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DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.
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WAIST-TO-WAIST TRANSFER IN THIN-LENS OPTICS
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ABSTRACT
Graphs are presented, which enable one to calculate quickly the waist-
to;waist transport of a charged particle beam through a line in the thin-lens
appréximation. The method cén be uéed’also in deéling ﬁith accelerating elec-

trostatic lenses (immersion optics).

* .
On leave from University of Milan, Milan, Italy.
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An expression'for the waist-to-waist transfer matrix in the case of a
thin lens is given, for instance, in Banford's book.l However, for many appli-

cations it is useful to derive formulas for thin accelerating lenses, and to

{ ' . .
.x“/ drav graphs that enable us to calculate quickly an ion-beam transfer line.
We will use the following definitions (see Fig. 1):
€ = xoxé ' emittance of a waist
X = xo/xé characteristic length of a waist
“,SIXOE/X01 linear magnification
-72 = VQ/Vi acceleration factor
Z1s zé distancss of a point from the lens, upstream
and downstream
ZOl’ 202 distances of the wailsts from the lens
r focal length (positive for a converging lens).
The thin lens we are discussing can be considered as composed of a
thin nonaccelerating lens (L) followed or preceded by a thin accelerating gap
(A), which changes the energy eV, of an incoming particle into eV,. This lens
changes the emittance of the beam, and therefore the characteristic length of
the second waist, in the following way:
. €y =€/
' N . (1)
» 2 TEY R

In matrix notations; a field-free (drift = D) space can ‘be represented by
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\o/

Loy .
f .

Across the accelerating gap, the x component of the.phasefspace representa-

tion of the beam is not changed,'while for the x' component it is

(2)

< I

For a lens followed by A, the overall transfer matrix is
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1 z\ /L O 1 0y /1 z\
M = DALD = 2 ' | h
(] 0 1 0 L .1 1 0 1
0% f
\/ | |
1- E@ Z, + E@ - e
_ ¥t 1 Y vf
L i__z_l
vE v Yf
The equations
v : .
O X
)= pan (F
x2 0
{ o
X2 ‘
“J= DALD .
0
.

can be used to find the relationship between f and the measurable focal lengths

‘ . %
before and after the lens. The result is

‘(M = DALD) , (3)

.

' Z . (M = DIAD) ")
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~ The transport equations, waist-to-waist, can be written explicitly,

+with Z01 and 250 1in the place.of Zy and Z22

o .
o (2012 200)%) ~ | ,
' N )
1 . . .
5 = Myoxy + My (50 )%,

o =M (zp)%) + M

bl
1l

: J ' . . v
. At a waist, we can choose X5 Xy, x2, x2 as coordinates of points on the con-

tour of upright phase-space ellipses; namely:

P

XE x'2
1 1 2 2,2 2
— —_— = + =
5+ 3 1 or Xl Xlxl X01
o1 *o1.
) (5)
XE .X,2 .
2 2 2 2 2 2
5+ 2 = 1 or | X5 + ngg} = %o
o2 *o2

Squaring and summing the two equations (4) with the conditions (5), and equat-

2
ing the coefficients of x, xig, and x Xi, one obtains

1 1
2
( ) . o2 '_i_uz
vT YEfE
Ufo 42 “o%0e\" |, 1 a2 _ 2.2 .
01" Ty VT v O NE e TR
{
E | "
L . o2 202 Zor”o02 1 %01 Xg,
- ==z, + = . =})-=-0
vT 0l Yy yE v vyIf /oyt
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which are satisfied by

¥ o ot
. " (25471) | | .
s ~ | (6)
2 2 2
7= ,[(ZOl-f) + Xi]
Equations (6) reduce to Banford's equations for y. =1 (no acceleration).
It is convenient to rearrange Eq. (6) in the following fashion:
4
L f(201'f)201 + %
02 T2 s |
- Vol o | ‘
S | | (61)
2 2 |
= 5 .
- +
(2p 1) Xi
\
Equations (6') together with Eq. (1) can be used to design a transport line,
from the. starting values of
f El’ X1 or XOl’ XOl s
which determine completely the initial phase-space configuration.of'the beam.
a8 ) Before developing a graphical method to find quickly solutions of the

