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A Duality-based Cosserat Crystal Plasticity and Neural Network Enriched Phase Field for
Modeling Grain Refinement

by
Jonghyuk Baek
Doctor of Philosophy in Structural Engineering
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Professor Jiun-Shyan Chen, Chair

High-rate deformation processes of metals such as explosive welding and cold spray
additive manufacturing entail intense grain refinement. The multi-field variational formulation and
the associated computational method capable of modeling the evolution of microstructures with
sharp solution transition near the grain boundaries remain challenging in achieving high accuracy,
stability, and computational efficiency. In this work, a new computational formulation for coupling
Cosserat crystal plasticity and phase field is developed. The conventional approach by penalizing
the kinematic incompatibility between lattice orientation and displacement-based elastic rotation
leads to significant solution sensitivity to the penalty parameter, resulting in low accuracy and

convergence rates. To address these issues, a duality-based formulation is developed under a multi-

XiX



field variational framework. The associated Galerkin formulation incorporated with a weak inf-
sup-based skew-symmetric stress projection is introduced to ensure coercivity for stability in the
dual formulation. An additional least squares stabilization is introduced to suppress the spurious
lattice rotation with a suitable parameter range derived analytically and validated numerically. It
is shown that under this formulation, the equal order displacement-rotation-phase field
approximations are stable, which allows efficient construction of approximation functions for all
independent variables. The proposed formulation is shown to yield superior accuracy and
convergence with marginal parameter sensitivity compared to the conventional penalty-based
approach and successfully captures the dominant rotational recrystallization mechanisms that exist

in the block dislocation structures and grain boundary migration.

Modeling the sharp transition in the phase field near the grain boundaries associated with
the lattice orientation often requires highly refined discretization for sufficient accuracy, which
significantly increases the computational cost. While adaptive model refinement can be employed
for enhanced effectiveness, it is cumbersome for the traditional mesh-based methods to perform
adaptive model refinement. In this work, neural network-enhanced reproducing kernel particle
method (NN-RKPM) is proposed, where the location, orientation, and the shape of the solution
transition is automatically captured by the NN approximation by the minimization of total potential
energy. The standard RK approximation is then utilized to approximate the smooth part of the
solution to permit a much coarser discretization than the high-resolution discretization needed to
capture sharp solution transition with the conventional methods. The proposed NN-RKPM is first
verified by solving the standard damage evolution problems. The proposed computational
framework is then applied to modeling grain refinement mechanisms, including the migration of

grain boundaries at a triple junction, for validating the effectiveness of the proposed methods.
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Chapter 1

Introduction

1.1. Motivation

High strain rate deformation processes of metals, such as cold spray additive
manufacturing and explosive welding, entail intense grain refinement as well as extreme
deformation and fragmentation. The latter phenomena are presented in the form of interfacial
wave and jetting [1-8] observed in macro scale. While these macro-scale phenomena are
challenging for traditional mesh-based approaches to capture [9, 10], meshfree methods has been
proven to effective in the prediction of both jetting and interfacial wave in recent studies [11-15].
Baek et al. (2021) [11] addressed the difficulties in accurate modeling of strong shock, extreme
deformation, and material separation by introducing node-based shock algorithm and adaptive
integration domain adjustment technique into semi-Lagrangian reproducing kernel particle method
[16-18], and accurately predicted the explosion and impact-induced shock, gradual evolution of
interfacial wave, morphology of interfacial wave, and jetting (Figure 1.1). In [15], expected
material phase states were indirectly predicted and the traditional welding windows were evaluated
based on macro-scale numerical observations using combined meshfree and finite difference

simulations.
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(d) Interfacial wave (experiment,
Bahrani et al., 1964)

Figure 1.1. Numerical prediction of explosive welding (Baek el al., 2021): (a) gradually-built
interfacial wave compared to an experimental result [5], (b) strong shock produced by explosion
and plate impact, (c) interfacial wave captured by the numerical simulation, and (d) the
corresponding experimental result [4]

Although these research works provide valuable findings at the macro scale, it remains
unresolved in establishing the linkage among the process parameters, microstructure evolution,
and resulting material properties due to the high degree of microstructural evolution caused by the
high rate manufacturing processes, particularly, the intense grain refinement observed in a large
volume of experimental studies [19-24]. Meyers et al. [25, 26] proposed the rotational
recrystallization mechanism that explains the grain refinement induced by extreme shear
localization under high strain rate. This mechanism is supported by experimental works [27, 28]

on the cold spray technique.



Numerical modeling of the aforementioned recrystallization mechanism is challenging as
it entails extreme material deformations, nonlocal effects of GNDs, discontinuities in lattice
orientation (localizations of lattice curvature), and moving grain boundaries. The multi-field
variational formulation and the associated computational method capable of modeling the
evolution of microstructures with sharp solution transition near the grain boundaries remain
challenging in achieving high accuracy, stability, and computational efficiency. While numerical
modeling in very small length scales such as atomic scale and dislocation scale can be considered,
it is computationally intractable despite of its predictive capability. Mesoscale approaches such as
crystal plasticity treat dislocations with a continuous dislocation density field and describe the
anisotropic viscoplastic deformations by considering plastic slips and applied shear stresses on
individual slip systems. However, the nonlocal effects associated with GNDs has limitations on
local continuum models. As a remedy, the strain gradient-typed crystal plasticity introduces
nonlocal effects by including additional plastic slip degrees of freedom on all slip system but
requires increased computational costs. The Cosserat crystal plasticity reduces the number of
degrees freedom by corelating GND with the lattice curvature. In Cosserat crystal plasticity, lattice
rotations are introduced as independent variables, which is computationally less extensive than
strain gradient-typed formulations due to fewer additional degrees of freedom. However, when
penalty method is used to corelate elastic rotation with the lattice curvature, solution sensitivity to

the penalty parameter can be an issue in the widely used penalty-based Cosserat crystal plasticity.

Moreover, the modeling of grain boundary migration brings additional challenges related
to correct representation of grain boundary energy, discretization sensitivity, and coupling with
crystal plasticity. In general, if the discretization sensitivity is not properly addressed for a problem

involving localization, numerical results including energy, force, and localization patterns can be



strongly mesh-dependent due to the loss of ellipticity in the mathematical formulation. For
example, the grain growth Kinetics tends to be strongly influenced by the resolution and shape of
grid in cellular automation. The phase field methods are regularization techniques where the
discontinuous fields are approximated by the diffusive phase fields, and the coupling of the phase
field and other degrees of freedom is attained in the free energy. The length scales introduced in
the phase field methods serve as localization limiters. In the widely used multi-phase field method,
multiple phase fields are introduced and each phase is associated with a specific grain orientation,
in which the grain orientations are represented by discrete variables. An advantage of this method
is the straightforward implementation and easy calibration of model parameters. However, the
problem size can easily grow as the number of phase fields increase proportionally to the number
of grain orientations. Robust coupling between phase field functions and crystal plasticity is

another challenge in this type of methods.

Modeling the sharp transition in the phase field near the grain boundaries associated with
the lattice orientation often requires highly refined discretization for sufficient accuracy, which
significantly increases the computational cost. While adaptive model refinement can be employed
for enhanced effectiveness, it is cumbersome for the traditional mesh-based methods to perform
adaptive model refinement. While the deep neural network (DNN) has been applied to the solution
of partial differential equations, the employment of a fully connected NN layers results in a
tremendously large number of unknown parameters. Systematic analysis on the interpretability of
the weights and biases in DNN for approximation space construction is still lacking for an effective

application to strain localization problems.



1.2. Objectives

The objective of this work is to develop a mathematical and computational framework for

accurate, stable, and computationally efficient modeling of grain refinement processes. The major

developments are summarized as follows:

Development of duality-based Cosserat crystal plasticity coupled with phase field. In
Cosserat crystal plasticity, lattice rotations are employed as independent variables,
which introduces the GND-induced nonlocal effects into the plastic deformation of the
media. This is computationally less demanding than strain gradient-typed formulations
due to less additional degrees of freedom. However, the conventional approach by
penalizing the kinematic incompatibility between lattice orientation and displacement-
based elastic rotation leads to significant solution sensitivity to the penalty parameter,
resulting in low accuracy and convergence rates. To address this issue, the rotational
compatibility condition is introduced based on the dualization of the primal Cosserat
crystal plasticity and the phase field formulation.

Thorough stability analysis of the proposed duality-based formulation. Multi-field
formulation can lead to instability if the approximation functions are not consistent in
the sense of coercivity in the saddle-point problems, often referred to as the inf-sup
condition. The first part of this work formulates the dual problems of the Cosserat
crystal plasticity subject to compatibility between lattice rotation and displacement
based elastic rotation. The second part of this work addresses the stability issue of the
multi-field variation formulation of Cosserat crystal plasticity by introducing a weak
inf-sup condition for coercivity via a skew-symmetric stress projection. An additional

least squares stabilization is introduced to suppress the spurious lattice rotation modes



with the stability condition of the least-squares stabilization parameter derived
analytically and validated numerically. The proposed formulation is shown to yield
superior accuracy and convergence with marginal parameter sensitivity compared to
the conventional penalty-based approach.

Development of a neural network enhanced reproducing kernel particle method. The
phase field method often requires highly refined discretization for accurate prediction,
which significantly increases the computational cost. While adaptive model refinement
can be employed for reduced computational effort, it is cumbersome for the traditional
mesh-based methods to perform the adaptive model refinement. In this work, a neural
network-enhanced reproducing kernel particle method (NN-RKPM) is proposed,
where the location and orientation of strain localizations are automatically detected,
and the distribution of the solution transition is formulated accordingly by the NN
approximation via the minimization of total potential energy. The standard RK
approximation is then utilized to approximate the smooth part of the solution to permit
a much coarser discretization than the fine discretization needed to capture sharp
solution transition in the conventional methods. The proposed NN-RKPM is verified
by solving the several damage evolution verification problems.

Application of the proposed computational methods to problems involving grain
refinement mechanisms in the rotational recrystallization process. The proposed
duality-based Cosserat crystal plasticity — phase field formulation is applied to
problems of block dislocation structure formation and grain boundary rotation at a
triple junction. Compared to the analytical solution and experimental results, the

numerical results properly capture the key phenomena in the rotational recrystallization.



It is further demonstrated that the proposed NN-RKPM is capable of capturing the fine

resolution in the solution transition with coarse RK discretization.

1.3. Outline

The remainder of this dissertation is organized as follows. In Chapter 2, an overview on
the grain refinement mechanisms, crystal plasticity theories, numerical approaches for modeling
grain boundaries, and physics-informed neural networks for solving partial differential equations
are given. In Chapter 3, the physics and fundamentals of orientation phase field method and
Cosserat crystal plasticity along with the advantages and disadvantages of the existing approaches
are discussed. In Chapter 4, a duality-based mathematical and computational formulation with
stabilizations is presented. In this chapter, the Cosserat energy functional of the primal problem is
first dualized to introduce independent lattice orientation degrees of freedom, and the dual variable
in the dual problem is derived. A least squares stabilization term is included in the augmented
multi-field functional for suppression of the spurious lattice rotation modes. In Chapter 5, the
proposed duality-based multi-field formulation is discretized by the reproducing kernel particle
method (RKPM). In Chapter 6, stability analyses on the duality-based formulation are performed.
A weak inf-sup analysis identifies conditions for the coercivity, and the stability condition is
fulfilled by a skew-symmetric stress projection. Also, a mathematical deviation provides the
stability range for the least-squares stabilization parameter. A series of verification problems were
analyzed to demonstrate superior accuracy and stability of the proposed method, as well as its
parameter insensitivity of the formulation with a justifiable computational cost. In Chapter 7, a
neural network enhanced RKPM is proposed. Neural network architectures are developed with

interpretable weights and biases to automatically detect the locations and orientations of strain



localization, and to construct the distribution of solution transitions near the grain boundaries in
an efficient manner. Also, details of the network structure that incorporates the RK approximation
are provided. The proposed NN-RKPM is first verified by solving several damage evolution
problems. In Chapter 8, the proposed methods are applied to problems involving block dislocation
structure formation and grain boundary rotation that are the key phenomena in the rotational
recrystallization mechanism. Lastly, conclusion remarks are given with the suggestions of future

work in Chapter 9.
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Chapter 2

Literature Review

2.1. Grain Refinement in High-rate Manufacturing Processes and Grain Refinement

Mechanisms

Grain refinement is frequently caused by extreme deformation processes of metallic
materials. It has been observed that equiaxed, very fine grains are formed during adiabatic strain
localizations in various metals [25, 29, 30]. Similar phenomena occur in high-rate manufacturing
processes such as cold spray additive manufacturing [21] and high velocity impact welding [1, 5],
and drastically change material properties in the manufactured products. Meyers et al. [25]
attributed this localization-induced grain refinement to the rotational recrystallization mechanism
illustrated in Figure 2.1. At the first stage of the rotational recrystallization, the grains are subjected
to very large elongation due to shear localization. The deformations are highly anisotropic due to
the presence of slip systems. Then, to accommodate such large deformations, geometrically
necessary dislocations (GNDs) are locally accumulated (refer to [31] for more information on
GNDs) and such self-organization of GNDs generates several isolated blocks of the original grains
(block dislocation structures, see Figure 2.1(c)). Due to the large lattice curvature in the high
density GNDs, each isolated block undergoes a lattice orientation that distinguishes itself from the
surrounding blocks. Thin zones with high GND density divide into sub-grains with low-angle grain
boundaries. As shown in Figure 2.1(c) — (d), the grain boundaries migrate to minimize the energy

by evolving the angles at the triple junctions. Such slight migrations of the grain boundaries result
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in refined equiaxed grains. Also, the crystalline lattice of the subgrains rotate and the low-angle
grain boundaries gradually evolve into high-angle grain boundaries. This mechanism is often
called continuous dynamic recrystallization with progressive accumulation of geometrically
necessary dislocations (GNDs)[32]. Under high-temperature deformation, this recrystallization

mechanism has been observed in various metals[33, 34].

(a) (b)

L: dislocation

(c) (d)

Figure 2.1. Mechanism of rotational recrystallization: (a) initial grains, (b) strain localization-
induced extreme deformation, (c) geometrically necessary dislocations and block dislocation
structures, and (d) equiaxed refined grains produced by grain boundary migrations
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2.2. Overview of Numerical Methods for Grain Refinement Modeling

Numerical modeling of the aforementioned recrystallization mechanism is challenging as
it entails extreme material deformations, nonlocal effects of GNDs, discontinuities in lattice
orientation (localizations of lattice curvature), and moving grain boundaries. While numerical
modeling in very small length scales such as atomic scale[35-37] and dislocation scale[38, 39] can
be considered, it is computationally too expensive for such small-scale models to simulate
polycrystalline structures despite of their predictive capability[40]. On the other hand, continuum
meso-scale approaches such as crystal plasticity treat dislocations with a continuous dislocation
density field, and it has been demonstrated that crystal plasticity theories can accurately capture
the anisotropic viscoplastic deformations by considering plastic slips and applied shear stresses on
individual slip systems. In order to model the nonlocal effects associated with GNDs, strain
gradient-typed crystal plasticity has been proposed[41-45]. In this class of models, plastic slip on
each slip system is introduced as additional degrees of freedom. While effective in modeling GND-
induced deformations that are related to the gradient of plastic slip, the method is computationally
costly as a significant number of independent variables are required. Forest[46] proposed a
Cosserat crystal plasticity formulation by utilizing the close relation between GND and the lattice
curvature established in earlier works[47, 48]. In Cosserat crystal plasticity[46, 49-51], lattice
rotations are introduced as independent variables, which is computationally less extensive than
strain gradient-typed formulations due to fewer additional degrees of freedom. However, solution
sensitivity to the penalty parameter can be an issue in the widely used penalty-based Cosserat
crystal plasticity. While both methods have been successfully applied to the modeling of
deformation-induced localizations of GNDs and the resulting block dislocation structures[52, 53],

these methods have limitations in capturing grain boundary migration which is an important
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mechanism in the rotational recrystallization due to the complexities involved the evolution of

grain topology during the grain boundary migrations.

Various methods have been proposed to model grain boundary migrations[54], including
phase field methods[55-58], level-set methods[59-62], cellular automation[63-65], and double-
grid reproducing kernel particle method[66, 67]. Phase field methods for modeling grain boundary
migration are classified into two categories: multi-phase field method and orientation phase field
method. In the multi-phase field method[55, 56], multiple phase fields are introduced and each
phase is associated with a specific grain orientation, in which the grain orientations are represented
by discrete variables. An advantage of this method is the straightforward implementation and easy
calibration of model parameters. However, the problem size can easily grow as the number of
phase fields are proportional to the number of grain orientations. Robust coupling between phase
field functions and crystal plasticity is another challenge for this type of method. A second class
of the phase field approach is the orientation phase field theory[57, 58] in which a scalar phase
field is introduced in addition to the continuous lattice orientation field to capture regions with
large lattice curvature and to correct the grain boundary (GB) energy. As the derivative of the
orientation field (lattice curvature) and the GND density are closely related to each other[47, 48],
a direct coupling of the orientation phase field theory with a crystal plasticity theory via the
Helmholtz-free energy can be better formulated. In prior work[68, 69], the coupling of orientation
phase field method and Cosserat crystal plasticity has been considered. Similarly, a coupled
orientation phase field and strain gradient-type crystal plasticity theory has been introduced[70].
Also, the orientation phase field method has been coupled with elasto-plasticity[71]. The flexibility
in a direct coupling with crystal plasticity is an attractive feature in the orientation phase field

method compared to other methods[72].
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Discretization sensitivity is a major computational challenge in modeling grain boundaries
which are regions of localized lattice curvature. In general, if the discretization sensitivity is not
properly addressed for a problem involving localization, numerical results including energy, force,
and localization patterns can be strongly mesh-dependent due to the loss of ellipticity in the
mathematical formulation[73]. For example, the grain growth kinetics tends to be strongly
influenced by the type of grid in cellular automation[61]. There have been several numerical
approaches proposed for regularization of the mesh-dependent numerical defects. Some
localization problems have been successfully solved by, introducing nonlocal models with intrinsic
length scales, such as quantity averaging[74] and high order gradient models[75-77]. While high
order gradients are troublesome in C,finite elements, it is noteworthy that an implicit gradient
method in the form of convolution integral has been proposed to implicitly reproduce higher order
gradient without taking direct derivatives[78, 79]. The phase field approach[80, 81] is another class
of regularization technique where discontinuous fields are approximated by the diffusive phase
fields, and the coupling of the phase field and other degrees of freedom is attained within the free
energy. Similar to the nonlocal methods, length scales are introduced in the phase field methods
and they serve as localization limiters. The regularization property is a unique feature in the
aforementioned multi-phase method and orientation phase field method for modeling strain

localization problems.

2.3. Physics-informed Neural Network for Solving Partial Differential Equations

The deep artificial neural network has demonstrated its impressive ability in information
processing such as image recognition, and more recently, is rapidly extending its regime into

various fields including mechanistic machine learning. Its successful adoption is mainly attributed
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to the adaptive nature of manipulating the function space based on data in the frame of
minimization of the loss function. Such flexibility brings a computational model the capability to
capture certain information that is hard to be detected by conventional approaches. For example,
He et al. (2021) [82] introduced the deep autoencoder to discover the latent low-dimensional data
pattern embedded in noisy material datasets and significantly enhanced the effectiveness of the
physics-constrained data-driven approach developed by He and Chen (2020) [83]. Lee and
Carlberg (2020) [84] proposed a model order reduction technique based on low-dimensional
nonlinear manifolds constructed by the deep convolutional autoencoder and demonstrated the

outperformance over linear subspace-based reduce order modeling techniques.

