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ABSTRACT 
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The leading Regge trajectories generated by two Yukawa 

potentials of different ranges are studied by both analytical and 

numerical methods. We find that several new features appear which 

are not present in the single Yukawa case. We investigate in detail 

the behavior of the trajectories as we change gradually from the 

single to the two Yukawa potential case, paying close attention to 

the appearance of branch cuts other than the usual right hand cut 

in the leading trajectories. We notice that these cuts, if 

present in relativistic, theory, can play important roles in ex-

plaining effects such as the polarization in the n p charge 

exchange reaction. 
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I. INTRODUCTION 

Regge trajectories for a single attractive or repulsive 

Yukawa potential have been extensively investigated both by 

analytical and by numerical methods. 1 - 4 Studies of potential 

theory have served as one of the main sources of intuition 

concerning Regge trajectories in strong interaction physics. How-

ever, it is extremely unlikely that singl~ attractive or repulsive 

Yukawa potentials are a good approximation to nuclear forces. Such 

potentials are unable to model attractive forces with repulsive 

cores or long range repulsions; these forces are believed to be 

important components of the strong interaction. 5 

This paper describes a study of the behavior of Regge 

trajectories that arise from a superposition of two Yukawa 

potentials of different ranges. In particular, we shall be 

interested in the behavior of the trajectories for negative 

energies, as this is the region which, in the relativistic case, 

controls the asymptotic behavior of the crossed channel, and thus 

has direct experimental consequences. Our technique will be to 

use analytical methods to investigate the features in the weak 

coupling limit, and then use numerical solutions of the Schrodinger 

equation to ascertain which features remain true in the more 

realistic strong coupling case. We will be able to determine the 

positions of the singularities of the trajectory functions, which 
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are quite different from the single Yukawa case. This, in turn, 

will affect phenomenological formulae used in high energy data 

fitting. 

In Section II we review, for completeness, the equations 

for the trajectories in the weak coupling limit. In Section III, 

we exhibit the main results of the weak coupling limit, which are 

justified in Section IV. Section V includes numerical calculations 

of the strong coupling case. 
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II. MATHEMATICAL PRELIMINARIES 

For scattering of a spinless particle of mass m by a 

central potential V(r), the tth partial wave S-matrix ele­

ment is uniquely determined by the Jost function f+ (t,k), 

th h th t · 6 roug e equa ~on 

f+(t,k) 

fJt,k) 
(II.l) 

For our purposes, we assume the potential to be sufficiently analytic 

at the origin so that the Jost function f+(t,k) is an analytic 

function of t, with fixed poles possibly for Ret < .-!. The 

Jost function can be defined in terms of the radial wave function
6 

¢(t;k,r): 

1 (2) 
(§mv(r))r2 Ht~ (kr) ¢(t;k,r) dr , 

(II .2) 

where the Hankel function is related to the Bessel function 

(itan trc ± 1) J OL2~1 (kr) + 
-v"'-= co s trc 

i 
J 1 (kr). 

-t-"2 
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The wave function ¢(t;k,r) is normalized 'to satisfy the boundary 

condition: 

lim 
r-O 

¢(t;k,r) 
t+l 

r 
1. 

This normalization together with the fact that 

(II. 4) 

J (z) = J (z)· at :.. -:.. 
integral values of :.. ensures that f±(t,k) will not have fixed 

poles at negative half-integral values6 of 

The singularities of f±(t,k) in the tplane come from 

the divergen'ce of the integral in Eq. (11.2) at its lower limit. 7 

For Ret>- this will not happen. As we go into the left-

half t plane, f±(t,k) can have simple poles. For potentials 

that behave like r 2n-'1 
+ f(r2) near origin, n an integer 

great,er or ·equal to 0, see that f±(t,k) has simple poles 8 we 

at t = -n-l, -n-2,-···. The residues of these poles, of course, 

depend on the potential. In particular, some of them may be equal 

to zero for special values of k. 

The analytic properties of f.,(t,k) in the k plane 

are well, known. The Jost function f_(t,k) has a left~hand cut 

along the negative imaginary axis in the k plane. It also 

has a root type branch point of order 2t + 1 at k = 0. 

