UC San Diego

UC San Diego Electronic Theses and Dissertations

Title
Message Passing Algorithms and Extensions of Sparse Bayesian Learning

Permalink
https://escholarship.org/uc/item/88812150

Author
Al-Shoukairi, Maher

Publication Date
2021

Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/88812150
https://escholarship.org
http://www.cdlib.org/

UNIVERSITY OF CALIFORNIA SAN DIEGO
Message Passing Algorithms and Extensions of Sparse Bayesian Learning

A dissertation submitted in partial satisfaction of the
requirements for the degree

Doctor of Philosophy
in
Electrical Engineering (Signal and Image Processing)
by

Maher Al-Shoukairi

Committee in charge:

Professor Bhaskar D. Rao, Chair
Professor Sanjoy Dasgupta
Professor Truong Nguyen
Professor Rayan Saab

Professor Paul Siegel

2021



Copyright
Maher Al-Shoukairi, 2021
All rights reserved.



The dissertation of Maher Al-Shoukairi is approved, and it is
acceptable in quality and form for publication on microfilm

and electronically.

University of California San Diego

2021

iii



DEDICATION

To my family.

v



TABLE OF CONTENTS

[Dissertation Approval Pagel . . . . . . . . . ... ... iii
Dedicationl . . . . . . . . oL v
(lable of Contents| . . . . . . . . . ... v
[Listof Figures|. . . . . . . . . viil
LISTofTablesl . . . . . o o o e X
[Acknowledgements| . . . . . . . ... xi
Vital . . . . o xiii
Abstr. f the Dissertationl . . . . . . . . . .. L L L o X1V
(Chapter 1 Introduction| . . . . . ... 1
(1. ~ Sparse Signal Recovery|. . . . . .. ... ... ... .. ...... 1

(1.1.1  Sparse Bayesian Learning Algorithm| . . . . ... ... .. 3

[1.1.2° Generalized Approximate Message Passing Algorithm| . . . 4

(1.1.3  Multiple Measurement Vector (MMV) Model| . . . . . . .. 5

(L2 Dissertation Outline and Contributions| . . . . . . . . ... ... .. 6

(Chapter 2 A GAMP Based Low Complexity Sparse Bayesian Learning Algorithm| . 10
2.1 Intr 10 1 P 10

2.1.1  Chapter’s Organization| . . . . . . . ... ... ....... 11

[2.2  Sparse Bayesian Learning for SSR| . . . . . .. ... ... 11

221 GSMClassof Priors] . . . . ... ... . . ... ... 11

222 SBUSEMAlgorithm| . . . . . ... .. ........... 12

2.3 Damped Gaussian GAMPSBL) . . . . . ... ... ... ... .. 16

231 GGAMP-SBLI . ... ... ... ... ... ... ... 16

2.3.2  GGAMP-SBL Convergence| . . . . .. ... ... ..... 21

2.4 GGAMP-TSBL for the MMV problem|. . . . . . .. ... ... .. 24

2.4.1 MMV Model and Factor Graph| . . . ... ... ...... 25

2.42  GGAMP-TSBL Message Phases and Scheduling (E-Step)] . 26

[2.4.3  Derivation of GGAMP-TSBL Updates|. . . . . ... .. .. 29

P44 GGAMP-TSBLM-Step| . .. ................ 30

32

2.5.1  SMV GGAMP-SBL Numerical Results 34

42

50

51




(Chapter 3 A GAMP Based Algorithm with Hierarchical Priors for Recovering Non- |
| Negative Sparse Signals|. . . . . . . ... ... ... .. ... ... 52
3.1 Introductionl . . . . . . .. .. ... 52
[3.1.1 Chapter’s Organization| . . . . . . ... ... ........ 53

3.2 Rectified Gaussian Scale Mixture Priod. . . . . . .. ... ... 54
[3.3  Generalized Approximate Message Passing (GAMP)[ . . . . . . .. 55
[3.4  Examples of Mixing Densities| . . . . ... ... ... ....... 58
[3.5 Multiple Measurement vector extension| . . . . . . .. ... .. .. 60
B.6 NumericalResults]. . . . . ... ... ... ... ... ....... 63
37 Conclusion] . ... .. ... ... 68
3.8 Acknowledgment| . . . . ... ... .. ... L. 68
[Chapter 4 An MPDR Perspective and Extension of Sparse Bayesian Learning/. . . . 69
4.1 Introduction| . . . . . . . ... 69
4.1.1 Chapter’s Organization| . . . . . . ... ... ........ 70

“4.2 SSR as a Source Localization Problem| . . . . . ... ... ... .. 70
4.2.1 SSR problem and SBL Algorithm Summary|. . . . . . . .. 70
4.2.2 A Source Localization Perspective of the SSR Problem| . . . 73
4.2.3 TIterative Array Processing| . . . .. ... ... ....... 75
4.2.4  An MPDR perspectiveof SBL} . . . . ... ... ... ... 76
4.2.5 An MPDR perspective of FP-SBL| . . . . . . ... ... .. 79

4.3 Sparsity Promoting Priors and their MMSE Estimates| . . . . . . . . 79
4.3.1 A Non-ldentical Laplace Prior Example] . . . . . . ... .. 80

2 Bernoulli- tlan Prion . . . . ..o oo 81

4.3.3  Non-Negative Gaussian Scale Mixture|. . . . . . ... ... 82
#4.3.4  Non-Negative Bernoulli-Gaussian| . . . . . ... ... ... 83
4.3.5 A Low Complexity Implementation| . . . .. ... .. ... 83

4.4 Convergence of the Algorithm| . . . . . . ... ... ... .. ... 85
merical Results|. . . . ... ... o0 oo 90

@4.5.1 MPDR-SSR Numerical Analysis|. . . . ... ... ... .. 90

4.6 Conclusionl . ... ... ... ... 93
4.7 Acknowledgment| . . . . . ... ... ... L. 93
[Chapter 5 An Array Processing Perspective of Sparse Bayesian Learning Variants) . 94
1 Intr 10 11 94
[5.1.1  Chapter’s Organization| . . . . . . ... ... ........ 95

[5.2 An Array Processing Perspective of the Sequential Fast-SBL Algorithm| 95
[5.2.1  Fast SBL Algorithm Summary| . . . . . ... .. ... ... 96
[5.2.2 An MVDR Interpretation of Fast SBL} . . . . . . ... ... 97
[5.2.3  Exploiting Additional Information with Fast SBL| . . . . . . 99

B3 MMVSBLUsingMPDR]. . . .. .................. 100
(3.1 TMSBL Algorithm| . . . . .. ... ... .......... 102
[5.3.2 Tterative MPDR Applied to MMV Problems|. . . . . . . .. 103

Vi



D.4.1 Fast-:SBL Numerical Results| . . . . . ... ... ... ... 106

0.42 MMV MPDR-TSBL Numerical Results| . . . . .. ... .. 108

0.5 Conclusionl . . . .. ... . 110

[5.6  Acknowledgment . . . . . ... ... ... L. 110

(Chapter 6 Semi-Blind Channel Estimation in MIMO Systems with Discrete Priors on |
| DataSymbols| . . . . . . ... oo 112
6.1 Introduction| . . . . . . .. ... ..o 112

[6.1.1  Chapter’s Organization| . . . . . . . ... ... ....... 113

[6.2  System Model and Previous EM algorithms| . . . . . . .. ... .. 114

62.1 Pilot Based ML Recerven . . . . .. .. ... ... ... .. 115

2.2 EM Semi-Blind Channel Estimation with 1an Prior] . . 115

[6.2.3  EM Semi-Blind Channel Estimation with Heuristic Demapping|116

[6.3 Reduced dimensionality Gaussian EM algorithm| . . . . . .. . .. 117

[6.4  MPDR Based Discrete Prior EM algorithm| . . . . ... ... ... 118

6.5 NumericalResults]. . . . . ... .. ... ... ... .. ...... 120

[6.5.1 Performance of the Proposed Algorithm| . . . . . . ... .. 120

[6.5.2  Runtime of the Proposed Algorithm| . . . . . ... ... .. 121

6.6 Conclusionl . ... ... ... .. ... 123

[6.7 Acknowledgment| . . . . . .. ... ... oo 124
........................................ 125

vil



LIST OF FIGURES

[Figure 2.1:  GAMP Factor Graph| . . . . . . .. .. ... ... ... ... ....... 18
[Figure 2.2:  Cost functions on SBL. and GGAMP-SBL algorithms versus number of EM |
I IErations] . . . . . . o e e e e e e e e e e e e e 24
[Figure 2.3:  GGAMP-TSBL factor graph| . . . . . . ... ... .. ... ... ..... 27
[Figure 2.4:  Message passing phases for GGAMP-TSBL)}. . . . .. ... ... ... .. 28
[Figure 2.5:  NMSE comparison of SMV algorithms under non-i.i.d.-Gaussian A matrices |
I with SNR=60dB| . . . . . .. ... .. 35
[Figure 2.6:  Runtime comparison of SMV algorithms under non-1.1.d.-Gaussian A matri- |
I ces with SNR=60dBI| . . . .. ... ... ... ... ... ... ... . 36
[Figure 2.7: NMSE comparison of SMV algorithms under non-i.1.d.-Gaussian A matrices |
I with SNR=30dBI| . . . . . . ... ... 38
[Figure 2.8:  Runtime comparison of SMV algorithms under non-i.i.d.-Gaussian A matri- |
I ceswith SNR=30dB| . . . .. ... ... ... ... .. ... ..., 39
[Figure 2.9:  Performance and complexity comparison for SMV algorithms versus problem |
| dimensions| . . . . ... 41
[Figure 2.10: NMSE comparison of SMV algorithms versus the undersampling rate M/N| 43
[Figure 2.11: TNMSE comparison of MMV algorithms under non-i.i.d.-Gaussian A matri- |
C ¢ceswithSNR=60dBI . . ... ... .. ... .. .. ... .. ... 44
[Figure 2.12: Runtime comparison of MMV algorithms under non-i.1.d.-Gaussian A matri- |
I ces with SNR=60dBI| . . . . . ... ... ... ... ... ... ... 45
[Figure 2.13: TNSME comparison of MMV algorithms under non-i.i.d.-Gaussian A matri- |
[ ceswithSNR=30dB] . . . . . . . . o i 47
[Figure 2.14: Runtime comparison of MMV algorithms under non-i.i.d.-Gaussian A matri- |
I ceswith SNR=30dB| . . . . ... ... ... ... .. ... ... ... 48
[Figure 2.15: Performance and complexity comparison for MMV algorithms versus prob- |
I lem dimensions| . . . . . . ... 49
[Figure 3.1:  SMV Versus MMV factor graphs| . . . . .. ... .. ... ... ..... 62
[Figure 3.2: NMSE comparison of SMV algorithms under non-i.1.d.-Gaussian A matrices |
I with SNR=60dBI| . . . . . . ... ... 64
[Figure 3.3:  NMSE comparison of SMV algorithms under non-i.i.d.-Gaussian A matrices |
I with SNR=30dB| . . . . .. ... ... 65
[Figure 3.4: Runtime comparison of SMV algorithms under non-i.1.d.-Gaussian A matri- |
I ceswith SNR=30dBl . . . . ... ... ... ... ... ... ....... 66
[Figure 3.5:  'TNMSE comparison of the MMV algorithm and SMV algorithms| . . . . . 67
[Figure 4.1:  MPDR SSR Algorithm| . . . . . . ... ... ... ... .. ... ..., 77
[Figure 4.2:  QQ plots comparing MAI with a Gaussian distribution.| . . . . . . . . . .. 87
[Figure 4.3:  Noise variance development with each iteration.| . . . . . ... . ... .. 88
[Figure 4.4:  Performance of SSR Algorithms with BG Elements|. . . . . . . .. .. .. 90
[Figure 4.5:  Runtime of Fast SSR Algorithms| . . . . . .. .. .. ... ... ... .. 91

viii



[Figure 4.6:  Performance of SSR Algorithms with BG Non-Zero Mean Elements|. . . . 92
[Figure 5.1:  Performance of Fast SSR Algorithms| . . . . . . ... ... ... ... .. 107
[Figure 5.2:  Performance of Non-Negative Fast SSR Algorithms| . . . . . . ... ... 107
[Figure 5.3:  Performance of MMV Algorithms| . . . . . . . .. .. ... ... ... .. 109
[Figure 5.4:  Complexity of MMV Algorithms| . . . . . ... ... ... ... ..... 110
[Figure 6.1:  MSE vs SNR (First Experiment)| . . . . . .. ... ... ... ....... 121
[Figure 6.2:  MSE vs SNR (Second Experiment)[ . . . . . ... ... ... ....... 122
[Figure 6.3:  Runtime vs SNR (first Experiment), . . . . . ... ... ... ... .... 122
[Figure 6.4: Runtime vs SNR (Second Experiment)] . . . .. ... ... ... ..... 123

iX



LIST OF TABLES

(Table 2.1: GGAMP-SBL algorithm| .
able 2.2: - algorithm) .
(Table 3.1:  RGGAMP based algorithms|
able 4.1: ow Complexity

able 5.1:  Fast - algorit




ACKNOWLEDGEMENTS

First and foremost I would like to express my deepest gratitude for prof. Bhaskar Rao for
giving me the opportunity to pursue a PhD under his supervision. I am very lucky to have had
the chance to work under prof. Rao’s guidance and to learn from his vast knowledge, kindness
and patience. Prof. Rao will always be a role model that has set the highest academic and ethical
standards, that I will always strive to achieve.

I would like to thank my father Shafiq Khalawi Alshuqairi, who always encouraged me
to achieve my full potential. A big thank you to my best friend, my biggest fan and the best
teacher anyone could hope for, my dear mom Salam Arikat, whose love and support have always
paved our way. I am also thankful for my brother Musa, my first mentor and the person I seek
advice from on a daily basis. I would like to thank Ashleigh for her encouragement and all the
inspiration she has provided during my PhD.

I am thankful for my committee members, prof. Truong Nguyen, prof. Paul Siegel, prof.
Sanjoy DasGupta and prof. Rayan Saab, for their valuable suggestions during my course of
work. I would like to thank all the inspiring professors of UCSD whose courses gave me the
skills that enabled me to pursue different research problems. I especially thank prof. Kenneth
Kreutz-Delgado for his early on encouragement and his uplifting conversations. I would like to
thank prof. Philip Schniter (of The Ohio State University) for giving me the chance to collaborate
with him on my first paper, I really appreciate his valuable contributions and feedback.

I am thankful for my colleagues at UCSD Digital Signal Processing Lab, Dr. Bang
Nguyen, Dr. Igor Fedorov, Dr. Elina Nayebi, Dr. Alican Nalci, Dr. Ritwik Giri, Dr. Yonghee Han,
Dr. Yacong Ding, Dr. Soon-En Chiu, Dr. Jing Liu, Govind Gopal, Tharun Srikrishnan, Rohan
Pote, Aditya Sant, Hitesh Khunti and David Ho. I am thankful for their moral support, valuable
discussions, help with research and research presentations from which I learned a lot.

Finally, I would like to thank some of my former colleagues and managers at Qualcomm

for providing me with the inspiration and motivation to pursue my academic goals and eventually

xi



transition into the next chapter of my career.

Chapter 2, in full, is a reprint of material published in the article Maher Al-Shoukairi,
Philip Schniter, and Bhaskar D. Rao, “A GAMP-based low complexity sparse Bayesian learning
algorithm”, IEEE Transactions on Signal Processing, 2017. I was the primary author and B. D.
Rao supervised the research.

Chapter 3, in full, is a reprint of material published in the article Maher Al-Shoukairi, and
Bhaskar D. Rao, “A GAMP based algorithm with hierarchical priors for recovering non-negative
sparse signals”, Asilomar Conference on Signals, Systems, and Computers, 2017. I was the
primary author and B. D. Rao supervised the research.

Chapter 4, in full, is a reprint of material published in the article Maher Al-Shoukairi, and
Bhaskar D. Rao, “An MPDR Perspective and Extension of Sparse Bayesian Learning”, under
review at IEEE Transactions on Signal Processing. I was the primary author and B. D. Rao
supervised the research.

Chapter 5, in full, is a reprint of material in Maher Al-Shoukairi, and Bhaskar D. Rao,
“An MPDR Perspective and Extension of Sparse Bayesian Learning”, under review at IEEE
Transactions on Signal Processing. I was the primary author and B. D. Rao supervised the
research.

Chapter 6, in full, is a reprint of material in Maher Al-Shoukairi, and Bhaskar D. Rao,
“Semi-Blind Channel Estimation In MIMO Systems with Discrete Priors On Data Symbols”,
under review at IEEE Transactions on Signal Processing. I was the primary author and B. D. Rao

supervised the research.

xii



VITA

2005 B. S. in Electrical Engineering , University of Jordan, Amman

2008 M. S. in Electrical Engineering , Texas A&M University, College Station

2021 Ph. D. in Electrical Engineering, University of California San Diego
PUBLICATIONS

M Al-Shoukairi, BD Rao, “Semi-Blind Channel Estimation In MIMO Systems with Discrete
Priors On Data Symbols”, under review at IEEE Signal Processing Letters.

M Al-Shoukairi, BD Rao, “An MPDR Perspective and Extension of Sparse Bayesian Learning”,
under review at IEEE Transactions on Signal Processing.

M Al-Shoukairi, BD Rao, “Sparse Signal Recovery using MPDR Estimation”, IEEE Interna-
tional Conference on Acoustics, Speech and Signal Processing (ICASSP), 2019.

A Nalci, I Fedorov, M Al-Shoukairi, TT Liu, BD Rao, “Rectified Gaussian scale mixtures and
the sparse non-negative least squares problem”, IEEE Transactions on Signal Processing, 2018.

M Al-Shoukairi, P Schniter, BD Rao, “A GAMP-based low complexity sparse Bayesian learning
algorithm”, IEEE Transactions on Signal Processing, 2017.

M Al-Shoukairi, BD Rao, “A GAMP based algorithm with hierarchical priors for recovering
non-negative sparse signals”, Asilomar Conference on Signals, Systems, and Computers, 2017.

M Al-Shoukairi, BD Rao, “Sparse Bayesian learning using approximate message passing”,
Asilomar Conference on Signals, Systems, and Computers, 2014.

Xiii



ABSTRACT OF THE DISSERTATION

Message Passing Algorithms and Extensions of Sparse Bayesian Learning

by

Maher Al-Shoukairi

Doctor of Philosophy in Electrical Engineering (Signal and Image Processing)

University of California San Diego, 2021

Professor Bhaskar D. Rao, Chair

Sparse Signal Recovery (SSR) has an essential role in a number of modern engineering
applications. This thesis focuses on Bayesian algorithms for sparse signal recovery, where it
addresses some of the shortcomings associated with such algorithms. The high complexity
of the sparse Bayesian learning algorithm is addressed first, where we present an algorithm
that incorporates damped Gaussian generalized approximate message passing (GGAMP) into
Expectation-Maximization (EM)-based sparse Bayesian learning (SBL). In particular, GGAMP
is used to implement the E-step in SBL in place of matrix inversion. We propose an algorithm
that is much more robust to arbitrary measurement matrices than the standard damped GAMP

algorithms while being much lower complexity than the standard SBL algorithm. We then
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extend the approach from the single measurement vector (SMV) case to the temporally correlated
multiple measurement vector (MMV) case.

The approach developed for the standard SBL is extended to address the sparse non-
negative least squares (NNLS) problem using a rectified Gaussian scale mixture approach com-
bined with the generalized approximate message passing algorithm. This approach enhances
convergence compared to existing GAMP based sparse NNLS algorithms. Other advantages
include significant reduction in derivation complexity of the algorithm, and the ability to impose
different priors on the signal, simply by changing the less computationally demanding M-step.
Moreover, extending the algorithm to the multiple measurement vector case is straightforward,
and is achieved by a simple modification to the M-step as well.

Next, we provide a new perspective of the SBL algorithm. A novel interpretation of
the SBL algorithm’s iterations is developed, where the iterations are divided into a minimum
power distortionless receiver (MPDR) step and a denoising step. This interpretation provides
significant intuitive insights into the SBL, which can potentially enable enhancing the algorithm
and extending it beyond some of its current limitations. To demonstrate this potential, we propose
a low complexity algorithm that can handle a wide range of sparsity promoting priors. We also
show how the new perspective on SBL extends to other variants of the algorithm, such as the
sequential fast-SBL algorithm and the multiple measurement vector (MMYV) SBL variants. We
demonstrate potential benefits of such interpretation by extending the fast-SBL to incorporate
more general priors, and by developing a low complexity MMV algorithm.

Finally, we address the MIMO semi-blind channel estimation problem, benefiting from the
insights gained from previous results. We propose an eigenvalue decomposition based technique
to significantly reduce the dimensionality of the Gaussian EM based estimation algorithm, greatly
lowering the computational complexity. In addition to that, we apply the MPDR based decoupling

principle to derive a tractable EM algorithm that uses the actual discrete prior of the data symbols.

XV



Chapter 1

Introduction

1.1 Sparse Signal Recovery

The problem of sparse signal recovery (SSR) and the related problem of compressed
sensing have received much attention in recent years [1-6]. Sparse signal recovery continues
to be deployed in an increasing number of engineering applications, the applications include
EEG/MEG [7.,[8], array signal processing [9-11]], pattern recognition [12]], speech and audio
processing [13], wireless sensor networks [[14}/15], wireless channel estimation [16,/17] and many
more.

