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ABSTRACT OF THE DISSERTATION

Spacetime and Matter in
Three-Dimensional Higher Spin Gravity

by

Eric Justin Perlmutter
Doctor of Philosophy in Physics
University of California, Los Angeles, 2012

Professor Per Kraus, Chair

We investigate the physical content of three-dimensional higher spin gravity, a sophisti-
cated toy model of high energy string theory. Starting from spin-3 gravity and working
our way toward the theory of an infinite tower of higher spins coupled to matter, we show
how to use higher spin gauge invariance to consistently generalize ordinary conceptions
of black holes. We also consider the dynamics of scalar fields in nontrivial higher spin
backgrounds. In view of the AdS/CFT correspondence as applied to certain vector-like
conformal field theories with extended conformal symmetry, we make several successful

comparisons of bulk and boundary computations.
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1. Introduction

The primary goal of this dissertation is to elucidate the physical properties
of three-dimensional higher spin gravity.

In most contexts in physics, one studies theories of fields with spin two
(s = 2) or less. Gravitational interactions are mediated by the spin-2 graviton,
and one may include other matter fields, for example scalar (s = 0) or Yang-
Mills (s = 1) fields. All theories of tree-level supergravity have fields of spin
two or less, in particular those that descend from low-energy limits of string
theories; those fields describe the long-range dynamics of the underlying UV
complete theory.

There are various no-go theorems stating that subject to certain reasonable
assumptions, in flat space, massless fields of s > 2 cannot couple consistently to
massless fields of s < 2. More precisely, assuming that the s < 2 fields couple
in a Lorentz-invariant manner to the graviton with two-derivative couplings,
the above statement is true. For recent discussion, see [1].

On the other hand, it has been powerfully demonstrated by Vasiliev and
collaborators that if one considers the same problem in curved, maximally sym-
metric spacetimes, the curvature scale of the spacetime acts as an expansion
parameter which one can use to build consistent interactions among fields of all
integer and half-integer spins. In particular, we will consider higher spin theo-
ries of gravity living in anti-de Sitter space (AdS), for which the full nonlinear
equations of motion (but not an action) are known. These highly nonlinear
field equations are essentially fixed by the large gauge symmetry of the theory,
so-called higher spin gauge symmetry, of which diffeomorphism invariance is
but a part. A consistency check on the theory is provided by linearizing around
AdS, in which case the spectrum is given by a (generally infinite) tower of free,
propagating higher spin fields understood by Fronsdal years before the full

nonlinear theory was formulated. For a sampling of some of these foundational

1



works, see [2,3,4,5,6,7]; a nice review of Vasiliev theory is given in [§].

One issue on which we will focus is the fact that the role of spacetime
in higher spin theories is rather confusing, relative to traditional gravitational
intuition. To begin with, the metric transforms under an arbitrary higher
spin gauge transformation, which implies that ordinary notions of geometry
become gauge-dependent and hence physically opaque if not altogether mean-
ingless. On the level of the field equations themselves, there is a sense in which
the spacetime features of a given solution are not fundamental, emerging only
as a sort of gauge choice. This notion has long been around in conceptions of
quantum gravity. What is fundamental is the internal symmetry, which is real-
ized by a set of noncommutative variables. Thus, we are dealing with a theory
which has deep connections between spacetime nonlocality and twistor space
noncommutativity, two notions which have appeared widely in string/M/gauge

theory contexts over the years (e.g. [9,10]).

We will have much more to say about these features of Vasiliev gravity in
what follows. In particular, we choose to focus on the three-dimensional (3d)
case [11], which is more amenable to computation, and on non-supersymmetric
theories which possess fields of integer spin only. Mainly, this is because a 3d
theory of gravity with massless fields of s > 2 has no local propagating degrees
of freedom. This is equivalent to saying that the Weyl tensor vanishes in 3d.
As we will soon review, this is intimately connected to the fact that we can re-
formulate the theory as a direct sum of Chern-Simons gauge theories [12,13]. A
further perk is that, unlike in dimensions greater than three, one can truncate
to include only a finite set of fields up to some spin s < N for some integer
N; this provides a stepping stone to studying the theory with an infinite tower
of nonlinearly coupled higher spin fields, and we will take advantage of it.
Finally, the role of matter fields is closer to our regular intuition, in that they

can be coupled in “on top” of the higher spin fields and are not required for the
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consistency of a given background, again in contrast to higher dimensions. A
review of the field content and equations of the 3d theory is given in Appendix

I1.

Aside from our inherent interest in this extension of ordinary gravity, we
are motivated by the fact that Vasiliev gravity has certain features in common
with string theory at high energies. It is nonlocal with an enhanced gauge
symmetry, perhaps shows signs of black hole de-singularization (for a stringy
example of a classical singularity being smoothed out by stringy effects, see
[14]), and possesses at least part of the correct spectrum of fields. It has been
argued that the tensionless limit of string theory — a high-energy limit in which
we take o/ — oo — should be described by some theory of massless higher spins,
in which case we can view the string theory for finite o’ as a broken or Higgs-ed
phase of this higher spin theory. The string spectrum contains massive higher
spin modes which become massless in this limit. While the derivation of such
a theory from string theory does not yet exist, it should be an uncontroversial
statement that Vasiliev gravity may be a sophisticated toy model of such a
theory. Given the fact that the Vasiliev theory’s equations are nearly fixed by
gauge symmetry, perhaps the connection is even deeper [15]; there are some
recent signs of this [16], and some intriguing speculations along these lines are
given in [17].

In a modern context, the existence of these theories in AdS obviously begs
for application of and to the AdS/CFT correspondence [18,19,20], which con-
jectures a duality between gravitational theories living in asymptotically AdS
spacetimes and quantum field theories living in one fewer spacetime dimen-
sion. We cannot do justFice to the power of holography here: its wide im-
pact on theoretical high energy physics, both gravitational and field-theoretic,
can hardly be overstated. The fundamental ingredient in the correspondence

is the map between bulk and boundary symmetries, likewise between bulk
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fields and gauge-invariant boundary operators each living in representations
thereof. From this, we can deduce that any higher spin example of AdS/CFT
must involve a CFT with a tower of conserved higher spin currents, sourced
in the bulk by the asymptotic boundary values of massless higher spin fields
[21,22,23,15,24].

The first concrete example of higher spin holography was given by Kle-
banov and Polyakov [25], who conjectured a duality between Vasiliev gravity
on AdS; and the O(N) vector model. This model has free and critical fixed
points, connected by an RG flow triggered by the addition of a relevant double-
trace operator to the free O(N) Lagrangian; by the standard story of multi-trace
operators in AdS/CFT [26], this is realized in the bulk by the choice of quan-
tization for a scalar field whose mass is (in accord with our previous remarks)
fixed by higher spin symmetry to be (mL)? = —2. Famously, the O(N) vector
model has of order N degrees of freedom, hence the name “vector” model, in
contrast with the paradigmatic supergravity examples dual to adjoint matter
theories with order N2 degrees of freedom. Further contrast is provided by the
fact that the (UV) boundary theory is free and hence trivially soluble, rather
than strongly ("t Hooft) coupled.

This conjecture was studied early on by [27,28,29] and all but confirmed by
the recent impressive work of [30,31,32] which calculated boundary three-point
correlators from the bulk. It was recently proven in [33] if one only assumes

the basic tenets of AdS/CFT.

In something of an inverse of the normal use of AdS/CFT, the potential of
higher spin holography perhaps lies not in learning about the boundary CFT's —
which may be soluble in themselves, at least in principle — but in understanding
on a deep level why and how AdS/CFT works at all. Additionally, recent work
has unearthed examples of higher spin dualities which are not trivial: the

boundary theories are not free, nor are they connected to free theories by RG
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flows [34,16,35,17].

One of these recent examples involves higher spin gravity in AdSs. This
AdS3 analog of the Klebanov-Polyakov conjecture is the proposed duality of
Gaberdiel and Gopakumar [34] between Vasiliev gravity in 3d coupled to a pair
of complex scalar fields and a 't Hooft limit of the Wy minimal model CFT,

which has a coset representation

SU(N) @ SU(N )1

(1.1)
SU(N)p+1
The ’t Hooft limit is defined as
N,k — A= N fixed (1.2)
, o0 SN xe )

and in the limit the central charge behaves as
¢~ N(1— A2 (1.3)

The theory has so-called Wy symmetry, a member of a large family of W-
algebras which encode extended conformal symmetry. One can think of these
as generalizations of Virasoro symmetry, which is actually just the Wy algebra,
and we will discuss this in more detail in section 3.

Notice that ¢ ~ N, signaling the vector-like nature of the CFT. This
time, however, there is a free parameter A\ which takes values 0 < A < 1.
Theories with different values of A are not equivalent, nor are the bulk theories
which also carry a A-dependence in their symmetry algebra and in the scalar
mass. Compared to the Klebanov-Polyakov case, there is richer structure to be
studied here, and yet the CF'T as a coset model retains the virtue of solubility:
the theory is not free, yet preserves exact higher spin symmetry.

In the work ahead we will come to bear on this duality and find strong
support for it, at zero and finite temperature. There is quite a bit of evidence

for this conjecture beyond the present work: this includes matches between
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bulk and boundary global symmetries [36,37]; the bulk 1-loop determinant and
the large N CFT partition function [38]; and certain three-point correlators
computed from bulk and boundary [39].

AdS/CFT says that black holes in the bulk map to finite temperature
states on the boundary, with the Hawking temperature equal to the temper-
ature of the dual CFT. We have already stressed that ordinary notions of
Riemannian geometry are not upheld in higher spin gravity. Is it possible to
speak meaningfully about black holes, and to write them down as solutions to
the field equations? We will answer this question in the affirmative in what
follows, although it will again be crucial that we work in 3d, which is undoubt-
edly connected to the lack of local degrees of freedom in the gauge sector (i.e.
without matter fields turned on). The issue of black holes in 4d is notoriously
difficult to study; indeed, there is not yet a satisfactory identification of even
a single solution which should rightfully be called a black hole, although there
are various proposals for objects which have certain commonalities with black
holes, at least in their asymptotic structure [40,41,42]. These works are rather
difficult to understand in physical terms in any case. We believe it is fair to say
that in 4d, the implications of higher spin gauge invariance for black holes has
not yet been understood. The recent work [43] shed some light on these issues
in the context of black hole phase transitions in vector-like holography, which

introduce subtlety given the O(N) degrees of freedom rather than O(N?).

1.1. Summary of chapters

Chapter 2 will give a brief overview of ordinary 3d gravity. We will discuss
concepts of asymptotic symmetry, introduce the AdS solution and the BTZ
black hole [44], and its formulation as two copies of SL(2,R) Chern-Simons
gauge theory. We will show that in AdSs, the asymptotic symmetry algebra
consists of left- and right-moving Virasoro algebras [45], and the general ro-

tating BTZ black hole carries independent left and right moving Virasoro zero
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mode charges. The BTZ entropy takes the form of Cardy’s formula, and so
matches elegantly with the entropy of any CFT dual with the same central
charge [46]. The extension of these ideas to the higher spin realm is concep-
tually pleasing and straightforward [47,48], and we will set the stage for our
investigations in subsequent chapters.

Chapter 3 will tackle the simplest case of higher spin gravity, namely
Chern-Simons theory with an SL(3,R) Lie algebral. This theory describes
the interactions of a graviton with a massless spin-3 field, and has an AdSj
vacuum with two copies of the W3 algebra as its asymptotic symmetry group.
As ordinary AdSs gravity contains BTZ black hole solutions with charge under
left- and right-moving Virasoro zero modes it is natural to ask whether gener-
alized SL(3,R) black hole solutions exist that carry charges under the W3 zero
modes too. We will see that they do, and must confront the fact that certain
spacetime characteristics that we usually think of as being invariantly defined
— such as the event horizon or curvature singularity of a black hole — become
gauge dependent.

A key insight in this respect was given in [50], where it was proposed that
the holonomies of the Chern-Simons gauge fields around the Euclidean time
circle should take the same values as for the BTZ black holes: this defines a
gauge-invariant horizon. It was shown that this criterion leads to a sensible
thermodynamics obeying a first law: the charges obey an integrability condi-
tion allowing one to integrate to find the thermodynamic partition function.
The entropy can then be calculated from the first law. We will explicitly show
that there exists a gauge in which the solution obeying this constraint is in-
deed manifestly a black hole. We thus have a very concrete example of how
two spacetime metrics with different causal structures can be gauge equivalent

in higher spin gravity.

1 Based on work in [49].



Chapter 4 gives a much more powerful demonstration of the veracity of this
method, by extending this logic to the challenging arena of Vasiliev’s theory
of an infinite tower of higher spins2. This theory is based on a one-parameter
family of infinite dimensional gauge algebras, denoted hs[\| [52,53,54,55,56,57].
To access the higher spin sector we turn on a nonzero spin-3 chemical potential,
a. Due to the nonlinear structure of the theory, this triggers nonzero values for
the entire infinite tower of higher spin charges. The values of these charges, and
the full smooth solution, can be determined systematically using perturbation
theory in «. Given that this is the theory which might conceivably appear as
some subsector of a low-energy limit of string theory, and at the very least is
the subject of the intriguing minimal model duality, we find this chapter to be
particularly interesting. We will also compare to CFT computations at special
values of A and find agreement; such agreement has been found for all values

of A recently [58].

Chapter 5 changes directions somewhat, leaving black holes behind for
computations of scalar wave equations and vacuum three-point functions in the
same 3d Vasiliev theory®. The former is a crucial ingredient in understanding
how consistently coupled matter interacts with higher spin fields, perhaps as
a first step toward understanding black hole formation. The latter is a funda-
mental test of AdS/CFT and will help us come closer to a perturbative proof
of the minimal model duality conjecture. Such three-point functions were cal-
culated in the 4d case with much more computational complexity in [30,31,32];
and certain of these correlators were computed in 3d before this work was done.
There are two immediate ways the contents of Chapter 5 generalize calcula-
tions of three-point correlators that came before it. The bulk computation of

[39] was in the “undeformed” Vasiliev theory, that is, at A = 1/2 (or v = 0

2 Based on work in [51].
3 Based on work in [59].



in the language of [11]), and we will successfully extend this to arbitrary A.
The minimal model computations of [39,60] only treat the low spins, and we
will successfully extend this to arbitrary spin. Our key physical insight is that
gauge transformations of AdS can generate nontrivial higher spin backgrounds,
and we can extract the three-point correlators by asking how the scalar field

in AdS transforms under such an operation.

Chapter 6 closes with some remarks and open questions for the field. We
have also included two appendices: Appendix I contains details of the higher
spin Lie algebra hs[\], and Appendix II gives a review of the basic ingredients

in 3d Vasiliev gravity.



2. Pure 3d gravity and the generalization to higher spins

We begin with some basic facts about 3d gravity in the absence of higher
spin fields. For further details and development beyond the scope of this work,
see [61].

The action for this theory with a negative cosmological constant, ignoring

boundary terms, is simply

S = ﬁ /d%\/g <R 4 532) (2.1)

Henceforth we set / = 1. This theory admits few solutions, though they include
black holes. One of them is pure AdSs in Poincaré coordinates:
2 20 dr* 5
ds® = —r?dt” + — +1r°dg (2.2)
r
where r € [0, 00) and we take ¢ ~ ¢+ 27 to be a periodic boundary coordinate.

Continuing to Euclidean signature, the conformal boundary at » — oo has the

topology of a torus. All solutions of this theory are locally AdS3. We will find

it useful to define lightcone coordinates z* = ¢ & ¢, in which case this metric
becomes
2 25 4 3.~ dr?
ds® = —ridz"dz” + —5 (2.3)
r

We will mostly work in Fefferman-Graham coordinates p = logr, in which the
metric is written

ds® = dp? — €*PdxTdx™ (2.4)

and p € (—o00,00).

The theory also admits an AdS solution in global coordinates,
2 2 L 52,2 1 59,9
ds* = dp —(ep—l—ze Py=dt —l—(ep—ze PY*d¢ (2.5)

which, as we will soon see, is the solution of the theory with the lowest mass.
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One might casually remark that 3d gravity is all about boundary condi-
tions. More rigorously, we mean that the specification of boundary conditions
is crucial in understanding how a theory that (locally) admits only a single
solution can be interesting. One can define a nontrivial notion of asymptotic
AdS symmetry as follows. We can consider the set of infinitesimal symme-
try transformations — diffeomorphisms — which leaves the leading behavior of
the metric (2.5) unaffected, but which generate subleading falloff slow enough
to generate a set of nonzero charges at infinity. This set of transformations
generates the asymptotic symmetry group.

In the case of ordinary AdS gravity, this analysis was first performed by
Brown and Henneaux [45]. The asymptotic symmetry group is two copies of
the centrally extended Virasoro algebra: with symmetry generators L, the
(right-moving) algebra is

c
UﬁnaLn]::(”1_‘n)LWH4z+‘Ién(RQ‘_l)&n+nD (2.6)

with central charge ¢ given by
3

e

C

(2.7)

and similarly for the right-movers L, with central charge €. This is just the
algebra of 2d local conformal transformations. The algebra is equivalently
encoded in the OPE (now in Euclidean CFT) between two holomorphic stress

tensors T'(2):

+ + (nonsingular) (2.8)

where (z,Z) are complex coordinates on the Euclidean plane, and similarly for

T(z). We move back and forth via the mode expansions

T()= Y fﬁ CTEH=Y E{;ﬁz (2.9)

nes nez
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(Keep in mind that the anomalous transformation of the stress tensor as we
move from the plane to the cylinder induces a shift in the zero mode Lg by
—c/24; in the above the modes are defined on the plane by (2.9).)

Thus, from this point of view one can see, independently of AdS/CFT,
an equivalence between gravity on an asymptotically AdS3 background and
a 2d conformal field theory with central charge ¢, where ¢ is given in terms
of gravitational quantities in (2.7). Every 2d CFT realizes two copies of the
Virasoro symmetry for some central charge (c,¢), which count degrees of free-
dom?; appear as the normalization of the stress tensor two-point functions;
parameterize the trace anomaly; and give the coefficient of the thermal free
energy. There is one Virasoro copy each for the left-moving (holomorphic) and
right-moving (anti-holomorphic) sectors.

Later, we will see how this conformal symmetry becomes extended upon
adding higher spins to the bulk (although ¢ will continue to take the Brown-
Henneaux value, given that it is defined by the stress tensor transformation
law, i.e. the spin-2 gravity sector of the theory). In this context, an “extension”
of the conformal symmetry means that there are fields besides the stress tensor

which have nontrivial OPEs with the stress tensor and among each other.

2.1. The BTZ black hole

Despite containing no local propagating degrees of freedom, the theory
does admit rotating black hole solutions, in particular the BTZ black hole [44].
There are two global charges, namely the mass M and angular momentum J,

and we can write the metric in their terms as
2

N(r)?

ds®> = —N(r)%dt® + + 7r2(d¢ + NP(r)dt)? (2.10)

4 For a diff-invariant theory, ¢ = ¢. Relaxing this condition, we encounter a theory with grav-
itational anomalies, which can be realized holographically by adding bulk gravitational Chern-
Simons terms [62] to (2.1). We will often focus solely on the holomorphic sector henceforth,

with the anti-holomorphic sector implied.

12



where

N(r) = \/r2 — 8G'M + 16G22J2
r (2.11)
Ny =5 s M
The inner and outer horizons lie at
2 A%
ry =4GM |1 +4/1— (M) (2.12)
The static case is J = 0 — in which case r— = 0 — and the extremal case is

J = M — in which case r— = 7.
Using the Bekenstein-Hawking entropy formula, we compute the entropy

as

Ay _ W( M+J M—J>

e + e (2.13)

Let us write this metric in two more ways. Having defined the inner and

outer horizons, we can write the metric as

(7’2 - fri)(r2 - 7’%) 9 r2 9 9 rar_
dt® + 2)d7° + r°(d¢ — 12

ds? = —
r2 (r2 —r2)(r2 —r2

dt)?
(2.14)

We can also pass to Fefferman-Graham coordinates® with lightcone boundary

+

coordinates ™ = t 4+ ¢ once more in which case the metric is

ds® = dp® + 87G (ﬁ(dw+)2 + Z(da;_)2> - (e2p + (87G)? EZe_Qp) dxtdz™

(2.15)
where we have defined linear combinations
M—-J -~ M+J
= = 2.1
L A = A7 (2.16)

In these coordinates the horizon is at e2Ph = 817GV LL.

% The explicit coordinate transformation is given in [61].
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Thinking of this as a black hole, we pass to Euclidean coordinates and
demand the absence of a conical singularity at p = p;. The Euclidean BTZ
black hole is obtained by taking dz™ = dz and dz~™ = —dz. To avoid a
conical singularity at the horizon we need to make the identification (z,%z) =
(z + 277,Z + 277), with

k

8rr2’

k

Y

L= — L =

(2.17)

The inverse temperature of this solution, 8, and angular velocity of the horizon,

(), are then given by

a0 5450
po R AR (2.18)
2T 2T

Note that €2 should be continued to pure imaginary values in order to obtain
a real Euclidean section. The modular parameter 7 is identified with that of

the boundary torus, and appears in the path integral as a potential:
Z(r;7) = Te[e! T i(7E=70)) (2.19)

The topology of this spacetime is a solid torus, where the radial direc-
tion goes “into” the body of the torus. The noncontractible cycle corresponds
to the angular direction. We can think of obtaining the BTZ solution as a
modular transformation of the thermal AdS spacetime, which is just the Eu-
clidean continuation of the global AdS metric (2.5): for thermal AdS, which
is also topologically a solid torus, it is clear upon inspection that the non-
contractible cycle is the time direction. So all we have to do to pass from
thermal AdS to BTZ is to interchange the time and space directions on the
boundary torus: this corresponds to performing a modular S transformation
on the torus, which is just an SL(2,Z) symmetry transformation of the torus.
A family of SL(2,Z)-inequivalent black holes can be obtained by performing
general SI.(2,Z) transformations on thermal AdS, which label the two cycles in
all ways consistent with SL(2,Z) symmetry.

14



These definitions allow us to make direct contact with a CFT interpreta-
tion. We want to think of the Lorentzian CFT as living on a cylinder. In the
language of the Virasoro algebra, (£, L) are left- and right-moving zero mode
charges, respectively. The precise relation to the Virasoro zero modes is

oL = Lo — 2—04 , 2rL =Ly — i (2.20)

where (Lg, Lg) are defined on the plane. Notice that in terms of (£,£) and
(c,¢) as defined by (2.20) and (2.7), the entropy can be written as

S —or <\/§ (Lo—i>+\/§ <Zo—%)> (2.21)

This is precisely the Cardy formula: that is, the high temperature number

of states for any® 2d CFT with central charges (c,¢) and zero mode charges
(Lg, Lg). Therefore, we have shown that the entropy of the BTZ black hole
with global quantum numbers (M, J) in a theory with Newton’s gravitational
constant GG can be accounted for microscopically by the degrees of freedom of
any 2d CFT, subject to definitions (2.7), (2.16) and (2.20) [46].

The value Ly = 57 defines a black hole threshold; at threshold, we have
the extremal BTZ solution J = M (cf. (2.16)), and there is a continuous tower
of non-extremal black hole states for all Ly > 57 with J < M. The vacuum
value Ly = 0 corresponds to global AdSs; from (2.7), (2.16) and (2.20) we see
that we should associate a negative mass M = —% to global AdSs.

2.2. The Chern-Simons formulation

It was discovered over two decades ago that Einstein gravity with a negative
cosmological constant can be re-written as a SL(2,R) x SL(2,R) Chern-Simons
theory [12,13] . With 1-forms (A, A) taking values in the Lie algebra of SL(2,R),

the action is

S = ScslA] = SeslA] (2.22)

6 This applies upon assuming a gap in the £ spectrum, and unitarity of the CFT.
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where

k ;
SeglA] = E/Tr <A/\dA+§A/\A/\A) (2.23)

The Chern-Simons level k is related to the Newton constant G as

1
k=— 2.24
4G ( )
which is equivalent to
c = 6k (2.25)

The combination 87 that frequently appeared in BTZ calculations becomes

21

k
The SL(2,R) commutation relations are

(L Ln] = (m — n) Lim4n (2.26)

We recognize this as the Virasoro algebra restricted to m = +1,0, minus the
central term. SL(2,R) is thus the “wedge subalgebra” of the Virasoro algebra;
we will see a generalization of this notion in the higher spin context as well.
The Chern-Simons equations of motion correspond to vanishing field
strengths,
F=dA+ANA=0, F=dA+ANA=0 (2.27)

To relate these to the Einstein equations, we introduce a vielbein e and spin
connection w as

A=w+e, A=w-—c¢ (2.28)

and plug into the flatness conditions: the resulting equations are just the Ein-
stein equations with negative cosmological constant written in the frame for-
malism. Expanding e and w in a basis of 1-forms dx#, the familiar spacetime

metric g, is defined as

1
G = §Tr(euey) (2.29)
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Let us now write the BTZ solution in this language. One can show that
the following flat connections give the metric (2.15) (given some trace normal-

ization for SL(2,R) generators):

2
A= (elLy — %e‘pﬁL_l)da:Jr + Lodp
9 (2.30)
A= —(e’L_1 — ?Ze_le)da:_ — Lodp
The p-dependence can be gauge transformed away by
A=b"Ya+db, A=b "(A+d)pb (2.31)
for
b=elto | p=p"! (2.32)

in which case flatness is trivial to demonstrate. This deserves comparison to
the metric formulation, which requires slightly more work to show that BTZ
is a solution. This is especially true for the solution in which £(z™), L(z™)
rather that being constants.