From Eq. (II.l), one sees that, the poles of S(t,k) are 

gi ven by the zeros of f J.e:,k) . Consequently, the Regge trajectory 
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is a multi-valued function of satisfying 

the following equation9 

o for all k. 

By the implicit function theorem, a(k2) has all the 

singularities of f_(t,k)' and also has additional root-type 

branch points, whenever 

(d(m)f (t k0 

=\: dt (~) , ~=a(k2) = 

(11.6) 

This corresponds to the coincidence of 'zeros of f _ (t,k) . It is 

, 2 
this possibility of multiple zeros that allows a(k) to have the 

special singularity struct-qre that will be ,described below. 

For our analysis, we shall evaluate the Jost function 

for a superposition of Yukawa potentials in the weak 

l ' l' 't 10 coup ~ng ~m~ . Let V(r) = L gs 
s 

-1-1 r e s 
r 

and approximate 

¢(t;k,r) by a free wave function, with the normalization of 

Eq. (11.~). We immediately find, from Eq., (11,2), that 

f J t,k) 1 - \' mgs e-in' G) ~ "s 2) L mgs 
L cos ret ik Q't 1 + 2k2 + k 

s s 

2 
x 1 Rt~ I-1s ) 

cos ret + 2k2 

o . 



11 where . 

and 

Since R 
t 

-6-

is an entire function of· t and 

, 

Q = R at half 
't t 
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(11.8) 

(II. 9) 

integral value of t, we see that .the only· singularities of 

f Jt,k) in 

residues at 

t come from poles of Qt at 
\' mg 

t = -N are given by -L (iks 

s 

t =~l, -2,···. The 

P
N

-
l 

;; + I-1 s:) . 
~ 2k 
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III. PROPERTIES OF a(k2) IN THE WEAK COUPLING LIMIT.: 

DESCRIPTION 

In this section we shall describe, without proof, the main 

features of a(k2) in the weak coupling limit. Our discussion 

will be, for the most part, qualitative, yet all of the features 

described have been observed in numerical calculations for weak 

potentials. 

Our results can be summarized most easily by considering 

what happens to a given set of trajectories when the potential 

strengths are varied. As a matter of procedure, we shall start 

with a pure short range component of the potential, then introduce 

a long range component gradually until the strengths are equa~ and 

finally reduce the strength of the short range component to zero. 

We shall study the effect of these variations in the potential on 

the trajectory configurations. The initial and final configurations 
. 2 

of this sequence have been described in great detail, and some 

information on the interlr(ediate stages exists. 12,13 We shall attempt 

to make this more systematic, and we expect to gain some under­

standing of the singularity structure of a(k2 ). 

The potential under consideration is the following: 

(IIL1) 



where V. (r) 
l 

-1-1.r 
J. e = g. 

l. r 
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fori = 1, 2. We shall always· 

take 1-11 < 1-12' i.e., Vl will be the long range component of 

the potential.' There are then four possible cases to consider, 

wi th the one used depending on the signs of and We 

use the convention that gi < 0 corresponds to an attractive 

potential. 

g >0 
2 

This is the case of long range attractive and short range 

repulsion, corresponding to an attractive force with a repulsive 

core. The .complete sequence is shown in Fig. 1, where we also 

indicate the cuts structure in the k
2 plane of one of the 

trajectories. 

The initial configuration (Fig. la) is that of a:p.rre re-
. 2 

pulsive potential. One trajectory goes to each negative integer 
. I 

for -+ - 00. As increases from the poles at the even 

negative integers move to the right and collide with those at 

the odd negative integers which move to the left. After the 

collision, the poles "bounce" into the complex .e. plane as complex 

. t . 14· d' h.e. 1 from above and below as conJuga e palrs, an reac =- 2 

2 
k ~ O. Above threshold, half the poles return to the negative 

integers and half of them go off to infinity in the second quadrant. 

At the other extreme of the sequence (Fig. 2i), the purely 

attractive case, the pattern is quite similar except that even 

poles now move to the left. The pole; which starts at .e. = -1 

does not collide with any other pole, and reaches a point on the 
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real axis beyond 1 t = -"2 at 
2 

k = 0. Above threshold, this pole 

returns to t = -1 through an excursion in the upper half t plane. 

This is the leading trajectory. It is the only one that satisfies 

a dispersion relation with a cut from threshold to infinity.15 All 

the other poles behave in a way similar to the repulsive case. 