The SSR problem, in the single measurement vector (SMV) case, consists of recovering a

sparse signal x € RY from M < N noisy linear measurements y € RM:
y=Ax+e, (1.1)

where A € RM*N is a known measurement matrix and e € RY is additive noise modeled by
e ~ N (0, o1 ). Although this is an underdetermined system, a unique solution can be obtained

when sufficient sparsity and appropriate conditions on the measurement matrix are met. The



sparse solution can be obtained by solving the following optimization problem:
argmin [[y — Ax|3 +l|x[|o, (12)

where ||.||o is the zero pseudo-norm which is a measure of the support and A is a regularization
parameter related to the noise variance. The optimization in (I.2)) is NP hard [S}[18]], it requires
an exhaustive search over all subsets of columns of A. Despite the difficulty in solving this
problem, an important finding in recent years is that for a sufficiently sparse x and a well designed
A, accurate recovery of x is possible [18]]. A popular technique to address is based on

approximating the zero norm penalty factor in (1.2]) by a suitable surrogate penalty factor g(x):
argmin||y — Ax||3 +Ag(x). (1.3)

Different SSR algorithms can be obtained using the proper choice of the penalty factor g(x). It
was shown that under some conditions the choice of strictly increasing concave penalty factor
results in an objective function with sparse local minima with the sparsest solution at the global
minimum [19,)20]. A popular choice of g(x) is the ¢; norm, leading to the Basis Pursuit and
LASSO algorithms [21L[22]]. The popularity of the ¢; approach is due to the theoretical guarantees
of exact recovery when certain conditions are met. More specifically the £; minimization solution
recovers the /gy solution if A satisfies the restricted isometry property (RIP) [1,23]]. In addition
to the convex relaxation of (I.2)), a range of different techniques were proposed to address (L.
The techniques include greedy algorithms, [5,24-26], iteratively re-weighted algorithms [27-29]
and Bayesian techniques [30-37]]. Greedy algorithms can achieve lower complexity compared to
other techniques, however they have limited success in noisy scenarios and are highly affected by
coherence in the columns of A.

A number of approaches have been empirically shown to outperform the ¢; approach,

the approaches include reweighted ¢, ¢, algorithms [38]], in addition to Bayesian algorithms



including those based on approximate message passing [31-33]]. The Bayesian approach is based
on incorporating the sparsity constraint by choosing a sparsity promoting prior on the vector x.
Bayesian approaches can be mainly divided into two types: Type I MAP based approaches, and
a Type II Evidence Maximization approaches. The surrogate function in (I.3)) can be imposed

using a type I MAP Bayesian approach through the proper prior:

Xyap = argmflxp(x|y) = argmflxp(y|x)p(x) (1.4)
= argmax|log [p(y[x)] +log [p(x)] (1.5)
= argmin|ly — Ax|3 + Y log[p(x:)], (1.6)

therefore the surrogate function where g(x) can be determined by log p(x). For example, using
an i.i.d. Laplace prior p(x;) = %exp(—i”xi” 1) will lead to the popular ¢; minimization approach.
In the type II a prior is typically imposed using a hierarchical model, where the effective prior is
controlled by an unknown parameter that can be learned from the measurements using evidence
maximization. The implementation and performance differences between the two Bayesian
approaches were discussed in [31,[39-43]]. Type II based algorithms were shown to experience
more robustness to the inaccurate choice of prior compared to Type 1. In addition to that, certain
hierarchical models like the Gaussian scale mixture can allow for closed form solutions and other
desirable properties as we will see in parts of this dissertation. This dissertation will mainly focus

on Bayesian algorithms, more specifically the algorithm known as the sparse Bayesian learning

algorithm (SBL) and its variants, and on approximate message passing (AMP) algorithms.

1.1.1 Sparse Bayesian Learning Algorithm

SBL was first proposed in the context of machine learning in 2001 [30]], and it was adapted
to be used for SSR in 2004 [31,41]]. We give a very brief description of SBL [30,31] here, saving

a more detailed description for subsequent chapters. Essentially, SBL is a type II Bayesian



approach that is based on a Gaussian scale mixture (GSM) [44-46] prior on x. That is, the prior
is Gaussian conditioned on a variance vector Y, which is then controlled by a suitable choice of
hyperprior p(y). A large of number of sparsity-promoting priors, like the Student-t and Laplacian
priors, can be modeled using a GSM, making the approach widely applicable [44-48]. In the SBL
algorithm, the expectation-maximization (EM) algorithm is used to alternate between estimating
Y and estimating the signal x under fixed ¥. Since the latter step uses a Gaussian likelihood and
Gaussian prior, the exact solution can be computed in closed form via matrix inversion. This
matrix inversion is computationally expensive, limiting the algorithms applicability to large scale
problems. In addition to the high complexity of the algorithm, SBL is limited to imposing priors
through a GSM which is quite flexible but not all encompassing. In this dissertation we will be
exploring techniques to lower the complexity of the SBL and extend it beyond the GSM prior to

allow it to incorporate more general sparsity promoting priors.

1.1.2 Generalized Approximate Message Passing Algorithm

Another important class of algorithms that we address in this dissertation is the Approx-
imate message passing (AMP) algorithms. AMP algorithms apply quadratic and Taylor series
approximations to loopy belief propagation to produce low complexity algorithms. Based on the
original AMP work in [49]], a generalized AMP (GAMP) algorithm was proposed in [S0]. The
GAMP algorithm provides an iterative Bayesian framework under which the knowledge of the
matrix A and the densities p(x) and p(y|x) can be used to compute the maximum a posteriori
(MAP) estimate Xp4p = argmin, g~ p(x|y) when it is used in its max-sum mode, or approximate
the minimum mean-squared error (MMSE) estimate Xyyse = [py Xp(x]y)dx = E(x|y) when it
is used in its sum-product mode.

The performance of AMP/GAMP algorithms in the large system limit (M, N — oo) under
an i.i.d zero-mean sub-Gaussian matrix A is characterized by state evolution [51], whose fixed

points, when unique, coincide with the MAP or the MMSE estimate. However, when A is generic,



GAMP’s fixed points can be strongly suboptimal and/or the algorithm may never reach its fixed
points. Previous work has shown that even mild ill-conditioning or small mean perturbations
in A can cause GAMP to diverge [52-54]]. To overcome the convergence problem in AMP
algorithms, a number of AMP modifications have been proposed. A “swept”“ GAMP (SwAMP)
algorithm was proposed in [55], which replaces parallel variable updates in the GAMP algorithm
with serial ones to enhance convergence. But SWAMP is relatively slow and still diverges for
certain A. An adaptive damping and mean-removal procedure for GAMP was proposed in [54]
but it too is somewhat slow and still diverges for certain A. An alternating direction method of
multipliers (ADMM) version of AMP was proposed in [56] with improved robustness but even
slower convergence. In [32] another variant of the approximate message passing algorithms was
proposed. The algorithm referred to by Vector AMP (VAMP) uses a single time singular value
decomposition operation to enhance the convergence of the AMP algorithm.

The class of AMP based algorithms represent an important class of low complexity
Bayesian algorithms that can impose flexible priors on the signal of interest. Throughout the
dissertation we will exploit some of the results obtained by different AMP algorithms. We will

also use some of the previous AMP results as a benchmark to compare our contributions against.

1.1.3 Multiple Measurement Vector (MMYV) Model

The MMV problem extends the SMV problem from a single measurement and signal
vector to a sequence of measurement and signal vectors. Applications of MMV include direction
of arrival (DOA) estimation and EEG/MEG source localization, among others. In our treatment
of the MMV problem, all signal vectors are assumed to share the same support also referred to by

having a common sparsity profile. The MMV model can be stated as:

y(t) :Ax(t) _|_e(t)7 = 1727...,T,



where we have T measurement vectors [y(1), y?) .. y(T)] with y() € RM. The objective is to
recover X = [x() x®) .. x(T)] with x{") € RV, where in addition to the vectors x) being sparse,
they share the same sparsity profile. Similar to the SMV case, A € R®*V is known, and
[e(1), e ... eT)] is a sequence of i.i.d. noise vectors modeled as e) ~ A((0,2I).

It was shown in [57-60] that having multiple vectors can improve the recovery perfor-
mance compared to the single measurement case. In practice it is often the case that the non-zero
signal elements will experience temporal correlation, i.e., each non-zero row of the signal matrix
can be treated as a correlated time series. If this correlation is not taken into consideration, the
performance of MMV algorithms can degrade quickly [61].

A number of Bayesian algorithms were proposed to address the MMV problem. Among
the most successful is a Bayesian algorithm known as the TMSBL algorithm [61-64], which
models the sparsity and correlation of the signals using a modified Gaussian scale mixture
prior. Other Bayesian algorithms addressed the high complexity issues associated with the
TMSBL algorithm by using an AMP based model with an AR(1) process to model the temporal
correlation [65,66]]. Although AMP algorithms did offer significant complexity improvements,
TMSBL still achieved superior successful recovery rates over them. This dissertation in part
explores how combining SBL assumptions with AMP based implementations can address the

shortcomings of both approaches.

1.2 Dissertation Outline and Contributions

* In Chapter 2, we develop low-complexity algorithms for sparse Bayesian learning
(SBL) [30,31]. Since the traditional implementation of SBL uses matrix inversions at each
iteration, its complexity is too high for large-scale problems. We circumvent the matrix inverse
using the generalized approximate message passing (GAMP) algorithm [49,50,52]]. Using GAMP

to implement the E step of EM-based SBL provides a significant reduction in complexity over



the classical SBL algorithm. This work is a beneficiary of the algorithmic improvements and
theoretical insights that have taken place in recent work in AMP [49,50,52]], where we exploit
the fact that using a Gaussian prior on p(x) can provide guarantees for the GAMP E-step to not
diverge when sufficient damping is used [52], even for a non-i.i.d.-Gaussian A. In other words,
the enhanced robustness of the proposed algorithm is due to the GSM prior used on x, as opposed
to other sparsity promoting priors for which there are no GAMP convergence guarantees when
A is non-i.i.d.-Gaussian. The resulting algorithm is the Gaussian GAMP SBL (GGAMP-SBL)
algorithm, which combines the robustness of SBL with the speed of GAMP.

* In chapter 2, to further illustrate and expose the synergy between the AMP and SBL
frameworks, we also propose a new approach to the multiple measurement vector (MMV)
problem with temporal correlation. Extensions of SBL to the MMV problem have been developed
in [[60,/61,/64], such as the TSBL and TMSBL algorithms [61]]. Although TMSBL has lower
complexity than TSBL, it still requires an order of O(NM?) operations per iteration, making it
unsuitable for large-scale problems. To overcome the complexity problem, [[65] and [67]] proposed
AMP-based Bayesian approaches to the MMV problem. However, similar to the SMV case, these
algorithms are only expected to work for i.i.d zero-mean sub-Gaussian A. We therefore extend
the proposed GGAMP-SBL to the MMV case, to produce a GGAMP-TSBL algorithm that is
more robust to generic A, while achieving linear complexity in all problem dimensions.

* In chapter 3, we show that the previously shown advantages of derivation simplification
and convergence improvement still apply in the non-negative constrained SSR problem when
an rectified GSM (RGSM) prior is used. We show how the RGSM prior allows to change the
effective prior on x by changing the mixing density, which translates into a simple change in the
overall algorithm. We additionally show how extending the algorithm to address the multiple
measurement vector (MMYV) problem with common sparsity profile is also achieved by a simple
algorithm change.

* The main contribution of chapter 4 is offering a novel interpretation of the SBL algorithm



based on the minimum power distortionless response (MPDR) beamforming method in array
processing. The SBL’s iterations are interpreted as the MPDR beamformer (BF) iteratively
applied to the measurements and the beamformer parameters updated based on the estimates at
each iteration, along with the ability to add a denoising step at the output of the MPDR BF when
a prior is imposed on x. Unlike the Bayesian formulation of the algorithm which was derived
using an expectation maximization (EM) approach and is harder to extend, this new interpretation
provides much needed intuitive support and significant clarity into how the SBL algorithm works
and it allows for more flexibility in the algorithm’s framework.

* In chapter 4, the benefits of the new insight is demonstrated by extending the algorithm to
incorporate priors other than GSM priors, where in the past obtaining a solution with such priors
was complex and could not be achieved in some cases, like the case of using an non-identical
Laplace prior [39]]. We also present another important example on potential benefits of the new
interpretation by replacing the MPDR BF step with an approximate message passing (AMP)
based MPDR implementation, which results in a low complexity Bayesian algorithm that can
be used with a wide range of sparsity promoting priors. We refer to this methodology as the
MPDR-SSR framework, and present the Laplace SBL (LSBL) algorithm that uses a non-identical
Laplace prior as an example of the MPDR-SSR algorithm’s capabilities.

» The first contribution of chapter 5 is to show how the new insights into the SBL
algorithm extend into other variants of SBL. We show how the concept extends to the sequential
fast-SBL algorithm, where we provide an interpretation of its iterations based on the minimum
variance distortionless receiver (MVDR) BFm We exploit the significance of this interpretation
by showing how the algorithm can be extended to handle more general priors to incorporate
any extra information about x. We demonstrate how incorporating this information can provide
performance enhancement to the fast-SBL by presenting a number of algorithms.

* The second contribution of chapter 5 is to show that the MMV problem can be addressed

I'The terminology MPDR and MVDR are adopted from [68]]. Though both are equivalent in the decorrelated
source case, the problem formulation is different and this difference is relevant to our interpretation.



using the MPDR framework when the common support assumption is met. We show how the
MPDR BF decouples the measurements in one dimension (space for arrays), making it much
easier to deal with correlation across measurements one row at a time. Using the assumptions of
TMSBL we show how the TMSBL can be derived using the MPDR framework, and based on this
derivation we propose the low complexity MPDR-TSBL algorithm that uses the AMP version of
the MPDR. We compare MPDR-TSBL to the previously proposed AMP based MMV algorithms.
MPDR-TSBL shows superior performance compared to the two AMP based algorithms. MPDR-
TSBL also provides an advantage in complexity over the other two algorithms when the number of
measurements is large. Moreover, based on the convergence properties of the AMP based MPDR,
the algorithm is expected to have better convergence compared the AMP-MMYV when A is not i.i.d
Gaussian, since the AMP based MPDR was shown to converge for general A matrices [52,/66].

* In chapter 6, we show how the Minimum Power Distortionless Response (MPDR) based
decoupling principle, proposed in [69] to address the sparse signal recovery problem, can be
applied to the E-step of the MIMO channel estimation problem. Based on this decoupling, we
can impose the actual discrete prior on the data symbols and obtain a tractable approximate
posterior that can be used to implement the E-step of the EM algorithm. This MPDR based
approximation was shown to perform well in the SSR problem [69]. Similarly our results show
that this approximation outperforms the Gaussian and heuristic EM approaches from [70] in low
and high SNR scenarios.

* In chapter 6, we also address the dimensionality and complexity of the Gaussian prior
EM approach. We show how by using a one time eigenvalue decomposition of the received
data symbols, the dimensionality of the measurements and hence complexity is reduced to
be independent of the number of data symbols. We then use the eigenvalue decomposition
based Gaussian algorithm to initialize the MPDR based algorithm to significantly speed up the

convergence of the MPDR based algorithm.



Chapter 2

A GAMP Based Low Complexity Sparse

Bayesian Learning Algorithm

2.1 Introduction

The SBL algorithm and its MMV extensions have shown excellent performance when
it comes to solving the SSR problem. However, because they need matrix inversions at each
iteration, the complexity level of such algorithms makes them unsuitable for the use on large
scale problems. In this chapter, we develop an algorithm based on the same assumptions used in
the SBL algorithms, but use the low complexity GAMP algorithm to recover the sparse signal.
Compared to the original EM-SBL algorithms, the proposed approach results in linear complexity,
which makes it perfect for large scale problems. On the other hand, approximate message
passing algorithms which can achieve low complexity, suffer from divergence issues when the
measurement matrix in not i.i.d. Gaussian. In the special case that the prior and likelihood are both
independent Gaussian, [52]] was able to provide a full characterization of GAMP’s convergence.
In particular, it was shown that Gaussian GAMP (GGAMP) algorithm will converge if and only

if the peak to average ratio of the squared singular values in A is sufficiently small. When this

10



condition is not met, [52] proposed a damping technique that guarantees convergence of GGAMP
at the expense of slowing its convergence rate. Although the case of Gaussian prior and likelihood
is not suitable to handle the sparse signal recovery problem directly, it is sufficient to replace the

costly matrix inversions in some the algorithms we develop in this chapter.

2.1.1 Chapter’s Organization

The organization of the chapter is as follows. In Section[2.2] we review the SBL algorithm.
In Section we combine the damped GGAMP algorithm with the SBL approach to solve
the SMV problem. We introduce the GGAMP-SBL algorithm and investigate its convergence
behavior. In Section [2.4] we use a time-correlated multiple measurement factor graph to derive
the GGAMP-TSBL algorithm. In Section [2.5] we present numerical results to compare the
performance and complexity of the proposed algorithms with the original SBL and with other

AMP algorithms for the SMV case, and with TMSBL for the MMV case.

2.2 Sparse Bayesian Learning for SSR

2.2.1 GSM C(lass of Priors

We restate the sparse signal recovery problem here for chapter completeness. In the single
measurement vector (SMV) case, the SSR problem consists of recovering a sparse signal x € RY

from M < N noisy linear measurements y € RM.
y=Ax+e, @.1)

where A € RM*N is a known measurement matrix and e € RY is additive noise modeled by
e ~ N(0,6%I). We will assume that the entries of x are independent and identically distributed,

i.e. p(x) =I1,p(xy,). The sparsity promoting prior p(x,) will be chosen from the GSM class and
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so will admit the following representation

pln) = [ A 04)p (1), 22)

where A[(x,;0,7,) denotes a Gaussian density with mean zero and variance 7y,. The mixing
density on hyperprior p(7y,) controls the prior on x,. For instance, if a Laplacian prior is desired
for x,, then an exponential density is chosen for p(7y,) [44].

In the empirical Bayesian approach, an estimate of the hyperparameter vector Y is itera-

tively estimated, often using evidence maximization. For a given estimate ¥, the posterior p(x|y)

is approximated as p(x|y;¥), and the mean of this posterior is used as a point estimate for X. This
mean can be computed in closed form, as detailed below, because the approximate posterior is
Gaussian. It was shown in [39]] that this empirical Bayesian method, also referred to as a Type 11
maximum likelihood method, can be used to formulate a number of algorithms for solving the
SSR problem by changing the mixing density p(Y,). There are many computational methods that
can be employed for computing 7y in the evidence maximization framework, e.g, [30,31./71]. In

this work, we utilize the EM-SBL algorithm because of its synergy with the GAMP framework,

as will be apparent below.

2.2.2 SBL’s EM Algorithm

In EM-SBL, the EM algorithm is used to learn the unknown signal variance vector
¥ [7274], and possibly also the noise variance 62. We focus on learning ¥, assuming the
noise variance 62 is known. We later state the EM update rule for the noise variance 62 for
completeness.

The goal of the EM algorithm is to maximize the posterior p(Y|y) or equivalentlyﬂ to

minimize —log p(y,¥). For the GSM prior (2.2) and the additive white Gaussian noise model,

!Using Bayes rule, p(Y|y) = p(y,Y)/p(y) where p(y) is a constant with respect to . Thus for MAP estimation of
Y we can maximize p(y,Y), or minimize — log p(y,Y).
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this results in the SBL cost function [30,31]],

() = —logp(y,Y)
1 |
= 5 log[%,|+ 7y 2,1y —logp(Y), (23)

¥, =c’I +ATA", T 2 Diag(y).

In the EM-SBL approach, x is treated as the hidden variable and the parameter estimate is

iteratively updated as follows:

Y = argmax By [log p(y.x,v)], 4

where p(y,x,Y) is the joint probability of the complete data and p(x|y;Y’) is the posterior under
the old parameter estimate ¥, which is used to evaluate the expectation. In each iteration, an
expectation has to be computed (E-step) followed by a maximization step (M-step). It is easy
to show that at each iteration, the EM algorithm increases a lower bound on the log posterior
log p(Y¥|y) [72], and it has been shown in [74] that the algorithm will converge to a stationary
point of the posterior under a fairly general set of conditions that are applicable in many practical
applications.

Next we detail the implementation of the E and M steps of the EM-SBL algorithm.

SBL’s E-step

The Gaussian assumption on the additive noise e leads to the following Gaussian likelihood

function:

1 1
2 2
X,07) = ——¢€X — 5 —Ax . 2.5
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Due to the GSM prior (2.2), the density of x conditioned on ¥y is Gaussian:

N 1 X2
pxlv) =] exp < - ) : (2.6)

a1yt O\ 2

Putting (2.5)) and (2.6)) together, the density needed for the E-step is Gaussian:

p(x]y,y) = N(x;:%,Zy) 2.7)
i=c’r,A'y (2.8)
Y =(c?ATA+T !

