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Predictive synthesis of aqueous organic solutions with desired liquid—solid phase
equilibria could drive progress in industrial chemistry, cryopreservation, and beyond,
but is limited by the predictive power of current solution thermodynamics models.
In particular, few analytical models enable accurate liquidus and eutectic prediction
based only on bulk thermodynamic properties of the pure components, requiring
instead either direct measurement or costly simulation of solution properties. In
this work, we demonstrate that a simple modification to the canonical ideal solution
theory accounting for the entropic effects of dissimilar molecule sizes can transform its
predictive power. Incorporating a Flory-style entropy of mixing term that includes both
the mole and volume fractions of each component, we derive size-dependent equations
for the ideal chemical potential and liquidus temperature, and use them to predict the
binary phase diagrams of water and 10 organic solutes of varying sizes. We show that
size-dependent prediction outperforms the ideal model in all cases, reducing average
error in the predicted liquidus temperature by 59% (to 5.6 K), eutectic temperature
by 45% (to 9.7 K), and eutectic composition by 43% (to 4.7 mol%), as compared to
experimental data. Furthermore, by retaining the ideal assumption that the enthalpy
of mixing is zero, we demonstrate that, for aqueous organic solutions, much of the
deviation from ideality that is typically attributed to molecular interactions may in fact
be explained by simple entropic size effects. These results suggest an underappreciated
dominance of mixing entropy in these solutions, and provide a simple approach to
predicting their phase equilibria.

thermodynamics | solution theory | phase diagrams | entropy | predictive synthesis

Understanding the phase equilibria of liquid solutions is essential to many aspects
of modern industry, from industrial chemistry to medicine and beyond. However,
determination of even simple liquid—solid phase diagrams often requires direct synthesis
and measurement of the solution of interest, due to the limited predictive power of
current solution thermodynamics models. For many systems, the predictive standard
for these phase diagrams remains the Ideal Solution Model, a simplified physical theory
dating back more than a century to Raoult and Gibbs. While this model represents certain
systems quite well (1), the liquid—solid equilibria of many aqueous organic solutions have
proven challenging to predict a priori (using only properties of the pure components),
slowing exploration of the chemical parameter space available to cryopreservation (2),
natural deep eutectic solvents (3), drug discovery (4, 5), and others. Building on several
foundational works from the last century, we address this canonical problem with a simple
modification to the ideal solution model, which both substantially improves predictive
power and grants renewed insight into the nature of liquid solution thermodynamics.

The classical ideal solution model relies on the core assumptions that all molecules
in a solution interact in the same manner and that all molecules contribute equally
to the entropy of mixing (implying that all molecules are treated as fungible for the
calculation of mixing parameters). In thermodynamic terms, the ideal model requires
that the enthalpy of mixing in solution AH,,, = 0, and that the entropy of mixing
ASui = —RY_ x;Inx;, where R is the universal gas constant and x; is the mole fraction
of each component of the solution. These assumptions generally hold well for dilute
solutions and can also prove tenable at higher concentrations in noncontact regimes
(as in an ideal gas) or when molecules are constrained to ordered local sites (as in a
crystal lattice) (6). However, in many other systems, and particularly in liquids, one or
both of these assumptions may fail, leading to significant divergences from predicted
behavior (7, 8).

Itis often presumed that experimental deviations from ideality arise from unaccounted
for interactions between molecules, which may yield a nonzero enthalpy of mixing, as
seen in the widely used regular solution model (9, 10), or otherwise affect the solution
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entropy (11, 12). Here, we demonstrate that for many aqueous
organic solutions, this deviation from ideal solution behavior is
not in fact dominated by the contribution of differing molecular
interactions, but instead by the contribution of differing molecule
sizes to the entropy of mixing.