As the attractive long-range potential is turned on, 

\ gl' 

! !J.l \ > I ~:I ' the trajectories which start at t = -1 and 

no longer reach 1 
t = - "2 but collide on the real axis to the 

of t = 1 
- 2" as shown in Fig. lb. After that, the one from 

goes on to the right and reaches 

1 
- 2" > - ~ , 

at threshold, while the one from -1 turns back and reaches 

so that 

-2 

left 

-2 

(III.2) 

(III. 3) 

at threshold. These threshold values are marked with a dot (III.2) and a 

S (III 3) . Fl'g' 1 The leading t,raJ'ectory, which in this case cro s ' .In. . 

is the one from t = -2, now has a finite cut for k2 < 0, which 

can extend arbitrarily close to threshold, due to the collisions 

with the pole from t = -1. 
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Increasing the attraction further takes us to 191 1 = 192 1, 
·at which point the trajectory starting at t = -1 completely 

disappears, since the potential no longer has a 
1 
r 

singularity 

at the origin. The disappearance is achieved by the collapse of 

the· "bubble!! which surrounded t = -1 as sh01min Figs. lb and lc. 

Equivalently thet'wo branch points of the finite cut for k
2 < 0 

. , 

of the trajectory from t = -2 coincide. At this point, if we 

start reducing the· repulsion, the roles of the trajectories from 

t = -1 and -2 become interchanged. l'his "irtterchange lf can be 

best understood by noticing that in the k2 plane, the trajectory 

·from t = -2 . has two new complex branch points (Fig. ld), so a 

:;-.::.'.th along the negative.· k2 axis necessarily goes above one and 

-::;>elow the other. 

Upon further reduction of the repulsion, the threshold value 

~f the trajectory from t = -2 decreases until it is below -2, 

':Jhile two complex conjugate branch points, corresponding to its 

collision with trajectories from -3, approach the negative k
2 

axis (Fig. le). In Fig. lf, the two branch points have collided 

and diverged along the real axis. The trajectory from t ~ -2 

now collides with the ore from ~4, since the latter interchanged 

its role with the one from -3 after the two branch points collided. 

If we continue decreasing the repulsion the story repeats itself: 

the bubble surrounding t = -3 collapses and the poles from t = -3 and 

_J.j. switch roles. In the end as the repulsion goes to zero, this 
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mechanism has propagated itself to t = - 00 and we arrive at 

the configuration of pure attraction2 as shown in Fig. Ii. 

UCRL-17475 

There is a further complication to the switch over described 

above. When exeeeds. ~~ \ ,an infinite num~er of pOle~ 
2 

go'tocomple~(.values of t at k = 0: These zeros of f (t,k) 

accompany the one on the real axis mentioned above and marked by 

"x" in Fig. 1. Their real part at threshold is the same and is 

given by Eq. (III.3). They are equally spaced along the imaginary 

axis. Their imaginary parts are: . 

Im'ex(O) for n = ·O;±l; ±2; ..... (III.4) 

As k2 . approaches zero, each trajectory spirals an infinite number 

of times around its threshold value13 as shown in Fig. 2. There 

are still an infinite number of trajectories going to . t = - tat 

~2 = O. As the vertical .line of threshold values moves to the 

left, as sho~ by the advance of the mark "x" in Fig. 1, the 

spiraling trajectories collide with neighboring ones, and switch 

roles, much in the same way as the trajectories of real threshold 

values do. As the repulsion is reduce~ the complex-threshold 

trajectories connect to larger and larger negative integers. 

Finally, as the potential is made purely attractive, the vertical 

line of threshold values, and the connecting trajectories are 
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all swept to the left to infinity, and .all trajectories except 

. the leading one go' to t -.~ at threshold . 

In this case we are dealing with a short'range attraction 

and a long range repulsion. The sequence now rUns from pure 

attraction to pure repulsion. 

The .detailed manner in which the switch over takes'place 

is analogous to case A, and thus we shall discuss it only briefly. 

