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Experimental Study of Chatter Free Sliding Mode
Control for Lateral Control of Commuter Buses in

AHS

Pushkar Hingwe

Masayoshi Tomizuka

California Partners for Advanced Transit and Highways (PATH)

Mechanical Engineering Department

University of California at Berkeley March 1995

Abstract This report presents design and experimental evaluation of lateral controllers for

commuter buses based on Sliding Mode Control (SMC). The objective of the control is to

track the lane centerline. A nonlinear control strategy is needed to take care of variation

in longitudinal velocity. SMC, a robust control technique, is selected because of passenger

load uncertainties and variations in road tire interaction. Importance is given to reduction or

elimination of the control chatter inherent in the SMC systems involving switching functions.

Two SMC based controllers are designed and are shown to differ only in the position of an

integrator which gets naturally introduced into the closed loop. One of the methods is chosen

for experimental verification because it guarantees asymptotic tracking with no chatter in

the control input to the steering actuator of the vehicle. At the time of writing this report

no experimental bus was available, therefore close loop experiments done on a passenger car

(Pontiac 6000) are presented.

Keywords: Advanced Vehicle Control Systems, Sliding Mode Control, Chatter reduction.

Lateral control.



Executive Summary

This report summarizes the second year research results on lateral control of Commuter

Buses in Automated Highway Systems (AHS) conducted in the PATH project (MOU129)

: Steering and Braking Control of Heavy Duty Vehicles. Lateral control of vehicles in the

light of Intelligent Transportation Systems (ITS) and Automated Highway Systems (AHS)

has been an active research subject in recent years. Though much of the work in the past

has been concentrated in the area of light vehicles, a study done by Tsao (1995) regarding

the deployment of AHS suggests that commuter buses may become prime candidates for

the initial deployment of AHS. This is one of the motivations for the present study. This

report is a continuation of the previous report (Hingwe and Tomizuka 1995) in which the

application of Sliding Mode Control (SMC) methodology, a robust nonlinear control design

technique, was studied in the context of lateral control of commuter buses. Two SMC based

controllers were studied. For continuity, a brief summary of the SMCs is presented. Only

lateral and yaw dynamics of the buses are considered in the design of these controllers. One

design is similar to that used by (Pham et al. 1994) for the control of passenger vehicles. In

the second SMC approach, the steering angle rate becomes the control command instead of

the steering angle in the first approach. A feature common to the two SMC approaches is

that an integrator can be naturally introduced into the feedback loop. In the first design,

the presence of integral control assures static robust performance when the Signum function,

which appears in SMC, is replaced by a saturation function to eliminate chattering. The

introduction of the integrator in the second SMC design is somewhat more natural. It

filters the control chatter while retaining the asymptotic tracking ability. This controller

was chosen for experimental study. At the time of writing this report an experimental

bus was not available, therefore experiments were done on a passenger car, Pontiac 6000.

For implementation of the controorller, an adaptive robust lateral velocity observer was

designed and implemented. Closed loop experiments conducted in Richmond Field Station

included this observer. Although the focus of the present study is on SMC methodology,

a discontinuous control technique, it is shown that a linear robust term is sufficient for

asymptotic regulation. This design is also shown to be robust to singular perturbations

caused by using filtered measurements.

. . .
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1 Introduction

Lateral control of vehicles in Intelligent Vehicle Highway Systems (IVHS) and Automated

Highway Systems (AHS) has been an active research subject in recent years. Much of the

work in past has been concentrated in the area of light vehicles. Peng and Tomizuka (1993)

applied Frequency Shaped Linear Quadratic (FSLQ) control to the problem of lateral (steer-

ing) control of the passenger car. Pham et al. (1994) applied Sliding Mode Control (SMC)

to the problem of combined lateral and longitudinal control of passenger cars. Ackermann

et al. (1995) applied SMC in a different manner from Pham et al. (1994) to the problem

of lateral control of passenger cars. In this report lateral control of the commuter buses is

considered. Commuter buses are roughly 10 times heavier than passenger vehicles. Hence

the system response to a steering angle command is sluggish. Also there is greater likelihood

of tire force saturation during cornering. The behavior of the vehicle is nonlinear at the

saturation point of the tires (Peng 1992),  (Bareket and Fancher  1989). Furthermore, bus

parameters such as the mass and moments of inertia change often and over wide ranges and

buses are more prone to roll over than passenger vehicles. Because of the above mentioned

characteristics, robust or adaptive control is essential for the lateral control of commuter

buses.

