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ABSTRACT OF THE DISSERTATION

Constrained Codes and Signal Processing for Non-Volatile Memories

by

Minghai Qin

Doctor of Philosophy in Electrical Engineering
(Communication Theory and Systems)

University of California, San Diego, 2014

Professor Paul H. Siegel, Chair

Non-volatile memories (NVMs) have attracted considerable attention as data storage
media because of their fast read/write speed, high data throughput, large capacity, and low power
consumption. They are widely used in mobile, embedded, and mass-storage applications. The
research goal of this dissertation is to model NVM systems in a mathematical manner and to de-
sign constrained codes and signal processing techniques that improve the performance of NVM
systems.

Our main contribution of this research dissertation is the invention of constrained codes
for different NVM systems. For the most widely-used flash memory systems, we manage to use
inter-cell interference (ICI) free codes to mitigate the coupling effect of adjacent cells during
write operations, to use balanced codes to tolerate charge leakage effects during read operations,

and to use write-once memory (WOM) codes to enlarge the lifetime capacity of devices for sev-
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eral practical scenarios. On the other hand, we also manage to use time-space constrained codes
to eliminate cross-talk and to reduce heat accumulation for phase-change memories (PCMs),
which is one of the emerging technologies that could potentially replace flash memories as the
building block for the next generation of NVM systems. We derive the capacity (or bounds on
the capacity) for each constraint and provide explicit code constructions with low encoding and
decoding complexities.

Furthermore, the optimization of programming flash memory systems is studied by sig-
nal processing tools. Flash memories use the amount of charge trapped in cells to represent the
data and the cells can have multiple levels . One of the most prominent features of programming
flash memory cells is the asymmetry in programming and erasing, namely, the cell levels can
only be increased during programming and cell erasure must be done at the block level. In order
to achieve high programming speed and precision, we solve optimization problems that either
minimize the programming time or the number of programming errors, subject to the constraint

of unidirectional incrementing of cell levels.
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Chapter 1

Introduction

1.1 Background

Non-volatile memory (NVM) is computer memory that can preserve stored informa-
tion even when not powered. It includes read-only memories (ROMs), (e.g., PROM, EPROM,
EEPROM), non-volatile random-access memories (RAMs), (e.g., flash memories, phase-change
memories), etc. The non-volatile property enables NVMs to be used in a wide range of data
storage applications, such as cellphones, cameras, computers, and so on. Due to their low power
consumption, large read/write throughput, and high density, there is a growing interest in re-
search on advanced NVMs, especially in the most widely-used flash memories and new tech-
nologies including the phase-change memory (PCM). In particular, this dissertation focuses on
the research problems that arise from signal processing and coding algorithms that enhance the
capacities of flash memories and PCMs.

The challenges of implementing NVMs come from the need for improved data reli-
ability. Typically, NVM systems consist of arrays of cells and each cell has multiple states to
represent data. During the writing or programming process, the data intended to be written to the
memories might be distorted due to programming noise, write disturbance, and cell heterogene-
ity; during the reading process, the data read from the NVM systems might also be corrupted
due to read noise, read disturbance, and aging of the NVM cells. All of the mechanisms above
would cause asymmetric, time-variant, and unpredictable errors in NVM systems. Furthermore,
as the NVM cells are arranged in a denser array to allow higher capacity per square inch, the
interference between NVM cells is no longer negligible and more attention needs to be paid to

cross-talk of adjacent cells.



Coding and signal processing tools play an important role in detecting and eliminating
the errors in NVM systems. The data storage system can be viewed as a communication sys-
tem through the dimension of time, where one wishes to communicate from the present to the
future. Shannon established the theory of information and coding in his celebrated paper [75]
and determined the maximum achievable transmission rate of a communication system. Since
then, a variety of codes have been discovered and implemented in data storage systems. These
codes include error correction codes (ECCs) and constrained codes. ECCs use extra redundancy
to correct the corrupted data in storage devices. Examples of ECCs include Hamming codes,
Reed-Solomon (RS) codes, BCH codes, Turbo codes, low-density parity-check (LDPC) codes,
and recently discovered polar codes and spatially coupled codes. On the other hand, constrained
codes forbid some error-prone patterns from being recorded in the storage system. For example,
run-length limited (RLL) constraints [96] and maximum transition run (MTR) constraints [64]
are used in magnetic recording to avoid inter-symbol interference and to avoid synchronization
errors. Additionally, signal processing techniques provide a powerful tool for data detection and

estimation.

1.2 Constrained codes for non-volatile memories

Constrained codes are capable of mitigating the side effects of write asymmetry and ICI
by not allowing the cell state to change arbitrarily and removing the most error-prone patterns.
Applications of constrained codes date back to tape drives and hard-disk drives (HDDs). For
example, for binary sequences, the (d, k) run-length limited (RLL) constraint [96] requires the
runs of 0’s between successive 1’s to be greater than or equal to d (the d-constraint) and less than
or equal to k (the k-constraint). The d-constraint reduces the effect of inter-symbol interference
and the k-constraint aids in timing control. The capacity, which describes the asymptotic growth
rate of the number of sequences satisfying a constraint, is one of the most important parameters
related to the constraint. The study of the capacity of various constraints originated in 1948
from [75]. Since then, methods for the construction of constrained codes based on enumerative
coding techniques and finite-state graphs have been developed.

NVM cells are arranged as 1-dimensional or 2-dimensional arrays. Typically, the de-
tection/change of cell states (i.e. read/write process) is driven electronically. The increasing
demands for larger capacities require the cells to be grouped into denser arrays, resulting in the
interference between neighboring cells during the writing process. The parasitic capacitance be-

tween adjacent cells in flash memory, as an example, causes inter-cell interference (ICI) such that



the level of one cell could increase unexpectedly when high voltage is applied to its neighboring
cells. On the other hand, the intrinsic properties of NVM cells can also lead to read errors, such
as charge leakage of flash memory cells, crystallization for PCM cells, and all types of degrada-
tion of NVM cells. The mechanisms can unpredictably change the cell states with the passing
of time. In this dissertation, we study several constraints and the construction of representative

constrained codes that can reduce read/write errors and extend the lifetime of NVMs.

1.3 Signal processing for non-volatile memories

The read/write process of NVM systems is restricted by intrinsic properties of NVM
cells. In order to achieve a better precision, a higher speed, and a longer lifetime of NVM
systems, the read/write process is carefully controlled. Signal processing techniques provide
both criteria and guidelines in the optimization of the read/write process.

In this dissertation, we consider the write process of flash memories. Flash memory
cells use floating-gate transistors to store data and the data is represented by a cell-state vector.
The g-ary cell-state is usually determined by discretizing the amount of trapped charge (e.g.
electrons) in a cell. The read and write process corresponds to the evaluation of the amount of
electrons in flash memory cells and the injection of electrons to the flash memory cells. The
unit of read/write operations in flash memory systems is a page, which consists of ~ 103 flash
cells. One of the most prominent features in the writing process of flash memory systems is the
asymmetry in programming and erasing. Programming (i.e., changing cell-states from low to
high) can be accomplished by a single-page operation; however, erasing (i.e., changing cell-state
from high to low) forces the whole block of cells (~ 10° cells) to be erased. This operation,
called block erasure, not only is time consuming but degrades the flash memory cells as well.
Therefore, electrons are carefully injected when programming to avoid overshooting problems.
In this dissertation, programming strategies that incur the fewest errors and lead to highest write
speed are obtained by solving constrained optimization problems where the constraint function

reflects the limitation of unidirectional incrementing of cell states during programming.

1.4 Dissertation Overview

In this dissertation, we first propose and study some constrained codes that fit into the
models of different NVM systems. Then we study programming strategies for the flash memory

system that acknowledge its unique asymmetry in programming and erasing.



In Chapter 2, we study time-space constrained codes for PCMs. In particular, this set
of constrained codes can reduce the cross-talk induced by programming PCM cells and prolong
the lifetime of PCM cells by limiting the heat generated during programming. Capacity analysis
of the set of constraints is presented, followed by specific code constructions.

In Chapter 3, the write-once memory (WOM) code is introduced as an efficient rewriting
code to increase the life-time capacity of flash memories. We study the construction of multi-
level WOM codes based on integer lattices where we require that the data rates on all rewriting
generations are equal. Asymptotically optimal code constructions are given for the case of n = 2
cells. For n > 2 cells, the asymptotically optimal partition for maximizing lifetime capacity of
the n-dimensional integer lattice is presented. It remains open whether there exists a WOM code
that is compatible with this partition.

In Chapter 4, we extend the WOM model such that during each rewriting process, not
only new data is stored, but a subset of old data is required to be recoverable as well. Three
canonical and concrete problems are proposed and the corresponding capacity analysis and code
constructions are presented.

In Chapter 5, we study both the inter-cell interference (ICI) phenomenon in the write
process and the charge leakage effect in the read process of flash memory systems. In the first
part, constrained codes that mitigate the ICI and tolerate the charge leakage are proposed. Based
on different techniques, asymptotic rate analysis for the constrained codes is presented. In the
second part, a WOM model with mitigated ICI is explored. Both capacity analysis and code
constructions are given.

In Chapter 6, we propose a more realistic criterion to evaluate the performance of pro-
gramming techniques for flash memory cells and look for algorithms to optimize the parallel
programming of an array of cells. In the first part, we present a polynomial time-complexity
algorithm to achieve optimal programming in the absence of noise, either with or without ICI
mitigation. In the second part, we study different models for programming noise and derive
optimal programming strategies, with or without feedback information on cell levels after each
round of programming.

In Chapter 7, we consider rank modulation, a data representation scheme that can toler-
ate overshooting in cell programming as well as charge leakage. We study parallel programming
for rank modulation and minimization of programming time during data update. We present
lower bounds on programming time based on both analytical equations and specific parallel

programming algorithms and compare to the single-cell programming strategies.



Chapter 2

Time-space constrained codes for

phase-change memories

2.1 Introduction

In Chapter 1, we briefly discussed that constrained codes can be used to improve the
performance and lifetime of non-volatile memories. In this chapter, we focus on the application
of constrained codes to phase-change memories.

Phase-change memory (PCM) devices are a promising technology for non-volatile mem-
ories. Like a flash memory, a PCM consists of cells that can be in distinct physical states. In the
simplest case, the PCM cell has two possible states, an amorphous state and a crystalline state.
Multiple-bit per cell PCMs can be implemented by using partially crystalline states [10].

While in a flash memory one can decrease a cell level only by erasing the entire block
of about 10° cells that contains it, in a PCM one can independently decrease an individual cell
level — but only to level zero. This operation is called a RESET operation. A SET operation can
then be used to change the cell state to any valid level. Therefore, in order to decrease a cell level
from one non-zero value to a smaller non-zero value, one needs to first RESET the cell to level
zero, and then SET it to the new desired level [10]. Thus, as with flash memory programming,
there is a significant asymmetry between the two operations of increasing and decreasing a cell
level.

As in a flash memory, a PCM cell has a limited lifetime; the cells can tolerate only about
107 — 108 RESET operations before beginning to degrade [26]. Therefore, it is still important

when programming cells to minimize the number of RESET operations. Furthermore, a RESET



operation can negatively affect the performance of a PCM in other ways. One of them is due to
the phenomenon of thermal crosstalk. When a cell is RESET, the levels of its adjacent cells may
inadvertently be increased due to heat diffusion associated with the operation [10, 68]. Another
problem, called thermal accumulation, arises when a small area is subjected to a large number
of program operations over a short period of time [10, 68]. The resulting accumulation of heat
can significantly limit the minimum write latency of a PCM, since the programming accuracy
is sensitive to temperature. It is therefore desirable to balance the thermal accumulation over
a local area of PCM cells in a fixed period of time. Coding schemes can help overcome the
performance degradation resulting from these physical phenomena. Lastras et al. [56] studied
the capacity of a Write-Efficient Memory (WEM) [2] for a cost function that is associated with
the write model of phase-change memories described above.

Jiang et al. [44] have proposed codes to mitigate thermal cross-talk and heat accumula-
tion effects in PCM. Under their thermal cross-talk model, when a cell is RESET, the levels of
its immediately adjacent cells may also be increased. Hence, if these neighboring cells exceed
their target level, they also will have to be RESET, and this effect can then propagate to many
more cells. In [44], they considered a special case of this and proposed the use of constrained
codes to limit the propagation effect. Capacity calculations for these codes were also presented.

The other problem addressed in [44] is that of heat accumulation. In this model, the
rewrite cost is defined to be the number of programmed cells, i.e., the Hamming distance between
the current and next cell-state vectors. A code is said to be («, 3, p)-constrained if for any
consecutive rewrites and for any segment of 3 contiguous cells, the total rewrite cost of the [3
cells over those o rewrites is at most p. A specific code construction was given for the (o >
1,8 = 1,p = 1)-constraint as well as an upper bound on the achievable rate of codes for this
constraint. An upper bound on the achievable rate was also given for (a = 1,8 > 1,p = 1)-
constrained codes.

The work in [44] dealt with only a few instances of the parameters «, 3, and p. In this
chapter, we extend the code constructions and achievable-rate bounds to a larger portion of the
parameter space. In Section 2.2, we formally define the constrained-coding problem for PCM.
In Section 2.3, using connections to two-dimensional constrained coding, we present a scheme
to calculate an upper bound on the achievable rate for all values of «, 3, and p. If the value of
a or 3 is 1 then the two-dimensional constraint becomes a one-dimensional constraint and we
calculate the upper bound on the achievable rate for all values of p. This result coincides with
the result in [44] for (a > 1, =1,p=1)and (a = 1,8 > 1,p = 1). We also derive upper

bounds for some cases with parameters satisfying (« > 1,3 > 1,p = 1) using known results



on the upper bound of the rate of two-dimensional constrained codes. In Section 2.4, several
code constructions are given. First, we describe an elementary construction for arbitrary values
of «, 3, and p. We then show an improved construction for (x=1,2>1, p= 1)-constrained
codes and extend the construction in [44] of (« > 1,3 = 1,p = 1)-constrained codes to
arbitrary p. Finally, we show how to extend the improved constructions to arbitrary values of

«, 3, and p.

2.2 Preliminaries

In this section, we give a formal definition of the constrained-coding problem. The number of
cells is denoted by n and the memory cells are binary. The cell-state vectors are the binary
vectors from {0, 1}". If a cell-state vector u = (uy,...,u,) € {0,1}" is rewritten to another
cell-state vector v = (v1,...,v,) € {0,1}", then the rewrite cost is defined to be the Hamming

distance between u and v, that is
dH(u,v) = |{Z L U; 7& Z)i,l < i < Tl}’

The Hamming weight of a vector u is wt(u) = dy(u,0). The complement of a vector u is u =
(uy,...,u,). Foravector x = (xq,...,xy,), we denote by xZ the subvector (x, Xp41,...,Xg)

and for a sequence of vectors x; = (xj1,...,%;,),i € N, we denote by x?

» the subvector

(Xips Xipa1s - Xiyg), for 1 < p < g < m. Theset {i,i +1,..., ]} is denoted by [i : j] for

i < j, and in particular, {1,2,..., |2"R]|} is denoted by [1 : 2"K] for an integer n and real R.
We will specify a code by an explicit construction of its encoding and decoding maps.

On the i-th write, for i > 1, the encoder
E:[1:2"R] x {0,1}" > {0,1}"

maps the new information symbol and the current cell-state vector to the next cell-state vector.
The decoder
D; - {0,1}" > [1: 2"Ri]

maps the cell-state vector to the represented information symbol. We denote the individual rate
on the i-th write of a code by R;. Note that the alphabet size of the messages on each write does
not have to be the same. The rate R of the a code is defined as

m

R = liminf 2=1 80, 2.1)

m— 00 m



Remark 2.2.1. The limit R exists: since the individual rates R;,i € N, are bounded from above

Py

by 1, so are the average rates ==1— R ,forallm > 1.

Definition 2.2.1. Let «, 3, p be positive integers. A code C satisfies the («, B, p) time-space
constraint (or simply («, B, p)-constraint) if for any « consecutive rewrites and for any segment
of 3 contiguous positions, the total rewrite cost of those [3 positions over those « rewrites is at
most p. That is, ifv,- = (vi 1,---,0; n), fori > 1, is the cell-state vector on the i-th write, then,
foralli >land1 < j<n—p+1,

‘{(k,é) P Uitk j+e = Ui+k+1,j+€ro Sk<a0<l< /3}‘ 4
or equivalently,
2 du(olit ol < p.
We call such a code C an («, 3, p)-constramed code.

We assume that the number of writes is large and in the constructions we present there
will be a periodic sequence of writes. Thus, it will be possible to change any («, 3, p)-constrained
code C with varying individual rates to an («, 3, p)-constrained code C’ with fixed individual
rates such that the rates of the two constrained codes are the same. This can be achieved by using
multiple copies of the code C and in each copy of C to start writing from a different write within
the period of writes. Therefore, we assume that there is no distinction between the two cases and
the rate is as defined in Equation (2.1), which is the average number of bits written per cell per
write.

The encoding and decoding maps can be either the same on all writes or can vary among
the writes. In the latter case, we will need more cells in order to record the index of the write
number. However, arguing as in [95], it is possible to show that these extra cells do not reduce
the asymptotic rate and therefore we assume here that the encoder and decoder know the write
number.

A rate R is called an («, B, p) -achievable rate if there exists a sequence of («, 3, p)-
constrained codes of increasing length 7 such that the rate of each code is R. The (&, 3, p)-

capacity of the («, 3, p)-constraint is denoted by C(«, B, p) and is defined to be

C(a, B,p) =supR,

where R is an («, 3, p)-achievable rate.
Our goal in this chapter is to give lower and upper bounds on the («, 3, p)-capacity,

C(«, B, p), for all values of «, 3, and p. Clearly, if p > af3 then C(«, 3, p) = 1. So we assume



throughout the chapter that p < «f3. Lower bounds will be inferred from specific constrained
code constructions while the upper bounds will be derived analytically using tools drawn from

the theory of one- and two-dimensional constrained codes.

2.3 Upper Bound on the Capacity

In this section, we will present upper bounds on the («, 3, p)-capacity obtained using tech-
niques from the analysis of two-dimensional constrained codes. There are a number of two-
dimensional constraints that have been extensively studied, e.g., 2-dimensional (d, k)-runlength-
limited (RLL) constraints [50,82], the no isolated bits (n.i.b) constraint [23,34], and the family of
checkerboard constraints [65,90]. Given a two-dimensional constraint S, its capacity is defined
to be

Con(S) = lim 0B26s(m:n).

m,n—r 00 mn
where cg(m, n) is the number of m X n arrays that satisfy the constraint S. The constraint of
interest for us in this work is the one where in each rectangle of size a X b, the number of ones

is at most p.

Definition 2.3.1. Let a, b, p be positive integers. An (m x n)-array A = (a; j)1<i<m,i1<j<n €
{0,1}™*" js called an (a,b, p)-array if in each sub-array of A of size a X b, the number of 1’s

isatmost p. Thatis, foralll <i<m—-a+1,1<j<n—-b+1,
Hk0) : 0<k<a—1,0<<b—1,ai =1} <p.
The capacity of the constraint is denoted by Cop(a, b, p).

Note that when p = 1, the (a,a, 1)-constraint coincides with the square checkerboard
constraint of order a — 1 [90].
The connection between the capacity of the two-dimensional constraint Cop(a, b, p) and

the («, B, p)-capacity is the following.

Theorem 2.3.2. Forall «, 3, p, C(«, B, p) < Cap(«x, B, p).

Proof. Let C be an («, 3, p)-constrained code of length n. For any sequence of m
writes, let us denote by v;, for i > 0, the cell-state vector on the i-th write, where vg is the

all-zero vector. The (m x n)-array A = (a; ;) is defined to be

a;j = Vj,j + Vi—1,j,



10

where the addition is a modulo-2 sum. That is, 4; ; = 1 if and only if the j-th cell is changed
on the i-th write. Since C is an (&, 3, p)-constrained code, foralll <i<m—aand1 < j <

n—pB+1,

{(k, 0) s vk jre # Vigiinjre, 0 Sk < o, 0 < £ < BY| < p,
and therefore

{(k€) : 0<k<a—1,0<l<B—Ta4,0 =1} <p.

Thus, A is an («, 3, p)-array of size m x n.

Every write sequence of the code C corresponds to an («, 3, p)-array and thus the num-
ber of write sequences of length m is at most the number of («, 3, p)-arrays, which is upper
bounded by 2""C20(B.P) for m, n large enough. Hence, the number of distinct write sequences
is at most 2""C20(®h.P)  However, if the individual rate on the i-th write is R;, then the total

number of distinct write sequences is [}" ; 2"Ri We conclude that

m
2”Ri < ZmnCZD(a,ﬁ,p)
i=1

and, therefore,

m_R;
% < Copla, B, p).

If m goes to infinity, the rate of any («, 3, p)-constrained code R satisfies
R g CZD(‘XI /3/ p)/

i.e., C((X, /3, p) < CZD(“! /3/ P) u

Theorem 2.3.2 provides a scheme to calculate an upper bound on the («, 3, p)-capacity
from an upper bound on the capacity of a two-dimensional constraint. Unfortunately, good upper
bounds are known only for some special cases of the values of «, 3, p, and in particular, when
p = 1. More generally, finding the capacity of a two-dimensional constrained system, such
as those mentioned above, is a difficult open problem that has attracted considerable attention
over the past 20 years. However, accurate lower and upper bounds on the capacity have been
determined for some constraints, as discussed in [65,84,90]. For instance, upper bounds for some
square checkerboard constraints are given in [90], from which we can conclude that C(2,2,1) <

0.43431 and C(3,3,1) < 0.25681.
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In the rest of this section we discuss the cases where « = 1 or 3 = 1. In these
cases, the two-dimensional (a, b, p) = («, 3, p)-constraint of Definition 2.3.1 reduces to a one-
dimensional constraint on each row or column, respectively. We consider first the case where

a = 1, where the corresponding 1-dimensional constraint is described as follows.

Definition 2.3.3. Let b, p be two positive integers. A binary vector u satisfies the (b, p)-
window-weight-limited (WWL) constraint if for any b consecutive positions there are at most

p 1’s. We denote the capacity of the constraint by Cyywr.(b, p).

According to Theorem 2.3.2, Cyyw(3, p) is an upper bound on C(1, 3, p), the capacity
ofthe (1, 3, p) time-space constraint. Therefore, we are interested in determining the capacity of
the general (b, p)-WWL constraint. Before addressing this question, we consider some special
cases.

We recall the definition of the (d, k)-runlength-limited (RLL) constraint, which requires
that the number of 0’s between adjacent 1’s is at least d and at most k, and we denote the
corresponding capacity by Crrr(d, k). (See, for example, [96], [41].) It is easy to see that the
(b,1)-WWL constraint is simply the (b — 1, 00)-RLL constraint. Therefore, Crr (B — 1, 00)
is an upper bound on C(1, 3, 1), a result that was already shown by Jiang et al. [44].

One can also see that the (b,b — 1)-WWL constraint is the maximum-transition-run
MTR(b — 1) constraint, which limits the maximum length of a run of 1’s to no more than
b — 1 [64]. Interchanging the symbols 0 and 1 establishes a one-to-one correspondence be-
tween the MTR(b — 1) constraint and the (0, b — 1)-RLL constraint. Thus, by Theorem 2.3.2,
Crrr(0,3 — 1) is an upper bound on C(1, 3, 3 — 1).

The capacity of (d, k)-RLL constraints is well known and can be elegantly described as
the logarithm of the largest real root of a polynomial that depends explicitly on the parameters d
and k. (We again refer the reader to [96], [41].) However, we have not yet found a comparable
formulation of the capacity of the general (b, p)-WWL constraint. Therefore, to compute these

capacities, we use the general approach that is described in [61].
Definition 2.3.4. A merge of two vectors u and v of the same length n is a function:

fu:{0,1}" x {0,1}" + {0,1}" " U {F}.

Ifthe last n — 1 bits of u are the same as the first n — 1 bits of v, the vector f,(u,v) is the vector

u concatenated with the last bit of v, otherwise f,(u,v) = F.
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Definition 2.3.5. Letb, p be two positive integers. Let Sy, , denote the set of all vectors of length
b — 1 having at most p 1’s. Thatis, S, , = {s € {0,1}"=1 : wt(s) < p}. The size of the set
Sb,p isM = 2?:0 (b;l). Letsy,sy,...,s)m be an ordering of the vectors in Sb,p. The transition
matrix for the (b, p)-WWL constraint, Ay , = (a; ;) € {0, 1}M*M s defined as follows:

1 iffy_1(si,sj) # Fand wt(f,_1(s;, s;)) < p,

aij = .
0 otherwise.

Example 2.3.1. The following illustrates the construction of the transition matrix A3 > associ-

ated with the (3, 2)-WWL constraint. Note that

53,2 = {Sl, 52,53,54} = {(0,0), (0,1), (1,0), (1,1)},

The merge of s; and s; for i, j = 1,2, 3,4 determines the matrix A3 . Forexample, f>(s1,51) =
(0,0,0), a1,1 = 1; fa(sa,81) = F, a1 = 0; fa(s1,82) = (0,0,1), a1 = 1 # ap. This
shows that the matrix is not necessarily symmetric. Finally, f»(s3,s3) = (1,1,1),and a33 = 0

since (1,1, 1) does not satisfy the (3,2)-WWL constraint.

S o = O

10
01
10
01

O = O =

Definition 2.3.6. A matrix A € {0,1}M*M jg irreducible if for all 1 < i,j < M there exists
some n > 0 such that (A"); ; > 0. Note that n can be a function of i and j.

Lemma 2.3.7. For positive integers b, p, the transition matrix Ay is irreducible.

Proof. From the construction of Ay y, it is clear that (A’g, p)i, j 1s the number of vectors of length
n + b — 1 starting with s;, ending in s; and satisfying the (b, p)-WWL constraint, where s; and
S; are as described in Definition 2.3.5. Therefore, Ab,p is irreducible if for every pair (i, ]),
there exists a vector of length 7 > 1 that starts with s; and ends in s;. Such a vector is obtained

by inserting a sufficient number of 0’s between s; and s;. This proves the irreducibility of Ay . ®

Referring to Theorem 3.9 in [61], we have the following characterization of Cww.(b, p).
Theorem 2.3.8. The capacity of the (b, p)-WWL constraint is given by

CWWL(b/ P) = logz(}\max)/
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where Apgay is the largest real eigenvalue of Ay .

Proof. See Theorem 3.9 in [61]. =

Figure 2.1 shows Cwwr.(/3, p), the upper bound on C(1, 3, p), for 3 < 25and p = 1,2,3,4.

As noted above, the lowest curve corresponds to the capacity of the (3 — 1, co)-RLL constraint.

1—a o
——p=1
—A—p=2
0.8r ——-p=3|
= p=4
(O]
o
[2]
é 06’
Q
Q.
v§, 0.4r S
=
(@) N
0.2/ 0o A
O I I I I
0 5 10 15 20 25

Figure 2.1: Upper bound on C(1, 3, p)

Remark 2.3.1. The construction of the transition matrix Ay , translates into a graph presentation
of the (b, p)-WWL constraint in the form of a labeled, directed graph. The states in the graph
correspond to the vectors in the set Sy ,, and the directed edges correspond to the non-zero
entries in the matrix Ay ,. Specifically, if the entry 4; ; is non-zero, then there is a directed edge
from state s; to state s, with label s; 1, the last bit in s;. Sequences satisfying the (b, p)-WWL
constraint are generated by reading off the labels along directed paths in the graph. The graph
produced by this construction can be identified with a subgraph of the de Bruijn graph on 201
states. Figure 2.2 illustrates the graph that generates the (7,2)-WWL constraint.

Remark 2.3.2. According to Theorem 2.3.2, the capacity of the («, p)-WWL constraint,

Cwwe(a, p), is an upper bound on the the capacity of the («, 1, p) time-space constraint,
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010001

110000

Figure 2.2: Labeled graph that generates the (7,2)-WWL constraint

C(a,1,p). Jiang et al. [44] proposed an upper bound on the rate of an («, 1, 1)-constrained
code with fixed block length # and multiple cell levels. In our numerical experiments, their

upper bound for binary cells appears to converge to our upper bound as 1 — co.

2.4 Lower Bound on the Capacity

In this section, we give lower bounds on the capacity of the («, 3, p)-constraint based upon
specific code constructions. We first present an elementary construction that achieves rate 0%.
We then show how to improve the bound for the (1,3, p)- and («, 1, p)-constraints. In this
section we assume that for all positive integers x and y, the value of x (mod y) belongs to the
group {1, ..., y} via the correspondence {0,1,...,y —1} — {y,1,...,y —1}.

The idea of Construction 2.4.1 is to partition the set of # cells into subblocks of size j3.
Suppose p = B(q— 1) +r, where 1 < g < aand1 < r < 3. The encoding process has a
period of  writes. On the first g — 1 writes, all cells in each subblock are programmed with no
constraint imposed. On the g-th write, the first r cells in each subblock are programmed with no

constraint and the rest of the cells are not programmed (staying at level 0). From the (g + 1)-st
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write to the a-th write, no cells are programmed. The details of the construction are as follows.

Construction 2.4.1 Let«, 3, p be positive integers. We construct an («, 3, p)-constrained code
C of length n as follows. To simplify the construction, we assume that 3|n. Letq = {%W ,T=p
(mod ), where 1 < r < . Forall i > 1, on the i-th write, the encoder uses the following

rules:
e If1 <i (mod «) < g, n bits are written to the n cells.
e Ifi (mod «) = g, rn/3 bits are written in all cells c; such that 1 < j (mod ) < 7.
e Ifi (mod «) > g, no information is written to the cells.

The decoder is implemented in a very similar way.

Example 2.4.1. Figure 2.3 shows a typical writing sequence of an (« = 3,3 = 3,p = 2)-
constrained code of length 15 based on Construction 2.4.1. The i-th row corresponds to the
cell-state vector before the i-th write. The cells in the box in the i-th row are the only cells that
can be programmed on the i-th write. It can be seen that the rate of the code is the ratio between

the number of boxed cells and the total number of cells, which is %.

00[0{00000[0[00/0|00|0

110010100000010
110010100000010
1100101000000 1]0
100100110010 110

100100110010110
10[0{100{110D(01
00001010011
000010100 11

PRI KDY O

Figure 2.3: A sequence of writes of a (3, 3, 2)-constrained code

Theorem 2.4.1. The code C constructed in Construction 2.4.1 is an («, 3, p)-constrained code

. . . p
and its rate is R = 2B
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Proof. We show that foralli > 1and 1 < j < n — 3+ 1, the rewrite cost of the cells
CjsCit1,---,Cjrp—1 Over the writes i,i+1,...,i+a—1,isatmost p. Forall 0 <k <o —1
such that 1 < (i + k) (mod ) < g, all of the 3 cells can be written and since there are
g — 1 such values the rewrite cost on these writes is at most (§ — 1) . For k, such that (i + k)
(mod «) = g, at most r out of these 3 cells are programmed and therefore the rewrite cost is at
most 7. For all other values of k no other cells are programmed. Therefore, the total rewrite cost

1S at most

(G—1)-B+r= <m —1>ﬁ+p (mod B) = p.