Recently, the utilization of neural networks (NNs) for solving partial differential equations
(PDE) in physics and mechanics has been drawing increasing attention. In this class of studies, the
potential of NN used as an approximation is explored, considering its flexible function space
construction. Raissi et al. (2019) [85] introduced the terminology physics-informed neural network
(PINN) which serves as an approximation of the solution of a PDE in the framework of collocation
method and show the effectiveness of the method on one-dimensional Burgers equation using
densely connected deep neural networks with the hyperbolic tangent activation function. As the
solution of Burgers equation is a typical hyperbolic tangent-type function, the solution was
accurately captured. Haghighat and Juanes (2021) [86] introduced a Python package SciANN for
scientific computing using PINN and showed that the method captured strain and stress
localization produced in a perfectly plastic material. However, they used 4 densely connected
layers with 100 neurons per layer, which involves 100 million unknowns, to obtain the results.
Samaniego et al. (2020) [87] established that the potential-based loss functions leads to better

results with significantly less unknowns than the collocation-based loss function widely used in
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PINN. However, the aforementioned studies employed a fully connected multiple hidden layers,
which may not be an optimal choice to describe behaviors of materials. Zhang et al. (2020) [88]
devised the deep neural networks to represent standard approximations such as finite elements and
reproducing kernel particles, and treated the nodal positions as unknown network parameters. This
element or particle-wise network is a sparse network showing a potential of designing more
efficient network. Lee et al. (2021) [89] introduced a partition of unity network which possesses
the properties of optimal convergence and showed how NN partitions the domain and
approximates smooth and piecewise smooth functions. Although NN for solving PDEs in physics
and mechanics draws increasing attention, the volume of research and discussion on development
of NN for modeling discontinuities and localizations remains very limited and deserves further

investigation.
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Chapter 3
Physics and Fundamentals of Orientation Phase Field Method and Cosserat

Crystal Plasticity

In this chapter, the Cosserat crystal plasticity theory and its coupling with the phase field
method are reviewed. The coupling of Cosserat crystal plasticity and the orientation phase field
method is formulated naturally as the internal energy associated with lattice curvature has
contribution from both models. Also, the regularization properties in the orientation phase field
method ensure consistent grain boundary energy independent of the choice of discretization.
Penalty method in the conventional approach is used to impose kinematic constraints on the

displacement-based and lattice orientation-based lattice curvatures.

3.1. Primal problem

3.1.1. Kinematics

Let the displacement u € R¢ with space dimension d be defined as u = x(X, t) — X where
X € R and x(X, t) € R¢ are the material coordinates and the current coordinates, respectively, as

shown in Figure 3.1.
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Current (deformed) configuration

Reference (initial) configuration

Figure 3.1. Deformation of a material body

The deformation gradient is defined as

ox
F=ﬁ=l+e, Fij=xi_j=5ij+ei,j, (31)

with (-); ; = 9(-);/0X;, and the displacement gradient is additionally defined as follows:

el-j = ul-,j (32)

As shown in Figure 3.2, the total deformation of the crystallographic lattice can be decomposed
into three components: plastic slip, lattice deformation, and lattice rotation. In the continuum

description of crystal plasticity, the lattice deformation and the lattice rotation are considered
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identical to the elastic stretch and the elastic rotation, respectively, and the multiplicative

decomposition is constructed as follows:

F = F¢FP = RU°F?, (3.3)

where F¢, FP,| R, and U€ are elastic deformation gradient, plastic deformation gradient, elastic

rotation tensor, and elastic stretch, respectively.

Plastic slip
+ Lattice deformation

N

Undeformed
state

fo
Atomic F& |

lattice

| Deformed state
n L (Plastic slip
Pl?St'F s(ljlpfonly ‘ + Lattice deformation
(plastic deformation + Lattice Rotation)
S

+ plastic rotation)

Activated slip system
n: slip plane normal
s: slip direction

Figure 3.2. Multiplicative decomposition of deformation

Under the small strain assumption, strain € and material rotation ¢ are defined as follows:
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1
3ij = E(eij + eji), (34)

and

1
Qi = — Eeijkejk' (3.5)

where €, is the third-rank permutation tensor, and the decomposition described in Eq. (3.3) can

be approximated as an additive decomposition:

— p€ P _ e e 14
ej = e +e; = —€p t+ & e (3.6)

where e, ei”j, ey, and @y are elastic displacement gradient, plastic displacement gradient, elastic

strain, and elastic rotation, respectively. In (3.6), the elastic displacement gradient ef; is

decomposed into its symmetric and skew-symmetric parts using elastic strain &f; and elastic

rotation ¢y as follows:

e = & — EijkPks 3.7)

with

1
& = 5 (e{"j + eﬁ-), (3.8)

and
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1
(pli = _Eekmnerenn- (3.9)

Similarly, the plastic displacement gradient can be decomposed as follows:

el = & — €jrPrs (3.10)

where the plastic strain ef’j and the plastic rotation ¢ are defined as

1
gipj = E (35 + eﬁ , (311)
and
p ! p 3.12
P = _Eekmnemn' ( : )
From Egs. (3.6)-(3.12), e;; and ¢; can also be described with the additive decomposition
as follows:
& = & + &, (3.13)
and
P = @f + o} (3.14)
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3.1.2. Energy functional

In this work, we start with a framework in which the Cosserat crystal plasticity and the
phase field theories are coupled via the Helmholtz free energy[68]. In the primal problem, two
independent field variables are introduced: displacement u € R% and phase field n € [0,1] c R.

The Helmholtz free energy of the primal problem is defined as follows:

1
Y(un) =5 e i) + af MIIVe ()l + gg(??)lthpe(u)ll2

qZ (3.15)
+pr(m + 5 (Vn)?,
where |[A]| = \/A;jA;j, Ciji Is the elasticity tensor, f(n) and g(7) are coupling functions, and a,

B, v, and g are material constants. Tensor notations are used herein, where repeated indices denote
summation unless otherwise stated. The first term of the right-hand side of Eq. (3.15) is the Cauchy
strain energy density. The second term, linear Cosserat energy density, represents the self-energy
of geometric necessary dislocations (GNDs), which is the elastic energy that GNDs produce in the
surrounding material. The third term, the quadratic Cosserat energy density, represents the
interaction energy of GNDs, which is the energy produced when multiple GNDs interact with each
other. The linear term is particularly important in modeling grain boundaries since, without the
linear term, localized lattice curvature (i.e. presence of grain boundaries) cannot minimize energy
in the absence of an external load[58]. The constants @ and 8 contain the Cosserat length scales

and can be written as

a = nga, ﬁ = Eg#lzg, (316)
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where Ey, £, and £ are reference Cosserat energy density, length scale associated with the linear
Cosserat energy, and length scale associated with the quadratic Cosserat energy, respectively.
Typically, the reference Cosserat energy density is chosen to be Eg = u with u the shear
modulus[46, 51]. Although closely related to smaller scale material behaviors, the length scales
are usually calibrated through experimental data. As the linear Cosserat energy term tends to make
a sharp transition of lattice orientation at a grain boundary and the quadratic Cosserat energy term

tends to diffuse it[58], a larger £, /¢ ratio leads to more localized grain boundaries.

Grain
Boundary
Grain 1 Grain 2
Diffuse
Grain
Boundary
A ot
Lattice /
orientation /
i X
A
1 \ 7
Phase field \/
M x

Figure 3.3. Diffuse grain boundary representation in the orientation phase field method

In the phase field method, the discontinuous lattice orientation field across a grain
boundary is approximated by the diffuse grain boundary representation, which is schematically
described in Figure 3.3. In the diffuse grain boundary region, the lattice orientation field ¢°

smoothly changes and the phase field gradient captures the large lattice curvature so that the phase
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field has a value n = 1 in the bulk grain and decreases to a smaller value in the diffuse grain

boundary region.

The term pr(n) in (3.15) is homogeneous phase field free energy density and various
functional forms of (n) can be considered. In Appendix A, the effects of the following quadratic

and linear phase field free energy functions on the diffusive behavior of phase field are discussed:

r) =5 (=), 3.17)

r(m =11-nl. (3.18)

The term last term in (3.15), %(Vn)z, Is a penalty term associated with the phase field
gradient with positive constant q. The phase field n captures grain boundaries and corrects the GB
energies. With positive p and q, and positive coupling functions f(n) and g(n), n = 1 in the
region where ||V@¢|| = 0, i.e., inside bulk grains, while n < 1 in the region where ||[V@¢| > 0.

The phase field model constants p and g can be expressed as

p=E, q=E“;, (3.19)

where E,, and £,, are reference phase field energy density and phase field length scale, respectively,
which should be calibrated such that the model accurately represents the experimentally observed
GB energy. The functions f(n) and g(n) couple the Cosserat crystal plasticity and phase field

theories. A common example is f(n) = g(n) = n2. More generally, a polynomial form[90] can

be taken as f(n) = Z%:oAfnnm and g(n) = ¥ _, A7 n™ or nonstandard forms, such as a quasi-
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linear function[91]. The effects of several combinations of r, f, and g on the GB energy profiles

and diffuse GB widths against misorientation are discussed in Section 3.3.

3.1.3. Governing equations and constitutive laws

By applying the principle of virtual power, the set of governing equations are obtained as

follows.

oijj+bi=0 in Qx]0,T[
myj; — €;jx0;j =0 in Qx]0,T[
0,7

m — ' =p"y in Qx]0,
u; = ﬁi on 0QYi X]O' T[
O-ijn'j = hl on 69}_“ X]O,T[ (3 20)
gple = @l on 00¥%i X]O'T[ |

mijnj = C_'l' on OQC_I' X]O,T[
n=1 on Q" X]

\vi _ —
m;'n; =7 on 40" X]

nt=0)=mn, in Q
where ¢, m, 7, m'7, and b are generalized stress, couple stress, phase field microstress
associated with n, phase field microstress associated with Vi, and body force, respectively, n
denotes boundary surface normal, u, ¢, and 77 are essential boundary values applied to the
corresponding essential boundaries 8Q9:, 0Q%:, and dQ", and h, €, and 7 are natural boundary
values applied to the corresponding natural boundaries 0Q", 00, and 0Q7, and their definitions
are to be given below. The first, second, and third equations in (3.20) are the balance of linear
momentum, balance of angular momentum, and balance of phase field micro-stresses, respectively.

The generalized stress o is defined as
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O'ij = 0-15' + O-iC}, (321)

where a;; is the standard symmetric Cauchy stress and o} is a nonstandard skew-symmetric stress.
Note that the balance of angular momentum is exactly satisfied in the primal problem where

@{;(u) is a displacement-based quantity and o;; is defined accordingly as

1
Ui(} = Eeijkmkl,l- (3.22)

The constitutive relations can be motivated by the Clausius-Duhem inequality under the

isothermal condition:

i+ pint >0, (3:23)

where p™ is the internal virtual power density:

; ) , , . v
P = e+ €0 f +mygf; + iy + (3.24)
e . 1 .
By UtlllZlng (p:3 = —;Eijkeje;( and €ijk€imnOjkx = (6jm6kn - SjnSkm)ij = 20'7(,117,' , Eq
(3.24) becomes
i . . . . Vn .
pt = Jijeg- + ai‘}efj + mij(pﬁj + ') + m; "n,i, (3.25)

which leads to
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Consequently, Cauchy stress is obtained as

0; = Cijiici (3.27)
the couple stress m is obtained as
f ()

and the phase field micro-stresses are defined as

8
" = pry + af, Vel + =22 g 1 1vg°]I2, (3.29)

" = qn,. (3.30)

The plastic behavior is determined by introducing a plastic dissipation potential WP. For

example[92, 93],

Ny
K. |‘L'(I)| — RD 1
P = E v n+1 -1 e 3.31
w ,_1"+1< ra ) +oK (n,V®)oias, (3.31)

where (-) = max(-,0). The first term on the right-hand side of Eq. (3.31) represents the

contribution of plastic slip on each slip system to the global plastic potential. R® is the critical
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resolved shear stress on slip system I, N is the number of slip systems, and K,, and n are model
constants. The critical resolved shear stress can evolve under consideration of generation and

annihilation of dislocations. The resolved shear stress 7" acting on slip system I is defined as

n®

T(l) = Si(I)O'l'j i (332)

where s and n® are the slip direction and the slip plane normal vectors of the slip system I,
respectively. Further, the second term of Eq. (3.31) represents the diffusive behavior of grain
boundary. The function u, (n, V@®¢) is grain boundary inverse mobility, of which the value is small
inside grain boundaries and large in bulk grains so that the second term is only activated in the
grain boundary regions. For example, u, =/A.(1—(1—p,)exp(—BpllVee|)) can be

considered with the reference inverse mobility /4, and model constants y, and j3,,.

The velocity gradient is derived from Eq. (3.31) e'ipj = dW? /day; as follows:

Ny

¢ = z y O sPn + u71(n, ve©)at, (3.33)

I=1

where the plastic slip 7P of slip system I is

@] = RO

(D) _
14 ( X,

Y sign(t!). (3.34)

The above-mentioned displacement-based lattice orientation computational formulation
often exhibits low accuracy since the displacement-based material rotation ¢ is approximated one

order lower than that of u (see Egs. (3.2) and (3.5)) and the plastic rotation P is approximated
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three orders lower than that of u (see Egs. (3.22), (3.28), and (3.33)). This motivates the
development of a mixed formulation. Also, note that the computation of ¢ in Eq. (3.22) requires
the computation of high gradients of the plastic displacement gradient e? (ef = e; — eF’), which
leads to a numerically challenging PDE in Eq. (3.33). A duality-based mixed formulation to be

introduced in Section 3 avoids computation of high order gradients of eP.

3.2. Penalty-based approach

Due to its simple numerical implementation, the penalty-based approach has been widely
used for pure Cosserat crystal plasticity[46, 51] and its coupling with phase field methods[68, 93].
In the penalty approach, an independent lattice orientation field 8 € R< is introduced where d =
3 when d = 3 and d = 1 when d = 2 by imposing the kinematic constraint @ = ¢ with the

penalty method as follows:

1 B
¥(u,8,1) = ejoy; + af IVl + EQ(TI)”VB”Z + 2u:(8; — 97)(6; — ¢7)

a (3.35)
+pr(m +5 (Vn)?,

where p. is penalty parameter and can be defined proportional to the shear modulus, p. = cu, with

normalized penalty parameter c. Then the Euler-Lagrange equations read

oijj+bi=0 in Qx]0,T[
mgjj — eijko-j(llc =0 in Qx]0,T[ (3.36)
= =u" in Qx]0,T[

ii

where
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_(fa
m;; = (W + g(ﬂ)ﬁ) 0, (3.37)

_ C a
0ij = O-ij + O-ij’

c _ e
0;; = Cijri€rn (3.38)

O_i(} = 2pc€ji (O — Pk

7 = pry + af, V8| + Bzﬁ V8|2, (3.39)
Vn
T =N (340)

The second equation in (3.36) represents the balance of angular momentum. In the
derivation of the Euler-Lagrange equations, the penalty term in (3.35) leads to the specific form of
o® in EqQ. (3.38) which is different from ¢ in the primal problem. Note that ¢* does not contain
high gradients of e?, which reduces the aforementioned complexity in solving the constitutive
equation in (3.33). Also, the variational formulation of Eq. (3.35) only requires the independent
field variables u, 0, and 1 to be in H! spaces, which is another advantage for implementation in
finite element methods. However, solutions of the penalty-based approach can be sensitive to the
penalty parameter ., and the convergence rate can be suboptimal if u. is not properly chosen.
Low u,. leads to large discrepancy between 0 and ¢¢ while large u. can result in locking unless
functions spaces for @ and ¢ are carefully selected. In this work, an alternative approach to

introduce the lattice orientation field is proposed in Chapter 4 to overcome these drawbacks.

31



3.3. Phase Field Model Functions and Model Constants

The coupled Cosserat — phase field model involves three phase field model functions r(n),
f(m), and g(n), used in the orientation phase field formulations[58, 90]. Choosing proper
functions is important to obtain a solution which is both physically meaningful and numerically
well-regularized. A physically meaningful solution requires the correct nonlinear relationship
between the GB energy and misorientation, e.g., a Read-Shockley type behavior, while a well-
regularized solution must be insensitive to mesh discretization. Since the microstructure evolves
and the level of misorientations can vary throughout a simulation, a given set of r, f, and g should
provide well-behaved properties for a wide range of misorientations while avoiding overly-

diffusive solutions.

For investigating the effects of the phase field model functions, we consider a one-
dimensional version of Eq. (3.15) with the simplifying assumption ¢ = 0. Then, Eq. (3.15) is

identical to the classical orientation phase field formulation [57] with the free energy functional

v = roalos] + 918" +pre + L[ (341

The static problem is derived from minlIl = f:'ozot/) dx with boundary conditions
0(—) = —A0/2, () = AB/2, and n(—) = n(e) = 1, which leads to the following strong

form problem [94, 95]:

a —_
0, = m(f(n) —f), x€ [—5/2,"'5/2], (3.42)

0, otherwise
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2 1 ) Y2
Jr/q (27”(77) - @m(f(ﬂ) —f(m) > , X €[=6/2,+5/2]

Vp/q (27‘(77))1/2, otherwise

(3.43)

X T

where 77 = n(x = £ /2) with the grain boundary width 6. The solution of this strong form

problem can be obtained based on the following equations:

_ 2V, 2r(mo)g (o)
M = f(no) + : 3.44
f@ =fmo /[P (3.44)
U
X = LO@ dT], (345)
_(Mx(m)
0 = L 0_5 o dn, (3.46)

where n, = n(x = 0), and ¢ and y are defined as

2 1 1/2
() = Jr/q (Zr(n) - Z—pﬁ(f(ﬁ) — f(n))2> , Mo SN<T7 (3.47)
Jpra(zra)"?, f<n<1
a
x(m) = {ﬁg(n) (re=f@). mo<n<n (3.48)
0, n<n<1

From (3.44) — (3.46), we obtain n,, 17, and the grain boundary width § = 2 f:_o 1/¢{(n) dn,

given the misorientation A6 = Zf:())((n)/{(ﬂ) dn . Additionally, from (3.44), the condition

f(@ < f(1) leads to the following constraints on model constants:
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/ 2r(mo)g(mo) 3.49
PP 2 e e o) (3:49)

Table 3.1 lists the considered model functions and constants. The model constants are
calibrated against the experimental data from[96, 97]. Set | is composed of typical model functions
in quadratic form[68] and allows to fit the Read — Shockley type relation between GB energy and
misorientation as shown in Figure 3.4(a). However, the width of the diffuse GB & linearly
decreases as the misorientation A@ increases as shown in Figure 3.4(b) — (d). This indicates that
the domain discretization should be much refined to ensure regularized solutions that contain an
arbitrary level of misorientation. Also, note that Figure 3.4(c) and (d) show highly diffusive phase
field compared to the GB width §. In Set Il, motivated by Abrivard et al.[90], g(n) is modified
suchthat g € [0.01, 1.0]. As shown in Figure 3.5, this choice yields less decreasing GB width over
A8, which is more favorable in terms of regularization than Set I. However, n remains highly

diffusive as r(n) is unchanged.

To remedy the diffusive behavior of phase field, consider a linear form r(n) = |1 — n| (Set
I11), motivated by Geelen et al.[91]. Also, the following nonstandard quasi-linear (QL) function

(see Figure 3.6) introduced in Geelen et al.[91] is adopted for f(n).

n

fm = G

(3.50)

where m > 1 is a constant. The benefit of using QL function in the coupled Correrat-phase field
approach is twofold. First, it leads to a similar f(n) vs n profile to the function f(n) =

—2(log(1 —n) + n) specifically designed to yield the Read-Shockley relation in Kobayashi et
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al.[58], but the QL function maintains f(n) € [0, 1] while the logarithmic function f(n) € [0, =]

which requires a numerical treatment for implementation.

