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HIGH-FREQUENCY DESCRIPTION OF THE KIRCHHOFF-TYPE
MODAL COUPLING BETWEEN OPEN ENDED WAVEGUIDES

F. MIOC!, F. CAPOLINO!, M. SABBADINI? S. MACI®

LCollege of Engineering, Univ. of Siena, Via Roma 56, 53100, Siena, Italy
2Electrical Department, ESA-ESTEC, 2200 AG Noordwijk, The Netherlands.
3Dept. of Elec. Eng., Univ. of Florence, Via S.Marta 3, Florence, Italy

1. INTRODUCTION

The Kirchhoff-type aperture integration (Al) is the simplest way to calculate
the radiation from an open-ended waveguide (OEW). Recently, a rigorous
equivalence between the field predicted by AI and that radiated by the
Physical Optics (PO) wall-current was demonstrated [1], in which the PO
currents are defined as that associated to the unperturbed mode. By using
this equivalence, a method for asymptotically reducing the AI into a line
integration (LI} of incremental diffraction coefficients along the waveguide
edge was presented [2]. A LI representation of the aperture field is well snited
for introducing a fringe contribution as provided by the Physical Theory of
Diffraction (PTD) 3] or by the Incremental Theory of Diffraction (ITD) [4],
[5]. In this paper, the equivalence between PO and Al [1] is extended to
evaluate the coupling between two OEWs of arbitrary cross-section.
Furthermore, a Kirchhoff-type coupling coefficient is derived in terms of a
double line integration of incremental coupling coefficients. This may provide
a useful tool when the mutual impedance of two modal distributions has to
be calculated in the framework of a Method of Moments (MoM) procedure
which is formulated in terms of mode-shaped basis functions.

2. RECIPROCITY OF THE EQUIVALENCE BETWEEN PO AND AL

Let us consider a receiving open ended waveguide (OEW1) of arbitrary cross
section, with its axis along the z axis of a reference system and its aperture
on the z-y plane; suppose that OEW1 extends for z<0 and denote by
€,", k" (n integer), an arbitrary normalized mode propagating into the
waveguide toward negative z. The normalization constant may be chosen in
such a way that the integration of &,"-h,™ on the aperture is equal to §,
(Kronecker’s delta). Furthermore, suppose that the waveguide is jlluminate
by an incident field (E,, H,) produced by an external source (J,, M,). By
invoking the Kirchhoff approximation, the excitation coefficient C" of the
n-th mode onto the OEW1 can be calculated as

" =—JJ [E2.31”_f[2.ﬁ,,1"] da, (1)
1

in which m,"= €"x%, j;"=%xh,", and the total aperture ficld has been
approximated by the incident field. The minus sign depends from the fact
that the mode has been assumed as propagating toward negative 2. Applying
the reciprocity principle, yields

o == ][ (B 3- B 1] dv, (2)
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where (E’1 , H™) is the field produced by the aperture distribution (7,", ")
and V, is a volume containing (J;, M,)."Since , H,"), is equal to the field
produced by the radiation in free space of t e PO currents [1], a further
application of the reciprocity principle leads to

G"=~ J'J E'z ;121 ds, 3)
S
where the surface S, denotes the waveguide wall and T2 =r, ngl (where

7y is the internal normal to the wall). Equations (l) and (2) express the
equivalence between AI and PO for a receiving OEW

3. MODAL COUPLING

Let us now consider a second, arbitrarily shaped open-ended waveguide
(OEW2) which is fed by the normalized modal field €,™, h,™ propagating

toward the positive z axis (Fig. 1). An aperture field distribution

-

mm=8,"x4, ], "=fxh,® is associated to the unperturbed

incident mode, that radiates the Kirchhoff-type field (E,, H,™). Using (1),
the Kirchhoff-type excitation coefficient of the n-th mode into OEW1 due to
the Kirchhoff-type aperture radiation of OEW2 is

- / / [E,™ -y "] dA;dA, “4)

This quantity involves a four folded integral. Although for circular and
rectangular waveguides, it can be reduced to a single spectral integral [Bird],
this cannot be done for general shape.

By invoking the equivalence between PO and Al, (E,™, H,”) may also

be though as produced by the currents j,™=f, x ;™. Applying eq. (3) leads
to

" =—////;1z (Fl)éf(/ Fr?‘z/)'fﬂ (%) dS; dS, (5)
1 P2

where G(/ 7,—7,/) is the free-space dyadic Green’s function pertinent to the
electric source and the electric field, S; and 7; are the wall-surfaces of OEW:
and the position vector on it, respectively. By integrating along strips parallel
to the z axis (Fig. 1) belonging to the two waveguides, (2) is rearranged as

cnm =//c(€’,€”) o’ de” (6)
2

where ¢(€’,£”) is an incremental coupling coefficient that represents the
interaction between the two elementary strip