Unlike case (A), however, there are no branch points on the 

negative real .k2 axis for the trajectory which passes 1 
- 2' 

fork2 < 0 (leading-like trajectory). It.also does not have 

complex branch points until I gll > I g2 1 , for it could not "lie 

down" a~d disappear 'when I gll = I g2 1 · Once I gll > I g2 1 , complex 

branch points will appear in the t plane which are necessary to 

carry out the switch over of trajectories. The entire sequence 

similar to that of Fig. 1 is shown in Fig. 3. 

Complex threshold values will again accompany the real 

threshold value marked by "x" in·Fig. 3. The positions of the 

complex threshold are still given by formulas 111.3 and 111.4. 

These:· cases include th'e combination of attractive or repulsive 

potentials of different ranges, and are quite similar to the single 

Yukawa potential. We want to note only that complex threshold values 
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gl 
for some trajectories are again possible once 

1-11 
The line of the· complex threshold values moves left as 

creases. Its position is given by 

Re to 

g , 

ln \g~1 
-l.,.-!----

In'\ ~~ I 
The imaginary parts of the complex thresholds are 

(n + -!) 
In(1-11) 

1-12 

for n = 0; ± 1; ± 2,' .. . 

UCRL-17475 

in-

(III,6) 
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IV. PROPERTIES OF a(k2) IN THE WEAK COUPLING LIMIT: ' 

JUSTIFICATION 

As noted in Sec. II, the Regge trajectory function a(k2), 

is given by the solution of the following equation: 

o . (IV.l) 

Our discussio'n will be divided into two parts.. In part A, vrestudy 

the properties of a(k2) for finite k2 ., In part B, we discuss the 

si tuation when k2 approaches threshold'. From these we can get a 

t rv(k2,') qualita ive picture of ~ as described in the previous section. 

(A) Collision of Poles 

For a finite region in,;the t and k2 planes hot including 

k2 
= 0, we can subtract out the fixed poles of f _ (t,k) and expand 

where ,a
OO 

is of order, 1, and all the other a's are of order g. 

We subtract out the poles at , t = -1 and -2 to study the be­

havior of the Jost function in this region. Whenonly-the'first term 

of Eq. (IV. 2) is "kept, ' Eq. (IV.l) reduces to a quadratic 

equation in .e.. In the case of two YUkawa potentials we have 
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where It = -ik, Vo = gl + g2' and ~2 = !(gl ~12 + g2 ~22). The 

solutions of this equation give us two Regge tr~jectories. They are: 

2 b 1 2l 
CX(k) =- '2 ± '§ (b - 4C)2 (IV.4) 

where 

b 
2m Vo m v2 

+ 3 2 ,,) K 

3m vo ' ,m v2 + 2 c = .. ~ . 
It 

Equation (Iv.4) shows explicitly that two Regge trajectories are 

different branches of. the same analytic function. The branch points 
, b2 _ are given by the zeros of the discriminant D(k) = 4c, or 

. 2 
4vO 

2 

=~_ m3
vi) , m 

G vD-D(ft) '+ 0 (Iv.6) 2 2 - . 
K It It 

Let us look at the behavior of CX(k2) as we vary k2 from - 00, 

to the threshold along the real axis. For large K, D(K)=l> 0, 

CX(k2) 2 and so is real. When It ~ 00, CX(k ) approaches t = -1 

-2. If D(K) becomes negative as we decrease K, these two 

trajectories first come together at the point D(K) = 0, and then 

bounce off into a pair of complex conjugate poles in the t plane . 
. 2 ' 

The singularity structure of CX(k) can be found by studying the 

location of zeros of D(K). Before we proceed further, a vlord of 
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" 

caution is in order. Since Eq. (IV.3) is an approximation, one 

,has to examine its validity when going to small values of K~ 

2 

UCRL-17475 

It will be incorrect when K2 «1. But the information contained 
~ 

in the solution of Eq. (IV.3) is rich enough for our discussion. 
2 

K The behavior when ,'2 ~ 0 will be discussed in part B of this section. 
~ 

',Let us see how the positions of the branch points depend on the 

relative vaiue' of and Take, for example, case A of Sec. II.. 

We have a combination of long range attraction and short range re-

pulsion, i.e., ,gl < 0, g2 > O. 

(i)' -gl> g2 > 0, !gl: ~12! >:!g2:~22.t"·Le..;:.vo <: 0, v2 > 0 

Here we have a long range attraction with small repulsive core. 

