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Abstract 

 

Theory of Multiscale and Multicomponent Transport and Thermodynamics in Water-

Filled Phase-Separated Cation-Exchange Membranes  

 

by 

 

Andrew R. Crothers 

 

Doctor of Philosophy in Chemical Engineering 

 

University of California, Berkeley 

 

Professor Clayton J. Radke, Co-Chair 

Dr. Adam Z. Weber, Co-Chair 

 

Phase-separated water-swollen cation-exchange membranes are an important component 

in numerous energy-conversion devices. These materials make possible more established 

technologies such as low-temperature fuel cells, water electrolyzers, and the chlor-alkali 

process. Solvent-swollen membranes also play a key role in burgeoning energy-storage 

devices, such as redox-flow batteries (RFB), as well as processes geared towards 

electrifying the chemical industry, such as artificial photosynthesis and electrochemical 

ammonia production. The membrane is central to these technologies. 

 

To understand the role that these membranes play in energy-conversion devices, this work 

initially considers a RFB as a case study. This dissertation examines the effect that 

membrane properties, such as conductivity and ion permeability, have on cell performance 

and efficiency. There is typically a tradeoff between membranes with high conductivity 

and low ion permeability. Given specific operational constraints, we quantitatively map 

when this tradeoff should be made. Thermodynamic and transport properties of the 

membrane fundamentally influence process performance. These water-swollen membranes 

contain concentrated electrolyte solutions, often with multiple ionic species. The 

multicomponent and concentrated nature of these materials invalidates classic theoretical 

treatments of the material that invoke ideal dilute-solution approximations. To promote 

improved material design and process optimization, this dissertation develops 

mathematical models of the concentrated-solution thermodynamic and transport 

phenomena in these membranes. 

  

Perfluorinated sulfonic-acid (PFSA) ionomers (e.g., Nafion® developed by DuPont de 

Nemours, Inc.) is the quintessential phase-separated, solvent-swollen, cation-exchange 

membrane material. PFSAs consist of a hydrophobic polytetrafluoroethylene (PTFE) 

backbone with side chains terminating in hydrophilic sulfonate groups. The sulfonate 

groups are negatively charged and balanced by positively charged aqueous protons or other 

cations. In aqueous solutions or humid vapor, water absorbs into the membrane, hydrating 

the sulfonate groups. The hydrophilicity difference between the polymer backbone and 

hydrated ions drives nanophase separation and the formation of a bicontinuous structure 
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with sulfonate groups imbedded at the hydrophobic/hydrophilic domain interface. The 

hydrophilic phase forms a network of connected aqueous water-filled channels that 

facilitate transport of ions and solvent across the membrane. The transport and 

thermodynamic phenomena occur across multiple length scales. Molecular interactions 

dictate the microscale behavior of species in the channels. The hydrophilic-phase network 

introduces mesoscale effects. Macroscopic membrane properties are a function of both the 

microscale and mesoscale.  

 

To first quantify the important molecular interactions and the role of the microscale on 

membrane properties, this dissertation develops a microcontinuum mathematical model of 

a representative water-filled channel. Negatively charged sulfonate groups are immobilized 

at the channel walls and mobile cations are distributed across the channel. The model 

calculates the potential of mean force and distribution functions of the cations. The model 

considers solvation energy, electrostatic interactions, image charges, finite-size effects, and 

dispersion forces. Bulk-electrolyte cation mobility is modified by electrohydrodynamic 

and confinement effects. Model predictions show that the portion of mobile cations is 

governed by a competition between solvation energy that promotes cation dissociation 

from the sulfonate groups and electrostatic interactions that induce ion-pair formation. The 

hydrophilic-phase tortuosity upscales the microscale transport model, specifying 

macroscopic conductivity. Tortuosity is fit to data using one adjustable parameter. 

Membrane conductivity is governed by the tortuosity of the hydrophilic channels and the 

microscale interactions inside the channels. These contributions vary with water content 

and membrane chemistry. 

 

Having identified the key microscale phenomena, this work develops molecular 

thermodynamic and transport models for the multicomponent membrane system. The 

thermodynamic model proposes a free energy that includes excess contributions proposed 

in the microcontinuum model (electrostatic interactions and solvation effects) as well as 

ion-pair formation, swelling forces, and confinement along with semi-empirical non-

electrostatic specific-ion interactions,. Bulk-electrolyte solution properties parameterize 

most of the free-energy contributions. The thermodynamic model calculates ion and water 

partitioning into the membrane from dilute and concentrated aqueous solutions and water 

uptake from water vapor. The model calculations compare favorably to experimental 

measurements. 

 

Having established a thermodynamic framework, this work develops a multicomponent 

concentrated-solution model of transport that fully calculates macroscopic ion and solvent-

transport properties of the membrane. The model uses a Stefan-Maxwell formalism 

describing frictional interactions between species. Bulk-electrolyte solution properties 

specify ion/ion and ion/solvent friction coefficients inside the water-filled channels. A 

classic electrokinetic treatment determines ion/membrane and solvent/membrane friction 

coefficients. Channel tortuosity upscales the microscale friction coefficients. The model 

predicts macroscopic conductivity, water permanence, ion-transference numbers, and 

electro-osmotic coefficients that agree with experiments of membranes in dilute and 

concentrated aqueous electrolyte solutions. 
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As a case study, this dissertation uses the multicomponent thermodynamic and transport 

models to understand the performance of membranes in a vanadium RFB. The model 

reveals that concentration gradients of various species each drive transport of other species. 

This coupling is both thermodynamic in nature – with concentration gradients inducing 

chemical potential gradients in other species – and frictional – with molecular interactions 

among species influencing the transport of one another. This new model provides structure-

function-performance relationships for RFB membranes and rationalizes how RFB 

performance results from the collective interactions between all of the species present.  

 

The proposed transport models invoke a ubiquitous assumption from literature that 

tortuosity of water-filled channels uniformly upscales microscale transport properties. This 

dissertation examines the usefulness of this approach using network simulations and 

theory. The models explore the role of the mesoscale on water, proton, and electrokinetic 

transport properties in PFSA membranes. Network simulations account for the size 

distribution of channels throughout the membrane to calculate macroscopic properties. An 

experimentally consistent 3D Voronoi network tessellation characterizes the topology of 

the membrane hydrophilic phase. Experimental water, proton, and electrokinetic transport 

properties validate model calculations. We show that the network does not uniformly 

upscale microscale transport properties. The simulations predict dissimilar tortuosities 

arising for water, proton, and electrokinetic transport coefficients. The pathways that water 

travels across the membrane are different than those taken by protons due to their intrinsic 

microscale interactions within a hydrophilic channel combined with a wide distribution of 

channel sizes. The distribution of transport properties across the network induces local 

electrokinetic gradients that couple water and proton transport. As a result, the macroscopic 

proton transport coefficient is a function of the microscale water and electrokinetic 

transport properties. This work provides a holistic approach to connect experiments and 

theory of microscale to macroscale properties. 

 

The fundamental analysis of transport and thermodynamic phenomena provided here 

informs design of improved solvent-filled ion-exchange membranes. Moreover, this work 

provides engineering models that facilitate optimization of energy-conversion devices.
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To my parents. 

You taught me math, insisting it would have real-world applications 

I’m still waiting for one  
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1 Introduction 

 

1.1 Electrochemical Energy-Conversion Devices 

Unabated fossil-fuel use generates greenhouse-gas emissions.1 Reducing these emissions is 

imperative if humanity is to avoid the worst extents of climate change.1 Eliminating fossil-fuel use 

is challenging because it involves in many different sectors of the economy from electrical-power 

production to transportation to chemical processing.1 Renewable-energy electricity plants (e.g., 

solar and wind farms) have lower greenhouse-gas emissions, providing a sustainable alterative to 

fossil-fuel-based electricity.1 Due to intense research and development efforts, the cost of 

renewable-electricity production has sharply declined in the past decade and is economically 

competitive with fossil-fuel-based electricity in an increasing number of cases.1-2 Using cheap, 

sustainable electricity to replace fossil fuels in other sectors of the economy, such as the chemical 

and transportation industries, is a promising route to reducing global greenhouse-gas emissions.2-

7 

One avenue to use electrical energy is to convert it into chemical energy.3-7 The chemical energy 

can be stored for later use (such as charging and then discharging redox-flow batteries or splitting 

water to hydrogen that is later used in fuel cells). Inputting chemical energy can convert low-value 

chemicals to higher value products (such as making carbon dioxide into formate and methanol).2-

7 These approaches typically require electrochemical energy-conversion devices.3-7 Even with 

inexpensive electricity prices, current electrochemical energy-conversion technology is not 

economically feasible outside a few industries.3-7  However, improving device efficiency and 

performance while decreasing costs can allow this technology compete with chemical energy that 

currently comes from fossil fuels.3-7 

Electrochemical-conversion cells contain an anode, a cathode, and an electrolyte separating these 

electrodes.8-10 The anode oxidizes reactants (removes electrons from molecules) and the cathode 

reduces reactants (adds electrons to molecules).8-10 Electrons pass through an external circuit from 

the anode to the cathode (i.e. an electronic current) as they are prevented from traversing the 

separator.8, 10 Depending on the type of reaction, the external circuit either introduces power into 

the systems, converting electrical into chemical energy, or removes power from the cell, 

converting chemical into electrical energy.8, 10 The electrolyte allows only ions to pass between 

the anode and cathode via an ionic current, which is equal to the electronic current passing through 

the external circuit.8, 10 The electrolyte prevent electrons from bypassing the external circuit and 

shorting the cell and moving directly between electrodes.8, 10 For electrochemical cells that contain 

gas, liquid, or soluble reactants, the electrolyte also prevents reactants from opposing electrodes 

mixing and reacting.8-10 An ideal electrolyte has high ionic conductivity, negligible electronic 

conductivity, and does not allow undesirable transport of species between electrodes.8-11 

Solvent-filled phase-separated ion-exchange membranes are an important class of electrolytes.12 

These membrane are used in hydrogen electrolysis, hydrogen fuel cells, chloralkali process, and 

carbon-dioxide reduction, among other technologies.12 These membranes are macroscopic solids 

that minimize mixing of reactant species. They are imbued with solvent that increases their ionic 

conductivity.12 
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Phase-separated ion-exchange membranes operate in a wide range of environmental conditions 

that include varying temperatures and levels of humidification.12 In addition to the solvent, 

multiple ionic and non-ionic chemical species can exist in the membrane.12 Membrane 

functionalities change dramatically in different environmental conditions and in the presence of 

different species.12 Although the membrane absorbs numerous solvents, water is most often the 

solvent in energy-conversion devices.12 

Prediction of the properties of the membrane under these different conditions and understanding 

their physical bases enables improved design and operation of electrochemical cells.9 To this end, 

mathematical models underscore quantitative design and analysis.9 Physics-based models that use 

molecular descriptions are particularly valuable because they link an observed phenomenon 

directly its microscale origin.9, 13 As a result, the model makes valid predictions in any situation as 

long as the molecular nature of the system has not changed.13 These conditions can be challenging 

to access experimentally.13 

In this dissertation, theory and simulations model mass-transport and thermodynamic phenomena 

of solvent-filled ion-exchange membranes. The proposed models calculate membrane 

performance and link it to molecular-scale phenomena. The remainder of this chapter briefly 

summarizes the nature of solvent-filled phase-separated ion-exchange membranes, details the 

scope of the dissertation, and summarizes how this dissertation builds on prior work in the field. 

Solvent-swollen phase-separated ion-exchange membrane appear in a wide range of applications 

beyond energy conversion including water purification, drug delivery, and dialysis.14-17 Although 

these applications are not the motivating technology for this work, the analyses herein are still 

applicable to their design and optimization. 

 

1.2 Summary of Solvent-Filled Phase-Separated Ion-Exchange Membranes 

Solvent-swollen phase-separated ion-exchange membranes consist of crosslinked, charged 

polymers that absorb solvent.12, 18-19 The polymer phase separates into nanoscale solvophilic 

solvent-filled domains and solvophobic domains.* The solvophilic domains (or channels) connect 

to one another to form a sample-spanning network that facilitates transport of mobile ions and 

solvent across the membrane.12, 18 When water is the solvent, mobile ions primarily exist in the 

hydrophilic domains where they have relatively high mobility.12, 18 Hydrophobic polymer domains 

provide the membrane with structural integrity and durability.12, 18 The size of each type of domain 

is on the order of single nanometers.12, 18 

Typically these materials are often cation-exchange membranes (CEM), in which case the polymer 

contains negatively charged groups charge balanced by dissolved atomic or small-molecule 

cations.20 In many energy-conversion devices, the counter cation is a proton.20 Alternatively, the 

polymer can be an anion-exchange membrane (AEM), which contains positive fixed charges with 

negatively charged counter anions.21 AEMs can offer various material advantages to energy-

conversion devices.21 However, CEMs are a more mature technology, exhibiting higher 

conductivity and superior durability than AEMs, with numerous commercially available 

chemistries.12, 21 This dissertation focuses on CEM chemistries because they are better 

                                                

* These domains are generally solvophilic and solvophobic, respectively, but as water is the usual solvent, they are 

denoted as hydrophilic and hydrophobic throughout this work. 
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characterized and literature provides numerous datasets for model validation. But the modeling 

methodology and approach can readily be applicable to AEMs. 

 

Figure 1-1. (a) Molecular formula of the Nafion PFSA and (b) a cartoon of the microstructure 

of a hydrated PFSA membrane. A+ denotes a generic cation. 

Perfluorosulfonic acid (PFSA) polymer is the quintessential solvent-swollen phase-separated 

CEM.12 PFSAs contain polytetrafluoroethylene (PTFE, brand name is Teflon) backbone side 

chains terminating with a sulfonate group, as Figure 1-1a illustrates.12 The PTFE backbone is 

hydrophobic, semi-crystalline, and forms bundles that constitute hydrophobic domains.12 Polymer 

sulfonate groups are hydrophilic and promote water absorption into the membrane.12 The sulfonate 

groups line the interface between the hydrophilic and hydrophobic domains, as Figure 1-1b 

pictures.12 The most well-known PFSA commercial membrane is Nafion developed by DuPont.12 

Polymer chemistry and processing history differentiate types of PFSA membranes.12 Equivalent 

weight (EW, g-polymer per mole of sulfonate group) characterizes the ratio of hydrophobic to 

hydrophilic constituents (i.e., side-chain spacing). PFSA membranes typically have EWs between 

725 and 1500 g/mol.12 Different producers of PFSA membranes create different sidechain lengths 

ranging from a short-sidechain chemistry, Aquivion (from Solvay Specialty that contains two CF2 

spacer groups on the sidechain), a medium-length sidechain from 3M (that contains four CF2 

spacer groups on the sidechain), and the long sidechain of Nafion (that contains three CF2
 spacers 

and a perfluoroether group). Membranes undergo different processing history.12 Manufacturers 

extrude or directly cast membranes from solution.12 Membranes are also frequently pretreated 
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before use through annealing or heating in aqueous solutions.12 The chemistry of the PFSA and its 

processing history affect its transport, mechanical, and thermodynamic properties.12 

PFSAs are semi-crystalline and exist in a quasi-equilibrium state.12 They are never truly in 

equilibrium with their surrounding environment as their properties vary indefinitely with time.12 

Quasi-equilibrium properties are relevant for device operation and, therefore, researchers 

measuring properties account for the timescale over which the properties are applicable.12 

Important membrane properties include those that are thermodynamic (e.g., water uptake from 

humid air and aqueous solutions and ion partitioning from electrolytes), transport (e.g., ion 

mobility, conductivity, and water diffusion), mechanical (e.g., modulus and viscoelasticity), and 

structural (e.g., hydrophilic domain sizes and shape), among others.12 

Water uptake is particularly important because all other properties are strong functions of it. Water 

activity (i.e. relative humidity in humid vapor) of the surrounding environment dictates water 

uptake and, in turn, most other properties.12 Membrane water content is often quantified as the 

moles of water per mole of sulfonate group, denoted by 𝜆.12 In Nafion membranes, 𝜆 ranges from 

0 to ~23, corresponding to a water volume fraction of 0 and ~0.44, respectively.12 

Mathematical models of solvent-filled membrane are valuable tools because they predict 

membrane properties at different electrochemical cell environmental conditions (e.g., relative 

humidity) that can be time consuming or impossible to measure experimentally.9, 12-13, 22 These 

mathematical descriptions can be engineering models that are semi-empirical and allow highly 

accurate interpolation or limited extrapolation of membrane properties under different operating 

conditions.22  These models help cell designers optimize performance at these different conditions. 

Alternatively, mathematical models can be entirely based on physical first principles with little or 

no empiricism.22  These first-principle models are often more complex or less accurate than 

engineering models. But these models are important because they specify the underlying principles 

governing membrane properties that inform the design of polymers with desirable characteristics.9, 

12-13, 22 

There are two aspects of solvent-filled phase-separated membranes that give rise to complex 

physics that are not trivially modeled using existing engineering or first-principles theories. First, 

as Figure 1-1b shows, the connected nanophase-separated domains of these materials creates a 

multiscale system.12, 18, 23-24 Intermolecular interactions at the microscale dictate transport and 

thermodynamic behavior of species within the solvent-filled channels.12, 18, 25-26 These channels 

form a connected mesoscale transport network that mediates movement across the membrane.12, 

18, 25-26 Macroscopically observable properties are the cumulative effect of interactions across the 

microscale and mesoscale.12, 27 As such, an undesirable membrane characteristic can originate at 

any of these length scales.12, 27 The strategy to eliminate these unwanted characteristics depends 

on which length scale is important.27 For example, an undesirable characteristic that arises from 

molecular interactions within membrane channels can only be addressed by altering microscale 

properties through, for example, changing the chemical nature of the membrane.28 In contrast, a 

deleterious behavior arising at the mesoscale should be ameliorated by altering the nature of the 

hydrophilic-domain network.29 

The second challenge of modeling water-filled phase-separated membranes is that the electrolyte 

inside the hydrophilic domains is highly concentrated (> 2.4 mol L-1).12, 23-24 Many widely-used 

transport and thermodynamic models of solutions assume that the aqueous phase is ideally dilute.9, 

30 As this assumption is not valid, the widely-used ideal dilute models must be modified to account 
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for the additional interactions present in concentrated solutions.9 In dilute solutions, binary 

interactions only between solutes and the solvent are sufficient to describe behavior. In 

concentrated systems, interactions between solutes must also be considered.9 Consequently, the 

number of pairwise potentials between species scales as 𝑁(𝑁 − 1)/2, where 𝑁 is the number of 

species including the membrane.9  Each pairwise potential gives rise to a transport property and a 

thermodynamic-model parameter that quantifies these interactions.9 In energy-conversion devices, 

there are frequently multiple ionic species and, consequently, numerous transport properties and 

thermodynamic-model parameters.31-33 In this dissertation, the proposed thermodynamic and 

mass-transport models account for the multiscale and concentrated nature of solvent-filled phase-

separated membranes.  

 

1.3 Scope of Dissertation 

This dissertation contains six chapters (in addition to this introduction) modeling transport and 

thermodynamic phenomena of solvent-filled phase-separated ion-exchange membranes. Each 

chapter uses the insights of previous ones and provides a progressively more sophisticated 

understanding of the system.  

Chapter 2 is a case study for how, at a systems level, properties of water-filled phase-separated 

ion-exchange membranes influence performance of redox-flow batteries.11, 34 Redox-flow batteries 

(RFBs) are electrochemical devices that are promising energy-storage technologies.35 RFB 

performance and efficiency depend upon the properties of the membrane.11, 34 Chapter 2 is an 

extended motivation for the rest of the dissertation. It illustrates why and how the community needs 

mass-transport and thermodynamic models of these membrane to optimize device performance. 

Chapter 3 proposes a microcontinuum transport model of a hydrophilic domain of a PFSA 

membrane. This model identifies relevant molecular interactions in the channels, such as the role 

of cation solvation and electrostatic interactions between sulfonate groups and mobile cations. The 

proposed theory calculates how cations are distributed throughout water-filled channels, showing 

agreement with molecular-dynamics simulations. To compare the model to experiment, inclusion 

of the tortuosity of the hydrophilic transport network upscales the calculated microscale 

conductivity. Chapter 3 elucidates the important molecular interactions in PFSA membranes and 

quantifies the relative impact of microscale and mesoscale phenomena on macroscopic properties. 

Chapter 4 proposes a multicomponent molecular thermodynamic model of water and ion uptake 

in phase-separated cation-exchange membranes. Informed by the detailed microscale analysis 

from Chapter 3, Chapter 4 develops a free-energy function that accounts for electrostatic and non-

electrostatic specific interactions between ions, solvation effects, confinement, and membrane 

swelling. The model calculates ion and water partitioning into PFSA membranes from dilute and 

concentrated electrolyte solutions and membrane water uptake from surrounding water vapor. 

Using the thermodynamic analysis in Chapter 4, Chapter 5 proposes a multicomponent molecular 

transport model. Stefan-Maxwell-Onsager concentrated-solution theory36 provides the model 

framework. The microscale insights from Chapter 3 guide the functional forms of the frictional 

interactions between species. The model calculates the conductivity, water transport coefficient, 

transference numbers, and electro-osmotic coefficient of membranes equilibrated with dilute and 

concentrated electrolyte solutions. These properties agree with measurements. 
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Motivated by Chapter 2, Chapter 6 combines the transport and thermodynamics models from 

Chapters 4 and 5 to calculate membrane performance of a vanadium RFB. The analysis informs 

experimental analysis of membranes and RFB operation strategies. By spanning the analysis from 

molecular transport and thermodynamic theories to device performance, Chapter 6 proposes 

structure-function-performance relationships for RFB membranes.  

Finally, Chapter 7 examines the fundamental nature of tortuosity and the role of different length 

scales on macroscopic PFSA membrane properties. In Chapters 3 and 5, an adjusted tortuosity 

scales microscopic properties to calculate macroscopic transport coefficients. This treatment is 

widespread and is useful,37 but Chapter 7 shows that tortuosity is different for different mass-

transport phenomena. The closing chapter of this thesis demonstrates that macroscopic properties 

emerge out of mesoscale-mediated microscale interactions. 

 

1.4 Previous Literature 

This dissertation relies extensively on experiments, models, theories, and simulations of previous 

researchers. The relevant contributions from literature are discussed within each chapter. Here, we 

provide a brief summary of the key literature and how this work fits within the broader community. 

Figure 1-2 shows a cluster network analysis of the literature cited within Chapters 3-6 created 

using the VOSviewer software package.38 Each node is a paper cited in this thesis and a line 

between nodes denotes one paper citing another. The number of links from a node (i.e., the number 

of times a paper cites or is cited by one of the other papers in the network) specifies its size and is 

a measure of how frequently it is cited within this literature. The nodes are clustered and colored 

according to how much they cite one another using an algorithm based on modularity clustering 

technique and a LogLin layout.38-39 In essence, the clusters corresponds to the different 

communities in literature from which this thesis draws. 

On the right side of the Figure 1-2 there are two clusters that are closely linked containing 

publications on fundamental research of PFSA membranes. This community strongly influenced 

Chapter 3 (shown as the large sphere labeled Crothers 2017). Three literature reviews that are 

particularly important to this community are those of Kusoglu and Weber,12 Mauritz and Moore,19 

and Kreuer et al.18 Molecular-dynamics simulations from Voth and Coworkers40-41 and Devanthan 

et. al.42-43 and experimental characterization by Berrod et al.44 strongly influenced Chapter 3’s 

description of molecular interactions in PFSAs. Chapter 3 closely builds on microcontinuum 

models from Pintuaro and Coworkers,14, 45-46 Berg and Benjaminsen,47 Eikerling et al.48, Bazant et 

al.,49 and Paddison and Coworkers.50-51 Chapter 3 draws on work in the surface-science community 

from Karraker and Radke52 to model interactions of ions at interfaces. Experimental analysis from 

Kusoglu et al.53-57 and Kreuer et al.58-59 provide the physical descriptions on which the model in 

Chapter 3 builds upon. 

At the top of Figure 1-2, there is a cluster containing Chapter 4 (the node labeled Crothers 2020c) 

and studies on non-PFSA membranes systems. Chapter 4 draws on the fundamental PFSA 

literature (shown by is location close to right-side cluster), but incorporates thermodynamic 

analysis from the broader polyelectrolyte, hydrogels, and ionomer community. This includes 

thermodynamic models from Radke and Coworkers,17, 60-61 Manning,62 Kamcev et al.16, 63-64, and 

Freger65, among others. The macroscopic thermodynamic formulation in Chapter 4 follows the 
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methods of Guggenheim30 and, for electrolytes, Newman.9 The specific molecular thermodynamic 

formulations draw upon work by Prausnitz and Coworkers.13, 66 

At the bottom of Figure 1-2, there is a cluster containing Chapter 5 (the node labeled Crothers 

2020a) encompassing various transport-phenomena literature. To validate model predictions, 

Chapter 5 uses the extensive characterization of PFSA transport properties by Okada et al.67-71  

The formulation of the model follows a tradition coming from Pintuaro and Bennion,72 Delacourt 

at al.,32 Monroe et al.73-75, Weber and Coworkers,23-24, 33, 76-77 and Newman and Coworkers.78-

79The work uses a concentrated-solution-theory framework articulated generally by Curtiss et 

al.36, 80 and for electrolyte in particular by Newman and Thomas-Alyea.9 Work from Krishna et 

al.,81 Lightfoot et al.,82-83 Wesselingh et al.,84 and Chapman85 inform the functional form for 

concentrated-solution-theory transport coefficients of electrolytes and species inside a 

membrane. 

On the left side of Figure 1-2 there is a cluster of literature on RFBs that contains Chapter 6 (node 

labeled Crothers 2020b). This chapter draws upon membrane modeling by Darling et al.11, 34, 86-87 

and cell modeling by Knehr et al.88-90, among many others. Experimental membrane 

characterization by Zawodzinski and Coworkers91-94, Sing et al.95, and Gandomi et al.96 informs 

the scientific questions in Chapter 6. 

Chapter 7 (citations from this Chapter are not included in Figure 1-2) uses paradigms from the 

porous-media field as summarized by Dullien.37 Recent theory on electrokinetic coupling in porous 

media proposed by Mani et al.97-98 was developed concurrently to this work.99 Multicomponent 

effective medium theories in Chapter 7 were based on work from Bonilla et al,100 following from 

the pioneering work by Kirkpatrick.101 
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Figure 1-2. Cluster diagram of cited literature in this dissertation using VOSviewer.38 Nodes 

(circles) denote papers cited with a line connecting the nodes if one paper cites the other. The 

size of the node is set by the number of connections it has. The nodes are arranged so that papers 

citing one another are clustered.  
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2 Transport Phenomena in Flow Battery Ion-conducting 

Membranes  

 

2.1 Chapter Abstract 

Selectively tuning ion transport through redox-flow-battery separators is a promising approach 

towards increasing cell capacity, power density, and, ultimately, economic feasibility. However, 

this process is complex with numerous forces and coupled molecular interactions driving and 

impacting transport under different operating regimes. A fundamental description of ion transport 

in flow-battery separators can guide development of new separators by identifying the nature of 

ion selectivity under given conditions. In this paper, we highlight different contributing factors of 

transport phenomena, explore how these factors influence cell performance, and the performance 

tradeoffs inherent in membrane design.† 

 

2.2 Introduction 

Transport through redox-flow-battery (RFB) separators is at the heart of various underlying issues 

affecting the long-term viability of RFB technology, especially under heavy duty cycles.11, 34 This 

transport is intimately related to durability and performance issues ranging from capacity fade due 

to crossover of redox active species to low power density due to the high ionic resistance of the 

ion-conducting membrane.35, 102-103 Current commercial ion-exchange membranes are optimized 

for fuel cells rather than RFBs, emphasizing the need for understanding transport under these 

disparate conditions.12 In contrast to fuel cells, RFBs contain numerous ionic species that transport 

through the membrane, as shown in Figure 2-3. Therefore, approaches to improve cell and 

separator membrane performances are directed at improving ion selectivity, which is the ratio of 

favored species conductivity to undesirable species flux (e.g. H+:VO2+ for a vanadium RFB). 

Improving membrane selectivity will reduce crossover, which is required to achieve the required 

multi-year operational longevity of RFB stacks, without introducing additional ionic resistance or 

complex rebalancing schemes that increase stack size and capital costs.35, 87, 102-103 However, these 

two objectives are often interrelated, where decreased ionic resistance is generally followed by 

increased crossover of the redox active species and vice versa, creating a challenge for membrane 

development.  

This paper briefly summarizes the complex phenomena of multi-ion transport through RFB 

separators and identifies key properties. We then show the practicality of using this fundamental 

analysis by linking separator transport properties to cell performance. The review concludes by 

exploring the property space accessible to current separator architectures and possible avenues to 

improvement. 

                                                

† Published as Kushner, D. I. (equal contribution); Crothers, A. R. (equal contribution); Kusoglu, 

A.; Weber, A. Z., Transport phenomena in flow battery ion-conducting membranes. Current 

Opinion in Electrochemistry 2020, 21, 132-139. 
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Figure 2-3. Schema of a vanadium redox flow battery with magnification into a generic membrane 

separator showing the multiple ions present in the membrane (note that the surface species can be 

charged or not, thereby explaining the lack of explicit electroneutrality in the schema).  

 

2.3 Modes and Driving Forces for Transport 

Ion transport through RFB membranes is driven by diffusion, convection, and migration.86 The 

diffusive flux is characterized by the membrane permeability at zero current.86 Migration occurs 

under an applied current that drives active ions in a particular direction, which flow in opposing 

or allied directions of diffusive flux.86 Furthermore, because RFB electrolytes comprise of 

concentrated electrolytes (>1 M), numerous interactions involving the movement of any single 

ionic species depends on the concentration gradients of all other species present.104 

Mathematically, the flux of species 𝑖 across the membrane (in 1-D, coordinate 𝑥) is9, 31, 72, 104 

 
𝑁𝑖 =

𝑡𝑖

𝑧𝑖𝐹
𝑖 + 𝐿𝑖

Π
𝜕Π

𝜕𝑥
− 𝐿𝑖

𝑝 𝜕𝑝

𝜕𝑥
− 𝐷𝑖𝑖

𝜕𝑐𝑠/𝑖

𝜕𝑥
− ∑ 𝐷𝑖𝑗

𝜕𝑐𝑠/𝑗

𝜕𝑥
𝑠/𝑗≠0,𝑠/𝑖
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where Chapter 6 outlines the derivation of this equation. On the right side, the first term is due to 

migration where 𝑡𝑖 is the transference number and 𝑧𝑖 is the charge number of species 𝑖, 𝐹 is 

Faraday’s constant, and 𝑖 is current density. The second term is due to flux from an osmotic 

pressure gradient where Π is the osmotic pressure and 𝐿𝑖
Π is the osmotic transport coefficient of 𝑖; 

the sign on this term is positive because water moves up its osmotic pressure gradient, convecting 

species 𝑖 along with it. The third term is due to pressure gradients (𝜕𝑝/𝜕𝑥) driving flux of 𝑖 
proportional to the hydraulic pressure transport coefficient 𝐿𝑖

𝑝
. The fourth term is due to diffusion 

of 𝑖 down the concentration gradient of its constituent neutral salt 𝑠/𝑖 (𝜕𝑐𝑠/𝑖/𝜕𝑥) and proportional 

to the diffusion coefficient 𝐷𝑖𝑖 . The fifth term is due to cross-species diffusion in which the 

concentration gradients of salt species 𝑠/𝑗 (𝜕𝑐𝑠/𝑗/𝜕𝑥) influence the flux of species 𝑖 proportional 

to the diffusion coefficient 𝐷𝑖𝑗; the sum is taken over salts. The osmotic pressure is proportional 

to the sum of species concentrations, Π = 𝜙𝑅𝑇∑𝜈𝑖𝑐𝑠/𝑖, where 𝜙 is the molar osmotic coefficient, 

𝑅 is the gas constant, 𝑇 is absolute temperature, and 𝑐𝑠/𝑖 is the concentration of a salt containing 𝑖 

that dissociates into 𝜈𝑖 ions.30 The molar osmotic coefficient accounts for thermodynamic 

nonidealities of water.30 The diffusion coefficients account for both how concentration gradients 

change the system free energy and the frictional interactions between species as they diffuse. 

Transport coefficients are defined with the membrane velocity as the frame of reference. The 

concentrations in Equation 2-1 can be defined as the external solution concentration (i.e. 𝐷𝑖𝑗 is a 

permeability), concentrations of 𝑖 in the membrane defined on an interstitial basis (i.e. moles 

divided by water volume fraction) or superficial basis (i.e. moles divided by total membrane 

volume); any of these definitions is valid, although the accompanying transport coefficients take 

on different values depending on the definition of 𝑐𝑖. Figure 2-4a summarizes different modes of 

transport that are represented in Equation 2-1. 

The second and fifth terms on the right side are rarely incorporated in RFB models and 

experimental analysis because they are negligible in dilute systems, from which the theories were 

adapted.9, 86, 105-106 However, experiments in RFB-relevant conditions demonstrate that measured 

permeability depends on the nature of the concentration gradients species are diffusing against and 

the osmotic pressure gradients across the membrane.91 This suggests that the cross-species 

diffusion and osmotic pressure-driven flow are relevant phenomena in RFBs. As a consequence, 

analysis that neglects the cross-species diffusion coefficients will be incomplete under different 

conditions.9  

To illustrate why accounting for multiple driving forces may be important, Figure 2-4b shows the 

difference in concentration (i.e. driving force), or, in the case of water, −∑𝜈𝑖𝑐𝑖, across the 

membrane of a typical vanadium-flow battery as a function of state of charge (SOC). During the 

cell discharge cycle from 100% to 0% SOC, the species ratio changes as VO2(SO4)1/2 reduces to 

VOSO4 and VSO4 oxidizes to V(SO4)3/2, commonly referred to as V(V) or VO2
+, V(IV) or VO2+, 

V(II) or V2+, and V(III) or V3+, respectively. Concentration gradients then change, altering the 

driving forces in Equation 2-1. We assume the total sulfate ion concentration in each electrode is 

constant across SOC. Osmotic pressure drives species transport preferentially to the positive 

electrode and sulfuric-acid concentration gradient drives species to the negative electrode. Across 

multiple cycles and with electrolyte rebalancing, these gradients will change as will the 

corresponding fluxes. Accounting for the magnitude of cross-species diffusion and osmotic-driven 

flux is therefore essential to understanding cell performance and lifetime. 
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These driving forces are further complicated by their coupled nature. For example, water solvates 

dissociated ions, leading to multiple water molecules within the hydration shell of each ion. Ion 

diffusion due to concentration gradients transport water molecules across the membrane, leading 

to large electrolyte volume changes.107 On-the-other-hand, osmotic pressure gradients find balance 

by driving water molecules across the membrane.107 Osmotic pressure and water concentration 

imbalances in the cell are a large driving force and must also be accounted for when measuring 

species crossover. Although these multiple driving forces can be detrimental, engineering of RFB 

cells can take advantage of these additional transport couplings. For example, by balancing the 

osmotic pressure, gradients can be mitigated or beneficially imposed by using balancing salts,87 

draw solutes,108 or countered by imposing hydraulic pressure gradients.89-90, 109 However, these 

strategies may induce other complexities in the experiments if not properly accounted.  

In addition to diffusion, Figure 2-4c shows the species flux, represented as a charge capacity loss, 

across a Nafion membrane separator with changing current for a vanadium flow battery using a 

simulated case by solving Equation 2-1 for VOSO4 (V(IV)).11, 86 Transport due to hydraulic 

pressure gradients are neglected in this analysis because of the relatively small pressure drop across 

the separator (~ 10 kPa).109 The final term in Equation 2-1 has not been measured experimentally 

and, lacking a reasonable value, is neglected in this analysis. In the low-current-density regime, 

the flux is diffusion controlled due to the concentration and osmotic pressure gradient across the 

membrane. As the current density approaches 500 mA cm-2, when the direction of current and 

diffusion are aligned, contributions from diffusion and migration to the flux are approximately 

equal, marking the point at which migration becomes the dominant crossover contribution.  

As Figure 2-4c shows, knowing the values of transport coefficients in Equation 2-1 is essential for 

elucidating the magnitude of active species crossover and developing mitigation strategies. 

Unfortunately, diffusion coefficients 𝐷𝑖𝑗 and 𝐷𝑖𝑖 are challenging to measure.12 If any osmotic or 

other concentration gradients are present in ex-situ measurements of ion permeability, the 

calculated diffusion coefficient will be a convolution of multiple 𝐷𝑖𝑗’s, resulting in measurements 

that describe system-level properties rather than purely membrane properties.91 Careful 

experimental design with systematic variations of the concentration gradients across the separator 

can isolate 𝐷𝑖𝑗’s. Additionally, the thermodynamic nonidealities (e.g. the osmotic coefficient, 𝜙) 

is unknown for many RFB systems. Quantifying these nonidealities is essential to predict the 

crossover of active species under different SOCs. 
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Figure 2-4. (a) Different contributing driving forces associated with the crossover of redox active 

species in RFBs. (b) Dynamic changes in concentration gradient driving forces as a function of 

state of charge for a vanadium redox flow battery and (c) the influence of current density on the 

charge flux of VO2+ (denoted IV) predicted from the solution to Equation 2-1 (where 𝑡IV = 0.015, 

𝐷IV,IV = 1.2 x10-10 m2 s-1, 𝐿IV
Π 𝜕Π/𝜕𝑥 = 1.6 x10-4 mol m-2 s-1, 𝑐IV(𝑥 = 0) = 0.12 mol L-1). 

2.4 Coupled Membrane Conductivity/Crossover Tradeoffs 

The flux described in Equation 2-1 directly impacts RFB performance. The overall performance 

of a cell can be described using energy efficiency and discharge power density, which are 

dependent on transport within the cell. Darling, et al. have established many of the relationships 

that are used for cell-level modeling through a series of publications.11, 86, 110 The combination of 

Coulombic efficiency, C, and voltaic efficiency, V, which are related to the crossover, or total 

charge loss, of active species during cycling and the energy lost due to overpotential, respectively, 

describe the overall round-trip energy efficiency, E (=CV). 11, 86  

The Coulombic efficiency can be approximated by11, 86  

 
𝜀𝐶 ≈

𝑖𝑑 − 𝑖𝑥

𝑖𝑑 + 𝜏𝑖𝑥
 

2-2 

where id, ix, and  are the discharge current density, crossover current density, and charge/discharge 

time ratio, respectively. The crossover current density is related to the flux of all active species in 

the system and how the positive and negative electrode species react with each other (i.e. self-

discharge reactions). For example, for a VRFB at the negative electrode, 𝑖x = 𝐹(2|𝑁V| + |𝑁IV| +
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|𝑁𝐼𝐼|) where 𝑁𝑖 is the flux of V(V), V(IV), and V(II) across the membrane.11, 86 V(III) is omitted 

as it does not contribute to ix. The coefficients accompanying the fluxes account for the 

stoichiometry of self-discharge reactions between active species.11, 86 𝑖x links the fundamental 

description of flux in Equation 2-1 and the involved transport couplings to cell efficiency. At low 

current densities, 𝑖x is only a function of species diffusion (denoted 𝑖x
0) whereas high current 

densities, migration dominates giving, for VRFB 𝑖x = 𝑡x𝑖 = (2𝑡V/𝑧V + 𝑡IV/𝑧IV + 𝑡II/𝑧II)𝑖, where 

𝑡x is the crossover transference number. When migration dominates, 𝜀C is independent of current 

density and governed by activity-species transference numbers. Because 𝑖x
0 is related to ion 

permeability, it is inversely related to membrane thickness, 𝑙mem, whereas at high current densities, 

𝑖x is independent of 𝑙mem. 𝑖x
0 depends on separator transport coefficients (e.g. 𝐷𝑖𝑖, 𝐿𝑖

Π, etc.) and the 

concentration and hydraulic gradients across the membrane. 

The voltaic efficiency can be approximated by 

 
𝜀V ≈

𝑈 − 𝑖d𝑅cell

𝑈 + 𝑖d𝑅cell
 

2-3 

where Rcell and U are the cell resistance and open-circuit potential, respectively. The numerator in 

Equation 2-3 is smaller than the denominator because the cell voltage is higher on charge than 

discharge due to various overpotentials.  

Darling et al. measured the efficiencies for a N212 separator membrane, shown in Figure 2-5a with 

model (Equations 2-2 and 2-3) fits of the efficiency.11, 86 The diffusional crossover is the greater 

contributor to the C (i.e. 𝑖x = 𝑖x
0), which rises with increasing current density. As the current 

density approaches 200 mA cm-2, the migration flux becomes the controlling contribution to C 

(i.e. 𝑖x = 𝑡x𝑖) and lessens the improvement with increasing current density. The switch between 

governing mechanisms of C occurs when more redox-active species are transported between 

electrode by migration than by the flux without current (i.e. 𝑖𝑡x > 𝑖x
0). A limiting case of V is 

calculated using the resistance of only the cell hardware and with the membrane excluded, which 

follows Ohm’s law. 

Along with efficiency, the amount of power that can be deployed by the cell on discharge dictates 

its profitability. The area-specific discharge power density, d, is the product of the cell potential 

and current density,  

 d = 𝑖d(𝑈 − 𝑖d𝑅cell). 2-4 

Figure 2-5b maps out the influence of crossover current density and cell resistance, which are 

primarily membrane properties, on the discharge power density with an energy efficiency of 80%. 

Cells operating at 80% energy efficiency with increasing resistance must use separator membranes 

with lower crossover current in order to maintain the high discharge power densities. As the 

crossover current falls below 1 mA cm-2, the power density losses sensitivity to changing crossover 

current at a constant cell resistance.  

The relationship between crossover current and membrane resistance can be further correlated by 

determining the number of cycles before 20% capacity loss has been incurred, which was a target 

metric for the previously funded IONICS project from ARPA-E.111 Historically, membrane 
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thickness has been used to combat the crossover of active species, leading to higher resistance with 

increased cycle capability.112 To maintain an energy efficiency of 80%, increases in cell resistance 

require crossover current reductions as shown in Figure 2-5b. This is largely due to the fact that 

the reduction in voltage efficiency requires higher Coulombic efficiency. Two cases of electrolyte 

treatment are used when determining the number of cycles to 20% capacity loss (i) electrolyte can 

be rebalanced (i.e. nondestructive) and (ii) redox species is unrecoverable (i.e. destructive) after 

crossover. Rebalancing leads to an order of magnitude increase in cycle number before 20% 

capacity fade is achieved. 
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Figure 2-5. (a) Vanadium redox flow battery efficiency map. (b) Heat map of the peak power 

density regime at which the energy efficiency is 80% with changing crossover current and cell 

resistance. The black dashed line shows the crossover current density above which the RFB cannot 

achieve 80% energy efficiency. The vertical dash-dotted line is the non-membrane cell resistances, 

𝑅𝑛𝑜𝑛−𝑚𝑒𝑚 . The solid black line represents the transport properties of a N212 membrane (𝑖𝑥𝑙𝑚𝑒𝑚 = 

0.75 mA m-1, 𝑡𝑥 = 0.0074, 𝜅 = 5 S m-1)11 with a simulated thickness of 2, 50, 200, and 500 m 

in a vanadium redox flow battery system. The blue dashed lines represents the crossover current 

density and cell resistance at which the number of cycles represent the point of 20% capacity loss. 

(For these calculations, 𝑈 = 1.41 V, 𝑅𝑛𝑜𝑛−𝑚𝑒𝑚 = 0.5 Ω cm2). 
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2.5 Tuning Membrane Selectivity Pathways 

The cell resistance and crossover current can be tuned by changing 𝜅 and 𝐷𝑖𝑗, 𝐿𝑖
Π, and other 

transport properties (see Equation 2-1). Polymeric membranes can be separated into the following 

classes (i) ion-exchange membranes (cation- = CEM, anion- = AEM) that rely on fixed charges 

for transport and (ii) porous membranes doped with electrolyte for facilitating transport. Similarly, 

these classes often favor either conductivity or crossover but this trade-off between the two 

properties that must be taken into account, as discussed earlier. Figure 2-6 summarizes reported 

data for polymeric membranes based on perfluorosulfonic acid (PFSA, a common CEM), 

polybenzimidazole (PBI, a common porous membrane), and other AEM and CEM hydrocarbon 

chemistries for vanadium RFBs. The normalized crossover current density as calculated using the 

Coulombic efficiency values using Equation 2-2, whereas the resistance is measured using an ex-

situ or in-situ technique resulting in the scatter in the data for the same material.  

Interestingly, while these polymer systems are quite diverse, the data sets occupy a region that 

aligns with a boundary of selectivity. The dotted line scales selectivity on the basis of the ratio of 

dilute-solution theory crossover current to conductivity 

 𝑖x𝑙M

𝜅
=

𝑅𝑇4𝑐IV𝐷IV

𝐹𝑐H𝐷H
 

2-5 

where 𝑐IV is the concentration of vanadium IV at the positive electrode, 𝐷IV is the vanadium 

diffusivity in solution (= 2 x 10-10 m2 s-1), 𝑐H is the concentration of protons in the membrane (the 

ratio 𝑐IV/𝑐H = 0.024), and 𝐷H is the diffusivity of protons in solution (= 9.3 x 10-9 m2 s-1). The 

success of this simple scaling relationship suggests that transport through these membranes relies 

on similar transport mechanisms, as shown in the Figure 2-6 cartoon. Because these membranes 

contain electrolyte within their structure or free-volume, the trend of transport through their 

conductive pathways follow a similar trend as their selectivity predicted by solution diffusion 

coefficients and a constant ratio of vanadium to proton uptake in the membrane 

  



 

18 

 

Figure 2-6. Membrane thickness-normalized crossover current for PFSA113-119, PFSA-

composite113-115, 120, PBI116, 121-124, and AEM125 and CEM126-130 hydrocarbon -based membranes 

used for vanadium redox flow batteries. 
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There are several active approaches for driving the selectivity of membranes towards more 

favorable regions (i.e. low crossover current and resistance). One approach is to change the 

transport coefficient or uptake of ions in the membrane. In particular, by making redox species 

that are much larger, such as organic species like quinones131 and even larger redox active 

polymers132. Another approach involves controlling the membrane pore size to closely match the 

size of the redox species in order to take advantage of size exclusion, an area in which polymers 

of intrinsic porosity have started to successfully tune with pore sizes approaching 0.5 nm.133-134 

Inclusion of a fixed charge also promotes Donnan exclusion where repulsion of unwanted species 

occurs. For membranes like PFSAs that have relatively large channels filled with water, the 

electrolyte overcomes Donnan exclusion at electrolyte concentrations as low as 0.01 M.135  

Beyond targeting membrane transport properties, new strategies can take advantage of the 

numerous driving forces for transport to mitigate crossover of active species. Crossover can be 

reduced by varying osmotic pressure gradients or introducing a spectator species to diffuse against 

the redox-active molecular. Further, targeted electrolyte rebalancing may reduce unfavorable 

osmotic pressure gradients and asymmetric charge/discharge cycles can beneficially align 

diffusion and migration. Transport is at the crux of both approaches and requires fundamental 

understanding of how new membranes and redox species respond in these environments to propel 

flow batteries as a technology.  

 

2.6 Concluding Remarks 

Understanding transport through the polymeric separators in mature and burgeoning redox-flow-

battery technologies is essential for predicting and tuning system performance. Addressing the 

coupled nature of transport will be important going forward for membranes to push beyond the 

observed selectivity envelope. Membranes operating at high current density are more susceptible 

to migration fluxes, minimizing the effect of a diffusive flux, which emphasizes the need for more 

crossover studies at current rather than zero current. With this in mind, membranes with low 

resistance and low migration are required going forward. Lastly, while this paper used published 

data related to vanadium redox-flow batteries for insight, ion-transport correlations are adaptable 

to flow batteries as a technology and are essential as redox species and membranes continue being 

developed. In particular, one needs to understand and note these coupled phenomena in testing, 

validating, and designing materials, cells, and diagnostics.  
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3 Impact of Nano- and Mesoscales on Macroscopic Cation 

Conductivity in Perfluorinated-Sulfonic-Acid Membranes 

 

3.1 Chapter Abstract 

A mean-field local-density theory is outlined for ion transport in perfluorinated-sulfonic-acid 

(PFSA) membranes. A theory of molecular-level interactions predict nanodomain and macroscale 

conductivity. The effects of solvation, dielectric saturation, dispersion forces, image charge, finite 

size, and confinement are included in a physically consistent 3D-model domain geometry. 

Probability-distribution profiles of aqueous cation concentration at the domain-scale are in 

agreement with atomistic simulations using no explicit fitting parameters. Measured conductivities 

of lithium-, sodium-, and proton-form membranes with equivalent weights of 1100, 1000, and 825 

g/mol(SO3) validate the macroscale predictions using a single-value mesoscopic fitting parameter. 

Cation electrostatic interactions with pendant sulfonate groups are the largest source of migration 

resistance at the domain-scale. Tortuosity of ionically conductive domains is the largest source of 

migration resistance at the macroscale. Our proposed transport model is consistent across multiple 

lengthscales. We provide a compelling methodology to guide material design and optimize 

performance in energy-conversion applications of PFSA membranes.‡ 

 

3.2 Introduction 

Ion transport in cation-exchange membranes is fundamentally linked to the performance of a 

variety of burgeoning clean-energy technologies such as polymer-electrolyte fuel cells (PEFC).136 

A prototypical PEFC membrane consists of a phase-separated polymer with interconnected 

conductive, nanoscale, aqueous domains embedded in a nonconductive matrix that provides 

structural integrity and durability.12, 18-19 Interactions between appended charged polymer groups 

and aqueous counterions cause ion-transport behavior in the aqueous domains to differ from that 

in bulk aqueous solution.12, 18 To understand how molecular interactions among polymer, water, 

and ions at the nanoscale mediate transport at the macroscale, we formulate a multiscale 

mechanistic model for ion transport in fuel-cell membranes. 

Perfluorinated-sulfonic-acid (PFSA) copolymers are the prototypical PEFC membrane material. 

PFSAs consist of a fluorocarbon backbone with perfluoroether sidechains that terminate in 

negatively charged sulfonate groups.19 The sulfonate anion is charge compensated by an aqueous 

cation, such as a proton. Unfavorable interactions between the hydrophilic sulfonate moiety and 

the hydrophobic backbone cause the polymer to phase separate into solid polymer bundles and an 

interconnected network of ionically conductive, hydrophilic domains or “pores.”12, 18-19, 137 

Because the ionic conductivity of PFSA membranes increases drastically with water content, 

PEFC membranes typically operate under humidified conditions.136 A wet environment leads to 

water absorption into the hydrophilic domains of the membrane with the subsequent water content 

                                                

‡ Published as Crothers, A. R.; Radke, C. J.; Weber, A. Z., Impact of Nano- and Mesoscales on 

Macroscopic Cation Conductivity in Perfluorinated-Sulfonic-Acid Membranes. J. Phys. Chem. C 

2017, 121 (51), 28262-28274. 
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described as the molar ratio of water per sulfonate site,  𝜆 (mole H2O/mole SO3
).12 Because the 

sulfonate anions are immobilized by covalent bonds to the polymer matrix, electrolyte conduction 

through the membrane is accomplished by movement of aqueous cations.18  

The amount of absorbed water controls the degree to which the cation and the sulfonate group 

dissociate.18, 28 Figure 3-1a depicts a completely dry PFSA domain in which the sulfonate group 

and cation form an ionically bound ion pair.18, 28, 138 The proton exists as a hydronium cation since 

desorption of the constituent water molecule occurs only at extreme temperatures ( >200 °C).12 

Figure 3-1b depicts water solvating the bound ions. At low water contents, there is not enough 

water to separate the ions; they remain as bound contact pairs.18, 28, 138 Ions forming salt complexes 

or contact pairs are immobile and do not facilitate conduction.138 Figure 3-1c depicts water 

completely solvating the ions at higher water contents allowing complete ion dissociation.18, 28, 138 

 

 

Figure 3-1. Depiction of the cation center of charge (+) and water dipole (⇸) distributions 

around a pendant sulfonate group (). Solid lines denote the hard-sphere radius. Dotted lines 

denote the first solvation shell of the sulfonate group. Grey region denote PFSA polymer. a) In 

completely dry conditions, the sulfonate ions and cations are tightly bound as salt complex. b) 

In low-water conditions, ions form contact pairs. c) In high-water conditions some of the ion 

pairs dissociate. 

 

Water content increases conductivity because hydration dissociates ion pairs,18, 27, 76, 139-144 

increases the hydrophilic volume fraction of the polymer, 145-147 and decreases the tortuosity 

between domains. 48, 76, 147-150 Conversely, increasing water content otherwise decreases 

conductivity because the concentration of free aqueous cations is lower.47, 146-147  Quantifying the 

relative contributions of these factors is challenging because they are all coupled to water 

content.18, 44, 146 Research observations are often attributed to any one of these factors without 

considering the others.18, 44, 147 The modeling approach herein elucidates these factors and their 

specific effects on measurable macroscale properties.  

Molecular-dynamics (MD) and ab-initio simulations provide invaluable understanding of 

intermolecular interactions among polymer, solvent, and ions in the nanodomains, but often do not 

describe transport processes.27, 42-43, 140, 142, 151-155 Conversely, microcontinuum models provide 

crucial insights into transport processes in the nanodomains, but current models have selective 

applicability to PEFC systems because they do not examine varying hydration14, 156 or exclude 

relevant nanoscale interactions, such as solvation energies.47, 139, 157-160 Both approaches often 
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focus on nanoscale properties without connection to macroscopic observables.12 Our model is 

grounded in physical descriptions provided by microcontinuum theories and atomistic simulations 

but goes beyond previous work by giving a consistent mechanistic description within the 

nanodomains and at the mesoscale as a function of hydration. 

To elucidate how molecular-level interactions among solvent, ions, and polymer matrix affect 

macroscopic properties, a quantitative model is developed for domain-scale physics of cation 

conduction in PFSA membranes. The approach includes molecular-scale interactions including 

finite-size, confinement, ion solvation, dielectric saturation, image charge, and dispersion forces. 