=T -TA"(6’I+ATAT) !AT. (2.9)

We refer to the mean vector as X since it will be used as the SBL point estimate of x. In the sequel,
we will use T, when referring to the vector composed from the diagonal entries of the covariance
matrix Xy. Although both X and T, change with the iteration i, we will sometimes omit their i
dependence for brevity. Note that the mean and covariance computations in and are
not affected by the choice of p(7). The mean and diagonal entries of the covariance matrix are

needed to carry out the M-step as shown next.

SBL’s M-Step

The M-step is then carried out as follows. First notice that

IE"x|y;‘y",($2 [_ logp(y,x, Y; 62)] =

Eyjyy 02 [~ 1og p(y|x; %) —log p(x|y) —log p(V)] . (2.10)

Since the first term in (2.10)) does not depend on ¥, it will not be relevant for the M-step and thus

can be ignored. Similarly, in the subsequent steps we will drop constants and terms that do not
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depend on Y and therefore do not impact the M-step. Since E,.,i 2 2] = %2+,

Eylyyi o2 [—logp(x|y) —log p(y)] =

N 241 1
) 4 “ogy, —1 ) ) 2.11
n;(( o, )+20gv og p(¥ )) (2.11)

Note that the E-step only requires £,, the posterior mean from (2.8)), and 7, ,the posterior variance
from (2.9), which are statistics of the marginal densities p(x,|y,¥). In other words, the full joint
posterior p(x|y,¥) is not needed. This facilitates the use of message passing algorithms.

As can be seen from (2.7)-(2.9)), the computation of X and T, involves the inversion of an
N x N matrix, which can be reduced to M x M matrix inversion by the matrix inversion lemma.
The complexity of computing X and T, can be shown to be O(NM 2) under the assumption that
M < N. This makes the EM-SBL algorithm computationally prohibitive and impractical to use

with large dimensions.

From (2.4) and (2.11)), the M-step for each iteration is as follows:

N /2

. 1

¥*! = argmin Z Xt T + 08t _ logp(v) )| - (2.12a)
Y | = 2V 2
n=1
This reduces to N scalar optimization problems,

. [+, 1

v = argrr;m > L4+ Elogyn —logp(v)| - (2.12b)

The choice of hyperprior p(Y¥) plays a role in the M-step, and governs the prior for x. However,
from the computational simplicity of the M-step, as evident from (2.12b)), the hyperprior rarely
impacts the overall algorithmic computational complexity, which is mainly that of computing the
quantities X and T, in the E-step.

Often a non-informative prior is used in SBL. For the purpose of obtaining the M-step
update, we will also simplify and drop p(Y) and compute the Maximum Likelihood estimate of .

From (2.12B)), this reduces to, ¥, = £2 + 1, .
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Similarly, if the noise variance 62 is unknown, it can be estimated using:

i+1
(%) =argmaxE o i[p(y.x,%:0%)]

Iy —Ax]2+(6*) ' ZN, (1-2)
= i . (2.13)

We note here that estimates obtained by (2.13)) can be highly inaccurate as mentioned in [60].
Therefore, it suggests that experimenting with different values of 62 or using some other applica-

tion based heuristic will probably lead to better results.

2.3 Damped Gaussian GAMP SBL

We now show how damped GGAMP can be used to simplify the E-step above, leading to
the damped GGAMP-SBL algorithm. Then we examine the convergence behavior of the resulting

algorithm.

2.3.1 GGAMP-SBL

Above we showed that, in the EM-SBL algorithm, the M-step is computationally simple
but the E-step is computationally demanding. The GAMP algorithm can be used to efficiently
approximate the quantities X and T, needed in the E-step, while the M-step remains unchanged.
GAMP is based on the factor graph in Figure where for a given prior f,(x) = p(x,) and
a likelihood function g,, = p(ym|x), GAMP uses quadratic approximations and Taylor series
expansions, to provide approximations of MAP or MMSE estimates of x. The reader can refer
to [50] for detailed derivation of GAMP. The E-step in Table uses the damped GGAMP
algorithm from [52]] because of its ability to enhance traditional GAMP algorithm divergence
issues with non-i.i.d.-Gaussian A. The damped GGAMP algorithm has an important modification

over the original GAMP algorithm and also over the previously proposed AMP-SBL [67], namely
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the introduction of damping factors 6,0, € (0, 1] to slow down updates and enhance convergence.
Setting 6, = 0, = 1 in the damped GGAMP algorithm will yield no damping, and reduces the
algorithm to the original GAMP algorithm. We note here that the damped GGAMP algorithm
from [52]] is referred to by GGAMP, and therefore we will be using the terms GGAMP and
damped GGAMP interchangeably in this chapter. Moreover, when the components of the matrix
A are not zero-mean, one can incorporate the same mean removal technique used in [54]. The
input and output functions gs(p,T,) and g(r,7T,) in Table 2.1{are defined based on whether the
max-sum or the sum-product version of GAMP is being used. The intermediate variables r and
p are interpreted as approximations of Gaussian noise corrupted versions of x and z = Ax, with
the respective noise levels of T, and T,. In the max-sum version, the vector MAP estimation
problem is reduced to a sequence of scalar MAP estimates given r and p using the input and

output functions, where they are defined as:

Pm
[85(P,Tp)lm = Pm — Tpmproxﬁmp(ym\zm) (;) (2.14)
[8(F,T)]n = ProxX_c np(x,) () (2.15)
1
prox (r) = argmxinf(x)—I—E|x—r|2. (2.16)

Similarly, in the sum-product version of the algorithm, the vector MMSE estimation
problem is reduced to a sequence of scalar MMSE estimates given r and p using the input and

output functions, where they are defined as:

S zmp(mlzm) N (zms £, Tp%n)dzm o
S POmlzm) N (zms 22, 2= )dzp '

Pm ! Tpm

_ fxnp(er)N(xn;rnaTrn)dxn
fp(xn)N(xn;rnaTrn)dxn .

[gs(pvtp)]m —

(2.18)

[8x(7, %) n

For the parametrized Gaussian prior we imposed on x in (2.2), both sum-product and
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max-sum versions of g,(r,T,) yield the same updates for X and T, [50,52]:

gx(r, %) = YJZT r (2.19)
g (r,T,) = Y:T : (2.20)

Similarly, in the case of the likelihood p(y|x) given in (2.5]), the max-sum and sum-product

versions of g¢(p,T,) yield the same updates for s and T, [50,52]:

_ (p/tp—Y)
gs(p,Tp) = m (2.21)
)
&(p,Ty) = G(;—Jr,rp- (2.22)

We note that, in equations (2.19),(2.20),(2.21) and (2.22)), and for all equations in Ta-

ble all vector squares, divisions and multiplications are taken element wise.

Figure 2.1: GAMP Factor Graph

In Table Kmax 1s the maximum allowed number of GAMP algorithm iterations, €gamp
is the GAMP normalized tolerance parameter, I ,x is the maximum allowed number of EM
iterations and €y, is the EM normalized tolerance parameter. Upon the convergence of GAMP

algorithm based E-step, estimates for the mean X and covariance diagonal T, are obtained. These
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Table 2.1: GGAMP-SBL algorithm

Initialization
S < |A|?> (component wise magnitude squared)  (I1)
Initialize 2,v°, (62)° > 0 (12)
?2.x0«0 (13)
fori=1,2,....,Inax
Initialize ! « .1 3! %1 5! 5!
E-Step approximation
fork=1,2,...., Kmax
1/1% + St (A1)
pr s 4tk ARt (A2)
Ty — Thg,(ph, 1)) (A3)
sk (1—0,)s" 1 +0,g,(p*,Th) (A4)
1/tk  §T1 (A5)
r* 35— kAT sk (A6)
Tt e (rh 1) (A7)
FH o (1-0)3 +0,8.(r, 1) (A8)
if |2 — 242 /112511 < €gamp , break (A9)
end for %end of k loop
§ sk & — R R gkt
M-Step
Yl %241 (M1)
. —AF |2 Y, (1=
O i 1>W n (1-%) o)
if [|%° — %12 /||%]|* < €em . break (M3)
end for %end of i loop

estimates can be used in the M-step of the algorithm, given by equation (2.12b). These estimates,
along with the s vector estimate, are also used to initialize the E-step at the next EM iteration to
accelerate the convergence of the overall algorithm.

Defining § as the component wise magnitude squared of A, the complexity of the GGAMP-
SBL algorithm is dominated by the E-step, which in turn (from Table is dominated by the
matrix multiplications by A, A", S and §' at each iteration, implying that the computational
cost of the algorithm is O(NM) operations per GAMP algorithm iteration multiplied by the total

number of GAMP algorithm iterations. For large M, this is much smaller than O(NMZ), the
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complexity of standard SBL iteration.

In addition to the complexity of each iteration, for the proposed GGAMP-SBL algorithm
to achieve faster runtimes it is important for GGAMP-SBL total number of iterations to not be
too large, to the point where it over weighs the reduction in complexity per iteration, especially
when heavier damping is used. We point out here that while SBL provides a one step exact
solution for the E-step, GGAMP-SBL provides an approximate iterative solution. Based on that,
the total number of SBL iterations is the number of EM iterations needed for convergence, while
the total number of GGAMP-SBL iterations is based on the number of EM iterations it needs to
converge and the number of E-step iterations for each EM iteration. First we consider the number
of EM iterations for both algorithms. As explained in Section the E-step of GGAMP-SBL
algorithm provides a good approximation of the true posterior [75]. In addition to that the number
of EM iterations is not affected by damping, since damping only affects the number of iterations
of GGAMP in the E-step, but it does not affect its outcome upon convergence. Based on these
two points, we can expect the number of EM iterations for GGAMP-SBL to be generally in the

same range as the original SBL algorithm. This is also shown in Section [2.3.2| Figs. [2.2a and

where we can see the two cost functions being reduced to their minimum values using
approximately the same number of EM iterations, even when heavier damping is used. As for the
GGAMP-SBL E-step iterations, because we are warm starting each E-step with x and s values
from the previous EM iteration, it was found through numerical experiments that the number
of required E-step iterations is reduced each time, to the point where the E-step converges to
the required tolerance within 2-3 iterations towards the final EM iterations. When averaging
the total number of E-step iterations over the number of EM iterations, it was found that for
medium to large problem sizes the average number of E-step iterations was just a fraction of
the measurements number M, even in the cases where heavier damping was used. Moreover, it
was observed that the number of iterations required for the E-step to converge is independent of

the problem size, which gives the algorithm a bigger advantage at larger problem sizes. Finally,
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based on the complexity reduction per iteration and the total number of iterations required for
GGAMP-SBL, we can expect it to have lower runtimes than SBL for medium to large problems,
even when heavier damping is used. This runtime advantage is confirmed through numerical

experiments in Section [2.5]

2.3.2 GGAMP-SBL Convergence

We now examine the convergence of the GGAMP-SBL algorithm. This involves two
steps; the first step is to show that the approximate message passing algorithm employed in the
E-step converges and the second step is to show that the overall EM algorithm, which consists of
several E and M-steps, converges. For the second step, in addition to convergence of the E-step
(first step), the accuracy of the resulting estimates is important. Therefore, in the second step
of our convergence investigation, we use results from [75]], in addition to numerical results to
show that the GGAMP-SBL’s E and M steps are actually descending on the original SBL’s cost

function (2.3) at each EM iteration.

Convergence of the E-step with Generic Transformations

For the first step, we use the analysis from [52] which shows that, in the case of generic
A, the damped GGAMP algorithm is guaranteed to globally converge (to some values X and 7T,)
when sufficient damping is used. In particular, since ¥’ is fixed in the E-step, the prior is Gaussian
and so based on results in [52], starting with an initial estimate T, > 'y‘ the variance updates Ty, Ts,
7, and T, will converge to a unique fixed point. In addition, any fixed point (s,%) for GGAMP is

globally stable if 8,6,||A||3 < 1, where the matrix A is defined as given below and is based on the
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fixed-point values of T, and 1,:

A= Diagl/z('cpqs)A Diagl/z('crqx)

-2 _ 'Y
Y+

_©
6241,

q; q,

While the result above establishes that the GGAMP algorithm is guaranteed to converge
when sufficient amount of damping is used at each iteration, in practice we do not recom-
mend building the matrix A at each EM iteration and calculating its spectral norm. Rather,
we recommend choosing sufficiently small damping factors 0, and 6, and fixing them for all
GGAMP-SBL iterations. For this purpose, the following result from [52]] for an i.i.d.-Gaussian
prior p(x) = N (x;0,7,I) can provide some guidance on choosing the damping factors. For the

i.i.d.-Gaussian prior case, the damped GAMP algorithm is shown to converge if

Q(6y,65) > ||A]13/[|AIZ (2.23)

where Q(8;,0,) is defined as

2[(2—6,)N +6,M|

Q(05,8) := 0.0, MN
XVS

(2.24)

Experimentally, it was found that using a threshold Q(6y,6,) that is 10% larger than (2.24)) is

sufficient for the GGAMP-SBL algorithm to converge in the scenarios we considered.

GGAMP-SBL Convergence

The result above guarantees convergence of the E-step to some vectors X and T, but it does
not provide information about the overall convergence of the EM algorithm to the desired SBL
fixed points. This convergence depends on the quality of the mean X and variance T, computed by

the GGAMP algorithm. It has been shown that for an arbitrary A matrix, the fixed-point value
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of X will equal the true mean given in (2.8)) [75]. As for the variance updates, based on the state
evolution in [51]], the vector T, will equal the true posterior variance vector, i.e., the diagonal of
(2.9), in the case that A is large and i.i.d. Gaussian, but otherwise will only approximate the true
quantity.

The approximation of T, by the GGAMP algorithm in the E-step introduces an approxi-
mation in the GGAMP-SBL algorithm compared to the original EM-SBL algorithm. Fortunately,
there is some flexibility in the EM algorithm in that the M-step need not be carried out to minimize
the objective stated in but it is sufficient to decrease the objective function as discussed in
the generalized EM algorithm literature [73}/74]. Given that the mean is estimated accurately, EM
iterations may be tolerant to some error in the variance estimate. Some flexibility in this regards
can also be gleaned from the results in [38]], where it is shown how different iteratively reweighted
algorithms correspond to a different choice in the variance. However, we have not been able
to prove rigorously that the GGAMP approximation will guarantee descent of the original cost
function given in (2.3).

Nevertheless, our numerical experiments suggest that the GGAMP approximation has
negligible effect on algorithm convergence and ability to recover sparse solutions. We select two
experiments to illustrate the convergence behavior and demonstrate that the approximate variance
estimates are sufficient to decrease SBL’s cost function (2.3)). In both experiments x is drawn from
a Bernoulli-Gaussian distribution with a non-zero probability A set to 0.2, and we set N = 1000
and M = 500. Fig.[2.2]shows a comparison between the original SBL and the GGAMP-SBL’s
cost functions at each EM iteration of the algorithms. A in Fig. is 1.1.d.-Gaussian, while in
Fig. @] it is a column correlated transformation matrix, which is constructed according to the
description given in Section[2.5] with correlation coefficient p = 0.9.

The cost functions in Fig. and Fig. 2.2b] show that, although we are using an ap-
proximate variance estimate to implement the M-step, the updates are decreasing the SBL’s cost

function at each iteration. As noted previously, it is not necessary for the M-step to provide the
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Figure 2.2: Cost functions on SBL and GGAMP-SBL algorithms versus number of EM
iterations

maximum cost function reduction, it is sufficient to provide some reduction in the cost func-
tion for the EM algorithm to be effective. The cost function plots confirm this principle, since
GGAMP-SBL eventually reaches the same minimal value as the original EM-SBL. While the two
numerical experiments do not provide a guarantee that the overall GGAMP-SBL algorithm will
converge, they suggest that the performance of the GGAMP-SBL algorithm often matches that of

the original EM-SBL algorithm, which is supported by the more extensive numerical results in

Section

24 GGAMP-TSBL for the MMYV problem

In this section, we apply the damped GAMP algorithm to the MMV empirical Bayesian
approach to derive a low complexity algorithm for the MMV case as well. Since the GAMP
algorithm was originally derived for the SMV case using an SMV factor graph [50], extending
it to the MMV case requires some more effort and requires going back to the factor graphs that
are the basis of the GAMP algorithm, making some adjustments, and then utilizing the GAMP
algorithm.

Once again we use an empirical Bayesian approach with a GSM model, and we focus on
the ML estimate of Y. We assume a common sparsity profile between all measured vectors, and
also account for the temporal correlation that might exist between the non-zero signal elements.

Previous Bayesian algorithms that have shown good recovery performance for the MMV problem
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include extensions of the SMV SBL algorithm, such as MSBL [[60], TSBL and TMSBL [61]].
MSBL is a straightforward extension of SMV SBL, where no temporal correlation between non-
zero elements is assumed, while TSBL and TMSBL account for temporal correlation. Even though
the TMSBL algorithm has lower complexity compared to the TSBL algorithm, the algorithm
still has complexity of O(NM?), which can limit its utility when the problem dimensions are
large. Other AMP based Bayesian algorithms have achieved linear complexity in the problem
dimensions, like AMP-MMYV [65]]. However AMP-MMV’s robustness to generic A matrices is

expected to be outperformed by an SBL based approach.

24.1 MMY Model and Factor Graph

The MMV model can be stated as:
y =AxW 1) =12, ..T,

where we have T measurement vectors [y(l),y(z)...,y(T)] with y(t) € RM. The objective is to
recover X = [x(), x?) .. x(T)] with x{) € RV, where in addition to the vectors x*) being sparse,
they share the same sparsity profile. Similar to the SMV case, A € RY*V is known, and
[e(), e ... e(T)] is a sequence of i.i.d. noise vectors modeled as e} ~ A(0,6%). This model

can be restated as:
y=D(A)x+e,

where y £ [y(l)T,y(z)T. y(T)T]T, X2 [x(l)T,x(z)T...,x(T)T]T, e= [e(l)T,e(z)T...,e(T)T]T and

“ey

D(A) is a block-diagonal matrix constructed from 7 replicas of A.
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The posterior distribution of X is given by:

L N ORIy
pE|3) < [T|T1pow 12 [T pa’ |xn )],
t=1 | m=1

n=1

where

PO [x0) = A X1 62),

where a,; is the m™ row of the matrix A. Similar to the previous work in [64,/65]76[], we use an

AR(1) process to model the correlation between x,(f) and xg_l), ie.,

A = Bxy_l) +1/1— Bzv,(f)

P |2y = Al B Y (1= BR)y), > 1

Py = A(xD:0,7),

(1)

where B € (—1,1) is the temporal correlation coefficient and v,” ~ A((0,7y,). Following an
empirical Bayesian approach similar to the one proposed for the SMV case, the hyperparameter
vector 7Y is then learned from the measurements using the EM algorithm. The EM algorithm
can also be used to learn the correlation coefficient B and the noise variance 62. Based on these
assumptions we use the sum-product algorithm [77] to construct the factor graph in Fig.
and derive the MMV algorithm GGAMP-TSBL. In the MMV factor graph, the factors are
g (1) = pOm [x0), 117 () = pad) |24 7") for e > 1 and £V (V) = p(af).

2.4.2 GGAMP-TSBL Message Phases and Scheduling (E-Step)

Due to the similarities between the factor graph for each time frame of the MMV model
and the factor graph of the SMV model, we will use the algorithm in Table [2.1] as a building

block and extend it to the MMV case. We divide the message updates into three steps as shown in
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Figure 2.3: GGAMP-TSBL factor graph

Fig.

For each time frame the “within“ step in Fig. [2.4]is very similar to the SMV GAMP
iteration, with the only difference being that each x,(f) is connected to the factor nodes f,gl) and
f,gtﬂ), while it is connected to one factor node in the SMV case. This difference is reflected in
the calculation of the output function g, and therefore in finding the mean and variance estimates
for x. The details of finding g, and therefore the update equations for 17)(6[) and ) are shown in
Appendix A. The input function g; is the same as (2.21)), and the update equations for 'l:y) and s)
are the same as (A3) and (A4) from Table because an AWGN model is assumed for the noise.

(1—1)

The second type of updates are passing messages forward in time from x,, ' to xg) through f,gt).

And the final type of updates is passing messages backward in time from xgH) to x,(f)

through
f,gt). The details for finding the “forward* and “backward‘ message passing steps are also shown
in Appendix A.

We schedule the messages by moving forward in time first, where we run the “forward*

step starting at r = 1 all the way to t = T. We then perform the “within‘ step for all time frames,
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Figure 2.4: Message passing phases for GGAMP-TSBL

this step updates i ),Tg) , x) and 'c)(f) that are needed for the “forward* and “backward‘ message

passing steps. Finally we pass the messages backward in time using the “backward* step, starting
att =T and ending at r = 1. Based on this message schedule, the GAMP algorithm E-step
computation is summarized in Table 2.2 In Table [2.2] we use the unparenthesized superscript to
indicate the iteration index, while the parenthesized superscript indicates the time frame index.
Similar to Table @ Kmax 1s the maximum allowed number of GAMP iterations, €gamp is the
GAMP normalized tolerance parameter, I ax is the maximum allowed number of EM iterations
and €¢y, 1s the EM normalized tolerance parameter. In Table [2.2|all vector squares, divisions and
multiplications are taken element wise.