This contribution was first recognized by Flory and Huggins
in seminal works on polymer thermodynamics, in which each
had the insight that configurational entropy in liquids must
depend on the size (and orientation) of the polymer chains present
(13, 14). Here, we adopt a simplified form of the Flory entropy
of mixing (13, 15), which accounts for molecule size alone, and is
therefore of more general interest for the study of nonpolymeric
molecular solutions:

ASmix = —R Zx,‘ ln (ﬁ,‘. [1]

This relation incorporates the effects of molecular size by way
of the volume fractions ¢; of the components 7 in solution, as
compared to the classic ideal equivalent, which relies only on the
mole fractions x;. The theoretical applicability of such an entropy
descriptor to nonpolymer solutions with molecules of differing
size was demonstrated by Hildebrand in 1948, but he and others
suggested then (16) and in subsequent works (8) that differences
from the ideal model were negligible in regimes of practical
interest. Indeed, for solutions of molecules with relatively similar
molar volumes (ratios of less than 2:1)—including many liquid
metals and model solvent solutions—deviation from the classic
ideal model is small.

However, organic solutions that include a small-molar volume
solvent (such as water, at 18 mL/mol in standard conditions)
and larger solute molecules (such as alcohols, sugars, acids,
biomolecules, methylated compounds, etc.) routinely see volume
differences much larger than this—with molar volume ratios
regularly exceeding 4:1. In this case, the entropic effect of
molecule size becomes increasingly critical to understanding
(and predicting) system behavior. This insight has recently been
studied in the context of nucleation kinetics in aqueous systems
(15) and has been applied to a limited extent in the study of
hydrocarbons (17, 18), but its application to condensed phase
equilibria in aqueous organic systems remains, to our knowledge,
unexplored.

Here, we seek to develop a simple but general size-dependent
theory of the thermodynamics of aqueous organic solutions.
We begin by rederiving essential aspects of the classical ideal
solution model (the chemical potential and the Gibbs—Helmbholtz
liquidus temperature relation), but now incorporating the size-
dependent entropy of mixing given in Eq. 1. Comparing to
experimental data from the literature for 10 aqueous binary
solutions, we then demonstrate that this simple modification
significantly improves the model’s power to predict binary phase
diagrams, including eutectic temperatures and compositions.
Critically, we accomplish this without compromising the key
value proposition of the ideal solution model: prediction based
solely on the properties of the pure components.

In addition to improving simple thermodynamic predictions,
this size-dependent model reveals that mixing entropy has a
stronger role in the thermodynamics of aqueous organic solutions
than widely appreciated, an insight which may have meaningful
implications in predictive synthesis and materials discovery. We
anticipate that this theory may prove particularly relevant to
the search for “natural deep eutectic solvents” (NADES) (3, 19)
and new solutions for cell, tissue, and organ cryopreservation
(2, 20), which often rely upon the large organic molecules
examined here. Throughout this work, we restrict our analysis
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to nonionic organic systems, for which description of molecule
sizes in solution is straightforward (i.e., excess solution volumes
are minimal).

The Size-Dependent Ideal Solution Model

We begin by incorporating Eq. 1 into the classic formulation of
the molar Gibbs free energy of an ideal solution, which includes
a mechanical mixture of the Gibbs free energies of the pure
components G; plus the entropy of mixing:

Guoln = »_ Gixi + RT Y _ x;In ;. [2]

Here, x; and ¢; are the mole fractions and volume fractions
of each component 7, where ¢p; = x;v;/ Y x;0;, v; is the molar
volume of component 7, and 7" is the absolute temperature of the
solution.

This equation can be differentiated with respect to x4, the
mole fraction of component 4, and combined with standard
thermodynamic relations to recover the chemical potential p4
(21) of component 4 in solution, shown here for a binary solution
of components A and B:

pHa = Ga+ RT [ln(dM) + ¢p — i—jdm], [3]

where Gy is the molar Gibbs free energy of component A in its
pure form. Hansen (18), Coutinho (17), Hildebrand (8), and
colleagues each arrived at similar forms of this chemical potential
in their study of hydrocarbons; our subsequent derivations (and
application to aqueous organic solutions) have, to our knowledge,
not been reported previously.