The total number of bits written on these o writes is pn /3 and hence the rate of the code
is
R—PUB _ P

an af’

2.4.1 Space Constraint Improvement

In this subsection, we improve upon the lower bound on C(1, 3, p) obtained from the
elementary construction. Let S, (b, p) be the set of all (b, p)-WWL vectors of length n. We refer
to a subset of S,, (b, p) as a (b, p)-WWL code Cy 1, of length n . If the size of the code Cywr.
is M, then it is specified by an encoding map Ewwy : {1,..., M} — Cww and a decoding map
Dwwr : Cwwr — {1,..., M}, such that forall m € {1,..., M}, Dwwr(Ewwr(m)) = m.

The problem of finding (b, p)-WWL codes that approach or achieve the capacity
Cwwe(b, p) is of independent interest and we address it next. Cover [18] provided an enu-
merative scheme that can be used to calculate the lexicographic order of any sequence in the
constrained system. For the special case of p = 1, corresponding to RLL block codes, Datta and
McLaughlin [19,20] proposed enumerative methods for binary (d, k)-RLL codes based on per-
mutation codes. For (b, p)-WWL codes, we find enumerative encoding and decoding strategies
with linear complexity enumerating all (b, p)-WWL vectors. We present the coding schemes
and the complexity analysis in Appendix 6.8. In the sequel, we will simply assume that there
exist such codes with rate arbitrarily close to the capacity as the block length goes to infinity
for all positive integers b and p. The next construction uses (3, p)-WWL codes to construct

(1, B, p)-constrained codes.
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Construction 2.4.2 Let 3, p be positive integers such that p < 3. Let Cywy be a (B, p)-
WWL code of length 1" and size M. Let Ewwy and Dy be its encoding and decoding maps.
A (1,3, p)-constrained code Cy g, of length n = 2n’ + 3 — 1 and its encoding map £ and

decoding map D are constructed as follows.

1. The encoding map € : {1,...,M} x {0,1}" — {0,1}" is defined for all (m,u) €
{1,...,M} x{0,1}" tobe E((m,u)) = v, where

() v =u + Ewwr(m),

"+B-1
(b) ol P =0,

i
(©) UZ’+/3 =uy,

2. The decoding map D : {0,1}" — {1,..., M} is defined for all u € {0,1}" to be

D(u) = DWWL(U?/ + UZ/+/3).

Example 2.4.2. Here is an example of an (0« = 1, 3 = 3, p = 2) code with n’ = 4 for the first
4 writes. The message set has size M, = 13 (See the definition of M, in Definition 2.6.1).
The length of the memory is 2n’ + 3 —1 = 10. Suppose on the second write, the message
is m = 7. Since lexicographically the seventh element in S4(3,2) is (0110), the encoder will
copy the previous left block (1011) to the right block and flip the second and the third bits in the
left block (1011) — (1101).

0 00 0000 O0O0O
Istwrite, m=11: 1 0 1 1|0 0]0 0 0 O
2ndwrite, m=7: 1 1 0 1/0 0|1 0 1 1
3rdwrite, m=13: 0 0 0 0|0 O|1 1 0 1
4thwrite, m=4: 0 0 1 1|0 0|0 0 O 0

Theorem 2.4.2. The code Cllb’,p is a (1, B, p)-constrained code. If the rate of the code Cywr
is Rwwi, then the rate of the code Cy 5, is ﬁ/ﬁfl - Rwwr. Both the encoder and decoder of

C1,p,p have complexity O(n).
Proof. Let u be the cell-state vector in Construction 2.4.2.

1. For u’f,, encoder step a) guarantees that the positions of rewritten cells satisfy (3, p)-

WWL constraint. So there are at most p reprogrammed cells in any 3 consecutive cells in

!
n
ul.
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2. For ”Zur/p

vectors before the i-th, (i + 1)-st, (i + 2)-nd writes, i > 1. Encoder step a) means that

three consecutive writes should be examined. Let w, v, u be the cell-state

v’f, = w?/ + Ewwr(m;), where m; € {1,..., M} is the message to encode on the i-th
write. Since encoder step ¢) guarantees that v}, p = w’f/ and uy, p = vgﬂ, we have

uy 5 = Uy, s+ Ewwe(m;). This proves that uy, , ; satisfies the (1, 8, p) constraint.

3. For uz,if 71, the cell levels are always set to be 0, which ensures that no violation of the

: n' n
constraint happens between #7 and u;, B

. . . log, M
On each write, one of M messages is encoded as a vector of length 7. Hence, the rate is % =

log, M / o /
( nz/ Zn’fﬁfl) == 2n/f/3,1 : RWWL‘
The encoder £ and decoder D come directly from Eywyy and Dy, which have com-
plexity O(n) both in time and in space. Therefore, £ and D both have linear complexity in time

and in space. ®

Corollary 2.4.3. Let 3, p be two positive integers such that p < [3, then

C(1,B,p) = max M’ Pl
2 B
Corollary 2.4.3 provides a lower bound that is achieved by practical coding schemes. In

fact, following similar proofs in [4,15,16], we can prove the following theorem using probabilis-

tic combinatorial tools [3].

Theorem 2.4.4. Let 3, p be positive integers such that 3 > p. Then

C(1,B8,p) = Cwwr(B, p)-

Proof. See Appendix 6.9. m

2.4.2 Time Constraint Improvement

Jiang et al. constructed in [44] an («, 1, 1)-constrained code. Let us explain their con-
struction as it serves as the basis for our construction. Their construction uses Write-Once Mem-
ory (WOM) codes [71]. A WOM is a storage device consisting of cells that can be used to store
any of g values. In the binary case, each cell can be irreversibly changed from state 0 to state 1.

We denote by [n, £; onky Z”Rf] a t-write WOM code Cyy such that the number of messages
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that can be written to the memory on its i-th write is 2"Ri “and the sum-rate of the WOM code is
defined to be Ry = Zle R;. The sum-capacity Cgyn, is defined as the supremum of achievable
sum-rates. The code is specified by ¢ pairs of encoding and decoding maps, (&;, D;), where
i€{1,2,...,t}. Assuming that the cell-state vector before the i-th write is ¢;, the encoder is a
map

& [1:2"0] x {0,1}" — {0,1}",
such that for all (m,¢; 1) € [1: 2"Ri] x {0,1}",
cii1 =¢i=E&(m,ciq),
where the relation “<" is defined in Definition 2.6.1. The decoder
D;: {0,1}" — [1:2"Ri],
satisfies
Di(&i(m,ci—1)) = m.

forall m € [1:2"Ri],
It has been shown in [36] that the sum-capacity of a t-write WOM is Cgun = log, (f +

1).

Example 2.4.3. Table 2.1 [71] shows the encoding and decoding maps of a 2-write WOM code
using 3 cells, where on each write, 2 bits are written. Suppose all cells are initiated as 0. If the
written messages are 1 and 3 on the first and the second write, respectively, then the cell-state
vector is changed as (000) — (001) — (011); if on both write, message 2 is written, then the
cell-state vector is changed as (000) — (010) — (010).

Table 2.1: A 3-cell 2-write WOM code

message || 1st write | 2nd write
0 000 111
1 001 110
2 010 101
3 100 011

The constructed (&, 1,1)-constrained code has a period of 2(t 4 «) writes. On the first
t writes of each period, the encoder simply writes the information using the encoding maps of
the t-write WOM code. Then, on the (f + 1)-st write, no information is written but all the cells

are increased to level one. On the following o« — 1 writes no information is written and the cells
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do not change their levels; that completes half of the period. On the next t writes the same WOM
code is again used; however since now all the cells are in level one, the complement of the cell-
state vector is written to the memory on each write. On the next write no information is written
and the cells are reduced to level zero. In the last @ — 1 writes no information is written and the

cells do not change their values. We present this construction now in detail.

Construction 2.4.3 Let « be a positive integer and let Cy be an [n, t; 21, ... 2"R] towrite
WOM code. Let &(m,v;_1) be the i-th encoder of Cyy, for m € [1 : 2"Ri],i € [1 : t]. An
(a,1,1)-constrained code Cy 11 is constructed as follows. Foralli > 1,leti =i (mod 2(t +
«)), where 1 < i" < 2(t + ). The cell-state vector after the i-th write is denoted by ¢;. On the

i-th write, the encoder uses the following rules:
o Ifi’ € [1:#], write My € [1 : 2"R¥] such that
ci = E(My,ci1).
e Ifi’ =t + 1, no information is written and the cell-state vector is changed to the all-one
vector 1,1.e.,c; = 1.
e Ifi’ € [t+ 2 : t+ af, no information is written and the cell-state vector is not changed.

o Ifi' € [t+a+1:2t+«f, write My_;_o € [1:2"Rv~-a] such that

ci=CEit—a(Mi_t_aCi_1).

e If i/ = 2t + a+ 1, no information is written and the cell-state vector is changed to the

all-zero vector 0,1.e.,¢c; = 0.

o Ifi’ € [2t+a+1 : 2(t+ «)], no information is written and the cell-state vector is not

changed.

Remark 2.4.1. This construction is presented differently in [44]. This results from the constraint
of having the same rate on each write which we can bypass in this work. Consequently, in our

case we can have varying rates and thus the code Cq 1, can achieve a higher rate.

Theorem 2.4.5. The code Cy 11 is an («, 1, 1)-constrained code. If the t-write WOM code Cyy

log, (t+1)

is sum-rate optimal, then the rate of Cy 1,1 Is — e
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Proof. In every period of 2(t + «) writes, every cell is programmed at most twice; once in the
first  + 1 writes and once in the first £ + 1 writes of the second part of the write-period. After
every sequence t + 1 writes, the cell is not programmed for o« — 1 writes. Therefore the rewrite
cost of every cell among « consecutive rewrites is at most 1.

If the rate of the WOM code Cyy is Ry then 2nRyy bits are written in every period of

2Ry — Rw g Cw is sum-rate optimal, the rate

2(t + o) writes. Hence, the rate of Cy 1 1 is it = e

log, (t+1)
I+a

of Cq 1,1 1s therefore . m

Table 2.2 shows the highest rates of («, 1,1)-constrained codes based on Construction
243 fora=4,...,8.

Table 2.2: Highest rates of («, 1, 1)-constrained codes

fod 4 5 6 7 8
/o 0.25 0.2 | 0.167 | 0.143 | 0.125
rate of C 11 || 0.290 | 0.256 | 0.235 | 0.216 | 0.201

Next, we would like to extend Construction 2.4.3 in order to construct (e, 1, p)-constrained
codes for all p > 2. For simplicity of the construction, we will assume that p is an even integer;
and the required modification for odd values of p will be immediately clear. We choose t > 1
such that « > (p — 1)t and the period of the code is a + t. On the first ¢ writes of each pe-
riod, the encoder uses the encoding map of the {-write WOM code. In the following ¢ writes,
it uses the bit-wise complement of a WOM code as in Construction 2.4.3. This procedure is
repeated for £ times; this completes the first £p writes in the period. On the (fp + 1)-st write,
no new information is written and the cell-state vector is changed to the all-zero vector. During
the (tp + 2)-nd to (« + t)-th writes, no information is written and the cell-state vector is not

changed. That completes one period of «x + ¢ writes.

Remark 2.4.2. If p is odd, then on the (fp + 1)-st write, no new information is written and the
cell-state vector is changed to the all-one vector. It is not changed until the (o + £)-th write to
complete a period. Now the cell-state vector is an all-one vector. For the next period of (« + f)
writes, the encoder uses the bit-wise complement of the first period and the cell-state vector

returns to all-zero state afterwards.

Construction 2.4.4 Let o, p, t be positive integers such that « > (p — 1)f and p is even. Let
Cw be an [n,t;2"R1, ... 2"Rt] towrite WOM code. Fori € [1 : t], let &(m,v;_1) be its
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encoding map on the i-th write, where m € [1 : 2"%i]. An (a, 1, p)-constrained code Cq1,p
is constructed as follows. Foralli > 1,leti = i (mod a+t),i” = i (mod 2t) where
1< < (a+1t),1<i"” <2t The cell-state vector after the i-th write is denoted by ¢;. On the

i-th write, the encoder uses the following rules:
o Ifi’ € [1: pt]and i’ € [1 : #], write M» € [1 : 2"R] such that

ci = En(Min, ci_q).

o Ifi' € [1:pt]and i’ € [t +1:2¢], write My, € [1 : 2"R~] such that

ci = Ep—t(Mjr_,€i1).

o Ifi = pt + 1, no information is written and the cell-state vector is changed to 0, i.e.,

CZ'ZO.

e Ifi’ € [pt +2: o+ t], no information is written and the cell-state vector is not changed.

Example 2.4.4. Suppose @ = 3,p = 2 and t = 2 in Construction 2.4.4 and Cy is the WOM
code in Example 2.4.3. The period of Construction 2.4.4 is « +t = 5. Suppose all cells are
initiated as 0 and the messages to write is (1,3,2,1) on the first 4 writes, and no information is
written on the fifth write, then the cell-state vector is changed as (000) 4 (001) N (011) A
(101) 5 (001) > (000).

Theorem 2.4.6. The code Cy 1,y is an (&, 1, p)-constrained code. If the t-write WOM code Cyy

plog,(t+1)

is sum-rate optimal, then the rate of Cy 1, is =225

Proof. This is similar to the proof of Theorem 2.4.5, so we present here only a sketch of the
proof. In every period of (« + t) writes, each cell is rewritten at most p times. In particular,
the first rewrite happens before the (f + 1)-st write. After that, the cell is rewritten at most
p — 1 times until the (tp + 1)-st write and then not programmed for o + t — (tp + 1) writes.
Therefore, each cell is rewritten at most p timeson x +f — (tp +1) + (tp + 1) — t = « writes.
This proves the validity of the code.

If the rate of the WOM code Cyy is Ry then pnRyy bits are written during each period

2pnRyw __ pRw
2(at+t)n — att-

of o + t writes since the WOM code is used p times. Hence, the rate of Cy 1, is

plogz(t-i-l)‘ -

If that Cyy is sum-rate optimal, the rate of Cy 1, is = o
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Remark 2.4.3. In Construction 2.4.4 we required that « > (p — 1)t and, in particular, ¢ <
{ﬁJ It > L’%lJ , we can simply use Construction 2.4.4 while taking « = (p — 1), i.e.,
the period of writes is now pt and and we construct a ((p — 1)t, 1, p)-constrained code, which
is also an (&, 1, p)-constrained code. The rate of the code is Ry /¢, where Ryy is the rate of the

WOM code Cyy.

The next corollary provides lower bounds on C(«, 1, p).

Corollary 2.4.7. Let «, p be positive integer such that p < «. Then,

plog,(t+1) log,(t*+1) P
a+t £ "af’

ol > kg,

04 04
<t K I S
ht\b—lJ’t [p—ﬂ

where

o
)

o
~

R (bits/cell)

o
N

Figure 2.4: Lower bound on C(«, 1, p)

Figure 2.4 shows the rates of (a, f = 1, p) constrained codes obtained by selecting the
best ¢ for each pair of (a, p). Note that the curve for p = 1 is obtained by implementing the
ideas in [44] and there is a slight improvement over the 5 points which is the rates listed in [44]

forax =4,...,8, the reason to which is discussed in Remark 2.4.1. In comparison to the codes
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in Construction 2.4.1 whose rates are shown by the dashed lines, our construction approximately
doubles the rates. Our lower bounds achieve approximately 78% of the corresponding upper

bounds on C(«, 1, p).

2.4.3 Time-Space Constraint Improvement

In this section, we are interested in combining the improvements in time and in space to

provide lower bounds on the capacity of («, 3, p)-constraints.

Theorem 2.4.8. For all «, 3, p positive integers,

Cla1,p) C(l,ﬁ,rﬁ}
B a '

Proof. An («, 3, p)-constrained code can be constructed in two ways.

C(«, B, p) > max {

1. Let C be a (1,3, p)-constrained code of rate R and length n. We construct a new code
C" with the same number of cells. New information is written to the memory on all i-th
writes, where i = 1 (mod «), simply by using the [ £]-th write of the code C. Then, the
code C’ is an («, 3, p)-constrained code and its rate is R /cv. Therefore, we conclude that
Cla, B, p) > L2,

2. Let C be an («, 1, p)-constrained code of rate R and length n. We construct a new code
C’ for nf cells: (c1,¢,...,cng). The code C' uses the same encoding and decoding
maps of the code C, while using only the n cells ¢; such that i = 1 (mod ). Then, the
code C’ is an («, 3, p)-constrained code and its rate is R /3. Therefore, we conclude that
Clax, B, p) > L),

The capacity must be greater than or equal to the maximum of the two lower bounds. m

2.5 Conclusion

In this chapter, we study the time-space constraint for PCM, which was originally pro-
posed in [44]. A code is called an («, 3, p)-constrained code if for any « consecutive rewrites
and for any segment of 3 contiguous cells, the total rewrite cost of the [3 cells over those «
rewrites is at most p. Here, the cells are binary and the rewrite cost is defined to be the Ham-
ming distance between the current and next memory states. First, we show a general upper

bound on the achievable rate of these codes which extends the results of Jiang et al. Then, we



25

generalize their construction for (« > 1,8 =1, p= 1)-constrained codes and show another
construction for (« = 1,8 > 1,p > 1)-constrained codes. Finally, we show that these two

constructions can be used to construct codes for all values of «, 3, and p.

2.6 Appendix A

In this section, we show an enumerative encoding and decoding strategy with linear

complexity for the set of (3, p)-WWL vectors.

Definition 2.6.1. Let X = {x1,...,xN} be a set of distinct binary vectors, x; € {0,1}",i =
1,...,N. Let {(x) denote the decimal representation of a vector x € {0,1}". Forx,y €
{0,1}", wesay x < y (orx < y) ifand only if (x) < P(y) (or P(x) < P(y)). The order of

the element x; in X is defined as:
ord(x;) = [{j :xj <%, 1 < j< N}

Let{cy,...,cpm, } be an ordering of the elements in S, (3, p), where M, = |S, (3, p)|.
The encoder and decoder of a (3, p)-WWL code give a one-to-one mapping between S,, (3, p)
and {1, ..., My}, namely Ewwp(m) = ¢, where ord(c,,) = m and Dywwi(cp) = ord(cy) =
m, forallm = {1, ..., M, }. Now the problem is to calculate ord(cy, ) given ¢;,. Letsy, ..., SMg_,

be the ordering of the vectors in Sg , introduced in Definition 2.3.5, where Mg_1 = [Sg,| =
[Sp-1(B, )| = £ (7). Let

xgpn = (x1(n), x2(n), ... ,xMﬁfl(n))T,

where x;(n) is the number of (3, p)-WWL vectors of length n that have the vector s; as a prefix,

where x denotes the transpose of x.
Lemma 2.6.2. The vectors XB,put+1, 12 B, satisty the first-order recursion:

Xgpn+1 = App Xp,pn-

Proof. See [90]. m

The encoder and decoder have access to a matrix Xg ,, € ZS:lJrﬁ PMs1 where the
i-th row of Xg p , is x};’p’i, i =1,...,n+ . For simplicity, Xg ,, is written as X if no
confusion can occur. We denote by X (7, j) the entry in the i-th row and j-th column of X

and we define X (i,:), X(:, j) to be the i-th row vector, j-th column vector of X, respectively,
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ie, X(i,:) = (X(i,1),...,X(i, Mg_1)) and X(:,j) = (X(1,f),...,X(n+B,j))T. From
Lemma 2.6.2, X, » can be calculated efficiently with time complexity O(n).

Decoder

Based on X , 4, we present an enumerative method to calculate the order of each ele-
ment in S, (3, p). Note that the order of a vector is the decoded message corresponding to that
vector. In this algorithm, the decoder scans the vector from left to right. Whenever the decoder
finds a 1 in the vector, the order of the vector will increase. The details of the algorithm are
presented below. Here ¢ = (c1,...,¢4) € Su(B,p) is the binary vector to be decoded; the
algorithm calculates ord(c) € {1,..., M,}.

Algorithm 2.6.3 DECODING: CALCULATE ord(c), c € Sy (B, p)

1: letent =0,j =1,i =0;

2: while (i < n){

3: while (j < nand c(j) # 1)
4 j=ij+1L

5 if(j=n+1)

6: ord(c) = cnt +1;
7 algorithm ends;

8 }

9 /*A 1 is detected in c.*/

10: letd = (0,...,0) with length B — 1;

11: /*d is a vector storing [3 — 2 bits to the left of the detected 1, with a 0 appended.*/

12: if(j=B—1)

) B-2 _ j-1 |
13: let d = Ci_pyos
14: else /*j < 3 —1%

-2 i—1

15: Ietdg_]. = c{ ;
16: findk € [1: Mp_1] such that s, = d;
17: ent =cnt+X(n—j+p—1,k);
18: i=jj=1i+1;
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20: ord(c) = cnt +1;

21: algorithm ends.

Example 2.6.1. Suppose we would like to decode a (6,3)-WWL vector ¢ = (1011001001) of
length 10.

e Al isdetected (1011001001), where i = 0, j = 1. The decoder aims to find the number
of vectors ¢ such that (0000000000) < & < (1000000000). Now d = (00000) = s1,
sok=1,andn — j+ B —1 = 14. Therefore, cnt = 0+ X 3,16(14,1) = 236.

e A lisdetected (1011001001), where i = 1, j = 3. The decoder aims to find the number
of vectors & such that (1000000000) < ¢ < (1010000000). Here d = (00100) = ss,
sok=5,andn — j+ 3 —1 = 12. Therefore, cnt = 236 + X3,16(12,5) = 308.

e A lisdetected (1011001001), where i = 3, j = 4. The decoder aims to find the number
of vectors ¢ such that (1001000000) < & < (1011000000). Here d = (01010) = sq1,
sok=11,and n — j+ B — 1 = 11. Therefore, cnt = 308 + X¢316(11,11) = 343.

e Al isdetected (1011001001), where i = 4, j = 7. The decoder aims to find the number
of vectors ¢ such that (1011000000) < & < (1011001000). Here d = (11000) = sp3,
sok =23,and n — j+  — 1 = 8. Therefore, cnt = 343 + X4 3 16(8,23) = 351.

e Finally, a 1 is detected (1011001001), where i = 7,j = 10. The decoder aims to
find the number of vectors & such that (1011001000) < ¢ < (1011001001). Here
d = (01000) = sg, sok = 9, and n — j+ 3 —1 = 5. Therefore, cnt = 351 +
Xg316(5,9) = 352.

We calculate that ord(c) = cnt + 1 = 353 and ¢ is decoded as 353.

Theorem 2.6.4. Algorithm 2.6.3 calculates the order of a (3, p)-WWL vector of length n in
Su(B, p). Its time complexity and space complexity are both O(n).

Proof. We first show the correctness of the algorithm and then analyze its time and space com-
plexity.

Correctness: Let ¢ be the vector to decode; that is, we seek to find ord(c). For ¢; =< ¢,
we denote by N(cq, ¢2) the number of vectors ¢ such that ¢; < & < ¢p. Letcy,...,cp be a
sequence of vectors such that 0 = ¢y < ¢1 <X ¢p < --- =X ¢r = ¢; then it is easy to see

L
ord(c) = Y N(cj_1,¢) + 1.
=1

1



28

Let L be the number of 1’s in c; let all the indices of 1’s be ji, j2, ..., jL in ascending order, that

is1<j1<---<jL<nandc]-1:cj =

X +=c¢j, = 1. Fori € {1,...,L}, ¢; is chosen

such that ¢; = ¢; 1 + 8, where ¢g = 0, and §;, j € {1,...,n}, denotes the vector where all
entries are 0 except for the j-th entry, which is a 1. Here addition is component-wise modulo-2
summation.

Lines 3 and 4 together with Line 18 in Algorithm 2.6.3 scan ¢ and find ¢; according
to ¢;_1. Therefore, we are left to prove that Algorithm 2.6.3 calculates N(¢;_1,¢;) for i €
{1,...,L}.

By definition, the first j; — 1 digits of ¢; and ¢; 1 are the same, and ¢; ;, = 1 while
ci—1,j; = 0. Then a vector & € {0, 1}" satisfies ¢;_1 =< & < ¢; if and only if the first j; digits of
¢ are the same as those of ¢;_1, i.e. é{i = Czji—l,l‘ Given the length and the first j; digits of &, the
number of possible ¢ can be calculated based on the matrix X in the following way. Since the
(B, p)-WWL constraint is local, if j; > 8 — 1, the task is equivalent to calculating the number
of ¢ with length n — j; + 3 — 1 such that the first 3 — 1 digits are a prefix of ¢, in particular,
Ef 1= ?:;j_ p125 otherwise, for j; < 3 — 1, it is equivalent to calculating the number of & with
length n — j; + B — 1 such that the first 3 — 1 digits are zeros followed by length-j; prefix of
¢, that is, &8 ' = (0/3,1,]-i,é{i). Lines 10 — 15 in Algorithm 2.6.3 find the first § — 1 digits of
¢ and Lines 16 and 17 calculate the number of &, which is the number of vectors ¢ satisfying
ci_1 = ¢ < ¢;. Therefore, Algorithm 2.6.3 calculates N(c¢;_1,¢;) fori € {1,...,L} and sums
them up to derive the order of c.

Time complexity analysis: It can be seen from the algorithm that the decoder scans
the vector that is to be decoded only once. Whenever the decoder detects a 1, it uses binary
searches to find the corresponding prefix vector d in X, while the number of 1’s is no more
than "—ﬁp. Therefore, the time complexity of the decoder is no more that O("—ff logMp_1) =
O("—ﬁp log>! (/371)) = O(n), where f3 and p are fixed integers and not related to 7.

Space complexity analysis: The space complexity comes from the matrix X with n +
3 — 1 rows and Mg_q columns. Therefore, the space complexity is also O(n) since 3 and Mp_1

are both fixed integers. m

Encoder

The encoder follows a similar approach to map an integer m € {1,..., M, } to a vector

c € Su(B, p), such that ord(c) = m. We call ¢ the encoded vector for the message m. Note that
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Vmi,m; € {1,..., My}, m; < mjif and only if ¢; < c;, where ord(c;) = m; and ord(c;) =
m. The following encoding algorithm uses the matrix X to efficiently calculate the vector ¢ €

S, (B, p) such that ord(c) = m, form € {1,..., M, }. The algorithm has linear complexity.

Algorithm 2.6.5 ENCODING: FIND ¢ SUCH THAT ord(c) = m
letcnt =0,¢ = (0,...,0) with length n;
fori=1,2,...,n{

lett = c;
lett(i) = 1;
if t satisfies (3, p)-WWL constraint {
letq = (0,...,0) with length 3 — 1;
/*q is a vector storing 3 — 2 bits to the left of t(i) in t, with a 0 appended.*/
if(i>p—1)
let ’1{572 = t;::}ﬂz;
else /*i < 3 — 1%/
let qg:iz = tli_l;
findk € [1: Mp_1] such that s, = q.
letCntTry =cnt+X(n—i+ B —1,k);
if (CntTry +1 =m) {

c=1;

return c¢; algorithm ends;
}
if (CntTry+1 < m) {

lete(i) = 1;

letcnt = CntTry;
}

}

Example 2.6.2. Suppose we would like to encode one of M,, = 421 (3 = 6,p = 3)-WWL

vectors of length n = 10. The message to be encoded is m = 353.

e ¢ = (0000000000, i = 1, + = (1000000000), g = (00000) = sy, so k = 1. Since
cnt =0,CntTry =cnt+X(n—i+ p—1,k) =236 < m —1, so set cnt = 236.
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¢ = (1000000000), i = 2, + = (1100000000), g = (00010) = s3, so k = 3. Compute
CntTry =cnt+X(n—i+p—1,k) =236+ X(13,3) =355 >m — 1.

e ¢ = (1000000000), i = 3, + = (1010000000), g = (00100) = s, so k = 5. Compute
CntTry = ent+X(n—i+ 3 —1,k) = 236 +X(12,5) = 308 < m — 1, so set
cnt = 308.

e ¢ = (1010000000, i = 4, t = (1011000000), g = (01010) = sy1, so k = 11.
Compute CntTry = cnt +X(n—i+ p —1,k) = 308 + X(11,11) = 343 < m — 1,
so set cnt = 343.

e ¢ = (1011000000), i = 5, + = (1011100000) does not satisfy (6,3)-WWL constraint.
e ¢ = (1011000000), i = 6, + = (1011010000) does not satisfy (6,3)-WWL constraint.

e ¢ = (1011000000), i = 7, t = (1011001000), g = (11000) = sp3, so k = 23.
Compute CntTry = cnt + X(n —i+ p—1,k) = 343 + X(8,23) =351 <m — 1, s0
set cnt = 351.

e ¢ = (1011001000), i = 8, + = (1011001100) does not satisfy (6,3)-WWL constraint.

e ¢ = (1011001000), i = 9, t = (1011001010), g = (00100) = s5, s0 k = 5. Compute
CntTry =cnt+X(n—i+ B —1,k) =351+ X(6,5) =353 > m — 1.

e ¢ = (1011001000), i = 10, + = (1011001001), g = (01000) = s, s0k = 9. Compute
CntTry = ent+X(n—i+ B —1,k) = 351 + X(5,9) = 352 = m — 1. Therefore,
¢ =t = (1011001001) and ord(c) = 353.

Theorem 2.6.6. Algorithm 2.6.5 encodes a messagem € {1,..., M} toa (3, p)-WWL vector

¢ € Su(B, p) such that ord(c) = m, and its time complexity and space complexity are both
O(n).

Proof. We first show the correctness of the algorithm and then analyze its time and space com-
plexity.

Correctness: The proof of the correctness of the encoder is similar to the proof of the
correctness of the decoder. Therefore, we omit the details.

Time complexity analysis: It can be seen from the algorithm that the encoder scans the
vector from left to right once and tries to set each entry to 1. Whenever the encoder sets an

entry to 1, it first determines whether the constraint is satisfied. This takes O(1) steps since we
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do not have to check the entire vector but only the (3 bits to the left of the set entry. Then it
uses binary search to find the corresponding prefix vector in X, while the number of 1’s is no
more than %. Therefore, the complexity of the encoder is no more that O(n—ﬁp log Mp_1) =
O("—ﬁp log>! (/31—1)) = O(n), where p and f3 are fixed numbers.

Space complexity analysis: The matrix X is the primary contributor to the space com-

plexity. As is shown in the proof of Theorem 2.6.4, the space complexity is also O(n). m

Note that Algorithm 2.6.5 and Algorithm 2.6.3 establish a one-to-one mapping between
{1,..., My} and S,,(B3, p). Therefore the rate of the encoder is maximized. If the blocklength

goes to infinity, the rate of the encoder approaches Cywr (3, p).

2.7 Appendix B

In this section, we present the proof of Theorem 2.4.4. The reason for which the proof
of Theorem 2.4.4 is non-trivial is the following. Suppose the cell-state vector is updated from
¢;_1 to ¢; on the i-th write. The encoder has full knowledge of ¢; 1 and ¢; since we assume
there is no noise in the updating procedure. The decoder is required to recover ¢; + ¢;_1 with
full knowledge of ¢; but zero knowledge of ¢; 1. This is similar to the situation encountered
in memories with defects, considered in [37], where the most interesting scenario is when the
defect locations are available to the encoder but not to the decoder. In general, this scenario can
be modeled as a channel with states [22] where the side information on states is available only
to the encoder.

Proof. First we introduce some definitions. Recall that S, (3, p) is defined as the set all
(B, p)-WWL vectors of length n. S,,(3, p) will be written as S for short if no confusion about

the parameters can occur. Let V;, = {0, 1}" be the n-dimensional binary vector space.

Definition 2.7.1. For a vector x € V,, and a set S C V,,, we define S +x = {s + x|s € S}
and denote it by S(x). We call vectors in S(x) reachable by x and we say S(x) is centered at
X.

