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Abstract
LIAISON OF CURVES AND BUNDLES
by
Mengyuan Zhang
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor David Eisenbud, Chair

This thesis is devoted to the study of two central objects in algebraic geometry - algebraic
curves and vector bundles - through the unifying lens of liaison theory. The liaison theory of
curves originated in the work of M. Noether in the late XIX century, and has since become
an instrumental tool in the classification of space curves and the study of Hilbert schemes in
general. In Chapter[l] we develop a biliaison theory of sheaves and prove several main results
in analogy to those from the liaison theory of codimension two subvarieties. In Chapter [[I}
we use the liaison of curves on surfaces with ordinary singularities to prove multiple results
about homological invariants of general projections of curves into projective three-space.
In Chapter [[TI, we apply biliaison of sheaves to the study of vector bundles. A general
program is outlined to describe the moduli of bundles on a projective variety of irregularity
zero through a stratification approach. We take the first steps by classifying bundles in the
biliaison class of the zero sheaf on projective spaces and describing the moduli. In particular,
our results give a description of the moduli of bundles on the projective plane.
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Introduction

Algebraic curves and vector bundles are two central objects in algebraic geometry. In
this thesis, we generalize a classical tool in the study of space curves called liaison to the
context of sheaves, and apply it to study vector bundles on projective varieties.

Linkage of curves in P},

Every compact connected Riemann surface embeds as a projective curve in P3. For this
reason, the classification of space curves has been an important endeavor since the late XIX
century. The technique of linkage, or liaison, originated from Noether’s thesis [30].

Given a smooth curve C' C P%, Noether considered two hypersurfaces V (F) of degree f
and V(@) of degree g containing C', such that V(F) and V(G) do not share any common
components. The complete intersection V(F) N V(G) contains C, as well as a (possibly
empty) residual curve D. We say that the curves C' and D are linked. For example, let C' be
the image of the 3-uple embedding P{ < P2 given by [s : t] — [s® : s%t : st? : t3]. As shown
in Figure[1]} the two conics F' = zz —y? (red) and G = 2w — yz (orange) cut out the twisted
cubic C' (blue) and a line D (light yellow). This shows that the twisted cubic C' and the line
D are linked. Since C = f - H — D as (generalized) divisors on the surface V(G), where H

Figure 1: The twisted cubic is linked to a line

is the hyperplane class on V(G), one can deduce the degree and genus of C' from those of
D using the adjunction formula (when V(G) is singular we use [51, Prop 2.10] instead). It
turns out that when the degree of C' is small, and when the degrees f and g are taken to



vi

be as small as possible, the residual curve D often has strictly smaller degree than that of
C. This observation enabled Noether to classify smooth curves in P2 of degree at most 20
using an inductive strategy.

When the degree of C' is large, it is possible that the residual curve D has strictly larger
degree than that of C'. We define the linkage class of a curve C' to consist of all curves that
can be obtained from C' using finitely many links. Since the residual curve D of a smooth
curve C' in a complete intersection need not be smooth, we must enlarge our definition of a
curve to include any pure codimension two (i.e. all associated points have codimension two)
subschemes of P?. Harris |43, p. 80] conjectured that a general smooth curve with large
degree in P (a general smooth curve in M, with a general g}) has minimal degree and
genus in its linkage class. This conjecture was proven by Lazarsfeld and Rao [67]. The same
paper contains an interesting structure theorem which we describe below.

There is a certain duality between two linked curves C' and D (see Definition [[.1.1]), thus
it makes sense to consider curves that are on the “same side” of this duality. We define an
even linkage class, or a biliaison class of a curve C' C P2 to consist of all curves that can
be obtained from C' using an even number of links. If C is linked to C5 via the complete
intersection V' (F, G), and Cy and Cj are linked via the complete intersection V' (F, GH), then
we say Cj is obtained from Cj using the basic double link given by (F, H). Geometrically,
we obtain C5 by attaching to C; the complete intersection curve V(F, H). Lazarsfeld and
Rao proved that every curve in the even linkage class of a general curve C' of large degree
can be obtained from C' using finitely many basic double links and a deformation preserving
the first cohomology module. We refer to |67, Figure 1], reproduced here as Figure [2| for a
visual description. The same structure theorem holds more generally for the even linkage

Basic double Basic double
Linkage linkages thru curves with

X_L X?_ )(m \(

Figure 2: Structure of an even linkage class
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class of any pure codimension two subschemes in P}, where £ is any algebraically closed
field. In Section we state the precise definitions, statements and references and provide
a historical account of related results in liaison theory. We recommend the books [69] and
[77] for introductions to this beautiful subject.

The key insight of our thesis is that a (bi)liaison theory can be developed for sheaves in
analogy to subvarieties. Briefly, we define biliaison as a certain equivalence relation among
coherent sheaves on a projective variety. We prove that there is a natural preorder on a bil-
iaison class, and every biliaison class has minimal members. Moreover, the minimal sheaves
in a biliaison class differ by a rational deformation preserving the intermediate cohomology
modules, and every sheaf can be obtained from a minimal one using finitely many basic
moves. We devote Chapter[[] to the treatment of this story. A list of our main results related
to the biliaison of sheaves can be found in [Chapter I summaryl|

The Hilbert scheme of smooth space curves

The aforementioned thesis of Noether won him the 1882 Steiner prize, shared with G.
Halphen who also submitted a thesis [42]. The problem posed by the prize committee was to
determine all possible values of degree and genus pairs (d, g) for smooth connected complete
curves in P2. The following results were known by the end of the XIX century.

1. There are smooth plane curves of genus g = 3(d — 1)(d — 2) for any degree d > 1.
2. (Castelnuovo [14]) If a smooth curve C' C P2 does not lie on any plane, then

1

Any curve obtaining this bound lies on a quadric surface.

3. For each a,b > 0, there are smooth curves on the smooth quadric surface in P} with
degree d = a + b and genus g = (a — 1)(b — 1).

4. On the singular quadric cone in P, if d = 2a is even, then there are smooth complete
intersections of the quadric cone with another surface of degree a. If d = 2a + 1 is odd,

then any degree d curve on the quadric cone has genus g = a? — a.

5. (Halphen [42]) If a curve does not lie on any plane or quadric surface, then

1

A complete answer to the original prize problem was only established a century later
by Gruson and Peskine [41]. These results are true more generally for smooth connected
complete curves in P$, where k is any algebraically closed field. See Table for a visualization
of these statements.
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6. (Gruson-Peskine Cor 2.3]) For d > 1 and
L g <g< 1d(d—3)+1,
V3 6

there is a smooth curve of degree d and genus g on a smooth cubic surface in P3.
7. (Gruson-Peskine Thm 1.1]) For d > 1 and

1
oggsgu—m%

there is a smooth curve of degree d and genus g on a smooth quartic surface with a double
line in P}. See Figure 3| for an example of such a surface.

\

Figure 3: A quartic surface with a double line

With the recent advance of computer algebra, it is now possible to encode space curves
explicitly as ideals in the polynomial ring over a finite field or the field of rational numbers.
Our SpaceCurves package in the computer algebra system Macaulay2 can generate
smooth curves of all possible (degree, genus) values in projective spaces. See for a hands-
on introduction to this package.
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Table 1: Degree and genus of smooth space curves

Most plane curves are omitted from this plot. The numbers in the plot indicate how many
distinct types of Divisors are implemented in the SpaceCurves package [100] that obtain
the given (degree, genus) values.



One main method to produce curves in P, is to start with an abstract algebraic curve,
embed it into a high dimensional projective space using the complete linear system of a very
ample line bundle, and then project generally into P3. Another important method is to
generate curves as effective divisors in a linear system on a surface in P3. In Chapter [[1, we
combine both viewpoints and study curves lying on hypersurfaces with ordinary singularities
in P?. Ordinary surface singularities are exactly those that appear on the general projections
of smooth surfaces from a higher dimensional projective space into Pg. The quartic surface
with a double line depicted in Figure |3|is an example of a surface with ordinary singularities.
We study the linkage of curves on such surfaces, and prove various results about general
projections of smooth curves in P}. See [Chapter II summary| for a list of our main results
related to curves.

The milestone of determining the (degree, genus) values only marks the first obstacle in
the classification of space curves. In the language of modern algebraic geometry, we would
like to understand the geometry of the Hilbert scheme of curves in P} for an algebraically
closed field k. Consider the contravariant functor C™ from the category of k-schemes to the
category of sets, where C*™(T') is defined to be the set

{CT C P%w

Cr is flat over T and Vt € T,
the fiber C(;) is a smooth connected curve of Pi(t)

for any k-scheme 7', and the map C™(7T') — C*™(S) corresponding to a morphism of k-
schemes S — T sends a family Cr to its pullback Cp x7 S. It follows from a well-known
result of Grothendieck [39] that the functor C°™ is represented by a quasi-projective scheme
Hilb™, i.e. there is an isomorphism of functors C*™ = Hom(—, Hilb®"). In particular,
the k-points of Hilb™ are in bijections with smooth connected curves in P3. Since every
connected flat family of smooth curves have constant degree and genus, it follows that Hilb*™
can be broken up into connected components Hilby; labelled the degree d and genus g. The
above results only tell us the values of (d, g) such that Hilby, is non-empty. In principle,
we would like to know the number of irreducible components, as well as the dimensions of
the components of each Hilby;. However, even this seems to be out of reach. We know
from deformation theory that d1m Hilby, > 4d, which is a tight bound when d is small.
We do not know of a general upper bound on the dimensions of components in Hilby,

With regards to the number of components, Ein [20] showed that Hilb37 is irreducible When
d > g+3. It is an open conjecture that Hilb3? is irreducible for d > (g+9) /2. In the general
case, Ellia-Hirschowitz-Mezzetti [25] proved that the number of components of projectively
normal curves in P? with a fixed index of specialty is given by a Fibonacci number. This
surprising result shows that the number of components of Hilby, cannot be bounded above
by any polynomial in d and ¢ in general' In addition to having too many components to
keep track of, the Hilbert scheme Hilb3’; can have singularities. Mumford [78] described a
component of Hilbjyy, that parametmzes smooth curves on smooth cubic surfaces in P} that
is generically non-reduced. To make matters worse, Vakil [96] proved the striking result that
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every singularity type of finite type over Z appears on the Hilbert scheme of smooth curves
in Py for some values of n. It is unknown what singularity types can occur on Hilbg}.

The above discoveries indicate that the global geometry of the Hilbert scheme of space
curves is extremely complicated. However, not all hope is lost. The liaison theory of curves
provides an alternative approach to understand the Hilbert scheme through stratification.
First, let us extend Hilb™ to include all pure codimension two subschemes of P, and let
‘Hilb denote the corresponding Hilbert scheme. We partition Hilb by even linkage classes,
which have been completely classified. The even linkage classes of curves C' in P} are in
bijection with isomorphism classes of finite length graded modules M over the polynomial
ring S := k[zo,...,x3] up to shift, where the bijection sends the class of the curve C' to
the class of the first cohomology module H!(.#:). For each even linkage class represented
by a finite length module M, we denote the corresponding piece of the Hilbert scheme by
Hilby;. We can deterministically compute the Hilbert function H of minimal curves in the
even linkage class of M. The structure theorem for even linkage classes allows us to obtain a
systematic classification of the Hilbert functions H that occur in Hilby, using the procedure
of ascending elementary biliaisons (see Definition from minimal curves. Finally, it is
known that the points in Hilby; corresponding to curves with a given Hilbert function H
form a unirational subspace [see 8], which we denote by Hilbys . In fact, the space Hilbys i
supports a smooth scheme structure which represents the functor of flat families of curves
in P% with constant cohomologies. The dimension of Hilbys i is also computable from the
Hilbert function H and the finite length module M. To summarize, we obtain a stratification

Hilb = | || | Hilbyn

M H

by smooth unirational schemes Hilby, 7, where the nonempty pieces Hilbys i that occur can
be classified. This impressive program has been masterfully carried out in the book [69] by
Martin-Deschamps and Perrin, and gives by far the most complete results to date on the
classification of curves in P3.

Our successful extension of the liaison theory of curves to the context of sheaves suggests
the possibility of a similar program for the moduli M of vector bundles (or torsion-free
sheaves, reflexive sheaves etc.) on a projective variety of irregularity zero. In Chapter [ITI]
we take the initial steps by describing the piece M corresponding to bundles in the biliaison
class of the zero sheaf on P7. Since every bundle on P? is in the biliaison class of the zero
sheaf, our results give a rather complete classification of bundles on P?. In the following, we
provide some historical perspectives on vector bundles to highlight our results.

Vector bundles on projective spaces

Vector bundles are ubiquitous in topology and geometry. Algebraic geometers are par-
ticularly interested in algebraic vector bundles on algebraic varieties. If the ambient variety
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X is smooth and proper over the field of complex numbers C, then algebraic vector bundles
on X are the same as holomorphic vector bundles on the corresponding compact complex
manifold X" by Serre’s well-known GAGA principle [see 91].

The Picard group of a variety X is the group of isomorphism classes of line bundles on
X, where the group operation is given by the tensor product. Grothendieck [37][38] proved
that the Picard group, considered as a contravariant functor on the category of complete
varieties, is representable by schemes. In other words, the Picard scheme is the moduli space
of line bundles. Since line bundles govern maps to projective spaces, this theorem has far-
reaching consequences in algebraic geometry, e.g. in the Brill-Noether theory of curves. We
refer to Mumford [79] and Kleiman [63] for expositions on the Picard scheme. The effort to
generalize the Picard scheme to a moduli of bundles of arbitrary rank was met with technical
and essential difficulties. It is now well understood that the moduli space of all bundles in
general does not exist as a scheme if we require a weak universal property [74, Theorem 1.7].
On the other hand, Mumford [79] proved that the coarse moduli space of semistable bundles
of arbitrary rank on a smooth projective curve exists as a quasi-projective scheme. The
key takeaway was that the notion of stability for bundles is closely related to the notion of
stability in the context of geometric invariant theory. Around a decade later, Maruyama [71]
proved that the coarse moduli space of rank two semistable bundles on a smooth projective
surface exists as a quasi-projective scheme. A few years later, the existence of the coarse
moduli space of semistable torsion-free sheaves of arbitrary rank on a smooth projective
variety was finally established by Maruyama [72] and [74].

Let us for a moment restrict our attention to rank two bundles on PZ. Deformation
theory shows that the coarse moduli space M(2, ¢y, c)® of stable rank two bundles on P?
with given Chern classes ¢; and ¢y is smooth. Barth [5] showed that M (2, ¢1, ¢2)*® is connected
and rational for ¢; even, and his student Hulek [58] showed the same for ¢; odd. Their
arguments contained gaps which were pointed out and only partially fixed in 73] and [27].
Let & be a stable rank two bundle on P? with ¢;(&) = 0. The key insight of Barth was that
the multiplication map

a:H'(O1) @ H(&(-2)) —» H'(&(-1))

completely determines the bundle &. Since V := H'(&(-2)) and VV := HY(&(-1)) are

Serre dual vector spaces of dimension cy(&), the map « can be thought of as a map
¢ H(O(1)) = Sym* VY,

which is colloquially known as a net of quadrics on V. Barth classified the maps 1 that
can arise from bundles &, and called them rank two nets of quadrics. This way, the coarse
moduli space M(2, ¢y, c2)® can be constructed as the quotient of the space of rank two nets
of quadrics on a vector space V' of dimension ¢y by the action of GL(V). A similar story
holds for stable rank two bundles & with ¢;(&) = —1. Since every rank two bundle can be



xiii

normalized to have ¢; = 0 or —1, this beautiful unirational parametrization of M(2, ¢y, ¢y)®
allows us to produce a random stable rank two bundle on P% in practice by taking a random
rank two net of quadrics on a suitable vector space V.

One may ask the following questions.

What if we want to produce a random bundle & on P? that is not semistable?
What if we want a random bundle & of rank r > 27

What if we want a random bundle & where h°(&(3)) > 37

What if we want a random bundle & that is generated in degree < 67

What if we want a random bundle & that satisfies all of the above?

AR .

Aside from the fact that Barth and Hulek’s results work only for stable rank two bundles,
which do not apply to bundles of type 1 and 2 above, there is another essential reason why it
would not produce bundles of type 3 and 4 in practice. Since the moduli space M(2, ¢y, co)®
is irreducible, a random bundle produced from a global parametrization will always exhibit
the generic behavior. Looking for a special bundle that deviates from the general behavior is
comparable to looking for a needle in a haystack. In Chapter [[TI, we describe a stratification
of the moduli space of bundles on P% by Betti numbers, which are very fine homological
invariants of bundles, where the pieces of the moduli corresponding to given Betti numbers
are individually unirational.

Our results hold more generally for vector bundles on P} in the biliaison class of the zero
sheaf. In the spirit of the program outlined at the end of the previous section, let M, denote
the set of isomorphism classes of finite rank bundles on P} in the biliaison class of the zero
sheaf. We classify the possible Hilbert functions H that can occur in M. For each Hilbert
function H, we define a natural Zariski topology on My g, the subset of M, consisting of
classes of bundles with Hilbert function H. We then describe a stratification of Mg g by
quotients of rational varieties, and prove that the closed strata form a graded lattice given
by the Betti numbers. The subspace Mg%; corresponding to semistable bundles support a
subscheme structure of the coarse moduli scheme M3* of semistable bundles with Hilbert
polynomial x established by Maruyama. A similar stratification of M{*y; holds in the coarse
moduli scheme M. See |Chapter [1I summary| for a short list of our main results regarding
bundles on projective spaces.

The above results are implemented in the Macaulay2 package BundlesOnPn [99], which
generates all Betti numbers of bundles in My up to bounded regularity, as well as random
bundles with given Betti numbers. In particular, the package can produce bundles with
special features like those in item 1 - 5 listed above.
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Disclaimer

Most figures of surfaces in this thesis are generated using the Surfer program by Oliver
Labs. Chapter [I| is based on our papers [103] and [101]. Chapter [lI| is based on our paper
[98]. Chapter [I1]is based on our paper [102].
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Chapter I summary

We begin our thesis with a study of the biliaison theory of sheaves, which naturally
generalizes the classical subject of even linkage of codimension two subvarieties.

In Section [[.T} we survey the main results and history on even linkage classes of codimen-
sion two subvarieties. We also review the notion of Serre correspondence.

In Section we prove the existence of graded basic elements (Theorem , ex-
tending results by Eisenbud-Evans [22] and Bruns [11] to the projective setting. We define
the notion of m-reductions (Definition - the technical heart of the biliaison theory of
sheaves, and prove a factorization theorem (Theorem [[.2.15)).

In Section [[.3] we define biliaison of sheaves and prove the following main results.

(a) There are minimal sheaves in each biliaison class under a suitable preorder (Theo-
rem |[.3.26)). Those that are minimal can be obtained from each other using a rational
deformation preserving intermediate cohomology modules (Proposition |[.3.21]).

(b) Any sheaf can be obtained from a minimal one in its biliaison class using rigid defor-
mations and certain basic moves (Theorem [[.3.27]).

(c) Biliaison classes of sheaves are in bijection with stable equivalence classes of primitive
sheaves. This result is essentially due to Hartshorne [52], extending a well-known result
of Rao [86].

The results (a) - (¢) give satisfactory extensions of the main theorems on even linkage classes
of codimension two subvarieties (cf. Theorem . Furthermore, we also prove a sufficient
criterion (Theorem for a sheaf to be minimal, generalizing the criterion of Lazarsfeld-
Rao [67] for a curve to be minimal in P3.
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I.1. Background

We review the main theorems and history of even linkage classes of codimension two
subvarieties and recall basic facts about the Serre correspondence. Let X denote a Gorenstein
projective variety over an infinite field k. All sheaves considered are coherent on X.

Even linkage of codimension two subvarieties

The notion of linkage originated in the work of M. Noether [80] in 1882. Using this
technique, Noether gave a complete classification of curves in P2 of degree at most 20. The
modern definition of linkage is crystalized in the paper of Peskine-Szipro [83].

Definition 1.1.1. Let Y and Z be two subschemes of X of codimension r. We say Y and
Z are linked if there is a codimension r (global) complete intersection K in X containing Y
and Z such that Sy /x = Hom(Oz,Ok) and Iy = Hom(Oy, Ok). A linkage class on
X consists of all subschemes that can be obtained from each other using finitely many links.
An even linkage class on X consists of all subschemes that can be obtained from each other
using even numbers of links.

Theorem 1.1.2 (Peskine-Szpiro). With notation as above, if Y and Z are linked, then Y
is of pure codimension r (i.e. all associated points have codimension r) in X if and only
if Z is. If Y s of pure codimension v in X and is contained in a complete intersection K
of codimension r, then there is a unique subscheme Z C K (possibly empty) such that'Y is
linked to Z through K. If Y and Z are linked, then Y 1is (locally) Cohen-Macaulay if and
only if Z is.

The first linkage class that was completely classified was the class of a codimension
two complete intersection in P}. Peskine and Szpiro [83] showed that a codimension two
subscheme Y of P} is in the linkage class (equivalently even linkage class) of a complete inter-
section (equivalently the empty scheme) if and only if Y is arithmetically Cohen-Macaulay
(ACM), i.e. the cone of Y in A} is Cohen-Macaulay. This work generalizes results of
Apery [1] and Gaeta [29]. In the following year, Ellingsrud [26] classified all codimension
two ACM subvarieties of P}, and essentially described the relevant pieces of the Hilbert
scheme. In a parallel spirit, we will classify in Chapter [[T]] the vector bundles in the biliaison
class of the zero sheaf on P} and describe their moduli.

When X = P}, we call a pure codimension two subscheme a curve. Let S denote the
polynomial ring of X, and let H!(.#) denote the graded S-module @, ., H'(# (n)). A curve
C is ACM if and only if its first cohomology module H!(.#:) vanishes. The result of Peskine
and Szpiro showed that whether the invariant H}(.%¢) is zero determines whether C' belongs
to the even linkage class of the empty scheme. Under the advice of Hartshorne, Rao set
out to investigate the next simplest case of the disjoint union of two lines Y = Ly U Lo,
where H!(%y) = k. Rao [84] proved that a curve C is in the linkage class (equivalently
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even linkage class) of the disjoint union of two lines if and only if H}(.%¢) is isomorphic to &
up to shift. When Rao submitted his paper, the referee pointed out that his method works
more generally for any first cohomology module H}(.%¢). We have the following beautiful
result connecting the geometric relation of linkage with the algebraic invariant given by the
cohomology module.

Theorem 1.1.3 (Rao [85]). Two curves C and D in P} are in the same linkage class if
and only if HX(S¢) and HX(Sp) are isomorphic as graded S-modules up to shift and graded
vector space dual. They are in the same even linkage class if and only if H}(Y¢) and H}(9p)
are isomorphic as graded S-modules up to shift.

Moreover, every finite length graded S-module M occurs as H!(I¢) for some curve C
up to shift. In particular, there is a bijection between the even linkage classes of curves in
P} and isomorphism classes of finite length graded S-modules up to shift.

A few year later, Rao established a fascinating connection between even linkage classes
and stable equivalence of bundles on P7}.

Theorem 1.1.4 (Rao [86]). The even linkage classes of Cohen-Macaulay pure codimension

two subschemes of P} are in bijection with the stable equivalence classes of bundles & up to
shift, where H' (&) = 0.

We say two bundles & and & on P7 are stably equivalent if H?(&1) and H?(&) are stably
equivalent as graded S-modules, i.e. they become isomorphic after taking direct sums with
graded free S-modules. Note that the original formulation of Rao uses stable equivalence
classes of bundles & where H!(&) = 0. We present the dual statement intentionally (see
Definition . When X = P3?, a result of Horrocks [55] states that stable equivalence
class of a bundle & is completely classified by its first cohomology module H}(&). This fact
retroactively explains why even linkage classes of curves in P? are determined by the first
cohomology modules.

Armed with the philosophy that there is no way to get hands on a general curve, Harris
[43] p. 80] conjectured that a general (abstract) curve (with a general g3) for large degree d in
P? has minimal degree and genus in its linkage class. In particular, the inductive approach
of Noether is doomed to fail for general curves of large degrees in P3. This conjecture was
proven by Lazarsfeld and Rao.

Theorem 1.1.5 (Lazarsfeld-Rao [67]). If a curve C in P} does not lie on a surface of degree
e(C) + 3, where e(C) := inf{n | H'(Oc(n)) # 0} is the index of specialty of C, then C has
minimal degree and genus in its linkage class. A general (abstract) curve (with a general g3)
for d > g satisfies this condition, and thus is minimal in its linkage class.

Apart from settling the conjecture of Harris, the paper [67] included an interesting struc-
ture theorem of even linkage classes of a general curve of large degree. We describe what is
called a basic double link. If C} is linked to Cy via the complete intersection V'(f, g), and Cy
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and Cj are linked via the complete intersection V (g, fh), then we say C3 is obtained from C4
using the basic double link given by (g, k). In a suitable sense, we obtain C3 by attaching to
(' the complete intersection curve V (g, h). This procedure is a particular case of a liaison
addition [see 90]. We refer to Figure [2| for a visual description.

Theorem 1.1.6 (Lazarsfeld-Rao [67]). If a curve C in P3 does not lie on a surface of degree
e(C) + 3, then every curve D in its even linkage class can be obtained from C' using finitely
many basic double links and a deformation preserving the first cohomology module.