\/), system (6'), it is interesting to rewrite the (6') in a dimensionless form:
. A
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( sfs-lz + a2
t = 55
| (s-1)" + ,
' (6")
HE = ___—“L_—___ | |
. (s-1)° + o ,

with the following definitions:

SPor ., Poo X
- F

i ’ Tt T

| . ' P g
The behaviour of the functions t(s,x) and p (s,&) is sketched in Fig. 2.
The formulas derived so far must reduce to the classical ones for thin-
1ens—~point-object optics. - In the classical limit,

a << 1, s, s-1,

we have, to second order in a/s and /(s-1),

(7)
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/

For y = 1, Egs. (7) become (see Fig. 3)

. "f"b XQ »
\) o1 “o2. 01 2y 0l z,, ‘(8)
q . . Xg -
P Xi _ o2 |y L iffoPer) D1
=g -T - 2 Tz 2 Do 2
} 01 2(zg,-f) 01 o1 Zo1
In another, more useful form, obtained by using théidefinitions
Z - z . . ;
u = igl sV =,i9g , and ¢ = %1 5
Y B! 1
Egs. (1) and (6') are
(o
Xo = B VK
- uu—2+l (6"")
(u-¢)” +1
ug o 2
L @)1

| The fﬁngtiqﬁ v(u,p)/y is plotted in Figs. 4 (for positive values) and 5.
(gegétivé Vaiuéé); 'It.is easy to recognize thaﬁ sgch negative valués»éxist
oniy'fof ¢ > 2. The fun¢tion 12 (u,4) is plotted in Fig. 6.
| An‘exampie of application céh be useful to understénd thé convénience

of. the plots. Let us consider a_line'composed-by an ion gun with proper
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(accelerating) optics, plus another (nonaccelerating) lens, e.g., an "Einzel"

. lens. The purpose of the line is to transfer a crossover (waist) of given
characteristics near the ion soufce to a éiven point at a given distance (Fig.
7). If we refer to the geometrical data of Fig; T and to the following proper-

ties of the starting waist:

0.5 cr = 0.0 -
o1 5 em | € 0.05 cm-rad

i

X

t N
01 0.100 rad Xl

I
\J
Q
2

-

X

i

the calculation can run as follows:

First lens For vy = 2, Zo1 = 10 cm and accordingly for
Z
u = XQL = 10:5 =2
1

a reasonable value for 2003 corresponding to a second waist midway between
the first and the second lens, is Zop = 2L em. This value corresponds to
%0

<1<
N

o
-

which can be obtained from the graph of Fig. L with

¢ =1.5 or £ =7.5cm, £, =15 cm.

2

. 2 |
The corresponding values for g and X2 obtained from the graph of Fig. 6 are

Ta
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2 2
poo= 1.8, X, = LYK = 18 cm.

Second lens TFor Yy =1, Zo1
\)
zZ
0
u = i—; = 25:18 = 1.4,
1
we can obtain (Fig. 4) a value z ., = 21 cm, or y_. %2
s o2 ’ Y yXl
with ¢ = 0.95; or £ = f2 = 177 cm,
the resulting magnification (Fig. 6) is
2
poo= 0.8
The overall magnification is
| 5
oy = (Q.8 X 1.8)2 = 1.2
and the final emittance is
€y = gin/y = 0.025 cm-rad.
ACKNOWLEDCMENT
This work was done under thé auspices of the U.
& Commission.

= 25 cm and accordingly for

UCRL-18217

= 21:18 = 1.17,

a

O

Atomic Energy
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Fig. 1. A thin accelerating lens.
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XBL684-2605

The functions t(s,q) and ug(s,oc) and their point-optics limit.

%
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Fig. 3. The function t(s,a) = [s(-1) + ae]/[(s—l +
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Fig. 4. 'The function v(u,¢)/y. Positive values.
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Fig. 5. The function v(u,$)/y. Negative values, ¢ > 2.
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Fig. 7. Exampie of application.



This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-
mission, nor any person acting on behalf of the Commission:

A. Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this
report, or that the use of any information, appa-

- ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-
mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-

mission, or employee of such contractor, to the extent that

such employee or contractor of the Commission, or employee

of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
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