For two subsets By, By C V,,, we define By + By = {by + by|by € By,by € By}. We
call a subset B C V,, S-good if

beB

i.e., V,, is covered by the union of translates of S centered at vectors in B.
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Lemma 2.7.2. If B C V,, is S-good, then t + B is S-good, forallt € V,,.

Lemma 2.7.3. If B C V}, is §-good, then for all x € V,, there existsb € B ands € S, such
thatx +s = b.

Lemma 2.7.3 guarantees that if B C V), is an S-good subset, then from any cell-state
vector x, there exists a (3, p)-WWL vector s, such that x +s € B. We skip the proofs of

Lemma 2.7.2 and 2.7.3, referring the reader to similar results and their proofs in [15].

Lemma 2.7.4. If Gq,..., Gy are pairwise disjoint S-good subsets of V,,, then there exists a

(1, B, p)-constrained code of size M. In particular, if G is an S-good (n, k) linear code, then
n—k

there exists a (1, 3, p)-constrained code with rate *.
Proof. If G; is S-good for all i € [1 : M], then from Lemma 2.7.3, for any x € V, and
i €[1:M],thereexistg; € G;ands; € S, such that x +s; = g,. Suppose the current cell-state
vector is x, then we can encode the message i € [1 : M] as a vector £(i,x) = x+s; € G,
for some s; € S. The decoder uses the mapping D(x) = i, if x € G;, to give an estimate of
i € [1: M]. This yields a (1, 3, p)-constrained code of size M.

If Gy, ..., Gy« represent the cosets of an S-good (1, k) linear code G, then each coset
is S-good according to Lemma 2.7.2. The rate of the resulting (1, 3, p)-constrained code is
logy (") _ n—k

u
n n

Now we are ready to prove Theorem 2.4.4.

Let B; be a randomly chosen (11, j) linear code with 2/ codewords (By = {0}), and
let mg, = [V, \ (Bj + S)| be the number of vectors not reachable from any vector in Bj. Let
x € V,, be a randomly chosen vector and let QB], be the probability that x ¢ B j+&. Then we

have
n
mp; = 2"Qp;.

The proof of the following lemma is based upon ideas discussed in [4, pp. 201-202].
Lemma 2.7.5. There exists a linear code B such that
Qs < Q.
Proof. Let B; = {y,, ..., y,;} denote an (n, j) linear code. If

SBj = B]'—f—S,
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then
QBj =1- 2_nNB]'/
where Np, = |Sp,|.
Let z ¢ Bjand let Bj 1 be the (1, j + 1) linear code formed by (z + B;) U B;. It can

be seen B 1 , comprises the 2/ vectors in B jplus 2/ new vectors of the form z +y, y € B j- Let
Sﬁpz =z+ S,

It can be seen that S*[;]_ , has the same cardinality as S B;- Therefore, it contains N B; vectors, t0o,

some of which may already belong to S B;- Since S Bji1. = S B; U S%j,z, we have

NE,,,. = 2Np; — [Sp; N Sp_ |-

j+1,z

Thus Np,_, . is maximized by choosing z that minimizes [Sg; N SE}, .-
Let us now calculate the average of |S B; N Sg}, .| overall z € V,,. Here all z € B; are

also considered since they will result in an overestimate of the average of |S B; N ng ,|- Then

> S8, N Sp, -l = > > 1{xes*3jrz}

zeV, zeV, xESB].

2 2 Lesy)

xESBj zeV,

> X1

xGSB], zex+53j

2 NB]‘

Sp.
xe B]

[©)

I[®)

_ N2
= NB]_,

where 14 is the indicator function of the event A, i.e.,14 = 1if A istrue and 14 = 0 otherwise.

Equality (D) holds since, for a fixed x, if z € x+ S Bjs then x € ng,z and vice versa.
Equality () holds since |x + Sp;| = [Sp;| = Np,. Thus, the average value of |Sp, N SE]',Z’ is
2*”N§j. Since the minimum of |S B, N S’g}, z] cannot exceed this average, we conclude that there

exists z € V,,, such that |SBj N S’g}, .| < 2*”N§j. Then there exists Bj, 1, such that

Np;,, > 2Np, —27"Nj .

j+1
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Thus,

QB]'+1 =1- 27”NB;+1
<1-27"(2Ng, — 2*"N,§j)
= (1-27"Np))?
= QZB]-'

It follows that there exists B}, such that QBj < Q%L. ]

Lemma 2.7.6. If j > n — log |S| + log n, then there exists B such that mp; < 1.

Proof. Note that Qp; =1 —27"- Np, =1 — 27" - |S|. Then there exists B, such that

Qp, < Q%

<(1-27"S)?

< (1 . 27n|8|)2n—10g\8\+10gn
(1—27"|S|)2 s

<e M« 27,

Then mB], = 2”QB], <l m

Since mp; is an integer and mp;, < 1, there exists an (n,j) linear code B; such that

mp; = 0, i.e., an S-good B j exists. According to Lemma 2.7.4, there exists a sequence of

(1, B, p)-constrained codes of length # and rate R, (1, 3, p) such that

n—00 n

sup Ry(1,8,p) > lim n—(n—1log|S|+logn)

— lim log |S| — logn

n—o00 n

= lim log 151 151

n—o0 n

= Cwwi(B, p).

We have seen in Theorem 2.3.2 that C(1, 3, p) < Cwwr(B, p). This concludes the proof that
C(L,B,p) = Cwwi(B,p) =
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Chapter 3

Codes for multi-level write-once

memories

3.1 Introduction

Chapter 2 studied time-space constraints and provides code constructions, one of which
is based on binary write-once memory (WOM) codes. In this chapter, we further discuss the
constructions of WOM codes with a larger alphabet size.

As part of the tremendous increase in coding research for the ubiquitous flash memories,
considerable attention has been given to rewriting codes. The motivation comes from the special
physical properties of the flash memory floating-gate cells, the most conspicuous of which is the
asymmetric programming behavior of the cells [12]. The memory cells can only increase their
level by the injection of electrons into each cell. However, in order to decrease the level of even
a single cell, its entire containing block (~ 10° cells) has to be erased. This undesired property
not only reduces the writing speed but also significantly affects the lifetime of flash memories,
which is often specified in terms of a maximum number of block erasures [12]. As this number
can be as low as a few hundreds or thousands, reducing the number of block erasures becomes
critical in improving the lifetime of flash memories.

The idea of rewriting codes dates back to the pioneering work [71] by Rivest and Shamir
on write-once memory (WOM) in 1982. The motivation came from storage media such as
punch cards and ablative optical disks. These media are modeled as a collection of write-once
binary cells, where each cell is initially in state 0 and can be irreversibly programmed to state 1.

Figure 3.1 shows a typical model for rewriting ¢ times on a binary WOM.

36
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Ist X1 Y1 K
~ Mj; ——| Encoder 1 n-cell WOM Decoder 1 —= M;
write
2nd Xz Y> R
My ——  Encoder 2 n-cell WOM Decoder 2 — M,
write
Y1
t-th Xi Y .
) M; —| Encoder t n-cell WOM Decoder t —= M;
write

Figure 3.1: A t-write WOM model

An [n,t;2"Ru . 2"Ret] WOM code consists of
e f message sets [1: 2"Ru], ., [1: 2"Rut],

e tencoders, where encoder i € [1 : t] for the i-th write assigns a codeword x; = &;(m;, v, )
€ {0,1}" (y, = 0) to each message m; € [1 : 2"Ri] and the cell levels y; ; from the

previous write, and

e t decoders, where decoder i € [1 : t] assigns an estimate 771; = D;(y;) or an error e to the

cell levels y; from the i-th write.

The notation [i : j| denotes the set {k € Z : i < k < j}. The average probability of er-
ror of the WOM code is defined as Pg(n) = P{(Ml, oL, Mf) # (M, ..., M;)}. A rate tuple
(Ryt, ..., Ry ;) is said to be achievable for the WOM if there exists a sequence of [n, ¢; 2""Rt, .,
2"Ri] WOM codes such that lim,, P = 0. The capacity region Gywom(t) is the closure
of the set of all achievable rate tuples (Ryy, ..., Ri;). The sum-capacity Coym(t) of WOM is
the maximum achievable sum-rate 25.:1 R; ;. A sequence of WOM codes is said to be sum-rate
optimal if its sum-rate approaches the sum-capacity in the limit.

The capacity region as well as the sum-capacity for the WOM model is well studied in

the literature [28,36]; for example, it is known that the {f-write sum-capacity for binary WOM is
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Coum(t) = log, (t + 1) and the capacity region is

—
=
z
=
Y

Cwom(t) = { o, Rip)|Rit < H(p1),

—_

Ri,t < i Pk) H(pi), 1€ [2 : t—l],
1

*
|
)

Ry < || px forsome py, ..., pi—1 € [%, 1]}
1

T

Considerable progress has been made in the last few years in the study of binary WOM
code constructions for single-level cell (SLC) flash memory devices where each cell supports
q = 2 levels [43,93,95]. However, to increase storage densities, future flash memory devices are
expected to support a large number of cell levels, continuing the trend seen with the use of MLC
and TLC devices that support 4 and 8 levels, respectively. This has motivated a body of work on
the construction of WOM codes for multilevel cells that support g = 3 levels [13,31,53,69,76].
The sum-capacity of rewrite codes for ¢ writes on g-ary cells is known to be log, (qj;:l) [28],
although explicit characterization of the capacity region remains an open problem.

In this chapter, we consider the construction of lattice-based WOM codes for t writes
on g-level cells. Lattice-based 2-write WOM codes over 7 cells in the asymptotic setting of
continuous cell levels were derived in [53] for the fixed-rate scenario, where the cardinality of
the message set is the same on each write. Allowing the cardinality of the message set on each
write to be different can increase the sum-rate. Using a continuous approximation approach,
it was hypothesized in [53] that the hyperbolic shaping regions were optimal for maximizing
sum-rates of two writes over lattices in arbitrary dimensions. Optimality of hyperbolic shaping
regions was proven in [6] for lattices in n = 2 dimensions when the number of writes, ¢, is
arbitrary. A proof of optimality was provided in [54] for the case of an arbitrary number of cells,
n, and t = 2 writes.

Here, we consider the most general case of an arbitrary number of writes on an arbitrary
number of cells where each cell supports a large number of levels. Using the continuous ap-
proximation approach we prove that hyperbolic shaping regions are optimal for maximizing the
sum-rate. The results are then extended to the fixed-rate case, a scenario of practical importance.

The rest of the chapter is organized as follows. Section 3.2 formulates the code design
problem. In Section 3.2.3, we extend ideas presented in [54] and invoke the continuous approx-
imation to obtain an upper bound on the worst-case sum-rate optimal t-write regions for n cells
and consider its asymptotic behavior as the number of cells grows large. In Section 3.3, we

derive the worst-case fixed-rate optimal t-write regions for n cells.
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3.2 Lattice-based WOM Codes

3.2.1 Lattices and Lattice Codes

Definition 3.2.1.

An n-dimensional lattice A is defined by a generator matrix G € R"*" and we denote
the lattice by A(G) or simply A is no confusion can occur. Let x = (x1,X2,...,%,) € R"
andb = (by,by,...,b,) € 7" be n-dimensional real-valued vector and integer-valued vector,

respectively, then the lattice A(G) is defined as
A={xeR"IbeZ' x=b-G,}.

The Voronoi region of a point x € /A is the set of points of R" which are closer to x than

to any other point x' € A, i.e.,
Voronoi(x) = {y € R"|d(y,x) <d(y,z),Vz € A},

where d(-, -) is the Euclidean distance between two points.

The volume of a Voronoi region Vol (A) is
Vol (A) £ |detG] . (3.1)
A lattice code L is a finite subset of a lattice /A, described by a shaping region A C R”",
L=ANA. (3.2)

For a thorough treatment of lattices, refer to [17].

The coordinate values of an n-dimensional lattice code may be stored in n cells of a
flash memory. In the most general case, cell j stores a continuous value between 0 and ¢ j» SO
that the stored values in 7 cells are represented by x € [0, /1] x [0, 2] x ...[0,£,] = A where
xj € R,Vj=1,2,...,n The volume of region A is [|A[| = [T}_, ¢;. Allowing arbitrary ;
proves to be helpful in the sequel. However, in the typical case of a g-ary flash memory, we have

lj=gq—1forall j,so A =[0,q — 1]" and the codebook is £ = Zj.

3.2.2 WOM Codebooks

Suppose the number of flash memory cells is 77 and they are represented by the vector
(x1,X2,...,%,) € L such that the level of a cell can only be increased during a write operation.

We consider updating information in these 7 cells ¢ times before a block erasure is required.
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Definition 3.2.2. A t-write WOM code stores M; messages in n cells in the worst case at write
i,1 = 1,...,t. The instantaneous rate for write i and the worst-case sum-rate for the t-write

code are

1
Ri; = . log, M; bits per cell per write, and (3.3)

t
Ry = Z R; ; bits per cell per erase, respectively. 3.4
i=1

A lattice-based t-write WOM codebook is defined by a partition of a lattice code L into t disjoint
subsets, denoted as L1, L,,...,L;. The subset L; is the codebook for the i-th write and has

cardinality | L;|.

Note that since these codes have disjoint codebooks for each write, they are a special
case of WOM codes referred to as synchronized WOM codes in [71].

A point x € L is said to be accessible from another point s, denoted as x > s, if
x; > s;,Vjin[l : n] and s # x. Suppose the point stored at the (i — 1)-st write is s, then the set

of points that may be stored at the i-th write is
Li(s)={xeL:x~s}. (3.5)

Here, £;(s), the subset of L; accessible from s, may be a proper subset of the codebook £;. Since
the worst-case rate is of interest, define codebook cardinality, denoted by C;, as the minimum

number of points in £; that are accessible from any point in £; 1,

C; = min |L;(s)]. (3.6)

seL; q

Also define the total codebook cardinality, TT;, as

M 2 HCi, (3.7)

The state of the memory before the first write is s = 0 and all points in the codebook
L1 are accessible. Thus, M; = C;. However, the set of points that may be stored at any i-th
write, i > 1, depends on the point stored on the previous write. As a result, there may not exist
a scheme which can consistently map C; messages to points in the codebook L;. In some cases,

then, M; may be smaller than C;,
M; <G, (3.8)
and accordingly each rate R; ; is upper bounded as,

1
Rit < n 1082 Ci, (3.9)
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and the worst-case sum-rate is upper bounded as
1
Ry < . log, TT;. (3.10)

In this chapter, we concentrate on maximizing C; and TT; because they provide upper bounds on

Rt and Ry, respectively. The matter of consistent encoding-decoding is discussed in [7].

3.2.3 Continuous Approximation

According to the continuous approximation principle for dense lattices [24,25], the num-

ber of points in a codebook £ formed using (3.2) can be approximated as

£y Al
Vol (A)’

(3.11)

where |L£| denotes the cardinality of the discrete set £ and ||A| denotes the volume of the
shaping region A. This approximation becomes increasingly accurate as the density of the lattice
increases. The use of the continuous approximation principle for WOM codes was introduced
in [54].

WOM codebooks L4, ..., L; may be constructed by partitioning A into ¢ write regions,

A1, A, ..., A;. To construct codebooks for cells that support discrete levels, let
Li=LNA,. (3.12)

Applying the continuous approximation to the individual write regions, the codebook cardinality

for the first write is approximated by

A
Cr = |Lq] = 7\/!)1 (1/”\> 2 V. (3.13)

If the state of the memory after the (i — 1)-st write is s € A;_1, then the set of possible

levels that can be written on the i-th write is
Ai(s) £ {x € A;:x =~ s}. (3.14)

Applying the continuous approximation for writes 2,3, ..., t, the codebook cardinality is ap-
proximated by

]. . A
Ci~ Vol(A) ségil [Ai(s)|| = Vi (3.15)

and the total codebook cardinality in f writes is approximated by

t
m~J]Vi=Ss:. (3.16)
i=1
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In the following sections, the quantities V; and S; are also referred to as the codebook cardinality
and the total codebook cardinality, respectively. Since both the lattice and the maximum cell

values ¢; may be scaled arbitrarily, in Section 3.3 we assume that Vol (A) = 1.

3.3 Fixed-Rate Optimal {-Writes

In this section, we do not design WOM codebooks directly. Rather, we select shaping
regions Ay, Ay, ..., A; and maximize the total codebook cardinality S;. Under the continuous
approximation principle, this corresponds to maximizing the upper bound on the worst-case sum
rate (3.10).

In practice, it might be preferable to constrain successive writes to have the same rate.
Therefore, we consider shaping regions A1, ..., A; such that the codebook cardinality is con-
stant, i.e., V1 = Vp = ... = V. The problem of maximizing the sum-rate without the constraint
of equal rates is studied in [7].

We start with the following definition.

Definition 3.3.1. Let H(u) denote the region in A enclosed by an n-dimensional rectangular

hyperbola with parameter u, i.e.,
n
H(u) = x € AT (G —x;) 2 u- Al (3.17)

j=1

with 0 < u < 1. The normalized volume of the region H (1) is denoted as
1
Alu) = [|A] 7 - [[H(u)| - (3.18)

Figure 3.2 shows a 2-dimensional rectangular hyperbola H(u).

Note that the parameter u, given in Definition 3.3.1, characterizes the point where the
hyperbola touches the axes, and is also equal to the normalized volume of the region accessible
from any point on the boundary of the hyperbola. A(u) is equal to the normalized volume of the

region under the hyperbola. and it can be expressed in closed form as follows.

Lemma 3.3.2. Forn > 2,

Alu)=1- unilill [ln <i>]l (3.19)

Proof. See [7] for details. m
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I{x' : x' > x}|| =u- "
01 —u)

[H(w) || = Au) - £7

(1 —w) 14

Figure 3.2: A 2-dimensional rectangular hyperbola H(u) in region A = [0, ¢] x [0, ¢]. The
region under the hyperbola and the region accessible from a given point x on the hyperbola
are shaded in blue and red, respectively, and their volumes are equal to A(u) - £" and u - ¢",
respectively.

The following theorem gives the optimal write-regions under the constraint that each

write has equal rate.

Theorem 3.3.3 (Fixed-rate optimal t-writes) The unique optimal boundary for write i when
storing information t times on n cells such that the total codebook cardinality is maximized and

the codebook cardinality on each write is the same is given by

n t
B = {x ceA:JJWi—x)= TI v HAH} (3.20)
=1

j m=t—i+1

foralli=1,...,t —1 where v] = 0, and for k > 2, v} satisfies
A(vg) = vi - A(v§_q) . (3.21)
The codebook cardinality on writei,i = 1,...,t, is
Vi = A (v7) - [|A[], (3:22)
and the total codebook cardinality in t writes is

Sin(l1, .. tn) = (A (v]) - A" (3.23)
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Proof. We prove the theorem by induction. First, suppose t = 2. Let the boundary be

B = {x ceA:J]W—x5) =05 ||A||} (3.24)
j=1

so that the first write region A;(B’) is H{(v3). The second write region A, is A \ A;(B’) and
Ap(x1) = {x € Ay : x = x1} forall x; € A1(B’). Then, the codebook cardinality in each of

the two writes, under the constraint that the rates are equal, is

Vix (B') = min{HAl(IB’) , xmeig HAz(xl)H} (3.25)
= min {}4a(8) |, min 142()] } (.26)
= min{A(v3) - [A]l, 03 - [[A[l} (3.27)
= A(vy) - [[All = o3 [|A] (3.28)

where (3.26) follows from the fact that the minimum is achieved when x; lies on the boundary
B’ and (3.28) follows from (3.21). Now, suppose the optimal write regions are A} and A} with
maximum codebook cardinality Vi . Then Vi (B') < Vi .. We will prove that A} C A (B').
Suppose the opposite is true; that is, suppose there exists x' € A such that [T;(¢; — x;) <
v5 - ||A]|. Since the codebook cardinality Vi is upper bounded by the volume of the second
region,

Vix < [[A3(x)]| = TT(¢; = %)) <03 [|A]| = Vi (B'), (3.29)

]

which contradicts the optimality of A]. Thus, the optimal first-write region A must be contained

in A1(B'). On the other hand, by the optimality of A} and A3,

Vin(B) < Vi, < J|A] (3:30)
< ||A1(B)|| = Vax(B'), (3.31)

which implies that
Vi = AT =V (B') = A(v3) - A (3.32)

To sum up, A} C A1 (B’) and ||A}|| = ||A1(B')]||. It now follows from [7, Lemma A.1] that
Af = Aq(B'). It can similarly be shown that A5 = A\ A;(B’). This proves that the theorem
holds for t = 2.
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Now suppose the theorem holds when the number of writes is k. Consider the case for
k + 1 writes. Suppose v}, ; satisfies A(vy ;) = vy ;- A(vf). Define the boundary for the

first-write region as

Il,k+1 = {x €A H = Upyq - ||A||} (3.33)

so that the first write region is Ay 1 = H (Uk+1)' Let Vi (61 —x1,..., 0y — Xxp) denote the
optimal codebook cardinality for the last k writes in the region [x1,¢1] X ... X [x,, £,]. Then

the codebook cardinality on each subsequent write is given by

Vﬁx,k-‘rl < mll’l{ ||Al,k+l|| , min Vgx,k (fl — X1, ,En — xn)} (334)
X€A| 41
n
:min{HH(v,ﬁH) , min A(vf) - H(€j—xj)} (3.35)
¥EA] k11 =1
n
=minq ||H(vg,,)|| , min A(vy) H (4j —xj) (3.36)
XEBY kiq =1
— min {A(of,1) - IA], AGE) - o - 4]} (3.37)
= A(vg1) - Al = A(vg) - oir - [[A]]- (3.38)

Equality (3.35) follows from the induction hypothesis, (3.36) follows from the fact that the min-
imum occurs when x lies on IB%'Lk 41» and (3.38) follows from (3.21). In a manner similar to the
proof of [7, Theorem II1.4], it can be shown that the optimal boundary for the i subsequent

write after storing a point x’ € ]B%l k1 on the first write is given by

B 1je1 =% +Bj (b—x1, ..., 0 —xp) (3.39)
k
{xGA H i—x))= ] v;-v;H-HAH} (3.40)
j=1 m=k—i+1
k+1
={x€A: H(ﬁj—x]-) = I o.-lAl;. (3.41)
j=1 m=k—i+1

From (3.41), B}, ; ,; is independent of x’, the point stored on the first write, and the inequality
in (3.34) is in fact an equality. Thus, the claim in the theorem is true for k + 1 writes. This

proves the theorem by induction. m

3.3.1 Computing the optimal hyperbola parameters, v}

The hyperbola parameters for optimal fixed-rate write-regions can be computed easily

for the case of n = 2 cells.
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Proposition 3.3.4 For n = 2 cells, the optimal hyperbola parameters, vy, are given by the

recurrence relation

~1
vl = (3.42)

k—1
W_4 (— exp (—1 — 11 v;))
m=1

Proof. For convenience of notation, we drop the asterisk from v}. For k > 2, the optimal

hyperbola parameter, vy, satisfies
A(vg) = vk - A(0k—1) = vx - O

where O, £ ]'[ﬁ;:ll Uy. Using Lemma 3.3.2 for n = 2, we get

By the definition of Lambert W function, —v, ' = W(&). However, Wy (&) # —v; !
since Wo(x) > —1 for all x. By induction on k, & lies in the domain of W_;. Therefore
v =—(W_1 (&) €(0,1]. m
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Chapter 4

Write-once memories with retained

messages

4.1 Introduction and Main Results

In Chapter 3, we gave explicit WOM code constructions for the canonical WOM model.
In this chapter, we continue the discussion of WOM model and extend it to some practical
scenarios.

Following the work by Rivest and Shamir on the binary WOM, many papers on WOM
codes appeared during the 1980s and 1990s, (e.g., [27,28,36,91]) as well as in the past few years
(e.g., [30,43,51,88,93]). Among all of the existing models for rewriting on flash memories, one
assumes that a new message is stored in the memory on each write, effectively overwriting
previously written messages. This can be a drawback in some applications, however, if the
user wishes to retain access to one or more previously written messages. For example, suppose
that a police station keeps traffic surveillance videos for up to a certain amount of time, say 30
days. This requires that the most current video as well as the videos from the previous 29 days
be retrievable at any time. If the entire set of 30 daily videos are treated as a completely new
message to be written on top of the existing content of the memory cells, the writing efficiency
will be low, because the same message is being written multiple times via different codewords.

This motivates the model of rewriting flash memories with retained messages. This
model is related to the work on buffer codes and trajectory codes [43,45], which are capable of
remembering the most recent values stored in the memories. To make the problem simple, in

this chapter we consider rewriting on a binary WOM, where after each write the current message

47
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and some of the previously written messages need to be retrievable. We aim to characterize the
optimal rate trade-off and find code constructions focusing on three concrete problems motivated
by different scenarios in real storage systems.

In Section 4.2, we formulate the problem of retaining two days of video surveillance as

follows.

Problem 1. Consecutive two-step WOM
On the i-th write, i € [1 : t], encoder i stores (M;_1, M;) (Mo = () and decoder i has to recover

both messages.

Remark 4.1.1. In this chapter, the notations are inherited from Chapter 3. Since we assume that
the number of writes is fixed to be ¢, for simplicity we will denote R; ;, the rate on the i-th write

fori € [1:t], by R; if no confusion could occur.

By ignoring the correlation between message pairs over multiple writes and treating
(M;_1, M;) as a new message, one can achieve roughly 3 log, (¢ + 1) in sum-rate using a tra-
ditional WOM code, since every M;,i € [1 : t — 1], is written twice. Is this optimal? We
establish in Theorem 4.2.3 that the sum-capacity of the consecutive two-step WOM model is
log, ([4] + 1), which can be twice as large as 1 log,(t + 1) for large t. How can we fully
exploit the correlation among messages? We propose in Construction 4.2.1 a very simple code,
which turns out to be sum-rate optimal. The idea is to partition the set of 71 cells into two blocks
and to update the new message alternately on the two blocks, as shown in Table 4.1. An outer

bound on the capacity region for general ¢ is also derived.

Table 4.1: Writing arrangement of the consecutive 2-step WOM code

block 1  block 2
1st write M,

2nd write M,y M>
3rd write M3 My
4th write M; My
Sth write Ms My

Now suppose the police station wishes to keep track of the video from the most recent
day on which there was a traffic accident, as well as the traffic video for the current day. Since
the traffic accident is unpredictable, we cannot tell which part of the video will be kept for the
next day until the end of the current day. This is the situation in which the retrievable message for
the next write can be an arbitrary one from the two messages currently written in the memory.

To be more concrete, we formulate the problem as follows.
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Problem2. Arbitrary two-step WOM

On the first write, encoder 1 stores message M7 and decoder 1 has to recover Mi. On the i-th
write, i € [2 : t], encoder i stores (My(;), M;), where My;y € {Mg(;_1), M;_1} is arbitrarily
chosen from the two messages stored on the (i — 1)-st write, and decoder 7 has to recover both

messages.

For this problem, an idea arises naturally from the construction for the consecutive two-
step WOM. With Table 4.1 in mind, we store M1 and M, the same way as before for the first two
writes. If (Mj, M3) is stored on the third write, we update M3 on block 2. If instead (Mp, M3)
is stored on the third write, we update M3 on block 1. It can be shown that the sum-rate is
roughly % log, () in the worst case scenario. Can we do better than this? In Section 4.3, we
construct a code by enlarging the number of blocks, and we show that it can strictly outperform
the above code. Moreover, it is shown to be asymptotically optimal in f. A simple outer bound
on the capacity region and an upper bound on the sum-capacity are also presented.

Now we introduce the last problem. Suppose the surveillance videos are layered as high-
fidelity and low-fidelity ones, e.g., encoded by the H.264 standard. On each day, all low-fidelity
videos from previous days and the high-fidelity video from the current day should be stored.

This motivates the following.

Problem3. Incremental WOM

We rewrite each message M;, i € [1 : t], as two independent parts: the common message
M¢ € [1 : 2"Ri] and the private message M/ € [1 : 2R e, M; = (M¢, MF). On the
i-th write, encoder i stores all the previous common messages and its own full message, i.e.,

(M¢, M5, ..., M, M), and decoder i has to recover all of them.

One extreme special case of this problem is M¢ = (),i € [1 : t], i.e., there is no common
message. Then we go back to the traditional f-write WOM. The other extreme special case is
Ml.p =(),i € [1:t], i.e., there is no private message. Since all the previously written messages
have to be recoverable by the current decoder, the performance is fundamentally limited by the
last write. It can be shown that the capacity region for this extreme problem is 25‘:1 R; < 1.
Thus, an obvious choice to maximize the sum-rate is to set all the common-message rates to be

zero and the sum-capacity is readily established as log, (¢ 4+ 1). In Section 4.4, we establish

the optimal trade-off between the common-message sum-rate RS, := X' ; R and the private-
message sum-rate REm = T Rf .
3

Moreover, we investigate the symmetric sum-capacity Co,,, (), defined as the maximum

ssum
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achievable sum-rate when R{ = R/ = RS = R) = --- = R¢ = R/ = R. Since the prob-
lem formulation is apparently a combination of two completely solved extreme problems, one
might think that a time-sharing strategy between the two optimal coding schemes would be opti-
mal. Surprisingly, in Section 4.4, we construct a code that strictly outperforms the time-sharing
code and is asymptotically optimal in . The performance of this construction is illustrated in

Figure 4.2.

4.2 Consecutive Two-Step WOM

In this section we establish the sum-capacity as well as an outer bound and an inner

bound on the capacity region for the consecutive two-step WOM defined in Problem 1.

Proposition 4.2.1.(Outer bound on the capacity region) Ifa rate tuple (R1, Ry, . .., R}) is achiev-
able for the t-write consecutive two-step WOM, it must satisfy Ry < H(Y1),R1 + Ry <
H(YZ),RZ + R3 < H(Y3|Y1),R3 + R4 g H(Y4|Y2), ooy Rtfl + Rt < H(Yt|Yt72) forsome

pmfp(x1)p(xaly1) - -+ p(xelye-1).

Proof. See Appendix. m

Proposition 4.2.2.(Inner bound on the capacity region) For even t, lets = t/2. If two rate tuples
(R},...,R.)and (RY,..., RY) are achievable for the s-write WOM, then for all A € [0, 1], with
¥ =1— A, the rate tuple (Ry,...,R;) = (AR},"RY{,AR},“RY, ..., AR}, “R) is achievable for
the t-write consecutive two-step WOM.

For odd t, let s = (t —1)/2. If the rate tuple (R}, ..., R], ) is achievable for the
(s 4+ 1)-write WOM and the rate tuple (RY, ..., Rl) is achievable for the s-write WOM, then
for all A € [0,1], the rate tuple (Ry,...,R¢) = (AR}, "RY, AR}, “RY, ..., AR, "R{, AR{ ;) is

achievable for the t-write consecutive two-step WOM.

Proof. See Appendix. m

The above outer and inner bounds coincide at the sum-rate and establish the sum-

capacity of the consecutive two-step WOM for every ¢.

Theorem 4.2.3. The sum-capacity Cl,,(t) of the t-write consecutive two-step WOM is

Cl

() = log, <m 4 1> .
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Proof. See Appendix. m

In the following, we give a code construction' for even t, which is sum-rate optimal. It
also serves as part of the proof for Proposition 4.2.2. Partition the set of all cells into two blocks
and write odd messages to one block on odd writes and even messages to the other block on even
writes, as shown in Table 4.1. Thus, each block of cells can reliably store f/2 messages using a
traditional (t/2)-write WOM code and decoder i can recover both messages (M;_1, M;) stored
in the two blocks.