We note that as a technical matter, it is easier to find the Virasoro algebra
by using a Chern-Simons connection than it is in the metric formulation, where
the specification of asymptotic boundary conditions on metric components is
somewhat ad hoc. By contrast, one easily recovers the Virasoro algebra by

demanding that infinitesimal gauge transformations
0A = dX+ [A, ) (2.33)

leave intact the connection (2.30). Assuming that the leading term is to be
unmodified — which is equivalent to saying that the leading asymptotic be-
havior of the metric must not ruin the AdS form — one can always use gauge
transformations to put the connection into this form. The set of nontrivial
gauge transformations are those that modify L£: that is, certain gauge trans-

formations are not trivial at the boundary, but instead moves one around the
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space of physically distinct solutions [63]. (These are sometimes clumsily called
“would-be” gauge transformations.) It is thus a simple matter to recover the
Virasoro algebra.

This technique easily generalizes to the higher spin arena [47,48], where a
metric-like technique is not available. We will explicitly perform this procedure

in the next chapter.

2.3. Higher spin gravity from Chern-Simons theory

The key insight with respect to higher spin gravity, first developed by [48],
is that we can consider taking (A4, A) to lie in some other, larger, Lie algebra
besides SL(2,R), which we will denote G. Doing so is equivalent to coupling
some set of higher spin fields to Einstein gravity, where the rank of G determines
the number of higher spin fields. Taking G = SL(N,R), for example, one has
a theory of Einstein gravity coupled to a tower of symmetric tensor fields of
spins s = 3,4, ..., N. Taking G to be an algebra of infinite rank introduces an
infinite tower of such spins; the details of the theory depend on which algebra
one chooses. In all of these cases, one recovers Einstein gravity upon restriction
to a SL(2,R) x SL(2,R) subalgebra of G x G. Note that in general a given G
admits many inequivalent embeddings of SL(2,R); this leads to the appearance
of multiple AdS3 vacua in the theory [49]. Ultimately — with respect to possible
relationships to string theory and AdS/CFT duality — we are interested in the
theory with algebra G = hs[\], which admits a single SL(2,R) subalgebra.

It is worth emphasizing that, on a technical level, to pass to a metric-like
formulation is generally difficult. On a basic level, the action of a consistently
coupled, infinite tower of higher spin fields — even that of a single spin-3 field
coupled to gravity — is not known in the metric like formulation. And while
we can define a generalized vielbein which has an expansion in G generators,
it is not even well-understood whether definitions of the metric-like fields — as

traces over symmetric products of vielbeins — can be unambiguously fixed (up
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to field redefinitions) [64]. So our only option at present is to use the Chern-
Simons formulation, which fortunately lends itself rather nicely to computation
in higher spin gravity.

Furthermore, one of the lessons from recent work on higher spin gravity
is that certain quantities are better understood in the Chern-Simons picture,
and others in the metric-like picture. To gain any geometric understanding of a
given solution — for instance, to probe its causal structure — the Chern-Simons
formulation is not helpful. This is true even in the simplest SL(2,R) case, where
the BTZ horizon is essentially invisible in the connection itself. On the other
hand, we will see that the full gauge invariance of a given higher spin theory
is most easily understood in terms of the connections, as is the identification

of terms in the connection with CFT currents.

A particularly clean arena in which all of the aforementioned issues — be-
sides the difficulty of passage to the metric-like formulation — are clearly present
is the case of spin-3 gravity, which we take to be Chern-Simons theory with an
SL(3,R) gauge algebra. We now construct black holes of this theory with spin-3
charge, generalizing BTZ, and tackle the obstacles presented by the enlarged

higher spin symmetry to ensuring a consistent thermodynamics.
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3. Spin-3 black holes

In preparation for the construction of the spin-3 black hole, we focus on
the simplest extension of pure SL(2,R) gravity: namely, SL(3,R) gravity.

In section 3.1 we apply the Chern-Simons formulation to the spin-3 theory
and construct the AdS3 vacuum which has W3 symmetry following [48]. We
also construct a second AdSs vacuum based on the non-principal embedding of
SL(2,R) in SL(3,R) and show that the asymptotic symmetry algebra is W3(2>.
Finally, we construct solutions which can be interpreted as renormalization
group flows between the two vacua. In section 3.2, we heat this system up: in
particular, we review the black hole solutions in “wormhole” gauge found in
[50], and explain the BTZ holonomy prescription for characterizing a gauge-
invariant horizon. In section 3.3 we construct the explicit gauge transformation
taking the solution from “wormhole” gauge to “black hole” gauge, and establish
that the metric and spin-3 field are smooth across the horizon precisely when
the holonomy conditions are obeyed. We close with some discussion. Some
calculational details, as well as generalizations of some results to the case of

general N, are relegated to appendices of this chapter.

3.1. SL(3,R) Chern-Simons theory, spin-3 gravity, and its AdS vacua

In this subsection, we set the stage for the black hole by presenting the two
distinct AdSs vacua of this theory and their asymptotic symmetry algebras.
Finally, we exhibit an RG flow solution interpolating between these vacua, and
study some of its properties.

We must preface this discussion with a warning that the asymptotic sym-
metry of one of these vacua — namely, the W?E2) symmetry — has recently been
shown not to admit any unitary representations [65]. This is a general feature
of non-principally embedded AdS vacua for any G D SL(2,R). So while this

vacuum does not have desirable physical properties, we discuss it as an entry
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point to the peculiarities of higher spin gravity; in any case, this feature does

not generalize to the hs[\| case in which we are ultimately most interested.
3.1.1. Connections and metric-like fields

As discussed in the previous section, we consider SL(3,R)x SL(3,R) Chern-
Simons theory, which corresponds to spin-3 gravity in three dimensions with a
negative cosmological constant. Our conventions follow those in [50].

The action is

S = ScslA] — ScslA] (3.1)

with opposite CS levels (k, —k). The 1-forms A and A take values in the Lie
algebra of SL(3,R). An explicit representation of the eight generators L;, i =
—1,0,+1 and Wj, j = —2,—-1,---,42, as well as our conventions, is given in
appendix 3A. Recall that we set

1

k:E

(3.2)

With the definition (2.28), the spacetime metric g, and spin-3 field ¢,

are identified as

1 1
Gpv = §Tr(euey) v Pury = QTT(‘B(N%%)) (3.3)

where ¢~ is totally symmetric as indicated. Restricting to the SL(2,R)
subalgebra generated by L;, the flatness conditions (2.27) can be seen to be
equivalent to Einstein’s equations for the metric g, with a torsion free spin-
connection. More generally, we find equations describing a consistent coupling
of the metric to the spin-3 field.

Acting on the metric and spin-3 field, the SL(3,R) x SL(3,R) gauge symme-
tries of the Chern-Simons theory turn into diffeomorphisms along with spin-3
gauge transformations (the Chern-Simons gauge transformation also include
frame rotations, which leave the metric and spin-3 field invariant). Under dif-

feomorphisms, the metric and spin-3 field transform according to the usual
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tensor transformation rules. The spin-3 gauge transformations are less famil-
iar, as they in general act nontrivially on both the metric and spin-3 field. It
is worth noting, though, that if we ignore the spin-3 gauge invariance, then
we can view the theory as a particular diffeomorphism invariant theory of a

metric and a rank-3 symmetric tensor field.
3.1.2. The W3 AdS3 vacuum

We consider the following flat connections

Apgg = e’Lidxt + Lodp
_ (3.4)
Aggs = —€’L_1dx~ — Lydp

where & =t + ¢. Using (3.3), the corresponding metric and spin-3 field are

ds® = dp? — e*PdaTdx~
(3.5)
Papy =0

The metric is that of an AdS3 of unit radius.

More generally, we can consider solutions that approach this vacuum
asymptotically, and work out the resulting asymptotic symmetry algebra. The
analysis proceeds in a parallel fashion for the barred and unbarred connections,
and so we’ll just focus on the latter. Also, since we will shortly present a more
detailed computation for the second of our AdSs vacua, here we just sketch

the steps. Following [48], we consider the following form for the connection

2k

In [48] there is a parameter o accompanying the W-generators that we are here

2
A= (ele — %E(w+)epL_1 — 1W($+)€2PW_2) de™ + Lodp  (3.6)

setting to 0 = —1. Under gauge transformation,
A— A+d\+[A )] (3.7)

One then works out the most general A\ that preserves the form (3.6). Under
these allowed gauge transformations the functions £(x") and W(x™) trans-

form. The asymptotic symmetry algebra is obtained from the Poisson brackets
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of the charges that generate these transformations; see [48] for details. Alter-
natively (see section 4 of [50] for details), one can translate these variations
into an operator product expansion for the symmetry currents, and the result

is the W3 algebra:

3k 2 1
3 1
T(2)W(0) ~ 5 W(0) + —0W(0)
(3.8)
5k 1 10 1 51 31
W(W(0) ~ = —5 =5 + ——L(0) + ~—0L(0) 52025(0)
M sy 321 _ 321 a2
2= 0PL(0) = 5~ L(0)L(0) — 57— L(0)

Here we are using complex coordinates: z = 2. The TW OPE identifies W
as a spin-3 current, i.e., as a dimension (3,0) primary operator. The same
analysis for the barred connection gives rise to anti-holomorphic W3 algebra
with a dimension (0, 3) current.

From the T'T" OPE the central charge is found to be
c = 6k (3.9)

which, using (2.24), agrees with the usual Brown-Henneaux formula ¢ =

31/(2G).
3.1.3. The W§2) AdSs vacuum

The procedure reviewed above for extracting the asymptotic symmetry
algebra is an example of the classical Drinfeld-Sokolov procedure, with which
one can construct a W-algebra from an embedding of the SL(2,R) algebra inside
a Lie algebra. In the example just given, the SL(2,R) algebra was generated by
(L1, Lo, L_1). This is the “principal embedding” in SL(3,R). It is characterized
by the fact that the five W generators transform as a spin 2 multiplet with
respect to the SL(2,R) algebra. As discussed, this embedding gives rise to the
W4 algebra.
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In the case of SL(3,R) there is exactly one additional inequivalent
embedding of SL(2,R), up to conjugation’. We define rescaled versions
of (Wy, Lo, W_2) so that they obey the same commutation relations as

(L1, Lo, L-1),
. - N 1
Wo= Ws, Lo=gLy, Woa=—Wo (3.10)

These have traces

' (3.11)

Tr(WoW_g) = —1 = (L1 L)

Note that the branching of the adjoint representation of SL(3,R) into SL(2,R)
representations is different in this case. There is one spin-0 multiplet, given by
Wy, and two spin-1/2 multiplets, given by (Wi, L_1) and (L1, W_q). (This is
in addition to a spin-1 multiplet given by the SL(2,R) generators themselves).

This embedding gives rise to another W-algebra known as W?SQ), sometimes
referred to as the Polyakov-Bershadsky algebra [66,67]. Next we work out the
corresponding AdS3 vacuum and its asymptotic W?EQ) symmetry algebra. Its
central charge, which we denote by ¢, will soon be related to the central charge
c of the W3 vacuum.

The unbarred gauge field includes fields for the highest weight generator

in each multiplet
A= e_pio (WQ — TW_Q + iWo+g1L_1+ ggW_1>epi0d$+ + zodp (3.12)

We parameterize a general gauge transformation as follows

A =ePlo (61W2 + Eoio + 6_1W_2
. (3.13)
+yWo+ 0 L1 +0_4W_1+p,Wi + p_1L_1)epL0

7 Some relevant facts about SL(2,R) embeddings in SL(N,R) are reviewed in appendix 3E.
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Here the 2 dependence of the fields and the transformation parameters is

suppressed. We demand that the gauge transformation
0A = d)\+ [A, ) (3.14)

respect the form of (3.12). The conditions determine the transformations of
the fields (7, j, g1, g2) dependent on the parameters (e1,~, 01, p1). Defining new

fields
9

J= 2_&U
2
T=-Sr 2T
¢ 2
3 (3.15)
= G+ G-
g1 \/ié( + )
3
92 = 7= (G4 —G-)
2¢
as well as transformation parameters
€1 =€
1 9
=50 + ?Ue
1 (3.16)
= —(a4 +o—
1 2\/5( + )
oy —a)
= ——(a4 —a—
P1 2v/2 +

the transformation rules become

A

SU=U+eU —a G +a_G_ — E"r]/

9
C / N 1 / 3 1 / /
oT = € 2T+ el + 50l Gy + 5oy Gl + 50l G-+ 5a-GL 41U
0G+ = cal + 5G4 Gl +a(T+ U+ JU) + 302U + G+
C 3 18 3
5G_ = —gai +5¢Go 4Gl —ai(T+ —U” = JU") 434U — G-
C

(3.17)
where the prime denotes a derivative with respect to z+. These are identical

to those generated according to
50 = 27Res(J(2)0(0)) (3.18)
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with the current (denoting the operators by the same symbols in an abuse of

notation)

1
J = %<€T + U + ar Gy + a_G_> (3.19)

and the operator product expansion

T(2)U(0) ~ SU(0) + 0U(0)
% ° (3.20)
T(2)G(0) ~ 55 G (0) +0G£(0)
T()T(0) £4+%Tmméﬁﬂm
&3 1 18 5 3
G+ (2)G-(0) ~ —o—5 + 5 U(0) = —(T(0) + —-U(0)" — 50U (0))

This is the classical W3(2) algebra (see e.g. [68]). Apart from the stress energy
tensor T, we have weight 3/2 primaries, G+, as well as a weight one current,
U. Note that the conformal weight of each field is obtained from the SL(2,R)
spin by adding one. This is a general feature as discussed in appendix 3E. Due
to the presence of the two spin-3/2 bosonic currents, the W3(2) algebra can be
thought of as a sort of bosonic analog of the A/ = 2 superconformal algebra.
Unlike the latter, the W?E2) is nonlinear, as seen by the appearance of U? in
the G+ G_ OPE.

The AdS vacuum for the SL(2,R) embedding (3.10) is given by gauge

connections . A
Apas = 6pW2d$+ + Lodp
. . . (3.21)
Apgg = —€’W_odx™ — Lodp
which yields
1
ds? = = (dp? — e*Pdatda™
1 (@ ) (3.22)
Papy = 0
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The metric now describes an AdS3 of radius 1/2.

Note that the central charge ¢ was not determined by the procedure leading
to (3.20). This is a consequence of the fact that the Chern Simons level & does
not enter in (3.14). The central charge can, however, be determined by the
following argument.

Comparing the two SL(2,R) embeddings, the generators that appear obey
the same SL(2,R) commutation relations. The only difference arises from the
rescaled trace relations (3.11). This has the effect of reducing the overall nor-
malization of the Chern-Simons action restricted to the SL(2,R) subalgebra by
a factor 1/4 compared to before, which is to say that k is effectively replaced

by k/4. The central charge of the W3(2) vacuum is therefore modified:

This result can also be established from the metric point of view. If instead
of using (3.3) to define the metric we use g,,, = 2Tr(ey ey ), then the W?EQ) AdSs
vacuum will again have unit radius. The action expressed in terms of the hatted
metric will take the same form as in the unhatted case, except for an overall
factor of 1/4 from the rescaled trace. Applying the Brown-Henneaux formula
then again yields (3.23).

Yet another way to arrive at this result is to compute the Poisson brack-
ets of the charges generating the asymptotic symmetry transformations. The
rescaled trace relations just lead to a factor in front of the action that leads to
rescaled versions of the canonical momenta. Once again, the effect is just to
replace k by k/4.

Given the metric (3.22) with radius 1/2, one might be tempted to conclude
that ¢ = %c by applying the Brown-Henneaux formula directly. However, a
proper analysis has to take into account both the scale size of the AdS3 and

the effective Newton constant, which this argument does not do.

27



3.1.4. flow between W?SQ) and W3 vacua

It is very easy to write down a solution that interpolates between the W§2)
vacuum in the UV and the W3 vacuum in the IR. We take
A= e’ Lida™ + e2*Wada™ + Lodp
— . (3.24)
A= —NePL_1dz~ — *’W_oda™ — Lydp
Note that we have chosen to accompany dp by L rather than f)o, which ac-
counts for the e2? factors multiplying the W-generators. Also, for reasons to
be explained momentarily, compared to (3.21) we take the WQ term in A to be
associated with dz~ rather than dz™. The parameter \ is arbitrary, and can
be set to any desired value by shifting p and scaling . At large p the con-
nections approach (3.21) (after rescaling p and exchanging 2% <+ x7), while
at small p they approach (3.4).
The corresponding metric and spin-3 fields are

1
ds® = dp?® — (164/) + >\262’0) detdx™

! Lo 4 3 1,24 3 (3:20)
goamda:adxﬁdxy = iTr(eee) = _é)\ e*P(dx™)® + §)\ e’ (dx™)

The metric interpolates between the two AdS3 vacua at large and small p. In
an orthonormal frame, the spin-3 field vanishes asymptotically at large and
small p, but is nonzero in between. Additionally, while the metric preserves
Lorentz invariance in z*, the spin-3 field does not.

We now discuss the CFT interpretation of the RG flow from the stand-
points of the UV and IR CFTs. From the standpoint of the UV CFT with
W3(2) symmetry, the RG flow is triggered by the A-terms in (3.24). In the UV
CFT X is a source for the spin-3/2 operators.® This can be seen from the field

equations, or by noting that under the UV scale invariance A\ has dimension

8 It was in order to have this interpretation that we associated the L, and Wg generators in

(3.24) with opposite chiralities.
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1/2 = 2 — 3/2, which is correct for a source conjugate to a dimension 3/2
operator. Thus, the RG flow is initiated by adding to the UV CFT Lagrangian
a relevant operator of dimension 3/2.

Thinking in terms of the IR CFT with W3 symmetry, the flow is initiated
by adding the Wis terms, which correspond to adding to the Lagrangian the
spin-3 currents. These are irrelevant dimension 3 operators, and so deform the
theory in the UV. They drive the theory to the new UV fixed point with W?EQ)
symmetry.

One surprising feature concerns the central charges. We have cpryy = %
and cyp = 6k, and so cyp > cyy, which seems at first to be in conflict with
the c-theorem. However, there is no actual contradiction since the proof of
the c-theorem applies to Lorentz invariant RG flows (rotationally invariant
in Euclidean signature), whereas here we are adding non-Lorentz invariant
operators. The fixed points of the RG flow are Lorentz invariant field theories,
but the full low is not. While there is thus no immediate conflict with the
c-theorem, this result is still somewhat puzzling as it seems at odds with the
usual intuition regarding the decrease of degrees of freedom under RG flow.
The resolution of this puzzle may involve the fact that the UV CFT really has
a family of stress tensors due to the presence of a U(1) current algebra.

While we leave a complete analysis of this and related RG flows to future
work, it is useful to present a few results to aid in interpretation. First, we
consider linearized perturbation theory around the RG flow background. This
will allows us to determine the relation between UV and IR operators. Fo-
cussing just on the A-connection, we turn on terms corresponding to nonzero

currents in the UV and IR. We thus add to (3.24) the terms

0A = <TIR€_pL_1 + W]R€_2PW_2> dz™
(1) ) =y _ (326
+ | JuvWo + Gye Loy + Gie "Woy +Tyye “PW_og | dx

where all coefficients, T;p etc, are arbitrary functions of (z*,z7). Up to
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normalization, these coefficient functions are the respective currents in the

UV/IR.
Solving the linearized field equations, we find
Juyy = ! T
v — 2\ IR
1 2
G = —Wir
2 1 (3.27)
GUV — —W8+TIR
Lo
Tyv = 539 Tir
along with
2
0-Tir = =0+ WrR
1 (3.28)
3
0-Wir = 53301 TIR

From the first two relations in (3.27) we see that the IR currents (T7r, WrR)
are locally related to the UV currents (Jyy, ngl) ). In particular, the IR stress
tensor is locally related to the UV spin-1 current, not to the UV stress tensor.
The equations in (3.28) show that deep in the IR, which corresponds to large
A, the currents (17, WrR) obey chiral conservation equations as expected.
The relation between Ty, and T7g indicates that Tyry,, which is of course
a dimension 2 operator in the UV, acquires dimension 4 in the IR. This can
be shown in more detail by computing the AdS/CFT two-point correlator
(TyyTyy). This computation is carried out in appendix 3B, and the result is,

in momentum space and up to overall normalization:

pip-
(Tyy()Tyy(—p)) = i (3.29)

4
At short distances we have 2—; > A\ and so the UV result is

2 3
d p p__eip,m - 1

(2m)2 py (z7)*

UV Ty @Tov (o) ~ [ (3.30)
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1
At long distances we take ];—; < M\, and expand (3.29) to first subleading order,
since the leading order term is polynomial in momentum space and hence a

contact term in position space. The leading behavior is thus

2 T
e Ty @ Ty ) ~ [ G52~ = @)

This result shows that Tir goes from being a dimension (2,0) operator in the
UV, to being a dimension (0,4) operator in the IR. The fact that the operator

goes from being rightmoving to leftmoving is of course a consequence of the

non-Lorentz invariant character of the RG flow.

3.2. Review of spin-3 black hole solutions in wormhole gauge

In [50] the following solution was proposed to represent black holes carrying

spin-3 charge:

21 T
_ P i —p . —2p +
A= (6 Ly T Le PL_4 _2kW6 W_Q)dx

e 42 L2
+/L<62PW2—7TTW()+ t

_ 2 — G g—
N V) _ P01, _ —2p -
A= (e Loy = SLe PLy — - We Wg)dm

47 W
_|_

e_pL_1>dm_ 1 Lodp

AL 47r222 AT W

12 6_2PW2 +

e™PLy)dz" — Lodp
(3.32)
The structure of this solution is easy to understand. Focus on the A-connection.
Asin (3.6), to add energy and charge density to the W3 vacuum we should add
to A4 terms involving L_; and W_s, as seen in the top line of (3.32). For black
holes, which represent states of thermodynamic equilibrium, the energy and
charge should be accompanied by their conjugate thermodynamic potentials,
which are temperature and spin-3 chemical potential. We incorporate the
former via the periodicity of imaginary time, while the latter was shown in

[50] by a Ward identity analysis to correspond to a uWs term in A_. The
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remaining A_ terms appearing in (3.32) are then fixed by the equations of
motion.

Let us quickly elaborate on the Ward identity analysis of [50]. The con-
formal dimension of the holomorphic spin-3 current W is (3,0), which means

that the addition of a term

5SopT = — / P2z, 2)W(z,2) (3.33)

to the CFT action perturbs the CFT by an irrelevant operator, and u is the
chemical potential for spin-3 charge W. (Identical statements are implied about
the holomorphic partners 77, W.) The CFT in question has classical W3 sym-
metry, which is fully encoded in the OPEs among the stress tensor 7" and spin-3

field W:

(3.34)

W) ~ L+ 220 4 S0 (25A(0)+%82T(0)>

where the parameter 3 is given by

16

b=5

(3.35)
and the operator A is defined as follows
3 9
Alw) = T(w)T (w) : ~10 05T (w) (3.36)

Note that we do not claim the bulk theory and W3 CFT to be dual: this is
merely a statement about asymptotic symmetry in 3d classical gravity. We

have not specified a particular CFT with some central charge, etc, and in fact
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there is no known Wj3-symmetric CF'T with large central charge, a prerequisite

to mapping classical gravity calculations to those of CFT.

