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COMMENTS

Comment on: A corrected exponential power series expansion
of the position matrix elements of the time evolution operator
for a system in the presence of a vector potential

R. A. Harris, C. J. Grayce,® N. Makri,” and W. H. Miller
Department of Chemistry, University of California, Berkeley, California 94720

(Received 6 August 1990; accepted 4 December 1990)

Recently, Makri and Miller presented a simple expo-
nential power series in the time for the position matrix
elements of the time evolution operator (hereafter called
“propagator”), first within a semiclassical approximation,1
and then a fully quantum mechanical version.? The result-
ing recursion relations for the coefficients of the time were
readily obtained. The coefficients are solutions of simple
first order inhomogeneous differential equations. The
method was developed for Hamiltonians which did not
contain vector potentials (or velocity dependent potentials
in general). The second paper” included a section claiming
to generalize the procedure to include vector potentials,
but this is unfortunately in error. The purpose of this com-
ment is to point this out and discuss how the correct co-
efficients are related to the exact results for a system which
is in the presence of a constant magnetic field.

Suppose we consider a 3D system in the presence of a
vector potential A. The Hamiltonian is

1 eA 2 "
=2—m(p—; (r)) + V(r). (1)

The propagator is defined as
(rt|r00)=(r|e‘iH’/ﬁ]r0). (2)

Makri and Miller expanded (rt|rqo) in an exponential
power series in time,

i
(rt|rg0) = (rt|reo)o exp = (W) + Wyt + Wi+ ), (3)
with

m \¥? im(r — ry)?2
(rt|reo)o= (27%) exp > (4)

the free particle propagator. They then showed that the
coefficients W, satisfy,

. n
1
5 VW1 + 5 ”Z VW, VW, _

=0

(n—l)Wn_zm

82 e
+6,,2 V(l')‘i—WAz(l‘) —%A'VWn_l

=0. (5)

The equation for W, is particularly important,
e
(r—ro)°VW1=Z (l‘—l‘o)‘A(l'), (6)
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a well-known result.’

Makri and Miller integrated Eq. (6) to arrive at the
usual straight line approximation for a propagator in the
presence of a vector potential,* namely

T
W= f drA(L)
To

e 1
= fo ds(r — rg)-A[ro + s(r — £0) ]- 7)

Their error was in assuming that Eq. (7) is equivalent to®
e
YW, =2 A (8)

Equation (8) says that A is a gradient of a scalar, which
corresponds to a gauge transformation. Thus, the subse-
quent equations for W,, W,, etc., are in error. Their result
(after correcting an arithmetic error) is

(rt|rgo) ={rt|rg0) a—o exP(§ f’ dl-A(l)) ) (9
To

an expression which is approximately true when B = VxA,
but exactly true when A(r) = VA.

The above analysis can be illustrated by the simple
example of a system in a constant magnetic field, for which
(in the symmetric gauge),

A(r) =1Bxr.

When V' =0, or Vis linear and/or quadratic in r, (r t{reo)
is exactly known. In the case when ¥ = 0, we have in units
of i=1,and m=1°

Y2
<rt|r00>=(m‘) sin wte—iVO(t)’ (10)
where
eB
w=7-, (1)
and

~ 1 .
Vo(t) =w B - (rxry) +3 [B-(r—ry))?

-{—wcotcot[ﬁx(r—ro)]z. (12)

Note that the first term in Vy(2) is just W,. By direct
expansion one can see that, e.g., W,, is
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2
WA

W2=—-—6—[Bx(r—r0)]2. (13)

Here it is easy to obtain the explicit forms for W, and VW#:

e
W1=-2; r-(roxB), (14)
and

e
VW, =5-1oxB. (147)
Hence, we do have that Eq. (6) is satisfied, because of the
cross produce rule, even though A is certainly not VI,

Finally, we point out that Eq. (5) is still valid for short
times and correct expressions for W,, etc., may readily be
determined. For example, the correct equation for W) is

ifi
(r—rg) VW, + Wy= — V(1) quﬂvzw1

! \2/4 ° A 2 15
~5;( 1= 3 (r))- (15}
Notice that this equation depends on the difference
(VW, — (e/c)A), which is gauge invariant. Also, because
we have chosen (and used) V<A =0, then v? W, =0 for
that portion of V#, which is due to a gauge potential. The
equations for the higher W’s will also be gauge invariant.

In conclusion, a corrected short time propagator in the

spirit of Makri and Miller may certainly be obtained. For
homogeneous magnetic fields the method may be unneces-
sary.’ For inhomogeneous magnetic fields the chief use of
the entire idea may well be to determine *“ground state”
path integrals, and arrive at density-current functional
theories.”™ As may readily be shown, W, alone gives no
contribution to ground state properties when the short
time expansion is used without further shredding of the
propagator.® In many particle Green’s functions, W, alone
has a nonvanishing effect in two particle Green’s func-
tions.>*
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