The algorithm proposed can be considered an extension of the previously proposed AMP
TSBL algorithm in [67]]. The extension to GGAMP-TSBL includes removing the averaging of
the matrix A in the derivation of the algorithm, and it includes introducing the same damping
strategy used in the SMV case to improve convergence. The complexity of the GGAMP-TSBL
algorithm is also dominated by the E-step which in turn is dominated by matrix multiplications

byA,A",Sand 8", implying that the computational cost is O(MN) flops per iteration per frame.
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Therefore the complexity of the proposed algorithm is O(TMN) multiplied by the total number

of GAMP algorithm iterations.

2.4.3 Derivation of GGAMP-TSBL Updates
The Within Step Updates

To make the factor graph for the within step in Fig. exactly the same as the SMV
factor graph we combine the product of the two messages incoming from f,gt) and f,EIH) to ng)

into one message as follows:

RN

Vi, o o< N(X;(f);ergt),q)gzt))

Jn n
t t t
Vo A0, 20)
W e
0. v o) 1
&< ('xl’la 1 1 1 1 ) (225)
w+w 5+
w! ol vl ol

Combining these two messages reduces each time frame factor graph to an equivalent one to
the SMV case with a modified prior on A of (2.25). Applying the damped GAMP algorithm
from [52] with p(xﬁ,t)) given in (2.25):

o) p(f) 70 n(f) o
O _ @ g0 _ o w0 g0
e ST N T EI
0 g0 0 T @ T g
(1) 1 1
Tx — -
1 1 1 1 1
WL T a0
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Forward Message Updates

fogl)ex,(,l) o< N(xr(ll);oa'Yn)

Vit 0 o A smi i)
M () (=1 4 (t=1)
oc/ EV85171>‘>XSII71) Vﬁﬁ””exﬁ,”l)P(x" |xn )dxn
o [ a0V ) Al A B, (- B

(1) (1)

Using rules for Gaussian pdf multiplication and convolution we get the 1" and v,

updates given in Table[2.2]equations (E3) and (E4).

Backward Message Updates
Voo, o o A (01, 01)

fa
M (t4+1) | (1) i (t+1)
o</ lUlng’“)ﬂﬁ'“) V_f,ﬁ’”)%x;’“)P(xn 12) dal

o / N(xﬁ,tﬂ);l’r(f“)ﬂxﬂ)) N(x,(ll+1);9§,[+1),¢£,t+l)) N(xr(1[+l);er(lt),(1 —Bz)Yn)dxyH).

(1)

Using rules for Gaussian pdf multiplication and convolution we get the 6,,” and q),(f) updates

given in Table[2.2]equations (E13) and (E14).

244 GGAMP-TSBL M-Step

Upon the convergence of the E-step, the M-step learns y from the data by treating x as a

hidden variable and then maximizing Eg 5.y 52 g[log p(¥, X, Y; o2, B)].

Y = argminEysy 02 g [~ log p(3.%,:0°, B)]

. 1 1 & _ _ _ _
v = g [P g P e B P - 2@ )
t=2

(2.26)
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Table 2.2: GGAMP-TSBL algorithm

Definitions
A | gk) | k()
F(r0) k0 = £ T g D1)
o IO gt
R
£ YR T
Initialization
S « |A|?> (component wise magnitude squared) (N1)
Initialize V7 : 820 47 > 0, 5°0 « 0and X°0) <~ 0 (N3)
fori=1,2,....,Inax
Initialize Vz : ‘I:x< ) . 1) 310 o 5i=10)
sl §—10)
E-Step approximation
fork=1,2,...., Kmax
N o (El)
k) oy (E2)
fort=2:T
(r—l) k(t—1) k_(H)
.
' (
Y B2 (%) (1 —BZ)Y (E4)
Wy
end for %end of t loop
fort=1:T
1750 skt (ES)
PO k=10 ¢ 'c’,‘,(’) A& (E6)
k(z) o250
@
(5
Ve (1205710 10, (02+1/75) (E8)
1)
1/250) Tk [ (E9)
PO 30 ’;<f>ATsk<r) (E10)
0 G0 k0 (B11)
RO (1 -0, 4 0,F, (F40) 751y (E12)
end for %end of t loop
fort=T-1:1
£ D) gkl k(1) gk +1)
e (Z> — % <tf(’+l) ¢k (1+1) ) (eturl)_:,: k(t+1) (E13)
K(i+1) g (Hl
¢ ( s+ (1= )Y ) (E14)
end for %end of t loop
1T (#0302
it 7Y, ( 0 HZ ) < Egamp , break (E15)
end for %end of k loop
wj;,i(z) o g0 vz(t g0 z) <_,ck+1()
M-step
i+l 1 24 Py
=7 TR +Zt 2 W
ol 1) i 1
= Bzzt 2(\ IR
(..,i )Elt 1) +Butt 1):| (Ul)
. _ 2
if %Zt:l (W) < E€em » break (U2)

end for %end of i loop
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The derivation of Y:"! M-step update follows the same steps as the SMV case. The
derivation is omitted here due to space limitation, and v,"! update is given in (2.26). We note here
that the M-step 7y learning rule in is the same as the one derived in [64]]. Both algorithms
use the same AR(1) model for x(), but they differ in the implementation of the E-step. In the case
that the correlation coefficient B or the noise variance 62 are unknown, the EM algorithm can be

used to estimate their values as well.

2.5 Numerical Results

In this section we present a numerical study to illustrate the performance and complexity
of the proposed GGAMP-SBL and GGAMP-TSBL algorithms. The performance and complexity
were studied through two metrics. The first metric studies the ability of the algorithm to recover

x, for which we use the normalized mean squared error NMSE in the SMV case:
NMSE £ | — x|/ |||,
and the time-averaged normalized mean squared error TNMSE in the MMV case:
1 T
TNMSE £ - Y (20— x D)2 /)02,
=1

The second metric studies the complexity of the algorithm by tracking the time the algorithm
requires to compute the final estimate X. We measure the time in seconds. While the absolute
runtime could vary if the same experiments were to be run on a different machine, the runtimes
of the algorithms of interest in relationship to each other is a good estimate of the relative
computational complexity.

Several types of non-i.i.d.-Gaussian matrix were used to explore the robustness of the

proposed algorithms relative to the standard SBL and TMSBL. The four different types of matrices
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are similar to the ones previously used in [[54]] and are described as follows:

-Column correlated matrices: The rows of A are independent zero-mean Gaussian Markov
processes with the following correlation coefficient p = E{a}a (,.1)}/ E{|a..|*}, where a, is
the n™ column of A. In the experiments the correlation coefficient p is used as the measure of
deviation from the i.i.d.-Gaussian matrix.

-Low rank product matrices: We construct a rank deficient A by A = %VH G with H €
RM*R G ¢ RRXN and R < M. The entries of H and G are i.i.d.-Gaussian with zero mean and
unit variance. The rank ratio R/N is used as the measure of deviation from the i.i.d.-Gaussian
matrix.

-1l conditioned matrices: we construct A with a condition number k > 1 as follows.
A=UXV', where U and V' are the left and right singular vector matrices of an i.i.d.-Gaussian
matrix, and X is a singular value matrix with X; ; /¥; 1 ;41 = /M=) for i = 1,2,.....M —1. The
condition number K is used as the measure of deviation from the i.i.d.-Gaussian matrix.

-Non-zero mean matrices: The elements of A are a, , ~ N (u, 1%,) The mean u is used
as a measure of deviation from the zero-mean 1.i.d.-Gaussian matrix. It is worth noting that in
the case of non-zero mean A, convergence of the GGAMP-SBL is not enhanced by damping but
more by the mean removal procedure explained in [54]. We include it in the implementation of
our algorithm, and we include it in the numerical results to make the study more inclusive of
different types of generic A matrices.

Although we have provided an estimation procedure, based on the EM algorithm, for the

2 in (2.13), in all experiments we assume that the noise variance o2 is known. We

noise variance G
also found that the SBL algorithm does not necessarily have the best performance when the exact
62 is used, and in our case, it was empirically found that using an estimate 6% = 367 yields better

results. Therefore 62 is used for SBL, TMSBL, GGAMP-SBL and GGAMP-TSBL throughout

our experiments.
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2.5.1 SMV GGAMP-SBL Numerical Results

In this section we compare the proposed SMV algorithm (GGAMP-SBL) against the
original SBL and against two AMP algorithms that have shown improvement in robustness over
the original AMP/GAMP, namely the SWAMP algorithm [55]] and the MADGAMP algorithm [54].
As a performance benchmark, we use a lower bound on the achievable NMSE which is similar to
the one in [54]]. The bound is found using a “genie‘ that knows the support of the sparse vector x.
Based on the known support, A is constructed from the columns of A corresponding to non-zero

elements of x, and an MMSE solution using A is computed.
i=A'(AA' +o%1)y.

In all SMV experiments, x had exactly K non-zero elements in random locations, and the nonzero
entires were drawn independently from a zero-mean unit-variance Gaussian distribution. In

accordance with the model (2.1), an AWGN channel was used with the SNR defined by:

SNR £ E{||Ax|*}/E{|ly — Ax||*}.

Robustness to generic matrices at high SNR

The first experiment investigates the robustness of the proposed algorithm to generic A
matrices. It compares the algorithms of interest using the four types of matrices mentioned above,
over a range of deviation from the i.i.d.-Gaussian case. For each matrix type, we start with an
i.i.d.-Gaussian A and increase the deviation over 11 steps. We monitor how much deviation
the different algorithms can tolerate, before we start seeing significant performance degradation
compared to the “genie* bound. The vector x was drawn from a Bernoulli-Gaussian distribution

with non-zero probability A = 0.2, with N = 1000, M = 500 and SNR = 60dB.
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The NMSE results in Fig. [2.5]show that the performance of GGAMP-SBL was able to
match that of the original SBL even for A matrices with the most deviation from the i.i.d.-Gaussian
case. Both algorithms nearly achieved the bound in most cases, with the exception when the
matrix is low rank with a rank ratio less than 0.45 where both algorithms fail to achieve the
bound. This supports the evidence we provided before for the convergence of the GGAMP-SBL
algorithm, which predicted its ability to match the performance of the original SBL. As for
other AMP implementations, despite the improvement in robustness they provide over traditional
AMP/GAMP, they cannot guarantee convergence beyond a certain point, and their robustness
is surpassed by GGAMP-SBL in most cases. The only exception is when A is non-zero mean,
where the GGAMP-SBL and the MADGAMP algorithms share similar performance. This is due
to the fact that both algorithms use mean removal to transform the problem into a zero-mean
equivalent problem, which both algorithms can handle well.

The complexity of the GGAMP-SBL algorithm is studied in Fig. The figure shows
how the GGAMP-SBL was able to reduce the complexity compared to the original SBL imple-
mentation. It also shows that even when the algorithm is slowed down by heavier damping, the

algorithm still has faster runtimes than the original SBL.

Robustness to generic matrices at lower SNR

In this experiment we examine the performance and complexity of the proposed algorithm
at a lower SNR setting than the previous experiment. We lower the SNR to 30dB and collect the
same data points as in the previous experiment. The results in Fig. show that the performance
of the GGAMP-SBL algorithm is still generally matching that of the original SBL algorithm with
slight degradation. The MADGAMP algorithm provides slightly better performance than both
SBL algorithms when the deviation from the i.i.d.-sub-Gaussian case is not too large. This can be
due to the fact that we choose to run the MADGAMP algorithm with exact knowledge of the data

model rather than learn the model parameters, while both SBL algorithms have information about
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the noise variance only. As the deviation in A increases, GGAMP-SBL’s performance surpasses
MADGAMP and SWAMP algorithms, providing better robustness at lower SNR.
On the complexity side, we see from Fig. that the GGAMP-SBL continues to have

reduced complexity compared to the original SBL.

Performance and complexity versus problem dimensions

To show the effect of increasing the problem dimensions on the performance and com-
plexity of the different algorithms, we plot the NMSE and runtime against N, while we keep an
M /N ratio of 0.5, a K/N ratio of 0.2 and an SNR of 60dB. We run the experiment using column
correlated matrices with p = 0.9.

As expected from previous experiments, Fig.[2.9ashows that only GGAMP-SBL and SBL
algorithms can recover x when we use column correlated matrices with a correlation coefficient
of p =0.9. The comparison between the performance of SBL and GGAMP-SBL show almost
identical NMSE.

As problem dimensions grow, Fig. shows that the difference in runtimes between the
original SBL and GGAMP-SBL algorithms grows to become more significant, which suggests

that the GGAMP-SBL is more practical for large size problems.

Performance versus undersampling ratio M /N

In this section we examine the ability of the proposed algorithm to recover a sparse
vector from undersampled measurements at different undersampling ratios M /N. In the below
experiments we fix N at 1000 and vary M. We set the Bernoulli-Gaussian non-zero probability
A so that M /K has an average of three measurements for each non-zero component. We plot
the NMSE versus the undersampling ratio M/N for i.i.d.-Gaussian matrices A and for column
correlated A with p = 0.9. We run the experiments at SNR=60dB and at SNR=30dB. In Fig.
we find that for SNR=60dB and i.i.d.-Gaussian A, all algorithms meet the SKS bound when the
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undersampling ratio is larger than or equal to 0.25, while all algorithms fail to meet the bound
at any ratio smaller than that. When A is column correlated, SBL. and GGAMP-SBL are able
to meet the SKS bound at M /N > 0.3, while MADGAMP and SwWAMP do not meet the bound
even at M /N = 0.5. We also note the MADGAMP’s NMSE slowly improves with increased
underasampling ratio, while SWAMP’s NMSE does not. At SNR=30dB, with i.i.d.-Gaussian A
all algorithms are close to the SKS bound when the undersampling ratio is larger than 0.3. At
M /N < 0.3, SBL and GGAMP-SBL are slightly outperformed by MADGAMP, while SwAMP
seems to have the best performance in this region. When A is column correlated, NMSE of
SBL and GGAMP-SBL outperform the other two algorithms, and similar to the SNR=60dB
case, MADGAMP’s NMSE seems to slowly improve with increased undersampling ratio, while

SwAMP’s NMSE does not improve.

2.5.2 MMV GGAMP-TSBL Numerical Results

In this section, we present a numerical study to illustrate the performance and complexity
of the proposed GGAMP-TSBL algorithm. Although the AMP MMV algorithm in [65] can be
extended to incorporate damping, the current implementation of AMP MMV does not include
damping and will diverge when used with the type of generic A matrices we are considering
for our experiments. Therefore, we restrict the comparison of the performance and complexity
of the GGAMP-TSBL algorithm to the TMSBL algorithm. We also compare the recovery
performance against a lower bound on the achievable TNMSE by extending the support aware
Kalman smoother (SKS) from [65]] to include damping and hence be able to handle generic A
matrices. The implementation of the smoother is straight forward, and is exactly the same as the
E-step part in Table when the true values of 62, y and B are used, and when A is modified to
include only the columns corresponding to the non-zero elements in x). An AWGN channel was

also assumed in the case of MMV.
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Figure 2.10: NMSE comparison of SMV algorithms versus the undersampling rate M/N
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Robustness to generic matrices at high SNR

The experiment investigates the robustness of the proposed algorithm by comparing it
to the TMSBL and the support aware smoother. Once again we use the four types of matrices
mentioned at the beginning of this section, over the same range of deviation from the i.i.d.-
Gaussian case. For this experiment we set N = 1000, M = 500, A = 0.2, SNR = 60dB and the
temporal correlation coefficient B to 0.9. We choose a relatively high value for 3 to provide large
deviation from the SMV case. This is due to the fact that the no correlation case is reduced
to solving multiple SMV instances in the E-step, and then applying the M-step to update the
hyperparameter vector Yy, which is common across time frames [60]. The TNMSE results in
Fig. show that the performance of GGAMP-TSBL was able to match that of TMSBL in all
cases and they both achieved the SKS bound.

Once again Fig. shows that the proposed GGAMP-TSBL was able to reduce the
complexity compared to the TMSBL algorithm, even when damping was used. Although the
complexity reduction does not seem to be significant for the selected problem size and SNR, we
will see in the following experiments how this reduction becomes more significant as the problem

size grows or as a lower SNR is used.

Robustness to generic matrices at lower SNR

The performance and complexity of the proposed algorithm are examined at a lower SNR
setting than the previous experiment. We set the SNR to 30dB and collect the same data points
collected as in the 60dB SNR case. Fig. [2.13|shows that the GGAMP-TSBL performance matches
that of the TMSBL and almost achieves the bound in most cases. Similar to the previous cases,

Fig. [2.14] shows that the complexity of GGAMP-TSBL is lower than that of TMSBL.
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Performance and complexity versus problem dimension

To validate the claim that the proposed algorithm is more suited to deal with large scale
problems we study the algorithms’ performance and complexity against the signal dimension N.
We keep an M /N ratio of 0.5, a K /N ratio of 0.2 and an SNR of 60dB. We run the experiment using
column correlated matrices with p = 0.9. In addition, we set 3 to 0.9, high temporal correlation.
In terms of performance, Fig.[2.15a] shows that the proposed GGAMP-TSBL algorithm was able
to match the performance of TMSBL. However, in terms of complexity, similar to the SMV case,
Fig. [2.15b|shows that the runtime difference becomes more significant as the problem size grows,

making the GGAMP-SBL a better choice for large scale problems.

2.6 Conclusion

In this chapter, we presented a GAMP based SBL algorithm for solving the sparse signal
recovery problem. SBL uses sparsity promoting priors on x that admit a Gaussian scale mixture
representation. Because of the Gaussian embedding offered by the GSM class of priors, we were
able to leverage the Gaussian GAMP algorithm along with it’s convergence guarantees given
in [52], when sufficient damping is used, to develop a reliable and fast algorithm. We numerically
showed how this damped GGAMP implementation of the SBL algorithm also reduces the cost
function of the original SBL approach. The algorithm was then extended to solve the MMV
SSR problem in the case of generic A matrices and temporal correlation, using a similar GAMP
based SBL approach. Numerical results show that both the SMV and MMV proposed algorithms
were more robust to generic A matrices when compared to other AMP algorithms. In addition,
numerical results also show the significant reduction in complexity the proposed algorithms offer
over the original SBLL and TMSBL algorithms, even when sufficient damping is used to slow
down the updates to guarantee convergence. Therefore the proposed algorithms address the

convergence limitations in AMP algorithms as well as the complexity challenges in traditional

50



SBL algorithms, while retaining the positive attributes namely the robustness of SBL to generic

A matrices, and the low complexity of message passing algorithms.
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Chapter 3

A GAMP Based Algorithm with
Hierarchical Priors for Recovering

Non-Negative Sparse Signals

3.1 Introduction

We consider a constrained single measurement recovery problem, where the goal is
to recover the unknown, non-negative and sparse vector x € Rﬁ from M < N noisy linear

measurements y € RM:
y=Ax+e, (3.1)

where A € RM*V is a known measurement matrix and e € R” is the additive noise modeled by
e ~ N\(0,6°I). This problem arises in a number of applications, including imaging and non-
negative matrix factorization among others. A number of techniques were previously proposed

to address this problem, including greedy algorithms [4,|6], projected gradient descent [78] and
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Bayesian techniques [79,[80]. In this chapter we focus on the Bayesian technique proposed
in [80], where we compare it to the previously proposed Bayesian technique from [79]], and
illustrate some of the advantages of the former. The Bayesian formulation in [80] assumes a
hierarchical prior on x and the prior is based on a rectified Gaussian scale mixture (RGSM).
The formulation is similar to the sparse Bayesian learning (SBL) algorithm [31]], which uses a
Gaussian scale mixture hierarchical prior to address the sparse signal recovery (SSR) problem
without the non-negativity constraint on x. A number of alternative techniques are proposed
in [80] to implement the inference algorithm, and in this chapter we focus on the technique
based on the low complexity generalized approximate message passing algorithm (GAMP).
Bayesian algorithms proposed in [79] impose direct sparsity promoting priors on x and also
use GAMP to find the estimate of x. Previous results on the unconstrained SSR problem, have
observed that compared to other GAMP based techniques, using a hierarchical GSM prior with
the GAMP algorithm simplified the derivation of the algorithm [67]], and significantly improved
convergence when the transformation matrix A was not i.i.d.-sub-Gaussian, which is a known
limitation with AMP based algorithms [52-54]]. In this chapter we observe that the previously
shown advantages of derivation simplification and convergence improvement still apply in the
non-negative constrained problem when an RGSM prior is used. In addition to that, we show how
the RGSM prior allows to change the prior on x by changing the mixing density, which translates
into a simple change in the overall algorithm. We finally show how extending the algorithm to
address the multiple measurement vector (MMV) problem with common sparsity profile can also

be achieved by a simple algorithm change.

3.1.1 Chapter’s Organization

In section [3.2) we present the rectified GSM prior from [80]. In section 3.3 we revisit the
GAMP algorithm in both its sum-product and max-sum versions. In section [3.4) we show how the

prior on x can be changed by changing the mixing density of the scale mixture and introduce a
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number of algorithms based on these priors. In section 3.5 we extend the approach to handle the
NNLS MMV case. Finally, in section [3.6| we present numerical results to show the convergence

and performance advantages the proposed approach can provide over existing algorithms.