Given that for a binary system x4 +xp = 1 and ¢4+ ¢pp = 1,
and defining a component molar volume ratio Vz 4 = vp/vy4, it
can be shown that the chemical potential of component 4 is a
function only of ¢p4 and Vi 4:

pa = G4+ RT [m(qu) + (1= ¢a) (1 - L)} . [4]

Vi 4

This chemical potential is the practical foundation of the size-
dependent ideal solution theory. Notably, this equation relies
only on the assumption that the Gibbs free energies of the pure
components do not change in solution. Therefore, this result
is general for noninteracting solutions and is suited to serve
as the basis for an expanded size-dependent thermodynamic
framework.

From this equation, there are multiple approaches from which
to predict liquidus behavior. Given our desire for a predictive
model requiring only select properties of the pure components,
we choose to predict phase equilibria using a Gibbs—Helmholtz
analysis. We assume first that each component forms a pure
solid (and therefore has no mixing entropy in the solid phase).
This is a reliable assumption for water, which forms a nearly
pure crystal in the ice Ih phase (22, 23), and holds generally
for the crystalline forms of many large organic compounds
(24). Furthermore, the assumption is applied in both the classic
and size-dependent models and should therefore not confound
comparison. We also assume that the system exists under isobaric
conditions.

Following the standard Gibbs—Helmholtz derivation of
liquidus temperature (12), we equate the chemical potential of
component 4 in the solid phase, which is simply G4, with that
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in the liquid phase, which takes the form of Eq. 4. This relation
defines the equilibrium point and leads to

Gas = Gq;+ RT [ln(dm) + (1 — ¢a) (1 - L)} (5]

Vra

which can be rearranged to isolate the volume fraction:

Gas— Gai _ ApsGa
RT ~ RT

>

[6]

i)+ (-9 (171 =

Ve

where Ag;Gy is the Gibbs free energy of fusion, defined as
Gy — Ga;. Next, we differentiate the above with respect to
temperature, and introduce the enthalpy of fusion, AgHy of the
pure component using the Gibbs—Helmholtz equation, which is
valid under isobaric conditions:

: )} L

.8 [ln(dm) + (1 —¢a) <1 T Vs T2

dT

From here, we integrate from the limits of 77 4, the liquidus
temperature of the solution and solid component 4, to 75, 4, the
melting point of pure component A. Note that, for the left side
of the equation, the composition can be treated as a function
of temperature, with ¢p4(7jiy4) = ¢4 and ¢a(Tn4) = 1, and
an analogous relation can be produced for x4. We also assume
that the enthalpy of fusion does not vary significantly with
temperature, such that Ag H;(T) = AﬁﬂHlQ, the enthalpy of
fusion at the melting temperature, which holds well for relatively
small temperature differences (1, 17). This yields

1 1
In(—)-(01- 1— —
n(d’A) ( ¢A)( VR,A>
Ag HY
S Loy E—— 8]
R Tm,A T/z'q,A

Eq. 8 can finally be solved for the liquidus temperature as a
function of concentration:

1
T . =
lig,A ( Tm,A +

RlIn(1/¢4) — (1 — a)(1 — 1/Ve)]\ |
A Hy
]

This analysis may be repeated with respect to component B
to find the liquidus curve with respect to pure solid B. The
equivalent equation has inputs of 75, 3, AﬁﬂHg, and Vp p, which
are respectively the melting temperature of B, the enthalpy of
fusion of pure B, and the molar component volume ratio with
respect to component B. Notably, Vi p is simply equal to 1/ Vg 4
for a binary solution. As such, this analysis demonstrates the
behavior of a small molar solvent with a large solute as well as the
behavior of a large molar solvent with a small solute.

Eq. 9 shows that the only material data needed to predict
binary liquidus curves using the size-dependent ideal solution
model are the molar volume, enthalpy of fusion, and melting
temperature of the pure components, all of which can be readily
obtained from the literature for most materials. The model does
not depend on any experimental information from the solution
itself, and therefore retains the predictive utility of the classic
ideal solution model.
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Within this framework, for a fixed mole fraction x4 it can be
shown from Eq. 9 that any Vg4 # 1 will lower the liquidus
temperatures of both components relative to the ideal prediction
(which is recovered by setting Vg4 = 1 in Eq. 9). A proof of
this is given in SI Appendix, Note 2. We note that while this is
generally consistent with physical observation (and especially for
aqueous systems), Martin and Shipman have recently identified
select strongly interacting systems with eutectic temperatures
higher than ideal prediction (12). Additionally, portions of two
experimental liquidus curves in this work (sorbitol, maltitol; see
SI Appendix, Fig. S1) are higher than predicted by the ideal model,
even while their eutectic temperatures are depressed. As expected,
the classic formulation of Eq. 9 is recovered when Vg 4 = 1.