This report is a follow up of the Annual Report (Hingwe and Tomizuka 1995) submitted

to PATH in 1995. Two SMC based controllers were studied from the perspective of lateral

control of commuter buses. In this report, we present experimental evaluation of one of

the controllers described in (Hingwe and Tomizuka 1995). For the sake of completeness, we

summarize the design of the two SMCs. Only lateral and yaw dynamics of the buses are

considered in the design of these controllers. One design is similar to that used by Pham et

al. (1994) for the control of passenger vehicles. A linear combination of lateral error and yaw

error, which in effect gives the lateral displacement of a point other than the center of gravity

(CG) of the vehicle, is fed back to the controller. The combined error becomes input to the

SMC. Another control approach presented here is motivated by Ackermann et al. (1995).

We apply this control algorithm to the problem of lateral control of commuter buses with

a different but equivalent formulation. The system is extended dynamically on the input

side. Conventional SMC is then designed. A feature common between the two SMCs is
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that an integrator gets naturally introduced into the feedback loop. In the first design, the

integrator assures zero static error and in the second design, it filters the chattering due to

the discontinuous robust term. Because the second design guarantees asymptotic tracking

of the road centerline, it is chosen for experimental study.

Several implementation issues are presented and solved with respect to the above con-

troller. A robust adaptive lateral observer, which is independent of the model parameters,

is designed for lateral velocity estimation. Yaw-rate and yaw-angle are also estimated using

stable filters. Two accelerometers were installed on the Pontiac 6000 for implementation

of the SMC controller based on steering angle rate as the input. A passenger car had to

be chosen for closed loop experimental study because at the time of writing this report, an

experimental bus was unavailable. The success of the closed loop experiments has created

confidence in the application of this methodology to commuter buses

Although the focus of this report is discontinuous control, it is of interest to note that

because of the Lipschitz nature of the differential equations representing the car model, a

continuous controller (instead of a discontinuous one) is sufficient to regulate the vehicle to

the road center-line. Apart from parametric robustness, this controller is shown to be robust

to singular perturbations arising from filtering of the states.

The remainder of this report is organized as follows. Section 2 contains the problem

formulation along with the dynamic model of a commuter bus. The SMCs are designed in

section 3. Section 4 discusses implementation issues and presents closed loop experiments.

Conclusions are presented in section 5.

2 Lateral Control Problem for Commuter Buses

In general the control objectives in lateral control of road vehicles for lane following are as

follows:

1. Keeping lateral error at a selected point, e.g. at the center of gravity close to zero.
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2. Maintaining the vehicle orientation parallel to the road orientation.

It is known that the orientation error, i.e. the yaw of the vehicle relative to the road

orientation, cannot be made zero on a curve (at steady state) for vehicles which only have

front wheel steering (Matsumoto and Tomizuka, 1992). Thus the control objective is to keep

the lateral error of a certain point on the vehicle body zero while maintaining stability of

the yaw dynamics.

2.1 The vehicle model

In this section, we describe the dynamic equations and the parameters of the vehicle model.

The complex and simplified models of the passenger vehicle were derived by Peng (1992)

Figure 1: The description of the states, input and the output

and Patwardhan (1994). T he vehicle model to be used for closed loop simulations for the

commuter bus is essentially Peng’s complex model (Peng 1992) with modification to accom-

modate weight shift due to roll and substitution of the tire model in Peng (1992) by a tire

model suited to buses. Details of the tire model appropriate for commuter buses are given in