3.2 Rectified Gaussian Scale Mixture Prior

Since it was shown that most super Gaussian priors that are sparsity promoting priors
can be represented by Gaussian scale mixtures [45]], Gaussian scale mixture priors have been
successfully used in the general SSR problem [31]. Inspired by that success, [[80] proposed the
following rectified Gaussian scale mixture (RGSM) prior on x to address the non-negative SSR

problem:

p(xilvi) = AN (x:50,7), (3.2)
AR (x150,7:) = 200 (x; 0,7 )u(x;), (3.3)
plx) = /O AR (0,9 p (1) . (3.4)

Where the prior on x is controlled by the choice of the mixing density p(Y).

A type II framework is used to infer the hyper-parameters 9y, which is then used to obtain
a point estimate of x. The EM algorithm is chosen to estimate ¥, treating x as the hidden variable.
Using the current estimate ", the E-step involves determining the conditional expectation of the

complete data log-likelihood Q(Y,Y"):

O(Y,Y") =Eyy.y: [In p(y|x) +In p(x]Y) +1n p(Y)] (3.5)
) M 1 xlz
:;Exy;?” _ilnYi_z—%JrlnP(Yi) (3.6)

In the M-step, Q(,Y") is maximized with respect to ¥ by taking the derivative and setting it equal
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to zero. Note this maximization problem involves simple scalar decoupled optimization problems.
In this chapter, we focus on the choice of using the GAMP algorithm to implement the E-step,
where we aim to illustrate some of the advantages that using the RGSM prior within GAMP has

over directly imposing a sparsity promoting prior on Xx.

3.3 Generalized Approximate Message Passing (GAMP)

In this section we revisit the GAMP algorithm, and show how the E-step of the EM
algorithm, mentioned in the previous section, can be implemented using GAMP. Approximate
message passing algorithms use Gaussian and quadratic approximations to achieve low complexity.
When given the the prior p(x) and the likelihood p(y|x), GAMP can approximate the minimum
mean square error (MMSE) estimate when its product-sum mode is implemented, or GAMP is
able to approximate the MAP estimate of x when its max-sum version is implemented. In its

sum-product version, GAMP approximates the marginal posteriors as follows:

p(xilrisTr,) o< p(o) N(xis ris T, (3.7)

where in (3.7)) r; approximates an AWGN corrupted version of the true x;, an approximation

which becomes exact in the large system limit, when A is i.i.d sub-Gaussian [[50,81]:

ri=Xx;+r; (3.8)

7 ~ N(0,7T,). (3.9)

Based on this approximation, in sum-product mode, GAMP sets the estimate £; at the scalar

MMSE estimate of x; given r;, and it sets the estimated variance of the marginal posteriors Ty, as
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follows:

X = E{X,’|}’i = rl-;‘trl.} (3.10)

Ty, = var{x;|r; = r;; T, } (3.11)

Applying the assumed rectified Gaussian scale mixture in (3.10]) and (3.11)) we find the

first two moments of the approximate marginal posterior distributions using sum-product GAMP:

fi = E{wlr = it} = / p(x|ris ) (3.12)
Xi

= / XN (i 0,%) A (i, 72, %) (3.13)
+

using Gaussian pdf multiplication rule, and the mean of a rectified Gaussian

% =ni+\/\7ih(TVlj) (3.14)
ni = % (3.15)

i= % (3.16)
h(a) = cgc(?cf)’ (3.17)

where @ refers to the pdf and &, refers to the complimentary cdf.

Ty, = var{xi|ri =riT, } = / xl~2p(x|r,-;’cri) —)?,2 (3.18)
Xi

= [ R0, (i 5,) — F G-19)
+
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using the Gaussian pdf multiplication rule, and the variance of a rectified Gaussian:

T, = vig(A) (3.20)

g(a)=1—h(a)(h(a)—a). (3.21)

In the max-sum version, GAMP sets %; at the scalar MAP estimate given r; using the

proximal operator, and it sets the parameter T, as follows:

Xi= PIOX_ 14 p(x;) (ri;TVi) (3.22)
Tri
Toy = TrProX'_ g ) (133T) = 1—(=Inp(x;))" 529
l
1
A a\ A . A2
s _ 3.24
prox +(a,t") argrxrggf(x)—i— 5a lx —al (3.24)

In the case of max-sum GAMP implementation, we evaluate (3.22)) and (3.23)) with the assumed

prior on x:

. .1 1
% = argmin o + >, |x —ri (3.25)

LI (A SO
. m—nl ifx>0

X = (3.26)
0 ifx<0
TrYi
Ty = ——— = V; 3.27
Xi Tri +'Yl l ( )

We point out here, that the computations we just showed in both the sum-product and max-sum
modes are relatively simple and generally readily available from previous results, unlike the more
involved computations typically needed for algorithms that impose non-negative direct sparsity
promoting priors.

The approximate marginal distributions can be obtained upon convergence of the max-
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sum GAMP, by computing (3.14) and (3.20). As shown in [80], there is no closed form for the
posterior distribution based on the RGSM prior, therefore one option is to use the the approximate
posterior computed by GAMP in its sum-product version. However in this chapter we would
like to use GAMP in its max-sum mode, where GAMP does not provide marginal distribution
approximations. Nonetheless, an extra step can be added to compute marginal distributions using
and (3.20)), and the computed marginals can be used in the E-step, which is similar to the
approach in [79]. This step is valid, because the assumption that r; is an AWGN corrupted version
of the true x still holds in the max-sum case, in the large system limit and under 1.i.d sub-Gaussian
A [81].

As we mentioned, we focus in this chapter on the max-sum version of GAMP, where
we use it to find the approximate MAP estimate of x, and to implement the E-step as described
above. The GAMP portion of the algorithm is stated under the E-step portion of Table 3.1 where
we note here that we are using the version of GAMP from [52] that uses damping to enhance
convergence, where 0 is the damping factor. We emphasize here that since ¥ is fixed during the
E-step, the E-step is not affected by the chosen mixing density p(Y), and remains unchanged

when the choice of p(Yy) is changed.

3.4 Examples of Mixing Densities

In this section we demonstrate the flexibility of the RGSM framework by showing how
different priors can be imposed on x by changing the mixing density p(Yy), resulting in a change

only to the M-step.

RGGAMP-SBL

For the first example choose a non-informative prior on ¥, this choice results in an

algorithm that is equivalent to the algorithm in [[80] when implemented using GAMP. In [80] the
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algorithm with non-informative prior was named rectified sparse Bayesian learning (RSBL). A
number of differernt techniques were used to implement the E-step of the algorithm including
GAMP. Here we would like to refer to the algorithm using a convention similar to [66], where we
call the algorithm rectified Gaussian GAMP (RGGAMP-SBL). For the non informative prior on

Y the M-step is:

Vi =57 41y, (3.28)

Where as mentioned in the previous section X; and Ty, are obtained using (3.14) and (3.20).

RGGAMP-LASSO

For the second example, we choose to demonstrate how the non-negative LASSO algo-

rithm can be implemented using this framework. The following mixing density is chosen for

p(Y):
p(Y) =S¢ Zuly) (3.29)
Based on this selection the effective prior on x becomes a rectified Laplacian:
P =2ux) | A(xl0.1) Fe 2 u(ay

=he Mu(x).

It was previously shown in [[79] and [80] that imposing a rectified Laplacian prior on x is equivalent

to solving the non-negative LASSO problem. Based on that, the M-step updates for A and 7y are
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be found to be the same as the GSM based LASSO from [39]:

Y = 1T (2 1) (3.30)

At =2N/ Y ! (3.31)

The full EM implementation of both algorithms is found in Table I

3.5 Multiple Measurement vector extension

In this section, we extend the SMV RGGAMP-SBL algorithm to the multiple measurement

vectors (MMYV) problem. The MMV model can be represented as an extension of the SMV model
in (3.1) as follows:

y =Ax el t=1,2..T (3.32)

e RY y) e RM (3.33)

where a common sparsity profile is assumed, meaning that all vectors share the same non-zero
locations. No correlation is assumed between non-zero elements. The prior assumed on each

element of the vector x(*) is:

Pl 1) = AR (x:0,7) (3.34)

In this formulation, ¥y is the sparsity controlling parameter and is shared across 7. To demonstrate
how this problem can be solved based on the RGSM prior we employed, we include here the
factor graphs of both the SMV and MMV cases in Fig. [3.Th and Fig. [3.1b, where in the factor
graphs g; corresponds to the likelihood function and f; corresponds to the prior. The SMV factor

graph corresponds to the E-step update implemented by GAMP, keeping in mind that during
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Table 3.1: RGGAMP based algorithms

Define
h(a) 9(a)

:W’

¢(a) is the pdf and @, (a) is the complementary cdf of A (a;0,1)
g(a) = 1—h(a)(h(a) —a)

Initialization

S < |A|?> (component wise magnitude squared)
Initialize ©° > 0

.59 «0

forn=1,2,...., Nmax
Initialize T} « 7' x! < &"!
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(a) SMV Factor Graph| (b) MMV Factor Graph

Figure 3.1: SMV Versus MMYV factor graphs

the E-step 7y is fixed and therefore is not included as a variable in the factor graph. When the
SMV factor graph is extended to the MMV case, we clearly see that it corresponds to solving
a number of independent E-step problems, since no connections between the individual factor
graphs exist. We mention here, that using a Bernoulli-Gaussian prior to directly impose sparsity
on x, would have required introducing a new variable on the factor graph which represents the
common support, and connects all SMV factor graphs together, which would add significant
complexity to deriving the algorithm. Therefore, the RGSM framework provides a significant
advantage in terms of simplicity. Assuming a non-informative prior on ¥, once the individual

E-step estimates are obtained, the M-step can be implemented to update ‘y as follows:

1 T
v =2 YR (3.35)
t=1 !
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3.6 Numerical Results

SMY Numerical Results

In this section we conduct a numerical study to compare the performance and runtimes
of the two SMV algorithms proposed in this chapter, and the algorithms previously proposed
in [79], where all algorithms are implemented using GAMP. The study also aims to illustrate the
convergence enhancement the RGSM hierarchical prior provides. The performance is studied

through the normalized mean squared error (NMSE):

NMSE £ |1 —x]*/|x[

In the following we compare the two algorithms proposed in this chapter, namely RGGAMP-SBL
and RGGAMP-LASSO in addition to the two algorithms from [79] which are the non-negative
Gaussian mixture approximate message passing (NNGMAMP) and the non-negative LASSO
approximate message passing (NNLAMP) algorithms. In all subsequent numerical experiments
we chose N = 1000, M = 500 and the number of non-zero elements K = 250. The experiments
were run over three different types on non-iid Gaussian matrices A, which are a) column correlated,
b) Low rank and c) Ill conditioned matrices. The details for how these matrices are built can be
found in [|54]] and [|66].

Setting the SNR to 60dB, Fig. [3.2] shows the NMSE for all of the four algorithms over
a range of deviation from the i.i.d.-Gaussian A. We can clearly see that the RGGAMP-SBL
algorithm provides significant convergence improvement over the NNGMAMP algorithm as
A deviates from the i.i.d-Gaussian case. Moreover, despite the slight degradation in perfor-
mance RGGAMP-LASSO also shows better convergence properties. We also note here that the
NNLAMP experiences improved convergence when compared to the NNGMAMP algorithm.

We next reduce the SNR to 30dB and repeat the experiments. We can see in Fig. that

RGGAMP-SBL still provides improved convergence compared to NNGMAMP. We also note
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Figure 3.2: NMSE comparison of SMV algorithms under non-i.i.d.-Gaussian A matrices with
SNR=60dB
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Figure 3.4: Runtime comparison of SMV algorithms under non-i.i.d.-Gaussian A matrices with
SNR=30dB
that except for the NNGMAMP, all other algorithms seem to have close performance when the
deviation from the i.i.d.-Gaussian case grows larger.
Finally, we present in Fig.[3.4]a comparison between the runtimes of different algorithms
at 30dB SNR. The figure shows that although there are slight variations in runtimes, all algorithms
have runtimes within the same range, which is expected since all algorithms are using the low

complexity GAMP.

MMY Numerical Results

In the MMV case we compare the developed RGGAMP-MSBL MMV algorithm to
the SMV algorithms, RGGAMP-SBL and NNGMAMP. The comparison aims to show the

advantage of jointly using the common support information, instead of solving for each vector x*)
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Figure 3.5: TNMSE comparison of the MMV algorithm and SMV algorithms

independently. While more comparison to existing MMV algorithms should be done, we leave
that to future work, which should also include studying the case of having correlation between
non-zero elements of x, as was done before in the unconstrained case. We use time-averaged

normalized mean squared error TNMSE as the performance measure in the MMV case:

1 &
TNMSE £ = Z 120 — %012 /x|
=1

The experiments in Fig. show the TNMSE for each algorithm against the sparsity
ratio K/N, where K is the number of non-zero elements in x. The experiments were performed
over different values of SNR with N = 1000, M = 500 and 7 = 5. We use a randomly generated
i.i.d.-Gaussian matrix A for each of the experiments. From the experiments, it is clear that

RGGAMP-MSBL is able to provide significant improvement in performance as K/M grows
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larger, where the improvement is more noticeable at higher SNRs. We re-emphasize here, that

this improvement comes at a small price of modifying the M-step of the algorithm.

3.7 Conclusion

In this chapter we showed the advantages of considering a hierarchical rectified Gaussian
scale mixture prior combined with the GAMP algorithm to solve the sparse non-negative least
squares problem. We focused on comparing the approach against other GAMP based algorithms
that directly impose a sparsity promoting prior on the unknown signal. We showed that the
advantages include simpler algorithm development, better convergence properties when the
transformation matrix is non-i.i.d.-Gaussian, the ability to change the prior on the unknown signal
through a simple change in the algorithm and the ability to extend the algorithm to the MMV

case through a simple change as well.
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Chapter 4

An MPDR Perspective and Extension of

Sparse Bayesian Learning

4.1 Introduction

In this chapter we offer a novel interpretation of the SBL algorithm based on the minimum
power distortionless response (MPDR) beamforming method in array processing. The SBL’s
iterations are interpreted as the MPDR beamformer (BF) iteratively applied to the measurements
and the beamformer parameters updated based on the estimates at each iteration, along with the
ability to add a denoising step at the output of the MPDR BF when a prior is imposed on x. The
potential of the new insight is demonstrated by extending the algorithm to incorporate priors other
than GSM priors. We present a low complexity version of the algorithm by replacing the MPDR
BF step with an approximate message passing (AMP) based MPDR implementation. We refer to
this methodology as the MPDR-SSR framework. We provide an interpretation of the proposed
algorithm’s convergence, where we show the Gaussian nature of the output noise of the MPDR
BF, and how the noise variance at the output of the MPDR BF and the output of the denoiser are

reduced at each iteration. These two concepts provide important intuition into designing better

69



algorithms when more information about x is available.

4.1.1 Chapter’s Organization

The organization of the chapter is as follows. In Section4.2] we present the general idea
of addressing the SSR problem from a source localization perspective. We then propose the
MPDR-SSR framework and use it to derive the LSBL algorithm. In section [4.3] we list some
denoising options based on different priors. In section4.4|we numerically analyze the MPDR-SSR
convergence. Finally, in Section 4.5, we present numerical results to show the benefits of the

algorithms that we proposed in the light of the new understanding of SBL algorithm.

4.2 SSR as a Source Localization Problem

In this section we first restate the SSR problem and re-summarize the SBL algorithm for
completeness. We then present our main idea of treating the SSR problem as a source localization
one. We will rewrite the SBL updates to provide a new perspective of the algorithm based on an
MPDR interpretation. Using this new perspective we will extend the algorithm to a more general

SSR framework that can accept non-GSM priors that do not have closed form posteriors.

4.2.1 SSR problem and SBL Algorithm Summary

We start by restating the SSR problem and re-summarizing the SBL algorithm for com-
pleteness. The single measurement vector (SMV) sparse signal recovery (SSR) problem is

formulated as:

y=Ax+e, @.1)
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where y € RM is the observed measurement vector, x € RY is the sparse vector to be recovered
from the measurement vector, A € RM¥*N is a known transformation measurement matrix and
e € RM is additive Gaussian noise that can be modeled by e ~ A((0,62I), where in this chapter
we will assume that 6 is known. Using a Gaussian scale mixture, the SBL algorithm imposes
a separable sparsity promoting prior on x, i.e. p(x) = IIp(x;). The prior of each element x; is a
zero mean Gaussian with the hyperparameter 7; as its variance, p(x;) = N (x;;0,7v;). The chosen

prior on 7; specifies the mixing density and therefore determines the effective prior on x:

plx) = [ N(w:0.1)p(v) @2)

It was shown in [45]] that a number of sparsity promoting priors can be imposed by a GSM

prior, when using a proper mixing density p(y;). The goal of the algorithm is to estimate the

hyperparameter vector Y= [y1,...,Yy]’, which can be achieved using evidence maximization.

Once an estimate ¥ is obtained, it can be used to obtain an approximation for the posterior p(x|y)

by using p(x|y;¥). One of the reasons this GSM prior is unique and desirable is that the posterior

has a closed form solution. One option to iteratively learn the hyperparameter vector Y is to use
the EM algorithm resulting in the EM-SBL [31]. To obtain an estimate of the hyperparameter,

EM-SBL uses the EM algorithm to minimize the SBL’s cost function given by [30,31]:

1 1o
x(¥) = —logp(y,y) = S log|[Zy|+ 5y I,y —log p(¥) (4.3)

¥, =c’I+ATA", T 2 Diag(y).
x is treated as the hidden variable in EM-SBL and the hyperparameter update becomes:

Yt = argmax By . [log p(y, x,Y)], (4.4)
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where p(y,x,Y) is the joint probability of the complete data and p(x|y;y') is the posterior under
the current hyperparameter estimate 4. Each iteration constitutes of an expectation step (E-step)
followed by a maximization step (M-step) and the algorithm iterates between the two until
convergence. In the following we will summarize the EM-SBL algorithm’s steps, and we will
rewrite them in subsequent subsections to provide an MPDR interpretation.

SBL’s E-step Based on the system model in (1), the likelihood function p(y|x;c?) is

given by:

1 1
2 2
pyxX,07) = ————-¢€X -5 —Ax . 4.5

Due to the GSM prior, for a given value of the hyperparameter ?y the posterior p(x|y,?y) is Gaussian,

and is defined by its mean and variance given by:

p(x]y,Y) = N(x;:%,Zy) (4.6)

x=TA'L]'y, 5, =T-TA'L 'ATL. 4.7)

We will refer to the posterior mean by X and we will use it as the algorithm’s point estimate of x.
We will also use 7T, to refer to the vector of the diagonal entries of the covariance matrix X,. The
mean and variance defining the posterior p(x|y,Y) will be used to execute the M-step.

SBL’s M-Step: The M-step carried out by minimizing E .y - [—log p(y,x.Y; 02)} over

Y where:

log p(y,x,Y;6%) = log p(y|x;6°) +log p(x|y) +log p(¥) (4.8)

For the rest of this chapter we will assume that a non-informative prior is imposed on p(y;). Since
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log p(y|x) does not depend on y and p(Y) is a non informative prior, the M-step becomes:

2
(EM-SBL) ¥*! — argmin ’“;—YT" + S log(y)| =+, (4.9)

where %; and t,, depend on ¥ and computed using Equation (4.7)).
Another option for estimating Y is finding a fixed point iteration by the differentiation of
(4.3) and equating to zero. This leads to the algorithm from [30], referred to as FP-SBL, with the

following update:

(FP-SBL) 7" = argn}(in[x('y)] = &2 /(Y — 1) (4.10)

Where (#.10) assumes a non-informative prior on 7y as well. We will drop the dependency of Y on

the iteration / in the sequel for brevity.

4.2.2 A Source Localization Perspective of the SSR Problem

Applying the SSR algorithms to address the source localization problem was previously
proposed in papers like [11]. In this section however, we present the novel idea of interpreting
the SSR SBL algorithm from a source localization perspective. Compared to the pure Bayesian
formulation of the SSR problem above, the proposed MPDR framework provides a deeper and
more intuitive understanding of the algorithm’s intermediate steps, allowing for improving and
expanding the algorithm based on this understanding.

The idea is to treat the non-zero elements of x as unknown source signals. In the direction
of arrival problem in array processing, each column of A is determined by the array manifold
and 1s computed using an incoming source angle and the array geometry. In the general SSR
formulation, the matrix A can be thought of sampling a fictitious array manifold, where each

column of A is associated with a fictitious location. A does not necessarily have structure, and the
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locations associated with the columns will not always have a physical interpretation. However we
can still apply the source localization concepts and benefit from the physical intuition of array
processing even for general A matrices as we will demonstrate in this chapter. Based on the
source localization interpretation, one can iteratively construct a linear receiver or BF to estimate
these unknown sources or non-zeros elements. In the SSR problem, the linear receiver or BF
build for source localization will not have very good performance at first. However, based on the
sparsity of the original vector x, the output of the estimator can be further improved by proper
soft thresholding [82]. The choice of linear receiver/BF should allow for this new estimate of x to
be used to adaptively improve the receiver. This improved receiver’s output can be used to get
an even better estimate of x, which will be used to improve the receiver further, and so on until
convergence.