For us to consider p as a source, we must show that certain Ward identities
among the potentials and charges are obeyed. On the CFT side, these can be
derived by computing expectation values of dz£ and 93)V in the presence of
the operator insertion (3.33), and using the OPEs. We can map these Ward
identities to bulk equations of motion evaluated on some connection, as was
shown in [69] for the case of ordinary gravity with a spin-2 source. The question
is, “what connection?” Following [69], the answer is to write the most general
possible connection in so-called “highest weight gauge”, with each component
an arbitrary function of (z,%), and solve the field equations. This connection
contains a piece A_ D p(z,%)e?’Wo — this is the source term. Upon making
a precise identification between the bulk charges (£,WV) and the boundary
charges (T,W), one can show that the Ward identities are satisfied. See [50]
for further details.

The upshot is that the connection (3.32) is the most general highest-weight
gauge connection one can write with a constant source p, where p appears as a
leading term in A_. The fact that p multiples a W5 generator means that this
connection violates the W3 AdS boundary conditions, since that piece grows
faster than e”: this comports with the fact that it is the bulk realization of an

irrelevant operator deformation of the CFT.

We have now established the baseline argument for why the connection
(3.32) may represent a bulk state of thermodynamic equilibrium with nonzero

spin-3 charge. Let us now try to understand the geometric implications.
3.2.1. Geometry, thermodynamics and holonomy

The metric and spin-3 field are extracted using (3.3); the metric, for ex-
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ample, looks like

ds? = dp® + 4<ue2pd:v_ — %We_%dx_ + %ﬁZQe_%d:ﬁJr)
X (ﬁe2pda:+ — %We_%dafr + 4]{:%2;%26_2”0@_)
— (epdx+ — %Ze_pdaf + %ﬁWe_pd:c+> (3.37)
X (epdx* — Z%L‘epda:+ + 4%ﬁuVVe%lm)
+ % (%)2 (nldx™ + ﬁZd:E+)2

It is already clear that the solution is cleanest in the Chern-Simons picture,
though we still must pass to the metric-like formulation to understand various
physical features of the solution. For instance, the spin-2 charges (£, L), equiv-
alently the mass and angular momentum, correspond to simple coefficients in
the connection, whereas in the metric they appear in more convoluted fashion.
(This is true of the BTZ solution as well.)

We will henceforth restrict attention to the nonrotating case:
L=L, W=-W, @i=—pu (3.38)
for which the metric is, in terms of (¢, t) coordinates,

m _ 82
ds® = dp? — {(2M€2p + EW@ 20 _ —H

+ (ef — %Ee_p + %uWe_pF}dt?

£2€—2p)2

2 _ 47 —\2 2 T -9 471'2 2 _99\2
—|—{(ep+?£e p—l—?,uWe P)2 + 4(pe p+%W6 p-l—?uﬁ e “P)
4 [4r 2 ) )
+3 (?) 2L o
(3.39)

If we set 4 =W = 0, then the connections become those corresponding to

a BTZ black hole asymptotic to the W3 vacuum. From the standpoint of this
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CFT, the ,ue2pW2dx_ term represents a chemical potential for spin-3 charge,
and the We™2PW_odx™ term gives the value of the spin-3 charge. This solution
is therefore interpreted as a generalization of the BTZ black hole to include

nonzero spin-3 charge and chemical potential.

Another useful special case to consider is £L = W = 0 with p # 0. After
shifting p, the resulting connection is identified with the RG flow solution (3.24)
with A = ﬁﬁ So for small (£, W) and finite u, we can think of this solution

as representing an excited version of the RG flow.

Suppose one wants to interpret the connections (3.32) as describing a
smooth black hole. We should first demand that as g — 0, the metric turn
over to that of the BTZ black hole. Secondly, the Euclidean geometry should
be smooth at the horizon, and the accompanying spin-3 field non-singular. In
ordinary gravity, we enforce this by demanding the absence of a conical singu-
larity at the Euclidean black hole horizon; a priori, this should not be expected
to work in this spin-3 setting where that notion is not gauge-invariant. Finally,
the black hole must define a consistent thermodynamics. In ordinary gravity,

this is guaranteed by enforcing smoothness, but this is not so here.

To elaborate, the general non-rotating solution (3.32)-(3.39), as written,
can be thought of as depending on four free parameters: three of these are
(L, WV, 1), and the fourth is the inverse temperature (3, corresponding to the
periodicity of imaginary time, ¢t = t+:3. However, we expect that there should
only be a two-parameter family of physically admissible solutions: once one
has specified the temperature and chemical potential the values of the energy
and charge should be determined thermodynamically. For the uncharged BTZ
solution the relation between the energy and the temperature is obtained by
demanding the absence of a conical singularity at the horizon in Euclidean
signature. The analogous procedure in the presence of spin-3 charge is more

subtle, as was discussed in detail in [50].
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We want to think of the black hole as a saddle point contribution to a

partition function of the form
Z(1,a) = Tr[e87r2i(7£+aw)] (3.40)

But since this implies £ ~ 0Z/01 and W ~ 0Z/0«, Z will exist only if the
charge assignments obey the integrability condition

oc_ow aan
Therefore, our task is to come up with a prescription for defining the charges,
consistent with a definition of smoothness, that leads to (3.41).

If we naively try to interpret the metric (3.39) directly as a black hole, the
zeroth order thing to check is whether there is a horizon. Enforcing g4 = 0 in
(3.39) implies that a sum of squares must vanish; in addition, these Fefferman-
Graham coordinates require that gi(pp) = Opgit(pr) = 0. The only solutions
to the resulting equations do not define a consistent thermodynamics, nor do
they have a smooth g — 0 limit in which we should hope to recover the BTZ
solution. Thus, (3.39) looks like a traversable wormhole, interpolating between
two W§2> AdS vacua. Is there a black hole hiding somewhere?

The answer, as we will show explicitly, is yes. The key point is that we
should not have expected our naive treatment to work: such a procedure is
not gauge-invariant! This theory includes spin-3 gauge transformations which
modify the metric, and so any definition of a black hole which relies on compu-
tations of actual metric components in a fixed gauge is bound to fail. Instead,
a gauge-invariant proposal was put forth in [50]. It was proposed there that
one should compute the holonomy of the Chern-Simons connection around the
Euclidean time circle, and demand that its eigenvalues take the fixed values
(0,27i, —2mi). This was proposed as the gauge invariant characterization of

the condition for the Euclidean time circle to smoothly close off at the hori-

zon. This condition has the virtue of being gauge invariant, reproducing known
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BTZ results in the uncharged limit, and, as shown in [50], being compatible
with the first law of thermodynamics. In the next section we will find strong
independent evidence for the validity of this proposal: in particular, we will
see that this metric can be gauge-transformed to look like a black hole, whose
smoothness condition as determined by the usual Fuclidean prescription gives
the same charge assignments as the holonomy condition.

Writing
ip
T om

corresponding to the modular parameter of the torus, the holonomy around

T

(3.42)

the time circle is”

w=2m(TAr —TA_) (3.43)

For the BTZ black hole, the conditions on its eigenvalues can be recast as
det(w) =0, Tr(w?)+8r2=0 (3.44)

which, enforced for the connection (3.32), become explicitly

0 = —204872p3 L3 + 576mkul? — 864Tkp® WL + 864mkpSW? — 27K*W
3k2
0 = 25672 0" L% + 247k L — T2rkpWV +
-

(3.45)
It was shown in [50] that, upon taking a = S (cf. (3.40)), one indeed finds that
the conditions (3.45) imply integrability. This is equivalent to saying that we
can define an entropy that is consistent with the first law of thermodynamics.
In contrast to ordinary gravity where we can use either the area law or the value
of the Euclidean action to compute the entropy, neither of these approaches
are immediately applicable in the higher spin case, and so we need to proceed
as described here. Note also that the relation a« = S should be thought of as

being determined self-consistently together with the charge assignments.

9 For completeness, in appendix 3C we provide the holonomy along the angular direction.

37



In the next section we find the explicit gauge transformation needed to take
the wormhole into a black hole, along with the explicit black hole metric. This
metric is completely smooth, as is the accompanying spin-3 field, and has AdSsg
asymptotics. Furthermore, at least within our ansatz, there is a unique such

black hole solution, and its smoothness requires that the holonomy conditions
(3.45) be obeyed.
3.3. Gauge transforming the wormhole into a black hole

In this section we describe the solution to the following problem. We start

from the static wormhole solution reviewed in the last section:

2
A= (ele — %ﬁe_pL_l - i)/\/6_2"1/1/_2>d93+

2k
AL Am2L? ATW _
+ (2w, - %Wg + Wk2 €Wy + "¢ TPL_y)da + Lodp
_ 2
A= —(epol - %Ee_pl)l + ;—kWe_szg)dx_
s 422 4TW _
+ M<62PW_2 — TW() + 2 e 2pW2 - e pL1>d$+ — Lodp

(3.46)
We then consider new connections related to these by SL(3,R) gauge transfor-

mations:

A =g (p)A(p)g(p) + 97 (p)dg(p)

A=g(p)Alp)g™" (p) — dg(p)g™" (p)
with g(p) € SL(3,R). The relative gauge transformation for A versus A is taken

(3.47)

to maintain a non-rotating ansatz. The metric and spin-3 field corresponding

to (A, A) will take the form

ds? = gpp(p)dp® + gu(p)dt® + gys(p)dd®
Yo prdada’de’ = ¢4, (p)dedp? + @41 (p)dpdt? + 0 ppe(p)de

We demand that this solution describe a smooth black hole with event horizon

(3.48)

at p = p4, or at r = 0 with
r=p—p+ (3.49)
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Assuming that g,-(0) > 0, as will be the case, this first of all requires g4 (0) =
g;,(0) = 0 and 9ps(0) > 0, so that after rotating to imaginary time the metric
expanded around r = 0 will look locally like R? x S1:

1
ds® 2 grr(0)dr® = S gy (0)r2dtE; + g (0)do” (3.50)

In order for the metric to avoid a conical singularity at r = 0 we need to
identify tp = tp + [ with

2r+(0)
~911(0)

Having done so, we can switch to Cartesian coordinates near r = 0 and the

£ =2m

(3.51)

metric will be smooth.
The same smoothness considerations apply to the spin-3 field. Noticing
the parallel structure, we see that we should demand ¢g;(0) = cp:m(()) =0,

and

290@"7“(0)

0 =2m
_ngtt(o)

(3.52)

with the same S as in (3.51).

There is still one more condition to impose to ensure that the solution is
completely smooth at the horizon. If we work in Cartesian coordinates (z,y)
around r = 0, we should demand that all functions are infinitely differentiable
with respect to both x and y. If this is not the case then some curvature in-
variant (or spin-3 quantity) involving covariant derivatives will diverge. Given
the rotational symmetry, this condition implies that the series expansion of all
functions should only involve non-negative even powers of r. We impose this
by demanding that all functions be smooth at the horizon, and even under

reflection about the horizon:

grr(=1) =grr(r) ,  gu(=r) = gu(r) , gd)gb(_r) = g¢¢>(7“) (3.53)

Crr(—T) = Gprr (1) 5 Pt (=) = Ot (1) 5 Pps(—T) = P (T)
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We now summarize the solution to this problem. More details are provided

in appendix 3D. The symmetry conditions (3.53) can be enforced by demanding

ep(—1) = h(r) ey (r)h(r) (3.54)
h

with h(r) € SL(3,R), and similar conditions on the spin-connection. The BTZ
solution has h(r) = 1, so we can think of these conditions as a “twist” of
the BTZ vielbein reflection symmetries. In addition, £(0) = 1, implying that
e¢(0) = 0, a feature of the BTZ solution that persists in the spin-3 case.!?

To gain some insight into the form of g(r) and h(r) we can start with the

BTZ solution and then carry out the gauge transformation perturbatively in

the charge. These considerations lead us to the ansatz

g(,r) — eF(T)(Wl—W_1)+G(T)LO

h(’l") = eH(T)(Wl‘FW_l) (355)

for some functions F, G and H. Perturbation theory suggests that this ansatz
gives the unique solution to our problem, although we have not proven this.
On the other hand, having assumed the ansatz (3.55) the remaining analysis
definitely has a unique solution.

Even after assuming this ansatz, finding a solution that satisfies all the
smoothness conditions involves a surprisingly large amount of complicated al-
gebra requiring extensive use of Mathematica and Maple. Some details are
provided in the appendix. As we have already mentioned, a crucial point is
that the solution to our problem requires that the holonomy conditions (3.45)
are obeyed; equivalently, we can derive the holonomy conditions by requiring

the existence of a smooth black hole solution.

10 Moreover, it is both surprising and convenient that the location of the horizon r = 0 turns

out to be at p = p,, with p, given by the same expression as for BTZ: e?/+ = %
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Here we just present the final form for the transformed metric. It will be

convenient to define dimensionless versions of the charge and chemical poten-

k 2n L
=\ TS (3.56)

as well as a parameter C' defined as

tial:

C—-1
¢ = el (3.57)
The metric takes the form (3.48) with
(C-2)(C—-3)
grr = 2
(C’ -2 cosh2(r))
g (87r£) (C - 3> (at + by cosh?(r)) sinh?(r)
=" 2 2
k ¢ (C’ —2— cosh2(r)> (3.58)

o= () ()

81L 16
+ (%) (1+ 597 +127¢)

The coeflicients a; 4 and b; 4 are functions of v and C, and are displayed in
appendix 3C along with the spin-3 field.
With these results in hand, we demand a smooth horizon via (3.51) and

(3.52). Using the definition (3.57), the resulting equations can be written as

172873¢2 — (43272 4+ 27)¢ — 12873 + 72y = 0

6 _ (3.59)

These are precisely the holonomy conditions (3.45), merely rewritten in the

(¢,~y) variables!

3.3.1. Limits and asymptotics
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Solution of equations (3.59) for the charge ( and inverse temperature (3
yields
141672 — (1 - 392) /14 13842
128~3

— (3.60)

_ o
V141042 —129¢

We have chosen the branch of ¢ consistent with recovery of the BTZ solution

in the v — 0 limit, namely the one with a power series expansion in positive
(odd) powers of .

The uncharged BTZ limit corresponds to taking ¢,y — 0, and C' — oo.
On the other hand, the maximal value of (¢, ) obtained from (3.60) is

Cmaz = \/7 Ymazx = \/7 (3.61)

and this corresponds to C' = 3. Therefore, we can take C to lie in the range
3<C < o0.

The extremal lower bound can also be seen directly on the level of the
metric (3.58), which degenerates at C' = 3. This is a virtue of the manifestly
smooth horizon of the black hole, in contrast to the wormhole geometry which
has no limiting form at this value of the charge, and hence one must resort to
the holonomy to find it instead.

The metric coefficients diverge at r = ry, where
cosh?(ry) = C' — 2 (3.62)

The leading behavior of the metric near ry is

1 dr?
ds? ~ Z(r*—r)Q
2L C—3 \ —[ar+b(C —2)]dt* + [ag + by(C — 2)]dg?
+ ( k ) (02(0—2)) (e —1)2

(3.63)

42



This gives AdSsg with radius 1/2, and thus our transformed black hole solu-
tions are asymptotically AdSs. In addition, the spin-3 field expressed in an
orthonormal basis goes to zero at r..

As C approaches 3 from above we see from (3.62) that r, — 0. Nonetheless
we can extract the extremal asymptotics by scaling the coordinates as we take
C — 3. This has the effect of separating r, from the horizon and stretching
the region in between.

Expanding around extremality by defining
Y = Yeat — 0 (3.64)

we define asymptotic coordinates

t
r=V0or, t= 5 (3.65)
Expanding all quantities and taking the § — 0 limit, one finds a metric
~2 ~2
T 5127 L T ~
d 2 ~ * d~2 _ * ~2dt2
TR oY T ok 2—)2t (5.66)
32rL  967L T2 5\ .9 '
d
+< FT R oy |
where 7, = %ﬁ This metric has the same AdS3 asymptotics as the

nonextremal metric (3.63), which becomes evident upon defining a Fefferman-
Graham coordinate 7 = 7, tanh(n).

The coordinate r appearing in (3.58) only covers the region outside the
event horizon; it is analogous to /7 — 2M for the Schwarzschild solution. The

region inside the horizon is obtained by continuing r to pure imaginary values.
3.3.2. Black hole entropy
In [50], the entropy of the black hole was found to be

S =4nV2rkLf(y) (3.67)

43



where

fly) =cosh, 0= %arctan (M) , 0<6< (3.68)

L—y
and y = %CQ. (We have specialized to the static case.) This was originally
found by solving a first-order nonlinear ODE, derived by combining the defi-
nition of the partition function with the holonomy conditions.

The function f(y) takes a pleasantly simple form upon plugging in for ¢
as a function of C, using (3.57). This step yields

1 3
0 = 6 arctan (A(C) 1— E) (3.69)

with

_ 6V3BC(C-1)(C-3)
Ae) = (2C — 3)(C2 — 12C +9) (3.70)

Surprisingly, taking the cosine of this angle yields the simple expression

flo) =1 1 (3.71)

As with other quantities in our analysis, we see that the entropy is most simply

expressed in terms of C'. The extremal and zero charge limits are recovered
upon inspection.

It is of course natural to wonder if the black hole entropy can be expressed
in terms of a geometrical property of the horizon. There is of course no reason
to expect that the Bekenstein-Hawking area law holds, since the spin-3 field
is nonzero at the horizon, and indeed one easily checks that S # A/4G. This
is related to one of the primary challenges inherent in higher spin gravity: the
enlarged gauge invariance renders familiar geometric quantities, such as the
horizon area, non-invariant under higher spin gauge transformations. Perhaps
there exists a higher spin version of the Wald entropy formula [70] that is fully

gauge invariant.

44



3.4. Discussion

Let us close with some open issues. We address the black hole, the RG
flow, and generalization to other higher spin theories in turn.

Our main result was showing explicitly how to gauge transform between
the wormhole and the black hole. The overall logical structure is very tight:
the existence of the gauge transformation is contingent upon the holonomy
conditions being satisfied, and there then exists a unique gauge transformation
and smooth black hole metric.!! The wormhole and black hole have dramati-
cally different causal structures, and so it is of course conceptually interesting
that they can be related by a higher spin gauge transformation.

This situation has no analog in ordinary gravity. By adding in matter to
probe the solution, one can map out the light cones and determine the causal
structure in a unique fashion. But in our spin-3 theory it is not possible to
simply throw in a minimally coupled scalar field to probe the solution, as there
is no obvious way to do so that is compatible with the full higher spin gauge
invariance. In this respect, the situation is analogous to string theory, where
it is also not possible to add in matter arbitrarily. However, it is known how
to couple in propagating scalar fields to the large N limit of these higher spin
theories [11,71]'2, and such scalars play an important role in the conjecture of
[34]. In Chapter 5, we will consider this problem. In that context, it therefore
seems possible to compute AdS/CFT correlators between the two asymptotic
boundaries of the wormhole/blackhole. One could then determine whether
or not these two boundaries are causally connected, by seeing whether such
correlators exhibit lightcone singularities.

We have already noted that it would be very useful to have a higher spin

11 Strictly speaking, these statements are subject to the qualifications noted below (3.55).
12 Using this formalism massless fields in the background of the BTZ black hole were studied
in [72].
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version of Wald’s entropy formula at our disposal to gain a better geometric
understanding of the theory, to the extent that this is possible. Our entropy
formula (3.71) takes a surprisingly simple form (as compared to the algebra
leading to it), and is perhaps suggestive of a geometrical interpretation. Also,
the twisted vielbein reflection conditions (3.54) deserve to be better under-

stood.

While the existence of the black hole gauge is extremely useful for concep-
tual and interpretational purposes, it is likely to be the case that the wormhole
gauge is more convenient for doing computations. In the wormhole gauge we
know how to read off the charges and symmetries from the asymptotic form
of the connection. In fact, this can be done in either of two ways: by viewing
the solution in terms of the W3 CFT deformed by an irrelevant spin-3 oper-
ator, or in terms of the W3(2) CFT deformed by a relevant spin-3/2 operator.
On the other hand, in the black hole gauge, the gauge field near r = r, does
not take a form in which we know how to identify the CFT data, cf. (3.12).
It would be convenient and perhaps enlightening if we could understand the

black hole asymptotics better. Such an analysis would likely need to involve

the subleading terms near the AdSs boundary at r = ry.

The existence of multiple AdS3 vacua in this theory, both of which have
vanishing spin-3 field, is another intriguing and novel feature due to the inclu-
sion of higher spin. We were led to a simple RG flow solution between these
vacua triggered by a spin-3/2, Lorentz symmetry-breaking CFT operator. We
would like to improve our understanding of the behavior of the central charge
under the flow, and in particular why it increases towards the IR. As noted
earlier, the Lorentz symmetry-breaking nature of this RG flow places it outside
the assumptions of the c-theorem; maybe another quantity can be constructed

which monotonically decreases along RG flows from UV to IR.
Perhaps most conceptually interesting is the extension of these ideas to
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bulk theories with larger gauge groups. Let us consider SL(N,R) x SL(N,R)
for now. When N > 3, there are then multiple higher spin charges and poten-
tials to play with, and there could be interesting interplay among them. The
ideas of this chapter were directly generalized to the spin-4 case in [73], and
a similarly consistent thermodynamic story was found. Also, to each embed-
ding of SL(2,R) in SL(N,R) is associated an AdS3 vacuum with asymptotic
symmetry given by the W-algebra obtained by classical Drinfeld-Sokolov re-
duction. Modulo issues of interpretation described above, the central charge
of the Virasoro algebra coming from the principal embedding will always be
the largest. That of the other vacua will have an inverse relation to the index
of the SL(2,R) embedding used to construct the vacuum. Some relevant group
theoretic details are presented in appendix 3E. It is easy to write these solu-
tions down in the Chern-Simons language once one has the explicit SL(2,R)
embedding: simply take ansatz (3.21) and replace Wo and ﬁo by the generators
of the new SL(2,R) embedding. It is equally straightforward to construct RG
flows between these vacua, and hence between CFT's with different symmetries,
by altering (3.24) in the same manner. The set of allowed RG flows depends
on the details of the Lie algebra, but one can see that in general the vacuum
with largest (smallest) AdS radius has no relevant (irrelevant) operators, and

so is IR (UV) stable.

However, as we mentioned earlier, all AdS vacua with connections valued
in non-principally embedded SL(2,R) subalgebras have asymptotic symmetries
which do not admit unitary representations. Furthermore, when we soon gen-
eralize to the hs[\] theory which has an infinite tower of higher spins, there is
only a single SL(2,R) subalgebra. We prefer to view the existence of multiple
AdS “vacua” in the SL(N,R) theories as a peculiarity that shouldn’t be taken
too seriously. In combination with the fact that we do not know whether one

can consistently couple matter to these theories, it seems that the SL(N,R)
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theories lack certain features which we wish to see in an interesting theory of
higher spin gravity. On the other hand, the SL(N,R) theories appear to have
some features which lend themselves to interpretation of the puzzle of the pre-
ponderance of “light states” in the Wy minimal model CFT at finite N [74];

so perhaps we should not cast them off as physically irrelevant.

Appendix 3A. SL(3,R) generators

As in [48] with o = —1, we use the following basis of SL(3, R) generators

0 0 0 1 0 0 0 -2 0
Ll—(l 0), LO—(O 0 0), Ll—(o 0 2)
0 0 0 0 -1 0 0 0
0 0 0O 0 O 9 1 0 0
WQ(O 0), W1<1 0 0), WO§<O —2 0)
2 0 0 -1 0 0O 0 1

0 -2 0 0 0 8
W1(0 0 2), W2(0 0 0)
0 0 0 00 0

)

o O O

(3A.1)

The generators obey the following commutation relations

[Lis Lj] = (i — ) Lix
[Lis Win] = (20 = m)Wi (3A.2)
1
(Wi, Wy] = —g(m —n)(2m? 4+ 2n® — mn — 8) Ly
and trace relations
Tr(LoLg) =2, Tr(LiL_q1)=—4
8 (3A.3)
Tr(WoWy) = 3 Tr(WiW_1)=—-4, Tr(WoW_9) =16

All other traces involving a product two generators vanish.
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Appendix 3B. Stress tensor correlator in RG flow solution

In this appendix we compute the AdS/CFT two-point correlator of the
UV stress tensor Ty in the background of the RG flow solution (3.24). To
compute the correlator we need to turn on the source conjugate to Ty and
then compute the linearized response. The coefficient relating Ty, to the
source is the two-point function. In this computation we will not pay attention
to overall normalization factors.

In studying linearized fluctuations around the RG solution, the following

ansatz turns out to be appropriate

A= (,uerWQ + Xe Ly + gLy + hie PL_1 + th_QpW_Q) dz™
+ (W262p + Iy Wo+ G e L+ G emrw |+ TUVe—QPW_z) da—
+ Lodp

A= e®PW_odz™ — Xe’L_jdz~ — Lodp
(3B.1)

Here )\ is constant, while all other coefficients are arbitrary functions of z*.