The proposed micro/macro-scale model is validated against both atomistic simulations42, 152 and 

experimentally measured ion conductivity.161 To ensure physical veracity, realistic geometric 

parameters are adopted from direct imaging of the PFSA membrane pore structure. The presence 

of mobile coins and multiple couterions is not considered, but the conductivity of fully ion-

exchanged sodium and lithium-form membranes54 are studied in addition to proton transport. 

 

3.3 Theory 

3.3.1 Physical Model 

In PFSAs, the hydrophobic phase surrounds hydrophilic domains consisting of immobilized 

sulfonate groups, counterions, and  absorbed water.19 In the fully hydrated state (𝜆 ≈ 20), the 

hydrophilic domains are locally flat, ribbon-like channels with an average (mean) thickness of 0.85 

nm and a width of 2.5 nm.58, 137, 162  

Assuming a realistic physical representation of the aqueous nanodomains is imperative to provide 

a useful mathematical model. Figure 3-2 provides this representation. Solvent regions are 

completely phase separated from the polymer backbone and sidechains to form lamellar channels 

with appended ionized sulfonate groups. Hydrophilic sulfur and oxygen atoms of the sulfonate 

groups are coarse grained as hemispheres. Because neighboring sulfonate groups need not be 

attached to the same PFSA chain, the amount of backbone between sidechains does not dictate the 

spacing between sulfonates along the channel. Rather, the anion groups are uniformly distributed 

along the walls of the channel such that the distance between groups is maximal; electrostatic 

repulsion between sulfonate groups is minimized. Consequently, water swells the domain 

isotropically. This representation reduces the hydrophilic lamellar channel into repeating periodic 

cubic unit cells of dimension 𝑙. 
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Figure 3-2. Schematic of the unit cell from (a) direction perpendicular to the direction of flow, 

i.e. x-y surface of unit cell, and from (b) direction parallel to the direction of cation flux, i.e. y-

z surface. 𝜕𝛺𝑆𝑂3
− denotes the surface of protruding sulfonate groups. See text for details of 

notation. 

 

The volume of the aqueous-domain unit cell consists of a single cation of unhydrated radius 𝑅+, 𝜆 

water molecules each of volume 𝑉w, and four quarters of a sulfonate group with radius 𝑅so3
−   each 

at alternating corners of the cube. The 𝜆 water molecules include free waters and those solvating 

the ions. The unit cell is bounded by an insulating polymer ceiling and floor (i.e. in the y-direction) 

and mirrored periodic unit cells on each side (i.e. in the x- and z- directions). Channel thickness of 

the unit cell with 𝜆 = 20 [H2O/SO3] is 0.86 nm, close to that experimentally measured.137, 162  

Water molecules and cations are internal to the system; sulfonate moieties and polymer matrix are 

external. The membrane is in equilibrium with external water vapor at the overall boundary of the 

membrane and does not exchange ions with the environment. The chemical potential of water is 

constant throughout the membrane. Cations are idealized as spheres; hydrated protons exist as 

hydronium ions. 

3.3.2 Mathematical Model 

3.3.2.1 Transport 

Transport of cations along the channels is driven by an applied electrostatic potential difference 

−ΔΦ in the x-direction. No net current flows in the y- and z-directions. The cross-section average 

current density 〈𝑖〉 across a unit cell of the channel is proportional to the average applied electric 

field9 
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〈𝑖〉 = 〈𝜅〉 (−

ΔΦ

𝑙
) 

3-1 

where 〈𝜅〉 is the integrated conductivity of the unit cell. The average current density is obtained by 

averaging of the local current density 𝑖 over a surface of the unit cell normal to the direction of 

transport. Because the sulfonate anion is immobile, the local current density is due only to the 

cation flux 𝐽+
9 

 𝑖 = −𝑧+𝑒𝐽+ 3-2 

where 𝑧+ is the valence of the cation, 𝑒 is elementary charge, and underbars denote vectors. At 

constant pressure and temperature and negligible convection, the local flux 𝐽+of cations in the 

hydrophilic channels is driven by a gradient in the cation electrochemical potential �̃�+
36, 82 

 𝐽+(𝑟) = −𝑢(𝑟) ⋅ 𝜌+(𝑟)∇�̃�+(𝑟) 3-3 

where 𝑟 is the position vector inside the pore, 𝜌+ is the local molecular concentration (i.e. time 

averaged probability density) of the cation, and 𝑢 is the anisotropic, diagonal cation mobility 

tensor. 𝑢 deviates from the scalar mobility in bulk solution, 𝑢+
∞, due to hydrodynamic-drag tensor 

against the domain walls, 𝛽,163-165 and increased viscosity of the liquid phase, 𝜂, around sulfonate 

groups due to dielectric friction (i.e. resistance of dipole rotation in an electrostatic field)166 so that 

 
𝑢(𝑟) = 𝑢+

∞𝛽(𝑟)
𝜂∞

𝜂(𝑟)
 

 

3-4  

where 𝜂∞ is the viscosity of the pure solvent. Appendix 3-A discusses calculation of 𝛽. Einstein’s 

law in the ideal dilute-solution limit (i.e. 𝜌+ → 0) relates cation mobility in bulk aqueous solution 

to conductivity,𝜅+
∞ 167 

 
𝑢+

∞ =
𝜅+

∞𝑁𝐴

𝑒2𝑧+
2𝜌+

∞ 
3-5 

where 𝜅+
∞/𝜌+

∞ is the molar cation conductivity at infinite dilution and 𝑁𝐴 is Avogadro's number. 

Values of 𝑢+
∞ for studied cations are in Table 3-1. Proton mobility given by Equation 3-5 includes 

both vehicular and Grotthus (i.e. proton hopping) contributions because proton conductivity at 

infinite dilution occurs by both mechnisms.18 
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Table 3-1. Cation parameters used in the study.  

 H+* Li+ Na+ 

𝑅+ [Å]** 1.00 0.780 1.02 

Δ𝐺∞ [kJ mol-1]† 432 -510 -411 

Δ𝐺sat [kJ mol-1]‡ -304 -387 -296 

𝑢+
∞[s kg-1] x 10-11 § 22.6 2.50 3.24 

𝛼 [1E-24 cm3] ‖ 0.98 0.029 0.179 

𝐼 [eV] ‖ 12.62 5.391 5.139 

* All properties based on a hydronium ion except 𝑢+
∞, which is the dilute solution proton 

mobility. 

** taken from Refs 45, 168 and 169. † for liquid water 𝜀𝑏 = 78 at 298 K taken from Refs 170, 171, 

and 169. 
 ‡ for liquid water calculated using Equation 23 in Ref 156, using the parameters listed in this. 
§ for liquid water at 298 K taken from Ref  172.  
‖ taken from Refs 173 and 174.  

 

At steady state, the divergence of the local flux is zero 

 −∇ ∙ 𝐽+(𝑟) = 0 

 

3-6 

Boundary conditions for Equation 3-6 are zero flux at the polymer floor and ceiling of the unit cell 

(𝑦 = 0, 𝑙), at the interface with the sulfonate groups, 𝜕Ω𝑆𝑂3
, and, because of symmetry, at the 

boundary of the neighboring cells that are parallel to the direction of transport (𝑧 = 0, 𝑙) 

 ∇�̃�+(𝑟) = 0, ∀𝑟 ∈  𝜕ΩSO3
− , 𝑦, 𝑧 = 0, 𝑙  
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Boundary conditions at the upstream (𝑥 = 0) and downstream (𝑥 = 𝑙) boundaries are Dirichlet 

conditions of a fixed potential drop 

 �̃�+(𝑟) = �̃�+
us, ∀𝑟 ∈ 𝑥 = 0 

�̃�+(𝑟) = �̃�+
us − 𝑒ΔΦ , ∀𝑟 ∈ 𝑥 = 𝑙 

3-8 

where �̃�+
us is a reference upstream electrochemical potential. ΔΦ is set to an applied potential of 

10-8 V (equivalent to an electric field of 116 V m-1 for a unit cell with 𝜆 = 20), which is small 

enough to ensure linearity of the flux with respect to the applied potential but large enough for 

numerical precision. 

3.3.2.2 Thermodynamics 

Numerous molecular interactions in the PFSA aqueous domains dictate the distribution of the 

cation throughout the channel, including electrostatic interactions between the sulfonate and 

cation, solvation forces, dispersion and image-charge forces at the interface between the solvent 

and hydrophobic polymer walls and thermal entropy. Interactions are expressed through the 

electrochemical potential of the cation, �̃�+, 
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 �̃�+(𝑟) =  �̃�+
0 + 𝑘𝐵𝑇ln𝜌+(𝑟) + 𝑧+𝑒Φ(𝑟) + 𝜇fs(𝑟) + 𝜇solv(𝑟) + 𝜇dsp(𝑟)

+ 𝜇img(𝑟) 

3-9 

where �̃�+
0  is the reference electrochemical potential of the cation, 𝑘B is the Boltzmann constant, 𝑇 

is absolute temperature, Φ is ionic potential, and 𝜇fs, 𝜇solv , 𝜇dsp, and 𝜇img are the excess chemical 

potentials (i.e. excess free energies) due to ion finite-size, solvation, dispersion, and image charge, 

respectively. The first two terms in Equation 3-9 describe ideal-solution behavior, whereas the 

third term characterizes electrostatics. The final four terms account for ion non-idealities. Each 

term, except the reference chemical potential, is a function of position inside the pore.  

𝜇fs accounts for the entropy loss by excluding water from regions with high ion concentrations. It 

is expressed with the widely used local-density Bickermann equation49, 175 

 
𝜇fs(𝑟) = −𝑘B𝑇ln (1 −

4

3
𝜋𝑎3𝜌+(𝑟)) 3-10 

where 𝑎 is a finite-size parameter. Equation 3-10 is valid for lattice systems in which the solvent 

and ion have equal radii. When the ion and solvent are of different size, the choice of 𝑎 is unclear. 

The results are relatively insensitive to the choice of 𝑎, and here 𝑎 is set equal to the radius of a 

water molecule. 

Cation-solvation excess chemical potential, 𝜇solv , accounts for the change in solvent potential 

energy due to dipoles orienting around the cation. Relative permittivity, 𝜀, gauges the amount that 

dipoles can orient around a cation. Permittivity is extremely heterogeneous across a PFSA 

membrane nanodomain. Water solvating the sulfonate groups is dielectrically saturated (𝜀 = 1.8) 

but water separated from the ions has a permittivity of bulk water (𝜀 = 78.3).139, 156 Relative 

permittivity of the polymer backbone is 2.1.176 The dependence of solvent permittivity on 𝑟 is 

discussed in the next section. Solvation excess chemical potential at 𝑟 is equal to the work to 

discharge a cation in a reference dielectric plus the work of charging the cation in a dielectric at 

𝑟169 

 
𝜇𝑠𝑜𝑙𝑣 = ∫ 𝑑𝑉

𝑉

∫
𝐷

𝜀𝜀0
−

𝐷

𝜀∞𝜀0
𝑑𝐷

𝐷

0

 3-11 

 

where 𝑉 is volume, 𝐷 is the displacement field of the cation (𝐷 = 𝑧+𝑒/4𝜋𝑟+
2), 𝜀0 is vacuum 

permittivity, and 𝜀∞ is the relative permittivity of bulk water, which is the reference dielectric. For 

a medium in which the permittivity varies slowly over space, the integral with respect to the 

displacement field was accurately approximated by Bontha and Pintauro as156 

 
𝜇solv(𝑟) = − ∫ 𝑑𝜃

2𝜋

0

∫ 𝑑𝜓
𝜋

0

∫ 𝑑𝑟+(𝑟)
𝐴

𝑟+
2(𝑟)

(
1

𝜀(𝑟)
−

1

𝜀∞
)

∞

𝑅+

 3-12 

where 𝜃 and 𝜓 are spherical angular coordinates, 𝑟+ is the distance to the center of the cation, 𝑅+ 

is the radius of the cation, and 𝐴 is a constant. The value of 𝐴 is determined by interpolating 

between the solvation free energy in bulk solution, Δ𝐺∞, and the solvation free energy in a 

dielectrically saturated solution, Δ𝐺sat, 
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𝐴 =
𝑅+

4𝜋
(

Δ𝐺sat − Δ𝐺∞

1
𝜀sat −

1
𝜀∞

) 3-13 

where 𝜀sat is the relative permittivity of a dielectrically saturated solvent. Values of Δ𝐺∞ and  

Δ𝐺sat for different cations are in Table 3-1. The forms of Equations 3-12 and 3-13 are the same as 

those given by Bontha and Pintauro156 except that we explicitly integrate over the volume rather 

than assume permittivity varies slowly over space. Equation 3-12  reduces to the solvation excess 

chemical potential given by Bontha and Pintauro156 in the limit of ∇𝜀 = 0. To avoid simultaneously 

solving Equations 3-3, 3-6, 3-9, and 3-12, which is a set of coupled integral-differential equations, 

we approximate 𝜇solv  as the linear superposition of the solvation excess chemical potentials due 

to interactions with the PTFE floor and ceiling of the unit cell, which is only a function of the 

distance to the boundaries, 𝑑𝑦, and interactions with the sulfonate group, which is only a function 

of distance to the groups, 𝑑SO3
− as discussed in  

Appendix 3-B. 

Solvation free energies account for polarization of permanent dipoles whereas van der Waals 

forces account for induced oscillating polarization of atoms. The dispersion force on a cation is 

the difference in van der Waals forces acting on a cation from water and from the PTFE polymer 

walls. The excess chemical potential accounting for dispersion forces, 𝜇dsp, is thus52 

    
𝜇dsp(𝑟) =

𝐵

𝑦3
+

𝐵

(1 − 𝑦)3
 

3-14 

where  

    
𝐵 =

𝜋𝛼+𝐼+

4
(

𝜌w𝛼w𝐼w

𝐼+ + 𝐼w
−

𝜌T𝛼T𝐼T

𝐼+ + 𝐼T
) 

3-15 

and 𝛼, 𝐼and �̅� are the diamagnetic polarizability, first ionization potential, and molecular density. 

Subscripts +, w, and T denote the cation, water, and PTFE, respectively. Values of 𝛼 and 𝐼 for 

studied cations are in Table 3-1.  Equation 3-14 superimposes dispersion forces arising from the 

unit-cell floor and ceiling (first and second terms, respectively). 

𝜇img  accounts for electrostatic interactions felt by an ion near the interface between two media 

with different dielectric constants. For the case of an aqueous ion adjacent to a water/PTFE 

interface, the method of image charges and Coulomb’s law gives 𝜇img as177 

    
𝜇img(𝑟) = (

𝜀∞ − 𝜀T

𝜀∞ + 𝜀T
)

𝑒2𝑧+
2

16𝜋𝜀∞𝜀0
(

1

𝑦
+

1

𝑙 − 𝑦
) 

3-16 

 

Figure 3-3 shows the excess chemical potential of solvation, dispersion, and image charges as a 

function distance from a wall (or sulfonate group for 𝜇solv

SO3
−

). Solvation forces are the dominant 

excess free energy. Beyond 0.6 nm from the walls, all excess chemical potentials are relatively 

small. 
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Figure 3-3. Excess hydronium chemical potentials 𝜇solv
bottomand 𝜇solv

top
 (dashed line), 𝜇dsp (dotted 

line), and 𝜇img (dash-dotted line) as a function of distance from the polymer wall and 𝜇solv

SO3
−

 

(solid line) as a function of distance from a sulfonate group. 

 

3.3.2.3 Ionic Potential 

Poisson’s equation is necessary to close the above system of equations 

 ∇ ⋅ 𝜀(𝑟)∇Φ(𝑟) = −
𝑒

𝜀0
𝑧+𝜌+(𝑟) 3-17 

The strong electric field due to the charged sulfonate groups178 and disruption of the hydrogen-

bond network of water due to wall proximity179 creates variations in 𝜀 across the unit-cell domain. 

Booth’s equation describes how the relative permittivity saturates with increased electric field178, 

180 

 
𝜀(𝑟) = 𝑛2 +

3(𝜀con(𝑟) − 𝑛2)

𝛾|∇Φ(𝑟)|
[

1

tanh[𝛾|∇Φ(𝑟)|]
−

1

𝛾|∇Φ(𝑟)|
] 3-18 

where  
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𝛾 = (

5𝑝

2𝑘B𝑇
) (𝑛2 + 2), 

 

𝑛 is the bulk refractive index of water, 𝑝 is the water dipole moment, and 𝜀con is the relative water 

permittivity before an electric field is applied. 𝜀con is reduced from bulk-water permittivity 

because the polymer walls disrupt the hydrogen-bonding network of water that causes the high 

permittivity of bulk water.179 Water coordinates with neighboring water molecules forming a 

cluster of radius 𝑅cluster
∞ .181 At a phase boundary, water coordination is disrupted reducing the 

cluster radius to 𝑅cluster.181 Decreased cluster size reduces permittivity.181 Lamm et al.179 show 

that at 298 K the effect of water confinement on relative permittivity is well approximated as 

 
𝜀con(𝑟) = 17.5 (1 + 1.7𝑓(𝑟)

1
6 + 0.5𝑓(𝑟)

1
3 + 𝑓(𝑟) + 0.24𝑓(𝑟)

1
2) + 0.8 

3-19 

where 𝑓 = (𝑅cluster/𝑅cluster
∞ )

1

3. Appendix 3-B details calculation of 𝑓.  

Boundary conditions for Equation 3-17 are  

 

𝑛 ∙ 𝜀0𝜀(𝑟)∇Φ(𝑟) = {

0, 𝑦, 𝑧 = 0, 𝑙
𝜎−, 𝑟 ∈ 𝜕ΩSO3

−

−𝑛 ∙ 𝜀0𝜀(𝑟)∇Φ(𝑟)|
𝑥=0

, 𝑥 = 𝑙 
 3-20 

and  

 Φ(�̅�) =  Φ(�̅�)|𝑥=0 − ΔΦ, 𝑥 = 𝑙 3-21 

where 𝑛 is the unit normal vector to the boundary and 𝜎− is the charge density on the sulfonate 

group assuming that the negative charge distributes uniformly on the surface of the representative 

hemisphere,  𝜎− = 𝑒/(2𝜋𝑅SO3
−). The first boundary condition specifies zero current through the 

insulating polymer and perpendicular to the channel. The second condition is Gauss’s law 

accounting for the charge of the sulfonate groups. Third and fourth boundary conditions impose 

periodicity of the unit cells. Because neighboring unit cells are the mirror images of each other, 

the boundary conditions are similarly mirrored at the boundaries (e.g. the lower-right corner of the 

downstream boundary in Figure 3-2a maps to the upper-left corner of the upstream boundary). 

Figure 3-12 in Chapter 3 Supporting Information (SI-3) displays boundary conditions.  

 

3.3.3 Numerical Method  

Equations 3-6, 3-9, and 3-17 were solved simultaneously using COMSOL Multiphysics 5.1 

(COMSOL, Inc., Palo Alto, CA) on the 3-D geometry portrayed in Figure 3-2. The mesh consisted 

of tetrahedrals with triangular elements at the boundaries. 30,153 to 23,893 domain elements were 

used with 2,680 to 2,558 boundary elements; the number of elements increased with increasing 

water content. Resulting 173,996 to 138,148 degrees of freedom for the coupled physics were 

solved using the MUMPS general solver using Newton-Raphson iteration to resolve nonlinearities. 

Convergence was achieved for a relative tolerance of 1x10-8.  
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3.4 Results and Discussion 

3.4.1 Nanoscale Physics 

3.4.1.1 Aqueous Domain Free Energies 

The negatively charged sulfonic acid groups impose strong electrostatic fields throughout the unit 

cell. Figure 3-4 and Figure 3-13 in SI-3 show 2D intensity maps on the x-y surface of the unit cell 

to illustrate the impact of the resulting field. Figure 3-13a shows the electrostatic field leads to a 

sharp decline in ionic potential near the sulfonate groups. Figure 3-4a shows that near the sulfonate 

groups the electrostatic field combined with wall confinement disrupts the bonding structure of 

water resulting in a lower relative permittivity than that of bulk water (i.e. ~78). The strong electric 

field orients the water surrounding the sulfonate groups causing dielectric saturation of the water 

that is solvating the sulfonates. Conversely, water near the center of the channel exhibits bulk-like 

permittivity. 

Figure 3-4b shows the cation concentration, 𝜌+ (normalized by the average cation concentration 

in the unit cell, 𝜌+
0 = 1/𝑉tot, where 𝑉tot is the unit-cell volume). Figure 3-5 shows the cation 

concentration between two adjacent sulfonate groups at 𝜆 = 9 (solid line) and 𝜆 = 4 (dot-dashed 

line). Cations are distributed throughout the channel with the highest concentrations near the 

surface of the sulfonate groups and near the midpoints between groups. By plotting the electrostatic 

and solvation free energies (dashed and dotted lines for 𝜆 = 9 and 4, respectively), Figure 3-5 

shows that the distribution of cations in the channel is due to competition between electrostatic 

and solvation forces resulting in a balance of free energies, consistent with the work of Pintauro 

and coworkers.156 Electrostatic free energy is most favorable when aqueous cations are close to 

the negatively charged sulfonate groups. Conversely, solvation free energy is most favorable when 

aqueous cations are outside the solvation shell of the sulfonate groups. The strong electrostatic 

fields of the sulfonate group cause cations within the solvation shell of the sulfonates to dehydrate 

partially. At low water contents, there is insufficient water to hydrate the cations fully, which 

decreases the solvation energy at the center of the channel, and results in the dominance of 

electrostatic interactions. Figure 3-14 in SI-3 shows that as water content decreases, the free energy 

balances from solvation to electrostatic and increases the fraction of cations associated with 

sulfonate groups. The predicted fraction of cations associated with sulfonate groups shows 

excellent agreement with atomistic simulations.42-43, 152  

 



 

31 

 

 

Figure 3-4. 2D intensity map of the x-y surface of the unit cell for protonated membrane at  𝜆 

= 9 [H2O/SO3] of (a) water relative permittivity, 𝜀, (b) hydronium probability density 

normalized by the average unit cell probability density, 𝜌+/𝜌+
0 , and (c) the x-component of 

hydronium mobility, reported as 𝑢𝑥/𝑢+
∞, colored from white (light) to blue (dark) to represent 

low to high values. 
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Figure 3-6 shows that the radial distribution function (RDF) of the cation with respect to the center 

of the sulfonate group displays three peaks, also consistent with molecular dynamics 

simulations.152 SI-3 gives details of the RDF calculation. The first peak, located at 2.4 Å, is caused 

by partially desolvated cations that form contact-ion pairs with the sulfonate groups (Inset a). The 

second peak located near 4-6 Å is caused by solvated cations that separate from the sulfonate 

groups and reside near the center of the channel (Inset b). The third peak, near 5.5-9 Å, arises from 

cations that form ion pairs with opposing sulfonate groups (Inset c). 

 

 

Figure 3-5. ln (ρ+/ρ+
0 ) (denoted solid and dot-dashed lines), eΦ/kbT (denoted dashed and dotted lines), 

and μ/kbT (denoted solid lines for image charge, dispersion and finite size effects and dashed and dotted 

lines for solvation) terms evaluated on a diagonal between two opposing sulfonate groups across the 

bottom of the unit cell at λ = 9 and 4 [H2O/SO3], respectively, for a protonated membrane. The distance 

is normalized between 0 and 1. The insert is a simplification of Figure 3-2a with an arrow indicating the 

diagonal between the opposing sulfonate groups. μex terms are referenced to the midpoint between the 

opposing sulfonate groups. 

 

Positions of the second and third peaks of the RDF in Figure 3-6 shift depending on membrane 

water content. As water content decreases from 𝜆 = 15 (solid line) to 𝜆 = 9 (dashed line) and 𝜆 =
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4 (dotted line), the unit cell shrinks; the distance between sulfonate groups decreases. The distance 

between a sulfonate group and cation contact pairs of opposing sulfonate groups decreases; the 

third RDF peak shifts inward. Similarly, as water content decreases, the distance between a 

sulfonate group and the center of the channel decreases causing the second RDF peak to shift 

inward. The radial distribution function specifies cation distribution to the furthest extent of the 

cubic unit cell (i.e. 31/2𝑙). 

 

 

Figure 3-6. Hydronium RDF with respect to the center of a sulfonate group at water content of 

𝜆 = 4 (dotted line), 9 (dashed line), and 15 [H2O/SO3] (solid line) for an 1100 EW membrane. 

The region shaded dark grey locates the first solvation shell of sulfonate. Schematic inserts 

depict the water dipole structure (⇸) around the aqueous cation center of charge (+) with 

respect to a sulfonate group () for each peak in the RDF; solid lines denote the hard-sphere 

radius of the species, dotted lines denote the first solvation shell of the sulfonate group. Arrows 

indicate the distance 𝑟SO3
−. Grey region denotes the polymer. Only water dipoles solvating the 

cation are shown. 



 

34 

 

3.4.1.2 Aqueous Domain Transport  

The strong electrostatic fields around the negatively charged sulfonate groups increases water 

viscosity due to dielectric friction, as Figure 3-13b in SI-3 shows. Viscosified water corresponds 

to water molecules that solvate the sulfonate groups. Conversely, water near the center of the 

channel is more bulk-like. This is qualitatively consistent with prior work of Yang and Pintauro14, 

46, but they attributed increased solvent viscosity directly to ion concentration effects. Figure 3-4c 

illustrates that increased water viscosity combined with increased hydrodynamic drag near the 

walls significantly reduces aqueous cation mobility throughout the channel. Decreased mobility 

near the walls causes the local conductivity to be maximum near center of the channel, as Figure 

3-13c in SI-3 shows. Cation conductivity is facilitated by solvated cations transporting along the 

center of the channel. 

Figure 3-7 shows unit-cell conductivity as a function of water content. Ideal-solution conductivity 

at the average concentration of the unit cell, 𝜅+
∞ (dotted line), decreases with increasing water 

content because water dilutes the number of charge carriers. Dielectric friction caused by the 

electric field emanating from the sulfonate groups reduces conductivity (dashed line, calculated 

using Equation 3-3 with 𝑢 = 𝐼𝑢+
∞𝜂/𝜂∞ where 𝐼 is the identity tensor). There is a maximum in the 

dielectric friction-corrected cation conductivity at 𝜆 = 4 because below this water content 

increasing water content decreases the fraction of immobile, bound cations, which increases 

conductivity. Above this water content, dilution effects dominate and conductivity decreases with 

increasing water content. Average domain conductivity, 〈𝜅〉, includes the resistance from the 

hydrodynamic drag on the cations due to confinement (solid line, calculated using Equation 3-3 

with 𝑢 given by Equation 3-4). Nanoscale factors reduce conductivity from the ideal-solution limit 

the most at low water contents. The resulting domain conductivity changes relatively little with 

water content (~26% difference between the smallest and largest values of 〈𝜅〉 versus ~520% 

difference for 𝜅+
∞). Figure 3-15 shows that although nanoscale resistance depends on water 

content, it is relatively insensitive to how the domains swell (anisotropic vs. isotropic swelling). 
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Figure 3-7. Average hydronium conductivity in a domain, 〈𝜅〉, as function of water content, 𝜆, 

calculated from 𝜅+
∞ at the average unit-cell concentration (dotted line), from Equation 3-3 with 

𝑢 = 𝑢+
∞𝜂/𝜂∞ (dashed line), and from Equation 3-3 with 𝑢 = 𝛽∥𝑢+

∞𝜂/𝜂∞ (solid line).See 

Appendix 3-A for calculation of 𝛽∥. 

 

3.4.1.3 Impact of Side-Chain Size 

The molecular composition of the PFSA sidechain (e.g. the number of fluorocarbon or fluoroether 

groups) influences the partial charge on molecular groups neighboring sulfonates29 and, 

consequently, the overall membrane conductivity.12, 182 Charge delocalization decreases the 

fraction of cations associated with the sulfonate groups and increases membrane conductivity.29, 

154, 182-183 Charge delocalization is modeled qualitatively by increasing the size of charged 

hemisphere, 𝑅SO3
−, to account for the increase of the effective size of the negatively charged moiety 

which include the sulfonate group and some amount of polymer sidechain over which the negative 

charge is delocalized. Figure 3-8 reports average domain hydronium conductivity (solid line) and 

the fraction of hydronium ions associated with sulfonate groups (dashed line) at 𝜆 = 9 as a function 

of 𝑅SO3
− . Delocalization of the negative sulfonate-group charge (with increasing 𝑅SO3

−) decreases 

the fraction of cations associated with sulfonate groups. Charge delocalization lessens the 

electrostatic free-energy benefit of cation/sulfonate group contact pairs, which increases the 

number of solvated cations. Decreasing the fraction of cations associated with sulfonate groups 

causes conductivity to increase up to a point where most of the cations are completely dissociated. 

Additional delocalization of the negative charge causes the conductivity to decrease slightly 

because the sidechains create physical obstacles to transport. 
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Figure 3-8. Hydronium conductivity (solid line, left axis) and fraction of cations within the 

radius of association (4 Å) of sulfonate groups (dashed line, right axis) at 𝜆 = 9 [H2O/SO3] as a 

function of the size of the negatively charged side-chain moiety. 

 

3.4.2 Macroscale Physics 

The unit-cell model for PFSA membranes captures the essence of known behavior at the 

nanoscale.12 We now extend the aqueous-domain results to predict macroscopic transport 

properties in PFSAs. Modeling macroscopic properties is challenging because the aqueous-domain 

model only accounts for phenomena at the nanoscale. It does not account for transport across a 

network of connected domains. A bundle-of-tubes model describes transport through the medium. 

The effective macroscopic conductivity 𝜅eff is184  

 𝜅eff =
𝜑

𝜏2
〈𝜅〉 

3-22 

where 𝜅eff is the effective macroscopic conductivity of the membrane, 𝜏 is the tortuosity of the 

network, and 𝜑 is membrane hydrophilic volume fraction, which is taken as the combined volume 

fraction of water and sulfonate groups  

 

𝜑 =

𝑉𝑤𝜆 +
4

3𝜋𝑅SO3
−

3

𝑉𝑤𝜆 +
𝐸𝑊

𝑁𝐴�̂�poly

 

3-23 
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where �̂�poly  is the mass density of dry polymer (~ 2 g/cm3)185 and 𝐸𝑊 is the equivalent weight of 

the membrane (g polymer/mole of sulfonate groups). 

Varying the cation type of the membrane (“cation form”) and polymer chemistry changes 𝜏 and 
〈𝜅〉 in Equation 3-22 independently. For example, for the same membrane chemistry and water 

content, tortuosity is assumed independent of cation type. Specifying 〈𝜅〉 with the nanoscale model 

and fitting 𝜑/𝜏2 to conductivity of one cation-form membrane predicts resistance of other cation-

forms. Figure 3-9a shows experimental (symbols) and predicted (lines) membrane conductivity, 

𝜅eff, for sodium and proton membranes with  𝜑/𝜏2 fit using conductivity of lithium membrane at 

the same water content. Agreement is good. Proton-form membranes have the highest conductivity 

because hydronium cations readily dissociate from the sulfonate group and have the largest 

mobility.  Conductivity of lithium- and sodium-form membranes are similar; sodium ions have a 

higher bulk mobility than lithium ions but are hindered in the domains because they are more likely 

to form ion pairs with sulfonate groups. 
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Figure 3-9. Experimental (symbols) and predicted (lines) conductivity of (a) Nafion membrane 

(1100 g/mol SO3 EW) conductivity for lithium- (circles), sodium- (diamonds), and proton-form 

(squares) membranes and (b) 3M membrane with EWs of 1100 (circles), 1000 (squares), and 

825 (diamonds), and 725 g/mol SO3 (pentagons) in lithium- (blue) and proton-form (red) as a 

function of water content. Lines are model predictions (Equation 3-22). 
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Additionally, conductivity of different membrane chemistries further validates the model. We 

assume that network tortuosity is solely a function of the hydrophilic-phase volume fraction and 

distribution (i.e. 𝜏(𝜑)) and that aqueous domain-scale conductivity is entirely a function of the 

local water content, cation form, and pore geometry (i.e. 〈𝜅〉(𝜆)). The effect of network tortuosity 

and aqueous domain-scale conductivity is separated by changing the amount of hydrophobic 

backbone in the polymer per sulfonate group (i.e. EW) and by measuring the conductivity of the 

membranes at different water contents. To account for how tortuosity varies with hydrophilic 

volume fraction we use the empirical expression186 

 
𝜏 = e

𝑘
2

(
1
𝜙

−1)
 

3-24 

where 𝑘 is a fitting parameter.  Substitution of Equation 3-24 into Equation 3-22 specifies the 

effective macroscopic conductivity at a given water content and membrane chemistry. 𝑘 is 0.93, 

which was fit so membrane conductivity from Equations 3-22 and 3-24 matched measured 

conductivity of a lithium-form membrane at 90% relative humidity (i.e. at 𝜆 = 9). 𝑘 was taken 

constant for all EW membranes in lithium- and proton-form. Figure 3-9b shows that predicted 

membrane conductivity from Equation 3-22 (lines) agrees well with measured conductivity 

(symbols) for both lithium and proton membranes as a function of water content across a range of 

equivalent weights. The membrane conductivity increases with decreasing EW at the same water 

content because the hydrophilic volume fraction increases, thereby lowering network tortuosity.  

Discrepancy between theory and experiment shown in Figure 3-9b results from the breakdown in 

the assumption that tortuosity is exclusively a function of water content. Hydrophilic domain 

morphology (i.e. locally flat domains or inverted micelles) and related domain connectivity depend 

slightly on water content and cation form rather than solely on water volume fraction.12, 44 

Furthermore, any domain coalescence or related significant structural changes are not considered 

Because Equation 3-22 explicitly relates transport parameters at the nanoscale (〈𝜅〉) and mesoscale 

(𝜙 and 𝜏) to macroscale conductivity, the influence of each length scale is deconvoluted. The ideal-

solution proton conductivity, 𝜅+
∞, at the average concentration of the unit cell, is the upper limit 

(as defined by Equation 3-5). Figure 3-10 shows the calculated ideal-solution conductivity as a 

function of water content (dotted line). 𝜅+
∞ decreases with hydration because water dilutes the 

proton charge carriers. The dashed line in Figure 3-10 is the proton domain-scale conductivity, 〈𝜅〉, 
which is equivalent to the solid line in Figure 3-6. The difference between the dotted and dashed 

lines represents the conduction losses due to cation interactions with the polymer matrix and 

sulfonate side groups. 〈𝜅〉 is relatively constant with water content because the effect of charge 

carrier concentration is countered by proton/polymer interactions at lower water content that 

reduce conductivity. Guided by Equation 3-22, including the resistances imparted by 𝜙 (dot-

dashed line) and 𝜏 (solid line) further reduces the conductivity. The solid line is the measured 

macroscopic conductivity of an 1100 EW 3M PFSA proton-form membrane, as shown in Figure 

3-9b. Designing polymers that mitigate these interactions may offer an avenue to improve 

macroscopic conductivity (e.g., delocalization of sidechain charge). However, domain-scale 

interactions are not the only factors controlling macroscopic conductivity. Network tortuosity and 

the volume fraction of the conductive phase also dramatically impact conductivity. The importance 

of the network-level effects of tortuosity and conductive-phase volume fraction explains the 

success of efforts to increase conductivity by decreasing the hydrophobic volume fraction of the 
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polymer187 (e.g., lower EW) and reducing the tortuosity.188-189 Chapter 7 explores the nature of 

network tortuosity and the validity of Equation 3-22. 

 

 

Figure 3-10. Proton-form membrane conductivity as a function of water content at the 

conductive ideal solution limit at the concentration of the unit cell, 𝜅+
∞(dotted line), with the 

model conductivity from Equation 3-22, 〈𝜅〉 (dot-dashed line), with the model conductivity 

from Equation 3-22 and accounting for the hydrophilic volume fraction, 𝜑〈𝜅〉 (dashed line), 

and with the model conductivity and accounting for the hydrophilic volume fraction and 

network tortuosity, 𝜑〈𝜅〉/𝜏2 (solid line). 

3.5 Conclusions 

A mean-field, local-density model of ion transport and distribution inside hydrophilic aqueous 

domains of PFSA membranes was developed and validated. The model adopts an experimentally 

consistent 3D geometry and accounts for solvation, electrostatic, image charge, dispersion, and 

finite-size free energies in addition to dielectric friction and wall confinement. The simple 

macroscale model up-scales the nanoscale model to predict macroscopic conductivity by 

accounting for the volume fraction and tortuosity of the conductive domains. 

Membrane conductivity is facilitated by the movement of solvated cations inside PFSA 

hydrophilic domains. The fraction of solvated cations is governed by a competition between 
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electrostatic attraction between the cation and negatively charged polymer sulfonate moieties and 

cation solvation energy. The balance between these two free energies can be varied, for example, 

by changing sidechain chemistry to delocalize the negative charge on the sidechains, which 

decreases the fraction of cations binding to the sulfonate groups and increases conductivity. 

Aqueous microscale conductivity is relatively constant with water content due to the competition 

of charge-carrier concentration, which increases conductivity with decreasing water content, and 

cation solvation, which increases conductivity with increasing water content.  Macroscale 

conductivity increases with increased water content because membrane transport is strongly 

affected by the tortuosity of the network, which decreases with increasing water content. 

Addressing transport limitations at both the nano- and network-scales offer avenues to improve 

membrane performance. Conversely, focus on optimizing and exploring transport at a single 

lengthscale without regard for the other may not be fruitful. The model developed here provides a 

framework to understand the root causes of ion-transport resistances in ion-conductive polymers. 

 

3.6 Notation 

Roman 

𝐴 slope of solvation energy with respect to the inverse of the dielectric constant, J  

mol-1 

𝑎 finite size parameter, m 

𝐵 constant used in Equation 3-14 

𝐷 displacement field, C m-2 

𝑑 distance, m 

𝑒 elementary charge, 1.602x10-19 C 

𝐸𝑊 equivalent weight of polymer, g/mol (SO3) 

𝑓 fraction of sphere remaining after being intersected by a wall and/or sulfonate groups 

Δ𝐺 change in energy due to solvation with a reference to solvation in a vacuum, J mol-1 

𝑔 radial distribution function 

I first ionization potential 

𝐼 identity matrix 

𝑖 ionic current density, A m-2 

𝐽 diffusive flux, mol m-2 s-1 

𝑙 length of the unit cell, m 

𝑘 fitting parameter in Equation 3-24 

𝑘𝐵 Boltzmann Constant, 1.381x10-23 m2 kg s-2 K-1 

𝑛 refractive index of water at 298 K, 1.330 

𝑛 unit normal vector 

𝑁𝐴 Avogadro number, 6.022x1023 molecules mol-1 

𝑝 dipole moment of water, 6.17x10-30 C m 

𝑅 radius, m 

𝑟 distance to point, m 

𝑟 position vector, m 

𝑇 absolute temperature, K 

𝑢 mobility, s kg-1 



 

42 

 

𝑉 molecular volume 

𝑧 valance  

 

Greek  

𝛼 diamagnetic polarizability 

𝛽 hydrodynamic mobility correction 

𝛾 constant used in Equation 3-18 

𝜀 relative permittivity 

𝜀0 vacuum permittivity, 8.854x10-12 F m-1 

𝜅 conductivity, S cm-1 

𝜂 viscosity of water, cP 

𝜆 water content, mole H2O (mole SO3)
-1 

�̃� electrochemical potential, J molecule-1 

𝜌 molecular concentration  

�̅� molecular density 

�̂�𝑝𝑜𝑙𝑦  polymer mass density, 2 g m-3 185 

𝜎− surface charge density, C m-2 

𝜏 square-root of tortuosity  

𝜏𝑑 Debye dielectric relaxation time for water, 0.82 x10-11 s from Ref 190 

ΔΦ applied ionic potential, 1x10-8 V 

Φ ionic potential, V 

𝜑 hydrophilic phase volume fraction 

〈… 〉 domain average 

 

Subscripts 

+ cation  

∥ parallel to direction of diffusion 

⊥ perpendicular to direction of diffusion 

cluster cluster of water molecules over which short range interactions are important 

(𝑅cluster
∞ = 5.91x10-10 m from Ref 179) 

dsp dispersion  

fs finite size 

img image charge 

S cation type 

SO3
− sulfonate group 

solv solvation 

T PTFE (𝛼T = 1.97x10-24 cm3, 𝐼T = 13.2 eV, from Ref  191, 𝜌T = 0.0440 mol cm-3 from 

Ref  173, 𝜀T = 2.0 from Ref 176) 

tot accounting for all the unit cell 

w water (𝑉w = 2.993x10-29 m3 molecule-1, 𝛼w = 1.45x10-24 cm3, 𝐼w = 12.62 eV, 𝜌w = 

0.0554 mol cm-3 𝑅w = 1.38 Å from Ref  173) 

𝑥 x-component of vector 

𝑦 with respect to top or bottom of unit cell 

Superscripts 

0 reference  



 

43 

 

∞ in solution at infinite dilution (𝜂∞= 0.8903 cP from Ref 190, 𝜀∞ = 78.3156) 

bottom bottom of the unit cell 

con parameter including confinement but not electrostatic effects 

eff effective macroscopic property for the membrane  

hf high frequency (𝜀hf= 5.2 from Ref 190) 

sat saturated 

SO3
− sulfonate group 

top top of the unit cell 

us upstream side of the unit cell 

*The distance of closest approach between the sulfonate group and water molecule, 𝑅SO3
− + 𝑅𝐻2𝑂, 

is the location of the first peak of the water radial distribution function (RDF) with respect to 

sulfur.43 𝑅SO3
− is specified by subtracting the hard sphere radius of water. 

 

3.7 Appendix 3-A  

The Stokes-Einstein equation predicts that ion mobility varies inversely with solvent 

viscosity, which provides the basis for the 𝜂∞/𝜂(𝑟) correction to mobility in Equation 3-4. Yang 

and Pintauro corrected the solvent viscosity based on increased ion concentration.14, 46 We account 

for increased water viscosity due to dielectric friction of the sulfonate groups, consistent with 

nonequilibrium statistical-mechanics calculations.14, 46, 139 Hubbard determined that the increase in 

𝜂 due to the slower relaxation of dipoles in an electric field to be166 

 
𝜂(𝑟) = 𝜂∞ [1 +

𝜏𝑑

16𝜋𝜂∞
(𝜀∞ − 𝜀hf)|∇Φ|2] 

3-25  

where 𝜏𝑑 is the Debye dielectric relaxation time, and 𝜀∞ and 𝜀hf are the unperturbed and high-

frequency dielectric constants of the solvent, respectively.  

Because the fraction of bulk mobility due to hydrodynamic drag parallel to a wall, 𝛽∥, and 

perpendicular to wall, 𝛽⊥, are different 𝛽 is an anisotropic, diagonal tensor 

 

𝛽(𝑟) = [

𝛽∥ 0 0

0 𝛽⊥ 0
0 0 𝛽∥

] 
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𝛽⊥ has an exact solution effectively estimated as163 

 

𝛽⊥ ≈
6 (

𝑑𝑦

𝑅+
)

2

+ 2 (
𝑑𝑦

𝑅+
)

6 (
𝑑𝑦

𝑅+
)

2

+ 9 (
𝑑𝑦

𝑅+
) + 2

 3-27 

where 𝑑𝑦 is the scalar distance from the center of the cation to the nearest wall (i.e. 𝑦′ = 𝑦 or =

𝑙 − 𝑦). 𝛽∥ is estimated as165 
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𝛽∥ ≈ 1 −

9

16

𝑅+

𝑅+ + 𝑑𝑦
+

1

8
(

𝑅+

𝑅+ + 𝑑𝑦
)

3

−
45

256
(

𝑅+

𝑅+ + 𝑑𝑦
)

4

−
1

16
(

𝑅+

𝑅+ + 𝑑𝑦
)

5

 
3-28 

 

3.8 Appendix 3-B 

To avoid simultaneously solving Equations 3-3, 3-6, 3-9, and 3-12, which is a set of coupled 

integral-differential equations, we approximate 𝜇solv  as the linear superposition of the solvation 

excess chemical potentials due to solvation interactions with the PTFE floor and ceiling of the unit 

cell, 𝜇solv
top

 and 𝜇solv
bottom , respectively, and with the nearest sulfonate group, 𝜇solv

SO3
−

, 

 𝜇solv(𝑟) ≈ 𝜇solv
top (𝑟) + 𝜇solv

bottom(𝑟) + 𝜇solv

SO3
−

(𝑟) 3-29 

𝜇solv
top

 and 𝜇solv
bottom  are solutions to Equations 3-12 and 3-13 for a system with an aqueous cation a 

distance 𝑑𝑦 from a semi-infinite polymer wall (𝑑𝑦 = 𝑦 and 𝑙 − 𝑦 in 𝜇solv
top

 and 𝜇solv
bottom, 

respectively) with a relative permittivity of PTFE, 𝜀T, as shown in Figure 3-11a. Because of 

confinement, 𝜀 is slightly lower than 𝜀∞ close to the walls. 𝜇solv
top

 and 𝜇solv
bottom  are each functions 

only of 𝑦 and 𝑙 − 𝑦, respectively. 𝜇solv

SO3
−

 is the solution to Equations 3-12 and 3-13 for a second 

system with a single negatively charged sulfonate group and an aqueous cation a distance 𝑑SO3
− 

from the sulfonate, as shown in Figure 3-11b. The sulfonate group with the charge uniformly 

distributed on the surface of the hemisphere causes a displacement field  

 𝐷 = 𝑒/2𝜋𝑟SO3
−

2  3-30 

for 𝑦 > 0 where 𝑟SO3
− is the distance to the center of the sulfonate group. The displacement field 

causes the solvent to saturate dielectrically around the appended sulfonate ion, as discussed in the 

next section. To avoid double counting the effect of the polymer wall in 𝜇solv  by both 𝜇solv
top

 or 

𝜇solv
bottom  and 𝜇solv

SO3
−

, the relative permittivity of the wall (i.e. 𝑦 < 0) is 𝜀∞ in the evaluation of 𝜇solv

SO3
−

, 

which is a function only of 𝑑SO3
−. Equation 3-29 makes 𝜇solv  a function only of 𝑑SO3

− and 𝑦. In the 

evaluation of 𝜇solv
top

, 𝜇solv
bottom, and 𝜇solv

SO3
−

, Equation 3-12 was computed using midpoint integration 

in 3D with 8x106 grid points spaced approximately 3 pm apart extending 0.6 nm from the cation 

in the 𝑥- and 𝑧-directions and 0.6 nm in the +𝑦-direction for values of 𝑦 from 0 to 1.2 nm in 

increments of 0.1 nm with linear interpolation used for intermediate values of 𝑦. 
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Figure 3-11. Representation of systems used to calculate the pairwise excess chemical 

potentials. (a)  𝜇solv
wall  and (b) 𝜇solv

SO3
−

 where the circle and semicircle represent the cation and 

sulfonate, and the shaded region represents polymer walls. Arrows indicate distances.  

 

3.9 Appendix 3-C 

From simple geometric arguments, the fraction 𝑓𝑗  of a sphere of radius 𝑅𝑖 remaining after being 

intersected by each 𝑗 sulfonate groups or wall a distance 𝑑𝑗 from the surface of the sphere is 

 

𝑓(𝑟) = 1 − ∑
(𝑅𝑖 − 𝑑𝑗(𝑟))

2

(3𝑅𝑖 − 𝑑𝑗(𝑟))

4𝑅𝑖
3

all SO3
−

𝑗

 3-31 

for all 𝑑𝑗 ≤ 𝑅𝑖. 

 

3.10 Chapter 3 Supporting Information 

3.10.1 Boundary Conditions 

Boundary conditions for the unit cells, as discussed in the main text, are shown graphically in 

Figure 3-12 
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Figure 3-12. Graphical display of boundary conditions of pore-model. 

 

3.10.2 Radial Distribution Function 

The radial distribution function (RDF) of cation 𝑅+ with respect to the center of the sulfonate 

group is 

 

𝑔𝑆𝑂3
−−𝑅+(𝑟𝑆𝑂3

−) =
∬ 𝜌+(𝑟)𝑟𝑆𝑂3

−2𝑑𝜃𝑑𝜙
𝑆

∬
𝑁𝐴

(𝑉𝑤𝜆 +
𝐸𝑊

�̂�𝑝𝑜𝑙𝑦
)

𝑟𝑆𝑂3
−

2 𝑑𝜃𝑑𝜙
𝑆
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where 𝐸𝑊 is the equivalent weight of the membrane (g polymer/mole of sulfonate groups) and  

�̂�𝑝𝑜𝑙𝑦  is the mass density of the dry polymer (~ 2 g/cm3 185). The numerator in Equation 3-32 is the 

number density of cations on a spherical surface a distance 𝑟SO3
− from the sulfur atom; the 

denominator is the number density on the same surface when cations are uniformly distributed. 

The RDF was evaluated at intervals of rSO3
− of 0.2 Å from 0 to 3.42 Å and then increments of 0.5 

Å up to 11.42 Å. Lines in Figure 3-6 are drawn using a smooth spline approximation of the points 

with degree 3. 

3.10.3 Nanoscale Ionic Potential, Viscosity, and Conductivity 

Figure 3-13 shows electrostatic potential (a), viscosity (b) and nanoscale conductivity (c) for 𝜆 =
9. Local conductivity, 𝜅𝑥, is defined as 𝜅𝑥 ≡ −𝑖𝑥𝑙/ΔΦ where 𝑖𝑥 is the x-component of current. 
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Figure 3-13. intensity map on the x-y surface of the unit cell for protonated membrane at  λ = 9 

[H2O/SO3] of (a) ionic potential, Φ, (b) viscosity, reported as 𝑙𝑜𝑔 (𝜂/𝜂∞) , and (c) local domain 

conductivity in the x-direction, 𝜅𝑥, colored from white (light) to blue (dark) represent low to 

high values. 

3.10.4 Validation with Atomistic Simulations 

To compare our results with atomistic simulations42-43, 152 a cutoff is made at 𝑟SO3
− = 4 Å, 

corresponding to the first solvation shell of the sulfonate group (shaded region in Figure 3-6), 

consistent with atomistic simulations.42-43, 152 Aqueous cations that lie within this cutoff distance 

of any sulfonate group are considered associated with the sulfonate ion. Figure 3-14 illustrates that 

the fraction of hydronium ions associated with a sulfonate group decreases with increasing water 

content. As water content increases, more water is available to solvate the cations allowing them 

to move away from the sulfonate groups. Comparison of our calculations (solid line) to atomistic 

simulations (symbols)42-43, 152 show excellent agreement using no fitting constants. 
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Figure 3-14. Fraction of hydronium cations associated with at least one sulfonate as defined in 

the text for this work (solid line) and from atomistic simulations (pentagons42, diamonds152) as 

a function of water content. 

3.10.5 Anisotropic Swelling 

Our model is relatively insensitive to the size of the channels. Therefore, deviations from this 

assumption cause only small errors. Figure 3-15 shows the domain conductivity for channels that 

swell isotropically (solid line) and anisotropically (dashed line) as a function of water content. The 

insert in the lower left corner shows channel height for the two cases. The degree of anisotropic 

swelling is postulated based on small angle X-ray scattering experiments.56 The insert in the upper 

right corner shows an intensity map of cation probability distribution normalized by the average 

cation concentration at 𝜆 = 15 in the anisotropic case. The anisotropic-swelled channel has 

slightly lower conductivity at higher water content because some cations are trapped in a bridging 

position between neighboring sulfonate groups, as noted in the insert. 
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Figure 3-15. Average hydronium conductivity in a domain, 〈𝜅〉, as function of water content, 𝜆, 

for isotropic (solid line) and anisotropic  (dashed line) swelling. The bottom left insert shows 

channel height for isotropic (solid line) and anisotropic (dashed line) as a function of water 

content. The top right insert shows a 2D intensity map of hydronium probability density 

normalized by the average unit cell probability density, 𝜌+/𝜌+
.0, on the x-y surface of the 

anisotropic ally swelled unit cell at 𝜆 = 15 colored from white (light) to blue (dark) represent 

low to high values. 
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4 Theory of Multicomponent Phenomena in Cation-Exchange 

Membranes, I: Thermodynamic Model and Validation 

 

4.1 Chapter Abstract 

We present and validate a mathematical model for multicomponent thermodynamic activity 

in phase-separated cation-exchange membranes (e.g., perfluorinated sulfonic-acid ionomers). The 

model consists of an expression for the free energy of the membrane and of the surrounding 

electrolyte solution. A modified Stokes-Robinson ionic solvation framework treats the solution-

like non-idealities resulting from hydration, electrostatics, ion association, and physical 

interactions in bulk solution and in ionomer hydrophilic domains. Inside the membrane, a 

mechanics-based composite approach accounts for the swelling of the hydrophobic matrix. 