By calculating the liquidus temperature for each of the
constituent molecules across the entire concentration range (and
choosing Vz 4 accordingly to be with respect to each constituent
asa solute) and retaining only the higher, stable liquidus at a given
concentration, the equilibrium phase diagram for the solution can
be constructed.

Comparison of Model to Experimental Data

In order to validate the predictions of the proposed model and
facilitate comparison to the classic ideal model, we collected phase
equilibria datasets from the literature for 10 aqueous solutions
across a range of Vp4, from urea with Vz = 2.5 to sucrose
with Vz = 12.0. We restricted our analysis to aqueous organic
systems exhibiting simple eutectic behavior (i.e., including only
a eutectic point between two pure solids and the liquid), and for
which liquidus data on both sides of the eutectic were available.
No ionic solutes were used, as interpretation of dissociated
ion molar volumes is not straightforward, and ionic molecular
interactions can produce extreme excess volumes in solution. For
ethylene glycol and d-fructose, experimental metastable simple
eutectics were used. Maltitol and sorbitol had experimental
eutectic temperatures, but approximate eutectic compositions
were interpolated for these solutions.

Model inputs were limited to properties of the pure compo-
nents, namely their enthalpy of fusion values, molar volumes at
room temperature, and melting temperatures. All of these were
sourced from the NIST Chemistry Webbook unless otherwise
specified. Tabulated source data can be found in S Appendix,
Table S1 of this work. Phase diagrams of liquidus temperatures
vs. mole fraction were calculated using these parameters and
Eq. 9.

Fig. 1 shows three representative datasets used to evaluate
the ability of this model to predict liquidus behavior. Fig. 14
shows the water-glycerol phase diagram, which has a Vp4 =
4.1 and is a solution of interest in cryobiology. It can be seen
that the experimental eutectic is significantly depressed relative
to the classic model but is well predicted by the size-dependent
ideal model. The remaining discrepancy between prediction and
experiment likely stems from the idealized assumptions of the
present model, especially that of constant enthalpy of fusion,
which has been shown to become less robust at temperatures
distant from the pure phase melting points (such as near the
eutectic temperature) (12).

Fig. 1 B and C show the phase diagrams of water-urea and
water-sucrose, two solutions that have divergences from ideality
that have previously been attributed to molecular interactions
(specifically, hydrogen bonding) (12). Here, we find that most
of the divergence of aqueous urea can be attributed to simple
entropic size effects as captured in Eq. 9, while aqueous sucrose

https://doi.org/10.1073/pnas.2415843122
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Fig. 1. Example phase diagram predictions for representative aqueous
organic solutions. (A) Classic ideal prediction vs. size-dependent prediction
for glycerol and water, a solution of frequent interest in cryopreservation.
Analogous data are shown for (B) urea and water and (C) sucrose and
water, which are the smallest and largest solutes included in this study.
Urea and sucrose have each previously had their depressed liquidus curves
attributed to hydrogen bonding (12). It can be seen that the prediction is
improved in both cases but that the effect in urea can be almost entirely
attributed to volumetric factors while sucrose retains aspects not captured
by the size-dependent scheme. Experimental data are drawn from (A) Lane
(25), (B) Babkina and Kuznetsov (26) (s), and Shnidman and Sunier (27) (x),
and (C) Young and Jones (28) (s) and Stephen and Stephen (29) (x). Similar
phase diagrams can be seen for all sampled solutions in S/ Appendix, Fig. S1.
Compiled data are available in S/ Appendix.

appears to be affected significantly by both entropic size effects
and additional interaction factors near the eutectic point, such
as the proposed hydrogen bonding and/or the aforementioned
weakening of the constant enthalpy of fusion assumption near
the eutectic temperature.

For all cases examined in this study, the size-dependent model
predicts phase equilibria better than the classic model.