We point out that the stagewise orthogonal matching pursuit (StOMP) algorithm [82]
uses this concept, where it applies a matched filter to the measurement as the choice of its linear
receiver/BF. The output of the matched filter represents a noise corrupted version of x where each
element experiences interference from the other non-zero elements of x. The algorithm estimates
the largest non-zero entry out of the matched filter. Based on this estimate, the matched filter
output is improved by removing the effect of the detected non-zero element from the measurement
vector. At the output of the matched filter the second largest non-zero element can now be detected
given that the interference from the largest element is removed. This process is repeated until all
the non-zero elements are recovered. In [82]] the connection of (StOMP) is made to the multiple
user communication systems, and the interference at the output of the matched filter is referred to
as the multiple access interference (MAI), where the process of estimating elements and removing
them is analogous to the successive interference cancellation in multi-user communications.

Rather than using a matched filter, in this chapter we focus on a class of sparse signal
recovery algorithms associated with the MPDR/MVDR estimators and involves joint estimation of

sources. The approach is inspired by a novel understanding of the SBL algorithm, where instead
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of the posterior evaluation using Bayesian techniques, a multi-step array processing analysis of
the algorithm is proposed. The MPDR/MVDR algorithms depend on the covariance matrix of the
measurements which can be modeled using the powers of the elements of x. Therefore instead of
using successive interference cancellation like StOMP, we can use estimates of the powers of x to

improve the receivers/BFs at each iteration as we will show in the following sections.

4.2.3 Iterative Array Processing

By definition, when detecting x; the MPDR receiver minimizes the output variance of the

linear BF while leaving x; undistorted. This is expressed by the following optimization:
argminwiTZyw,- s.t. wl-Ta_,- =1, 4.11)
Wi

where X, is the measurement covariance matrix and a ; is the column i of the matrix A. Using

Lagrange multipliers to solve (4.11)), the MPDR receiver is found to be [68]]:

v la.;
w; = Ty—_l’ (4.12)
(a.iz'y a-i)
ri=wly 4, =1/(a} X, 'a,) (4.13)

where r is the output vector of the separate MPDR BFs utilized to estimate all sources, and %, is
the vector of the corresponding total output variance. In the case that X, is unknown, one can use

a model for the measurement covariance matrix based on (4.1):
Y, = (ATAT +%1). (4.14)
We reemphasize that ;s are the diagonal elements of I' and they represent the powers of x;s. In

this model, the powers 7; are not known, and the closer they are to the true x; powers the better
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the performance of the MPDR BF becomes. Based on this model, we define the output noise

variance associated with each element r; as (total power - signal power):
_ Ty—1
T, =1/(a; Xy ai)—vi (4.15)

Previous work has suggested iteratively learning these powers using optimization tech-
niques [83]. However, this work did not go as far as making the connection to Bayesian algorithms,
and it is missing the important denoising step that is based on the prior on x. In the following
sections we will show how the SBL algorithm provides a framework for learning the covariance
matrix model in by learning I', and how it can be extended to incorporate different priors

on x.

4.2.4 An MPDR perspective of SBL

We now proceed to rewrite the equations of the EM-SBL algorithm in element wise form,

then we rewrite them in a form that allows us to see a new angle of the SBL algorithm:

vaZ)'y(a]z a;)

o Tyl
X = ,-a,-): =
Yia. 'y y (a.-|i—2y_1a.i)
Tyvy: A
= Wiw T (4.16)
G W T
— Ty—1, _ Ty—1_ Vi
T =i —Y%a.izy ai=a;x%, a.z(m —7)
Vi, — V) .
- s~ W @.17)
(m—%’)"‘% Vit T

Now that we have rewritten the SBL’s mean and variance estimates we can easily reformulate the
SBLs iterations into the following three steps. The steps are detailed in Fig. 4.1] the steps of the

algorithm are also explained below.
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Initialize Powers ¥
I' = Diag(y)

MMSE

alz,’ W ri ~xi+ N (0,7, (
ax, Ta J A0 t i = E{xi[ri}

X, = (ATA" +62I) Ty = var{xilri}

Update Powers
Yi = ),C\lz + Tx,-

Figure 4.1: MPDR SSR Algorithm

A) MPDR Estimation: The algorithm builds an MPDR receiver with a measurement
covariance matrix £, modeled as (4.14), since the powers of x; are unknown they are initialized
to the same value, typically all ones. The MPDR receiver is then applied to the measurement

vector, where based on the MPDR’s definition the output is the desired x; plus noise,

wy=ri=xi+v. (4.18)

With enough number of interfering sources (columns of A), this noise can be justifiably modeled
as Gaussian, v; = A((0,71,,), where T,, is given by (4.13)). Previous work had shown that for linear
receivers the output noise corrupting the signal is Gaussian in the large system limit. In the next
section we will list some of the references and verify this claim as part of the convergence analysis
of our algorithm.

B) MMSE Estimation: Based on the AWGN assumption, the algorithm carries out an
MMSE estimate of x; using the prior p(x;). In the case of the SBL, equations (4.16) and
show this MMSE step based on r; and T,, and the GSM prior with a non-informative prior on
p(Y). The MMSE step enhances the estimate of x;.

C) Model Update: In this step the algorithm updates the powers of x using the MMSE
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estimate y; = E[xlz] = )2,2 +Ty,. Now that we have improved our power estimates, the output of the

updated MPDR will have lower noise variance which is reduced even further by the MMSE step,
which in turn results in more improvement of the MPDR and so on.

This interpretation of the SBL algorithm provides significant improvement in the un-
derstanding of the algorithm’s iterations, an understanding that goes beyond the mathematical
reduction of a cost function. The breakdown of the E-step of the algorithm into an MPDR and a
de-noising step allows for improvements and potential extensions of each of these steps based on
its function. Some of the enhancements can include:

1- Generalizing the algorithm beyond GSM priors, because it is possible to compute the MMSE
estimate for an AWGN corrupted version of the decoupled x;s for a wide range of priors. Based
on this flexibility in the MMSE step we present an MPDR based SSR framework that we refer
to by MPDR-SSR. MPDR-SSR uses the algorithm from Fig. [f.1] with the choice of sparsity
promoting prior. The prior can reflect restrictions on x, like a non-negative constraint. It can
reflect more information, like knowing the exact generating prior of x. It can be due to choosing a
different modeling prior like a non-identically distributed Laplace prior, which did not previously
have a way to be evaluated directly and was solved by modeling it using a GSM [39,/84]. In the
following subsections we will provide details of the MMSE step for a Laplace prior, we also
apply some of the previously used priors in the MMSE step to produce different SSR algorithms.
2- If the imposed prior on x has some unknown hyperparameters, they can be updated at each
iteration applying the EM algorithm and using the approximate posterior E[x|r]. The same
approach is also used to learn any unknown parameters of the problem in the case that they are
not given beforehand.

3- The MMSE step can be replaced by a general noise filtering step, it can apply known successful

denoising filters, like the previously developed image filters for example.

78



4.2.5 An MPDR perspective of FP-SBL

Although our main focus in this chapter is the EM-SBL algorithm, we also provide an
MPDR based interpretation of the FP-SBL algorithm (4.10) to illustrate that variants can also

understood intuitively based on this work. We rewrite the y; update from (4.10) in terms of the

MPDR outputs given in Eqs. (4.16) and as follows:

(a;%'y)?  (aiZ'y)?/ (@)X ai)
10—y, Ll . (4.19)
a;X a; 1/(a;X; a;)

Yi < Yi

Examining we point out that the numerator represents the measured instantaneous output
power of the MPDR BF, while the denominator represents the expected output power. The
algorithm adjusts the current estimate of y; by the ratio of these two values. When examining a
zero element x; if its power in the model v; is non-zero, the measured output power of the MPDR
will likely be lower than the expected power based on 7; and therefore y; will be reduced at each
iteration until it reaches zero. If x; is a non-zero element, then its value will be adjusted at each
iteration until the measured and expected powers are equal and iteration for y; converges. Other
variants of the SBL algorithm that have been developed subsequently use these two quantities
to update y; with different variations; some use the square root of the ratio [85] and others like
the IAA algorithm use the measured output power of the MPDR to directly update 7y skipping
the MMSE step in the EM-SBL [86]. An important insight this interpretation provides is that
the mentioned algorithms do not include a denoising step. They are effectively agnostic to the
prior on x and they only uses MPDR powers to iteratively update y. This can explain the better

performance EM-SBL has been reported to achieve over other SBL variants.

4.3 Sparsity Promoting Priors and their MMSE Estimates
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4.3.1 A Non-Identical Laplace Prior Example

In this section we present a non-identical Laplacian density based algorithm that we call
Laplace sparse Bayesian learning (LSBL). We choose this particular prior to demonstrate the
capabilities of the new framework. Previous methods could not directly apply a such a prior,
and therefore resorted to expressing it as a GSM prior [39]. Other methods like VAMP can only
impose an i.i.d. Laplace prior on x but cannot handle the type of prior we use in this section. The

prior on X is:

p(xi) =1/(2B;) exp (— |xil/Bi)- (4.20)

The prior has the unknown hyperparameter vector B, which needs to be estimated from the
data. We note here that this prior is a special case of the Laplace scale mixture prior with a
non-informative prior on B. As mentioned before, for a chosen prior, the MPDR model and model
update steps do not change. We only need to change the MMSE step according to the prior, and
update any unknown parameters in the prior itself. In the following we detail the equations for
the MMSE step and B update. The derivation is very similar to the one in [87] with the difference
that the prior in [87] is an i.i.d. Laplace prior where all ;s are equal. Therefore we will omit
the details of the derivation for space considerations. Given the output of the MPDR (.11 with

output vector r and noise variance T, we carry out the MMSE step as:
sl o) e val )
1= e i f _|_ e iy, (421)
1 12 —ot —Y
Ty = 2B {(( D) T)e N Q

_ 2 A
+ ((,Yi)2+,cri)e(xfyleQ< Yi ) Z(Tr,') ezr,l.:| (4.22)
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P, — 1 -0 \ —a; _'Y? 4.23
=l e(fe) e )] 2

v Tr ri Tr;

o =—2— L o = — 4.24

; Bi 287 " B 287 @2
T, Tr,

Y=g =i g 4.25)

w2
where Q(.) is the standard Q-function, Q (x) = ﬁ [ e du. B is updated using the EM algorithm,

the update rule is:

1 27, 7% &
Bi g \/me + E, (4.26)
—a; Y —o _'Yﬂ_
Ei=e ’Q(\/—T—ri)Jre ’Q(—Tr[) 4.27)
/ —o A _yﬂ_ —O N '
= QU D) e T Q) (4.28)

In addition to the GSM and Laplace priors, other sparsity promoting priors can be imposed
on x. The MMSE estimate for of an AWGN signal x with a sparsity promoting prior p(x) was
previously found for a number of priors. In the following we will summarize some the priors with

their corresponding AWGN MMSE.

4.3.2 Bernoulli-Gaussian Prior

The Bernoulli-Gaussian prior is given by:

p(xi) = (1 =A)8(xi) + AN(xi:6,9) (4.29)
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The MMSE estimate for an AWGN corrupted x with a Bernoulli-Gaussian prior is [88]]:

% = Elxi|ri] = miw; (4.30)
T = varlxilr] = m(vi+ 17 ]) — (7 | |) 431)
_ A AN(rs8,0+1,)\ '

m—[1+<]_x e ) ] (432)
_rn/w+e/e 1

B e T T+ 10 (4.33)

4.3.3 Non-Negative Gaussian Scale Mixture

To enforce a non-negativity constraint on x a rectified GSM prior can be imposed on x as

follows [80]:

p(xi) = AR (x:0,71) = 2 (x50, 7 )u(x;). (4.34)

The MMSE estimate for a non-negative GSM prior is:

& = Elx|n] =i+ VVih(), %, = varlr] = vig (L) (435)
riYi i
= = 4.36
n TriTL’Yi Y Tr,-+Yi ( )
_ 9(a) i N
ha) = g o5 8la) =1~ h(a) (h(a) ~a) 437)

where @ refers to the pdf and @, refers to the complimentary cdf of a zero-mean and unit-variance
Gaussian distribution.

Similar to the GSM case in EM-SBL, the hyperparameter vector 9y is unknown and can be
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learned from the MMSE estimates using the EM algorithm:

Vi = E[x}] =% + 1, (4.38)

4.3.4 Non-Negative Bernoulli-Gaussian

Another option to impose a non-negativity constraint on X is to impose a non-negative

Bernoulli-Gaussian prior on x as follows [79]:

p(xi) = (1 =2)8(x;) + AN, (x:,6,0) (4.39)
N(xiaevq)) .
—— ifx;>0
2 (x,,6,0) = § P(=6/V0) (4.40)
0, ifx; <0

The MMSE estimate is given by:

% =Exi|r] = é‘ini (i + /vih(o)) (4.41)
T, = varlx|r] = ;n,- (v,-g(oci) + (i + ﬁh(oci))2> 52 (4.42)
& = (1-M)N(0;r;,7,,) + AT (4.43)
o = ;‘vi = m (4.44)
e Mriéli’(%t;%c(ai) 4

where @ refers to the pdf and @, refers to the complimentary cdf of a zero-mean and unit-variance

Gaussian distribution. 4(.) and g(.) are given in (4.37).

4.3.5 A Low Complexity Implementation

Examining the three steps of the proposed algorithm, we can identify that the step with the

highest complexity is the MPDR step, since it requires a matrix inversion of order M x M. In this
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section we propose using the low complexity generalized approximate message passing algorithm
(GAMP), to implement the MPDR step to reduce the complexity of the algorithm. In [[66]] it was
shown that the LMMSE estimator can be efficiently implemented using the Gaussian GAMP
(GGAMP) given in Table[.T] It was also shown that when used as an LMMSE estimator GGAMP
had enhanced convergence properties compared to other AMP implementations. These properties
included robustness to non i.i.d. Gaussian transformation matrices A when proper damping was
used, exact mean upon convergence and it was numerically shown that the approximate variance
did not affect the overall performance of the algorithm. Using the linear relationship between the
MPDR and the LMMSE [68]], the MPDR estimator can be implemented by scaling the GGAMP

LMMSE output. The low complexity MPDR algorithm is summarized in Table

Table 4.1: GGAMP Low Complexity LMMSE/MPDR

Inputs A, Y, 6>
Initializations
S + |A|* (component wise magnitude squared)
2,3« 0andt! >0
fork=1,2,...., Kmax
T 1/(c? + 8t)
Z e (1-8,)21 + ezy—z"’ISTfi—Afc"

Sth4o2
e 1/(8T )
rk= (3" +tA’Z
o
ul e |
e (103 + 0,
end for %end of k loop

In the algorithm, Ky« is the maximum number of iterations and 0, and 6, are damping
factors that are used to guarantee the convergence of the algorithm with non-i.i.d Gaussian A,
whose values can be determined according to an SVD operation on A [52,/66], or an adaptive
procedure of setting the factors can be implemented as in [54]. Instead of scaling the output of the
GGAMP algorithm to find the MPDR output, we notice that in the algorithm in Table d.1] x itself

is computed as the LMMSE estimate given r. Therefore, upon convergence of the GGAMP, r and
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T, can be directly used as the MPDR’s output and noise variance. The effect this low complexity
approximation might have on the convergence of the algorithm will be studied in Section 4.4} and
in the numerical analysis.

With the introduction of this low complexity version of the algorithm, we point out that
the VAMP algorithm [32] is another low complexity algorithm that can use general priors for
solving the SSR problem. However, while VAMP uses averaged variance vectors, MPDR-SSR
uses full vectors which allows the algorithm to address more general priors that are not necessarily
identically distributed. Another difference is that the VAMP reduces the complexity using a
one time SVD decomposition of A, which can be avoided in the case of MPDR-SSR. The SVD
computation might be problematic for extra large A matrices, especially that the MPDR-SSR can
be fully distributable, where A can be broken down into smaller blocks and does not need to be
fully stored when there are memory limitations. Since this chapter focuses on the connection
between SBL and its variants to MPDR, extensive comparisons between the proposed algorithm

and VAMP are beyond the scope of this chapter and is left for future research.

4.4 Convergence of the Algorithm

In this section we analyze the convergence of the proposed MPDR-SSR algorithm using
two main concepts. The first concept is that the MPDR output can be modeled as an AWGN
corrupted version of the sparse signal x. The second concept, is that proper denoising of the
MPDR output reduces the MPDR noise variance and provides a better estimate of x. Because
the iterative MPDR in our model depends on the power estimates of the elements of x, the better
estimate of x can be used at the next iteration to improve the MPDR receiver and produce a better
AWGN corrupted estimate which can be denoised and so on until convergence. In the following
we will refer to previous work that had shown these two concepts, then we will numerically

demonstrate their validity.
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When the MPDR receiver is applied to an element x; the interference and noise term v;
from (4.18)) is given by:
aIa.ixi T

Vi= ), Te 1. TWi
Z alx; la;

Te. (4.46)
n#i

Given the linear relationship between the MPDR and the LMMSE, we can exploit LMMSE
results for the statistics of the multi-user interference (MAI) in multi-user communication systems.
Intuitively, given that the interference corrupting x; is a summation of the dot product of columns
of A and the independent elements x , in the large system limit the central limit theorem will apply,

and the interference can be modeled as additive Gaussian noise corrupting the signal. In addition

T

to that the term w; e is a linear transformation of the Gaussian noise, and is also Gaussian. The
noise and interference combined are assumed to be Gaussian with zero mean and variance T,. The
Gaussianity assumption of the interference was shown to be true in the large system limit using
different methods, for example [[89] used the central limit theorem, while [90,91]] used random
matrix theory and finally [92] used statistical physics to show that. In addition to that, the low
complexity AMP based MPDR approximation was also shown to produce an AWGN corrupted
version of x when the columns of A are i.i.d. Gaussian. In the following we will use QQ-plots to
demonstrate the validity of this assumption. We will use column correlated and ill-conditioned A
matrices to show that the Gaussianity assumption still holds under non-i.i.d Gaussian A, even
when using the low complexity versions of the algorithm. Finally, we use multiple priors to show
that the result holds beyond the GSM prior assumption. Fig. .2]shows QQ-plots for the first, a
middle and last iterations of the MPDR output. We can see that empirically the MAI Guassianity
assumption is valid throughout the algorithm’s iterations. We can also see that the assumption is
valid for cases when the entries of A are non i.i.d Gaussian, even for the low complexity MPDR.

Finally the assumption is valid when the prior on x is not imposed by a GSM.

For the second part of the convergence study we will examine how the noise variance
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Figure 4.2: QQ plots comparing MAI with a Gaussian distribution. (Left column) First iteration.

(Middle column) Middle iteration. (Right column) Last iteration. (Top row) SBL GSM prior with

1.i1.d Gaussian A and full complexity MPDR. (Middle row) Laplace prior with column correlated

A and full complexity MPDR. (Bottom row) Bernoulli-Gaussian prior with ill-conditioned A

and low complexity MPDR.
evolves with each iteration. We will show how the MMSE estimate based on the AWGN corrupted
x and the prior on x can reduce the noise variance. We note here that the variance estimate T,
from (4.15)) is not exact, it is an approximation based on assuming the modeled X, matches the
actual covariance matrix of the measuerment vector, therefore we will also plot the evolution
of the actual and estimated variance of the output noise from the MPDR. Based on the results
from [82] proper thresholding of a sparse signal corrupted with AWGN can reduce the noise
variance. In our case the thresholding is provided by the MMSE estimate, and in the cases of
scale mixture priors in addition to the MMSE step we also apply pruning, where the y values less
than a predetermined threshold are set to zero to provide an actual thresholding function. We
expect the noise variance from the MPDR output to be reduced by the MMSE step, producing a
better estimate of x. For the experimental study, we introduce the MPDR-BG algorithm that uses

the exact Bernoulli-Gaussian prior on x, where the MMSE step details for this prior can be found

in [88].
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Figure 4.3: Noise variance development with each iteration.(Top) SBL GSM prior with i.i.d
Gaussian A and full complexity MPDR. (Middle) Laplace prior with column correlated A and
full complexity MPDR. (Bottom) Bernoulli-Gaussian prior with ill-conditioned A and low
complexity MPDR.
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From Fig.[4.3] it is clear that the MMSE estimate reduces the noise variance compared to
the output of the MPDR as expected from the results in [82]]. It is also evident that this leads to
further reduction in the output noise variance at the next iteration and so on until convergence.
We observe that using an exact Bernoulli-Gaussian prior yields the most noise reduction at each
iteration and therefore requires the least number of iterations. Moreover, the Laplace based
algorithm requires a fewer number of iterations to converge compared to GSM one. We also
notice that for the scale mixture algorithms, when we start applying pruning, the difference
between the output of the MPDR and the thresholding noise becomes very minimal, and we see
significant improvement in noise variance. Finally, we notice that the output variance of the noise
is overestimated at first, until the algorithm starts converging and the estimate becomes more

accurate.
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4.5 Numerical Results

4.5.1 MPDR-SSR Numerical Analysis

In this section we present a numerical study to show the potential benefits of using a non-
GSM prior within the MPDR-SSR framework. We will present results for the LSBL algorithm
detailed in section d.3.1] We will also present results for the MPDR-SSR framework with a
known Bernoulli-Gaussian prior, assuming that the prior matches the distribution used to generate
the signal x. Both algorithms will be compared with the EM-SBL algorithm. In addition to the
full complexity versions of the algorithms, we will also present results for the low complexity
versions of all three algorithms. We will focus on the high SNR case in our numerical analysis,
since the estimation of the noise variance can affect the algorithms’ performance. It is left for
future research to exploit the new understanding of the SBL and corresponding algorithms to find
an optimal estimate of the noise variance.