Since D(",) is always positive for 0 < K < 00, we do not have real 

branch points;· instead,. there are two complex conjugate branch points 

(Fig. Id, but notice that in this approximation the collision with 

the trajectory from -3 is not described.) . 

As we decrease the attraction, these two branch points 

move onto the real axis .. The coincidence of two branch points, at 

",3 = m v2' has the effect of "decoupling" these two trajectories 

(Fig. lC). In fact, Eq.(IV.3) factors into the form 

(t + 1) (+ 2 - mV0 = 0 , so that one pole remains at 
3 

It 

t = -1,' and the one from t = -2 actually does not have a branch 

point. We:':~ee".,that· 'D(k) has a double; zero; but remains pO,sitive 
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along the negative- k2 axis. 

( iii) 0 < - - gl <- g2' 

As we further decrease the attraction, D(K) will have a 

pair of zeros on the real axis (Fig. lb); thus a(k2) has two 

real branch points. 

When we remove the attraction completely, one of the two 

branch point~ will have moved to threshold (Fig. la). There will 
2 2 1/3 

be one branch point at . K ~ (2g2 ~2) where the two trajectories 

from t = -1 and -2 collide. 

Similarly, we can study other combinations of Yukawa 

potentials, or the behavior of trajectories from other negative 

integral values o£ t, using the above technique. 

(B) Threshold Behavior 

To complete the picture, we have to examine the Jost function 

near o. We have the following asymptotic behavior
l1 

as k - 0 

-- 2-
R f{ + L.\ 
.t ~ 2k?l 

sin [11: (2 t + 1) ] 
(2t + 1) 

2 t+l 

~2) 
- ~ 

(rv.8) 
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Substituting. (IV:. (.:)~ an'~.(IY".8)·irito.Eq. (II. 7), we have 

f_(t,~) 

where 

C
l 

( t) ;;. 1 + m 
cos ret 

sin-[(2t.+ 1)' 11J 
(2t + 1) . 

+ g2) 
fJ. 2 

UCRL-17475 

(IV.9) 

(IV.).O) . 

C
2

(t) -= m -.q r(t + 12 fgl fJ.
1

- 2t- 2 + g,2 fJ.
2

- 2t-2\(IV.ll) 
) cos 11t yn r(t + 3/2 ) \.:' ~ 

Equation',(IV.l:) then:'reo.uces to16 

1+ 
C

2
(t) 

·.·c
l 

Cd 
2t + 1 

K o . 

The solutions of Eq .. (IV.l') can be classified according to whether 

Re [a(k2 
= 0)] is greater, th~n, .. equalto or smaller than - t· 

(i) Real solution.to the right of 1 
- '2 

Since K2t + l.~ 0 as K ~ 0 for Ret> - t , Eq. (IV.l') 

has solutions only at poles of ~2(t)jr\(t~, which are ,given by 

the zeros of Cl ·( t) . In the weak coupling limit it will be near 

t = Solving \ C
1

( t) = 0, we obtain 

(IV.12) 
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Since we require t >- -!, we see that there will be a pole moving 

to the right of t =- -! as k2 ~ 0, provided 

(See Fig. lb). 

(ii) Real solutions at t = 1 
- 2" 

This is the commonly known threshold behavior that has been 

4 discussed in many places. We discuss here the features of two 

Yukawa potentials; . Letting t = - -! + 6t, the constant Cl(t) 

and .C
2
(t) have the following behavior near t = - -! : 

C (-2 

(a) 

I 
2" 

If 

Cl ( - -! + .6t) ~ 1 
m (gl +.-
.6t iJ.l 

m { 
-l-2.6t 

+ .6t) ~ .6t. gl iJ.l + 

gl g 2 -f 0, we have + -
iJ.l iJ.2 

_C
l 

(- -!) 
C2 (- -!) 

= 1 

+ g2) 
iJ.2 

g2 
-l-2.6J 

iJ.
2 J 

It then follows from Eq. (IV.l') that 

t = ... -! + 
+2nip 

.p = 1, 2, 3,'" 

(IV.13) 

(IV.14) 

(IV.15) 



!\ 
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. Thus all poles approach t = -' ~ in a complex direction 

in the t. plane. 

If 0, Eq. (IV,14) will no longer be true. 

We find 

t = - 1. + 2. 