The leading large p behavior of the metric derived from this connection is
ds? ~ dp? — 4e*Pdaxtdz™ — 4e* p(dx™)? (3B.2)

From this we see that p acts as a source for T 1 = Ty, and so we need
to work out the relation between 777y, and p. Solving the linearized flatness

conditions, we find

2 _ 1
1
l() = —58_,[1,
\ (3B.3)
hi = 5Juv



along with
1 A
0+Gpyy = S0-Jyv
803 Jyy + 12X%0_GU, = —3)203 1 (3B.4)
1
Tyy = =505
uv 1902 +JUV

We solve (3B.4) in momentum space, assuming dependence eip+$++ip—x_,

which gives

1 pip_
Ty = —— 07—
uv 24 \4 _ gpiu (3B.5)
3p?

which implies the result quoted in (3.29).

Appendix 3C. Black hole and spin-3 field parameters
3C.1. Metric and spin-3 field in black hole gauge

The coefficients a; 4 and b; 4 in the black hole metric (3.58) are as follows:
2
ar = (C = 1)? (44 = VC)
2
agp = (C— 1)2 <4’y+ \/5)
by = 1672(C — 2)(C? — 2C + 2) — 84V C(2C% — 6C + 5) + C(3C — 4)
by = 167*(C — 2)(C? — 2C +2) 4+ 8yVC(2C* — 6C + 5) + C(3C — 4)
(3C.1)
The t and ¢ coefficients are related by flipping the sign of 7, though this is not
a bonafide sign flip of the charge, under which C' would also transform.
The spin-3 field has components
2 [27L (C = 3)(49(C* = 5C + 3) — 3V/C)
corr =3\ Tk C(C — 2 — cosh?(r))?2
16v/2 (wc)?ﬁ (C - 3) (at,3 + b 3 cosh?(r)) sinh?(r)

Pott = T3 k C3 (C' — 2 — cosh?(r))?
L\3/2 1C — 3\ (ag3 + by 3 cosh?(r)) sinh?(r)
—16v2 (W—) ( ) b3~ ¢ + 090 (0
Po0 i o3 (C— 2~ cost(r))2 299(0)
(3C.2)
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where

a3 = at - (47 —20) — 3\/_>

ag3 = ag- (44(3 —20) —3VC)

b3 = 64 (C(C(C? — 10C +30) - 37) +15) 4
—16VC(C(10C? — 57C + 88) — 36)7*
+4C(C(9C? - 42C + 62) — 36)

(3C.3)
—3C3%/2(2C% — 6C + 5)
b3 = 64 (C(C(C? —10C + 30) — 37) +15) 4
— 16V C(C(2C? + 3C - 16) + 12)4
+4C(C(—=3C? +6C — 10) + 12)y
—3C%%(20? — 6C + 5)
and
Ppe(0) = % <7T]f )3/2 (4v(2C = 3) +3VC)- e

(1672(02 — 120 +9) + 129V/C(3 — 5C) — 9C(C — 1))
3C.2. Horizon holonomy

For completeness, we provide the holonomy around the ¢ circle, which can
be viewed as another piece of gauge-invariant information characterizing the
effect of spin-3 charge. The holonomy matrix is just A, itself. We again work

with the trace squared and determinant to obtain

3/2
det(Ay) = —16 (225) (14 1672)C
167L 16 (3C.5)
T
Tr(A?b) = ( k ) (1+ ?7 + 12+()
The holonomy for the barred gauge field is
det(Ay) = —det(Ay) , Tr(A3) = Tr(A3) (3C.6)
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Note from (3.58) that Tr(A?b) is directly related to the area of the event horizon,
since gy4(0) = %Tr(A?b).

Appendix 3D. From wormhole to black hole

We begin by recalling the vielbein reflection equations (3.54):
er(=r) = =h(r)'es(r)h(r)
ep(—1) = h(r) ey (r)h(r) (3D.1)
er(—=r) = h(r)"'ey(r)h(r)
where h(r) € SL(3, R). We obtained these by solving for the horizon geometry
perturbatively in the charge, noticing that e;(0) = 0, and demanding reflection
symmetry of the metric and spin-3 field as one moves away from the horizon.

Consideration of the spin-connection, for which only wg(0) = 0, allows us to

convert these to statements about the gauge fields which are simpler to work

with:
A (=r) =h" () A_(r)h(r)
Ay (=r)=h7Hr)A_(r)h(r)
o (3D.2)
Ap(=71) = Ap(=r) = B () [Ar(r) — Ap(r)]R(r)

Ap(=1) + Ay (1) = a(r)h L () [Ar (1) + Ao ()] ()

a(r) is some function of r and the charge which will not be needed.

Recalling that the gauge field A is related to the wormhole gauge field A
by (3.47), our goal is to solve equations (3D.2) for g(r) while solving for h(r)
along the way. We will solve the first of these equations, after which we find
that the remaining three are satisfied automatically.

As stated in the text, perturbation theory indicates that g(r) and h(r)
take the following simple forms:

g(r) _ eF(r)(Wl—W,1)+G(T)LU

h(r) = Wi W1) (3D.3)
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This ansatz gives a metric and spin-3 field which respect the symmetries of the
static BTZ solution around which we perturb. F' and H are odd in v, and G
is even. In addition, H is odd under reflection through the horizon, consistent
with

W l(=r)=h(r)=h (3D.4)

which is implied by (3D.1). Notice that the problem is now highly overcon-
strained: we are solving for three functions (F,G, H), but we have four 3 x 3
matrix equations to solve.

Let us rewrite the first of equations (3D.2) in terms of A:
Ap(=r)=MTA(r)M , M =g ' (r)h(r)g " (r) (3D.5)

There are five independent components of this matrix equation, which we solve
directly. Expanded in generators, M includes pieces proportional to each ele-
ment of SL(3,R) and the identity, making a mess of algebra. One is aided by
defining redundant variables, solving for them, and reinserting these definitions
to solve for (F,G, H). To that end, we define the variables (X,Y’) as

VAF? + G?

e . X =GV (3D.6)

YV =—

These combinations are ubiquitous in the explicit form of these equations.
After a display of brute force, one can reduce these five equations to the

following three:

Y2 — (14 cosh?(r))

¢ = V1) cosh(r)
Y —1 Y + 1+ cosh?(r)
X = Y + 1J Y — (1 + cosh?(r)) (3D.7)
tan B — — sinh(r) cosh(r)

\/Y2 — (14 cosh?(r))?
The sign of H correlates with the convention p > 0.
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One can solve the first equation by taking

Y2 =1+ Ccosh?(r) (3D.8)

where C' is defined by
_ -] 3D.9
¢= 032 (3D.9)

as in (3.57). The final expression for X, and then for (F, G, H), can be written

most compactly as

x=fe
G = —% log(X)
F O (3D.10)
c= 5 cosh(r)
tan H — sinh(r)

\/C’ — 2 — cosh?(r)

Remarkably, this solves all of the reflection symmetry equations (3D.2).

Let us state some of the parameter ranges. Recalling the holonomy condi-
tions, for example, we know that 3 < C' < co. This implies |Y'| > 2, so choosing
the branch Y > 0, we see that X > 1. This in turn implies that (F,G) < 0.

We can clearly see the divergence that feeds down to the metric and spin-3

field. Using the definition of Y, we note that
cosh?(ry) =C—2 & Y(r)=C-1 (3D.11)

In the zero charge limit, C' — oo, X — 1, and (F, G, H) — 0 as we recover
the BTZ black hole. In the extremal limit, C' — 3, X — oo, and (F,G) — —oc.
This explains the divergence of the metric and spin-3 field in the extremal limit:
the gauge parameters are breaking down. For convenience, we present the first

few terms in a perturbative expansion of F' and G. With

F=fiy+ 37+ f7° +...
(3D.12)

G =g+ +967° + ...
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we have

fi= —% cosh(r)

f3 = —% cosh(r) <2 COSh2(T) — 3) (3D.13)

8192

5= =365

cosh(r) (6 cosh*(r) — 15 cosh?(r) + 40>

and
64

9

4096 9
— — 3D.14
94 943 <cosh (r) 6) ( )

65536
10935

92 =

g6 = (12 cosh*(r) — 60 cosh? (r) + 395)

Appendix 3E. Generalization to SL(N,R)

In this appendix we will briefly discuss (mainly following [75,76]) how
one determines the asymptotic symmetry algebras for the SL(N,R) vacua. As
shown in [78] the inequivalent SL(2,R) embeddings in SL(N,R) are uniquely
determined by the branching of the fundamental representation of SL(N,R)
into n; dimensional representations of SL(2,R). The branchings are given by
the partitions {ni,no,---,n;} of N. From this one can determine how the
adjoint, i.e. the algebra itself, decomposes into representations of the SL(2,R)
algebra. In general there are representations of spin s = 0 up to spin s = N —1.
We denote the number of spin s representations by mg (of which some can be
zero). For example the principal embedding is given by the partition {/N},

hence the adjoint representation decomposes as
mi=1mo=1,---my_1=1 (3E.1)

We denote the SL(2,R) generators as (Ly,L_, L) (corresponding to a spin

s=1 multiplet) and the generators of spin s; as (W@z, Wﬁzl FETRRES WS(ZZ)) The
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ansatz for the SL(N,R) connection is a “highest weight” gauge, where we as-

sociate a field with the W@, for each spin «.

A= e Plo <L1 +T(zt)L_q + Z J@ (zHyw) ) ePLodat 4 Todp (3E.2)

Here 7T is related to the stress energy tensor of the conformal algebra. A

general gauge transformation is given by

A=c¢e —pLo <€1L1 + EOLO + € 1L 1+ Z Z )W£Z§Z+]>GPLO (3E.3)

i §=0

By using the fact that the Ws(i) transform in spin s; representations of the
SL(2,R) and following the general strategy of considering gauge transforma-
tions which preserve the gauge choice (3E.3), one can establish the following

facts:

First, for each field J(@) with spin zero (i.e. s; = 0) to transform like a
conformal primary, the relation of 7 to the stress tensor and the transformation
parameter have to be modified. Temporarily referring only to the {.J (i), aéi)}

of the spin-0 representations, we must make the redefinitions

T=T+Y %(J@)?, ol = &) + g0 (3E.4)

With this improvement J () is associated with a weight one primary, and T
is the stress tensor up to constant rescaling. Second, the fields J (k) with spin
s;. > 0 then all transform like conformal primaries of weight s;. + 1.

For the principal embedding, (3E.1) implies that one has a (quasi) primary
of weight 2, i.e. the stress tensor, and conformal primaries of weight 3,4, -- -, n.
This is indeed the field content of the W), algebra and the classical W), algebra
can be obtained this way.

Other SL(2,R) embeddings will lead to different W algebras. For example,
for SL(3,R) the only other partition is given by {2, 1}, and (3E.1) becomes

mo =1, myjy =2, m =1 (3E.5)
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This gives one weight 1, two weight 3/2 and one weight 2 primary of the W?EQ)

algebra, as was established in more detail in the main part of the paper.

The number of embeddings quickly grows with larger N and we will not

discuss these cases here.
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4. hs[)] black holes in 3d Vasiliev gravity

Having constructed spin-3 black holes in the relatively simple SL(3,R)
theory of higher spin gravity, we now apply our previous logic to the Vasiliev
theories containing an infinite tower of higher spin fields [11]. These theories
are based on a one-parameter family of infinite dimensional gauge algebras,
denoted hs[A] [57]. The BTZ black hole is still a solution of this theory, but
rather too simple as it carries vanishing values for all higher spin charges. To
access the higher spin sector we turn on a nonzero spin-3 chemical potential,
a. Due to the nonlinear structure of the theory, this triggers nonzero values for
the entire infinite tower of higher spin charges. The values of these charges, and
the full smooth solution, can be determined systematically using perturbation
theory in a.

As in the SL(3,R) case studied in [79,49], crucial input is provided by
demanding a gauge invariant smooth horizon, as expressed in terms of the
holonomies. The main output of this procedure is a result for the black hole
partition function, Z(7, a; 7, @). Here 7 is the modular parameter of the torus
that describes the boundary of the Euclidean black hole geometry, and « is
the leftmoving spin-3 chemical potential, as noted above. Similarly, @ is the
rightmoving analog of a. As usual, given the partition function, other ther-
modynamical quantities such as the energy and entropy can be obtained by
suitable differentiation. Our result for the black hole partition function, up to
8 i

order a°, is

itk 4 o2 400 N2 -7 ot 1600 5M* — 8502 4+ 377 b

mZ=—"l1—-- = 4 ——2 = _
SR Tl L R T I v . BT S O ) R
N 32000 20A% — 60024 + 638772 — 23357 o8 N
81 (A2 — 4)3 F6)
+ rightmoving
(4.1)

where the rightmoving part is obtained by replacing 7 and o by 7 and @ in
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the obvious way. The leading term in (4.1) is the usual BTZ result. We note
that the factor of A2 — 4 appearing in the denominators is just due to our
normalization convention for the spin-3 charge, and has no special significance.
The entropy formula obtained from this partition function can be thought of
as a generalized version of Cardy’s formula to include higher spin charge.

As we now discuss, this result can be used to test the AdS/CFT duality
conjectured recently by Gaberdiel and Gopakumar [34], which we discussed in
the introduction. Recall that they propose to consider the YWy minimal model

coset CFT
SU(N);. & SU(N)q

4.2
SU(N )41 (4.2)
The 't Hooft limit is defined as
Nk—oo, A=—Y fixed (4.3)
, o0 =SION xe .

Gaberdiel and Gopakumar conjecture that this theory in the ’t Hooft limit is
dual to the bulk higher spin theory based on the algebra hs[\], along with some
additional scalar fields that will play no role in the present discussion.

To make contact with our black hole result, we should consider the parti-

tion function of this theory with the insertion of a spin-3 chemical potential 13

Zopr(r, a7, @) = Tr [ €4w21(rﬁ+aW—FZ—5W)] (4.4)
where the operators denote the suitably normalized Virasoro and spin-3 zero
modes. As is standard, to compare with the black hole side we should consider
the leading high temperature asymptotics, defined here by taking 7,a — 0
with a/ 72 fixed. This is a version of the Cardy limit, generalized to include
the higher spin chemical potential. In this limit, the duality conjecture asserts

that (4.1) and (4.4) should agree.

13 1y general, one might wonder whether such traces are convergent. In the following we will

be considering perturbation theory in o and @, and such issues will not arise.
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While it should be possible to test this prediction for general A, in this pa-
per we will only carry out the CF'T computation for the special values A = 0, 1.
The reason why these values are more tractable is as follows. In general, the
symmetry algebra controlling the coset theory in the 't Hooft limit is believed
to be the infinite dimensional algebra Wso[\]. This needs to be so in order
for the duality conjecture to be true — for instance, the Wy [\] algebra is
the asymptotic symmetry algebra of hs|\] gravity on AdSs [36,47,48,64] —
but independent evidence is also available [36,38]. At A = 0,1 these algebras
simplify. At A = 1, after a change of basis, the algebra turns into the linear al-
gebra WEORS [80]. Importantly for us, this algebra can be represented in terms
of a collection of free bosons, with the higher spin currents being quadratic
in the bosons [81,82,83]. Since the bosons are free, we can of course compute
(4.4) exactly for this theory. If we make the plausible assumption (justified in
more detail in the text) that this free boson theory should share the same high
temperature partition function as the coset theory at A = 1, then we arrive at
the striking prediction that our black hole result should match a certain free
boson partition function. Up to the order that we have checked, this turns out

to be correct: we find precise agreement with (4.1) at A = 1!

An analogous story holds at A = 0, but now in terms of free fermions. At
A = 0 the W[\ algebra is related to the algebra W) [84] by a constraint
that removes the spin-1 current. Since the Wi, algebra can be represented
by free fermions [85], we can compute its partition function with the spin-1

constraint imposed. We then find precise agreement with (4.1) at A = 0.

We view these results as providing strong evidence for the validity of our
rules for treating black holes in higher spin gravity, and for applying them
to the conjecture of Gaberdiel and Gopakumar. Further tests along these
lines are clearly possible, perhaps by pushing the comparison to higher all

orders in «. Another useful generalization would be to turn on additional
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chemical potentials. More ambitiously, it seems reasonable to hope that these
comparisons will lead to a deeper understanding of how the duality is working
at a fundamental level.

The remainder of this chapter is organized as follows. In section 4.1, we
generalize the results of the previous chapter to a set of rules for constructing
higher spin black hole solutions. These are applied to the hs[A] theories in
section 4.2, and the black hole partition function is computed. In section 4.3 we
compute the partition functions for free bosons and fermions, and demonstrate
agreement with the bulk result for A = 0, 1. Section 4.4 contains a discussion of
the implications of our results for the AdS/CFT correspondence. In appendix

4A we display certain holonomy equations in detail.

4.1. How to make higher spin black holes

We would like to consider the general problem of constructing consistent
black holes in a higher spin theory built upon an arbitrary Lie algebra G which
contains a SL(2,R) subalgebra. Based on the lessons of the previous chapter’s
spin-3 toy model (and the success of the same construction at spin-4 [73]), a
reasonable prescription for building smooth black holes with higher spin charge

is as follows:

1. Write down a BTZ solution.

2. Compute the BTZ time circle holonomy eigenvalues.

3. Write down a flat connection that includes nonzero chemical potentials for
some chosen set of higher spin charges.

4. Fix the charges in the solution by demanding that the holonomy of the

solution around the time circle agrees with that of BTZ.

The resulting solution will represent a black hole in the sense described
above. Note that if G is of infinite rank, there will be an infinite number of

holonomy constraints. Note also that the these solutions are not in general

61



gauge equivalent to BTZ, since the holonomies around the angular circle will
differ.

In the above algorithm, step 3 is stated the least explicitly. Fortunately, our
spin-3 example suggests a straightforward way to find the relevant connections.

To explain this, consider the explicit spin-3 connection used in [79,49]

2T 7
—(PT, _ —p _ —2p +
A= (e Ly . Le PL_4 2]€W€ W_2>dm

AL A2 (2 4
u(owy — T+ T ud

e 2PW_o + e_pL_l)d:c_ 1 Lodp
(4.5)
with an analogous formula for A. The corresponding metric has no event
horizon, but when the holonomy conditions are obeyed it is gauge-equivalent
to one that does [49].
Written in the form (4.5) the solution appears rather complicated, but in
fact the structure is quite simple. First, following [48] we note that we can

write

A=b"tab+b"1db (4.6)

where b = €10, and a is obtained from A by setting p = dp = 0. In terms of
a, the flatness equations are simply [a+,a—] = 0. To exhibit flatness we need

only observe that

am =2 |(a4)? ~ 3 Tx(ay)’ (4.7)

The form of AL corresponds to choosing the “highest weight gauge”.
Namely, if we assume that A4 grows as e, then by a gauge transformation
it can always be put into the form in (4.5) [48]. Finally, as shown in [79]
by a Ward identity analysis, the ue2’Wy term in A_ gives rise to a chemical

potential i conjugate to spin-3 charge.

14 ppe generators {Wyo, Wiy, Wy} transform in the 5-dimensional representation under the
adjoint action of {L 11, Lo}. Also, as in [79,49] we are here using a representation of the SL(3,R)

generators in terms of 3 x 3 traceless matrices.
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This discussion suggests a simple way to write down solutions that in-
corporate chemical potentials for higher-spin charges for any G: to turn on

potentials ug for fields of spin s, simply take

Ay = AETZ + (higher spin charges)

A~ [(A+)S_1 — trace] (4.8)

s

Ay =Ly
where multiplication is defined by the chosen matrix representation of the Lie
algebra G. L is the diagonal element of the SL(2,R) embedding into G used to
construct the BTZ solution. As usual, the terms in A_ incorporate the sources,
and those in A4+ encode the charges. Exactly which charges one must turn on
in order to have a consistent solution depends on the theory in question, and
is determined by solution of the holonomy equations.

As already emphasized, the metric derived from (4.8) may not possess a
horizon, but based on our study of the SL(3,R) theory we expect that there
exists another connection lying on the same gauge orbit that does yield a black
hole metric. Finding the explicit gauge transformation will typically be quite

involved and G-dependent, but for purposes of interpretation, we merely require

its existence.

4.2. The Wy [\ black hole

As an intermediate step before writing down the black hole solutions, we
review the features of hs[A] that we will need. In particular, we introduce an
associative multiplication known as the “lone-star product” [57], the antisym-

metric part of which yields the hs[)] Lie algebra.
4.2.1 hs/\] from an associative multiplication

The hs[\] Lie algebra is spanned by generators labeled by a spin and a

mode index. We use the notation of [36], in which a generator is represented
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as

Vo, s>2, Im|<s (4.9)

The commutation relations are

s+t—|s—t|—1
Ve V= > gl m,my VL (4.10)
u=2,4,6,...

with structure constants defined in appendix I.
The generators with s = 2 form an SL(2,R) subalgebra, and the remaining

generators transform simply under the adjoint SL(2,R) action as
Virs Vil = (m(t = 1) = ) Vg, (4.11)

These SL(2,R) generators will be relevant in construction of the BTZ solution.
When A = 1/2, this algebra is isomorphic to hs(1,1), the commutator of
which can be written as the antisymmetric part of the Moyal product. Simi-

larly, the general A commutation relations (4.10) can be realized as
VE VI =VE V- VEsvs (4.12)

if we define the associative product

1 s+t—|s—t|—1
VeVizh Y gmm vt (113
u=1.23,...

This is known as the “lone star product” [57], and (4.12) follows upon using
the fact that
gu (m,m: A) = (=1)" gl (n,m; \) (4.14)

The odd values of u drop out of the commutator, leaving (4.10). In the re-

mainder of the paper we may resort to the shorthand

Pxlx... «D= D) (4.15)
N
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for some hs[A]-valued element I'.
Formally, Vol is the identity element. Thus, to extract the trace from a
product of generators, one picks out the u = s + ¢ — 1 part of (4.13), up to

some normalization:
Tr(Vs Vi) o< g3ty 1 (mym; )6 61, (4.16)

In order to facilitate easy comparison to the SL(3,R) conventions of [79,49], we

choose to define

12

Tr(VpV2y) = mggg_ﬂm, —m; A) (4.17)
which implies the SL(2,R) traces
Te(VEV2) = -4, Te(VEVE) =2 (4.18)

in agreement with the basis used in [79,49].

A convenient property of the hs[\] Lie algebra is that when A = N for
integer N > 2, one can consistently set all generators with s > N to zero (i.e.
factor out the ideal of the Lie algebra), and the algebra reduces to SL(N,R).
This implies a similar truncation of the boundary symmetry: that is, Wso[IN] =
Wy upon constraining all fields of spin s > N to vanish. Factoring out the
ideal is automatic on the level of the trace:

s—1
Tr(VaVe,) o« [T (0 —o?) (4.19)
o=2

Therefore, as regards the construction of black holes, the holonomy conditions

reduce to those of SL(N,R) when A = N; this will be a useful check for us.
Another aspect of the lone star product that we wish to highlight is the

following simple result for products of the highest weight SL(2,R) generator:

(V& t=ve, (4.20)
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A look back at (4.8) shows that this relation makes it easy to read off the

leading behavior of A_ from that of A.

In what follows, we work with a flat connection a (and, implicitly, a) that

has no p-dependence nor p component, as in (4.7), by writing

A=b"tap+b1ap
B (4.21)
A = bab~t + bab~1

with
b=eVo (4.22)
Conjugation by b of a generator with mode index m produces a factor e,

4.2.2. The BTZ black hole

We now follow the prescription described in section 2.3 for constructing
the higher spin black hole. In the hs[)] theory, the BTZ black hole has the
connection .

=Vt v (4.23)
a_ =20
This is straightforward, as the VZ; are SL(2,R) elements. The BTZ holonomy

can be encoded in the infinite set of traces

Tr(whry) , n=2,3,... (4.24)
where
2, 1 o
WRTZ = 27'('7' V1 + mv_l (425)

All odd-n traces vanish. The lowest even-n traces are

Tr(whrz) = —87°

4 8t 2
Tr(wprz) = (A" =7) (4.26)
8 6
Tr(whyy,) = —%(3% —18A% + 31)
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4.2.3. The Wxo[A] black hole

Our ansatz for a black hole with spin-3 chemical potential is

2w L 9 4%

ap =VPE— val - N()\)%Vf’g +J
.y (4.27)
a— = puN(N) (a+ *ap — —— (A% — 1))
3k
where
J=J Vi + IV, + ... (4.28)

allows for an infinite series of higher-spin charges. The solution is accompanied

by the analogous barred connection. N () is a normalization factor,

N\ = ,/% (4.29)

chosen to simplify comparison to the SL(3,R) results of [79,49]. In particular,
truncating all spins s > 3 gives a solution with the same generator normaliza-
tions and bilinear traces as the spin-3 black hole (4.5) of the SL(3,R) theory."