Treating the membrane microstructure as a disordered system of domains calculates steric 

exclusion of ions. Electroneutrality guarantees that the charge of mobile ions in the membrane is 

equal to the charge on polymer groups. Osmotic coefficients for electrolytes from literature 

parameterize solution-like interactions while mechanical and X-ray scattering characterization 

gives most membrane-specific parameters. Model predictions compare favorably to measured 

membrane thermodynamics (i.e., water and ion uptake) in dilute and concentrated binary and 

ternary salt electrolytes and in water vapor. Interactions between ions in the membrane are similar 

to those present in bulk electrolytes. Our results reveal that water and ion uptake is dictated by a 

balance between solution-like energetics and membrane swelling.§ 

 

4.2 Introduction 

Aqueous cation-exchange polymers are an important class of membrane-electrolytes 

because the imbibed solvent imbues the material with high conductivity while maintaining 

mechanical stability.12, 192-193 Both of these attributes are essential for membrane electrolytes in 

numerous energy-storage and conversion devices.11-12, 32, 86, 136, 192-194 However, the favorable ion-

transport properties of these membranes pose a challenge when multiple ions are present.11, 86-87 

Specifically, there is tradeoff between increasing the absorption and transport of certain species 

that are desirable, such as current-carrying ions, while limiting movement of contaminants, 

additives, or redox-active species that decrease device performance.11, 16  

Electrolyte membranes and hydrogels in energy-storage and conversion devices typically 

contain fixed ionic groups that are charge balanced by mobile cations to realize high ionic 

conductivity.12 The prototypical ion-conducting membranes are perfluorinated sulfonic-acid 

(PFSA) ionomers, which contain negatively charge sulfonate groups and protons or other cationic 

counter ions.12 These membranes absorb water and ions from the surrounding solution.12 Intense 

research efforts have yielded compelling approaches for modeling transport and thermodynamics 

                                                

§ Published as  Crothers, A. R.; darling, R. M.; Kusoglu, A.; Radke, C. J.; Weber, A. Z., Theory 

of Multicomponent Phenomena in Cation-Exchange Membranes: Part I. Thermodynamic Model 

and Validation. J. Electrochem. Soc. 2020, 167 (1), 013547. 
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in these membranes,14-15, 32-33, 63-64, 72, 195-199 yet these systems are still poorly understood due to 

their chemical complexity and corresponding nanostructural heterogeneity.96 

One source of complexity is the extensive thermodynamic coupling between species.33, 72, 92, 196 

Specifically, the presence, concentration, and properties of one species affect the behavior of all 

other components.91-92 The specific and electrostatic interactions of ions with the membrane, 

solvent, and other ions cause preferential partitioning of some species from the solution over 

others.17, 60-61, 156, 200 Furthermore, electroneutrality dictates that charge density everywhere is zero, 

creating a Donnan potential that induces uptake of ions of opposite charge to the fixed groups on 

the polymer.17, 60-61, 133, 193  Further complicating matters, the presence and concentration of species 

change speciation via shifting acid and ion-pairing equilibria of active species.194 

Consequently, concentration and speciation of components inside the membrane differ drastically 

from that in the external solution.92, 200 Because ion and solvent uptake and species identity impact 

transport properties, permeability and conductivity depend on the concentration of species in the 

external solution.32, 68, 91, 201 Accordingly, experimental characterization of the mobility of species 

inside separators requires both transport and thermodynamic measurements.67-68 Moreover, ion 

partitioning, water uptake, conductivity, and other transport properties in the membrane vary 

drastically when measured in different liquid electrolytes or after different membrane 

pretreatments.87, 94 Membrane properties that are measured in one electrolyte environment do not 

set the behavior in another.57, 94 However, mathematical models of molecular thermodynamics can 

address this challenge by predicting chemical activity across a range of conditions.13 

The influence of species partitioning on transport properties suggests that tuning thermodynamic 

properties may improve device performance.11, 15-16 Numerous membrane characteristics, 

including chemical structure, water content, and pretreatments, alter membrane performance.87, 93, 

118-119 Microscopic thermodynamic theories provide insights into how characteristics of the 

membrane influence its properties and inform strategies for improving device performance. 

Chapter 3 proposes a highly resolved microscale model. In this chapter, we use the insights from 

Chapter 3 to develop a more tractable thermodynamic model for multicomponent 

thermodynamics. 

This chapter is the first of a three-chapter series that uses mathematical modeling to understand 

phase-separated cation exchange membranes that contain absorbed solvent and multiple ions. Here 

in Part I (Chapter 4), we develop and validate a semi-empirical microscopic thermodynamic 

description of the system. Part II (Chapter 5)31 develops and validates a microscale concentrated-

solution description of multi-ion and solvent transport in these membranes. As a case study, Part 

III (Chapter 6) 104 simulates transport in an all-vanadium redox flow-battery separator and 

elucidates the underlying structure/property/function relationship for membranes in these systems 

and proposes improved design targets. 

The outline of the papers is as follows. The theory section presents a molecular thermodynamic 

model that calculates ion and water uptake as a function of external solution concentration and 

separator structure. The model relies on semi-empirical parameters that are mostly available from 

measurements of bulk solution aqueous electrolytes. We discuss parameter choice and summarize 

numerical implementation of the model. In the results and discussion section, the model is 

validated against literature data. The theory reveals how the uptake of species is coupled and 

quantifies the relative importance of the involved molecular interactions. 
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4.3 Theory 

Although numerous water-filled ion-conducting membrane architectures exist,11, 15 here we focus 

on the perfluorinated sulfonic-acid (PFSA) chemistry because of its extensive characterization and 

widespread use.12 PFSA ionomers nanophase separate into hydrophilic, water-filled, ion-

conducting domains and hydrophobic, structural domains.12 This section first defines the 

equilibrium conditions dictating ion and solvent uptake in the membrane. A semi-empirical 

microscopic model of the system provides a free-energy expression and accompanying 

electrochemical potentials for each species. We also address how to account for species 

association. 

4.3.1 Equilibrium between Phases 

Chemical equilibrium dictates ion and solvent partitioning between the external solution phase 𝛼 

and the membrane phase 𝛽 follows30 

 𝜇𝑖
𝛼 = 𝜇𝑖

𝛽
 4-1 

where 𝜇𝑖
𝛿  is the (electro)chemical potential of species 𝑖 in phase 𝛿 (= 𝛼 or 𝛽); water is defined as 

species 0. The chemical potential of neutral species 𝑖 is defined as the derivative of the free energy 

of 𝐺𝛿with respect to 𝑛𝑖, the moles of species 𝑖,9 

 
𝜇𝑖

𝛿 = (
𝜕𝐺𝛿

𝜕𝑛𝑖
𝛿

)
𝑇,𝑝,𝑛𝑗≠𝑖

 
4-2 

where 𝑇 and 𝑝 are the temperature and pressure, respectively. We use Equation 4-2 to calculate 

the chemical potentials of charged species. The resulting chemical potentials always appear in 

neutral pairings to ensure that they are independent of the electrical state of the phase9 (see Species 

Chemical Potential). Chemical potential, and subsequent predictions of species partitioning, 

require a well-defined free-energy expression. 

4.3.2 Free Energy 

We define a hypothetical reference state (denoted with superscript 𝜃) as the pure liquid solvent, 

hypothetical ionic species that do not interact with each other (i.e. ideal solution at unit mole 

fraction) and fully dissociated, and the unswollen polymer membrane (M). The change in free 

energy from the reference, 𝐺𝜃, consists of ideal mixing between ions and solvent, Δ𝐺 id, ion 

solvation, Δ𝐺slv, electrostatic interactions between ions, Δ𝐺els, short-range and non-electrostatic 

specific physical interaction between ions, Δ𝐺phy, swelling the polymer, Δ𝐺swe, and steric 

interactions between the ions and polymer, Δ𝐺stc. With the usual assumption of superposition of 

free energy processes,13 the free energy of the membrane phase is  

 𝐺𝛽 − 𝐺𝜃 = Δ𝐺 id,𝛽 + Δ𝐺slv,𝛽 + Δ𝐺els,𝛽 + Δ𝐺phy,𝛽 + Δ𝐺swe,𝛽 + Δ𝐺stc,𝛽. 4-3 

For the external solution, the final two terms are excluded since the polymer is absent 

 𝐺𝛼 − 𝐺𝜃 = Δ𝐺 id,𝛼 + Δ𝐺slv,𝛼 + Δ𝐺els,𝛼 + Δ𝐺phy,𝛼 4-4 

where the two superscripts denote contribution and phase. The types of interactions in Equations 

4-3 and 4-4 are similar to the interactions proposed in Chapter 3 (Equation 3-9). However, 
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Equation 4-3 and 4-4 are not as sophisticated as the microscale interactions in Chapter 3. Equation 

4-3 and 4-4 are therefore more empirical and less computationally expensive than those in Chapter 

3. The expressions here in Chapter 4 are engineering models that treat the phenomena at the 

appropriate level of required without adding excessive complexity based on poorly understood 

molecular-scale physics. 

The first change from the reference state free energy comes from ideal mixing of the ions and 

solvent 9, 13 

 Δ𝐺 id

𝑅𝑇
= ∑ 𝑛𝑖 ln 𝑥𝑖

𝑖

 
4-5 

where 𝑅 is the gas constant and 𝑥𝑖 is the mole fraction of species 𝑖 (= 𝑛𝑖/ ∑ 𝑛𝑖𝑖 ). The tethered 

polymer charged groups are in the hydrophilic domain and partially mix with the absorbed 

electrolyte solution.40 We idealize the polymer ionic groups with moles 𝑛M as free ions in the 

hydrophilic domains that contribute to the free energy accordingly. 𝑛M is equal to the mass of the 

polymer divided by its equivalent weight (EW, equal to g-polymer per mole of ionic group).12 

Unlike many models for polymer membranes (i.e. Flory-Huggins theory202), the model neglects 

mixing between the uncharged volume fraction of the membrane 𝜙M and the solution in the 

hydrophilic domains because the strong segregation of phases means they are not freely 

interspersed.12  

The terms on the right of Equations 4-3 and 4-4 except Δ𝐺 id are the “excess” free energy, 𝐺ex.13 

For any species 𝑖 , the excess chemical potential, (𝜕𝐺ex/𝜕𝑛𝑖)𝑛𝑗≠𝑖,𝑇,𝑝, is normalized to approach 

zero (→ 0) as the moles of all species 𝑗 except the solvent (i.e. 𝑗 ≠ 0) approaches zero (i.e. 𝑛𝑗 →

0) and the membrane is fully relaxed. The excess free energy in most bulk aqueous electrolyte 

solutions is known.172 Literature provides numerous theories for these terms in 𝐺𝛼 13 and a few 

expressions for membrane specific terms, Δ𝐺stc,𝛽 and Δ𝐺els,𝛽.12, 60, 133, 203 Despite over 100 years 

of intense research effort, all accurate and tractable thermodynamic theories for concentrated 

electrolytes (>1 mol L-1) require semi-empirical adjustable parameters.204  

Here, we choose expressions for the excess free energy that are consistent with the physical 

description of the membrane, are relatively simple to implement numerically, require few 

membrane-specific adjustable parameters, and are predictive for bulk single and mixed-salt 

electrolyte solution thermodynamics or mechanical measurements of the membrane. Because the 

ion molality inside the membrane can exceed 20 mol kg-1,12 these expressions must also be valid 

at extremely high electrolyte concentrations. The parameters, while semi-empirical, are physically 

grounded.  By modeling the thermodynamic nonidealities in the membrane hydrophilic domains 

with expressions for solution-like excess energies, we assume that molecular interactions in the 

pores are not drastically altered in the confined environment. This assumption is justified by the 

relatively short range of solvation, specific, and electrostatic interactions, at the high ionic 

strengths found in the hydrophilic domains of the membrane (i.e. the range of molecular 

interactions is less than the size of the hydrophilic domains).205 

Solvation energy accounts for the entropy decrease due to free solvent molecules binding to 

unsolvated ions and limiting the configurations that can be accessed66, 206 
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 Δ𝐺slv

𝑅𝑇
= 𝑛0 ln 𝛼0 + ∑ 𝑛𝑖 ln

𝛼𝑖

𝛼𝑖
∞

𝑖≠0

 
4-6 

where 𝛼0 and 𝛼𝑖 are the ratios of free solvent and unbound ions, respectively, after solvation to 

before solvation. 𝛼𝑖
∞ is the fraction of unsolvated ions 𝑖 at infinite dilution; the form of the last 

term in Equation 4-6 ensures that excess chemical potential is normalized so that 

(𝜕Δ𝐺slv/𝜕𝑛𝑖)
𝑛𝑗≠𝑖,𝑇,𝑝

→ 0 as 𝑛𝑖≠0/𝑛0 → 0. Chapter 4 Supporting Information (SI-4) discusses 

expressions for these variables as derived by Stokes and Robinson,206 Schonert,207-208 and Zerres 

and Prausnitz66 in terms of the solvent/ion 𝑖 binding constant 𝑘𝑖 and the total number of solvent 

molecules in ion 𝑖’s solvation shell, 𝒩𝑖. 

Upon charging, the ions interact through long-range electrostatic forces. Debye-Hückel theory 

characterizes these interactions.9, 208 Accordingly, a solution with ionic strength, 𝐼 (=
𝜌0

2𝑛0𝑀0
∑ 𝑧𝑖

2𝑛𝑖𝑖≠0 ), has an electrostatic free energy 

 
Δ𝐺els

𝑅𝑇
= −

4

3
𝐴𝑅𝑇𝐼

3
2 𝑛0

𝑀0𝜏 (𝑎𝐵𝐼
1
2)

𝜌0
− 𝑛0𝑀0𝑚M𝑧M

2𝐴

𝑏𝐵
ln (𝑎M𝐵𝐼

1
2) 

4-7 

where 𝐴 is the Debye-Huckel limiting slope (= 1.177 L1/2 mol-1/2 for water at 298 K), 𝐵 is the 

Debye-Huckel solvent parameter (= 3.291 L1/2 mol-1/2 nm-1 for water at 298 K), 𝑀0  is the 

molecular weight of the solvent (= 18 g mol-1), 𝜌0 is the density of the solvent (= 0.997 g cm-3),  

𝜏 is a function (𝜏(𝑥) = 3/𝑥3(ln(1 + 𝑥) − 𝑥 + 𝑥2/2) ), 𝑎 is the average distance of closest 

approach between ions (i.e. average diameter), 𝑏 is the spacing between charged groups in the 

membrane, and 𝑧𝑖  is the charge number of species 𝑖. The first term accounts for electrostatic 

interactions between mobile ions and the second term accounts for electrostatic interactions 

between mobile ions and the ions of the membrane.9, 209 The second term is zero in the external 

solution phase. This expression follows from a statistical-mechanical derivation given in Refs 62, 

209 that we modify by accounting for the radius of the ions.9 

Equations 4-6 and 4-7 are parameterized based only on the properties of the individual ions in the 

electrolyte (i.e. 𝑘𝑖 and 𝑎𝑖) and are independent of which pairs of cations and anions are present. At 

higher electrolyte concentrations, specific interactions between cation and anion pairs lead to 

additional short-range interactions (following Ref 66, we describe this as a physical contribution). 

Zerres and Prausnitz66 combined Equations 4-6 and 4-7 with a semi-empirical term for the specific 

physical interactions outlined by Scatchard210 where the interactions are proportional to the 

concentrations of the ions9 

 Δ𝐺phy

𝑅𝑇
= 𝑛0𝑀0 ∑ ∑ 𝛽𝑖,𝑗𝑚𝑖𝑚𝑗

𝑗≠0𝑖≠0

  
4-8 

where 𝛽𝑖,𝑗 is the specific interaction parameter between 𝑖 and 𝑗 and is symmetric (i.e. 𝛽𝑖,𝑗 = 𝛽𝑗,𝑖). 

Because of the rarity of interactions between like-charged ions, 𝛽𝑖,𝑗 = 0 for 𝑧𝑖𝑧𝑗 > 0.9 For 

favorable short-range interactions between species, 𝛽𝑖,𝑗 < 0, whereas unfavorable interactions 

give 𝛽𝑖,𝑗 > 0. 
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Hydrophilic domains must swell to make space for the ions and solvent to enter the membrane.202 

Numerous research gives expressions for the excess Helmholtz free energy of an elastically 

swelling polymer membrane in terms of the integral of the microscopic swelling pressure, 𝑝swe, 

generally given in the form56, 65, 202, 211 

 Δ𝐺swe

𝑛M�̅�M

≈ ∫
𝑝swe

𝜙M
2 𝑑𝜙M

𝜙M

1

 
4-9 

where we approximate the excess Helmholtz energy (on the right side) as equal to the excess Gibbs 

energy (on the left side) due system incompressibility. The free energy Δ𝐺swe on the left side is 

normalized by the dry polymer volume, 𝑛M�̅�M, where �̅�M is the partial molar volume of polymer 

per ionic group (= 𝐸𝑊/𝜌M), 𝜙M is the volume fraction of the polymer membrane, and 𝜌M is the 

density of the dry membrane (= 2.1 g cm-3). Because there is much less volume of ions than 

membrane or solvent, we neglect the ion volume fraction for calculations of 𝜙M (≈
𝑛M�̅�M/(𝑛M�̅�M + 𝑛0�̅�0)) and set the partial molar volume to the pure species molar volume. 𝑝swe 

arises from the  microscopic deformation of the polymer membrane due to solvent absorption and 

is unrelated to the thermodynamic pressure 𝑝. Specific to phase-separated polymers, we use the 

expression from Kusoglu et al. 65 for the elastic swelling pressure generated due to deformation of 

the hydrophobic polymer matrix when solvent enters the hydrophilic domains 

 

𝑝swe = 𝐸b
0 (1 −

𝑑
2 − 𝑅domain

𝑑0

2 − 𝑅domain
0

) 

4-10 

where 𝐸b
0 is Young’s modulus of the dry polymer, 𝑅domain  is the size of hydrophilic domains and 

𝑑 is the spacing between hydrophilic domains and superscript 0 denotes the dry membrane 

property. 𝑅domain
0  is the size of the domains in the dry state that includes the volume of charged 

polymer groups and counter ions. SI-4 discusses the specific expressions for the domain size and 

spacing dependence on membrane volume fraction, i.e. 𝑅domain(𝜙M) and 𝑑(𝜙M).  

The size of the hydrophilic domains also dictates the steric confinement of the ions inside them 

(e.g. excluded volume that is inaccessible to the ions). The free energy of these steric interactions 

for an ion 𝑖 of diameter 𝑎𝑖 due to confinement induced entropy loss in the membrane is idealized 

as a system of randomly oriented walls with an average spacing of 𝑑 − 𝑑0 203 

 Δ𝐺stc

𝑅𝑇
= ∑ 𝑛𝑖

𝑎𝑖

(𝑑 − 𝑑0)
𝑖≠0,M

   
4-11 

where 𝑑 the same as in Equation 4-10. 

4.3.3 Species Chemical Potential 

Equation 4-2 defines the chemical potentials of all species. Because the Gibbs energies given in 

Equations 4-3 and 4-4 are expressed as the sum of different contributions, chemical potential 

contributions similarly superimpose 

 𝜇𝑖
𝛽

− 𝜇𝑖
𝜃 = 𝜇𝑖

id,𝛽
+ 𝜇𝑖

slv,𝛽
+ 𝜇𝑖

els,𝛽
+ 𝜇𝑖

phy,𝛽
+ 𝜇𝑖

swe,𝛽
+ 𝜇𝑖

stc,𝛽
 4-12 
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𝜇𝑖
𝛼 − 𝜇𝑖

𝜃 = 𝜇𝑖
id,𝛼 + 𝜇𝑖

slv,𝛼 + 𝜇𝑖
els,𝛼 + 𝜇𝑖

phy,𝛼
 

where the chemical potential of component 𝑖 satisfies Equation 4-2 and the superscripts correspond 

to the respective free-energy terms and phase. Table 1 gives expressions for each term. We neglect 

changes in partial molar volume, which are small.212 

Although not explicitly shown, the electrochemical potential of charged species depends on the 

chemical contributions outlined in Equation 4-12 as well as on the electrical state of the phase. To 

incorporate this latter dependence while ensuring that the chemical contributions to 

electrochemical potential are thermodynamically accessible,9 Smyrl and Newman use a reference 

ion to define a so-called quasi-electrostatic potential, Φ (see 9, pg. 95).213 A useful reference for 

PFSAs with water is the proton because it exists in both the external solution and inside the 

membrane. Accordingly, Φ is defined as 

 𝑧H+𝐹Φ ≡ 𝜇H+ − 𝜇H+
id  4-13 

where 𝐹 is Faraday’s constant, 𝑧𝑖 is the charge number of 𝑖, and the subscript H+ denotes protons. 

We define the electrochemical potential of other species such that the reference and excess 

chemical potentials (i.e. all the terms on the right sides of Equations 4-12 except 𝜇𝑖
id) are well-

defined and independent of electrical state, 

 𝜇𝑖 = 𝜇𝑖
𝜃 −

𝑧𝑖

𝑧H+
𝜇H+

𝜃 + 𝜇𝑖
id + 𝜇𝑖

ex −
𝑧𝑖

𝑧H+
𝜇H+

ex + 𝑧𝑖𝐹Φ. 4-14 

At equilibrium, Φ is referenced to the electrostatic potential in the solution (i.e. Φ𝛼 = 0). We can 

now use Equation 4-2 to calculate the excess chemical potential of charged species because the 

excess chemical potential terms in Equation 4-14 appear only in neutral combinations of species 

guaranteeing that they are independent of electrical state.9 Electroneutrality in each phase 𝛿 is a 

constraint on (i.e. specifies) the quasi-electrostatic potential,  

 ∑ 𝑚𝑖
𝛿𝑧𝑖

𝑖

= 0. 4-15 

Electroneutrality in cation-exchange membranes requires absorption of fewer anions than cations. 

Many researchers describe this phenomenon as the result of an electrostatic potential difference 

between the solution and the membrane (i.e. Donnan potential)214. As an alternative to using a 

quasi-electrostatic potential to quantify the electric state of the material, one may instead define 

the potential as proportional to the electrochemical potential of one of the species (e.g. set it to the 

potential of a hydrogen reference electrode).9 The choice between these two definitions does not 

affect the calculated ion and water uptake.9 

Substituting Equation 4-14 for an electroneutral sum of two species (i.e. 𝜇𝑖 −
𝑧𝑖

𝑧𝑗
𝜇𝑗) into Equation 

4-1 characterizes the tendency of 𝑖 and 𝑗 to sorb into the membrane, which the factor Γ𝑖𝑗 

quantifies63-64, 198-199 
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𝑥𝑖

𝛽
(𝑥𝑗

𝛽
)

−
𝑧𝑖
𝑧𝑗

𝑥𝑖
𝛼(𝑥𝑗

𝛼)
−

𝑧𝑖
𝑧𝑗

= exp (

(𝜇𝑖
ex,α − 𝜇𝑖

ex,𝛽
) −

𝑧𝑖

𝑧𝑗
(𝜇𝑗

ex,𝛼 − 𝜇𝑗
ex,𝛽

)

𝑅𝑇
) = Γ𝑖𝑗 

4-16 

where Γ𝑖𝑗 is independent of the electrostatic potential for 𝑖, 𝑗 ≠ M. For a neutral species 𝑖, 𝑧𝑖 is zero 

and we drop the second subscript 𝑗 for convenience. Because 𝜇𝑖
ex  is the sum of different free-

energy contributions, Γ𝑖𝑗 is the product of these contributions. If 𝑖 and 𝑗 are two oppositely charged 

ions (such as the anion and cation of a salt) and Γ𝑖𝑗 = 1, the oppositely charged pairs 𝑖 and 𝑗 

partition into the membrane according to ideal Donnan equilibrium. Γ𝑖𝑗 > 1 indicates that 𝑖 and 𝑗 

favorably partition into the membrane while if partitioning is unfavorable Γ𝑖𝑗 < 1.  
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Table 4-1 Summary of equations for the chemical potential terms. 

Contribution Term Expression 

Ideal mixing 𝜇𝑖
id 𝑅𝑇 ln 𝑥𝑖 

Solvation 𝜇𝑖≠0
slv  

𝑅𝑇 ln (
𝛼𝑖

𝛼𝑖,∞
) 

 𝜇0
slv  𝑅𝑇 ln(𝛼0) 

Charging 𝜇𝑖≠0
els  

−𝐴𝑅𝑇𝑧𝑖
2𝐼

1
2 [

1

1 + 𝐵𝑎𝐼
1
2

+
𝑚M𝑧M

2

2𝑏𝐵𝐼
] 

 𝜇0
els 

𝐴𝑅𝑇 (
2

3
𝐼

3
2𝜎 (𝐵𝑎𝐼

1
2)

𝑀0

𝜌0
+

𝑀0𝑚M𝑧M
2

𝑏𝐵
) 

Physical 𝜇𝑖≠0
phy

 2𝑅𝑇 ∑ 𝛽𝑖,𝑗𝑚𝑗

𝑖≠0

 

 𝜇0
phy

 −𝑀0𝑅𝑇 ∑ ∑ 𝛽𝑖,𝑗𝑚𝑖𝑚𝑗

𝑗≠0𝑖≠0

 

Swelling 𝜇𝑖≠0,M
swe  0 

 𝜇0
swe 

�̅�0𝐸b
0 [1 −

𝑑(𝜙M)
2 − 𝑅domain(𝜙M)

𝑑0

2 − 𝑅domain
0

] 

Steric 𝜇𝑖≠0,M
stc  𝑅𝑇𝑎𝑖

(𝑑 − 𝑑0)
 

 𝜇𝑖=0
stc  0 

where 

𝜏′( 𝑥) =
𝑑𝜏

𝑑𝑥
=

3

𝑥4
{−3 ln(1 + 𝑥) + 2𝑥 −

𝑥2

2
+

𝑥

1 + 𝑥
} 

𝜎(𝑥) =
3

𝑥3
{(1 + 𝑥) − 2 ln(1 + 𝑥) −

1

1 + 𝑥
} 

4.3.4 Speciation 

The microscale description of the system’s free energy, Equations 4-5) to 4-11), are based on the 

physical properties of all distinct species present, which include solvent, free ions, ion pairs, or 

undissociated acids. Therefore, the model requires specification of component speciation (we will 
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call this the “Molecular Construct”)—for example, treating sulfuric acid as protons, sulfates, and 

bisulfates (see Ref 9, pg. 119). Conversely, experiments typically report concentrations of fully 

dissociated species (we will call this the “Experimental Construct”)—for example, treating sulfuric 

acid as only protons and sulfate ions. Both treatments are thermodynamically consistent.9 The 

Molecular Construct introduces an additional variable, 𝑓𝑖,𝑗: the moles of species 𝑖 in the 

Experimental Construct, 𝑛𝑖
exp

, that partially associates into 𝑛𝑗
mol moles of species 𝑗 in the Model 

Construct  

 
𝑓𝑖,𝑗 = −

𝑛𝑗
mol𝑠𝑖

𝑛𝑖
exp

𝑠𝑗

 
4-17 

where superscript exp and mol denote the construct and 𝑠𝑖 and 𝑠𝑗 are the stoichiometric 

coefficients of the association reaction of species 𝑖 in species 𝑗, respectively. Note that ∑ 𝑓𝑖,𝑗𝑗 = 1. 

Chemical equilibrium of these reactions specified 𝑓𝑖,𝑗
30 

 𝑠𝑗𝜇𝑗 = − ∑ 𝑠𝑖𝜇𝑖

𝑖

 
4-18 

where the sum is over species 𝑖 that associate to form 𝑗. The superscript is not applied to the 

electrochemical potential because it is independent of the chosen construct. For the case 𝑗 = 𝑖, 

𝜇𝑖 = 𝜇𝑗  and 𝑓𝑖,𝑖 = 𝑛𝑖
mol/𝑛𝑖

exp
. The thermodynamic equilibrium constant for the association 

reaction to form 𝑗 is 𝐾𝑗
eq

= exp (−
∑ 𝑠𝑖𝜇𝑖

𝜃
𝑖 +𝑠𝑗𝜇𝑗

𝜃

𝑅𝑇
). This speciation equilibrium constant is defined 

in terms of the species chemical potential at the hypothetical reference state of unit mole fraction 

and ideal solution (i.e. 𝑥𝑖
𝜃 = 1 and 𝜇𝑖

ex = 0) and is dimensionless; the more-commonly reported 

equilibrium constant, 𝐾𝑗
eq′

, is defined in terms of species chemical potential at the reference state 

of an ideal solution at unit molarity (i.e. 𝑐𝑖
𝜃 = 1 and 𝜇𝑖

ex = 0). These two constants are related by 

𝐾𝑗
eq′

≈ 𝐾𝑗
eq(𝑐0

0/𝑐𝜃)
𝑠𝑗+∑ 𝑠𝑖𝑖

 where 𝑐0
0 is the solvent concentration for an electrolyte with an 

infinitely dilute salt concentration.9, 13 At infinite salt dilution, 𝑓𝑖,𝑗 → 0 for 𝑖 ≠ 𝑗 and 𝑓𝑖,𝑖 → 1.9  

To calculate the contributions to the chemical potential throughout this paper (such as in Table 

4-1), we use composition variables in the Molecular Construct, 𝑛𝑖
mol, 𝑥𝑖

mol, and 𝑚𝑖
mol; the 

superscript mol is not explicitly written throughout for simplicity. If one chooses to write the ideal 

chemical potential in the Experimental Construct (i.e. 𝜇𝑖
id = 𝑅𝑇 ln 𝑥𝑖

exp
, as we do in Part III, 

Chapter 6, of this series104) rather than the Molecular Construct (i.e. 𝜇𝑖
id = 𝑅𝑇 ln 𝑥𝑖

mol), the term 

𝑅𝑇 ln 𝑥𝑖
mol/𝑥𝑖

exp
 is added to 𝜇𝑖

ex. The calculated chemical potential 𝜇𝑖 is independent of the chosen 

construct. When presenting results, we convert concentrations to the Experimental Construct for 

consistency with measurements unless otherwise stated. 

4.3.5 Numerical Implementation 

Equations 4-1 and 4-18 with those in Table 4-1 are a nonlinear, coupled algebraic system. At a 

given solution species composition in the Experimental Construct, we calculate the solvent and 

solute uptake in the membrane as follows: We determine the chemical potential of species in the 

external solution using Equation 4-12 with expressions from Table 4-1. Equations 4-13 and 4-14 

specify the electrochemical potential of each species in solution. A modified Levenberg-
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Marquardt215 algorithm finds 𝑓𝑖,𝑗 in Equation 4-17 for all species in the external solution that 

satisfies the root of the equilibrium speciation equations (Equation 4-18 for each speciation 

reaction). To determine the excess chemical potential of solvation, a modified Powell hybrid 

algorithm216 concurrently solves for 𝛼0 that is the root to Equation 4-19 in SI-4 for the solvation 

expression. The initial guess is a negligible fraction of free solvent. 

A modified Levenberg-Marquardt 215 algorithm finds the polymer volume fraction, 𝜙M
𝛽

, solute 

molality, 𝑚𝑖≠M
𝛽

, and quasi-electrostatic potential, Φ𝛽 , inside the membrane that satisfies 

electroneutrality (Equation 4-15) and equality of the electrochemical potential of unassociated 

species between phases (Equation 4-1). Alternatively, Equations 4-15 and 4-16 also specify 

partitioning, but without requiring calculation of Φ. Because Equation 4-18 makes electrochemical 

potential of associating ions and their products dependent, using Equation 4-1 on ion-pairs is 

redundant. Equations 4-12 and 4-14 determine the electrochemical potential of species inside the 

membrane. All root-finding algorithms are implemented in SciPy 0.18.1 package Python 3.6 with 

a relative tolerance of 1.49 x 10-8. The NumPy packaged performed array operations.  

 

4.4 Parameters 

Operating parameters for this study are ambient temperature (298 K) and pressure (101 kPa). All 

the electrolytes in this study are aqueous (i.e. water is the solvent). We study the Nafion PFSA 

chemistry because data are widely available.12, 67-69, 92-93, 217 We use data from Nafion N117, N115, 

N212, and N211 where the N11x sequence is extruded and the series N21x is cast from a 

dispersion.  Designation x denotes thickness in units of mils. All membranes have an equivalent 

chemical formula.12 In addition to different processing methods, the membranes undergo various 

pretreatments (e.g. boiling) that can alter their properties, such as membrane modulus.53, 56 

Variations in water and ion uptake between membranes may be predicted if mechanical properties 

of the membrane are available. Lacking this information and to ensure that the results are 

representative of Nafion across treatment history, we use datasets from multiple studies and for 

membranes from different series at the same environmental conditions. We also note the range of 

experimental values found in literature whenever possible 

Table 4-2 lists the physical properties of the individual ions, the ion pairs, and the membrane that 

parameterize the model. These parameters have varying levels of empiricism. Certain properties 

are not fit (𝑅domain , 𝑑, and 𝐾𝑗
eq

) because they are specified by independent measurements or 

theories that contain no adjustable properties. Based on molecular dynamics simulations and small-

angle X-ray measurements, b is 0.47 nm.218 Due to structural rearrangements of PFSAs, 𝐸b
0 for 

membranes equilibrated in a solution is lower than membranes in vapor (so-called Schröder’s 

paradox).56, 211, 219-220 SI-4 details compilation of the values of these parameters from literature.  
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Table 4-2. The value and approach to model parameters  

Parameters Value Notes 

Individual Ions 

 cations anions  

ion diameter, 𝑎𝑖≠M 0.3 + 0.18𝑧𝑖 [nm] 0.3 [nm] physical arguments 

ion/solvent biding 𝑘𝑖 various, see SI-4 0.0 Fit to bulk-solution data 

ion solvation number 𝒩𝑖 5𝑧𝑖 0.0 physical arguments 

Ion Pairs 

equilibrium constant 

𝐾𝑗
eq

 

various, see SI-4 from literature, various methods 

cation/anion interaction 

parameter 𝛽𝑖≠𝑀,𝑗≠𝑀 

various, see SI-4 fit to bulk-solution data 

cation/membrane 

interaction parameter 

𝛽𝑖,𝑀 

various, see Table 4-3 fit to membrane uptake data 

Membrane 

dry membrane modulus 

𝐸b
0 

136 (liquid)/ 320 (vapor) 

[MPa], see SI-4 

mechanical measurement and 

theory 

radius of hydrophilic 

domain 𝑅domain 

see SI-4 geometric arguments 

spacing between 

domains 𝑑 

see SI-4 small-angle x-ray scattering 

measurements 

Spacing between 

charged groups, 𝑏 

0.47 nm Molecular dynamics 

simulations and small-angle X-

ray scattering measurements 

 

 

Other properties are adjusted to fit measured bulk aqueous electrolyte water activity (𝑎𝑖, 𝑘𝑖, 𝒩𝑖,  

𝛽𝑖≠M,𝑗≠M, the anion/cation interaction parameter). Because there are many parameters to fit 

uniquely, physical arguments and previous research suggest simplifications. For instance, the weak 

solvation of anions supports that their 𝑘𝑖’s and 𝒩𝑖’s are zero.66 Further, we follow previous 



 

62 

 

electrolyte models by setting 𝑎𝑖 for 𝑖 ≠ M to a fixed value for each ion charge number because ion 

radii generally scales accordingly.9 Ample research demonstrates that these simplifications, 

although somewhat ad hoc, provide accurate predictions of thermodynamic activity of binary and 

mixed electrolytes.9, 66, 208 As SI-4 details, the remaining 𝑘𝑖’s and 𝛽𝑖≠M,𝑗≠M’s are fit to the measured 

osmotic coefficients of 28 salts consisting of pairings of 10 cations and 5 anions across a large 

range of concentrations (e.g. up to 15 mol kg-1 for LiBr).172, 221  

The only parameters adjusted to fit membrane specific data are 𝐸b
0 the modulus of the polymer 

backbone in liquid water, and 𝛽𝑖,M, the cation/membrane interaction parameter. The modulus of 

the membrane in liquid water is challenging to measure due to a highly non-linear shear 

response.222 The backbone modulus is estimated to be between 131 to 181 MPa.222 By fitting water 

and ion uptake measurements in liquid water, we set 𝐸b
0 to 136, which is within the measured 

range. Table 4-3 gives values for 𝛽𝑖,M that were fit to water and ion membrane uptake 

measurements, which are presented in the Results and Discussion section. The physical 

interactions between H+, Li+, Na+, or K+ and the membrane have a similar value as these cations 

have with trifluoromethanesulfonic anions, CF3SO3
- (TFMS-), which is a simple fluorosulfonate 

anion structurally similar to the sulfonate group in PFSAs.221 We did not find thermodynamic 

activity of other TFMS salt solutions in the literature. 

 

Table 4-3. Values of membrane-cation specific fitting parameters in the model 

Cation 𝜷𝒊,𝐌 [kg mol-1] 𝜷𝒊,𝐓𝐅𝐌𝐒−  [kg mol-1] 

H+-M- 0.133 0.148 

Li+-M- 0.141 0.128 

Na+-M- 0.085 0.0576 

K+-M- 0.000 -0.0293 

Cs+-M- -0.08  

Cu2+-M- 0.55  

Ca2+-M- 0.28  

Ni2+-M- 0.4  

Fe3+-M- 0.85  

VO2+-M- 0.008  

VO2
+-M- 0.25  

 

Vanadium ions are relevant in flow-battery applications, which is the focus of Part III (Chapter 

6)104, but measurements for thermodynamic activity of vanadium electrolyte solutions are 
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scarce.223  Consequently, values of 𝑘𝑖 and 𝛽𝑖,𝑗≠M for vanadium ions in their various oxidation states 

are set equal to cations that have the same charge (see SI-4).  

 

4.5 Results and Discussion 

4.5.1 Ion- and Water-Uptake Isotherms in a Single Electrolyte and Water Vapor 

Figure 4-1 shows measured (symbols) and calculated membrane water (a) and anion (c) uptake at 

as a function of external sulfuric acid concentration93, 217 (circles) for various Nafion types (N117, 

N212, and N211) and hydrobromic acid (diamonds224 and triangles225). For both water and ion 

uptake, agreement between the model and experiment is good up to ~8 molal in the external 

electrolyte. Note the overlap of HBr and H2SO4 data points at low concentrations. Despite the very 

different nature of the HBr (a 1-1 salt) and H2SO4 (a 2-1 salt if fully dissociated), water and ion 

uptake are similar at the same electrolyte concentration This similarity is in part due to the high 

concentration of H+ in the membrane that ensures that the sulfate in the membrane is almost 

entirely in the bisulfate (HSO4
-) form. Consequently, the HBr and H2SO4

 both behave as univalent 

acids. 

As the external acid concentration increases, the membrane water content decreases because the 

difference between solution osmotic pressure (−(𝜇0
id,𝛼 + 𝜇0

els,𝛼 + 𝜇0
slv,𝛼 + 𝜇0

phy,𝛼
)/�̅�0) and the 

membrane osmotic pressure (−( 𝜇0
id,𝛽

+ 𝜇0
els,𝛽

+ 𝜇0
slv,𝛽

+ 𝜇0
phy,𝛽

+ 𝜇0
stc,𝛽

)/�̅�0) decreases. This 

leads to water content decreasing as the balance between osmotic, which keeps water in the 

membrane, and swelling pressures (𝜇0
swe), which pushes water out of the membrane, shifts in favor 

of the latter. Using the HBr solution as an example, Figure 4-1b shows that the effect of 

thermodynamic non-idealities on solvent uptake are small but unfavorable. Solution-like 

interactions (Γ0
sol = Γ0

elsΓ0
slvΓ0

phy
) of the highly concentrated solution in the membrane are 

favorable for water uptake, but the reduced entropy of the ions in the membrane due to steric 

interactions (Γ0
stc) make water uptake less favorable. These two effects partially balance over a 

range of concentrations. Membrane swelling (Γ0
swe) is always unfavorable for water uptake. 

Increasing the external acid concentration drives acid into the membrane as the external 

concentration is greater than that in the membrane. Figure 4-1d shows the nonidealities associated 

with hydrobromic acid uptake, ΓHBr, and the contributions from solution-like interactions, ΓHBr
sol =

ΓHBr
els ΓHBr

slv ΓHBr
phy

, and steric effects, ΓHBr
stc . There is no swelling contribution to ion chemical potential. 

Acid partitioning into the membrane is greater than expected for an ideal solution at low external 

acid concentrations. The enhanced uptake is due to favorable electrostatic interactions (i.e. 

negative excess free energy) that increase with ion concentration (see Equation 4-7). Holding all 

else constant, ions move to a phase with more electrostatic interactions (i.e. to higher ionic 

strength). Since the membrane has a higher ionic strength than the external solution, the favorable 

electrostatic interactions (ln ΓHBr
els  = 3.0) compensate for the unfavorable effects of solvation 

(ln ΓHBr
slv  = -0.5) and specific interactions (ln ΓHBr

phy
 = -1.6) in the concentrated electrolyte solution 

of the membrane.  
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Figure 4-1. Membrane water (a) and anion (c) uptake calculated (solid lines) and measured 

(symbols)  at varying external H2SO4 concentration measured by Tang et al.93, 217(circles) for 

various Nafion types (N117, N212, N211) and HBr concentration measured by Bai224 

(diamonds) and Yeo225 (triangles),  and calculated. (b) shows contributions to the total water Γ0 

in the HBr system from solution-like Γ0
sol = Γ0

elsΓ0
slvΓ0

phy
, steric Γ0

stc, and swelling Γ0
swe 

nonidealities. (d) shows contributions to the total hydrobromic acid ΓHBr from solution-like 

ΓHBr
sol = ΓHBr

els ΓHBr
slv ΓHBr

phy
 and steric ΓHBr

stc  nonidealities. 

 

At higher external acid concentrations, electrostatic interactions in the membrane are similar to 

those in the external solution, and the energetic benefit of acid partitioning into the membrane is 

smaller. Moreover, as water dehydrates the membrane, the pores shrink (see SI-4), and the ions 

are more sterically hindered. Thus, at high external electrolyte concentrations, anions are excluded 

more from the membrane than predicted for an ideal solution. However, in the dehydrated 

membrane, the average hydrophilic domain remains larger than the diameter of the ions and steric 

hindrance does not fully exclude co-ions. 

Figure 4-1 shows that electrolytes with the same cation but different anions partition into PFSA 

membranes similarly. To explore how the cation impacts electrolyte partitioning, Figure 4-2 shows 

measured (symbols) and calculated (solid lines) membrane water (a) and anion (b) uptake as a 

function of external concentration of NaCl226 (squares) and HBr (diamonds224 and triangles225). 

The scales in Figure 4-1 and Figure 4-2 are not the same. At low salt concentrations, fractionally 

changing electrolyte concentrations does not change water content in the membrane. For 
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concentrations above ~1 molal, the water content decreases with increasing electrolyte 

concentration in both NaCl and HBr solutions as the membrane  absorbs ions and dehydrates due 

to the high osmotic pressure of the surrounding solution.  

 

Figure 4-2. Measured (symbols) and calculated (solid lines) membrane water (a) and anion (b) 

uptake in varying external solution concentrations of NaCl measured by Narȩbska et al.226 

(squares) and HBr measured by Bai224 (diamonds) and Yeo225 (triangles).  Shaded region 

denotes the range of values from literature of N117 solvent uptake in liquid water in H- (purple) 

and Na-form (yellow) membranes.12 
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At low electrolyte concentrations, membranes in NaCl solutions have a lower water content and 

higher anion uptake than in HBr at the same electrolyte concentration. In the limit of a membrane 

in pure water, the H-form of the membrane has higher water uptake than the Na-form in pure 

water; Figure 4-1 shows with the shaded purple and yellow regions, respectively, that provide the 

range of literature-reported water uptake in these membranes.12 Compared to Na+, H+ has stronger 

solvation (𝑘H+ > 𝑘Na+, provided in SI-4) and unfavorable physical interaction with the sulfonate 

group on the membrane (𝛽Na+,M− < 𝛽H+,M−, as Table 4-3 shows). Consequently, water uptake and 

dilution of the H+-SO3
- pairs is more favorable than dilution of Na+-SO3

- pairs. Similarly, uptake 

of Na+ is more favorable than of H+.  

At high concentrations, this effect eliminated with equal or higher water uptake in NaCl than in 

HBr solutions. Compared to Na+, the unfavorable interactions between H+ and its co-ion 

(𝛽Na+,Cl− < 𝛽H+,Br− , as SI-4 shows) shifts the osmotic pressure balance in favor of the external 

electrolyte and drives water from the membrane into the solution to dilute H+-Br- pairs. 

The data shown in Figure 4-1 and Figure 4-2 are used to determine the parameters 𝛽H+,M− and 

𝛽Na+ ,M−, respectively, and 𝐸b
0. These values are the best-eye fit to the data. The fitted values of the 

specific interactions between cations and the membrane, 𝛽𝑖,M−, are very similar to the fitted 

interactions between alkali cations and CF3SO3
- in solution, 𝛽𝑖,TFMS− . The similarity of 𝛽𝑖,M− and 

𝛽𝑖,TFMS− suggests that short-range specific interactions between cations and the membrane 

sulfonate groups are comparable to the interactions between cations and simple sulfonate anions 

in solution. Consequently, this approach explains the observed water and ions uptake behavior 

over a range of concentrations by accounting for solution-like interactions in the membrane. 

Confined pore geometry or long-range electrostatic ion condensation, as other researchers have 

proposed, can potentially predict 𝛽𝑖,M− without fitting to experiments.63, 135, 198, 227-228 

Figure 4-3 shows that the model effectively calculates (lines) measured (symbols) water uptake of 

N212 membranes in proton- (diamonds) and sodium-form (squares) in water vapor. Membrane 

water uptake at 100% relative humidity and salt-free liquid water is different despite a water 

activity of unity in both systems. This difference is termed Schröder’s paradox and has been 

extensively studied.12, 59, 229-230 Here, we attribute the decreased water uptake in water vapor to 

structural rearrangement of the hydrophilic domains upon exposure to water vapor leading to 

different backbone polymer moduli 𝐸b
0, (see SI-4 for details).222 No additional fitting parameters 

are used to calculate membrane water uptake in water vapor; agreement between theory and 

experiment is good. The model’s successful thermodynamic predictions of membranes vapor and 

liquid environments further supports the proposed form of the Gibbs energy in Equations 4-3 and 

4-4. 
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Figure 4-3. Measured (symbols) and calculated (solid lines) N212 membrane water uptake in 

water vapor as a function of relative humidity for membranes in proton-form (diamonds) and 

sodium-form (squares) measured by Shi et al.54 

 

4.5.2 Ion Partitioning in Dilute, Mixed Electrolytes  

We explore ion specificity of the model through partitioning of cations from a dilute mixed 

electrolytes. Focusing on membranes in dilute electrolyte makes anion uptake negligible because 

of Donnan exclusion. Okada et al. measured water content and cation partitioning in varying 

compositions of mixed electrolytes of 𝑖ClzA
 and HCl (or LiCl) where 𝑖 is Li+, Na+, K+, Cs+, Ni2+, 

Cu2+, and Fe3+.67-69, 71 The external solutions were at 0.06 mol kg-1 total ion (chloride, proton, and 

cation 𝑖) concentration.69 The fraction of protons (or lithium ions) in the solution is quantified as 

the fraction of chloride anions in the solution charge balanced by protons  𝑚H+
𝛼 /𝑚Cl−

𝛼  and in the 

membrane as the fraction of sulfonate groups balanced by protons 𝑚
H+
𝛽

/𝑚M−
𝛽

(where the subscript 

H+ is replaced by Li+ for membranes exchanged from lithium-form). 

Figure 4-4 shows that as the measured68 (symbols) and predicted (lines) proton fraction in the 

membrane, 𝑚
H+
𝛽

/𝑚M−
𝛽

, as a function of the proton fraction of the surrounding mixed proton-alkali 

electrolyte, 𝑚H+
𝛼 /𝑚Cl−

𝛼  (a) and water content, 𝜆, as a function of 𝑚
H+
𝛽

/𝑚M−
𝛽

 (c). The values of 

𝛽Li+,M− , 𝛽K+,M− , 𝛽Cs+ ,M− are best-eye fit to the water uptake and ion partitioning in Figure 4-4; we 

use the values of 𝛽H+,M−  and 𝛽Na+ ,M− obtained from ion and water uptake isotherms (Figure 4-1 

and Figure 4-2) without additional fitting. Agreement is good particularly considering the 

experimental scatter reported in literature, which Figure 4-4 notes for completely exchanged alkali-

form membranes with a shaded region.12 Figure 4-9 shows that the model is externally valid by 
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predicting water and ion uptake of membrane in mixed lithium-alkali electrolytes at the same 

conditions (see SI-4). 

 

 

Figure 4-4. Measured68 (symbols) and calculated (solid lines) membrane proton fraction in the 

membrane 𝑚
H+
𝛽

/𝑚M−
𝛽

 as a function of external solution proton fraction 𝑚H+
𝛼 /𝑚Cl−

𝛼  (a) and water 

content in the membrane, 𝜆, as a function of proton fraction in the membrane 𝑚
H+
𝛽

/𝑚M−
𝛽

 (c) in 

a mixed aqueous electrolyte of hydrochloric acid and lithium (up triangles), sodium (squares), 

potassium (pentagons), and cesium (tilted squares) chloride. The external solutions were at 0.06 

mol kg-1 total ion concentration.68 Shaded regions denote the range of published water uptakes 

of membranes in liquid water of fully ion-exchanged membranes from Ref 12. (b) shows 

contributions to the total the ratio ΓHCl/ΓKCl from solvation ΓHCl
slv /ΓKCl

slv  and physical ΓHCl
phy

/ΓKCl
phy

 

nonidealities. (d) shows contributions to the total water Γ0 from solvation Γ0
slv, physical Γ0

stc, 

and swelling Γ0
swe  nonidealities.  

 

As the alkali cation fraction in solution increases, the fraction of alkali cations in the membrane 

increases. If alkali cation 𝑖 and protons equally partition into the membrane (ΓHCl/Γ𝑖Cl = 1), then 

𝑚
H+
𝛽

/𝑚M−
𝛽

 is a straight line between 0 and 1 for 𝑚H+
𝛼 /𝑚Cl−

𝛼 = 0 and 1. Ideal partitioning nearly 

occurs for Na+-H+ exchange. For ΓHCl/Γ𝑖Cl > 1, the alkali cations prefer to be in the solution more 

than do protons; ion exchange shows positive deviation from equal partitioning (i.e. curved upward 
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in Figure 4-4a, as is the case for Li+-H+ exchange) whereas for ΓHCl/Γ𝑖Cl < 1, the alkali cations 

prefer to be in the membrane more than protons, and ion-exchange curve shows negative deviation 

(i.e. curved downwards in Figure 4-4a, as is the case for K+-H+ and Cs+-H+ exchange). Figure 4-4a 

shows that ΓLiCl < ΓHCl ≈ ΓNaCl < ΓKCl < ΓCsCl. This trend follows a Hofmeister series.231 

To understand why univalent cations follow this trend, we study K+-uptake more closely as an 

example; Figure 4-4b plots ΓHCl/ΓKCl with the contributions of nonideality from solvation, 

ΓHCl
slv /ΓKCl

slv , and from physical interactions between the membrane and alkali cations and protons, 

ΓHCl
phy

/ΓKCl
phy

, as a function of 𝑚H+
𝛼 /𝑚Cl−

𝛼 . ΓHCl/ΓKCl is less than unity because K+ is less solvated 

than H+ and can therefore exist in the concentrated solution of the membrane without requiring a 

full solvation shell (i.e. ΓHCl
slv /ΓKCl

slv < 1). K+ has more favorable physical interactions with the 

sulfonate group (i.e. 𝛽K+,M− < 𝛽H+,M−  so that ΓHCl
phy

/ΓKCl
phy

<1). Because we use the same cation 

radii for all univalent ions, steric and electrostatic interactions are essentially identical for H+ and 

K+ (i.e. ΓHCl
stc /ΓKCl

stc ≈ ΓHCl
els /ΓKCl

els ≈ 1). Consequently, specific, physical interactions between the 

cations and sulfate groups primarily dictate uptake preference of ion exchange. 

Figure 4-4c shows that the trend of membrane ion exchange preference is also exhibited in water 

uptake. The water content of membranes exchanged with cations follow the order Li+> H+≈Na+> 

K+> Cs+. Using H+-K+ exchange as an example, Figure 4-4b plots Γ0 and the contribution to water 

uptake from solvation Γ0
slv, cation-sulfonate physical interactions Γ0

phy
, and swelling Γ0

swe. The 

decrease in water content as the membrane exchanges from H-form to K-form is due to the more 

favorable interactions of K+ with the sulfonate compared to H+. The more favorable interactions 

of K+ with the sulfonate groups means that there is a smaller driving force for water to dilute the 

K+-SO3
+ pairs. Γ0

swe  and Γ0
slv change slightly with ion exchange from H-form to K-form. But these 

changes are not directly due to ion exchange, but indirectly related to higher cation concentration 

and decreased swelling of the membrane because of lower water content in K-form membranes. 

Based on this analysis, stronger favorable interactions between cations and sulfonate groups reduce 

water uptake. 

Figure 4-5 shows calculated (lines) and measured69 (symbols) proton fraction in the membrane, 

𝑚
H+
𝛽

/𝑚M−
𝛽

, as a function of the proton fraction of the surrounding mixed electrolyte, 𝑚H+
𝛼 /𝑚Cl−

𝛼  

(a) and water content, 𝜆, as a function of 𝑚
H+
𝛽

/𝑚M−
𝛽

 (c), for mixed chloride electrolytes with 

protons and multivalent cation Ni2+, Ca2+, Cu2+, and Fe3+. We fit 𝛽Ni2+,M−, 𝛽Ca2+,M− , 𝛽Cu2+,M− , and 

𝛽Fe3+,M−  to the measured water uptake and ion partitioning in Figure 4-5 by eye. 

As the proton content of the external solution decreases, the proton content in the membrane 

sharply decreases. This is consistent with ideal-solution Donnan theory that shows that multivalent 

ions 𝑖 preferentially partition into the membrane over univalent ions 𝑗 according to Equation 4-16 

with Γ𝑗𝑖 = 1.198 Figure 4-5a shows that despite very different bulk solution properties, multivalent 

ions display nearly identical thermodynamic behavior in the membrane. 

The model slightly over predicts exchange into the membrane of divalent ions and has larger errors 

for trivalent ions. If experimental artifacts from incomplete exchange are negligible, then these 

results demonstrate that upon accounting for solution-like interactions, the membrane does not 

uptake trivalent ions as much as expected. In addition to ideal-solution Donnan theory, the 

principle cause of the preferential partitioning of multivalent cations into the membrane is the 
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strong electrostatic interactions between the cations and multiple sulfonate groups. However, the 

extent of these electrostatic interactions in the membrane is overestimated by the model since 

sulfonate groups are treated as a line-charge rather than as imbeded at the interface of a phase-

separated structure that cannot freely interact with the trivalent iron cation. This omission may 

explain the relatively high values of 𝛽𝑖,M− for multivalent ion 𝑖 given in Table 4-3. 