To quantify this improvement in predictive power, Fig. 24
presents the aggregate residual temperature of the two models
for each of the 10 solutions studied. This residual was calculated
by numerically integrating the absolute value of the difference
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between predicted and experimental liquidus temperatures across
the full range of mole fractions.

These data demonstrate that for all solutions considered,
the size-dependent model has a lower aggregate residual than
the classic ideal model. On average, the size-dependent model
resulted in a reduction in residual temperature of 59% across
all 10 solutions, as compared to the classic theory. Additionally,
while the residual of the classic ideal model is strongly correlated
with Vp4 (dashed orange trendline), the residuals of the size-
dependent model do not vary much across all V 4, as should be
expected if the proposed model better captures the physics of the
system. Our model is demonstrated across the full range of mole
fractions and is therefore shown to be equally applicable to large
solvents with small solutes.

Fig. 2B shows the error of the predicted eutectic composition,
a solution property which is particularly laborious to obtain
experimentally. It can be seen that, while the predictions of
the size-dependent model are of varying accuracy, it consis-
tently outperforms the classic model at predicting the eutectic
composition. Fig. 2C shows the analogous plot for the error of
predicted eutectic temperature, where the size-dependent model
again performs better in all cases.

Interestingly, there does not appear to be a strong correlation
with Vp 4 in predicted eutectic composition error reduction. The
eutectic composition is impacted by the size-dependent entropy
(as evidenced by the improvement seen here) but is also strongly
dependent on melting temperature and enthalpy of fusion. It
should be noted that many of the larger molecules investigated
in this study possessed relatively high melting points (in excess of
400 K), which tend to drive their eutectic compositions to very
low mole fractions of water. This may depress the magnitude of
the error in both models (and particularly the classic model) and
reduce the ability to compare eutectic composition predictions
between solutions. We suggest that a more exhaustive study
may reveal correlation of eutectic prediction error reduction with
molar volume ratio, but the size-dependent model outperforms
the classic ideal model regardless.

Finally, Fig. 3 recasts the data from Fig. 2 to better convey
the absolute accuracy of each model. On average, the predicted
size-dependent eutectic composition deviates 4.7 mol% from ex-
periment (3.6 mol% closer than the classic model, for an average
error reduction of 43%); the predicted eutectic temperature
deviates 9.7 K from experiment (7.6K closer than the classic
model, for an average error reduction of 45%); and the average
aggregate residual in the liquidus temperature deviates 5.9 K from
experiment (9.9 K closer than the classic model, for an average
error reduction of 59%).

Discussion

These results demonstrate that accounting for the simple effect
of molecule size on mixing entropy can significantly improve
our ability to predict aqueous organic solution thermodynamics,
without significantly increasing theoretical complexity. We show
this for 10 nonionic aqueous organic solutions and demonstrate
that this theory retains its predictive power across disparate solute
volumes even as the classical ideal solution model diverges.

Like the classic model, this size-dependent theory relies only
on properties of the pure components (here, molar volume,
enthalpy of fusion, and melting temperature), each assumed
constant with composition and temperature. As such, the
model loses accuracy as it approaches the eutectic, where these
assumptions of constancy become weakest, and where high
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(A) Residual temperatures of predicted liquidus curves. Data shown are trapezoidal integrations of the difference between literature experimental

data and the model curves. The dashed lines are linear fits to the data illustrating the trends as volume ratio increases. (B) Error in predicted composition of
eutectic point. (C) Error in predicted eutectic temperature. Data for (B) and (C) are shown in absolute difference from experimentally determined eutectic point
in mole fraction and K, respectively. Predictions using the size-dependent model are improved in all cases. Experimental equilibria were sourced for urea from
Babkina and Kuznetsov (26) and Shnidman and Sunier (27), ethylene glycol (metastable) from Ott et al. (30), maleic acid and malic acid from Beyer et al. (31),
glycerol from Lane (25), D-fructose (metastable) from Young (32), a-D-glucose from Young (33), sorbitol and maltitol from Siniti et al. (34), and sucrose from
Young and Jones (28) and Stephen and Stephen (29). Compiled data can be found in S/ Appendix of this work.