—JkR (Z’ Z” ¢ ! 2”) ik 2 'km »
” 227 0787)E PR L4 'z 2 313102407
c(0”)= //g(z O AT A I8 2 dydendo de

o0 ~o@

(7)

g (2, 2, 0, 0)= kI (07) - (66 +¥)- T (), (8)

in which
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k and (¢ are the free-space wavenumber and impedance, respectively,
R(2°,2”,8°,8”) is the distance between two generic points of the two

interacting strips (Fig. 1), and j“:} is equal to 7,» calculated at z=0. In (M-
(8), only the first term of the asymptotic expansion of the dyadic Green’s

function has been retained.
’

Z 7"
de "
R(0,06¢"
.0

Fig. 1. Geomelry for the problem of coupling between OEWs of arbilrary cross-section.

4. ASYMPTOTIC EXPRESSION OF THE INCREMENTAL COUPLING
COEFFICIENTS

The integral in (7) has four critical points from which the asymptotic
dominant contributions arise; i.e., the double end-point (EP) (z°, z”)=(0,0)
the double stationary-phase point (SPP) (2, 2”)=(z, ,2, ), two E-SSPs
(z, 2”) = (z,0) and (z’, 2”) = (0, 223. Only the contribudtioR cg(¢¢”) from
the double EP is retained in the asymptotic approximation. Indeed, the other
contributions asymptotically vanish when integrating along the double rim,
as the contributions involving a SPP reconstruct the coupling with the field
of an infinite waveguide, which is zero outside the waveguide itself.

The contribution at the double end-point can be evaluated as in [2}, leading
to

LT 1 cosl,,F (6,)—cos0,F (65)
4nkRyy cosb,ycos8,, c030,,—cosd,;

coo(',87)=9(0,0,¢,”

(9
where Ry,=R(0,0,£°,£”), %¥(z) is the Fresnel tramsition function of t(hg

Uniform Theory of Diffraction (UTD) [7] with argument
6 =0hBogcos* () i=1,2 (10)

and 8,,=cos k> /k, 8,,=cos kT /k, are the ray-mode angles in the waveguide
1 and 2, respectively.

5. NUMERICAL RESULTS
Results are presented for the coupling coefficient C74", calculated with eq.

(4) (four-folded integrals), and with eq. (3) is compared with the full
numerical integration (4) (two-folded integrals). In Fig. 2, C{J" is presented
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for two circular TE;; modes versus the distance d between two circular
OEWs with the same radius. The geometry and the polarisation of the modes
are shown in the inset. Two different radii of the OEWs are considered; i.e.,
a=0.3A, and ¢=0.5\. Continues lines refer to the double LI solution (eq.6),
and the dotted lines refer to the the double Al solution (eq. 4). In spite of the
moderate size of the apertures, the agreement has been found quite
satisfactory over all the dynamic range.

C;,"" (dB)

FEN I B P I |

1 2d/A 3 4 5

Fig. 2. Coupling coefficient between two TEy; modes, versus the distance d.

ACKNOWLEDGEMENTS
The work has been developed during a stage of Francesca Mioc at the
European Space Agency (ESA-ESTEC) Noordwijk, The Netherlands.

REFERENCES

[1] S. Maci, P. Ufimtsev, R. Tiberio ”"Equivalence between physical optics and
aperture integration for an open-ended waveguide” IFEEE Trans. on
Antennas Propagat., Jan. 1997.

[2] F. Mioc, F. Capolino, F. Graziani, S. Maci, R. Tiberio. "Closed form
solution for the field radiated at finite distance by an open ended circular
waveguide” AP-S Symposium, Baltimore, July 20-27, 1996 Also submitted to
IEEE Antennas Propagat.

[3] P. Ya. Ufimtsev, "Elementary edge waves and the physical theory of
diffraction,” Electromagnetics, Vol.11, no. 2, pp. 125-159, April-June 1991.

[4] R. Tiberio, S. Maci "An Incremental Theory of Diffraction. Scalar
formulation” IEEE Trans on Antennas and Propagat., Vol. 42, n.5, pp. 600-
612, May 1994.

(5] F. Capolino, S. Maci, F. Mioc, R. Tiberio, A. Toccafondi "ITD approach for
predicting radiation from an open ended wavegnide”, Intern. conf. on
Electromag. in Advanced Applicat. (ICEAA), Torino, Sept. 12-15, 1995

[6] T.S. Bird, "Mode coupling in a planar circular waveguide array”, Microw.
Opt. Acoust., V.3, N.5, pp. 172-180, Sept., 1979.

[7] R. G. Kouyoumjian and P. H. Pathak, ”A uniform geometrical theory of
diffraction for an edge in a perfectly conducting surface,” Proc. IEEE, V. 62,
n.11, pp. 1448-1461, 1974.

1437