Figure 4-5b shows that the model very accurately predicts water uptake in these membranes as a 

function of fractional proton exchange 𝑚
H+
𝛽

/𝑚M−
𝛽

. Consequently, this approach of incorporating 

solution-like interactions of multivalent electrolyte solutions in the membrane is sufficient to 

calculate water uptake into the membranes at dilute conditions. As with monovalent cations, the 

𝛽𝑖,M− and 𝑘𝑖 values determine the water uptake in the membranes. 
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Figure 4-5. Measured (symbols)69 and calculated (solid lines) membrane proton fraction in the 

membrane 𝑚
H+
𝛽

/𝑚M−
𝛽

 as a function of external solution proton fraction 𝑚H+
𝛼 /𝑚Cl−

𝛼  (a) and water 

content in the membrane, 𝜆, as a function of proton fraction in the membrane 𝑚
H+
𝛽

/𝑚M−
𝛽

 (c) in 

a mixed aqueous electrolyte of hydrochloric acid and calcium (right triangles), nickel (down 

triangle), copper (left triangle), and iron (crosses) chloride. The external solutions were at 0.06 

mol kg-1 total ion concentration.69, 71  
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4.5.3 Ion- and Water-Uptake Isotherms in Mixed Electrolytes 

We now consider ion uptake from ternary electrolytes that are relevant in vanadium redox-flow-

batteries. Figure 4-6 shows vanadium ion partitioning in a mixed sulfuric-acid electrolyte by 

plotting measured92 (symbols) and predicted (lines) uptake of vanadium IV (VO2+) and V (VO2
+) 

(a) and total sulfate (dashed lines, right axis) and water uptake (solid lines, left axis) (b) as a 

function of total external vanadium concentration. The total sulfate molarity is 5 mol L-1, which 

we convert to molality using a density of sulfuric acid solution of 1.3 g cm-3 given by Ref 94. We 

fit 𝛽V(IV)2+,M−  and 𝛽V(V)+,M− to reduce error between the measured and calculated vanadium ion 

uptake in Figure 4-6a (see Table 4-3). As the vanadium concentration in the external solution 

increases, the membrane absorbs more vanadium. V(V) absorbs less into the membrane because 

of its lower charge. The water content of the membrane remains constant as the vanadium 

concentration increases whereas the total sulfate concentration decreases slightly. The model 

simultaneously calculates these three properties accurately. 

In concentrated electrolytes, ion association is an important phenomenon. First, protons and sulfate 

associate to form bisulfate, as previously discussed. The dotted line in Figure 4-6a shows that 

HSO4
− further associates with VO2+ leading to HSO4

− − VO2+ ion pairs.232 Changing concentrations 

of various species shifts this equilibrium and couples the thermodynamic behaviors of the different 

species. 



 

73 

 

 

Figure 4-6. Measured92 (symbols) and calculated (solid lines) membrane vanadium content 

𝑚V(x)
𝛽

/𝑚M−
𝛽

  of V(IV) (octagons) and V(V) (diamonds) (a), water content 𝜆 (b, left axis) and 

total sulfate content 𝑚
SO4

2−
𝛽

/𝑚M−
𝛽

 (b, right axis) as a function external vanadium concentration 

in sulfuric acid with a total sulfate concentration of 5 mol L-1. Dotted line in (a) is the content 

of V(IV)-bisulfate ion pairs 𝑚HSO4V(x)
𝛽 mod

/𝑚M−
𝛽

. 

 

4.6 Summary 

This work develops a mathematical model for multicomponent thermodynamic activity of both 

water and ions in phase-separated cation-exchange membranes. Microscale theory predicts how 
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the free energy of the system changes with electrolyte concentration and membrane water content. 

The free energy accounts for the thermodynamic behavior of water and ions as they exhibit in bulk 

electrolyte solutions. We include swelling and steric interactions with the polymer into these 

expressions to account for the membrane.  

The proposed model shows that a balance between solution-like interactions and polymer swelling 

dictates water uptake of membranes in concentrated electrolytes. The molecular properties of the 

aqueous cation are particularly important to describe water and ion uptake. Favorable interactions 

between cations and polymer sulfonate group increase their uptake and reduce water uptake. 

The molecular-thermodynamic attributes of the ions in bulk electrolyte solution describe their 

thermodynamic properties in membranes. The model relies on one membrane-specific adjustable 

parameter and one membrane-cation specific adjustable parameter. The model quantitatively 

agrees with experiments over a wide range of electrolyte concentrations and compositions.  

 

4.7 Nomenclature 

Roman  

�̅�𝑖 Partial molar volume of species 𝑖, m3 mol-1 

𝐸b
0 Modulus of the polymer backbone, Pa 

𝐸𝑊 Equivalent weight of polymer, gpolymermolSO3
−

−1  

𝐾𝑗
eq

 Equilibrium constant to form associated species 𝑗 

𝑀𝑖 Molar mass of species 𝑖, g mol-1 

𝑁A Avogadro’s constant, 6.0221 x 1023 mol-1 

𝒩𝑖 Total solvation number of ion 𝑖 
𝑅domain  Domain radius, nm 

𝑎𝑖 Diameter limiting electrostatic interactions of species 𝑖, nm 

𝑐𝑖 Molar concentration of species 𝑖, mol dm-3 

𝑓𝑖,𝑗 Dissociation fraction of species 𝑖 into species 𝑗 

𝑘𝑖 Water binding constant to species 𝑖  
𝑚𝑖 Molality of species 𝑖, mol kg-1

solvent 

𝑛𝑖 Moles of species 𝑖, moles 

𝑝swe Elastic pressure, Pa 

𝑥𝑖 Mole fraction of species 𝑖 
𝑧𝑖 Charge number of species 𝑖 
𝐴 Debye-Hückel limiting slope in water, 1.1777 mol1/2 L-1/2 

𝐵 Debye-Hückel parameter in water, 3.291 L1/2 mol-1/2 nm-1 

𝐹 Faraday’s constant, 96,487 C mol-1 

𝐺 Free energy, J 

𝐼 Ionic strength, mol m-3 

𝑅 Universal gas constant,  8.3145 J mole K-1 

𝑇 Temperature, 298 K 

𝑉 Volume, m3 

𝑎 Average distance of closest approach between ions, nm 

𝑏 Spacing between charged groups of the polymer, nm 

𝑑 Spacing between hydrophilic domains 
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𝑚 Scaling constant 

𝑝 Pressure, Pa 

𝑠𝑖 Stoichiometric coefficient of species 𝑖 
 

Greek  

𝛼𝑖 Ratio of free species 𝑖 before and after solvation 

𝛽𝑖,𝑗 Specific interaction parameter between 𝑖 and 𝑗, kg mol-1 

𝜙𝑖 Volume fraction of species 𝑖 
Γ Absorption non-ideality parameter 

Φ Quasi-electrostatic potential, V 

𝜆 Membrane water content, molwater molSO3
−

−1   

𝜇 Chemical potential, J mol-1 

𝜌 Density, kg m-3 

𝜎 Debye-Hückel function 2 

𝜏 Debye-Hückel function 1 

 

Subscript  

0 Solvent (i.e. water) 

domain Hydrophilic domain 

M Membrane 

𝑖 Species  𝑖 
 

Superscript  

∞ Infinite dilution 

mol Molecular Construct 

exp Experimental Construct 

𝜃 Reference 

els Electrostatic contribution 

swe Swelling contribution 

ex Excess contribution 

id Ideal mixing contribution 

phy Physical contribution 

slv Solvation contribution 

stc Steric contribution 

𝛼 Solution phase 

𝛽 Membrane phase 

𝛿 Phase 

0 Dry membrane 
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4.8 Chapter 4 Supporting Information 

4.8.1 Fraction of Solvated Species  

Stokes and Robison206 showed (and later clarified by Schonert,207-208 and Zerres and Prausnitz66) 

that for stepwise solvation of undissolved ion 𝑀𝑧 with valance 𝑧 by 𝑠 solvent 𝑆 molecules to give 

solvated ion 𝑀𝑖
𝑧(i.e. 𝑀𝑧 + 𝑠𝑆 → 𝑀𝑖

𝑧), 𝛼0 and 𝛼𝑖 is 

 

𝛼0 ≡
𝑥0,slv

𝑥0
=

[
𝑛0 − ∑ ℎ̅𝑖𝑛𝑖𝑖≠0

𝑛0 + ∑ 𝑛𝑖(1 − ℎ̅𝑖)𝑖≠0

]

[
𝑛0

𝑛0 + ∑ 𝑛𝑖𝑖≠0
]

=
1 − ∑ ℎ̅𝑖

𝑛𝑖

𝑛0
𝑖≠0

𝑥0 + ∑ 𝑥𝑖(1 − ℎ̅𝑖)𝑖≠0

 

 

 

𝛼𝑖 ≡
𝑥𝑖,slv

𝑥𝑖
=

1

𝑥0(1 + 𝑘𝑖𝛼0𝑥0)𝒩𝑖 (1 + ∑
𝑛𝑗

𝑛0
(1 − ℎ̅𝑗)𝑗≠0 )

 

 

𝛼𝑖
∞ =

1

(1 + 𝑘𝑖)
𝒩𝑖

 

 

 

ℎ̅𝑖 =
𝒩𝑖𝑘𝑖𝛼0𝑥0

1 + 𝑘𝑖𝛼0𝑥0
  

4-19 

where ℎ̅𝑖 and 𝒩𝑖 are, respectively, the average solvation number and total number of solvent 

binding sites of ion 𝑖 and 𝑘𝑖 is its binding constant (= exp
−Δ𝐻𝑖

slv

𝑅𝑇
). Schönert 207 showed that, 

without losing model fit, 𝒩𝑖 is 4𝑧𝑖 for anions and 5𝑧𝑖 for cations. Equation 4-4 uses a simplified 

model of solvation in which each solvent molecule binds to an independent site on the ion that 

each have a constant molar enthalpy Δ𝐻𝑖
slv .  

4.8.2 Domain Swelling 

Geometric arguments give total hydrophilic domain size, 𝑅domain, and the central, solvent filled 

domain radius, 𝑅solution  

 
𝑅domain =

𝑑

2
𝜙domain

1/𝑛
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𝑅solution =

𝑑

2
𝜙solution

1/𝑛
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where the volume fraction of domains, 𝜙domain, is the sum hydrophilic polymer and solution 

volume fraction (= 𝜙domain
0 + 1 − 𝜙M). 𝜙solution  is the volume fraction of only the solution (=

1 − 𝜙M). 𝑛 is a geometric parameter that is 1, 2, and 3 for lamellar, cylindrical, and spherical 

domains, respectively. For phase-separated membranes, X-ray scattering experiments can 

characterize this domain size. These measurements show that 𝑑 scales according to 

 𝑑

𝑑0
= 𝜙M

−𝑚 

 

4-22 

where material 𝑚 is a scaling parameter. 

4.8.3 Bulk Solution Parameters 

The solvent/cation binding constant 𝑘𝑖 and cation-anion interaction parameter, 𝛽𝑖,𝑗, dictate the 

thermodynamic properties of the electrolyte. We use osmotic coefficient (=
𝜇0−𝜇0

𝜃

𝑅𝑇𝑀0 ∑ 𝑚𝑖𝑖
) of binary 

salt of bulk electrolyte solutions across the entire range of concentrations reported in Stokes and 

Robinson and Bonner 172, 221 to fit these parameters simultaneously using the calculated solvent 

chemical potential from Table 4-1. A least-squares Trust Region Reflective algorithm minimized 

the difference between predicted and measured osmotic coefficient with 𝑘𝑖 bounded between 0 

and 20. SciPy package of Python implemented the algorithm. Figure 4-7 shows calculated (lines) 

and measured (symbols) osmotic coefficients as a function of salt molality. The median error (=

∑ 1 −
calculated

measuredall concentrations ) between predicted and measured osmotic coefficients is 1.52%. 

Table 4-4 and Table 4-5 provides results values ions 𝑘𝑖 and salt 𝛽𝑖,𝑗. If solution thermodynamic 

data for an ion are not available, we use a value from a similarly charged ion, which Table 4-4 and 

Table 4-5 note.  

Table 4-4. 𝑘𝑖 values fit to bulk solution osmotic coefficients 

Cation 𝑘𝑖 notes 

Ca2+ 5.38  

Cr3+ 20  

Cs+ 2.74  

Cu2+ 0.244  

Fe3+ 0.566  

H+ 1.14  

K+ 0.430  

Li+ 3.59  

Na+ 0.505  

Ni2+ 5.41  

VO2+ 5.41 Same as 

Ni2+ 

VO2
+ 3.59 Same as 

Li+ 
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Table 4-5. Fit bulk solution thermodynamic parameters 

Salt 𝛽𝑖,𝑗 (kg mol-1) notes 

Ca2+-Br- 0.159823  

Ca2+-Cl- 0.079505  

Ca2+I- 0.20858  

Cr3+-Cl- 0.3  

Cs+-Br- -0.0514  

Cs+-Cl- -0.04674  

Cs+-I- -0.06456  

Cu2+-Cl- 0.093452  

Cu2+-SO4
2-

 -0.16372  

Fe3+-Cl- 0.3  

H+-SO4
2-

 0.168173  

H+-Br- 0.188256  

H+-Cl- 0.129451  

H+-TFMS- 0.148227  

K+-Br- 0.025083  

K+-Cl- 0.019728  

K+-I- 0.037175  

K+-TFMS- -0.02931  

Li+-Br- 0.123872  

Li+-Cl- 0.082837  

Li+-I- 0.148075  

Li+-TFMS- 0.128096  

Na+-Br- 0.076629  

Na+-Cl- 0.055678  

Na+-I- 0.10295  

Na+-TFMS- 0.057604  

Ni2+-Cl- 0.228662  

Ni2+-SO4
2-

 -0.26269  

VO2+-SO4
2- -0.164 Set to Cu2+-SO4

2-
 

VO2
+-SO4

2-
 0.168 Set to H+-SO4

2-  

V3+-Cl- 0.3 Set to Fe3+-Cl- 
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Figure 4-7. Measured (symbols) and calculated (lines) osmotic coefficient as a function of molality 

for different salts. 

 

This work studies many of the species that associate with each other. Table 4-6 lists the considered 

reactions and their dissociation constants. These dissociation constants relate to the primary 

reference chemical potential and, therefore, are dimensionless. Without a report of the equilibrium 

constant of the V(III)-Cl and -sulfate dissociation, it is set to the value of sulfate-chromium 

dissociation. 
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Table 4-6. Speciation reactions and equilibrium constants 

Reaction Equilibrium Constant, 

𝐾eq 

Notes and Source 

HSO4
− ↔ H+ + SO4

2− 1.85x10-4 233 

NiCl+  ↔ Ni2+ + Cl− 7.17x10-3 233 

FeCl2+ ↔ Fe3+ + Cl− 5.96x10-4 233 

CrCl2+ ↔ Cr3+ + Cl− 1.04x10-3 233 

CuSO4 ↔ Cu2+ + SO4
2− 7.23x10-5 233 

NiSO4 ↔ Ni2+ + SO4
2− 8.54x10-5 233 

VOHSO4
+ ↔ VO2+ + HSO4

− 0.01059  223 

 

For membrane properties, Kusoglu et al. extensively characterized PFSA membranes using 

mechanical measurements and small-angle X-ray scattering experiments.56, 211, 220 They measured 

a Young’s modulus of 47-65 MPa for Nafion PFSA membranes in liquid water and a polymer 

volume fraction of 0.59. A scaling relationship scales the wet modulus of the membrane, 𝐸b
wet, to 

the inherent modulus of the hydrophobic backbone: 𝐸b
0 =

𝐸𝑏
wet

1−(1−𝜙M)
1
2

 , which gives a modulus 

between 131-181 MPa. Additionally, the authors showed that 𝜙domain is 0.078, 𝑛 is well-

represented by 2 for a membrane in liquid water, 𝑚 is 1.33, and 𝑑0 is 2.7 nm. 56, 211, 220 The modulus 

of the membrane backbone equilibrated in water vapor is 320 MPa as calculated by Kusoglu et 

al.56 

The distance between charged groups, 𝑏, in Nafion calculated from molecular dynamics 

simulations is approximately 0.48 nm,218 which is consistent with small-angle X-ray scattering 

experiments.12 

4.8.4 Domain Size in Concentrated Electrolytes 

Upon using the predicted membrane water content as a function of external HBr concentration 

given in Figure 4-1, Equation 4-22 calculates how the domain size (𝑑 − 𝑑0) changes as function 

of the external HBr molality, as Figure 4-8 shows. 
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Figure 4-8. Calculated hydrophilic domain size as a function of external HBr molality. 

4.8.5 Ion Partitioning in Dilute, Mixed Lithium Electrolytes  

Figure 4-9 shows that the model is externally valid for lithium-alkali electrolyte mixtures by 

plotting predicted (lines) and measured67 (symbols) lithium fraction in the membrane, 𝑚
Li+
𝛽

/𝑚M−
𝛽

, 

(a) and water content, 𝜆, (b) as a function of lithium fraction in the external solution, 𝑚Li+
𝛼 /𝑚Cl−

𝛼 , 

for the same alkali cations as Figure 4-4. Similar to proton-alkali mixed electrolytes, stronger 

cation-membrane physical interaction causes greater cation partitioning into the membrane. 

Agreeing with work by Pintauro and coworkers,156, 200 the degree of physical cation-sulfonate 

interaction follows alkali cation ionic size with Cs+ > K+ > Na+. 
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Figure 4-9. Measured67 (symbols) and calculated (solid lines) membrane lithium fraction in the 

membrane 𝑚
Li+
𝛽

/𝑚M−
𝛽

 as a function external solution lithium fraction, 𝑚Li+
𝛼 /𝑚Cl−

𝛼  (a) and water 

content 𝜆 as a function membrane lithium fraction 𝑚
Li+
𝛽

/𝑚M−
𝛽

 (b), in a mixed aqueous electrolyte 

of lithium chloride and sodium (squares), potassium (pentagons), and cesium (tilted squares) 

chloride. 



 

83 

 

5 Theory of Multicomponent Phenomena in Cation-Exchange 

Membranes, II: Transport Model and Validation 

 

5.1 Chapter Abstract 

Multicomponent mass-transport in cation-exchange membranes involves the movement of 

multiple species whose motion is coupled one to another. This phenomenon mediates the 

performance of numerous electrochemical and water purification technologies. This work presents 

and validates against experiment a mathematical model for multicomponent mass transport in 

phase-separated cation-exchange membranes (e.g., perfluorinated sulfonic-acid ionomers). Stefan-

Maxwell-Onsager theory describes concentrated-solution transport. Hydrodynamic theory 

provides constitutive relations for the solute/solvent, solute/membrane, and solvent/membrane 

friction coefficients. Classical porous-medium theories scale membrane tortuosity. Electrostatic 

relaxation creates friction between ions. The model uses calculated ion and solvent partit ioning 

between the external solution and the membrane from Part I (Chapter 4) of this series and 

incorporates the corresponding ion speciation into the transport coefficients. The proposed 

transport model compares favorably to properties (e.g., membrane conductivity, transference 

numbers, electroosmosis, and permeability) measured in dilute and concentrated aqueous binary 

and ternary electrolytes. When combined with the findings in Part I (Chapter 4), the results reveal 

that the concentration and type of ions in the external solution alter the solvent volume fraction 

and viscosity in the hydrophilic pathways of the membrane, changing macroscale ionomer 

conductivity, permeability, and transference numbers. This work provides a physicochemical 

framework to predict ion-exchange-membrane performance in multicomponent systems exhibiting 

coupled transport.** 

 

5.2 Introduction 

Transport of multiple ions in phase-separated, solvent-filled membranes dictates performance in 

numerous energy-storage and conversion devices.12, 192-193 For example, recent advances in proton-

exchange-membrane (PEM) fuel cells involve new catalyst alloys and cerium additives that 

increase kinetic performance and durability but introduced challenges related to multi-ion transport 

in the cation-exchange membrane.234-237 Similarly, low-temperature PEM electrosynthesis 

technologies have recently received intense interest, but the involved products and reactants can 

transport across the membrane.7, 238-239 Membranes in redox-flow batteries (RFBs) absorb and 

transport numerous redox-active and supporting-electrolyte species. Often, these devices operate 

in aqueous environments and use perfluorinated sulfonic-acid (PFSA) ionomers as separators.12 

Multicomponent transport in these materials faces the conflicting goals of promoting movement 

of current-carrying ions between the anode and cathode while preventing crossover of redox-active 

species or contaminants that decrease device performance.11-12 Although previous literature 

                                                

** Published as Crothers, A. R.; Darling, R. M.; Radke, C. J.; Weber, A. Z., Theory of 

Multicomponent Phenomena in Cation-Exchange Membranes: Part II. Transport Model and 

Validation. J. Electrochem. Soc. 2020, 167 (1), 013548. 
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provides useful descriptions of transport in these membranes, 14-15, 32-33, 72-73, 195-197, 240-241 multi-ion 

transport and thermodynamics remain poorly understood.96 

There are two general approaches for mass-transport in ion-exchange membranes.9, 82 In the 

limiting regime of negligible ion and water concentration in the membrane, dilute-solution theory 

is valid.9, 82  Dilute-solution theory predicts that the flux of a species 𝑖 is proportional to the 

concentration gradient of 𝑖 plus the force an electric field applies to 𝑖.9, 82  This theory predicts that 

the number of transport coefficients (e.g. Fickian diffusion coefficients) scales by the number of 

mobile species in the membrane (i.e. 𝑁 − 1 where 𝑁 is the total number of species present, 

including mobile species and the membrane).9, 82  The dilute-solution theory approach has the 

benefit of being relatively simple to use and understand.9, 82  It also requires relatively few 

experiments to characterize fully all transport properties.9, 82  Unfortunately, dilute-solution theory 

cannot describe numerous transport phenomena exhibited by ion-exchange membranes, including 

electroosmosis (the transport of water under an applied electric field), the flow of ions due to a 

water concentration gradient, and, generally, the flux of species 𝑖 due to a concentration gradient 

of species 𝑗.9, 79, 82, 91, 96, 235, 242  As a result, measured dilute-solution diffusion coefficients in 

concentrated solutions are not solely properties of the material. Rather, they are effective 

coefficients valid only for the operating conditions for which they are measured.96 

The second approach is concentrated-solution theory.9, 82 This formalism is more general and is 

applicable to solutions that range from highly concentrated to the dilute limit, in which case it 

reduces to dilute-solution theory. 9, 82 Concentrated-solution theory predicts that the flux of species 

𝑖 is a linear function of the electrochemical potential gradient of all but one species 𝑗 present.9, 82 

Concentrated-solution theory is the general instantiation of classical nonequilibrium 

thermodynamics for multicomponent solutions.9, 30, 36, 82 It naturally describes the coupling 

between forces on species 𝑗 and transport of species 𝑖. 9, 30, 32-33, 36, 72, 78, 82, 196, 243-244  The number 

of independent transport coefficients in concentrated-solution theory (e.g. binary diffusion 

coefficients) scales as (𝑁 − 1)𝑁/2, as it should in real systems.9 Dilute-solution theory, therefore, 

contains an insufficient number of transport parameters. An unfortunate consequence of a 

concentrated-solution description is the introduction of a large number of parameters for 

multicomponent systems. For example, a typical vanadium RFB with eight species necessitates 28 

different experiments to characterize the transport properties completely. Further, these transport 

coefficients are strong functions of concentration and membrane properties (as with dilute-solution 

theory) and, therefore, must be quantified across relevant conditions.32, 243 

In between the dilute and concentrated formalisms, there are compromise theories that incorporate 

certain but not all transport couplings into dilute-solution theory, such as making ion flux related 

to water transport or adding in electro-osmosis.9, 49, 86, 245 These models provide a promising 

method to predict multicomponent transport while remaining relatively simple.11, 89-90, 96, 246 

However, it is not clear under what conditions these simpler approaches are valid representations 

of the full concentrated-solution description. 

Studies of multicomponent transport in ion-exchange membranes face a choice between using 

dilute-solution theories and neglecting relevant transport couplings or using concentrated-solution 

theory but introducing an intractable number of parameters. We reduce the intractability of 

concentrated-solution theory by providing a mathematical formalism to calculate transport 

parameters at the relevant conditions based on microscale properties of the membrane. By 
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estimating the full set of transport properties, the model reduces the burden on extensive 

experimental characterization. 

In this paper, we use the Stefan-Maxwell-Onsager formulation to calculate transport properties.9, 

74, 80, 82 This theory is formally equivalent to other formulations of concentrated-solution theory 

and attributes transport coefficients to frictional interactions between species.9, 74, 80, 82  The 

frictional interactions are calculable with microscale theories.85  

The detailed transport model in Chapter 3 informs the microscale interactions. However, the 

engineering model proposed in this chapter captures the essential molecular interactions without 

the computational complexity of Chapter 3. Chapter 3 describes transport with a semi-dilute-

solution formalism whereas this chapter uses the full concentrated-solution approach. 

The paper is as follows. We outline calculation of the full matrix of Stefan-Maxwell-Onsager 

transport coefficients based on molecular descriptors of the system. The proposed model elucidates 

the mechanisms driving multicomponent transport in water-filled, cation-exchange membranes. In 

it, we build upon the thermodynamic model of Part I (Chapter 4)247 to calculate types, amounts, 

and speciation of components that move across the membrane. The theory section summarizes the 

pertinent concentrated-solution transport framework. It also develops a microscale-based model 

for transport properties and their dependence on composition and membrane material properties. 

The proposed model relies on physical parameters mostly available from bulk-solution 

measurements. In the Results and Discussion section, literature data relevant for fuel-cell and RFB 

membranes validate the model. 

 

5.3 Theory 

We focus on perfluorinated sulfonic-acid (PFSA) chemistry because of its extensive 

characterization and widespread use.12 Nafion is the most widely-used type of PFSA.12 This 

polymer consists of a hydrophobic polytetrafluoroethylene backbone (PTFE) with side chains that 

terminate in negatively charge sulfonate groups.12 Upon immersion in aqueous solutions or water 

vapor, the domains microphase separate into into water-filled, interconnected hydrophilic domains 

or “pores” and hydrophobic, PTFE structural domains.12 In this section, non-equilibrium 

thermodynamics is employed for multi-ion transport in the membrane structure. We provide a 

consistent treatment of equilibrium ionic speciation and develop a microscopic model for friction 

coefficients. Finally, we relate the predicted friction coefficients to macroscopic, experimentally 

accessible concentrated-solution transport parameters. 

5.3.1 Multicomponent Mass-Transport Equations 

Isothermal, isotropic, multicomponent mass transport is governed by the nonequilibrium 

thermodynamic driving force on species 𝑖, 𝒅𝑖 , balancing against the drag forces between 𝑖 and all 

other species 𝑗 in the system. According to the Stefan-Maxwell-Onsager theory,9, 32, 36 

 𝒅𝑖 = ∑ 𝐾𝑖𝑗(𝒗𝑗 − 𝒗𝑖)

𝑗≠𝑖

 
5-1 

where 𝐾𝑖𝑗 characterizes the friction between species 𝑖 and 𝑗 and 𝒗𝑖 is the velocity of species 𝑖. The 

driving force for transport is36 
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𝒅𝑖 = 𝑐𝑖 (∇𝜇𝑖 −
𝑀𝑖

𝜌
∇𝑝 − 𝑿𝑖 +

𝑀𝑖

𝜌
∑ 𝑿𝑗𝑐𝑗

𝑗

) 

5-2 

where 𝑐𝑖, 𝜇𝑖, 𝑀𝑖, and 𝑿𝑖 are, respectively, the concentration (defined later), electrochemical 

potential, molar mass, and external body force on species 𝑖; 𝑝 is pressure, and 𝜌 is mass density. 

We account for electrostatic forces in the electrochemical potential 𝜇𝑖 rather than in a body force 

𝑿𝑖. The membrane, species M, is affixed to a support (e.g. a mesh or gasket) that imparts a pinning 

force 𝑿M. A force balance on the membrane dictates that this force is equal to the pressure in the 

membrane, ∇𝑝 = 𝑿M.23, 248-249 An explicit stress balance in the membrane specifies 𝑿M.73 Absent 

other external forces, substitution of Equation 5-2 into Equation 5-1 for each mobile species 𝑖 in 

the membrane relates the electrochemical potential gradients to species velocities 9, 32, 36 

 𝑐𝑖∇𝜇𝑖 = 𝐾𝑖M(−𝒗𝑖) + ∑ 𝐾𝑖𝑗(𝒗𝑗 − 𝒗𝑖)

𝑗≠𝑖,M

 
5-3 

For 𝑖 = M, isothermal Gibbs-Duhem demands that 

 𝑐M∇𝜇M − ∇𝑝 = ∑ 𝐾𝑖M𝒗𝑖

𝑖≠M

 
5-4 

where 𝒗𝑖 is a superficial velocity and 𝐾𝑖𝑗 is the friction coefficient between species 𝑖 and 𝑗. The 

electrochemical potential is a function of composition, pressure, temperature, 𝑇, and electric state. 

The pressure gradient appears in Equation 5-4 but not in Equation 5-3 because of the pinning force 

on the membrane.23, 78, 249 In Equations 5-3 and 5-4, the reference velocity is that of the membrane 

(i.e. 𝒗M = 0). Conservation of the membrane mass provides an additional constrain that relates 

𝒗M to the laboratory frame of reference (i.e. to the support that affixes the membrane).250 At steady 

state, the membrane is not actively swelling and the membrane velocity equals the velocity of the 

laboratory.  We denote transport coefficients that depend on the frame-of-reference with a 

superscript of the reference species (i.e., M). If the species are chemically independent (i.e., no 

reactions between them), then for 𝑁 species (including all species absorbed in the membrane and 

the membrane), there are 𝑁 − 1 independent equations of this form (the proceeding section lifts 

this restriction).36 Therefore, Equation 5-3 in matrix form is32 

 𝑫 = 𝑴M𝑽 5-5 

where 𝑫 and 𝑽 are 𝑁 − 1 by 3 matrices in which the 𝑖th row contains, respectively, the components 

of the 3D vector of negative driving forces and velocities of species 𝑖 (i.e. 𝐷𝑖∗ = 𝑐𝑖∇𝜇𝑖 and 𝑉𝑖∗ =
𝒗𝒊, where the subscript ∗ denotes a row) excluding the row and column M, due to linear 

dependence.75 The transport coefficient matrix 𝑴M is 𝑁 − 1 by 𝑁 − 1 where 𝑀𝑖𝑗
M = 𝐾𝑖𝑗 for 𝑖 ≠ 𝑗 

and 𝑀𝑖𝑖
M = − ∑ 𝐾𝑖𝑗𝑗≠𝑖 .  

Onsager reciprocal relations dictate that the friction coefficients are symmetric, 𝐾𝑖𝑗 = 𝐾𝑗𝑖.
75 

Consequently, there are 𝑁(𝑁 − 1)/2 friction coefficients. 𝐾𝑖𝑗 coefficients are related to binary 

interspecies diffusion coefficients according to9 
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𝔇𝑖𝑗 =

𝑅𝑇𝑐𝑖𝑐𝑗

𝐾𝑖𝑗𝑐T
 

5-6 

where 𝑐T is the total molar concentration of the solution.  

The molar concentration for a phase-separated membrane is defined either on a superficial basis 

(e.g., a homogenous phase) that includes the polymer volume (𝑐𝑖
′ = 𝑛𝑖/ ∑ 𝑛𝑖�̅�𝑖𝑖   where 𝑛𝑖 and �̅�𝑖 

are the moles and partial molar volume of species 𝑖), or an interstitial basis (e.g., heterogeneous 

phases) that only includes the electrolyte solution in the membrane pores (𝑐𝑖 = 𝑛𝑖/ ∑ 𝑛𝑖�̅�𝑖𝑖≠M ).  

We use the latter definition because it is more amenable to microscopic theories of 𝔇𝑖𝑗 that are 

derived for bulk electrolyte solutions or porous media. We neglect changes to the total molar 

concentration 𝑐T in the hydrophilic domains; the molar concentration of species 𝑖 is 𝑐𝑖 =
𝑐T(𝑛𝑖/ ∑ 𝑛𝑗𝑗≠M ) where 𝑐T is set to the molar concentration of salt-free water at 25 °C, (= 55.2 mol 

dm-3). This assumption is rigorously valid for high water contents (𝜆 > 10) or for membranes 

exchanged with cations that have molar volumes similar to water. 

5.3.2 Transport with Ion Association 

Many ionic species undergo ion-pair or acid-base equilibria that alter transport properties.251 

Transport measurements typically control amounts of neutral components added to the system and 

treat the 𝑁 constituent ionic species as fully dissociated in solution (we call this the “Experimental 

Construct” and denote quantities in the construct with superscript exp). For example, sulfuric acid 

is treated as protons and sulfate ions. The Experimental Construct provides independent driving 

forces and fluxes for species. However, because friction between species depends on size and 

charge, microscopic models consider 𝑁mol species in their actual, associated states (we call this 

the “Molecular Construct” and denote quantities in this construct with superscript mol). For 

example, sulfuric acid is treated as protons, bisulfate, and sulfate ions.85  

By accounting for how driving forces in the Molecular Construct are interdependent, Appendix 5-

A shows that the friction-coefficient matrix in the Molecular Construct, 𝑴Mmol
 (a 𝑁mol − 1 by 

𝑁mol − 1 matrix), is related to friction coefficients in the Experimental Construct, 𝑴Mexp
 

according to 

 
𝑴Mexp

= (𝑭 [𝑴Mmol
]

−1

𝑭𝑇)
−𝟏

 
5-7 

where 𝑭 is a 𝑁 − 1 by 𝑁mol − 1 matrix with 𝑖, 𝑗 entries 𝑓𝑖,𝑗, and 𝑓𝑖,𝑗 is the fraction of moles of 

species 𝑖 in the Experimental Construct, 𝑛𝑖
exp

, that partially associates into 𝑛𝑗
mol moles of species 

𝑗 in the Molecular Construct  

 
𝑓𝑖,𝑗 = −

𝑛𝑗
mol𝑠𝑖

𝑛𝑖
exp

𝑠𝑗

 
5-8 

Here, 𝑠𝑖 and 𝑠𝑗 are the stoichiometric coefficients of species 𝑖 and 𝑗, respectively, in the reaction 

of 𝑖 associating with another species to form 𝑗. For example, protons (species 𝑖) associating with 

sulfate ions to form bisulfate ions (species 𝑗). Note that ∑ 𝑓𝑖,𝑗𝑗 = 1. Theory gives the Molecular 

Construct transport coefficients (e.g., 𝑴Mmol
) that we convert to the Experimental Construct 
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transport coefficients (e.g., 𝑴Mexp
) to calculate measured transport properties. In Part III (Chapter 

6)104, it is more convenient to make calculations using Equation 5-3 in the Experimental Construct. 

In that case, 𝑴Mexp
 provides  𝔇𝑖𝑗

exp
’s according to the definition of 𝑴M. For convenience, we drop 

the superscript exp outside this section for quantities in the experimental construct. 

5.3.3 Friction Coefficients 

In a liquid solution consisting of solvent and ionic species in a membrane, there are six types of 

friction coefficients: ion/solvent, cation/anion, cation/cation, anion/anion, ion/membrane, and 

solvent/membrane.32, 81, 84-85 All but the last two types are present in bulk electrolyte solutions.84 

Accordingly, we use measurements of bulk friction coefficients in solution and apply common 

theories for their compositional dependence to calculate their value in the hydrophilic domains of 

the membrane. This approach requires that the distance over which these molecular interactions 

occur is smaller than the size of the hydrophilic domains; this assumption is justified for the highly 

concentrated solutions in the membrane that strongly screen hydrodynamic influences and 

electrostatic interactions. A hydrodynamic model of membrane pores gives ion and 

solvent/membrane friction coefficients. The transport coefficients are scaled by the tortuosity 𝜏 

and volume fraction, 1 − 𝜙M, of the hydrophilic membrane domains to relate the transport 

coefficients of a single hydrophilic domain to effective, superficial membrane fluxes used in 

Equations 5-3 and 5-4.37 Tortuosity scales according to Archie’s law, 𝜏 = (1 − 𝜙M)−𝜒, where 𝜒 

is the tortuosity scaling parameter.252 𝜙M is the volume fraction of the polymer backbone (=
�̅�M/(�̅�M + �̅�0𝑛0/𝑛M ) neglecting the volume of absorbed ions in the membrane), �̅�M is the partial 

molar volume of polymer per charged group (= 523.8 cm3/mole-SO3
- for Nafion).12 𝜒 is 

independent of water content and electrolyte concentration in the membrane. 

5.3.3.1 Ion/Solvent and Ion/Ion Friction Coefficients 

For ion/solvent friction coefficients, the Stokes-Einstein equation predicts the changes with 

solution viscosity of the binary diffusion coefficient as a result of the drag of an ion, idealized as 

a sphere, moving (or rotating) through a stagnant continuum solvent 85 

 
𝔇𝑖0

mol = (
1 − 𝜙M

𝜏
)

𝜂∞

𝜂
𝔇𝑖0

∞mol
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where 𝜂 is the solution viscosity and the superscript ∞ denotes infinite dilution. The term in 

parenthesis on the right side corrects the interstitial diffusion coefficient for the tortuosity and 

volume fraction of hydrophilic channels. The viscosity ratio arise because the solution becomes 

more viscous at high ionic strengths due to increased steric interactions between ions in solution. 

Einstein’s viscosity equation predicts how solution viscosity changes with concentration 253 

 

𝜂 =
𝜂∞ (1 + ∑ 𝑐𝑖

mol�̃�𝑖
𝑁mol

𝑖≠0,M /2)

(1 − ∑ 𝑐𝑖
mol�̃�𝑖

𝑁mol

𝑖≠0,M )
2  
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where �̃�𝑖 is the effective molar viscous volume of species 𝑖, that is fit to electrolyte-solution 

viscosity data. Stokes-Einstein theory (Equation 5-9) is widely used and generally effective at 

predicting the concentration dependence of ion-solvent diffusion coefficients, although agreement 

with experiment is imperfect.9, 82, 85 In particular, Stokes-Einstein theory is inaccurate for 

associating electrolytes,9 corrections of which are discussed later. 
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Although local viscous interactions govern ion/solvent friction, long-range electrostatics dominate 

ion/ion interactions.169 A “cloud” of mostly oppositely charged ions surrounds an ion in solution.169 

When an external field is applied, that cloud distorts and exerts a retarding force on the ion 

opposing the external field.169 From this resistive force, Debye-Hückel-Onsager theory predicts 

that in binary electrolytes the diffusion coefficient varies with the square-root of concentration for 

oppositely charged ions9, 85  

 
𝔇𝑖𝑗

mol ∝ (
1 − 𝜙M

𝜏
) √𝐼mol    for   𝑧𝑖≠M,0𝑧𝑗≠M,0 < 0 
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where 𝐼mol is the Molecular Construct ionic strength (=  
1

2
∑ 𝑐𝑖

mol𝑧𝑖
2𝑁mol

𝑖≠0,M ) Equation 5-11 relates 

diffusion coefficients measured in bulk solution at a given ionic strength to those at other 

concentrations. Chapman85 and Wesselingh et al.84 suggested that, since the Debye-Hückel ion 

cloud is governed by the ionic strength in multicomponent electrolytes, Equation 5-11 also applies 

to mixtures. Experiments agrees with the Debye-Hückel-Onsager description that friction between 

similarly charged ions is negligible as they scarcely interact, or32, 84 

 𝔇𝑖𝑗
mol → ∞    for   𝑧𝑖≠M𝑧𝑗≠M > 0. 5-12 

5.3.3.2 Ion and Solvent/Membrane Friction Coefficients 

Debye-Hückel-Onsager theory does not apply to ionic groups attached to the polymer membrane, 

since they are fixed and unable to form an ionic cloud around mobile ions.84 Still, the membrane 

exerts a frictional force on aqueous ions and solvent from microscale-viscous interactions with the 

membrane walls.254 Microscale hydrodynamics predicts viscous interactions between a fluid and 

a solid wall.83 Species velocities and concentrations discussed up to this point are macroscopic 

averages and correspond to experimentally measurable quantities. In developing a microscale 

hydrodynamic model, we invoke microscopic, local quantities that are not experimentally 

accessible and are denoted with a superscript loc. 

Appendix 5-B shows that the area-averaged, superficial velocity 𝑣𝑧 through the membrane 

(through-direction denoted as 𝑧-coordinate) where each mobile species is under an electrochemical 

potential gradient 𝜕𝜇𝑖/𝜕𝑧 is 

 

𝑣𝑧 = − ∑
𝑐𝑖

mol

𝒦𝑖
mol

𝜕𝜇𝑖

𝜕𝑧

𝑁mol

𝑖≠M
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where 𝒦𝑖
mol is a hydrodynamic friction coefficient that satisfies the creeping-flow momentum 

balance in a pore with appropriate boundary conditions. By definition 𝑣𝑧 is the sum of species 

velocities in the Molecular Construct 𝑣𝑖,𝑧
mol weighted by their mass fractions 𝑤𝑖

mol (i.e., mass-

averaged velocity, 𝑣𝑧 = ∑ 𝑤𝑖
mol𝑣𝑖,𝑧

mol𝑁mol

𝑖≠M  where 𝑤𝑖
mol = 𝑛𝑖

mol𝑀𝑖/ ∑ 𝑛𝑖
mol𝑀𝑖

𝑁mol

𝑖≠M ). In Appendix 5-

C, we demonstrate that the expression for 𝐾𝑖M
mol that satisfies both the hydrodynamic prediction of 

Equation 5-13 and frictional interactions in Equation 5-3 is 

 

𝐾𝑖M
mol = 𝑤𝑖

mol𝒦𝑖
mol + ∑ 𝐾𝑖𝑗

mol (
𝒦𝑖

mol

𝒦𝑗
mol

− 1)

𝑁mol

𝑗≠M
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where the first term on the right is due to hydrodynamic interactions directly causing friction on 

species 𝑖 and the second term is due to hydrodynamic friction on species 𝑗 that exerts friction 𝐾𝑖𝑗
mol 

on 𝑖. 

Following classic treatments of electrokinetics in microchannels,9 Appendix 5-B shows that for a 

translationally invariant pore forming a channel with tortuosity 𝜏, 𝒦𝑖
mol is 

 
𝒦𝑖

mol =
4𝐺𝜂

𝑅pore
2 𝜃𝑖

(
𝜏

1 − 𝜙M
) 
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where 𝑅pore is the radius of the pore and is a function of the membrane polymer volume fraction, 

𝑅pore = 𝜙M
−𝑚(1 − 𝜙M)1/2/2)222 and 𝑚 is a swelling parameter determined from microstructural 

characterization (= 1.33 for Nafion).12 𝐺 is the semi-empirical geometric factor that accounts for 

pore shape and distribution of sizes of the hydrophilic channels; it is independent of membrane 

water content or ion concentration.37 Just as in Equations 5-9 and 5-11, the term in parenthesis on 

the right side corrects the interstitial hydrodynamic coefficient for the tortuosity and volume 

fraction of hydrophilic channels. 𝜃𝑖 accounts for how species 𝑖 distributes across the channel and 

equals unity when 𝑖 is uniformly distributed.  

To establish 𝜃𝑖, we treat the negatively polymer sulfonate groups as uniformly distributed along 

the channel walls. Because cations are solvated, they cannot approach the walls closer than their 

solvated radius (i.e., the Outer Helmholtz plane),255 which we set to the diameter of a water 

molecule 2𝑅0 = 0.275 nm;8 Because this study deals with high membrane hydration levels where 

cations are fully solvated, we do not consider cation-membrane ion-pair formation (i.e. ions 

complexed with the surface by dehydrating and moving to the Inner Helmholtz plane).255 

Consequently, ionic species are distributed across a pore of effective radius 𝑅pore − 2𝑅0 according 

to the linearized Poisson-Boltzmann equation.255 For this system, Appendix 5-B shows that 𝜃𝑖 is 

given by  

 

𝜃𝑖≠0 = 𝛽2 (2 − 𝛽2 − 𝑧𝑖𝜚 (𝛽2 +
8𝜚

(𝑅pore𝑘)
2 −

4𝛽𝐼0(𝑅pore𝑘)

𝑅pore𝑘𝐼1(𝑅pore𝑘)
)) 

5-16 

where 𝛽 is the ratio of the effective pore radius traversed by ions after accounting for solvation 

and the actual radius (𝑅pore − 2𝑅0)/𝑅pore , 𝜚 is ∑ 𝑛𝑖
mol𝑧𝑖

𝑁mol

𝑖≠M / ∑ 𝑛𝑖
mol𝑧𝑖

2𝑁mol

𝑖≠M , 𝑘 is inverse Debye 

length (= (∑ 𝑐𝑖
mol𝑧𝑖

2𝐹2/𝜀𝑟𝜀0𝑅𝑇𝑁mol

𝑖≠M )
1/2

), 𝜀𝑟 is bulk solvent dielectric constant (=78.3), 𝜀0 is 

vacuum permittivity, and 𝐼0 and 𝐼1 are modified Bessel functions of the first kind with order 0 and 

1, respectively. We neglect changes in solvent concentration across the pore so that 𝜃0 = 1.  

5.3.4 Macroscopic Transport Coefficients 

Equations 5-3 and 5-4 provide a microscopic description of multi-ion transport in membranes that 

relate species fluxes to driving forces, whereas experiments obey a macroscopic description in 

which experimentally controlled driving forces cause species fluxes. Fuller showed that Equation 

5-5 inverts to a macroscopic form 78 
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 𝑵𝑖 = − ∑ 𝐿𝑖𝑗
M𝑐𝑖𝑐𝑗∇𝜇𝑗

𝑗≠M
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where 𝑵𝑖 is the molar flux vector of species 𝑖 ≠ M and 𝐿𝑖𝑗
M is a component of the 𝑁 − 1 by 𝑁 − 1 

symmetric matrix 𝑳M defined as37, 78 

 𝑳M = −(𝑴M)−1 5-18 

where the membrane, species M, is used as a reference. 

Because experimental measurements rarely ascertain the 𝐿𝑖𝑗
M transport coefficients, we rewrite 

Equation 5-17 in terms of transport coefficients that are measureable under well-defined 

experimental conditions, such that in terms of an applied gradient of electrochemical potential 𝜇𝑛 9, 

32 

 
𝑵𝑖 = −

𝑡𝑖
M𝜅

𝑧𝑖𝐹2

∇𝜇𝑛

𝑧𝑛
− ∑ (𝛼𝑖𝑗

M +
𝑡𝑖

M𝑡𝑗
M𝜅

𝑧𝑖𝑧𝑗𝐹2
) ∇𝜇𝑗,𝑛

𝑗≠M
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or, equivalently, in terms of an applied current density 

 
𝑵𝑖 =

𝑡𝑖
M𝐢

𝑧𝑖𝐹
− ∑ 𝛼𝑖𝑗

M∇𝜇𝑗,𝑛

𝑗≠M
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where 𝐹 is Faraday’s constant, 𝑧𝑖 is the charge number of species 𝑖, 𝑡𝑖
M is the transference number 

of species 𝑖, 𝜅 is conductivity, and 𝛼𝑖𝑗
M is the transport coefficient between species 𝑖 and 𝑗. In the 

absence of concentration, pressure, or temperature gradients, for a charged species 𝑖, ∇𝜇𝑖 =
𝑧𝑖𝐹∇Φ, where Φ is the electric potential. To avoid evoking an arbitrary definition of ∇Φ when 

there are concentration gradients, Equations 5-19 and 5-20 use 𝜇𝑖,𝑛, the chemical potential of 

species 𝑖 relative to that of species 𝑛, 𝜇𝑖,𝑛 = 𝜇𝑖 −
𝑧𝑖

𝑧𝑛
𝜇𝑛. 𝜇𝑖,𝑛 is independent of Φ, depending only 

on the thermodynamic variables pressure, concentration, and temperature.9 The first terms on the 

right sides of Equations 5-19 and 5-20 specify flux due to concentration and pressure gradients 

and the second terms specifies transport due to migration. Because protons are present in numerous 

applications of cation-exchange, a convenient choice for 𝑛 is H+.32  

Equations 5-19 and 5-20 are general for isothermal transport. The transport coefficients appearing 

in these equations are related to the 𝐿𝑖𝑗
M’s and are material properties of the polymer membrane that 

for a set composition and temperature are independent of the applied driving forces. Under certain 

common experimental conditions, these properties have a clear physical interpretation. 

Specifically, ionic conductivity, 𝜅, and 𝑁 − 2 transference numbers, 𝑡𝑖
M, relate the fluxes and 

current to the applied electric potential in the absence of concentration, temperature and pressure 

gradients 

  

𝐢 = −(𝜅)∇Φ = − (𝐹2 ∑ ∑ 𝐿𝑖𝑗
M𝑧𝑖𝑐𝑖𝑧𝑗𝑐𝑗

𝑗≠M

 

𝑖≠M

) ∇Φ 

for  ∇𝑐𝑖 = ∇𝑇 = ∇𝑝 = 0 
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and 

 

𝑵𝑖 = (
𝑡𝑖

M

𝑧𝑖
)

𝐢

𝐹
= (

𝑐𝑖ℱ
2

𝜅
∑ 𝐿𝑖𝑗

M𝑧𝑗𝑐𝑗

𝑗≠M

)
𝐢

𝐹
 

for  ∇𝑐𝑖 = ∇𝑇 = ∇𝑝 = 0 
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where the second equality provides 𝜅 and 𝑡𝑖
M in terms of the 𝐿𝑖𝑗

M’s. The electro-osmotic coefficient 

is related to the transference number of water by the ratio 𝑡0
M/𝑧0 = 𝜉, which is finite even though 

𝑧0 = 0.32 Similarly, 𝛼𝑖𝑗
M has a straightforward physical interpretation for experiments in the 

absence of current; 𝛼𝑖𝑗
M is the proportionality constant relating of species fluxes under chemical 

potential gradients absent net ionic current  (𝐢 = 0) and relate to 𝐿𝑖𝑗
M according to32 

 
𝑵𝑖 = −𝛼𝑖𝑗

M∇𝜇𝑗,𝑛 = − (𝐿𝑖𝑗
M𝑐𝑖𝑐𝑗 −

𝑡𝑖
M𝑡𝑗

M𝜅

𝑧𝑖𝑧𝑗𝐹2
) ∇𝜇𝑗,𝑛 

for  𝐢 = 0 
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where 𝛼𝑖𝑗
M is symmetric, which gives (𝑁 − 1)𝑁/2  𝛼𝑖𝑗

M’s of which (𝑁 − 2)(𝑁 − 1)/2 are 

independent. 

The transmissibility of the membrane to water, 𝐿trans,0, dictates the superficial velocity of water 

through the membrane under an applied pressure gradient. The solvent/solvent transport 

coefficient, 𝛼00
M , relates to measured 𝐿trans,0, as.32 

 
𝐿trans,0 ≈ 𝛼00

M
�̅�0

2

𝑙
 

5-24 

 

where the membrane thickness, 𝑙, increases with water content from the dry thickness, 𝑙0; for 

isotropic swelling 𝑙 = 𝑙0 (1 +
𝑛0 𝑉0

𝑛M𝑉M
)

1

3
.12 Equation 5-24 is approximate because neglects volume 

change on mixing of the water and membrane and neglects ionic contributions to the volume of 

the solution. 

 

5.4 Parameters and Calculations 

Literature reports values of 𝜅 and, less frequently, 𝜉, 𝑡H+
M , and 𝐿trans,0 for PFSA membranes. Here, 

we consider properties of membranes that are immersed in aqueous electrolyte solutions where 

membrane water content is relatively high. To calculate measured properties with the proposed 

model for a membrane in bulk solution at a given composition, we first calculate the water volume 

fraction 𝜙0 (neglecting the volume of ions, 𝜙0 = 1 − 𝜙M) and molality of ions in the membrane 

𝑚𝑖 and the speciation of associating ions 𝑓𝑖,𝑗 from chemical-equilibrium relations outlined in Part 

I (Chapter 4).247 Although this calculation is self-consistent, model and experimental errors in 

electrolyte partitioning propagate to measurements and predictions of the transport properties. We 

relate the membrane composition to the chemical potentials of the external environment using an 
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equilibrium model. In the steady state, we need not include a viscoelastic response of the polymer, 

which may be required in a transient simulation.12 

Equations 5-6, 5-9, 5-11, and 5-12 give 𝐾𝑖𝑗
mol for species 𝑖 and 𝑗 excluding the membrane M while 

Equation 5-14 gives 𝐾𝑖M
mol. The 𝐾𝑖𝑗

mol’s specify 𝑴Mmol
 and Equation 5-7 gives 𝑴M. Inversion of 

𝑴M following Equation 5-18 provides 𝑳M. The components of 𝑳M give measured transport 

properties outlined in Equations 5-21-5-23. Matrix inversions are performed using the Python 

package NumPy version 1.16. 

Because of the wide availability of data, we restrict our investigation to the Nafion PFSA 

chemistry.12, 67-69, 92-93, 217 Specifically, we use data for Nafion versions N117, N115, N212, and 

N211. The different numbered membranes have the same molecular formulae but the N11x 

sequence is extruded, whereas the series N21x is cast from solution; x denotes thickness in units 

of mils.12 For operating parameters, we use ambient temperature (298 K) and pressure (101.3 kPa). 

As discussed in Chapter 5 Supporting Information (SI-5), measurements of bulk-solution transport 

provide most properties at these conditions (specifically, �̃�𝑖, 𝔇∞
0𝑖≠M
mol

, and 𝔇𝑖≠0,M𝑗≠0,M
mol  at a 

reference concentration). Parameters of ions unavailable in the literature are set to those ions of 

similar charge number that are available (see SI-5). 

Table 5-1 provides the two adjusted values for the parameters of Nafion membranes. These are 

Archie’s tortuosity scaling parameter, 𝜒, and the geometric transport factor, 𝐺. Results and 

Discussion show that the parameter values are the best eye-fit of calculated and measured 

membrane conductivity proton transference number, electroosmotic coefficient, and water-water 

transport coefficient. 𝐺 and 𝜒 are independent of membrane water and ion content,  Results and 

Discussion compares model predictions with experiments.  