It is natural to ask whether every even linkage class of curves in P$ satisfies this structure
theorem, i.e. can every curve be obtained from a curve of minimal degree in the even
linkage class using finitely many basic double links and a deformation preserving the first
cohomology module? The answer is affirmative. The structure theorem was proven for every
even linkage class of curves in P$ by Martin-Deschamps and Perrin [69]. Independently and
more generally, Ballico, Bolondi and Migliore [3] proved the structure theorem for every even
linkage class of Cohen-Macaulay pure codimension two subvarieties in P}.

Theorem 1.1.7 (Ballico-Bolondi-Migliore [3]). Every Cohen-Macaulay pure codimension
two subscheme Y of P} is obtained by from one of minimal degree in its even linkage class
using finitely many basic double links and a deformation preserving intermediate cohomology
modules. In particular, all such subschemes of minimal degree in an even linkage class differ
by a deformation preserving intermediate cohomology modules.

For the case of curves in P}, Strano [95] showed that the deformation in the end of the
structure theorem can be subsumed into linear equivalences on suitable surfaces.

Definition I.1.8. We say a subscheme Y of X is minimal if it has minimal degree in its
even linkage class. If Y and Z are two pure codimension two subschemes of X, then an
elementary biliaison of height h from Y to Z is given by a hypersurface K of X containing
Y and Z such that #y/x = Ik @ O(h) for some integer h. An elementary biliaison is
ascending if the height is positive, and descending otherwise. It is easy to check that if there
is an elementary biliaison from Y to Z, then Y and Z are in the same even linkage class.

If C3 is obtained from C) using a basic double link (g, h) as above, then Cj is clearly
linearly equivalent to Cy plus V(g,h) considered as (generalized) divisors on the surface
V(g). We see that the notion of elementary biliaison has linear equivalence built-in, where
we have the flexibility of taking any curve linearly equivalent to C3 on V(g).

Theorem 1.1.9 (Strano[95]). Any curve C' in P} is obtained from one of minimal degree in
its even linkage class using finitely many ascending elementary biliaisons.

In another direction, Nollet [81] removed the Cohen-Macaulay assumption for even linkage
classes of pure codimension two in P}. Combining the progress made by Strano and Nollet,
Hartshorne [52} [51] further generalized the structure theorem for even linkage classes of pure
codimension two subschemes on an arithmetically Gorenstein scheme.



CHAPTER I. LIAISON 6

Theorem 1.1.10 (Hartshorne [51, 52]). Let X be a Gorenstein variety over an infinite field
k and assume that H}(Ox) = 0.

1. Any two pure codimension two minimal subschemes in an even linkage class lie on an
wrreducible family.

2. Every pure codimension two subscheme Y can be obtained from a minimal one in its even

linkage class using finitely many ascending elementary biliaisons.

3. Fven linkage classes of pure codimension two subschemes of X are in bijection with stable
equivalence classes of extraverti sheaves up to twist.

We will use the more general notion of primitive sheaves instead of extraverti sheaves
in this thesis (see Definition [[.3.13). Although attributed to Hartshorne, the above theorem
clearly crystalized decades of work by numerous mathematicians. We refer to the book [77]
for a more complete story on this beautiful subject.

Our goal in Chapter [I| is to generalize the results in this section to biliaison of sheaves.

The Serre correspondence

The simplest Serre correspondence is between points and rank two bundles on a smooth
surface. Let & be a rank two bundle and let & 2 & be a section. The image of the dual

map & % 0 is an ideal sheaf #. If & = € , then we have an extension
0= A6 =& =0 —0

given by the Koszul complex. If .# # &, then the subscheme V(.#) defined by .# has
codimension at most two since it is locally defined by two equations. If V' (.#) has codimension

one, let Y be the largest codimension one component of V' (.#). The map &* %y O factors
as & — F(Y) — 0. Twisting by the line bundle &(Y’), we obtain an exact sequence

0> NE*ROY)>EROY)— F—0

where ¢ is the image ideal of the map &* ® O(Y) — €. It follows that the subscheme
defined by _#, if nonempty, has codimension exactly two. We say V(_#) is the vanishing
scheme of a section of & ® Z(Y).

Definition 1.1.11. Let X be a smooth surface, i.e. a smooth integral variety of dimension
two over a field k. A zero dimensional subscheme Z of X satisfies the Cayley-Bacharach
property with respect to the line bundle . if every effective divisor D in the complete linear
system of |.Z| that contains a subscheme Z’ C Z of co-length one must contain Z.

Theorem 1.1.12 (Griffith-Harris [35]). With assumptions as above, a zero dimension sub-
scheme Z of X is the vanishing of a rank two bundle & where N2€ = £, i.e. 95 admits an
extension of the form

0" =& —>9,—0
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if and only if Z is a local complete intersection (l.c.i.) and satisfies the Cayley-Bacharach
property with respect to the line bundle £ ® wx.

The case when Z is non-reduced is proven by Catanese [15]. There are analogous results
in higher dimensions due to Serre [93], Horrocks [56] and Hartshorne [44].

Theorem 1.1.13 (Serre, Horrocks, Hartshorne). A codimension two subscheme Y of a
smooth scheme X is the vanishing scheme of a section of a rank two bundle & where
N2E =L, i.e. Sy admits an extension of the form

0% -8 — 4 —0
if and only if Y is a l.c.i. and wy =2 L Quwx Q@ Oy.

This result sets up a correspondence, called the Serre correspondence, between codi-
mension two local complete intersections and rank two bundles on a smooth variety. It is
Hartshorne’s insight to relax the locally-free condition and consider reflexive sheaves instead.
Recall that a coherent sheaf is reflezive if the natural map % — Z** is an isomorphism.
The following theorem of Hartshorne extended the Serre correspondence to a correspondence
between rank two reflexive sheaves and generic local complete intersections curves in P3.

Theorem 1.1.14 (Hartshorne [48]). Fiz an integer ¢,. There is a bijection between

1. pairs (&,s), where & is a rank two reflevive sheaf on Py with ¢,(&) = ¢1, and

2. pairs (Y,€), where Y is a generic l.c.i. curve in P} and & € H(wy (4 — ¢1)) is a section
that generates the sheaf wy (4 — ¢1) everywhere except at finitely many points.

We will extend the above definition in Definition [L3.10]

Notations and conventions

For the remainder of this chapter, we fix X to be a (locally) Cohen-Macaulay projective
variety over an infinite field k, and let €/(1) be a fixed very ample line bundle of X over k.
All sheaves .# in consideration are assumed to be coherent on X. We always use underlined
letters such as a to denote a finite sequence of integers (a;)';, and write &'(a) instead of
D, , 0(—a;) for brevity.

Sections of .Z (1) := .F @ O(1)®" are called sections of F in degree |, or twisted sections
of #. If s1,...,s, are sections of .Z in degrees ay,...,a,, then we denote by (sq,...,S,)
the image subsheaf of the morphism ¢ : &'(a) . For a point p € X, let .%, denote
the stalk of .# at p, and let .%(,) denote the fiber at p. We write (., p) for the dimension
of the fiber .7, over the residue field k(p). By Nakayama’s lemma, the number of minimal
generators of .%, over the local ring 0, is equal to (%, p).

815-55u
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1.2. Graded Basic Elements

A basic element of a module is an element that is part of a minimal system of generators
of the module at each prime. We also consider elements that are basic at primes up to a
certain codimension or depth. In the affine case, results of Eisenbud-Evans [23] guarantee
the existence of a basic element in a submodule if it contains enough minimal generators of
the ambient module at each point. The theory surrounding basic elements has always been
very technical, but its applications have shown themselves to be extremely useful to those
willing to understand the material. To name a few consequences of the existence theorems,
one can prove the Bass’ cancellation theorem, the Forster-Swan theorem, Bass’ stable range
theorem and a theorem of Serre on free summands of a projective module [see 22)].

We encounter new difficulties and new features in the projective setting. The heart
of the proofs of the above theorems is |23, Lemma 3|, which we call the “finite shrinking
lemma”. It states that after a unipotent change of coordinates, one can drop a generator
of a submodule while maintaining basicness to a maximal extent over finitely many points.
The original proof of this lemma does not go through in the projective case. We were able to
find a different approach to prove the finite shrinking lemma in the projective setting, thus
obtaining analogous results of Eisenbud-Evans [23] and Bruns [11] for projective schemes.

Furthermore, we prove a criterion on the factorization of what we call an m-reduction,
yielding several geometric applications in codimension two. We define the Caylay-Bacharach
index of a set of points in P?, and provide upper and lower bounds of this invariant in terms of
the second Betti numbers of the points. We also prove that the Lazarsfeld-Rao procedure [67]
of producing a curve in P3 from a bundle factors through a Serre correspondence if and only
if the curve is a generic complete intersection. Finally, we show that every pure codimension
two L.c.i. subscheme of P} is the degeneracy locus of (n —1) generically independent sections
of a rank n bundle.

One key new feature of graded basic elements is the existence of degrees. In practice we
often strive to find graded basic elements of smallest degrees possible. We will expand on
this idea in Section [L.3]

The finite shrinking lemma

For any p € X, there exists a linear form L € H°(€(1)) not vanishing at p since &/(1)
is very ample. If s1,...,s, are sections of a sheaf .# in degrees a4, ...,a, corresponding to
the map ¢ : O(a) — #, then the image of ¢, is generated by (s1/L%),, ..., (S./L*), in
F,. A different choice of the dehomogenization L would result in the scaling by units of
Op. The image of ¢(,) in F(;,) is generated by (s1/L)w), .., (Su/L*) @), which is a k(p)
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vector-subspace of dimension (%, p) — (% /(s1,...,S4),p) by the right exact sequence

l
P(p)
@ ﬁ(_az)(p) —p) ﬁ(p) — (ﬁ/(sl, ey Su))(p) — 0

Definition I.2.1. A subsheaf .%#’ of % is w-basic in ¥ at p € X if
w(F | F p) < (F,p) —w.

If s1,...,s, are twisted sections of .%, then we say they are basic in . at p € X if (s1,...,54)
is u-basic in % at p.

By Nakayama’s lemma, a subsheaf .7’ is w-basic in % at p if and only if #] contains w
members of a minimal system of generators of .%, over 0.

The finite shrinking lemma says that we may, after a unipotent coordinate change, drop
one section of the lowest degree while maintaining basicness to the maximal possible extent
at finitely many points.

Lemma 1.2.2 (Finite shrinking lemma). Let si,...,s, be sections of a coherent sheaf F
on X in degrees a; < -+ < ay. If (s1,...,84) 18 wi-basic in F at p; € X for 1 <i < v,
then there are r; € HY(O(a; — ay)) for 2 < j < u such that (sg+ 19" S1,..., 8y + Ty - S1) I8
min(u — 1, w;)-basic in F at p; for all i.

Lemma is the projective version of Lemma 3 of [23], which is crucial in the proof
of [11, Theorem 1]. The original proof breaks down in the projective case and requires a
different strategy. The key difficulty is that the forms r; must now be homogeneous of degrees
a; —ay, as opposed to any forms in the affine case. The original proof involved finding a form
r; that vanishes on py,...,p,—1 but not on p,, assuming p, is minimal. Such a form always
exists in high enough degrees, but there is no guarantee for it to exist in degree a; — a;. We
overcome this difficulty with the following lemma from linear algebra.

Lemma 1.2.3. Let vq, ..., v, be vectors in a vector space V' over a field K. For any 2 <
7 < u, there is at most one A € K where

dimspan{vs,...,v; + A - vy,...,v,} < dimspan{vs, ..., v,}.
Proof. If v; € span{va, ..., V;,...,v,}, then clearly
dimspan{vs,...,v; + A-vy,...,v,} > dimspan{vs,...,7;,...v,} = dimspan{v, ..., v,}.
Suppose v; ¢ span{vs,...,0;,...,v,}. We may quotient V' by span{vs,...,v;,...,v,} and
denote the images of v; and v; by v7 and v;. If the inequality in the statement holds, then

we must have 7; + A - 07 = 0. It follows that 77 is a nonzero multiple of v; and X is uniquely
determined. O
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For clarity of exposition, we use the following lemma to make a consistent choice of
dehomogenization at finitely many points.

Lemma 1.2.4. Let pi,...,p, € X be finitely many points. There is a linear form L €
H°(0(1)) that does not vanish on any p;.

Proof. Sections that vanish on p; form a proper subspace of H°(&'(1)) for any 7. The conclu-
sion follows from the fact that a vector space over an infinite field is not the union of finitely
many proper subspaces. O

Proof of Lemma[[.2.3. Let L € H°(0(1)) be a form that does not vanish at p; for any i as
in Lemma . We prove the lemma by induction on v. Suppose v = 1, and (sq,...,s,) is
wy-basic at p;. If w = wy, then any choice of r;’s would work. We may suppose v > wy. If
(82,...,84) is wy-basic, then we may choose r; = 0 for all j. If not, then there exists some
2 < I < u such that (s;/L%), is in the span of (si41/L% )y, -, (Su/L%)(py). In this
case, we may take r; = 0 for every j # [, and choose r; = L%~ . Since r; has the image a
nonzero unit in k(py), we see (% /(sa, ..., S+ ris1,. .., 5u),01) = p(F /(815 .., 5u),01). It
follows that (sq,...,S 4+ ris1,...,S,) is wi-basic at p;.

Now we prove the case v > 1. If w; = u for some ¢, then any choice of r;’s would satisfy the
requirement at p;. Thus we may consider the same problem at fewer points, and induction
on the number of points v takes care of this case. Thus we may assume that v > w; for all 7.
By the induction hypothesis, there exist 1 € H°(0(a; — a1)) for 2 < j < u such that s} :=
sj + 1751 generate a subsheaf that is wi-basic in F at pi,...,p,1. If (sh,..., ;) is w,-basic
at p,, then we are done. Suppose not, then (s}, ..., s,) is (w, — 1)-basic in .% at p,. There
exists 2 < I < wsuch that (s]/L%)p,) is in the span of (s}, /L)), - - ., (sL,/L ) 4, We
choose ] := X\- L%~ for a nonzero A € k yet to be determined. By the same reasoning in the

paragraph above, the image of ] in k(p,) is a nonzero unit and thus (s}, ..., s;+7/s1,...,s.,)

is w,-basic at p, for any nonzero A € k. At each of the py,...,p,_1, there exists at most one
A € k where (s), ..., +1/s1,...,s,) fails to be w;-basic at p; by Lemma [[.2.3] Since k is
an infinite field, we may choose a nonzero A € k such that (s, ...,s;+r/sy,...,s!) remains

r U

w;-basic at p; for all 1 <i <wv— 1. O]

We do not know if Lemma [[.2.2] remains true when k is finite.

Existence of graded basic elements

We now use the finite shrinking lemma to extend the results of |23] and [11] to the
projective setting. We slightly generalize the existence theorem to “catch” multiple basic
elements at once. Aside from that, our contribution here is mostly that of a translation. We
include the complete proofs for the sake of rigor and being self-contained.

For any sheaf .% on X, there is a presentation of the form & — &, — % — 0, where &}
and & are locally free. The sheaves &; can be chosen to be the direct sums of tensor powers
of the very ample line bundle &'(1).
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Definition 1.2.5. Let & 2 &, be a map of locally free sheaves on X. The i-th minor ideal
sheaf .7 (i) is defined as the image ideal of the map A&} ® A&y — € corresponding to the
i-th exterior map A'& — A'&.

Let .Z be a sheaf on X and let & 5 & — .% — 0 be a presentation of .% by locally free
sheaves & and &). We define the i-th Fitting ideal Zitt;(#) of .F to be £, ;(¢), where
n = rank &. Let Z;(.#) be the subscheme corresponding to Fitt;(.7).

Proposition 1.2.6. With notations as above, the ideal sheaf Fitt;(F) is well-defined and
does not depend on the presentation chosen for any i. Furthermore, the subscheme Z;(.F)
contains exactly the points p € X where u(F,p) > i.

Proof. See [21, §20] for basic facts on Fitting ideals. O

Lemma 1.2.7 ([cf 23, Lemma 4]). Let € be a set of points in X and let F' be a subsheaf
of F. Suppose F' is w-basic in ¥ at all points that are the generalization of a point in €,
then F' is w-basic at all but finitely many points in €.

Proof. We claim that if %' is not w-basic at p € €, then p is the generic point of a component
of Z;(.#) for some i. Since there are only finitely many ideals Zitt;(.%# /.#'), and each Z;(F)
has only finitely many components by the noetherian property, the conclusion follows. Let
p € € and pu(F/F',p) = s. It follows that p € Z,_(F/F') and p &€ Z,(F/F'). Suppose
p is not the generic point of a component, then there exists a point ¢ € Z, 1(.% /F#') that
is a proper generalization of p. By assumption pu(%# /%' q) < u(%,q) — w. Since q is
a generalization of p, it follows that ¢ ¢ Z,(.%#/.%#'). We conclude that u(.# /%', q) =
w(F | F' p) = s. On the other hand u(F,q) < pu(F,p) since q is a generalization of p. It
follows that .#’ is w-basic at p. m

For an integer m > 0, let €, := {p € X | dim &), < m} to be the collection of all points
of X of codimension at most m.

Lemma 1.2.8. Let sq,...,s, be sections of a sheaf ¥ on X in degrees a; < --- < a,. Let
t > 1 be an integer, and suppose (si,...,S,) is min(u, m +t — dim &,)-basic at all p € €,,.
The subsheaf (s1, ..., sy,) is min(u, m +t+1—dim &),)-basic at all but finitely many p € &,,.

Proof. Fix 0 <1 < m and set € := &; —€,_; be the set of points in X of codimension exactly
i. If ¢ is a generalization of a point in €, then .#’ is min(u, m + ¢t — dim &,)-basic at ¢ and
therefore is min(u, m + t + 1 — i)-basic at ¢. By Lemma [[.2.7 there are only finitely many

points p in € where .#' is not min(u, m + ¢t + 1 — dim &),)-basic at p. ]
Theorem 1.2.9. Let s1, ..., s, be sections of a coherent sheaf F on X in degrees a; < --- <
ay. Ift > 1 is an integer such that (s1,...,s,) is min(u,m +t — dim &,)-basic in F at all

p € €, then there are r; € HY(O(a; —ay)) for 2 < j < wu such that (sg+ 17251, . ., Su~+Trus1)
is min(u — 1,m +t — dim &,)-basic in ¥ at all p € &,,.
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Proof. By Lemma , there are only finitely many points py, ..., p, in €, where (sq,...,S,)
is not min(u, m+t+1—dim &,)-basic. We apply Lemma and find forms r; € H*(O(a;—
ap)) for 2 < j < wu such that (sg+resy,..., Sy +1rys1) is min(u — 1, m +t — dim 0),)-basic at
P1,---,Pv. At all points p in €,, — {p1,...,p,}, the subsheaf (sg+rosq, ..., s, +r,s1) is also
min(u—1, m+t—dim 0),)-basic in .Z since (sq, ..., s,) is min(u, m+t+1—dim &,)-basic. [

Theorem 1.2.10 (Existence of graded basic elements). Let s1,...,s, be sections of a sheaf
F on X in degrees a; < --- < a,. Suppose t > 1 is an integer such that (si,...,8,) 1S
min(u, m 4+t — dim &),)-basic in F at all p € €,,. One of the following holds.

1. If u<t, then s1,...,8, are basic in F at all p € €,,.

2. If u > t, then there are t sections s,_, ,,...,s, of F in degrees ay_ii1,...,a, that are
basic in .F at all p € &,,. Moreover, for each u —t + 1 < i < u, the section s; can be
chosen to be of the form s; +ri_18;-1 + -+ +r1s1 for some r; € H*(O(a; — a;)).

Proof. If uw <t, then u < m+t—dim &), for all p € €, and the statement is trivial. If u > ¢,
then we may apply Theorem [[.2.9] (u — ¢)-times to obtain the desired ¢ sections. ]

Factorization of reductions

Definition 1.2.11. A sheaf .%# on X satisfies Serre’s condition (S,,) if depth.%, is at least
min(m, dim &,) for all p € X. We say .# satisfies (S)}) if .%, is free over O, for all p € €,
in addition to .# satisfying (S,).

Note that if .%#, has finite projective dimension over &, for all p € €,,, then (S;}) is
implied by (S,,) by the Auslander-Buchsbaum formula. For example, this is the case for all
sheaves .# if X is regular in codimension m.

Other than the case of bundles, the following (S;) sheaves are of interest to us. If X
is regular in codimension one, then & satisfies (S]") if and only if it is torsion-free. In this
case, a rank one sheaf & satisfies (S;) if and only if it is isomorphic to % ® ., where %
is a nonzero ideal sheaf and .Z is a line bundle. If X is regular in codimension two, then &
satisfies (S5 ) if and only if & is reflexive, i.e. the natural map & — &** is an isomorphism.

The following proposition relates the property of being (.S;}) with the notion of basicness.

Proposition 1.2.12. Let sy,...,s, be twisted sections of an (S;}) sheaf F of rank r. The
sections sq,...,8, are basic in F at all p € &, if and only if the quotient F /(s1,...,Sy)
has rank (r —u) and satisfies (S}).

Proof. If % /(s1,...,8,) has rank r — u and satisfies (S;), then % /(s1,...,s,) locally gen-
erated by r — u elements at each p € €,,. Since (s1,...,$,) is at most u-basic in .# at any
p € X, it follows that sq,...,s, are basic in .# at all p € €,,,.



CHAPTER I. LIAISON 13

Conversely, suppose $1,...,Ss, are basic in Z# at all p € &€,,. Since s;/L™, ... s,/L*
form part of a basis of the free module .%#, over &, for all p € €,,, the corresponding map
@ : O(a) 22 F is injective and .F /(sy, . . ., s,) is locally-free at all points p € €,,. Since
X is Cohen-Macaulay, all associated points of X are minimal, and thus ¢ is injective globally.
An application of the depth lemma to the exact sequence

0= 0(a) > F — F/(s1,...,5,) =0
yields the conclusion that % /(sy, ..., s,) satisfies (S,,) and hence (S;). O

Corollary 1.2.13. Let m > 0 be an integer and let F be an (S}) sheaf on X of rank
r>m. Ifo: Oa) > F is a surjective map for some a = (a;)',, then there is a rank
(r —m) summand £ of O(a), involving the smallest (r —m) integers a;, such that £ — F
is injective and F | L has rank m and satisfies (S}).

Proof. Let (s1,...,8,) be the sections of .% in degrees a; < --- < a, corresponding to ¢.
Since (sq, ..., S,) is min(u, r)-basic in .# at all p € €,,, it is min(u, m+(r—m)—dim &, )-basic
at all p € €,,. By Theorem [[.2.10] there is a rank (r — m) summand . of ¢(a) mapping
to #, corresponding to (r — m) sections that are basic in .# at all p € €,,. The conclusion
follows from Proposition |[.2.12] O

The affine version of the above corollary is due to Bruns [11].

Definition 1.2.14. An m-reduction of .% is an injective map of the form ¢ : 0(a) — % for
some a such that coker ¢ satisfies (S;}). The rank of the reduction is the rank of the map ¢
(over the generic fiber). The corank of the reduction is defined to be rank coker .

We say an m-reduction ¢ : 0(a) — F factors through an n-reduction ¢ : O(b) — F
if there is an injective map ¢ : &(b) — O(a) such that ¢ = ¢ o and cokert = O(c) for
some c. In this case, the induced map coker « — coker 1) is an m-reduction whose cokernel is
isomorphic to coker ¢ by an application of the snake lemma to the commutative diagram:

0 —— O(b) LR > cokeryp —— 0

F
0 —— Oa) —4— F > coker p —— 0.

In order for a sheaf & to admit an m-reduction, it must satisfy (S;,) itself. Corollary[[.2.13]
states that if & has rank r > m and satisfies (S,}), then it admits an m-reduction of corank
m. The next theorem gives us a sufficient criterion when an m-reduction factors through
another n-reduction.

Theorem 1.2.15 (Factorization theorem). Let ¢ : O(a) — F be an m-reduction of corank
u. There is an n-reduction of ¥ of corank v through which o factors if the following hold:
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1. u<v and m <n,
2. F satisfies (ST,
3. p(coker ¢, p) <v—n+dim O, for allp € X such that m < dim 0, < n.

We may take the factor map v : €(b) — O(a) to be a summand of O(a) consisting of the
smallest (rank .F — v) integers a;.

Proof. Set rank.# = r and let si,...,s,_, be twisted sections of .# corresponding to
. By Proposition the sections si,...,S,_, are basic in .% at all p € €,,. Since
p(cokerp,p) < v —n+dim0, at all p € €, — €, and ¥ satisfies (S;), we see that
(S1y- -y 8p—y) 18 min(r — u,n + (r — v) — dim 6,)-basic in .# at these points. It follows
that (s1,...,8,—y) is min(r — u,n + (r —v) — dim &,)-basic in .# at all p € €,,. By Theo-
rem [[.2.10] we can find a summand ¢ : &(b) — €(a) consisting of (r — v) smallest a; such
that pov: O(b) — .Z is an n-reduction of .# of corank v. O

In the following, we explore some geometric applications of the factorization theorem.

Lemma 1.2.16. A coherent sheaf .# on P} is isomorphic to a nonzero ideal sheaf up to
twisting by O(l) if and only if F has rank one and satisfies (Sy).

Proof. If .7 is a nonzero ideal sheaf of a subscheme Z, then rank .# = 1. If Z contains a one
dimensional component, then we may twisted .# down by the equation of the corresponding
hypersurface and assume that Z is empty or has codimension at least two. If Z is empty
then .# = ¢(l) which clearly satisfies (S;7). If Z has codimension at least two, then . is
locally-free in codimension one and the exact sequence

0= —>0—=0,—0

shows that .# satisfies (S;7) by the depth lemma.