Second, the QL function has much less strict condition from Eq. (3.49) than polynomial

f(m). As described in (3.16) and (3.19), the model constants can be written as

a= E9£a' :8 = E9£§' (351)

where Eg, £, and £ are reference Cosserat energy density, length scale associated with the linear

Cosserat energy, and

p=E, q=Et;, (3.52)

where E,, and £,, are reference Cosserat energy density and phase field length scale. Then, (3.49)

becomes

£,
—>C F
g ¢ n?g[%),(l] (o), (353)

where ¢ = \[E, /Eq and F (1) = /2r(no)g(mo)/(f (1) = £ (1))

Note that a larger £, /£ ratio leads to a more localized grain boundary (see Section 3.1),
so selecting a too large £, /£ ratio should be avoided in order to obtain a well-regularized solution.
A quadratic f(n) paired with the linear r(n) requires £,/fz = 22¢ as shown in Figure 3.7,
limiting £, /£ to a large number. A quasi-linear f(n) paired with the linear r(»n) as employed for

Set I11 relieves the restriction to £, /¢ = 1.8¢ as shown in Figure 3.7 which is a more favorable
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condition. Figure 3.8(c) and (d) show that the phase field from Set 111 is not as diffusive as the one

from Set 11 (Figure 3.5(c) and(d)) while Figure 3.8(b) — (d) shows that Set 111 maintains relatively

stable grain boundary widths for a wide range of A@ compared to Set I (Figure 3.4 (b) — (d)). Also,

as shown in Figure 3.8(a), a reasonable physical GB energy profile is obtained by Set Il1.

1 2
g d O
5,08 0 =
g <] L
A 5 1.5
h S—
0.6 f <
> o
20 —= 1
o4l O Wolf 1 (1990) 5
S % Wolf 2 (1990) B
m Tschopp et al. 1 (2015) A 0.5
0.2 O Tschopp et al. 2 (2015) | | &
— Calibrated
0 ' ' 0 ‘ '
0 10 20 30 0 10 20 30
Af (%) A9 (°)
(a) (b)
o '!
____________ = 1 10 Fomn v ]
o \\ // o N\ /',’
— 0 F \\ ’ =~ 0 S 0 o
> | 105 = NS 105
0 \\ / 0
——nert) 10 ) A
-5 : 0 0
-5 0 5 -5 0 5
x (pm) x (pm)
(c) (d)

Figure 3.4. Grain boundary properties from Set I. (a) GB energy vs misorientation, (b) GB width
Vs misorientation, (c) 8 and n distribution for A = 10°, (d) € and n distribution for A8 = 30°.
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Figure 3.5. Grain boundary properties from Set Il. (a) GB energy vs misorientation, (b) GB
width vs misorientation, (c) 6 and » distribution for A@ = 10°, (d) 8 and » distribution for A =
30°.
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Figure 3.6. Quasi-linear energy correction functions

25 25
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Figure 3.7. F(n,) Vs n, profiles for the quasi-linear and quadratic energy correction functions
f(n) in (a) and a magnified plot shown in (b).
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Figure 3.8. Grain boundary properties from Set Il1. (a) GB energy vs misorientation, (b) GB
width vs misorientation, (c) 6 and » distribution for A@ = 10°, (d) 8 and » distribution for A =
30°.

39



Table 3.1. Lists of model functions and constants

Set |

Set 11

Set 111

Model functions
r=(1-n?/2
f=n

g=n?

Model constants
a= 1.5@

B = Egth
p=£E
q=Eyt;

Eg = 114.8 MPa
E, = 0.005E,
fg = 0.5 um

£y = 1.5um

Model functions
r=(1-n)?%/2
f=n?

g= 0.997]2 + 0.01

Model constants

a= 1.5@

B = Eqts

p = Ey
q=Eyt;

Ep = 114.8 MPa
E, = 0.005E,
fg = 0.5 um

ty = 1.5um

Model functions
r=[1-nl|
f=n/(n+251~-m)
g =0.997* 4+ 0.01

Model constants

a =1.85fp
B = Egth
p= En

q = E,t;

Eg = 27.5 MPa
E, =0.01E,
fﬁ =2 um

€y =175 pum
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Chapter 4
A duality-based Formulation of Coupled Cosserat Crystal Plasticity — Phase

Field

To address the issue of high parameter sensitivity in the classical penalty-based Cosserat
crystal plasticity, a stabilized duality-based formulation in introduced. The kinematic constraints
on the displacement-based and lattice orientation-based lattice curvatures were imposed with the
energy conjugate couple stress derived in the dualization. An additional least squares stabilization
is introduced with the parameter range estimated from the stability analysis to suppress spurious

lattice rotation modes.

4.1. Duality-based introduction of the lattice orientation field

In this section, the independent lattice orientation field 0 is introduced based on the duality

theory. Let us consider a primal problem that is in equilibrium.

uev

. 1 B
inf IT = Ej &joi; dQ + j fmallVe?|l + g(n)g IVe®||? d2
nep Q Q

=4 (4.)

+ [ oro + 2 do - e,
Q

where I1¢*t(u,n) is the external energy associated with body force and Neumann boundary
conditions. The internal energy A associated with the lattice curvature can be represented by its

convex conjugate A* with dual variable A as follows:

41



A =sup {f Aijpi; dQ — A*}. (4.2)
A Q

Also, A* can be obtained by the following definition.

¢ Uq

Substituting A4 in (4.1) into (4.3),

. B
A =supP={ j Rijpij dQ - j FaallVeell +gm) 5 IVl d. (4.4)
@° Q Q

To obtain the stationary point ¢, consider

f(ma
8P = f Sy A dQ — f 8¢ (nv—e+ 9gmp |¢;;dQ =0, (4.5)
Q Q ¢°||

which yields the dual variable A identical to the couple stress m defined in Eq. (3.28):

fm .
Aijj=my; = (ﬁ + g@ﬂﬁ) i (4.6)

Let us introduce an independent lattice orientation field @ € 7" such that it satisfies the

following relation:
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_ (fm)e

Then, @; ; = 6;; at the stationary point and Eq. (4.6) becomes

4 = P(vg* =9 =) = [ my0, o | Fenalivell + g Eivel an. (4
Q

By substituting Eq. (4.8) into Eq. (4.2), A reads

p
a=sup [ mypi; a0~ [ my0,; a0+ [ ppatvel + g5 ivole an
m Q Q Q

sup! [ fnellvoll + g S ivol a0 - [ my (6., - o)) do (4.9)
m Q Z) Q
sup {fﬂf(n)allvell +9(m) 7 IVell* da ~ fgmu(ﬂ)(% - ¢)) dﬂ}.

The Substitution of Eq. (4.9) into Eq. (4.1) ends the derivation.

mf supIl(u,0,n)

ne? 0T

1
=3 [ euets a0+ [ renaivell+ gt Sivee ao (@10
Q

q
~ [ my @61, - 0g) a0+ [ pren + 2@ a0 - e ),
Q Q
with the energy conjugate stress m;;(0) defined in Eq. (4.7).

Note that Eq. (4.10) contains ¢f; = — % €ii(er; — ek,,;). Toavoid taking gradients of e?,

integration by parts is applied to [, m;;(6; ; — ¢f ;) dQ as follows:
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B

2

- f m;in;(8; — ¢f) dl' + f pr(n) + % (Vn)? dQ — 1 (u, n).
a0 Q

1
M= | ey da+ [ fmallvell+ £ 3170112 da+ [ my; (01— o) do
Q Q Q

(4.11)

Remark 1. In (4.4), since the kinematic compatibility is imposed on the gradient of 8 and
@°, spurious rigid lattice rotation modes can exist in 0 field. That is, arbitrary constant field in 6;
does not contribute to IT unless Dirichlet BCs on lattice orientation are introduced. In general cases,

a least-squares stabilization can be considered as follows:

! p
=3 [ ayo5 a0 + | faGnallvell+ fs S 1701 da+ [ my;;(0; - 09 do
Q Q Q
— | myn;(6; — @f) dI' + 2pc j 6; — 9] (6; — ¢]) dQ (4.12)
a0 Q
+ [ prey + 3 a0 - =t ),
Q

where . is a stabilization parameter. The new term 2, fQ(Hi — @{)(6; — ¢}) dQ has the same
form as the penalty term in Eq. (3.35), but the role is completely different. The term is used in
(4.12) only to remove the spurious oscillation. Thus, the acceptable parameter range is much wider
than the penalty-based approach (see Section 6.3.2 for an example). A stability analysis is
performed in Section 6.2 to obtain the suitable range of the stabilization parameter u.. The
spurious rigid lattice rotation modes can alternatively be suppressed by a strong imposition of the

kinematic constraint @ = ¢ as a boundary condition. See Appendix B for details.

The set of Euler-Lagrangian equations derived from Eq. (4.11) is as follows:
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O-ij,j+bi =0 in .Q.X]O,T[
mf — " =p") in Qx]0,T| (4.13)

Hi,j = (psl in Q X]O,T[

with the boundary and initial conditions

u; =g; on 009 x]0,T[
o;n; =h; on 90" x]0,T[
©f=@; on Q% x]0,T[
myin; =¢; on 90 X]0,T[ (4.14)
n=n on Q" x]0,T[
nvnnl =7 on 9QF x]0,T|[
nt=0)=n, in Q

and the stresses

— (4 a
0ij = 0j; + 0jj

e
0; = Cijri €

1
GS = Eeukmkll
f(na (4.15)

= 0. . :
ml] <”V9” +g(77)ﬁ L]
. afy ﬁgn
7 = pr:n ||V9|| 9119011 > 911(2 Hi,j)

Vn

i — 4N

The last equation in (4.13) is derived from

j 59“ 20, i) (6 — ¢8;)dQ =0 V 56y, (4.16)

with dm;;/00,, # 0 for general cases.
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4.2. Galerkin formulation

The weak form of Eq. (4.13) isto find u € H* with u; = g; on QY and ¢f = @; on 0O¥,

0 € H? with §; = @; on 309, and n € H* with n = 77 on 9Q7, such that

1
f 6ui’j0'i3- dQ + f 59i’jmij dQ + f 59imij'j dQ + f Sui,j —Eijkmkl‘l dQ
Q Q Q Q 2
Q 1 a0ci
— f . 5ui,j Eeijkmklnl dar — f C'Smijnj(ei - (ple) dr
oqci age (4.17)
+ 4p, j 560;(0; — i) dQ + 4.ch 5ui,j§€ijk(9k — @) dQ
Q Q
+ f sn )" dQ + f sn dQ + j Snun dQ
Q Q Q

1
= j 5uibi dQ + f 6uihi dlr — j 6ui,j _EijkEi dlr + 67]77[ dr,
Q aahi a0 2 aqm

for all 5u € H! with Su; = 0 on Q9 and §¢f = 0 on dQ%:, §6@ € H? with §6; = 0 on

00%i, and 6n € H* with 6n = 0 on Q7.

Remark 2. In Eq. (4.17), the Dirichlet boundary condition is applied both to 8 and ¢€ to
remove the spurious rigid lattice rotation as discussed in Remark 1, Section 4.1. In case of Q% #
@, u. = 0 can be applied. Eq. (4.17) assumes that both 6 and ¢¢ are kinematically admissible, i.e.,
the function spaces are chosen such that 8 = @ and ¢, = @ on dQ®: can be strongly imposed.
However, kinematic admissibility can be difficult to achieve particularly in the approximation of
displacement-based lattice orientation ¢¢, where it is hard to possess the Kronecker delta property
in the function space due to ¢@” in @°¢ = ¢ — @P. For kinematically inadmissible 8 and ¢°,
Nitsche’s method can be implemented to impose these boundary conditions by considering

additional terms in the potential energy functional of Eq. (4.11) with u, = 0 as follows:
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K®
=1 +f _ myn;(6; — @) dI —7f (6; =) (6; — @) dT
Q%1 a0®i

. K? . e (4.18)
—f - myini(of — @;) dF+7f (o7 — @) (@7 — ;) dT’

00%i 9Q%Pi
=0,

where k9 is stabilization parameter. The third and fifth terms of Eq. (4.18) and the Dirichlet
boundary portion of the sixth term of Eq. (4.11) are canceled, leading to the following modified

weak form.

1
f6uij0'icj dﬂ+.f6911mu dﬂ+f691ml”dﬂ+f Suij—eijkmk”dﬂ
a Qa Q ' o 2 ’
Q 20Ci

1
— ] .(S‘ui,j EEijkmklnl dl' — j 6ml]n](91 — (pf) dr
a0ci a0ci

_ 1 _
- K'(p f 5ul-,j—6ijk(p,e< dar — K(p -]- 69i9i dar
ogn 2 % (4.19)
+ 4pc j 560;(0; — ¢7) dQ + 4llcj 5ui,j§€ijk(9k — @) dQ
Q Q
+]5n,inf" dQ+]5mr’7 dQ+J6mﬂ’r’; dQ
Q Q 1 Q
= J Suibi dQ + ] 8uihi dr — J 6ui'j—6ijk6_'i dr
Q anhi aqci 2

_ 1 _
— k9 f B 5ul-,j Eeijk(ﬁk dl — k¢ f 3 69i<pi dr + 767’]77 dr.
90%i 90%i ann

In this work, the parameter k¢ = 1005 /h with nodal spacing h is used. Note that,
although Nitsche’s method is applied, the Lagrange multiplier portions of the method are canceled,
which results in a pure penalty method for the imposition of @;. Thus, k? needs to be sufficiently
large. However, it will be shown that this formulation still yields optimal convergence. Finding a

more effective way to impose ¢; will be included in future work.
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The corresponding Galerkin formulation corresponding to Eqg. (4.17) is obtained by

replacing u, @, and  with the approximations u”, 8", and n", respectively.
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Chapter 5

Reproducing Kernel Particle Method

A Reproducing Kernel Particle Method is introduced to construct the basic approximation
functions for approximating the smooth solution in the kinematic valuables involved in the multi-
field variational formulation derived in Chapter 4. The ability of using arbitrary order of monomial
basis functions and arbitrary smoothness in the kernel functions is particularly effective in

evaluating higher order derivative terms in the crystal plasticity equations.

5.1. Reproducing Kernel Approximation

As the proposed formulation requires 8" € H?, C*-continuity is also required. For this
reason, the reproducing kernel (RK) approximation[98, 99] is used in this work. The RK
approximation is particularly suitable since the order of continuity of the approximation is
controlled by simply using a kernel function with a desired order of continuity and is independent

of the order of basis.

Let us consider a domain Q discretized by NP nodes with nodal coordinate X; with 1 <

] < NP. The RK approximation £*(X) of a function £(X) is

NP
frX) = Z ¥, (X)d;, (5.1)
J=1
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where ¥, (X) is RK shape function of node J and d; is generalized nodal coefficient of node J. The
RK shape function ¥;(X) is a correction of a kernel function d)a(X - X]) defined on the compact

support of node J with support size of a:

¥ (X) = {Z

|a|sn

(X - x,)“ba<x>} Pa(X - X)), (5.2)

where (X — X,)" is a basis function, a = (ay, @y, ..., @) with dimension d, and |a| = X%, ;.
X% is defined as
X =X X% X (5.3)

The coefficients b, (X) for |a| < n are the solutions of the following set of reproducing

conditions:

NP
Z W0XE =X% ol <n (5.4)
J=1

which leads to the explicit form of W, (X) as follows.

¥, (X) = HT(OOM 1 (X)H(X — X,)?,(X - X)) (5.5)

where M(X) is moment matrix and H(X — X ) is the basis vector defined as

NP

M(X) = ZH(X—X])HT(X—X])(DQ(X—X]), (5.6)
J=1

50



H(X - X)) = [1, (X1 — X1), (X2 — Xo5), (X5 — X35), -, (X5 = Xs])n]T- (5.7)

The order of continuity of the RK approximation is determined by the kernel function
@, (X — X;) while the polynomial completeness of the approximation is determined by the basis
vector H(X—X;). Thus, it is straightforward to introduce high order continuity into the

approximation space, which makes the RK approximation more appealing to utilize for the
formulation proposed in Chapter 4 than the C° interpolation-type approximations used in finite

element methods.

W (X)

® Nodel

r’ ‘“--d ",
" O Kernel Support of Node /

Figure 5.1. lllustration of RK discretization and shape function

Now, consider the following approximations:

w0 = Y W (5.8)
J=1
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0"(X) = > W (Xd (5.9)
Jj=1

n"X) = Z ¥ (X)d] (5.10)
Jj=1

T . ..
where d} = [d% - di4]", df = [df - d%] , and d7 are the generalized coefficients. In
general, it is recommended that a second order or higher basis vector is used for 8" to possess the

zeroth order or higher polynomial completeness on Gf}j since the proposed formulation and general
constitutive equations involve V2m which contains 0_’;1-. For u”, a basis with an order equal to the

order of basis for 8" could be chosen considering both accuracy and efficiency, since the weak
inf-sup stabilization stabilizes an equal-order pair[100]. If higher accuracy of displacement and
strain is of interest, a higher order basis can be considered for u”. For the phase field n™, the basis
order equal to the basis order of other independent variables has widely been used, e.g., an equal
order displacement-phase field pair for phase field fracture simulations[91, 101, 102] and an equal
order lattice rotation-phase field pair for orientation phase field simulations[68, 103], and stable
solutions have been obtained. Similarly, for the proposed method, it has been observed that equal
order lattice rotation-phase field pairs are stable. Consequently, equal order displacement-lattice
rotation-phase field approximations are considered in this work. The specific orders of basis

vectors used for this work are specified in each numerical example.
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5.2. Solution Procedure

To solve the proposed formulations, the staggered solution scheme is applied such that, at
time t = t™, the equation is first solved for the phase field while the displacement and lattice
orientation are fixed. In the next stage, the obtained phase field is fixed and the equation is solved
for the displacement and lattice orientation. This simplifies the implementation of the proposed

formulation. In the first stage, the problem states

f Sntumit do + f syt dQ + f Snhn dQ = SnhiT dr
Q Q Q aar (5.11)

v én" € P" c H.
with given u® and 8". The backward Euler scheme is employed for the time integration.

The problem of the second stage reads

1 1
fc?uffjaicj- dQ + f 6u£lj56ijkmkl,l dQ — f 6u{fj§6ijkmklnl dr
Q Q aQci

1
+ 4ucj 6u{fj Eei,-k(e,? — pg) dQ
Q 1 (5.12)
Q anhi anci 2

v Su” e vh e HY,

53



om:: om:: :
fae{}jmij d9+f59{lmi,,j d9+f (59’21#”9’@5#) (61 — p?) d
Q Q Q ké k,ls
m..
- 59-”m--n-dl‘—f 808, —Zn; (01 — ¢) dr
fanfi Y aQci k’laezﬁz j( l l) (5.13)

+ 4y [ 50,6, — 91y d = 0
Q
v §0" € Th € H?,

with given . The Newton-Raphson algorithm is implemented to solve Egs. (5.11), (5.12), and

(5.13).