Construction 4.2.1 Let { and n be positive integers, with ¢ even, and let A € [0, 1] such that
An is an integer. Let* = 1 — A and s = /2. Suppose that the cell levels after the i-th write,
i€ [1:t],are (y!,y}), where y} and y/' denote blocks of lengths An and (1 — A)n, respectively.
Let Cy be a [An,s;27K1, . 22R) WOM code of length An with encoder El(mi, yi_q), m; €
[1 : 2MRi], on the i-th write, i € [1 : s]. Let C; be a [*n,5;27R1,...,27"R] WOM code of
length “n with encoder £ (m;, y! ), m; € [1 : 2"R/], on the i-th write, i € [1 : s]. Let
Ryi—1 = AR!and Ry; = "R, Vi € [1 :s]. An [n, ;2" ... 2"R] consecutive two-step WOM
code C of length # is constructed as follows. The cells are partitioned into block 1 with length An
and block 2 with length 1. On the i-th write, the encoder 7 assigns the codeword x; = (x/, x')

as follows:

1. For odd i = 2j — 1, write message n; € [1 : 2"Ri] to block 1 using the encoder on the

j-th write from C; and keep block 2 unchanged, i.e.,

X = 5]{(”71'/ Yi1)-

2. For even i = 2j, write message m; € [1 : 2"%i] to block 2 using the encoder on the j-th

write from C, and keep block 1 unchanged, i.e.,
! = & (i, ).
|

It can be seen that C is a consecutive two-step WOM code. If R} = RY,Vi € [1 : 5], the
sum-rate of C in Construction 4.2.11is ¥!_; Ry = ¥5_; ARl + ¥3_; "R/ = ¥5_, Rl Therefore,

1n all the following constructions, the decoders of the WOM codes for Problems 1, 2, and 3 are similar to the
decoders of the traditional WOM codes that are assumed to exist in each construction, and thus we omit the details
of the decoders here.
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if C1 and C, are sum-rate optimal, then C achieves the sum-capacity logz(% +1). Forodd t, a
consecutive two-step WOM code can be constructed similarly.

It is readily to generalize Construction 4.2.1 to the problem of consecutive k-step WOM,
where on the i-th write, i € [1 : t], encoder i stores (M; 11, M;_gio,..., M;) (M; =0, Vi <
0) and decoder i has to recover all of the k messages. Furthermore, the sum-capacity of consec-

utive k-step WOM can be expressed as the following.

Corollary 4.2.4. The sum-capacity Cl.,(k, t) of the t-write consecutive k-step WOM is

sum

Clim(k t) = log, qu + 1) .

4.3 Arbitrary Two-Step WOM

In this section we study the arbitrary two-step WOM defined in Problem 2. Note that
if a WOM code C is a t-write arbitrary two-step WOM code, then we can construct from it a
t-write consecutive two-step WOM code. Therefore, the sum-capacity C2,,,(#) of the arbitrary
two-step WOM is upper bounded as C2,,,(t) < Cl,m(t) = log,([£] +1).

Now we give a construction that strictly outperforms the construction in the introduction
and achieves 2/3 of C!,,., (t) of the consecutive two-step WOM, while keeping track of arbitrary
messages as required. Partition the set of all cells into three blocks as illustrated in Table 4.2. In
the first two blocks, we write in the exactly same manner as for the consecutive two-step WOM.
The third block is updated with M, ;) every other write to help retrieve the desired message of
the arbitrary demand. This can be improved by further enlarging the number of blocks as given

in Construction 4.3.1.

Table 4.2: Writing arrangement of the arbitrary 2-step WOM code

block 1 block2 block 3
st write My
2nd write M, M, M
3rd write M; M, M (>
M
M

4th write M; My
Sth write Ms My

Construction 4.3.1 Let ¢ and ¢ be positive integers such that ¢ is a multiple of £. The cells

consist of £ + 1 blocks, each of size n’; thus n = n’(I 4+ 1). After the i-th write, i € [1 : #],

the cell levels are (ylgl), yl(z), ey y§g+1))’ where yl(j),j € [1: £+ 1], denotes the j-th block of
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length-n’ cells. Let Cyy be an [n',t/¢; 'Ry Z”IR;/Z] WOM code of length n’ with encoder
El(mi,y; 4), m; € [1: 2", on the i-th write, i € [1 : t/¢]. An [n,t;2"R1,20R  2nRi]
arbitrary two-step WOM code C is constructed, where R; = R’( i/ ﬂ,i € [1 : t]. On the i-th write,
1 ,.(2) (e+1)

i € [1: ], the encoder i assigns the codeword x; = (x;/, 2,7, ..., x;

; ") using the following
rules. Leth = (i — 1 mod /) and j = [4].

1. Write message m1; € [1 : 2"'Ri] to the (h 4 1)-st block, using the encoder on the j-th write

from Cyy and keep the rest of the first 7’¢ cells unchanged, i.e.,

WY = g my, y"Y).

2. If h = 0and i # 1, write message m,(;) to the (£ + 1)-st block, using the encoder on the

(j — 1)-st write from Cyy, i.e.,

)4 )4
x( +1) = 5]/-71(ms(i), yl(_—il_l))

1
Otherwise, the last block is kept unchanged.
[ |

Proposition 4.3.1. If the WOM code Cyy is sum-rate optimal, then the code C in Construc-

tion 4.3.1 is an arbitrary two-step WOM code with sum-rate

14 t
£+110g2 <£+1>.

For large t, let £ = log, t. Then the asymptotic sum-rate is

Rim () =

lo
R, (1) = loggl%-i-l logz(log ; +1) =log, t — O(log,(log, t)).

Since an upper bound on the sum-capacity is log, ( {%] + 1) , this construction is asymptotically
optimal in ¢.

If t is not a multiple of ¢ we slightly modify Construction 4.3.1. We use a [H -write
WOM code for the first (£ mod ¢) blocks and a |/ |-write WOM code for the last (£ + 1 —
(t mod £)) blocks. The constructions yield the following corollary.

Corollary 4.3.2 A lower bound of C2,,,(t) is given by

. (tmod 0)logy([{] +1) + (£~ (t mod £)) logy(| §] +1)
re1) (+1 '

Figure 4.1 shows the upper and lower bounds on the value of C2,,,(t).
Finally, for the particular case of t = 3 we have a different construction achieving sum-

rate 1.2 while we can show that an upper bound is 1.5. The construction is presented next.
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— C? (t) lower bound
sum
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— Csum(t) upper bound
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Figure 4.1: Bounds on C2, ()

sum

4.4 Incremental WOM
We study the incremental WOM model in Problem 3.

Theorem 4.4.1. The sum-capacity of the t-write incremental WOM is
Coum(t) = log, (t +1).

The optimal trade-off between the common-message sum-rate RS, := Y| R and the private-

message sum-rate REm = T Rf is the set of rate pairs (RS, Rfum) such that

~

—1

Réum < [ 7ir
i=1

t—1 t—1 [i—1
Rgum+R§um< pl+2 <Hpk> H(pl)
i=1 \k=1

i1

for some p1, p2,...,pi-1 € [%, 1].

Proof. Theorem 4.4.1 follows by noting that R{ = R} = --- = Rf_; = 0 is optimal for the

sum-rate trade-off. m



55

Now we focus on the symmetric sum-capacity C2,,., (t), defined as the maximum achiev-
able sum-rate when R§ = R = R§ = R} = ... = R¢ = R/’ = R. We denoted by [n, t;2"%]

the f-write symmetric incremental WOM code. The following lemma gives an upper bound on

the symmetric sum-capacity.

Lemma 4.4.2. The symmetric sum-capacity of the t-write incremental WOM is upper bounded

as

2
H<2———<2.
(®) t+1

Proof. Let C be an [n,t; (2"R, 2"R)] symmetric t-write incremental WOM code. On

C3

ssum

each write, the rate of all recoverable information is not greater than 1. In particular, on the
t-th write, the £ + 1 messages M{, M5, ..., Mg, Mf are recoverable. Therefore, (f +1)R < 1,
which gives R < tJ%l’ and hence 2{R < ti—tl =2 t% <2. m

In the following, we give a construction of t-write symmetric incremental WOM codes.
To illustrate the basic idea, we show a construction for f = 3. Suppose that every private/common
message represents k = nR bits. Partition the 1 cells into three blocks. Write M to the first
block. Partition M/ into two messages M}, with Ak bits and M}, with (1 — A)k bits. Write
Mfl and M to the second block and Mfz, Mg , (M5, Mg ) to the third block. Thus, in the first
block we use a one-write WOM code, in the second block we use a two-write WOM code and

in the third block we use a three-write WOM code, as illustrated in Table 4.3.

Table 4.3: Writing arrangement of the 3-write incremental WOM code
block 1 block2  block 3

Ist write | M MY M7,
2nd write Mj M5 Mg
3rd write Mg M5 (M5, M§ )

Suppose that the lengths of the first, second, and third blocks are 711, 115, and n3, re-
spectively. For the fixed k, the problem of maximizing the symmetric sum-rate is identical to
minimizing the value of n = ny + n, + n3 as a function of A. Now we state the construction

formally and then present the symmetric sum-rate analysis.

Construction 4.4.1 Let k be a positive integer, A € [0,1], and n; = k. Suppose that the cell

"
i

"
i

levels after the i-th write are (y/}, v/, y denote blocks of length 11, 11,

), where v}, ¥/, and y
and 13, respectively. Let C1 be an [11, 1;2%] WOM code with encoder &1 (my) for the first write,
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C, be an [n3,2; 2, 2K] WOM code with encoders £ (m;, y! |),i € [1 : 2], for the first two
writes, and C3 be an [n3, 3; 201~k 2K 22k] WOM code with encoder £ (m;, y!" ), i € [1: 3],
for all three writes. An [n, 3; (2F,2F)] symmetric incremental WOM code C is constructed. On
the i-th write, encoder i assigns the codeword x; = (x/, x/, x!"") using the following encoding

rules:

1. If i = 1, then write message m] € 1: Zk] to block 1 using the encoder from Cq, write
message mt, € [1: 2] to block 2 using the encoder for the first write from C,, and write

message mfz ell: 2(1_/\)"] to block 3 using the encoder for the first write from Cs, i.e.,

(v, 27, x{") = (&1 (m]), & (mn) 5”/(’”12))

2. If i = 2, then the first n11 cells are unchanged, write message m; € 1: 2"] to block 2
using the encoder for the second write from Cy, and write message m}5 € [1 : 2¥] to block

3 using the encoder for the second write from Cs, i.e.,

(g, x5") = (& (m5, y7) , &' (m}, y1")) -

3. If i = 3, then the first 11 + 11, cells are unchanged and write message (m§, m5) € [1 :

22"] to block 3, using the encoder for the third write from Cs, i.e.,
o = & (m5, ), ).

The symmetric sum-rate of the code C is given by 6k/n. As k is fixed, this value is
maximized when 7 is minimized. We denote by 7, (A) the minimum length of an [, 2; 2%, 2K]
WOM code and similarly 73(A) is the minimum length of an [n3, 3; 2(1=A)k ok 22k] WOM code.
Then, the problem is to find the value of min ¢(o1)(1n2(A) + 13(A)).

Proposition 4.4.3. The minimum value of n in Construction 4.4.1 is n = 4.386k, which is

achieved by setting A = 0.3116. The corresponding symmetric sum-rate is R3,,,(3) = 1.3679.

Proof. See Appendix. m

We are now ready to generalize the construction for an arbitrary number of writes f. Each

of the messages M¢, M ., Mg, MP represents k = nR bits, and the n cells are partitioned
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Table 4.4: Writing arrangement of the ¢-write incremental WOM code

1 Mi Mfl Mfz e U M?,t—Z Mf,t—l
M{ Mg Mgl e U Mgt—?; Mg,t—Z

3 M{ Mg M:C% Mgl e Misg,t—4 Mg,t—S
M{ Mg M:Ca MZ e Mf—z,l Mf—z,z
My M; My M - M, MY,

M) M5 M5 Mo MP, o (M M)

into t blocks. Message Mip,i € [1:t—2],is partitioned into f — i parts (Mﬁ, Mlg, e, Mft_i).
The arrangement of these messages when written into the memory is depicted in Table 4.4.

According to this layout, the i-th block, for i € [1 : t], consists of n; cells and is
used to construct an i-write WOM code. Assume that message Mf]. fori e [1:t-2],j¢€
[1 : t —i] represents A; ;k bits, where Zé;il Aij = 1. Then for i € [2 : t — 1], messages
(Mf,iq/ MZFZ, e, Mz{l,l/Mf) will be written as an i-write WOM code of length 7;, and
messages (Mf’til,Mg,FZ, ... thpfz,zr Mfil, (M, Mf)) will be written as a t-write WOM
code of length 71, where (M, M) represents 2k bits.

Similarly to the three-write case, the symmetric sum-rate of the f-write incremental

WOM code is R, (1) = 2E. If k is fixed, RS, (t) is maximized when 7 is minimized. For

jE2:1],letA jbea length-(j — 1) vector defined as
Aj= (7\1,;71,7\2,]-,2,...,A]-,Ll) € [o, 1]1'*1,

where Y1~ A;, = 1,Vi € [1 : t—1]. Let n; = k be fixed and we denote by 1;(A;) to be
the minimum length of an [n}, j; 2*i-1F, 2%2j-2k . 24714k 2K] WOM code for j € [2 : + — 1]
and 1;(A¢) is the minimum length of an [ny, ¢; M-tk DAapok o DA-ak Dk 22k] WOM code.
According to Table 4.4, we seek to find the minimum total block length N/, which is equivalent

to solving the following minimization problem

Azye At

t
Find N; = min {n1+2n]-(7\]-)}, (P
j=2

subjectto A;, € [0,1], XL Ay =1,Vie [1:t—1,he [1:t—1].

The solution to Problem (P1) is closely related to the following minimization problem.

Definition 4.4.4. Let p; = (piis1, Pijt2,---,Pip) € [0, 3] fori € [1:t—1], bet—1
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vectors of decreasing length. Let

t—1
def 1 2
ﬁ(p,...,p):u(z _ >+ _ ,
Vo S -pe)) T pe)

and define the minimization problem

minimize  fi(py, ..., P;_1), (P2)

with respect to py, ..., p,_4, subject to the following conditions

1
pin €10, E],Vi el:t—=1,heli+1:1,

and
= h(pin) h(piz) _
P = =1,
h=i+1 Hszi (1 - Ps,h) (Hszi (1 - ps,t)) h(Ptfl,t)
foralli € [1:t— 2], where p;_1 ; satisfies % = %

Let F}* be the minimum value of Problem (P2). A vector (p,,...,p,_,) is called an

optimal solution or simply eptimal to problem (P2) if fi(py,..., p,_1) = F/.
Lemma 4.4.5. The minimum block length N} for Problem (P1) is

N} = kF/,
Furthermore, the symmetric sum-capacity of incremental WOM satisfies C3,,. (t) > T

Proof. See Appendix. m

According to Lemma 4.4.5, we are left to solve Problem (P2). Theorem 4.4.6 recur-
sively solves Problem (P2). Let p; = (Pii+1, Pijit1,---, Pit+1), fori € [1 : ], be optimal for
the (f + 1)-write incremental WOM code, and let p; = (piit1,...,pig) fori € [1:¢t—1],
be optimal for the t-write incremental WOM code. Then an optimal (fp,, ..., p,) can be de-
rived from the optimal (p,, ..., P, ;). Since the solution when ¢ = 3 is known, the solution to

Problem (P2) for arbitrary ¢ can be derived accordingly.

Theorem 4.4.6. Let p; = (Piiv1, Piiv2, -, Pips1) € [0, 3] fori € [1:t]. Let p, =
(Pijit1,--- Pig) €10,3] " fori € [1: t—1]. Suppose (py,..., P, ;) is optimal, then there

exists an optimal (py, ..., P,), such that

pi=p 1, Vie€2:t],

and p; = (p1,2,---,P1,), where Vj € [2 : t], py ; satisfies %;fi = FL?
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Proof. See Appendix. m

Figure 4.2 shows the achievable symmetric sum-rate of the time-sharing scheme de-
scribed in the introduction and our construction based on the optimal partition strategy, A; j,

i€[l:t—2],j€ [l:t—i], that maximizes RZ ().

ssum
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Figure 4.2: Lower and upper bounds on C3,,,,(#)
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4.5 Conclusion

Write-once memory (WOM) is a binary storage medium in which each memory cell is
initially in state 0 and can be irreversibly programmed to state 1. This chapter studies the problem
of writing multiple messages into a WOM. Instead of writing a new message (and obliterating
old ones) as in the traditional setup, the user wishes to retain access to some of the previously
written messages. The capacity region is studied and code constructions are proposed for three

canonical cases.

4.6 Appendix A

Proof of Proposition 4.4.3. Let us first find the value of 11 (A). That is, we find a WOM
code of minimum length 7, (A) such that its rate on the first write is R1 = Ak/n,(A) and its rate

on the second write is Ry = k/n,(A). Thus, we have Ry /Ry = A. Since the capacity region
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of the two-write WOM is given by {(R1, R2)|R1 < h(p1), R < p1, for some py € [1/2,1]},

and we find a WOM code of minimum length, the ratio of Ry and R; satisfies

h(p1)/p1 = A, (4.1)
for some p; € [1/2,1]. Note that if A is positive then equation (4.1) always has a solution,
which we denote by p1(A). Now, we deduce from Ry = k/ny = pq that na(A) = k/p1(A).

Similarly, the capacity region of the three-write WOM is given by {(R1, R, R3)|Ry <
h(p2), Ra < pah(ps), Rs < paps, for some po, p3 € [1/2,1]}. Thus, it can be shown that the
values of py, p3 € [1/2,1] that give the minimum code length for n3(A) satisfy

h(p2)/(pah(ps)) =1 - A, (4.2)
h(ps)/ps =1/2. (4.3)

The value of p3 is independent of A and is given by p3 = 0.9055, and p»(A) is the solution to
equation (4.2). Hence, n3(A) satisfies n3(A) = 2k/((p2(A)p3).

We are now left to solve the minimization problem

s 1 2
minimize <P1(7\) + ]92(/\)]93> ’ 4.4)

with A € [0, 1], where p1(A), p2(A), and p3 satisfy equations (4.1), (4.2), and (4.3) respec-
tively.
From Equation (4.3), ps was already calculated numerically. From Equation (4.1)

and (4.2), we have
h(pr(A) | h(p2(A)
pi(A)  p2(A)h(ps)

Therefore, we can formulate the minimization problem as

. ( 1 2 >
mimnmmize | — + ——
P1 pa2ps

with p1, p2 € [3, 1], subject to

h(p1) + h(p2) =1, where p3 = 0.9055.
p1 p2h(ps)

It follows that p1 = py = 0.9479 and we get A = h(p1)/p1 = h(ps)/(h(ps) +1) =
0.3116. Therefore, n = 1y + n2(A) + n3(A) = 4.386k and R3,,,(3) satisfies

ssum
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6k 6k
R3 _6R = O _ = 1.3679.
ssum(B) 6 n ny + le(A) + Tl3(/\)

This completes the proof. m

Proof of Lemma 4.4.5. First, remember that the capacity region of a j-write WOM is

twom(j) = {(R1,-.-,Rj)|R1 < h(p1,), Ry < (1= p1,j)h(p2,)),
j-2

o Rin < (TT = peg) itpjo,), Ry < T = pr),

=1 -1

—_

—.

where 0 < py1j, ..., Pj-1,j < 1/2}

In this particular construction, the j-th block for j € [2 : t — 1] of length 7 is an

[n il 2Mj-tk ook oAj1ak 2"] WOM code. Thus, the ratio between the rate of the /-th
write, Ry, and the last write, R}, is % = Apj—0, VU € [1:j—1]. If such a WOM code has
minimum length 72;(A;), then all inequalities on Ry, ¥/ € [1 : j] in the capacity region Cwowm (j)

R[ (Pé j)

turn to equality, and therefore R = Fepy . Thus we have
—Ps,j

| h(pe,;)
(1 —ps)

and by substitution of indices we have

Ag,]',g: ,VjG[ZZt—l],€€[1ij—1],

h .
Aﬁ,]': - (p€’€+]) ,V]E[lt—Z],ﬂE[lt—]]

I+i—1
M) (1= pseti)

From the definition of the vectors A; for j € [2 : t], the values of py j, ..., pj_1,; are a function

of only the entries in the vector A;, and thus we can denote py j(A;),Vj € 2 :t—1],£ € [1
j—=1

Moreover, since on the last write k bits are written, we get R i =
pg,j(ﬂj)). Thus,

= 1) (1 -

k
k
— .
= (1= pei(A)
Similarly, for j = ¢, the t-th block is an [n;, t; 21141k, 2A2s-2K)
. 2/\f*2f2k 2K, 22K WOM code. The ratio between the rate of the /-th write and the (t — 1)-st
write is R = Ags—p, V0 € [1 : t—2]. For such a WOM code with minimum length 7;(A;),

nj(Aj) =

we have (pe2)
Ry h(pes

Ay, — — NMell:t—2

b=t Ri—1 Ht 2( — ps,)h(pi-14t) | |
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and thus py;, which is a function of Ay, is denoted by py;(A;). The value of p;_;, satisfies

% = %, and for the simplicity of the coming notation will be denoted by p;_1 +(A¢). There-

fore, as before, we get that

2k
T2 (1= pos(Ar)

Now we get that that total number of cell is expressed by

Tlt(At) =

t
n=k+ Y niA;)
j=2

s (t—zl k > N 2%k
S —p(A)) 2= prs(A)’

where the constraints on (A, ..., A;) are

t—i
Aip=1Vie[l:t-2],
h=1
and the constraint A;_; 1 = 1 has already been satisfied in the code construction.
Therefore, Vi € [1: ¢ — 2],
t—i t—i—1
N Ain= Y Aip+Airi
h=1 h=1
IS h(piien) L h(pit)
S T (1 = poien)  TIEZF(1 = ps)h(piaye)

& h(pan) ) h(pi)
= M _|_ 7
(h%—l H?;ll(l - ps,h) (Héj(l - ps,t)) h(pt—l,t)
=1,

; h(pr—1)) _ 1
and p;_1 ¢ satisfies Top oy = 2
Finally, we conclude that in order to minimize the block length 7 under the constraints
on (Az, ..., As), it is suffice the minimize the function f;(p,, ..., p,_;) under the constraints on
(P1/--+, Py_y)- Furthermore, we get that Ni = kF;', and hence Cgy, (t) > 2t
t
[

Proof of Theorem 4.4.6. First we prove the following lemma.
Lemma 4.6.1. Suppose (pq,...,p,_,) is optimal for Problem (P2), i.e., fi(py,..., P;_1) =
F;, then
pir=p1,Vre2:t],

where py is a constant.
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Proof. There are t — 2 constraints on (py, ..., p,_;), that is, for p;;, € [0,1],Vi € [1 :
t—1],h € [i +1: t], they should satisfy

( ti _h(Pz’,h) ) n h(pit) _q,

h=it1 H?:il(l — Pst) (TIL23(1 = pse)) h(pe-e)

foralli € [1:t— 2], where p;_1, satisfies Mpeis) — % We denote the t — 2 constraints by

1=pe1s
Constraint ¢, for £ € [1 : t — 2.
Using t — 2 Lagrange multipliers (y1, ..., vi—2), let

Lyi,- - vi-2) = fi(pi, - Pi1)

& — h(pin) h(piz)
+ D,V — + ’
1% (h%l H?:l‘l(l - ps,h) (Hi;lz(l — Ps,t)) h(Pt—l,t)

Note that only Constraint 1 involves p1 ,, for » € [2 : t], and

<h(X) )’ _ —log(x)

1-x) (1—-x)2"

Taking partial derivative respective to py ,, for r = [2 : t — 1], we have

oL _ ofe(p1,--- Pi_1)

apl,r apl,r

0 & hpiw) h(p1,)
Mg, (2 iy +o

PAY=S | (IO ) (ns:1(1—ps,t))h(pt,l,t)

_ ofe(pr, - Pi_1) 1 d til h(Pl,h)
p1,r L =5 TIZ1 (1= psp)

where

oft(pr, - Pi1)
aF’l,r

_ 9 (f—zl 1 . 2 )
Ip1,r j=2 Hé;i(l — pg,j) Hz;ll(l - pé,t)
) L 1
o 2 —
apl,r j=2 Hé:i(l — pg,]')
0 1
P T=5 (1 = pes)
1

(1= pr)? 251 = pey)’




and

o h(piy)
o1y S T — o)

_ J h(p1,r)
Ip1,r Hﬁ;i(l — Psr)
_ —log(p1,r)

(1= p1)? 251 = pes)
Therefore, for r = [2 : t — 1],

oL (1 —y1log, p1,r) SET

Ip1,r (1—p1,)? H;;;(l - p]’,r)

Then py, =2"" =py,Vre [2:t—1].

Similarly, for pq 4,

oL 2
Wi (1= 22N = py)
B Y1log, p1,s
h(pee) (1= pL)? 23 (1= pje)
Pt—1,t P1t j=2 Pjt
SET()
Note that % = %, we have y; = m&ﬁ‘ Therefore, p1, =2 =p,Vre 2:t]. m

Let p; = (Piit1, Pii+1,-- -, Pip+1), fori € [1: t]. We would like to find

Fip= min fia(py,--- Py,
PPt

subjectto p;, € [0, 4], Vi€ [1:t],h € [i+1:t+1],and

t h(pin) h(pit+1) _
(I’l%—l (Hé’;il(l — ps,h)> ) i (T2} (1 = psssn)) B(prisa) "

. . h
foralli € [1:t— 2], where p; ;.1 satisfies 1%7'::3 =1

It has been proved that in order to achieve the minimum, we have p;, = p1,Vr € [2:
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t + 1], where p; is a constant. Therefore,

mm ft+1 p
= mm 1 + + 2
= 2 Hz 1 —Pe,j) T/ (1 = prisr)
1 2
: < * 2] 3 (1 P(]) + H?z@‘f’é,t))

=14+ min

pl’i’Z""’i’t 1 —_— pl
=1+ min BB,

pupyoPrg L — plft(pl Pi 1>

where p;, = (Piiy1,...,Piy) fori € [1:¢+—1], and

Pia=pyVie2:],

h(piiv) 1

According to Constraint 1 and considering that T, — 20 Ve have
h(p1)
——fi(py,..., D =1.
1— plft(P1 Pi1)

Therefore, the problem is formulated as finding

F' =1+ min (P3)
s pelo,d) (p1)’

subjectto p; € [0, 4], Vie [L:t—1],he[i+1:1],

h N

P ) =1, (1)
and )

s h(pin) ) (Pit)
- + : =1, @
<h;+1 LS (A=Pon)) (T2 - pon)) h(Pro1)

forie[1:t—2].
Note that in Problem (P3), #Pl) is a decreasing function for p; € (0,0.5]. Then

we would like to find the maximum p; € (0,0.5] under the constraints of Equation (1) and

Equation (2). From Equation (1), we have 1(;71) _ 1

P1 ft(PrPr1)’

meaning that p; is a function

~ ~ ~ ~ . d h -1
of (py,...,P;_,), and we denote by p1(py,...,P;_1). Since an (1@;3) — (10_5;;3721) >
0,Vp; € (0,0.5], we conclude that p1 (P4, ..., P, ;) increases monotonically with l;(_—p;i, thus

inversely with f;(p,,..., p;,_,). Therefore, p1(p;, ..., P,_;) is a decreasing function of f;(p,,
o Pi1)-
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Among all the tuples of (P, ..., p,_;) that satisfy the constraints of Equation (2), sup-
pose (p3, ..., p;_,) minimizes f;(pq,..., P;,_,). From the arguments above, we conclude that
1

(pi,..., P;_q) together with p1(p7,..., P/ ) = A = F% achieve the minimum of
P

Problem (P3). This completes the proof. m
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Chapter 5

Inter-cell interference free codes for

flash memories

5.1 Introduction

In Chapter 3 and 4, we studied WOM models that can be applied to flash memory
systems where some important physical properties of flash memory cells are not considered.
In this chapter, we study constrained codes that take into account the coupling capacitance of
adjacent flash memory cells to mitigate the inter-cell interference.

Non-volatile memories — in particular, flash memories — have attracted considerable
attention due to their high data-transfer rate and low power consumption [12]. Flash memory
cells consist of floating gate transistors, in which the amount of trapped charge determines the
cell voltage, referred to as the cell level. A flash memory cell is written to, or “programmed,”
by applying a suitable voltage to the cell in order to inject the desired amount of charge to
reach a certain cell level. Programming precision is an important factor governing the achievable
capacity of flash memory storage. Another is inter-cell interference (ICI), caused by the parasitic
capacitance between adjacent cells, as a result of which the voltage level of a so-called victim
cell may be increased when a high voltage is applied to neighboring cells [21, 58].

As an example of ICI, consider a single-level cell (SLC) flash memory, meaning a mem-
ory whose cells supports only two levels. (The SLC designation is somewhat of a misnomer.)
We denote the low level by the symbol 0 and the high level by the symbol 1. Now, if a group
of three consecutive cells in a row are programmed with the 1 0 1 pattern, the level of the mid-

dle cell may be inadvertently increased due to the effect of ICI. During data recovery, the level
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of the victim cell may be erroneously interpreted as representing a programmed symbol 1. To
combat this effect, the use of a constrained code that prevents the appearance of the ICI-prone
symbol pattern 1 0 1 has been proposed. Similar ICI-mitigating constraints for multi-level flash
memory cells, preventing the appearance of, say, the pattern (7 — 1) 0 (g4 — 1) in consecutive
g-ary cells, have also been considered [5,59]. We will refer to constrained codes that eliminate
these ICI-inducing patterns as ICI-free codes.

In this chapter, we investigate the application of ICI-mitigating codes in two flash mem-
ory settings. First, we study information-theoretic limits on the efficiency of binary ICI-free
codes that are also balanced, meaning that codewords have an equal number of 0’s and 1’s.
These codes are of interest when a dynamic read threshold is used to reduce the number of
errors caused by cell level drift resulting from charge leakage. Specifically, we determine the
asymptotic information rate of ICI-free balanced codes.

We then consider codes that allow for the efficient re-use of a binary ICI-free write-
once-memory (WOM), that is, a binary WOM that does not support codewords containing the
1 0 1 pattern. The ICI-free WOM provides a model for a flash memory system that uses a
multiple-write WOM code to extend the device lifetime, with the added constraint that none of
the codewords contain the ICI-inducing 101 pattern. Our main result is a characterization of the
t-write, sum-rate capacity of an ICI-free WOM, as well as an explicit numerical evaluation for
2<tL7.

We now discuss these two applications in more detail.

5.1.1 IClI-free Balanced Codes for Dynamic Threshold Detection

Charge leakage, which results in a downward drift in cell voltage levels in a flash mem-
ory, can lead to errors in the data retrieval process when the read threshold(s) are fixed. In [97], a
dynamic read threshold was proposed as a means to compensate for cell-level drift in SLC flash
memory. The threshold adaptation is facilitated by the use of a balanced code, that is, a code
in which every codeword has an equal number of 0’s and 1’s. (See, for example, [52].) (Of
necessity, the codeword length is even.)