Conversely, suppose .# has rank one and satisfies (S;7). The natural map . — #** is
an injection, where .Z#** is a rank one reflexive sheaf. Since Pic(P}) = Z, it follows that
F** = 0(l) for some [. It follows that .7 (—1) is isomorphic to an ideal sheaf. O

If a zero dimensional subscheme Z of P? satisfies Cayley-Bacharach property with respect
to the line bundle &(1) (see Definition [[.1.11]), then we write Z satisfies (CB;) for brevity.

Proposition 1.2.17. With notations as above, if Z satisfies (CB;) then Z satisfies (CB;_1).

Proof. Let Z' C Z be a subscheme of colength one. Suppose f € H*(O(1—1)) gives a divisor
V(f) that contains Z’. Let [ € H°(€(1)) cut out a hyperplane avoiding Z. Tt follows that
the hypersurface cut out by V(f - 1) contains Z' and thus contains Z. By the choice of [, we
conclude that Z is contained in V'(f). O

Definition 1.2.18. Let Z be a zero dimensional subscheme of P?. The Cayley-Bacharach
index of Z, denoted by CB(Z), is the largest integer [ such that Z satisfies (CB;).
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The next theorem says that the Cayley-Bacharach index of points in P%, a geometric
invariant, can be bounded below and above in terms of the degrees of the second syzygies,
which are algebraic invariants.

Theorem 1.2.19 (Bounds on the Cayley-Bacharach index). Let Z be a zero dimensional
l.c.i. subscheme of P3. Let S be the polynomial ring of P2 and let

u+1

0—>@S al—>@8 i) =17 =0 (%)

be a minimal graded free S-resolution of the homogeneous ideal I7. Suppose a1 < -+ < @y,
then a; —3 < CB(Z) < a, — 3.

Proof. We sheafify the minimal free S-resolutions to obtain a 1-reduction of @, (—b;).
Since p(Fz,p) < 2 for all p € X by the assumption that Z is a l.c.i., it follows from
Theorem [[2.15] that there is an extension of the form

0—=>0(—ay) > & — F7—0

where & is (S5) of rank 2. Since dim X = 2, it follows that & is locally-free and Z satisfies

(CBq4,—3) by Theorem [[.1.12}

Conversely, suppose Z satisfies (CB;_3) and thus 0 — O(—l) — & — ¥z — 0 is an
extension where & is locally free of rank 2. It follows that we have an exact sequence

u+1

0—>@ﬁ al—>6°’ @@ﬁ ) — & — 0.

If | > a, then the map @;_, O(—a;) — O(—I1) is zero. This would mean that ¢ drops rank
on Z, a contradiction to the fact that ¢ drops rank nowhere since & is locally-free. O]

As a consequence, we see that the Cayley-Bacharach index of an (a, b)-complete intersec-
tion in P7 is exactly a +b— 3. Let Z be a zero dimensional l.c.i. subscheme of P of degree
8. Then Z lies on at least two linearly independent cubics C and C5. If Z does not lie on
any conic, then C, and C5 cut out a complete intersection K. It follows that Z is residual to
one point p in K. Since K satisfies (CB3), it follows that every cubic containing Z contains
the residual point p as well. This is the classical Cayley-Bacharach theorem.

The next theorem says that the Lazarsfeld-Rao procedure [67] of producing a curve from
a bundle factors through a Serre correspondence (see Theorem I.1.14]) if and only if the curve
is a generic complete intersection.

Theorem 1.2.20. Let C' be a pure codimension two curve in P3, and let

e(C) = sup{l | H'(0c(l)) # 0}
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be the index of specialty of C'. There is an extension of the form
0—0O(a) > & = I — 0,

for some a = (a;)i, where a; < e(C) + 4, and & is locally-free of rank w + 1 such that
H2(&) = 0. The 1-reduction O(a) — & factors through a 2-reduction of & of corank two if
and only if C' is a generic complete intersection.

Proof. The existence of the extension 0 — 0(a) — & % Fo — 0 is a result of Lazarsfeld-
Rao [67, Lemma 1.1]. The map €(a) — & a l-reduction of &. The pure codimension two
subscheme C'is a generic complete intersection if and only if u(Zc,p) < 2 for all p € €. If
a Serre correspondence exits, then .%o is the quotient of a rank two reflexive sheaf and thus
w(Fe,p) < 2 for all p € €. The converse follows from Theorem ]

Theorem 1.2.21. Let V' be a pure codimension two [.c.i. subscheme of P}. There exists a
rank n bundle & and an exact sequence 0 — O(a) — & — Sy — 0 for some a.

Proof. Let Z be linked to V by an (s,t)-complete intersection K as in Definition [L.1.1]
Since V' is of pure codimension two and Cohen-Macaulay, so is Z. Let &(b) % 7y be a
surjection. Since Z is Cohen-Macaulay of codimension two, it follows that (ker ), is free
for all p € P}, i.e. kery is locally-free. Let %, be the Koszul complex of O, and let
Fe : 0 = kerp — O(b) — O be a locally free resolution of 7. The mapping cone of
the natural map « : #, — %, dualizes to a locally free resolution of &y after shifting by
O(—s —t) [see 83, Proposition 2.5]. We obtain an exact sequence of sheaves

0—=>0()(—s—t) > E(—s—t) B O(—s)d O(—t) = Iy — 0.

If rank & + 2 < n, then we may add trivial complexes of the form 0 =+ & = ¢ — 0 — 0. If
rank &+2 > n, then the conclusion follows from Theorem since %y is locally generated
by at most 2 elements. O]

In particular, any smooth curve in P3 is the degeneracy locus of two sections of a rank
3 bundle on P$. In fact, we only need to require that the curve is pure codimension two
Cohen-Macaulay, a generic complete intersection and locally an almost complete intersection.
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1.3. Biliaison of Sheaves

In this section, we define the notion of biliaison of sheaves and extend the classical results
reviewed in Section [[LI] to the context of sheaves.

For readers who are interested in vector bundles on projective varieties, and who wish to
get a gist of the ideas in this article without too much commutative algebra, it is advisable
to replace all occurrences of “(S;}) sheaves” with “bundles”.

The biliaison theory for the special case of rank two reflexive sheaves on X = P} was
established by Buraggina in |13| using the Serre correspondence and results from the linkage
theory of curves. Our method provides a substantially simplified treatment as well as stronger
theorems even in this special case.

Lattice structure

Definition I.3.1. Recall from Definition [[.2.14] that an m-reduction of a sheaf & is an
injective map of the form ¢ : &(a) — & where coker ¢ satisfies (S;7). We define the shape
of the reduction ¢ to be the sequence a sorted in ascending order.

If we consider the shapes of all m-reductions ¢ : &'(a) — & of the same sheaf &, we see
that they are partially ordered in a natural way. We define this partial order more generally
on the set of finite non-decreasing sequences of integers.

Definition 1.3.2. Let a and b be two finite non-decreasing sequences of integers.

1. For an integer [, we define (a,[) to be the number of entries of a that is < [.
Note that the non-decreasing function ¥(a, —) : Z — N determines the non-decreasing
sequence @.

2. We write a < b if ¥(a,l) < X(b,1) for all [ € Z.

3. Let a Vb be the non-decreasing sequence ¢ determined by the property that
Y(e, 1) = min(X(a,l), 2(b, 1)), VIE€Z.

4. Let a A b be the non-decreasing sequence ¢ determined by the property that

(e, 1) = max(X(a,l), X(b, 1)), VIeEZ.

Let & denote the set of finite non-decreasing sequences of integers.
It is easy to see that the poset (&, <) is a lattice with meet V and join A.

Example 1.3.3. If a = (1,3,4) and b = (2,2), then aAb= (1,2,4) and a Vb = (2, 3).
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Here is an equivalent way to determine a Vb and a A b without writing down ¥(a, —) and
Y (b, —). We illustrate on the previous example. First append oo to the shorter sequence till
the lengths match up: a = (1,3,4) and b = (2,2,00). Then a Vb and a A b are given by the
position-wise maximum and minimum, with oo interpreted as a non-entry.

Theorem 1.3.4 (Semilattice theorem). For a fized m > 1, the shapes of m-reductions of a
giwen sheaf & is a subsemilattice of &. When m = 1, the shapes of 1-reductions of a given
sheaf & is a sublattice of S.

A semilattice is a partially ordered set (poset) with meet. A subsemilattice is a subposet
inheriting the same meet from the ambient semilattice, analogously for a sublattice. The
conclusions of Theorem follow immediately from Theorem and Theorem [[.3.7],
whose proofs will occupy the remainder of the subsection.

The next lemma is a generalization of [81, Lemma 3.6], where the quotients are required
to have rank one and satisfy (S;"). Essentially we prove that m-reductions are open among
the affine variety of morphisms.

Lemma 1.3.5. Let ¢,¢ be m-reduction of & with shapes (a;)i—, and (b;)}_,. Denote by
J C {1,...,min(u,v)} the subset of indices where a; = b; for all j € J. There are m-
reductions ¢, of & with shapes (a;)i—, and (b;)}_,, such that if s§,...,s, and t},... t, are
twisted sections of & corresponding to ¢ and ' respectively, then s; =t for all j € J.

Proof. Let sq,...,s, be sections of & in degrees aq,...,a, corresponding to ¢. Let € be an
arbitrary index. We claim that for a general choice of sections s, of & in degree a., the map
¢ O(a) — & given by sy,...,5.,...,8, is an m-reduction of &. The conclusion of the
lemma then follows by replacing the sections s; and t; by a common general section of & of
degree a; = b; for every j € J.

Let V be the finite dimensional k-vector space H°(&(a.)), and let A = Spec Sym V* be
the affine space parametrizing these sections. Consider the scheme X' = X X, A and the
pullback sheaves &” of & as well as 0 (a)’ of O (a) from X. There is a map ¢ : O(a) — &’
defined by the following property. Suppose p is a k-point of A corresponding to the sections
s, in V, then the fiber ®, : &(a) — & at p is given by the sections si,...,s.,...,s,. Let
Z denote the subscheme of X’ cut out by the Fitting ideal .Fitt,_,(coker ®) (see Defini-
tion [[.2.5)). The subscheme Z contains points in X’ where coker ® cannot be generated by
< r — u elements locally. Since X’ is proper over A, semicontinuity of fiber dimensions
over the target implies that the points p € A such that Z, has dimension < dim X —m
are open in A. Since X is a projective variety over a field, dimension and codimension are
complementary by Noether normalization. It follows that the set of points p € A such that
codim(Z,, X ® k(p)) > m form an open set U. If p € A is such a point, then coker ®, has

rank 7 on X ®; k(p) and therefore we have an exact sequence

0— @ O(—a;) @ k(p) = & @y, k(p) — coker @, — 0.

i=1
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Since coker @, is locally-free in codimension m, it satisfies (S;;) by an application of the
depth lemma to the above sequence. Finally, the existence of ¢ gives us a k-point of U.
Since k is infinite, it follows that the k-points of U are dense in V. n

Theorem 1.3.6. For a fired m > 1, if there are m-reductions ¢,v of & with shapes (a;)¥,
and (b;)Y_y, then there is an m-reduction & of & with shape (a;)¥_; A (b;)i_;.

Proof. By induction, we may reduce to proving the following statement. Set € to be the
largest integer in the interval [0, min(u, v)] such that a; = b; for all 1 < i <e. If ¢ = min(u, v),
then (a;)i, is a subsequence of (b;)¥_; or vice versa, and their join is just the longer sequence
among the two. The statement of the theorem is true in this case. Assume without loss of
generality that € < min(u,v) and be; > a.y1. We claim that there exists an m-reduction of
& with shape aq,...,ac11,bc42,-..,b,.

Step 1: Using Lemma we may assume ¢ and v are given by twisted sections
S1,...,8, and tq,...,t, respectively, such that s; =¢; forall 1 < j <e.

Step 2: Let Y be any subvariety of X of codimension < m, we claim that (coker )y
is torsion-free on Y. Since cokert) satisfies (S;}), we see that (coker))y is locally-free in
codimension one on Y. By Krull’s principal ideal theorem, if a module M has a zerodivisor
r, then any minimal prime P above (r) has height one. In particular, the image of r in the
localization would remain a zerodivisor on Mp. Since (coker 1))y is locally-free in codimension
one on Y, we conclude that (coker )y must be torsion-free on Y.

Step 3: We claim that ¢, ...,t,, sc;1 are basic in & at all points of codimension < m —1.
Suppose not, let y € X be a point of codimension < m — 1 and let Y = {y} be the
corresponding subvariety. If ¢y,...,%,,s.;1 are not basic in & at y, then the image of the

corresponding map ¢ : @;_, Oy (—b;) ® Oy(—ac11) — &y has rank v on Y, the same rank
as im Yy . We obtain the following commutative diagram of exact sequences

0 » @iz, Ov(—bi) o, Sy > (cokerp)y —— 0
I | I
0 ——— imyy > Sy > coker ), — 0.

The upper complex is exact because it is exact at the generic point y of Y and @;_, Oy (—b;)
is torsion-free. The snake lemma implies that coker a = ker 3, which vanishes at the generic
point y of Y since rank im )3, = v, therefore ker 3 is torsion on Y. Since (coker v)y is torsion-
free by the above step, we conclude that ker f = 0. This means that v} factors through y-.
However, any map from Oy (—ac;1) to Oy (—b;) is zero for i > € since X is integral and &'(1)
is very ample. It follows that Oy (—ac1) — &y factors through @;_, Oy (—b;) — &. This

means that ¢;,...,%, sc;1 are not basic at y, which is a contradiction since t; = s; for all
1 <j<eand sy,...,S. are basic at y.

Step 4: Let Z be the subscheme defined by the Fitting ideal Fitt, _1(&/(t1, ..., ty, Sex1)),
where r = rank coker 1). The subscheme Z contains all points in X where &/(t1, ..., ty, Scx1)

cannot be generated by < r — 1 elements. Since & is locally-free in codimension m, we see
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that Z contains no point in X of codimension < m — 1 by the previous step. Therefore Z
contains at most finitely many points in X of codimension m. Let B denote this finite set
of points of codimension m in X where tq,...,t,,s.;1 are not basic in &.

The idea is to fix the basicness of sq,...,Sci1,tera, ..., 1, at one point in B at a time by
modifying a section t; to t;+r;t.y1 for some suitable r; € H(&(b; —b.11)), without worsening
the basicness at the remaining points in B.

At each point x € B, if s1,...,8c1,tero,...,t, are basic in & then we do nothing.
If not, we can find t; for e + 2 < ¢ < v such that sy,...,Sci1,tera,...,t; have the same
basicness in & at x as s1,...,Set1,ter, ..., ti1. Since O(1) is very ample, there exists a
form r; € H°(O(b; —bey1)) that does not vanish at z. Let A\ € k be an undetermined nonzero
scalar, then s1,...,Sci1,tera, ..., 8, ..., 1, are basic in & at x, where t; = t; + Ar;t.,1. By
Lemma , for all but finitely many choices of A the sections $1, ..., Sei1,ter2, s thy ooy ty
maintain the same amount of basicness as si,...,Sci1,teio, - .., t, at the remaining points in
B. We choose such a nonzero A and go to the next point in B with the modified sections
S1y+ vy Settstetay -, thy ..., t, as input, and carry out the same procedure. Eventually, we
arrive at sections si,...,Scp1,0,9,...,t, that are basic in & at all points in B, where t; =
t; + riteyr for some r; € HY(O(b; — bet1)). The sections sy, ..., Sey1,tL,0,. .., 1, are basic in
& at all points of codimension < m outside of B since t1,...,t,, scr1 are basic in & at these
points. Tt follows that the map ¢ : @] O(—a;) ® @D, ... O(—b;) = & corresponding to
S1y. 3841, i, - .-, by is an m-reduction of & H

Theorem is a generalization of [3, Lemma 2.1]. The above proof for (S;}) sheaves
is more subtle. At its core, Theorem [[.3.6] is about the codimension of the ideal of certain
minors of matrix extensions. Note that this procedure gives us a way to construct new
bundles from old ones.

The next theorem is similar in spirit with Theorem but the proof requires a slightly
different approach. We include the proof here for the sake of completeness.

Theorem 1.3.7. If there are 1-reductions ¢, of & with shapes (a;)¥_; and (b;)!_,, then
there is a 1-reduction & of & with shape (a;)i—y V (b;)}_;.

Proof. Without loss of generality, assume that u < v. By the remark below Example |[.3.3]
we see that (a;)i_, V (b))l = (a;)i_; V (b;),. Certainly ¢/ : @;_, O(—a;) — & is an
m-reduction of & if ¥ is. We thus reduce to the case where u = v.

Let D(¢,) denote the number of indicies where the shapes of ¢ and v differ. We
prove the assertion by induction on D(¢, ). When D(¢,1) = 0 there is nothing to prove.
Suppose D(¢,v) > 0. Let s1,...,s, and ty,...,t, be sections of & corresponding to ¢
and 1 respectively. Let J C {l1,...,u} be the subset of indicies j where a; = b;. By
Lemma [[.3.5] we may assume that s; = ¢; for all j € J. We claim that there is an index
e € {l,...,u} — J where si,...,5,,t. are basic in & at the generic point n of X. Suppose
not, then every map &(a) ® 0(—b;) — & factors through ¢ : 0(a) — & by the same
argument in step 3 of Theorem [[.3.7 This would mean that ¢ : &(b) — & factors through
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¢ : O(a) — &. But the factor map €(b) — €(a) must drop rank along the determinant
hypersurface since a # b, and thus so must . This is a contradiction to the fact that
does not drop rank in codimension one. Thus we find € such that sq,...,s,,t. are basic in
& at the generic point. We may assume without loss of generality that b. > a., otherwise
we reverse the role of ¢ and 1. The same argument in step 4 of Theorem [[.3.6| shows that
S1,...,Su, te are basic in & at all but finitely many codimension one points in X, and thus so
are Si,...,Sc, ..., Su, te. Carrying out the same procedure in step 4 of Theorem [.3.6] we can
find a suitable r € H°(0(b.—a.)) such that si,..., S, ..., s,,t. are basic at all points in X of
codimension < 1, where t; = t.+7-s.. The corresponding map £ : O(—b.)®€D, . O(—a;) — &
is thus a l-reduction. Since D(¢,£) < D(¢,1), by induction we find a 1-reduction n of &
with shape a V¢ = a V b, where ¢ is the shape of &. O

Example 1.3.8. Continuing Example [.3.3] Suppose there are extensions
0—-0(-1)e0(-3)d0(-4) & —F =0
0=>0(-2)80(-2)—>8&—F =0
where ., .Z" are locally-free. By Theorem [[.3.6] there is an extension of the form
0=>0(-1)p0(-2)a0(-4) & —F" =0
where .Z” is locally-free. By Theorem [[.3.7] there is an extension of the form
0= 0(-2)d0(-3) =& —=F" =0

where .Z" is (S]). We do not know if we can always make .Z#" locally-free.

The weak structure theorem

In this subsection, we define the biliaison equivalence of sheaves. We prove a weak version
of the structure theorem for a biliaison class, which says that (.S;}) sheaves in a biliaison class
can be obtained from one another using rigid deformations and other basic moves.

Definition 1.3.9. If there is an extension of the form
0—=0(a) »ED0(b) - F =0,

then we say .# is a descendant of & and & is an ancestor of #. Let ©(&) denote the
collection of all descendants of &, and let ©,,(&) denote the collection of all descendants
of & that satisfy (S;}). Two sheaves .# and ¢ are related, written .# ~ ¢, if they share a
common ancestor. The equivalence relation among sheaves on X generated by ~ is called
biliaison equivalence.
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Note that if # € ©,,(&), then &@ O(a) satisfies (S;) for some a. By the characterization
of depth using vanishing of local cohomologies, we have depth &, = depth(& @ O(a)), for
any x € X. We see that & satisfies (S;}) if and only if & & &(a) satisfies (S;}) for some a.
Therefore a sufficient and necessary condition for ©,,(&’) to be nonempty is that & satisfies

(57)-

Definition is motivated by the following well-known theorem of Rao [86], strength-
ened in [81] and [52].

Theorem (Rao-Nollet-Hartshorne). Suppose H}(Ox) = 0. Two pure codimension two sub-
schemes Y, Z of X are evenly linked if and only if Sy, 97(8) € D1(F) for a sheaf F and
an integer 0. If X is Gorenstein in codimension two, then # can be chosen to be reflexive.
If X s regular, then Y is Cohen-Macaulay if and only if Z is Cohen-Macaulay if and only
if # can be chosen to be locally-free.

In order to discuss the structure theorem for a biliaison class of sheaves, we need to
generalize the notions of Serre correspondence (cf. Theorem [[.1.14]) and elementary biliaison
(cf. Definition [I.1.8)).

Definition 1.3.10. An (S;})-Serre correspondence is an m-reduction of a sheaf & of the
form ¢ : 0(—a) — & for some integer a.

An elementary (S;})-biliaison from F to ¢ is a pair of (S;})-Serre correspondences ¢ :
O(—a) — F and ¢ : O(—b) — ¥4 where coker ¢ = cokert. The height of the elementary
biliaison (¢, ) is the integer a — b. The elementary (S;)-biliaison is increasing if the height
is positive, and decreasing otherwise.

Let & be a sheaf on X, let T" be a rational variety and let p : X x, T — X be the natural
projection. If for some a there is a map @ : p*0(a) — p*& that is fiber-wise injective over
T, then we call coker @7 a rigid family of sheaves on X.

If there are extensions 0 — 0(a) - & — F — 0and 0 — O(a) - & — ¢4 — 0 for the
same a and sheaf &, then .% and ¢ belong in a rigid family by the proof of Lemma [[.3.5
The converse is true trivially. In particular, if there is an elementary biliaison of height zero
from .Z to ¢4, then .# and ¢ belong in a rigid family.

Example 1.3.11. There is an elementary (5] )-biliaison between two rank two reflexive
sheaves & and &’ in P} if and only if they correspond to the same curve C' in P} as in

Theorem [L1.14]

We briefly explain how elementary (S;!)-biliaisons of sheaves generalize elementary bili-
aisons of codimension two subvarieties (see Deﬁnition. Let %y and .#; be ideal sheaves
of pure codimension two subschemes Y and Z of X. If there is an elementary (S; )-biliaison
between .y and .#z(0), then we have exact sequences

0= O0(—a) = Fy = Fyxk =0
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0— O(—a+0) = I4(0) = Iz/k(6) =0,

where K is a hypersurface in the linear system |&'(a)| containing Y, Z such that %y =
F7/k(0) [52, Prop 3.5]. Conversely, if there is a hypersurface K in |0(a)| containing Y, Z
such that Sy x = F4/k(6), the maps O(—a) = Hy and O(—a + 6) = () form an
elementary (S )-biliaison of height ¢ from %y to Zz(6).

The main result of this section is that (S) sheaves in a biliaison class can be obtained
from one another using finitely many elementary biliaisons, rigid deformations and at most
one m-reduction.

Theorem 1.3.12 (Weak structure theorem). For m > 1, if % and & are (S;}) sheaves in
the same biliaison class, then there are (S}) sheaves F = Fy, ..., F = 94, such that %,
and F; 1 are related in one of the following ways:

(a) there is an elementary (S, _,)-biliaison from F; to Fi i1,
(b) F; and F;i1 belong in a rigid family,

(¢) there is an m-reduction ¢ : O(a) — Fi11 with coker ¢ = .F; or vice versa.
We need (c) at most once. If rank.# = rank ¥, then we do not need (c).

Proof. Since biliaison equivalence is generated by the relation ~, it is enough to prove the
assertion when . and ¢ have the same ancestor. By definition, there are extensions

O%ﬁ(g)ﬂg@ﬁ(g)%ﬁéo

0= 0ld) S & 0W) =9 —0.
We may consider two m-reductions of the same sheaf & := & & 0(b) & O(b') given by

p@Id: O(a) @ OW) — &

p@ld: 6(d)® o) — &

In doing so, we reduce to the following: the cokernels of two m-reductions ¢ : &(a) — & and
W O(b) — & of the same sheaf & are related by finitely many steps in the manner (a) — (¢).

Let a = (a;)!; and b = (b;)"_;, and let sq,...,s, and ty,...,t, be twisted sections of &
corresponding to ¢ and 1 respectively. We proceed by induction on D(¢, ), the number of
indices where (a;)¥_, and (b;)y_, differ, including those ¢ where only one of a;, b; is defined. If
D(¢,v) = 0, then coker ¢ and coker ¢ are related in manner (b) by the proof of Lemmal[[.3.5]

Suppose D(¢,1) > 0. Let € be the largest integer in [0, min(u, v)] where a; = b; for all
1 <i<e By Lemma again, we may replace ¢ and ¢ in manner (b) and assume that
si=t; for 1 <i<e If e=min(u,v), then (a;)}, is a subsequence of (b;)7_, (or vice versa),
and we see that coker ¢ and coker ¢ are related in manner (c).
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We now discuss the case where € < min(u, v). Interchanging ¢ and 1) if necessary, we may
assume aey1 < bei1. By the proof of Theorem [[.3.7 there is an m-reduction ¢ : O(c) — &
corresponding to twisted sections si,..., 51,1 o,...,t,, Where t; = t; + r; -ty for some
r; € HY(O(—=b; — bey1)). Since D(¢,€) is smaller than D(¢, 1)), by the induction hypothesis
the sheaves coker ¢ and coker ¢ are related by finitely many steps of manner (a) — (¢).