5.3. Matrix Equations

The matrix equations for the proposed formulation are provided for two-dimension. Let us

first define the following vectors:

e=[U1 Uz Uz Uzg]T (5.14)
k=1[0, 6] (5.15)
q=1[011 622 012 6] (5.16)
e=[0 0 1 —1]" (5.17)

Next, we have the stress o as follows:

1 — 1
o = De® + € (cmk,k + 4u.(6 — <p)) = De® + EE(ka,k + 4p.0) (5.18)
where
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2u+1 A 0 0
_ A 2u+1 0 0
D= 0 0 40 (5.19)
0 0 0 u
and
D =D+ p.e€. (5.20)
The couple stress m is
= ( ~ ) =B 5.21
where
B=—t
] A (5.22)
By substituting Egs. (5.8), (5.9), and (5.10) into (5.11), (5.12), and (5.13),
int,u uT uT 1 T
f, 7" = | B odQ — B/ —en'm drI
Q 20 1
= ] N“"b dQ + J N“"hdr — J B! —en"cdl = f&** (5.23)
Q aqhi a0ci 2
VIES,
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l‘}int'e = .f BIGTm d.Q + f LPIQTmM d.Q. + f WIQT(H - (P) d-Q - qJIeTnTrrl dF
Q Q (9} aﬂci

- f BY C"n(d — @) dl = 0 (5.24)
a0

VIES,

finen f‘lﬁnTﬂn’?h dQ+fB7TnV" dQ+flPI’7T7rn dQ =f qJI"Tﬁ dr
Q Q Q 0

Qﬁ.’
— f;extJn (525)
VIES.
where
a T
C=BI- |Ve|3KK (5.26)
pr (X 0
N¥* = N¥(X) = 10( ) Wi (x) (5.27)
Y (X) 0
0 YL(X)
B! = BY(X) = W %) "20 (5.28)
0 X
BY = BO(x) = | n ) (5.29)
e P, (X)) |
W )
B! = BI00 = | % (5.30)
_lp1‘1(x)_
W = 4u.N? + c(q"T7BY + HQY) (5.31)
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PP, (X)

wo,, (X
X)) = ’(;22() (5.32)
LIJI,lZ(X)
W1 (X)
_ a [36; 0, ] a 6.05 036, 036,
~Ivepple, 36, 6, |ve[s 3292 03 0,02 0,03 (5.33)

H:[Cn Cyz Cy CIZ] (5.34)

If the Nitsche’s method is considered for imposing the Dirichlet boundary condition on the

displacement, the following terms are additionally introduced with the stability parameter (.

fEBCunty _ _ SB* " Dvu dI + j N*"[¢u — vTo] dI (5.35)
08 208
fIEBCu,ext,u - _ SB}‘Tﬁvg” dr + f N}‘T(g dr (5.36)
08 008
. 1
fIEBCu,mt,B - _ WIBT —elvudr (5.37)
rs 2
EBCu,ext, _ oTl r &
f! =—| W/ —€'vg*dl (5.38)
re 2
where
ny 0
10 ny
v w0 (5.39)
0 ny
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For the nonlinear iteration, we obtain the following matrix equation by taking the

incremental forms of Egs. (5.23) and (5.24):

Af®

K®¢ Kue Ad4 _
[Keu K99] [Ade] B [Af"] (5.40)
where
= fB}‘TC\ﬁB}‘ do (5.41)
Q
1_ 1
K1 = f B! = Gew/ da - f BY" ~en”CBY dr (5.42)
.Q, 2 aQCi 2
u _ BTl ToRpU _ HTl Tl CORU
K/ = | WY - €"GBY dQ BY =C"ne"GB} dr (5.43)
Q 2 00 2
K99 =]B,9TCB]9 dQ+J [WP'Ng + N¢ W] dQ—fN,QTAL,uCNf’ 1)
Q Q Q
1 _
—f WY = €GeW? dQ + ch?f’(e — ) dQ
a4 a ] (5.44)
—ch," (6 — ¢)PB; dl“—cj [N? n’CB/ + B CTnN]e] dr
r r
PLPRA 6
+c| B/ C nZe GeW; dI'
r
K% = BY SBY + B! TQ? + Q¢ T'B! (5.45)
G=I-DG (5.46)
G=I1-GD (5.47)

with the surface normal vector n and the constitutive model-specific modulus G.
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If the Nitsche’s method is considered for imposing the Dirichlet boundary condition on the

displacement, the following terms are additionally introduced, with the stability parameter ¢.

K o = — f B DN drI + f N [¢(N¥ — vIGDBY] dr (5.48)
008 008

1
EBCuf __ T al 0
Ko ——ngN}‘ V7> GeWf dr

(5.49)
KEBCOU — _ WeTleTVN” dr
1 e 2 J (5.50)
KEBC,GB — _f l—(ee leTV(u _ gu) dr
1 e 12 (5.51)

5.4. Strong Imposition of Rotational Kinematic Constraint on Boundary

Another approach to remove the spurious rigid lattice rotation modes is the imposition of
the rotational kinematic constraints on boundaries in (4.17). Consider the following matrix

equation of the incremental formulation (5.40) with kinematically admissible function spaces:

KAd = |go%u  goded koo’ ||aed| = |afe| =1, (5.52)

Kuu Kued Kueb [Au] AfY
Ko koot Kove’|lae® AfO°
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where the superscripts d and b denote quantities associated with domain and boundary,

respectively. Let N%, NO“, and N°° be the length of the vectors Au, A@%, and A@?, respectively.

On a boundary node x;, the following relation holds.

1
86f; = Agf (%) = = 5 euje (Bep(x1) = Bef (x1)), (5:53)
where
Ae = BAu (5.54)
and
Ae? = C*Au + C?A0 (5.55)
Then,
4 ) Au
ne? = [a* A% A%| [20¢), (5.56)
A@P
where
1
At = —EeT(B — CY)Au (5.57)
a 1 d
A% =—¢€Tcf np (5.58)

2
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1
A" = EeTc"bAeb, (5.59)

which leads to

b _ Au
A® _A[ Aed]' (5.60)
where
-1

A=(1P—A%) |av A%, (5.61)

with the identity matrix I? with the size of N9” x N®”. Now, we have

Au

p0¢| =[], (5.62)
A@P
with
A= ['d] (5.63)
- A ] .

where I¢ is the identity matrix with the size of (N” + N"d) X (N” + Ned).

By pre-multiplying K and Af, and post-multiplying K by A, we have the following

modified system matrix equation.

~
>
=)
Il
>
>

(5.64)
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with

K = ATKA (5.65)
Af = ATAf (5.66)
“ Au
Al = Aed]' (5.67)
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Chapter 6
Stability Analysis of Duality-based Coupled Cosserat Crystal Plasticity —

Phase Field Formulation

In this chapter, the stability properties of the proposed method are investigated and an
additional stabilization is suggested. The phase field is not included here to focus on the instability

that arises from the duality-based imposition of the rotational kinematic constraint.

6.1. Weak inf-sup condition

Consider the following variational formulation associated with the unstabilized dual

problem: find u" € U™ € H} and 8" € T" c HZ, such that

a(u®, su”) + d(su”, 0") = F(6u®), v ésu" € U c HE, (6.1)
d(u", 56") — b(8",50") = 0, v 50" € T" c HZ, 6.2)

where bilinear forms a(-,-), b(-,-), and d(-,-) are defined as

a(uh, Suh) = Jeij(6uh)Cijkl€kl(uh) d.Q, (63)
Q

b(e", 50") = — f 56/ m;; dQ — f 86m;; ; dQ — f &my; ;61'dq, (6.4)
Q Q Q
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d(6uh, Gh) = - f (pi((?uh)mij‘j dq. (65)
Q

The bilinear form a(:,-) is assumed to possess the following property:

a(u®,u") = c*lu"l}. (6.6)

The constant C* is independent of nodal spacing h. By applying integration by parts to the
second and third terms on the right-hand side of Eq. (6.4) with 8" € H2, b(0", 50") =

fQ 6mij9i’fj dQ is obtained, and b(:,) is assumed to be positive semi-definite:

b(06",0") > c?|8"|? > 0. (6.7)

The bilinear form d(-,-) is required to satisfy the inf-sup condition for positive constant y

independent of h:

d(u®™ oM
sup ————

>y|m-VY,, v eregh (6.8)
uheuh ||Uh||1 4 0

To find the missing term in satisfying Eq. (6.8), a weak inf-sup condition is derived,

inspired by Bochev et al.[100].
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fQ (pi(uh)(_mij,j) dQ > UQ ‘Pi(5uh)(—mij,j) dﬂl

uheun "l - 6u”]l;
|f, @:(6uM)(—my; ;) dO
B Cl|6ully
|fg(<pi(5uh) - <pi(6u))(—mij,j) dQ + fg (pi(gu)(_mij,j) d.Q.| (6.9)
B Clléull;
S Jo 0:(GW)(=my;,j) dQ — |fn((pi(5“h) - (Pi(5u))(—mij,j) dﬂ|
- Cliull;

With Eg. (3.5), the terms in the numerator of the right-hand side of Eq, (6.9) can be

expressed as follows:

1
[ oiouy=myy ) 4 = [ By eman) do (6.10)
Q Q

1
Jﬂ(‘Pi((Suh) - <Pi(5u))(—mij,j) dﬂ‘ = Uﬂ(fsu}fk - 5uj,k)(§ €ijkMyr,) A (6.11)

Let us define 6* = %e -(m - V) and assume 6™ € L,, then, there exists Su € Hj that

satisfies the following inequality:

1
| S e 40 = [ dusuai 40 2 Gillsull ol (6.12)
Q Q

Also, by performing integration by parts on Eq. (6.11),

h 1 h 1
Q(é‘uj,k - 6Uj'k)(z Eijkml-”) dQ Q(Su] — 6Uj)§6ijkmil,lj dQ (613)
< IVe™|loll6u — su”|ly < C,h]IVe™|[ollSully,
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where the last inequality holds due to the inverse inequality. Together with Egs. (6.12) and (6.13),

Eq. (6.9) becomes

fQ (Pi(uh)(—mij,j) dQ

uheuh [lu”]l;

C C
> %ucxuo — ?ZhIIVGXIIO. (6.14)

Let us consider the case that ¢ € H! and introduce a projection operator i () =

VifQL(-) dQ with the volume V,, of the integration domain ;. Then, with Vale>* = 0in Q,,
L

c
V@ llo = ) IV(0* =740 )lloq, <7 ) llo* =70 o, (6.15)
L L

which leads to

f(pl(u )( ml]]) dQ CZ Z
o> -

C
Ll q, = 2 [lo¥] 6.16
o Tar oa, = ¢ 107 lo. (6.16)

Based on this stability analysis, the introduction of g llo* — mle™||3 into Eq. (4.12) can

be considered for the formulation to be stable as follows.

1 p
1= syof o+ [ funalvell + fen SIv0I da+ | my; (6, - o) do
Q a Q
- - n:(0; — @) dIl — X _ L X2
[ minye: = o) ar ~ = llo* — o 6.17)

q
+ 20 [ @ = 900 = 09 a0+ [ pron +3 om2 do
Q Q
_ l'[ext(u,n)
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Bochev et al.[100] state that the parameter kP™°/ is introduced for the dimensional
correction, not a tunable stabilization parameter. Along this line, we introduce kP™%/ = a?/CP
with the kernel support size a (see Section 5.1) and C? = w(||P||) where P is the tensor defining
the relation between the couple stress divergence and second gradient of 8 as given below by

taking the divergence of the couple stress in (4.7) withn = 1.

Minn = Pijri O, (6.18)

where

a (04
P = (g7 + #) 88~ Tga Oss O (619)

6.2. Parameter range for least squares stabilization

Now, consider the following modified dual problem with the least squares stabilization

adopted to avoid the spurious rigid lattice rotation (see Remark 1).

a(u®, su’) = a(u®, su”) + 4pu, j Sl da, (6.20)
Q

b(0",50") = b(0",50™) — 4u, f 506! da, (6.21)
Q

d(su”,8") = d(su™, ") — 4u, f Solol da, (6.22)
Q
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where a(:,-), b(-,-), and c(-,-) are defined in Egs. (6.3) — (6.5). Let the stability parameter be a
scaled shear modulus, u. = cu, with scaling parameter ¢. To determine the suitable range of ¢, the
following system bilinear operator A is considered by subtracting Eq. (6.2) from Eqg. (6.1) and

substituting u”® and 8" into 5u” and 50", respectively:

A((u",8M, (u",6") = a(u", u") + b(6",6")
6.23
> C“IIuhII%+Cb|6”|%+6uf<p?<p{‘ dﬂ—c‘ufel‘eih dQ, (6:23)
Q Q
With Eqg. (6.7) in hand, a positive stability parameter ¢ could make the bilinear operator

b(-,-) lose its positive semi-definiteness. On the other hand, a negative ¢ leads to

b(8",8") = —cull8"[IF + C"|6"|7 = min(C”, —cp) [I6"]13, (6.24)

However, ¢ should not be too low to avoid losing the coercivity on a(u” u™). To
determine a proper lower limit, consider a two-dimensional case with homogeneous Dirichlet

boundaries on u”:

awmn=jg@g+qg@@+@g+m%@mn+@f¢yML (6.25)
Q Q

where i,j = 1,2. In the last term of (6.25), % is equivalent to ¢ = —0.5€3;5u; ; = 0.5(uf, —

ut,). Also, performing the integration by parts twice, we have [ pufju’; dQ = [ puliul'; dQ.

L]7It LL=,J

Thus, the following inequality is obtained.
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a(u,u®) > pu f utul; do+ c_uf (ufult, + ul ul ) da. (6.26)
Q Q

With ¢ = —¢ < 1, a(-,) maintains a(u”, u™) > C%||u"||? with a positive constant C%, so
A((u", 08, (u",0™) = C%[lu™ |13 + C?||6"||3. Note that the derivation is based on the Dirichlet

boundary assumption. The upper limit can be slightly lower when a Neumann boundary is present.
For these reasons, log,, ¢ < —2 is suggested. The lower limit must be sufficiently large and
log,o ¢ = —5 is suggested although this is not a decisive value. Numerical studies on the upper

limit and the c-sensitivity of solution are shown in Sections 6.3.1 and 0.

6.3. Numerical Verification

A series of numerical examples are presented in this section to demonstrate that the
proposed method is stable, convergent, and insensitive to the stability parameter. The plane strain
is assumed and a quadratic RK basis is used for the displacement, the lattice rotation, and the phase
field with a normalized support size of 3.0 unless otherwise stated. For the domain integration, the

5x5 Gauss quadrature is employed.

6.3.1. Stabilization effects and convergence

To demonstrate the proposed stabilization techniques, we consider a two-dimensional
Cosserat elasticity problem with the problem domain Q = (-H/2,+H/2) X (—H/2,+H/2) with
H = 10 um and all displacement boundaries are Dirichlet boundaries as shown in Figure 6.1 (a).
The phase field is neglected. The Lamé constants A = 69.2 GPa, u = 46.1 GPa and the Cosserat

parametersa = 0, § = ,u{’f), with 5 = H/5 are used. As shown in Figure 6.1 (b), the domain is
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discretized by 441 uniformly distributed RK nodes and the linear RK basis is used for both u and
6 with a cubic B-spline kernel function and the normalized support size of 2.0. For the domain
integration, the 5 X 5-point Gauss integration is employed for 400 conforming integration
domains which uniformly divide Q. Nitsche’s method is used to impose the Dirichlet boundary

condition on u.

A PR
H | |09 Q 093
L 892
|« >|
H * RKPM node
008 = 00_y, O0% =004 O Gauss quadrature cell

(a) (b)

Figure 6.1. Problem setup: (a) domain and boundaries, (b) RKPM nodes and Gauss quadrature
cells

Figure 6.2 shows the first five lowest energy modes of the condensed stiffness matrix K

defined as

K = K% + KOugw 1Ko (6.27)

uu uf
Kz[K K ]

KueT K99

In this example, Dirichlet boundary conditions on the rotation are also applied to all four

boundaries (dQ,_,) using Eq. (4.19) and ¢ = 0. Figure 6.2(a) shows that the formulation without
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the weak inf-sup projection yields severe node-to-node oscillation modes. In contrast, such

unstable modes are not observed in the formulation with the projection following (6.17).

: !

(a) § 0.5
é 0

(b) 0.5
1

Figure 6.2. Five lowest energy modes: (a) without projection and (b) with projection

Let us consider the body force and boundary conditions corresponding to the following

analytical solution:

2H_ (=&
u1=7051n ﬁ(x1+x2)

2H _ T
Uy = - 0 sin (ﬁ (x1 — x2)> (6.28)
1 i .
0 = E (u2,1 - u'l,Z) = @ sin (ﬁxl) sin (ﬁxz),

with 8 = 10°.

The numerical solutions obtained with and without the projection are presented in Figure
6.3. The node-to-node oscillation modes shown in Figure 6.2 have strong effects on the solutions
without implementing the projection, particularly on the curvature fields (right two subfigures on

the top row of Figure 6.3). Such oscillations are effectively suppressed by the projection-based
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stabilization. The projected formulation achieves the optimal convergence rates for linear bases
and for quadratic bases as shown in Figure 6.4. For the convergence study, 121, 441, 1681, and
6561 RK nodes are used for each level of refinement. Throughout the remaining numerical
examples, the projection-based stabilization is used for all simulations when solved by the

proposed method, unless otherwise stated.

I .

-0.05 0 0.05 -0.05 0O 0.05 -10 0 10 -0.5 0 0.5 -0.5 0 0.5
Ul/H UQ/H 9(0) H91 H92

Figure 6.3. Solutions obtained by the proposed method without projection (top) and with
projection (bottom)
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—6—u (2.19)
—A—Vu (1.38) ] |
6 (2.45)

—6—u (3.39)
—A—Vu (2.11)
6 (3.8)

Nomarlized L. erorr norm
Nomarlized L erorr norm
h

—x— V0 (1.64) -7 —x— V0 (2.85)
-5 ) . ] ] b ) ) ] ]
18 -16 -14 -12 -1 -1.8  -1.6 -14 -12 -1
log(h/H) log,y(h/H)
(a) (b)

Figure 6.4. Convergence curves obtained by the proposed method with projection: (a) linear RK
bases for u and 8 and (b) quadratic RK bases for u and 8. The average convergence rates are
enclosed by parentheses in the legends. The rotational Dirichlet boundary conditions are applied
to both ¢ and 8. ¢ = 0 is used.

6.3.2. Parameter sensitivity

Let us consider cases that there is no Dirichlet boundary conditions on rotation. To avoid
spurious rigid lattice rotation, least squares stabilization can be utilized as discussed in Chapter 4.
The stability analysis performed in Section 6.2 suggests that the upper limit of the normalized
stabilization parameter c is one, i.e., at the upper limit, log;, c = 0, for cases of Dirichlet
displacement boundary. Table 6.1 lists the value of log,, ¢ at which the sign of the minimum
eigenvalue of K in Eq. (6.27) changes from positive to negative for four cases with different
boundary conditions. Case | agrees well with the result of the stability analysis and the upper limit
of log,, ¢ decreases as the fraction of Dirichlet boundary decreases. For this reason, log,,c < —2

as estimated from stability analysis can be considered a conservative choice.
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Table 6.1. List of cases with different displacement boundaries

Case Displacement boundary log, ¢ upper limit

Dirichlet: 0Q;_4
Case | 0.2
Neumann: @

Dirichlet: 0Q,_5
Case Il -0.36
Neumann: 9Q,

Dirichlet: 0Q,_,
Case Il -0.85
Neumann: dQz_,

Dirichlet: 004
Case IV -0.94
Neumann:; 9Q,_,

Now, we investigate the solution accuracy and convergence behavior for a wide range of
log,, c for Case Ill. As can be seen in Figure 6.5, for —6 < log;, ¢ < —1, nearly identical solution
accuracy and convergence behaviors are obtained. However, for log;, ¢ > 0, poor performances
are observed, which is consistent with the stability analysis in Section 6.2 and the numerically
tested upper limit for a few cases of Dirichlet boundary conditions given in Table 6.1. Figure 6.7
shows the solution fields obtained by the proposed method with 441 RK nodes for each log;, c.
Clearly, the simulations with a positive log;, c lead to severe instability and such parameter range
must be avoided. However, with negative log,, c, the results are insensitive to log;, ¢ in a wide
range. Contrarily, the penalty-based approach is very sensitive to the penalty parameter as shown
in Figure 6.6, and none of these cases achieves the optimal convergence rates for all four error

measures. Also shown in Figure 6.8, small penalty parameters fail to capture 6 and V& accurately.
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Vu”, (c) 8", and (d) V™. The average convergence rates are enclosed by parentheses in the
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Figure 6.6. Convergence curves obtained by the penalty-based approach with various c: (a) u”,
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76



logyg ¢
=i -

logyg ¢
=-4

logyg ¢
=-2

loglo C
=-1

log,, ¢

logyg ¢

log,, ¢

|
-~

WYLV
SNV

H"I""""'!'!
HITYETYIETYE T T 7Y
TSRS
W
4 e B s a e

.'.-w‘ A SR
e . i
"‘ lc >
S, W T an
HEE T e .
0.05 0 0.05 -0.05 0 0.05 -10 0 10 -0.5 0 0.5 -0.5 0 0.5
U1 U9 0(° H91 H92

Figure 6.7. Solutions obtained by the proposed method for various ¢

77



A
E

-

’.'
- -

———

Y

[ T T O .
-0.05 0 0.05 -0.05 0 0.05 -10 0 10 -0.5 0 0.5 -0.5 0 0.5
ul/H UQ/H 9(0) H¢91 HHZ

Figure 6.8. Solutions obtained by the penalty-based approach for various ¢

78



6.3.3. Computational costs

The CPU times taken for various methods to assemble the global matrices are plotted in
Figure 6.9. The simulations were conducted by a parallel code written in MATLAB with four CPU
cores (3.00 GHz per core) and a 32 GB RAM. Each CPU time is computed by averaging the CPU
times of five simulations. On average, the proposed formulation costs approximately 22.0 % more
than the penalty method due to the additional terms to assemble and the projection-based
stabilization introduces 6.94 % of additional CPU time. Considering the convergence, accuracy,
parameter insensitivity, and stability attained by the proposed method, the additional
computational costs are justifiable. Note that a high-order Guass quadrature (5x5 points per cell)
is used in this study to exclude errors introduced by the numerical integration since the RK shape
functions and their derivatives are rational function: 2500, 10000, 40000, and 160000 total domain
integration points are used for the cases of 121, 441, 1681, and 6561 RK nodes, respectively.
Reduced order integration techniques such as stabilized conforming nodal integration[104, 105]
and variationally consistent reduced order integration[106] can be considered as a future research
of this work. Since the formulation is developed for general three-dimensional problems, the
extension to 3D is straightforward, provided an efficient reduced order domain integration is

employed.
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Figure 6.9. CPU times for the global matrix assembly taken by various methods: NP denotes the
number of RK particles.
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Chapter 7

Neural Network-enhanced Reproducing Kernel Approximation

Modeling the sharp transition in the phase field near the grain boundaries associated with
the lattice orientation often requires highly refined discretization for sufficient accuracy, which
significantly increases the computational cost. While adaptive model refinement can be employed
for enhanced effectiveness, it is cumbersome for the traditional mesh-based methods to perform

adaptive model refinement.