Bareket and Fancher  (1989). Open loop simulations show that the pitch dynamics are neg-

ligible. Roll dynamics, though not small, are not considered because the coupling between

the roll and the steering input is rather weak. Thus, for the controller design, we consider
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only the lateral and the yaw dynamics. The dynamic equations of the bus model for control

design purpose are given by

mji = -m&i - 2C,,($ - f&)/i

- 2C& + q/i + 2ca,s

ji L j-l(X) + b16

I,i’ = a&& - &)/ii - 2Z&,,($ + iZl)/Li

+ 2w,,s

(1)

where,

jl = Vehicle velocity along the lateral principle axis of the sprung mass of the vehicle in m/s,

y = Vehicle linear acceleration in the lateral principle direction in m/s2,

i = Yaw rate of the vehicle in r&/s (refer Figure l),

r = Angular acceleration of the vehicle in the yaw direction in rad/s2,

2 = Longitudinal velocity of the vehicle (component along the road) in m/s,

m = Mass of the vehicle in kg (10,000 - 16,000),

I, = Yaw moment of inertia in kgm2 (171,050),

Zr = Longitudinal distance of the front axle from the center of gravity in m (3.67),

Z2 = Longitudinal distance of the rear axle from the center of gravity in m (1.93),

C,, = Cornering stiffness of the rear tires in KN/rad (425),

Car = Cornering stiffness of the front tires in KN/rad (213),

6 = steering angle (input) in rud,

fl(X) ii (-n-G - K,&jl - 2C& - i/2)/j.

-x&+~h)/qm,

x is the state vector comprising of [y, rj, E, i],

bl A 2C,,/m,

f2(x) 2 (21&‘+(5i  - &)/i - ZllC,,($ + al)/;) /I, and

b2 A (%G,)/&.

The values in parentheses are nominal or range of corresponding parameter. Because we

are interested in keeping the lateral error of a certain point on the vehicle zero , we define

the lateral error at this point as yS. This point is located a distance d, ahead of the center
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of gravity (CG) of the vehicle and is shown in Figure 1. A lateral error sensor is located at

this point. yS is given by

ys = yr + ds(c - cd) (2)

where yt- is the lateral position of the CG of the vehicle with respect to the road centerline,

cd is the yaw angle of the road with respect to a global coordinate system (see Figure 1) and

6 is the yaw angle of the vehicle with respect to the same global coordinate system as in the

definition of cd. Road yaw rate, given by id = V,/R where R is the road radius, is assumed

available. V, is the longitudinal velocity of the vehicle along the road.

For the control design, we will require that ‘i’d be piecewise continuous. This can be

achieved by filtering the road curvature data. Since the quantity of interest for control

purposes is yS, it is judicious to write down the state equations in terms of the output yS

that we want to regulate. The transformation from body fixed coordinates to the road

coordinates gives us the following dynamical equations representing the plant model.
d
ZYS = Y.9

-$ = (i + d,i’) cos(c - cd) + (2 - d,c2) sin(r - cd) - Vz2/R

With the help of equation (l), the above equations can be rewritten as

-$$ = -ici - 2Car/m($  - iZ2)/i - 2Caf/m(y + iZl)/i

+ 2C,,/m6 + 2d,hC,,/I,(jl- &)/It:

- 2d,Z,C,,/l&j+ ill)/? + 2d,ZlC,&6 + (ii - d,c2)(c - Ed) - V2,/R

2 f(s) + b&

where

f(z) = 42 - 2C,,/m(j, - iZ2)/k  - 2Caf/m($ + iZl)/i + 2dsZ&‘,,/Iz(jl  - i/2)/i

- 2dsZlC,,/I&/  + iZ#i + (2 - d,c2)(c - cd) - V2,/R

and b = 2C,J(l/m  + dJl/L)

(3)

The input to the plant is S and the output is yS. The controller designs summarized in

the following section will utilize the above equations.
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3 Controller Design

In this section, we present two SMC based controllers for lateral control of buses. As stated

earlier, one control objective is to keep the bus lateral error zero and yaw error bounded

at all times. Ride comfort has to be maintained. Additionally, steering angle is limited to

approximately 0.5 rud and the steering angle rate to O.Eirud/s. The assumptions for the

controller design are :

l All states are available,

l f2(x) is sufficiently smooth and

l road yaw rate, I$, which will occur in the controller design, is sufficiently smooth.