Under the assumption that the cell-level drift is essentially uniform across all cells, the
relative ranking of cell levels is largely preserved. Therefore, by adjusting the threshold value
to the point where half of the cell levels are above the threshold and half fall below, the cells
programmed to a 1 or a 0 may still be correctly identified with high probability. Since the

asymptotic information rate of balanced binary codes is 1, the rate penalty associated with the
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use of a balanced code can be made negligibly small with proper code design.

The construction of efficient balanced codes has been extensively studied in [38, 39,
52, 85, 86, 89], and extensions to non-binary and two-dimensional balanced codes have been
considered in [62, 63, 67, 83]. Codes that combine the balanced property with certain other
constraints, such as runlength limitations, have also been addressed in, for example, [40].

We are specifically interested in binary codes that are both balanced and ICI-free, as
defined above. These codes can be used with a dynamic threshold scheme, while also mitigating
ICI effects.

5.1.2 Coding for an ICI-Free Write-Once-Memory (WOM)

One of the most conspicuous properties of flash memory cells is the asymmetry in the
programming process. Cell levels can be easily increased by injecting additional charge into
them [12]. In contrast, to decrease the level of even a single cell, the whole block of cells (~ 10°
cells) containing it has to be erased and then reprogrammed accordingly. These block erasures
not only introduce significant latency into the writing process, but also degrade the floating gate
cells, thereby shortening the usable lifetime of the device. Therefore, it is desirable to reduce
the number of these block erasures in order to enhance the endurance of the flash memory and
increase its lifetime storage capacity, which is the total amount of information that can be stored.

The original motivation for the use of rewriting codes came from storage media such as
punch cards, optical disks, electronically programmable memories, and paper tapes, all of which
consisted of “write-once” bits, or “wits,” whose physical states could be changed only once.
These technologies could be modeled as a write-once memory (WOM), that is, a binary storage
medium consisting of cells supporting two states, designated as 0 and 1, such that during the
recording process, a cell can remain in its existing state or, if it is in state 0, can be irreversibly
changed to state 1.

Rivest and Shamir [71] showed that, through the use of properly designed codes, a
WOM can store multiple generations of information much more efficiently than might have
been expected.

Wolf et al. [91] studied binary WOMSs from an information-theoretic perspective under
various assumptions about state information available at the encoder and decoder. Heegard [36]
determined the capacity region of achievable rates for binary WOMs with state information at
the encoder, while also introducing several generalized models that allowed for noise, non-binary

input and output alphabets, and different types of cell level transitions. The capacity region of
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non-binary WOMs with cell-state transitions described by an arbitrary directed acyclic graph
was found by Fu and Han Vinck [5]. On the other hand, a WOM can be viewed as a special type
of write-efficient memory (WEM) [2]. Within this framework, Fu and Yeung [29] derived the
sum-capacity of deterministic WOMs described by a more general graph.

Several other works pertaining to WOMs and WOM codes have appeared, a number of
them motivated by the relevance of the WOM model to flash memory devices [27,30,43,51,87,
88,93].

In view of the distinct and complementary performance benefits offered by multiple-
write WOM codes and ICI-mitigating codes, we investigate their combination in the framework
of coding for an input-constrained WOM. Broadly speaking, an input-constrained WOM is a
WOM that restricts the input words that it can store by forbidding the appearance of certain
symbol patterns. In this framework, an ICI-free WOM is one that does not allow the pattern 1 0

1 to be written at any time.

5.1.3 Outline of the Chapter

In Section 5.2.1, we present the derivation of an exact expression for the generating
function of the number of binary ICI-free balanced sequences, as well a combinatorial formula
for its coefficients. From each of these, we deduce the asymptotic information rate of ICI-free
balanced sequences. In Section 5.2.2, we describe a heuristic, probabilistic argument that yields
the same rate. Extending it to the non-binary setting, we develop a conjecture for the asymptotic
information rate of g-ary ICI-free balanced codes. Section 5.3.1 gives background on input-
constrained WOMs and two-dimensional constraints. In Section 5.3.2, we prove that the t-write
sum-capacity of the input-constrained WOM is equal to the capacity of a corresponding two-
dimensional constraint defined on an infinite f-row strip. Section 5.3.3 describes a construction
of 2-write ICI-free WOM codes based upon covering subset partitions of bipartite graphs. Sec-

tion 5.4 concludes this chapter.

5.2 ICl-free Balanced Codes

In this section, we study information-theoretic properties of ICI-free balanced codes.
We derive the asymptotic information rate of ICI-free balanced codes over the binary alphabet
using combinatorial properties of walks on the two-dimensional lattice Z>. We then present a

heuristic, probabilistic argument that yields the same result. Extending this heuristic argument
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to g-ary codes, we make a conjecture as to the asymptotic information rate of g-ary ICI -free
balanced codes.

We begin with some definitions.

Definition 5.2.1. A length-2n binary sequence u € {0,1}?" is said to be ICI-free balanced if
1. it contains exactly n symbols that are 0 and n symbols that are 1;
2. Uj_q, Ui, Uiy 75 101, for all i such that2 < i < 2n — 1.

We refer to a set of ICI-free balanced sequences of the same length as an ICI-free bal-

anced code.

Definition 5.2.2. Let C,, be the set of all binary ICI-free balanced sequences of length 2n. The
asymptotic information rate of C,, is defined as
log, |C
C? = lim sup M
n—>00 2

Remark 5.2.1. It can be deduced from Lemma 5.2.9 and Lemma 5.2.10 that lim,,_, bgzir‘l(:”'

2
exists. It is also observed by simulation that 108, 1€l i an increasing sequence and upper bounded

2n
by 1.

Referring to Definition 5.2.2, let C(x) be the generating function of |C,,/|, that is,

C(x) =Y, cux",

n=1

where ¢, = |Cy,| for n > 1. Our main contribution in this section is the following theorem, which
gives a closed-form expression for C(x) and determines precisely the asymptotic information

rate C(2),

Theorem 5.2.3. The generating function C(x) is given by

14+ x
Clx) = V 1—3x_1'

and the asymptotic information rate of binary ICI-free balanced codes is

1
C? = 5 log, 3.
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5.2.1 Derivation of the Asymptotic Information Rate

This section is devoted to the proof of Theorem 5.2.3.

Let S, denote the set of binary balanced sequences of length 21. We denote by A,, the
set of all ICI-free balanced sequences of length 2n that start with a 1 and by B, the set of all
ICI-free balanced sequences of length 27 that start with a 0. Finally, the cardinalities of these
subsets are denoted by A, = |.A,| and B, = |B,|, and the corresponding generating functions
of the cardinalities are denoted by A(x) and B(x), respectively.

The derivation of C(x) will make use of the close connection between ICI-free balanced
sequences and paths in the integer lattice Z>. The following definition introduces several types

of paths that will play a role in the analysis.

Definition 5.2.4. A path of length n is an n-step walk on Z?, starting at (0, 0), such that every
step is either an upstep obtained by adding U = (1,1) or a downstep obtained by adding
D = (1,—1), respectively, to the current position. If the path is at (x;, y;) after i steps, the
height at step i is defined to be y;.

A path of length n is called a symmetric path if it ends in (1,0).
A path is called a UDU-free path it UDU is not a subsequence of the path.

A symmetric path is called a Dyck path if it never goes below the horizontal axis y = 0,

i.e, the heights are non-negative after every step.

Let P denote the set of all symmetric paths, including the empty path. Let F be the set
of all UDU-free symmetric paths, including the empty path. Let I/ C F be the set of non-empty
paths that start with a U, let D C F be the set of non-empty paths that start with a D, and let H
be the set of UDU-free Dyck paths.

Now, let P,, C P be the set of symmetric paths of length 2n, for n > 0. Define F,, C F
to be the set of UDU-free paths of length 21n. We use F, = |F,| to denote the cardinality of 7,
and F(x) to denote the corresponding generating function of F,,.

We define in an entirely analogous manner the sets U, D,,, and H,,, their cardinalities
Uy, D, and H,, and their generating functions U (x), D(x) and H(x).

The evident connection between balanced sequences and symmetric paths, as well as

between their subsets defined above, is stated formally in the following lemma.

Lemma 5.2.5. There is a bijection between S,, and P,,. The bijection maps C,, to F,, and, more

specifically, A, toU, and B, to D,,.
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Proof. The bijective mapping between balanced sequences and symmetric paths is ob-
tained by identifying the symbols 1 and 0 with steps U and D, respectively. It is clear that this
mapping establishes the bijection between C,, and F,, as well as between A,, and U, and be-
tween B, and D,,. m
The following lemma follows immediately from the definitions above and the properties of the

bijection established in Lemma 5.2.5.

Lemma 5.2.6. The generating functions C(x) and F(x) can be written as:
C(x) = A(x) + B(x) = U(x) + D(x)

and

F(x) = U(x)+ D(x) + 1.

For any n > 1, we will define a mapping from the subset Uf,, C F, of length-2n,
UDU-free symmetric paths that begin with U to the subset D,, C F,, of length-2n, UDU-free
symmetric paths that begin with D. We will then show that this mapping is actually a bijection. In

order to describe the mapping succinctly, we introduce the following terminology and notation.

Definition 5.2.7. Let u = [uq,...,Up,—1, Upy| be a path in U,. The k-left cyclic shift of u,
denoted by u® is the path obtained by cyclically shifting u by k steps to the left. That is,

k
ul ) = [uk+1r---ruanulr---rukflluk]-

Note that all shifts of u are symmetric paths because the number of U steps and D steps
remain equal. Define the mapping
¢:U—P

as follows: Given a path u € U, let i be the index of the last symbol D in u such that the path
falls from height 1 to height 0. Then ¢(u) = ul"~1), the (i — 1)-left cyclic shift of u.

Proposition 5.2.8. The restriction of the mapping ¢ to U, is a bijection from U,, to D,,, for all
n > 1. Therefore, |U,| = |Dy|, and U(x) = D(x).

Proof. We first show that ¢(u) € D, Vu € U,.

By construction, ¢(u) is a symmetric path that starts with a D, so we need to show that
¢(u) is UDU-free. Since u € U, this translates into showing that the UDU-free constraint is
not violated when 11 (which is a U) is cyclically shifted and concatenated with u,,,. Let i be the

index of the last D that causes the path to fall from height 1 to height 0. If up, = D, theni = 2n
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and the first two steps of ¢(u) are DU; otherwise, up,u; = UU. In either case, we conclude
that ¢(u) is UDU-free. Hence, the image of ¢ lies in D,,.

We now prove the injectivity of ¢, that is, if u, v € U, and u # v, then ¢p(u) # ¢(v).

For any two distinct paths u € U, and v € Uy, let p(u) = p, where p = [p1,..., pau]
and ¢(v) = g, where ¢ = [q1,...,q2n]. Let iy, resp. iy, be the index of the last D such that
u, resp. v, falls from height 1 to height 0. If i, = iy, then p # g since, by definition of a left
cyclic shift, distinct paths that are left-shifted by the same amount must yield distinct paths. On
the other hand, suppose i, # i, and, without loss of generality, assume i, < is,.

Then we claim that at least one of the following statements is true:
(a) There exists an index j € {1,2,...,(2n — i, + 1)} such that p; # q;;

() Pn—iyr2) # 92n—iy+2)-

Each of these statements implies that ¢(u) # ¢(v), as desired.

It suffices to prove that if (a) does not hold, then b) must. To see this, note that g
is obtained by the (i, — 1)-left cyclic shift of v, implying that q(2n—iy+1) = U2n. Therefore,
q(2n—i,+2) = U1 = U. Meanwhile the height of g after (5, ;1) is —1. Now suppose (a) does
not hold, i.e., [p1, ..., Pon—iy+1)] = [91,- -+, G(2n—i,+1)]- Then, by construction, p,_;, 1) =
U(2n—i,+i,) and the height of u after w5, ; 1;,) 18 0. Thus, po,_i 12) = Un—iyri+1) =
D since, otherwise, the height of u after u(5,_; 4,41) is 1 and u;, would not be the last D
corresponding to a fall from height 1 to height 0 in u, contradicting the definition of 7,,. Thus,
Pn—i,+2) = Uand g, +2) = D, confirming that condition (b) holds.

This completes the proof that the mapping ¢ restricted to U, is in injection into D,,, and
so [Uy| < | Dy, foralln > 1.

In a similar manner, we define a mapping
v: D, — U,

as follows: Given a path d € D,, let i be the label of the first U such that the path rises from
height -1 to height 0. Then y(d) = d~Y, the (i — 1)-left cyclic shift of d.

The proof that the restriction of the mapping y to D,, is an injection into I, for all n >
1, is similar to that of ¢ being an injection, so we omit the details. Consequently, |D,,| < |U,|,
foralln > 1.

In fact, one can see that y and ¢ are inverse functions of one another, so they in fact

define bijections between U, and D,,.



We can now conclude that |Uf,,| = |D,| for all n > 1, and, therefore, U(x) = D(x). m

Example 5.2.1. Figure 5.1 illustrates the bijection between {3 and Ds. There are 10 UDU-free
paths of length 6 and the last D (or first U) that the path falls from height 1 to 0 (or rises from -1
to 0) is circled for each path.

Last D from
/ helght 1to0 /\/\
/ First U from

height-1to 0

/ /s/\
£,

Figure 5.1: Bijection between (/3 and D3

We are now in a position to prove the main result.

Proof of Theorem 5.2.3: Any path in / can be written in one of the following two forms:
1. UDP, where P is empty or in D; or,

2. UPDQ, where P is a non-empty path in , and Q is in F.
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(This is the so-called first return decomposition of a path in I/.)

This gives rise to the equation
U(x) =x(14+D(x))+x(H(x) — 1)F(x).
From Proposition 5.2.8, we have D(x) = U(x). Together with Lemma 5.2.6, this implies that
F(x) = 2U(x) + 1. Therefore,

__ XH(x)
U(x) = 14+ x—2xH(x)"

It was shown in [81] that

14 x—+V1—-2x—3x2

H(x) Y
Therefore,
xH(x

Ux) = 1+x—(2x)H(x)
ltpx-Vi—zoae
o 2V1-2x-3x2

1 /14+x 1

“2ViDe 2

We conclude that

C(x) = 2U(x) = ,/11_+3xx 1

If we treat C(x) as a complex function, the Cauchy-Hadamard Theorem [1, p. 39], [14,33] states

that
1
lim sup |cn|1/” =,
n—00 Y

where p is the smallest modulus of a singularity of C(x). From the expression for C(x) shown

above, we see that

_1
p=3
Recalling that ¢, = |C;|, we conclude that
. logl|Cy| 1
2 — 08 1nl _ 2
C nhj& o > log 3.

This completes the proof.
Note that the proof of Theorem 5.2.3 above does not involve explicit expressions for

|U,| and | Dy, |. However, Deutsch (A005773, [77]) and Callan [11] have shown that

u”:D”:g<éj><n;1> (5.1)
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and from this formula, one can obtain an alternative derivation of the asymptotic information
rate C(2), as we now show.

From Callan’s formula, we have

c® — lim log, (U, + Dy)

n—00 2n

_ nh_fﬂlo% (1+10g27]12; <LjJ> <H;1>>
:g&% (mgsz: (éj) (”;1>> '

The following lemma shows that replacing the summation with a maximization does not

affect the value of the limit in the formula above.

Lemma 5.2.9.

Q) _ (!
C ,}Eﬂ‘oznlogzwﬂn 1<L£J>< j )

Proof. Since all terms in the summation above are positive, we have
im — | log ; .
n—oo 211 2 j=0 L%J ]

1 j n—1
> — . .
> lim log%g‘fn)(l(gj)( j )

On the other hand, by replacing the sum of terms with their maximum, we have

s (2 () (5)
< fim 5. 1o (m <L]J> ( 1>>
W07

log, n 1
< hi —+ —
= nh—>oo 2n nh—l;lolo 2n 10g2 0<rn]<anX 1

j
lim i 1 max I n—1
o nlﬂoo 2n Og2 0<j<n—1 é ]

. 1 i n—1
(2) — il
= nh—>r20 2n log, O<r§1<a;< 1 ( %J < >

Therefore,
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The next lemma gives the limit of the normalized value of argument j that achieves the

maximum in Lemma 5.2.9.

limlar max I n—1 —g
n-rc0 11 gogjgn—l L%J i) 3

<L£J> <n;1> B <L%J, (%nw,_nl—l—)'

If n — 1 is a multiple of 3, then this quantity is maximized when L%J = [%} =n—1-—j="131,

i.e., when j = @ Similar reasoning shows that the maximizing values of j for all n >

Lemma 5.2.10.

Proof. Note that

satisfy limn_mo% = % [

From Lemma 5.2.9 and Lemma 5.2.10, we conclude that

Ci? = %log2 3.
Remark 5.2.2. The capacity of the “no 101” constraint is approximately 0.8114. Compared
to Cq, there is a 2% rate loss due to the additional balanced constraint. Balanced codes are
special types of constant weight codes [9], where the weight is half of the code length n. In
general, constant weight codes can be used to adapt to the voltage drift during read cycles as
well. It might be better to use constant weight codes with weight less than 7 if rate optimization
is the only figure of merit; however, balanced codes have the advantage of easy encoding and

decoding, while sacrificing only a small portion (2%) of the rate.

5.2.2 Heuristic Probabilistic Derivation

We now provide a heuristic probabilistic argument that yields the result derived in the
previous section, namely C 2 = % log, 3. Extending this argument to g-ary ICI-free balanced
codes, we arrive at a conjecture for their asymptotic information rate cl,

Let S be the set of all balanced sequences of length 2. It is evident that |S| = (2").
Now, let Z be a randomly chosen sequence in S, and let Z; be the i-th entry in Z, for 1 < i < 2n.
Clearly P(Z; =1) =P(Z; =0) = % and, if n is sufficiently large, P(Z; 1 = Z;11 = 1|Z; =
0) is approximately 1. Define a sequence of events E; &f {(Zi-1,Zi,Zi+1) # (101)|Z; = 0},
for2 <i<2n—1. Then P(E;) ~ % The number of 0’s in Z is n, so if we treat the events E;

as independent (though, in reality, they are not), then the probability that Z satisfies the ICI-free
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balanced constraint is approximately (%)n Thus, the number of ICI-free balanced sequences in

S is approximately (2: ) (%)n. That is,

10g, |Cy| N log, ((27;1) (%)n> n—o00 110 3
on on 2 0827

Although the independence assumption is not valid, this line of reasoning yields the correct
answer because the dependency of E; and E; decreases as |i — j| increases.

Now, recall that, for g-level flash cells, ICI arises when three consecutive cells are pro-
grammed to the levels (c1,cp, c3) such that ¢; and c3 are much larger than ¢,. It is expected
that the most severe ICI will occur when three consecutive cells are programmed to the levels
((g—1),0,(9 —1)). We now extend the definition of ICI-free balanced sequences to the g-ary

case to avoid the most severe ICI pattern.

Definition 5.2.11. A g-ary sequence u € {0,1,...,q — 1}7" is said to satisfy the g-ary ICI-free

balanced constraint if
1. Vj, such that 0 < j < q — 1, the number of j’s in u is n;
2. (uj—q,ui,uip1) # ((g—1),0,(g — 1)), forall i such that2 < i < qn — 1.

Let C,@ be the set of all g-ary ICI-free-balanced sequences of length grn. The asymptotic
()

information rate of C,;’ is defined as

(9)
Cl) — im 0821C7]

n—0o0 nq

By direct analogy to the heuristic argument used in the binary case, § = 2, one might

conjecture that the asymptotic information rate is

1 21
cl = log, g+ log, (q ; )

However, based on [73], C®) ~ 1.5258 while the heuristic argument overestimates ce, yield-
B) ~ 15283

conj

ing C

5.3 ICI-free WOM Codes

In this section, we study the WOM model with certain input constraints. We first present
the definition of an input-constrained WOM and then provide a derivation of the ¢{-write sum-

capacity. Finally, we give code constructions based on coverings of bipartite graphs.
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5.3.1 Definitions

Suppose the number of cells is # and the number of rewriting cycles is t. The cell
levels of a generalized g-level WOM after the i-th write are denoted by y/'; € [0 : g — 1]", for
i €[1:t], where [k : ky] &of {k € Z|ky <k <k} and yi.{j(l &f (Yikyr Viki+1s - Yiky)- We
will use [n] as a shorthand for [1 : n] when no confusion could occur. Furthermore, we write
x} =yl ifand only if Vi € [n], x; > y;. We can describe the discrete memoryless generalized
WOM by a directed graph G = (V, E), where V is the set of vertices and € C V x V is the
set of edges. For a g-level WOM, V = {0,1,..., q— 1}. If the level can be changed directly
from sq to sy, where 51,5, € V), then there exists an edge from s; to s, and we denote it by
(s1,52) € E. For a state sequence (Sg,S1,...,5¢), if Vi € [0 : t —1],(s;,8i41) € &, then
we say the path (so,s1,...,st) exists and we denote it by s — s; — --- — s;. For two
vectors (xf 1, x5 1) € [0:9—1]" x [0: g —1]", we write x| | = x7 , if and only if Vi € [n],
(x1,i,X2,7) € &. The transition matrix A = (a;;) € {0,1}7%7 is defined as follows. For
i,j €[0:q—1],a;; = 1if (i, j) € &; otherwise, a;; = 0.

Definition 5.3.1. Let y}; denote the cell-state vector after the i-th write, for i € [t]. An
[n,t;2"R, ., 2"R] g-ary WOM code Cy,g described by the graph G is a coding scheme con-
sisting of n cells and t pairs of encoders and decoders (€;, D;), where i € [t], the encoder is a
mapping

E:[1:2"") x Im{& 1} = [0:9—1]",

such that ¥/ (m, !, 1) € [1:2"%] x Im{&; 41},

n n n
Yiiin = Yin = &(m,yilq1),

where, by abuse of notation, we use Im{ &y} to represent the initial cell-state vector {(0, ...,0)}.
The decoder is a mapping
D; : Im{&} — [1:2"R],

such that Vm € [1 : 2"Ri],
Di(&i(m, yi' 1)) = m.

Letw be a q-ary sequence. An input-constrained WOM code Cs,, ,; g avoiding w is a

q-ary WOM code such that w is not a subsequence of any codeword inCs,, 4 g.

Definition 5.3.2. A rate tuple (Ry,..., R;) is said to be achievable if there exists a sequence

of [n,t; 2", .., 2"Ri] WOM codes. The capacity region is defined as the closure of the set of
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all achievable rate tuples. The sum-capacity is defined as the supremum of achievable sum-rates
Zle Ri .

To mitigate ICI, the sequence is chosen such that w &t (101) and the corresponding

input-constrained WOM code is called the binary ICI-free WOM code. In this section, we
are interested in the sum-capacity of the ICI-free binary WOM, i.e., the supremum sum-rate
of Cs,y,0,6, where G = (V,€), V = {0,1}, £ = {(0,0),(0,1),(1,1)}, and, therefore,
A = [(1) H We will first provide general results for an arbitrary constraint S and arbitrary
number of levels g, and then apply them in the binary ICI-free WOM setting.

There is a connection between two-dimensional constrained codes and codes for input-
constrained WOMs. Specifically, every t-write WOM code of length n can be expressed as a
set of t x n arrays where the i-th row, i € [t], corresponds to the memory state after the i-th
write. We will exploit this fact in our derivation of the {-write sum-capacity. Let us first recall

the definition of the capacity of a two-dimensional constraint.

Definition 5.3.3. Given a two-dimensional constraint S?P, its capacity is defined to be

log, N
Con(520) — lim 1082 Ns(mm),

m,n—r 00 mn
where Ns(m,n) is the number of m X n arrays that satisfy the constraint S*P. The t-write
column capacity is defined to be

log, Ns(t,
C(t,$?P) = lim M'

n—o0 n

Remark 5.3.1. The exact capacity of most non-trivial two-dimensional constraints is not known.
However, the t-write column capacity can be calculated numerically with the aid of the charac-
teristic function of the adjacency matrix associated with the constraint S?P when we fix one

dimension of the 2-D array to be of size t [57].

There are a number of two-dimensional constraints that have been extensively studied,
e.g., 2-D (d, k)-runlength-limited (RLL) [50], no isolated bits [23,34], and checkerboard [65,72].
For the input-constrained WOM codes Cs, 4, where G = (V, &), we define a constraint on
two-dimensional arrays, denoted by S2P, that is used to calculate the sum-capacity. Specifically,

in a g-ary two dimensional array B = {b; ; }ux», Wwe must have
(bi,]‘, bi+1,j) € g,VZ € [Wl — 1],] S [Tl]

and the pattern w must not be a subsequence in any row of B. However, we denote the two-

dimensional constraint corresponding to the ICI-free WOM by S%Jl.
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5.3.2 Sum-Capacity

The following theorem characterizes the t-write sum-capacity of an input-constrained

WOM in terms of the f-write column capacity of an associated two-dimensional constraint.

Theorem 5.3.4. The t-write sum-capacity of the g-ary input-constrained WOM that does not
allow w is C(t, S2P).

In particular, for the binary ICI-free WOM, the t-write sum-capacity is C(t, S35)).

In order to prove Theorem 5.3.4, we will make use of the characterization of the sum-
capacity of a WOM described by a general directed graph G, as presented in [29, Prop. 2]. The
derivation in [29] uses results about the sum-capacity of write-efficient memories [2]. Here we

will present an alternative derivation based upon the Markov-chain WOM model from [36].

Lemma 5.3.5. The sum-capacity Ceyn(t,G) of the generalized discrete memoryless q-level
WOM described by graph G is the base-2 logarithm of the number of length-t paths that starts
from state 0, i.e.,

Cam(t, G) = log, (80,4 - AG - 14),

where Ag is the transition matrix of the graph G, and 8;, = ,...,0,1,0,...,007,0<i <
q — 1, is a column vector of length q such that the (i + 1)-st entry is 1 and the remaining entries

are 0’s.

Proof. We adopt the notation used in [36]. According to Theorem 3 in [36], the sum-capacity

equals

where Y;, i € [t] is a random variable representing the state of the WOM after the i-th write. The
last equality follows from the fact that Y1 — Y, — - - - — Y} form a Markov chain.

First we prove Coun < logz(éaq At 1;). The random vector Yi=(y,..., )
corresponds to a path in G; thus, the cardinality of Y{ is upper bounded by the number of length-
t paths from state 0. Therefore, H(Y?) < logz(éaq CAT-1,).

Next we prove achievability. Let p(yﬁ) be the joint probability mass function of Y{.
Let p(y}) be factored as p1(y1)p2(v2|y1) - - - pr(ye|ye—1), where p;(yi|yi—1) is the conditional
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transition probability for the i-th write. We show that by appropriately choosing p1(y1)p2(y2|y1)
- pe(yelye—1), (Y1,...,Y}) is uniformly distributed on its support. Let

T t—1
6]4?-1‘\ 1
60,q~Af~1q

' ,if (0,]) € &;
piy1=1j) =

0, otherwise,

forall j € [0: 9 —1]. For2 <i <t,let

T pt—i.
imA 1
—1 4
5£,q~At i+,

. if (6,j) € E{A o =1;
pi(yi = jlyi-a =€) =
0, otherwise,

forall j, ¢ € [0:q—1].

Then, for a state sequence (s1, 52, ..., S;), we have

P(Yl = Sl,Yz = S2,...,Yt :St)
=p1(y1 = s1)p2(y2 = s2|y1 = s1)

p3(ys = s3ly2 = s2) - pr(ye = stlyr—1 = s1-1)
T -1 T -2
S AT 6 AT
T T _
8oq A1y 85 .- A1,
' 8iq A1, 84,0 A1,
T _ T
840 A2 1, 85 .- A
1

_‘Sg,q'At'lq

if the path s; — - - - — s; exists; otherwise,
P(Yl = Sl,Yz = Sz,...,Yt = St) =0.

This proves that (Y7, ..., Y}) is uniformly distributed on its support set. Since the cardinality of
the support set is 65,1 CAb. 1;, then H(Yq,...,Y;) = logz(éaq CAb. 1,). m

Example 5.3.1.
For the state transition diagram in Figure 5.2, suppose the number of writes is t = 4.

We set the conditional probabilities as follows:

7 4
p1(y1 =0) = ﬁrpl(yl =1)= TR



84

0 (1) 2

Figure 5.2: Generalized WOM with state transition diagram

4 3

p2(y2 =0Jy1 =0) = rpz( =1ly1 =0) = 7
1

pa(y2 =1ly1 =1) = /Pz(y2—2|y1 =)=,
2

p3(ys =0Jy2 =0) = /Ps(ys =1y, =0) = e
1

p3(ys =1ly2 =1) = 3,P3(y3—2ly2—1) 3

p3(ys =2y =2) = 1.

1 1
ps(y4=0|y3=0)=5,p3( ya=1ly3 =0) = 5
1 1
ps(y4=1|y3=1)=§,p3( ya=2ly3=1) = X

p3(ys =2lyz =2) = 1.

Then, each possible state sequence has probability 11—1, which means the 4-write sum-capacity is

log2 11.

Now we are ready to prove Theorem 5.3.4. We give the proof for the case of a binary
ICI-free WOM, i.e., the transition diagram G = (V, &) is defined by V = {0,1} and & =
{(0,0),(0,1),(1,1)}, and the input constraint is given by w = (101). The generalization to an
arbitrary input-constrained WOM follows a similar line of reasoning. Proof of Theorem 5.3.4.

Proof of achievability:

Let n and m be two positive integers such that # is a multiple of (m + 2), i.e., n = £(m + 2).
The memory consists of n cells, denoted by (c1, ..., c,), which are partitioned into ¢ blocks,
each with (m + 2) cells. When the messages are written into the memory, within each block,
the last 2 cells are kept at level 0, i.e., Ci(y42) = Cimi)—1 = 0,Vi € [£]. In this way, it can
be guaranteed that no 3 consecutive cells at the boundaries of adjacent blocks are (101). Each
block of m cells constitutes the same t-write WOM code that avoids 101. To be more precise,

we first introduce the following definitions.
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Letb : Z4 — {0,1}™ be the function that maps a non-negative integer M € [0,2" — 1]
to its binary representation of length 7, and let b~!(x) be the inverse function for x € {0, 1}".
The following construction yields a sequence of binary ICI-free WOM codes with the

claimed sum-rate efficiency.

Construction 5.3.1 Let n, m and ¢ be positive integers such that n = ¢(m + 2). Suppose the
cell-state vector is ¢, € {0,1}" after the i-th write, for i € [t]. Let y, € [0 : 2" — 1]* satisfy
i = b e ey ) for f € 14

A directed graph G, = (V, £) with 2™ vertices/states is defined as follows. The vertex
setisV = [0:2" —1],and Vi, j € V, (i,]) € £ < b(j) = b(i) and (101) is not a subsequence
of b(f). Let A, be the transition matrix for Gy,.

