a 

magnetic field component perpendicular to the uniform 

fiel.d !!o having signed amplitude "b(t), whose time 

dependence readily follows from Eqs. (4.24) and (4.25). 

This mode is an exact solution for a stable or unstable 

plasma in the Chew-Goldberger-Low and guiding-center 

models. 

Fig. 7. Sketch of the magnetic potential j(''b), Eq. (4.25), for 

the variable-amplitude Alfvln mode with various choices 

of the plasma p:~.rameters: (a) stable plasma with 

K > j(o), corresponding to Case 1; (b) unstable plasma 

with K > j(o), corresponding to Case 2(a); (c) un­

stable plasma with K =J(o),corresponding to Case 2(b); 

(d) unstable plasma with }i:nin < K < -~ ( 0), corresponding 

to Case 2(c). In (a), ]j is sketched -for the pressure 

anisotropy (p-l)'b=O = B0
2/&rr., (p11)'b=O B0

2
/4rr. The 

unstable plasma in (b) - (d) corresponds to 
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(p
1
.) = 4B

0
2 /n. By Eq. (4.24), 

I b=O 
the time dependence of the signed amplitude 'b , which 

determines the evolution of the helical structure 

pictured in Fig. 6, is the displacement of a unit mass 

particle of energy K moving in the potential p( 'b). 

Spherical topology causes the ansatz represented by 

Eq. (5.5) to be mathematically inconsistent. According 

to the idealized model, wave components of the magnetic 

field, depicted by small arrows in this sketch, point 
A 

in the 9 direction at each point on the spherical 

surface 1~1 = ro' when e(rO't) is an integral 

multiple of 2rt. The anomalous character of the wave 

field at the polar axis is evident. To avoid this 

difficulty, we restrict the analysis to the vicinity 

of the equatorial plane, e ~ rt/2. 

Fig. 9. Equations (5.4o) and (5.41) are vector differential 

equations whose terms lie in the plane perpendicular 
A 

to r • The left side vectors are large in amplitude 

and nearly perpendicular to the small :dght side vectors. 

·The latter can be ignored when resolving these equations 

into components along ~ X b (e). The right side terms 

and the large ~ X b (e + 5) term on the left side must 

be included in computing components along b(e). 
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Fig. 10. In the idealized model of the solar wind, tl:.e con·,ective 

evoL:.tion of large amplitude Alfv~n waves is gover::ed by 

the equation VA(b/B0 )
2 

=constant. Solutions of this 

equation are sketched here for four values of the 01ave 

amplitude. In all cases the plasma parameters at the 

reference radius r 0 are 

P,
10 

= 3
00

2 /8rr. For these pressures. the Alfv.§n critical 

instability point, where the plasma would become Altven 

unstable in the absence of the propagating wave, is 

r cr 
(3/2)1/2 r 0. 

When b/B
0 

is small at rO' Cases (c) and {d), 

note the swift growth. of wave amplitude necessary at 

rcr to maintain the reality of VA and .hence the 

stability of the plasma. 

Fig •. ll. Iri the limit of infinitesimal phase lag 5, the magnetic 
A 

field ~ the plasma velocity ~' and r are co-

planar in the idealized model. 

The velocity ~ 
11 

is computed by ta.$.ing the 

projections of the wave and radial components of ~ 

onto ~· Since u + u, = }1, 
"'II "'... ·-

~L easily follows. ·• 
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~-----------------LEGAL NOTICE--------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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