In this chapter, a neural network enhanced RKPM is proposed. Neural network
architectures are developed with interpretable weights and biases to automatically detect the
locations and orientations of strain localization, and to construct functions with sharp transitions
near the grain boundaries. Further, details of the network structure that incorporates the RK

approximation will be presented.

7.1. Overview

Let x € RP be the physical coordinate with space dimension D. The approximation
f(x) = f(x) € R is constructed by the addition of reproducing kernel (RK) and neural network

(NN) approximations.

frx) = R ) + N (x), (7.1)
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where fRK(x) € VRK and fNN(x) € V¥V are RK approximation and NN approximation,
respectively, with VX the RK approximation space and VN the NN approximation space. In the
above approximation, the NN approximation is constructed to introduce a fine-scale feature to the
solution at a region close to a localization and to capture sharp solution transitions, while the RK
approximation is formulated to capture the overall smooth behavior of the solution. The RK

approximation takes its traditional form discussed in Section 5.1:

NP
FrRRE) = > W fFK, (72)
I=1

where ¥, (x) and fRX are RK shape function and RK generalized coefficient associated with RK

node I, respectively.

7.1.1. Considerations on the construction of neural network approximation

In the construction of the NN approximation, we focus on the following considerations: 1)
both strong and weak discontinuities should be approximated with a far higher resolution than the
RK approximation, 2) the position and orientation of complex localization paths should be
automatically captured, 3) the NN approximation influences only local regions close to
localizations, and 4) the localization capturing procedure can be achieved by the total potential
minimization without introducing additional criterion. As stated in Consideration 1, both strong
and weak discontinuities are to be approximated by considering weak discontinuity in the
displacement field and the corresponding strong discontinuity in the lattice orientation following
@ = Uy, —u;, in 2D (Eq. (3.5)). To achieve Consideration 2, unknown parameters representing

the localization position and orientation will be included in the NN approximation. Also, a block

82



level NN approximation will be constructed to capture complex localization topology by a
superposition of multiple block-level NN approximations, each of which are designed to

approximate relatively simple localization topology.

Consideration 3 is related to the computational efficiency. As the smooth solution far from
the localization can be efficiently captured by the RK approximation, the domain of influence of
the NN approximation should be small so that the NN approximation focuses on the regions around
localizations that requires fine resolution of the solution. The neural network approximation will
be designed such that the domain of influence is controlled by adjustable parameters that are
automatically determined by the optimization. When multiple sparsely distributed localization
clusters are populated in the domain as shown in Figure 7.1, the domain of influence in the NN
approximation is sparsely distributed near the localization clusters. The aforementioned block-

level NN approximation will also reflect this consideration.

D22

Figure 7.1. A domain with multiple localization regions
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In the construction of NN approximation space that satisfies Considerations 1-3,
parameters that control the location, orientation, and shape of a localization are included in the NN

approximation space, and these parameters are determined by the potential energy minimization.

In the next subsection, a design of block-level NN approximation to satisfy Considerations 1-3 is

proposed.

7.2. Block-level approximation

As discussed in Section 7.1.1, it is desirable to have the NN approximation only locally
enrich the solution space in the presence of localizations for computational efficiency. In this

regard, NN approximation is constructed by the block-level NN approximations as follows.

frN(x) = z bAN (x; W), (7.3)
A=1

where b" (x; W,) is A-th block-level approximation with unknown weights and biases W, and
NB is the number of blocks. Each NN block is constructed to capture a certain part of localizations
distributed throughout the domain and to enrich the solution at a local region. Here the introduction
of NN blocks helps reduce the number of unnecessary unknown weights and biases that exist when
a dense network is employed. Also, the superposition of multiple block-level approximations is

performed to capture complex localization topology.

In this work, the block-level approximation takes the following form:
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NK
DAY OG W) = ) Bias WE W)p(xs W) (74)

I=1

where p is a monomial function and ¢,, is a normalized kernel function. The role of the kernel
function is to capture the location, orientation, and the transition shape of the localization. Thus
@, involves two sets of unknown parameters: the localization location and orientation capturing
parameter set WX and the kernel shape control parameter set WS serving as the parameters in
capturing the localization. Meanwhile, the monomial function adds the monomial completeness to

the neural network function space with a set of unknown polynomial basis parameters W for

further accuracy.

In the following sections, how these three sets of parameters contribute to the construction

of the NN approximation suitable for capturing localizations will be introduced.

7.2.1. Construction of adjustable kernel functions

Let us consider the following one-dimensional kernel function:

¢y c2}) = (]31 ; 1, 01})(1_’2 ; {2, 2, (7.5)
with
5,035 = 5 - (-0t gann (2222)) (16)

where {¥,,¥,,¢1,c,} is a set of shape control parameters. Figure 7.2 illustrates the above-

mentioned kernel function constructed with various sets of the shape control parameters. The
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kernels presented in Figure 7.2(a) and (b) possess a sharp transition while the kernel shown in
Figure 7.2(c) is a symmetric kernel. For simulation of grain boundary evolution, kernels in Figure
7.2(a) and (b) are suitable in capturing the sharp transition of the lattice orientation, i.e., strong
localization of lattice curvature. The symmetric kernel in Figure 7.2(c) is suitable in approximating
the localized phase field with a small support. In this work, this kernel is called neural network

(NN) kernel (Type I).

y
(b)

Figure 7.2. Kernel function constructed with various sets of shape control parameters: the
parameters {y,, ¥, ¢;, ¢, } used for each case is (a) {—1,1,0.1,1}, (b) {—1,1,1,0.1}, and (c)
{-1,1,1,1}.

Now consider a set of NK kernels: § = {(f)]};vfl employed inasingle block. For the kernels

to possess the partition of unity, the following normalization is considered:

(,ﬁ](y) — - ¢](J’)

k=1 Px(y) + € (7:1)
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where <73](y) is the normalized NN kernel, and € is a small number introduced to control locality

of the domain of influence. Figure 7.3 shows a group of normalized NN kernels with various

selections of the shape control parameters.

0.9
08 ||

07 |

06 | ;
iy 0.5 \ |
04 \ |
03 '
02 | .I

0.1 1 |

Figure 7.3. Normalized NN kernels. The parameter sets {y,, y,, ¢;, ¢, } are set {—4, —2.5,2,0.5},
{-2.5,-0.5,0.5,2}, {—0.5,0.5,2,0.5}, {0.5,2,0.5,2}, and {2,4,2,2} for the kernels from left to
right.

To introduce a weak discontinuity, one can further consider a modification of Eq. (7.6) as

follows:

MPRELU(y — y;; {Su'SZi})>> (7.8)

_ B 1 1
é:(v; i, i, 511, S2:)) = <§ - (—1)l§tanh< -

where the modified parametric rectified linear unit (MPRELU) is defined as
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s5y z<0

s,y z>0 (7.9)

MPRELU(y; (51,5)) = |

Figure 7.7 shows an example of the distribution of kernel functions with a weak
discontinuity. In (7.7), introducing a small number € ensures that the NN solution affects only a
region close to the localization by having the normalized kernel vanish when the evaluation point

is far from the kernel center (see Figure 7.5).

Figure 7.4. Normalized NN kernels with weak discontinuities. The parameters {y,, ¥,, c;, ¢, } are
set{-5,-3,1,1},{-3,-1,1, 1}, {-1,1,1,1}, {1, 3,1, 1}, and {3, 5, 1, 1} for the NN kernels from
left to right. {s;,s,} = {0,5} is applied to the NN kernel in the middle.
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Figure 7.5. kernel functions: (a) unnormalized kernels, (b) normalized kernels with e = 1075,
and (c) normalized kernels with e = 0

For a multi-block scenario, the normalization is performed as follows:

b4 (v (x; WE); WJSA)
B2, SRE L dre(y (o WE); Wig) + €

$yaCx; WE,WS) = (7.10)

where <13]A(x; WL, WS) is the J-th NN kernel in block A, y(x; W%) is parametric coordinate

constructed for block A with location-controlling parameter set W% (see Section 7.2.2 for

NB
parametrization), Wy, is shape control parameter set, W- = {W;}XZ,, and W* = {{WJSA}jV_Kl} :
—7A=1

Note that the normalization of the kernels is performed across all the blocks. This is intended to

have the kernels possess the partition of unity even for the block-overlapping regions and
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consequently have the polynomial completeness hold, achieving better solution accuracy than

normalizing the kernels only among the kernels in the same block.

The extension of the NN kernel in (7.6) to two-dimension is straightforward:

bx (¥ {WS 1, Wég15r Wi, Wgszx})_ ¢ = ¢ - s (7.11)
= P11V Wi1k) P21k (V15 Wo1k) P12k (V2; Wiak) P22k (V23 Wazk)

where ¢ denotes K-th kernel and, with the shape control parameter set W, = {Viak, Ciax ), and

®iqx are defined as follows:
s 1 1 Ve — Viax)
Piax (Vo Wizke) = <§ — (-1)'5tanh (“—“"K (7.12)
Ciak

Another type of NN kernels (Type 11) can be considered as follows:

bk (y; W) = ¢(y)Sk (y; W) for K = 1,2, (7.13)

where ¢(y) and Si(y; WS) are standard kernel function and regularized step function,

respectively. For example, the following functions can be considered:

¢ (y) = sech®*(|lyl}) (7.14)
1 1 Vo
W) = =4 — —1k== 7.15
Sk(y; WS) = 2+ > tanh ((-1)¢ =) (7.15)
where |ly|l = llyll, = (v - y)*/2. As shown in Figure 7.6, the above-mentioned normalized NN

kernels have a sharp transition at y, = 0. This type of kernel can reduce the number of control
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parameters than the kernel presented in (7.11) and (7.12), but is less flexible in capturing

localizations.

Figure 7.6. Two-dimensional NN functions (normalized with e = 1073)

7.2.2. Parametrization

In multi-dimensional problems, highly complex localization topology can present and the
complicated localization patterns will be projected on to a low-dimensional manifold by
parametric coordinates with a proper parametrization P:x — y where x € R and y € R® are
physical coordinates and parametric coordinates, respectively. Figure 7.7 provides a schematic
illustration where a complex localization pattern (red curves) in the physical coordinate is
represented by multiple lines in a parametric coordinate. With parametrization, kernel functions
defined in the low-dimensional manifold can capture complex localizations in the high-

dimensional space.
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Parametric Coordinate

) Physical Coordinate

1

X1

Figure 7.7. Parametric and physical coordinates: the red curves in the physical coordinate denote
discontinuities. The coordinates are parametrized as shown in the right-hand side figure.

For parametrization, multiple layers with hyperbolic tangent activation function can be

considered as an example. Let

y(xl w;k) = hTLL(.; wknL) ° h'l’lL—l('; wknL—l) 00 hl(xl Wﬁl) (716)

where W% = {W%,, W5,, -+, Wxy} with W%, are the weights and biases of layer i of block A, N
is the number of layers employed in the parameterization network, and h; of i-th layer is defined

as

h; (& Wy;) = tanh (Zi(‘é; W,ﬁi)), fori <N
(7.17)
h(§EWh) =z,(EWE), fori=N,
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where

z;(§ Wi) = @4 + p& (7.18)

where Wj; = {@4%, BA} with the weight matrix ®¢ and the bias vector B¢ and y defined in (7.16)

is scaled to obtain y as follows:

1
Yi =—Yi i=1,--,D (7.19)
a;

where q; is a positive scaling factor.

7.3. Network structure details

Figure 7.8 describes the network structure considered in this work. The entire network
provides the map RP? — R with input x € R? and output u" € R where D denotes the space
dimension. As the RK approximation serves on approximating the smooth part of the solution, a
relatively coarse, predetermined discretization is sufficient. Since the RK shape functions do not
evolve throughout the simulation, and the shape functions {¥, (X)}N?, is precomputed and directly
inputted to the network as shown in Figure 7.8. The RK network has the RK coefficients as its

weights.

Meanwhile, the NN approximation directly takes the coordinate x as its input. Instead of
employing a densely connected deep neural network, multiple network blocks are constructed in
parallel as discussed in Section 7.2, and each block has a block-level approximation (see Eq. (7.3))

as its output. Each block is built upon its own parametric coordinate, contains multiple NN kernels,
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and is capable of capturing discontinuities in the regions near localizations as described in Sections
7.1 and 7.2. In this approach we consider superposition of multiple NN approximation functions,
each of which represents the captured discontinuities in the NN block by its independent
parametric coordinates. If highly complicated localization topology is developed in a small region,

utilizing multiple NN blocks can enhance the solution accuracy.

NN network W,
Block 1
Input .
layer .

Wy
— Block A - >

W \
Block NB = @

Input layer
RK network P y

6...6...6
—
v

Figure 7.8. Entire network structure that incorporates the RK approximation and the NN
approximation. The unknown parameters associated with each part of the network are written in
red. The thick black arrows denote that the network connections entail unknown parameters and

the thin grey arrows denote that the weight of the associated connection is one (1) and do not
change throughout the computation.
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The network structure of block A is described in Figure 7.9. The parameterization network
contains the kernel function layer and the polynomial layer independently constructed. All the
unknown parameters introduced in 7.2 for each part of the block are denoted as W%, W5, and W”
in red color. The details of polynomial subblock are presented in Figure 7.10. The neuron-wise
multiplication of the polynomial layer and kernel function layer is performed by employing
tensorflow.keras.layers.multiply available in TensorFlow. Figure 7.11 shows how the solution
derivatives are computed for use in solving the potential energy minimization problem. To
compute the spatial derivatives of uV, the automatic differentiation function provided by
TensorFlow is utilized. To compute the spatial derivatives of u®X, the input of the RK network,

W, (x) in Figure 7.8 is replaced by the pre-computed shape function derivatives ¥, ; (x).

@ Polynomial Block A
5
Parameterization network: y = y(X; W") subblock (W) \
O \ O \ O \ Layer -
Itiplicati

O O O T I NN kernel S i)
O O O /// subblock (W*)
O—0O—0O

Figure 7.9. Network structure for block A. The unknown parameters introduced in each part are
denoted in red color.
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RCEa o

Figure 7.10. Polynomial subblock details: The thick black lines denote that the network
connections entail unknown parameters and the thin grey arrows denote that the weight of the
associated connection is one (1) and do not change throughout the computation.

NN network

RK network

Input
layer

Wiy
— Block A - >

Wyg
Block NB

o Automatic
. differentiation

Input layer

dyq
T | ®

min [1(u, Vu)

uheuh

Figure 7.11. Computation of solution derivative u’} The thick black lines denote that the

network connections entail unknown parameters and the thin grey arrows denote that the weight
of the associated connection is one (1) and do not change throughout the computation.
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The optimization problem to solve is the minimization of potential energy as follows:

argmin 1 (U@, w)) = fﬂz/)(Uh(d, w)) da - F(U"(d, W), (7.20)

where U"(d, W) = UMRK(d) + UMNV(W) is the set of approximations of independent field
variables of a general multi-field formulation constructed upon the RK coefficient set d and the
neural network weight set W = {W!, WS, WP}, and i and F are internal energy density and

external work, respectively.

The potential energy minimization problem is solved in two stages. In the first stage, the
problem is solved only for the RK coefficients to find the initial guess of the RK coefficients as

follows:

argminl (unr(d)) = fﬂl/) (unrK(d)) da - F (U™RK(d)) (7.21)

In this stage, the overall solution behavior including the smooth part of the solution and the
boundary conditions is found by the RK approximation. Note that this leads to a standard Galerkin-
based RKPM formulation and the problem can be solved by using a standard matrix solver. Since
the RK approximation obtained in the first stage can oscillate around the localization due to the
Gibbs-type phenomenon, the filtered RK coefficients are used as the initial guess for the next step

as follows:

d’ =g, (7.22)

where d”* is the filtered RK coefficient set and W is the filter with its entries ¥;; = ¥, (x,).
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In the second stage, Eq. (7.23) is solved for both d and W. The initial guess of the RK
coefficients is d = d’*. The neural network weights W = {W%, W*, W*} are initialized as follows:
1) W is initialized such that the blocks are uniformly distributed over the domain, 2) W* is
initialized such that the kernels are uniformly distributed is uniformly distributed in the parametric

coordinate of the corresponding blocks, 3) W? = 0 is taken for the polynomial basis parameters.

The potential energy minimization problem can be solved by a gradient descent-type
optimizer. In this work, Adam [107], a first-order gradient-based stochastic optimizer with adaptive
learning rate, is used. For the upper bound of the learning rate, the default value (1073) is initially
used and the upper bound of the learning rate is decreased when severe oscillation in the loss curve
is observed. In all cases presented in this work, the upper bounds between 10~* and 1073 yielded

a stable loss curve.

7.4. Regularization

The NN-RK approximation proposed in this work can be applied to both local (e.g., Cauchy
continuum) and nonlocal models (e.g., phase field formulation). If a local model is employed, the
localization width may not be bounded and the NN approximation may become sensitive to the
distribution of integration points. When the NN-RK approximation is applied to a nonlocal
formulation, it has been observed that the network regularization introduces additional
stabilization in solving the potential energy minimization problem with a model with insufficient

integration point resolution.

Although the NN kernel contains the sharpness control parameter ¢ in Egs. (7.6), (7.12),

and (7.15), the sharpness is also affected by the parametrization, more specifically, the gradient of
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the parametric coordinate y with respect to the physical coordinate x. In this subsection, two

methods are proposed to introduce a localization limiter into the NN approximation.

To analyze the influence of the parametrization on the transition sharpness, consider the

Taylor expansion of y;(x) and truncate the second order and higher terms as follows.

_ _\ 9y
Y~y + & -0 = (7.23)
Additionally, define H as follows.
~ ayl
A=1/ ||g ] (7.24)

By substituting (7.23) into the term inside the hyperbolic tangent in (7.6), (7.12), or (7.15),

we have

yi—y, XX <%|x=,-(> (7.25)

where y; = y;(X). Then, multiply both the numerator and the denominator by H.

_ =~ 0y; >
_ %) (AL
yi—yi~(x %) ( x| _, (7.26)

c cH
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Note that the norm of ﬁ%

_in (7.26) is unity (1) due to the definition of H in (7.24).
X

X=

Hence, (x — X) - (ﬁ%| ) is a projection of (x —X) onto a unit vector, thus, the scale of

X=X

_ ~ dy;
(X_X)'(Ha_);

_) is always the same as the scale of the physical coordinate and the sharpness
X=X

of the following hyperbolic tangent is solely controlled by the numerator cH.

(x—%) - (ﬁ 9 )
tanh = X=X (7.27)
c

A straightforward way is to make the following modification to (7.6):

(1.1 v —»H
d(y) = (5 + - tanh <f)> (7.28)

of which the hyperbolic tangent function leads to Eq. (7.27) but without A in the denominator, and
the sharpness is entirely controlled by c. Therefore, imposing a lower limit constraint on c is
sufficient for regularization (Type | regularization). The complexity in the implementation of this
approach depends on the complexity of the parametrization network as the derivative of the
parametric coordinate y is directly used. One can consider using the automatic differentiation, but

it might deteriorate the computational efficiency.