Suppressing the dependence on barred quantities, we think of this black

hole as a saddle point contribution to the partition function
Z(r,0) = T [Ami(TE+aW)] (4.30)
where we continue to define the potential as
=T (4.31)

where 7 is the modular parameter of the boundary torus, defined via the iden-

aY)

tification (z,%) & (2 + 277, % + 277), with 27 = 2, 2= = —%. This will once
again be justified upon solving the holonomy equations, as the charges will
satisfy the integrability condition

oL oW

= _ 4.
oo or (4.32)

15 T be clear, there is no pathology for A < 2: we could easily rescale generators to eliminate

any troublesome factors of \2 — 4.
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The structure of this ansatz is understood as follows: a4 is the asymptot-
ically AdS3 connection written in the “highest weight gauge” that was used
to reveal the asymptotic W [\] symmetry in [47,48]. The component a_ is a
traceless source term that deforms the UV asymptotics: by (4.20),

a_ = pN(A)V5 + (subleading) (4.33)

Though similar in some ways, this hs[A] black hole has some properties
that are quite different from its SL(3,R) counterpart. First, there is an infinite
set of holonomy constraints to solve, corresponding to enforcing smoothness
across the horizon of the metric and higher spin fields. Furthermore, solution
of these constraints demands that all higher-spin charges are turned on. This
is due to the structure of the W [\] algebra. For instance, the WW OPE has
a term

& J;;O) T (4.34)

WEWO) ~ ... +

and likewise for OPEs of higher spin currents.
This sourcing of ever-higher spins is nicely on display in the bulk: we will
find that without all spins turned on, (4.32) is not satisfied by the solution of

the holonomy equations.

4.2.4. Holonomy

For the W [A] black hole ansatz (4.27), the holonomy matrix is

w=2m [Ta+ —aN(\) (a+ *x a4 — 2;:—]5()\2 — 1)) ] (4.35)

with a4 and N () as in (4.27) and (4.29), respectively. The holonomy con-

straints are

Tr(w") = Tr(whry) , n=2,3,... (4.36)
We proceed to solve (4.36) perturbatively in oe. We assume a perturbative
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expansion of the form

L=Ly+ Lo+ ...

W:aW1—|—a3W3—|—...

9 (4.37)

Jy=a2P 4 ataV 4

Js = o33 4 o871 4

and so on for higher spins. The OPEs tell us that the spin-3 chemical potential
1 sources the spin-4 current at O(u?), the spin-5 current at O(u3), and onwards,
which this ansatz incorporates. Note the parity under sign flip of «.

To exhibit the structure of the holonomy equations, and to set up our
perturbative solution, we write the terms that contribute at lowest perturbative
order for each charge that appears in a given equation, ignoring all of the

coefficients and displaying just the first four equations:

n=2: CO_ = L+ oW +d% +...
n=3: C9,=al’+ W + aJy +a’Js+a’Js+...
n=4: O, = L24aWL + Ji + aJs+aJs+0b0r +atJs+ ...
n=>5: Cg’}z —al3+ WL + aJiL+ Js+ aJsg+a’Jr+aJs+...
(4.38)

Cng)  stand for the BTZ holonomies (4.26) that are of course of order oV, The
“...” denote terms that contribute at higher perturbative order (for instance,
an o2L2 term at n = 2). At each value of n, two more charges enter at
ever-higher orders in «. In appendix 4A we write out the all-order holonomy
equations up to n = 4, with spins J5 and higher set to zero for simplicity.

In the case that the gauge algebra is SL(N,R), as obtained by setting
A = N, the system of equations terminates at n = N. For the SL(3,R) theory
studied in [79,49] this allowed the holonomy equations to be solved exactly

as the solution of a cubic equation. For general A we instead must proceed
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perturbatively. In examining the structure of the equations (4.38) one might be
concerned by the fact that at even(odd) orders in «, all even(odd) n equations
contribute. This implies that the system is highly overconstrained, infinitely
so, in fact; nevertheless it turns out that there is a consistent solution that
satisfies the integrability condition, at least as far as we have checked.

We solve through O(a®). Combining (4.37) and (4.38), we see that we
only need work up to n = 6. The solution is

k 5k o 50k A2 —7 4 2600k 5X*—85)\2 4377

L= 872 * 676" 3rrl0 N2 4“ * 2714 (A2 —4)2
68000k 20\0 — 600A* + 6387\ — 23357
~ 8lxr8 (N2 —4)3 e
W k. 200k A2—7a3_ 400k 5A* —85M\% 4-377 -
3m7o 27m7d A2 —4 9713 (A2 — 4)2
32000k 20X\ — 600A* + 63872 — 23357 -
8lrrl7 (N2 —4)3 @
35 1 5 700 2X2—21 , 2800 20\* —480\% + 3189 4
Jp = —F 5—a° — a” +
9r8 X2 —4" 9712 (\Z—4)2" " 9716 (A2 — 4)3
I 100v/5 L 5 400v/5 44)% — 635 N
g 97l (A2 — 4)3/2 27715 (A2 — 4)5/2
14300 1 A
6:817'14 ()\2_4)2a +...

(4.39)
When solving these equations the coefficients are obtained in a zigzag pattern:
first solve for the leading term in £, then that of VW, then the subleading term
in £, then the leading term in Jy, and so on. From the solutions of £ and W
we readily confirm that the integrability equation (4.32) is obeyed, although
it has to be said that at our current level of understanding this appears as a
minor miracle. We take this to be powerful evidence that the holonomy pre-
scription is the correct one for defining higher spin black holes with consistent

thermodynamics.

To obtain the partition function we can integrate either one of the equa-
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tions
Oln Z(1, )
or

OlnZ(r,a)

= dn%iL o

= 472w (4.40)
and thereby arrive at the result quoted in the introduction:

ik 4 o 400 M2 -7 o* 1600 50 — 8502 + 377 b

InZ S I R St AN e S
nZme)=o- -3t oy oS (\2_4)2 712
N 32000 208 — 600\* + 638722 — 23357 oF N
81 (A2 — 4)3 6
(4.41)

This partition function is the main result of our bulk analysis. The black

hole entropy S can be obtained by applying standard thermodynamics:
S =InZ(r,a) —4x%i (1L + oW — 7L — aWV) (4.42)

Since the formula for the entropy does not appear particularly illuminating we
refrain from writing it. Suffice it to say that at order o the the entropy is
A/AG, where A is the area of the BTZ horizon, but at higher orders in « no

geometric interpretation is evident.
4.2.5. Comments and two checks

Ignoring the factors of A2 — 4 for the moment — which, we recall, can be

normalized away — the charges all take the form

o0 2n+s—2
Jo=7°% (%) PP, s>3 (4.43)

n=0 T

where we include W = J3. The degree n polynomials PT(LS)()\Z) have zeroes
that do not coincide with those of other values of n or s, and so are unlikely
to carry any significance.

A first check on our result (4.39) is the A-independence of the first correc-
tion to W and, by integrability, to £. This can be understood as following from
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the universal leading coefficient of the WW OPE, which in our normalization

iSlG
WEWO) ~ KL (4.44)

36T

In addition, we recall that the hs[\| trace automatically mods out the
effects of higher spin generators upon taking A = N for integer N > 3. So
computing the holonomy in hs[\] and then evaluating at A = N is identical to
computing the holonomy in the SL(N,R) theory from the start.

To verify this, we have embedded the black hole with spin-3 chemical po-
tential in the theories with Lie algebras G =SL(3,R), SL(4,R), SL(5,R). The re-
sults of these investigations match (4.39) exactly (modulo the non-existence of
some of the J charges in these cases). Furthermore, we have confirmed that the
holonomy equations themselves reduce to those of SL(N,R) non-perturbatively
(see appendix 4A for an example).

Another useful check is to consider hs[%]. In this case, the gauge algebra
can be represented in terms of a Moyal product, with generators being even
degree polynomials in two spinor variables [11]. All computations can then be

carried out in this framework, and the results precisely agree with (4.39) at

A=1/2.

4.3. A=0,1: comparison to CFT

Recall that Wxo[A] is the asymptotic symmetry of the AdS3 vacuum of
the hs[A] theory, and possesses hs[)] as its wedge subalgebra in the ¢ — oo
limit, as discussed in [36]. In anticipation of an application of our results to
the holographic realm, we switch gears and study two CFT realizations of
Woo[A] symmetry. One is a theory of free bosons at A = 1, and the other, a

theory of free fermions at A = 0. We compute their exact partition functions

16 pe sign convention adopted here differs from that in most CF'T references, but turns out

to be more convenient.
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in the presence of a spin-3 chemical potential; the perturbative expansions
match (4.41). We defer a discussion of why this should be, and its intriguing
implications, to the next section.
For easy reference, the gravity results for the leftmoving part of the parti-
tion function through O(a®) are
)\lean(T,Oé):@_ 2a_j+4ﬂa_i‘_8800 01624—10400000 a186+...
T 3T 27 T 9 7 81 T

L
2
' itk [1  2a® 3500 18850 af 5839250 o
A=OinZ(ne) === ls gt s T gy et T gw e

' (4.45)

We ignore the rightmoving part henceforth and focus on a single chiral sector.
4.3.1. AX=1: Free bosons

A theory of D free complex bosons has global W [1] symmetry with central
charge ¢ = 2D [81,82,83]. The symmetry algebra is also known [57] as WERS,
and can be written in a linear basis, unlike the Wy, [\] algebra for other values

of \.
The complex bosons have OPE

FY
I, 4,j=12,...D (4.46)

09 (21)0¢(22) ~ ———"—5
(21 — 22)
The stress tensor and spin-3 current are (summations implied)

T = 080,

| . 4.47
W = ia <62$Zf)¢i - (95@32@) (447)

where a is some normalization constant. W is Virasoro primary, as it should
be to match with the spin-3 current of our bulk theory. The other higher spin
currents are also quadratic in the scalars but include more derivatives; the
linearity of the symmetry algebra follows from the quadratic nature of these

currents.
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To fix a, we compute the leading part of the WWW OPE:

4a2D
W()W(0) ~ — ‘;6 + (4.48)
Since our standard normalization is
bk
W(2)W(0) ~ 5.6 (4.49)

to match up we take

5k
Y 4
a 2D (4.50)

Trading D for k according to ¢ = 6k = 2D, we have

)

Now we write down mode expansions. We work on the cylinder with
coordinate w = o1 + i09, related to the plane coordinate z as z = e W, We

suppress the ¢ indices for the time being. We write
dop(w) = — Zﬁmeimw , O0p(w) = — Zﬁmeimw (4.52)
m m
where the modes obey

[Bma Bn] = m(sm,—n = [ﬁm,Bn] (4.53)

The normal ordered stress tensor is

9]

T=-Y <B_m6m + 5_m3m> + % + nonconstant (4.54)

m=1
Since what appears in the partition function is the zero mode of the stress
tensor, only the constant terms are relevant here. In the remainder of this
section we drop the ground state k/4 term, as it plays no role in the high

temperature expansion that we are interested in.
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As in [79], the quantity L is related to the constant part of the stress tensor

as
1
—__T 4.
L 5 (4.55)
and so we have
1 & _
L= > (BB + BB (4.56)

Now consider the mode expansion of the spin-3 charge, which is the con-

stant part of WW. We get, after normal ordering,

©¢)

W =2a Z m(B—mBm - 5—m§m> (4'57)

m=1
We can think of the states as being described by arbitrary numbers of

positively and negatively charged particles. For example, a state of the form

(s i) = (B—m)"™™ (B_m)"™|0) (4.58)
obeys
1
It is now elementary to compute the partition function
Z(r,a) =Tr [e4ﬂ2i(7£+aw)} (4.60)

and we obtain

InZ(r,a) = —D i [hl( e27ri7'm—87r2iaam2> +1n <1 . e27ri7’m—|—87r2iaam2)]
m=1
(4.61)
In the high temperature regime, 7 — 0, we can convert the sum to an

integral. This gives

) o0 2iaq .2 2iaq .2
IDZ(T,Q):—% dz {ln(l—e_:m_ T2x)+ln(1—e . er)}
0

2nT
(4.62)
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where we also used D = 3k.

It is straightforward to expand in powers of a and do the integrals:

itk 2tk a?  400itk ot  8800itk of  10400000i7k of

2 3 S 21 9 9 B s Lo
(4.63)

InZ(r,a) =

This agrees precisely with the gravity result (4.45).
4.3.2. X=10: Free fermions

A theory of D free complex fermions furnishes Wi, symmetry with cen-
tral charge ¢ = D [85]. The Wi, algebra has spins s = 1,2,3,..., and is
related to Wso[0] by a constraint that eliminates the spin-1 current. In the
following we will proceed by using a chemical potential to demand that the
spin-1 charge is set to zero in the partition function.

The fermions have OPE

. 5t
P (21)05(22) ~ o - - (4.64)
The stress tensor is
T =~ 5 ou; — Ll (4.65)

According to [85] the relevant spin-3 current is, up to a normalization

constant b that we will fix in a moment,
W = (0% s — 40 0 + 0" 0%h) (4.66)

As noted in [84], this current is not primary, as the TV OPE contains an extra
term of the form J/ 2% where J is the spin-1 current. From this point of view
it is clear that to compare with the bulk we need to set J = 0 so that W will
appear as effectively primary.

Now we consider the leading part of the WW OPE, which is

24 Db?
ZG

W()W(0) ~ —

(4.67)
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where we’ve now taken D complex fermions. To match to our usual normal-

| 5
b=\ 1 (4.68)

7

ization we should take

where we’ve used D = ¢ = 6k.

The mode expansion on the cylinder is!
P(w) = e T Zl_)meimw , Y(w) = e T > by e ™ (4.69)
m m

with
{Z_)m, bn} = 5m7—n (4.70)

Ignoring the zero point energy and nonconstant terms, the normal ordered

stress tensor is

o0
m=1
SO
1 & - -

Similarly, the spin-3 current is

(0. ¢]
m=1
A state of the form
[ i) = (b= )™ (b—n )" [0) (4.74)
obeys
1
Llnm, m) = —m(My, + nm) |[0m, T

s o) = 500+ ) o, i) )

17 We suppress the 7 indices.
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Finally, we need to consider the spin-1 charge operator, which is Q ~ [ .

Our precise definition of the charge operator is

Qnm, om) = (Mom — 1m) [N, Tom) (4.76)

In the thermodynamic (high temperature) limit it won’t matter whether
we impose () = 0 as an exact condition on states or as an expectation value;
the latter is more convenient since it can be imposed by including a chemical
potential for () and tuning it appropriately. The partition function including

a chemical potential for @ is
Z(T, a’ ,Y) — TI' [647T2’i[7£+04W]+i’7Q] (477)
We calculate this to be
InZ(r,a,7) = D Z [ ( 4 o (2miTm—247ibam —H’y))
m=1

(4.78)
+In (1 + 6<27”Tm+247r2ibam2_i7)> ]

Converting the sum to an integral we have

3 k bibo 6iba .2
an(T 047’)/) ! da’; |:h.’l (1+€ I—{- 2x+7"7) +1n <1+6 xr— ,7_2:17 2’7):|
7T Jo
(4.79)
We now fix v by demanding charge neutrality. The charge is obtained by

differentiating with respect to v and so we need

i 1 1
0 e~ T—leT =1y 4 1 e~ Trtierstey 4 q

where we defined

€= —5 (4.81)

Solving perturbatively gives

2 N 1671 5 4480 5, 125465678 7,
= — 4 - ———€
TETRCT g 9 © 405
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We now plug this into (4.79), expand in €, and compute the integrals. After

inserting the value of b given above, we find

ink  2irk 04_2 N 350irk a_4 ~ 18850irk ab N 5839250itk oS N
2r 3 75 27 19 27 713 81 717
(4.83)

InZ(r,a) =

This agrees precisely with the gravity result (4.45).

4.4. Implications for higher spin AdS3/CFT; duality

We now consider what lessons can be drawn from the agreement between
our bulk gravity computations and those for free bosons and fermions. For this
discussion, let us make the assumption that the agreement will persist to all
order in .

Symmetry obviously plays a powerful role in determining these partition
functions. The most likely explanation for why we see agreement is that the
answer is fixed by symmetry. On the bulk side, our black hole solutions just
involve the non-propagating bulk fields described by the Chern-Simons action,
and not the additional scalar fields that arise in the context of the conjecture
[34]. Since the topological sector is what gives rise to the asymptotic symmetry
algebra, it seems plausible that the physical properties of solutions that lie in
this sector are fixed by symmetry.

On the CFT side, a symmetry argument proceeds along the following

18 The partition functions we compute are determined, at order o,

lines.
by the n-point correlation functions of spin-3 currents on the torus. We are
interested in the high temperature behavior of these correlation functions. Per-
forming modular transformations term by term, the leading high temperature
behavior will be related to correlation functions at low temperature, which are

evaluated on the infinite cylinder, or equivalently the plane. Finally, the cor-

relation functions of spin-3 currents on the plane can be computed from the

18 We thank Matthias Gaberdiel for discussions of these matters.
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OPEs. Thus, given the OPEs, we expect that we should be able to compute
the partition function in the high temperature limit, and it should agree with
our gravity result. Indeed, this computation has now been done on the CFT
side [58] to O(a), to agreement with the results herein. This is a powerful
check, as the mechanics of the CFT computation look nothing like those on
the gravity side; it is an outstanding issue to understand in a deeper sense why
these two diverse approaches match.

As was already mentioned in the introduction, our final result should be
thought of as a Cardy formula for CFTs with Wx[)\] symmetry and with large
central charge.

Although we have argued that our successful matching of partition func-
tions in terms of free fermions and bosons is a consequence of symmetry, it is
interesting to note that for A\ = 0 it is believed that the theory (4.2) is in fact
fully equivalent to free fermions with a singlet constraint. It would therefore
be very interesting to carry out further tests of the AdS/CFT duality [34] at
A = 0. In fact, a recent construction in [86] has cast the theory at A = 0 as
the untwisted sector of a theory of free bosons subject to a continuous orbifold.
The fact that bosons, not fermions, were utilized in that construction is not
fixed, however.1®

We conclude with one final simple observation. Both for A =0 and A =1,
in the free fermion/boson theories, there are natural candidates for operators
dual to the scalar fields that appear on the bulk side of the duality [34]. These
bulk scalars are dual to spinless operators in the CFT of dimension A = 1+ \.

At A = 0 we have the free fermion operator ¢ (z)1(z), and at A = 1 we have the

free boson operator d¢(2)0¢(Z), both of which have the appropriate dimension.

Appendix 4A. Holonomy equations with J; # 0

Here we present the holonomy equations, Tr(w") = Tr(why,), for the
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black hole connection (4.27), up to n = 4. In the interest of clarity and space,

we only include charges up to Jy. We find
n=2:0=a’Jy(144k*>(\* — 9)) — 17927202 L? — 504waTkWV
—168772kL — 21k>
n=3: 0= aJy(36k* (A7 — 4)(\? - 9)[80maL(\? - 16) + 9kr?(A? - 4)])
— 400°w? [45W2k(5AT — 6577 + 264) + 256 L7 (A? — 4)(\? — 16)
— 43200°WLT2TE(N? — 4)(4)\% — 29)
— 40320L272 72 k(A2 — 4)?
—189WrT3k2 (N2 — 4)?
n=4: 0=a*J} (57600k4(A2 — 4)(A? — 9)[35A5 — 13300% + 21707)?
— 134748]) — J (6247 (A2 — 4)(\* — 9)[12800a £77%(TA* — 1991
+ 1788) + 84003 Wrrk(5A% — 9522 + 636)
+ 237600 L k(A — 4)(A — 11) + 9972 (A — 4)?))
+ 6656000 L7 [75W2k(x2 —9)(5A* — 95)% + 636)
+352L57(A2 — 4) (X = 1707 4 100)]
+ 1317888000 WL r k(A2 — 4)[33F = 51A% + 244]
+ 1372800727 2k(\? — 4) [64L57(A? — 4) (1A% - 71)
+ 4A5W2E(5AY — 6502 + 264)]
+ 823680aW LT K2 (A2 — 4)2 2307 — 123]

— 9009K2(3A — 7)(A? — 4)*(k + 87 L7?)(k — 87 L7?)
(4A.1)
We have organized these equations so as to reveal the Jy dependence.
Comparison to (4.38) reveals the underlying structure discussed in the main
text.
It is instructive to ask what happens when we take A = 3. Since this

reduces to the SL(3,R) case, in which there are only two independent holonomy
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equations, one requires that the n = 4 equation should vanish on account of

the other two, and that any .J; dependence should drop out of these equations.

The latter is evident upon inspection. And indeed, taking A = 3 reduces
the mess of n = 4 to be proportional to the n = 2 equation by a finite factor.

Both the n = 2 and n = 3 equations reduce to those in [79] (see e.g. equation

(5.14) there).
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5. Scalar fields and three-point functions in 3d Vasiliev gravity

We now switch gears from finite to zero temperature physics. One of
the motivations for constructing the hs[A] black holes was to construct the
(conjectured) bulk dual to finite temperature states in the minimal model CFT.
There are many other checks of this conjecture that can be done, some of them
prior, in a sense, to the construction of black holes. For instance, a more basic
quantity available for comparison is the set of boundary correlation functions
obtained from the Vasiliev theory. The simplest correlators are three-point
functions, and in what follows we calculate these correlators from the bulk and
compare to CFT: we will find perfect agreement between bulk and boundary.

Along the way, we present techniques for writing generalized bulk scalar
wave equations in arbitrary on-shell higher spin backgrounds, which have in-
teresting applications beyond the present context which we shall touch upon
in the next chapter.

Let us be more specific. On the CFT side we proceed under the assumption
that the theory has Wyo[A\] symmetry. A separate question, not addressed here,
is whether this is indeed true of the minimal model CFTs in the 't Hooft limit;
evidence in favor appears in [36,38,60).

We now state our result for the three-point correlators. First, in the de-
formed bulk theory, we calculate the three-point function of two scalar fields
and a higher spin field of arbitrary spin s. Recall that there are two complex
scalar fields in the bulk, each with m? = A2 — 1. Taking one of them to be dual
to an operator O and its complex conjugate O, our result for the three-point

function in terms of the scalar-scalar two-point function is

(O£(20)04(20) T (z))  (~1)*"! T(s)? F(SH)( - ) (5.1)

<Oi(21)6i(2’2)> a 2 F(QS — 1) F(l + )\) 213293

where the subscript denotes standard (4) or alternative (—) quantization of

the scalar. The higher spin curent normalization is specified in what follows.
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The same correlator for the other scalar field, dual to an operator O and its
complex conjugate 5, is identical to (5.1) but absent the (—1)® prefactor. In
the context of the duality [34], these operators should be assigned to take
opposite quantization to one another.

Let us now mention a few of the main insights that allowed us to compute
these correlators relatively easily. First, it is well known that if the scalar fields
are set to zero the Vasiliev theory is equivalent to a Chern-Simons theory with
gauge algebra hs[A]@hs[\]. To compute correlators of the type (5.1) we need
to couple a free scalar field to this theory. The general rules for incorporating
scalar fields into the higher spin theory are complicated but known (see [11]
and appendix IT). However, free scalar field equations can be derived from the
19

elegant equation

dC+AxC—-CxA=0 (5.2)

where (A, A) denote the hs[\]@hs[)\] gauge fields. As we will explain, C is a
“master field” that takes values in the Lie algebra hs[A] supplemented with an
identity element, and the scalar is the part of C' proportional to the identity.
This equation reduces to the Klein-Gordon equation for a scalar of mass m?2 =
A2 — 1 when evaluated in AdS, and in general gives the coupling of higher
spin gauge fields to the linearized scalar. An important role is played by the
star-product appearing in (5.2), which is an associative multiplication known
as the “lone-star product” [57]. In the original paper [11] this product is
realized in terms of the Moyal product applied to symmetric polynomials of
“deformed oscillators.” However, the deformed oscillator approach is rather
inconvenient for present purposes, as one has to deal with the tedious procedure

of resymmetrizing strings of oscillators. By contrast, the lone-star product

gives us a closed form expression for the multiplication rules, and turns out to

19 A second type of scalar, dual to the 0 operators noted above, obeys the same equation but

with A and A interchanged.
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be much simpler to work with.