To finish the proof, we show that coker and coker ¢ are related in manner (a). In step
(3) of the proof of Theorem , we showed that ¢1,...,t,, s..1 are basic in & at all points
of codimension < m — 1. There are (S} _,)-Serre correspondences

U: O(—aey1) 2t coker,  w: O(—bes1) I coker &

such that
& -~ &

cokeru = & - —~ = coker v. O
(tl, . 7tv7 S€+1) (517 ceey Setl, t6+1,t5+2, .. ,t,u)

The converse of Theorem [[.3.12]is obviously true, i.e. if two (S) sheaves are related by
finitely many steps of (a) - (c¢), then they belong to the same biliaison class.

There is a dual notion of elementary biliaisons, see for example [13, Definition 4.7].
A word of caution that this dual notion does not generalize elementary biliaisons of
subvarieties. We say there is a dual elementary (S;})-bilizison from F to ¢ if there is a pair
of (S;h)-Serre correspondences ¢ : O(—a) — & and ¢ : O(—b) — & for some sheaf & and
integers a, b such that coker ¢ = .% and coker ¢ = ¢. We remark that Theorem holds
trivially with dual elementary (S;!)-biliaisons instead, due to the fact that an m-reduction
remains an m-reduction when we restrict to a summand. Our results in Theorem give
stronger statements than those in [13] even for the special case of rank two reflexive sheaves
in X =P3.

If we restrict to the speical case of rank one (S;) sheaves on P?, then Theorem
recovers a weak version of the structure theorem for even linkage classes of codimension two
subvarieties (cf. Theorem . In the next subsection, we will prove a stronger structure
theorem under an additional assumption on X which we now define.

Definition I.3.13. The following are defined relative to the very ample line bundle &/(1).

1. We say a sheaf .7 is primitive if Ext' (%, 0(1)) = 0 for all | € Z.
2. We say X is primitive if Ox is primitive.

3. Two sheaves . and .F' are stably equivalent if # & O(a) = F' & O(b) for some a, b.

If H'(Ox) = 0, then X is primitive relative to any large enough multiple of an ample
line bundle by Serre vanishing and Serre duality. If X is subcanonical, i.e. wx = O(I) for
some integer [, then a sheaf .Z is primitive if and only if H* (%) = 0 by Serre duality,

where n = dim X.
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Note that X is primitive if and only if H!(0x) = 0. Under this assumption, biliaison

equivalence is also called psi-equivalence in [52], and is closely related to stable equivalence.
We recall some useful facts from the same paper.

Proposition 1.3.14. Suppose X is primitive.

e v =

S

If F is a descendant of & and 9 is a descendant of %, then ¢ is a descendant of &.
If % and 9 have a common descendant, then % and ¢ have a common ancestor.
The relation ~ 1is an equivalence relation, thus coincides with biliaison equivalence.

If & is primitive and shares a common descendant with %, then F is a descendant of & .
Thus all sheaves in the biliaison class of a primitive sheaf & are descendants of & .

Two primitive sheaves in the same biliaison class are stably equivalent.

6. If & is primitive and F is a sheaf in the biliaison class of & that satisfy (S;), then &

also satisfies (S;}).

If X is Gorenstein in codimension one (Gy) and F satisfies (S7), then F is the descen-
dant of a primitive sheaf. In particular, biliaison classes that contain an (S]") sheaf are
in bijection with the stable equivalence classes of primitive (S7) sheaves.

Proof. 1. [52, Lemma 2.4].

2.
3.
4.

[52, Lemma 2.5].
The relation ~ is evidently reflexive and symmetric. (1) and (2) show that ~ is transitive.

Given 0 = O(a) > E® O(b) -9 - 0and 0 — O(d) - F & O(V') -+ 94 — 0, the map
& @ O(b) — ¥ lifts to amap & ®© O(b) — .F @ O() since Ext' (& @ O(b), O(d')) = 0.
By the horseshoe lemma we have an extension

00 —>ED0Db)DOW)— Faol)— 0.

It follows that % @ O(V') is a descendant of &. Since .7 is a descendant of .Z# & O(b'),
we conclude from (1) that .# is a descendant of &.

. By (4) we have an exact sequence 0 — O(a) — & & O(b) — & — 0. This sequence is

split since Ext!*(&”, €(a)) = 0. We conclude that & @ €(b) = &' @ O(a).

. By (4), the sheaf .% is a descendant of &. Thus & satisfies (S;) by the remark below

Definition [[.3.91

Consider a surjection 0'(a) — % with kernel . There is a surjection Hom, (%", Ox) —
Ext!(%,0x). Since X satisfies (G1) and (Sy), and % satisfies (S,), we see that %
is reflexive. We conclude that Hom, (%", Ox) and Extl(.#, Ox) are finitely generated
modules over H?(Ox). We may then find an extension

0—0(a) > & —.F —0,
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where the map « in the long exact sequence
..o — Hom,(O(a), Ox) = Bxtl(F, Ox) — ExtL(&, Ox) — 0
corresponds to generators of the module Ext}(.%, Ox) [see |52, Prop 2.1]. O

From the lower terms of the spectral sequence of Ext
0 — HY &) — Extl(&, 0x) — HY(Ext' (&, Ox)) — HZ(E*) — ...

we see that extraverti sheaves in the sense of [52] are primitive. The converse need not be
true as extraverti sheaves are exactly primitive sheaves whose classes contain the ideal sheaf
of a pure codimension two subvariety up to twist. In our article, we are not concerned with
the properties of the varieties defined by the ideal sheaves in a biliaison class, thus we resort
to the more general definition of primitive sheaves.

Minimal sheaves

In this subsection, we assume that X is primitive and Gorenstein in codimension one
(G1). We define a natural preorder among sheaves in a biliaison class and prove that there
is always a minimal (S;) member, generalizing the fact that there is always a minimal
subvariety in an even linkage class. We then prove a stronger structure theorem for (S;)
sheaves in a biliaison class, which is an analogue of Theorem [[.1.7] Finally, we deduce a
sufficient criterion for an (S;}) sheaf to be minimal.

Definition 1.3.15. We say a sheaf .7 is very primitive if % is primitive and does not admit
a non-trivial direct summand of the form &'(a).

Recall that coherent sheaves on X form a Krull-Schimdt category [2]. Thus any primitive
sheaf .# is of the form .#'@® 0'(a) for some very primitive sheaf .#’ and finite integer sequence
a, and this decomposition is unique up to isomorphism. It follows from Proposition
that a very primitive sheaf is unique up to isomorphism in its biliaison class.

We define the following invariant for sheaves in the biliaison class of a primitive sheaf.

Definition 1.3.16. Let & be a very primitive sheaf, and let .%# be in the biliaison class of
&. 1t follows from Proposition [[.3.14] that .# € ©(&), i.e. there is an extension of the form

0—0(a) & 00b) —F —0.
We define the ¥ function of .# to be X(Z#,1) = X(b,1) — 3(a, ).

Proposition 1.3.17. The function (%, —) is well-defined for any sheaf .Z in the biliaison

class of a primitive sheaf. In particular, the ¥ function is well defined for any sheaf ¥ in
the biliaison class of an (Sy") sheaf.
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Proof. We need to show that the function ¥(.%, —) does not depend on the extension
0—0(a) 8D O(b) — F —0.

Suppose 0 — O(d’) = & ® O') — F — 0 is another extension where &” is very primitive.
The surjection & @ O(V') — F lifts to a map & & O') — & & O(b) since & is primitive
and X is primitive. We have a surjection & @ O(b') & O(a) — & © O(b) with kernel O(a’)
by the horseshoe lemma. Since Ext!(& @ €(b), 0(d')) = 0, the above surjection splits and
we obtain an isomorphism

EooW)® O =D 00b)®0(d).

Since & and & are both very primitive, we have that O(b') & O(a) = 0(b) @ O(d’) by the
uniqueness of the Krull-Schimdt decomposition. It follows that 3(.%,1) = X(b,1) — ¥(a,l) =
S(Y,1) — %(d,1). The last statement follows from Proposition [1.3.14] (7). O

Given the Hilbert function of a very primitive sheaf &, the data of the X function of a
sheaf .% in the biliaison class of & is equivalent to the data of the Hilbert function of .%.
The next proposmon says we can compute the ¥ function of .% from the X function of any
ancestor of .%#

Proposition 1.3.18. Suppose #,9 € D(&) for some very primitive sheaf &. If there is an
extension 0 — O(a) -9 @& O(b) = F — 0, then

S(FeO)l)=S9>d00b),l), Vel

Proof. Given an extension 0 — 0(d') - &® O(') - F — 0, the map & ® O(b') — Z lifts
to amap & ® O(b') — 4 & O(b) and we obtain an exact sequence

0=0W)—=ED0V)®Oa) 900D =0

We conclude that (¢ @ 0(b),1) = S, 1) + X(a,l) — X(d,1) = B(F & O(a),l). O

We now prove some simple but important observations on 3 functions of (S;") sheaves.
For every sheaf .7 there is a natural surjection @,_, 0(—1)/") — F given by sections of
Z in all degrees, where f(I) = h%(Z(l)). For any integer a € Z, we define F<, to be the
image subsheaf of the restriction @,., 0(—1)’® — F. We say F<, is the subsheaf of .#
generated by sections of degree < a. Our notations were chosen to be consistent in the sense
that ¥(0(a),l) = X(a,l) = rank O(a) <

Proposition 1.3.19. Let m > 1 and let F € ©,,(&) for a very primitive sheaf &. Let r be
the minimal rank of all sheaves in ©,,(&), and define e := inf{l | H*(& (1)) # 0}.

1. If & # 0, then e is an integer.
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2. (F,1)=0 forl <0 and 2(F,l) >0 for alll < e.
3. X(F, 1) >r—rank & foralll > e.
4. 2(ZF,l) =rank F —rank & for all 1 > 0.

Proof. 1. Since & satisfies (S]), the map & — &** is injective. We have H°(&**(1)) = 0 for
[ < 0 by Serre duality and Serre vanishing. It follows that H%(& (1)) = 0 for [ < 0 and e
is an integer.

2. Let 0 = O(a) > & @ O(b) — F — 0 be an extension. It is clear that the restricted
map ¢ : O(a)<; — & @ O(b) is an m-reduction. In fact, &(a)<; maps into €(b)<; since
& @ O(b)~; has no sections of degree < [. It follows that ¢ : O(a)<; — O(b)<; is an
m-reduction, as its cokernel fits in an exact sequence

0 — coker¢p — coker ¢ — O(b)~; — 0.

We conclude that ¥(.#, 1) = rank 0/(b)<; — rank '(a)<; > 0.

3. Suppose | > e. Similar to the above, there is an m-reduction ¢ : 0(a)<; — & & O(b)<
Since X(.#,1) + rank & = rank coker ¢ > r, we see that ¥(.%,l) > r — rank &.

4. This is true for any [ greater than the maximum of all entries of a and b. m

The invariant Y allows us to define a preorder on the biliaison class of a primitive sheaf.

Definition 1.3.20. If & is a very primitive sheaf and .#,¥4 € ©(&), we write F < ¢ if
N(Z,1) <X(9,1) for all | € Z. This defines a preorder on the biliaison class of &

A preorder is a relation that is reflexive and transitive. Every preorder has an associated
partial order, obtained by modding out equivalences where % < ¢4 and ¢ < .%#. The
associated poset of a biliaison class with respect to the preorder =< is exactly the poset
of ¥ functions under the partial order of point-wise comparison. The next proposition
characterizes when two sheaves in a biliaison class have the same Y function.

Proposition 1.3.21. The following are equivalent for two sheaves F and ¢ whose biliaison
classes admit primitive sheaves.

1. F and 9 are in a rigid family,
2. F and 9 are in the same biliaison class, and F 294 as well as G X .F
Proof. If % and ¢ are in the same biliaison class and have the same ¥ functions, then there

are extensions

0—=0(a) >8D0(0b) > F —0
0—=0(a)—-&E00b) -9 —0
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for a very primitive sheaf & by the proof of Proposition [[.3.17) The proof of Lemma [[.3.5
shows that . and ¢ lie in a rigid family, parametrized by an open subscheme of the affine
scheme Hom(0'(a),& & O(b)).
Conversely, if .# and ¢ lie in a rigid family, then there is a not necessarily primitive sheaf
& and extensions
0—0

0= 0
It follows from Proposition [I.3.18|that 3X(.%,1) = 3(¥4,1) = ¥(&,1) —X(a,l) foralll € Z. O

—-&—=F =0

- & =9 = 0.

(a)
(a)

As a direct corollary to Theorem [[.3.4] we see that the associated poset of (S;}) sheaves
in a biliaison class is a meet-semilattice.

Theorem 1.3.22. For m > 1, the ¥ functions of (S;.) sheaves in a biliaison class form a
meet-semilattice, i.e. a poset with meet. For m = 1, the ¥ functions of (S]) sheaves in a
biliaison class form a lattice.

Proof. Let . and ¢ be two (S;) sheaves in the same biliaison class. We find a sheaf & and
m-reductions ¢ : O(a) — & and ¢ : O(b) — & where coker ¢ = % and cokery) = ¢ by
Proposition . By Theorem , we find an m-reduction £ : O(c) — & where ¢ = a A b.
By Proposition [[.3.18] we see that X(coker £, 1) = min(X(.%,1), (¥, 1)). The first conclusion
follows. The second conclusion follows analogously from Theorem ]

In the following, we show that the meet-semilattice of ¥ functions of (S;}) sheaves in a
biliaison class is always bounded below.

Definition 1.3.23. For m > 1, a minimal (S;}) sheaf is a sheaf that is minimal among all
(S;) sheaves in its biliaison class with respect to the preorder <.

We make several remarks regarding this definition.

First, any two minimal (S;}) sheaves in a biliaison class lie in a rigid family by Proposi-
tion [[.3.21] Since we assume that X is primitive in this section, all minimal (S;) sheaves in
a biliaison class have the same intermediate cohomology modules and Hilbert functions.

Second, note that the Chern classes of minimal sheaves have smallest degrees (with
respect to pairing with complementary powers of the hyperplane class H) among all (S;})
sheaves in their biliaison classes. This can be seen by an elementary computation from short
exact sequences.

Third, since rank.# = rank & + %(.%, 1) for | > 0, where & is a very primitive sheaf in
the biliaison class of .#, we conclude that .# < ¢ implies rank .# < rank¥. In particular,
minimal (S,) sheaves must have minimal rank among all (S;}) sheaves in its biliaison class.

Fourth, one might ask if there is a minimal member among (S;") sheaves of a given
rank in a biliaison class. However, such a sheaf might not exist unless the given rank is
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minimal. Consider the biliaison class of the zero sheaf, one immediately sees that there is
no minimal rank one bundle as we have the bundle &'(1) for any [ > 0.

Last but not least, in the linkage theory of pure codimension two subvarieties of P}, a
variety is minimal in its even linkage class if and only if its ideal sheaf is minimal among all
rank one (S;") sheaves in its biliaison class with respect to the preorder <. We will see from
the next proposition that these ideal sheaves are in fact minimal among (S;) sheaves of all
ranks in its biliaison class, i.e. they are minimal (S;") sheaves.

Proposition 1.3.24. If m > 1 and F <X 9 for all (S}}) sheaves 4 of minimal rank in the
biliaison class of F, then F is a minimal (S;}) sheaf.

Proof. Clearly the condition implies that .# has minimal rank among (S;}) sheaves in its
biliaison class. Suppose & is any (S;") sheaf in the biliaison class of .%, then can find a sheaf
4 where 4 < & and ¥4 < % by Theorem Since rank .# = rank¥ is minimal, by
assumption we see that .% < ¥, and thus .% < &. O

Migliore |76] proved that every even linkage class of curves in P has a minimal member.
This result was extended in [10] to every even linkage class of pure codimension two Cohen-
Macaulay subvarieties of P} has a minimal member. Nollet [81] generalized this further to
pure codimension r subvarieties and removed the Cohen-Macaulay assumption, and described
an algorithm to construct the minimal ideal sheaves given a primitive sheaf as input. This
algorithm was based on calculations in [69] for the case of space curves. Combined with
Proposition [[.3.24] we obtain many examples of minimal sheaves.

Corollary 1.3.25. There is a minimal (Sy) sheaf in every biliaison class that admits an

(S]) sheaf on PY.

We prove a generalization of the above result for (S) sheaves on any projective variety
X satisfying our assumptions.

Theorem 1.3.26 (Existence of minimal sheaves). Form > 1, there is a minimal (S}) sheaf
in every biliaison class that admits an (S;}) sheaf.

Proof. Let & be a very primitive sheaf satisfying (S;¥). If & = 0, then the zero sheaf is
the minimal (S;}) sheaf. If & # 0, then the zero sheaf is not in ©,,(&). Since m > 1,
any sheaf in ©,,(&) is torsion-free and thus has positive rank. Let r be the minimal rank
of sheaves in ©,,(&). Let .7 € ©,,(&) be a sheaf of rank r. If .%; is not minimal, then
there exists a sheaf ¢4 € ©,,(&) where .#, A ¢. By Theorem there exists a sheaf
Fy € D,,(8) such that Fy < F; and F <X 4. Since F A ¢, we must have Fy < F.
Since rank .%; < rank.#;, we see that rank.#; = r as well. Suppose to the contrary that
D,,(&) has no minimal member, arguing analogously, we obtain an infinite descending chain
of rank r sheaves ., = %5 = ---. They give an infinite descending chain of ¥ functions
S(F1,—) > X(F,—) > ---. Set e :=inf{l | H*(&(1)) # 0}. By Proposition [.3.19] e is an
integer and X(%;,1) = 0 for | < 0, ¥(.%;,1) > 0forl < e, ¥(F;,1) > r—rank & for | > e and
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Y(Fi,l) =r —rank & for [ > 0. We see that it is impossible to have an infinite descending
chain of such functions (%, —) > ¥(%,,—) > --- satisfying the above properties. The
assertion of the theorem follows. O

The existence of minimal sheaves allows us to strengthen the structure theorem.

Theorem 1.3.27 (Strong structure theorem). Suppose X is primitive and F is an (S;})
sheaf for m > 1. There are (S7) sheaves F = Fy,...,.F in the biliaison class of F, such
that %, is a minimal (S;}) sheaf, and F;, F; 11 are related in one of the following manner:

(a) there is a descending elementary (S, _,)-biliaison from F; to Fi,1,

(b) F; and F;yq belong in a rigid family,

(¢) there is an m-reduction ¢ : O(a) — F; with coker ¢ = F, . for some a.

If F is of minimal rank among (S;t) sheaves in its biliaison class, then we do not need (c).
Note that a rigid family preserves Hilbert functions and intermediate cohomology modules.

Proof. Let ¢4 be a minimal (S;) sheaf in the biliaison class of .%, whose existence follows
from Theorem [[.3.26] If we follow the proof of Theorem |[[.3.12 we see that the elementary
(St _,)-biliaison involved at every step is decreasing. O

In fact, when m = 1, we do not need deformations by rigid families in manner (b) at all.
A proof of this can be given based on [52, Proposition 3.6].

Although Theorem gives us a theoretical guarantee that minimal (S;}) sheaves
exist, it does not tell us how to produce or identify them in practice. The next theorem
solves this problem by giving a sufficient condition for a sheaf to be a minimal (S;) sheaf.
This generalizes the sufficient condition for a curve in P} to be minimal proven in [67].

Theorem 1.3.28 (Sufficient condition for minimal sheaves). Let m > 1, and let .F be an
(S:t) of minimal rank in its biliaison class. If F admits an extension

0—=>0a)—>8&—F =0
where & is primitive and H*(Z (1)) = 0 for all | < max(a), then F is a minimal (S;) sheaf.

Proof. If ¢ is another (S;}) sheaf in the biliaison class of .%, then it admits an extension of
the form
0=0(c)—=E00d) -9 —0

for some ¢ and d since & is primitive. By Proposition [[.3.18] we need to show that

rank(0(a) ® 0(d))<; > rank O(c)<;, VI € Z.

We separate into two cases, where [ > max(a) and [ < max(a).
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Case [ > max(a): We have an exact sequence 0 — O(c)<; — &® O(d) — ¢' — 0, where
' is an extension of 4 with 0'(c¢)~; := 0(c)/0(c)<;. In particular, the sheaf ¢’ satisfies (S;}).
Since any map 0(c)<; — O(d)~; := O(d)/0(d)< is zero, the injection O(c)<; — & & O(d)
lands inside & @ @(d)<;. We obtain an exact sequence 0 — 0(c)<; - £SO (d)<; — 94" — 0,
where ¢” sits in an exact sequence 0 — 4" — 4’ — 0(d)s; — 0. By the depth lemma,
the sheaf ¢ also satisfies (S;7). Now rank '(a)<; = rank &(a) = rank & — rank.# by the

assumption on a. Since .# has minimal rank among sheaves in ©,,(&’), we conclude that
rank & + rank 0(d)<; — rank 0(c)<; = rank 4" > rank % = rank & — rank 0'(a) <

It follows that rank(&'(a) ® 0(d))<; > rank O(c)<,
Case | < max(a): The cokernel .#' of O(a )<z — 5’ is an extension of .# by O(a)-,.
Since H(Z (n)) = 0 for all n <[, the same is true for .#’. We have the exact sequence

0= 0)®Od)< —EDO) — F & 0O(d)s) — 0.

The composition O(c)<; — & & O(d) — F' & O(d)~, is zero since .#' has no sections in
degree < [. It follows that the injection € (c)<; — & factors through €'(a)<; ® 0(d)<;, and
we conclude that rank(&(a) ® 0(d))<; > rank O(c) <. O

The next theorem is a necessary condition for an (S;) sheaf of minimal rank in its
biliaison class to be a minimal (S;}) sheaf.

Theorem 1.3.29 (Necessary condition for minimal sheaves). Suppose # is a minimal (S;)
sheaf for some m > 1. Let 0 — O(a) — & — .F — 0 be an extension, where & is primitive
of rank > m. If O(c) — & is any surjection, then O(c') = O(a), where ¢ consists of the
largest (rank & — m) entries of c.

Proof. By Corollary [[.2.13] there is always an m-reduction ¢ : () — & of corank m. It
follows that 0'(¢') < O(a) since .7 is a minimal (S}) sheaf. O

We remark that the necessary condition in Theorem [[.3.29] is not tight in general. The
following is an example on how one could use this theorem in practice.

Example 1.3.30. Suppose .Z is a sheaf of minimal rank r in ©,,(&), where & is primitive
of rank > m. Let there be an extension of the form

0—0(-2)°—8&—F —0.

If & is generated in degree 1, then there is a surjection &(—1)" — & for some large N. Since
there is an m-reduction of the form ¢ : &(—1)" — &, where u = rank & —m < rank &—r = v,
Theorem says that .# cannot be a minimal (S;}) sheaf since there must be an m-
reduction of & with shape (1,...,1)A(2,...,2)=(1,...,1,2,...,2).

—— —— —— ——
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CHAPTER 11

Curves
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Chapter II summary

In this chapter, we study general projections of curves from higher dimensional projective
spaces into P?3 via the linkage theory of curves on surfaces with ordinary singularities.

In Section [[I.1], we review necessary background for this chapter. We state the multiple-
point formulas proven by Kleiman [60] and Kleiman-Lipman-Ulrich [59], and revisit the
classical theorem on the singularities of general projections of smooth projective surfaces into
P3. We also briefly introduce the theory of generalized divisors developed by Hartshorne
[51] in order for us to discuss divisors on singular surfaces.

In Section [[I.2] we describe of the geometry of linked curves on a surface X with ordi-
nary singularities (Theorem . We show that smooth curves that are evenly linked on
X are in fact linearly equivalent if X is singular (Corollary , a drastic contrast to the
case when X is smooth. We compute certain homological invariants of a curve C' on X in
terms of cohomologies of divisors on S, provided that C' is preserved by the normalization
of the surface or is linked to such a curve. Examples of homological invariants of C' include
the Hilbert function h°(.#-(n)) (Proposition [IL2.15)), the Rao function h'(.#c(n)) (Propo-
sition [[1.2.16)), the specialty function h'(€c(n)) (Proposition [[1.2.14) and the dimension of
the tangent space h°(4¢) in the Hilbert scheme (Proposition [[1.2.17)).

In Section [[I.3] we use the results in Section to study general projections of curves
lying on a rational normal scroll S(a,b) C P***1. We compute the dimension of the family
of curves in P? arising from various projections of curves varying in a given linear system
on S(a,b), as well as the dimension of the tangent spaces in the Hilbert scheme. We show
that the difference between these two dimensions is a linear function in a and b, which does
not depend on the linear system chosen (Theorem . Last but not least, we determine
all maximal rank curves on a ruled cubic surface (Theorem . Consequently, we find
that the linear projections of all but finitely many linear equivalence classes of arithmetically
Cohen-Macaulay (ACM) curves on the cubic scroll S(1,2) C P* fail to have maximal rank
in P?. These examples are interesting in view of the recent progress made on the Maximal
Rank Conjecture by Larson [66].