For the first experiment we set N = 1000, M = 500 and SNR = 60dB. Elements of x are
independently drawn from a Bernoulli-Gaussian distribution with zero mean and unit variance,
where the sparsity of x spans a range of K/N from 0.05 to 0.15. The performance metric we use

is the normalized means square error given by, NMSE = ||z — x||?/||x||%.
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Figure 4.4: Performance of SSR Algorithms with BG Elements
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From Fig. 4.4 we can see that Bernoulli-Gaussian algorithms provide a slight performance
improvement compared to the original SBL algorithm. In addition to that, the LSBL provides
some improvement over SBL as well. However, in general all three algorithms perform within
the same range. We also can conclude that the low complexity implementation of the algorithms
does not cause significant performance degradation compared to the full complexity algorithms.

To highlight some of the benefits of the other algorithms compared to the EM-SBL, we
will examine the runtimes of the algorithms. We run a comparison between runtimes of the
low complexity EM-SBL, LSBL and MPDR-BG algorithms. We exclude the full complexity
algorithms because when complexity is of interest, using the high complexity algorithms is
impractical given that the low complexity ones provide similar performance with significantly
lower complexity as shown in [66,/67]. We run the experiments using N = 10000, M = 2500 and
SNR = 60dB. We compute the runtimes for a range of K/N from 0.025 to 0.125. We plot the

runtimes in seconds of the three algorithms in Fig.
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Figure 4.5: Runtime of Fast SSR Algorithms

From section 4.4} we saw how the LSBL requires fewer iterations to converge compared to
the EM-SBL, and the Bernouli-Gaussian algorithms required fewer iterations than both algorithms.
It is clear from Fig. [4.5]that this translates into faster runtimes for the LSBL compared to EM-SBL.

This result reinforces the conclusions from [38] since the LSBL prior is equivalent to a reweighed
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/1 and the EM-SBL is equivalent to a reweighed ¢, algorithm. The performance and runtimes
results suggest that the LSBL can provide a faster algorithm compared to the EM-SBL without any
performance degradation. They also indicate that when the prior on x is known, the MPDR-BG
algorithm can provide better performance and faster runtimes than the other two algorithms.

To highlight the benefits of the knowledge of the prior on x, we repeat the performance
experiment with samples of x generated from a Bernoulli-Gaussian with a non-zero mean. We

use a mean value 6 = 5 and repeat the experiment from Fig with N = 1000, M = 500 and

SNR = 60dB.
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Figure 4.6: Performance of SSR Algorithms with BG Non-Zero Mean Elements

Fig. 4.6 shows how the MPDR-BG algorithm can perform better than the other two
algorithms when the non-zero elements of x are non-zero mean. Compared to the other two
algorithms, the MPDR-BG algorithm was able to handle lower sparsity levels before it failed.
This serves as an example of how our proposed framework provides more flexibility in choosing

the prior which can translate into better performance when more information about x is available.
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4.6 Conclusion

We presented an MPDR based interpretation of the SBL algorithm. A more intuitive
understanding of the algorithm can be achieved based on this interpretation, which can provide
important insight into the algorithm. We showed how this insight can be of significant value
by proposing modifications to the original SBL in the light of this new understanding. The
modifications enabled us to lower the complexity of the algorithm, while enabling incorporation of
a wider range of sparsity promoting priors, resulting in the MPDR-SSR framework. Improvements
to the SBL algorithm and its variants based on the new insights are not limited to the examples we
have presented in this work. Future research can include finding better noise estimates to improve
the denoising step, or using denoisers that are specifically designed for a certain application like

imaging for example.
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Chapter 5

An Array Processing Perspective of Sparse

Bayesian Learning Variants

5.1 Introduction

The fast-SBL algorithm was proposed in [71]. The proposed algorithm descends on the
SBL’s cost function sequentially using a greedy approach which adds basis to the model one
at a time to avoid inverting a large matrix. Similar to the original SBL the fast-SBL algorithm
is limited in the choice of prior to the GSM class and cannot directly incorporate additional
information about x. In this chapter, we show how the array processing interpretation of the EM-
SBL algorithm can be extended to interpret the fast-SBL algorithm. Moreover, we demonstrate
how this novel interpretation allows us to incorporate more general priors into the fast-SBL
algorithm, enhancing its performance in certain cases.

We also demonstrate how the how the array processing interpretation extends to the MMV
SBL variant that is TMSBL. Based on this interpretation we propose a novel AMP based low
complexity MMV algorithm that reduces the complexity of the TMSBL algorithm. The proposed

algorithm outperforms other AMP algorithms such as AMP-MMYV algorithm from [65] and the
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GGAMP-TSBL from [66]]. The proposed algorithm also offer complexity advantages over the

AMP algorithms when the number of measurements is large.

5.1.1 Chapter’s Organization

In Section 5.2 we provide an MVDR interpretation of the sequential fast-SBL algorithm,
and we propose an algorithm that extends it beyond GSM priors. In Section [5.3] we apply the
MPDR framework to the MMV problem, where we re-derive the TMSBL algorithm and propose
a low complexity version of it. In section we present numerical results to show the benefits
of the algorithms that we proposed based on the array processing interpretation of the original

algorithms.

5.2 An Array Processing Perspective of the Sequential Fast-

SBL Algorithm

The sequential fast-SBL algorithm [71] was proposed to address the high complexity of
the SBL algorithm. The algorithm is a greedy version of the SBL and is based on updating a
single hyperparameter 7; at each iteration to avoid solving a system of N linear equations. In
the following we summarize the algorithm from [[71] and then we introduce an MVDR based
explanation of the algorithm. Similar to previous sections, the new interpretation provides
important insight into the algorithm’s iterations. As an example, we will show how this insight
allows us to extend the algorithm to incorporate additional information about the sparse vector x
when available. We demonstrate how incorporating this information can improve the algorithm’s

performance.
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5.2.1 Fast SBL Algorithm Summary

The original SBL algorithm suggests that when estimating the full vector y any v; that
becomes close to zero can be pruned out of the system. The column of A denoted by the basis
vector a ; corresponding to a pruned y; will be pruned out, lowering the complexity of each
iteration. When the algorithm is close to convergence the problem size becomes closer to the
number of non-zero elements in x which is typically much smaller than the length of x. The
sequential fast-SBL algorithm in [71] exploits the sparsity of the vector x and the corresponding
hyperparameter vector Y. The algorithm starts with an empty set assuming all ;s are equal
to zero, and then sequentially adds, deletes or updates the values of y;s and the corresponding
columns of A, leading to a more computationally efficient algorithm. We will summarize the main
idea behind the algorithm, while the detailed derivation can be found in [71]]. In the fast-SBL
algorithm [71], sequential updates of ;s are achieved by decomposing the covariance matrix X,

in the cost function of the SBL algorithm (4.3)):

X = o’l+ Z yja.ja_Tj + y,-a,-aiT =X+ y,-aia,-T, (5.1)
J#i

where X, is the measurement covariance matrix with the contribution of y; removed. We refer to
X}, as the covariance matrix of the interference from all the other x ;s when the element of interest
to be recovered is x;. This notation is consistent with the array processing perspective of the
problem at hand. Based on this decomposition the SBL cost function (4.3]) can be decomposed
into a term which is independent of ¥; and a term dependent on a single 7;, and the cost function
can be minimized with respect to a single element at a time. In [71] it was shown that the unique

minimum of () with respect to v; is:
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qi = af)’.‘.;ly, s = ajz.;la,,-. (5.3)

Based on (5.2)), the fast-SBL algorithm starts by assuming all y; values are zeros, and the
set of corresponding effective columns or basis chosen of the matrix A is empty at this stage.
For a single chosen v; the values ¢g; and s; are computed and a decision on whether to include it
and its corresponding basis, or exclude it from the model representation is made based on (5.2)).
The schedule for choosing which v; to update next can be random, but in general the algorithm
chooses the next 7; that results in the maximum reduction of the SBL’s cost function. X and X, can
be updated based on the updated y; and corresponding a ; using with a modified A matrix

that includes active columns only.

5.2.2 An MVDR Interpretation of Fast SBL

The algorithm can be interpreted as a greedy way of constructing an MVDR beamformer.
We start with rewriting the fast-SBL’s y update rules to make them more inline with the MVDR

receiver. Using s; and ¢; definitions, (5.2) can be rewritten as:

ajTly , 1 oagly 1
(ot )~ e Z Tl
a;X'a; a;X'a; a;%, a; a;X; a;
Y = 9 (5.4)
0 'f(ajz"’ Y )2 !
’ e, T4z la,
iy ai Q% Qi

Similar to the previous section, the algorithm starts by modeling the measurement covariance
matrix by £, = (I + A'TA), where I' = diag(y). In this case the algorithm starts with an
all zero vector vy, where single y;s are added to the model at each iteration, and later on they
can updated or deleted. After initializing the algorithm with the first y; value, and based on the
covariance matrix model Xy, the algorithm seeks detecting non-zero elements of x one at a time.

To do so the algorithm builds an MVDR receiver for x;, where unlike the MPDR receiver, the
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MVDR receiver uses the noise and interference covariance matrix X;, from (5.1)), the receiver is:

Ty—1
a;X,y

Ty—1
a.iZ,i a;

, Wy =xi+v;, (5.5)

w; =
where v; is refered to by MAI because it represents the interference from other elements of x
corrupting the element x; at the output of the MVDR. Since this is a linear receiver, MAI results
referred to in previous sections hold here as well. Therefore the output of the receiver is an
AWGN corrupted version of x; and v; is modeled as a zero mean Gaussian with its variance

given by [68]]. Our interpretation of the fast SBL algorithm is based on two values of

1
Ty 1.
a'iZ,i a;

interest associated with the given MVDR. The first value is the total measured output power of

Ty—1
a; Z"Il' y

Ty 1.
a'iZIi a;

the receiver given by ( )? which represents the total output power from the MVDR BF,
combining the powers of the desired x; and the MAI power from all other elements of x. The
second value is the expected MAI power given by the model which is the variance of the output
AWGN noise given by ﬁ We note here that the accuracy of the noise power estimate
depends on how good X, ap;l)roximates the actual measurement covariance matrix, and therefore
as more ;s are estimated properly this MAI power estimate will become more accurate. Based
on these definitions, the algorithm proceeds by comparing the total measured output power of the
MVDR BF to the expected output noise power at a chosen x;. If the total output power of the
MVDR exceeds the expected noise power, the algorithm attributes the difference to a non-zero x;
at that location, and sets the power of that source 7; to that difference. If y; was already previously
added to the model, it’s value is updated as the difference as well. If the output power is equal to or
less than the noise power, the algorithm attributes the output power to noise only and assumes the
absence of a non-zero element at that location, therefore v; is removed from the model. Because
the estimate of the covariance matrices X;s are improving as we improve the estimates of 7;s, the

noise variance estimates are also improving with each iteration. Therefore the algorithm needs

to revisit its decisions on ;s as we go forward. Similar to the convergence analysis in previous
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sections, each iteration improves the estimate of ¥ which improves the estimate of the output
noise, which in turn leads to further improvement in the estimate of y, and so on until convergence.
Based on the ;s included in the model, the mean X and covariance X, of x from (4.7 can be

computed using fewer number of columns of A hence reducing the complexity.

5.2.3 Exploiting Additional Information with Fast SBL

This new perspective of the fast SBL algorithm provides opportunities to improve on the
algorithm. As an example, we extend the algorithm to incorporate additional information about x
by imposing priors that represent this information. To demonstrate the performance gains from
such extension, we will impose some new priors on x and propose modifications to the fast-SBL
algorithm to incorporate these priors.

To include the prior in the process of improving the MVDR, we propose a modified
algorithm. The proposed algorithm keeps the steps of adding and deleting ;s from the model
unchanged. However, the values of X and T, are computed using the two steps used in the previous
section, where the MVDR receiver is first applied to x; and then an MMSE estimate is computed
based on the output of the MVDR and the chosen prior on x;. In addition to that, whenever
we need to re-estimate a value of y; the estimate is computed using the power estimate of x;
which is E[xlz] = )212 + Ty,. If the prior on x has unknown parameters, they are learned using the
EM algorithm based on the approximate posterior p(%|r) produced by the MMSE output. The
algorithm’s details are summarized in Table

Previous work from [34]] imposed a Laplacian prior on x by representing it using a GSM
and a density on Y. However, non GSM priors could not be previously incorporated into the
fast-SBL algorithm. In the numerical analysis section we will compare the algorithm from [34] to
some more flexible priors that can be handled by the proposed algorithm, and we will demonstrate
how in some cases imposing non-GSM priors can enhance the performance of the algorithm. We

will present results for a number of algorithms, the first set addresses the problem in (4.1)), where
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Table 5.1: Fast MVDR-SSR algorithm

Input: A,y,c”
Set all y;s to O

la.il?
While convergence is not achieved
Select a candidate element y; and the corresponding basis a ;
update s; and g; using (5.3)
if ¢ —s; > 0 AND v; = 0 then
add a ; to the model and set y; = q% — 5
compute r; = q;y/si,Tr, = 1/si
%i = Elxi|ri], Ty, = var|xi|ri]
else if g7 —s; > 0 AND v; > 0 then
compute r; = q;y/si, T, = 1/si
£i = Elxi|ri], T, = var|xi|ri]
re-estimate v;, Y; = )?lz + Ty,
else if ql-z —5; <0 AND v; = 0 then
prune a ; from the model and set y; =0
end if
end while

Initialize a single v;: v; =

we will impose an 1.1.d. Laplace prior, a non-identical Laplace and a Bernoulli-Gaussian prior
on x, resulting in the algorithms, Fast-MVDR-/1, Fast-MVDR-Laplace and Fast-MVDR-BG.
The second set of algorithms address the case when a non-negative constraint is imposed on x,
therefore we impose a non-negative GSM prior and a known non-negative Bernoulli-Gaussian
prior on x resulting in the algorithms Fast-NN-MVDR-SBL and Fast-NN-MVDR-BG where the
MMSE step details can be found in [79,[80].

5.3 MMYV SBL Using MPDR

In this section, we demonstrate the strength of the proposed MPDR framework by ap-
plying it to the Multiple Measurement Vector (row sparse signal vectors using a sequence of
measurements that are acquired using the same sensing matrix A). The row sparse signal vectors

of interest share a common sparsity profile, and it is common for the amplitudes of non-zero
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elements of the signals to be correlated. We refer to this correlation by temporal correlation,
assuming the measurements are acquired at different points in time. It was shown in [57-60]
that having multiple vectors can improve the recovery performance compared to the single mea-
surement case. Moreover it was found that not accounting for the temporal correlation can result
in serious degradation in the algorithm’s performance. A number of Bayesian algorithms were
proposed to address the MMV problem. Among the most successful is a Bayesian algorithm
known as the TMSBL algorithm [61]], which models the sparsity and correlation of the signals
using a modified Gaussian scale mixture prior. Other Bayesian algorithms addressed the high
complexity issues associated with the TMSBL algorithm by using an AMP based model with
an AR(1) process to model the temporal correlation [65,66]. Although AMP algorithms did
offer significant complexity improvements, TMSBL still achieved superior successful recovery
rates over them. In the following we summarize the TMSBL model and algorithm, we will then
demonstrate how the MPDR SSR framework can be applied to the MMV problem. The strength
of the approach lies in the fact that the MPDR decouples the measurements in space, allowing
us to deal with the temporal correlation one row at a time simplifying the problem significantly.
This approach enables the potential to deal with temporal correlation models that would be too
complex to address without decoupling the measurements. As an example, we will apply the
MPDR framework to the TMSBL model and show how the resulting algorithm is equivalent to the
TMSBL. Based on this new MPDR derivation of the TMSBL, we will propose a low complexity
algorithm based on the AMP MPDR receiver. In the numerical analysis section we will show
how the proposed algorithm outperforms previous AMP based MMV algorithms, and how it has

an advantage over them in complexity as the number of measurement grows.
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5.3.1 TMSBL Algorithm

The MMV model can be stated as:

Y =AX +E, (5.6)

where ¥ = [y(),y?) . y(T)] with y) € R™. The objective is to recover X = [x(), x(?) .. x(7)]
with x(*) € RY, where the index (¢) indicates the measurement number, with 7 total measurements.
A € RN js known, and E = [e(!) e?)...,e(T)] is matrix with columns of i.i.d. noise vectors
modeled as el") ~ A((0,6%1).

As mentioned before, TMSBL assumes a common sparsity profile. Furthermore, TMSBL
assumes the sources and therefore the rows of X are independent. The common sparsity profile

and the temporal correlation are modeled using the following Gaussian prior on each row of X:

xi, = N(0,BY;), (5.7)

RT*T models the

where x; is the row i of the matrix X, y; controls the row sparsity and B €
temporal correlation within x; . B is estimated by the algorithm, and to avoid over-fitting B is
assumed to be the same across all rows.

Based on this prior and the system model (5.6), TMSBL attempts to use the EM algorithm
to learn the hyperparamer vector y and B from the data. TMSBL steps are derived in [[61] by

reducing the original problem’s size and applying some approximations. We summarize the

approximate E and M steps of the algorithm, while the The details of the derivation can be found
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in [61].

TMSBL E-step :X, = (I ! + 67 2ATA)"! (5.8)
X=TA"(c’I+ATA") Y (5.9)
1
TMSBL M-step :y; = Tx,-,B*Ix,T + (Z0)ii (5.10)
~ N x.T_x- ~
B=Y) p =, B=B/|B||s (5.11)
i=1 l

5.3.2 Iterative MPDR Applied to MMYV Problems

The same three step technique proposed in section [4.2.4]is applied to the MMV problem:
applying an MPDR receiver based on the current estimate of X to the measurement matrix ¥, an
MMSE step based on the assumed prior on X to denoise the output of the MPDR and finally an
update to the powers in the MPDR model based on the new estimate of X.

MPDR Receiver Step: As before, the ith source x;. is isolated using the MPDR BF:

). la; T .

w;, = m, X, = (AT'A" +o°I), T =Diag(y) (5.12)
This MPDR step is general, and it only uses the common sparsity profile assumption of X.
Therefore each row of X shares the power estimate parameter in the model which is represented
by v;. Another insight, the framework provides into TMSBL (Equation is that for the method
to be successful, i.e. mitigate interference for each measurement, the power levels have to
consistent in time. This means a B matrix with ones or near ones along the diagonal. When the
MPDR receiver is applied to the measurement matrix, each row is decoupled into the original

signal corrupted by noise:

ri — wiTY =X; + Vi, (5.13)
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where v;, represents the interference plus noise, and we will refer to it by the output noise. Based
on the results of linear receivers presented in section the distribution of each element of the
output noise v;; is Gaussian, and therefore each row of the noise matrix v;, is jointly Gaussian.

Denoising (MMSE) Step: Decoupling reduces the complexity of the problem signifi-
cantly, because the decoupled rows need to be only jointly denoised in time. This is as opposed to
jointly processing the full matrix X when the MPDR receiver is not applied first. In the following,
we will use the TMSBL prior on x;. as an example on how to proceed with denoising based on an
MMSE estimate of x; . Other techniques can be applied for the denoising step, but we leave that
for future work.

Given that each row of the noise matrix is jointly Gaussian, to carry out the MMSE step
we will need to find noise covariance matrix of noise v;. We start by finding the covariance
matrix of the output of the MPDR receiver r; denoted by X,,, to simplify the analysis we will
consider one element of the cavariance matrix at a time. We use the subscripts a and b to denote

measurement indexes:

N
(zr,-)aa = Z WiT (a.lBaa laI + Gz)wi
=1
=w, (BiATA" 462w ~ w, Biu(AYA" +*Iw; (5.14)
N
(r)ap = Y W/ (@Bayia))wi
=1

=w] (BapATAT)w; ~w/ By, (ATAT + 621w, (5.15)

We argue that the approximations in (5.14) and (5.15]) are valid not only at high SNR, but at lower

SNR values as well. The iterative MPDR insight allows us to see that at initial iterations the term
wl-TAl"ATw,- will be more dominant than the noise term. This is due to the fact that the MPDR
receiver is not providing sufficient interference cancellation when Y is not accurate. While the

algorithm has not converged to the correct 7y values, the first term will continue to be dominant.
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However, if the algorithm does converge to the correct Y it means that the algorithm has converged
to the correct solution and the approximation is no longer relevant. This explanation highlights
why the MPDR interpretation is valuable in understanding TMSBLs iterations, where a similar
approximation was made in [[61]], but it was only able to point out its validity at high SNR without

providing further insight into why it still works for lower SNR values.