3.1 Sliding Mode Controller Design - I

In this section we present the design of a Sliding Mode Controller for lateral control of

commuter buses. The formulation of the control law follows from Pham et al. (1994).

Essentially, the SMC methodology consists of defining a sliding surface variable s, given by

s 4 6+ Xe, x > 0. (4)

where e, the tracking error, is the difference in the actual lateral error at the sensor ys and

the desired lateral error at the sensor ysd. If we devise a control law such that

s.4 5 -rllsI, rl > 0, (5)

then we are assured of reaching the sliding surface (s = 0) within a finite time, given by

s(ts)/q, where t,-, is the initial time. Once on this surface, the system stays on it. The

functions f(x) and b (equation 3) are not known exactly but their nominal values are known

in terms of the nominal values of plant parameters and current state. Let these be denoted

by p(x)  and g. Our task is to construct, given the bounds on f(x) and b, a control law such

that the system is driven to the sliding surface in the way prescribed by inequality (5). It is

assumed that f(x) and b satisfy the following inequalities:
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If - PI I F and (6)

where F, b,,, and bmin are known. It can be verified that the control law

6 = (ii - k sgn(s)) /i (7)

ensures the satisfaction of inequality (5).

In equation  (7), k 2 P(F+q)+(P-l)ltiI,  P = (b,,,/b,~,)1/2,  2 = -.f+&,)--A(&-jr,,),

Gs, and ji,, are the desired lateral velocity and the desired lateral acceleration at the sensor

location respectively. Note that in our application 3jsd and ji,, are identically zero. Control

law given by equation (7) ensures that sliding at s = 0 is guaranteed to take place. Since the

error dynamics (equation 4) is asymptotically stable for s = 0, the control law (equation 7)

assures that the lateral error ys will go to zero.

However, because of the presence of k sgn(s) in the control law, the input 6 to the plant

chatters. This may be detrimental to the steering actuator. One way to smooth the control

is to use sut(s/!D), a saturation function, in place of sgn(s) in the control law. Q is the

boundary layer thickness around the sliding surface s = 0 where the saturation function is

linear in s/a. In this case it is not assured that s goes to zero. A partial solution to this

problem is to redefine the sliding variable s as

s = 6 + (Xl + X2)e  + XIX2 Jt e(r) dr (8)to
= (D + Al)@ + A,)+)

where v(t) = J,’ e(r) dr.

(9)

v(t) can be considered the output of the augmented plant (see Figure 2). The control law is

modified to

S = l/&i - ksut(s/Q))

where s is given by equation (8) and 6 is given by

ii = -j: + (y&) - (Xl + X2)& - Xl&e

The gain k remains as defined in equation (6). Though the above control law does not imply

convergence of tracking error, e, the tracking error will be close to zero when the combined
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effect of the disturbances and uncertainties is nearly constant in the region IsI < a. The

closed loop system is summarized in Figure 2. Note the presence of an integrator in the path

from ys to 6. In the next section, we design a SMC with steering rate as the input to the

Ys=e

P L A N T  LFl-

S
Modified S.M.C. - @+h)@%)

Figure 2: Block diagram of controller one

vehicle.

3.2 Sliding Mode Controller Design II

This section describes a different approach to the SMC design for lateral control of buses.

This approach is motivated by Ackermann  et al. (1995) in which the lateral control problem

is tackled in two stages. First, a desired yaw rate which stabilizes the lateral dynamics at

the sensor is computed. Then a controller which uses conventional SMC methodology is

designed to track the desired yaw rate. We had shown in (Hingwe and Tomizuka 1995) that

there was an equivalent way of designing this controller. The main benefit of the alternative

perspective was that asymptotic stability could be shown. In the remaining section, we

summarize the control design.

Consider a dynamic extension of the system as given below

(11)
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where f* = f and S* = S. We assume that we do not know the value of system parameters
A h

in f* and b exactly. Let f* and b be the nominal representation of f* and b respectively in

terms of the nominal parameter values and system state. f*, k and b satisfy

&in 5 b L Lx If+ - f*l I: F *

where F , bmin and b,,, are known. We define the sliding surface variable s as

s = (II + A)@ + k)Y, (12)

where X and k are positive and construct a control law S* given by

S* = (ii - K s,,(s))/& (13)

where

and

ii = -f^+ - (k + A)$ - kX$,

k 2 P(F* + 7) + (P - WI,
P = (bnaz/bmi,)1’2.