 

Table 5-1. Nafion membrane specific fitting parameters in the model 

Parameters Value [-] 

𝜒 0.3 for data from 67-69, 71 

1.2 otherwise 

𝐺 4 

 

Because membrane pretreatment and processing impact network tortuosity,12 we use two values 

of Archie’s parameter: 𝜒 = 0.3 for the highly pretreated and conductive N117 and N115 

membranes measured by Okada and co-workers reported to have a proton-form conductivity of 

~0.2 S cm-1 in liquid water 67-69, 71, and 𝜒 = 1.2 for all other datasets that consistently report 𝜅 < 

0.1 S cm-1 for proton-form membranes in liquid water at room temperature.57, 93, 224 Both of these 

values fall within the range of 𝜒 for a range of different types of porous media (0.3-3.4)256. 𝐺 for 

different pore shapes falls between 2 and 3, which correspond to circular- and slit-pore shape cross 

sections, respectively.37 This range of 𝐺 is lower than the value fit here. The discrepancy is likely 

due an extremely heterogeneous distribution of hydrophilic domain sizes that leads to a large 

effective 𝐺.37 Porous media with parallel-type pore nonuniformities in which species transport 

through pores that are larger than average lead to 𝐺’s that are greater than those predicted by pore 

shape alone.37  
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5.5 Results and Discussion 

 This section compares calculated and measured transport properties. We first consider data for 

membranes in dilute-aqueous solutions, partially-exchanged with proton or lithium and a mono- 

or multivalent cation. The external solution is sufficiently dilute so that no co-ions are present in 

the membrane.67-69, 71 The absence of co-ions makes the measurements informative for fuel-cell 

membrane applications. These datasets also contain different transport coefficients that permit 

validation of various aspects of the model. We also consider membranes in external concentrated 

electrolytes that incorporate co-ions from the surrounding solution. Fewer transport measurements 

are available under these conditions, but they test model predictions when numerous species are 

present. Concentrated conditions are relevant for RFB operation.93, 217 In particular, we calculate 

transport coefficients for membranes in aqueous solutions of sulfuric acid and vanadium sulfate 

that are representative of electrolytes in vanadium RFBs, which are the most studied flow-battery 

chemistry.223 

5.5.1 Multicomponent Transport Properties of Mixed-Cation-Form Membranes in Water 

Okada et al.67-69, 71 extensively characterized transport properties of N115 and N117 by measuring 

conductivity 𝜅, proton and lithium transference numbers 𝑡𝑖
M, electroosmotic coefficient 𝜉, and 

water transport coefficient 𝛼00
M  of membranes that are partially exchanged with different cations 

in liquid aqueous electrolytes. 

The mathematical model outlined in Part I (Chapter 4)247 calculates the water volume fraction 𝜙0 

and molality of species in the membrane 𝑚𝑖 (given in Figure 4-4, Figure 4-5Figure 4-9 in Chapter 

4). Given these values, we calculate the transport properties of mixed-exchanged proton-alkali 

Nafion membrane in liquid water. Figure 5-1 shows measured68, 70 (symbols) and calculated (lines) 

(a) membrane conductivity 𝜅, (b) proton transference number 𝑡H+
M , (c) electroosmotic coefficient 

𝜉, (d) and water transport coefficient 𝛼00, (e) ion-water transport coefficient 𝛼𝑖0
M (not measured, 

only calculated), and (f) ion-ion transport coefficient 𝛼𝑖𝑗
M (not measured, only calculated) as 

function of the fractional proton exchange 𝑛H+/𝑛SO3
− (i.e. the fraction of negatively charged 

polymer sulfonate group charge-balanced by protons) with various alkali metal cations. For 

membranes partially exchanged with alkali cations and protons, the transport coefficients are 

related according to 𝛼0A+
M = −𝛼0H+

M  and 𝛼𝐻+𝐻+
M = −𝛼𝐴+𝐻+

M = 𝛼𝐴+𝐴+
M .32 Best-eye fitting of the data 

in Figure 5-1 specifies 𝜒 and 𝐺. Figure 5-6 shows the same calculated transport properties as Figure 

5-1 for lithium-form membrane exchanged with other alkali cations (𝛼00 not measured).67 The 

fitted 𝜒 and 𝐺 in Table 5-1 calculate transport properties for mixed lithium-alkali form membranes 

without adjustment. 



 

95 

 

 

Figure 5-1. Measured68 (symbols) and calculated (lines) N11x membrane (a) conductivity 𝜅, (b) 

proton transference number 𝑡H+
M , (c) electroosmotic coefficient ξ, and the transport coefficients 

between (d) water-water 𝛼00
M , (e) ion-water 𝛼𝑖0

M, and (f) ion-ion 𝛼𝑖𝑗
M in liquid water as function 

of fractional proton exchange, 𝑛H+/𝑛SO3
−, with lithium (triangles), sodium (squares), potassium 

(pentagons), and cesium (tilted squares) 

 

Agreement in Figure 5-1 between theory and experiment is sufficient for differing membrane 

proton fractions and ion types. There are three cases that the model differs from experiment. The 

model calculates a higher sodium-exchanged membrane conductivity than does the measurement. 

We attribute this difference to varying experimental conditions because the measured sodium-

exchanged samples have lower conductivity than the other cation-exchanged samples even when 
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the membranes are fully in proton form (i.e. they should have identical composition), as Figure 

5-1a shows.68, 70 The model significantly over-predicts 𝛼00
M  for the lithium-exchanged membranes, 

as Figure 5-1d shows, and 𝜉 for partial cesium-exchanged membranes as Figure 5-1c shows. These 

discrepancies may be partially attributed to the high experimental uncertainty for 𝛼00
M  (calculated 

to be ~40% for proton-form membranes in Figure 5-1d) and to lack of experimental data. Further, 

we assume 𝐺 and 𝜒 are independent of cation type, but cation-sulfonate interactions can alter the 

membrane microstructure causing disagreement between calculated and measured transport 

properties.40, 54, 218 

As the membrane exchanges from alkali cation form to proton form, conductivity increases, plotted 

in Figure 5-1a, because protons are much more mobile than are alkali cations. Figure 5-1b shows 

that the high mobility of protons causes high 𝑡H+
M  except in membranes that are mostly exchanged 

with alkali cations (> 50% exchanged). Equations 5-21 and 5-22 show that conductivity increases 

as Nafion exchanges from alkali ions to protons and 𝜉 decreases, consistent with Figure 5-1c.  

The high mobility of protons generates less friction for water transport through the membrane (see 

Equation 5-6). A rising  𝑛H+/𝑛SO3
− ratio thus increases 𝛼00

M , as Figure 5-1d confirms. In the absence 

of current, low-mobility alkali cations move down a gradient chemical potential of water as they 

are dragged by water, but a streaming potential develops to ensure electroneutrality and causes 

highly mobile protons to move up a water chemical potential gradient (i.e., 𝛼0A+
M > 0 and 𝛼0H+

M <

0).  

Figure 5-1e shows that in fully alkali ion-exchanged membranes, protons are not available to move 

in the opposite direction as alkali-cations and 𝛼0A+
M = 𝛼0H+

M = 0. Similarly, 𝛼0A+
M = 𝛼0H+

M = 0 for 

fully proton-exchanged membranes. Figure 5-1f illustrates that 𝛼H+A+
M  similarly reaches a 

maximum for partially exchanged membranes and is zero for fully exchanged membranes. The 

values of 𝛼00
M  are more than an order of magnitude greater than |𝛼𝑖0

M| and |𝛼𝑖𝑗
M|, which demonstrates 

that fluxes induced by chemical-potential gradients of ions are secondary to those induced by 

pressure or water concentration gradients. 

The general trends described in the preceding two paragraph hold for all membranes exchanged 

with each of the alkali cations. Variations in transport properties between the different alkali ions 

A+ are due to different ion-water binary diffusion coefficient at infinite dilution 𝒟0A+
∞  (given in SI-

5), to the water volume fraction of the exchanged membrane 𝜙0 (given in Part I, Chapter 4,247), 

and to the molar viscous volume of the cation-exchanged sample �̃�A+  SI-5). 𝜙0 decreases with 

increasing alkali cation crystallographic size (i.e. Li+> Na+> K+> Cs+) and 𝒟0A+
∞  has the opposite 

trend (i.e. Li+< Na+< K+< Cs+). These different physical parameters explain the variations of 

transport properties in Figure 5-1 for the different cation-exchanged membranes.  

To explore these differences, Figure 5-2 plots calculated transport properties for a 50% alkali ion-

exchanged Nafion membrane (i.e. 𝑛H+/𝑛SO3
− = 0.5) on contour plots for (a) conductivity, (b) 

proton transference number, (c) electroosmotic coefficient, (d) and water, (e) ion-water, and (f) 

ion-ion transport coefficients as a function of 𝜙0 on the y-axis and 𝔇0A+
∞  on the x-axis. Each x-y 

point in Figure 5-2 are the transport properties of Nafion partially exchanged with a hypothetical 

alkali ion that has a diffusion coefficient 𝔇0A+
∞  and where the membrane water volume fraction is 

𝜙0. For these calculations, we set all other properties of A+ (e.g. molar viscous volume and molar 

mass) to those of sodium because it is in the middle of the alkali series. To provide a reference, 
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symbols in Figure 5-2 are the 𝔇0𝑖
∞  and 𝜙0 for a 50% cation-exchanged Nafion membranes in liquid 

water for the different alkali cations. 

Figure 5-2a and f show that 𝜅 and |𝛼𝑖𝑗
M| increase with increasing cation diffusivity 𝔇0A+

∞  because 

more mobile ions have a higher flux for a given electric field or ion chemical-potential gradient, 

respectively. At low water contents, rising 𝜙0 increases 𝜅 and |𝛼𝑖𝑗
M| because larger pores and lower 

tortuosity facilitate increased ion transport. However, at high 𝜙0, the relation is opposite because 

rising 𝜙0 decreases ion concentrations, decreasing 𝜅 and |𝛼𝑖𝑗|. 

This non-monotonic relationship between water content and ion-ion transport causes |𝛼𝑖𝑗
M| of 

partially alkali-exchanged Nafion to follow the order Li+< Na+< Cs+< K+, as Figure 5-1f shows. 

Similarly, 𝜅 has the order Li+< Na+< Cs+< K+ because of the relationship between 𝜙0 and 𝜅 as 

well as because lithium and sodium cause stronger viscosification of the solution in the membrane 

(i.e. �̃�Li+ > �̃�Na+ > �̃�K+ > �̃�Cs+). 

Figure 5-2b shows the relatively small effects 𝔇0A+
∞  and 𝜙0 have on 𝑡H+

M . This explains the 

negligible differences in 𝑡H+ for different alkali ion-exchanged membranes seen in Figure 5-1b. 

Figure 5-2c, d, e show that the water-transport properties, 𝜉, 𝛼00
M , and 𝛼0𝑖

M all rise with increasing 

𝜙0. Higher water content increases pore size and decreases tortuosity, increasing water transport.  

The high value 𝜉 for lithium-exchanged membrane has previous been attributed to lithium  

“dragging” water in its large solvation shell as it transits the membrane.12, 68 The effect of lithium’s 

large solvation and resulting high friction coefficient manifests as a relatively low 𝔇0Li+
∞ .8 This 

work shows that the low lithium diffusivity is not sufficient to explain the high value of 𝜉 for 

lithium-exchanged membranes. Rather, the large 𝜉 is due to the higher water content of the 

membrane and the resulting larger hydrophilic domains of these membranes. This finding is 

consistent with previous hydrodynamic models.18, 257 
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Figure 5-2. Contour plot of calculated (a) conductivity, (b) proton transference number, (c) 

electroosmotic coefficient, (d) and water, (e) ion-water, and (f) ion-ion transport coefficient as 

a function of 𝜙0 on y-axis and 𝔇0A+
∞  on x-axis for a 50% alkali ion-exchanged Nafion 

membrane. Symbols plot 𝔇0A+
∞  and 𝜙0 at 50% cation-exchanged Nafion membranes in liquid 

water for lithium (triangle), sodium (square), potassium (pentagon), and cesium (diamond). 

 

The proposed model calculates transport properties of Nafion membranes exchanged with 

multivalent cations. Except of 𝛼00
M , Figure 5-3 shows that the transport model (lines) is in 

reasonable agreement with experimental measurements69 (symbols, same transport properties as 

Figure 5-1) for a proton-form membranes exchanged with various multivalent ions as a function 

of membrane proton fraction (= 𝑛H+/𝑛SO3
−). There is relatively little difference between calculated 

transport properties of multivalent ion-exchanged membranes because these ions have similar 

𝔇0A𝑧A
∞ and water uptake.  
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Figure 5-3 shows that the model over predicts water transport. Multivalent cations strongly interact 

with polymer sulfonate groups, altering membrane morphology through crosslinking or domain 

rearrangement.54 This change in polymer structure may be one source of disagreement between 

calculated and measured transport properties.40, 54, 218 In this case, 𝜒 and 𝐺 should be functions of 

ion-exchange and cation type, but the exact nature of this effect requires further investigation. 

 

Figure 5-3. Measured69 (symbols) and calculated (lines) (a) conductivity 𝜅, (b) proton 

transference number 𝑡H+
M , (c) electroosmotic coefficient 𝜉 (Fe-exchanged membrane not 

measured), and the transport coefficients between (d) water-water 𝛼00
M  (Fe-exchanged 

membrane not measured), (e) ion-water 𝛼𝑖0
M (not measured), and (f) ion-ion 𝛼𝑖𝑗

M (not measured) 

of a Nafion membrane in liquid water as a function of fractional proton exchange, 𝑛H+/𝑛SO3
−, 

with calcium (right triangle), nickel (down triangle), copper (left triangle), and iron (plus sign).  
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5.5.2 Transport in Concentrated Electrolytes 

In concentrated electrolyte solutions, membrane water content and ion concentration induces large 

changes in transport properties. Part I (Chapter 4)247 shows that membrane water content decreases 

and acid uptake increases with increasing bulk electrolyte concentration. Figure 5-4 shows 

measured93, 217 (circles) and calculated (solid line) N117 membrane conductivity as a function of 

external sulfuric acid concentration. Conductivity increases slightly up to a bulk electrolyte 

concentration of 4 mol kg-1. At higher concentrations, conductivity decreases with increasing 

electrolyte concentration.  

Dashed lines in Figure 5-4 show conductivity (hypothetical) if the viscosity of the electrolyte 

solution in the membrane 𝜂 or the membrane volume fraction 𝜙M is equal to that of the membrane 

in acid-free liquid water (i.e. 𝜂 = 𝜂(𝑚H2SO4
= 0) or 𝜙M = 𝜙M(𝑚H2SO4

= 0), respectively). 

When viscosity of the electrolyte solution in the membrane is constant, membrane conductivity 

does not decrease as significantly at higher acid concentrations because proton mobility would be 

larger. When 𝜙M is held constant, the conductivity increases as the acid concentration in the 

membrane increases. In actuality, as bulk acid concentration increases, membrane water content 

decreases (see Part I, Chapter 4247) causing increased tortuosity and decreased pore size. In 

agreement with Tang et al.93, the delicate balance between decreasing proton mobility and 

increased number of charge carriers leads to a maximum in membrane conductivity at moderate 

acid concentrations. 

 

Figure 5-4. Measured 93 (circles) and calculated (solid lines) N117 conductivity as a function of 

external solution sulfuric acid concentration. Dashed lines denote model predictions with 

transport properties calculated if 𝜂 and 𝜙M are that of the membrane in acid-free water (i.e. 𝜂 =

𝜂(𝑚H2SO4
= 0) or 𝜙M = 𝜙M(𝑚H2SO4

= 0), respectively). 
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Figure 5-5 plots calculated (solid line) and measured92 (symbols) membrane conductivity as a 

function of either vanadium III, IV or V concentration with sulfuric acid such that the total sulfate 

concentrations is 5 mol L-1. The conductivity is normalized to the conductivity of the membrane 

in vanadium-free sulfuric acid to reduce propagation of error (see Figure 5-4). Based on the 

proposed model for intermolecular friction, there is no friction between like-charged ions (see 

Equation 5-12). Consequently, vanadium ions and protons do not directly interact at the 

microscopic description of the model (i.e. 𝔇H+V𝑛+(𝑥)
mol = ∞), but the presence of one still influences 

the other macroscopically (see Equation 5-18). Although the current is carried mainly by mainly 

protons (dotted line shows this by plotting conductivity multiplied by proton transference number, 

𝜅𝑡H+
M ), as more vanadium is added to the membrane, the number of very mobile protons decreases 

and conductivity decreases. As Figure 5-5 shows, the triply-charged V(III) displaces more protons 

and predicted conductivity curves are convex, whereas the singularly-charged V(V) curve is 

concave.  

 

 

Figure 5-5. Measured92 (symbols) and calculated (solid lines) membrane conductivity as a 

function of external vanadium V(III) (pentagons), V(IV) (octagons), or V(V) (diamonds) 

concentration in sulfuric acid with a total sulfate concentration of 5 mol dm-3. Conductivity is 

normalized by the conductivity of the vanadium-free sulfuric acid solution, 𝜅𝑚v(x)=0. Dashed 

lines are model of the proton contribution to conductivity, 𝜅𝑡H+
M . 
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In addition to conductivity and proton transference number, an array of other transport properties 

dictate multi-ion transport in ionomer membranes. Specifically, Figure 5-7 shows calculated 

vanadium transference numbers, electroosmotic coefficients, and 𝛼𝑖𝑗
M transport coefficients of 

Nafion in the same electrolytes as Figure 5-5. Most of the transport properties are highly 

concentration dependent, and are starkly different between vanadium species. Although 

conductivity measurements, such as those in Figure 5-5, are crucial to understand transport in these 

membrane, this single transport property provides a limited view of the diverse processes involved 

in transport.12, 18, 68, 92 Furthermore, dilute-solution descriptions that consider only one transport 

parameter for each species provide an incomplete understanding of transport in many instances. 

As Figure 5-7 demonstrates, the proposed concentrated-solution model facilitates complete 

specification of transport properties of multicomponent systems using only two microscale, 

adjustable parameters, 𝜒 and 𝐺. 

 

5.6 Summary 

We develop a mathematical model for multicomponent mass transport in phase-separated cation-

exchange membranes based on Stefan-Maxwell-Onsager description. Microscopic theory predicts 

how thermodynamic and transport properties change with ion and water concentration. The model 

relies on two adjusted membrane-specific parameters (Archie’s tortuosity parameter and pore-

shape), whose values are physically reasonable and independent of water content and ion 

concentration. The model quantitatively agrees over wide ranges of electrolyte concentrations and 

compositions. 

The proposed model shows that thermodynamic properties in Part I (Chapter 4)247 impact transport 

properties by controlling the concentration and identity of ions and water uptake. Membranes with 

less water have lower ion mobilities, because the membrane tortuosity increases and the fraction 

that is conductive decreases. Moreover, increased ion concentration in the membrane increases the 

viscosity of the solution inside the hydrophilic domains of the membrane, further decreasing 

mobility. Consequently, the presence of mobile and fixed ions all impact transport both directly 

through Stefan-Maxwell-Onsager-type frictional interactions and indirectly by changing the 

structure of the membrane and the internal solution properties.  

We fully specify the numerous transport coefficients involved in multicomponent transport by 

using concentrated-solution theory. The coefficients rigorously describe coupling of species 

transport. By building the model from physicochemical microscale description of transport, a 

paucity of experiments can specify model parameters. In Part III (Chapter 6), we use the proposed 

theory to parameterize a model for multicomponent transport in a vanadium redox-flow-battery 

membrane.104 We show how concentrated-solution description in this system is essential to 

understand device performance.104 

 

5.7 Nomenclature 

Roman  

�̅�𝑖 Partial molar volume of species 𝑖, m3 mol-1 

�̃�𝑖 Effective molar viscous volume of species 𝑖, m3 mol-1 

𝐾𝑖𝑗 Friction coefficient between species 𝑖 and 𝑗, J s cm-5 
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𝐿trans,0 Membrane solvent transmissibility, m4 J-1 s-1 

𝐿𝑖𝑗
M Inverted transport coefficient between species 𝑖 and 𝑗, cm5 J-1 s-1 

𝑀𝑖 Molar mass of species 𝑖, g mol-1 

𝑀𝑖𝑗
M Components 𝑖 and 𝑗 of matrix 𝑴M between species, J s cm-5 

𝑅0 Radius of water molecule, 0.1375 nm 

𝑅effective Effective radius of hydrophilic pore accessible to hydrated ions, m 

𝑅pore Pore radius, nm 

𝑐𝑇 Total molar solution concentration, mol dm-3 

𝑐𝑖 Molar concentration of species 𝑖, mol dm-3 

𝑓𝑖,𝑗 Association fraction of species 𝑖 into species 𝑗 

𝑚𝑖 Molality of species 𝑖, mol kg-1
solvent 

𝑛𝑖 Moles of species 𝑖, moles 

𝑠𝑖 Stoichiometric coefficient of species 𝑖 
𝑡𝑖

M Transference number of species 𝑖 

𝑢𝑖 Potential of mean force on species 𝑖 from the membrane, J 

𝑣z Mass averaged velocity across the membrane, m s-1 

𝑤𝑖 Mass fraction of species 𝑖 
𝑧𝑖 Charge number of species 𝑖 
𝒦𝑖 Hydrodynamic friction coefficient of species 𝑖 in the membrane, J s cm-5 

𝔇𝑖𝑗 Diffusion coefficient between species 𝑖 and 𝑗, m2 s-1 

𝐹 Faraday’s constant, 96,487 C mol-1 

𝐺 Domain geometric factor 

𝐼 Ionic strength, mol m-3 

𝑁 Number of species 

𝑅 Gas constant,  8.3145 J mole K-1 

𝑇 Temperature, 298 K 

𝑘 Inverse Debye length, m-1 

𝑙 membrane thickness, m 

𝑚 Scaling constant 

𝑝 Pressure, Pa 

 

 

Greek  

𝛼𝑖𝑗
M Transport coefficient of species 𝑖 due to chemical potential gradient of 𝑗, 

mol2 J-1 m-1 s-1 

𝜀0 Vacuum permittivity, 8.85×10−12 F m−1 

𝜀𝑟 Relative dielectric constant 

𝜃𝑖 Distribution factor for species 𝑖 in a hydrophilic domain 

𝜇𝑖,𝑛 Electrochemical potential of species 𝑖 relative to that of species 𝑛, J mol-1 

𝜇𝑖 (Electro)chemical potential of species 𝑖, J mol-1 

𝜙𝑖 Volume fraction of species 𝑖 
Φ Electric potential, V 

𝛽 Ratio of the effective pore radius and the actual radius 

𝜂 Solution viscosity,  Pa s 
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𝜅 Conductivity, S cm-1 

𝜆 Membrane water content, molwater molSO3
−

−1   

𝜉 Electro-osmotic coefficient 

𝜌 Mass density, kg m-3 

𝜏 Tortuosity 

𝜒 Archie’s tortuosity scaling parameter 

𝜓 Electrostatic potential, V 

𝜚 Electrostatic parameter 

 

Vectors and Arrays  

𝑳M Matrix of inverted friction coefficients, cm5 J-1 s-1 

𝑴M Matrix of friction coefficients, J s cm-5 

𝑵𝒊 Flux vector of species 𝑖, mol m-2 s-1 

𝑿𝑖 Molar body force on species 𝑖, N mol-1 

𝒅𝑖 Driving force on species 𝑖, N m-3 

𝒗𝒊 Velocity vector of species 𝑖, m s-1 

𝐢 Current density, A cm-2 

𝑫 Matrix of driving forces, N dm-3 

𝑭 Matrix of association fractions 𝑓𝑖,𝑗 

𝑽 Matrix of species velocities, m s-1 

 

Subscript  

∞ Infinite dilution 

domain Hydrophilic domain 

ref Reference value 

 

Superscript  

′ Superficial quantity 

exp Experimental Construct 

M Referenced to membrane velocity 

mol Molecular Construct 

loc Local, microscopic quantity a hydrophilic domain 

0 Dry Membrane 

 

5.8 Appendix 5-A 

To relate the species properties in the Experimental and Molecular Constructs, chemical equilibria 

of the speciation reactions give 𝑓𝑖,𝑗, the fraction of moles of species 𝑖 that partially associates into 

moles of species 𝑗,30 

 𝑠𝑗𝜇𝑗 = − ∑ 𝑠𝑖𝜇𝑖

𝑖

 

 

5-25 

where the sum is over species 𝑖 that associate to form 𝑗. 
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The mole-weighted velocities of a fully dissociated species is the sum of the mole-weighted 

average velocities of its partially associated species,  

 𝑛𝑖

𝑠𝑖
𝒗𝑖

exp
= − ∑

𝑛𝑗
mol

𝑠𝑗
𝒗𝑗

mol

𝑖

 
5-26 

where the summation is over all species 𝑗 that that dissociate to 𝑖. Equation 5-8 shows that Equation 

5-26 relates the velocity in the two constructs relates via 

 𝒗𝑖
exp

= ∑ 𝑓𝑖,𝑗𝒗𝑗
mol

𝑗

 
5-27 

Taking the gradient of Equation 5-25, multiplying the left side by 𝑐𝑗
mol/𝑐𝑗

mol and the right by 𝑐𝑖/𝑐𝑖 

and rearranging relates the driving forces in the two constructs 

 𝑐𝑗
mol∇𝜇𝑗 = ∑ 𝑓𝑖,𝑗(𝑐𝑖

exp
∇𝜇𝑖)

𝑖

 
5-28 

where the summation is over species 𝑖 that associate to form 𝑗. In matrix form, Equations 5-27 and 

5-28 are 

 𝑽exp = 𝑭𝑽mol 5-29 

and 

 𝑫mol = 𝑭𝑻(𝑫exp) 5-30 

where 𝑭 has elements 𝐹𝑖𝑗 = 𝑓𝑖,𝑗 and is a full rank matrix with the number of columns greater than 

or equal to the number of rows, and the superscript 𝑇 denotes the matrix transpose. Substituting 

the Molecular Construct form of Equation 5-5 into Equation 5-29 and using Equation 5-30, we 

have  

 
𝑽exp = 𝑭𝑽mol = 𝑭 [𝑴Mmol

]
−1

𝑫mol = 𝑭 [𝑴Mmol
]

−1

𝑭𝑇𝑫exp 
5-31 

where the power −1 is the matrix inverse. Rearranging the Experimental Construct form of 

Equation 5-5 and setting it equal to Equation 5-31 gives 

 
[𝑴Mexp

]
−1

𝑫exp = 𝑭 [𝑴Mmol
]

−1

𝑭𝑇𝑫exp 

 

5-32 

Because this equality is true for any driving force on the system, 𝑫exp, Equation 5-32 rearranges 

to relate friction coefficients in the Experimental and Molecular Constructs 

 
𝑴Mexp

= (𝑭 [𝑴Mmol
]

−1

𝑭𝑇)
−𝟏

 
5-33 

Onsager reciprocal relations holds for both 𝐾𝑖𝑗
exp

 and 𝐾𝑖𝑗
mol because the transformations in Equation 

5-33 guarantees that 𝑴Mexp
 is symmetric since 𝑴Mmol

 is also symmetric. 
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5.9 Appendix 5-B  

We consider a 2-D cylindrical channel with the 𝑧-direction parallel to the channel walls and the 𝑟-

direction is radial. Velocity in the radial and azimuthal directions are neglected.82 Using the 

continuity equation, the steady-state equation of motion in the 𝑧-direction for a Newtonian fluid 

with constant viscosity and density is82 

 
∂𝑝

𝜕𝑧
− ∑ 𝑋𝑖,𝑧𝑐𝑖

locmol
𝑁mol

𝑖≠M

=
𝜂

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑣𝑧
loc

𝜕𝑟
) 

5-34 

The 𝑟-velocity component is zero and where 𝑋𝑖,𝑧 is the molar external force on species 𝑖 in the 𝑧-

direction. The average molar body force 𝑿 is equal to the mole-fraction weighted sum of molar 

body forces on each species, 𝑿 = ∑ 𝑿𝑖𝑥𝑖𝑖 . Radial variations of 𝜂 are neglected. 𝑐𝑖
locmol

 and 𝑣𝑧
loc 

are the local concentration of species 𝑖 and fluid velocity in the 𝑧-direction, respectively, with the 

superscript loc denoting a function of 𝑟; taking the integral average of 𝑣𝑧
loc and 𝑐𝑖

locmol
 across the 

channel gives average, interstitial velocity and concentration 𝑣𝑧 and 𝑐𝑖
mol (i.e. ∫ 𝑣𝑧

loc2𝜋𝑟𝑑𝑟
𝑅pore

0
=

𝜋𝑅pore
2 𝑣𝑧 and ∫ 𝑐𝑖

locmol
2𝜋𝑟𝑑𝑟

𝑅pore

0
= 𝜋𝑅pore

2 𝑐𝑖
mol). Note that in this section, 𝑣𝑧 is the interstitial 

velocity in a single pore. As such, 𝑣𝑧 is scaled by (1 − 𝜙M)/𝜏 when appearing in Equations 5-3, 

5-4, and 5-13. The isothermal Gibbs-Duhem (i.e., 𝑑𝑝 = ∑ 𝑐𝑖
locmol

𝑑𝜇𝑖
𝑁mol

𝑖≠M )30 equation replaces 

pressure changes with species (electro)chemical potential changes 

 

∑ 𝑐𝑖
locmol ∂𝜇𝑖

𝜕𝑧

𝑁mol

𝑖≠M

=
𝜂

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑣𝑧
loc

𝜕𝑟
) 

5-35 

where ∂𝜇𝑖/𝜕𝑧 includes the external force 𝑋𝑖,𝑧 (i.e. 𝜇𝑖 includes potentials from external forces such 

as electrostatic field or gravity). Since the 𝑟-direction is in local equilibrium, ∂𝜇𝑖/𝜕𝑟 = 0. Some 

researchers treat electrostatic fields as an external force similar to gravity, in which case the 𝜇𝑖 in 

the Gibbs-Duhem equation includes only the chemical potential,258 whereas other researchers 

account for electrostatic interactions via an electrochemical potential, in which case 𝜇𝑖 in the 

Gibbs-Duhem equation is an electrochemical potential;74 Equation 5-35 is the same with either 

approach. 

We integrate Equation 5-35 twice with respect to 𝑟 take the integral average to obtain 𝑣𝑧 

 

𝑣𝑧 =
∫ 𝑣𝑧

loc2𝜋𝑟𝑑𝑟
𝑅pore

0

𝜋𝑅pore
2

= − ∑
𝑐𝑖

mol

𝒦′𝑖
mol

∂𝜇𝑖

𝜕𝑧
𝑖≠M

 

5-36 

where 

 

𝒦′
𝑖
mol = 𝜋𝑅pore

2 𝑐𝑖
mol {∫ 2𝜋𝑟′′′ [∫ (

1

𝑟′′
∫ 𝑟′

𝑐𝑖
locmol

𝜂
𝑑𝑟′

𝑟′′

0

) 𝑑𝑟′′
𝑅pore

𝑟′′′

] 𝑑𝑟′′′
0

𝑅pore

}

−1

 

5-37 

and we use the boundary conditions 𝜕𝑣𝑧
loc/𝜕𝑟 (𝑟 = 0) = 0 and 𝑣𝑧

loc(𝑟 = 𝑅pore) = 0, requiring 

symmetry of the fluid velocity at the channel centerline and no-slip of the velocity at the channel 
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walls, respectively. 𝒦′
𝑖
mol

 is the hydrodynamic friction for a single pore and is scaled by 𝜏/(1 −

𝜙M) to obtain 𝒦𝑖
mol in Equation 5-15 that describes macroscopic of the membrane. Comparing 

Equations 5-15 and 5-37 gives 𝜃𝑖 

 

𝜃𝑖 =
4𝐺𝜂

𝑅pore
4 𝑐𝑖

mol
∫ 2𝑟′′′ [∫ (

1

𝑟′′
∫ 𝑟′

𝑐𝑖
locmol

𝜂
𝑑𝑟′

𝑟′′

0

) 𝑑𝑟′′
𝑅pore

𝑟′′′

] 𝑑𝑟′′′
𝑅pore

0

 

5-38 

To obtain 𝑐𝑖
locmol

, the potential of mean force between species 𝑖 and the membrane 𝑢𝑖  dictates 

how 𝑖 is distributed across the channel relative to its average concentration, 𝑐𝑖
locmol

/𝑐𝑖
mol  (i.e. 

radial distribution function of 𝑖 with respect to M), according to251 

 𝑐𝑖
locmol

𝑐𝑖
mol

= exp (−
𝑢𝑖

𝑅𝑇
) 

5-39 

We treat the ions as fully solvated and that they cannot move past the Outer Helmholtz plane (i.e. 

𝑢𝑖 = ∞ for 𝑟 > 𝑅effective where 𝑅effective  is the effective channel radius excluding the region 

beyond the Outer Helmholtz plane, specifically, 𝑅effective = 𝑅pore − 2𝑅0). For the rest of the 

channel, we consider that the microscopic electrostatic potential 𝜓 dictates the potential of mean 

force such that 𝑢𝑖 = 𝑧𝑖𝐹𝜓 for 𝑟 < 𝑅effective; 𝜓 is referenced such that 𝜓 = 0 at radial position 

where 𝑐𝑖
locmol

= 𝑐𝑖
mol. With these expression for 𝑢𝑖 and linearizing B6 for small electrostatic 

potentials gives 169 

 
𝑐𝑖

locmol
= 𝑐𝑖

mol (1 −
𝜓𝑧𝑖𝐹

𝑅𝑇
) ℋ( 𝑅effective − 𝑟) 

5-40 

where ℋ(𝑥) is the Heaviside step function (= 0 for 𝑥 < 0 and = 1 for 𝑥 ≥ 0). 𝜓 is the 

microscopic electrostatic potential that is a function of 𝑟 and 𝑧 and cannot be rigorously related 

the macroscopic potential Φ.9. Poissons equation in cylindrical coordinates with constant relative 

permittivity 𝜀𝑟 dictates that for 𝑟 ≤  𝑅effective the electrostatic potential obeys169 

 1

𝑟

𝜕

𝜕𝑟
𝑟

𝜕𝜓

𝜕𝑟
+

𝜕2𝜓

𝜕𝑧2
= −

∑ 𝑧𝑖𝑐𝑖
locmol

𝐹𝑁mol

𝑖≠M

𝜀𝑟𝜀0
= −

∑ 𝑧𝑖𝑐𝑖
mol𝐹𝑁mol

𝑖≠M

𝜀𝑟𝜀0
+ 𝑘2𝜓 

5-41 

where 𝜀0 is the permittivity of free space and the second equality uses Equation 5-40 and the 

definition for the inverse Debye length 𝑘 defined following Equation 5-16. Because the 

microscopic electrostatic field across the channel is much greater than the electrostatic field 

applied across the membrane, 𝜕𝜓/𝜕𝑟 ≫ 𝜕𝜓/𝜕𝑧, we set the second term on the right side of 

Equation 5-41 to zero.259 Gauss’ law provides a boundary condition by dictating the total surface 

charge at the Outer Helmholtz plane is equal in magnitude but opposite in sign to the excess charge 

density in the channel,  

 
(2𝜋𝑅effective)

𝜕𝜓

𝜕𝑟
(𝑟 = 𝑅effective) = −

∑ 𝑧𝑖𝑐𝑖
mol𝐹𝑁mol

𝑖≠M

𝜀𝑟𝜀0

(𝜋𝑅effective
2 ) 

5-42 



 

108 

 

Equations 5-41 and 5-42 dictates that ∫ 𝜓𝑟
𝑅effective

0
= 0. The second boundary condition is 

symmetry of electrostatic potential at the center line, 𝜕𝜓/𝜕𝑟(𝑟 = 0) = 0. Equation 5-42 with these 

boundary conditions gives 𝜓 for 𝑟 < 𝑅pore − 2𝑅0  

 

𝜓 =
∑ 𝑧𝑖𝑐𝑖

molℱ𝑁mol

𝑖≠M

𝑘2𝜀𝑟𝜀0
−

𝑅effective (∑ 𝑧𝑖𝑐𝑖
mol𝐹𝑁mol

𝑖≠M ) 𝐼0(𝑘𝑟)

(2𝜀𝑟𝜀0𝐼1(𝑘𝑅effective)
 

5-43 

We find 𝒦𝑖
mol and 𝜃𝑖 given in Equations 5-15 and 5-16 using the solution for potential in Equation 

5-43, the distribution of ionic species in Equation 5-40, and following the integration outlined in 

Equation 5-38.  

 

5.10 Appendix 5-C 

Substituting Equation 5-3 into Equation 5-14 and relating the mass averaged velocity to species 

velocities gives 

 
∑ 𝑣𝑖,𝑧

mol𝑤𝑖
mol

𝑖≠M

= − ∑
1

𝒦𝑖
mol

𝑖≠M

∑ 𝐾𝑖𝑗
mol(𝑣𝑗,𝑧

mol − 𝑣𝑖,𝑧
mol)

𝑗≠𝑖
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Expanding the right side of Equation 5-44 and rearranging indexes gives 

 
∑ 𝑣𝑖,𝑧

mol𝑤𝑖
mol

𝑖≠M

= − ∑ ∑
𝐾𝑗𝑖

mol𝑣𝑖,𝑧
mol

𝒦𝑗
mol

𝑗≠M𝑖≠M

+ ∑ ∑
𝐾𝑖𝑗

mol𝑣𝑖,𝑧
mol

𝒦𝑖
mol

𝑗≠M𝑖≠M

+ ∑
𝐾𝑖M

mol𝑣𝑖,𝑧
mol

𝒦𝑖
mol

𝑖≠M

 
5-45 

Because Equation 5-45 is true for any 𝑣𝑖,𝑧, the friction coefficients must satisfy 

 
𝑤𝑖

mol = − ∑
𝐾𝑗𝑖

mol

𝒦𝑗
mol

𝑗≠M

+ ∑
𝐾𝑖𝑗

mol

𝒦𝑖
mol

𝑗≠M

+
𝐾𝑖M

mol

𝒦𝑖
mol
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Solving Equation 5-46 for 𝐾𝑖M
mol and noting that 𝐾𝑖𝑗

mol = 𝐾𝑗𝑖
mol gives Equation 5-14. 

 

5.11 Chapter 5 Supporting Information 

5.11.1 Bulk Solution Parameters 

Equation 6 fits the effective viscous molar cation volume �̃�𝑖 to bulk solution chloride electrolyte 

viscosity data. Since chloride is relatively unhydrated compared to cations,169 the viscous volume 

is set to zero. Table 5-2 presents values the fitted viscous diameter (= (
𝑉𝑖6

NA𝜋
)

1

3
) and the data source 

that fit �̃�𝑖. Ion without readily available viscosity measurements are set to those of similarly charge 

cations. The viscous volume of ion pairs is set to that of the constituent cation.  
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Table 5-2. Fit bulk solution viscous size parameters 

Ion 
(

𝑉𝑖6

NA𝜋
)

1

3
 [nm] 

Notes and Source 

Ca2+ 0.725 260 

Cu2+ 0.704 260 

Fe3+ 0.908 260 Approximated from Cr3+ 

H+ 0.407 85 

K+ 0.251 85 

Li+ 0.552 85 

Na+ 0.508 85 

Ni2+ 0.765 260 

V3+ 0.908 260 Approximated from Cr3+ 

VO2+ 0.775 94 

VO2
+ 0.552 85 Approximated from Li+ 

VOHSO4
+ 0.552 Set to VO2

+ 

VHSO4
2+ 0.908 Set to V3+ 

 

For transport properties, Table 5-3 lists the parameters describing binary diffusion coefficients 

between species. Chapman provides extensive values of ion-ion diffusion coefficients in binary 

alkali-chloride electrolytes.85 
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Table 5-3. Species transport and size parameters 

Ion Parameter Value*  Notes and Source 

H+ 𝐷0𝐻+
∞  9.311 x10-9 [m2 s-1] 173 

𝐷𝐻+𝐶𝑙− 1.883 x10-9 [m2 s-1] 85 

𝐷H+Br− 1.88x10-9 [m2 s-1] App. as HCl 85 

𝐷H+SO4
2− 1.354x10-11 [m2 s-1] at 0.3 mol 

kg-1 

App as Na2SO4 
85 

𝐷H+HSO4
2− 1.83x10-9 [m2 s-1] App as H2SO4 

85 

Li+ 𝐷0𝐿𝑖+
∞  1.957 x10-9 [m2 s-1] 173 

𝐷𝐿𝑖+𝐶𝑙−  1.251 x10-10 [m2 s-1] 85 

Na+ 𝐷0𝑁𝑎+
∞  1.334 x10-9 [m2 s-1] 173 

𝐷𝑁𝑎+𝐶𝑙− 2.631 x10-10 [m2 s-1] 85 

K+ 𝐷0𝐾+
∞  1.957 x10-9 [m2 s-1] 173 

𝐷𝐾+𝐶𝑙−  4.078 x10-10 [m2 s-1] 85 

Cs+ 𝐷0𝐶𝑠+
∞  2.065 x10-9 [m2 s-1] 173 

𝐷𝐶𝑠+𝐶𝑙− 4.078 x10-10 [m2 s-1] App as KCl 85 

V3+ 
𝐷0V3+

mol ∞
 0.141x10-9 [m2 s-1] 261 

𝐷𝑉3+𝑆𝑂4
−

mol  6.26x10-12 [m2 s-1] at 0.7 mol 

kg-1 

App as CuSO4 
85 

𝐷𝑉3+𝐻𝑆𝑂4
−

mol  6.63x10-12 [m2 s-1] at 0.05 mol 

kg-1 

App. as LaCl2 
85 

𝐷𝑉3+𝐶𝑙−
mol  6.63x10-12 [m2 s-1] at 0.05 mol 

kg-1 

App. as LaCl2 
85 

VHSO4
2+ 

𝐷0VHSO4
+

mol ∞
 0.141x10-9 [m2 s-1] App. as VO 262 

𝐷VHSO4
+𝑆𝑂4

−
mol  1.78x10-11 [m2 s-1] at 0.3 mol 

kg-1 

App. as Na2SO4 
263 

𝐷VHSO4
+𝐻𝑆𝑂4

−
mol  2.63x10-10 [m2 s-1] App. as NaCl, 263 

VO2+ 
𝐷0VO2+

mol ∞
 0.14x10-9 [m2 s-1] 264 

𝐷VO2+SO4
2−

mol  6.26x10-12 [m2 s-1] at 0.7 mol 

kg-1 

App. as CuSO4 
263 

𝐷VO2+HSO4
−

mol  6.01x10-11 [m2 s-1] at 1.0 mol 

kg-1 

App. as CaCl2 
263 

VOHSO4
+ 

𝐷0VOHSO4

mol ∞
 0.14x10-9 [m2 s-1] 264 

𝐷HSO4VO+SO4
2−

mol  2.398x10-11 [m2 s-1] at 0.3 App. as KSO4
 263 

𝐷HSO4VO+HSO4
−

mol  4.079x10-10 [m2 s-1] App. as KCl 263 

VO2
+ 

𝐷0VO2
+

mol ∞
 0.14x10-9 [m2 s-1] 264 

𝐷VO2
+SO4

2−
mol  2.398x10-11 [m2 s-1] at 0.3 App. as KSO4

 263 

𝐷VO2
+HSO4

−
mol  4.079x10-10 [m2 s-1] App. as KCl 263 

Fe3+ 𝐷0Fe3+
∞  0.604x10-9 [m2 s-1] 173 

𝐷Fe3+Cl−  6.63x10-12 [m2 s-1] App. as LaCl3 
263 
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Ca2+ 𝐷0Ca2+
∞  0.792x10-9 [m2 s-1] 173 

𝐷Ca2+Cl− 1.96x10-10 [m2 s-1] at 1.5 mol 

kg-1 

App. as BaCl2 
263 

Ni2+ 𝐷0Ni2+
∞  0.661x10-9 [m2 s-1] 173 

𝐷0ClNi+
∞  0.661x10-9 [m2 s-1] App. as Ni2+ 

𝐷Ni2+Cl− 1.96x10-10 [m2 s-1] at 1.5 mol 

kg-1 

App. as BaCl2 
263 

Cu2+ 𝐷0Cu2+
∞  0.714x10-9 [m2 s-1] 173 

𝐷Cu2+Cl− 1.96x10-10 [m2 s-1] at 1.5 mol 

kg-1 

App. as BaCl2 
263 

Cl- 𝐷0Cl−  2.032 x10-9 [m2 s-1] 173 

Br- 𝐷0Br− 2.080 x10-9 [m2 s-1] 173 

* reference concentration is 3 mol kg-1 for 𝐷𝑖𝑗 unless otherwise stated 

 

5.11.2 Multicomponent Transport Properties of Membranes in Dilute, Mixed Lithium Electrolytes 

These trends continue in lithium-form membranes exchanged with other alkali metals. Figure 5-6 

shows the same measured 67 (symbols) and predicted (lines) properties as Figure 5-1 in text for 

Li+-A+ exchange as a function of membrane lithium cation fraction, 𝑦
Li+
𝛽

. The conductivity of Li+-

A+ changes relatively little despite the higher affinity of A+ for the membrane. Moreover, the 

lithium transference number shows that the fractional ion-exchange largely dictates the fraction of 

current is carried by each ion, which occurs only if the ion mobilities are similar. These finding 

supports the conclusions of Kamcev et al. and that ion-membrane association does not reduce 

mobility.199 
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Figure 5-6. Measured67 (symbols) and calculated (lines) Nafion membrane (a) conductivity 𝜅, 

(b) proton transference number 𝑡𝐿𝑖+
𝑀 , (c) electroosmotic coefficient 𝜉, and the transport 

coefficients between (d) water-water 𝛼00, (e) ion-water 𝛼𝑖0
𝑀, and (f) ion-ion 𝛼𝑖𝑗

𝑀 in liquid water, 

as function of fractional proton exchange, 𝑛𝐿𝑖+/𝑛𝑆𝑂3
−, with lithium (triangles), sodium (squares), 

potassium (pentagons), and cesium (tilted squares). 
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5.11.3 Concentrated-Solution Transport Properties of Nafion in Vanadium Electrolytes 

Figure 5-7 plots (a) electroosmotic coefficient 𝜉, (b) vanadium transference number 𝑡V(x)
M , and the 

transport coefficients between (c) water-water 𝛼00
M  (d) water-sulfate 𝛼0SO4

M , (e) water-vanadium 

𝛼0V(x)
M , (f) sulfate-sulfate 𝛼SO4SO4

M , (g) vanadium-vanadium 𝛼V(x)V(x)
M , and (h) sulfate-vanadium 

𝛼SO4V(x)
M  a Nafion membrane in the same electrolytes as Figure 5-5. Most of the transport properties 

are strongly concentration dependent, and are starkly different among vanadium species. The 

vanadium-related transport properties 𝑡V(x)
M , 𝛼0V(x)

M , 𝛼V(x)V(x)
M , and 𝛼SO4V(x)

M  increase with 

increasing vanadium amounts in the membrane (see Part I, Chapter 4)247. Despite sulfate uptake 

remaining relatively constant with increasing concentration of vanadium in the external electrolyte 

(see Part I, Chapter 4)247, sulfate transport properties 𝛼0SO4

M  and 𝛼SO4SO4

M  decrease in V(IV) and 

V(V) electrolytes but, in V(III) electrolytes, they increase at low vanadium concentrations and then 

decrease at higher electrolyte concentrations. Water transport properties 𝜉 and 𝛼00
M  change 

continuously with the trend depending on the vanadium oxidation state in the electrolyte. 
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Figure 5-7. Calculated (a) electroosmotic coefficient 𝜉, (b) vanadium transference number 𝑡V(x)
M , 

and the transport coefficients between (c) water-water 𝛼00
M  (d) water-sulfate 𝛼0SO4

M , (e) water-

vanadium 𝛼0V(x)
M , (f) sulfate-sulfate 𝛼SO4SO4

M , (g) vanadium-vanadium 𝛼V(x)V(x)
M , and (h) sulfate-

vanadium 𝛼SO4V(x)
M  for a Nafion membrane as a function of external vanadium V(III), V(IV), or 

V(V) molality, 𝑚V(x), in sulfuric acid with a total sulfate concentration of 5 mol dm-3. 
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6 Theory of Multicomponent Phenomena in Cation-Exchange 

Membranes, III: Transport in Vanadium Redox-Flow-Battery 

Separators 

 

6.1 Chapter Abstract 

Transport through vanadium redox-flow-battery membranes strongly influences cell performance. 

In this work, we use a multicomponentconcentrated-solution model of transport and 

thermodynamics in phase-separated cation-exchange membranes, the most common separator 

type, to develop structure-performance relationships. The model incorporates species partitioning 

into the membrane, thermodynamic nonidealities, and Stefan-Maxwell-Onsager frictions between 

species. Molecular-thermodynamics and -transport theories parameterize the model. We validate 

the calculations against measured Coulombic and voltage efficiencies of a vanadium flow battery 

as a function of current density. Our model shows that species transport is the result of collective 

interactions between all species present in the system. The magnitude of coupling suggests that 

predictions made using dilute-solution theory for transport in these systems will be misleading in 

many situations. As a demonstration of the capabilities of the model, we predict cell performance, 

incorporating these interactions, as a function of electrolyte concentration and composition and 

membrane equivalent weight and backbone modulus. We find that electrolytes with high sulfuric 

acid concentrations provide the greatest cell performance (quantified by maximizing power density 

at a target energy efficiency). In the case of membrane properties, low equivalent-weight polymers 

perform better; at high equivalent-weights, a low membrane modulus is preferred.†† 

 

6.2 Introduction 

Membrane separator properties critically impact the performance of vanadium redox flow batteries 

(VRFB).11, 86-88, 119, 265-268 These separators, which are typically polymer membranes, facilitate 

ionic current between the positive and negative electrodes while limiting shorting and self-

discharge due to crossover of vanadium active species.11, 265 To optimize VRFB performance, there 

is an optimal design window between conductivity and crossover, which are at odds, as they 

necessitate different membrane morphology and intrinsic properties.11, 86, 265 Thus, determining 

structure-performance relationships for membranes is key to successful deployment of VRFBs. As 

a result, the electrochemistry community has researched these transport properties using 

measurements and models for a variety of separator materials and operating conditions, as 

numerous reviews and articles outline.11, 86-88, 106, 119, 194-195, 265-271 

Despite these efforts, transport in VRFB separators is still a poorly understood process due to the 

numerous species and modalities involved, as displayed in Figure 6-1.92, 94, 96, 269-272 Such transport 

involves both vanadium partitioning into the separator from the external electrolyte solution,91, 93-

                                                

†† Published as Crothers, A. R.; Darling, R. M.; Kushner, D.; Perry, M. L.; Weber, A. Z., Theory 

of Multicomponent Phenomena in Cation-Exchange Membranes: Part III. Transport in Vanadium 

Redox-Flow-Battery Separators. J. Electrochem. Soc. 2020, 167 (1), 013549. 
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94, 195 followed by ion and solvent transport across the separator driven by concentration gradients 

(i.e. diffusion) and the electric field (i.e. migration).86, 89-90, 95-96, 107, 195, 270, 272-273 The impact of 

different driving forces on species flux is particularly complicated due to the high concentration 

of multiple ionic species present.96, 196 High concentrations create strongly nonideal 

thermodynamics (e.g. large excess chemical potentials), and frictional interactions between species 

couple transport (e.g. concentration gradients of species 𝑖 cause transport of species 𝑗).64, 95-96, 196, 

274 As a result of these complex conditions, transport and partitioning coefficients are functions of 

both the composition of electrolyte in the electrodes and membrane chemistry.91, 93-94, 118-119, 268, 274 

 

 Figure 6-1. Schematic of a redox flow battery (top) and pictorial representation various 

multicomponent thermodynamic and transport phenomena taking place in VRFB membranes 

(bottom). The membrane, phase 𝛿, seperates the negative electrode, phase 𝛽, from the positive 

electrode, phase 𝜖. 

 

Mathematical models for transport in membranes deconvolute these various effects.86, 88-90, 195-196, 

243, 269, 272, 274 Previously developed models have been invaluable for understanding cell 

performance across multiple cycles and how electrolyte transports through the cell.86, 88-90, 195-196, 

243, 269, 272, 274 However, many of these efforts are restricted to dilute-solution approximations that 
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do not consider coupled transport and/or account for concentration-dependent transport properties. 

The validity of these assumptions under flow-battery operating conditions is not known. 

Unfortunately, approaches that use concentrated-solution theory196, 243, 274 are often intractable 

because they require numerous transport parameters, of which the few that are measured have 

large associated experimental error.243 To overcome these challenges, Part I and II of this series 

(Chapters 4 and 5) developed and validated molecular models for coupled, multi-ion 

thermodynamic and transport properties in phase-separated cation-exchange membranes.31, 247 

This approach completely specifies the concentrated-solution transport properties as a function of 

concentration and membrane chemistry. Using these models, this paper explores the role of 

transport coupling and links molecular-scale behavior to macroscale performance of VRFB 

membranes, providing design criteria and guidelines for both cell developers and membrane 

chemists. 

The outline of this paper is as follows. In the theory section, we summarize the relevant 

thermodynamic and transport equations. We then examine the extent and nature of transport 

coupling and the impact on membrane properties. A 1-D, quasi-steady-state model of a VRFB 

membrane uses the transport parameters to show how vanadium crossover is detrimental. Finally, 

we examine how the electrolyte composition and the structure and chemistry of the membrane 

impact the cell performance. 

 

6.3 Theory 

In focusing our study on the transport driving forces in VRFB membranes (see Figure 6-1 bottom), 

we consider the cell at quasi-steady-state in which the cell state of charge and the composition of 

the electrode electrolytes does not change significantly during a cycle. This work compliments 

previous VRFB modeling efforts that have focused on overall cell operation (see Figure 6-1 top).89-

90, 195, 269-270, 275-281 This section first summarizes the VRFB system, including relevant 

electrochemical and chemical reactions. We then show how ohmic overpotentials and crossover 

of active species impact cell operation. The final sections formulate the transport and 

thermodynamic equations governing species flux and chemical potential drop across the 

membrane.  