The second key insight is to put the higher spin gauge invariance at center
stage. To compute three-point correlators of the type (5.1) we need to solve
(5.2) in the presence of flat connections A and A representing higher spin gauge
fields with prescribed asymptotics. Such flat connections can be generated by
gauge transformations. Therefore, if we start from a solution for the free scalar
in AdS3 and then act with the gauge transformation, we generate a new scalar
solution in the presence of the higher spin gauge fields. In this way, rather
than having to first work out the perturbed scalar equation and then solve it,

we can generate the solution in one step, which is a huge simplification.

On the CF'T side, our starting point is the assumption that in the 't Hooft
limit the Wy coset CET has Wy [A] global symmetry. While this is unproven,
it is a prerequisite for the duality to hold in the pure gauge sector. Previous
calculations [39,60] took the tack of computing the s = 2,3,4 correlators (5.1)
at finite IV in the CFT, and taking the 't Hooft limit afterwards; this serves
as good evidence that Wso[A] really does emerge in the 't Hooft limit, but the
complications of finite N are not required if one wants to ask questions about
the scalar sector. Thus, for the purposes of calculating the correlator (5.1),
we believe that the most direct strategy begins with the assumed symmetry of
the 't Hooft limit, and asks to what extent the representation theory of W[\
— in particular, of its large k wedge subalgebra hs[A] — fixes the correlator.
Generalizing results in [36], we show that, in fact, it is enough to reproduce
the result (5.1) and the accompanying result for the second scalar, providing

perfect agreement with the bulk.

Our results for bulk and boundary correlators reduce to previous compu-
tations [39,60] in the appropriate limits. In all, we find this to be a significant
step toward verifying the duality proposal [34].

Our techniques will also have application to computing other correlation
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functions in these theories. For instance, there is by now a good understanding
of higher spin black holes in D=3 [79,49,51,87,73]; in particular their entropy is
known to match that of the dual CF'T in the high temperature limit [51]. Using
the results of this paper, it is now quite feasible to compute scalar correlators
in the background of a higher spin black hole and compare with CF'T.

The remainder of this chapter is organized as follows. In section 5.1 we go
through the main steps involved in deriving the equation (5.2) from the general
formulation of the Vasiliev theory. Further details are provided in appendix
IT of the manuscript. In section 5.2 we show how to work out the explicit
form of the scalar wave equation in the presence of higher spin gauge fields.
In section 5.3, which is the core of the chapter, we show how to use gauge
invariance to generate solutions of the scalar wave equations, and then read off
the desired correlation functions. In section 5.4 we compute these correlators
on the CFT side under the assumption of Wso[A] symmetry, and demonstrate
perfect agreement with the bulk. We conclude with some comments in section
5.5. In Appendix 5A we derive a result needed in the text, and Appendix 5B
provides some useful explicit expressions for comparison with a formula derived
in section 4. Finally, Appendix I of the manuscript presents some evidence for
the isomorphism between the lone-star product and the Moyal product acting

on deformed oscillators.

5.1. Matter fields in Vasiliev gravity

We begin with a review of the formulation of 3d higher spin gravity due
to Vasiliev and collaborators, as presented in [11]. We first recall how to write
the gauge sector of this theory as a hs[\|®hs[\] Chern-Simons theory, and then
show how to introduce linearized scalar fields in the Chern-Simons language.
Seeing as we will not need all of the details of the theory’s construction, we
present an abridged discussion; the reader who would prefer not to take any-

thing on faith is referred to appendix II.
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Vasiliev gravity contains one higher spin gauge field for each integer spin
s > 2, coupled to some number of matter multiplets. There are various in-
gredients, foremost among them a set of “master fields:” a spacetime 1-form
W = W,dz" as well as spacetime O-forms B and S,. Besides the spacetime
coordinates x, the generating functions W, B and S, also depend on auxiliary
bosonic twistor variables?’ z,,y, where a = 1,2, as well as on two pairs of

Clifford elements: v 9, and k, p. That is,

(i, 00} =28;;, kp=—pk, kK*=p*=1 (5.3)

Whereas 11 o commute with all other auxiliary variables, £ and p have the

properties
kya = —yak, kzoq = —zak
(5.4)
PYa = Ya Py PzZa = Zap

Roughly speaking, W encodes the gauge sector, B parameterizes the AdS
vacua of the theory and is used to introduce propagating matter fields, and
Sq ensures that the theory has the correct internal symmetries. The elements
{zasYa, k, p} are ingredients in the realization of these symmetries, and the 1);
are required only when writing down solutions.

Twistor indices are raised and lowered by the rank two antisymmetric

tensor €,3:

B

2% = eo‘ﬁzﬁ, Za = 2" €gq (5.5)

where we use the convention, following [11], €2 = €19 = 1. Functions of the

twistors zq, Yo are multiplied by the Moyal product:

Fe) walen) = g [ [ o e ety +u)g( vy +0) (50

We can combine the oscillators and various other ingredients to construct

two sets of so-called “deformed” oscillators, denoted Z,,¥yo. The 9o, which

20 The z., Yo are sometimes referred to as ”oscillators.”
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will be more important for our work here, obey deformed oscillator star-

commutation relations

[Yas ?36]* = 27;6046(1 + vk) (5.7)

These deformed oscillators give rise to the higher spin algebra hs[A] as follows.
Define elements of the algebra to consist of symmetrized, positive even-degree
polynomials in §,. Multiplying these elements using (5.7), and projecting onto
k = £1, the commutation relations are those of hs[A], with A = %(1 Fv).2

This deformed oscillator algebra plays a central role in the study of AdS
vacua in Vasiliev theory. It emerges dynamically from the field equations of the
full nonlinear system of higher spins. The parameter v encodes the deforma-
tion, and in the event that v = 0, the theory is said to be undeformed. v also
plays two other important roles: it parameterizes a family of inequivalent AdS
vacua, and sets the mass of any scalar fields that we introduce to the theory.
These connections stem from the structure of the field equations, themselves
tightly constrained by higher spin gauge invariance.

To see how v appears in connection with the AdS vacua, we examine the
field equations. There are five equations in terms of the master fields W, B and

Sa, and we present two of them here (the others are written in the appendix):

dW =W AW
(5.8)
dB=W B —-BxW

The equations that we have omitted all depend on S,. At the order to which
we will be working in this paper — namely, linear in the scalar fields — the
entire effect of S, is that it forces W and B to be independent of k and Z,.
With this in hand, we can proceed by focussing on (5.8).

21 More precisely, we consider polynomials of degree two and higher, since the constant term
star-commutes with everything. We also note that one can enlarge hs[A] by including odd powers

of the g, in the polynomials, though our interests here are in purely bosonic Vasiliev theory.
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We first consider solutions with vanishing scalar field. This corresponds to

taking a constant background value for B,
B=v (5.9)

where the constant v is fixed by the omitted S, equations to be the same
parameter as appears in the deformed oscillator expressions.

Now, the first equation in (5.8) can be written as a flatness condition for
two Chern-Simons gauge fields, each taking values in the Lie algebra hs[A]. In
order to see this we introduce gauge fields A and A by

W=-P,A—P_A (5.10)

where A and A are functions of 9, and the spacetime coordinates z*. Here we

have introduced the projection operators

Py = j;% (5.11)
obeying
Pipr = 1P+ = £Px,  Pitho = PoPx (5.12)
Plugging (5.10) into (5.8) yields
dA+AN*xA=0
(5.13)

dA+AN*¥A=0

From our earlier remarks, we see that if A and A are taken to be polynomials
of positive even degree in symmetrized products of 3, then (5.13) are equiv-
alent to the field equations of hs[A]@hs[A\] Chern-Simons theory. Since SL(2)
is a subalgebra of hs[\], this theory includes ordinary Einstein gravity with a
negative comological constant as a consistent truncation.

Before introducing the scalar fields, let us say a bit more about hs[A]. The
hs[A] Lie algebra is spanned by generators labeled by a spin index s and a mode

index m. We use the notation of [36], in which a generator is represented as
Vo, §s>2, |m|<s (5.14)
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The commutation relations are

s+t—|s—t|—1
Ve, Vi = 3 g3t (m,n; \)VEHEu (5.15)
u=2,4,6,...

with structure constants defined in appendix I. The generators with s = 2 form
an SL(2,R) subalgebra, and the remaining generators transform simply under

the adjoint SL(2,R) action as
Vi Val = (m(t = 1) = n)Vii, (5.16)

The parameter A can be mapped to the parameters of the oscillator formulation

as

_1—vk
2
where k = £1. When A = 1/2, the theory is undeformed and this algebra is

isomorphic to hs(1,1) [88].

A (5.17)

To summarize what we have found so far, the gauge sector of the Vasiliev
theory boils down to hs[A]&hs[A\] Chern-Simons theory. This sector of the
theory has no propagating degrees of freedom.

To introduce propagating scalar fields we study a linearized fluctuation of

B around its vacuum value (5.9),
B = V+C(x7¢iaga) (518)

The bosonic field C is taken to have an expansion in even-degree symmetrized
products of the deformed oscillators 7,. The lowest term in the expansion,
with no deformed oscillators, will be identified with the physical scalar field. C
obeys

dC—WxC+CxW =0 (5.19)

We decompose C as

C = P12C(x, Ja) + P-12C(x, a) (5.20)
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Plugging into (5.19) we find

dC+AxC —-CxA=0
S (5.21)
dC+AxC—-CxA=0
As shown in the next section, expanded around AdS each of these equations
reduces to the Klein-Gordon equation for a scalar field of mass m? = \2 — 1.
More generally, these equations capture the interaction of the linearized scalars
with an arbitrary higher spin background. For example, they can be used to
study the propagation of a scalar field in the higher spin black hole of [51].

We note that the two equations (5.21) are related by A < A, C « C.
This is interpreted as a “charge conjugation” operation that flips the sign of
all odd spin tensor gauge fields. Another notable feature is that the equations
(5.21) are only sensible for A and A on-shell, i.e. satisfying equation (5.13).
This can be seen by taking d of these equations; if the connections are not flat
this leads to extra constraints on C' and C' with no interpretation in terms of
propagating scalar fields.

Recapping, we have now reduced the system of equations down to (5.13)
and (5.21). These equations describe the propagation of linearized scalar fields
in an arbitrary on-shell higher spin background. They do not capture back-
reaction of the scalar on the higher spin fields, or self-interactions among the
scalars. Neither of these effects is needed for the computation of the three-point
correlators herein.

We now turn to solving these equations, and introducing efficient tools for
this purpose. We focus on the C equation; results for C' then follow by charge

conjugation.

5.2. Generalized Klein-Gordon equations in higher spin backgrounds

Starting from

dC+ AxC —-CxA=0 (5.22)
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for some higher spin background determined by hs[A]-valued connections
(A, A), we want to extract the generalized Klein-Gordon equation hiding
within.

As we said, in the traditional formalism of bosonic Vasiliev theory, the

master field C' is expanded in deformed oscillators g, as
C = Cg + Cjaiip + C* N aigloln + - (5.23)

where the star product is implied and all components of C' are symmetric in
twistor indices. This separates the components of the master field into the
physical scalar field, which is the lowest component C’&, and the remaining
components related on-shell to C& by derivatives. Plugging (5.23) into (5.22)
leads, after much work, to the scalar equations.

The most tedious part of this computation is multiplying the deformed
oscillators. We need to take a pair of symmetrized combinations of oscilla-
tors, multiply them, and then resymmetrize using (5.7). Rather than carrying
out this procedure each time, it would be much more convenient if we had a
closed-form expression for the multiplication rules. Recall that the Lie algebra
obtained via star-commutation of these elements is hs[A]. Now, underlying
hs[)\] is an associative product, under which the hs[A] Lie bracket becomes the

commutator (5.15). This “lone-star product” is defined as

1 s+t—|s—t|—1
VaeVizi Y gmm vt (520
u=1.2.3,...

One recovers (5.15) upon using the fact that
gur (mym; A) = (=1)"" gy (m, m; A) (5.25)

This was originally presented in an early paper on W, algebras [57], and used
more recently by two of the present authors [51] to compute black hole partition

functions in hs[A] gravity.
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It is then very natural to suspect an isomorphism between the product rules
for symmetrized oscillator combinations and those of the lone-star product. In
appendix I we present strong evidence at low spins that, indeed, the lone-
star product acting on hs[\| generators is isomorphic to the product involving
the deformed oscillators, with a specific identification between generators and
oscillator polynomials.

Proceeding under this assumption, which will be well justified by the con-
sistency of all results, provides a major technical simplification. One trades
the tedious symmetrization procedure for the known and easily manipulated
hs[A] structure constants.

In this language, we expand the master field C' as follows:
o
c=> > CnVy (5.26)
s=1|m|<s

This maps to (5.23) under the identifications
Cy, ~ Oz 022 (5.27)

with the index m related to the number of oscillators 3 versus yo as 2m =
N1 — Ns. (For more details see, appendix I.) The functions C3, are functions of
spacetime coordinates x, and the auxiliary tensor structure has been absorbed
into (s, m). The gauge fields are expanded similarly,

0 (0.8}

Y IS
A=Y N AV, A= > A4V (5.28)

5=2 |m|<s s=2|m|<s

The lowest scalar component, C’&, will be our physical scalar field, and the

remaining C, will be related to derivatives of C’&. Upon plugging into (5.22)

we can obtain the equation of motion for C&.

Let us begin by solving the equation (5.22) in AdS; aside from being an

instructive exercise, this will lay the foundation for what follows. The same
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computation has been performed in various places (e.g. [11,39]) in the oscilla-
tor language. Because there are no higher spin fields turned on in the vacuum,
C’& should obey the ordinary Klein-Gordon equation and the remaining com-
ponents should be fixed in terms of C(%. In addition, previous literature on the
subject tells us that the scalar mass squared is m? = A2 — 1. An attractive

feature of the theory is that the value of the mass is fixed by the gauge algebra.
5.2.1. AdS: Recovering the Klein-Gordon equation

The AdS connection is constructed out of the spin-2 generators alone,
namely those forming an SL(2,R) subalgebra of hs[A]. We work in Euclidean
signature in Fefferman-Graham gauge, with radial coordinate p and boundary

coordinates (z,z). The connection is

A= ePVidz + Vidp
_ (5.29)
A =ePVEdz — Vidp

giving rise to a metric??

ds? = dp? + e*Pdzdz (5.30)

and vanishing higher spin fields.

Due to the simplicity of this connection — the small number of generators,
their low spin and the symmetric appearance of A and A — the C equations
(5.22) are simple to write. Decomposing along both spacetime and internal

hs[A] space, and using the lone-star product, one finds the following linear

22 1y this work, we will not need the prescription to pass from Chern-Simons to metric lan-
guage; suffice it to say that in writing this metric, we have chosen a particular normalization of

the hs[A] trace. See [51] for conventions used here.
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combinations to equal zero 23

Vs 0pC + 205 + O gl (m, 0)

1 1
Vi e s 00k + e |Coy + 308 (om = 1)C3 1+ 50 (L - e
V?’fl’,?:gcfn
1 L 2(s+1
= e |Gty = 5B Lm e D + 503 (-Lm o+ )

(5.31)
where |m| < s and & = 9,,0 = 0s. (Here and henceforth, we suppress the
A-dependence of the structure constants g’ (m,n).)

It is now easy to obtain the Klein-Gordon equation. Writing out a handful

of equations at s = 1,2, one finds four that form a closed set for components

{Cy, G5, €5, Oy

A1
2
Vo, 0,C5+Cf - =0

)\2
Voz: 0Cj+elCE- 6 Loy

2 (5.32)
Ve aC? +ePCl + & Co—ﬂc3 5 =0
2(\? — 4

Solving for the higher components and plugging back in yields
05+ 20, +4e 200 — (M = 1)| C§ =0 (5.33)

This is the Klein-Gordon equation in the background (5.30) with the correct
scalar mass.

In order for the entire set of unfolded equations to be consistent, all com-
ponents of C' must have a smooth solution in terms of 03.24 We delay presen-

tation of the solution for the full master field C' in AdS until section 4, where

23 s

m.zn 18 @ short-hand notation for the component along V,; dx*.

24 Upon solving for the C2, in terms of CJ, one observes the following pole structure in the A

95



we will need it to compute the three-point functions. There, we will also show
that for any connection related to AdS by a non-singular gauge transformation,
the linearized matter equations (5.22) admit a consistent solution for the full

master field C.

Before moving on to higher spin deformations of AdS, let us elucidate the
structure of (5.31) and present a systematic strategy for isolating the minimal
set of equations needed to solve for C’&. We wish to highlight a special type of
component of C', namely those which are of the form C’Iﬁ; ! and hence have the
smallest possible spin for fixed mode m: C(%, C:2tl7 etc. We call these “minimal”
components.

Starting with the Vﬂ‘ip equations, it is clear that for fixed mode m, one
can solve these recursively for all non-minimal components in terms of C{’t L
and p derivatives thereof. This is a consequence of being in Fefferman-Graham
gauge, whereby A, = —Zp = VOQ, and we will remain in this gauge throughout
this paper. Having solved for the minimal components C':Tt”,jg I one should view
the V5, . and Vj; > equations as determining these in terms of C& and (z,%)
derivatives thereof.

This reveals a useful strategy for extracting the smallest possible set of
equations to obtain the scalar equation in any background. We think of the p
equations as implicitly solved. Then, along (z, z), one need only keep track of

the mode indices appearing in any given equation, and one need only look at

equations along minimal directions.

plane:
s—1

Co~ () [J =9 (5.34)

p=1
This is evident in (5.32), for example. These are not problematic for p # 1, as hs[\] degenerates
to SL(N,R) at integer values of A > 2, and the spin s > A fields do not exist. The singularity at
A = 1 has a different role, but is a reflection of the fact that hs[1], in the absence of a rescaling

of generators, becomes similarly degenerate as many structure constants vanish.
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Let us demonstrate with the AdS connection (5.29). We use the following
heuristic for which components appear in which equations (structure constants

implied): for modes m = 0,1, 2,

Voz~0C+Ci, Vy.~ 9C)+C_y
Viz~0C1+Cy, Vi~ 9C1+C (5.35)
VQ,Z’ ~ 502 + 03 s VQ,Z ~ 802 + Cl

The equations Volg,, Vﬁz form a closed set among components with m = 0,1,
and so will be enough, along with whatever p equations we need, to find the

Klein-Gordon equation. This is exactly what we presented in (5.32).
5.2.2. Chiral higher spin deformations of AdS

To warm up to the higher spin connections we will ultimately consider,
we present the simplest possible higher spin deformation of AdS: a constant,

chiral spin-3 deformation,
A = e’Vidz — ne*PVidz + Vidp
o ) ) (5.36)
A= epV_le - VO dp
From the point of view of the boundary CF'T, this corresponds to adding a
dimension-3 operator to the CFT, with constant coupling 7.
Using our mnemonic of the previous subsection, we make quick work of
this connection. Again writing the C' master field equation in spacetime and
gauge components, we show some of the z equations:

Voiz~ 0C_1 + Cy+nC_3

Vo,z ~ 0Cy + C1 +nC_»

_ (5.37)
Viz~0C1 +Cy+nC_4
Voz ~ 0Cy + C5 +nCy
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The components along z are unchanged from the AdS case. Reinserting the
spin indices, the minimal closed set of equations is {VO1 s V122, V23Z, sz}, along
with any p equations necessary. Solving this system gives the following equation
for C&:

|07+ 20, + 4700 — 0®) - (A = 1)| Cf = 0 (5.38)

There is now a three-derivative term, as one would expect from dimensional
analysis.

This can be extended to a chiral spin-s deformation: for a connection

A = ePVEdz — neSVPVE L dz + Vidp

_ (5.39)

A= e’V2dz — Vidp

the generalized Klein-Gordon equation is
|02+ 20, + 47290 + 1(—0)*) = (M = 1)| ¢ =0 (5.40)

This example nicely captures the primary general feature of higher spin
deformations: higher derivative terms enter the generalized wave equation.

One can extend these methods to any connection — black holes or RG
flows, for instance — although the difficulty in solving the resulting set of equa-
tions increases rather quickly with the number of generators. We now study a
slightly more complicated connection, relevant for computation of correlation

functions in section 4.
5.2.3. Higher spin currents in AdS

Starting from (5.36), we wish to allow 7 to have arbitrary dependence on
(2,%).2> This will act as a source for spin-3 charge J (3), enabling us to compute

the correlator (O(z1)0(22)J3)(23)), where O is a scalar primary dual to C’&.

25 When writing the functional dependence of fields and operators on (z, Z), we temporarily

use the notation z = (z, 2).
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To do so, we will need to obtain the scalar equation to linear order in the spin-3
source (which we now label (3)).

Previous work on higher spin gravity [48,79], following earlier work in pure
gravity [69], laid out a dictionary for relating sources and charges to compo-
nents of the Chern-Simons connection, and we will apply and recapitulate those
techniques here.

The following is a flat connection, to linear order in the source u(3)(z):

1
A, =e’VE+ —J(?’)(z)e_2pV§2

BG3)
4
1 —Nn
Az = — ZO a((_(5))%(?0(2))6(2 oy (5.41)
Zg = epV_21

along with the usual A, = —Zp = VOQ, subject to

_ (3)
JB)(z) = _BY

o 85u(3)(z) (5.42)

This is the same connection as first presented in [79], now embedded in
hs[)\] instead of SL(3,R) and with vanishing stress tensor. The leading term in
Az, namely —u(?’)erVQ?’, is the source, dual to the charge term ﬁJ(?’)e_QpVEQ
in A,. The remaining terms in Az are required for flatness. We have included
a normalization constant B(3) in the definition of the current. While its actual

value is unimportant for the calculations in this paper?S, we include it to stress

that we are inserting the factor

eJ &z 0 (5.43)

in the CFT path integral. Writing the connection with unit coefficient (up to

a sign) for the chemical potential ,u(?’) then fixes the other free coefficient, and

26 For an explicit formula for this coefficient for any spin, see [36], equation (A.4), where

B®) = —%NS in their notation.
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BB) is fixed by the Ward identity (5.42), equivalently by the OPE

5B03)

TO(2)19(0) ~ 7 Zi6 (5.44)

Passing to the metric-like formulation of the spin-3 field using ¢, pe ~
Tr(eweyew), one can explicitly check that this connection turns on various

components of Puvo: for instance, the component
Pzzz ~~ u<3)e4pTr(V23V_21V_21) (545)

makes it clear that we have turned on a spin-3 source that grows toward the
boundary.
Following our prior method, one finds that the following set of equations

forms the minimal closed set needed to determine C&:
2 1 2 3 2 1 2
Vl,z ) VO,Z ’ V—l,z ) V—Q,z ) Vl,é ) VO,Z ’ V—l,Z (5‘46)

As always, these should be accompanied by some number of V,:fl’ , equations
required to eliminate non-minimal components of C'. Solving these perturba-

tively, one finds the following scalar equation to linear order in u(?’) = u:
(Oxe +0,) Ci =0 (5.47)

where
O = 05 + 20, + 4200 — (\* — 1)

4
BB)
e (9o — 0*100, + 931 — 9% 1000 5.48

P 14

1 — _ _
Oy =—5e™ (0°40° + 0*p00”) + — - JDe 45

+

DD~ W~

e =20 (383;@2 — (N2 = 1)03p + 30°u00? — 120° 109,

~

A2 = 13)0%1d + 360u0° — 12010%0, + 24;@3)

This equation may be used to infer the cubic vertex between two scalars and

the metric-like spin-3 field. On the other hand, it does not clearly suggest what
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the analogous equation would look like for higher spin sources. What is clear
is that the number of terms will grow with the spin.

To solve this using standard AdS/CFT methodology, we write

C(p: 2 21) = Golp, 23 21) + Splp, 23 21) (5.49)

where the subscript denotes the order in p. The first term is the bulk-to-
boundary propagator of a scalar in AdS with m? = A2 — 1, and with standard

(+) or alternative (—) quantization:

0 1:|:)\
P, 252 = .

The solution to (5.47) to linear order in p is
Oulp, z;21) = —/dQZ'dplewab(P,Z;p/,Z/)DLGba(P',Z';ZD (5.51)
where Gy (p, z; p', ') is the bulk-to-bulk propagator obeying
OxGGlp: 20, 2') = € 2d(p — )5 (z — o) (5.52)

By judicious use of integration by parts, one can reduce the integral to a
boundary term and read off the three-point function. This was the strategy
employed in [39]. Instead, we will step back and discuss a simpler method
that makes full use of higher spin gauge invariance from the outset. With this
approach we bypass the need to first find the modified scalar equation and then

solve it, and instead contruct the needed solution directly.