It can be easily checked that sj: 5 -qlsI. If q > 0, we are assured that s goes to zero in

finite time. Sliding takes place after s = 0 and ys goes to zero asymptotically. The algorithm

is summarized in Figure 3. We can see that this algorithm introduces an integrator in the

feedback loop. The integrator appears ahead of the plant. This integrator filters off chatter

in S*.in S*.

66 66 e =yse =ys
l/s d P L A N Tl/s d P L A N T

S.M.C.S.M.C.
s _s _
-- @+k ND+ 3L) - -@+k ND+ 3L) - -

Figure 3: Block Diagram of the second controller seen as input filtering

By comparing Figure (2) and Figure (3), it can be seen that the difference between Design

I and Design II is in the placement of the free integrator. Design II eliminates chatter while
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preserving asymptotic tracking. Because of this, Design II was chosen for implementation

and experimental study.

4 Experimental Evaluation of Design II

Experimental evaluation of the SMC using steering rate as an input was done on the Pontiac

6000, the PATH research car. Because a bicycle model was used in the control design, the

controller design is valid for passenger cars. This section is divided into two parts. The first

part discusses the measurements needed to implement the controller. Sensors used to get

these measurements and observers used to estimate the non-measurable states are discussed.

The second part gives a description of the experimental set up and presents some closed loop

experimental results from Richmond Field Station test-track.

4.1 Measuring  and estimation of the states

The SMC methodology is based on feedback linearization and requires the following quanti-

ties as feedback information.

0 output ys

0 Lateral Velocity jl

l Ya w er r o r  6 - c d

0 Yaw-rate i

l Desired Yaw-rate id

0 Lateral acceleration $

l Yaw-acceleration ii

l Desired Yaw-acceleration &

10



At present, most of these quantities are directly measured. A list of the relevant sensors

on the Pontiac 6000 is given below:

l Magnetometers at the front and the rear end of the vehicle. These give lateral distance

from the magnets (embedded along the road centerline).

0 Yaw-rate sensor.

0 Lateral accelerometers at

- center of gravity

- Front end of the vehicle

- Rear end of the vehicle

The accelerometers at the front and the rear ends were installed in the course of the

present project. The sensors were mounted on aluminum brackets which in turn were

mounted on the car body. The sensors were calibrated against the accelerometer at the

CG.

The sensors mentioned above can be used to obtain all the state measurement except

lateral velocity. We propose the following robust observer for lateral velocity estimation.

Lateral velocity observer

From kinematics, we have the following equation

1 ys = tj + k(z) + d, * (i - id)

-.&g (14)

where ? = c - cd.
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By letting

v given by equation (18) becomes negetive semidefinite. From La Salle’s invarient set theo-

rem (Slotine 1991), we can conclude that the estimation error Ys - & G - 6 converges

to zero asymptotically. However, the parameter & may not necessarily converge to d,.

Having taken care of the measurement and estimation of state variables, we examine some

implementation problems associated with measurements.

It can be seen from Figure 3 that the implementation of the controller requires the mea-

surement of acceleration. There are two practical problems associated with the acceleration

feedback. Firstly, the lateral acceleration signal for low speeds and large radii of curvature

of the road is very small. Therefore the noise to signal ratio is high. Secondly, because the

accelerometers have to be mounted on the sprung mass of the passenger cars - a problem

which will not exist in the case of heavy vehicles such as commuter buses - the component of

acceleration due to gravity in the direction of vehicle roll is contained in the sensor output.

Note that the acceleration signal is used in two places in the control law: 1. For canceling

the nonlinearities (given as -f*) and 2., for evaluating the sliding surface variable term in

Ksign(s).  The nonlinear functions are very sensitive to noise in their arguments. We take

care of this problem by analytically integrating part of the control law and by filtering where

necessary.