Throughout this chapter, we work over the field of complex numbers C, which we suppress
from our notations. By a curve we mean a one-dimensional projective scheme without point
components, isolated or embedded. By a point on a finite type C-scheme we always mean a
closed point. We use ¢g(C') to denote the arithmetic genus of a curve C.
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II.1. Background

This section contains the necessary background for this chapter. First, we recall the
multiple-point formulas proven by Kleiman [60] and Kleiman-Lipman-Ulrich [59]. Next, we
revisit the classical theorem on the singularities of general projections of smooth projec-
tive surfaces into P3. Finally, we review the theory of generalized divisors developed by
Hartshorne [51] in order for us to discuss divisors on singular surfaces.

Multiple point formulas

Let f: X — Y of a finite morphism between finite type C-schemes.

Definition I1.1.1 (Multiple-point and ramification loci). Let N, denote the subset of points
y € Y such that f~'(y) := X xy k(y) contains a zero dimensional subscheme of length r. By
fiber continuity, the subset N, is closed in Y. Let M, := f~!(XV,) denote the closed subset
in X. We call M, and N, the source and target r-fold points of f respectively.

The central theme of the theory of multiple-point formulas is to find appropriate scheme
structures on M, and N,, and to determine the classes [M,]| and [N,] in the Chow ring (or
other cohomology rings). For example, such a formula can give the degree and genus of the
curve of trisecant lines of a given space curve C', as well as the number of quadrisecant lines.
This subject started in 1850 and still inspires current research, see [60, §V] for a survey on
the subject of multiple-point formulas, see [61] for an approach using iterations and see [62]
for an approach using Hilbert schemes.

In codimension one, Kleiman-Lipman-Ulrich [59] considered the subscheme structures on
N, given by the Fitting ideals .Zitt?¥,(f.Ox) (see Definition and the corresponding
preimage subscheme structures on M,. Under mild assumptions, the subschemes M, and N,
are Cohen-Macaulay, and their classes [M,]| and [N,| are compatible with those coming from
iteration [61]. We summarize here some of the results of [61] and [59).

Definition I1.1.2. With notations as above, let R; be the subscheme of X defined by the
fitting ideal Fitt?¥ (Qx/y). From the conormal sequence Qe = e = Qxyy — 0, we
see that the scheme R; is supported at points in X where the differential 0f drops rank by
at least i. We call R := R; the ramification locus.

Theorem II.1.3 (Kleiman-Lipman-Ulrich).

(1) Suppose f is locally of flat dimension 1 and birational onto its image, then Ny is equal
to the scheme-theoretical image f(X) and f.[Mi] = [Ny].

(ii) Suppose furthermore that'Y satisfies Serre’s condition (Sz). The ideal sheaf I,y is
equal to anng, (f.Ox/Oy) and the ideal sheaf In,/n, is equal to anngy (f.Ox/ON,).
FEach component of My has codimension 1 and maps onto a component of No. Fach
component of Ny has codimension 2. The fundamental cycles of these two schemes are
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related by the equation f.[Msy| = 2[Ns]. The Oy-modules Oy, and f.Oy, are perfect
of grade 2.

(111) Forr > 0, suppose furthermore that'Y satisfies Serre’s condition (S,) and Ry = &. If
each component of N, has codimension r, then Oy, and f.Oy;. are perfect Oy -modules
of grade r. Fach component of M, has codimension r — 1 and maps onto a component
of N, and the fundamental cycles of these two schemes are related by the equation

[ M, ] = r[N,].

Suppose f satisfies all the assumptions above for allr > 0. If f is a local complete intersection
and X has no embedded components, then

[Myia] = [T L[M] = rer (v)[M ]

Here v = f*Ty — Tx is the virtual normal bundle in the Grothendieck group K(X).

General linear projections of smooth surfaces into P3

Every smooth projective surface S C P for N > 5 can be projected isomorphically into
P3, but not further down in general. The following is a summary of the classical results on
the singularities of general linear projections of S into P3.

Theorem I1.1.4 (Classical projection theorem). Let S C P° be a non-degenerate smooth
projective surface that is not the Veronese surface, then the following are true for a general
linear projection f : S — P3.

1. The map f s birational onto its scheme-theoretical image X, which is an integral hyper-
surface in P3.

2. The second ramification locus Ry and the quadruple-point loci My and Ny are empty.

3. The target double-point locus No is an integral curve and is exactly the singular locus of
X. The target triple-point locus N3 1s a reduced set of points and is exactly the singular
locus of No. Fach point of N3 is an ordinary triple point of Ny and of X.

4. The source double-point locus My is an integral curve mapping generically 2-1 to No. The
source triple-point locus Mj is a reduced set of points and is exactly the singular locus of
Ms. FEach point of M3 is a simple node of Ms. Three distinct points of Ms map to each
point of N3.

5. The ramification locus R is a set of reduced points and consisting exactly of the ramifi-
cation points of the double cover My — Ny. The images of points in R are exactly the
pinch points of X.

6. Every point of Ny — N3 — f(Ry) is an ordinary double point of X .

If S is the Veronese surface, then a general linear projection of S into P} is called a Steiner
surface (see Figure . In this case, the scheme Ny is the union of three reduced lines
Ly, Ly, Ls meeting at a point p. The scheme My is three reduced conics C1,Co, Cs meeting
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each other at one point, where the three intersection points all map to p. The conic C; maps
2-1 to L; with two ramification points. The sixz branch points are the pinch points of X. In
particular, all the results above are true except that My and No are reducible.

Proof. See [35], and for modern expositions of these classical facts. m

Pinch point

)

Double line Pinch point

Double line

—
& Double line k \
Pinch point

Triple point

Pinch point Pinch point

. Pinch point
Double line

Figure 4: The Steiner surface

The following definition is made for surfaces whose singularities resemble those occurring
on the general linear projections of smooth surfaces into PZ.

Definition II.1.5. An integral hypersurface X C P? is said to have ordinary singularities
if the singular locus of X is a curve C, such that if we put the reduced structure on C' then
the following hold.

1. Singular points of C' are ordinary triple points (i.e. the origins of three linear branches of
C with three distinct non-coplanar tangent directions).

2. A point on C is either a nodal point of X (i.e. the origins of two linear branches of X
with two distinct tangent planes) or a pinch point of X (i.e analytically isomorphic to
x? — yz = 0 at origin), and there are only finitely many pinch points on X.

3. Every triple point of C' is an ordinary triple point of X (analytically isomorphic to xzyz =0

at origin).

An integral hypersurface X C P? with ordinary singularities has a smooth normalization.
The normalization may not be embedded in a projective space of which X is a linear pro-
jection, i.e. the pull back of the &'x(1) may not be very ample on the normalization. Such
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an example is given by the quartic surface with a double line considered by Gruson-Peskine
[41] in order to determine all possible (degree, genus) pairs for smooth curves in P3.

Since S is smooth and P? is Cohen-Macaulay, Theorem [II.1.4] implies that a general
linear projection f : S — P3 satisfies all the assumptions in Theorem [[I.1.3] In particular,
we have the following enumerative formulas.

Corollary I1.1.6. With notations be as above, let h be the class of f*Ops(1) in the Chow
ring A(S), and let ¢; denote the Chern classes of tangent bundle Ts. For two divisor classes
a,b e AY(S), let a.b denote the intersection number. The following are true.

(a) The class of My in AY(S) is (h.h —4)h + ;.

(b) The degree of the curve Ny is 3((h.h)* — 4h.h + c1.h).

(c) There are short exact sequences

0— Ox — f.0s — wn,(4 — h.h) — 0, (A)
0— On, = [0y, — wn, (4 — h.h) — 0. (B)

(d) The arithmetic genus of No is equal to

37

%(h.h)3—3(h.h)2+g(h.h)+ (h) (hcx) =21 )+ = (er.c1+deg ¢3)+1.

1

2 12

e) The class of M3 in Ag(S) is equal to

(e) q
((h.h)*=12h.h+ci.h+44)h*+(2h.h—24)c, h+4c; —2c;.

The number of triple points of X is one third the degree of [Ms)].

(f) The class of Ry in Ay(S) is equal to 6h* — 4dhcy + ¢ — co. The number of pinch points
of X s the degree of Ry.

Proof. ()] [Ma] = f*f.[Mi] — c1(v) = (h.h — 4)h + 1.

[(b)] By push-pull formula, we have Ms.h = 2deg Ny = (h.h — 4)h.h + ¢1.h.

The Ox-dual of the exact sequence 0 — Sy, x — Ox — Oy, — 0 gives an exact
sequence 0 — Ox — Home, (Iny/x, Ox) — éawt};x(ﬁNQ,ﬁX) — 0. Note that Fy,/x =
Homeg, (f.Os, Ox), and that f.0s is a reflexive Ox-module since it satisfies (S2) and X is
Gorenstein. It follows that we have isomorphisms

Home, (In,x, Ox) = Home, (Home (f.Os,0x),0x) = f.0s.
Since Ny is Cohen-Macaulay, the third term in the exact sequence is isomorphic to

Exty (Ony, Ox) = wy, @ wy' = wi, (4 — h.h).
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We obtain the first exact sequence. Since f,.#y,/5 = Fn,/x, and R'f, = 0 for i > 0 because
f is affine, the snake lemma gives the second exact sequence. These two sequences are due
to Roberts [89).

@ This is a computation derived from sequence .

g(N2) = 1=x(On,)
= 1+X(WN2)
= (05 (hoh— ) ~x(O, (B —4)
= Lox(Os((h-h— Y1) (Gpa(h-h— )+ X(Ops (—4))
= g (bbb (A A)hter) o (er e 02)—%(h.h—l)(h.h—2)(h.h—3)—1
_ %(h.h)3—3(h.h)2+%(h.h)—%(h.h)(h.cl)—Q(h.cl)Jr%(cl.cl+deg e)+1

In the second line, we used the fact that N, is Cohen-Macaulay and Serre duality holds. In
the third line, we used the exact sequence . In the fourth line, we use the projection
formula to conclude that

W((f.Os)(h.-h—4)) = I'(f.(Os((h.-h—4)h))) = h'(Os((h.h—4)h)
since 7 is affine. Since N; is a hypersurface of degree h.h, there is an exact sequence
0 — Ops(—4) — Ops(h.h—4) — On,(h.h—4) — 0.

On the next line, we applied Hirzebruch-Riemann-Roch on the smooth surface S to the line
bundle (h.h —4)h and used the fact that x(Ops(d)) = #(d+3)(d+2)(d+1). It is somewhat
curious that this expression always ends up being an integer.

The triple-point formula yields

[Ms] = f* fu[Ma]—2c1 (v) [Ma]+2c(v)
= ((h.h)*—=12h.h+c;.h-+44)h*4+(2h.h—24)c; h+4ci —2c;.

The number of triple points is the degree of [ N3], which is one third the degree of [Mj] since
fi[Ms] = 3[N3].

Applying Porteous formula to the transpose of the map df : f*Qps,;c — Qg/c yields the
result. Since ramification points map bijectively to pinch points, the number of pinch points
is given by the degree of [Ry]. O

Generalized divisors

Let m : S — X be a finite birational morphism from a smooth projective surface to an
integral singular hypersurface in P3. Let h denote the class of 7*@x (1) in A'(S). We briefly
review the definitions and basic operations of generalized divisors established in [51].
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Definition II.1.7. Generalized divisors on a Gorenstein scheme X are reflexive fractional
ideals of rank one. In particular, curves on Gorenstein surfaces are exactly the effective
generalized divisors. An almost Cartier divisor is a generalized divisor that is locally principal
away from a closed subset of codimension at least two. Let Cart, ACart and GDiv denote
the group of Cartier divisors, the group of almost Cartier divisors and the set of generalized
divisors. Let Pic, APic and GPic be the corresponding isomorphism classes.

For example, any curve not supported on any components of the singular locus of a
Gorenstein surface in dimension zero is an almost Cartier divisor, but may not be Cartier.

There is a pullback map 7* : ACart(X) — ACart(S) = Cart(S) defined by sending
a reflexive fractional ideal .# of rank one to ((Os - .#)~')~'. Here ¢! is defined to be
(Os 1y ) for a fractional ideal #, and is isomorphic to its dual _#*. One can verify that
7* is a group homomorphism that descends to 7* : APic(X) — Pic(95).

Theorem II.1.8 (Hartshorne-Polini [53, Thm 4.1]).

1. There is a morphism of groups ¢ : APic(X) — Cart My /m* Cart Ny.
2. There is an ezxact sequence of groups

0 — APic(X) — Pic(S) @ Cart My /7" Cart Ny — Pic My /7" Pic Ny — 0.

The first map of the short exact sequence is given by ™™ @& ¢ and the second map is given
by the difference of the two maps

Pic(S) — Pic My /7™ Pic Ny and Cart My /7" Cart Ny — Pic My /7" Pic Ns.

The map ¢ : APic(X) — Cart My /7* Cart N, is rather important, so we review how it is
defined. First we need to observe the following.

Proposition I1.1.9. The map 7 : S — X is the blowup of X with center Ns.

Proof. Recall that .#y,,x is the conductor of the normalization and thus 7. %y, /s = I,/ x-
There is an isomorphism of schemes:

Bly, X = Proj @ 74, /x = Proj P #i1,/s = Blus, .

i=0 i=0
But Blyg, S = S since M, is a divisor. O

_ If C'is a curve on X not supported on any components of Vo, then we reserve the notation
C for the proper transform of C' on S.

Let D be an almost Cartier divisor, then [D] = [C}] — [Cy] for two almost Cartier divisors
Cy and Cy not supported on any components of Ny by [51, Prop 2.11]. Then 671 and 6;
are two Cartier divisors on S intersecting M, properly, and thus restricts to Cartier divisors
a; = C1 N My y, and ag = Co N M|y, on My, We define ¢[D] to be the image of oy — agp in
Cart My/Ny. The map ¢ : APic(X) — Cart My/7* Cart N; is well-defined by [53, Prop 2.3].
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I1.2. Curves on Surfaces with Ordinary Singularities

In this section, let X be an integral hypersurface with ordinary singularities in P® and
let 7:5 — X be its normalization. We use the M, and N, to denote the source and target
r-fold points of the composition f : S — X — P3. We determine the homological invariants
of a curve C' on X in terms of those of its preimage on S.

Linkage on surfaces with ordinary singularities

Recall from Section [LI] that two curves C' and D are said to be linked on X if D and
Ox(m) — C are linearly equivalent as generalized divisors on X for some positive integer m.
As before, we use C C S to denote the proper transform of a curve C' C X only when C' is
not supported on any components of Ny.

Proposition I1.2.1. If C' is a curve on X not supported on any components of No, then
7*C and C coincide as Cartier divisors on S.

Proof. Recall that any reflexive sheaf over S extends uniquely from an open set with a
codimension 2 complement [51, Prop 1.11]. Since 7= (C'N Ny) is codimension two in S and
C is equal to 7*C on the open set S — 771 (C'N Ny), it follows that C is equal to 7*C' on the
whole of S. [

Corollary I1.2.2. If D is an effective almost Cartier divisor on X, then m.m*[D] = [D] as
Chow classes on X . In particular (7*[D]).h = deg D.

Proof. Since D is almost Cartier, by [51, Prop 2.11] D is linearly equivalent to C; — Cy,
where C1, Cy are effective almost Cartier divisors not supported on any components of N,.
Then [D] = [C}] — [C3] as Chow classes. Now 7w m*[C;] = m.[C;] = [C}] since C; — C; is

degree one on every component. It follows that m.7*[D] = [D], and the push-pull formula
yields the last claim. O]

If Ny were almost Cartier on X, then m,m*[N2] = [Ns] by the above proposition. How-
ever, since Og - In,/x = Fu,)s, we must have 7%[N,] = [My]. This contradicts the fact

that f.[Ms] = 2[Ny]. Therefore the generalized divisor Ny is not almost Cartier on X.
Consequently, neither is Ny + C for any almost Cartier divisor C.

Lemma I1.2.3. If D is a Cartier_divisor on X not supported on any components of No,
then 7 (D N Ny) = (7*D) N My = D N My as Cartier divisors of M.

Proof. Suppose D is defined locally by (U, f;). Since D is not supported on Nj, the local
sections f; restrict to non-zerodivisors in H°(U; N Ny, #y,). The corresponding local sections
(7= Y(U;), 7" f;) of Hs define a Cartier divisor 7*D not supported on Ms, and thus restrict
to non-zerodivisors in H(7~*(U;) N Ma, #ar,). The three Cartier divisors on M, are equal
because they are all defined by the data (7= *(U;) N My, 7# f;). O
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Theorem I1.2.4. Let C' and D be two curves on X not supported on any components of
Ny, then C' and D are linked by Ox(m) if and only if

1. [C] + [D] = mh, where h is the class of 7 Ox(1);
2. CN My + DN My is a Cartier divisor of My in 7* Cart Nj.

Proof. Suppose C and D are linked by &x(m), where neither are supported on any com-
ponent of N,. Since both are almost Cartier divisors and the pullback of almost Cartier
divisors is a group homomorphism, we must have (1). Lemma m implies we must have
(2). Conversely, C' and D satisfy (1) and (2). For any codimension 2 point € X, the map
¢y APic(Ox ) — Cart My, /7* Cart Ny, is an isomorphism by Thm 3.1]. Since (2) is
satisfied, C' 4+ D has image 0 in APic(C0x ) for every codimension 2 point # € X and thus
C' + D is Cartier. Since both C'+ D and &x(m) pull back to mh, we conclude that they are
isomorphic since the map 7* : Pic(X) — Pic(S) is injective over the complex numbers by
[53, Thm 4.5]. We refer to Figure [j| for an illustration. O

Figure 5: Linked curves must meet at involution points

Theorem I1.2.5. Suppose 7w : S — X is induced by a general linear projection f : S — P3
of a nondegenerate smooth surface S in P°. Suppose C is an integral curve on S meeting
My transversely avoiding Ry. If m = 2C.My/h.M, is a positive integer such that mH — C
is effective and h°(Os(mH — C)) > C.Ms, then there is a curve D on S such that ©(C') and
(D) are linked on X.
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Proof. Since C'is a Cartier divisor on S, it meets M, at a Cartier divisor. Since C' meets
M, transversely, the intersection C'N Ms is a reduced set of points py, ..., p, outside R; and
Mj; where n = C.M,. Thus each point p; has precisely one corresponding reduced point g;
in f~1f(p;). Tt follows that p; + ¢; = 7 'm(p;) is a Cartier divisor on M, in the image of
7* Cart Ny. By the proposition above, we need to find an effective divisor D in the class of
mH — C which meets M; at qi,...,q,. The choice of m guarantees that D.My; = C. My = n.
This is always possible if h°(Os(mH — C')) > n considering the exact sequence

0— H°(Io(mH — C)) = H(Os(mH — C)) — H(0p),

where () is the subscheme of S consisting of the reduced points q, ..., q,. O

Preserved curves

Definition I1.2.6. We say a curve C on X is preserved if a curve C’ on S maps isomorphi-
cally to C.

Proposition I1.2.7. Let C' be a preserved curve on X. If My is irreducible, then so is No,
and C' is not supported on Ns.

Proof. The map Ms; — N, is not injective on the level of topological spaces. If it were,
then 7 : § — X would be a homeomorphism of topological spaces. But both S and X
are reduced, which would imply that 7 is an isomorphism, contrary to our assumption. If
C contains N, set-theoretically, then any curve C’ on S mapping onto C' must contain M,
set-theoretically, and thus cannot be mapped isomorphically to C. O

Preserved curves may be supported on Ny when M, is not irreducible. If X is the union
of two planes meeting at a line L = N, in P3, and S is its normalization given by the disjoint
union of two planes, then L is preserved since it is the isomorphic image of any one of the
two lines on S.

Proposition I1.2.8. Let C' be a curve on X not supported on any component of No, then
C 1is preserved if and only if C' — C' s an isomorphism if and only if C' N Ny is a Cartier
divisor on C. In particular, smooth curves on X not supported on any components of No
are preserved.

Proof. Since C'is not supported on any components of Ny, the proper transform Con S is
isomorphic to the blowup of C' at C'N N, by the universal property of the blowup. If C' is
a preserved curve, then the curve on S that maps isomorphically to C' must be its proper
transform C. It follows that C' is isomorphic to C'if and only if C'N N; is a Cartier divisor
on C. O

Theorem I1.2.9. For an almost Cartier curve C on X, we define the rational number

2 C). My~ 2g(C) — g(x*C))
h.My
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Here the genus of a divisor is defined by the adjunction formula, which agrees with the
arithmetic genus when the divisor is effective.

1. If C is linked to a preserved curve D by Ox(n) for some n > 0, then n = m.

2. Conversely, if m is a positive integer, then any nonzero section of Jc/x(m) defines a

curve D that is either preserved or is supported on a component of Ns.

Proof. Suppose C' is linked to a preserved curve D by O (n) for some n. Then the arithmetic
genus of C' and D are related by

g(D)—g(C) = %(h2+n—4)(deg D—degC) = %(h2+n—4)(h2n—2 deg C) (IL.1)

using liaison theory, see for example [69, III Prop.1.2]. Since 7* : APic(X) — Pic(S) is a
group homomorphism, we have D = nh — 7*C' in Pic(S). The adjunction formula on S
yields

29(D) —2=D.(D +¢;) = (nh — 7*C).(nh — 7*C + ¢1). (11.2)

Since D — D is an isomorphism, we have g(D) = g(D). Combining (1) and (2), we have an
equality
(h*4n—4)(nh*—2deg C)+2¢(C)—2 = (nh—7*C).(nh—7*C+cy).

Now 7*C.h = deg C since C' is almost Cartier by Corollary [I1.2.2 and My = (h* — 4)h — ¢
by Theorem After substitution, we arrive at the linear equation in n

nh.My = 2My.m*C' — 2(g(C) — g(7*C)).
Since h.Ms = 2deg Ny # 0, we see that n must be equal to

oo Mo C — (9(C) — g(m"C))
h.M,

This proves the necessary direction of the theorem.

Conversely, suppose m is a positive integer and let D be defined by a nonzero section of
Fcyx(m). If D is not supported on any components of Ny, then we have an exact sequence
of sheaves on D

0—0p =m0y — K —0,

where K is supported on the zero dimension scheme DM N,. By the choice of m, we see that
g(D) = g(D) by the same computation as above. Therefore x(0p) = x(05) and x (%) = 0.
Since £ is supported on a dimension zero subscheme it follows that .2 = 0. We conclude
that D — D is an isomorphism. O

Note that we do not write C' since C' could be supported on a component of N, although
it is almost Cartier, in which case the strict transform C' is undefined.
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Corollary 11.2.10. For an almost Cartier divisor D on X, there is at most one integer m
where [D + Ox(m)] contains a preserved curve.

Proof. Suppose [D1] = [D + Ox(n1)] and [Ds] = [D + Ox(ny)] are two classes that contain
preserved curves Dy and Dsy. Then for [ > 0, the class [Ox(l) — D] contains an almost
Cartier curve C. Since C'is linked to both Dy and D5, we must have ny; = ny by Theorem

1.2.9 (1). 0

Corollary I1.2.11. Let X C P3 be an integral hypersurface with ordinary surface singu-
larities. If the singular locus of X is irreducible, then any two smooth curves in the same
biliaison class on X are linearly equivalent.

Proof. This is true for two smooth curves not supported on the singular locus N, by the
previous corollary. If two smooth curves are supported on N,, since N, is irreducible, the
two curves must be the same. O]

The situation is very different on a smooth projective surface S with an ample divisor h.
If C' is any divisor on S, then for any m > 0, the linear system |C' + mh| is basepoint-free
and contains a smooth curve by Bertini’s theorem.

Homological invariants

In this subsection, we study homological invariants of curves on the singular surface X.

Lemma I1.2.12. Let C' be a curve with an effective line bundle . If C' is reduced, then
(L) =0.

Proof. Let p: C — C be the normalization, then Cisa disjoint union of nonsingular curves.
Since p*.& is effective on each component of C, it follows that h%(C, (p*.£)~') = 0. There
is an injection of O¢ — p,0x and therefore

H(C,27Y) < HC, (p.0z) @ 71 = HY(C, (p*.2)™Y) = 0. O

The assumption that C' is of pure dimension 1 and reduced cannot be dropped, as the
following two counter-examples demonstrate. (1) A line with an embedded point has sections
in infinitely many negative degrees. (2) Let E be the exceptional curve of the blowup of P?
at origin, then any curve D in |3E| is non-reduced. If H is the very ample line bundle of
conics through the origin, then h°(&p(—H)) # 0 by a simple computation.

Corollary I1.2.13. Let S be a smooth surface with a very ample line bundle £ whose class
in AY(S) is h. If i%(ZL) =4 or h°(Z) > 6, then h' (L") = h*(L™) =0 for n > h.h — 4.
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Proof. It h°(Z) = 4, then S can be embedded as a hypersurface in P? and h'(Z") = 0
for all n. If h%(Z) > 6, then a general choice of four sections gives map f : S — P3 that
satisfies the Corollary [[I.1.6] Let X be the image hypersurface and consider the short exact
sequence

0— Ox — fu0s — wn,(4 — h.h) — 0.
The long exact sequence of cohomologies yields
0 — HY((f.05) ® Ox(n)) = H'(wn, (4 — h.h+n)).