In[ Cl (-~) /C2 (- ~)] ±2nip 
2 . p 0,1,2,';' . (IV.16) 

In (K /l-tl I-t2 ) 

Now we have one trajectory approaching t = 1 
- 2' 

real axis. This agrees with the solution given in (i): 

along the 

(iii) Solutions to the left of Ret = - ~ and complex thresholds 

Since .2t + 1 
K ~ 00 as K ~ ° for Ret < - ~ , solutions of 

Eq. (IV,l') must have threshold values at the zeros of C2(t). These 

are the points to such that 

° , 

We distinguish the following cases: 

(a) gl <0, g2> O;.or ~l > 0, g2 < ° (See Sections IlIA, IIIB) 

EquatIon (IV ,17) 

= 

gives us 

InG :~) 
-1 + 1. 2 

. In (~~) 

0,1,2,'" . (IV.18) 
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Since these points are constrained by the fact that 

Reto < - ~ and ~l < ~2 by convention, we see that they exist 

only if either I gIl > I g2 1 , or I gIl < I g21 and I gl/~ll < 1 g2/~21 . 

In either case there is a soiution on the negative real .e. axis. 

(b) gl > 0, g2 > 0; or gl < 0, g2 < b (See Sec. III C) 

In this case, we have no solution on the real taxis.· All 

solutions are complex with the same real part as given by Eq. (IV.18). 

The imaginary parts are given by 

p = 0, 1, 2,··· . (IV.19) 

In (~l) 
~2 

Near to the'behavior of the trajectories as K ~ 0 is 

given by 

-(2to + 1) 
=.e. + const. X(K) . 0 

(IV.20) 

We see that a(k2) executes infinitely many spirals13in approaching 
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, 'V. STRONG COUPLING CONFIGURATION 

The analytic methods used in the preceding sections to study 

the weak coupling limit for two Yukawa potentials cannot be used 

'when the coupling becomes strong. It is clear that th'e realistic 

potentials are in fact quite strong,so it is of ' interest to as-

certain ,what features of the weak coupling limit remain valid in 

this case, and whether new features develop. To clarify this point, 

we have carried out extensive numerical investigation of the two­

Yukawa-potential Schrodinger equation using a variational method. 17 

These investigations allowed us to'conclude that most of the features 

described in the preceding sections remain true. One important 

difference, however, is that if the attraction is sufficiently strong, 

several leading-like trajectories can be present. We shall describe 

the strong coupling case by 'giving a few examples of the typical 

trajectory configurations that have been studied. 

As in the weak coupling limit, the configuration of a short 

range repulsion with a long range attraction can give rise to 

leading trajectories which collide with neighboring ones and have 

real branch points for k2 < O. Such a case is exhibited in 

Figs. 4-6. Trajectory from £, = -2' is now the' leading one. It 

has branch points at k
2 

= - 0.35 and k2 
= ~ 0.02, besides the 
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usual branch point at 2 
k == 0. Another example of this phenomenon, 

but corresponding to a longer range~traction is shown in Fig. 7. 

Trajectory from t == -2 reaches much further into the right half 

t plane. The trajectory from t ~3 is also a leading trajectory 

with extra branch points. As + 00 the trajectories from 

t == -1 and -3 have switched roles, indicating that each trajectory 

has a complex branch point in the k2 plane. A path in the k
2 

plane which goes from - 00 to + 00 along the real axis will have 

circled this branch. cut once. The trajectories from t == -l.and -3 

are therefore not closed. 

The configuration of a long ·range repulsion and a short range 

attraction is also very interesting, as we expect that the effect 

of inelastic channels can be modeled by a long range repulsion. An 

example of such trajectory is shown in Fig. 6. One outstanding 

feature of these trajectories is that even though the k
2 

== ° inter-

~ept is to the left of t == 0, they are still able to reach past 

18 
t== 0, forming an S-wave resonance. This can be easily understood 

by noticing that the long range repulsion and a short range 

attraction can form a well to contain resonances. In Fig. 8 we give 

an example of such an S-wave resonance in the leading traj ectory, 

together with a leading-like trajectory from t == -2. 