6.3.1 Vanadium Flow-Battery System 

This study examines an all-vanadium redox-flow battery, pictured in Figure 6-1. The system 

consists of electrolyte-filled porous electrodes that contain aqueous vanadium sulfate salts with 

sulfuric-acid supporting electrolyte (water, H2O, protons, H+, and sulfate, SO4
2-, are abbreviated 

0, H, and SO4, respectively). The system is at a temperature of 295 K. The negative electrode, 𝛽, 

contains V2+ and V3+ (denoted V(II) and V(III), respectively, based on vanadium oxidation state) 

and the positive electrode, 𝜖, contains VO2+ and VO2
+ (denoted V(IV) and V(V) respectively). 

Vanadium in any oxidation state is denoted V(x). As the cell discharges, the reactions are V(II) →
V(III) at the negative electrode and V(V) → V(IV) at the positive electrode. Sulfate species 

associate with vanadium ions and with protons to form various ion-paired products.223 Table 6-1 

details the electrochemical reactions and their half-cell potentials, the chemical reactions that occur 

when vanadium crosses over the membrane separating the electrodes (phase 𝛿), and the ion 

association equilibrium reactions. 
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Table 6-1. Electrochemical and chemical reaction and ion-pair equilibria in VRFBs.107, 223 

Electrochemical Reactions 

V2+ ⇆ V3+ + e− 𝐸0 = −0.26 𝑉 vs. SHE 

VO2+ + H2O ⇆ VO2
+ + 2H+ + e− 𝐸0 = 1.00 𝑉 vs. SHE 

Chemical Crossover Reactions 

V2+ + 2VO2
+ + 2H+ → 3VO2+ + H2O At Positive Electrode 

V3+ + VO2
+ → 2VO2+ At Positive Electrode 

VO2+ + V2+ + 2H+ → 2V3+ + H2O At Negative Electrode 

VO2
+ + 2V2+ + 4H+ → 3V3+ + 2H2O At Negative Electrode 

Ion Association Equilibria 

H+ + SO4
2− ⇄ HSO4

−,    𝐾eq = 1.85x10-4 (Ref 233) 

HSO4
− + V3+ ⇄ HSO4V2+,    𝐾eq = 1.8x10-6 (fit) 

HSO4
− + VO2+ ⇄ HSO4VO+,    𝐾eq = 0.01059 (Ref 223) 

 

6.3.2 Cell Performance 

Cell performance is typically characterized by the power density on discharge, Ψd,  and the round-

trip energy efficiency, 𝜀e.34 Ψd is the product of the discharge current density 𝑖d and the cell 

potential on discharge 𝑉d 9 

 Ψd = 𝑖d𝑉d 6-1 

The energy efficiency is the ratio of the integrated cell power density on discharge to charge and 

is typically treated as the product of the voltage efficiency, 𝜀v, and the Coulombic efficiency, 𝜀q, 
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𝜀e = (

𝑉d

𝑉c
) (

∫ 𝑖d𝑑𝑡
d

∫ 𝑖c𝑑𝑡
c

) = 𝜀v𝜀q 
6-2 

where 𝑡 is time, the subscript c or d denotes charge or discharge, and the cell voltage is 

approximated as constant during charge or discharge. 𝜀v characterizes efficiency losses due to cell 

overpotentials (e.g. kinetic and ohmic) and decreases with increasing current density.11 𝜀q 

quantifies efficiency losses due to vanadium passing through the membrane between electrode 

solutions, mixing, and reacting chemically rather than electrochemically. 𝜀q tends to increase with 

rising current density because the total charge extracted from the cell generally grows compared 

to the amount of charge lost to chemical reactions.11  A typical operating goal is maximizing power 

density at a target energy efficiency.34 The next two sections present the governing equations for 

cell potential, which is required to calculate power density and voltage efficiency, and the state-

of-charge loss during cycling, which dictates Coulombic efficiency.  

6.3.2.1 Cell Potential 

The cell potential is the difference in the electrochemical potential of the electrons 𝜇e− in the metal 

at the negative electrode 𝛼′ and the positive electrode 𝛼′′; these are related to the electrochemical 
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potential of species 𝑖, 𝜇𝑖
𝜙

, participating in the oxidation/reduction reactions in electrode 𝜙 as 

outlined in Table 6-19 

  𝐹𝑉 = 𝜇e−
𝛼′

− 𝜇e−
𝛼′′

= (𝜇V(II)
𝛽

− 𝜇V(III)
𝛽

− 𝐹𝜂𝛽) − (𝜇V(IV)
𝜖 + 𝜇0

𝜖 − 𝜇V(V)
𝜖 − 2𝜇H

𝜖 − 𝐹𝜂𝜖) 6-3 

where 𝐹 is Faraday’s constant and 𝜂𝜙  is ionic potential drop between the metal and the electrolyte 

in electrode 𝜙 due to mass-transport resistances, surface overpotentials, or other non-membrane 

cell resistances.  

To put Equation 6-3 in terms of the electrochemical potentials of species in the membrane, 

chemical equilibrium requires that the electrochemical potential of charged species (and the 

chemical potential of neutral species) must be equal at the interface of electrode phase 𝜙 and 

membrane phase 𝛿30 

 𝜇𝑖
𝛿 = 𝜇𝑖

𝜙
 6-4 

where 𝜇𝑖 is a function of chemical variables – temperature, pressure, composition – and, for 

charged species, the ionic potential.  

It is convenient to group electrostatic dependences into a single variable with the remaining 

variables depending only on composition, temperature, and pressure. We reference the 

electrochemical potential of species 𝑖 to the electrochemical potential of the membrane M to define 

 𝜇𝑖,M
𝛿 = 𝜇𝑖

𝛿 −
𝑧𝑖

𝑧M
𝜇M

𝛿 , 6-5 

which is an electroneutral pairing of species and is independent of electrostatic potential.9, 74 To 

track the electrical state through the membrane, we set the ionic potential Φ equal to the 

electrochemical potential of the membrane, 𝑧M𝐹Φ = 𝜇M
𝛿 . This assignment is equivalent to 

measuring the ionic potential using a hypothetical reference electrode selective to the ionic groups 

on the membrane at the same conditions.9 Using Equation 6-4 and 𝜇𝑖,M
𝛿 , the cell potential is then 

 𝑉 = 𝑈 + 𝜂 + ΔΦ (6-6) 

where 𝜂 = 𝜂𝜖 − 𝜂𝛽  groups non-membrane overpotentials in the cell. 𝑈 is the equilibrium cell 

potential  

  𝐹𝑈 = [(𝜇V(II),M
𝛿′

− 𝜇V(III),M
𝛿′

) − (𝜇V(IV),M
𝛿′′

+ 𝜇0
𝛿′′

− 𝜇V(V),M
𝛿′′

− 2𝜇H,M
𝛿′′

)] 6-7 

where 𝛿′ is and 𝛿′′ are the membrane phase at the negative and positive electrode interfaces, 

respectively. ΔΦ = Φδ′′
− Φδ′

 is the potential drop across the membrane due to ohmic and 

diffusion overpotentials. During discharge (charge), 𝜂 and ΔΦ become more negative (positive) 

with increasing current density, causing the cell voltage efficiency to decrease.11 We set 𝑈 to the 

measured open-circuit potential (= 1.42 V)11 by neglecting the diffusion potential, which tends to 

be small.9 𝜂 is modeled as an ohmic potential drop with resistance 𝑅Ω 

 𝜂 = ±|𝑖|𝑅Ω. 6-8 

where 𝜂 is negative for discharge and positive for charge. 
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6.3.2.2 State-of-Charge Loss 

Vanadium crossover causes the cell to self-discharge. The cell state of charge, 𝑆𝑂𝐶, characterizes 

the extent the cell is in the charged state; it is the ratio of the sum of the moles of vanadium in the 

charged state (namely, V(II) in the negative electrode and V(V) in the positive electrode) to the 

total moles of vanadium in the system  

 

𝑆𝑂𝐶 =
𝑛V(II)

𝛽
+ 𝑛V(V)

𝜖

𝑛
V(II)
𝛽

+ 𝑛
V(III)
𝛽

+ 𝑛V(V)
𝜖 + 𝑛V(IV)

𝜖
 

6-9 

where 𝑛𝑖
𝜙

 is the moles of 𝑖 in electrode 𝜙. 

The rate at which the state of charge changes during discharging or charging is a function of the 

cell current density 𝑖 and the crossover current density 𝑖x 11, 86-87 

 𝐹𝑛t

2𝐴

𝑑𝑆𝑂𝐶

𝑑𝑡
= −𝑖 − 𝑖x 

6-10 

where 𝐴 is the active area of the membrane and 𝑛t is the total moles of vanadium in the system 

(i.e. 𝑛V(II)
𝛽

+ 𝑛V(III)
𝛽

+ 𝑛V(V)
𝜖 + 𝑛V(IV)

𝜖 ). 𝑖x characterizes how vanadium crossover decreases the state 

of charge of the cell and is a function of the flux of vanadium species 𝑖 through the membrane, 𝑁𝑖, 

according to 11, 86-87 

 
𝑖x = 𝐹

3𝑁V(II) − 3𝑁V(V) + 𝑁V(III) − 𝑁V(IV)

2
. 

6-11 

The membrane/negative electrode interface is set at 𝑧 = 0 and the membrane/positive electrode 

interface is at 𝑧 = 𝑙M so that 𝑁𝑖 is positive for species that move towards the positive electrode 

(e.g. V(II) and V(III)) and negative for species that move toward the negative electrode (e.g. V(IV) 

and V(V)). With this convention for the direction of flux, the ionic current density 𝑖 through the 

membrane is positive on discharge and is also the electronic current leaving the positive electrode 

normalized by 𝐴 (i.e. positive on discharge).86 A subsequent section shows that 𝑁𝑖 is constant 

across the membrane. 

The first term on the right side of Equation 6-10 is the consumption/production of species due to 

electrochemical charge/discharge, the second term is due to the loss of V(II) and V(V) from 

crossover to the opposing electrode and from reactions with vanadium species that transport from 

the opposing electrode (Table 6-1 specifies the stoichiometry incorporated in Equation 6-11). 

Based on the low concentration of absorbed vanadium in the membrane, the chemical reactions in 

Table 6-1 occur in the electrode solutions and not in the membrane. The supporting electrolyte 

provides an excess of protons, and the high concentration of vanadium in the electrode solution 

rapidly reacts with any vanadium that crosses the membrane into the electrode.107 The factor of 

1/2 on the left side of Equation 6-10 results from considering the combined state of charge of the 

positive and negative electrodes. 𝑖x is a function of current density and cell state of charge (see 

Equation 6-11).270, 277 

As a result of vanadium crossover, the amount of charge extracted from the cell during discharge, 

∫ 𝑖d𝐴𝑑𝑡
d

, is less than the amount put into the cell to recharge it to its original state of charge during 

charging, − ∫ 𝑖c𝐴𝑑𝑡
c

.86 Integrating Equation 6-10 over a discharge/charge cycle with no net change 
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in 𝑆𝑂𝐶 for a constant discharge and constant charge current density and crossover current, 𝑖x, and 

solving for 𝜀q gives86 

 

𝜀q =
1 +

𝑖x,c

𝑖c

1 +
𝑖x,d

𝑖d

 

6-12 

where 𝑖c is negative and 𝑖d, 𝑖x,c, 𝑖x,d are positive. Because 𝑖x is a function cell state of charge, the 

condition for Equation 6-12 of constant 𝑖x is achieved by small change to 𝑆𝑂𝐶 over 

charge/discharge. 

6.3.3 Membrane Phenomena 

The following two sections discuss how the electrolyte partitions into and how it transports across 

the membrane. These expressions provide for calculation of 𝜀q, 𝜀v, and ΔΦ. Although the 

following expressions are general for any flow-battery membrane, the specific microscale theories 

we use to calculate thermodynamic and transport coefficient are specific to phase-separated 

polymer cation-exchange membrane that Parts I and II present.31, 247 The most common class of 

these materials are perfluorinated sulfonic-acid (PFSA) ionomers, such as Nafion.12 These 

materials consists of nanoscale, interconnected hydrophilic domains filled with aqueous 

electrolyte solution and side-chains terminated with anionic moieties that are tethered to the PFSA 

polymer.12  Surrounding these domains are hydrophobic polytetrafluoroethylene backbone that 

provides structural support.12 

6.3.3.1 Membrane Thermodynamics 

Requisite for species to transport across the membrane, they must sorb from the electrode 

electrolyte into the membrane as Equation 6-4 specifies. Chemical thermodynamics quantifies how 

these potentials are related to measurable quantities. The chemical potential of a neutral species 

is30 

 𝜇𝑖 = 𝜇𝑖
𝜃 + 𝑅𝑇 ln 𝑥𝑖 + 𝜇𝑖

ex 6-13 

where 𝑅 is the universal gas constant, 𝑇 is temperature, and 𝑥𝑖 is the mole fraction of 𝑖 (= ∑ 𝑛𝑖/𝑛𝑗𝑗  

where 𝑛𝑗 is the moles of species 𝑗). The mole fraction of charged polymer groups in the membrane 

is 𝑥M and the charge for most cation-exchange membranes is 𝑧M = −1. The reference chemical 

potential of 𝑖, 𝜇𝑖
θ, is for a hypothetical ideal solution at unit mole fraction 𝑥𝑖 and is a function of 

temperature and pressure.30 The second term on the right side of Equation 6-13 is the ideal solution 

contribution.30  In this paper, the ideal-solution contribution is for fully-dissociated electrolyte (i.e. 

the Experimental Construct discussed in Part I, Chapter 4).247 The excess chemical potential 

accounts for ion/ion, ion/membrane, solvent/membrane, and solvent/ion interactions including 

ion-pair formation (see Table 6-1), electrostatic interactions, ion solvation, steric confinement, and 

membrane swelling. Part I (Chapter 4) details calculation of the excess chemical potential 𝜇𝑖
ex .247 

For a charged species, the electrochemical potential has the same form as Equation 6-13 but further 

depends on the electrical state of the phase and charge number 𝑧𝑖.
9 However, expressing the 

electrochemical chemical potential using only neutral pairings of two charged of species (i.e. 𝜇𝑖 −
𝑧𝑖

𝑧𝑗
𝜇𝑗) eliminates the dependence on electrical potential.9 Substitution of these neutral pairings of 
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Equation 6-13 into Equation 6-4 relates species mole fraction in the membrane and electrode 

electrolyte62 

 
𝑥𝑖

𝛿(𝑥𝑗
𝛿)

−
𝑧𝑖
𝑧𝑗

𝑥𝑖
𝜙

(𝑥𝑗
𝜙

)
−

𝑧𝑖
𝑧𝑗

= exp [

(𝜇𝑖
ex,𝜙

− 𝜇𝑖
ex,𝛿) −

𝑧𝑖

𝑧𝑗
(𝜇𝑗

ex,𝜙
− 𝜇𝑗

ex,𝛿)

𝑅𝑇
] = Γ𝑖𝑗 

 

6-14 

For neutral species (e.g. water) 𝑧𝑖 = 0 and, therefore, the 𝑗th species does not need to be specified 

in Equation 6-14. Electroneutrality inside the membrane adds a constraint that fully specifies ion 

partitioning30 

 𝐹 ∑ 𝑧𝑖𝑥𝑖
𝛿

𝑖

= 0 
6-15 

If oppositely charged ions are used for 𝑖 and 𝑗 (such as the anion and cation of a salt) and Γ𝑖𝑗 is 

unity, the oppositely charged pairs 𝑖 and 𝑗 partition into the membrane according to ideal Donnan 

equilibrium.62 If Γ𝑖𝑗 > 1, 𝑖 and 𝑗 favorably partition into the membrane whereas if partitioning is 

unfavorable, Γ𝑖𝑗 < 1.62 For context, Part I (Chapter 4) shows that for a Nafion cation-exchange 

membrane in an aqueous hydrobromic-acid solution at concentration of 5 mol/kg-solvent, the term 

on the right side of Equation 6-14 is ~0.75 for HBr and 0.95 for water.247 

6.3.3.2 Membrane Transport 

Upon sorption into the membrane, species transport according to their molar flux 𝑁𝑖 across the 

membrane (𝑧-direction in the 1-D model). The molar flux obeys species conservation at steady-

state82 

 
−

𝜕𝑁𝑖

𝜕𝑧
= 0 

6-16 

Although the concentration of species in the electrodes changes during cell operation, transport in 

the membrane is assumed to be at steady-state because the concentration and pressure gradients in 

the membrane develop much faster (i.e. pseudo steady-state approximation).82 

Absent temperature and hydraulic-pressure gradients, transport is driven by electrochemical 

potential gradients. Friction between species introduces drag that reduces total flux. Stefan-

Maxwell-Onsager theory describes the balance between driving force and drag on 𝑖 not equal to 

M as 9, 32, 36 

 
𝑐𝑖

∂𝜇𝑖

𝜕𝑧
= ∑

𝑅𝑇

𝔇𝑖𝑗𝑐T
(𝑐𝑖𝑁𝑗 − 𝑐𝑗𝑁𝑖)

𝑗≠𝑖,M

−
𝑅𝑇𝑐M

𝔇𝑖M𝑐T
𝑁𝑖, 

6-17 

and for the membrane as 

 
𝑐M

∂𝜇M

𝜕𝑧
= ∑

𝑅𝑇𝑐M

𝔇𝑗M𝑐T
𝑁𝑗

𝑗≠M

 
6-18 
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where 𝑐𝑖 is the molar concentration of species 𝑖 and 𝑐T is the total molar concentration in the 

membrane. (For convenience in this section, we do not superscript variables for quantities in the 

membrane phase 𝛿). As discussed in the preceding section, 𝜇𝑖 is a function of temperature, 

pressure, composition, and ionic potential Φ. 𝔇𝑖𝑗 is the binary diffusion coefficient between 

species 𝑖 and 𝑗. 𝔇𝑗M is related to the friction coefficient between species 𝑖 and the membrane, 𝐾𝑖M , 

that is described in Part II (Chapter 5), according to 𝔇𝑖M = 𝑐𝑖𝑐M𝑅𝑇/𝑐T𝐾𝑖M.31 The membrane is 

stationary (i.e. is the reference velocity) and the membrane concentration 𝑐M is set as the molar 

concentration of charged groups on the polymer. Onsager reciprocal relations dictate that the 

diffusion coefficients are symmetric so that 𝔇𝑖𝑗 = 𝔇𝑗𝑖. Consequently, for a VRFB with eight 

species (water, sulfate ions, protons, the membrane, and four vanadium species), there are 28 

transport coefficients. In this paper, Equations 6-17 and 6-18 consider ionic species as fully 

dissociated (i.e. uses the Experimental Construct discussed in Part II, Chapter 5).31 Transport 

coefficients 𝔇𝑖𝑗 include the effect of ion-pair formation to ensure that this model is consistent with 

the various ion-paired species that exist. Part II (Chapter 5) outlines calculation of 𝔇𝑖𝑗 and 𝐾𝑖M as 

a function of membrane water content and ion concentration.31 

Equations 6-17 and 6-18 are rigorous but inconvenient because they involve gradients in 

electrochemical potential that are not readily characterized and frame the driving force in terms of 

species fluxes, whereas experiments measure fluxes under applied forces. Appendix 6-A shows 

that for constant total molar concentration, 𝑐T, eliminating the electrostatic dependence of the 

driving forces (i.e. making the substituting 𝜇𝑖 = 𝜇𝑖,M +
𝑧𝑖

𝑧M
𝜇M as shown in Equation 6-5),74 and 

expanding chemical potential gradients in terms of composition variables gives the flux of species 

𝑖 as the sum of migration and diffusion terms: 

 
𝑁𝑖 =

𝑡𝑖𝑖

𝑧𝑖𝐹
− ∑ 𝐷𝑖𝑗

𝜕𝑐𝑗,M

𝜕𝑧
𝑗≠M,𝑛

 
6-19 

for 𝑖 ≠ M, 𝑛, where 𝑛 is a reference species with charge number different from M, 𝑡𝑖 is the 

transference number of species 𝑖, and 𝐷𝑖𝑗 are multicomponent diffusion coefficient between 

species 𝑖 and 𝑗 based on concentration driving forces. We assign protons as reference species 𝑛. 

Although 𝑡0 and 𝑧0 are zero for water, the ratio 𝑡0/𝑧0 is definite and equal to the electroosmotic 

coefficient 𝜉. 𝜕𝑐𝑗,M/𝜕𝑧 is the concentration gradient of a (potentially hypothetical) salt consisting 

of |𝑧M| ions 𝑗 and |𝑧𝑗| charged polymer groups M 

 𝜕𝑐𝑗,M

𝜕𝑧
=

1

𝑠𝑗,M
(

𝜕𝑐𝑗

𝜕𝑧
−

𝑧𝑗𝑐𝑗

𝑧M𝑐M

𝜕𝑐M

𝜕𝑧
) 

6-20 

where 𝑠𝑗,M is the number of particles constituting 𝑗,M (𝑠𝑗,M = |𝑧𝑗| + |𝑧M| for 𝑧𝑗 ≠ 0). For neutral 

species (e.g. water), 𝑠𝑗,M = 1 so that the concentration gradient of 𝑗,M is simply the concentration 

gradient of 𝑗 (i.e. 𝜕𝑐𝑗,M/𝜕𝑧 = 𝜕𝑐𝑗/𝜕𝑧). This formalism generalizes the treatment of concentration 

gradients in binary electrolytes9 to an arbitrary number of species; the concentration gradient of 

𝑗,M reduces to the concentration gradient of the salt for a binary electrolyte with |𝑧−| cations and 

|𝑧+| anions. 

Appendix 6-A shows how 𝐷𝑖𝑗 is related to the binary diffusion coefficients 𝔇𝑖𝑗’s and chemical 

potential gradients. Specifically, 𝐷𝑖𝑗’s  are components of the 𝑁 − 2 by 𝑁 − 2 diffusion matrix 𝑫 
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that is the product of the matrix inverse of 𝑩, an 𝑁 − 2 by 𝑁 − 2 matrix containing transport 

coefficients, and 𝝌, an  𝑁 − 2 by 𝑁 − 2 matrix containing multicomponent thermodynamic factors 

 𝑫 = 𝑩−1𝝌𝑺 6-21 

where 𝑺 is a diagonal matrix with entries 𝑠𝑗,M, and the entries of 𝑩 for 𝑖 ≠ 𝑗 are 

 
𝐵𝑖𝑗 = 𝑥𝑖 [

𝑧𝑖

𝑧M𝔇𝑗M
+

𝑧𝑗

𝑧𝑛
(

1

𝔇𝑖𝑛
−

𝑧𝑖

𝑧M𝔇𝑛M
) −

1

𝔇𝑖𝑗

] 
6-22 

and for 𝑖 = 𝑗, 

 
𝐵𝑖𝑖 =

𝑧𝑖𝑥𝑖

𝑧𝑛
(

𝑧𝑛

𝑧M𝔇𝑖M
+

1

𝔇𝑖𝑛
−

𝑧𝑖

𝑧M𝔇𝑛M
) + ∑

𝑥𝑘

𝔇𝑖𝑘
𝑘≠𝑖

. 
6-23 

𝑩−1 is a matrix of thermodynamic diffusion coefficients. The entries of 𝝌 are 

 
χ𝑖𝑗 = 𝛿𝑖𝑗 +

𝑥𝑖

𝑥𝑗

𝜕𝜇𝑖,M
ex

𝜕𝑅𝑇 ln(𝑥𝑗/𝑥
M

𝑧𝑗/𝑧M)
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where 𝛿𝑖𝑗 is the Kronecker delta function (𝛿𝑖𝑖 = 1 and 𝛿𝑖𝑗 = 0 for 𝑖 ≠ 𝑗). Equation 6-21 reduces 

to a well-established form for the salt diffusion coefficients in the case of a binary electrolyte.9 

The 𝑁 − 2 vector 𝒕 of charge number-normalized transference numbers 𝑡𝑖/𝑧𝑖 is 

 𝒕 = 𝑩−1𝝇 6-25 

where 𝝇 is an 𝑁 − 2 vector with entries 

 
𝜍𝑖 =

𝑥𝑖

𝑧𝑛
(

𝑧𝑖

𝑧M𝔇𝑛M
−

1

𝔇𝑖𝑛
). 

6-26 

In this approach, 𝑡𝑖 and 𝐷𝑖𝑗 use a reference velocity of the membrane (i.e. 𝑁M = 0), unlike other 

research that uses water velocity as the frame of reference.86 Due to this choice of the laboratory 

frame of reference, Equation 6-19 should not include additional terms for solvent convection. The 

choice for species 𝑛 does not change the flux 𝑁𝑖 but does change the value of 𝐷𝑖𝑗. Since Equation 

6-19 is applicable to 𝑖 ≠ 𝑛, we specify the flux of 𝑛 using the current density and fluxes of species 

𝑖 ≠ 𝑛 (i.e. 𝑁𝑛 = (𝑖/𝐹 − ∑ 𝑁𝑖𝑧𝑖𝑖≠M,𝑛 )/𝑧𝑛). 

For negligible mass-transport resistance between the electrode electrolyte and membrane, 

chemical equilibria (i.e. Equations 6-14 and 6-15) specifies 𝑐𝑖,M at the interface of the membrane 

with the two electrodes. Solving Equations 6-16 and 6-19 using these concentrations as boundary 

conditions gives the concentration profiles and fluxes of species across the membrane for a set 

current density.  

With specified fluxes, Equation 6-18 calculates the ionic potential gradient because it is 

proportional to the electrochemical potential of the membrane,  

 ∂Φ

𝜕𝑧
=

𝑅𝑇

𝑧M𝐹𝑐T
∑

𝑁𝑗

𝔇𝑗M
𝑗≠M

. 
6-27 
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Integration of Equation 6-27 across the membrane shows that ΔΦ is a function of applied current 

density (ohmic overpotential) and flux of species at the open-circuit cell potential (diffusion 

overpotential). In the absence of concentration gradients, substitution of Equation 6-19 into 

Equation 6-27 identifies the membrane conductivity, 𝜅, as 

 
∂Φ

𝜕𝑧
= −𝑖𝜅−1 = −𝑖 {−

𝑅𝑇

𝑐T𝐹2𝑧M
[

1

𝑧𝑛𝔇𝑛M
+ ∑

𝑡𝑗

𝑧𝑗
(

1

𝔇𝑗M
−

𝑧𝑗

𝑧𝑛𝔇𝑛M
)

𝑗≠M,𝑛

]}. 
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As 𝜅 increases for a fixed current density and concentration gradient, the potential drop across the 

membrane decreases.  

6.3.4 Parameters 

Parts I and II discuss calculation of 𝜇𝑖
ex  and 𝔇𝑖𝑗, respectively, as functions of concentration and 

water content as well as membrane equivalent weight and the modulus of the hydrophobic matrix 

of a dry membrane;31, 247 the required system parameters for these calculations are discussed 

therein. The properties specific to VRFBs  are the infinite dilution diffusion coefficients in water 

and viscous volume of vanadium ions and vanadium-bisulfate ion pairs in solution, 𝔇𝑖,0
∞  and �̃�𝑖, 

respectively, the vanadium-sulfate binary diffusion coefficient 𝔇𝑖,SO4
, the vanadium-sulfate and 

vanadium-membrane interaction parameters 𝛽𝑖,SO4
 and 𝛽𝑖,M, V(III)- and V(IV)-bisulfate 

association constants 𝐾𝑖−HSO4
, and solvent/vanadium binding constant 𝑘𝑖.  

Unfortunately, there are relatively few measurements of vanadium thermodynamic and transport 

properties in all its oxidation states at well-defined conditions. As described in Chapter 6 

Supporting Information (SI-6), reported experimental values are used when available, and 

otherwise, parameters of cations of similar charge number approximate those of the vanadium 

ions. For V(IV) and V(V) we fit 𝛽𝑖,M to measured vanadium, sulfate, and water uptake in the 

membrane as a function of sulfuric acid and vanadium sulfate concentration detailed in Part I 

(Chapter 4).247 Similarly, for V(III), we fit 𝛽𝑖,M, 𝛽𝑖,SO4
 and 𝑘𝑖 to isotherm measurements. These 

parameters are plausible values for this system; however, they are estimates. Consequently, there 

is a strong need for fundamental thermodynamic studies of vanadium-ion properties in their 

different oxidation states (i.e. activity and osmotic coefficients as a function of concentration).  

Throughout this paper, we will consider a reference VRFB system containing electrodes at a fixed 

composition and a membrane with fixed properties, which are provided in Table 6-2. Calculations 

are made for this system unless stated. The electrolyte concentrations match those in experimental 

cells as described in Refs11, 86, 282 unless otherwise stated. In those studies, an initial solution of 1.5 

mol dm-3 vanadium IV sulfate in 2.6 mol dm-3 sulfuric acid was twice charged with the positive 

electrolyte replaced after each charge. As outlined in SI-6, after this charging process and at a state 

of charge of 50%, the negative electrolyte has 0.75 mol dm-3 of both V(II) and V(III) and a total 

sulfate concentration of 4.66 mol dm-3. The positive electrolyte has the same concentrations of 

V(IV) and V(V) and a total sulfate concentration of 4.11 mol dm-3. The electrolyte solution mass 

density was 1.19 g cm-3.282 The separator in the reference system is a Nafion 212 membrane with 

a dry-membrane thickness, 𝑙M
0 , of 51 μm. The membrane equivalent weight, 𝐸𝑊 (mass-polymer 

per mole-sulfonate group) is 1100.  
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Table 6-2. Properties of the reference VRFB system 

Properties Parameter Value 

Negative electrode composition 

𝑐V(II)
𝛽

 0.75 mol dm-3 

𝑐V(III)
𝛽

 0.75 mol dm-3 

𝑐SO4

𝛽
 4.66 mol dm-3 

Positive electrode composition 

𝑐V(IV)
𝜖  0.75 mol dm-3 

𝑐V(V)
𝜖  0.75 mol dm-3 

𝑐SO4

𝜖  4.11 mol dm-3 

Polymer backbone modulus 𝐸𝑏
0 154 MPa 

Membrane equivalent weight 𝐸𝑊 1100 g-polymer/mol SO3 

 

Other membrane properties considered are hydrophobic matrix modulus of the dry membrane, 𝐸b
0, 

Archie’s tortuosity scaling parameter, 𝜒, hydrophilic domain geometric transport factor, 𝐺, and 

spacing between hydrophilic domain in dry membrane, 𝑑0. 𝐸𝑊 sets the intrinsic concentration of 

ions in the membrane absent co-ions, 𝐸b
0 limits the extent the membrane can swell with water from 

the surrounding environment, 𝐺 affects friction between the membrane and absorbed water and 

aqueous ions, and 𝑑0 and 𝜒 dictate the hydrophilic domain size and network tortuosity, 

respectively, at a given water volume fraction. Unless otherwise stated, membrane properties are 

those of the Nafion PFSA separator and are detailed in Parts I and II.31, 247
 

6.3.5 Numerical Implementation 

SI-6 outlines calculation of membrane properties, fluxes, and performance metrics. For a specified 

electrolyte composition in the negative and positive electrodes, Equations 6-14 and 6-15 specify 

𝑥𝑖 at 𝛿′ and 𝛿′′. Part I (Chapter 4) outlines calculation of 𝜇𝑖
ex.247 Given the composition of the 

species in the membrane, Part II (Chapter 5) outlines calculation of 𝔇𝑖𝑗.31 Equation 6-24 gives 𝜒𝑖𝑗 

where the Python package Numdifftools V.0.9.39 calculates the Jacobian, 𝜕𝜇𝑖,M
ex /𝜕𝑅𝑇 ln(𝑥𝑗/

𝑥
M

𝑧𝑗/𝑧M
) using a first-order, forward-finite-difference approximation with a step size of (1 −

𝑥0)/100 for water and 𝑥𝑖/100 for ions. Given 𝜒𝑖𝑗 and 𝔇𝑖𝑗, Equation 6-21 calculates 𝑫. The total 

concentration 𝑐T is set to 55.3 mol dm-3. For ideal volumetric mixing and isotropic swelling, the 

membrane thickness is 𝑙M = 𝑙M
0 (1 + 𝜆�̅�0𝜌M

0 /𝐸𝑊)1/3, 𝜆 is the average water content (= 𝑥0/𝑥M), 

�̅�0 is the partial molar volume of water (= 18.1 cm3 mol-1), and 𝜌M
0  is the mass density of the dry 

membrane (= 2.1 g cm-3). 

To solve Equation 6-19 for each species, we extend to electrolyte systems a method outlined by 

Krishna et al.283-284 for uncharged systems. Using this approach, Appendix 6-B shows that for a 

specified current density, the species fluxes are specified by iterating over a set of six 

transcendental algebraic equations and neglecting changes across the membrane of: the 

thermodynamic factor χ𝑖𝑗  because the solution composition from the most abundant species 

(sulfate, the membrane, water, and protons) changes relatively little across the membrane; 𝑐T 

because the molar density of the membrane change only slightly with composition; 𝔇𝑖𝑗 because 

the dominant factors they depends upon -ionic strength and water content inside the membrane- 

are relatively constant; and 𝜕 ln 𝑥M /𝜕𝑧 because the membrane concentration changes little 
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between the electrodes. We evaluate 𝔇𝑖𝑗, 𝜒𝑖𝑗, and 𝜆 using the mean of the composition of the 

membrane at the interface with the two electrodes 𝑥𝑖
�̅� (= (𝑥𝑖

𝛿′
+ 𝑥𝑖

𝛿′′
)/2), calculating the fraction 

of vanadium and protons that form ion pairs with sulfate at this composition. SI-6 shows that the 

error introduced by these assumption is small. The derivative of ln 𝑥M is approximated as 

∂ ln 𝑥M /𝜕𝑧 ≈ ln(𝑥M(𝑧)/𝑥M(𝑧 = 0)) /𝑙M. In Results and Discussion, we show this assumption is 

also reasonable.  

Upon specifying species fluxes at a given charge and discharge current density, Equation 6-11 

gives 𝑖x and, using Equation 6-12, 𝜀q. Integration of Equation 6-27 gives Φ. Φ is a linear function 

of 𝑧 for the assumption of constant 𝔇𝑖𝑗. Upon calculating ΔΦ, Equations (6-6), 2-1, and 6-1 give 

𝑉, 𝜀v, 𝜀e, and Ψd. To find the maximum discharge cell power density Ψd at 𝜀e = 80% (our adopted 

design criteria), we iteratively solve these equations for varying 𝑖 until finding the maximum.285 

As previously stated, the electrode composition and 𝑁𝑖 are assumed constant during charge or 

discharge. This condition is achieved for incremental changes in 𝑆𝑂𝐶 during cycling. 

We performed sample-based sensitivity analysis for the impact of membrane properties 𝐸𝑊, 𝐸b
0, 

𝜒, 𝐺, and 𝑑0 on transport properties and cell performance. SI-6 details the sampling technique and 

range for these properties. The sensitivity analysis uses a cell current density of 200 mA cm-2 and 

the electrolyte composition is that of the reference conditions (see Table 6-2). 

 

6.4 Results and Discussion 

6.4.1 Representative VRFB Membrane Transport 

This section discusses transport in the reference system (see Table 6-2) consisting of the 

quintessential VRFB membrane, Nafion, under typical electrolyte concentrations.  

6.4.1.1 Transport Properties 

Equation 6-21 shows that the diffusion matrix 𝑫 captures transport coupling between all species 

due to thermodynamic interactions that 𝝌 specifies and for and frictional interactions that 𝑩−𝟏 

incorporates. For a thermodynamically ideal solution, 𝜒𝑖𝑖 = 1 and 𝜒𝑖𝑗 = 0. In a dilute solution 

(𝑥𝑖 → 0 and 𝑥M → 1), the matrix 𝑫 has the species/membrane diffusion coefficients on the 

diagonal while off-diagonal elements are equal to zero.  

For Nafion in a VRFB, Figure 6-2a plots the mean calculated diffusion coefficients 𝐷𝑖𝑗 on a heat 

map colored from dark blue (large positive coefficients) through white (coefficient equal to zero) 

to dark red (large negative coefficient) and the thermodynamic factor 𝜒𝑖𝑗 is given in parenthesis. 

The calculations show that transport in this system is far more complex than diffusion in an ideal, 

dilute solution. Although some off-diagonal terms of the diffusion matrix are small, they are not 

categorically negligible and in some cases are larger than the on-diagonal terms. For example, a 

concentration gradient of V(IV)M2 causes more than twice the flux of V(V) compared to an equal 

concentration gradient in V(V)M. A few of the diffusion coefficients are negative, indicating that 

the flux of one species will take place up the concentration gradient of another, holding all else 

constant. In particular, for all vanadium species 𝑖, 𝐷SO4𝑖 is negative and large in magnitude. 

Thermodynamic nonidealities contribute to transport coupling in particular. 𝜒𝑖𝑗 for vanadium 

species 𝑖 and 𝑗 are close to ideal because positively charged ions do not significantly change the 
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excess chemical potential of other positively charged species. 𝜒𝑖𝑗 for vanadium/water and /sulfate 

are mostly large because of the significant effect interactions between these species have on the 

excess free energy of the system. 

Figure 6-2b shows a heat map of charge number-normalized transference numbers. Absent 

concentration gradients, protons will carry most of the current because 𝑡H = 0.94. Sulfate ions are 

the second largest carrier, and vanadium species each transport about 1% of the current. 

 

 Figure 6-2. Heat map colored from blue (positive), to white (zero), to red (negative) of (a) 

diffusion coefficient matrix 𝑫 with given tabulated values of 𝐷𝑖𝑗 (and 𝜒𝑖𝑗 in parenthesis) and (b) 

charge number-normalized transference numbers 𝑡𝑖/𝑧𝑖 with values tabulated for the reference 

system (see Table 6-2). 
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6.4.1.2 Transport at Open Circuit 

The concentration difference between electrodes creates concentration gradients in the membrane. 

Figure 6-3 shows the mole-fraction profile of each species in the membrane between the interfaces 

with the negative electrode (𝑧 = 0) and the positive electrode (𝑧 = 𝑙M) calculated using the 

procedure outlined in Appendix 6-B with the no current density (i.e. 𝑖 = 0). For transport that is 

not coupled (i.e. dilute-solution approximation), the mole-fractions of the species will decrease 

linearly between the two electrodes. This behavior is not present in this system indicating that 

transport coupling plays an important role. 

 

 

 Figure 6-3. Calculated mole fractions as a function of position in the membrane from 𝑧 = 0 

(interface with negative electrode) to 𝑧 = 𝑙M (interface with positive electrode) for current 

density 𝑖 = 0 for the reference system (see Table 6-2). Note change of scales on mole fraction-

axis. 

 



 

130 

 

The vanadium species mole fractions in the negative electrode (V(II) and V(III)) goes to zero on 

approaching the positive electrode-interface, and the vanadium species mole fractions in the 

positive electrode (V(IV) and V(V)) decrease towards the negative electrode/membrane interface. 

The mole fractions of sulfate, protons, and membrane fixed-charged groups are relatively constant 

across the membrane with the latter two showing a slight decrease towards the negative electrode 

and having a maximum away from the electrode interfaces. The dotted line in Figure 6-3 shows 

ln(𝑥M(𝑧)/𝑥M(𝑧 = 0)) /𝑙M, which closely matches ∂ ln 𝑥M /𝜕𝑧 and illustrates that the assumption 

equating the two is reasonable. 

The water mole fraction decreases from the negative electrode to the positive electrode/membrane 

interface. Although the water mole fraction of the two electrode electrolytes are nearly the same, 

Γ0 at the negative electrode is larger than at the positive electrode causing the concentration 

gradient inside the membrane. 

The concentration gradients (see Figure 6-3) drive fluxes according to the matrix of diffusion 

coefficients (see Figure 6-2). Using V(II) as an example, Figure 6-4 plots the contribution to 𝑁V(II) 

(see Equation 6-19) from the concentration gradient of species 𝑗 referenced to the membrane (i.e. 

𝐷V(II)𝑗𝜕𝑐𝑗,M, where we abbreviate 𝜕/𝜕𝑧 as 𝜕) as a function of position across the membrane. Each 

species plays an important role in driving transport with their contribution varying across the 

membrane. Where a concentration gradient is large, that species drives more transport. For 

example, around 𝑧 = 45 μm, vanadium gradients are largest and contribute substantially to V(II) 

transport. Approaching the positive electrode interface (𝑧 = 58 μm), 𝑥V(II) → 0, and leading to 

𝐷V(II)𝑗≠V(II) → 0; as this point, V(II) transport is then solely caused by the V(II) concentration 

gradient.   
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 Figure 6-4. Flux of V(II) multipled by Faraday’s constant, 𝑁V(II)𝐹,  caused by a concentration 

gradient of 𝑗, M, 𝜕𝑐𝑗M, calculated from Equation 6-19 (i.e. 𝐹𝐷V(II)𝑗𝜕𝑐𝑗,M) as a function of 

position in the membrane.  

 

The water concentration gradient is a key transport driving force. Although the water-driven 

diffusion coefficient 𝐷V(II)0 is not large (see Figure 6-2, Row 3, Column 1), the water concentration 

gradients are (see Figure 6-3), causing high water-related fluxes. The term ∂𝑐SO4M−2
 (= ∂𝑐SO4 −

𝑐SO4𝑧SO4

𝑐M𝑧M
∂𝑐M) also contributes significantly to transport. Although ∂𝑐SO4 is relatively small, as 

Figure 6-3 shows, −
𝑐SO4𝑧SO4

𝑐M𝑧M
∂𝑐M is large and positive and 𝐷V(II)SO4

 is negative. As a consequence, 

the term −𝐷V(II)SO4
∂𝑐SO4M−2

 drives V(II) towards the positive electrode. Moreover, at the 

negative electrode (𝑧 = 0), ∂𝑐V(II) is small but −
𝑐V(II)𝑧V(II)

𝑐M𝑧M
∂𝑐M and 𝐷V(II)V(II) are large and 

negative. The result is that −𝐷V(II)V(II) ∂𝑐V(II)M2
 pulls vanadium towards the negative electrode. 

Figure 6-5 shows the calculated normalized mean flux contribution of each species 𝑖 due to the 

concentration gradients of each other species 𝑗 referenced to M (i.e. ∫ 𝐷𝑖𝑗𝜕𝑐𝑗,M𝑑𝑧/

∑ |∫ 𝐷𝑖𝑘𝜕𝑐𝑘,M𝑑𝑧|𝑘≠M,𝑛 ). The left side of Figure 6-5 gives the total flux of each species multiplied 

by 𝐹. The points show species fluxes for an thermodynamically ideal solution (i.e. χ𝑖𝑗 = 0 for 𝑖 ≠

𝑗 and χ𝑖𝑖 = 1). 
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 Figure 6-5. Bar chart of flux of 𝑖, 𝑁𝑖, caused by a concentration gradient of 𝑗, M, normalizing 

by the sum of absolute values of each contribution and averaged over the membrane (i.e. 

∫ 𝐷𝑖𝑗𝜕𝑐𝑗,M𝑑𝑧/ ∑ |∫ 𝐷𝑖𝑘𝜕𝑐𝑘,M𝑑𝑧|𝑘≠M,𝑛 ) for the reference system (see Table 6-2). The dotted lines 

group contributions to species 𝑖 and the bars are for each species 𝑗. The circles show the same 

calculation with a thermodynamically ideal solution (i.e. χ𝑖𝑗 = 0 for 𝑖 ≠ 𝑗 and χ𝑖𝑖 = 1). The left 

side gives the total flux of each species multiplied by Faraday’s constant and the term in 

parenthesis is the flux calculated for no interspecies friction (i.e. 𝔇𝑖𝑗≠M → ∞).  
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As the large magnitude off-diagonal elements in Figure 6-2 show, concentration gradients of 

species 𝑖 causes transport of species 𝑗. This finding is further evidence that dilute-solution theories 

in which a species transport is driven by only its own concentration gradient (i.e. 𝑁𝑖 = 𝑓(∂𝑐𝑖)) is 

not sufficient to calculate transport accurately. To quantify this error, the term in parenthesis on 

the left side of Figure 6-5 shows that the dilute-solution approximation (i.e. that the only friction 

on a species is due to the membrane, 𝔇𝑖𝑗≠M → ∞) predicts fluxes that, on average (i.e. mean), 

deviate from the concentrated-solution model by 772%. 

For all species, the principle transport driving force is the water concentration gradient. Water 

drives positively charged species to the positive electrode, resulting in a curvature of the vanadium 

species concentration gradients towards the positive electrode. To maintain electroneutrality, the 

water concentration gradient pushes sulfate to the negative electrode. 

Mass-transport of ions and water is coupled because both the frictional interactions between 

species are nonzero and the excess chemical potential of species depends on the concentration of 

other species. When describing the solution as thermodynamically ideal (circles in Figure 6-5), the 

qualitative behavior of the coupling between species is captured. However, the thermodynamic 

nonidealities lead to quantitative differences from the ideal-solution approximation. 

In practice, an operating cell will undergo numerous cycles and electrolyte rebalancing so that the 

composition in the electrodes will vary, changing the concentration gradients. Consequently, the 

specific direction and contributions to fluxes in Figure 6-5 do not apply throughout VRFB 

operation. Incorporating concentrated-solution theory into a fully transient model of VRFB 

operation would give insight into how these driving forces change during cell operation. 

6.4.1.3 Transport under Applied Potentials 

Under an applied potential, charged species migrate with the current. Figure 6-6 shows the flux of 

each vanadium species 𝑖 (multiplied by 𝑧𝑖𝐹) as a function of current density 𝑖. When current is 

positive, the concentration gradients acting on V(II) and V(III) are aligned and increasing current 

linearly increases vanadium flux. At negative currents, migration and diffusion are opposed 

causing the fluxes of V(II) and V(III) to go to zero. V(V) and V(IV) follow opposite scenarios than 

V(II) and V(III). This description is qualitatively consistent with previous work using a dilute-

solution theory framework. For these electrolyte concentrations, the diffusional contributions 

causes a net flux of vanadium towards the positive electrode when the current is zero as shown in 

Figure 6-5. 
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 Figure 6-6. Vanadium flux 𝑁𝑖 multiplied by charge number 𝑧𝑖 and Faraday’s constant 𝐹 as a 

function of current density 𝑖 for the reference system (see Table 6-2). 

 

Figure 6-7 shows the mean contributions outlined in Equation 6-19 to the V(II) flux 𝑁V(II) from 

each diffusion term, 𝐷V(II)𝑗𝜕𝑐𝑗,M, (see Figure 6-5) and migration, 𝑖𝑡V(II)/𝑧V(II)𝐹 as a function of 

current density. As the current density increases, the fraction of flux due to migration increases. 

The contributions to flux from diffusion changes slightly as the current density increases because 

migration alters the concentration gradients across the membrane. Above 250 mA/cm2, the 

majority of the vanadium V(II) flux is due to migration.  
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Figure 6-7. Mean contributions to the flux of V(II), 𝑁V(II), from each diffusion term, 

𝐷V(II)𝑖𝜕𝑐𝑖,M, (see Figure 6-5) and migration, 𝑖𝑡V(II)/𝑧V(II) averaged across the membrane as a 

function of current density for the reference system (see Table 6-2). 

 

Figure 6-4, Figure 6-5, and Figure 6-7 show that coupling plays an important role in transport 

though VRFB membranes. The contributions from water concentration gradients are particularly 

large.30 The calculations show that in cases that require only semi-quantitative predictions, 

neglecting the terms 𝐷𝑖𝑗𝜕𝑐𝑗,M for 𝑗 ≠ 𝑖, 0 will cause ~25% error to the calculated fluxes at OCP 

with the error decreasing with increasing current density. As a result, mathematical models and 

experimental analysis that rely on extended versions of dilute-solution theories that incorporate 

the effect of water on vanadium fluxes will be qualitatively correct in many cases. 

6.4.1.4 Cell Performance 

Figure 6-8 shows that the calculated (lines) and measured11 (symbols) voltage and Coulombic 

efficiencies, 𝜀v and 𝜀q, respectively, as a function of current density. The calculated and measured 

efficiencies correspond to slightly different scenarios. The model calculates performance at a 

constant 50% 𝑆𝑂𝐶 (i.e. transport coefficients and concentration gradients are constant), whereas 

in the experiments charge and discharge between two voltage windows corresponding to different 

𝑆𝑂𝐶s. Despite these slightly different conditions, the model and experiment are in good agreement. 
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As the current density increases, the Coulombic efficiency generally increases as the effects of 

crossover are reduced in comparison to the energy extracted from the cell. However, rising current 

density decreases voltage efficiency because the membrane and cell incur larger ohmic losses. As 

a consequence, the energy density increases initially, reaches a maximum, and then decreases with 

increasing current density. In the absence of resistance from the membrane 𝑅M = 0 (i.e. ΔΦ = 0), 

𝜀v is higher, but non-membrane resistances limit the benefits of ultra-high conductivity 

membranes. 

 

 

Figure 6-8. Measured (symbols, data from 11) and calculated (lines) Coulombic efficiency 𝜀q 

(circles), voltage efficiency 𝜀v (squares), and energy efficiency 𝜀e as a function of current 

density for the reference system (see Table 6-2). Dot-dashed line shows 𝜀v for ΔΦ = 0 (i.e. 

without ohmic losses in the membrane). 

 

Figure 6-15 shows voltage and Coulombic efficiency calculated using dilute-solution theory that 

only accounts for friction with the membrane  (i.e. 𝔇𝑖𝑗≠M → ∞) and an extended dilute-solution 

theory that also accounts for frictions with water (i.e. 𝔇𝑖𝑗≠0,M → ∞). The dilute-solution theory 

severely miscalculates cell efficiencies. For Coulombic efficiency, the extended-dilute-solution 

theory closely agrees with concentrated-solution theory but slightly overestimates voltage 

efficiency. Based on this analysis, researchers should account for the effect of coupled-transport 

modes and, in particular, the role of ion-water interactions on cell performance. 
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6.4.2 Impact of System Properties 

The molecular transport and thermodynamic models presented in Parts I and II calculate properties 

as a function of external electrolyte composition and membrane chemistry.31, 247 The following 

sections use these models to determine how changes away from the reference system (see Table 

6-2) to operating conditions and membrane properties affect performance. 

6.4.2.1 Impact of Electrolyte Concentration 

In this section, we calculate the effect of changing the composition of the electrolyte in the 

electrodes. Specifically, varying the vanadium concentration (i.e. 𝑐V(IV)
𝜖 + 𝑐V(V)

𝜖  and 𝑐V(II)
𝛽

+

𝑐V(III)
𝛽

) between 0.1-1.8 mol dm-3 and the mean sulfate concentration in the electrodes (i.e. (𝑐SO4

𝛽
+

𝑐SO4

𝜖 )/2) between 3.95-4.82 mol dm-3. This analysis neglects vanadium solubility limits in sulfuric 

acid that may be exceeded under certain conditions at high sulfate concentrations.223 Furthermore, 

we assume fast mass transfer from the bulk electrolyte to the carbon electrodes of the VRFB; at 

low vanadium concentrations mass-transport limitations may be important depending on the cell 

design.276, 279, 282, 286 

6.4.2.1.1 Transport Properties 

Concentration of species in the external electrolyte solution strongly impact membrane transport 

properties. Figure 6-9 shows membrane conductivity 𝜅 (a), V(II)0 diffusion coefficient 𝐷V(II)0 (b), 

and V(II) transference number 𝑡V(II) (c) calculated at membrane composition 𝑥𝑖
�̅� as a function of 

the total vanadium molarity in the electrodes, and the lines are varying arithmetic average sulfate 

concentration in the electrodes. Figure 6-16 shows the membrane water content (a), proton 

molality (b), and V(II) molality (c) at the same conditions. For brevity, we plot the properties of 

V(II), which are representative of the transport properties of the other vanadium species.  
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 Figure 6-9. Calculated membrane (a) conductivity 𝜅, (b) V(II)/0 diffusion coefficient 𝐷V(II)0, 

and (c) V(II) transference number 𝑡V(II) evaluated at composition 𝑥𝑖
�̅� as a function of the total 

vanadium molarity in the electrodes where the 𝑆𝑂𝐶 of the cell is 50% and the different lines are 

for different mean sulfate concentration in the electrodes of 4.82 mol dm-3 (solid lines), 4.39 

mol dm-3 (dashed line), to 3.95 mol dm-3 (dot-dashed line). 
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As the concentration of vanadium in the external electrolyte rises, the proton content in the 

membrane decreases, as Figure 6-16b shows. The loss of protons, which have high mobility, 

decreases membrane conductivity. As Figure 6-16c shows, the vanadium content in the membrane 

also increases with rising vanadium concentration in the electrolyte leading to larger vanadium 

transport properties 𝐷V(II)0 and 𝑡V(II). Adding sulfuric acid increases the membrane proton 

concentration. Higher proton concentrations displace vanadium from the membrane, as Figure 

6-17b and c show. Consequently, at high vanadium concentrations in the electrode, rising sulfate 

concentration increases conductivity and decreases vanadium transport properties, as Figure 6-9 

shows. However, adding sulfuric acid in the external electrolyte also dehydrates the membrane, as 

Figure 6-16a shows and Part I (Chapter 4) discusses.247 At low vanadium concentration in the 

electrodes, the dehydrating effects of additional sulfate dominates, causing membrane conductivity 

to decrease. 

6.4.2.1.2 Cell Performance 

Figure 6-10 shows the calculated Coulombic and voltage efficiencies, 𝜀q and 𝜀v respectively, (a) 

and discharge power density Ψd (b) at the current density that maximizes Ψd at 𝜀e = 80% (termed 

optimal power density) as a function of the vanadium concentration and for different mean sulfate 

concentrations in the electrodes. To show how sensitive the optimal power density is to the target 

energy efficiency, shaded regions in Figure 6-10b show power density at ±0.2% of the target 

energy density. As Figure 6-9 shows, rising vanadium concentration in the electrode electrolyte 

increases the vanadium transference numbers and diffusion coefficients, decreasing Coulombic 

efficiency. To maintain an 80% energy efficiency, the current density decreases to lower ohmic 

losses and increase voltage efficiency. The cumulative effect lowers the optimal power density 

with increasing vanadium concentration. Moreover, the lower Coulombic efficiency at high 

vanadium concentration makes the optimal power density less sensitive to the required energy 

efficiency (i.e. narrower shaded region in Figure 6-10). 
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 Figure 6-10. Calculated (a) Coulombic 𝜀q and voltage 𝜀v efficiencies and (b) the maximum 

discharge power density Ψd at 80% energy efficiency (shaded region is ±0.2%) at the optimal 

power density as a function of the total vanadium concentration in each electrode at 50% SOC 

and for mean sulfate concentration in the electrodes of 4.82 mol dm-3 (solid lines), 4.39 mol dm-

3 (dashed line), to 3.95 mol dm-3 (dot-dashed line). 