5.3. Three-point correlators from the bulk

We now turn to the main focus of this paper: the efficient computation of
three-point correlation functions involving two scalar operators and one higher

spin current. Our basic observation is that starting from the solution for a
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free scalar field in AdS we can generate a new solution by performing a higher
spin gauge transformation. This essentially reduces the whole problem to de-

termining how the scalar field transforms under the gauge transformation.
5.3.1. Spin-1 example

To illustrate our general approach in the simplest context, in this section we
compute the three-point function of two scalar operators and a spin-1 current.
Rather than working in the Vasiliev theory, here we take the bulk action to be
a complex scalar field of mass m? = A\? — 1 coupled to a U(1) Chern-Simons

gauge field,
_ kK 1 /3 12 2 2
S=—[AndA+] [d /g (1D"6]2 + (A2 = 1)[g]?) (5.53)

with D, = 9, + A,. To compute the correlator (O(21)0(22)J V) (23)) we
proceed as follows. We insert delta function sources at z9 and z3 by imposing

the following asymptotic behavior on the scalar and gauge field?”

(0, 2) ~ g8 (z = 22)e” UV An(p2) ~ pad®) (2 = z3) oo
(5.54)
This form for the gauge field corresponds to a source for the boundary current,
as explained in [89,90,61]. We then need to find the order uyu4 contribution
to the vev O(z1), which also can be read off from the scalar field asymptotics,

3(p.7) ~ %Z)e*”w  pooo, z#mg (5.55)

We will keep the constant By unspecified, though we note that a consistent
holographic dictionary fixes By, = 2 (for A # 0) [91]. The three-point function
is then given by

O(21) = pigha{O(21)0(2:) IV (z3)) + - - (5.56)

2T The reason for the hats will be clear momentarily. Also, note here that we are using

standard quantization for the scalar.
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where - - - denote terms of other order in fi4 4.
Since the gauge field has no propagating degrees of freedom we can generate
the required solution by a gauge transformation. In particular, we start by

solving for the scalar field with A = 0, using the bulk-boundary propagator

$p.2) = [ Crolp,z52)0-(2) (557

This solution corresponds to an arbitrary source ¢_(z). To generate the desired

gauge field solution we apply a gauge transformation

pa 1

(5.58)

where we use the formula 9z (%) = 27r5(2)(z). The gauge transformation acts

on the scalar field as

d(p,2) = dp,2) = (1 — A(2))o(p, 2)

9 , (5.59)
= (1= () [/ Guolp, 25 2)6-(2)
The leading asymptotic behavior of the transformed scalar solution is
9(p,2) ~ (1= A=)d—(2)e” VP p = oo (5.60)

from which we read off the relation between the original and transformed

sources

$-(2) = (1= A(2))é-(2) (5.61)
Inverting to first order in A, taking qAb_(z) = u¢5(2)(z — 29) gives us an expres-
sion for the original source

90— (2) = pg(1 + A(2))87) (2 = 29) (5.62)

We now insert this result in (5.59) and compute the asymptotic behavior for

z # z3.3. Retaining just the term of order pyuy, we find

o A A(z2) A(z) (14
?(p,2) ~ el <|z — 2[2(1+A) B |z — z2’2(1+)\)> et p oo (5:63)
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from which we read off

O(z) = )\MfrB¢ (Aﬁfj,;(ﬁ(gl)> (5.64)

Inserting the formula for A given in (5.58) and using (5.56) we arrive at

B AB 1
() _ & 212
(0(21)0(22) 7 (23)) = 5 (213223) |212/2(1H) (5.65)

- (272) (0G0 6)

2m \zi3e03

This simple example illustrates the power of our approach. Starting from
the solution for a free scalar in AdS3, as given by the bulk to boundary prop-
agator, all we need to do is to perform a gauge transformation to generate a
solution with the required asymptotic behavior of the gauge field. From this

solution we read off the scalar vev, and thence the three-point function.
5.3.2. General spin correlators

We now establish an algorithm for computing (O (21)O+(29)J ) (23)) for
arbitrary s, where we take O+ and its complex conjugate to be dual to the
complex scalar field C’& in either standard (4) or alternate (—) quantization.
We will work in the standard quantization throughout and include the alternate
quantization at the end by taking A — —\. In addition, the case of the second
complex bulk scalar 6’6, dual to an operator O and its complex conjugate,
will be read off afterwards.

Our starting point is the equation (5.22) which we reproduce here:
dC +AxC -CxA=0 (5.66)

This equation is invariant under the hs[A\]@&hs[)] gauge invariance
A— A+dA+[A AL
A— A+ dAN+[A A, (5.67)
C—-C+CxA-AxC
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Starting from AdS, we introduce a spin-s source in the unbarred sector by

performing a chiral gauge transformation with parameter

2s—1 1

A(p,z) = Z

This generates the desired source term in Az,

()" A ()elsmrys (5.68)

§Az = oA els=Doys 4 (5.69)
and a conjugate current in A,

1 825—1A(8)e—(s—1)pvs

0A; = m —(s—1)

(5.70)

Isolating the lowest component of the transformed C' field using (5.67),

which we denote with a hat, gives
Cl=ct+6o)=cf-mra)} (5.71)
Using (5.68) and (5.24) we can compute (6C)}:

2s—1
1 — s 1 Ss S 5—n
(50)(1) = — z_:l 1) (—0)" IAG) . 5923_1(3 —n,n— s)C’_(S_n)e( )P

(5.72)

This depends on an arbitrary component C* (5—n) of the master field C' in
AdS. As discussed previously, these are all fixed on-shell in terms of C& and its
derivatives. Once we write (§C)] in terms of the AdS scalar C} to obtain an
expression analogous to (5.59), the remaining work follows the spin-1 example

of subsection 4.1.

To organize the calculation, we first derive a general formula for the cor-

relator, delaying presentation of the explicit formulae for C* (s—n) to the next

subsection. We can rewrite (5.72) as

(6C)§ = DY} (5.73)
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for some s-dependent differential operator D) which contains derivatives
(0,0p). Substitution for the C’i(s_n) will reveal®® that in the sum (5.72),
only the terms for which n < s will be needed for our computation: these have
no p-dependence, while the n > s terms decay at the AdS boundary. This will

imply that D) is of order s — 1 in derivatives 0, so we can decompose D) ag

DB =37 o (x 9,)0m A g (5.74)

n=1
All of the nontrivial information about the higher spin deformation is hidden
in the functions f*"(\,0,).

We now switch to the notation
Cl=¢ (5.75)
The leading asymptotic behavior of the transformed scalar is
&(p.2) ~ (1 +D)e "% _(2) - p— oo (5.76)
To move the D(5) through the p-dependent prefactor, we define
D =D (@, » —(1+ 1) (5.77)

and likewise for fi"(\). Then setting the transformed source d_(2) =

,u¢5(2)(z — z9) and inverting to linear order,
6—(2) = us(1 = D)6 (z — z) (5.78)

The asymptotic behavior of the transformed scalar for z # 29 now reads,

omitting the leading part that is local in the higher spin source,

. (8) /1 (2) (1 _
R A g (1=DY¥s
O+ (2) = % /sz/(l—l—Dgr)(z))( p EZZ)/|)2(1+(>3 22) , p— oo (5.79)

28 See equations 4.40, 4.42.
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It is now important to know what coordinates derivatives are acting on,
so we re-institute the subscript on derivatives: 0 — 0,. Isolating the piece of

order ,UJ¢D(3) and placing our scalar operator at the boundary point z = 2z,

we have
g _ Mg | () 1 , DY (2)5@) (2 — z)
P+ (21) = — | P+ (21) - ERECR /d z PESSRERY (5.80)

We want to integrate the second piece by parts, which was the point of the
definition (5.74). Writing the integral as

/ 2D (N — ) " [ 0 1aas ") (2 — 2)
|21 — 2/|2(1+A) — 204N
(5.81)

integrating by parts and ignoring boundary terms, the n’th term is

S—n p£S,N S—n aQQ_IA( )
(=17 "2 (N)0z, (W

_ . (5.82)

__snSTL nl—i—j()s—nj

oy g (1 e e

Making use of the identity,
1 1
o — (—1)nn
z |21 — Z/|2(1+>\) (=1) |z1 /’2(14—)\)

_T'(A+n+1) 1 1 (5:83)

PA+1) (21 —2)" |z — 2|20+

one can reduce (5.80) to the following expression in terms of the f1"(\) and

the transformation parameter As):

° —1\*" s,n F()‘+3_n+1) — s
,Lz::l(_) (A" T O e

<12

s,n — [s—n 'At+s—n—j+1) n—14j A (s)y,J
a m%( j ) oy Oa A )+

~ )\/%
¢+(21) = ST

(5.84)
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(5.84) is the general expression for the scalar vev in the presence of a higher
spin perturbation, to first order in each of the scalar and higher spin sources.

For a higher spin delta function source at z3, we take (cf. (5.69))

1 1
S —— .
21 2 — 23 (5.85)
and (5.84) becomes
” (— )S_lAlugb 2 sn 'A+s—n+1) 1
B Y
¢+(Z1) 271'2‘212‘2 1+)\ Z f+ ) F()\+ 1) (TL ) 27113

_esn s—n )\—f—S—n—j—l—l)n_ ) Zﬁj
" (A)ZQ‘S] —0 < ) FAA+1) ( 1+])!<223) }

(5.86)

Therefore, reading off the three-point function (O (21)O4 (22)J ) (23))

boils down to knowing the functions f1"(\) encoding the change in the scalar
under gauge transformation.

Before turning to the problem of determining these functions fi" (), we

note that a conformally symmetric result has the property
(0(21)0(22) 7 (23)) = (~=1)*(0(22)O(21) ) (23)) (5.87)

This property is not manifest in our formula (5.86), but it implies that, resort-

ing to the notation of (5.80), the correct solution is given by

3 Mo [ (s) sp®) 1
¢+ (21) = T {DJF (z1) + (=1)°D (22)} : W (5.88)
In terms of the fi"(\) this looks like
- 1y SN TA s —n+1) 1 (="
= =
(b—i-(zl) 27T2|212|2(1+)‘) ngl ZfQ_n F()\—i— 1) (n ) Zlg + 2727’3
(5.89)

where the extra (—1)" comes from sign changes under derivatives acting on

(cf. (5.83)). One can show, by using (5.86) and (5.89) and equating terms

IZ!
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with the same number of powers of z19, that this in turn implies the following

unobvious relations:

N = = S (=) ) ( - ”) (5.90)

n=1 j—n
for some fixed j.
Upon solving for the fi’n()\) generated by the gauge transformation (5.68),
we will show that (5.90) is indeed satisfied.

5.3.3. The AdS master field C

To write the f1"()\) as defined by (5.72), (5.73) and (5.74), we need a
formula for all components of the master field C' in AdS, written in terms

of C& = ¢. This amounts to solving (5.31). We first solve for the minimal

components C’:Ttnnt Lin terms of ¢, then for the non-minimal components C’imm+1
in terms of the CJ*t I and finally we put the two together.
Minimal components Ci%l:
Taking m — —m and s = m + 1 in the second equation in (5.31) gives
1. €’ 2m+2 9
0:C™ 593( (1, —m - DCTZ, = (5.91)

where we recall that for some component C; one needs |n| < s — 1. Solving

recursively yields the following expression:

m-+1 -1
Crit = (H 957 (1,1 p>) (—2¢7P0:)"¢ (5.92)

p=2

A similar analysis along z yields

m—+1 -1
o+l = ( [T o2 (~1,p - 1)) (2¢7°0:)™ (5.93)
p=2

where we have used the fact that g§'(m,n) = g§*(n,m).
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Non-minimal components Cs#erl.

From the p equations in (5.31), one can see that, say, the component C’g will
have the same structure, when written in terms of ¢, as C’f’ in terms of 012, and
so on. In general, components with fixed s — |m| when expressed as a function
of their respective minimal components will have the same form in terms of
structure constants.

The solution is

1
Cj:m_( slm(H g )

p=24+m
94
\_8_12_mJ (5 9 )

X Z An(s, m)ag—Qa—m—l C’il;rgl
a=0

The An(s,m) are defined as
Aq(s,m) )Y H g”‘2 (5.95)

11...0q k=1
with indices subject to

2k+m <1 <2k+s—1- 2«
(5.96)
i >ip_1+2, VEkE>2

In appendix 5B, we present expressions for several of the C{ obtained from

solving (5.31) directly to facilitate easy comparison with (5.94).

Via (5.92), (5.93) and (5.94), one has all components of C in terms of the
fundamental scalar field, ¢. These formulae also justify our previous statements
about subleading terms, and about D) being order s — 1 in derivatives 0.

With these results in hand, we combine (5.92) and (5.94) at m = s —n to

write C’f( ) in terms of ¢, and plug into (5.72). The result can be written

(6C)} )o = Z ol 1A(9) 0 ""¢ + (subleading)

1
" 28 - (5.97)

= Z (= 1)'./71(5, s —n; A)@?_lA(S)ﬁj_n(b
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where

Fi(s,s—n;A) =g3a_1(s —n,m—s)

—1 -1
S 9 s—n+1 0
I Be-no) [ I a-n
p=2+4+s—n p=2

_L”?J

x| Y Aa(s,s—n)(EX+s—n+ 1)n—1-2a

a=0

(5.98)
with A (s,s — n) defined as in (5.95) and (5.96). We have dropped the sub-
leading terms in the second line of (5.97). To obtain this result we have used

the replacement d, — —(1 & A) and the identity

n_im n—1-—2«a
X

)(s—n)”_l_m_x(li)\)x = (A +s—n+1)""172 (5.99)
x=0

From (5.97), we easily read off the reduced expression for the functions £ (\)

. 2$—n—1
(n—1)!

We can now plug this into our general formula (5.86) and read off the

2 = (=1) Foi(s,s—n; ) (5.100)

correlator. If we are to obtain a conformally invariant result, it must also
satisfy the conformal identity (5.90), in which case formula (5.89) is equally
valid.

Of course, (5.100) is a rather complicated function when expressed in terms
of structure constants, and combined with (5.89) it is not at all clear that we
will arrive at our desired result. Accordingly we expect dramatic simplification

of the f1"(A\) when the structure constants are written out explicitly.
5.3.4. Final result

We set out to compute the f3"()\) for low values of n, using the formulae

(5.98), (5.100). The results up to s = 8 are:
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') = (=17

o =15 r(i(ifi)x)

2 = (_41 : 283_—23 r(i(izzti)x)

2 = (_211)5 283_—3 r(l;(i:?fi)x)

FE0) = (_96) (2(3_§§E25 4)) (s(iil:i))\) o
FEP0) = (563 (2(8—4383 —5)5) (s(iti)x)

Ty = CUF (= Dls—5)(s—6)  Tls+)

f ():(—1)3 (s=5)(s—=6)(s—=7) T(s*tA)
+ 80640 (25 — 3)(2s — 5)(2s — 7) T(s — T+ )

(s —

5760 (2s —3)(2s —5)(2s —T) (s —6 £ \)
(
2s —

Indeed, these are compact expressions. By induction, we obtain a tidy formula

for these functions:

[(s+\) 1
(s—=n+1£N)2lzln—1)

O = (g

1
L5 stjon
5.102
1;[ 23—2]—1 ( )

Encouragingly, one can check spin-by-spin that this expression indeed sat-
isfies the conformal identity (5.90). Plugging this into (5.89) and including the
alternate quantization A — —\ then yields the final answer for the correlator:

(-1)*'By  T(s)? r<six>< 219 )
2772|z12|2(1i)\) ['(2s—1) T'(+£A) \z13293

(04(21)04(29) T3 (23)) =

(5.103)
That is,
(0+(:1)0x(22) ) (z3)) _ (<171 T()* D(s£) (222)" oy
<O:|:(21)O:|:(22)> 2 F(QS — 1) F(l + )\) 213223

This is manifestly conformally invariant, and the overall coefficient is the main

result.
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While we lack a rigorous proof of (5.102) and (5.103), we have confirmed
(5.102) up to n = 13; assuming (5.102), it is simple to confirm (5.103) at any

desired spin.

Recalling the discussion at the end of section 2, there exists a second

projection of the master field C that gives rise to the equation
dC+AxC—-CxA=0 (5.105)

The lowest component of C is also a complex scalar field, dual to a scalar
CFT operator O and its complex conjugate. This equation is simply related
to (5.66) by the exchange A <+ A, which flips the sign of all odd spin tensors.
Therefore, the result for the tilded correlator is simply our result (5.103) with

a (—1)% removed:

(0+(21)02(29) I (23)) _ 1 D(s)? r<siA>( 210

<@i(21)5i(22)> - _%I’(Zs— D1+ N 213223) (5.106)

In the context of the Wy coset CF'T duality conjecture, one scalar is in
standard quantization and the other in alternate quantization. The operation
of flipping the sign of odd spin fields corresponds to a charge conjugation
operation in the CFT.

These results match and extend the bulk calculations of [39] which were
restricted to A = 1/2. To further compare to the CFT, we now compute the
same correlators using CFT considerations, again for all A and s, and find

perfect agreement with the bulk.

5.4. Three-point correlators from CFT

We now shift focus and consider the constraints on three-point functions
due to the existence of a higher-spin current algebra. Our considerations will

be entirely based on symmetry, and in particular on the existence of W[\
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current algebra. If these currents are not present in the CFT, then even be-
fore considering scalar operators there will be a mismatch between bulk and
boundary correlators involving only currents. So we will assume the existence
of this symmetry algebra, and then see what constraints this imposes on the
scalar-scalar-current three-point functions. Our computations in this section
are along the same lines as in [36], but generalized to arbitrary s.

Suppose we have a spin-s current .J (5)(7;), and scalar primary operator

O(z, 2),29 whose OPE has the following leading singularity,

J)(2)0(0) ~

O(0) + - -- (5.107)

The three-point function is then related to the scalar two-point function as

(00T ) = A6) (22 ) ©E0G) (5108

Writing the mode expansion

00 (s)
S 1 m
JU(z):——% _§j s (5.109)

the zero modes act on the primary state |O) as
J$910) = —27 A(5)|0) (5.110)

In the case of interest, the currents J(S)(z), s =2,3,..., obey the W[\
current algebra. The wedge modes are defined to be those that annihilate the

vacuum state, and are given by
Ve =% m|<s (5.111)

In general, these wedge modes do not yield a closed subalgebra of W [)],

as their commutators yield modes outside the wedge; in particular, this is

29 We use the shorthand O(z,%z) = O(z) in what follows.
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due to the nonlinearities present in Wy, [A]. However, the nonlinear terms are
suppressed at large central charge, and so in the limit ¢ — oo the wedge modes
do define a subalgebra of Ws[A] — the wedge subalgebra. This subalgebra is
hs[A]. To exploit this simplification, for the remainder of this section we will
assume that we are working in the limit of large central charge. See [36] for
further discussion.

Furthermore, these considerations fix the relative normalization of the bulk
and boundary currents. In particular, we have defined our conventions such
that the currents (5.109) are equal to the currents derived from the bulk.

Acting on |O) with the wedge modes, we obtain a representation of hs[\],
and we can therefore use the representation theory of hs[A] to determine the
zero mode eigenvalues appearing in (5.110), and thence the three point function
(5.108). The Virasoro zero mode eigenvalue is fixed by the scaling dimension
of O,

V204) = %(H:A)K’)i) (5.112)

where we’ve now introduced the pair of scalar operators O+. We need to
compute the remaining eigenvalues.

To proceed, it is useful to build up the hs[)] generators in terms of SL(2)
generators. We write V2 = L1,V = Ly, V? = L_1, which obey the SL(2)

algebra
(L1, L1l =2Lo, [Lo,L1]=—L1, [Lo,L-1]=1L_ (5.113)
We then construct the V;$ generators as3’
U TR0 I CREE)
s—1-m

30 As will be discussed at the end of this section, we obtain a second inequivalent representa-

tion by appending a factor of (—1)° to the generators.

115



where in addition we mod out by the ideal obtained by fixing the SL(2)

quadratic Casimir as
o 1 Lo o

We can use this to work out the zero mode eigenvalues, as illustrated by the

first nontrivial case at s = 3, where V’ acts on |O4):
3 1 2 1 2 1

In the last step we used (5.112) and (5.114). Working out further examples by
brute force quickly gets tedious, so we adopt a more indirect approach.

First, it’s easy to see that Vj’ will be a polynomial in A of degree s — 1, as
illustrated in (5.116). This follows, since the terms in (5.114) obtained after
working out all the commutators will each have s — 1 generators, and using
either (5.115) or Ly = %(1 + \) will convert a generator into at most one power
of A\

Next consider taking A = NV, a positive integer. In this case, after factoring
out an ideal, hs[A] becomes SL(N), which we can represent in terms of N x N
matrices. In this representation the generators V,) with s > N all vanish
identically when they are constructed using (5.114), and in particular this holds
for the zero modes V7. We also note that the eigenvalues of Ly = V02 in the
N x N matrix representation are: —%, —% +1,..., % Note that the
smallest eigenvalue coincides with %(1 —A), i.e. with the eigenvalue of L acting
on |O_). Together, these facts imply that Vj|O_) =0 for A =1,2,...,s — 1.
Combining this with the statement in the previous paragraph, we fix the A

dependence of the zero-mode eigenvalues to be
Vol0-) =N(s)[A= (s =1)]--- [A = 2][A - 1]|O-)

s 1 T(s—A) (5.117)

= N oy lon)
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for some prefactor N(s). To obtain the eigenvalues for |O4) we simply flip the
sign of A\, and we arrive at

s—1 F(S + >‘)

Vi'lO+) = N(s)(—1) TN

|O0+) (5.118)

To fix N(s) we can pick some convenient value of A. If we take A = 1/2

then we can represent SL(2) as
Ly = —i(az&c +0zx), L_1= %8% , L1 = %xQ (5.119)
We can then construct hs[%] using (5.114).
Now, at A = 1/2 we have Ly|O4) = %|O+>, which in the representation
(5.119) is achieved by taking Lg to act on the function 2. As shown in ap-

pendix 5A the eigenvalues of the other zero mode generators are then computed

to be )
s —2 _ (=D = DIJ"(2s =D 9
VW= ° = 2 1(25 — 2), x (5.120)
Comparing this with the O4 version of (5.118) at A = 1/2 yields
L(s)*
N(s) = —=——"— 121
() T(2s — 1) (5.121)

which gives us our final result for the zero mode eigenvalues

I'(s)2 T(s+)\)
['(2s—1)T(1 £\
Using (5.107) and (5.110), we have therefore fixed the three-point function

Vi10L) = (~1)° 04) (5.122)

to be

(Ox(21)02(22) 7P (z3)) _ (~1)* T(s)? F<8H>( b ) (5.123)

(O01(21)04(29)) 21 T(2s—1)T(1£A) \ 213203

This agrees perfectly with the correlator obtained from the bulk, (5.103).
Now let us come back to the footnote accompanying (5.114). hs[\] admits
the automorphism V,7 — (—1)*V,?, which can be thought of as charge conju-

gation. If we had instead used the charge conjugate generators in (5.114) then
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a factor of (—1)% would have propagated through to the final result (5.123).
Equivalently, starting from O+ we can consider operators O that transform as

their charge conjugates. The three-point function of such operators is therefore

(0+(21)0+(20)J P (z)) _ 1 T(s)? r<siA>( 210

<@i(21)5i(22)> B _% P(QS — 1) F(l + )\) 213%923

S
) (5.124)
This agrees with the bulk result (5.106).

5.5. Discussion

5.5.1. Comparison with previous results

The results (5.123)-(5.124) derived from CFT considerations agree per-
fectly with the correlators derived from the higher spin theory in the bulk,
namely (5.103) and (5.106). Before discussing the implications of this agree-
ment, let us compare to previous work. To this end, we note that in our
normalization the current-current two-point function is

B 3k sin(mA) T'(s)['(s — A)I'(s+ )
©92s—175/2 \(1 — A2) I'(s— %)

(1) (2)7¢)(0)) ; (5.125)

The derivation of this result proceeds in the same fashion as led to (5.44). This
normalization is the “natural” one, since the wedge modes defined in (5.109)
then obey the hs[\] algebra with standard normalization.

In [39] three-point correlators were computed from the bulk for arbitrary s
and A = 1/2; and in the 't Hooft limit of the Wy minimal model for s = 3 and
arbitrary A. Their currents are normalized to (J)(2)J)(0)) = 2725, Under
the identification O]iere = @SY and Ohere — 59Y, and taking into account the
different normalizations for the currents, we verify that our results reduce to
those of [39] for the special values of s and .