The effects of long range repulSion are also present for 

resonances of t > 0, since it enhances the barrier that contains them. 
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In particular, if we consider a resonance at k2 = ~2and we 

incr'ease the repulsion and correspondingly the attraction, so 

that the resortance energy remains constant, we find that 

the width ,becomescnarrower;, . We have defined the width as: 

r 2 IOO (V.l) 

In Table Iwe give an 'actual example. As in the weak coupling case, 

we expect the leading trajectory to have no complex branch point 

as long as the strength of the repulsion is, in absolute value, 

less than the strength of the attraction. 

The behavior of the. trajectories when bothpotentia~are 

of the same sign does not have any important new feature not present 

in the weak coupling case, except, of course, we may have several 

leading-like trajector~es for'attractivepotentials. 
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VI. CONCLUSION 

Not all the features described in the preceding sections will 

have direct consequences for high energy Regge-pole fitting'since 

the'quantitative relation between realistic trajectories and those 

calculated from non-relativistic models is obscure to say the least. 

However, the presence of extra branch cuts in the leading trajectories 

and their proximity to t = ~ t may very well remain true. This 

'would have important experimental implications. 
4 . 

It is well known that the trajectory function Gan have 

no ,cut in E' .If. ,£ . >, - .~ ... 
? • It was shown in Secs. III and IV 

that we can have branch points to the ·left of t = - 1 with one ':5, 

of them close to t = - 1 for an attractive potential with a strong "2 

repulsive core. This would imply that for the high ranking 

trajectories such as p, R, P and pI these ,cuts could be present, 

but only for r.ather large momentum transfer. However, if the 

particles involved have spin, these branch cuts are allowed to 

the right ,of J = - t. For example if a given Regge pole 

communicates with a spin 1 . 1 
"2 - spln· "2 two particle channel 

(e.g., the p meson as a bo~~d state of NN), the trajectory can 

have a branch point up to J = + ~ in the t = J - 1 spin state. 

In the case of p,this would be right in the region important 

for Regge-pole fitting. 
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This ·feature may be used to explain such puzzles as the 

polarization in the reaction o rrp->rrn. In this case the only 

known high ranking trajectory is the p. If we assume that the 

p-trajectory function is real below threshold, there can be no 

polarization because the helicity flip and non-flip amplitudes are 

in phase. If we allow extra branch cuts in the p-trajectory, as 

mentioned above, the asymptotic behavior of the amplitude will 

necessarily be. dominated by the two poles 0: 1 and 
p 

2 
0: 

P 

corresponding to the colliding trajectories which give rise to 

the branch points. Between the two branch . t 1 d po~n s" 0: . an 
p 

1 2*'-
0: =0: '=.0:. 

P pp 

0: 

are complex conjugates of each other, i.e., 

2 

P 

1 . If we write the spin? - spin- 0 differential cross section 

~~ d ~~:l + , - (VI.l) 

with and, ft 
++ 

the flip and non-flip amplitudes respectively, 

then the polarization is given by: 

dO' 
P dt 0: (VI .2) 

In the case of a p trajectory with extra branch points, we have, 

betweeh the branch points 
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* * 
ft (1 ± e -irra ) a 

* (1 -i:n:a ) a s ± e s 
(VI·3) = 13++ + 13 ++ sin:n:a ++ sin:n:a , 

where 13++ is the appropriate residue functions. There will be 

a similar formula for 

as: 

dcr 
dt oc 

where 

The cross section can then be written 

[1 + co sh (2rraI ) ± 2 co s (:n:OR) co sh (:n:aI ) J 
cosh (2:n:ar ) - cos(2:n:~) 

r . il~ 20R 
exp[21ar In ~~s, (rv.4) 

(Outside the cut region the cross section is 

given by the usual formula for two real Regge poles a 1 
p 

2 and a . ) 
p 

It is clear from Eq. (VI, 4) that the differential cross section 

has an oscillatory component superimposed on the power behavior 
20R 

s because of the imaginary part of a. However; this con-
p 

tribution would not be noticeable: even at extremely high energy, 

provided that a
I 

is not too large. .The polarization can be written 

as: 

pdcr re _4 r sinCe -dt r++ +_ ++ 

where r e 
+-

ie 
+-

t3 • +-
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Comparing Eq. (VI .5) and Eq. (VI;6), we notice that the polarization 

will have an s dependence given only by the oscillations' in dO' 
dt 

As these are presumed to be not too significant, we .conclude that 

in this scheme, the polarization will 'be essentiaily constant in 

energy. 