 

Increasing sulfuric acid concentration in the electrolyte (shown in Figure 6-10 as moving from 

dot-dashed, to dashed line, to solid line) exchanges vanadium in the membrane for protons, 

increasing membrane conductivity and decreasing vanadium transport coefficients, as Figure 6-9 

shows. The larger resulting Coulombic efficiency allows the system to incur more ohmic losses 

by operating at higher current densities while maintaining the target energy efficiency. As a result, 

increasing sulfuric acid concentration in the electrolyte increases the optimal power density. 

However, at low vanadium concentrations, increasing sulfate concentration lowers membrane 

conductivity, as Figure 6-9 shows. The addition of sulfuric acid will therefore be less effective at 

low active-species concentrations. Moreover, the improved optimal power density at low 
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vanadium and high sulfuric acid concentrations may not result in higher return on investment for 

VRFB systems if balance-of-plant costs increase due lower energy density or higher pumping 

costs.34 

6.4.2.2 Impact of Membrane Properties 

The chemistry of the membrane impacts its transport properties. Here we focus on two common 

changes to the membrane: equivalent weight (EW, mass dry polymer per mole of charged group 

in the membrane, i.e., inverse of the ion-exchnage capacity) and membrane modulus. EW is tuned 

by changing chemistry.119, 266, 268 For PFSA membranes the EW is typically in the range 700-1500 

g/mol.12 PFSA membrane pretreatment changes its modulus by varying the number of physical 

crosslinks in the materials or its crystallinity.56, 87, 267 Annealing tends to increase and boiling tends 

to decreases the membrane modulus.56 In practice, EW and modulus are not independent because 

lower EW membranes tend to have lower moduli because the additional ionic groups on the 

polymer disrupt crystalization and crosslink formation.12 

6.4.2.2.1 Transport Properties 

Figure 6-11 shows membrane conductivity 𝜅 (a), V(II)/0 diffusion coefficient 𝐷V(II)0 (b), and V(II) 

transference number 𝑡V(II) (c) calculated at membrane composition 𝑥𝑖
�̅� as a function of EW and 

different dry-membrane moduli 𝐸b
0. Figure 6-17 shows the membrane water content 𝜆 (a), proton 

molality 𝑚H
�̅�  (b), and V(II) molality 𝑚V(II)

�̅�  (c) at the same conditions.  
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 Figure 6-11. Calculated membrane (a) conductivity 𝜅, (b) V(II)/water diffusion coefficient 

𝐷V(II)0, and (c) V(II) transference number 𝑡V(II) evaluated at composition 𝑥𝑖
�̅� as a function of 

equivilent weight, EW, for a dry-membrane modulus 𝐸b
0 of 185 MPa (solid lines), 154 MPa 

(dashed lines), and 123 MPa (dot-dashed lines). 

 

Increasing EW decreases membrane water content, as Figure 6-17a shows, thereby decreasing 

hydophilic water volume fraction, increasing tortuosity of the hydophilic domains, and decreasing 

the pore size. As a result, membrane conductivity 𝜅 and V(II)/water diffusion coefficient 𝐷V(II)0 
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decrease, as Figure 6-11a and b show. Furthermore, increasing EW decreases the concentration of 

vanadium and protons in the membrane because there are fewer oppositely charged sulfonate 

groups for these ions to interact with. As EW increases, the vanadium concentration decreases 

more rapidly than proton concentration in the membrane, as Figure 6-17b and c show, decreasing 

the vanadium transference number, as Figure 6-11c shows. 

Figure 6-11 shows (moving from dot-dashed to solid lines) that increasing the membrane modulus 

impacts transport properties similary to increasing EW. Raising the membrane modulus decreases 

water content, as Figure 6-17a shows. The lower water content of the higher modulus membranes 

results in lower membrane conductivity and vanadium-water diffusion coefficients. As with EW, 

increasing the membrane modulus decreases the vanadium content in the membrane more rapdily 

than the proton content, decreasing the vanadium transference number. 

6.4.2.2.2 Cell Performance 

Figure 6-12 shows the calculated Coulombic 𝜀q and voltage 𝜀v efficiencies (a) and discharge power 

density Ψd (b) at the current density that maximizes Ψd at 𝜀e = 80% as a function of equivalent 

weight EW and dry-membrane modulus 𝐸b
0. As Figure 6-11 shows, increasing EW decreases the 

vanadium transference numbers and diffusion coefficients, increasing Coulombic efficiency. 

However, conductivity also falls with increasing EW, lowering voltage efficiency and cell 

potential. The benefits of higher Coulombic efficiency do not outweigh the costs to voltage 

efficiency and cell potential. The net effect of increasing EW is a lower optimal power density. 

Decreasing the membrane modulus (shown in Figure 6-12 as moving from dot-dashed, to dashed, 

to solid lines) increases membrane conductivity, vanadium diffusion coefficients, and vanadium 

transference numbers, as Figure 6-11 indicates. At high EWs, the resulting increase in cell potential 

and voltage efficiency more than compensates for lower Coulombic efficiency, leading to a higher 

optimal power density. These findings agree with experimental studies of cell performance with 

different EW membrane and varying mechanical reinforcement.118-119, 268 At low EWs (< 900 g-

polymer / mole SO4), ameliorating the poor Coulombic efficiency by increasing membrane 

modulus offsets the voltage-efficiency losses and results in highest optimal power density. 
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 Figure 6-12. Calculated (a) Coulombic 𝜀q and voltage 𝜀v efficiencies and (b) discharge power 

density Ψd at 80% energy efficiency (shaded region is ±0.2%) as a function of equivilent weight 

EW for a dry-membrane modulus 𝐸b
0 of 185 MPa (solid lines), 154 MPa (dashed lines), and 123 

MPa (dot-dashed lines). 

6.4.3 Structure-Property-Performance Relationships 

The model results show that transport properties in VRFB membranes (e.g. conductivity, 

diffusivities, etc.) result from a complex interplay of multiple phenomena that are mediated by 

structural characteristics of the membrane (e.g. membrane modulus and EW). These transport 

properties, in turn, dictate VRFB performance (e.g. Coulombic efficiency). To provide general 

structure-property-performance relationships, we perform sample-based sensitivity analysis. This 

analysis (see Numerical Implementation) calculates properties and the performance of membranes 

over a range of equivalent weights, moduli, tortuosities, and hydrophilic domain shapes and sizes. 

This method is analogous to synthesizing a thousand membranes with attributes spanning this 

parameter space and measuring their properties and in-cell performance. 
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Figure 6-18, Figure 6-19, and Figure 6-20, show pair plots of structural attributes (𝐸𝑊, 𝐸b
0, 𝜒, 𝐺, 

and 𝑑0), exemplar transport and uptake properties (𝜅, 𝑡II, 𝐷0II, 𝐷IIII, 𝑚II, 𝑚H, and 𝜆), and cell 

performance at a current density of 200 mA cm-2 (Ψd, 𝜀q, and 𝜀v) and reference conditions (see 

Table 6-2). Figure 6-21 gives the least-squares linear regression coefficients between the natural 

log of each variable. Based on the sample-based sensitivity analysis, Figure 6-13 shows a chord 

diagram of correlation between (a) structural attributes of the membrane and transport and uptake 

properties and (b) membrane properties and cell performance metrics scaling the chord size by the 

Spearman rank correlation coefficient 𝑟s squared (Figure 6-22 provides all values of the Spearman 

coefficients between variables). Spearman coefficient is a measure of correlated monotonicity 

between variables.  

Figure 6-13a illustrates that dry-membrane domain spacing, 𝑑0, and membrane modulus, 𝐸b
0, are 

highly correlated to the molality of ions in the membrane and water uptake, respectively, because 

they directly affect the energetics of membrane partitioning (see Part I, Chapter 4).247 The shape 

and tortuosity of the hydrophilic domains, quantified by 𝐺 and 𝜒, respectively, correlate with 

transport properties. The domain shape affects the transference number of vanadium, whereas the 

tortuosity influences the conductivity and diffusion coefficients. EW correlates with all of these 

membrane properties, but typically to a lesser extent than the other membrane attributes. Figure 

6-13a suggests which membrane design approaches are likely to influence a property of interest. 

However, the structure-function correlations are not high (i.e. at most 0.8), indicating that varying 

the structure of the membrane does not guarantee altered properties. Moreover, structural attributes 

impact multiple transport properties such that properties cannot be tuned independently.  



 

146 

 

 

 Figure 6-13. Chord diagrams of parameter sensitivity as measured by the Spearman correlation 

coefficient, 𝑟s, between (a) structural parameters of the membrane and exemplar transport and 

uptake properties and (b) membrane properties and cell performance metrics at the reference 

electrolyte conditions with current density of 200 mA cm-2. The arch-length of the chord’s 

intersection with the outer circle scales as the square of the Spearman coefficient (see Figure 

6-22 for values). For clarity, connections with |𝑟𝑠| < 0.05 and between variables in the same 

group are not included. 
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Figure 6-13b correlates the membrane properties with in-situ VRFB performance. Membrane 

conductivity directly governs voltage efficiency, 𝜀v, and discharge power density, Ψd, at a current 

density of 200 mA cm-2 (see Equations 6-1, (6-6), and 6-28), giving 𝑟s = 1 between these variables. 

Because conductivity is highly correlated with vanadium diffusivity, vanadium diffusion 

coefficients are also correlated with 𝜀v and Ψd but do not have a causal effect (see Figure 6-20). 

The sensitivity analysis shows that Coulombic efficiency is highly correlated with vanadium 

transference number (𝑟s = −0.98) and water-vanadium diffusion coefficient (𝑟s = −0.84) and 

only weakly correlated with vanadium-vanadium diffusion coefficient (𝑟s = −0.55). These 

correlations are consistent with Figure 6-7 in showing the crucial roles of migration and water-

driven transport in cell operation. Water and ion uptake are weakly correlated to cell performance 

metrics. As such, screening membranes using ex-situ measurements of conductivity and vanadium 

transference number are most indicative of cell performance in these conditions. 

 

6.5 Summary 

This work develops a multicomponent, concentrated-solution model of transport in VRFB 

membranes that accounts for Stefan-Maxwell-Onsager transport couplings between species and 

thermodynamic nonidealities. The molecular-thermodynamics model outlined in Part I (Chapter 

4) calculates ion and water partitioning into the membrane from the electrolyte in the electrodes 

and provides thermodynamic factors that influence species diffusion. The molecular-transport 

model outlined in Part II (Chapter 5) describes binary-diffusion coefficients between ions, water, 

and the membrane as a function of water content and composition.31, 247 The resulting 

multicomponent diffusion coefficient matrix has large off-diagonal elements that dilute-solution 

theory neglects and that impact the net transport of the species through the membrane. Transport 

is highly coupled because of both thermodynamic and frictional interactions between species. In 

particular, water concentration gradients play a dominant role in vanadium crossover. Under an 

applied current, contributions to net flux from these diffusional modes and migration are aligned 

or opposed, depending on the direction of transport. Migration dominates at high current densities 

(>250 mA cm-2). The magnitude of coupling suggests that predictions made using dilute-solution 

theories for VRFB will be misleading. Extended-dilute-solution theories that account for the 

impact of water chemical potential gradients on vanadium transport are more reliable. 

Furthermore, membrane-permeation experiments that measure flux under ill-defined 

concentration gradients will not provide diffusion coefficients that are predictive of transport under 

other conditions. Even in the case of carefully designed experiments, the magnitude of measured 

diffusion coefficients should be interpreted in the context of the collective interactions between all 

species present in the system. Sensitivity analysis indicate that membrane conductivity and 

vanadium transference number are the best predictors of cell performance metrics. 

The cell performance in terms of power density and energy efficiency depends on the complex 

interplay of the thermodynamic and frictional interactions of all species and their gradients. We 

studied the effect of sulfate and vanadium concentration in the electrode electrolyte and membrane 

equivalent weight and modulus on membrane properties, species transport, and cell performance. 

For a metric of maximum power density at 80% energy efficiency, low-vanadium and high-

sulfuric acid concentration electrolytes perform best. However, the solubility of vanadium in 

sulfuric acid limits the success of this strategy. Membranes with low equivalent weights (i.e. high 

ion-exchange capacity) perform better. Specifically, decreasing EW from 1500 to 900 improves 
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performance by 20% by increasing membrane conductivity. Whereas at high equivalent weights, 

a low modulus is superior, although perhaps not readily synthesizable. 

 

6.6 Appendix 6-A 

Adding Equation 6-18 to Equation 6-17 puts the driving force in terms of ionic potential-

independent term 𝜇𝑖,M 

 
𝑐𝑖

∂𝜇𝑖

𝜕𝑧
−

𝑐𝑖𝑧𝑖

𝑧M

𝜕𝜇M

𝜕𝑧
= 𝑐𝑖

𝜕𝜇𝑖,M

𝜕𝑧

= ∑
𝑅𝑇

𝒟𝑖𝑗𝑐T

(𝑐𝑖𝑁𝑗 − 𝑐𝑗𝑁𝑖)

𝑗≠𝑖,M

−
𝑐M𝑅𝑇

𝑐T𝒟𝑖M
𝑁𝑖 −

𝑐𝑖𝑧𝑖

𝑐T𝑧M
∑

𝑅𝑇

𝒟𝑗M
𝑁𝑗

𝑗≠M

 

6-29 

where 𝐷𝑖M = 𝑐𝑖𝑐𝑗𝑅𝑇/𝑐T𝐾𝑖𝑗. For an isothermal, isobaric system, the gradient of 𝜇𝑖,M is a function 

of 𝑁 − 2 species compositions because the Gibbs-Duhem equation and electroneutrality reduces 

the degrees of freedom by 2. We expand left side of Equation 6-29 using the composition variable 

ln(𝑥𝑗/𝑥
M

𝑧𝑗/𝑧M
) 
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𝑥
M

𝑧𝑗/𝑧M
)

𝜕𝑧

𝑁

𝑗≠M,𝑛

= 𝑅𝑇𝑐T ∑ [χ𝑖𝑗 (
𝜕𝑥𝑗

𝜕𝑧
−

𝑧𝑗𝑥𝑗

𝑧M𝑥M
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𝑁
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Substitution of Equation 6-30 into Equation 6-29 gives 

 

𝑐T ∑ χ𝑖𝑗
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𝜕𝑧

𝑁
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6-31 

By choosing species 𝑛 such that it has a charge number different from M, we can eliminate the 

mole fraction of species 𝑛 and M on the right side by using the dependence of mole fractions (1 =
∑ 𝑥𝑖𝑖 ) and electroneutrality (∑ 𝑥𝑖𝑧𝑖𝑖 = 0), specifically giving 𝑥𝑛 = (𝑧𝑛 + ∑ 𝑥𝑗(𝑧𝑗 − 𝑧𝑛)𝑗≠M,𝑛 )/

(𝑧𝑛 − 𝑧M) and 𝑥M = (𝑧M + ∑ 𝑥𝑗(𝑧𝑗 − 𝑧M)𝑗≠M,𝑛 )/(𝑧M − 𝑧𝑛). Rearranging Equation 6-31 into a 

matrix form gives 

 𝛘𝒙′ = 𝚿𝒙 + 𝜻 6-32 
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where 𝒙′ and 𝒙 are 𝑁 − 2 vectors with entries 𝜕𝑥𝑖/𝜕𝑧 and 𝑥𝑖, respectively; 𝚿 is a 𝑁 − 2 by 𝑁 −
2 matrix containing entries 
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𝑧𝑖 − 𝑧𝑛

𝒟𝑖M(𝑧𝑛 − 𝑧M)
+

𝑧𝑖 − 𝑧M

𝒟𝑖𝑛(𝑧M − 𝑧𝑛)
)

+ ∑
𝑁𝑘

𝑐T𝒟𝑖𝑘
+

𝑘≠M,𝑖

𝑧𝑖

𝑧M

(χ𝑖𝑖

𝜕 ln 𝑥M

𝜕𝑧
− ∑

𝑁𝑘

𝑐T𝒟𝑘M
𝑘≠M

) 
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and 
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−

𝑁𝑖
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(
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6-34 

for 𝑖 ≠ 𝑗; and 𝜻 is a 𝑁 − 2 vector containing entries 

 
𝜁𝑖 = −

𝑁𝑖

𝑐T
(

𝑧𝑛

𝒟𝑖M(𝑧𝑛 − 𝑧M)
+

𝑧M

𝒟𝑖𝑛(𝑧M − 𝑧𝑛)
) 

6-35 

Equations 6-33 through 6-35 are for 𝑖 and 𝑗 not equal to species M or 𝑛.  

 

6.7 Appendix 6-B 

Krishna et al. 283-284showed that with boundary conditions on 𝑥𝑖 at 𝑧 = 0 and = 𝑙M the solution to 

Equation 6-32 for constant χ𝑖𝑗 , 𝑐T, and 
𝜕 ln 𝑥M

𝜕𝑧
 (we approximate 

𝜕 ln 𝑥M

𝜕𝑧
 as ln (

𝑥M(𝑧=𝑙M)

𝑥M(𝑧=0)
) /𝑙M) is 

 𝒙 − 𝒙(𝑧 = 0) = [exp(𝚯−1𝚿𝑧) − 𝐈][exp(𝚯−1𝚿𝑙M) − 𝐈]−1 [𝒙(𝑧 = 𝑙M) − 𝒙(𝑧 = 0)] 6-36 

where 𝐈 is the identity matrix, the superscript −1 denotes the matrix inverse, and the exp is the 

matrix exponential. The concentration gradient vector is then 

 𝒙′ = [𝚯−1𝚿 exp(𝚯−1𝚿𝑧)][exp(𝚯−1𝚿𝑙M) − 𝐈]−1 [𝒙(𝑧 = 𝑙M) − 𝒙(𝑧 = 0)] 6-37 

We calculate the matrix exponential by diagonalizing the matrix argument and computing the 

exponential element-wise of the matrix eigenvalues. Equations 6-36 and 6-37 give the species 

concentration and concentration gradients as a function of species fluxes.  

Equation 6-37 in conjunction with Equation 6-19 calculate flux. The equations are an implicit set 

of algebraic equations that calculate flux. Krishna et al.283-284 showed that the following numerical 

method specifies flux: (1) calculate 𝚿 for 𝑵 = 0; (2) calculate 𝒙′ from Equation 6-37 at 𝑧 = 0; 

(3) use calculated 𝒙′ at 𝑧 = 0 to calculate 𝑵 using Equation 6-19; (4) recalculate 𝚿 using the 

calculated 𝑵; (5) repeat steps 2-4 until achieving convergence (here, set to 1x10-3 relative change 

in flux over an iterations). 
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6.8 Chapter 6 Supporting Information 

6.8.1 Calculation of Electrolyte Concentrations 

We calculate the composition in the electrodes after each charging step by setting the sulfate and 

proton salt concentration in the electrode equal (i.e. (𝑐SO4

𝛽
)

1/2

𝑐H
𝛽

= (𝑐SO4

𝜖 )
1/2

𝑐H
𝜖 ) where 𝑐𝑖 is the 

molar concentration of 𝑖 in electrode 𝜙), conserving the total mass of sulfate across a charging step 

(i.e. 𝑐SO4

𝛽
+ 𝑐SO4

𝜖  is the same at the end of charging), and satisfying electroneutrality (∑𝑧𝑖𝑐𝑖
𝜙

= 0). 

We neglect the crossover of a small amount of vanadium during charging. 

6.8.2 Parameters 

Table 6-3 gives model parameters for vanadium ions (generically denoted with subscript V(x)) 

where 𝔇𝑖j
mol is the binary diffusion coefficient between 𝑖 and 𝑗 accounting for ion pairing, �̃�V(x) is 

the viscous volume, 𝑘V(x) is the solvent/cation binding constant, 𝐾V(x)HSO4
 is the 

vanadium/bisulfate equilibrium constant, and 𝛽V(x)𝑖 is the interaction parameter between vanadium 

and species 𝑖. Parts I and II detail the definition of these parameters.31, 247 As discussed in Part II 

(Chapter 5), superscript mol on the diffusion coefficients denotes accounting for ion-pair 

formation (i.e. Molecular Construct).31 Superscript ∞ denotes infinite dilution. In parenthesis we 

note the reference concentration in units of mol dm-3 (M) for ion/ion diffusion coefficients. Where 

there are incomplete measurements for a vanadium ions, the species that have known parameters 

that approximate those of vanadium are given. 𝛽𝑖𝑗 and 𝑘𝑖 for ion pairs that are positively charged 

(e.g. V(III)HSO4) are set to those of the highest charge number participating cation; for ion pairs 

that are negatively charged (e.g. HSO4) these thermodynamic parameters are set to the involved 

anion. 

  



 

151 

 

 

 

Table 6-3. Properties of vanadium ions 

 V(II) V(III) V(IV) V(V) 

𝔇0V(x)
∞,mol

 1.41-10 [m2/s] 

(Ref 261) 

1.41-10 [m2/s] 

(Ref 261) 

1.4x10-10 [m2/s] 

(Ref 264) 

1.4x10-10 [m2/s] 

(Ref 264) 

𝔇0HSO4V(x)
∞,mol

 1.41-10 [m2/s] 

(Ref 261) 

1.41-10 [m2/s] 

(Ref 261) 

1.4x10-10 [m2/s] 

(Ref 264) 

1.4x10-10 [m2/s] 

(Ref 264) 

𝔇SO4V(x)
mol  6.26x10-12 [m2/s] 

at 0.7 M (CuSO4, 

Ref 85) 

6.26x10-12 [m2/s] 

at 0.7 M (CuSO4, 

Ref 85) 

6.26x10-12 [m2/s] 

at 0.7 M (CuSO4, 

Ref 85) 

2.40x10-11 [m2/s] 

at 0.3 M (KSO4 

Ref 85) 

𝔇HSO4V(x)
mol  6.01x10-11

 [m
2/s] 

(CaCl2, Ref 85) at 

1 M 

6.63x10-12 [m2/s] 

at 0.05 M (LaCl3, 

Ref 85) 

6.01x10-11
 [m

2/s] 

(CaCl2, Ref 85) at 

1 M 

4.08x10-10 [m2/s] 

at 3 M (KCl, Ref 
85) 

𝔇SO4HSO4V(x)
mol  N/A 1.78x10-11 [m2/s] 

at 0.3 M 

(Na2SO4, Ref 85) 

2.40x10-11
 

(KSO4, Ref 85) at 

0.3 M 

N/A 

𝔇HSO4HSO4V(x)
mol  N/A 2.63x10-10 [m2/s] 

at 3 M (NaCl Ref 
85) 

4.08x10-10 (KCl, 

Ref 85) at 3M 

N/A 

(
�̃�V(x)6

NA𝜋
)

1
3

 

0.765 [nm] 

(Ni2+)II 

0.908 [nm] 

(Cr3+)II 

0.76 [nm] (Ni2+)II 0.552 [nm] 

(Li+)II 

𝑘V(x) 0.244 (Cu2+)I 0.566 (Fe3+)I 5.41 (Ni2+)I 3.59 (Li+)I 

𝐾V(x)𝐻𝑆𝑂4
 No Association 1.8x10-6 (fit) 0.01059 (Ref 223) No Association 

𝛽V(x)M 0.08 (Cu2+)I 0.45 (fit) 0.08 (fit) 0.25 (fit)I 

𝛽V(x)SO4
 -0.164 (Cu2+)I 0 (fit) - 0.164 (Cu2+)I 0.168 (H+)I 

I from Part I (Chapter 4)247 

II from Part II (Chapter 5)31 
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6.8.3 Flowchart of VRFB membrane model 

 

 Figure 6-14. flowchart outlining the model of VRFB membrane transport and thermodynamics. 

6.8.4 Validity of Constant-Transport-Coefficients Assumption 

The validity of neglecting changes in 𝔇𝑖𝑗 and 𝜒𝑖𝑗 over the composition in the membranes is 

considered here. We compare 𝔇𝑖𝑗 and 𝜒𝑖𝑗 evaluated at a composition that is 90% and 10% of the 

composition of the negative electrode (i.e 𝑥𝑖

�̅�90% = (0.9𝑥𝑖
𝛿′

+ 0.1𝑥𝑖
𝛿′′

) and 𝑥𝑖

�̅�10% = (0.1𝑥𝑖
𝛿′

+

0.9𝑥𝑖
𝛿′′

), respectively). Table 6-4 shows the average absolute relative deviation (AARD) of 𝔇𝑖𝑗 

calculated at these composition relative to the average membrane composition that we use in the 

main text (i.e. 𝑥𝑖
�̅� = (0.5𝑥𝑖

𝛿′
+ 0.5𝑥𝑖

𝛿′′
)) 

AARD𝔇𝑖𝑗
=

|
𝔇𝑖𝑗 (𝑥𝑖

�̅�90%) − 𝔇𝑖𝑗(𝑥𝑖
�̅�)

𝔇𝑖𝑗 (𝑥
𝑖

�̅�90%)
| + |

𝔇𝑖𝑗 (𝑥𝑖

�̅�10%) − 𝔇𝑖𝑗(𝑥𝑖
�̅�)

𝔇𝑖𝑗 (𝑥
𝑖

�̅�10%)
|

2
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The small values of AARD show that assuming constant 𝔇𝑖𝑗 across the membrane is justified. 

Table 6-5 shows the average absolute deviation of 𝜒𝑖𝑗 at compositions of 𝑥𝑖

�̅�90%  and 𝑥𝑖

�̅�10%  relative 

to 𝑥𝑖
�̅�.  

AAD𝜒𝑖𝑗
=

|𝜒𝑖𝑗 (𝑥𝑖

�̅�90%) − 𝜒𝑖𝑗(𝑥𝑖
�̅�)| + |𝜒𝑖𝑗 (𝑥𝑖

�̅�10%) − 𝜒𝑖𝑗(𝑥𝑖
�̅�)|

2
 

The AAD is a superior measure of deviation for 𝜒𝑖𝑗 since some entries go to zero, such as the off-

diagonal elements of an ideal solution. 𝜒𝑖𝑗 is of order 1, and some values of AAD𝜒𝑖𝑗
 are of the same 

order. Therefore, the assumption of constant 𝜒𝑖𝑗 is approximate. To quantify how these errors 

impact calculated fluxes, Table 6-6 shows the AAD of the calculated species fluxes using 𝜒𝑖𝑗 and 

𝔇𝑖𝑗 at 𝑥𝑖

�̅�90%  and 𝑥𝑖

�̅�10%  relative those calculated at 𝑥𝑖
�̅�. Using transport parameters from the range 

of compositions in the membrane to calculate fluxes of water and vanadium does not significantly 

change their value. The flux of SO4 does vary depending on how the membrane phase composition 

is averaged. However, these errors are not concerning here as the interest of this paper is principally 

vanadium crossover. As such, the approximations made to solve the system of equations outlined 

in the Theory section do not significantly bias out results. 

 

Table 6-4. AARD of 𝔇𝑖𝑗 

 0 SO4 V(IV) V(V) V(II) V(III) M 

0 NA 4% 4% 4% 4% 5% 6% 

SO4 4% NA 7% 4% 4% 2% 19% 

V(IV) 4% 7% NA 7% 10% 3% 3% 

V(V) 4% 4% 7% NA 23% 7% 2% 

V(II) 4% 4% 10% 23% NA 8% 3% 

V(III) 5% 2% 3% 7% 8% NA 3% 

M 6% 19% 3% 2% 3% 3% NA 

 

Table 6-5. AAD of 𝜒𝑖𝑗 

 0 SO4 V(IV) V(V) V(II) V(III) 

0 0.073 0.124 0.127 0.317 0.133 0.302 

SO4 0.022 0.081 0.093 0.118 0.080 0.224 

V(IV) 0.017 0.011 0.097 0.199 0.201 0.381 

V(V) 0.023 0.013 0.041 0.156 0.080 0.057 

V(II) 0.004 0.009 0.011 0.044 0.051 0.100 

V(III) 0.008 0.018 0.043 0.112 0.169 0.269 

 

Table 6-6. Calculated 𝑁𝑖𝐹 for transport coefficients at 𝑥𝑖
�̅� and the AAD 

 0 SO4 V(IV) V(V) V(II) V(III) 

𝑵𝒊𝑭 

[mA/cm2] 275.75 0.81 -0.10 -0.06 0.50 0.90 

AAD 

[mA/cm2] 11.585 1.096 0.078 0.032 0.017 0.066 
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6.8.5 Sample-Based Sensitivity Analysis Parameters  

Values of membrane properties were sampled using Saltelli’s extension of the Sobol sequence as 

implemented in the SALib package for python.287 The sequence consisted of 1001 samples over 

the range of parameters listed in Table 6-7. 

 

Table 6-7. Ranges of membrane parameters sampled for sensitivity analysis 

Parameter Lower Limit Upper Limit 

Equivalent Weight, 𝐸𝑊 950 [g-polymer/mole SO3] 1250 [g-polymer/mole SO3] 

Backbone Modulus, 𝐸b
0 139 [MPa] 169 [MPa] 

Archie’s Parameter, 𝜒 0.9 1.5 

Geometric Transport Factor, 

𝐺 

3 6 

Dry-membrane domain 

spacing, 𝑑0 

2.2 [nm] 3.3 [nm] 
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6.8.6 Predicted Cell Performance with Different Transport Models 

 

 

Figure 6-15. Coulombic efficiency 𝜀q and voltage efficiency 𝜀v calculated using the proposed 

concentrated-solution theory model, the dilute-solution theory that accounts only for 

interactions with the membrane (i.e. 𝔇𝑖𝑗≠M → ∞) and an extended dilute-solution theory that 

also accounts for frictional interactions with water (i.e. 𝔇𝑖𝑗≠0,M → ∞). 
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6.8.7 Impact of EW, Modulus, and Supporting and Vanadium Electrolyte Concentration  

 

 Figure 6-16. Calculated membrane water uptake 𝜆 (a), proton molarity 𝑚H
�̅�  (b), and V(II) 

molarity 𝑚V(II)
�̅�  (c) evaluated at composition 𝑥𝑖

�̅� as a function of the total vanadium molarity in 

the electrodes where the 𝑆𝑂𝐶 of the cell is 50% and the different lines are for different arithmetic 

average sulfate concentration in the electrodes of 4.82 mol dm-3 (solid lines), 4.39 mol dm-3 

(dashed line), to 3.95 mol dm-3 (dot-dashed line). 
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Figure 6-17. Calculated membrane water uptake 𝜆 (a), proton molarity 𝑚H
�̅�  (b), and V(II) 

molarity 𝑚V(II)
�̅�  (c) evaluated at composition 𝑥𝑖

�̅� as a function of equivilent weight EW for 

different dry-membrane moduli 𝐸b
0 of 185 MPa (solid lines), 154 MPa (dashed lines), and 123 

MPa (dot-dashed lines). 
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6.8.8 Sample-Based Sensitivity Analysis  

 

 

Figure 6-18. Pair plot of membrane structure-performance properties sample-based sensitivity 

analysis. Diagonals show kernel density estimate of variable distribution. Points in off-diagonal 

plots are the calculated values of a specific sample. Lines show best-fit least-squares linear 

regression. 
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Figure 6-19. Pair plot of membrane structure-property properties sample-based sensitivity 

analysis. Diagonals show kernel density estimate of variable distribution. Points in off-diagonal 

plots are the calculated values of a specific sample. Lines show best-fit least-squares linear 

regression. 
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Figure 6-20. Pair plot of membrane function-performance properties sample-based sensitivity 

analysis. Diagonals show kernel density estimate of variable distribution. Points in off-diagonal 

plots are the calculated values of a specific sample. Lines show best-fit least-squares linear 

regression. 

 

 

 

 



 

161 

 

 

Figure 6-21. Heat map matrix of the log10-absolute value-effect coefficients obtained by linearly 

regressing the natural log of each structure-property-performance components against one 

another. Heatmap is colored from white (negative values) to blue (positive values). The 

coefficient represents the log10 of the fractional change in variable 𝑖 given a fractional change to 

variable 𝑗. 
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Figure 6-22. Heat map matrix of Spearman rank correlation coefficients between structure-

property-performance components colored from red (negative values) to white (zero) to blue 

(positive values). 
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7 The Influence of Mesoscale Interactions on Proton, Water, and 

Electrokinetic Transport in Solvent-Filled Membranes: Theory 

and Simulations 

 

7.1 Chapter Abstract 

Transport of protons and water through water-filled, phase-separated cation-exchange membranes 

occurs through a network of connected hydrophilic water-filled channels. This paper uses 

simulations and theory to explore the role of this network (i.e. at the mesoscale) on water, proton, 

and electrokinetic transport, in perfluorinated sulfonic-acid (PFSA) membranes, pertinent to fuel 

cells. A concentrated-solution theory describes microscale transport. Network simulations model 

mesoscale effects and calculate macroscopic properties. An experimentally consistent 3D Voronoi 

network topology characterizes the interconnected channels in the membrane. Experimental water, 

proton, and electrokinetic transport properties validate calculations of macroscopic properties from 

network simulations and from effective medium theory. The results show that the hydrophilic 

channel size affects the different microscale transport modes dissimilarly, resulting in different 

distributions of microscale coefficients for different modes of transport. As a result, the network 

mediates transport of species non-uniformly. Dissimilar calculated tortuosities arise for water, 

proton, and electrokinetic transport coefficients (i.e. 4.7, 3.0 and 6.1, respectively, at a water 

content of 8 H2O per polymer charge equivalent). The pathways that water travels across the 

membrane is different than those of protons. The distribution of transport properties across the 

network induces local electrokinetic flows that couple water and proton transport. Specifically, 

local electrokinetic transport induces water gradients that decrease macroscopic conductivity by 

up to a factor of 3. Macroscopic proton, water, and electrokinetic transport coefficients depend on 

the collective microscale transport properties of all modes of transport and their distribution across 

hydrophilic channels.  

 

7.2 Introduction 

Research of water-swollen phase-separated ion-exchange membranes often seeks physical bases 

for the measured values of transport properties, such as conductivity and water permeation, in 

terms of the molecular interactions among species.12, 14-15, 18, 44, 64, 105, 240, 257, 288-291 To this end, a 

microscale description of transport in a single representative (e.g., average) water-filled domain 

accounting for molecular interactions to provides a transport property 𝐿∗ (superscript * denotes a 

microscale property).31, 37, 84, 257, 292-294 The transport property is upscaled to compare with 

measured macroscopic properties by considering (1) that 𝐿∗ describes transport in a water-filled 

channel (i.e., an interstitial property), whereas the membrane as a whole contains a water volume 

fraction 𝜙 with the polymeric component of the membrane remaining inert to aqueous transport 

making its measured properties superficial, and (2) that transport occurs across a network of 

connected channels forming a meandering pathways characterized by a single tortuosity 𝜏.37 These 

two factors scale the microscale property 𝐿∗ to a macroscopic, measurable property 𝐿 according 

to37, 295 
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𝐿 =

𝜙

𝜏
𝐿∗. 

7-1 

In principle, tortuosity characterizes the transport path length and depends on the topology of the 

material (i.e., how the various sized channels are connected) and, in particular, the distribution of 

channel transport properties.37 Tortuosity quantifies how the lengthscales over which channels are 

connected and distributed (i.e., the mesoscale) influences macroscopic properties. It is, however, 

is not well recognized that tortuosity also varies with the particular transport property under 

consideration.37 As a pedagogical example of the importance of property distribution, consider the 

tortuosity of a network consisting of two channels 𝑎 and 𝑏 connected in series with the same cross-

sectional area and width with different transport properties 𝐿∗𝑎 and 𝐿∗𝑏 that is, as Appendix 7-A 

shows, 

 
𝜏 =

𝜙𝐿∗

𝐿
=

1

2
+

(𝐿∗𝑎)2 + (𝐿∗𝑏)2

4𝐿∗𝑎𝐿∗𝑏
.  

7-2 

The tortuosity is unity when the transport property of the segments are equal and 𝜏 > 1 when 

transport properties are unequal. 

In practice, 𝜏 is often an adjustable parameter.37 Equation 7-1 is the so-called capillary model for 

transport and is widely used to understand transport in membranes and porous media.37, 84, 240, 257, 

289, 292-293, 295-296 Specifically, Chapters 3 and 5 invoke Equation 7-1 to upscale microscale 

properties to macroscopic transport coefficients. This work studies the application of the capillary 

model and the nature of 𝜏 and, consequently, the mesoscale in proton-exchange membranes in 

which proton and water transport occur simultaneously. 

Phase-separated, water-filled proton-exchange membranes a challenge for the capillary model 

because the presence of water and a mobile cation gives rise to multiple modes of transport.12, 18, 

72, 257 Ion electrochemical-potential gradients, 𝛻𝜇+, generate an ion flux, 𝑵+, (e.g., an electric field 

generates current). Likewise, water chemical-potential gradients, 𝛻𝜇0, induce a water flux, 𝑵0, 

(i.e., water diffusion or permeation). Because the (electro)chemical potential depends on pressure, 

a pressure gradient also drives mass transport accordingly. Additionally, transport driving forces 

are coupled by electrokinetics such that ion electrochemical-potential gradients initiate a water 

flux (i.e., electroosmosis) and water chemical-potential gradients initiate an ion flux (i.e., 

streaming current). This paper explores how the capillary model represents these multiple modes 

of transport in proton-exchange membranes (see Table 6 in Ref 12). 

Transport in these systems is mathematically described by non-equilibrium thermodynamics of 

concentrated solutions. For our system with a cation, water, and a membrane (with fixed anionic 

charges) the governing flux equations are78, 295, 297 

 𝑵+ = −𝐿++∇𝜇+ − 𝐿+0∇𝜇0 7-3 

and 

 𝑵0 = −𝐿0+∇𝜇+ − 𝐿00∇𝜇0 7-4 

where 𝜇0 is the water chemical potential, 𝜇+ is the proton electrochemical potential, 𝐿00 is the 

transport coefficient relating a flux of water to its chemical potential gradient (proportional to 

water permeance), 𝐿++ is the transport coefficient relating a flux of cations to its electrochemical 
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potential gradient (proportional to ionic conductivity), and 𝐿+0 is the electrokinetic transport 

coefficient relating the flux of ions to a water chemical potential gradient‡‡. Onsager’s reciprocal 

relationship dictates that 𝐿+0 = 𝐿0+.295 

In network of inter-connected channels, the presence of coupling between transport modes makes 

effective transport properties challenging to rationalize in terms of microscale properties and 

simple upscaling.257 For example, in the case of two channels 𝑎 and 𝑏 connected in series with 

different conductive transport properties 𝐿++
∗𝑎  and 𝐿++

∗𝑏  with mean 𝐿++
∗  but the same cross-sectional 

area, width, and water and electrokinetic transport coefficients 𝐿00
∗  and 𝐿0+

∗  respectively, the proton 

transport (i.e. conductive) tortuosity is, as Appendix 7-A shows, 

 
𝜏++  =

𝜙𝐿++
∗

𝐿++
=

(𝐿0+
∗ )2 − 𝐿00

∗ 𝐿++
∗

(𝐿0+
∗ )2 − 𝐿00

∗ (
𝐿++

∗𝑎 𝐿++
∗𝑏

𝐿++
∗ )

 
7-5 

As in the case of uncoupled transport (Equation 7-2), in coupled transport 𝜏++ = 1 if the transport 

channels have the same transport properties. However, in the coupled case, transport coefficients 

for water transport and electrokinetics influence the tortuosity of proton transport coefficient. This 

phenomena arises because the difference between 𝐿++
∗𝑎  and 𝐿++

∗𝑏  induces an electrokinetic water 

chemical-potential gradient that drives additional proton flux. Even if there is no net water 

chemical potential difference across both segments, there is a chemical potential difference across 

the individual segment. It is therefore impossible to describe completely the effective ionic 

transport coefficient of this system without accounting for the water transport and electrokinetic 

properties. For example, in the limiting case that the water transport coefficient is zero, 𝐿00
∗ = 0, 

the tortuosity for proton transport is actually unity no matter the proton transport coefficients. This 

result is starkly different than when considering uncoupled transport (Equation 7-2). This simple 

toy model of two channel in series illustrates that coupling between water and ion transport 

mediates macroscopic transport properties at the mesoscale. The complexity of this phenomena 

increases when considering real systems that contain numerous connected channels with a 

heterogeneous size distribution. 

Previous literature studies the effect of transport couplings in network structures transporting gas 

and electrokinetic phenomena in porous media.97-98, 298 We explore this relationship in the context 

of water-filled, phase-separated, cation-exchange membranes, building on prior network 

simulations of this material.48, 76, 143, 299 In particular, we study perfluorinated-sulfonic-acid (PFSA) 

membranes (such as Nafion) because they are an essential component of energy conversion 

applications and are widely characterized experimentally, allowing for model validation.12 

PFSAs are nanophase separated with water-filled channels exhibiting sizes on the order of 

nanometers.12, 18, 58 The hydrophilic channels of PFSA membranes contain water and cations with 

negatively charged sulfonate (SO3
-) groups imbedded in the hydrophobic channel walls.12, 18, 58 

This study considers Nafion PFSA membranes exchanged with protons. The equivalent weight 

(EW) of the membrane is the average mass of polymer per sulfonate group. For the Nafion 

membrane in this study EW is 1020 (based on manufacture-reported titration and lower than the 

nominal 1100 in most literature).12, 300 The water content of the membrane is quantified by 𝜆, the 

                                                

‡‡ In some literature (see Chapter 5) the transport coefficient 𝐿𝑖𝑗  is written as 𝑐𝑖𝑐𝑗𝐿𝑖𝑗 . This formulation is convenient 

when relating to Stefan-Maxwell concentrated-solution formalism 
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molecules of water per sulfonate group and spans from ~0 when fully dried to ~22 when fully 

hydrated, with the water activity of the environment controlling the average hydration level of the 

material.12 The sizes of the hydrophilic channels or “pores” is widely distributed.12, 58, 99, 137 PFSA 

materials are dissimilar to classic porous media in that, in the dry state, the hydrophilic channels 

collapse and are not filled with gas or vapor.12  

This paper is outlined as follows. First, we summarize a microscale model for transport coefficients 

𝐿𝑖𝑗
∗  of single water-filled channel of a PFSA membrane as a function of water content and channel 

size. Second, the microscale model parameterizes the mesoscale network simulations of PFSA 

membranes using realistic network topologies (represented by a 3D Voronoi tessellation) and 

channel-size distributions informed by structural characterization. Network nodes exhibit no 

transport resistance. Effective-medium theory rationalizes the findings of these simulations.  The 

Network simulations and effective-medium theory calculate the macroscopic transport properties 

𝐿𝑖𝑗. Measured transport properties validate the model predictions. Finally, we examine the 

implications of our work and the nature of the capillary model and tortuosity in PFSA materials.  

 

7.3 Microscale Transport Description  

We calculate microscale transport properties 𝐿𝑖𝑗
∗  by accounting for binary frictional interactions 

between cations, water, and the membrane using the Stefan-Maxwell formalism.9, 31 As outlined 

in prior work,31 in a cation-exchange membrane with polymer (denoted M), water (denoted 0), and 

a proton (denoted +), nonequilibrium thermodynamics dictates that the (electro)chemical potential 

gradient drives mass transport. According to Gibbs-Duhem, only two of these three 

electrochemical potential are independent.9 In a Stefan-Maxwell form, this driving force is 

balanced by frictional drag interactions between species 𝑖 and 𝑗 and is proportional to their 

difference in species velocities, 𝒗𝑖
∗ and 𝒗𝑗

∗, multiplied by a friction coefficient 𝐾𝑖𝑗
∗  31, 78 

 𝑐+
∗ ∇𝜇+ = 𝐾+0

∗ (𝒗0
∗ − 𝒗+

∗ ) + 𝐾+M
∗ (−𝒗+

∗ ) 

𝑐0
∗∇𝜇0 = 𝐾0+

∗ (𝒗+
∗ − 𝒗0

∗ ) + 𝐾0M
∗ (−𝒗0

∗ ) 

7-6 

where 𝑐𝑖
∗ is the concentration of species 𝑖. A reference velocity must be specified because only 2 

of the three velocities are independent.31 There is no superscript ∗ on the (electro)chemical 

potentials because they are the same at the microscale and macroscale. The membrane provides 

the reference velocity, 𝒗M
∗ = 0, because the membrane is typically fixed (relative to the laboratory 

frame of reference). Solving Equations 7-6 for 𝒗0
∗  and 𝒗+

∗  and noting that flux is proportional to 

the species velocity (𝑵𝑖
∗ = 𝑐𝑖

∗𝒗𝑖
∗) gives Equations 7-3 and 7-4. To specify 𝐾𝑖𝑗

∗ , this work uses the 

microcontinuum model described previously,31 with several modifications detailed in Appendix 

7-B details; a brief summary included here.  

We treat water/cation friction coefficients as equivalent to those of a bulk-aqueous-electrolyte at 

the same cation concentration. The short-range water-cation interactions justify the implicit 

assumption that the presence of the channel walls do not alter interactions between mobile species 

in solution. Proton/water friction in bulk solution exhibit a very low friction (high diffusion 

coefficient) at high water contents but a high friction coefficient (low diffusion coefficient) at low 

water contents (see Appendix 7-B).8, 18, 85 The strong dependence on water content is due to a 

transition from protons transporting via hopping along hydrogen bond networks (i.e. Grotthuss 
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mechanisms) to a vehicular transport mechanism at low water contents as anions and bound water 

disrupt hydrogen bonding.8, 18 

A classic electrokinetic treatment specifies the water/membrane and mobile cation/membrane 

friction coefficients.31 Specifically, the Navier-Stokes equation describes an aqueous solution 

flowing through charged channels with no-slip boundary conditions.9, 31 The linearized Poisson-

Boltzmann equation specifies the distribution of cations throughout the channel.9, 31 The solution 

to this system of equations specifies the interspecies friction coefficients as a function of 

membrane water content, 𝜆, and channel size.  

Chemical equilibrium specifies the fraction of cation immobilized due to desolvation and pairing 

with the fixed, anionic sulfonate groups as a function of water content. The ion-pariring 

equilibrium constant is adjusted such that the calculated fraction of cations paired with sulfonate 

groups agrees with molecular-dynamics simulations of PFSAs.42 

In quantifying water/membrane and mobile cation/membrane friction, the hydrophilic PFSA 

domains are considered locally flat channels with sulfonates distributed along the domain/polymer 

interface.58 For the flat-channel geometry, the local channel height 𝐻∗ is a function of water content 

𝜆 and the local channel interfacial area per sulfonate charges 𝐴SO3

∗  

 
𝐻∗ =

�̅�0𝜆

𝑁A𝐴SO3

∗  
7-7 

where the volume of cations is negligible, �̅�0 is the partial molar volume of water (approximated 

as equal to the molar volume of pure water), and 𝑁A is Avogadro’s number. For a channel with an 

average (mean) height, 𝐻ave, fitting small-angle X-ray scattering (SAXS) to Equation 7-7 specifies 

the surface area per sulfonate group as 𝐴SO3

ave  (for Nafion, 𝐴SO3

ave  = 0.23 nm2).12 We consider the 

sulfonate groups arrayed on a square-lattice at the hydrophilic/hydrophobic domain interface, 

giving a spacing between sulfonate groups as 𝑙SO3

∗ = √𝐴SO3

∗ . The distance between sulfonate 

groups of the average-height-domain is denoted 𝑙SO3

ave  (because the mean and square-root functions 

are not permutable, the mean of 𝑙SO3

∗  is not equivalent to 𝑙SO3

ave ).  

Figure 7-1 shows calculated (a) microscale proton transport coefficient 𝐿++
∗ , (b) electrokinetic 

transport coefficient 𝐿0+
∗ , (c) and water transport coefficient 𝐿00

∗ , as a function of water content 𝜆 

and the ratio of channel height to average channel height 𝐻∗/𝐻ave (see Appendix 7-B). Up to 

moderate water contents (𝜆 ~ 10), the proton transport coefficient 𝐿++
∗  increases with water content 

as the cations solvate, encounter less hydrodynamic resistance with the channel walls, and 

increasingly transport via the hopping mechanism. At high water contents, increasing water 

content dilutes protons and reduces the cation transport coefficient.  

For small, thin channels (small 𝐻∗/𝐻ave), increasing channel height decreases hydrodynamic 

resistance with the walls, thereby increasing the cation transport coefficient 𝐿++
∗ . However, the 

dependence of 𝐿++
∗  on 𝐻∗ reverses for thick channels. At high 𝐻∗/𝐻ave  , the cations are confined 

to the walls due to electrostatic attraction to the closely packed sulfonate groups. Increasing 

channel height further confines protons near to the walls, increasing hydrodynamic resistance and 

decreasing cation transport.  
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Hydrodynamic interactions with the channel walls govern electrokinetic transport coefficient 𝐿0+
∗  

and the water transport coefficient 𝐿00
∗ . As water content and channel height increase, the 

electrokinetic and water transport coefficients increase monotonically. 
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Figure 7-1. Microscale channel transport coefficients for cation transport 𝐿++
∗  (a), electrokinetic 

transport 𝐿0+
∗  (b) and water transport 𝐿00

∗  (c) as a function of water content 𝜆 for different channel 

heights relative to the average height, 𝐻∗/𝐻ave. Appendix 7-B details the calculations. 
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7.4 Upscaling and Macroscopic Transport Description 

An important finding from Figure 7-1 sis that the 𝐿𝑖𝑗
∗  transport coefficients values have 

dependencies on different channel sizes at the same water content. As we show later, this finding 

leads to different tortuosities and different pathways for water and protons to traverse the 

membrane. The following subsections first discuss the distribution of channel heights in the 

membrane. Then, we outline Voronoi tessellation resistor-network simulations, where each 

segment is parameterized by the microscale model, to determine effective, macroscale transport 

properties. To overcome the reductionist limitations of simulations, an effective-medium theory 

rationalizes the results of the simulations. 

7.4.1 Microscale Channel-Size Distribution 

There is a wide range of channel heights in PFSA membranes12, 58, 99, 137 and, consequently, from 

Figure 7-1, a distribution of transport properties. The thickest channels correspond to channels 

with sulfonate groups packed to their distance of closest approach on the top and bottom domain 

walls, 𝑙SO3

∗ = 𝑙SO3

DCA. The distance of closest approach between sulfonate groups is 0.4 nm.43 

Because sulfonate groups are present on both the top and bottom walls of the domain, 𝑙SO3

DCA is half 

this distance, or 0.2 nm. To calculate the channel-size distribution, we quantify the probability that 

a channel has a given spacing between sulfonate groups beyond the distance of closest approach 

𝑙SO3

∗ − 𝑙SO3

DCA with301 

 𝑃𝐷𝐹(𝑙SO3

∗ − 𝑙SO3

DCA)

=
1 [m]

(𝑙SO3

∗ − 𝑙SO3

DCA)𝜎𝑙𝑆𝑂3
 √2𝜋

exp (−
[ln(𝑙SO3

∗ − 𝑙SO3

DCA) − 𝜇𝑙𝑆𝑂3
]

2

2𝜎𝑙𝑆𝑂3

2
) 
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where 𝑃𝐷𝐹 is a log-normal probability distribution function, 𝑙SO3

∗ − 𝑙SO3

DCA and 𝜎𝑙𝑆𝑂3
 and 𝜇𝑙𝑆𝑂3

 are 

parameters of the distribution. Equations 7-7 and 7-8 and the microscale properties in Appendix 

7-B provide the distribution of channel sizes and transport properties. These distributions 

parameterize the network simulations that are discussed in the next section. We fit the network 

simulations of macroscopic proton, water, and electrokinetic transport properties with measured 

values by adjusting 𝜎𝑙𝑆𝑂3
. The best-fit 𝜎𝑙𝑆𝑂3

 is 1.52 (dimensionless). Integration of the product of 

Equation 7-8 and  1/(𝑙SO3

∗ )
2
 specifies its mean, 1/𝐴SO3

ave , according to the Law of the Unconscious 

Statistician.301 We numerically solve for 𝜇𝑙𝑆𝑂3
 (= 21.36 m) using Brent’s method302 so that the 

mean of 1/(𝑙SO3

∗ )
2
 with Equation 7-8 is equal to the SAXS measurements of 1/𝐴SO3

ave .12 

Figure 7-2a show the calculated PDF of channel height 𝑃𝐷𝐹(𝐻∗) for 𝜆 = 20 using random 

variants of 𝑙SO3

∗  from Equation 7-8 and from calculation of height using Equation 7-7. The 

probability distribution extracted from transmission electron microscopy (TEM) of a hydrated 

Nafion film (𝜆~20) provides comparison.99, 137 The proposed model-fit distribution is wide and 

slowly decreases with increasing 𝐻∗ whereas the distribution from TEM is more narrow and peaks 

around 0.75 nm.  
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Figure 7-2. Probability distribution function of channel heights from (a) transmission electron 

microscopy99, 137 and using 20,000 random variants of 𝑙SO3

∗  sampled using Equation 7-8 and 

calculating channel height using Equation 7-7 each at 𝜆 = 20 (b) and the probability distribution 

of proton, water, and electrokinetic transport coefficients corresponding to the channel size 

distribution as Appendix 7-B details. Insert in (a) shows random variants of 𝑙SO3

∗  normalized to 

𝑙SO3

ave  sampled using Equation 7-8. 
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Three limitations of TEM analysis and sample preparation help rationalize the discrepancies 

between the model-fit and TEM distributions for small channels sizes. First, TEM does not capture 

very small channels because they are below the limit of detection of the image, which has a pixel 

size of 0.224 nm.137 Second, to identify the interface between hydrophilic and hydrophobic 

channels and to reduce noise, a 3-pixel median filter was applied to the TEM image.99  The de-

noising process means that some small channels (up to 3-pixels across a dimension, or 0.672 nm) 

do not appear in the TEM distribution. These small channels consist of sulfonate groups that are 

partially buried in the hydrophobic matrix that allow only a small amount of water or ions to move 

through them.303-304 Further, a wide distribution of 𝑙SO3

∗  is consistent with the measured wide 

distribution of EWs for the same membrane chemistry305 (see Figure 7-2a inset showing 

probability distribution function of 𝑙SO3

∗ /𝑙SO3

ave  where the spacing between sulfonate groups scales 

with the EW of membrane in the channel). Finally, TEM required microtomed 100 nm thick cast-

thin films whereas the model distribution is fit to experiments of bulk membranes that have 

undergone various pretreatment or processing conditions.12, 137 As a result, the model distribution 

contains large channels that could have resulted from sample preparation that was not present in 

the TEM sample.  