In [60] the three-point function for s = 4 was computed in the 't Hooft

limit of the Wy minimal model. The normalization of the current was not
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specified, but a normalization independent ratio was obtained (see equation

3.35 therein). The corresponding ratio obtained from our result is

<O+(Z1)§+(Z2)J(4)(23)> _ A+NE+NE+A) (5.126)

(O_(21)0_(22)J D (z3)) AL =N2=NEB=A)

which agrees with [60].
5.5.2. Comments

We now discuss the implications of our agreement between bulk and bound-
ary. On the CFT side, what went into the computation was the assumption
that the CFT has a symmetry algebra containing hs[)], along with scalar opera-
tors of the correct dimension; everything else followed from hs[\] representation
theory. So any CFT with these properties will have three-point functions that
match those of the bulk. One way that hs[\] symmetry can emerge is if the
CFT has Wso[A] symmetry, and the central charge is taken to infinity. Then
hs[)] is identified with the wedge subalgebra of Wiso[A].

Now consider the case of the YW minimal models proposed by Gaberdiel
and Gopakumar as CFT duals of the bulk higher spin theory. As we have
stressed, even before considering the scalars, it is necessary that in the ’t Hooft
limit the CFT acquire Wso[A] symmetry if it is to have a chance of matching
with the bulk. The bulk theory has such a symmetry, and this fixes the form
of all correlation functions on the plane involving just currents. These will not
match with the CFT unless the latter also has Wo[A] symmetry.

Assuming that the CFT does indeed exhibit hs[A] symmetry, let’s consider
the scalars. The results of this paper establish that if the CFT has scalar
operators of the correct dimension, A = 1 4+ A, then the scalar-scalar-current
three-point functions on the plane will match between the bulk and boundary.

As an illustration of these comments, we now establish that a theory of

free bosons has correlators that match those of the corresponding bulk theory.

119



Here by “correlators” we mean those discussed above: namely pure current
correlators, and scalar-scalar-current correlators, all evaluated on the plane.
Consider the following currents

—s—1 | S
(s+2) _ 1 2777 (s+2)! k1 (8*—1)(8*—1) s—k-+17ak+1
J 2r  (2s+ )N Ig)( 1) s+ 1 k k+1 0 $O"" ¢

(5.127)
where ¢ is a complex free boson. These currents yield the linear algebra W?ORS
[57] at ¢ = 2 [81,85]; the generalization to higher ¢ is obtained by introducing
additional copies of the free boson. After a nonlinear redefinition of the cur-
rents, WERS becomes equivalent to Weo[1] [92,36]. For A = 1 the bulk scalar
is dual to a CFT operator of dimension 2, and this is O = 9¢0¢. The results
of this paper show that the scalar-scalar-current three-point functions of this
free boson theory will match those of the higher spin theory in the bulk at
A = 1. For instance, it is simple to check this explicitly for the case of the
spin-3 current.

A related situation occurs with complex free fermions at A = 0. The

following currents [85]

1 s+1 2
Jls+2) _ % 2 = f;;ul)! kz::o(—nk (3 Jk: 1) R ok (5.128)
realize the algebra Wi, [84] at ¢ = 1. Although W is not equivalent to
Wao[0] due to the presence of the spin-1 current in Wi, o, the wedge subal-
gebra of W) yields hs[0]; the spin-1 zero mode just yields an operator that
commutes with all the other wedge modes. The scalar operator in this theory
is O = 1}1&. As we have discussed, this is enough structure to guarantee that
the scalar-scalar-current correlators (for spin greater than 1) will match those
of the bulk theory at A = 0, and verifying this is straightforward.

Note that we are not making any claims here about a full duality between

these free boson/fermion theories and their bulk counterparts. Indeed, without

120



further ingredients it seems clear that the theories cannot be equivalent: if we
simply add N copies of the free fields the CFT will have a U(N) symmetry
along with various nonsinglet operators, none of which appear to be present in

the bulk, at least classically.

Appendix 5A. Derivation of (5.120)

Given
1 1.5 1
and
s _ (. m—l(m+5—1)! s—1
Vm - ( 1) (28—2)' \[L—la"'Llj—lﬂ[L—laLl H] (5A2)
s—1—-m

we need to show

—1)5[(s — 1)1)2(2s — 1)
Visa? _ (=1 [2(8—1(2)51—(2)! ) 2 (5A.3)
We start from
el f(x)e 1 = f(x +tdy) (5A.4)

which follows by thinking of L_; as the Hamiltonian for a free particle. In

particular, this implies

otL-1 (Ll)s—le—tL—1 = oo (z + t8$)25—2 (5A.5)

Expanding the left hand side in powers of ¢, the desired term yielding V)’ is

the t5~1 term. This term preserves the power of z, and so we can write

(5A.6)

_ s — 1)1 s—9 _
‘/08‘r 2 _ 28[£1(2S )_]2)'($+8x)2 21, 2]

=2 term
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To extract the 272 term on the right hand side we write a contour integral and

integrate by parts,

= 1 252 1 _ 1 1 259
coeff of =2 9mi dzz(2+0) 22 omi dZZ—Q(Z—a) z
(5A.7)

2
Now write (z—0)2572 as the t252 term in !(*~9) = ¢=1"/2¢t%¢~19 and perform

($+8x)28_256_2

the integral. This yields

(2 + 0,)% 222 = (—1)* 125 — 1) (5A.8)

coeff. of z—2

Plugging this result into (5A.6) yields our desired formula (5A.3).

Appendix 5B. Low spin results: C§j in AdS

We present the explicit formulae for the components C§ of the master field
in AdS, through s = 8, obtained by recursive solution of the V) p equations in

AdS:

8,05 + 20571 + cstgl 20, 0) = 0 (5B.1)

These can be compared to the spin s formula (5.94). We use the temporary

notation

95°(0,0) = ¢° (5B.2)
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and the following expressions act on C&:

Ci = (9% " (=05 +2(9° + 4%)9))

(
(

3 = (6°0°9*9") " - (9 — 2(6 + ¢° + 9")3; +49%¢")
(

C§ = (°*g*°g") - (= ) +2(6° + ¢° + " + 6°)9) — 4" (6" + o)
+9'9)0,)

C§ = (9°9°g"9°g%") ™" - (95 — 20” + ¢* + 9" + 6" + ¢©)9)
+4(6°(g" + ¢° + ) + (97 + %) + 9"97)T; - 29496)

C§ = (°8*9*° %9 ") - (— O+ 25 + ¢* + 9" + 8" + 4"+ ¢1)9)
—Ag (P + g+ P+ )+ + P+ )+ (PP + ) + 97D

+ 8(97(95(93 + 92) + g4g )+ 969492)>8
(5B.3)
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6. Conclusion and future directions

A major theme of this work is the importance of gauge invariance. To be
sure, this is an old theme in theoretical physics, but in the higher spin context
there remains much to learn about its constraints on the physics. We have
shown that in the 3d case where the theory can be cast essentially as a pure
gauge theory coupled to matter, a clever use of gauge invariance alone can
determine much of the theory’s physical content.

We can use this gauge invariance to study the behavior of a scalar field
in the hs[A] black hole background. This work is underway, and should tell
us something about the causal structure of this spacetime, i.e. whether it is
“more like” a black hole or a wormhole. We should also note, on the subject of
3d black holes, that there is a supersymmetric version of Vasiliev theory which
has recently been studied in a holographic context [93,94,95,96]. The gauge
sector is described not by hs[A] but by a super-version known as shs[A] [97].
Perhaps this theory contains interesting black hole solutions above and beyond
those of the bosonic Vasiliev theory and supersymmetric ordinary gravity.

On the subject of correlation functions and the deep lessons of higher spin
AdS/CFT duality, in the 4d three-point function calculations of Giombi and
Yin, especially in [31], gauge invariance plays a similar role as in our Chapter
5. They utilize what is called a “IW = 0 gauge” to efficiently compute the
correlators of three fields of arbitrary spin. The W = 0 gauge master field
equations are much simpler to solve — all spacetime coordinate dependence
has been gauged away, leaving only certain functions of the internal spinor
variables — and upon a suitable gauge transformation back to the “physical
gauge,” one can essentially read off correlators. The key is to find the correct
ansatz for the nonzero master fields (B, S, ) in the W = 0 gauge.

[31] only computed O(N) vector model correlators this way, but we know

that the 4d Vasiliev theory contains a self-interaction ambiguity of the scalar

124



master field which can, for generic choices of parameters, break parity [29].
It is natural to suggest that these theories are dual to parity-breaking CFTs.
There is limited evidence for this idea in the case of a dual Chern-Simons-
fermion CFT [16], but also evidence against this idea based on unpublished bulk
computations of correlators by the same authors as [16]. We expect that some
variant of our approach in 3d, whereby we generated the three-point correlators
by gauge transformation, may work in the 4d case; this is motivated partly by
considerations of [17] who showed that even in these parity-breaking cases,

correlators are fully fixed by the “almost conserved” higher spin symmetry.

In any case, we now sense a greater set of possibilities for higher spin duality
in 4d, in part motivated by [17]. This may also imply certain equivalences
among field theories, e.g. the critical O(N) model of bosons and the A — 1

limit of the Chern-Simons-fermion theory.

The issue of black holes in 4d Vasiliev theory is also an important out-
standing issue, as is the question of how to introduce a Higgs mechanism into
Vasiliev theory to explicitly study the 1/N higher spin symmetry breaking.
Any connection to string theory will require understanding of both of these
issues. For instance, extrapolating the NV =4 SYM AdS/CFT duality to the
A — 0 limit will require an understanding of how the higher spin fields become
massless in this limit. Perhaps it will be more profitable to focus on 3d rather

than 4d Vasiliev theory in an effort to find higher spins from string theory.
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Appendix I. hs[)\], and Moyal vs. lone-star products

This appendix is meant as a self-contained review of salient features of the
hs[A] Lie algebra, its associative “lone star product” multiplication, and their
relation to the deformed oscillator algebra used by Vasiliev.

The hs[)\] commutation relations are

s+t—|s—t|—1
V.5, Vé] = Z g;it(m,n; )\)Vnifg“ (L.1)
u=2,4,6,...

with structure constants are

@t m,n; \) = L_Z SN (m, n) (L.2)

u AT 2(u — 1)1 T
where
u—1 LU — 1
Nimon) = 3208 (1)

X [s = 1+mly g pls =1 —mlplt =1+ nl[t =1 —nl,y (L3)
| 1 2w 1o
atA s A T g 1]

st _ 2
uwA) = al3 3 —t, Y4s+t—u
We make use of the descending Pochhammer symbol,

7~ 5,

\G/[GV)

lalp, =ala—1)...(a—n+1) (I.4)

. . . . -9
q is a normalization constant that can be scaled away by taking V,7 — ¢*~*V,5.
As in much of the existing literature, we choose to set ¢ = 1/4.

We note a handful of useful properties of the structure constants:

i(5) = =1

N3 (mm) = (~1)" 1N (. m) 15
N&Y(0,0) =0, wu even
N (n,—n) = NI¥(n, —n)
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The first three of these imply the isomorphism hs[%] = hs(1,1); that the lone
star product can be used to define the hs[\] Lie algebra; and that all zero
modes commute.

The generators with s = 2 form an SL(2,R) subalgebra, and the remaining

generators transform simply under the adjoint SL(2,R) action as
2
Vi Vil = (m(t = 1) = )V 4 (1.6)
These SL(2,R) generators are those used in construction of the AdS and BTZ
solutions.
When A = 1/2, this algebra is isomorphic to hs(1,1), the commutator of

which can be written as the antisymmetric part of the Moyal product. Simi-

larly, the general A commutation relations (5.15) can be realized as

Vi Vil = Vi % Vig = V% Vi (L7)
if we define the associative product
1 s+t—1
VixVa=5 > g (mm )V (I.8)
u=1,2,3,...

This is known as the “lone star product” [57], and (I1.7) follows upon using the
fact that

g (m,m; A) = (1)1 g} (n,m; \) (L9)
The odd values of u drop out of the commutator, leaving (5.15). In parts of
the preceding, we have resorted to the shorthand

L«Dx.. .« =DV (1.10)
N

for some hs[A]-valued element I'.

Formally, V01 is the identity element. Thus, to extract the trace from a
product of generators, one picks out the u = s+t — 1 part of (1.8), up to some
normalization:

Tr(VnSvarf) X gﬁit—1(m, n; )\)5St5m,—n

(L11)
8 952—1(77% —m; )‘)
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I.1. Relation between hs[\] and deformed oscillators

Recall the deformed oscillator commutation relations:
[Has gl = 2ieqp(1 + vk) (1.12)
which in our conventions €19 = el2=11s
[91, 2] = 2i(1 + vk) (1.13)

The beauty of the deformed oscillators is that under the action of the Moyal
product®!, their star commutator gives the oscillator algebra (I.12).

To compute the Moyal product of two symmetric, even-degree oscillator
polynomials, one uses (1.12) to symmetrize the product. To compute the lone-
star product of two hs[\] generators, one plugs into formula (5.24). The pur-
pose of this section is to provide evidence that these two multiplications are
isomorphic upon identifying the map between the generator and polynomial

bases, and using the relation
_1-vk

A=y

(L.14)

where k? = 1 is the Clifford element defined in section 2 and in appendix A.
To our knowledge, this has not been proven in the literature.
Let us begin with the SL(2,R) subalgebra spanned by symmetric polyno-

mials
Sap = Ya¥p) (1.15)
These obey commutation relations
[S11, S92] = 8iS12
[S11, S19] = 43S (1.16)
[S12, S22] = 41599

31 1y what follows, every product of g is implicitly a Moyal product.
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Comparing with the SL(2,R) subalgebra of hs[A] canonically normalized as
VP, V2] = 2Vg
VP, Vi) = Vi (1.17)
VE, V2] =V2
these are equivalent under the assignment
VE= (_—’) S, V§= (i) Sz, Vi = (_—Z) So9 (1.18)
4 4 4
Having fixed (I.18) we can compare, on the one hand, the Moyal product of
two S, and on the other, the lone-star product between two of the Vn%, and so
on for higher spins. The work comes in symmetrizing the oscillator products,

through tedious but straightforward application of (I1.12). We present results
through spin-4:
U192 = S12 +i(vk + 1)
N19192 = Sz +i(vk +3)S11
117292 = S1122 + 4iS12 + ;(Vk +1)(vk —3)

NI G2 = Stz + ik +5)S1in (1.19)

21
+ g(l/k +3)(vk+ 1)(vk — 3)
All remaining products can be found by commutation or taking the adjoint,
Y1 < Y2, — —1.
Using these, one can show by explicit computation that, at least through
spin-4, any Moyal product of oscillator polynomials maps to the lone-star prod-

uct of hs[A] generators upon making the identification
—3 s—1
Vs — (I) ss (1.20)
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where S; is the symmetrized product of 2s — 2 oscillators, with m defined as
2m = N1 — Ny (I.21)

The prefactor depends on the hs[A] normalization factor ¢ = 1/4 which we
have been using.

As a first check, (I.18) along with the fact that
(VE)* ™ = V3, (1.22)

implies that this is trivially true for elements with m = £(s — 1).
Let us demonstrate this equivalence for a few examples. Using (1.19) one

obtains the Moyal products of spin-2 polynomials:
S11 %511 = S1111
S92 x 522 = 52222
S12 %511 = S1112 — 24511
S12 * Sog = 51222 + 20522 (123)
Si1 % a2 = Si122 + 4iSya + ;(yk: 1)k —3)
S12 % S12 = S1122 — %(Vk + 1)(vk —3)
We now compare this to the lone-star products of spin-2 generators:
VEXVE =V
V2« V2 = V3,

1
VExVE=VP — §vf

1
‘/02 * V_21 = V_31 + §V_21 (124)
A2 -1
VEAV2 =V5 + V2 - ( - )
A2 -1

Vi Vi = V5 + S
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These are isomorphic under (I.14) and (1.20).

A less trivial example is the product

1 . o o o
S1112 *x S92 = Z(y1y1y1y2 + 91919201 + 1920191 + U2019191) 9202

5 (1.25)
= S111222 + 651112 + £ (Wk + 3)(vk = 5)512
Compare to the lone-star product
3 A2 —4
Ve« V2 =V + 51/03 - (1—()) V¢ (1.26)

These are isomorphic under (I.14) and (1.20).
We conjecture that the isomorphism is valid for all spins under the identi-

fication (1.20).

Appendix II. Lightning review of 3d higher spin gravity coupled to

scalars

In this appendix we present all details necessary for the bulk theory’s
construction, following [11]. In particular we derive the equations (5.13) and
(5.21).

According to [11], the full non-linear system of equations governing the
interaction of matter with higher spin gauge fields is formulated in terms of
the following generating functions: a spacetime 1-form W = W, dz" as well as
spacetime O-forms B and S,. The generating functions W, B and S, depend
on spacetime coordinates x, on auxiliary bosonic twistor variables z, and gy,

(v =1,2) as well as on two pairs of Clifford elements, ¥ 2 and k, p :

{5} =265, kp=—pk, kK*=p°=1 (IL.1)
Moreover, 11 o commute with all other auxiliary variables, and k, p obey
kya = —yak, kza = —zak
(I1.2)
PYa = Ya Py PZa = ZapP
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Indices on z, and y, are raised by P and lowered by the rank two antisym-
metric tensor €gg,
2% = eo‘ﬁzﬁ , 2o = 2565(1 (IL.3)

with ¢/ €5y = —05. We follow the convention e
Using these properties of the auxiliary variabls the basic fields W, B and
S can be expanded in the form

Al kplr)y = >0 Y0 At omPPn gy gbpeydys _—

X Zal [N Zamy/Bl o o yﬁ’ﬂ

ap...oqmB1...0n

where A is either Wy, B or Sq. The expression A, .7 () in equation

(IT.4) is an ordinary spacetime function. Note that Ag‘clc'l'cgo""ﬂ 1P () can be
choosen to be symmetric in the indices (7 . .. ay,) and in the indices (81 . .. Bn)-

In order to formulate the equations of motion we use the Moyal x-product
which acts on the twistors y and z in the following way

Fe)xalen) = g [ [P ) fe g+ ulglc — vy +0) (119

where wv is a short-hand notation, uv = uqav®. We can verify the following

commutation relations:

[yOév yﬁ]* = _[ZOH Z,B]* - 2i6a57 [ya; Zﬁ]* =0 (116)

where [a,b]x = axb— b*a is the commutator with respect to the x-product.
In terms of the generating functions W = W, dz", B, S, we are now ready
to write down the full non-linear equations of motion [11]:

dW =W A«W

dB=WxB—-BxW

dSo =W xSy — Sax W (IL.7)
Sa xS =-2i(1+ BxK)
Sqo*xB =B%S,
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Here, K — the so-called Kleinian — is given by
K = ke'(#¥) (11.8)

These equations (I1.7) are invariant under the infinitesimal higher spin gauge

transformation
W =de+exW —W %xe

SB=exB— Bxe (IL9)
5Sa:€*Sa_Sa*€

where € is the infinitesimal gauge parameter which does not depend on p, i.e.

€= 6(2,y;¢1,2,k|$) (IIlO)

We will see that W is the generating function for higher spin gauge fields
whereas B is the generating function for the matter fields. S, will describe
auxiliary degrees of freedom.

Since the equations of the motion (I1.7) possess the symmetry p — —p and
Sa — —So we can truncate the system to the so-called “reduced” system, in
which W, and B are independent of p, while S, is linear in p. In this paper

we consider the reduced system.

I1.1. Vacuum solutions

Here we consider vacuum solutions of the equations of motion (II.7). The
fields B, W and S, of the vacuum solution are denoted by B (0), W) and Séo),

respectively. In particular we take B©) to be constant, i.e.
B =y (IL.11)
Plugging this ansatz into (I1.7) we obtain the following three equations
W0 = w0, A (©)
dS\ = w4 50 _ {0,y (©) (I1.12)
SV e — 91+ vK)
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Note that the other two equations of (II.7) are automatically satisfied by the
ansatz (I1.11).

First, let us discuss the third equation of (I1.12). We already mentioned
that S, and therefore also Séo) is linear in p. For the case v = 0 we can choose

((XO) = pza, cf. (I11.6). For general v, S((XO) can be given by

SO = 3, (I1.13)

where we have introduced new auxiliary twistor variables z, and 9, which are
also known as “deformed oscillators,”
Zo = 2o + VW k
Yo = Ya TV Wa * K (11.14)
wa = (2o + Ya) /01 dt te't(zy)
The deformed oscillators y, and Z, satisfy the commutation relations
[ Yl = 2ieqp(1 + vk)
[PZa, pZglx = —2ieq3(1 + VK) (I1.15)
[PZa, Ul = 0
and therefore it is straightforward to verify that S((yo), given by equation (I1.13),
indeed satisfies the third equation of (I1.12).
As dSg 0) _ 0, the second equation of (II.12) implies that W) should
commute with S&O), which according to the third line of (II.15) can be achieved
by taking W) to be independent of k£ and Z. Therefore w0 is only a function

of z,71 9 and y and can be expanded as

1 00
WO (G541 o|z) = ZZ

d,e

1 ~
] Wi @)wdes gs, ... x 3, (I1.16)

It turns out that we only have to consider symmetric products in gg, *...*yg, .
Moreover, here we will consider only products with an even number of y. Un-

der the star product the auxiliary variables gy, generate the three-dimensional
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higher spin algebra hs[A]. To be more precise, a symmetric product gg, *. . .x¥g,,
corresponds to a generator of hs[A] with spin n+ 1. In particular the generators

T, p of the SL(2) subalgebra are given by

Top = —Z{ya,yﬁ}* (I1.17)

Multiplying symmetrized even-degree polynomials in g, using the commutation
relations as given in the first line of equation (II.15) and finally projecting on
k = F1, the commutation relation are those of hs[\] with A = 3(1 & v). More
details, including the hs[A] the structure constants, can be found in appendix
B.

Finally, let us consider the last equation of motion which we have to solve:
W0 = WO a0, (I1.18)

This equation can be written as a flatness condition of a Chern-Simons theory
with gauge group hs[A]@hs[\] . In order to see this we introduce hs[A]-valued
gauge fields A and A by

wO =_p.A-pP 4 (11.19)

where A and A are functions of x and 7. We have introduced projection oper-

ators
p, 1 i2¢1 (I1.20)
obeying
Piy = 01Pr =+Pr,  Piiho = 1oPs (IL.21)
Using (I1.19) we can rewrite (I1.18) in the following form
dA+AN*xA =0, dA+AN*xA=0 (I1.22)

which is precisely equation (5.13). Therefore the equations of motion for w0
are equivalent to flatness conditions of gauge fields A and A defined by equation

(11.19).
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11.2. Matter equations

Let us now linearize the equations of motion (I1.7) around the vacuum
solution constructed in the last section. In particular, in this paper we are
interested in fluctuations of the field B around the constant background B 0) =

v. The fluctuations of B are denoted by C, i.e.
B=v+C (1I1.23)

For W and S, we do not consider any fluctuations. Substituting this ansatz
(I1.23) into the equations of motion (II.7) and using the equations (I1.12), we

obtain two non-trivial equations for C

dC— WO xctrcxw® =g
11.24
[%ﬂc]:o (11-24)

*

Since S((lo) is given by equation (I1.13) we can satisfy the second line of equation
(I1.24) by demanding that C does not depend on Z, nor on k. Therefore C is

only a function of g4, 1 2 and x. Typically, C is decomposed as

C(§;9b1.2]T) = CME (g py|x) 4+ CW™ (3 b1 | )4ho (I1.25)

It turns out [11] that C*“* gives rise to an auxiliary set of fields that can be
set to zero consistently. By abuse of notation, we will use C instead of C%"
to simplify the notation. Moreover we will decompose C under the projection

operators P+ as given in equation (I1.20)
C = C(@lz) ¢+ C(Jlx) 1y (I1.26)

where C' = P4C and C = P_C. If we also express W) in terms of gauge fields,

eq. (I1.19), we can rewrite the second line of (II.24) in the form

dC+AxC—CxA=0
L (11.27)
dC+AxC—-CxA=0

136



These are the equations of linearized matter interacting with an arbitrary
higher spin background.

Comparing the first and second line of equation (I1.27) we see that the
equations of motion for C' and C' are related to each other by exchanging A
and A. Note that A and A can be written in terms of the generalized vielbein

e and generalized spin connection w,

A=w+e A=w-—e (I1.28)
Under the exchange of A and A the generalized vielbein e is odd. Therefore

the sign of the generalized vielbein and hence the sign of any metric-like tensor
field of odd spin is flipped under this operation.
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