Since f.(Os @ f*Ox(n)) = (f.0s) ® Ox(n) and f is affine, it follows that the left term is
just H'(#™). Since Ny is Cohen-Macaulay, the right term is dual to H°(O,(—n+h.h—4)),
which vanishes if Ny is reduced and n > h.h — 4 by the previous lemma. Since X is a
hypersurface of degree h.h, we have h*(Ox(n)) = h°(Ox(—n + h.h — 4)), which vanishes if
n > h.h — 4. Tt follows from the long exact sequence of cohomologies that h?(£") = for
n > h.h — 4 since wy, has one-dimesional support. O

Proposition I1.2.14. If D is a preserved curve on X and h'(Os(nh)) = 0 for some n, then
hl(ﬁp(n)) = h2(ﬁs(nh - D)) - hZ(ﬁs(nh))

Proof. We have an exact sequence
H'(Os(nh)) — H'(O5(nh)) — Hz(ff)/s(nh)) — H*(Os(nh)) — 0.
Note that H'(O5(nh)) = H'(Op(n)) since D is preserved. O

Proposition 11.2.15. If C' is a curve linked to a preserved curve D on X by Ox(m) and
h*(Os((h.h-+m—n—4)h) = 0, then

K (Ieps(n)) = h*(Ir(n))+h°(Os(nh—7*C—Ms))—h°(Os((n—m)h—My)).

Here T is the (h.h,m)-complete intersection in P3 linking C and D, and

BO( I () = (n—gwi%) N (n_héh+3> B (n—m—3h.h+3) ‘

Proof. By the linkage theory of curves [see |69, Prop 1.2], we have
ho(fc/pa(n)) = h(Ir(n))+hH(Op(R*+m—n—4)).
From the Koszul complex

0— ﬁps(—m—hZ) — ﬁPS(—m)@ﬁPS(—h?) — jT —0

1)) = (n—r;b—l—?)) N (n—l§+3) B (n—m;hQ—l—S) '

it follows that
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By Proposition [I1.2.14} if h'(Os((h*+m—n—4)h)) = 0, then
K (Op(h24+m—n—4)) = K2(Os((h2+m—n—4)h—D)—h*(Os((h*+m—n—4)h)
= h(Os(D—(h>+m—n—4)h—c;))—h°(Og(— (R +m—n—4)h—c,))

= h*(Os(nh—7*C—My))—h°(Os((n—m)h—DMy)). O
Proposition I1.2.16. Let C' be a preserved curve on X that is linked to a preserved curve
D by Ox(m). If b (Os(lh)) =0 for all l, then

h' (Fcps(n)) :ho(ﬁg(nh))—ho(ﬁg(nh—é))—i—hl(ﬁg(nh—é))—ho(ﬁT(n))
+h°(O5(nh—C—M,))—h°(Os((n—m)h—Ms))

Here T is a (m, h.h)-complete intersection curve in P3 as before.

Proof. Since h'(COs(lh)) = 0 for all I by assumption, the formulas for h°(#c/ps(n)) and
h?(Fcps(n)) = h'(Oc(n)) are given by the previous two propositions. Thus we have

W (Ieps(n)) = h(Oc(n))=h° (Ops (n))+h° (e pa(n))
= h’(Oc(n))—h°(Ops(n))+h° (I (n))+h' (Op(h.h+m—n—4))
= h2(Oc(n))—h°(Or(n))+h' (Op(h.h+m—n—4)).
Since h!(0s(1)) = 0 for all I, we have
h(Oc(n)) = h*(Oc(nh)) = h(Os(nh))—h"(Iz s(nh))+h' (I s(nh)).
We also rewrite h!(Op(h.h+m—n—4)) as in the proof of the previous proposition. O

The following useful proposition by Gruson-Peskine allows us to compute the dimension
of the sections of the normal bundle of a smooth curve on the singular surface X. By
deformation theory, this is equal to the dimension of the tangent space of the Hilbert scheme
at the closed point corresponding to the curve.

Proposition I1.2.17 (Gruson-Peskine). Let C' be a smooth connected curve on X not sup-

ported on Ny, whose proper transform C' avoids Ry. Then there is an exact sequence of
bundles
0— ,/1/5/5 — Noyps — Os(4h — 1) ® Of — 0.

Proof. Technically we should pullback all sheaves to C or pushforward all sheaves to C', but
we omit this from the notations since 7 : C' — C' is an isomorphism. The map of sheaves

Ts® Oz — Tx ® Oc
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is injective and locally split since the map S — X is an immersion away from R;. Thus the
dual morphism
Ax ®O0c — Qs ® O

is surjective. On the other hand, we have a surjection of sheaves
Ops Q@ Oc — Qx Q@ O¢

and thus the composition
QpS@ﬁc-)Qs@ﬁé

is surjective. Applying the snake lemma to the diagram of exact sequences

0 —— Ioyps ® O — Qps © O —— Qo — 0

! ! |

0 —— I5,500; —— Qs @05 — Qg — 0,

we conclude that Jo/ps ® Oc — I /s ® O¢ is a surjection of bundles. Dualizing, we obtain
a locally split exact sequence of bundles

0—></V5/S—></VC'/P3—>=/V1—)O.
Taking top wedge power, we see that
NN = Noys @ M.
Taking third wedge power of the conormal sequence
0= Agps = Qps ® Oc — Qe — 0,
it follows that
Oc(—4) = wps ® O = N (Qps @ Oc) = N Nps ® we.
Combining, we arrive at

Ny = (NA)@Ns = Ioys@wo(d) = Foys005(C)0ws @ Op(4) = Os(4h—c1)@0p. O
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I1.3. Projections of Curves on Rational Normal Scrolls

In this section, we apply results of Section to study rational normal scrolls S(a, b) C
P+ and their general linear projections f : S(a,b) — P3. We refer the readers to [24]
and [45, §V.2] for basic facts of rational normal scrolls and ruled surfaces.

Let a < b be two positive integers and let & be the rank two bundle &p1(a) ® Op1(b) on
P!. Then p : Proj(Sym &) — P! is a ruled surface over P'. The surface S := Proj(Sym &)
has a tautological bundle &s(1) which is very ample and embeds S into P¢T**! with image
S(a,b). The surface S is isomorphic to the Hirzebruch surface H, where e := b — a. Let
denote the unique (—e)-curve on S and let § denote the class of a fiber of p : S — P!, then
the Chow ring of S is given by

A(S) = APHn]/(n* — ex(E)n + ea(8)) = Z[f, n]/ (n* + (b — a)fn, ).
In the following, we express the divisors in the coordinates given by the basis {7, f} and use

the shorthand Os(c, d) for Os(cn+ df). In particular, the class of Og(1) is h = n+ bf. From
the exact sequences

0— Tgpr — Ts — Tpr = 0
0— Os — (p*&™)(1) = Tgpr — 0,
we conclude that
c(Ts) = pe(Ter)e((p™€™)(1))

= (1+2)(1+(b—a)f+2n+(b—a)fn+n’)

= (142)(1+(b—a)f+2n)

= 1+ (b—a+2)f+2n+4nj.
Therefore ¢; = 2n+(b—a+2)f and ¢y = 4nf.

A straightforward substitution of the above calculations into the formulas of Corol-

lary |I1.1.6] yields the following.

Proposition II.3.1. Suppose (a,b) # (1,1). Let f : S — P3 be a general linear projection
of S(a,b) C P with image X. Then

1

deg Ny = §(b+a—2)(b+a—1),
1

g(Ny) = 6(b+a—3)(b+a—4)(2b+2a—1),
1

deg N3 = g(b+a—2)(b+a—3)(b+a—4),

deg Ry = 2b+2a—4.

The curve Ny is integral of degree deg No and genus g(N3), and the number of singular
points of Ny is equal to deg N3. The curve My is reduced and connected and maps 2-1 to No,
ramified over 2a + 2b — 4 pinch points of X .
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The next proposition is a well-known fact about rational normal scrolls.

Proposition 11.3.2. Let S = S(a,b) C P then
H'(I5(1)) = H*(Fs(1)) = H' (Os(1)) =0, V€L

Proof. The ideal I of S(a,b) in P¢***1 is defined by the maximal minors of the matrix

o ... Tg-1 Yo --- Yo-1
ry ... Tq Yy oo... Yp
in the ring R := Clxg,...,Za, Y1, .., Yp). Since the matrix is 1-generic, the R-module R/I

admits a minimal free R-resolution given by the Eagon-Northcott complex which is of length
a+ b — 1. In particular, it follows from local duality that

H! (R/I) = Ext4™"* Y (R/I,R(—a—b—2))" =0, i=1,2,

Here H! (—) denotes the i-th local cohomology supported on the irrelevant ideal m of
R. The local-to-sheaf exact sequence gives H, (R/I) = @,., H'(Fs(n)) and HZ,(R/I) =
@D,z H' (Os(1)). We conclude that H'(Fs(1)) = H'(Os(1)) = 0 for all integers I. It also
follows that H?(#s(l)) = 0 for all I by the short exact sequence

U

0— g — ﬁpa+b+1 — Og — 0.

Lemma I1.3.3. A nontrivial divisor D = cn + df on S(a,b) is effective if and only if ¢ >
0,d > 0. An effective divisor D has natural cohomology, i.e. h'(Os(D)) = h*(0s(D)) = 0,
if and only if d > c¢(b—a) — 1.

Proof. Suppose D is effective and ¢ < 0, then p(D) is a finite set of points on P! since
Dj§ < 0. It follows that D is concentrated on finitely many fibers, and is thus linearly
equivalent to df for some d > 0. This is a contradiction to ¢ < 0. It follows that effective
divisors must have ¢ > 0.

Suppose D = cn + df is divisor where ¢ > 0. Since D.f > 0, Grauert’s theorem implies
that R'p,(Z (D)) = 0 for all ¢ > 0. Therefore the Lerray spectral sequence degenerates and
H (¥ (D))~ H(m..Z(D)). By projection formula, we have

W(mZ(D)) = h'(m.(Os(c) @ 7 Op1(d)))
= B((Sym® &) @ Op: (d))

C

= h(Opi(—i(b—a) +d)).

1=0

It follows that D is effective if and only if d > 0. It also follows that an effective divisor D
has natural cohomology if and only if d — ¢(b — a) > —2. O
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Theorem I1.3.4. Let C' be a smooth connected curve on X not supported on Ny and whose
proper transform C avoids Ry. Suppose C' is of class cn+df, then h®(A¢ ps) and h' (NG ps)
can be computed explicitly in terms of a,b,c,d. In particular, if ¢ < 3 or d < 4b, then
W (Acps) =0 and C corresponds to a smooth point in the Hilbert scheme of curves in P3.
Ifc>4 and d > c(b—a) — 1+ 4a, then

K (Aeps) = %(a02—b02+ac—bc)+cd—|—6a+6l)+c+d—3
= dim |C|4+6a+6b—3—4 deg C.

W (Aeyps) = %(a02—bc2—7ac—bc)+cd—|—6a+6b—|—c—3d—3
= dim |C|+6a-+6b—3.

Proof. Since C is a smooth curve, we have d > ¢(b— a) by [45, Cor V.2.18]. Lemma [[1.3.3
implies that 0s(C') has natural cohomology. The short exact sequence

0= 05— 0s(C) = Oz 05(C) =0

implies that H'(Ag,g) = H'(0z ® Os(C)) = 0 since H'(05) = H*(0s) = 0. The short
exact sequence from Proposition

0_>‘/V6/S_>‘/VC/P3 —)ﬁs(4h—01)®ﬁ5—>0

thus implies that H'(A¢/ps) = H'(Os(4h — ¢1) ® Op) since the sheaves are supported on a
curve. Finally, consider the short exact sequence

0= Jg,5(4h —c1) = Os(4h — c1) = Os(4h — 1) @ O — 0.

The divisor 4h — ¢; has coordinates (2,3b+ a — 2) in the basis {n, f}, which is effective with
natural cohomology by Lemma [[I.3.3] We conclude that

HY (Agyps) =2 HY (Os(4h — 1) ® Og) = H*(I5,4(4h — 1)) = H°(O5(C — 4h))".

If either ¢ < 4 or d < 4b, then h°(Os(C — 4h)) = 0. If ¢ > 4, then

W(Os(C — 4h)) = h2(Os(c — 4,d — 4b)) = Z hO(Opr (—i(b— a) + d — 4b)).

i=0
Since x (¢ ps) = 4deg C, it follows that

RO (Aeps) = 4(d + ac) + CZ hO(Opi(—i(b — a) + d — 4b)).

1=0
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If d > c(b—a)— 1+ 4a, then Og(c — 4,d — 4b) is effective with natural cohomology by
Lemma [I1.3.3] We apply Riemann-Roch formula on S to obtain

1
R (Aeps) = x(Os(C — 4h)) = 5(@02 — bc* — Tac — be) + cd + 6a + 6b + ¢ — 3d — 3.
Recall that the intersection formula states that

(—=C).4h = x(Os) — x(Os(C)) — x(—4h) + x(Os(C — 4h)).

It follows that h'(A¢/ps) = dim |C|+6a+ 6b— 3 —4deg C' and h° (A ps) = dim |C| + 6a +
6b — 3. O

The dimension of the family of surfaces X obtained from linear projections of S(a,b) C
Potb+1 into P? is given by

dim Gr(a+b—3, a+b+1)+dim PGL(3, C)—dim Aut(S(a, b)).
Recall that there is an exact sequence of groups for the Hirzebruch surface H,
0 — H°(Opi(e)) x C* — Aut(H,) — PGL(2,C) — 0.

In particular, we deduce that dim Aut(S(a,b)) = b —a + 5. It follows that there is a
(5a + 3b + 2)-dimension family of integral surfaces of degree a + b in P? arising as general
linear projections of the scroll S(a,b) C P¢***1 If we vary the curve C in the linear system
as well, we end up with a family of curves in P? of dimension dim |C| + 5a + 3b+ 2. Suppose
linear system C = cn + df satisfies ¢ > 4 and d > ¢(b — a) — 1 + 4a, then the difference
between h%(A¢ ps) and the dimension of the family of the curves is a + 3b — 5, which does
not depend on the class of C. There are two possibilities in this situation. Either the family
of curves are not dense in the component of the Hilbert scheme they belong to, or there is a
highly nonreduced component of the Hilbert scheme whose general member is given by such
a curve. We are not able to determine which is the case.

Maximal rank curves on the ruled cubic surface

In this subsection, we continue the study of curves on a ruled cubic surface initiated
by Hartshorne [51]. Consider the general projection of S(1,2) C P* into P3, its image X
is a ruled cubic surface with singularity a double line Ny that has 2 pinch points on it by
Proposition [[I.3.1] The map 7 : S — X is an isomorphism away from the conic M5 and the
line N, and maps M, generically 2-1 to Ny branched over the two pinch points of X (see

Figure @

Since all integral ruled cubic surfaces that are not cones all differ by a coordinate change
in P3 [see [41], we can afford to work explicitly. In doing so, we verify the formulas and
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Double line

Double line

Pinch point
Pinch point

Figure 6: The ruled cubic surface

see the geometry more clearly. Let S be the blowup of P? = ProjCls,t,u] at the point
O = V(s,t), embedded by the complete linear system h of proper transforms of conics
passing through O. Then S is parametrized as [tu : t* : st : su : s?], and its defining
equations in P* = Proj Cl[z,y, z, w, v| are given by the 2 X 2-minors of the matrix

M:{“/"].
w oz v

Let 7 : S — ProjClz, y, w, v] be the projection of S away from the point V(x,y,w,v). The
image X is parametrized by [tu : t? : su : s?] and has the defining equation z%v — y*w. The
double locus M, on S is defined by V(x,w) NS =1[0:¢*: st : 0 : t*] which maps 2-1 to the
line Ny = V(z,w) =[0:¢?:0:s?. Since X is the image of the ruled surface S, X itself is

spanned by lines and thus the name ruled cubic surface. Let o : My — Ny be the involution
defined by

[0:t2:st:0: %] [0:¢%: —st:0:¢7.

The locus R; consists of the two ramification points of My — Ns, which are V(zx, z, w,v)
and V(z,y, z,w).

By Thm 4.1, 4.5], there is an exact sequence of groups

0 — APic(X) — Pic(S) @ Cart My /7" Cart Ny — Pic My /7" Pic Ny — 0.

~—
7./27.
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In this way, we describe an almost Cartier divisor on X by a triple (¢, d, «), where (¢, d) is
the class en+df in Pic(S) as before and « is a Cartier divisor of Ms, subject to the constraint
that d = deg amod 2.

Definition I1.3.5. For any divisor a € Cart My, we set @ € Cart M, to be the effective
divisor of least degree such that o = @mod 7* Cart N,. More explicitly, if « = ), P, — Zj Q;
where P; # @;, then we remove all the pairs P + o(P) from ), P + . 0(Q;) to obtain @.

Proposition I1.3.6 (Hartshorne |51, Prop 6.5]). A class (¢,d,«) € APic(X) is effective if
and only if one of the following is true:

1. ¢>0,d>0, or
2.d=a=0,c>0, or
3.¢=0,d>0 and degax < d.

A word of caution that the basis {f + 7, —n} instead of {n, f} was used for Pic(S) in [51].

With the effectiveness criterion in hand, it is relatively easy to classify classes that contain
a preserved curve on X.

Proposition 11.3.7. A class (¢,d, ) contains a preserved curve if and only if one of the
following s true:

1. ¢>0,d >0 and d = deg@, or
2.d=a=0,c>0, or
3. ¢=0,d>0 and d = dega.

Proof. For (3), take ¢ disjoint points on My that contain no pairs of involution points, then
the sum of the c-fibers through them will be preserved. For (2) take a multiple structure
on the (—1)-curve, which does not intersect M, and is therefore preserved. For (1) take the
union of curves in (2) and (3).

Now we argue that (1) - (3) is necessary. Suppose D is a preserved curve, then the linear
system corresponding to the projection separates points and tangent vectors on D. Thus
D cannot meet pairs of involution points P; # o(F;). If D meets a point ) in the branch
locus R;, then it must meet it with multiplicity one. Otherwise the tangent space of D will
contain the tangent line of I' at @, which is the line OQ where O is the point of projection.
In this case the linear system H would fail to separate tangent vectors of D at (). Taking
a = DN M,, it is clear that dega = dega = d. [

Theorem 11.3.8. Fvery smooth connected curve C' on X is linked to a preserved curve D
except for the line Ny and the (—1)-curve 7).
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Proof. Every link of N, is not almost Cartier, and thus must be supported on N,. In
particular, no such curve can be preserved. Let C' be a smooth irreducible curve of the class
(¢,d,a). Then either (1) ¢ > 0,d > 0,deg@ = d, or (2) C is the exceptional curve where
d=a=0and c=1, or (3) C is a ruling where ¢ = 0,d > 0 and dega@ = d. The linked
divisor D = dH — C = (d — ¢, d, 0(«)) contains a preserved curve for case (1) and (3) by the
previous proposition. ]

More explicitly, let C' # Ny be a smooth connected curve in the class (¢, d, ). If C'is not
E then d > 0 and its proper transform C meets M, at d points a on M, containing no pairs
of involution points. The preserved curve D can be constructed as the image of the sum of
d fibers passing through o(«) and (d — ¢) multiples of the exceptional curve 7 that does not
meet the double curve Ms.

Definition I1.3.9. A closed subscheme V' of P" is said to have maximal rank if for every
d > 0 the map
H°(Opn(d)) — H°(Oy(d))

has maximal rank, i.e. is either injective or surjective.

Note that having maximal rank is the same as having either H(#,(d)) = 0 or H'(#,(d)) =
0 for every d > 0. Examples of maximal rank varieties include ACM curves C' in P, which
are characterized by the vanishing of H*(.%¢(d)) for all d.

Proposition 11.3.10. Let C be a curve of class (c,d) on S(1,2) C P, then
hl(jc/PAL(C—l)) = 0,

A (Icpa(n)) = i h?(Op:i(d+i—2n—2)), Vn >, (A)
h (Iepa(n)) = C_f RO (Op1 (2n+i+1—d)), Vn < c—2. (B)

Proof. First we note that there is a short exact sequence
0— jS/P‘l — fc/pzl — j*fc/s —0

where j : S < P* is the inclusion. Since H'(Fgps(n)) = H*(Fgps(n)) = 0 for all n
by Proposition [[1.3.2) we conclude that H'(Fc/ps(n) = H'(Fs(n)) for all n. Neither
(¢c—1)h—C nor C'— (¢ —1)h —¢; are effective since their first coordinates are —1. It follows
that

h'(Feys(c—1)) = B (Os((c—1)h—C)
= —x(Os((c=1)h=C))

_ %((c—1)h—C).((c—1)h—C—|—cl)+1 0.



CHAPTER II. CURVES 56

If n > ¢, then the first coordinate of nh — C' is nonnegative and thus h'(.#-(n)) is given by

n—c n—c

W'(Os(n—c,2n—d) =) h'(Op(2n—d—i)) =Y h(Opi(d+i—2n—2))

=0 =0

using the same computations in Lemma [[[.3.3 If n < ¢ — 2, then the first coordinate of
C — nh — ¢ is nonnegative and thus

= R (Op:(2n+i+1—d)). O

Corollary 11.3.11. Let C be a curve of class (¢,d) on S(1,2).

1. If d > 2c+ 2, then h'(Igpa(n)) is nonzero and strictly decreasing on the interval
lc,d — ¢ — 2] with value and vanishes elsewhere.

2. If b < 2c + 2, then h'(Fgpa(n)) is nonzero and strictly increasing on the interval
[d —c+1,c— 2] with value (B) and vanishes elsewhere.

In particular, C' is ACM if and only if 2c —2 < d < 2c+ 1.

Theorem I1.3.12 (Classification of maximal curves). Apart from N, which is obviously of
mazximal rank, a smooth curve C' of the class (¢,d, ) on X has mazimal rank if and only if
(¢,d) is one of the following:

{(17 0)7 (17 1)7 (1’ 2)7 (27 2)7 (27 3)’ (2’4)7 (37 3)7 (3’ 4)}'
Among them only (1,0), (1,1) and (1,2) are ACM.

Proof. Let C be a smooth curve on X that is not Ny. Suppose ¢ > 3. Since Cis smooth, it
follows that d > ¢ by |45, Cor V.2.18]. The expressions of Proposition [I1.2.16| simplifies to

0
W' (Ieps (3) =h°(Os(3h))—h° =C))+h! (05 (3h—C))—h" (07 (3))
0 0
—|—Mho(ﬁs —Ms))
=22+h'(O5(3—c,6—d))—19 > 3.
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Since C' lies on a cubic surface, it follows that if C' is maximal rank then we must have ¢ < 3.

On the other hand,

W (Feyps(3)) = k(00 (3))—h(Ops (3))+h° (Feyps (3))
> x(0c(3))—20+h°(Igps(3))-

It remains to estimate H°(0¢(3)). By Riemann-Roch, we have

h(0c(3)) > x(Oc(3)) =3C.h+1—g(C) = %CQ + ;c + (4 — ¢)d.

This is an increasing function in d, thus if d > 5 then

—_

h(Oc(3)) > 58 - ;c + 20.
Since ¢ < 3, it follows that h%(0¢(3)) > 20 unless ¢ = 1,d = 5. But for (¢,d) = (1,5), we
see that 3h — C'is effective and thus C' lies on another cubic surface, i.e. h°(Fc/ps(3)) > 2.
This shows that if ¢ < 3 and d > 5 then h'(.#-(3)) > 0, therefore a maximal rank curve C'
must satisfy ¢ < 3 and d < 4. We compute h°(#¢/ps(n)) and h'(I/ps(n)) by hand using
Proposition and Proposition for these finitely many cases and verify the claim.
We omit these computations. O

It follows that for ¢ > 3 and 2¢—2 < d < 2c¢+1, the general projections C' of smooth ACM
curves in the linear system |cn+df| on S(1,2) do not have maximal rank in P3. Since having
maximal rank is an open condition, it follows that no projection of these smooth ACM curves
into P3 have maximal rank. These curves have degree ¢+ d and genus —%c2 +cd— %c— d+1.
Since d ~ 2¢, we see that g(C) ~ £(deg C)? for ¢ > 0.

The computations in this chapter are rather involved, and a priori leave lots of room
for error. Fortunately, we were able to verify the formulas and computations using the
Macaulay2 package SpaceCurves developed by the author. We invite the readers who are
interested in computer algebra to explore this package with the article [97].
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Chapter III summary

In the final chapter of this thesis, we use the biliaison theory of sheaves developed in
Chapter [[| to study vector bundles on projective spaces.

In Section [IT1.1], we provide a conceptual proof of a result of Buraggina 13| that indecom-
posable rank two bundles on P} are minimal reflexive sheaves (Theorem [IIL.1.1). We also
prove that the Horrock-Mumford bundle on P¢ is a minimal reflexive sheaf (Theorem [[11.1.2)).

In Section [[T1.2 we study bundles in the biliaison class of the zero sheaf on P}. These
are exactly the bundles & such that

H'(&) =0, VteZ, V1I<i<n-2. (1)

For example, all bundles on P% satisfy this condition trivially. We classify the Betti numbers
of bundles on P} satisfying for any rank r (Theorem , generalizing results from
Bohnhorst and Spindler [7] where » = n. Accordingly, we classify the Hilbert functions
of such bundles (Theorem , and introduce a compact way to represent (Defini-
tion and to generate them up to a bounded regularity (Proposition . We

then give an example to show that the semistability of such a bundle is not determined by
its Betti numbers in general (Example|I11.2.18)), in contrast to the case when r = n discussed
in [7].

In Section we describe the moduli of bundles in the biliaison class of the zero sheaf.
We define a natural topology on Mg(H ), the set of isomorphism classes of bundles in the
biliaison class of the zero sheaf on P} with Hilbert function H. We show that M(H)
is irreducible and unirational (Proposition [[IL.3.16). We then describe a stratification of
Mo(H) by quotients of rational varieties and show that the closed strata form a graded
lattice given by the Betti numbers (Theorem . If we restrict to semistable bundles,

then we obtain a corresponding stratification of the coarse moduli space.