Figure 7-2b shows the probability distribution of the proton, water, and electrokinetic transport 

coefficients at 𝜆 = 20 calculated as Appendix 7-B details and shown in Figure 7-1. Water transport 

properties varies an order of magnitude with channel height whereas proton transport coefficient 

is relatively independent of channel height (Figure 7-1). As a result, the water and electrokinetic 

transport coefficients have a wide distribution whereas the proton transport coefficient distribution 

is narrow. Each transport property has a different distribution because they depend differently on 

channel size (see Figure 7-1). 

7.4.2 Resistor-Network Simulations 

A 3D network of connected channels simulates the effective transport properties. Segments of the 

network represent water-filled channels and zero-volume nodes represent connections between 

channels. We use a Voronoi tessellation to represent the topology of PFSA membranes. The 

tessellation edges representing water-filled domains. A Voronoi tessellation is a realistic 

representation of the PFSA microstructure, with a coordination number of 3 (average number of 

segments connected to a node) and with slit channels anisotropically oriented locally but, on 

average, isotropic.12, 162 Appendix 7-C details network construction that gives 𝑛S segments 

connecting 𝑛N nodes distributed across a 3D cube of dimensions 𝑊. 

The walls of each channel have a sulfonate spacing 𝑙SO3

∗  sampled from the probability distribution 

in Equation 7-8, giving each channel a height at a specific water content (see Equation 7-7) with 

corresponding cation, water, and electrokinetic transport properties (see Appendix 7-B). Let 𝑄𝑖
𝛼,𝛽

 

be the net molar flow rate (mol/s) of water or cation into each node 𝛼 from connecting node 𝛽. At 

steady state, the net (scalar) flow into or out of each non-boundary node 𝛼, from all connecting 

nodes 𝛽 is zero, or 

 − ∑ 𝑄𝑖
𝛼,𝛽

𝛽

= 0 
7-9 

where the molar flow is the product of the interstitial molar flux and the cross-sectional area of the 

segment (i.e. product of channel height 𝐻𝛼,𝛽 and depth, 𝐷𝛼,𝛽),  
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 𝑄𝑖
𝛼,𝛽

= 𝑁𝑖
𝛼,𝛽

𝐻𝛼,𝛽𝐷𝛼,𝛽  7-10 

The depth of each channel is set as the same and equal to 𝐷ave. 

The interstitial flux through a segment connecting nodes 𝛼 from 𝛽, 𝑁𝑖
𝛼,𝛽

, obeys the flux Equations 

7-3 and 7-4 written for each segment 

 
𝑁+

𝛼,𝛽
= −𝐿++

𝛼,𝛽 Δ𝛼,𝛽𝜇+

𝑊𝛼,𝛽
− 𝐿+0

𝛼,𝛽 Δ𝛼,𝛽𝜇0

𝑊𝛼,𝛽
 

7-11 

and 

 
𝑁0

𝛼,𝛽
= −𝐿0+

𝛼,𝛽 Δ𝛼,𝛽𝜇+

𝑊𝛼,𝛽
− 𝐿00

𝛼,𝛽 Δ𝛼,𝛽𝜇0

𝑊𝛼,𝛽
 

7-12 

where 𝐿𝑖𝑗
𝛼,𝛽

 is the transport coefficient 𝐿𝑖𝑗
∗  of the segment connecting 𝛼 and 𝛽, 𝑊𝛼,𝛽  is the width 

of the channel normal to the direction of transport, and Δ𝛼,𝛽𝜇𝑖 is the drop of electrochemical 

potential of protons or  chemical potential of water from node 𝛽 to 𝛼, Δ𝛼,𝛽𝜇𝑖 = 𝜇𝑖
𝛼 − 𝜇𝑖

𝛽
. Equations 

7-11 and 7-12 require a constant transport coefficient 𝐿𝑖𝑗
𝛼,𝛽

 across the segment between 𝛼 and 𝛽 so 

that the (electro)chemical potential changes linearly. Application of a small (electro)chemical 

potential change across the network satisfies this requirement. This assumption is justified in that 

macroscopic gradients necessarily cause small microscale water content changes.  

To specify the effective network transport coefficients (i.e., the macroscopic transport properties), 

the algorithm sets the (electro)chemical potential of the nodes on the left boundary (𝑥 = 0) as the 

zero reference (i.e, 𝜇𝑖 = 0) for both species. On the right boundary nodes, a small potential drop 

relative to the left boundary, Δnet𝜇𝑖 is set for both species in turn. As Appendix 7-D details, solving 

Equation 7-9 for each internal node (i.e. non-boundary node) with Equations 7-11 and 7-12 for 

each segment specifies the water and cation flow through the nodes and segments. We treat the 

water content as constant across the membrane, corresponding to a small Δnet𝜇𝑖. Therefore, 𝐿𝑖𝑗
∗  is 

independent of Δnet𝜇𝑖 and 𝑄𝑖
∗ is linear with Δnet𝜇𝑖 . 

Figure 7-3 shows calculated flows of proton (a)-(c) and water (d)-(f) under a proton 

electrochemical potential difference across the network and water flow (g)-(i) with a water 

chemical potential drop. Each line is a network channel with its thickness scaled proportionally 

with its height. The circle sizes scale proportionally to the species flow through the channel (see 

Equation 7-10).  (a), (d), and (g) shows flows at low hydration, (b), (e), and (h) are at moderate 

hydration, and (g), (f), and (i) show fluxes high hydration. To make qualitative inferences possible, 

visualizations in Figure 7-3 are in 2D, whereas network simulations are 3D for reporting 

quantitative properties. 

Figure 7-3 demonstrates that flows increase with increasing water content for the same Δnet𝜇𝑖 as 

the channels expand and transport properties generally increase. However, different modes of 

transport take considerably different pathways across the membrane. Due to the narrow 

distribution of proton transport properties (see Figure 7-2), protons transport across most segments. 

In contrast to proton transport, water and electrokinetic transport properties are widely distributed 

giving a strong preference for some pathways over others, as Figure 7-3i reveals.  
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Figure 7-3. Network simulation flows of cations (a)-(c) and water (d)-(f) under a cation 

electrochemical potential difference and (g)-(i) with a water chemical potential drop. Lines are 

network channels scaled proportionally with the channel height. Circle area is scaled 

proportional to species flow.  (a), (d), and (g) show flows at a 𝜆 = 3.4, (b), (e), and (h) are at 

𝜆 = 8.1, and (g), (f), and (i) show fluxes 𝜆 = 15. Note the induced-flow loop (e). 

 

All else being equal, species transport pathways favor channels with large heights. As Figure 7-3 

shows, however, this criterion is insufficient to predict high flows through a domain. Transport 

through a channel also depends on the (electro)chemical potential drop across it that, in turn, is a 

function of the collective transport properties of nearby channels. The distribution of transport 

properties induces local (electro)chemical potential gradients. The figure in Appendix 7-D shows 
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calculated proton electrochemical potential (a) and water chemical potential (b) of each node under 

a proton electrochemical potential difference across the network (using Equation 7-34 in Appendix 

7-D) as a function of position at 𝜆 = 15. The proton electrochemical-potential declines across the 

network, but does not decrease uniformly between the left and right sides of the network. Even 

with no macroscopic water chemical-potential drop (i.e., Δnet𝜇0 = 0), the distribution of transport 

properties generates local water chemical-potential gradients. Local gradients induce 

electrokinetic flow loops that pump flow in circles, as Figure 7-3e notes, and which have been 

observed in saturated porous media under electric fields.97 

To understand how mesoscale flows dictate macroscopic properties, we sum the flows passing 

through the network and normalize by the total cross-sectional area of the network (including both 

hydrophilic and hydrophobic phase-separated area) to specify the macroscopic (superficial) fluxes 

in the network of species 𝑖, 𝑁𝑖
net (see Appendix 7-D for details). Network fluxes, width of the 

network 𝑊net, and applied potential govern the macroscopic effective network transport 

coefficients. When Δnet𝜇0 = 0 we have that 

 
𝐿++

net = −𝑁+
net

𝑊net

Δnet𝜇+
 

7-13 

and 

 
𝐿0+

net = −𝑁0
net

𝑊net

Δnet𝜇+
 

7-14 

and when Δnet𝜇+ = 0 we recover 

 
𝐿00

net = −𝑁0
net

𝑊net

Δnet𝜇0
 

7-15 

Network simulations obey Onsager’s reciprocal relation such that 𝐿0+ = 𝐿+0. 

Transport properties 𝐿𝑖𝑗 are rarely measured directly experimentally.78 Rather, experiments 

characterize slightly different sets of transport properties that are measurable under well-defined 

conditions. Under an applied electric field with constant water chemical potential, the conductivity 

𝜅 and electroosmotic coefficient 𝜉 characterize ion and water transport, respectively.78  The water 

transport coefficient 𝛼 characterizes water transport across a membrane due to a water chemical-

potential gradient in the absence of current.§§ These transport coefficients relate to the 𝐿𝑖𝑗 

coefficients according to78 

  

                                                

§§ The properties are defined 𝜅 = −𝑖(𝑊/ΔΦ) and 𝜉 = 𝑁0/𝐹𝑖 for Δ𝜇0 = 0, and 𝛼 = −𝑁0(𝑊/Δ𝜇0) for 𝑖 = 0, where 

𝑖 is the current density across the membrane (scalar), ΔΦ is the applied electric potential drop across the membrane of 

width 𝑊, and Δ𝜇0 is the water chemical-potential drop across the membrane. 
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 𝜅 = 𝐿++𝐹2 

𝜉 =
𝐿0+

𝐿++
 

𝛼 = 𝐿00 −
𝐿0+

2

𝐿++
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We followed Weber and Newman23 to convert water-tracer diffusion coefficients measurements 

(i.e. from pulse-field-gradient nuclear magnetic resonance) to 𝛼 and the procedure by Delacourt 

and Newman32 to convert water permeance measurements to 𝛼. 

Figure 7-4 shows network-calculated transport properties (dashed line) and measured transport 

properties (symbols) of macroscopic (a) conductivity 𝜅 53-54, 306-314, (b) electroosmotic coefficient 

𝜉 310, 315-319, and (c) water transport coefficient 𝛼 44, 68, 312, 320-324 as a function of water content 𝜆. 

Calculations are the average of 5 randomly seeded network simulations with 80-nm characteristic 

system sizes and using Equations 7-13 through 7-16 to obtain the transport coefficients. As a 

previous section details (Microscale Channel-Size Distribution), we adjusted the sulfonate spacing 

distribution parameter 𝜎SO3
 to fit these data sets. 

The Voronoi network simulations agree with experiments for all transport properties up to high 

water contents (𝜆~17). The under-prediction of conductivity for high water contents is likely to 

our treatment of electrostatic interactions between the proton and the sulfonate groups that pushes 

the cation towards to the domain walls. Including the forces on protons from cation solvation 

restores protons towards the center of the channels, increasing conductivity at high water contents. 

7.4.3 Comparison to Effective Medium Theory 

Simulations, like experiments, demonstrates what occurs (given a set of rules) in a systems, but do 

not directly provide a theory that describes the system. For PFSA membranes, network simulations 

reveal that protons and water take different pathways across the membrane and that the distribution 

of channel transport coefficients induce local (electro)chemical-potential gradients. Effective 

medium theory (EMT) models the network simulations observations.101  EMT, developed by 

Kirkpatrick, calculates effective transport coefficients of transport networks.101 The theory 

considers a single segment with transport property 𝐿𝑖𝑗
∗  interacting with an “effective medium” 

network with each segment having a transport property 𝐿𝑖𝑗
EMT. For a network entirely consisting of 

segments with transport properties 𝐿𝑖𝑗
EMT, an external field (i.e., an (electro)chemical potential 

gradient) causes a uniform (electro)chemical potential drop between cross sections of the network 

normal to the direction of transport. The presence of 𝐿𝑖𝑗
∗  causes an additional local field that decays 

over a large region of the network. For 𝐿𝑖𝑗
EMT to represent accurately an actual network containing 

a distribution of segments with different transport properties 𝐿𝑖𝑗
∗ , EMT requires that the internal 

fields induced by the presence of each segment sum to zero.   

We adapt the method of Bonilla and Bhatia for multicomponent EMT, as detailed in Appendix 7-

E.100 EMT accounts for the local proton electrochemical-potential gradient caused by variations of 

𝐿++
∗  and the local water chemical-potential gradient induced by variations of 𝐿00

∗ . Multicomponent 
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EMT also incorporates how electrokinetic coupling between water and proton transport link 

variations of 𝐿+0
∗  and 𝐿00

∗  to induced local proton electrochemical-potential gradients. 

The solid lines in Figure 7-4 show conductivity (a), electroosmotic coefficient (b), and water 

transport coefficient (c) calculated using EMT Equation 7-39 in Appendix 7-E). EMT shows 

agreement with network simulations. The success of multicomponent EMT in this case suggests a 

useful upscaling method for others microscale theories of membrane transport without requiring 

computationally intensive network simulations. However, EMT complements but does not replace 

network simulations. 
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Figure 7-4. Experimental (symbols) and calculated (lines) (a) macroscopic conductivity 𝜅 (data 

from Refs 53-54, 306-314), (b) electroosmotic coefficient 𝜉 (data from Refs 310, 315-319), and (c) water 

transport coefficient 𝛼 (data from Refs 44, 68, 312, 320-324) calculated by averaging five randomly 

seeded network simulations of an 80-nm dimension system and Equations 7-13 through 7-16 

(dashed lines) and effective medium theory, Equation 7-39 (solid lines) and measured 

coefficient from literature (symbols) as a function of water content 𝜆 for systems at temperatures 

between 22-30°C. Inserts show same plot on a log10 y-axis scale. Open symbols are from 

datasets characterizing pretreated membranes and filled symbols are from datasets of 

membranes without pretreatments. 
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7.5 Effect of the Mesoscale on Transport 

To quantify the impact the mesoscale has on transport, we compute a tortuosity. According to 

Equation 7-1, tortuosity is the ratio the effective macroscopic properties from the network 

simulations (see Figure 7-4) to the microscale transport properties of a representative channel with 

an average height 𝐻ave (see Figure 7-1). Figure 7-5a shows the tortuosity 𝜏𝑖𝑗 of transport 

coefficient 𝐿𝑖𝑗 as a function of water content. The tortuosity of each transport property is strikingly 

different. The tortuosity of proton transport decreases with water content, the tortuosity of water 

transport is constant for different water contents, and the tortuosity of electrokinetic transport 

increases with water content. For 𝜆 > 3, the tortuosity of proton transport is smallest, then water 

transport, and it is largest for electrokinetic transport. The network visualization in Figure 7-3 

corroborates this result: proton flux become more homogenous with increasing water content, 

whereas electrokinetic fluxes are more widely distributed at higher hydrations.  

To understand the role of electrokinetic coupling on tortuosity, dashed lines in Figure 7-5a show 

the tortuosity of water and cation transport predicted from the network simulations with no 

electrokinetic coupling, i.e., 𝐿0+
∗ = 0. When electrokinetic coupling is removed, local water 

gradients induced by variations in proton transport properties increase the path length of protons 

transport through the membrane via electrokinetic coupling. Upon setting 𝐿00
∗ = 0, simulations 

calculate an even lower proton-transport tortuosity, as the dot-dashed line in Figure 7-5a shows. 

The results demonstrate that macroscopic transport coefficients are partially a function of the 

collective microscale cation, water, and electrokinetic transport properties and their distributions.   

Figure 7-5a and Figure 7-3 both show that the tortuosity, a crude measure of the mesoscale length 

of transport pathways, is different for each mode of transport. To quantify the overlap between 

transport pathways of different transport modes, we calculate the correlation coefficient between 

water, proton, and electrokinetic flows through domain segments that the network simulations 

calculate.301 A correlation coefficient of 1 corresponds to a complete positive linear correlation 

between flows of different transport modes (i.e, transport takes place in the same network 

segments) and the coefficient has a value of 0 if there is no linear correlation between fluxes of 

different transport modes. Figure 7-5b plots the correlation coefficient of proton/water fluxes, 

proton/electrokinetic fluxes, and water/electrokinetic fluxes as a function of water content. The 

correlation coefficients quantifies what Figure 7-3 shows qualitatively, namely, water and 

electrokinetic flow transport through similar channels, but these channels are rather different from 

those used for proton transport. These results are, again, the result of different transport-property 

distributions influencing pathways. 
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Figure 7-5. Tortuosity from network simulations at 80 nm and microscale theory (a) using 

Equation 7-1 for proton 𝜏++, water 𝜏00, and electro kinetic 𝜏0+ transport coefficients and (b) 

correlation coefficient between ion/water, ion/electrokinetic, and water/electrokinetic flows 

through segments in the 80 nm network simulations as a function of water content, 𝜆. Dashed 

and dot-dashed lines in (a) show simulated network proton tortuosity, 𝜏++, for 𝐿0+
∗ = 0 and 

𝐿0+
∗ = 0, respectively.   
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In explanation of these simulation results, EMT predicts that “local” (electro)chemical potential 

gradients develop due to the distribution of segment transport properties (see Figure 7-3). These 

local gradients influence these transport pathways and, in turn, the macroscopic transport 

coefficients. EMT does not quantify the distance over which these gradients are important. To 

quantify this length scale, Figure 7-6 plots effective transport properties predicted from network 

simulation 𝐿++
net (circles), 𝐿0+

net (triangles), and 𝐿00
net (squares) as a function of the characteristic 

dimensions network size at 𝜆 = 8.1. Each point results from a network simulation with a different 

seeds (i.e. different Voronoi tessellations and different random samplings of the segment sulfonate 

spacing from Equation 7-8). All transport properties are normalized to those simulated with 80-

nm networks. Lines provide the corresponding multicomponent EMT-calculated transport 

properties (from Equation 7-39 in Appendix 7-E). All system sizes are periodic in planes 

perpendicular to transport. 

 

 

Figure 7-6. Network simulated transport coefficients 𝐿++
net (circles), 𝐿0+

net (triangles), and 𝐿00
net 

(squares) as a function of the network dimension at 𝜆 = 8.1. Each point represents result of a 

random seeding. Transport properties are normalized to those simulated with 80-nm network. 

Lines provide the corresponding EMT-calculated transport properties normalized to network 

normalized to network simulation at 80 nm. 
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For small system sizes, different network instantiations predict drastically different transport 

properties.  Properties with a wider distribution of microscale transport properties (water and 

electrokinetic transport) vary more between different networks configurations of the same network 

size. The representative volume element (the network size above which properties do not change 

and is, therefore, large enough to behave as a macroscopic system) has a characteristic dimensions 

greater than 60 nm. Variations in channel transport coefficients, 𝐿𝑖𝑗
∗ , create local gradients on this 

scale.  

This representative volume is much larger than the size most molecular simulations can achieve 

given the computation cost of simulating large systems (< 10 nm dimension cubes).40, 43, 325 This 

limitation could explain some of the difference between properties simulated with molecular 

dynamics and experiments. Moreover, this representative volume corresponds to the size below 

which PFSA thin-films experimentally exhibit anomalous transport properties relative to the bulk 

system. Previous literature attributes this behavior to confinement of the polymer to length scale 

of its persistence length. The results in Figure 7-6 show that these experiments also take place on 

the same length scale as locally induced transport gradients. 

 

7.6 Summary 

This paper explores the nature of mesoscale transport in PFSA membranes including the role of 

electrokinetic coupling. We use a microscale concentrated-solution theory to calculate water, 

proton, and electrokinetic transport properties of water-filled hydrophilic channels in PFSA 

membranes as a function of channel height and water content. The microscale model parameterizes 

resistor network simulations that ascertain macroscopic transport coefficients. Effective medium 

theory provides a framework to understand the simulation results.  

Using this methodology, we show that channel size impacts microscale properties of proton, water, 

and electrokinetic transport. Because there is a distribution of water-filled channel sizes in PFSA 

membranes, the corresponding distribution of microscale transport properties is different for each 

mode of transport. Consequently, the transport pathways that water and protons take through the 

membrane are different. Moreover, the distribution of properties induces local gradients of water 

chemical potential (and proton electrochemical potential) that act on proton (and water) transport 

through electrokinetic coupling. As a result, mesoscale effects, as characterized by the transport 

coefficient tortuosity, leads to starkly different behavior for different modes of transport. These 

effects are relatively long-range and can create system size-dependent behavior for experiments 

and simulations probing this length scale. 

 

7.7 Appendix 7-A 

The superficial flux of a species 𝑁∗ across a transport segment is proportional to the chemical-

potential drop across the segment Δ∗𝜇 – absent additional driving forces (e.g. no electrokinetic 

coupling) and the transport coefficient of the segment 𝐿∗, and inversely proportional to the width 

of the segment, 𝑊∗ 

 
𝑁∗ = −𝐿∗

Δ∗𝜇

𝑊∗
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The fluxes through two segments connected in series with the same area are equal. Segment 𝑎, 

connecting node 𝛼 to node 𝛽, and segment 𝑏, connecting node 𝛽 with node 𝛿, each have width 𝑊∗ 

and transport coefficients 𝐿∗𝑎 and 𝐿∗𝑏, respectively. The superficial flux through the network 𝑁net 

is 

 
𝑁net = −𝐿net

(𝜇𝛿 − 𝜇α)

2𝑊∗
= −𝜙𝐿∗𝑎

(𝜇𝛽 − 𝜇α)

2𝑊∗
= −𝜙𝐿∗𝑏

(𝜇𝛿 − 𝜇𝛽)

2𝑊∗
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where 𝐿net is the effective transport property of the network, and 𝜇𝛼 is the chemical potential at 

node 𝛼. The conductive volume fraction (e.g., water volume fraction), 𝜙, relates the interstitial 

microscale flux 𝑁∗ to the superficial network flux 𝑁net. Solving Equations 7-18 for 𝐿net  and 

eliminating the variable 𝜇𝛽  gives an expression for the transport property of resistors in series 

 1

𝐿net
=

1

2𝜙
(

1

𝐿∗𝑎
+

1

𝐿∗𝑏
) 
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Setting the representative microscale transport property 𝐿∗ as the mean of 𝐿∗𝑎 and 𝐿∗𝑏, the 

tortuosity 𝜏, defined in Equation 7-1, is given by Equation 7-2. 

For the case of coupled transport of water and protons (Equations 7-3 and 7-4), the superficial 

fluxes of each species through two segments in series (with equal cross-sectional area and width) 

are equal. The network flux of cations is related to the (electro)chemical potential drop of each 

species across the entire network and effective, network transport coefficients. The network flux 

of cations is also equal to the superficial flux through each segment, 

 
𝑁+

net = −𝐿++
net

(𝜇+
𝛿 − 𝜇+

α)

2𝑊∗
− 𝐿+0

net
(𝜇0

𝛿 − 𝜇0
α)

2𝑊∗

= −𝜙𝐿++
∗𝑎

(𝜇+
𝛽

− 𝜇+
𝛼)

𝑊∗
− 𝜙𝐿+0

∗
(𝜇0

𝛽
− 𝜇0

𝛼 )

𝑊∗
=

= −𝜙𝐿++
∗𝑏

(𝜇+
𝛿 − 𝜇+

𝛽
)

𝑊∗
− 𝜙𝐿+0

∗
(𝜇0

𝛿 − 𝜇0
𝛽

)

𝑊∗
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Similarly, for water flux, 

 
𝑁0

net = −𝐿0+
net

(𝜇+
𝛿 − 𝜇+

α)

2𝑊∗
− 𝐿00

net
(𝜇0

𝛿 − 𝜇0
α)

2𝑊∗

= −𝜙𝐿0+
∗

(𝜇+
𝛽

− 𝜇+
𝛼)

𝑊∗
− 𝜙𝐿00

∗
(𝜇0

𝛽
− 𝜇0

𝛼)

𝑊∗
=

= −𝜙𝐿0+
∗

(𝜇+
𝛿 − 𝜇+

𝛽
)

𝑊∗
− 𝜙𝐿00

∗
(𝜇0

𝛿 − 𝜇0
𝛽

)

𝑊∗
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For the example in the introduction, the electrokinetic and water transport properties, 𝐿0+
∗  and 𝐿00

∗ , 

are the same in both segments. Solving Equations 7-20 and 7-21 for 𝐿++
net, gives 

 
𝐿++

net = 𝜙
(𝐿0+

∗ )2𝐿++
∗ − 𝐿00

∗ 𝐿++
∗𝑎 𝐿++

∗𝑏

(𝐿0+
∗ )2 − 𝐿00

∗ 𝐿++
∗  
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where 𝐿++
∗  is the mean of 𝐿++

∗𝑎  and 𝐿++
∗𝑏 , 𝐿++

∗ = (𝐿++
∗𝑎 + 𝐿++

∗𝑏 )/2. Using a representative microscale 

transport property, 𝐿++
∗ , and following the definition of tortuosity gives 𝜏++ in Equation 7-5. 

7.8 Appendix 7-B 

The 𝐿𝑖𝑗 coefficients are algebraic functions of the friction coefficients,31, 78 

 
𝐿00

∗ = −(𝑐0
∗)2

𝐾0+
∗ + 𝐾+M

∗

𝐾0M
∗ 𝐾+M

∗ + 𝐾0+
∗ (𝐾0M

∗ + 𝐾+M
∗ )

 

𝐿0+
∗ = −𝑐0

∗𝑐+
∗

𝐾0+
∗

𝐾0M
∗ 𝐾+M

∗ + 𝐾0+
∗ (𝐾0M

∗ + 𝐾+M
∗ )

 

𝐿++
∗ = −(𝑐+

∗ )2
𝐾0+

∗ + 𝐾0M
∗

𝐾0M
∗ 𝐾+M

∗ + 𝐾0+
∗ (𝐾0M

∗ + 𝐾+M
∗ )
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Although Equations  7-3 and 7-4 are equivalent to Equations 7-6, they are convenient for 

developing a microscale model of transport because the accompanying 𝐾𝑖𝑗’s embody binary 

molecular interactions.31 The next two subsections outline calculation of concentrations and 

frictional interactions between water and proton and the membrane, 𝐾0M
∗  and 𝐾+M

∗ . and between 

water and cations, 𝐾0+
∗ . 

7.8.1.1 Water and Proton Concentration 

Although water content fully specifies the microscale concentrations in the hydrophilic channels. 

We neglect the volume of protons giving a water concentration of 1/�̅�0 where �̅�0 is the partial 

molar volume of water and we treat as constant and equal to 18.01 mol cm-3. To specify the 

concentration of mobile protons, 𝑐+
∗ , we consider that for protons to dissociate from the sulfonate 

groups, they must be solvated by water according to the equilibria 

 HSO3 + 𝑠H2O ⇌ SO3
− + (H2O)𝑠H+ 7-24 

where 𝑠 is the number of water in proton’s first solvation shell. We treat the activity of proton-

sulfonate pairs and free sulfonate groups as proportional to the fraction total sulfonate in these two 

states, 𝑓bound and 1 − 𝑓bound , respectively. The activity of free protons is given by its mole fraction 

𝑥+
∗ ,  

 
𝑥+

∗ =
1 − 𝑓bound

𝜆 − 𝜆res − 𝑠(1 − 𝑓bound) + (1 − 𝑓bound)
 

7-25 

where 𝜆 is water content and the numerator is the number of free protons per sulfonate group and 

the denominator is the fraction of free water molecules (total water subtracting the residual water 

that always solvates the salt, 𝜆res, the water solvating free protons, 𝑠(1 − 𝑓bound)) and free cations. 

Water activity is taken as unity. Chemical equilibrium dictates that30 

 𝑓bound(𝜆 − 𝜆res − 𝑠(1 − 𝑓bound) + (1 − 𝑓bound))

(1 − 𝑓bound)2
= 𝐾eq 

7-26 

where 𝐾eq is the equilibrium constant of Equation 7-24. 𝜆res sets a threshold water content above 

which water can dissociate from sulfonate groups, which is set to 2.5, in agreement with ab-initio 

quantum chemical calculations.28 The number of water molecules in the proton solvation shell is 
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set to 4, within the ranges reported in literature.12, 59 We fit 𝐾eq  to the fraction of free protons, 

1 − 𝑓bound , found in ab-initio molecular dynamics simulations of PFSA that report the fraction of 

protons beyond the sulfonate groups’ first solvation shell (giving 𝐾eq = 3).42 Figure 7-7 plots 1 −

𝑓bound given by Equation 7-26 (line) and predicted by molecular dynamics simulations of Nafion 

membranes as a function of water content. Solving for 𝑓bound specifies the microscale 

concentration of mobile protons, 𝑐+
∗ = (1 − 𝑓bound)/𝜆�̅�0. 

 

 

Figure 7-7. Fraction of solvated protons, 1 − 𝑓bound , as a function of water content 𝜆 from 

Equation 7-26 (line) and ab-initio molecular-dynamics simulations (points) from Ref 42.  

 

7.8.1.2 Water/Membrane and Cation/Membrane Friction Coefficient 

The membrane interacts with the aqueous proton and water moving through its hydrophilic 

channels. Electrolyte solution flowing through channels with charged walls has been modeled 

extensively.9, 255 A momentum balance (i.e. Navier-Stokes) dictates that the driving forces on the 

aqueous solution balance the viscous resistance the solution exerts on the channel walls.9, 31, 255 

The Navier-Stokes equation for a Newtonian fluid specifies the mass-averaged velocity through a 

channel, 𝑣z, (in the 𝑧-direction) with an invariant cross-section under the influence of a 

(electro)chemical potential gradient, 𝜕𝜇𝑖/𝜕𝑧, as31 



 

186 

 

 
𝑣𝑧

∗ = −
𝑐0

∗

𝒦0
∗

𝜕𝜇0

𝜕𝑧
−

𝑐+
∗

𝒦+
∗

𝜕𝜇+

𝜕𝑧
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where 𝒦𝑖
∗ is a hydrodynamic friction coefficient of 𝑖 that satisfies the momentum balance with no-

slip boundary conditions at the channel walls for a slit geometry31 

 
𝒦𝑖

∗ =
12𝜂

(𝐻∗)2𝜃𝑖
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where 𝜂 is the viscosity of the solution in the hydrophilic channel and 𝜃𝑖 is a distribution coefficient 

specifying how a species 𝑖 is distributed across the channel. Einstein’s viscosity equation253 

calculates how the viscosity of the solution changes with proton concentration 𝑐+
∗ , 

 

𝜂 = 𝜂∞
(1 +

𝑐+
∗ �̃�+

2 )

(1 − 𝑐+
∗ �̃�+)

2 

7-29 

where 𝜂∞ is viscosity of water ( = 0.89 cP),173 and �̃�+ is the molar viscous volume of water and is 

a constant fit to measured viscosity of bulk electrolyte HCl ( = 0.021 mol L-1), because HCl shows 

little ion-pair formation at high concentrations.85 Water is considered uniformly distributed across 

the water-filled channel, yielding 𝜃0 = 1. Following the same procedure outlined previously,31 the 

linearized Poisson-Boltzmann equation specifies the distribution coefficient for protons across the 

cross section of the channel with a fixed charge density at the walls that, when coupled to the 

Navier-Stokes equation for flow in a slit, gives31 

 
𝜃+ =  

12 + 6𝑘∗𝐻∗

(𝑘∗𝐻∗)2 tanh (
𝑘∗𝐻∗

2 )
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where 𝑘∗−1
 is the Debye length, = 1.359x10-8 (𝑐+

∗ )−1/2
  where the constant has units of mol1/2 m-

,1/2 in water at 25°C.31 The charge density at the hydrophilic/hydrophobic channel interface is not 

in Equation 7-30 because the water content 𝜆 (and, protons concentration, accordingly) and the 

channel height 𝐻∗ specify the charge density from  geometric arguments.  

Satisfying the Navier-Stokes equation and the Stefan-Maxwell equations shows that the 

hydrodynamic coefficient 𝒦𝑖
∗ relates to the friction with the membrane 𝐾𝑖M according to31 

 
𝐾𝑖M = 𝒦𝑖

∗𝑤𝑖 + ∑ 𝐾𝑖𝑗
∗ (

𝒦𝑖
∗

𝒦𝑗
∗ − 1)

𝑗≠𝑖
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where 𝑤𝑖 is the mass fraction of species 𝑖. 

7.8.1.3  Water/Cation Friction Coefficient 

Friction between water and cation, 𝐾0+, is a function of proton concentration 𝑐+
∗ , water 

concentration 𝑐0
∗, and the Stefan-Maxwell proton-water diffusion coefficient 𝐷0+

∗  31 

 
𝐾𝑖𝑗

∗ =
𝑐0

∗𝑐+
∗ 𝑅𝑇

(𝑐+
∗ + 𝑐0

∗)𝐷0+
∗  

7-32 
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We equate 𝐷0+
∗  to the water/proton diffusion coefficient in a bulk electrolyte solution of 

hydrochloric acid, HCl, at the same proton concentration. Following the method outlined by 

Chapman,85 measured electrolyte transport and thermodynamic properties determine the 

water/proton binary diffusion coefficient. We use measured HCl solution conductivity, density, 

electrolyte activity coefficient, and proton transference number compiled from literature by 

Chapman and Newman326 and electrolyte diffusion coefficient from Rizzo.327 HCl is chosen 

because it exhibits little ion-pair formation at low concentrations.172 Because the experiments are 

conducted at different electrolyte concentrations and the analysis requires the derivative of the 

natural log of activity coefficient, a smooth spline fit the data (implemented with the SciPy 1.4.1 

using a univariate spline method with a cubic spline for all properties, except the natural log of 

activity coefficient which utilized a 4th order spline, and with a smoothing factor of 0.01 for all 

properties). We also extracted the water/water diffusion coefficient in HCl using NMR diffusion 

measurements328 with the approach outlined previously.329 Figure 7-8 shows the extracted 

diffusion coefficients for water/proton (solid line) and water/water (dashed line) as a function of 

solvent ratio (mol H2O / mol HCl, analogous to 𝜆 but for a bulk electrolyte). The water/proton 

diffusion coefficient is very large at high water contents (dilute electrolyte), due to the Grotthuss 

hopping mechanism that facilitates rapid transport of a positive charge of an excess proton along 

hydrogen-bond networks8. However, at lower water contents (concentrated electrolyte), much of 

the water is highly structured, solvating the protons. At these high concentrations, the structured 

water does not facilitate proton hopping and the diffusion coefficient of protons converges with 

the diffusion coefficient of water, suggesting that protons are moving entirely by vehicular 

transport.328, 330 
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Figure 7-8. Water/proton (solid line) and water/water (dashed line) diffusion coefficient of bulk 

solution of HCl extracted from transport experiments85, 326, 328 as a function the ratio of moles of 

solvent to moles of salt. 

7.9 Appendix 7-C 

The network-assembly algorithm places 𝑛R seed points randomly in a 3D cube of dimension 𝑊net 

(e.g., point 0 is placed with coordinates 0 < 𝑥0 < 𝑊net, 0 < 𝑦0 < 𝑊net, 0 < 𝑧0 < 𝑊net) with an 

average spacing between closest points equal to the domain spacing of the dry membrane (2.95 

nm). The membrane swell isotopically such that the ratio of microscale channel width and network 

width is constant. Boundary conditions require a clearly defined interface over which to apply the 

conditions. To achieve well-defined boundaries in the direction of transport (x-direction), the 

algorithm reflects the positions of the 𝑛R seed points about the y-z plane at 𝑥 = 0 and 𝑥 = 𝑊net  

(e.g. a point at 𝑥0, 𝑦0, 𝑧0 is reflected to −𝑥0, 𝑦0, 𝑧0 and 2𝑊net − 𝑥0, 𝑦0, 𝑧0), creating an additional 

𝑛Rx2 seeds. To facilitate periodic boundary conditions, the algorithm translates the original 𝑛R 

points in the y- and z- directions with a constant x-coordinate (e.g. a point at 𝑥0, 𝑦0, 𝑧0 is translated 

to 𝑥0, 𝑦0 ± 𝑊net, 𝑧0 and 𝑥0, 𝑦0, 𝑧0 ± 𝑊net), creating an additional 𝑛Rx4 seeds.  
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The total of 𝑛Rx7 points constitute the seeds for the Voronoi tessellation cells. There are seven 

cubes with a central cube and six cubes bordering the central cube’s faces. The points reflected 

about the y-z plane at 𝑥 = 0 and 𝑥 = 𝑊 form a well-defined interface. Voronoi nodes and 

segments for 𝑥 < 0 and 𝑥 > 𝑊 are trimmed (i.e., deleted). For any node in the central cube that 

connects across the x-y and x-z planes at 𝑧, 𝑦 = 0, = 𝑊 to a node in one of the translated cubes, 

the algorithm reconnects to the corresponding node in the central cube to create periodic boundary 

conditions (e.g., initially Node 0 at 𝑥0, 𝑦0, 𝑧0 with coordinates between 0 and 𝑊net is connected 

to Node 1 at 𝑥1, 𝑦1, 𝑧1 with 𝑥1 and 𝑧1 between 0 and 𝑊net and 𝑦1 between 𝑊net and 2𝑊net. The 

algorithm connects Node 0 to Node 2 that is the image of Node 1 in the central cube with 

coordinates 𝑥1, 𝑦1 − 𝑊net , 𝑧1. The length of phantom segment connecting Node 0 to Node 2 is 

set as that of the segment connecting Node 0 to Node 1.) The algorithm now trims the nodes with 

𝑦, 𝑧 < 0, > 𝑊net. The nodes at 𝑥 = 0 and 𝑥 = 𝑊net  are boundary nodes. The resulting network 

contains 𝑛S segments connected by 𝑛N nodes of which 𝑛N,B are boundary nodes and 𝑛N,I are 

internal nodes. All algorithms are written in Python, using the packages OpenPNM 1.6.2331 to 

structure the network and extract incidence matrixes (with modifications to incorporate periodic 

boundary conditions as discussed above), and SciPy 1.4.1 and NumPy 1.18.1 to perform numerical 

and array computations. 

 

7.10 Appendix 7-D 

Substitution of Equations 7-11 and 7-12 into Equation 7-9 for each internal node creates a matrix 

equation 

 𝑨𝝁 = 𝒃 7-33 

where 𝑨 is a 2𝑛N,I x 2𝑛N,I matrix of transport coefficients as Equations 7-11 and 7-12 prescribe, 𝝁 

is a 2𝑛N,I column vector (electro)chemical potentials of each node, and 𝒃 is a 2𝑛N,I column vector 

describing the flow balance on each node and is equal to zero for all nodes except those connected 

to boundary nodes. These latter entries specify the flux from boundary into connected nodes based 

on the (electro)chemical potential applied at the boundaries. The size of 2𝑛N,I comes from 

specifying the water and proton (electro)chemical potentials. Inversion of 𝑨 in Equation 7-33 

calculates the potentials at each node.  

Upon solving for the (electro)chemical potential at each node, Equations 7-11 and 7-12 provide 

the flux into each node. Summing the cation or water flow passing through boundary nodes 

(leaving the left boundary nodes or entering the right boundary nodes), and normalizing by the 

total area (product of network height 𝐻net and depth 𝐷net) including hydrophilic and hydrophobic 

regions specifies the macroscopic (superficial) flux through the membrane 

 
𝑁𝑖 =

∑ ∑ 𝑄𝑖
𝛼,𝛽

𝛽
𝑛N,B,right/left

𝛼

𝐻net𝐷net
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where the first summation is over all nodes 𝛼 at a  boundary (right or left) and the second 

summation is over all segments connecting 𝛼 to neighboring node 𝛽. Upon substituting the 

definition of segment flow into Equation 7-34, the results is a sum segment fluxes 
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𝑁𝑖 =

∑ ∑ 𝑁𝑖
𝛼,𝛽

𝐻𝛼,𝛽𝐷𝛼,𝛽
𝛽

𝑛N,B,right/left

𝛼
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=

∑ ∑ 𝑁𝑖
𝛼,𝛽

𝐻𝛼,𝛽𝐷ave
𝛽

𝑛N,B,right/left

𝛼
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∑ ∑ 𝑁𝑖

𝛼,𝛽
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𝐻𝛼,𝛽

𝐻ave)𝛽
𝑛N,B,right/left

𝛼
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where the first equality imposes the equality 𝐷𝛼,𝛽 = 𝐷ave and the product of the water volume 

fraction, 𝜙, and the total area of the network is equals the hydrophilic area of the network face, 

which is the sum of the hydrophilic areas of each domain, 𝜙𝐷net𝐻net = ∑ 𝐻𝛼,𝛽𝑛N,B,right/left

𝛼 𝐷ave. 

The domain is sufficiently large such that 𝐻net𝑛N,B,right/left = ∑ 𝐻𝛼,𝛽𝑛N,B,right/left

𝛼 . Note that 𝐷ave 

cancels in the analysis. We treat the membrane as swelling isotopically over a sufficiently large 

length scale such that the ratio 𝑊net/𝑊𝛼,𝛽 is constant for all water contents. As such, for a given 

random seed, simulations over all water contents (i.e., swelling) only require one network 

construction, drastically decreasing computation time. To illustrate these calculations, Figure 7-9 

shows calculated proton electrochemical potential (a) and water chemical potential (b) of each 

node under a proton electrochemical potential difference across the network using Equation 7-33 

as a function position at 𝜆 = 15. 
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Figure 7-9. Calculated proton electrochemical potential (a) and water chemical potential (b) of 

each node under a proton electrochemical potential difference across the network using Equation 

7-33 as a function position at 𝜆 = 15. Each line is a network channel with its thickness scaled 

proportionally with the channel height and each node is colored and sized based on its 

(electro)chemical potential. 
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7.11 Appendix 7-E 

Bonilla and Bhatia provide a general expression for multicomponent effective medium theory 

(EMT).100 

 
∫ ∫ ∫ [(

𝑧

2
− 1) 𝒈EMT + 𝒈∗(𝐻∗ , 𝑊∗, 𝐷∗)]

−1

[𝒈EMT
∞

0

∞

0

∞

0

− 𝒈∗(𝐻∗, 𝑊∗ , 𝐷∗)]𝑃𝐷𝐹(𝐻∗ , 𝑊∗, 𝐷∗)𝑑𝐻∗𝑑𝑊∗ 𝑑𝐷∗ = 0  

7-36 

where 𝒈EMT is the matrix of macroscale transport conductances, 𝒈∗ is the matrix of microscale 

transport segment conductances, 𝑧 is the coordination number of the network, and 𝑃𝐷𝐹(𝐻∗, 𝑊∗) 

is the probability distribution function of channel heights, 𝐻∗, and widths, 𝑊∗, and depths, 𝐷∗. 

Conductances relate to the transport properties according to 

 
𝒈∗ = 𝑳∗𝜙

𝐻∗𝐷∗

𝑊∗
  

7-37 

and 

 
𝒈EMT = 𝑳EMT

𝐻ave𝐷ave

𝑊ave
  

7-38 

where 𝑳 is a matrix of transport properties with 𝐿++ and 𝐿00 along the diagonal and 𝐿+0 and 𝐿0+ 

on the off-diagonal entries and the superscripts EMT refer to the effective medium coefficients and 

∗ refers to the microscopic coefficient. The volume fraction of water, 𝜙, in Equation 7-37 corrects 

𝐿∗ from a interstitial property to a superficial property. 𝐻ave, 𝐷ave, and 𝑊ave are the average 

height, depth, and width of segments, respectively. Consistent with network simulations, 𝐷∗ =
𝐷ave . As there is a narrow distribution of 𝑊∗, compared to the distribution of 𝐻∗, we set 𝑊∗ =
𝑊ave. This second approximation does not significantly bias Equation 7-36 as it still agrees with 

test simulations of a network with a binomial distribution of heights (0 or 1) that we conducted. 

Test simulations also showed that, although the coordination number for Voronoi tesselation is 3, 

its non-regular lattice makes the apparent 𝑧 equal to 4. 

 Here, we apply the multicomponent EMT to transport coefficients of water, cation, and 

electrokinetic. To satisfy the EMT requirement that the induced local (electro)chemical potential 

gradients average to zero, the effective transport property matrix 𝑳EMT obeys 

 
∫ [(

𝑧

2
− 1) 𝑳EMT + (

𝐻∗𝜙

𝐻ave 
) 𝑳∗(𝐻∗)]

−1

[𝑳EMT − (
𝐻∗𝜙

𝐻ave 
) 𝑳∗(𝐻∗)] 𝑃𝐷𝐹(𝐻∗)𝑑𝐻∗

∞

0

= 0  

7-39 

The EMT expression, Equation 7-39, differ from that of Bonilla and Bhatia100 because they 

considered cylinders rather than slits and because they used a modified smooth-field 

approximation to relate 𝒈EMT to 𝑳EMT that did not markedly improve agreement between the EMT 

and our test simulations. However, in the network simulations with a distribution of 𝐻∗, the use of 

Equation 7-38 rather than the smooth-field approximation equivalent may be a source of 

discrepancy between the model and simulations. 
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8 Conclusions and Suggested Future Directions 

Phase-separated water-swollen cation-exchange membranes are an important component in 

numerous electrochemical energy-conversion devices.12 This dissertation develops mathematical 

models of thermodynamics and transport properties for these membrane under different 

environmental conditions. These models provide for high-fidelity prediction and optimization of 

electrochemical cell performance and give insights into the molecular underpinnings of membrane 

properties. Perfluorinated sulfonic-acid (PFSA) polymer chemistry is the primary focus of this 

work, but the methodology in this dissertation is valid for other chemistries. Individual chapters 

provide detailed conclusions. This chapter presents three reoccurring and general findings from 

this work: 

 (1) The specific behavior of ions in the water-swollen membrane is largely explained by their 

behavior in bulk solution. For example, the variations of membrane conductivity exchanged with 

different cations scales with variations of mobility of the ions in aqueous solution (see Chapters 3 

and 5). Similarly, the affinity of counter-ions for the membrane is comparable to that ion’s 

attraction to the small-molecule equivalent of the polymer charge group (e.g., triflic acid anion for 

a PFSAs) in bulk-electrolyte (see Chapter 4). This general conclusion supports previous 

literature.44, 54, 290, 332-333 Properties of solvent-swollen phase-separated membranes should, 

therefore, be compared to analogous bulk-solution electrolytes. The physics of solution 

electrolytes are relatively well understood8 and can be applied to solvent-swollen membranes. 

Differences between the behavior of bulk-electrolyte solutions and that of membranes are then due 

to membrane-specific interactions. 

(2) The concentrated nature of solvent-swollen phase-separated membranes gives rise to 

important phenomena. Concentrated-solution effects manifest themselves in transport properties, 

such as the electroosmotic coefficient and solute-solute diffusion coefficient (see Chapters 2, 5, 6, 

and 7). Thermodynamic properties also display concentrated-solution effects. Species activity 

coefficients are far from unity and ions form pairs with one another (see Chapters 3 and 4). This 

conclusion implies that dilute-solution theories are insufficient to fully understand and characterize 

PFSA membranes. Often times concentrated-solution theories are not tractable. Judicious 

simplifications need to be made. For example, Chapter 6 showed that many solute-solute 

interactions are negligible, but making that assumption a priori can lead to misleading conclusions 

about the validity and physical nature of measured transport coefficients. 

(3) Mesoscale phenomena strongly impact solvent-swollen phase-separated membrane properties. 

The tortuosity of the transport networks of solvent-swollen phase-separated membranes reduce 

macroscopic transport far more than does microscale friction (see Chapter 3). When mesoscale 

phenomena and concentrated-solution transport are combined, the emergent macroscopic 

properties are not readily computed by a corresponding microscale property (see Chapter 7).  

Each of these conclusions has implications to the application of solvent-swollen, phase-separated 

membranes in electrochemical energy-conversion devices (see Chapters 2 and 6). In general, 

tailoring the properties of the membranes improves cell performance. Conclusion 1, however, 

suggests that bulk-electrolyte properties of the involved electrolytes dictate many of membrane 

properties (see Chapters 3, 4 and 5). For example, the transport selectivity of ions through the 

membrane (i.e., the ratio of species’ diffusion coefficients) is unlikely to differ drastically from 

this ratio of the corresponding ions in solution. Conclusion 2 warns that a property measured within 

a dilute-solution framework can be a convolution of multiple concentrated-solution effects (see 
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Chapter 6). For example, the flux of an ion through a membrane depends upon not only on 

ion/membrane interactions (as dilute-solution theory predicts), but also upon ion electrochemical 

potential differences of all the species present, water/ion interactions, and osmotic-pressure 

differences, among others factors (see Chapter 7). Conclusions 2 and 3 emphasize the need to 

consider higher-order effects (i.e., water/solute interactions and electrolyte filled-channel/channel 

interactions, respectively) that introduce additional complexity while providing unexplored 

avenues to tune or improve membrane properties. 

8.1 Suggested Future Directions  

There are numerous future directions for this work. 

1) Develop new membrane chemistries or electrochemical-device design strategies that take 

advantage of concentrated-solution and mesoscale effects. For example, osmotic 

molecular stressors in redox-flow-battery electrolytes could take advantage of 

concentrated-solution effects by imposing advantageous osmotic pressure differences that 

reduce detrimental crossover of redox-active species. Alternatively, the distribution of 

hydrophilic domain sizes in the membrane can be tuned to favor ion or solvent transport 

properties as required by device requirements. 

2) Adapt the mathematical models proposed in this dissertation to other membrane materials 

and systems of interest. The proposed models and their frameworks in this dissertation 

readily extend to non-aqueous and mixed-solvent transport and partitioning. They are 

useful for electrochemical energy-conversion devices that require wider voltage windows 

than aqueous electrolytes allow.4, 334 The role of neutral solutes on membrane properties 

can be incorporated to predict transport of non-ionic electrosynthesis products.3, 335 

Extension of the model to include transport of species dissolved in the polymer backbone, 

such as hydrogen and oxygen, allows modeling of gas crossover and permeability.336 

Although this dissertation focused on PFSAs, extension to hydrocarbon cation- and anion-

exchange membranes is straightforward as well as to hydrogels used in applications beyond 

electrochemical-energy conversion. 

3) Develop reduced-order models. The mathematical models presented in this dissertation are 

complex, often requiring numerical solutions to coupled partial differential and/or transient 

algebraic equation. Model-order reduction that retains the essential physics of the full 

model while decreasing computational complexity is a fruitful area of further research. The 

multicomponent models in Chapters 4 and 5 and the network model in Chapter 7 make 

accurate predictions, but the required theoretical and numerical complexity hinder 

adoption. Simplified models reduce the barriers to implementation so that they can be 

incorporated into larger systems-level models without increasing computational effort. 

4) Extend current mathematical models to transient behavior. Because the polymer 

membranes are viscoelastic, water and ion uptake are functions of time since exposed to a 

changed environment.12 Extending water and ion-uptake models in Chapter 4  to include 

time-dependent response of the polymer can explain diffusion and swelling dynamics.12 

5) Develop mathematical models of mesoscale thermodynamics. Chapter 7 proposes a 

mesoscale transport model. Model calculations show that the distribution of hydrophilic 

domain sizes has a distinct impact on different transport properties. Developing analogous 

network-simulations to model thermodynamic properties can address whether different 

uptake and mechanical properties are also affected differently by the mesoscale. 
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6) Incorporate the role interfaces have on membrane thermodynamics and transport. In 

electrochemical energy-conversion devices, ionomer (e.g., PFSA) thin films in catalyst 

layers provide ionic conduction pathways to reaction sites.337 The properties of the thin-

film ionomers confined at catalyst sites are considerably different from those of bulk 

membranes made from the same polymer.12, 337 Incorporating confinement-dependent 

tortuosity can quantify how transport properties change as a function of ionomer-film 

thickness including anisotropy.12, 338 Modifying the molecular-thermodynamic model 

developed in Chapter 4 to account for confinement can explain different water and ion 

uptake properties.12, 339 These anomalous thin-film behaviors arises from confinement 

effects as well as from interactions of the mobile ions and polymer with the catalyst 

interface. A compelling area of exploration is coupling the current thermodynamic theory 

to a model of the electrochemical double-layer adjacent to charged surfaces, such as a 

catalyst particle. This model can answer fundamental questions about the thermodynamics 

of local environments that violate electroneutrality as well as application-specific questions 

about catalyst layers. Combining a double-layer model and transient-membrane properties 

(see 4 above), allows prediction of surface-charging and capacitive-impedance effects. 

7) Characterize thermodynamic and transport properties of concentrated bulk-electrolytes 

that are used in electrochemical energy-conversion devices. As Chapter 4-6 showed, 

optimizing the performance of energy-conversion devices requires multicomponent bulk-

electrolyte thermodynamic and transport data.340 There are extensive datasets available on 

the thermodynamic and transport properties of the most common dilute single-salt aqueous 

electrolytes.85 However, there is limited measured thermodynamic properties and transport 

coefficients of concentrated electrolytes and for electrolytes of many electrochemical 

energy-conversion devices (e.g., vanadium sulfate).223 Moreover, many energy-conversion 

devices contain mixed-solvent or mixed-salt electrolytes.336, 340 There is little if any 

complete transport and thermodynamic characterizations of such multicomponent systems. 
9, 251 It is not guaranteed that existing molecular theories, which are validated against binary 

electrolytes, are applicable to systems with additional components.9, 66, 340-341 Despite over 

a hundred years of studies on the transport and thermodynamic properties of electrolyte 

solutions, this field still requires additional research.8 
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