LetCy bean [/, t; 20Ri Ry ZERf] t-write 2" -ary WOM code of length ¢ described
by Gp. Let E(m;, yf—l,l) be its encoder on the i-th write, for i € [t]. An [n,t; 2Ry ,2€Rf]
binary ICI-free WOM code Cicy of length n is constructed as follows. On the i-th write, the

encoder uses the following rules:

1. in each block of size (m + 2), the last two cells are kept as 0, i.e.,

(m+2)j _ (m+2)j _ .
Ci,(m+2)j—1 - Ci—l,(m+2)j—1 =0, V] € [ﬁ]

2. write the message M; € [1 : 2‘Ri] to the remaining m¢ cells. Specifically, let yﬁ 1=
&i(Mi, y!_, 1), and write the remaining m¢ cells such that Cz(](;—l)l()T;;i)z;fl =b(y;;),Vj €

[£].
The decoder can be designed accordingly and we omit the details. 0

If Cyy is sum-rate optimal, then the sum-rate of Cycy is

(3R,
Riycr(t) = 75(%71‘¢ 2;
_ Csum(tl gm)
m+2
_ logz(éaq - A1)
N m+ 2
B 10g, (80, Al - 19) o om
N m m+2

Note that 6({ qunlq counts the number of binary arrays B = {bi,]'}txm such that bi+1,]’ >
b;j, Vi € [t —1],j € [m], and the pattern (101) is not a subsequence of any row in B.
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Letting m go to infinity, we see that there exists a sequence of t-write ICI-free WOM

codes with rates

Rici(t) = 7111—1;20 Ry cr(t)

log, (83 - At -1
> lim gz( 0,9 m q) ) m
m—00 m m—+2

= C(t, S35).

The existence of the limit can be shown by the sub-additive property [61] of binary arrays B.

Proof of converse:

The converse can be easily proved by noting that if there exists a genie that, at decoding
step j € [t], can provide all of the sequences written into the WOM from the first to the (j — 1)-st
write, then the sum-capacity equals the t-write column capacity, which is C(¢, S%ODI). However,
this genie does not exist, so for any f-write ICI-free WOM code with sum-rate Rycy(#), it follows
that

Rici(t) < C(t, S35).

Example 5.3.2. Table 5.1 shows the t-write sum-capacity Cicy(f) of the ICI-free WOM, calcu-

lated using the techniques in [90]. Also shown is the {-write capacity of an unconstrained WOM,

Cial
log(t+1)

which is log(f 4 1), for 2 < t < 7. An interesting observation is that is close to 0.79.

t 2 3 4 5 6 7
Ciar(t) 1.264 | 1.584 | 1.831 | 2.035 | 2.207 | 2.356
log(t+1) | 1.585 2 2.322 | 2.585 | 2.807 3

Table 5.1: Sum-capacity of ICI-free WOM

5.3.3 Code Constructions

We now proceed to the construction of some input-constrained WOM codes. In partic-
ular, we construct binary ICI-free WOM codes for { = 2 writes. The construction technique
generalizes to g-ary alphabets with g > 2, ¢ > 2 writes, and more general input constraints.

Let C be the set of binary vectors of length n that avoid 101. Let C = LU R be a
partition of C. For a pair of vectors (¢,7) € L x R, we say r covers £ if ¥ = £. A bipartite graph
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B=(LUR,E) is defined where £ and R are the sets of left and right nodes, respectively. An
edge (¢,r) connecting ¢ € L and r € R exists if ¥ covers £ and we denote such an edge by
(¢,r) € £. For R C R, the covering of R, denoted by CV(R), is defined as {£ € £ : Ir €
R, r covers £} and the covering cardinality of R is defined as |CV(R)|. We say that R C R
is a covering subset if CV(ﬁ) = L. A partition R = UleR,- is called a covering subset
partition of R if R; is a covering subset for all i € [k].

Lemma 5.3.6. Let R = UileRi be a covering subset partition. Then there exists a 2-write

ICI-free WOM code of length n with rate pair (10g 1£] M).

n ’ n

For a bipartite graph, finding the maximum covering subset partition k is an interest-
ing problem in its own right. In [92], a greedy algorithm is proposed to find covering subset
partitions. We extend the greedy algorithm in [92] by adding another parameter ¢ that controls

the level of greediness. The algorithm in [92] would coincide with the following algorithm for

g=1

Algorithm 5.3.7. FINDING COVERING SUBSETS OF A BIPARTITE GRAPH
Input:
a bipartite graph B = (LUR,E), where L ={l1,..., Ly} R={r1,...,tm};
a positive integer ¢ that measure the extent of greediness in searching for a covering
subset;
Output:
a partition of R = UK_| R; such that R; is a covering subset for all i € [k].
k 0,
Runused <= R;
Mark all ¢; € L,i € [n] as “uncovered”;
Riemp < 0
if Runused = 0
return (Rq,..., Ri—1, Rk U Riemp);
end if

e A U > e

Choose R C Rynused such that ]7@| < g and TR has the largest covering
cardinality |CV(R)|; /* In case of a tie, choose R with minimum cardinality |RR|; if there is still
a tie, choose any.*;

9: Riemp < Riemp U R;

10: Runused  Runused \ R
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11: Mark ¢; € CV(R) as “covered”;
12: If for all i € [n], ¢; are covered,
13: k< k+1;

14: Ry < Riemps

15: Go to Step 3;

16: else

17: Go to Step 5;

18: end if

The following construction uses Algorithm 5.3.7 to construct a two-write ICI-free WOM

code.

Construction 5.3.2 Let m,n,n’, ¢ be integers such that m < n and n’ = (n+ 1)¢. Let C,, be
the set of binary vectors that avoid 101 of length 7, and let C,, = £ U R be a partition of C,, such
that L = {x € C, : wt(x) < m}and R = C, \ L. Let My = L] and f; : [0: M; — 1] —
L be an arbitrary bijective function. Let R = Uf;olR,- be a covering subset partition of R
obtained by running Algorithm 5.3.7. Suppose the cell-state vectors are y’fjl and yﬁjl after the
first and second write, respectively. A two-write ICI-free WOM code of length 1’ is constructed

as follows:

1. On the first write, letm € [0 : Mf — 1] be the information message. Suppose (11, 1y, . ..,

my) is the Mj-ary representation of m, i.e., m = Zle miMf_i. Then for eachi € [1 : /],
i(n+1)—1

WIIte Y7 (i 1) (n1)41

according to the following rule,

i(n+1)—1 )
yl(r(ltl))(n—i-l)—i-l = fi(m;),Vie [1:4);

and write Yy ;1) according to the following rule

L ifyy i1 =1and yy i1 =1
Y1,i(n+1) =
0, otherwise .

2. On the second write, let m € [0 : k* — 1] be the information message. Suppose (111, 115, . . .

is the k-ary representation of 11, i.e., m = Y4, m;k!~*. Then for each i € [1 : /], write
;('Z;:ll))z; )41 according to the following rule,
i(n+1)—1 o
(i) (n+1)41 = Xi € Romys

i(n+1)—-1

such that x; covers y, (i=1) (n+1)+1
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and write Y j(,,+1) according to the following rule

L ifyyineny-1=1and yo i1 =1
Y2,i(n+1) =
0, otherwise .

Decoding is simply implemented by reversing the steps of the encoding procedure.

Remark 5.3.2. Construction 5.3.2 is a realization of Construction 5.3.1 for t = 2. The extension
to t > 2 is straightforward. Only one “buffer” cell is used to avoid the ICI between adjacent
blocks. Note that in Construction 5.3.1, it is possible to decrease the number of “buffer” cells
from two to one. Two “buffer” cells are used to simplify the proof in Construction 5.3.1 since

the number of “buffer” cells does not affect the asymptotic rate.

Table 5.2 shows the best rate we found using Algorithm 5.3.7 for selected values of #.
From the table, we see that there exists a sequence of two-write ICI-free WOM codes of rate

R =1.105 x % ~ 1.04, which represents 82% of the sum-capacity listed in Table 5.1.

Table 5.2: Rates found by Algorithm 5.3.7

n 10 14 16
m 2 3 3
|L] 48 336 513
k 46 139 1103
sum-rate | 1.111 | 1.108 | 1.105

5.4 Conclusion

ICI-free codes are used to mitigate the ICI during programming of flash memories. We
extended ICI-free codes in two directions. First, we considered ICI-free balanced codes, which
can be used with a dynamic read threshold to adapt to cell-level drift, and determined their
asymptotic information rate. We then considered ICI-free WOM codes, which can be used to
prolong the flash memory lifetime by reducing the number of block erasures. We calculated the
sum-capacity of an ICI-free input-constrained WOM and provided simple code constructions
that were used to design several codes with short block lengths. The derivation of the sum-

capacity can also be generalized to WOMs with other input constraints.
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Chapter 6

Parallel programming of flash

memories with quantizers

6.1 Introduction

Flash memories are a widely-used technology for non-volatile data storage. The basic
memory units in flash memories are floating-gate cells, which use charge (i.e., electrons) stored
in them to represent data; the amount of charge stored in a cell determines its level. The hot-
electron injection mechanism or Fowler-Nordheim tunneling mechanism [12] is used to increase
and decrease a cell level by injecting charge into it or by removing charge from it, respectively.
The cells in flash memories are organized as blocks, each of which contains about 10° cells.
One of the most prominent features of programming flash memory cells is its asymmetry in
programming and erasing. That is, increasing a cell level (injecting charge into a cell) is easy to
accomplish by applying a certain voltage to the cell. However, decreasing a cell level (removing
charge from a cell) is expensive in the sense that the block containing the cell must first be erased,
i.e., all charge in the cells within the block is totally removed, before reprogramming them to
their target levels. The erase operation, called a block erasure, is not only time-consuming, but
also degrades the performance and reduces the longevity of the flash memory [12].

In order to minimize the number of block erasures, programming flash memories is
accomplished very carefully using multiple rounds of charge injection to avoid “overshooting”
the desired cell level. Therefore, a flash memory can be modeled as a Write Asymmetric Memory
(WAM), for which capacity analysis and coding strategies are discussed in [8,42,71].

Parallel programming is a crucial tool to increase the write speed when programming

91
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flash memory cells. Two important properties of parallel programming are the use of shared pro-
gram voltages and the need to account for variation in charge injection [94]. Instead of applying
distinct program voltages to different cells, parallel programming applies a common program
voltage to many cells simultaneously. Consequently, the write speed is increased and the com-
plexity of hardware realization is substantially reduced. Parallel programming must also account
for the fact that cells have different hardness with respect to charge injection [60, 80]. When ap-
plying the same program voltage to cells, the amount of charge trapped in different cells may
vary. Those cells that have a large amount of trapped charge are called easy-to-program cells
and those with little trapped charge are called hard-to-program cells. Understanding this intrin-
sic property of cells will allow the programming of cells according to their hardness of charge
injection. One widely-used programming method is the Incremental Step Pulse Programming
(ISPP) scheme [60,80], which allows easy-to-program cells to be programmed with a lower pro-
gram voltage and hard-to-program cells to be programmed with a higher program voltage. In
this and the following chapters, we study the mathematical models of parallel programmings of
flash memories.

In [46,47], optimized programming for a single flash memory cell was studied. A pro-
gramming strategy to optimize the precision with respect to two cost functions was proposed,
where one of the cost functions is the £, metric and the other is related to rank modulation [48].
It was assumed that the programming noise, which is the difference between the ideal and ac-
tual trapped charge in the cell, follows a uniform distribution and the level increment is chosen
adaptively according to the current cell level to minimize the cost function.

In [94], algorithms for parallel programming were studied. The underlying model in-
corporated shared program voltages and variations in cell hardness, as well as a cost function
based upon the £, metric. The programming problem was formulated as a special case of the
Subspace/Subset Selection Problem (SSP) [35] and the Sparse Approximate Solution Problem
(SAS) [66], both of which are NP-hard. Then an algorithm with polynomial time complexity
was proposed to search for the optimal programming voltages.

We note that flash memories use multiple discrete levels to represent data in real ap-
plications [12]. Hence, if the actual cell level is within a certain distance from the target level,
it will be quantized to the correct target level even though there is a gap between them. Read
errors can be mitigated by use of error correction codes. If the error correction capability is e,
then any read error will be totally eliminated as long as the number of read errors is less than
e. This motivates us to consider another cost function, which is the number of cells that are not

quantized correctly to their target levels.
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To formulate this more precisely, let ©® = (64, ..., 6,) be the vector of target cell levels
and let £, = (l14,...,0n) be a vector of random variables which represent the level of every
cell after t programming rounds. Note that in general the value of ¢; ;, for 1 < i < n, depends on
the applied voltages, the hardness of the cell, and the programming noise. We will evaluate the
performance of any programming method by some cost function C(0, £;) involving the target
cell levels © and the actual cell levels £;. Then, the programming problem is to find an algorithm
which minimizes the expected value of C(©, £;). In [94], the cost function was based upon the
¢, metric, ie., Cp(©,4;) = ( T !61' - &-,t‘p> % In this chapter, we study a cost function

motivated by the quantization of cell levels, namely

CA(@,Et) = | {i € [Tl] : ‘91' —fu‘ > Ai}

7

where A; is the quantization distance for the i-th cell. We analytically solve the corresponding
problem of finding an optimal parallel programming algorithm for the special case where the
hardness of each cell is known and there is no programming noise. We also derive optimal
programming algorithms for a single cell in the presence of noise, both with and without the
availability of feedback during the programming process. We focus upon these scenarios because
of their amenability to analysis; the solution to the general cell-programming problem remains
open.

Another factor that limits the precision of flash programming is inter-cell interference
(ICI), which can cause the level of a cell to increase when its neighboring cells are programmed.
The ICI is caused by the parasitic capacitance between neighboring cells, and it is of particular
concern in multilevel cell programming [21, 58]. Constrained codes that mitigate the effect of
ICI have been studied in [5, 59]. In this chapter, we consider a simple model of ICI and, by
application of dynamic programming in the form of the Viterbi algorithm, we derive an optimal,
linear-time algorithm for parallel programming with ICI in the absence of noise.

The rest of the chapter is organized as follows. In Section 6.2, we formulate the parallel
programming problem with the cost function that reflects the quantization of cell levels. In
Section 6.3, we derive a polynomial-time algorithm for optimal parallel programming in the
absence of noise, assuming known, deterministic cell-hardness parameters. In Section 6.4, we
extend this to a polynomial-time, optimal parallel programming algorithm for the case where
ICI is present. In Section 6.5, we study the problem of programming a single cell in the presence
of noise, but with no feedback on the cell level during programming. In Section 6.6, we then
consider noisy cell programming with applied voltages chosen adaptively using feedback about

the current cell level.
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6.2 Preliminaries

Let us define the cell programming problem in a general information-theoretic frame-
work, such as a cascade channel described in Figure 6.1, where the number of channels is the
number of programming rounds, f. We assume that there are n cells, denoted by cq, ¢y, ..., ¢y,
whose initial levels (i.e., charge levels) are all 0. Each cell is characterized by some target level
0; > 0 and the target-level vector is ® = (61,...,6,). Each round of programming is first de-
scribed by an encoder E;, 1 < i < f. The input to the first encoder is the target-level vector. For
the other encoders, the input also includes feedback on the cell levels after the previous round
of programming. The output of encoder E; is the vector V; which includes information about
the programming voltage of the i-th round and the set of cells that are programmed with this
voltage. The output of the i-th channel, which is the outcome of the i-th round of programming,
is a function of V; and ¢; as well as £;_q if i > 1. The vector €; represents the noise in each cell
and any other property of the cell that will affect its level. Fori > 1, the vector £; represents the
value of cells after the i-th round. For round i + 1, the outcome of the i-th round of program-
ming £; is used to generate a feedback vector F; on the cell levels to be used in the next round of
programming. The goal is to minimize a cost function that measures the difference between the

channel output #; after f rounds of programming and the target level vector ©.

Remark 6.2.1. In practice, electrons trapped in the oxide layer can cause transient charge leak-
age during programming, which leads to a slight decrease of cell levels. Since the leakage
and other detrimental factors are typically significantly smaller than the programming noise and
inter-cell interference discussed in Section 6.4, we simply assume the cell levels can only in-
crease during programming.

Feedback information on cell levels after a particular write can be used to adaptively
choose the programming voltage of the next round, thus increasing the precision of program-
ming. However, obtaining the feedback information is time- and energy-consuming since read-

ing the cell level is accomplished by comparing it to a sequence of reference values.

In the remainder of the chapter, we denote by [m : 1] the integer set {i € Z : m < i <
n}. We will sometimes shorten [1 : 7] to [1n] when the meaning is clear from the context. We
will use R to denote the set of all non-negative real numbers, i.e., Ry = {x € R:x > 0}.

When applying a voltage V' to a memory cell ¢;, where i € [n], we assume that the

increase of the level of cell ¢; is linear with V, that is, the level of ¢; will increase by

aV + €,
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Figure 6.1: The information-theoretic framework of the cell programming model.

where o and € are random variables that might be different for each cell ¢; and each round of
programming. Each cell ¢; is associated with an & and we call it the hardness of charge injection
for cell ¢;, and € is the programming noise. (Note that the distribution of € may vary among
different cells and different writes.) We define the parallel programming problem in detail as
follows.

Let©® = (04, ...,0y) be the target cell levels and & = (v, . .., ;) be the hardness of
charge injection and let V.= (V1, Va, ..., V;)T € R!, be the vector of voltages applied on the ¢
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rounds of programming. Define the indicator matrix

[ b1y bay oo byg ]
B b1.,2 b2.,2 . b,T,Q c {O, 1}t><n
| by boy oo buy |

where, fori € [n] and j € [t], the entry b; ; € {0, 1} indicates whether the cell ¢; is programmed
on the j-th round; i.e., b; j = lifvoltage V; is applied to cell ¢;, and b; j = 0, otherwise. Denote
the programming noise of the i-th cell on the j-th programming round by €; ;, for i € [n] and
j € [t]. Fori € [n], let ; ; be the random variable representing the level of cell ¢; after ¢ rounds

of programming; that is,

t
2 OCZV +€1] bl’,]'.

We define €; = ({14,...,0,,) to be the cell-state vector after ¢ rounds of programming.
We evaluate the performance of the programming by reference to a cost function C(0, £;).
The programming problem is to minimize the expected value of C(©, £;) over V and B. That is,

given ©, ac and {€; j },xs, We seek to solve the optimization problem

minimize E [C(©, ¢;)], (P1)

over V € Ri and B € {0,1}'*", where, for a random variable X, E [X] denotes its expected
value.

In [94], the £, metric is considered as the cost function, i.e.

C,(©,8) = (2\9—&4 )

and the optimal solution for (P1) was derived for known « in the absence of noise. However,
in real applications, flash memories use multiple discrete levels to represent data and if the cell
level ¢;; is within a certain distance from the target level 8;, it will be quantized to the correct
target level even though there is a gap between /; ; and 6;. This motivates us to consider as the
cost function the number of cells that are not correctly quantized to their target levels. To be

more precise, letting A = (Aq,...,A;), we define

Ca(©,4) = | {i€[n]:|6;—lis| > A}
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to be the cost function, where A; is the quantization distance for c;. Therefore, the cell program-

ming problem is to solve

minimize E H {ien]: |6i —Ei,t‘ > A}

], (P2)
with V € R! and B € {0, 1}'*".

Remark 6.2.2. Problem (P2) is the most general form of the cell programming problem and,
therefore, difficult to solve analytically. In the following sections of the chapter, we consider
four special cases, of both theoretical and practical interest, for which analytical solutions can
be found.

Remark 6.2.3. Another concern in programming is the writing speed, which strongly depends
on the number of programming rounds. Therefore, an alternative criterion for evaluating the
performance of a programming method is the minimum number of programming rounds needed
to achieve a specified level of programming accuracy, as described by the expected cost. That is,

given the values of @, o and {€; ; },, <, we seek to determine

min t, subject to E[CA (O, £:)] <, (P2
VeR! ,Be{0,1}t>n

where 7y is the maximum allowable expected cost.

If t can be bounded above by a finite number #,,x, Problem (P2’) can be translated to
Problem (P2) through a binary search for f between 0 and f,,¢. If there exists an algorithm with
time complexity O(f(n)) for Problem (P2), then there exists an algorithm with time complexity
O(log(tmax) f (1)) for (P2'). As tiax is usually a small number between 6 and 10 in practice [80,
941, we focus on solving Problem (P2) throughout this chapter.

Remark 6.2.4. In practice, quantization is performed by comparing to predetermined voltage
levels. The number of such reference levels may therefore affect the read latency, as well as the
chip area in a circuit implementation. The trade-off between storage capacity — a function of
the number of levels — and quantization speed is determined by the cell quantization distances,
{A;}. In the case of a uniform quantizer with quantization distance A, if the maximum cell level

is Opnax, then the number of levels equals L%J +1.

6.3 Noiseless Parallel Programming

In this section, we assume that the cell hardness parameters («q, ..., ;) are known

and deterministic, and there is no programming noise, i.e., €;; = 0,Vi € [n],j € [t]. In this
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scenario, /; ; is deterministic so that we can omit the expectation in (P2) and ¢; ; = «; 25-:1 Vib; ;.
Let n,t,A = {Ay,..., Ay} and © = {6,...,0,} denote the block length, the number of
programming rounds, the set of quantization distances, and the set of target levels, respectively.

Our goal is to find a solution to (P2).
Lemma 6.3.1. The solution to Problem (P2) is equivalent to the solution of the following:
maximize f(V,B), (P3)

withV = (Vy,..., V)T € R, b; = (bis,...,biy)T € {0,1} and B = (by,...,b,), where
uizﬂjvi:awl i€ [n]andf(V,B) = {ie[n] i <blV v,}‘.

o
Proof. The following chain of equations is easily established:

n‘},l]?‘ {i € [n]: ‘Qi—fi,t| > Ai}|

n rr‘}%tze[n] 0; — Cii| < A}
0, ¢ A;
=n — max {ie[n]:!l—l’t|<l}‘
V.B o o oG
0; A
=n — max {ze[n] |—l—blT V!él}‘
V.B & 1od
0, A 0. A,
=n — max {ie[n]:i—_lgbf.vg_l+_l}‘
VB o o
=1 — max {ze[n] u,ébiT-Vévl},
V,B

where V € R, B € {0, 1}*", u; = 9"%14" and v; = E)i%iAi. This establishes the lemma. m

The quantities u#; and v; defined in the statement of Lemma 6.3.1 represent the bound-
aries of the correct quantization interval for cell ¢;, Vi € [n]. We call them the upper threshold
point and the lower threshold point for cell ¢; and we call the interval [u;, v;| the quantization
interval for cell ¢;. Any pair (V,B) that achieves the maximum for (P3) is called an optimal
solution pair, and V is called optimal or an optimal solution if there exists B such that (V,B) is

an optimal solution pair.

Definition 6.3.2. Suppose u; and v;, i € [n], are defined as in Lemma 6.3.1. Let T,, be the set
of upper threshold points and T, be the set of lower threshold points, i.e., T, = Uicn] {u;} and
To = Uictvi}. Let T = Ty UT, be the set of all upper and lower threshold points.
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Example 6.3.1. Suppose the target levels are © = (10,13, 8,5, 10), the quantization distances
are A = (2,2,2,3,1), and the cell hardness parameters are &« = (0.5,0.5,1,1,0.5). According
to Lemma 6.3.1, (uy,...,us) = (16,22,6,2,18) and (vy,...,vs) = (24,30, 10,8,22). Then
T ={2,6,8,10,16,18,22,24,30}.

Remark 6.3.1. We assume that | 7| > t since otherwise we can easily achieve CA(©, £;) = 0

by using the set of threshold points, 7, as the set of programming voltages { V1, ..., V;}.
Definition 6.3.3. Suppose V.= (Vy,..., V)T € R, . We define Sy to be
Sy= |J {p"-Vv}L
be{0,1)!
and call it the attainable set of V. That is, Sy is the set of voltage values that can be achieved

by applying V.

Remark 6.3.2. Note that, for any i € [n], if there exists z € Sy such that u; < z < v;, then
there exists b € {0,1}! such that u; < b" -V < v;, and thus the level of ¢; can be quantized to

the correct target level.

For a fixed V, maximizing the function f(V, B) over B is easy to accomplish by check-
ing whether there exists, for each i, an attainable voltage level z € Sy such that u; < z < v;. If
one could enumerate all possible vectors V, one could use this approach to exhaustively search
for an optimal solution. However, since V' can be, in principle, any vector in Rﬁr, there is an
uncountably infinite number of possible choices of V to consider. Nevertheless, Lemma 6.3.4
states that we can limit the number of vectors V under consideration to be polynomial in 7, and

still guarantee that an optimal solution will be found.

Lemma 6.3.4. There exists a matrix A € {0,1}'*!, invertible over R, such that
A-V=p,
where p € T" and V is an optimal solution for (P3).

Proof. See Appendix 6.8. m

Remark 6.3.3. In Lemma 6.3.4 and Algorithm 6.3.5 below, the binary matrix A has to be
invertible over IR, not necessarily over GF(2). Therefore, enumerating only the binary matrices

invertible over GF(2) may not be sufficient to find an optimal solution.
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Next we give an algorithm to search for an optimal solution to (P3), which, as we have
shown, is also an optimal solution to (P2). First, let {py, ..., pam} be an arbitrary ordering of the
points in 7, where M = |T| is the number of different threshold-point values and p; can be the
value of either an upper or a lower threshold point, for i € [M]. Since p is of length f, there are
N = M! choices of p (the entries can be repeated). Let {p;, ..., py} be an arbitrary ordering
of the choices. Now, let Ac {0, 1}tXt be a binary matrix with distinct rows; the number of such
matrices is Q = [i_p(2! — k). Let {A4,..., KQ} be an arbitrary ordering of these matrices.

Algorithm 6.3.5 will iterate over all choices of p and those matrices A that are invertible.

Algorithm 6.3.5 (Parallel Programming)

Function (f*, V*, B*) =ParallelProgramming(t, u}, v}).

Input:
t,(u1,...,uy),and (vq,...,0p).
Output:
f*: maximum value of Problem (P3);
(V*,B*): the optimal solution pair.
1. Let f* = 0;
2. LetV =V*=(0,...,0) € R,
3. LetB = (by,...,b,) € {0,1}*", b; = 0,Vi € [n];
4. LetB* € {0, 1}"*", b;, = 0,Vi € [t], j € [n];
5. Fori=1,2,...,N{
6. Forj=1,2,...,Q1
7. If A is invertible and A ' - p; € R {
8. LetV = K}‘l “Pis
9. Letf =0;
10. Fork=1,2,...,n{
11. If3z € Sy, such that u; < z < vy {
12. Findb € {0,1}!, such that b" - V = z;
13. Letb, = b;
14. fF=f+1;

o G Y
N o U
—
—

Iff > f*
f*=f V' =V,B*=B;

—_
*
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19. 11}
Output the optimal solution pair (V*, B*) with maximized f(V*,B*) = f*.

Example 6.3.2. Suppose &, ©, A, u; and v;, 1 < i < 5, are given as in Example 6.3.1. Suppose
the number of programming rounds is t = 2. If p, = (30,8)T € 72 and

~ 11

11 0

as we iterate through Line 5 to Line 19, then
V=(,Vo)" =A"p=(822),

and

Sy = {0,8,22,30}.

By choosing the indicator matrix as

B— bin b1 bs1 bsy bsp | |0 1 110
bip bap b3p bip bsp 11001

the final cell levels are £, = (11,15, 8,8,11), where

2
&/2 = o 2 V]bl,] = o (Vlbi,l + Vzbl',z) ,V1 <i<5b.
=1

It can be easily checked that
0 — A < lip <0+ A, V1I<i<h,
implying all cells are correctly quantized and V = (8,22)7 is an optimal solution.

Theorem 6.3.6. Algorithm 6.3.5 finds an optimal solution pair (V*,B*) and computes the
optimal value f(V*,B*) for Problem (P3). The time complexity of the algorithm is O(n'*1).

Proof. According to Lemma 6.3.4, there exists an optimal solution (V, B), an invertible

matrix A € {0,1}*!, and a threshold-point vector p € T, such that
A-V=p.

In Algorithm 6.3.5, all possible A’s and p’s, have been exhaustively considered and there is at
least one optimal V among all the V’s derived from A’s and p’s. The algorithm outputs the best
V among them. This proves that this algorithm will find an optimal solution to (P3).
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The number of iterations of the algorithm is of order NQ#3n2f, where N = M* < (2n)!

and Q = H;t;%)(Zt — k). Therefore, the complexity is O(n'*1). m

Remark 6.3.4. The efficiency of the algorithm could be improved if, rather than iterating over
the Q = Hf{;%(Zt — k) binary matrices with distinct rows, we instead iterated only over the set

of binary matrices that are invertible over R.

6.4 Noiseless Parallel Programming with Inter-cell Interference

In this section, we consider the scenario where cell density has increased to the point
that inter-cell interference (ICI) exists. The phenomenon of ICI in flash memories was studied
in [21,58] and constrained codes that mitigate the effect of ICI were presented in [5,59]. In this
section, we extend the results of Sections 6.2 and 6.3, formulating the cell programming problem
with ICI as an optimization problem and providing an efficient polynomial time algorithm to
solve it.

Suppose the cell layout is a one-dimensional array. When a cell is programmed by
applying a voltage to it, the levels of the left and right neighboring cells will also increase. Those
cells that cause the ICI are called interfering cells and those cells whose levels are increased
unexpectedly because of ICI are called victim cells. Since a large programming voltage will
result in a more severe ICI, we make the further assumption that the ICI of the victim cell is
proportional to the voltage applied to the interfering cell. We define a sequence of parameters
Bii+1 € Ry and Bi11; € Ry, i € [n — 1] to describe the effect of ICI from ¢; to ¢;;1 and from
ci+1 to c;, respectively.

To be more precise, suppose the flash memory cells are ¢ = (cq, .. ., ¢, ) with injection
hardness parameters («, ..., &y, ). There are t rounds of charge injection, corresponding to a set
of applied voltages (V1, ..., Vi). There is no programming noise, i.e., €; j = 0, Vi € [n], j € [t].
If the voltage applied to the cell ¢; in round j is V, then

o the cell level of ¢; is increased by «;b; jVj foralli € [n]
e the cell level of c;, 1 is increased by oci+1bi+1,j[3i,i+1Vj, foralli € [n—1]
o the cell level of ¢; 1 is increased by &; 1b; 1,;3;;-1V, forall i € [2:n].

We represent the indicator matrix as B = (by,...,b,) € {0,1}'*", where the vector b;, for

j € [n], denotes the j-th column of B. For convenience, we also define o1 = B,11, = 0,
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reflecting the fact that the leftmost cell ¢ and rightmost ¢, have only one neighboring cell each.
Similarly, we define by = (bg 1,...,bos)T =0,b,41 = (bys1,1,---,bni1e)T = 0.

Now, let B denote the vector (Bo1, 812, B2,3, -, Bun+1, B21s---r Bun—1,Brntin)-
Assuming there is no programming noise, the final cell level of ¢;,i € [n] after ¢ rounds of
programming can be written as

by = zt,l‘xi(bi,j + Bit1,ibiy1,j + Bi-1,ibi-1,;) V.
j=

The cell programming problem is the same as Problem (P2), which is to solve

1,

minimize E H {i € [n]: !6,- _gi’t‘ > A,‘}

with V € R!_and B € {0, 1}"*".