For the remainder of this chapter, we work on the projective space P}, where k is an
algebraically closed field. All sheaves in consideration are coherent on P}.
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II1.1. Minimal Bundles

We say a bundle is minimal if it is a minimal (S;7) sheaf where n = dim P}. The next
theorem is due to Buraggina [13], based on computations in [70]. We provide a conceptual
proof of the same result.

Theorem III.1.1 (Buraggina [13]). A rank two bundle & on P3 is a minimal (Sy) (i.e.
reflexive) sheaf if and only if it is indecomposable.

Proof. If & is decomposable, then it is the direct sum of two line bundles. In this case, the
minimal reflexive sheaf in the class of & is the zero sheaf. Suppose & is indecomposable,
then the zero sheaf is not in the biliaison class of & since H}(&) # 0. First we show that &
is a minimal bundle. By Proposition [[.3.24] we only need to show that & < &” for any other
rank two bundle &” in its biliaison class.

Let M := H!(&) and ¢; := ¢;(&). The Horrocks’ technique of eliminating homology
shows that there are universal extensions killing H!(&) and H2(&)

0—>&—F = 0O(a) >0

0—=0(—a+c) =9 —&—0,
which fit into the display

S
B
I
o<—§x<—&§<—%<—o
o

of a monad O(—a+c¢;) = H — O(a) 6]

By Horrocks’ criterion of splitting, we see that s = &/(b) for some b as it has no H}!
nor H2. If we chose H(0(a)) — M to be a minimal system of generators, then a result
in [54] shows that the map d : 4 — ¢ would not split off summands. It follows that
0 — HXY) — HY(H#) — HY(O(a) — M are the first steps of a minimal free resolution
of M, and ¥ = 020 , where Q?M denotes the second minimal syzygy of M. The same
statements apply to &”, and H!(&') = H(&) = M. Since ¢ is primitive, we conclude from
Proposition that X(&,1) = 2(&7,1).

If .# is a reflexive sheaf in the biliaison class of & such that .# =< &, then .# has rank
at most two. Since .# is neither zero or (1), it must have rank exactly two. Since & is
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obtained using finitely many ascending elementary (S5 )-biliaison and rigid deformations by
Theorem [[.3.27 we see that c3(.%) < ¢3(&). It follows from [48, Prop. 2.6] that .# is in fact
a bundle, and thus & < .% by the above. H

Let us summarize the three distinct cases of biliaison classes of bundles on P3. The finite
length module M = H}(&) uniquely determines the stable equivalence class of a primitive
bundle & [55], and therefore uniquely determines the biliaison class of a bundle & on P3.
There are three possibilities.

1. The minimal bundles of a biliaison class have rank two if and only if M satisfies the
condition in [16].

2. The minimal bundle of a biliaison class is the zero sheaf if and only if M = 0.

3. The minimal bundles of all other biliaison classes have rank three.

Perhaps not surprisingly, we show that the Horrocks-Mumford bundle is minimal.

Theorem II1.1.2. The Horrocks-Mumford bundle F on P¢ is minimal, both as a bundle
and as an (S5) (i.e. reflexive) sheaf.

Proof. Since rank one reflexive sheaves on P} are just line bundles €(1), and .% is not in the
biliaison class of the zero sheaf, it has minimal rank among reflexive sheaves in its biliaison
class. Let H C SL(5, C) be the Heisenberg group. Let V' = Map(Z/5,C) and let V4, ..., V, be
the four irreducible representations of H arising from V as in [57]. Let W = Hompg(V3, A%V).
The Horrocks-Mumford bundle .%# is the homology of the monad

OV LB NTeoW L 03)2 Vs,
We show that ker ¢ is primitive. By the short exact sequence
0—>kerq = ANTRW — O(3)® Vs — 0,
it suffices to show that A?7 is primitive. Consider the Koszul complex
02001V = 02) ANV = 0B) ANV S 0(4)® AV = 6(5)@ NV — 0,
where ker d 22 A2T. We see that Ext?*(imd, €(1)) = 0 for all [ by the short exact sequence
0 —imd — O0(4) @ A'V — 0(5) @ A’V = 0,
and thus Ext'(A2T, &(1)) = 0 for all [ by the short exact sequence
0= A*T = 0(3) ® A*V — imd — 0.

Finally, we have H(Z (1)) = 0 for [ < 0 [57, §4]. Since the maximum degree of (2) ® V] is
—2, the conclusion follows from Theorem applied to the extension

0—02)®@V; > kerq— .7 — 0. O
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Note that HY(ker g(—2)) = V;, thus all minimal bundles in the biliaison class of .# are
equivalent under the action of PGL(5, C). In particular, all reflexive sheaves in the biliaison
class of the Horrocks-Mumford bundle are constructed from it using finitely many ascending
elementary (S])-biliaisons, rigid deformations and extensions by line bundles.
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IT1.2. Bundles on P} with Vanishing Lower Cohomologies

Our work in Chapter [I| paves the way for a program to describe the moduli M (in a broad
sense) of (e.g. semistable, stable) torsion-free sheaves (or bundles) on a smooth projective
variety X with irregularity zero.

Program. First, we partition M by biliaison equivalence into pieces M that are labeled by
stable equivalence classes of primitive sheaves. The major difficulty here is that we need to
wisely choose a very ample line bundle and classify the stable equivalence classes of primitive
sheaves on X. Next, we partition each M into pieces My 5, by the discrete invariant of
Y} functions, which form a bounded below semilattice. Another major difficulty here is the
classification of the Y functions of sheaves in each biliaison class, especially those of minimal
sheaves (or bundles). If we know the ¥ function of a minimal sheaf (or bundle) in M, then
we can systematically determine the numerical invariants of sheaves (or bundles) in Mg, as
well as the dimensions of the pieces Mg 5, and the dimensions of tangent spaces etc.

If we restrict to rank one torsion free sheaves on X = P3, which are exactly the ideal
sheaves of curves up to twist, then the appropriate moduli M is the Hilbert scheme of curves
and this program has been successfully carried out in [69]. The goal of the remainder of this
chapter is to describe M, the moduli of bundles in the biliaison class of the zero sheaf on
X = P}. Since we restrict to the biliaison class of the zero sheaf, we may consider Hilbert
functions H instead of the ¥ functions as they encode the same information.

From here on we work on P}, and use R := k[zo,...,x,] to denote the polynomial ring
of P}. As before, we write H!(%) for the R-module @, ., H'(:#(t)). For a finite integer
sequence a = (a;)i,, we write R(a) instead of @) | R(—a;) and write &(a) instead of
D;_, 0(—a;). We denote by M, the set of isomorphism classes of finite rank bundles in the
biliaison class of the zero sheaf on P}. We shall slightly abuse the terminology by saying
& € M to mean that a bundle & is in the biliaison class of the zero sheaf.

We start with a standard observation on the relation between the vanishing of lower
cohomologies of a coherent sheaf and the projective dimension of its section module.

Proposition I11.2.1. Let M be a finitely generated graded R-module. Then proj.dimp M <

1 if and only if M = HY(M) and H.(M) =0 for all1 <i<n—2.

Proof. Let H! (—) denote the i-th local cohomology module supported at the homogeneous
maximal ideal m of R. There is a four-term exact sequence

0— H (M) — M — HYM) — H. (M) — 0
along with isomorphisms H:™ (M) =2 Hi(ﬂ ) for 1 < ¢ < n. By the vanishing criterion
of local cohomology, we have depth M = inf{i | H{ (M) # 0}. Finally, the Auslander-
Buchsbaum formula states that proj.dim M = n+ 1 — depth M. The statement follows. [
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Corollary II1.2.2. A bundle & on P} is in My if and only if & satisfies .

Definition ITI.2.3. Let & be a rank r bundle on P} satisfying . By Proposition [[11.2.1],
the R-module H? (&) admits a unique (up to isomorphism) minimal graded free R-resolution

0— R(a) % R(b) = HY(&) — 0 (%)

for some a = (a;)}_; and b = (b;)'T}. We make the convention to always sort a and b in

ascending order, and define (a,b) to be the Betti numbers of &.

Note that & is isomorphic to a direct sum of line bundles if and only if H?(&) is a free
R-module if and only if [ = 0 and the sequence a is empty.

The resolution of graded R-modules sheafifies to a resolution
0— Ola) S Ob) = & —0 (%)

of & by direct sums of line bundles. Conversely, a resolution (ED of & by direct sums of
line bundles gives rise to a free resolution of the R-module HY(&) under the functor
H?(—). With this understanding, we shall speak of these two resolutions of modules and
sheaves interchangeably. In particular, the morphism ¢ is called minimal if and only if the
corresponding map of R-modules ¢ is minimal, i.e. ¢ ®g k = 0.

Classification of Betti numbers

In this subsection we classify the Betti numbers of bundles in Mj. For a pair (a,b), we
write Mg(a, b) for the subset of isomorphism classes of bundles with Betti numbers (a, ).

Theorem III.2.4 (Classification of Betti numbers). Leta = (a1,...,a;) andb = (by, ..., b.,)
be two sequences of integers in ascending order for some > 0 and r > 0. The set My(a,b)
1s nonempty if and only if a is empty or

r>mnand a; > byy; fori=1,...,1L. (A)
In this case, we have coker ¢ € My(a,b) for a general minimal map ¢ € Hom(&(a), O(b)).

This generalizes the results of Bohnhorst and Spindler [7] for » = n. Likewise, we say
a pair of ascending sequences of integers (a,b) is admissible if it satisfies the equivalent
conditions of Theorem The fact that a bundle & satisfying that is not a direct
sum of line bundles must have rank r > n also follows from the Evans-Griffith splitting
criterion [28, Theorem 2.4].

In order to prove Theorem [[I1.2.4] we need two lemmas regarding depth of minors of
matrices.
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Let S denote a noetherian ring and let ¢ : SP — S? be a map between two free S-modules.
For any integer 7, the ideal I,(¢) of (r x r)-minors of ¢ is defined as the image of the map
A'SP ®g (A"S9)* — S, which is induced by the map A"¢ : A"SP — A”S9,

Similarly, let ¢ : @}_; Opn (—a;) = @7, Opn (—b;) be a morphism of sheaves on P’} over
a noetherian ring A. Set S := Alzo, ..., T,) and Tet ¢: B, S(—a;) = @7, S(—b;) denote
the corresponding morphism of graded free S-modules given by H? (). For any integer r,
we define I,.(p) = I.(¢) as an ideal in S.

The depth of a proper ideal I in a noetherian ring S is defined to be the length of a
maximal regular sequence in I. The depth of the unit ideal is by convention +o00. Recall
that if S is Cohen-Macaulay, then depth I = codim I for every proper ideal I.

Lemma II1.2.5. Let A be a finitely generated integral domain over k, and let S be a finitely
generated A-algebra. Suppose ¢ : ST — SP is a morphism of free S-modules with p > q. For
a prime P of A, let ¢p denote the morphism ¢ ®4 k(P) over the fiber ring S ® 4 k(P). For
any integer d, the set of primes P in A such that depth I,(¢p) > d is open in A.

Proof. Note that I,(¢) = I,(¢*). Let H#4(¢*) be the Eagon-Northcott complex associated to
¢* as in [19]. Note that the formation of the Eagon-Northcott complex is compatible with
taking fibers, i.e. H#e(¢*) @4 k(P) = Ho(¢* ®4 k(P)). For each prime ideal P of A, we have
depth I,(¢}) > d if and only if i (¢*) @4 k(P) is exact after position p — ¢+ 1 — d by the
main theorem in [19]. The statement of the lemma follows from the general fact that the
exactness locus of a family of complexes is open, see E.G.A. TV 9.4.2 [306]. ]

Lemma I11.2.6. Let S be a standard graded finitely genemted k-algebra, i.e. S is generated
in degree 1 over Sy = k. Let ¢ : @I, S(—a;) — @_, S(—b;) be a morphism of graded free
S-modules with p > q, and assume that ¢ is mzmmal i.e. p ®gk = 0. If relative to some
bases, the matrix of ¢ has a block of zeros of size u X v, then

codimI,(¢) <p—q+1—inf(u+v,p+ 1) +inf(u + v, q).

Proof. For the case of generic matrices over an algebraically closed field, this is a result
of Giusti-Merle [31]. We fix once for all bases of the domain and target of ¢, and let

Z C{l,...,p} x{1,...,q} be the u x v rectangle where the matrix of ¢ has zero entries.
Consider the polynomial ring A := k [{:p”}ggﬂ [(xi; | (i,7) € Z), which is the coordinate
ring of the affine space of (p x ¢)-matrices with a zero block of size u X v in position Z. Let
¢ A(—1)? — AP be the morphism given by the generic matrix (x;;), then

codimI,(¢y) =p—q+1—inf(u+v,p+ 1) + inf(u + v, q)

by [31, Theorem 1.3].

The general case follows from a theorem of Serre. The map ¢ corresponds to a morphism
of k-algebras A — S, where x;; is sent to the entry of the matrix of ¢ relative to the fixed
bases. In particular, note that I,(¢) = SI,(¢)). Let m and m’ denote the homogeneous



CHAPTER III. BUNDLES 66

maximal ideals of A and S respectively. Since all entries of ¢ are in m’' by assumption,
we have an induced morphism on the localizations A,, — S, where S,,m C m'. Let P
be a prime above A,,1,(1) of the least codimension. Since S,,P C m/, Serre’s result on
superheight on prime ideals in a regular local ring [94] implies that codim S,,» P < codim P.
Now [,(¢) and S1,(v) are homogeneous and S, 1,(1)) C S,y P, therefore we conclude that

codim S1,(v) = codim S, 1,(v)
< codim S,/ P
< codim P
= codim A,,,1,(1))
= codim I,(v))
=p—q+1—inf(u+v,p+ 1) +inf(u + v, q). O

The following is a simple fact that allows us to translate between bundles and homoge-
neous matrices whose ideals of maximal minors have maximal depth.

Proposition I11.2.7. Let a = (a1, ...,q;) and b= (by,...,b,) for some integers ! > 0 and
r > 0. For a map ¢ € Hom(0(a), O(b)), the cokernel of ¢ is a rank r bundle on P} if and
only if depth [;(¢) > n+1. In this case, we have a resolution of & := coker ¢ by direct sums
of line bundles

0— Oa) S O) = & — 0.

Proof. The rank of coker ¢ is r if and only if I,(¢) is nonzero if and only if ¢ is injective at
the generic point of P} if and only if ¢ is injective. The ideal I.(¢) cuts out points on P}
where coker ¢ is not locally free of rank r. Thus coker ¢ is a rank r bundle if and only if
I, () is the unit ideal or is m-primary, where m is the homogeneous maximal ideal of R. In
either case depth I,.(p) > n + 1. O

Proof of Theorem [[I.2.]. 1f a is empty, then & = €/(b) has Betti numbers (a,b). Suppose a
is nonempty and (a, b) satisfies condition (A]). Consider the minimal map ¢ : &(a) — O(b)
given by the following matrix

a o a
by ,a@ 0 0 by
. . _ 0 .
zi=t | g,
bni1 x‘;;_b”“
' 0
0 0 22" | by
0 0 0 :
. 0 0 0 bir-
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Since ¢ drops rank nowhere on P}, we conclude that & := coker ¢ is a rank r bundle with
a resolution by direct sums of line bundles

0= Ola) S OB) =& —0
by Proposition [II1.2.7] Since ¢ is minimal, it follows from Proposition [[II.2.1| that & repre-

sents an isomorphism class in My(a, b).

Conversely, suppose My(a,b) is nonempty and a is nonempty. Then there is a minimal
map ¢ € Hom(&'(a), 0 (b)) where coker ¢ is a rank r bundle &. Since ¢ is minimal, it follows
that [;(p) C I1(p) C mis a proper ideal. By Proposition [[IL.2.7, we have depth I;(¢) = n+1.
By the main theorem in [19], we have depth I;(¢) < {+r -1+ 1 =r+ 1. It follows that
we must have » > n. Now suppose on the contrary that there is an index 1 < ¢ <[ where
a; < byy;. Since @ is minimal, we see that the (n + 7,4)-th entry in the matrix of ¢ must
be zero. In fact, since a and b are in ascending order, we must have a block of zeros of size
(l+7r—n—i+1) x ¢ as the following

al .. a’L IR al
by
boei | O -+ 0
bur \O -+ 0

By Lemma we conclude that

depth [j(p) <l+r—Il+1—inf(l+r—n+1,l+r+1)+inf(l+r—n+1,1)
=r+1—(I+r—n+1)+1
=n.
This is a contradiction to the fact that depth [;(¢) = n + 1.
Now we prove the last statement. It is obvious when a is empty, so we assume a is

nonempty. The set Hom(&(a), /(b)) has the structure of the closed points of an affine space
A" . The subset of minimal maps is an affine subspace A. There is a tautological morphism

l+r

l
e @ ﬁPZM (_ai> - @ ﬁPZM (_bi)’
=1 =1

where the fiber ®p for a closed point P of A is given by the minimal map that P corresponds
to. By Lemma [[I1.2.5 the set U of points in AM where depth [;(®p) > n + 1 is open. Since
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there is a morphism ¢ € Hom(&(a), 0'(b)) whose cokernel is a bundle & € Mo(a,b), by
Proposition the map ¢ corresponds to a closed point in U. It follows that U is open
and dense in AM, O

Recall that the category of bundles on P} is a Krull-Schmidt category [2], i.e. every
bundle & admits a decomposition & = &, @ (c), unique up to isomorphism, where &y has
no line bundle summands.

Corollary II1.2.8. Let & € My(a,b) for some a nonempty. If & = & @ O(c) is the
Krull-Schmidt decomposition of &, then n < rank & < max{j | a; > by, }.

Proof. Set s := max{j | @; > by1;} and define b’ := by,...,bs. Let 7 : O(b) — O(b') be the
coordinate projection. If ¢ € Hom(&(a), 0 (b)) is a minimal map whose cokernel is a bundle
&, then we claim that ¢’ := 7o ¢ is a minimal map in Hom(&'(a), &'(b)) whose cokernel is a
bundle &’. To see this, observe that since a; < byy; for s < i < r and ¢ is minimal, the last
(r—s) rows of the matrix representing ¢ relative to any bases are zero. In particular, we have
Ii(¢) = I,(m o ). By Proposition [[IL.2.7] the cokernel of ¢ is a bundle. It follows from the
snake lemma that & = &' & £, where .Z is the kernel of the projection 7. This shows that
rank &y < s. Observe that & also satisfies () and thus rank & > n by Theorem . O

Finiteness

In this subsection, we show that there are only finitely many possible Betti numbers for
bundles in M with given rank, first Chern class and bounded regularity.

Recall that a coherent sheaf .# on P? is said to be d-regular if H(Z(d — 1)) = 0 for all
i > 0 [see |79, Lecture 14]. The Castelnuovo-Mumford reqularity (shorthand regularity) of
Z is the least integer d such that .% is d-regular. By the semicontinuity of cohomologies,
being d-regular is an open condition for a family of coherent sheaves on P}. The notion of
regularity also exists for graded R-modules [see |21].

If & € My(a,b), then reg & = max(b,a — 1). Since the regularity depends only on the
Betti numbers, we define reg(a, b) := max(b,a — 1) for any admissible pair (a, b).

Proposition I11.2.9. There are only finitely many possible Betti numbers (a,b) of rank r
bundles on P} satisfying with fized first Chern class ¢y and regularity < d.

Proof. Set a = (a;)!_, and b = (bl)iﬂ for some [ > 0. Since ¢; = Zizl a; — Ziz b;, the
statement is evidently true for direct sums of line bundles. Thus we may consider the case
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[ > 0. Since a; and b; are bounded above by d 4 1, we only need to show that [ is bounded
above and b, is bounded below. Consider the following inequalities

!
[ < Z(ai — biyn)
i1
I+r

=C1+Zbi+ Z bi
i=1

i=l4+n+1
<c+r-d
And similarly,
n I+r l
blz_cl_zbi_ Z bz—i-Z(az—bZ)
i=2 i=l+n+1 i=1
>—c—(r—=1)-d+1. O

This generalizes the observation of Dionisi-Maggesi [17] for the case n = r = 2.

Hilbert functions of bundles

In this subsection, we classify the Hilbert functions of bundles in M,. We introduce an
efficient way to represent and generate them up to a bounded regularity.

Recall that the Hilbert function of a bundle & on P} is the function Hg(t) : Z — 7Z given
by Hg(t) := dimy, HY(&(t)). For any function H : Z — Z, we define My(H) to be the subset
of My consisting of isomorphism classes of bundles with Hilbert function H.

Definition II1.2.10. The numerical difference of a function H : Z — Z is a function
OH : Z — 7 given by OH(t) := H(t) — H(t — 1). We inductively define 9""'H := 00'H.

Note that if H : Z — Z is a function such that H(¢) = 0 for ¢ < 0, then H can be
recovered by its i-th difference &'H for any i > 0.

Theorem I11.2.11. A function H : 7Z — Z 1is the Hilbert function of a rank r bundle
& € My if and only if

1. O"H(t) =0 fort < 0 and O"H(t) =1 fort >0,

2. O"H(t+ 1) < O"H(t) implies that O"H(t + 1) > n.
Proof. Let u(d,t) denote the number of times an integer ¢ occurs in the sequence d.

(=): Suppose & is a rank r bundle in My(H). The Grothendieck-Riemann-Roch
formula states that

(E0) = [ () 1T,
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A routine computation shows that the leading coefficient of the Hilbert polynomial y(&(t))
is r - t"/nl. Since the Hilbert function H eventually agrees with the Hilbert polynomial, we
see that 0"H(t) = 0 for t < 0 and 0"H (t) = r for t > 0.

Let (a,b) be the Betti numbers of &. If a is empty, then & is a direct sum of line bundles
and 0" H is monotone nondecreasing and thus satisfies both conditions. We prove the case
where a is non-empty. Consider the minimal free resolution

0 — R(a) — R(b) — HY(&) — 0.

A simple calculation shows that 9" H(R(—a),t) is the delta function at a. It follows from
the minimal resolution that 0" H(t) = u(b,t) — u(a,t). Suppose O"H (t + 1) < 9"H(t) for
some t, then "™ H(t + 1) < 0 and thus u(a,t + 1) > 0. Let j be the largest index where
a; =t + 1. By Theorem [[IT.2.4] we have a; > b;, and therefore

OUH(t+1)= > 0" H@) = Y (ulbi) — pla,d)) > j+n—j=n.

i<t+1 i<t+1

(«<=): Conversely, suppose H satisfies the conditions of the theorem. We define the
ascending sequences of integers a and 8 by the property that for all ¢ € Z,

p(a,t) = max{0,0"H(t — 1) —0"H(t)}, w(B,t)=max{0,0"H(t—1)—0"H(t)}.

By the first condition on H, the sequences a and f3 are finite. Furthermore, if a has length [
then S has length [ + r. The second condition on H implies that a; > b;,,, for all 1 <7 <.

Since a and B share no common entries by construction, it follows that a; > b;,,, for all
1 <4 <. By Theorem [[II.2.4} there is a rank r bundle & in M, with Betti numbers (o, 3).
The Hilbert function of & is H by the reasoning of the previous direction. n

The above theorem suggests that we use the finitely many intermediate values of 9" H to
encode the infinitely many values of the Hilbert function H.

Definition IT1.2.12. A finite sequence of integers B = By, ..., B, for some m > 1 is called
a bundle sequence of rank r on P} if it satisfies the following:

1. B;>0for1<i<m,
2. B,,=rand B,,_1 #,
3. Bi—f—l < Bz 1mphes Bi+1 >n.

If & is a rank r bundle in My(H) for some Hilbert function H, then we set
So :=1inf{t | O"H(t) # 0}, s :=sup{t|0"H(t) #r}.

The sequence 0"H(sg),0"H(so + 1),...,0"H(s; + 1) is a bundle sequence of rank r by
Theorem [[I1.2.11] which we call the bundle sequence of H and of &.
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By Theorem there is a one-to-one correspondence between the set of Hilbert
functions of rank r bundles in M, up to shift and the set of bundles sequences of rank r.
The ambiguity of shift disappears if we deal with normalized bundles.

Definition ITI.2.13. We say a rank r bundle on P} is normalized if —r < ¢1(&) < 0. Since

c1(&(t)) = c1(&) +r - t, it follows that every bundle can be normalized after twisting by the
line bundle & (—[e1(&)/r]).

We define the degree of a bundle sequence B = By, ..., B,,, denoted by deg B, to be the
sum By + .-+ B,,.

Proposition II1.2.14. If a normalized rank r bundle & € Mg has bundle sequence B, then
reg & > [deg B/r| — 2.

Proof. Suppose & has Betti numbers (g, b) and Hilbert function H. We set ¢ := max(ay, bj4,)
and s; :=sup{t | 0"H(t) # r}. It follows from the short exact sequence

0 — R(a) = R(b) — H2(&) =0

that s; < ¢. We have

l+r

Zal Zb Zt O H (1) Zt ("H H(t—1))
Z t-0"H(t—1)— > t-0"H

t<si+1 t<si+1
—Z@”H —(s1+1)-r=degB—(s1+2)-r>degB—(c+1)-r
t<s1

Since & is normalized, we must have ¢ > [deg B/r| — 1. Finally, regularity & is ¢ or ¢ — 1
depending on whether b, > a; — 1 or not. O

Proposition II1.2.15. If B = By, ..., B,, is a bundle sequence of rank r and degree d, then
B' = B,,...,B,, is a bundle sequence of rank r and degree d — B;.