Recall that the control law given by equation (13) is

d‘ = l/i(-) - (X + k)ji, - Xky’, - Ksign(s)

Therefore,

tS= J rto
l/i@ - (A + k)& - Xky’, - Ksign(s)] dr

S = l/i (-j - (A + k)y’, - Xky, - 1; Ksign(s)dr)

Notice that the control law now requires the acceleration measurement only for computing

s. Jtt Ksign(s)dT cannot be analytically integrated and hence the filtering of variable s

becomes necessary.
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The control law now becomes,

S = l/i (-j - or& - a2ys - 1; Ksign(v)dr)

rti+u=s
where al = (k+X) and a2 = kX with k and X as defined in equation (12). The implementation

of this control is summarized in Figure (4). Experimental results presented in section 4 are

based on this control law.

Alhough the focus of this report is SMCs,  it is of interest to note that the discontinuous

robust term (sign(s)), is not required to achieve regulation of the system to ys = 0. A

sufficient condition for regulation of the system under consideration is that the control law

be

S* = l/&(-f* - (rij;, - 02$ - Kv)

where

ri/+u=s

and K and r are design parameters. The proof of this claim is given in Appendix B.

4.2 Closed loop Experiments

Closed loop experiments for Design II were performed in the Richmond Field Station. The

test track is shown in Figure 5. The experimental setup in the Pontiac 6000 is adequately

described in Peng (1992) and Hessburg (1994). T he same hardware and software was used

to implement the SMC. The closed loop experiments are summarized in Figures 6, 7 and 8.

The Lateral-error plots show the distance from the magnetic markers on the test track to

the front magnetometer (bold line) and the rear magnetometer (dashed line).

The tracking error is comparable to the tracking error obtained by previous researchers

using Frequency Shaped Linear Quadratic (FSLQ) (Peng et al. 1992) and marginally better

than (Fuzzy Logic Control) (Hessburg et al. 1994). The peak tracking error was typically
+

within - 10 cm. Tracking error can be made smaller by making the sliding mode dynamics

faster, but passenger comfort is compromised. An important advantage of the SMC as

14
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Figure 5: Richmond Field Station Track

seen from the longitudinal velocity plots in Figures (6) - (7) is that the tracking error is

insensitive to variation in longitudinal velocity. Unlike linear algorithms (e.g. FSLQ), no

gain scheduling is necessary.

Apart from passenger comfort, there are other limitations to the design of sliding surface.

Due to the noise in measurements used for the lateral velocity observer, the observer cannot

be made very vast. This limits how fast the sliding mode dynamics can be designed. A

steering actuator with bandwidth of about 3-4 Hz is another factor in limiting the design of

the sliding mode dynamics.

The control design does not account for the internal dynamics in yaw. The internal

dynamics are not observable from the output ys, but they are felt by the passengers as

uncomfortable oscillations. Although the internal dynamics in the present case is stable,

quickly changing road radius at the Richmond Field Station keeps them sustained. Some

correlation was found between these yaw oscillations and the sliding surface parameters

cyi and oz. It was seen that the slower sliding surface dynamics reduced the oscillations

significantly.
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time in 30 ms ticks time in 30 ms ticks

0 500 1000 1500 2000
time in 30 ms ticks time in 30 ms ticks

Figure 6: Experiments with ~1 = 6 and (112 = 8

Another possible reason for the oscillations may be the oscillation of the steering angle

as seen in Figures (6) - (7). This oscillation may occur because of the high gain robust term

St”, Ksign(v)dT  term. From the plots of sliding surface variable s v/s time in Figures (6) -

(7), it can be seen that St”, Ksign(v)dT  may be oscillatory. The remedy to this problem lies

in transferring some burden of robustness from the high gain term to adaptation.

Another strategy to make the yaw dynamics benign may be output redefinition. Because

the yaw dynamics have a pole at -2 (Hingwe and Tomizuka 1995),  projecting the lateral

sensor measurement to a point ahead of the vehicle (which will increase d,) should decrease

oscillations.

5 Conclusions

Two SMC based controllers were applied to the problem of lateral control of commuter buses.