Another approach for regularization is to impose certain constraints on the weights of the
parametrization network such that A has a lower bound (Type Il regularization), which is
relatively easier than the first approach as it does not require computing the spatial derivative of

y. To achieve this, first estimate the lower limit of H in terms of the weights of the parametric
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network. The derivation provided here is based on Type Il NN kernel, but the generalization is

straightforward. The derivative of y, with respect to x is as follows.

dy, 10y, 1 o, oh, oh,
0x a, 0x ay0h,, oh, ox’

(7.29)

where the functions h; are defined in (7.24). With the hyperbolic tangent activation, the r-th row

of last term in (7.29), dh} /0%, can be written as

h 2y 04 2(p7) @1 7.30
X - sech UH)E = sech?(h]) O} (7.30)
where zI = YP_, 0L x, + BL is defined with the weight matrix @ and the bias vector g% of layer

L, and OL% is the r-th row of ®~. In (7.30), the duplicated indices do not imply summation.

Let us consider the following constraint.

([ ey (7.31)

where C; is a constant. Then,

6y2 OhT

nk nk
”(’)yz 1 dy, 0h} - 1 Z ”6)72 dh]
4

R T T

a, rzlahl 0x — dh] ox
ny

~ay L lon]
r=1

where n% is the number of neurons at layer L. By utilizing (7.31) and sech?(-) < 1, (7.32)

zz|ayz
az dhy

(7.32)

sech?(h}) [|01]],

becomes
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G

a,

9y,

”83’2
6h1

63’2

Z\a”

(7.33)
az

where ||z]|; = X, z is 1-norm of z with dimension n and ||z||; < v/n||z]|, is utilized. Now, we

introduce the constraint in (7.31) to all layers.

et <¢c, L=1-nk (7.34)

By iterating the procedure performed in (7.32) and (7.33), the following inequality is
obtained.

||6y2

max e < T T ek = 2
—| £ — C, |nk == 7.35
el <a] | mi== (7.35)

From (7.24) and (7.35),

1 - =
e — >
| 7, H=zH, (7.36)
ox || _¢
which leads to
He = HS, (7.37)
with an additional constraint
c>¢ (7.38)
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Note that the left-hand side of (7.37) is the denominator of the last term in (7.26). Therefore,

by enforcing the constraints (7.34) and (7.38), the hyperbolic tangent function is regularized with

the localization limit of A2. The constraints on the weight matrices are imposed by using
MinMaxNorm provided in TensorFlow, which is trivial to implement. Compared to Type |
regularization, the implementation of Type Il regularization is much easier and computationally
more efficient. Note that, as the Type Il regularization constrains the weights of NN, the function

space with the constrained parametrization network becomes less flexible.
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7.5. Numerical Examples

A series of numerical examples is presented to demonstrate the localization capturing
ability of the proposed method including automatic detection of localization locations and
orientations, as well as the effectiveness of regularization. To construct the RK shape functions,
the linear monomial basis functions and the cubic B-spline kernel function with normalized
support size of 2.0 are used unless otherwise specified. For the numerical integration, the Gauss
quadrature is employed. The distribution of the quadrature cells is described in each example. To
minimize the total potential energy, Adam, a first-order gradient-based stochastic optimizer is used.
The step size upper bound a of Adam used in this study is given in each numerical example. For

the imposition of Dirichlet boundary conditions, § = 1000.

7.5.1. Pre-degraded one-dimensional elastic bar

The following one-dimensional elastic bar problem is considered to investigate how the

individual NN block approximations play a role in capturing localizations.

+1 1
minIl = f EE(x)u(x),%C —u(x)b(x) dx

1000E
2h

(7.39)

[(w(=1) — g1)* + (D) — g2)°]

where E, b, h,and g; are Young’s modulus, body force, RK nodal spacing, and Dirichlet boundary
value, respectively. The Dirichlet boundary values g; = 0 and g, = 0.5 are used. As shown in
Figure 7.12, the material is pre-degraded locally with small Young’s modulus and the bar is

subjected to a smooth body force:
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E(x) = E,

3
max(0, |x — x| — 0.002
1.0 — Z 0.99 sech © | k| ) (7.40)
£ 0.01

With ()El' fz, f3) = (_0.65, _0-21,0-55), and

b(x) = 10 sin 3mx. (7.41)

E o5 || || ||

(a)

- | 1 1 \\ i L L TN a 1
-08 06 -04 -02 0 0.2 0.4 0.6 0.8 1
X

(b)

Figure 7.12. One-dimensional elasticity: (a) Young’s modulus distribution and (b) body force
distribution

The RK approximation space is constructed by 21 equally spaced RK points. Also
uniformly distributed 500 quadrature cells are employed and the two-point Gauss quadrature is
used for each cell. Four NN blocks are initially uniformly distributed with quadratic monomial
bases which amount to 36 total unknowns. The NN kernels are uniformly distributed throughout

the domain at the initial stage and the monomial coefficients are initialized to be zero, which means
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that the neural network initially does not have any information on the localizations. Note that the
domain is discretized by only 21 RK nodes. This is purposely done as the sharp transition is solely

taken care of by the neural network and the RK approximation only targets the smooth part.

Figure 7.13 shows the total solution, NN approximation, and RK approximation. As
expected, the NN approximation captures the very sharp solution transition while the RK
approximation represents the overall smooth solution. As shown in Figure 7.14, the pure RK
solution achieves a similar resolution with 801 unknowns while the transitions are insufficiently
sharp even with 201 and 401 nodes while the NN-enhanced approximation agrees very well with
the exact solution with 57 unknowns, which is 93% reduction in the number of unknowns. The
number of unknowns required to capture localizations in multi-dimensional problems will be much
more pronounced and the proposed approach is expected to be more effective compared to the
standard RK approximation. Figure 7.15 shows the block-level approximation where each block

locally influences the solution and captures nearby localizations.
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Figure 7.13. Numerical solution of one-dimensional problem: total solution, NN approximation,
and RK approximation

Reproducing kernel only solution Neural network-enhanced solution (57 unknowns)
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Figure 7.14. Pure RK solution (left) and NN-enhanced RK solution (right)
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Figure 7.15. Block-level approximations

7.5.2. Two-dimensional elasticity with pre-degraded material

To demonstrate the capability of the proposed method to capture the geometry of
localizations, a two-dimensional elastic specimen under tension with the locally pre-degraded
shear modulus is considered as shown in Figure 7.16. For the RK approximation, the domain is
uniformly discretized with 256 RK points. 2x2 Gauss quadrature is used with 3600 quadrature
cells which uniformly divide the domain. For NN approximation, four blocks are randomly

populated at the initial stage. For the parametrization network, two hidden layers with the
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hyperbolic tangent activation and four neurons per layer are employed. For each block-level
approximation, quadratic polynomial basis functions are employed. The total number of unknowns

is 780, consisting of 512 RK unknowns and 268 NN unknowns.

Figure 7.17 shows the numerical solutions including the total solution, RK approximation,
and NN approximation. Similar to the one-dimensional example, the total solution captures the
sharp solution transition very well, primarily due to the NN approximation as shown in Figure 7.17
(c) and (f). Figure 7.18 shows the evolution of the NN approximation, u)"V, at different epochs.
Since the information on the localization is not prescribed in the NN approximation, each NN
block does not approximate the localization accurately at an early stage of the simulation. However,
the block-level approximations gradually evolve and successfully capture the localization during
the total potential energy minimization procedure as discuss in Section 7.1. Figure 7.19 shows all
the NN kernel functions used in this simulation. Each pair of NN kernel functions in each NN
block covers a segment of the localization and has a sharp decrease in the NN kernel function

value along the curved path y! = 0.
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Figure 7.16. Problem setting of two-dimensional elasticity: (a) model geometry and boundary
conditions and (b) shear modulus distribution
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Figure 7.17. Numerical solution of two-dimensional elasticity problem: (a) u?, (b) ufX, (c) ul'V,
(d) uz, () uf”, (f) uy™
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Figure 7.18. The evolution of u)V: (a) 500-th epoch, (b) 1000-th epoch, (c) 2000-th epoch, (d)
5000-th epoch

(a) (b) (c) (d)
(e) ® (€9) (h)

Figure 7.19. NN kernel functions at 13000-th epoch: (a) ¢11, (0) P21, (€) P12, (d) P22, (€) P13,
() P23, (9) P14, (h) P24

Next, let us consider a domain with a pre-degraded zone that includes a triple junction
(Case 2) as shown in Figure 7.20. The material properties and RK discretization are the same as
the previous example. For NN approximation, six (6) NN blocks are used with the initial block

distribution shown in Figure 7.21. The initial center positions of the blocks are uniformly
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distributed throughout the domain while the orientations are randomly chosen. As shown in Figure
7.22 - Figure 7.24, the NN kernels evolve and the sharp transition in the kernels are correctly
located on the degraded zone. Consequently, the sharp solution transition along the branching

curves is well-captured as shown in Figure 7.25.

Figure 7.20. Shear modulus distribution (Case 2): the pre-degraded zone includes a triple
junction.
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Figure 7.21. NN kernels at the initial states: (a) block 1, (b) block 2, (c) block 3, (d) block 4, (e)
block 5, and (f) block 6
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Figure 7.22. NN kernels at epoch 500: (a) block 1, (b) block 2, (c) block 3, (d) block 4, (e) block
5, and (f) block 6
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Figure 7.23. NN kernels at epoch 1000: (a) block 1, (b) block 2, (c) block 3, (d) block 4, (e)
block 5, and (f) block 6
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Figure 7.24. NN kernels at epoch 12000: (a) block 1, (b) block 2, (c) block 3, (d) block 4, (e)
block 5, and (f) block 6
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Figure 7.25. Numerical solution of two-dimensional elasticity problem (case 2): (a) u?, (b) uf¥,
(©) ut™, (d) uz, (&) uf, (f) ud™
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7.5.3. Damage Propagation: A Simple-sheared Pre-notched Problem

A pre-notched specimen under simple shear as shown in Figure 7.26(a) is considered with

the following potential functional.s

I(w) =g +gm@s — o) + .+ D) (7.42)
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where, n, g(n), D(n), and . are damage, degradation function, dissipation functional, and

critical fracture energy density for damage initiation, respectively, and, with the principal strain &,

we have
A
Yy = w(ENE) + E(Sigi) (7.43)
Yo = Yo — Y5 (7.44)
with
. 2+ Aee (7.45)

In (7.43), u and A are Lamé’s first and second parameters, respectively, and (-) =
max(-,0) are Macaulay brackets. Additionally, the following degradation functional g(n) and

dissipation functional D(n) are employed.

gl =1 -n)? (7.46)
D@ =S (747)

with model constant p. Damage 1 has the following functional form.

_ 2K
S 2Kk+p

n (7.48)

where k is defined as
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K= (H =) (7.49)

Here, the history variable H is the maximum g that the material point has been

experienced.

Note that (7.42) is equivalent to the potential functional for phase field fracture proposed
in [101] except for the term involving the gradient of damage. In the absence of the gradient term,
this damage model is a local model. Instead, the regularization is introduced by regularizing the

NN approximation as discussed in Section 3.4. The model constant p is estimated as

66,
z )

p= (7.50)

where G, and # are fracture energy and localization limit, respectively. In this work, as used in [91,
108], Young’s modulus of 210 GPa, Poisson’s ratio of 0.3, and G.=2.7 N/mm are chosen, and
£=0.01667 mm is used by selecting a,=3.0, €,=3.0, and £, = 0.15. Material is pre-degraded as
shown in Figure 7.26(b). The domain is uniformly discretized by 256 RK nodes for the RK
approximation and four NN blocks are used with cubic basis for the NN approximation. The total
number of unknowns is 790, including 512 RK unknowns and 278 NN unknowns. The Gauss
quadrature points used for this simulation are plotted in Figure 7.26(b). Figure 7.27 shows the
evolution of damage produced by the increase of g. The series of results demonstrates that the
proposed method is also capable to capture evolving localizations including the damage and the
sharp transition in u* and u across the localization, which is a promising result. The angle of

crack path of 63° degrees compares well with the initial angle of 65° reported in [108].

119



0.5mm| [u; =0

0.5mm| ju, =0

(a) (b)

Figure 7.26. Problem setting of elastic-damage problem: (a) geometry and boundary conditions
and (b) pre-degraded shear modulus and Gauss integration points
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Chapter 8

Applications to modeling of Grain Refinement

In this chapter, a series of numerical examples are presented to verify its capability to
simulate sub-grain formations and grain boundary migrations which are key stages of rotational
recrystallization. The plane-strain condition is assumed and the quadratic RK basis functions are
used for the displacement, the lattice rotation, and the phase field, and kernel function with a
normalized support size of 3.0 is used unless otherwise stated. For the domain integration, the 5x5

Gauss quadrature is employed.

8.1. Parameter sensitivity of the coupled Cosserat-phase field formulation

A single crystal under tension is simulated to investigate the sensitivity of the proposed
formulation to the normalized stabilization parameter c introduced in Section 6.2. As shown in
Figure 8.1, a single crystal contains two slip systems with angles 33.7° and 123.7° with respect to
the horizontal axis. The domain is defined as Q = (—H/2,+H/2) x (—H/2,+H/2) with H =
10 um. Fixed Dirichlet boundary conditions are imposed to u, and u, on the lower boundary and
g»(t) is imposed to u, on the upper surface. All the other boundary conditions on u, 8, and n are
zero Neumann boundaries. The Lamé parameters of A = 69.2 GPa, u = 46.1 GPa and the
Cosserat parameters of a = fy€,, B = fofé with fo = 1.8 MPa, £, = 3 um, and £g = 2 um are
used. The phase field model constants p = f, and q = f, ¢, with £, = 0.5 um are also used
together with the phase field model functions r(n) = 0.5(1 — )2, f(n) = n? and g(n) = 0.05 +

0.95n2, motivated by[90]. This set of model constants is taken from[93] and modified such that
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the steady state diffuse grain boundary has its width approximately in the range of 0.7 to 1.0 um.

Additionally, the following velocity gradient is employed with y @ defined in (3.34).

2

& = z yO sOn®, 8.1)

I=1

The constitutive model constants are n = 10, K,, = 8.2 MPa, R = 0.3ub,/p, with b =

0.2556 nm and p, = 10> m2 [68, 69]. The backward Euler scheme is employed to solve the
constitutive equation. The phase field inverse mobility u” = 0.001f,7, with t, = 107> s is used.

The domain is discretized by 441 uniformly distributed RK nodes.

A o0, Dirichlet boundaries
eu=20 on BQQ
Slip directions ® up = 2t(m) on 9

H | |0, \/ o9 Neumann boundaries
eoyn; =0 on 0N\ 0D

e oyin; =0 on 9N\ (00 UOKYy)
® M;n; = 0 on 0f2
v Qs . ﬁf”nj =0 on 90

< > |

Figure 8.1. Problem description.

Figure 8.2 shows the progressive deformation obtained by the proposed method with
log,, ¢ = —4. Due to the presence of slip systems, the anisotropic deformation is developed as the
initially single crystal is deformed. Under such anisotropy, lattice curvature is localized, i.e., GNDs
locally evolve, to accommodate the anisotropic deformation. As a result, four distinct dislocation

block structures are developed during the deformation process. The phase field effectively captures
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the localized lattice curvature. As larger deformation is developed, the crystalline lattice of each
sub-grain independently rotates and the misorientation becomes larger at the sub-grain boundaries
with a maximum value of 8° at approximately time t = 0.6 pus. As shown in Figure 8.3, the
solutions obtained from different values of ¢ within the suggested parameter range agree with each
other, which demonstrates that the proposed formulation is insensitive to the stabilization

parameter.

Additionally, the solution obtained with the strong imposition of rotational kinematic
constraint on boundaries discussed in Section 0 is compared with the solutions obtained with the
least squares stabilization presented in 6.3.2 with various stability parameters. As discussed in
Section 6.3.2, the lower bound of the normalized stability parameter has not been fully discovered
and a choice of a small stability parameter may not eliminate the spurious lattice rotation modes.
As shown in Figure 8.4(a), the lattice orientation field obtained with logc = —8 has a spurious
lattice rotation compared to the choices of larger stability parameters (Figure 8.4(b) and (c)). In
contrast, the strong imposition of the rotational kinematic constraint on boundaries without the
least squares stabilization introduced yields the lattice orientation fields without a spurious rotation,
which demonstrates that the strong imposition can be an alternative approach to eliminate the

spurious lattice rotation modes introduced in the duality-based formulation.
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Figure 8.2. Progressive deformation obtained by the proposed method with log,, c = —4 at
times of (a) 0.1, (b) 0.2, (c) 0.3, (d) 0.4, (e) 0.5, and (f) 0.6 pus
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Figure 8.3. Solutions obtained at t = 0.4 us with different c: (a) log;, c = —6, (b) log,, c = —4,
and (c) log;pc = -2
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Figure 8.4. Comparison of the numerical solutions: least squares stabilization with (a) logc =
—8, (b) logc = —7, and (c) log c = —6, and (d) the strong imposition of the rotational kinematic
constraints on boundaries with ¢ = 0

8.2. Migration of grain boundaries with a triple junction

A problem involving migrations of grain boundaries with a triple junction is considered.
In this problem, the grain boundary topology is evolved towards steady state by grain boundary
migrations. This is an essential stage in the rotational recrystallization mechanism where the

dislocation blocks formed under large anisotropic deformation is made into equiaxed grains.
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Consider a square domain Q = (0,0) x (D, H) with dimensions D = 12 um and H = 10 um as
shown in Figure 8.5(a). The domain is initially composed of three rectangular grains with the initial
constant lattice orientation 6(t = 0) within each grain. The initial values are shown in Figure 8.5(a)
along with the initial displacement u(t = 0) = 0. The Dirichlet boundary conditions on u and 8

are applied on all boundaries:u =0and 8 = 6(t =0)onT.

Initial State Final State

6 =A0/2 5 pm 6=0 0=A0/2 | |5pum

0=—-A0/2 5 pm

| >« >
4 pm 8 pm

(a)

Figure 8.5. Problem dimension and initial grain orientation

The following constitutive equation is used.

el = utaof, (8.2)

where the inverse grain boundary mobility is taken as [93]

o= (1= (1 — ) exp(=BpIV0D), (8.3)
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with p,, = 1000, gp = 1000, and g, = 0.1fp7y with 7y = 1075 s. The phase field inverse
mobility 47 = 0.001f,t, is also used. The phase field model functions and constants used for this

numerical example are listed in Set 11 of Table 3.1 in Section 3.3.

For the numerical implementation, the following initial lattice orientation field is applied:

0(t=0)= % (1 + tanh (x11; El)) tanh (xz — EZ), (8.4)

where &;, &, wy, and w, are 4 um, 5 um, 1.5 um, and 1.2 pum, respectively, and A8 is the
difference in the initial lattice orientations of the upper-right and lower-right grains as shown in
figure Figure 8.5(a). To hold u(t = 0) = 0 and nonzero elastic rotation such that p¢(t = 0) =
6(t = 0) simultaneously, the initial plastic rotation @?(t = 0) = —6(t = 0) is applied. With
@t =0)=0 derived from u(t=0)=0, ¢¢(t=0)=¢(t=0)—@?({t=0)=0(t=0)

holds.

The analytical value of y in Figure 8.5(b) can be obtained by the Herring’s equation [109]:

1 EGB,horiz
>, (8.5)

— o -1
X = 180° — cos <—EW

where EGBhoriz gnd EGB.Alag gre the GB energies of the horizontal grain boundary and the
diagonal grain boundaries, respectively. At the steady state, each grain keeps its initial lattice

orientation [93] as shown in Figure 8.5(b) and the displacement u = 0.