It follows from Proposition and Proposition that we can inductively
generate, in the form of bundle sequences, all Hilbert functions of normalized bundles in M,
up to any bounded regularity. The generation of these bundle sequences can be reduced to
a partition problem with constraints.

Example II1.2.16. The following are all bundles sequences of rank 4 and degree 9 on P3
{(1°,4), (1%,2,4), (12,3,4), (1,22, 4),(2,3,4), (5,4)}.

Here we use #/ to denote the sequence of j copies of t.
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Table 2: All rank 2 bundle sequences on P? of regularity < 2

CcCl = 0
co Bundle sequence reg semistable
-4 1,1,1,1 2 no cp=-—1
-1 1,1 1 no co DBundle sequence reg semistable
0 1% 0 yes -6 1,1,1,1,1 2 no
0 1,1,1,3 2 no -2 1,1,1 1 no
1 1,3 1 yes 0 1 0 no
2 1,2,3 2 yes 1 1,1,3 2 no
2 4 1 yes 1 3 1 yes
3 1,14 2 yes 2 2,3 2 yes
3 3,3 2 yes 3 1,4 2 yes
4 2,4 2 yes ) 5) 2 yes
) 1,5 2 yes
6 6 2 yes

Example II1.2.17. Table [2|lists all the rank 2 bundles sequences of regularity < 2 on PZ.
These completely classify the Hilbert functions of normalized rank two bundles of regularity
<2 on P

Semistability

In this subsection, we address the following question. Do the Betti numbers determine
the semistability of a bundle in M7 If so, is there a criterion?

Here we use p-semistability, where pu(.-#) := ¢1(.%)/ rank(.%) for any torsion-free coherent
sheaf .# on P7. The results are similar for Hilbert polynomial semistability as in [72].

For r < n, all rank r bundles & € M, are direct sums of line bundles by Theorem [IT.2.4]
which are not semistable except for €'(d)". The main result in [7] states that if & € M, has
rank r = n, then & is semistable if and only if its Betti numbers (a, b) satisfy by > (&) =
(S a;— Zi:f b;)/n. The latter condition is obviously necessary.

i=1 %

The following example demonstrates that for » > n, the semistability of a bundle in M,
is not determined by its Betti numbers in general.

Example I11.2.18. For any r > n, consider (a,b) where

o b= 0 1<i<r
=4 VU=V 1 r<i<r4+1.
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Let ¢ and 1 be two maps in Hom(&'(a), 0'(b)) defined by the matrices
0,...,28,..., 22 2,000, (0,...,28, ..., 2% o, Tn 1, 70)"

respectively. Then &) := coker ¢ and & := coker are rank r bundles satisfying with
Betti numbers (a,b) by Proposition Furthermore, it is easy to see that & = &/ @
O(-1)® 0"V and & = & @ 0" " for some rank n bundles & and & respectively. Since
w(&) = (&) = 0, it is clear that & is not semistable. On the other hand, the bundle &
is semistable by the criterion for the case r = n stated above. Since both &, and 67" are
semistable bundles with g = 0, it follows that so is &.

The main reason to discuss semistability is that we might hope for a coarse moduli
structure on the set My(a,b). However, the above example illustrates the difficulty. In
Section we will define a topology on My(a,b), where the semistable bundles form an
open subspace Mo(a, b)**. The space My(a,b)*® supports the structure of a subscheme of
M(x), the coarse moduli space of semistable torsion-free sheaves with Hilbert polynomial
X, whose existence is established by Maruyama [see |72].
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I11.3. A Description of the Moduli

The set M, is the disjoint union of My (H) for all possible Hilbert functions H which are
classified by Theorem . In this section we define a natural topology on My(H) and
study how Mg(H) is stratified by bundles with different Betti numbers. In the following,
we fix a Hilbert function H satisfying the conditions of Theorem

The graded lattice of Betti numbers

In this subsection we show that all possible Betti numbers of bundles in M(H) form a
graded lattice, such that those with bounded regularity form a finite sublattice.

Definition IT1.3.1. We define Betti(H) to be the set of Betti numbers (a, b) of bundles in
Mo(H). There is a grading Betti(H) = | |, Betti!(H), where

Betti?(H) := {(a,b) € Betti(H) | a and b have exactly ¢ entries in common}.

We remark that Betti(H) is infinite in general without restrictions on regularity. This is
due to the fact that the Hilbert function H only bounds regularity from below (see Propo-
sition [[I1.2.14)) but not above, as the following example demonstrates.

Example II1.3.2. Let (a,b) € Betti(H). For some arbitrarily large integer ¢, regarded as a
singleton sequence, the pair (a,b)+ ¢, defined in according to Definition [[11.3.4] is admissible
by Theorem [[T[.2.4, Note that any bundle with these Betti numbers has a line bundle

summand by Corollary
Proposition 111.3.3. There is a unique element in Betti®(H), which we denote by (a, 3).

Proof. The construction of an element in Betti®(H) is given in the proof of Theorem [[11.2.11}
Recall from the proof of Theorem [[I1.2.11]that 0"*' H(t) = pu(a,t) — (5, t). The uniqueness
of (a, B) follows from the fact that either u(a,t) =0 or u(S,t) = 0 by assumption. ]

We now define a partial order on all pairs of increasing sequences of integers.

Definition II1.3.4. Let a, b, ¢ be three finite sequences of integers in ascending order. The
sum a + ¢ is defined be the sequence obtained by appending ¢ to a and sorting in ascending
order. It is clear that this operation is associative.

We define (a, b) + ¢ to be the pair (a+¢,b+c). If (¢/,b") = (a, b) + ¢ for some ¢, then we
say (a,b) is a generalization of (d,b") and write (a,b) ~ (d',b').

It is a consequence of Theorem that admissibility is stable under generalization.

Lemma II1.3.5. If (a,b) ~ (a/,b") and (d',b) is admissible, then so is (a,b).
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Proof. By induction, it suffices to prove the case where a’ and b’ have a common entry c at
index p and ¢ respectively, and that (a,b) is obtained from (da/,b’) by removing a,, and by
We may assume that p and g are the largest indices where a;, = ¢ and b, = ¢ respectively.
For i < p, we have a; = aj. But i 4+n < ¢ and b4, = b, for i < p since ¢ > n+ p by
Theorem . Therefore a; > b;y,, for i < p. In this case, by, = 0], and a; > byy,. For
i > p, we have a;_1 = a; > c. In this case, either i+n < ¢, in which case b;1,,—1 < ¢ < a;_1; or
i+n > ¢, and biy,—1 = b}, thus bj1,_1 < a;—1. We conclude that (a,b) is also admissible. [
Corollary II1.3.6. Every (a,b) in Betti(H) is of the form (a, 8) + ¢ for some c.

The main theorem of this subsection is the following.

Theorem II1.3.7. The set Betti(H) has the structure of a graded lattice given by the partial
order ~~ and the grading Betti(H) = | |, Betti'(H).

For the clarity of the proof, we first establish two lemmas.

Lemma II1.3.8. If ¢ and d are two distinct integers (considered as singleton sequences)
such that both (a,b) + ¢ and (a,b) + d are admissible, then so is (a,b) + ¢+ d.

Proof. The lemma is simple, but the notations may make it appear more complicated than
it is. Nonetheless, we include a proof here for the sake of completeness.

For an ascending sequence d and an integer t, let p(d,t) denote the largest index i where
d; = t. We may assume ¢ < d, and write (a/,V') := (a,b) + ¢, (¢”,b") := (a,b) + d and
(@ 1") = (a,b) + ¢+ d.

Since (a’,0') is admissible, we have p(a’,c) < p(t/,c) — n. Since ¢ < d, it follows that
p(a”,c) = p(d,c) and p(b”,c) = p(b',c). We conclude that p(a”,c) < p(b"”,c) —n. Since
(a”,0") is admissible, we have p(a”,d) < p(b”,d) — n. Since ¢ < d, it follows that p(a”,d) =
p(a”,d) + 1 and p(t",d) = p(b”,d) + 1. We conclude that p(a”,d) < p(b”,d) — n. Finally,
we show that (a”,b") is admissible. For i < p(a”,d), we have i + n < p(b”,d) and thus
af! =a; > b, = b/, Forpl”, c)—n <i, wehave p(a”,c) < i and thus o' = af ;| >
b\ =0, For p(a”,d) <i<p(d"”, c)—n, wehave a; > d > c> by, O
Lemma II1.3.9. If ¢ is an integer sequence and d is an integer (considered as a singleton
sequence) not appearing in ¢, such that both (a,b) + ¢ and (a,b) + d are admissible, then so

is (a,b) + c+d.

Proof. By Lemma |[11.3.5{and Lemma [[11.3.8] the pair (a,b) + ¢ + d is admissible. Applying
Lemma [[I1.3.8] again with (a,b) + ¢; in place of (a,b), we see that (a,b) + ¢1 + co + d is
admissible. By induction it follows that (a,b) + ¢ + d is admissible. O

Proof of Theorem [II.3.7. 1f (¢/,b") € Betti'(H) and (a,b) € Betti’(H) such that (a/,1) =
(@, b) + ¢ for some ¢, then obviously ¢ > j. The cover relations in Betti(H ) are given exactly
by adding singleton sequences. It follows that (Betti(H),~-) is a graded poset.
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Suppose (a,b) and (d/, V) are in Betti(H). By Corollary [[I1.3.6] there are sequences c
and ¢ such that (a,b) = (o, ) + ¢ and (¢/,) = (a,8) + ¢/. We define min(c, ') to be
the descending integer sequence where an integer t occurs min(u(c,t), u(c,t)) times, and
similarly for max(c, ¢).

Clearly (a, b) +min(c, ) ~ (a, b) + ¢ and thus is admissible by Lemma It follows
that (a,b) + min(c, ) is the meet of (a,b) and (a/,0') in Betti(H).

We claim that (a,b) + max(c, ¢/) is admissible, and thus it is the join of (a,b) and (d,b")
in Betti(H). To see this, we may replace (a, b) by (a,b) + min(c, ¢’) and assume that ¢ and ¢
have no common entries. By Lemma , we see that (a, b)+c+ ¢} is admissible. Applying
Lemma again with (a,b) 4 ¢} in place of (a, b), we conclude that (a,b) + ¢| +c+ ¢ is
admissible. By induction, it follows that (a,b) + ¢ + ¢ is admissible. O

For any integer d, let Betti(H )<q denote the subset of Betti numbers of bundles that are
d-regular. The set Betti(H)<q inherits a grading P, Betti?(H)<q4, where Betti?(H)<q :=

Corollary II1.3.10. For any integer d, the set Betti(H)<q is a finite graded lattice isomor-
phic to the lattice of subsequences of some sequence c.

Proof. Tf (a,b) ~ (a/,b'), then reg(a,b) < (a’,). If (a”, V") is the join of (a,b) and (a/,b’) in
Betti(H), then the regularity of (a”,b") is the maximum of those of (a,b) and (da’,’) by the
construction in the proof of Theorem It follows that Betti(H )<, is a graded lattice.
The finiteness of Betti(H)<q follows from Proposition [[I1.2.9 Thus there is a maximum
element of the form (a, g) + ¢ for some sequence c. By Lemma , we see that

Betti?(H)<q = {(a, 8) + ¢’ | ¢ is a subsequence of ¢ of length ¢}. O

Example I11.3.11. Let H be the Hilbert function of a normalized bundle on P} with
bundle sequence (5,4). With the same notation as in Example [[IL.2.16] the minimal element
of Betti(H) is given by a = (0) and 8 = (—1°). The maximum element of Betti(H )< is
(v, B) + ¢, where ¢ = (0, 1,2). In particular,

Betti'(H)<s = {(a, B) + ¢ | ¢ is a subsequence of (0,1,2) of length ¢}

and Betti(H)<s is isomorphic to the lattice of subsequences of (0,1, 2).

The stratification

In this subsection, we define a natural topology on My(H). We then describe the strat-
ification of My(H) by locally closed subspaces My(a, b).
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Definition II1.3.12. Let (a,b) € Betti(H). Let A(a,b) denote the structure of the affine
space on the vector space Hom(&'(a), O(b)). The minimal maps form an affine subspace
A%, b) in A(a,b). We define the subset of matrices whose maximal minors have maximal
depth

Mat(a,b) := {¢ € A(a,b) | depth [)(¢) > n + 1},

Mat®(a,b) := { € A%a,b) | depth [;(ip) > n + 1}.

As in the proof of Theorem [[11.2.4} the subset Mat(a, b) and Mat’(a, b) are open subvarieties
of A(a,b) and A°(a, ) respectively. For A = A(a,b) and A%(a, b), the tautological morphism

I+r

l
D : @ ﬁpx(—ai) — @ ﬁpx(—bz)
=1 =1

gives a tautological family of sheaves & := coker ® over A, which pulls back to a family
of bundles &(a,b) and &°(a, b) satisfying () over Mat(a, b) and Mat"(a, b) respectively by
Proposition [[I1.2.7]

Let G(a,b) denote the algebraic group Aut(&'(a)) x Aut(€(b)). The natural action p :
Gla,b) x A(0(a), O(b) = A(O(a), O(b)) given by (f,g) X ¢ — f oo is a morphism of
algebraic varieties. The action p leaves the subspace of minimal maps invariant. Since the

change of coordinates does not change the ideal of maximal minors, it follows that the open
subvarieties Mat(a, b) and Mat"(a, b) are stable under the G(a, b)-action.

Lemma I11.3.13. Two maps p,1) € Mat(a,b) are in the same G(a,b)-orbit if and only if
coker o = coker 1.

Proof. Clearly if o, are in the same G(a, b)-orbit then coker ¢ = coker. Conversely, let
& = coker ¢ and & := coker¢). Then the isomorphism of the R-modules H?(&) = H?(&”)
lifts to an isomorphism of free resolutions

0 —— R(a) —— R(b) —— HY(&) —— 0

Lok b

0 —— R(a) —— R(b) —— H(&') —— 0.

IR

It follows that ¢, ¢’ are in the same G(a, b)-orbit. O

Proposition [[11.2.7]and LemmallII.3.13|imply that the set Mg (a, b) supports the structure
of the quotient topological space Mat’(a, b)/G(a,b). Similarly, we let Mg(a,b)™ denote the

subset of My consisting of isomorphism classes of bundles & that admit a (not necessarily
minimal) free resolution of the form

0 — R(a) — R(b) — H2(&) — 0.
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Then Lemma [l11.3.13| also implies that the set Mg(a, b)™ supports the structure of the quo-
tient topological space Mat(a,b)/G(a,b). Clearly the inclusion of sets M(a,b) € Moy(a,b)™
is an inclusion of topological spaces.

Lemma I11.3.14. If (a,b) ~ (d', V') in Betti(H), then Mg(a,b)™ is a subspace of Mq(a', ).
In particular, My(a,b) is a subspace of My(d',b')".

Proof. Let (a/,V') = (a,b) + ¢ for some ¢. Consider an injective morphism ¢ : Mat(a,b) —
Mat(a',b') given by ¢ +— o ® 1Id #(c)- It is not hard to see that the ideal of maximal minors
does not change under this map, and thus ¢ is well-defined. Suppose ¢, ¥ are two morphisms
in Mat(a,b) such that ¢ @ Idg() and 1 ® Idg() are in the same G(d’,b')-orbit. It follows
that coker ¢ ® Id () = cokert) @ Idg(. Since coker ¢ = coker ¢ @ Id¢ () and coker =
coker 1) @ Id ¢ (), we conclude that coker ¢ = coker). It follows from Lemma that ¢

and 1 are in the same G(a, b)-orbit. This shows that the composition
Mat’(gy Z_)) — Mat(@l,l_)/) — MO(Qlal_)/)w

induces an injection of topological spaces on the quotient Mg(a, b)™ < Mq(d',b')™. O

For each integer d, the set Betti(H)<q is a finite lattice by Corollary [I11.3.10 and thus
has a maximum element (a/,b’). Tt follows from Lemma [[11.3.14] that every d-regular bundle
& in Mo(H) admits a (not necessarily minimal) free resolution of the form

0— L(d) — L) — HX(&) — 0.

Let M(H)<q be the subspace of My(H) consisting of isomorphism classes of d-regular
bundles. Then by Lemma , the set M(H )<q supports the structure of the quotient
topological space Mat(a',b')/G(d/, V).

It follows from Lemma and the construction above that if d < d’, then My(H )<q
is a subspace of My(H )<s. Finally, we can now define a topology on My(H) by

Mo(H) = lim Mo(H)<q.

Proposition II1.3.15. For each integer d, the subspace Mo(H )< is open in My(H).

Proof. We need to show that Mo(H )<, is open in Mo(H)<y for any d'. Let (d,b') be the
maximum element in Betti(H )<y, and consider the quotient map 7 : M(a,b') — Mo(H)<g-
By the semicontinuity of cohomologies, the fibers of the tautological family &(a’,b") are d-
regular over an open subset of M(d’,1'). Tt follows that Mq(H)<4 is the image of this open
subset under 7, and thus is an open subspace of Mo(H)<a. O

Proposition I11.3.16. The topological space Mo(H) is irreducible and unirational.
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Proof. For d > 0, the subspace M(H )<, is dense in My(H). Since Mo (H )<q is the quotient
of Mat(d', V'), where (a/, ') is the maximum element of Betti(H)<g, it follows that Mo(H)<4
is irreducible and unirational, and thus so is Mo (H). O

The main result of this subsection is the following.

Theorem II1.3.17. The closed strata Mg(a,b) in Mo(H) form a graded lattice dual to
Betti(H) under the partial order of inclusion. Furthermore, the intersection of two closed
strata Mo(a,b) and Mo(a’, 1) is again a closed stratum Mo(a”,b"), where (a”,b") is the join
of (a,b) and (a', V') in the lattice Betti(H).

The theorem needs several standard lemmas on the behavior of resolutions in families
with constant Hilbert functions. We include proofs here for the lack of appropriate references.

Lemma IT1.3.18. Let & € My(d', V') and suppose (a,b) ~ (a',V'). Then there is a family
of bundles & on P} over a dense open set U C Al containing the origin 0 € A', such that
&y = & and & € My(a,b) for any closed point 0 £t € U.

Proof. Suppose (a/,b') = (a,b) + ¢. By Lemma the pair (a,b) is admissible. Let
Y € Mat’(d/,b') be a minimal presentation of &, and let ¢ € Mat’(a,b) be a minimal
presentation of a bundle &. Set ¢’ = p@®Idy(,) and consider the morphism @ : O(b') x A —
O'(a') x A whose fiber over a closed point t € A is given by ®; := ¢+t-¢'. By Lemma ,
the morphism ®; € Mat(a’, ) for all closed points ¢ in an open dense set U C A containing
0. This shows that coker ®; € Mg(a,b)™ for t € U. We show that in fact coker &, € My(a, b)
for all 0 #£ ¢ € U. Let t # 0 be any closed point of U. Since ¢ is minimal and ¢’ induces an
isomorphism on the common summand &(c) = @(c), it follows that ®; also splits off the

common summand (c) - €(c). Since ¢ does not split off any common summands other
than those of &'(c), neither does ®, by Nakayama’s lemma. It follows that the free resolution

0— R(d) 25 R — H(&) — 0
contains a minimal one of the form
0 — R(a) — R(b) — HY(&) — 0. O

Lemma II1.3.19. Let & be a family of bundles on P} satisfying parametrized by a
variety T. If all fibers of & have the same Hilbert function H, then general fibers have the
same Betti numbers (a,b), and (a,b) ~ (a’,b") for the Betti numbers (a’,b') of any fiber &.

Proof. Let t € T be a closed point. We may base change to Spec &, and reduce to the case
where T is an affine local domain. Let m be the maximal ideal of T with residue field k and set
Rr :=T[z,y,z] and R := k[z,y,z]. The module F := @,., H*(&(1)) is finitely generated
over Rr since & is a bundle. Since the fibers over T' have the same Hilbert functions, it
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follows that E is flat over T. If @7 R(—b)) % F ®r k is a minimal system of generators,
then by Nakayama’s lemma over generalized local rings, it lifts to a system of generators

@HT Rr(-b) 9, B. Since E is flat over T, so is kerdy and thus (kerdr) @1 k = kerd.
Applying this procedure again, we find a free resolution of

l I+r
Fo: 0— @RT(—a;) — @RT(—b;) —FE—0
=1 =1

that specializes to a minimal free resolution of E @7 k. It follows that Fy, @1 k(T) is a free
resolution of the generic fiber which contains a minimal free resolution of the form

J4r
O—>@RT —a;) ®r k —>@RT 7 k(T) = E @7 k(T) — 0.
We conclude that the general fibers & have the Betti numbers (a,b) ~ (d/,b'). O

Lemma II1.3.20. For (a,b), (¢,V) € Betti(H) the following are equivalent.
1. (a,b) ~ (V)
2. Mo( a, )DM()(CL b/)
3. Mo( /, /) mMo(CL b) 75 g,
4. Mo(a,b) € Mo(a', ).

Here all closures are taken within My(H ).

Proof. (1) = (2): Suppose (a’,b') = (a,b) +c. Let ¢ € Mat’(a,b) and ¢ € Mat’(d, V).
Consider the line @ : A' — A(d/, V) defined ®(t) := ¢ +t- ¢, where ¢’ = ¢ ®Id »(). For an
openset U C A! containing 0, the image ®(¢) is contained in Mat(a’,t'). By LemmallIL3.18]
the image of ®(t) in the quotient My(a’,b")™ lies in My(a,b) for t # 0. It follows that the
image of 1 in My(a/,b’) is contained in the closure of Mg(a, b) inside the space Mg(da',b')™
Since 1) represents an arbitrary point of My(d’, '), we conclude that Mg(a’,b) is contained
in the closure of My(a,b) in Mg(a’,b'), and therefore the same is true inside Mq(H).

(2) = (3) is trivial.

(1) = (4) is proven in Lemma[[T1.3.14]

(3) = (1): Let d := max(reg(a, b), reg(a’,V')). Let (a”,b") denote the maximum element
of Betti(H)<y. Let m : Mat(a”,0") — My(H)<q be the quotient map and set V to be
the preimage of Moy(a,b) under m, endowed with the structure of a (reduced) subvariety
of Mat(a”,b"). Let & be the pullback of the tautological family of bundles &(a”,b") on
Mat(a”,b") to V. Since My(a,b) is dense in My(a, b), it follows that the fiber &, over a
general point v € V has Betti numbers (a,b). If p is a point in My(a/,b’) that is in the
closure of My(a,b) and ¢ is a point in 7(p), then ¢ € V and &, has Betti numbers (a’,1’).
Finally, an application of Lemma to the family & gives (a,b) ~ (da’,1).
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(4) = (1): If & is a bundle with a free resolution of the form
0 L) = L() » HY(E) - 0,
then it contains as a summand the minimal free resolution of &
0— L(b) — L(a) = HX(E) — 0
with a direct complement of the form
0— L(c) = L(c) =0
for some (a/, V') = (a,b) + ¢. It follows that (a,b) ~ (a', ). O

Proof of Theorem[ITI.3.17. The first statement follows directly from Lemma [[I1.3.20] For
the same reason, it is clear that My(a”,b") is in the intersection of My(a,b) and My(a/,b').

Let p be a closed point in the intersection of Mg(a,b) and My(a/,b"). We assume p €
My (¢, d) for some (¢, d) € Betti(H) since My(H) is the disjoint union of these subspaces. By

Lemma [[11.3.20), it follows that (a,b) ~ (c,d) and (C_L/,[_),% ~ (¢, d). Since (a”,b") ~ (¢, d) by
Il

the definition of join, another application of Lemma [[I1.3.20| shows that p € My(a”,b"). O

Last but not least, we discuss the semistable case where the description of the stratifica-
tion holds within the coarse moduli space.

By [73] Theorem 4.2], semistability is open for a family of torsion-free sheaves. Further-
more, the set of semistable torsion sheaves with a given Hilbert polynomial x is bounded
in the sense of Maruyama, and thus have bounded regularity by [73, Theorem 3.11]. Let
Mo(H)* and Mg(a,b)*® denote the subset of isomorphism classes of semistable bundles
in Mo(H) and Mg(a,b) respectively. It follows that Mo(H)** and all My(a,b)** are con-
tained in Mo(H )<q for some large enough integer d. Since My(a,b)** is open in My(a,b)
and M(H)®* is open in Mo(H) by the similar reasoning as in Theorem [[II.3.15 it fol-
lows that the stratification of Mo(H)* by My(a, b)*® has the same description as given in
Theorem [I1.3.17

Let M(x) denote the coarse moduli space of semistable sheaves on P} with Hilbert
polynomial x. We show that the spaces My(H)*® and My(a,b)** are subschemes of M(x).
Let Mat’(a,b)*® denote the open subscheme of Mat"(a,b) over which the fibers of the
tautological family of bundles &°(a, b) are semistable. By the property of the coarse moduli
space, there is a map po : Mat®(a, b)** — M () inducing the family of semistable bundles.
By Lemma , the isomorphism classes of the fibers are exactly given by the G(a,b)-
orbits. Therefore My(a,b)® is a subscheme of M (x) with the image subscheme structure of
po. Similarly, the space Mo(H)<4 is also a subscheme of M(x). Since My(H)** is an open
subspace of M(H )<q for some d > 0, the same is true for Mo(H ).
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