Lemma 6.4.1. The solution to Problem (P2) is equivalent to the solution of the following:

maximize f(V,B), (P3")
withV = (Vy,..., V)T € R, b; = (bis,...,biy)T € {0,1} and B = (by,...,b,), where
U = ei;l_Ai, v; = _ei;:Ai,i c [Tl] and

f(v,B)
:’ {i €[] :u; < (b] + Biy1, bl +Bio1,bl )V < Ui} ‘

Proof. The following chain of equations is easily established.

min‘{i: 0; — Liy| > Aji € [”]}‘

VB
—n —max [{i 116, is] < Ayi € [n]}(
. 0, ¥ A;
=n — max {ze R <*l}‘
V,B o SR ¢ i
=n — max {i € [n]:
V,B

0; A
‘ji — (b + Bir1,bli1 + Bir,ibl 1) - V| < ;Z}‘
=n — 1ax {z € [n]:

0, — A
———= < (b 4 Biy1,ibf1 + Bi,ibl 1)V
[24] &i

N
N

=n — max {i € [n]:
V,B

w; < (b] + Bir1,biq + Bi1,bi 1)V < Ui}

7
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where V € R, B € {0,1}*", u; = 9”%14" and v; = 9”;4”. =

As was the case for Problem (P3) in Section 6.3, the optimization in Problem (P3’) is
over the applied voltage vector V and the binary indicator matrix B. In Section 6.3, however,
there was no ICI and the cells could be treated independently. Consequently, for a fixed voltage
vector V, we could maximize f(V, B) over B simply by checking for each i € [n] individually
whether there exists an attainable value z € Sy such that u; < z < v;. The time complexity of
this procedure is O(n).

Unfortunately, this procedure is not applicable in the presence of ICI because the level of
a given cell depends on the voltage increments applied to neighboring cells. Therefore, to solve
Problem (P3'), we first develop an efficient algorithm with time complexity O(#n) to maximize
f (V,B) over B for a fixed V. We then prove a generalization of Lemma 6.3.4 that limits the
number of candidate voltage vectors V to be polynomial in #, and, finally, present an efficient
algorithm to search for the optimal solution pair (V, B).

We call s; = (b;_1,b;) € {0,1}"*2 the state of cell ¢;, Vi € [n + 1]. Note that the last
column of s, 1 is all zeros. Letsg € {0, 1}**? be the all-zero matrix. For example, if t = 1, then
there are 4 states, corresponding to all binary vectors of length 2, i.e., (0,0), (0,1),(1,0), (1,1).
We can relate Problem (P3’) to an optimization problem over a trellis T, which we define as

follows [55].

Definition 6.4.2. A trellis T of depth n is a triplet (S, E, L), where S = SoUS1US,U---US,
denotes the set of states; E = E1 U Ey U - - - UE,, denotes the set of edges, where each edge
e € E; has initial state o(e) € S;_1 and terminal state T(e) € S;; and L : E — X denotes a

label function that assigns to each edge a value in the set 2.

For our cell programming problem, we construct a trellis as follows.

Construction 6.4.1 Suppose the number of cells is # and the number of programming rounds
is t. We define a trellis T of depth n + 1, where Sy = {0} and S; is the set of states of cell ¢;,
for all i € [n + 1]. There exists as edge e € E; from state s; € S; to state s;,1 € S;y1 if and
only if the last column of s; is the same as the first column of s; 1. In that case, o(e) = s; and
T(e) = Sit1.

We will make use of two label functions. The terminal state label function is L :
E — {0,1}!, where for all ¢ € E, L(e) equals the last column of 7(e). The branch metric
label functions are LY : E; — {0,1},Vi € [2 : n+ 1], where LY(e) = 1 if and only if
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e € E; and the cell ¢;_1 can be quantized correctly by the voltage vector V and the submatrix

(o(ei),L(e;)) = (bj_2,b;i_1,b;) of the indicator matrix, i.e.,
ui 1 < (b1 + Biiab] +Biai1bl,) -V <o 4.

Since the construction of the trellis T depends upon t, V, 3, u} and vf, we denote the

trellis by T(t, V, B, ul, v}).

A vpathe = (e,ep,...,6,) in T is a sequence of edges, where o(e1) € Sp, 0(ejr1) =
7(e;), Vi € [1 : n — 1]. The associated path metric is defined as m(e) = X" ; L!(e;). A path
e also defines an indicator matrix B(e), which is obtained by reading off and concatenating the
column vectors corresponding to the terminal state labels of its edges. The path metric 1 (e)
can be interpreted as the number of cells being quantized correctly when the voltage tuple is V
and the indicator matrix is B(e), i.e., m(e) = f(V,B(e)). Therefore, for a fixed V, solving
Problem (P3’) is equivalent to finding a path e from S to S, that maximizes m(e), and thus

finding the indicator matrix B(e).

Example 6.4.1. Figure 6.2 shows an example of a trellis T with terminal state label function for
n = 5 cells and t = 1. The number of states for each cell is 2%/ = 4. The number of paths
emanating from each state is 2/ = 2. For the highlighted path e, the corresponding indicator
matrix B(e) = (1,0,0,1,1).

S 5, S,

00

01

10

11

Figure 6.2: Illustration of a terminal state label function of a trellis

Next we state the principle of optimality underlying the technique of dynamic program-

ming and, in particular, the well-known Viterbi algorithm.
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Theorem 6.4.3. [Principal of Optimality] Lete = (eq,ep,..., €i—1,¢;) be a path from state
so € Sp to state s; € S; with maximum path metric m(e). Lets; 1 € S;_1 be the terminal state
ofe; 1, e, si_1 = T(ej_1). Then, the pathe = (ey,...,e;_1) from state sy to s; 1 has the

maximum path metric over all paths from s to s;_1.

Now, we present the Viterbi algorithm as applied to the search for the maximum path

metric from Sy to S,,.

Algorithm 6.4.4 (Viterbi Algorithm)
Function (m;(s), gi(s)) = Viterbi(T(t, V, B, uf, v)).
Input:
Trellis T(t, V, B, u!f,v}) in Construction 6.4.1.
Output:
m;(s),Vi € [n],s € S: the maximum path metric from sy tos € S;;
qi(s) € S;, Vi € [n],s € S: the state sequence corresponding to the path from s to s
with maximum metric.

The algorithm has 4 steps.

1. Initialize.

Letmy(s) = 0,Vs € S. Let go(so) = so.

2. Add.

For each state s € S;, and edge e € E; such that T(e) = s, let
iiti(e) = mi_1(o(e)) +L{(e)

3. Compare.
For each state s € S;, determine edge e* with T(e*) = s, such that m;(e*) > m;(e), Ve
such that T(e) = s.
4. Select.
Letm;(s) = m;_1(o(e*)) + Lf?(e*) and q;(s) = (gi—1(o(e*)),s).
Example 6.4.2. Let o, ©, A, u; and v;, 1 < i < 5, be specified as in Example 6.3.1. Suppose
t =1,V = 20, Bit1; = Bit1,; = 0.2,Vi € [n—1]. Figs. 6.3 and 6.4 show the trellis

structure along with the value of the branch metric label function on each edge. Recall that

u = (16,22,6,2,18) and v = (24,30, 10,8,22). The values m;(s),s € S; are also shown.
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The highlighted paths have the maximum path metric from sy to any state s € Sg, namely

me(10) = 4, where the indicator matrices are (1,1,1,0,1) and (1,1,0,0, 1), respectively.

01

10

11

00

01

10

11

Figure 6.4: Another path with maximum metric in a trellis with t = 1

Theorem 6.4.5. Algorithm 6.4.4 finds the path with the maximum path metric with time com-
plexity O(n).

Proof. The correctness follows from Theorem 6.4.3 and the linear complexity follows from the

properties of the Viterbi Algorithm. m

So far we have constructed an algorithm with linear complexity to determine B that
maximizes f(V,B) for a fixed V. It is left to determine V that maximizes f(V, B).

As in Section 6.3, we define a threshold-point vector p = ( Phyre-+» Pkt) € T*, where
T is given as in Definition 6.3.2, such that py, is a threshold point for the k;-th cell, for j € [t]
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and k; € [n]. For a fixed p, we define a finite set of matrices A(p) of size t x t, such that
a;; € {0, 1, Bk, 1+ Btk Br—1kr 1+ Bk Bririh + Br—1kr 1+ Bririh +
Bk,—1}- To determine the optimal V, we make use of the following modified version of

Lemma 6.3.4.

Lemma 6.4.6. There exists a threshold-point vector p and an invertible matrix A(p) in the

corresponding finite set of matrices such that

Alp)-V=p
where V € Ri is an optimal solution.

Proof. See Appendix 6.8. m

Remark 6.4.1. Note that, in contrast to Lemma 6.3.4, when ICI is present the matrices that we

consider for a given threshold vector p are defined in terms of p.

Finally, we give an algorithm to search for an optimal solution to Problem (P3’), which
is also an optimal solution to Problem (P2) when ICI exists. Let {p1,..., ppm} be an arbitrary
ordering of the points in 7", where M = |T| is the number of different threshold point values.
Since p is of length ¢, there are N = M' choices of p (the entries can be repeated). Let
{py,--., pn} be an arbitrary ordering of the choices. For a fixed p;,i € [M], a sequence of

Xt is formed such that no two rows are the same. Thus, the number of different

‘Z‘(Pi)’s is Q(p;) = TT,_§(8" — k). Let {Kl(pi), e, ‘X‘Q(p,»)(pi)} be an arbitrary ordering of
all possible A ( p;)’s. Algorithm 6.4.7 will iterate over all choices of p; and those A( p;)’s that

matrices A(p,)

are invertible.

Algorithm 6.4.7 (Parallel Programming with ICI)
Function (f*, V*, B*) =ParallelProgrammingICI(t, uf, v}, B).
Input:
t,(u1,...,uy), (v1,...,0,) and B;
Output:
f*: maximum value of Problem (P3');
(V*,B*): optimal solution pair.
1. Let f* = 0;
2. LetV:V*:(O,...,O)GRi;
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4. LetB* € {0, 1}"*", b}, = 0,Vi € [t], j € [n];

5. Fori=1,2,...,N{

6. Forj=1,2,...,Q(p;) {

7. If;‘j(pi) is invertible and Kj(pi)_l p; € RL{

8. LetV = ;‘]-(pi)_l “Pi

8. Construct the trellis T(t,V, B, u},v) according to Con-
struction 6.4.1;

9. Let (my(s),qx(s)) = Viterbi (T(t,V, B, uf,v})), fork €
[n],s €S;

10. Lets* = arg maxses, My (s) and f = m,(s*);

11. Iff> f{

12. ff=fV=V;

13. Let the path e = (so,q1(5*),q2(5%), ..., qn(s"));
14. LetB* = B(e);}

15. 1

Output the optimal solution pair (V*, B*) with maximized f(V*,B*) = f*.

The proof of the following theorem is similar to that of Theorem 6.3.6, so we omit the

details.

Theorem 6.4.8. Algorithm 6.4.7 finds the optimal solution pair (V*,B*) and computes the
optimal value f(V*,B*) for Problem (P3'). The time complexity of the algorithm is O(n**1).

6.5 Single Cell Noisy Programming without Feedback

In this section, programming noise is assumed to exist. To carry out our analysis, we
must restrict to the case of programming a single cell, with injection hardness ««. The number
of programming rounds is again denoted by f, and the programming noise vector €1, ..., €
consists of independently distributed Gaussian random variables with zero means and variances

0]2, j € [t], respectively.

Remark 6.5.1. Note that according to this model, after every programming round the level of
each cell could decrease because €; could be negative. We choose to study this model while
assuming that the variance o7, j € [t] is much smaller than 'V, i.e., P (och +e < 0) is very
small. Thus, the probability of decreasing the cell levels is negligible. This model is a reasonable

approximation to a physical cell and it can be studied analytically, as will be seen in this section.
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Another reasonable assumption we make is that 0; = o'V}, j € [t], where 0 is a fixed
number; that is, the standard deviation of the programming noise is proportional to the program-
ming voltage. This makes sense since larger voltage applied to the cell results in larger power
of the programming noise [46]. We further assume that during programming, no feedback in-
formation is available, meaning that the actual amount of charge trapped in the cell after each
round of programming is not known. The goal is to maximize the probability that after ¢ rounds
of programming the final level is in [0 — A, 0 + A], i.e.,

t

maximize P( Z ocV + e] <0+ A) , (P4)
j=1

with V € RY,.

Lemma 6.5.1. The cell programming problem (P4) is equivalent to

maximize g(V), (P5)

with V € R!_, where

1 +
V)= —— /
g( ) 27 Je(V)-5(V
0—ast |V, A
(V)= —=E) and 5(V —
(V) = Ry (V) = o BV
Proof. We rewrite the probability in (P4) as

t
P(—A+9<];(avj+e]-) <A+0)

—A+0—aSt_V A+0—aXt .V
:P( 22V x < 2= ])

JELed) a0

;:1(ocV +ej)— ocz i1V

Vo L~ N(0,1).

Under the assumption that oj = O‘V]', we have

where X =

P<—A+6—oc2V]- cx < A+6—042V]->

o\ /T V? S o\/ZV?
A+6-az V;

1 ‘T\/EV 2
—uc/2
—A+0-a3 V; e/ du,

B



111

Let p(y) = \/%e*yz/ 2 be the N(0,1) Gaussian probability density function. Then

¢(V) can be interpreted as the area between the curves p(y) and y = 0 on the interval deter-
Z] 1V] A

— Wlth radius et o
t t 2
U\/ijl V] o2 Zj:l Vj

Remark 6.5.2. In the remainder of the chapter, we will on occasion simplify notation by writing

mined by V, where the interval is centered at

summations of the form 2;-:1 (-) as X(+), provided that the meaning is clear from the context.

Lemma 6.5.2. If V* is the optimal solution to (P5), then V| € [t], V]’f = x, for some constant
X € R+.

Proof. See Appendix 6.9. m

Theorem 6.5.3. The optimal solution V* to (P5) satisfies the following: Vi=x"Vje [t],

where x* is the positive root of the equation

<2 In z) x> +2(b—a)ex + (a®> —b*) =0,

anda = ’Afg,b = ﬁ_f/‘?,c = “(}ﬁ.
Proof.

According to Lemmas 6.5.1 and 6.5.2, the optimal solution to (P5) is achieved by a
sequence of programming voltages V* = (V1,...,V}), where V; = x,Vj € [t], for some

x € R.. Referring to the definition of g(V'), we must therefore find x € R that maximizes

where a = A\}e,b = AJ&?, and c = "‘\/ . Note that h(x) > 0,Vx > 0. Moreover, h(0) = 0

and h(x) — 0 as x — 0. To determine a value of x that maximizes 1(x), we examine the points

where /' (x), the first derivative of hi(x), vanishes. A simple calculation shows that

_1(b=ex)? —cx — (b —cx)
h/(x)ze 2( X ) #



112
The condition /' (x) = 0 translates to

<2 In z> x*+2(b—a)cx + (a* —b*) = 0.

Since (2 In %) (a® — b?) < 0, this equation has two real solutions, one of which is positive. We

denote this solution by x*. Noting that hi(x) is clearly positive for some x € R, we conclude

that the maximum value of /1(x) must be achieved when x = x*. This completes the proof.
|

Example 6.5.1. Using Theorem 6.5.3, a simple calculation shows that the probability of the cell
being quantized correctly is a function of three parameters: the number of programming rounds
t, the ratio between 0 and A, and the ratio between « and 0.

Figure 6.5 shows the probability of correct programming as a function of the number of
programming rounds ¢ for different o’s, where « = 1,0 = 1, and A = 0.2. Figure 6.6 and

Figure 6.7 show the minimum number of programming rounds ¢, for different 6/A and «/0,
such that the probability of correct quantization is above 90% and 80%, respectively.

0.9

0.8

0.7

0.6

Pr(correct)

0.5

0.4

0 5 10 15 20
Number of programming rounds ¢

Figure 6.5: Probability of correct quantization as a function of the number of programming
rounds.
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Figure 6.6: Minimum number of rounds required to ensure 90% probability of correct
programming.
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Figure 6.7: Minimum number of rounds to ensure 80% probability of correct programming.
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6.6 Single Cell Noisy Programming with Feedback

In this section, we assume that after every round of programming, we can evaluate the
amount of charge that has already been trapped in the cells'. That is, we can measure the value
2';:1 (aV;j + €;) after the k-th round of programming, Vk € [t]. Therefore, we can adaptively
choose the applied voltages according to the current cell level. Similarly, we assume the injection
hardness « of the cell is known and fixed, and the programming noise values €1, ..., €; are
independent random variables with probability density functions p;(x),¥j € [t].

Our goal is to maximize the probability that after f rounds of programming the final level
isin[0—A,0+ Al ie

t

maximize P( Z (xV + (—:] <O+ A) , (P6)
j=1

with V € RY,.

Definition 6.6.1. Let P(V},0,A,t) be the probability that the final cell level after t rounds of
programming is in [0 — A, 0 + A] when the voltages are V', where V] (Vi,Vigr, ..., V).
Let P(0, A, t) be the maximum probability over all choices of V!, i.e.,

P(6,A,t) = max P(VY,0,A,t),
VieR!,

where

t
P(V!,0,A,t) =P (G—A < Y (aVi+e)) < 6+A> .
j=1

Suppose the target level and quantization distance are 6 and A, respectively. Let P(0, A, t)

be as in Definition 6.6.1. Then we have

0+A
P(6,A,1) = max / p1(x —aVq)dx.
VieRy Jo—-A

Suppose V7 is the voltage applied on the first programming round. Then
P(VL,0,A,t) = / pr(x — aV1)P(0— x, At —1)dux.
Ry
Since feedback information is available, the recursion

P(6,A,t) = max/ p1(x —aVq7)P(0 —x, A, t —1)dx
VieRL Ry

Measuring the exact amount of charge injected is time-consuming for real applications, thus it is common to
compare the cell level to certain threshold values and to obtain a range for the cell level. In this work, we follow the
assumption that the actual cell level is available, as in [46].
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holds for t > 2. It follows that the problem of finding P(6, A, t) can be reduced to the problem
of finding P(0 — x, A, t — 1).

We can compute P(0, A, ) numerically using the recursion once we know the distri-
bution of the noise p;(x), j € [t]. However, analytical results are difficult to derive since the
noise distribution p;(x),j € [t| could be an arbitrary probability distribution. In the sequel,
we assume a simple yet non-trivial noise distribution, namely, €; is uniformly distributed over
[aV; — 1V, aV;+ 8 V] for j € [t], where 0 < 61 < aand 5, > 0. Thus pj(x) =
mlxe[_ §1V;,5 V)] This assumption is similar to the one made in [46] except that we do
not constrain V; to be integer-valued. The size of the support set of the noise distribution is pro-
portional to the programming voltage, which is reasonable since larger voltages result in larger

deviations of the noise distribution.

Lemma 6.6.2. In Definition 6.6.1,

O -5
1, if =4 < &%
A 5
P(Q,A,l) _ 0+ x+0p
at+dy 2A if 0—A > a—o1
61+06; 0+A 0+A = a+d,
and the optimal solution is achieved by V1 = gifz .

Proof. See Appendix 6.10. m

Next we would like to find the values of V| that maximize P(V*,0, A, t) with feedback

information, for arbitrary f.

Lemma 6.6.3. P(0, A, t) is a non-increasing function of .

Proof. See Appendix 6.10. m

Theorem 6.6.4. P(V',0,A,t) is maximized when V; = f;g .

~t ~ ~
Proof. The proof consists of two parts. First we prove that for any V &ef (Vy,...,V;) such that
~ ~t
V<V, = 82 maxg: P(V,0,A,t) < maxy; P(VY,0,A,t). Next, we prove that for any
2

T oatdy?
Vi & (V.. Vi) suchthat Vi > Vi = &2 max, P(V},6,4, 1) < maxy; P(V4,6,A,1).
N 2
Case (1): Suppose V; < Vq = gifz.

First we provide a sketch of the proof. If the first voltage applied is V7 (resp. 171),

then the cell level after the first programming round is uniformly distributed over F' = [(a —
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51)Vi, (a4 8)Vq] (resp. F = [(a — 81) Vi, (& + 82)V1]). We will divide F (resp. F) into
non-overlapping intervals and prove that in each interval applying V7 yields higher probability
of correct programming than applying \71

Letl = [%1 and divide FF (resp. IF) evenly into £ non-overlapping intervals.

1 1
That is, let F; = [(a — 61) V1 + (i — 1)% (o — 81)Vy + i8N (rep. By = [(or —
1)V + (i — 1) B8V (o~ 5) 0, + i@V forj € [£]. Note that if x € Fyand £ € T,
then x > %,Vi € [¢]. Then
max P(VY,0,A,t) /plx—och P(6—x,At—1)dx
vy
= 7P 0—x,A,t—1)dx
UL (81 + 82) V1 ( )

4
1
;/ WP(Q—X,A,t—l)dX

and

maxP(Vl,Q A, t) /p1 x—aVi)P(6—x,A,t—1)dx
v

1
=/ ————P0O—x,A,t—1)dx
Ui Fi (51 —|—52)V1

5
z / ¥P(9 —x, A, t—1)dx.
i=1 51+52)V

According to Lemma 6.6.3, P(6 — x, A, t — 1) is a non-decreasing function of x; therefore, for
each element in the summation, we have

/ ;P(G —x,A,t—1)dx

F; (81 + 62)V1

_ TFilP©O — ((a = ) V1 + i P%), A £~ 1)

g (614 62)V1

 FiIP(8 = ((or = 51) V1 + i —pM> At=1)

(61 +8)V1

1
> /A . _PO-xAt—1)dx,
F; (51 + 52)V1
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for all i € [¢]. This proves max_, tP(Vl,G A, t) < maxy: P(Vi,0,A,t).

Case (2): Suppose Vi > V; = gifz.

If the first voltage applied is 171, then the voltage of the cell after the first round of

programming is uniformly distributed over F = [(a — 81) V7, (a + 8,) V4]. Once the voltage is
in[0+ A, (a+ ) 171], the probability that after ¢ rounds of programming the final cell level is
within the interval [0 — A, 0 4 A is 0, since the cell level cannot be decreased in our model of
flash cell programming.

Now, since V1 > V7, we have

maxP(Vl,Q A, t) /p1 x —aV)P(0—x, At —1)dx
0+A

_/ . P(O—1xAt—1)dx
(—51) V1 51+52)V

o L po—xat—1)d
< / [ —— —x, At —1)dx
(a—8)V; (01 +02)Vy

0+A 1 d
</ . P(O-xAt—1)dx
(a—s1) vy (014 82)V1 ( )

= max P(V},0,A,t).
Vi
Noting that

max P(V!,0,A,t) = maxmax P(V},0,A,t),
vt Vi v}

t 0+A
we conclude that P(V73, 6, A, t) is maximized when Vi = 15 =
Next we give an algorithm for determining the optimal cell programming for Prob-

lem (P6), where feedback information is available.

Algorithm 6.6.5 The voltage V; on the j-th round of programming, where 1 < j < t, is set as
follows.

Let x; denote the feedback representing the cell level before the j-th write, where, for
j=1,wesetx; =0.

0—x+A
V. — ]
Set Vi = — 5

Corollary 6.6.6. Algorithm 6.6.5 gives an optimal solution for the cell programming problem
(P6).
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Proof. According to Theorem 6.6.4, if we need to reach the level 0, then the voltage applied on

the first round is 2%?2. Thus, after the (j — 1)-st round, if we know that the current cell level is
0—x;+A

xj, then the voltage applied on the j-th round is a1

, which completes the proof. m

6.7 Conclusion

Accurate and efficient cell programming is critical to the enhancement of flash memory
functionality and storage capacity. Programming techniques must take into account the asym-
metric nature of the write process, the manner in which discrete data values are represented
within the range of cell levels, the presence or absence of noise, and the reduction in write
latency that parallel programming can provide.

In this chapter, we make the realistic assumption that cell levels are quantized to a dis-
crete set of levels to represent digital data. The programming of a cell is considered to be
successful if the programmed cell level is correctly quantized to the desired target level. For
several scenarios, we present programming algorithms that, for a specified number of program-
ming rounds, achieve optimality with respect to this figure of merit. Specifically, when cells
have known hardness to charge injection and the programming process is noiseless, we derive
an optimal parallel programming algorithm whose complexity is polynomial in the number of
cells. We also modify the algorithm to take into account the presence of inter-cell interference
from adjacent cells.

We also consider techniques for programming a single cell in the presence of noise.
Assuming that no feedback on the cell level is available during the write process, we present a
programming algorithm that, for a given number of programming rounds, maximizes the prob-
ability of attaining a cell level corresponding to the desired target level. We then address the
situation where feedback is available and present an optimal strategy for adaptively choosing the

programming voltages.

6.8 Appendix A

Proof of Lemma 6.3.4. We prove the lemma by induction.
For t = 1, it is equivalent to prove that there exists an optimal V/; such that V1 € 7. So,
suppose V7 is an optimal solution. If V' € T, then the lemma holds for t = 1; if not, define
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Omin to be the smallest distance from V' to an element of 7T, i.e.,
Spin = min {|V; — .
min peT {| 1 p ’}

If 6,,i, is achieved by choosing an upper threshold point, set \71 = V| + &uin; otherwise, set
171 = Vi — Opin. That is, \71 is the closest threshold point to V. By the definition of §,,;,, any
cell that can be quantized correctly using V' can be quantized correctly using ‘71; thus, \71 is
also an optimal solution. Meanwhile, \71 € T . This proves that there always exists an optimal
solution V7 € T.

Suppose the lemma holds if the number of programming rounds is t — 1. That is, for

t > 2, assume there exists an invertible matrix A € {0,1}(=1)>(=1) such that
AV = p,

where V € Rf[l is an optimal solution for (P3) and p € T We are going to prove by
contradiction that the lemma holds if the number of programming rounds is ¢.
Suppose the opposite is true. Then, for any p’ € T, there does not exist an invertible
matrix A € {0,1}*!, such that
AV = p,

where V is an optimal solution for (P3). Let ¢’ be the largest number, 0 < ' < ¢, such that there
exists a matrix A’ € {0,1}**! with full row rank, such that

A/v* — p/,

where V* is an optimal solution for (P3) and p’ € T*'.

Let V € R/, satisfy A'V = p’. Since rank(A’) = ' < t, the solution space for V is a
non-empty polytope P consisting of the non-negative vectors in a t’-dimensional subspace. That
1S,

P={VeR,AV=p}.

(Note that if t = 0, then P is the space of non-negative t-dimensional vectors.)

Claim 6.8.1. There exists a V in P such that V is on the boundary of P, i.e., 3V € P and
k € [t], such that Vi = 0.

Proof. Since P is a non-trivial polytope, there exists X € R’ in P such that X # V*. If there
exists j € [t] such that X; < V7, let

X
Znin = aTg N, 3.
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If there exists more than one index j € [t] that minimizes V—i, then zpi, is chosen arbitrarily
]

from among these indices. Let

o mmin = Ko
min 1<j<t V]* Vi s

Zmin
and set
"} _ X — yminv>‘< ]
(1— ymin)

Since V is a linear combination of X and V*, we have A’V = p’. Then

szin *
‘7 = XZmin — ymln V'Znin —_ szin B VZ*min Vzmiﬂ = 0
Zmin (1 — ymin) (1 _ ymin) 7
and . .
-5 ] Ymin j )
= >0,Vje |t
! (1 - ymin) J [ ]
Therefore V € P and Vzmm =0.

If there does not exist j € [f] such that X; < V7, then there exists j € [t] such that
V]’f < X since X # V*. Following similar reasoning, we can prove that there exists Vep

such that Vi = 0, for some k € [t]. m

Now, there are two different cases to consider for the V of Claim 6.8.1.

Case (1): Visan optimal solution of (P3).
Claim 6.8.2. IfV is optimal, then all of the n cells can be quantized correctly using t — 1 rounds
of programming.

Proof. Suppose the opposite is true, and there exists ¢; with quantization interval [v;, u;] that is
not quantized correctly by V. Set 17]- = 17]- for all j such that 1 < j # k < t and set ‘7k = v;.
Then the number of cells that are quantized correctly by Vis larger than ‘7, contradicting the

assumption that Vis optimal. m

By the induction assumption, if the number of programming rounds is  — 1, there exists
an invertible matrix A € {0, 1}(*=1)*(t=1) such that

AV =p,

where V' € Rg_l) is an optimal solution and p € 7=1). Note that in this case, according

to Claim 6.8.2, all of the n cells can be quantized correctly. We form another invertible matrix
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A e {0,1}"*! by adding one column and one row to A, where all added entries are 0 except
that a;; = 1. Let V= (Vi,..., Vi, p)t € R!, where p; € T is any threshold point. Let
p= ", p)" = (p1,...,pi_1,p:)" be a threshold-point vector. Then we have

~~ A 0 \%
AV =
OT 1 Pt
| Pler
Pt

and V is optimal since all of the 7 cells are quantized correctly. The existence of K, V and p
contradicts the assumption that ¢’ is the maximum row rank.
Case (2): V is not an optimal solution of (P3).

Note that because V* is optimal while V is not optimal, the following claims hold.

Claim 6.8.3. There exists b € {0,1} such that b"V* € [0, u;] and bV ¢ [v;, u;], for some
i€ [n].

Proof. Since V* is optimal while V is not optimal, at least one cell can be quantized correctly by
V* but not by V. Suppose the cell is ¢;. Then there exists b € {0,1}! such that bTV* € [v;, u;]
and bV ¢ [v;,u;]. m

Claim 6.8.4. Every b € {0,1}' satisfying the property in Claim 6.8.3 is linearly independent

with respect to the set of row vectors of A’.

Proof. Suppose the opposite is true. That is, b = xA/, for some x € R". Then
bV = xA'V* = xp' = xA’V = b V.

This contradicts the fact that b" V* £ b V. m

Suppose the number of triplets (b, v;, u;) for b € {0,1}' and i € [n] in Claim 6.8.3
is K. We list all such triplets and label them by (b, wy, yx), k € [K]. Note that one and only
one of wy and yy is between b{V* and bzf/ Without loss of generality, we assume that wy is
between b} V* and b} V. In particular, b} V < wy < b} V*. Define
b{V* — Wy

= € [0,1]

Omin = Min —————
kK bV — bV
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and

k . b]];V* — Wy
in — arg min ———<.
min g 1<k<K bzv* B b}z’V

Consider the convex combination of V* and V given by
V=V —8nin(V* = V) = (1= 8min) V" + 6minV.
Claim 6.8.5. V isan optimal solution of (P3).

Proof. Suppose ¢; can be programmed into its quantization interval [v;, u;],i € [n] by V* but
not by V. According to Claim 6.8.3, let b € {0,1}' be a vector such that b” V* € [v;, u;], but
b’V ¢ [v,u;]. We will prove that v; < bV <

Without loss of generality, we assume b’V < v; < bTV* < u;. Then

O - N
w>b'Vv STV =0T (V* — Smin(V* — V))
bTV* — U

>p'vi-pl — L (V'-V
bTv* —bTV( )

Tyrx ...
—pTv o bT(ve o) LV
bT(VF - V)

=0,
where (1) follows from the fact that
bV =07 (V* — Smin(V* — 17))
= bV — 5pinb (VF = V)
A%
If ¢; can be programmed into its quantization interval [v;, 1;],i € [n] by V* and V, then
it can be programmed into [v;, u;] by V as well, since V is a convex combination of V* and

V. Thus, each cell that can be quantized correctly by V* can also be quantized correctly by \7,
implying that Vis optimal. m

Let

A/
T

kmin

A=

Claim 6.8.6. A has row rank t' + 1 and AV € Tt +1),
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Proof. According to Claim 6.8.4, each bl is linearly independent of the set of row vectors of

A’, implying that rank(A) = ¢/ + 1.