For numerical simulations, the domain is uniformly discretized by 806 RK particles with a

cubic RK basis function for u®, 8", and n" with a normalized support size of 4.0 for accurate
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estimation of V - m which acts as a driving force of the grain boundaries. Figure 8.6 presents the
progression of 8%, |VA"|, and n™ for AG@ = 15°. The triple junction moves as the grain boundary
migrates while the lattice orientation of each grain does not change from its original value. Two
additional problems with A6 = 12° and A@ = 24° are considered for comparison and the
predicted steady state solutions for all three cases are presented in Figure 8.7. A smaller y is
obtained with larger A6. This is because the Read — Shockley type relation, the nonlinear relation
of GB energy and A8, shown in Figure 3.8(a), leads to smaller E¢B-horiz_to-FGB.diag patio with
larger A6, and consequently the grain boundary topology is in equilibrium with larger y as Herring
established[109] and reflected in Eq. (8.4). Figure 8.8 shows numerical and analytical y and x

against A@ and the numerical results agree with the analytical solutions with errors less than 4%.

The effectiveness of the proposed phase field approach is shown in Figure 8.9. As shown
in Figure 8.9(d)-(f), the simulation without the phase field does not maintain the sharp transition

of the lattice orientation, therefore cannot capture the grain boundary structure.
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Figure 8.6. Numerical results of progressive grain migration at times of (a) 0, (b) 1.0, (c) 2.0, (d)
3.0, and (e) 4.0 ps: 6 (top), |[HVO| (middle), and  (bottom).
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Figure 8.7. Predicted steady states of (a) A8 = 12°, (b) A8 = 15°, and (c) AG = 24°: 0 (top),
|HV6| (middle), and n (bottom).

50 14 :
" Analytical | |
45 O Numerical
12+
=47 s
~ = 11
= 35 1=
10
30 b Analytical | | ol
O Numerical
25 : : : 8 : :
10 15 20 25 30 10 15 20 25 30
A6 (%) Af(°)
(a) (b)

Figure 8.8. Comparison of numerical and analytical solutions: (a) y vs A8 and (b) x vs A6
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Figure 8.9. Comparison of simulations with and without the phase field for the case of A8 = 24°.
6 and |HV@| are shown on top and bottom of each subfigure, respectively. Results of the
simulation with phase field are given at times of (a) 0, (b) 0.25, (c) 0.5 us. Results of the

simulation without phase field are given at times of (d) O, (e) 0.25, (f) 0.5 ps.

Next, we solve the same problem using NN-RKPM proposed in Chapter 7. For simplicity,

in solving the problem, the displacement field is ignored to focus on investigating the capability
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of NN-RK in capturing the sharp solution transition. For the RK approximation, the domain is
discretized with the nodal spacing of 0.5 um compared to 0.4 um which is used for the pure RKPM
case presented in this case. The linear RK basis is additionally used along with the cubic B-spline
kernel with normalized support size of 2.0. For the NN approximation, we consider two models
M1 and M2 of which the details are listed in Table 8.1. Note that more NN kernels are used for
M2 than for M1, which leads to more unknowns. For both models, the weights and biases
associated with the parametrization network are shared by the lattice orientation and phase field
NN approximations. However, the other unknown parameters are independently calculated for
both approximations. The sizes of the Gauss quadrature cells are 0.125 ym and 0.083um for M1
and M2, respectively, and 2x2 Gauss points are used per cell. Additionally, 1 — n is approximated
only by the NN approximation as it has nonzero value only at the narrow band of the grain

boundary, and 6 is approximated by the combination of RK and NN approximations.

Table 8.1. NN approximation details for the triple junction problem

Parametrization network

#NN Total
# Layers # Neurons kernels per Order of number of # Gauss
Model # Blocks per layer layer basis unknowns points
M1 4 1 22 9 1 920 25600
M2 4 1 22 16 1 1152 47488

The steady state solutions for the case of A68=24°is plotted in Figure 8.10. The NN-RKPM
models M1 (Figure 8.10(b)) and M2 (Figure 8.10(c)) present far sharper solution transitions at the
grain boundaries and significantly thinner diffuse grain boundary widths than the pure RKPM

solution. The high-gradient representation of the diffuse grain boundary is encouraging in that it
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enables the model to more accurately captures complicated grain boundary morphology. Figure
8.11 shows how NN and RK approximations influences the orientation field. While the RK
approximation captures the overall smooth solution transition, the NN approximation enriches the

solution field so that the sharp orientation transition at the grain boundaries is accurately captured.
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Figure 8.10. Steady state solutions predicted by various models: (a) pure RKPM, (b) NN-RKPM
M1, (c) NN-RKPM M2. 6 (top), |HVO| (middle), and n (bottom).
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Figure 8.11. RK and NN approximations from M1 and M2

8.3. Band substructure formation in an FCC single crystal

A two-dimensional plane strain problem of uniaxial hot compression of an FCC single
crystal aluminum is considered. The rotational recrystallization-induced grain refinement is
facilitated when temperature T > 0.4T,,, where T, is the melting point[25]. In this numerical
example, T = 0.7T,, is used as considered in Gourdet and Montheillet[33] for uniaxial hot

compression experiments of single crystal aluminums. Also, it has been reported that the
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nonstandard {110}<110> ! slip systems dominate instead of the standard close-packed
{111}<110> systems in the temperature range T > 0.6T,,[110]. Figure 8.12(a) describes the
considered single crystal cube in the global coordinate. The crystallographic directions [100],
[010], and [001] in Miller indices align with x;, x,, and x5 directions, respectively. The
compression axis is x,. The slip system with n = (—=1/v2,1/v2,0) and s = (1/v/2,1/v2,0) is
the activated system and the problem is reduced to the plane strain problem on x; — x, plane with
L =1 mm described in Figure 8.12(b). A set of periodic boundary conditions is introduced due to
the fact that the problem domain is significantly smaller than the actual experiment specimen
(18 x 12 x 11.5 mm®)[33]. The compression of specimen is applied with the following Dirichlet

boundary conditions: on the bottom edge,

1
—f wy dT = 0, (8.6)
L FB

and on the top edge,

1 .
= f u, dT = —ét, (8.7)
L)

! Herein, the Miller indices are used to describe planes and directions[112]. [hk!] denotes a direction ha,; +
ka, + la; where a;’s are lattice basis vectors. (hkl) denotes a plane perpendicular to a direction hb; + kb, + [b;
where b;’s are the reciprocal lattice vectors of a;’s. For cubic crystals, the set of a;’s and the set of b;’s are identical.
<hklI> and {hkl} refer to the set of directions of the same type and the set of planes of the same type due to the
symmetry of the crystalline structures, respectively.

138



where T'? and I'T denote the bottom and top boundaries and the loading rate € = 0.1L s~ is used.

A penalty method is used to apply the boundary conditions with the penalty constant of 100u.

" S In=(-1/v2-1/¥2)
\/ s=(1V21/V2)
> X
Activated slip system - »
n=(-1/v2,1/v2,0) L
s= (1/\/5,1/\@,0)
(a) (b)

Figure 8.12. Three dimensional and plane strain description of the considered FCC single crystal

The constitutive equation (3.34) is implemented with K,, = 0.15r MPa, r = 0.73,and n =
3.6. The model constants are calibrated such that the relation between the plastic slip and the

resolved shear stress matches the constitutive behavior provided in Abrivard et al.[90]. The critical
resolved shear stress is given as R = 0.3rub./pssp With b = 0.286 nm. The statistically stored

dislocation (SSD) density pggp is randomly distributed with the normal distribution V(2 x
101 m~2,0.5 x 10 m~2) to initiate inhomogeneous deformation. The shear modulus of 20.6
GPa at T = 0.7T,, [33] and Poisson’s ratio of 0.35 are used. The Cosserat and phase field
parameters f, = 30 MPa, £z = 0.1 mm, g, = 107%f, and ¢, = 0.0875 mm are chosen such that

the phase field has a sufficiently large value at low angle grain boundaries and it maintains the
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diffuse grain boundary width of approximately 0.1L. For numerical simulations, the domain is

uniformly discretized by 441 RK particles.

The numerical results are shown in Figure 8.13. The figures clearly show banded sub-grain
structure and the orientation of the bands is approximately 135° with respect to the horizontal axis
which is perpendicular to the slip direction s. This implies that the localized lattice curvature (i.e.
lattice reorientation) is formed by kink bands. Here kink band denotes a localized plastic
deformation zone with an orientation perpendicular the slip direction[53] and the formation of kink
bands is an important source of sub-grain formation[72]. The non-symmetric activation of slip
system leads to inhomogeneous displacement and deformation as shown in Figure 8.13. The
experimental observations are shown in Figure 8.14. The crystallographic orientation of the initial
single crystal (Figure 8.14(a)) is consistent with Figure 8.12(a)[33]. Figure 8.14(b) and (c) are
snapshots on the surfaces (001) and (100), respectively[111], that contain the slip traces, which
implies the slip system depicted in Figure 8.12(a) was activated. Also, there is banded
microstructure shown on surface (001) (Figure 8.14(a)) perpendicular to the slip direction, which
qualitatively validates the numerical results. Although in-depth quantitative comparisons are not
available due to the limited information about the material properties used in the experiment, the
numerical simulation successfully captures the microstructural evolution including the formation

of kink bands and the banded sub-grains.
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Figure 8.13. Numerical results: from top to bottom, 8", |[V8"|, and n" at times of (a) 0.26 ms and
(b) 1 ms
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Figure 8.14. Experimental observation[33, 111]: (a) a cube cut out from the central part of the
specimen, (b) slip traces on surface (001), and (c) slip traces on surface (100)
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Chapter 9

Conclusions

9.1. Summary of this research

A duality-based Cosserat crystal plasticity formulation coupled with a phase field was
proposed for modeling deformation-induced grain refinement. The independent lattice orientation
field was introduced based on duality theory as a stability and accuracy enhancement of the
classical penalty-based approach. In the proposed method, the kinematic constraints on the
displacement-based and lattice orientation-based lattice curvatures were imposed with the energy
conjugate couple stress derived in the dualization. To avoid spurious lattice rotation, least squares
stabilization was introduced. A stability analysis was performed to derive the suitable range for
the stabilization parameter to maintain the coercivity of the duality-based formulation. A
projection-based stabilization was additionally employed for the duality-based formulation based
on the weak inf-sup condition. The high order continuity requirement of the solution space was
attained by the reproducing kernel approximation. The numerical results demonstrated that the
equal order approximations for displacement, rotation, and phase field are stable, which allows

efficient use of the same set of shape functions for all independent variables.

The proposed method yielded optimal convergence rates and superior solution accuracy
over the penalty-based method. Also, the solution sensitivity to the stabilization parameter was
shown to be much smaller than the sensitivity of the penalty method to the penalty parameter. The
projection-based stabilization effectively suppressed oscillations in solution including the lattice

curvature and couple stress divergence. The proposed method was successfully applied to
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modeling key mechanisms of rotational recrystallization: evolution of block dislocation structures
and rotation of grain boundaries. In the former example, the proposed method captured the lattice
curvature localization induced by the anisotropic deformation due to the formation of kink bands,
and the resulting banded sub-grains are formed perpendicular to the slip direction, which
qualitatively agree with the experimental observation. In the latter example, the proposed method
predicted the migration of grain boundaries with a triple junction, and the predicted steady state

angle between grain boundaries agreed well with the analytical value.

In the conventional crystal plasticity formulation coupled with phase field, modeling the
sharp transition in the phase field near the grain boundaries associated with the lattice orientation
often requires highly refined discretization for sufficient accuracy, which significantly increases
the computational cost. To this end, neural network-enhanced reproducing kernel particle method
(NN-RKPM) has been proposed, where the location and orientation of strain localizations were
automatically captured by the NN algorithms, and the distribution of solution transition was
constructed with the NN approximations via the minimization of total potential energy. The
standard RK approximation is then utilized to approximate the smooth part of the solution to permit
a much coarser discretization than the high-resolution discretization needed to capture sharp
solution transition with the conventional methods. The proposed NN-RKPM was first verified by
solving several damage evolution problems. The proposed computational framework was then
applied to modeling grain refinement mechanisms, including the migration of grain boundaries at
a triple junction and sub-grain formation of a material with activated slip systems, for validating

the effectiveness of the proposed methods.
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9.2. Recommendations for Future Work

The recommendations for future work are summarized as follows.

Development of advanced nodal integration technique suitable for the duality-based
Cosserat crystal plasticity — phase field formulation for additional computational efficiency.
When high dimensional problems are of interest, employment of an efficient integration
technique is essential. Since the proposed mixed formulation involves second derivative of
the lattice orientation, a reduced integration such as a nodal integration scheme should be
carefully designed to satisfy the variational consistency for optimal convergence.
Extension of the proposed formulation to the large deformation framework. High-rate
manufacturing processes produce extreme deformation that entails severe shear
localizations where intense grain refinement occurs. To this end, the geometric nonlinearity
should be considered.

Dynamic formulation and development of shock algorithm for Cosserat — phase field
theory. High-rate manufacturing processes often involve high velocity impact and this
entails strong dynamic effects. Particularly, strong shock is often produced and numerical
investigation into the effects of the shock on the microstructural evolution, such as grain
refinement and phase change, would be beneficial. Also, numerical investigation into the
effects of the generation and annihilation of dislocations under the adiabatic condition on
the grain refinement would also be beneficial.

Development of multiscale formulation. As the scale of the actual manufacturing product

and the grain scale is several orders in difference, a robust multiscale method can be
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developed to establish the linkage between the processing parameters and the

microstructural evolution.

Acknowledgments

A portion of this chapter has been accepted for publication in Baek, J., Chen, J. S., Tupek,
M., Beckwith, F., & Fang, H. E. “A Duality-based Coupling of Cosserat Crystal Plasticity and
Phase Field Theories for Modeling Grain Refinement”, International Journal for Numerical

Methods in Engineering. The dissertation author was the primary investigator of this material.

A portion of this chapter is currently being prepared for submission for publication in Baek,
J., Chen, J. S., & Susuki, K. “Neural Network-enhanced Reproducing Kernel Particle Method for

Modeling Localizations”. The dissertation author was the primary investigator of this material.

A portion of this chapter is currently being prepared for submission for publication in Baek,
J., & Chen, J. S. “Neural Network-enhanced Reproducing Kernel Particle Method for Modeling

Grain Refinement”. The dissertation author was the primary investigator of this material.

146



BIBLIOGRAPHY

1. Carpenter SH, Wittman RH (1975) Explosion Welding. Annu Rev Mater Sci 5:177-199.
https://doi.org/10.1146/annurev.ms.05.080175.001141

2. Cowan GR, Holtzman AH (1963) Flow configurations in colliding plates: Explosive
bonding. J Appl Phys 34:928-939. https://doi.org/10.1063/1.1729565

3. Cowan GR, Bergmann OR, Holtzman AH (1971) Mechanism of bond zone wave formation
in explosion-clad metals. Metall Mater Trans B 2:3145-3155.
https://doi.org/10.1007/BF02814967

4. Bahrani AS, Crossland B (1964) Explosive welding and cladding: an introductory survey
and preliminary results. Proc Inst Mech Eng 179:264-305.
https://doi.org/10.1243/PIME_PROC_1964 179 023 02

5. Bahrani AS, Black TJ, Crossland B (1967) The Mechanics of Wave Formation in Explosive
Welding. Proc R Soc A Math Phys Eng Sci  296:123-136.
https://doi.org/10.1098/rspa.1967.0010

6. Manikandan P, Hokamoto K, Deribas AA, et al (2006) Explosive Welding of
Titanium/Stainless Steel by Controlling Energetic Conditions. Mater Trans 47:2049-2055.
https://doi.org/10.2320/matertrans.47.2049

7. Vivek A, Liu BC, Hansen SR, Daehn GS (2014) Accessing collision welding process
window for titanium/copper welds with vaporizing foil actuators and grooved targets. J
Mater Process Technol 214:1583-1589. https://doi.org/10.1016/j.jmatprotec.2014.03.007

8. Arnett K (2019) Explosive Welding of Aluminum Plates: Experiments, Evaluation, and
Modeling. University of California, San Diego

9. Grignon F, Benson D, Vecchio KS, Meyers MA (2004) Explosive welding of aluminum to
aluminum: Analysis, computations and experiments. Int J Impact Eng 30:1333-1351.

147



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

https://doi.org/10.1016/j.ijimpeng.2003.09.049

Nassiri A, Chini G, Vivek A, et al (2015) Arbitrary Lagrangian-Eulerian finite element
simulation and experimental investigation of wavy interfacial morphology during high
velocity impact welding. Mater Des 88:345-358.
https://doi.org/10.1016/j.matdes.2015.09.005

Baek J, Chen J-S, Zhou G, et al (2021) A semi-Lagrangian reproducing kernel particle
method with particle-based shock algorithm for explosive welding simulation. Comput
Mech 67:1601-1627. https://doi.org/10.1007/s00466-021-02008-2

Li XJ, Mo F, Wang XH, et al (2012) Numerical study on mechanism of explosive welding.
Sci Technol Weld Join 17:36-41. https://doi.org/10.1179/1362171811Y.0000000071

Nassiri A, Vivek A, Abke T, et al (2017) Depiction of interfacial morphology in impact
welded Ti/Cu bimetallic systems using smoothed particle hydrodynamics. Appl Phys Lett
110:. https://doi.org/10.1063/1.4984742

Liu MB, Zhang ZL, Feng DL (2017) A density-adaptive SPH method with kernel gradient
correction for modeling explosive welding. Comput Mech 60:513-529.
https://doi.org/10.1007/s00466-017-1420-5

Bataev IA, Tanaka S, Zhou Q, et al (2019) Towards better understanding of explosive
welding by combination of numerical simulation and experimental study. Mater Des 169..
https://doi.org/10.1016/j.matdes.2019.107649

Chen JS, Wu Y (2007) Stability in Lagrangian and Semi-Lagrangian reproducing kernel
discretizations using nodal integration in nonlinear solid mechanics. In: Leitdo VMA, Alves
CJS, Armando Duarte C (eds) Advances in Meshfree Techniques. Computational Methods
in Applied Sciences, vol 5. Springer, Dordrecht, pp 55-76

Guan PC, Chen JS, Wu Y, et al (2009) Semi-Lagrangian reproducing kernel formulation
and application to modeling earth moving operations. Mech Mater 41:670-683.
https://doi.org/10.1016/j.mechmat.2009.01.030

Guan PC, Chi SW, Chen JS, et al (2011) Semi-Lagrangian reproducing kernel particle
method for fragment-impact problems. Int J Impact Eng 38:1033-1047.
https://doi.org/10.1016/j.ijimpeng.2011.08.001

Acarer M, Gileng B, Findik F (2003) Investigation of explosive welding parameters and
their effects on microhardness and shear strength. Mater Des 24:659-664.
https://doi.org/10.1016/S0261-3069(03)00066-9

148



20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

Kim K, Watanabe M, Kawakita J, Kuroda S (2008) Grain refinement in a single titanium
powder particle impacted at high velocity. Scr Mater 59:768-771.
https://doi.org/https://doi.org/10.1016/j.scriptamat.2008.06.020

Rokni MR, Nutt SR, Widener CA, et al (2017) Review of Relationship Between Particle
Deformation, Coating Microstructure, and Properties in High-Pressure Cold Spray. J Therm
Spray Technol 26:1308-1355. https://doi.org/10.1007/s11666-017-0575-0

Chu Q, Zhang M, Li J, Yan C (2017) Experimental and numerical investigation of
microstructure and mechanical behavior of titanium/steel interfaces prepared by explosive
welding. Mater Sci Eng A 689:323-331. https://doi.org/10.1016/j.msea.2017.02.075

Walker M (2018) Microstructure and bonding mechanisms in cold spray coatings. Mater
Sci Technol (United Kingdom) 34:2057-2077.
https://doi.org/10.1080/02670836.2018.1475444

Liu BC, Palazotto AN, Nassiri A, et al (2019) Experimental and numerical investigation of
interfacial microstructure in fully age-hardened 15-5 PH stainless steel during impact
welding. J Mater Sci 54:9824-9842. https://doi.org/10.1007/s10853-019-03546-0

Meyers MA, Nesterenko VF, LaSalvia JC, Xue Q (2001) Shear localization in dynamic
deformation of materials: microstructural evolution and self-organization. Mater Sci Eng A
317:204-225. https://doi.org/https://doi.org/10.1016/S0921-5093(01)01160-1