A more striking phenomenon that might be explained by extra 

branch points in the trajectory function has been pointed out by 

Ringland and Thews20 in. the reaction. They have been 

able to obtain an upper bound for the spihdensity-matrix element 

Re P10 of the above reaction (effectively, the p, polarization), 

by making t4e usual Regge pole dominance hypothesis. This bound is 

severely exceeded by the experimental data. One possible explanation 

is the existence of extra branch points in the trajectory and residue 

functions. 

It is very likely that examples similar to the two mentioned 

above will be found as more processes involving spinning particles 

are investigated .. There! are, of. course, alternative explanations 

to these apparent puzzles. Indeed both and o 
·rr p ~ p n 

polarization effects can also be explained by assuming an appropriate 

set of s-channel resonances, or the· 'existence of .Regge 'cuts, or 

by adding a low-lying trajectory to the amplitude. 2l However, 

each of these alternative hypothesis will predict a distinctive 

energy dependence which eventually may allow us to choose between them. 

The effect of the long range repulsion, as .. ,as sho.wn in Section V, 

is to make the Regge trajectories of potential theory more like 
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the ones we expect to find in the relativistic problem. The 

trajectories now do not tend to turn over immediately above 

threshold, and they do not develop large imaginary parts close 

to k2 
= O. To the extent that we can extend to relativistic 

problems intuition gained from potential situations, this be­

havior of the trajectories. could be taken to indicate that the 

nuclear force has a large long range repulsive component. 22 
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Table 1: Slope and imaginary part of two trajectories that have an 

t == 1 resonance at k2 2.04, computed at the resonance point. 

Case 1, gl == 20.0, f-l1 := 0·5, g2 == -35 .0:'f-l2 := 1. Case 2, 

gl == 16.41, f-l2 == 0·5, g2 == -30 , f-l2 == ,1. 

I Slo:pe I 1m ex r 
i 
I 

rase 1 0.13 I 0.043 0.66 

I ~ase 2 0.13 0.087 1.34' 
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FIGURE CAPTIONS 

Fig. 1. Trajectory switch over from short range repulsion to long· 

:?ig. 2. 

range attraction, (gl < 0, g2 > b), showing the complex 

. 2 
t-plane and the analytic structure of the complex k -plane 

for the branch of a(k2) that goes to -2 as Ik21"4 00 

The numbers at the branch points indicate the collision 

partners. 

(a) g - 0 1 -
g2 r 

(b) Igll < Ig2 1, 
gl 

>-1 iJ.l 
iJ.. 

. 2 

(c) Igll = Ig2 1 , 

(d) ~ (h) decreasing g2 

(i) g - 0 2 -

2 -Spiraling of complex threshold tr~jectories ask -~ 0 . 

This configuration corresponds to Figure ld. 

Fig. 3; Trajectory switch over from short range attraction to long 

range repulsion (gl> 0, g2 < 0), showing the complex 

t-plane 
2 and the analytic structure of the complex k -plane 

for the branch of a(k2) that goes to -2 as Ik214 00 • 

(a) gl = ° 
(b) j~~ I 

g2 
= 

iJ.2 

(c) Igll = Ig2 1 

(d) - (h) decreasing g2 

(i) g2 = 0 
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Fig. 4. Complex t-plane for trajectories from -2 and -1 ., for 

potential gl = -4.0, J.l -1 - 0·5; g2 = 4·5, J.l -2 - l. 

Fig. 5· Real part of a(k2) versus k2 for trajectories in Fig. 4. 

Dotted line indicates region where trajectories are complex 

conjugates. 

Fig. 6. Imaginary part of a(k2) versus for trajectories in 

Fig. 4. Dotted line is the trajectory from -2, solid 

line is trajectory from -1. 

Fig. 7. Complex t-plane for trajectories from -1, -2, -3, for 

the potential gl = -4., J.ll = 0.25, g2 = 4·5, J.l2 = 1. 

Fig .. 8. Complex t-plane for trajectories from -1, -2, for 

the potential gl = 15. 0 , J.l1 = 0·5, g2 = -20.0, J.l2 1.0 

showing an S-wave resonance. 
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