Consider
L A |- A'V _
bkmin bkminV

Since V is a convex combination of V* and ‘7, it is in the polytope P, thus A’ V= p e
T,

Now,

bi V=0bf (v* — Smin (V" — ‘7))

b, V¥ —w . ~

bl V' —w

T * T * kmin k

=b, V' —b; (V' -V) o7 v ‘,})
i _

eT.

min

:wk

min

Therefore, p € 71, m

For both Case (1) and Case (2), the existence of K, V and p contradicts the assumption
that ¢’ is the maximum row rank of a matrix A such that AV* = p’. Therefore, there exists an

invertible matrix A € {0, 1}'*! such that
AV =p,

where V € R, is an optimal solution for (P3) and p € T" is a threshold-point vector. m

Proof of Lemma 6.4.6. The proof is based on induction and is very similar to the proof
of Lemma 6.3.4. Therefore, we prove the initial step of the induction and omit the remaining
details.

For t = 1, we prove that there exist a threshold-point p; € T of the cell i and a real

number
a€{0,1,Bi 1, Bisri1+Bivi, 1+ Bivri Bivi+ Bivii
14 Bi—1i+ Biv1,i}
= U {(Bi-1i1,Bis1,) - b}

be{0,1}3
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such that

aV = p;,

where V' > 0 is optimal.
Suppose V* is optimal. If Ja € {0,1,B;—1,i, Bir1,i, 1 + Bi—1,i, 1 + Biv1,is Bi-1,i +
Bi+1,i, 1+ Bi—1,i+ Bit1,i} and p; € T such that

aV* = p;,
then the statement holds for t = 1. Otherwise, let
5= min  (V*(Bi_1s1, Biz1i) - b—pi)T,
iE[n},b€{0,1}3( (ﬁz 1,i /31+1,1) Pz)

where, for x € R, x* = xif x > 0 and x = +o0 if x < 0. Suppose the minimum is achieved

for i = imin € [n] and b = bpyy. That is,

5 = (lgiminflri’ 1’ Bilnin+1/i> ’ bminv* - pimin'

Let
‘7 — pimin V*
pimin + 5

Then, by setting a = (fB; . 1,1, Bi.. +1,i) - Dmin, We have

~

min Vv

p Imin *

+6

ﬂV = (lgimin_l/i’ 1’ /3i1nin+1/i) : b
= (Bipin—1,ir L Bipiy+1,i) * brmin—
Imin

= pimin'

In addition, the number of cells quantized correctly does not decrease in going from V* to 1%
since, by definition, v < V™ is chosen such that if a cell is quantized correctly by the voltage
V*, the cell can be also quantized correctly by V. This completes the proof of the case where

t=1. m

6.9 Appendix B

Proof of Lemma 6.5.2. We first prove the following claim as it is used to establish the

inequalities in the proof of Lemma 6.5.2.



Claim 6.9.1. Letcq, ¢y and 61,6, > 0 be real numbers. Let
1 c1+61
pl N V 27'[ C1—51

Then the following three statements hold:

1 cr+6;

2
— e /2du.
V 27'[ C2—52

e /2 du and p2 =
1. Ifc;1 = ¢y and 61 > O, then p1 > p2.

2. If 51 = &y and ’C1’ < |C2|, then p1 > p2.

3. If’Cﬂ < |C2| and 61 > Oy, then p1 > pa2.

Proof.
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1. If &1 > &, then [c1 — 81, ¢1 + 61] D [c2 — &2, ¢2 + 82]; thus py > p; since the integrand

is strictly positive on R.

2. Let 81 = &, = 8. We prove the result for the case where 0 < ¢1 < ¢z and [¢1 — 6,¢1 +

5]N[c2 — 8,¢2 + 8] = 0. Other cases can be reduced to this case by subtracting the

integration over the intersection of the intervals. In the case considered, & < &p,Vé1 €

[Cl -9, —1—5],52 S [C2—5,C2—|—5].

Note that f(u) = e **/2 is symmetric with respect to u = 0 and f(u) is a continuous

strictly decreasing function for u > 0. Therefore, there exists &; € [¢; — 6, ¢; + 6] such

that

ci+96
pi = / e 2dqy = 253_51'2/2,1' =1,2.
c;i—o

It follows that p; > p» since &1 < &p.

3. Let p3 = fC33+5‘z3 *”z/Zdu, where c3 = ¢ and 83 = 9,. Then from 1) we have p;

and from 2) we have p3 > py. Therefore, p1 > p».

]
Now we proceed to the proof of Lemma 6.5.2. Suppose the opposite is true; that is, for
some i and j in [t], VI # V* Consider another vector V = (Vy,...,V;), where V} = V def

t
== REL/E ,Vk € [t]. Then \/Zj':l V].2 = \/2;:1 V;‘z. Furthermore, we have

to - St 1V*Z ¢
VitV =t
ZV=v=h e

2 P3,
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This is a special case of the Cauchy-Schwartz Inequality, and the inequality is strict due to the
assumption that V' 7 V7 for some i, j € [t]. Therefore, 6 — 062;-:1 Vi<6- oc2§-21 Vi
We want to show that V* is not optimal, in particular, g(V) > ¢(V*). We consider two

cases.
Case (1): Suppose 0 — (x2§-21 Vi=0—atV >0.
Let
V*> 1 /C(V*)+6(V*) *ﬁd
= = e 2 u
pr =gl V27 Je(vi)—s(v)
and

(\7) 1 c(V)+s(V) 2 d
= = — e 2 u,
pa=2 V21 /C(V)s(f/)
where ¢(V) and 5(V) are as defined in Lemma 6.5.1.

A 6—0(217 * 0—ay V! t ~o
Recall th V) = / V*) = / 1 = =
ecall that c(V) U\/TV]Z and ¢(V*) (r\/ZT]?‘Z’ and let s Y1 Vi
\/ ;-:1 V;-‘Z. Then we have
) 0—aYt .V
0 < C(V) — t] 1A2]
o/ 2i=1V]
PN
so
t *2
so
t *2
%2
o ;-:1 V]-
= (V")
Recall that 5(V) = —2— and §(V*) = —A— . Then §(V) = 8(V*). Setc; = c(V),c; =

o\/TV? N Vj*z'
c(V*),8; = 8(V), and &, = 8(V*). According to 2) in Claim 6.9.1, we conclude that p; < p,.
Therefore, g(V*) < g(V), implying V* is not optimal.
Case (2): Suppose 6 — 0‘2?:1 Vi=0—atV <0.
Consider another vector V. = (V7,...,V;) where Vj = %,Vj € [t]. Then 0 —

o4 2;21 V]- = (0 and we have
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It is easy to see that

and

5(V)
UW aﬁ
Let p = g(V) and p, = ¢(V*). Setcy = ¢(V),ca = ¢(V*), 8 = 8(V), and &, = 8(V*).
According to 3) in Claim 6.9.1, we conclude that p; > p,. Therefore, ¢(V) > g(V*), implying
that V* is not optimal.
These contradictions of the optimality of V* arose from the assumption that V; # V;‘

for some i, j € [t]. Therefore, we conclude that V* = VIV, j € [t]. m

6.10 Appendix C

Proof of Lemma 6.6.2. Recall that when applying voltage V;, the cell-level increment
is uniformly distributed in [(ax — 61)V}, (& + 82) V;]. Consider the following two cases.

) —A -5 - A
Case (1): Suppose gJF—A < or 5 Setting Vq = gisz, we have

0+A

P(Vi,6,A,1) :/ pr(x — aVy)dx
0—A

0+A 1
(61 1 8y, el s ar

0-A
0+ 1

B JO-A WIXG[(a—Sl)Vl,(“_,_ggZ)Vﬂdx

0C+§z d
= x
/oc syvi (61 + 52)V

Therefore,

P(6,A,1) = maxP(V1,0,4,1) > 1.
1
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- 5
Case (2): Suppose &L—ﬁ > ors- Then

0+A

P(V1,0,A,1) = / p1(x —aVq)dx
0-A

0+A 1
G

0-A
! d
= /R mlxe[(cx—él)Vl,(cx+§2)Vl] N[6—A,0+A]9X.
There are two possibilities to consider.

1 IfVy < 952 then (a4 8,)Vy <O+ Aand (a — 8;)V; < 0 — A. Therefore

~ “+§27
P(V1,0,A,1)
_ / xe[ a—381) V1, (a+8,) V1] N[0—A,0+A] dox
51 + 52)V1
0(+§2)V 1 d
= —dx
0-A (61 + 8)Vq
o« + 52 . 0—A
o o1+ o (51 + 52)V1
o+ 52 0—A

T 646 (51+52 o

([« + &
N o+ & 9 + A
where equality holds if V7 = +?2

2. 1fVy > Z8 then (o + &) Vi > 0 + A. Therefore

P(V1,0,A,1)

_/ xe[oc 81) Vi, (a+8,) Vi N[O— A9+A}dx
51 + 52)V1

0+A 1 d
< —————dx
/EFA (51 + 52)V1

- 2A
(51 + 52)V1
2A
(81 4 82) &5

:P<6+A,9,A,1>
ax—+ &
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It can be seen that under both circumstances, P(V7,0, A, 1) is maximized when V; =

0+A
aib,” Consequently,
lf 0—A 0(751
’ 6+A Y
P(6,A,1) = A ats
a+d6y 2A if 0—A > a—01
61+06, 0+A 0+A = a+d°
]

Proof of Lemma 6.6.3. We first prove the following two claims as they serve as the

basis for the proof of Lemma 6.6.3.

Claim 6.10.1. For 3 # 0, P(f30, BA,t) = P(0, A, t).

Proof. We proceed by induction. For t = 1, we have

1, lf [3’6—/3A < 0(751/
P(ﬁg, BA, 1) — BO+BA a+0o;
DC+§2 ZBA lf ﬁ@—ﬁA > 0(751
5145, BO+BA BOTBA Z atoy’

e 0-A x—01

_ ]., 1f9+—A < m,

a+dy 2A if 0—A > x—041

5140, 04A 0TA © ato,’

= P(0,A,1).

For notational convenience, let a A b def min{a,b}. Now, suppose that P(30, BA,t — 1) =
P(0,A,t —1). Then
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P(BO, BA, )

:max/ p1(x —aVq)P(BO —x, BA, t —1)dx
Vi JRy

(1) / Lye[(a—61) V1, ((a+6) V1) A BE]
— maxXx
R, (61+8)V4

1%
-P(BO —x, A, t —1)dx

2) / Lgyel(a—8))vy,((at52) V1) A B]
R, (61 +82)V4

- P(BO — By, BA,t —1)dBy

(3) / Lgye[(a—8))vy,((at+52) V1) A Be)
— MmaxXx
R, (51 + 52)V1

-P(6—y,At—1)dBy

@ Iye[(“_él)%r((oﬁéz)%) A6]
- max/ -
Ry (61 + 52)#

14!

@ max/ Iye[(oc—él)V{,((oc—i-éz)V{) N6
R, (61 +82)V]

(6)

Vi
= max/ p1(y —aV])P(0 —y, At —1)dy

PO—y A t—1)dy

P(O—y, A t—1)dy

=P(6,A,1).

Equation (1) follows from the definition of p;(x). Equation (2) follows from the change of
variables x = fy. Equation (3) follows from the induction hypothesis that P(36, BA,t — 1) =
P(6,A,t —1). Equation (4) follows from the linearity of the indicator function and the min
operator. That is Igye (45 = Iyc(a/p,b/p)> and %min{a, b} = min{ﬁ, %} Equation (5) follows
from the change of variables V] = % Equation (6) holds for the same reason as Equation (1).

Claim 6.10.2. For B > 1, P(86, BA,t) > P(BO, A, t).

Proof. Since the interval [0 — A, B0 + A] C [B6 — BA, BO + BA] for B > 1, the event “the
cell level is in [30 — A, O 4+ A] after t rounds of programming” is included in the event “the
cell level is in [30 — BA, B0 + BA] after t rounds of programming”. Thus, P(f36, BA,t) >
P(BO,A,t). m
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It follows from Claim 6.10.1 and Claim 6.10.2 that, for 3 > 1,
P(6,A,t) = P(6,BA,t) = P(36,A,t),

which proves that P(6, A, t) is non-increasing in 6. m
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Chapter 7

Parallel programming of rank

modulation for flash memories

7.1 Introduction

One way in which the storage capacity of flash memory devices has been increased is
through the use of a larger number of levels in each cell. However, as the quantization of the cell
levels becomes finer, the problem of overshooting can be exacerbated, thereby compromising
data integrity and limiting the achievable storage capacity. A novel idea called rank modula-
tion [48] has been proposed to solve such overshooting problems. With rank modulation, the
information is represented by the permutation induced by the levels of an ordered set of n cells.
As a result, it does not require a discrete set of target cell levels, and recovery of the stored
information is easily implemented by comparing the charges of the n cells. However, to date,
programming algorithms for rank modulation, as described in [32, 48, 49], for example, have
been based upon sequential programming of individual cells, resulting in fundamental limita-
tions on the programming speed.

In this chapter, we study two approaches to parallel programming for rank modulation
where cell levels are integer-valued. In the first, our objective is to minimize the number of
programming rounds needed to produce a cell-level vector representing the target permutation,
under the assumption that there is no constraint on the magnitude of cell-level increments. A
consequence of this assumption is that the cell levels may approach their physical upper limits
quickly, implying that this programming technique may limit the number of information updates

that can be made before a block erasure is required. In contrast, the second approach aims to

132
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minimize the number of programming rounds subject to a constraint on the difference between
the maximum cell level before and after programming. This technique therefore allows the
maximum possible number of subsequent information updates before a block erasure is required.
These two scenarios represent different trade-offs between programming speed and the lifetime
of the flash memory.

Since the minimum number of programming rounds is a function of the target permuta-
tion T and the initial cell-state vector £y, we denote them by ¢; (7, £9) and 5 (7, £y), respectively,
in the two programming scenarios. We will use the notation ¢ and t; (7, £y) interchangeably,
i = 1,2, in contexts where there is no ambiguity. We first derive universal lower and upper
bounds on # (T, £y) as a function of 7. These bounds show that, when compared to the push-
to-top programming scheme proposed in [48], the minimal number of programming rounds re-
quired in this scenario is approximately % of that used in the push-to-top scheme. In the second
scenario, the smallest set of cell-level increments needed to represent the target permutation can
be determined as in [32]. We derive an upper bound on ¢} (7, £y) and propose an algorithm with
complexity O(n? log 1) to search for the optimal set of voltages in each round of programming.
The resulting number of programming rounds is shown to be only 2.5% more than the minimum
number obtained by a brute-force optimal search.

The rest of the chapter is organized as follows. In Section 7.2, we model the cell in-
crements during parallel programming mathematically. In Section 7.3, we aim to minimize the
number of programming rounds for rank modulation when cells are allowed to increase to arbi-
trarily high levels. In Section 7.4, we aim to minimize the number of programming rounds for

rank modulation when the cell increment is minimized.

7.2 Preliminaries

We denote # flash memory cells by ¢y, . . ., ¢, Cells are programmed by injecting charge
to increase the cell levels. We denote by [m : n] the set of integers {i € Z|m < i < n} and
[1 : n] is denoted by [n]. The set of non-negative real numbers and non-negative integers are
denoted by R and Z ., respectively. As assumed in [70,94], the number of programming rounds
(charge injection) is t and when a voltage V', j € [t], is applied to cell ¢;, the cell level of ¢; will
be increased by «;V;. We call «; the hardness of charge injection of c;, and we define the
cell-hardness vector & = (v, ..., ). Suppose the cell-state vector is £y before programming
and denote the set of voltages that can be applied in the f rounds of parallel programming by

V = (Vy,...,V;). The final cell-state vector is then
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lip=Lip+ o ztibi,jvj, (7.1)
where the (i, j) entry in the matrix :
[ b1y bay o bya ]
o[y
| by boy oo buy |

indicates whether or not voltage V; is applied to cell ¢; during the j-th round of programming,
fori € [n],j € [t].

Let £ = (¢14,...,4n;) be the final cell-state vector after programming. We assume
Uiy # iy, Vi # j. Let L, be the set of all permutations of [n]. Let T = (71,...,T,) € Z, be
the rank permutation of £;, denoted by rank(€;) = T, where 7; is the index of the cell with the
i-th lowest level. For example, if £; = (1.5,3.5,0.5,2), then rank(¢;) = 7 = (3,1, 4,2).

The figure of merit for the programming algorithm is the number of required program-
ming rounds, . The cell programming problem is to find a set of positive real programming
voltages V € R, and a binary matrix B € {0, 1}/*" of cell-programming indicators such that

rank(£;) = 7 and t is minimized, where ¢; is given by Equation (7.1).

7.3 Rank modulation minimizing programming rounds

In this section, we assume «; = 1,Vi € [n] and both ¢; j and V},i € [n],j € [t] are
integers. We further assume there is no physical upper limit on the cell levels. Given the initial
cell-state vector £y with rank(£y) € L, and the target permutation T € Z,,, we would like to find
a set of programming voltages V € Z!,_ and a binary matrix B € {0, 1}'*" of cell-programming

indicators such that rank(£;) = T and f is minimized, where £; can now be expressed as

t
Uiy =Llig+ D biV;. (7.2)
=1

The following definitions will be useful in deriving bounds on the minimum possible

value of t.

Definition 7.3.1. A decomposition of a permutation 0 = (oy,...,0,) € X, decomposes
o into subsequences ((v1),...,(vm)), where (v;),i € [m], is a subsequence of the form
(O'ul, Ouiys vy O‘uk), in which the relative orders within o are preserved, i.e., for any two Uj, Uy €

[n] in (v;), oy, is to the left of 0y, in v; if and only if oy, is to the left of oy, in 0.
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An increasing block (0,,0,.1,...,05),1 < u < v < n, of a permutation ¢ =
(o1,...,04) is a contiguous subsequence of o such that o; < 0;,1,¥i € [u : v—1]. An
increasing block decomposition of o is a decomposition such that each subsequence is an in-
creasing block.

An increasing subsequence (0,,,0y,,...,0,),u; € [n],i € [k], of a permutation
o = (01,...,0,) is a subsequence (not necessarily contiguous) of o such that oy, < 0y, Vi €
[k — 1]. An increasing subsequence decomposition of o is a decomposition such that each sub-

sequence is an increasing subsequence. A decreasing subsequence is defined similarly.

Example 7.3.1. If 0 = (3,1,4,5, 6,2), then an increasing block decomposition is ((3), (1,4, 5,
6),(2)) and an increasing subsequence decomposition is ((3,4,5,6), (1,2)).

Without loss of generality, we assume the initial rank is the identity permutation, i.e.,
o = (1,2,...,n). Tt is clear that the optimal t* depends on 7 and the initial cell-state vector
£y, so we denote it by ] (7, £y). The next theorem gives a universal bound on #;(7,£y) as a

function of .

Theorem 7.3.2. Let my and my be the minimum number of subsequences in an increasing
block decomposition and an increasing subsequence decomposition of T, respectively. Then the
optimal t] satisfies

[logmy| < t7(7,£y) < [logmy].

Proof. First we prove the lower bound. We will invoke the following lemma, whose

proof is omitted due to space constraints.

Lemma 7.3.3. The minimum number of subsequences in any increasing subsequence decom-

position of a permutation o is equal to the length of the longest decreasing subsequence in 0.

According to Lemma 7.3.3, the length of the longest decreasing subsequence in 7 is 11,. Let this
decreasing subsequence be
(dy,da, ..., dm,),
where
dy >dy > >dy,
and

gd]/t < Edz,t < K gdmz,t'
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Since the initial permutation is assumed to be the identity permutation o = (1, ..., 1), meaning

La 0> La,0> - >4y the increments of the d;-th cell, denoted by (I, .. ., Idmz)’ where

my,07

Ij, = Lg. ¢t — Ly 0, Vi € [m], have to satisfy
Idl < Idz <0 < Idmz’

i.e., at least my distinct increments are needed. It follows that the number of programming
rounds satisfies the lower bound [log my]| < 7.

We now proceed to the proof of the upper bound, which is achieved by a specific pro-
gramming strategy.

Suppose

(T T (Thy 1 e Thy )r e e (Tkmrl_H, e Th, )

is an increasing block decomposition of T of size my, where k;,, = n. By assumption, the initial

permutation is an identity permutation, so the cell levels satisfy
61,0 <€2/0 < --- <€n,0 <N

for some integer N, which implies that [(;o — £;0| < N,Vi,j € [n]. Lett = [logm]
and V.= (Vy,...,V;), where V; = 2i71IN, Vj € [t]. The set of achievable increments is,
therefore, Z = {iN|i € [0 : 2" — 1]}. Now, for every index i € [n], we determine the the
block index j € [m1] such that i lies in the j-th block of the increasing block decomposition of
T, and we increase the level of the cell ¢; by (j — 1)N. Since 1 < j < my < 21, it follows that
(j —1)N € Z, meaning that the cell level increments that are produced can all be achieved by V.
We now show that the rank permutation of the cell-state vector £; attained by this programming
strategy is T.

Consider a pair of cell indices ©# and v in T such that u is to the left of v. If they are both

in the same increasing block, then
Eu,t - Eu,o + Iu - Eu,o + Iv < EU,O + IU - gv,t/

where the first and last equalities follow from the definition of I,,,u € [n], and the second
equality follows from the fact that the cell increments are the same within each block and the
inequality follows from the relation u < v. If u is in the i-th block and v is in the j-th block,
where i < j, then

Eu,t :Eu,O‘f‘Iu :Eu,0+ (i—l)N
<N+ ({(—1)N=IN< (j-1)N =1, < ly.
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This proves ¢, ; < £y if u is on the left of v in 7. Since u and v are chosen arbitrarily, the rank

permutation of the final cell-state vector £; is T. Therefore, t7 < [logm;|. m

Lemma 7.3.3 establishes the connection between the increasing subsequence decompo-
sition and the longest decreasing subsequence of a permutation T € X,. Efficient algorithms
with time complexity O(nlogn) that find the longest increasing/decreasing subsequence of
T € X, were studied in [74, 78, 79] and it was shown that partitioning a permutation into a
minimum number of monotone subsequences is NP-hard [79]. The problem of decomposing a
permutation into a minimum number of increasing subsequences is interesting by itself and next
we would like to give an algorithm with time complexity O(n log 1) that performs the minimum

increasing subsequence decomposition of T € X,,.

Algorithm 7.3.4. FINDING MINIMUM NUMBER OF INCREASING SUBSEQUENCES
Input:
A permutation T = (T1,Tp, - -+, T,) of the integer set [n];
Output:
m increasing subsequences S1, Sz, ..., Sy;
m<« 1,5 <« {n}, T+ {n};
fori =2 ton do
if T; is smaller than all the integers in T then
mm+1,8, « {1}, T« Tu{t};
else
Find the largest integer p in T' that is less than T;;
Suppose p is contained in S ;
Sj < (S, 1);
Replace p by T; in T.

end for

Note that, at each step, the set T represents the last entries in the increasing subsequences

considered up to that point.
Theorem 7.3.5. The output of Algorithm 7.3.4 satisfies
1. m =my;

2. the subsequences S1, Sy, - -+ , Sy, are an increasing subsequence decomposition of T.
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The time complexity of Algorithm 7.3.4 is O(nlogn).

Figure 7.1 shows the lower and upper bounds on (7, £y) averaged over all n! permuta-
tions of T € X,,. Also shown, in the curve labeled “No parallel,” is the number of rounds required
for “push-to-top” programming [48]. The parallel programming scheme requires roughly % of

the number of programming rounds compared to the push-to-top scheme.
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Figure 7.1: Lower and upper bounds on ] (7, £p)

For the case of small 7, the optimal £} (7, £p) can be derived by examining each 7 € X,,.
For example, if n = 3, then
0, ift=(1,2,3);
H(t, L) =12, ift=(3,2,1);
1, otherwise.

Table 7.1 shows t] (7, £y) for n = 4. In the table, t;((3142),£y) = 1if by — l30 > 2
and 0o — 1,0 > 2; and t7((3142), £y) = 2, otherwise.
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Table 7.1: t{(7, £) as a function of T

T t* T t* T t* T t*
1234 | 0 || 2134 | 1 || 3124 | 1 || 4123 | 1
1243 | 1 || 2143 | 1 || 3142 | - | 4132 | 2
1324 | 1 || 2314 | 1 || 3214 | 2 || 4213 | 2
1342 | 1 || 2341 | 1 || 3241 | 2 | 4231 | 2
1423 | 1 || 2413 | 1 | 3412 | 1 | 4312 | 2
1432 | 2 || 2431 | 2 | 3421 | 1 | 4321 | 2

Conjecture7.3.6 Foreach T € L, there exists an £, such that ¢} (1, £p) equals the lower bound

[log my]; i.e., Theorem 7.3.2 provides a tight universal lower bounds on ] (T, £p).

7.4 Rank modulation maximizing the number of updates

As in the previous section, we assume «; = 1,Vi € [n] and both /; ; and V; are integers,
fori € [n],j € [t]. Suppose that the rank of the initial cell-state vector £y is the identity
permutation 0 = (1,...,7n) and let the target permutation be T € X,. According to [32], in
order to maximize the number of updates (or equivalently minimize the maximum cell level
after programming), the final cell-state vector satisfies {r, ; = 7,0, and {r,; = max{/l, ,;+
1,0r0},i€(2:n].

Our goal is to minimize the number of programming rounds ¢ such that the final cell-
state vector is £;. Define the set of cell-level increments Z = {1, ..., I,; } to be the set of distinct
integers in £; — £y. Without loss of generality, we assume 0 < [} < I, < --- < I,. The cell
programming problem can be formulated as follows: given Z, minimize ¢ such that there exists
VIl = (Vy,..., Vi) € Z! and for each I; € Z,i € [m)], there exists a b; € {0, 1} such that
VT .b; = I,. The pair (V, B) is called an optimal pair if (V, B) achieves the minimum number
of rounds t. A vector V is called optimal if there exists a B such that (V, B) is an optimal pair.

For V € Z!,, we call the set of integers {z € Z|z = VT - b for some b € {0,1}!} the
span of V, denoted by S(V). If Z C S(V), wesay V covers Z. Therefore, the cell programming

problem translates to finding a vector V of minimum length that covers a given integer set.

Example 7.4.1. Suppose Z = {2,5,7,8,10}. Let V = (2,3,5)7, and the b;’s are chosen such

that
10101
(235 (000 1 1|=(2573810).
01111
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Therefore, there exists a V of length 3 that covers 7.

This problem is related to a well-known NP-complete problem, Subset Sum Problem.
Finding the optimal V for each given Z is therefore a hard task, so we will settle for finding
a solution which, though not necessarily optimal, compares favorably to the simple push-to-
top [48] solution.

First we provide a general upper bounds on t5 (7, £)) in the following theorem.
Theorem 7.4.1. The minimum possible number of programming rounds satisfies
t; < min{[log(L, +1)],1+ [log(L, — L +1)], m}.
Proof. If V is chosen as (29,21, .., 2[log(In+1)] —1), then it is guaranteed that V covers
[2Mesln+ )T _ 1] 5 [1,] D T.

Therefore, t5 < [log(L, +1)].

If V is chosen as (I;,2°,21,...,2M108(n=h+1)1-1) ‘then it is guaranteed that V covers
[ : I + 2MesUn =0+ 1] 5 [ : I,]. Therefore, t5 < 1+ [log(L, — I +1)].

If V is chosen as (I, I, ..., I), then it is guaranteed that V covers Z. Therefore,

B<|Z|=m =

Here are some further results and conjectures related to this parallel programming prob-

lem.

Proposition 7.4.2. There exists an optimal V such that all the elements in V are distinct.

Proof. The proof is omitted due to space limitations. ®

Conjecture7.4.3 If the integrality constraint on V is loosened, requiring only that V € R,
then there still exists an optimal V such that V € Z! ; i.e., t, is achieved using integer-valued

voltages V.

Next we present an algorithm that searches for a short, but not necessarily minimum-
length, vector V that covers the given integer set Z. Theorem 7.4.1 suggests that [, the largest
elements in Z, and |Z|, the cardinality of Z have a strong influence on the size and composition
of an optimal V. Note that once V7 is fixed, we can reduce all elements greater than V; by V1,

and reformulate the problem into that of finding a vector V that covers Zyey = {i € Z|i <
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Vi}U{i|(i + V) € Z}. The following algorithm is based on an iterative, greedy search for V4
that, in each iteration, chooses V7 to minimize |Zyew| and, should more than one such V7 exist,

chooses one that minimizes the largest element in Z;ey .

Algorithm 7.4.4. FINDING V THAT COVERS Z
Input:
an integer setZ = {Iy,..., I };
Output:
an integer vector V that covers Z;
V « 0;
while T ¢ S(V)
T <« ascending_sort(Z);
min_size < |Z|;
max_elem < Iy;
Vi< 0;
forv=1to1I, do
Tnew < reduced set(Z,v);
if | Zpew| < min_size then
Vi v;
min size < |Lyew|;

max_elem < max{Zew};

else
if | Zpew| = min_size then
[MaX « = max{Znew};
if [ < max_elem then
Vi < v;
max_elem <— max{Zpey };
end for
V < (V,Vy);//append V1 to V
end while

In Algorithm 7.4.4, ascending sort(Z) sorts Z in ascending order and max{Zyew } re-
turns the maximum element of a set Z,,ey. Fora given v € [1 : L], reduced_set(Z, v), calculated

using Algorithm 3, generates Z,,., for the next iteration and minimizes |Zyey, | and 152X,



142

Algorithm 7.4.5. Zy:=REDUCED_SET(Z, v)
Input:
a sorted integer set Z = {Iy, ..., I,,} in ascending order and an integer v € [1 : L,];
Output:
an integer set Lpey;
flag <— all-zero vector of length m;
fori = m downto 1 do
ifI; > v and flag[i] == 0 then

[i < I; — v;

flag[k| <— 1 for all k such that I = I;;
end for

Tnew < the set of distinct elements of L ;

Proposition 7.4.6. Suppose I, < N for some N € 7. Then the complexity of Algorithm 7.4.5
is O(N) and that of Algorithm 7.4.4 is O(N?log N).

Figure 7.2 shows results obtained using Algorithm 2 (and Algorithm 3). The horizontal
axis represents the number of cells 7 and the vertical axis represents the number of programming
rounds t averaged over all n! target rank permutations T € X,. Also shown in the figure is the
upper bound of Theorem 7.4.1, the number of rounds using the push-to-top strategy [32, 48],
and the optimal number obtained using a brute-force, exhaustive search that minimizes ¢ for
each T € X. We note that the number of programming rounds obtained using Algorithm 7.4.4

(and 7.4.5) is only 2.5% above the optimal result when n = 10.

7.5 Conclusion

Rank modulation is a technique for representing stored information in an ordered set
of flash memory cells by a permutation that reflects the ranking of their voltage levels. In this
chapter, we consider two figures of merit that can be used to compare parallel programming
algorithms for rank modulation. These two criteria represent different trade-offs between the
programming speed and the lifetime of flash memory cells. In the first scenario, we want to find
the minimum number of programming rounds required to increase a specified cell-level vector
£y to a cell-level vector corresponding to a target rank permutation T, with no restriction on
the maximum allowable cell level. We derive lower and upper bounds on this number, denoted

by #;(7,€p). In the second scenario, we seek an efficient programming strategy to achieve
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Figure 7.2: Number of programming rounds needed to achieve £;

a cell-level vector £(T) consistent with the target permutation 7, such that the maximum cell
level after programming is minimized. Equivalently, this strategy maximizes the number of
information update cycles supported by the device before requiring a block erasure. We derive
upper bounds on the minimum number of programming rounds required to achieve cell-level
vector £(T), denoted by 5 (7, £), and propose a programming algorithm for which the resultant

number of programming rounds is close to t5(7, £p).
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