The reduction of the chatter, which appears in the control action due to the presence of the

sign function in SMC design, was one of the objectives. A boundary layer was added to

smooth the control in the first approach. However, we lose the robust asymptotic tracking

of the Sliding Mode Control design methodology. In the second controller, an integrator
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Figure 7: Experiments with al = 6 and ~22 = 10
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Figure 8: Experiments with (~1 = 6 and a2 = 10
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APPENDIX A. Parameters for experimental car (Pontiac 6000)

Nominal values

l mass = 1485 kg

l Iz = 2782kg/m2

0 c,, = 42000Nlrad

l Car = 42000N/rad

0 II =  l . l m

l l2 = 1.58m

l d, = 1.96m

Parameter ranges

l min mass = 1300 kg , max mass = 1600 kg

l min I, = 1400kg/m2 , max I, = 3000kg/m2

l min C,, = 38000N/rad,  max C,, = 42000N/rad

l min Colt = 38000N/rad,  max Colr = 42000N/rad

l 7 = .25

l ICI = 15, k2 = 50

0 k(t = 0) = 2m

Parameter values used in the observer
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APPENDIX B. Continuous robust control design

Consider the model of the vehicle described by equations (ll), which restated is

; Ys = is

f j;, = f* + bS

recall form equation (3) -ft@ = -i - Vz2/R + (2 - d,i2)(c - cd)

+ 2Ca, (l/m + hW$ PO>

(21)

where g = -i - Vz2/R + (2 - dsi2)(c - Q) and

[ I

T

@T = -2
ca,<~ + y, + Ca,($ - y,

ccJ; + 9) + c&y - y,z

Notice that l/i can be treated as a known parameter and it is trivial to see that [ 1$ i is

Lipschitz. Dynamically extending the system, we obtain the following representation

+ b8 (22)

If 2 and i are treated as measured parameters, then [$ i jj 21’ is Lipschitz. For nota-

tional simplicity, we rewrite the system as
d
-& Xl = x2

d
z x2 = x3

-$x3=$+OTf  +u (23)

where, by abuse of notation, OT = [g g]. It can be verified that the control law given

bY
u = -cj - Of - a!lXQ - Q2X2  - KS
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where

s = x3  + QlZ2  + a221

results in j: = -KS. Because s goes to zero asymptotically and s = 0 is a stable system

(by design of crl and cr2), x1 converges to zero. Note that the x3 is an acceleration term. A

low pass filter is used to smooth the acceleration measurement. Also, parameter vector 0 is

unknown. A nominal value 6 is used. Bound on 0 is assumed to be known. Under these

assumptions the control law is,

u = -S - 6f - CY~X~ - a2x2 - Ku (24)

rc+v=s (25)
If the filter is fast enough, then the asymptotic regulation is maintained. In presence of the

singular perturbation given by equation (25), the feedback system consists of two natural

parts. One part is called the reduced system and is given by

d
-& Xl = x2

d
z x2  = x3

; x3 = (0 - 6) - a1x3 - a2x2  - K u (26)

The second part is called the boundary layer dynamics and is the dynamics of the difference

between variable s and variable u. Using the definition e = v - s we rewrite the filter

equation (25) as

ri:+e=rKv (27)

We now prove the stability of the combined feedback system given by equations (26) and

(27).

Consider the following Lyapunov function candidate

2V = ps2 + (1 - p)e2

Taking the time derivative of the above Lyapunov function along the trajectories of the

system given by equations (26) and (27), we obtain

ti = -Kps2 - (1 - p)(l - ‘,e” + K(1 - 2p)es + psjAOl/fl7-
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where A@ = 0 - 0 . Since f is Lipschitz, we obtain

lA@llf [ L 11(x1( + 12(x21+  131531

I 71x3 + a222 + w4 for some v-0

= YISI
where 11, l2 and 13 are Lipschitz constants. Therefore,

ti I -(K + y)p2 - (I - p)( 1 - i)e2 + K( 1 - 2p)es

rearranging the above equation in to a matrix equation, we get,

c-i - c-4 j+$d S

KF ( 1  -p)(l - $) I[ 1e
With the appropriate choice of the design parameters p, K and r , the above matrix can

be made negative definite (diagonally dominant) and thus it is assured that s and e go to

zero asymptotically.
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