viscosity may furthermore increase solid-state miscibility (36)
and weaken the assumption of a pure crystalline phase. The
theory also assumes that the excess volumes of components
in solution are negligible. For aqueous organic solutions, this
assumption is typically strong [with excess volumes generally
remaining <1% (15)], and we confirm in SI Appendix,
Note 1 that plausible changes in molar volume due to thermal
expansion/contraction, excess mixing volume, and use of room
temperature liquid vs. solid pure component molar volumes
do not significantly affect the accuracy of the model. However,
we anticipate that extension of this model to highly interacting
molecules will require correction for larger excess volumes.

In particular, correction for excess volumes may enable transla-
tion of this theory to aqueous solutions containing dissociated in-
organic ions, which, given their strong hydration behaviors, con-

PNAS 2025 Vol. 122 No.8 2415843122

found straightforward interpretation of solute volume. Addition-
ally, large ionic solvent shells may substantially affect the config-
urational nature of the solution (as well as changing the effective
solute size) (12). Surmounting these barriers to a size-dependent
understanding of ionic aqueous solutions could lead to improved
thermodynamic understanding in several domains, including
aqueous electrochemistry (37), deep eutectic solvents (38),
desalination (39), and the planetary science of icy worlds (40).
Furthermore, extension of this theory to multicomponent
systems may enable predictive synthesis of arbitrarily complex
aqueous organic solutions with desired phase equilibria, such as
NADES materials for industrial chemistry (1), next-generation
antifreeze solutions for aircraft deicing, and cryoprotectant media
for organ and tdissue preservation (41) In each potential appli-
cation, physical understanding of the thermodynamic factors
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Violin plots depicting data from Fig. 2. Data are collapsed along Vi 4 to demonstrate average reduction for prediction error of (A) liquidus curves, (B)

eutectic compositions, and (C) eutectic temperature as compared to experimental data. Solid lines indicate average values for each error. Error is significantly
reduced in all cases, as indicated by the percentages annotated in purple. Violin plots were generated using software from Bechtold (35).

driving solution solubility and melting point depression limit
engineering progress and curtail the available solution design
space. For example, increasingly accurate a priori prediction of
aqueous phase equilibria can accelerate the pressing search for new
cryoprotectants (20, 41, 42), which must balance the capacity of
organic solutes to protect against ice formation (i.e., balance their
melting point depression and eutectic temperatures) against their
stability in solution (i.e., solubility) and their relative toxicity.
In sum, this study suggests a dominance of size-dependent
entropic contributions over the thermodynamics of aqueous
organic solutions that is not broadly captured by existing solution
theory literature. In particular, widely held conceptions of
nonideal solution thermodynamics either cannot conveniently
isolate these contributions from those originating from molecular
interactions (as in activity models, wherein deviation from
ideality is generally captured by a single activity coefficient), or
do not do so (as in the regular solution model, where deviations
from ideality are generally captured by interaction parameters).
We suggest that this is likely a product of simple historical
happenstance—Hildebrand, Guggenheim, and the other early
contributors to the theory of regular or nonideal solutions, all
of whom recognized the effect of unequal molecule sizes on
the entropy of mixing, happened to study classes of solutions
for which this effect proved largely negligible (8). We further
note that the intriguing recent descriptive models of Martin and
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colleagues, which capture de facto size-effects using additional
solution-specific parameters related to solvation, have achieved
remarkable agreement with experiments (12).

Finally, given the function of the present model as a “drop-
in” alternative to the classic ideal model, we anticipate that
future work could readily extend it into new formulations of
the many models that stem from the ideal model, establishing
size-dependent regular solution models, size-dependent activity
models, etc. These extensions may reduce the remaining gap
between this ideal model and experimental observation and
may, by isolating purely size-dependent entropic effects, better
capture the specific role of molecular interactions in liquid
solutions.

In any case, we here observe that the role of molecule size is
significant in many aqueous solutions of relevance to biology,
medicine, and organic chemistry, and we anticipate that further
interrogation of entropic size effects in these systems will yield
even greater insight into their thermodynamics.
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