Meyers MA, Xu YB, Xue Q, et al (2003) Microstructural evolution in adiabatic shear
localization in stainless steel. Acta Mater 51:1307-1325. https://doi.org/10.1016/S1359-
6454(02)00526-8

Zou Y, Qin W, lIrissou E, et al (2009) Dynamic recrystallization in the particle/particle
interfacial region of cold-sprayed nickel coating: Electron backscatter diffraction
characterization. Scr Mater 61:899-902.
https://doi.org/https://doi.org/10.1016/j.scriptamat.2009.07.020

Lee C, Kim J (2015) Microstructure of Kinetic Spray Coatings: A Review. J Therm Spray
Technol 24:592-610. https://doi.org/10.1007/s11666-015-0223-5

Li Z, Wang B, Zhao S, et al (2017) Dynamic deformation and failure of ultra fine-grained
titanium. Acta Mater 125:210-218. https://doi.org/10.1016/j.actamat.2016.11.041

Lins JFC, Sandim HRZ, Kestenbach HJ, et al (2007) A microstructural investigation of
adiabatic shear bands in an interstitial free steel. Mater Sci Eng A 457:205-218.
https://doi.org/10.1016/j.msea.2006.12.019

149



31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

Gao H, Huang Y (2003) Geometrically necessary dislocation and size-dependent plasticity.
Scr Mater 48:113-118. https://doi.org/https://doi.org/10.1016/S1359-6462(02)00329-9

Huang K, Logé RE (2016) A review of dynamic recrystallization phenomena in metallic
materials. Mater Des 111:548-574.
https://doi.org/https://doi.org/10.1016/j.matdes.2016.09.012

Gourdet S, Montheillet F (2000) An experimental study of the recrystallization mechanism
during hot deformation of aluminium. Mater Sci Eng A 283:274-288.
https://doi.org/https://doi.org/10.1016/S0921-5093(00)00733-4

Yanushkevich Z, Belyakov A, Kaibyshev R (2015) Microstructural evolution of a 304-type
austenitic stainless steel during rolling at temperatures of 773-1273K. Acta Mater 82:244—
254. https://doi.org/https://doi.org/10.1016/j.actamat.2014.09.023

Kelchner CL, Plimpton SJ, Hamilton JC (1998) Dislocation nucleation and defect structure
during surface indentation. Phys Rev B 58:11085-11088.
https://doi.org/10.1103/PhysRevB.58.11085

Yamakov V, Wolf D, Phillpot SR, Gleiter H (2002) Deformation twinning in
nanocrystalline Al by molecular-dynamics simulation. Acta Mater 50:5005-5020.
https://doi.org/https://doi.org/10.1016/S1359-6454(02)00318-X

Li J, Van Vliet KJ, Zhu T, et al (2002) Atomistic mechanisms governing elastic limit and
incipient plasticity in crystals. Nature 418:307-310. https://doi.org/10.1038/nature00865

Zbib HM, Diaz de la Rubia T (2002) A multiscale model of plasticity. Int J Plast 18:1133—
1163. https://doi.org/https://doi.org/10.1016/S0749-6419(01)00044-4

Bulatov V V, Hsiung LL, Tang M, et al (2006) Dislocation multi-junctions and strain
hardening. Nature 440:1174-1178. https://doi.org/10.1038/nature04658

McDowell DL (2008) Viscoplasticity of heterogeneous metallic materials. Mater Sci Eng
R Reports 62:67-123. https://doi.org/https://doi.org/10.1016/j.mser.2008.04.003

Gurtin ME (2000) On the plasticity of single crystals: free energy, microforces, plastic-
strain gradients. J Mech Phys Solids 48:989-1036.
https://doi.org/https://doi.org/10.1016/S0022-5096(99)00059-9

Cermelli P, Gurtin ME (2001) On the characterization of geometrically necessary
dislocations in  finite plasticity. J Mech Phys Solids 49:1539-1568.
https://doi.org/10.1016/S0022-5096(00)00084-3

150



43.

44,

45.

46.

47.

48.

49,

50.

51.

52.

53.

54,

Gurtin ME (2002) A gradient theory of single-crystal viscoplasticity that accounts for
geometrically  necessary  dislocations. J Mech Phys Solids 50:5-32.
https://doi.org/10.1016/S0022-5096(01)00104-1

Borg U (2007) Strain gradient crystal plasticity effects on flow localization. Int J Plast
23:1400-1416. https://doi.org/https://doi.org/10.1016/j.ijplas.2007.01.003

Yalcinkaya T, Brekelmans WAM, Geers MGD (2011) Deformation patterning driven by
rate dependent non-convex strain gradient plasticity. J Mech Phys Solids 59:1-17.
https://doi.org/https://doi.org/10.1016/j.jmps.2010.10.002

Forest S (1997) A cosserat theory for elastoviscoplastic single crystals at finite
deformation.pdf. Arch Mech 49:705-736

Nye JF (1953) Some geometrical relations in dislocated crystals. Acta Metall 1:153-162.
https://doi.org/https://doi.org/10.1016/0001-6160(53)90054-6

Kroner E (1963) On the physical reality of torque stresses in continuum mechanics. Int J
Eng Sci 1:261-278. https://doi.org/https://doi.org/10.1016/0020-7225(63)90037-5

Forest S, Barbe F, Cailletaud G (2000) Cosserat modelling of size effects in the mechanical
behaviour of polycrystals and multi-phase materials. Int J Solids Struct 37:7105-7126.
https://doi.org/https://doi.org/10.1016/S0020-7683(99)00330-3

Mayeur JR, McDowell DL (2011) Bending of single crystal thin films modeled with
micropolar crystal plasticity. Int J Eng Sci 49:1357-1366.
https://doi.org/https://doi.org/10.1016/j.ijengsci.2011.05.018

Mayeur JR, McDowell DL (2014) A comparison of Gurtin type and micropolar theories of
generalized single crystal plasticity. Int J Plast 57:29-51.
https://doi.org/10.1016/j.ijplas.2014.01.010

Klusemann B, Yalginkaya T (2013) Plastic deformation induced microstructure evolution
through gradient enhanced crystal plasticity based on a non-convex Helmholtz energy. Int
J Plast 48:168-188. https://doi.org/https://doi.org/10.1016/j.ijplas.2013.02.012

Forest S (1998) Modeling slip, kink and shear banding in classical and generalized single
crystal plasticity. Acta Mater 46:3265-3281. https://doi.org/https://doi.org/10.1016/S1359-
6454(98)00012-3

Hallberg H (2011) Approaches to Modeling of Recrystallization. Metals (Basel) 1:16-48.
https://doi.org/10.3390/met1010016

151



55.

56.

S7.

58.

59.

60.

61.

62.

63.

64.

65.

66.

Eiken J, Bottger B, Steinbach | (2006) Multiphase-field approach for multicomponent alloys
with extrapolation scheme for numerical application. Phys Rev E - Stat Nonlinear, Soft
Matter Phys 73:1-9. https://doi.org/10.1103/PhysReVE.73.066122

Takaki T, Hirouchi T, Hisakuni Y, et al (2008) Multi-phase-field model to simulate
microstructure evolutions during dynamic recrystallization. Mater Trans 49:2559-2565.
https://doi.org/10.2320/matertrans.MB200805

Kobayashi R, Giga Y (1999) Equations with singular diffusivity. J Stat Phys 95:1187-1220.
https://doi.org/10.1023/a:1004570921372

Kobayashi R, Warren JA, Carter WC (2000) A continuum model of grain boundaries. Phys
D Nonlinear Phenom 140:141-150. https://doi.org/10.1016/S0167-2789(00)00023-3

Zhang X, Chen J-S, Osher S (2008) A multiple level set method for modeling grain
boundary evolution of polycrystalline materials. Interact multiscale Mech 1:178-191

Logé R, Bernacki M, Resk H, et al (2008) Linking plastic deformation to recrystallization
in  metals using digital  microstructures.  Philos Mag  88:3691-3712.
https://doi.org/10.1080/14786430802502575

Hallberg H (2013) A modified level set approach to 2D modeling of dynamic
recrystallization. Model Simul Mater Sci Eng 21:85012. https://doi.org/10.1088/0965-
0393/21/8/085012

Blesgen T (2017) A variational model for dynamic recrystallization based on Cosserat
plasticity. Compos Part B Eng 115:236-243.
https://doi.org/https://doi.org/10.1016/j.compositesb.2016.10.005

Hesselbarth HW, Gobel IR (1991) Simulation of recrystallization by cellular automata. Acta
Metall Mater 39:2135-2143. https://doi.org/https://doi.org/10.1016/0956-7151(91)90183-2

Raabe D, Becker RC (2000) Coupling of a crystal plasticity finite-element model with a
probabilistic cellular automaton for simulating primary static recrystallization in aluminium.
Model Simul Mater Sci Eng 8:445-462. https://doi.org/10.1088/0965-0393/8/4/304

Popova E, Staraselski Y, Brahme A, et al (2015) Coupled crystal plasticity — Probabilistic
cellular automata approach to model dynamic recrystallization in magnesium alloys. Int J
Plast 66:85-102. https://doi.org/https://doi.org/10.1016/j.ijplas.2014.04.008

Chen JS, Kotta V, Lu H, et al (2004) A variational formulation and a double-grid method
for meso-scale modeling of stressed grain growth in polycrystalline materials. Comput
Methods Appl Mech Eng 193:1277-1303.

152



67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

https://doi.org/https://doi.org/10.1016/j.cma.2003.12.020

Chen J-S, Mehraeen S (2004) Variationally consistent multi-scale modeling and
homogenization of stressed grain growth. Comput Methods Appl Mech Eng 193:1825-
1848. https://doi.org/https://doi.org/10.1016/j.cma.2003.12.038

Ask A, Forest S, Appolaire B, et al (2018) A Cosserat crystal plasticity and phase field
theory for grain boundary migration. J Mech Phys Solids 115:167-194.
https://doi.org/10.1016/j.jmps.2018.03.006

Ask A, Forest S, Appolaire B, Ammar K (2019) A Cosserat—phase-field theory of crystal
plasticity and grain boundary migration at finite deformation. Contin Mech Thermodyn
31:1109-1141. https://doi.org/10.1007/s00161-018-0727-6

Admal NC, Po G, Marian J (2018) A unified framework for polycrystal plasticity with grain
boundary evolution. Int J Plast 106:1-30. https://doi.org/10.1016/j.ijplas.2018.01.014

Mikula J, Joshi SP, Tay T-E, et al (2019) A phase field model of grain boundary migration
and grain rotation under elasto—plastic anisotropies. Int J Solids Struct 178-179:1-18.
https://doi.org/https://doi.org/10.1016/j.ijsolstr.2019.06.014

Ask A, Forest S, Appolaire B, Ammar K (2020) Microstructure evolution in deformed
polycrystals predicted by a diffuse interface Cosserat approach. Adv Model Simul Eng Sci
7:9. https://doi.org/10.1186/s40323-020-00146-5

Borst R de (2001) Some recent issues in computational failure mechanics. Int J Numer
Methods Eng 52:63-95. https://doi.org/https://doi.org/10.1002/nme.272

P. BZ, Milan J (2002) Nonlocal Integral Formulations of Plasticity and Damage: Survey of
Progress. J Eng Mech 128:1119-1149. https://doi.org/10.1061/(ASCE)0733-
9399(2002)128:11(1119)

Mindlin RD (1965) Second gradient of strain and surface-tension in linear elasticity. Int J
Solids Struct 1:417-438. https://doi.org/https://doi.org/10.1016/0020-7683(65)90006-5

Aifantis EC (1984) On the Microstructural Origin of Certain Inelastic Models. J Eng Mater
Technol 106:326-330. https://doi.org/10.1115/1.3225725

De Borst R, Muhlhaus H-B (1992) Gradient-dependent plasticity: Formulation and
algorithmic aspects. Int J Numer Methods Eng 35:521-539.
https://doi.org/https://doi.org/10.1002/nme.1620350307

Chen J-S, Zhang X, Belytschko T (2004) An implicit gradient model by a reproducing

153



79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

kernel strain regularization in strain localization problems. Comput Methods Appl Mech
Eng 193:2827-2844. https://doi.org/https://doi.org/10.1016/j.cma.2003.12.057

Reedlunn B, Moutsanidis G, Baek J, et al (2020) Initial Simulations of Empty Room
Collapse and Reconsolidation at the Waste Isolation Pilot Plant. In: 54th US Rock
Mechanics/Geomechanics Symposium. American Rock Mechanics Association

Ambrosio L, Tortorelli VM (1990) Approximation of functional depending on jumps by
elliptic functional via t-convergence. Commun Pure Appl Math 43:999-1036.
https://doi.org/https://doi.org/10.1002/cpa.3160430805

Steinbach | (2009) Phase-field models in materials science. Model Simul Mater Sci Eng
17:73001. https://doi.org/10.1088/0965-0393/17/7/073001

He X, He Q, Chen J-S (2021) Deep autoencoders for physics-constrained data-driven
nonlinear materials modeling. Comput Methods Appl Mech Eng 385:114034.
https://doi.org/https://doi.org/10.1016/j.cma.2021.114034

He Q, Chen J-S (2020) A physics-constrained data-driven approach based on locally convex
reconstruction for noisy database. Comput Methods Appl Mech Eng 363:112791.
https://doi.org/https://doi.org/10.1016/j.cma.2019.112791

Lee K, Carlberg KT (2020) Model reduction of dynamical systems on nonlinear manifolds
using deep convolutional autoencoders. J Comput Phys  404:108973.
https://doi.org/https://doi.org/10.1016/j.jcp.2019.108973

Raissi M, Perdikaris P, Karniadakis GE (2019) Physics-informed neural networks: A deep
learning framework for solving forward and inverse problems involving nonlinear partial
differential equations. J Comput Phys 378:686-707.
https://doi.org/10.1016/j.jcp.2018.10.045

Haghighat E, Juanes R (2021) SciANN: A Keras/TensorFlow wrapper for scientific
computations and physics-informed deep learning using artificial neural networks. Comput
Methods Appl Mech Eng 373:113552. https://doi.org/10.1016/j.cma.2020.113552

Samaniego E, Anitescu C, Goswami S, et al (2020) An energy approach to the solution of
partial differential equations in computational mechanics via machine learning: Concepts,
implementation and applications. Comput Methods Appl Mech Eng 362:112790.
https://doi.org/10.1016/j.cma.2019.112790

Zhang L, Cheng L, Li H, et al (2021) Hierarchical deep-learning neural networks: finite
elements and beyond. Comput Mech 67:207-230. https://doi.org/10.1007/s00466-020-
01928-9

154



89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

Lee K, Trask NA, Patel RG, et al (2021) Partition of unity networks: deep hp-approximation

Abrivard G, Busso EP, Forest S, Appolaire B (2012) Phase field modelling of grain
boundary motion driven by curvature and stored energy gradients. Part I: theory and
numerical implementation. Philos Mag 92:3618-3642.
https://doi.org/10.1080/14786435.2012.713135

Geelen RIJM, Liu Y, Hu T, et al (2019) A phase-field formulation for dynamic cohesive
fracture. Comput Methods Appl Mech Eng 348:680-711.
https://doi.org/https://doi.org/10.1016/j.cma.2019.01.026

Cailletaud G (1992) A micromechanical approach to inelastic behaviour of metals. Int J
Plast 8:55-73. https://doi.org/https://doi.org/10.1016/0749-6419(92)90038-E

Ask A, Forest S, Appolaire B, Ammar K (2018) Cosserat crystal plasticity with dislocation-
driven grain boundary migration. J Micromechanics Mol Phys 03:18400009.
https://doi.org/10.1142/S242491301840009X

Lobkovsky AE, Warren JA (2001) Sharp interface limit of a phase-field model of crystal
grains. Phys Rev E 63:51605. https://doi.org/10.1103/PhysRevE.63.051605

Lobkovsky AE, Warren JA (2001) Phase-field model of crystal grains. J Cryst Growth
225:282-288. https://doi.org/https://doi.org/10.1016/S0022-0248(01)00867-3

Wolf D (1990) Structure-energy correlation for grain boundaries in F.C.C. metals—III.
Symmetrical tilt boundaries. Acta Metall Mater 38:781-790.
https://doi.org/https://doi.org/10.1016/0956-7151(90)90030-K

Tschopp MA, Coleman SP, McDowell DL (2015) Symmetric and asymmetric tilt grain
boundary structure and energy in Cu and Al (and transferability to other fcc metals). Integr
Mater Manuf Innov 4:176-189. https://doi.org/10.1186/s40192-015-0040-1

Liu WK, Jun S, Zhang YF (1995) Reproducing kernel particle methods. Int J Numer
methods fluids 20:1081-1106. https://doi.org/10.1002/fld.1650200824

Chen JS, Pan C, Wu C-T, Liu WK (1996) Reproducing Kernel Particle Methods for large
deformation analysis of non-linear structures. Comput Methods Appl Mech Engrg 139:195—
227. https://doi.org/10.1016/S0045-7825(96)01083-3

Bochev PB, Dohrmann CR, Gunzburger MD (2006) Stabilization of Low-order Mixed
Finite Elements for the Stokes Equations. SIAM J Numer Anal 44:82-101.
https://doi.org/10.1137/S0036142905444482

155



101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

Miehe C, Welschinger F, Hofacker M (2010) Thermodynamically consistent phase-field
models of fracture: Variational principles and multi-field FE implementations. Int J Numer
Methods Eng 83:1273-1311. https://doi.org/https://doi.org/10.1002/nme.2861

Borden MJ, Verhoosel C V, Scott MA, et al (2012) A phase-field description of dynamic
brittle  fracture.  Comput  Methods Appl Mech Eng  217-220:77-95.
https://doi.org/https://doi.org/10.1016/j.cma.2012.01.008

Abrivard G, Busso EP, Forest S, Appolaire B (2012) Phase field modelling of grain
boundary motion driven by curvature and stored energy gradients. Part I1: Application to
recrystallisation. Philos Mag 92:3643-3664.
https://doi.org/10.1080/14786435.2012.717726

Chen JS, Wu CT, Yoon S (2001) A stabilized conforming nodal integration for Galerkin
mesh-free methods. Int J Numer Meth Eng 0207:435-466. https://doi.org/10.1002/1097-
0207(20010120)50

Chen JS, Yoon S, Wu CT (2002) Non-linear version of stabilized conforming nodal
integration for Galerkin mesh-free methods. Int J Numer Methods Eng 53:2587-2615.
https://doi.org/10.1002/nme.338

Chen JS, Hillman M, Riter M (2013) An arbitrary order variationally consistent integration
for Galerkin meshfree methods. Int J Numer Methods Eng 95:387-418.
https://doi.org/10.1002/nme.4512

Kingma DP, Ba J (2015) Adam: A Method for Stochastic Optimization. BT - 3rd
International Conference on Learning Representations, ICLR 2015, San Diego, CA, USA,
May 7-9, 2015, Conference Track Proceedings

Miehe C, Hofacker M, Welschinger F (2010) A phase field model for rate-independent
crack propagation: Robust algorithmic implementation based on operator splits. Comput
Methods Appl Mech Eng 199:2765-2778.
https://doi.org/https://doi.org/10.1016/j.cma.2010.04.011

Herring C (1951) Some Theorems on the Free Energies of Crystal Surfaces. Phys Rev
82:87-93. https://doi.org/10.1103/PhysRev.82.87

Le Hazif R, Dorizzi Et P, Poirier JP (1973) Glissement {110} <110, dans les metaux de
structure cubique a faces centrees. Acta Metall 21:903-911.
https://doi.org/https://doi.org/10.1016/0001-6160(73)90148-X

Gourdet S (1997) Etude des mécanismes de recristallisation au cours de la déformation a
chaud de I’aluminium. Ecole Nationale Supérieure des Mines de Saint-Etienne

156



112. Hull D, Bacon DJ (2011) Chapter 1 - Defects in Crystals. In: Hull D, Bacon DJBT-I to D
(Fifth E (eds) Introduction to Dislocations. 5th ed. Butterworth-Heinemann, Oxford, pp 1-
20

157