1
Y, —B—— 5.16
i ajzy_la.i ( )

1
Y, =B————By;=Br,. 5.17
Vi aj):.y’la_i Vi T ( )

Based on the noise covariance matrix and the prior on X the MMSE step can be carried out as

follows:

% = BY;(BYi+Bt,) 'ri =vi(Yi+1,) ' (5.18)

X, = By, — BY;(By; + Btv,,) 'By; = Br, (5.19)

MPDR Model Update To update the MPDR receiver with the proper values ¥y, we will

use the fact that in the model E[x; x;' ] = By;. Given the posterior mean (5.18) and covariance

(5.19) of x; we have:

Elxix]] =By =X, +%%; 620
Tr[B~ (S, + ik}
yi= r[ ( )’; XX )} (5.21)

To update B we use the same TMSBL update rule from (5.11]), where in the context of estimating
unknown parameters from the output, this update rule can be thought of as a sample covariance
matrix of the elements in each row averaged over all the rows of X. Putting these steps together we
refer to the resulting algorithm by the MPDR-TSBL. It can be easily seen that the MPDR-TSBL

algorithm derived is exactly equivalent to the TMSBL algorithm. This new perspective of the
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TMSBL algorithm allows us to use the AMP based low complexity MPDR algorithm to propose a
low complexity TMSBL algorithm. The low complexity TMSBL can be implemented simply by
replacing the MPDR step from by the GAMP MPDR from Table We will show in the
numerical analysis section how this proposed low complexity algorithm outperforms previously
proposed AMP based MMV algorithms. Moreover, the complexity of the algorithm does not
grow with increasing the number of time measurements, since we use a common MPDR receiver
to process all columns of X, in contrast to other AMP based methods that build a separate factor
graph for each measurement and therefore their complexity grows as the number of measurements

Srows.

5.4 Numerical Analysis

5.4.1 Fast-SBL Numerical Results

In this section we present numerical studies to illustrate the performance improvement
provided by using general priors with the fast-SBL algorithms as opposed to GSM priors. For the
first experiment we study the performance of three algorithms proposed in section [5.2.3] namely
Fast-MVDR-/1, Fast-MVDR-Laplace and Fast-MVDR-BG. The algorithms will be compared
against the original Fast-SBL algorithm from [71]], and against the Fast-Laplace-SBL [34]]. We
set N = 1000, M = 500 and SNR = 60dB. We compute the NMSE for a range of K/N from 0.05
to 0.15 in Fig.

From Fig. we can see how the Bernoulli-Gaussian and Laplace priors provide perfor-
mance enhancement compared to the GSM based fast-SBL and fast-Laplace-SBL algorithms.

In the second experiment we show how using general priors with the fast-SBL algorithm
can be of value when some restrictions apply to x. We enforce a non-negative constraint on Xx,
and based on that we propose a non-negative fast-SBL algorithm denoted by NN-Fast-SBL using

a non-negative GSM prior. We also study the performance of the NN-Fast-SBL-BG algorithm
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Figure 5.1: Performance of Fast SSR Algorithms

which uses a non-negative known Bernoulli-Gaussian prior. We compare both algorithms to the
fast-SBL algorithm from [71]]. We set N = 1000, M = 500 and SNR = 60dB. We compute the
NMSE for a range of K/N from 0.05 to 0.2, we limit the comparison to this range since beyond

this range all of the algorithms will fail.
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Figure 5.2: Performance of Non-Negative Fast SSR Algorithms

From the results in Fig.[5.2] we can see that imposing a non-negative GSM prior on
x improves the recovery performance of the non-negative signal. Moreover, using the exact
non-negative Bernoulli-Gaussian prior on x provides further performance improvement. These

two algorithms serve as an example on how extra information about x can be incorporated into
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the fast-SBL to achieve better results.

5.4.2 MMV MPDR-TSBL Numerical Results

In this subsection we will compare the performance and complexity of the low complexity
MPDR-TSBL to the full complexity TMSBL algorithm. we will also compare MPDR-TSBL
to two other AMP based MMV algorithms, namely the GGAMP-TSBL [66] and the AMP-
MMV [63].

We will use the time-averaged normalized mean squared error (TNMSE) as a metric to
evaluate the quality of the recovered MMV vectors, TNMSE £ 1y | &) — 202 /]2 |12, We
will also apply a complexity measure by tracking the time each algorithm requires to compute the
final estimate, where we measure the time in seconds.

For the first experiment we study the performance of different algorithms versus the
sparsity ratio K/N. The source matrix x was generated with K non-zero rows that are randomly
chosen, the correlation between the non-zero elements in each row was modeled by an AR(1)
process with a correlation coefficient p = 0.95. The problem dimension were set to N = 1000,
M =500 and T = 4. K was increased from 0 to M and the SNR set to SNR = 60dB. We choose
to use an i.i.d. Gaussian A. This choice is made to allow us to include the AMP-MMYV algorithm
in the comparison, because while the other algorithms can be shown to converge using non-i.i.d.
Gaussian A, AMP-MMYV will diverge in such a case. Fig. shows that as the number of non-
zero elements increases, MPDR-TSBL experiences minimal performance degradation compared
to the full complexity TMSBL algorithm. On the other hand, we can clearly see that the other two
AMP based algorithms experience significant performance degradation compared to the TMSBL
and MPDR-TSBL as K/N is increased. The MPDR-TSBL algorithm offers similar performance
to the TMSBL algorithm with potentially significant complexity reduction, which will be shown
next.

For the second experiment, we study the complexity advantage the MPDR-TSBL provides
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Figure 5.3: Performance of MMV Algorithms

over the TMSBL algorithm, and potentially over the other two AMP based algorithms. For
this experiment we use the same generating model from the previous experiment, where we fix
the ratio K/N at 0.2 and M /N at 0.5, and we increase N. To study the effect of the number of
measurements on the complexity of different algorithms, we run two experiments, one with 7' = 4
time measurements, and another with 7" = 20.

In Fig. [5.4] we use solid lines for the results obtained using 7 = 4 and dashed lines for
results obtained from 7' = 20. Fig. shows the significant complexity reduction MPDR-TSBL
provides over TMSBL. The TMSBL complexity was shown to be O(NM?) in [66] due to the
matrix inverse computation in and (5.8). While the complexity of the low complexity
MPDR was found to be O(NM) in [66] which explains the complexity difference. Another
important observation is that the other two AMP algorithms have complexity orders of O(TNM)
because they were designed by building separate factor graphs for each time measurement. Both
TMSBL and MPDR-TSBL apply a common MPDR step to all measurements, and therefore their
complexities do not depend on 7. This is clear in Fig.[5.4] where GGAMP-TSBL and AMP-MMV
experienced increased runtimes as we increased the number of measurements, however the other

two algorithms had minimal runtime increase with increased 7.
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Figure 5.4: Complexity of MMV Algorithms
5.5 Conclusion

We showed how the SBL’s MPDR interpretation from the previous results extends to other
versions of the SBL algorithm, like the sequential fast-SBL and the MMV TMSBL algorithms. For
the fast-SBL algorithm, we were able to enhance the algorithm’s performance by incorporating
extra information into the imposed priors. Where in the MMV case we demonstrated how the
MPDR framework can decouple the problem in space transforming it into a much easier problem
to solve. Based on this decoupling, we proposed a low complexity TMSBL algorithm that

outperforms existing AMP based low complexity MMV algorithms.
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Chapter 6

Semi-Blind Channel Estimation in MIMO
Systems with Discrete Priors on Data

Symbols

6.1 Introduction

Obtaining accurate channel estimates is an important factor in achieving capacity gains in
MIMO systems. Traditionally channel estimates were obtained using training pilots. However, as
the number of users in a MIMO system increases, maintaining accurate channel estimates requires
the length of the training pilots to increase, lowering the effective throughput. Semi-blind channel
estimation uses data symbols in addition to the training symbols to improve channel estimates.
This allows semi-blind techniques to have shorter training overhead and achieve better accuracy
of channel estimates at the cost of increased processing at the receiver. Different techniques have
been investigated for semi-blind channel estimation. In [93]], the channel matrix was divided into a
whitening matrix that is estimated using received data and a rotation matrix that is estimated using

pilot symbols. In [94], a two level maximum likelihood (ML) optimization method is proposed
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for channel and data estimation. In addition, a number of papers proposed to solve the problem
using different formulations of the Expectation Maximization (EM) algorithm [70,95-97]. In
this letter we focus on the EM formulation that alternates between estimating the data symbols in
the E-step and finding the best channel estimate in the M-step. To keep the algorithms tractable,
in [97]] a Gaussian prior on the data symbols is assumed, although the data symbols are drawn
from a discrete distribution that represents the data constellation. To better represent the discrete
distribution, in [70] a heuristic approach is proposed to demap the E-step’s output to discrete
symbols at each EM iteration. A Gaussian mixture model on data symbols is also considered
to theoretically justify the approach in [70] while keeping the E-step tractable. The heuristic
approach showed improvements in channel estimates at higher SNRs compared to the Gaussian
prior case, while the Gaussian prior was superior in the low SNR region. This is due to the
hard decisions made by method, which are much less accurate in low SNR. It was also shown
in [97], how using the actual discrete prior on the data symbols results in exponential growth of
complexity of the algorithm as the number of symbols in the data constellation increases deeming

the approach not practical.

6.1.1 Chapter’s Organization

The organization of the chapter is as follows. In Section we describe the system
model and discuss previous EM algorithms. In Section [6.3]we show how the dimentionality of the
Gaussian EM algorithm can be reduced using the eigenvalue decomposition. In Section |6.4 we
apply the MPDR decoupling principle to the E-step to incorporate the discrete prior that is based
on the data constellation. Finally, in Section [6.5] we present numerical results to demonstrate the

performance and complexity advantages achieved by the proposed algorithms.
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6.2 System Model and Previous EM algorithms

We will generally follow the same system model and EM formulation from [[70,97], where
we will summarize it here for completeness. We consider the uplink transmission in a TDD
multi-user MIMO system with a single serving base station (BS) equipped with M antennas. The
BS serves K users with random locations within the cell, we also assume M > K. We consider
an orthogonal division multiplexing system that is able to achieve flat fading over each of the

(CMXK

carriers. Based on this model the channel matrix G € can be represented by:

G=HB'?, 6.1)

where B!/? € CK*K jg a diagonal matrix with diagonal elements [, that model large scale fading
effects such as path loss and shadowing between each user and the BS. H € CM*X on the other
hand models small scale fading effects. Those effects are modeled by circularly symmetric
complex Gaussian columns of H with unit variance. For each user, an uplink transmission
consists of N symbols, where the first L symbols are reserved for known pilot symbols, and the
next (N — L) symbols are unknown data symbols drawn randomly from a discrete constellation.

At time n the received signal y) € CM*1 at the BS is given by:
y" = Gs™ 4y, (6.2)

where s e CK*1 represents the transmit vector from K users at time n. Whenn = [0,...,L —
1], s is a known pilot vector and when n = [L,...,N], s is an unknown data vector with

E[s() s

] = Ix. v\ is the noise vector at time n with v(") ~ CA((v(");0,62I). In the
following we will refer to the group of pilot symbols [s(?), ..., s(c~1)] by the matrix S,. While
data symbols are grouped in the matrix S; = [s(&), ..., s™)]. Similarly, at the receiver the first L

received vectors corresponding to the pilot symbols are denoted by Y, and the following (N — L)
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vectors corresponding to the data symbols are denoted by ¥ ;.

6.2.1 Pilot Based ML Receiver

The ML estimator of the channel matrix G based on the known pilot symbols S, only, is

given by [[70,97.98]:
Gy = (Y,80)(S,85) 7, (6.3)

where using orthogonal pilots that satisfy S pSg = LIx minimizes the MSE of the channel

estimate [98]].

6.2.2 EM Semi-Blind Channel Estimation with Gaussian Prior

Previous work showed how the channel estimate can be improved by using the data
symbols in addition to pilots to estimate the channel. A maximum likelihood estimate of the
channel based on the full received symbols consisting of pilots and data, i.e. Y =[Y,, Y], is

given by:
GuL = argmax logp(Y|G) (6.4)

This ML estimate requires the maximization over all possible data symbol combinations. To
avoid that, a number of iterative techniques were proposed to solve this problem, where we will
focus on the EM based techniques in this letter. The EM algorithm can be used to address (6.4).

An estimate of the channel can be obtained by:

Gri1 =E, 5,1y 6 [02p(Y,S4G)), (6.5)
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where ¢ is the EM iteration index. Based on (6.5, the EM algorithm iterates between an

expectation step and a maximization step. The expectation step is given by:
4 A 4 A
W =Eis"|G,Y], T =Covis™|Gy,Y), (6.6)
The maximization step is then given by [[70]:

R N  H
Gy = (YpSI,;I + Z y(n)'ugn)/; )
n=L

N ¢ (H AN
x (S,,S,’;’ + Y (W) e ) . (6.7)
n=L

Ideally the E-step should be executed based on a discrete prior that represents the constellation
of the data symbols. It was shown in [97]] that using the exact posterior directly in (6.6 grows
the complexity exponentially with K and is computationally unfeasible. Therefore, approximate
posteriors were previously proposed. The first approximation assumes a Gaussian distribution for
the data symbols s ~ CA((s();0,Ix). This assumptions yields a closed form solution for the

E-step as follows.

n)t

A H 1 AH
w" = (G G+ o) Gy

s = (G Gy + oy) ! 6.8)

While we will discuss other potential priors for the data symbols next, we point out that using

different priors will only affect the E-step and will leave the M-step in unchanged.

6.2.3 EM Semi-Blind Channel Estimation with Heuristic Demapping

To exploit the actual constellation of the data symbols, a heuristic approach to demap the

output of the Gaussian E-step to the corresponding symbols was proposed in [70], resulting in the
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following E-step:

l A A 1A
p” =F<(G§IG£+651K) IGZI)’("))

s = (6 G+ o) !, 6.9)

where the function F(.) performs an elementwise demapping of the estimates to their closest
constellation points. In [[70]], an analytical justification was also provided for this approach by
imposing a Gaussian mixture model to represent the data constellation, which provided similar
results to the heuristic mapping approach. Therefore, in the numerical results section we will only

consider the heuristic approach for comparison and not the Gaussian mixture algorithm.

6.3 Reduced dimensionality Gaussian EM algorithm

When the assumed prior on the data symbols is Gaussian, the ML optimization of the
channel estimate (6.4)) can be marginalized over the data symbols, resulting in the following ML
optimization:

L-1
A 1
Gy = argmin Z —2||y(”) — Gs™ 12
G =0 (v

N
Ho _ n
+(N—L)log|Zy|+ Yy 5y, (6.10)
n=L

Where X, = (GG +21)) is the estimate of the received data symbols covariance matrix.

Using the fact that
N

H
Y YWy = (s Y ¥ Y, 6.11)
n=L

from (6.10]) and (6.11]) we can see how the channel estimate in the Gaussian prior case is a function

of the covariance matrix of the received data symbols, rather than the actual received symbols

themselves. Based on that, received data symbols can be replaced by a reduced dimensionality
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representation with the same covariance matrix. The new representation of the received data
symbols reduces the data matrix from a M x (N — L) to a M x M matrix. This can be achieved

using the eigenvalue decomposition of the covariance matrix:
Y,=Ux'? (6.12)

where Y ;Y = ULU" is the eigenvalue decomposition of ¥ deH . Based on this new representa-

4
tion ™" in (6-8)) can be replaced by:

~H A —1 Hg
M= (G, G +0k) G, ¥, (6.13)

) m)H

'H
" from (6.7) can be replaced by ¥ dM 4 »and ):n L Hs Mg can be

the sum YN, y() g

replaced by M dei . This dimensionality reduction relaxes memory requirements to store the
full data matrix, and speeds up the algorithm by reducing the complexity of the mean estimate in

for each EM iteration, leaving the final estimate unchanged.

6.4 MPDR Based Discrete Prior EM algorithm

In this section we show how the MPDR decoupling concept from [69] can be applied
to the E-step of the semi-blind MIMO channel estimation. Because the MPDR decouples the
(n)

measurements in space, we can compute a tractable E-step using a discrete prior for each s; .
The posterior mean yg n' and the diagonal of the posterior covariance matrix Z from (6.6),
can be approximated using the actual discrete prior on the data symbols. The discrete prior on a

transmitted data symbol from user k at time n is based on the data constellation. Given I complex
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symbols in the data constellation, the prior on s,(cn) is:

1
p(s") = Y 0d{s{" = a;}, (6.14)
i=1

where qa;s are the complex symbols of the constellation and 7; is the probability of each symbol.
Based on the MPDR framework from [|69]], we first apply the MPDR receiver to the received data

symbols:

~Hy—1_(n
wl B W

r ————— =8, +n (6.15)
g g{zzylg.k ¢ ¢
1 1 2
) SR (N — [ (6.16)
Rl T gfrle,
A A H
X, = (GG, +cly), (6.17)

where g ; is the kth column of the matrix G. r}gn)f is the k" element of the output of the MPDR
receiver applied to y) and n,(c") is the associated output noise. Zﬁkk represents the current estimate
of the total signal and noise power out of the MPDR and kak is the current estimate of the noise
power. Based on the assumption that r(”)é decouples the measurements into the transmitted
symbol vector s with AWGN noise [69], we can perform element wise MMSE estimation on

(n)

each of the s, symbols as follows:

¢
n)t n), (n)¢ lei id; (”)
WML —1—%; (6.18)
Y il
(m)" (n) ) (n) ZHN:’M’VC(Z)E
s %COV[S/C |rk I= l_l (n)lé
i1 TGy
(n)? n)'
B (Z{:lniaigik )():llzﬂiazHCgk) )’ (6.19)

Y
( ll:l “i‘:l(k) )?
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where Cl(,': o exp(—z+ |r,(€n)€ —a;|?). This E-step approximation with the discrete prior from
Tkk
produces estimates of only the diagonal of the posterior covariance matrix ):W. However,
in the numerical analysis section it was found that we are still able to obtain good estimates of the
channel by approximating Zg”)é with a diagonal matrix. This E-step formulation has an advantage
over the Gaussian prior E-step because it uses the actual discrete data constellation. Moreover,
unlike (6.9) the E-step presented here produces soft outputs, which as we will see in the next
section improves the performance for low SNR values. However, because the soft outputs do not
make a quick decision on the symbols, using the proposed E-step can result in a larger number
of iterations before convergence, which can potentially slow down the algorithm. To resolve
this issue we propose using a combination of initializing the algorithm with a partial estimate

obtained using the reduced dimensionality Gaussian prior from section[6.3]and then performing

few iterations using the discrete prior based E-step.

6.5 Numerical Results

Similar to [70], we will setup our numerical model with a single cell equipped with a BS
at its center. The radius of the cell is 500m with users uniformly distributed within the cell. We
define the SNR to be SNR = E([y—ﬁz"]. We use the large scale fading model from [97] and We use a

QPSK constellation for both pilot and data symbols.

6.5.1 Performance of the Proposed Algorithm

We will examine the performance of the MPDR based proposed algorithm against the
algorithms from [70]], which are the EM algorithm with Gaussian prior, and the EM algorithm
with heuristic demapping. In addition to that we include the ML estimator based on pilots only,
and a genie ML estimator that is given the full transmitted data symbols. We will use the scaled

mean squared error (MSE) given by E[||G — G||%]/E[Bx] as a measure of the quality of the channel
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estimate. For the first experiment we set M =8, K =4, L =16 and N = 512. For the second

experiment we set M = 16, K =8, L= 16 and N = 1024.

M=8, K=4, N=512, L =16, QPSK Data

-+ ML (L Pilots)
- ——EM Mapped
RN —4+—EM Gaussian
——MPDR

Genie

100 ~

I I I I I I I
0 5 10 15 20 25 30 35 40

SNR (dB)

Figure 6.1: MSE vs SNR (First Experiment)

From Fig.[6.1]and Fig.[6.2] we can see that the proposed MPDR based algorithm that uses
the actual data constellation provides significant improvement over the pilot only ML estimation.
It is also clear that the algorithm outperforms the EM Gaussian and heuristic algorithms for both

low and high SNR regions.

6.5.2 Runtime of the Proposed Algorithm

In this section we study the runtime of the reduced dimensionality Gaussian algorithm,
and the runtime of the proposed MPDR based algorithm. We will use the same parameters from
the experiments in the previous section, and we will track the time needed by each algorithm to
converge in seconds.

From Fig. and Fig. we can see how reducing the dimensionality of the EM

121



M=16, K=8, N=1024, L =16, QPSK Data

~s -+ ML (L Pilots) |
y . ——EM Mapped |]
o —+—EM Gaussian

T ——MPDR

S o Genie

108 F

104

10

5 10 15 20 25 30

SNR (dB)

Figure 6.2: MSE vs SNR (Second Experiment)
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Figure 6.4: Runtime vs SNR (Second Experiment)

Gaussian algorithm can reduce the runtime in addition to reducing memory requirements for
storing the data. The reduction in runtime is more significant when the number of data symbols
is increased. We can also see in the figures that initializing the proposed MPDR algorithm with
some reduced dimensionality EM Gaussian iterations and then performing few MPDR based
iterations produces an algorithm with very efficient runtimes. The algorithm generally has faster
runtimes than the other algorithms, except for the high SNR case, where the heuristic approach
runs faster. This is due to the heuristic algorithm’s ability to make good hard decisions on the

data symbols at that SNR level.

6.6 Conclusion

We addressed the semi-blind channel estimation problem in MIMO systems, where we
proposed an eigenvalue decomposition based technique to reduce the dimensionality of the EM

algorithm with a Gaussian prior. The reduction is particularly beneficial when a large number of
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data symbols is available. We also proposed another EM based algorithm with tractable MPDR
based E-step and a discrete prior on the data symbols. The proposed MPDR based discrete prior
algorithm outperforms previously used EM based algorithms in all SNR regions. We also showed
how proper initialization of the MPDR based algorithm can reduce its runtime by reducing the

number of iterations required for its convergence.
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