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ABSTRACT OF THE DISSERTATION
Stochastic Modeling of Stem Cells
By
Jienian Yang
Doctor of Philosophy in Mathematics
University of California, Irvine, 2017

Professor Natalia L. Komarova, Chair

Stem cells (SCs) are the body’s raw materials - cells from which all other cells with specialized
functions are generated. Understanding the dynamics of SC lineages is of central importance
both for healthy and cancerous tissues. We study stochastic population dynamics of the
two-compartment (stem and differentiated cells) system and the three-compartment (SCs,
intermediate cell type and differentiated cells) model. Cell decisions such as proliferation vs.
differentiation decisions are under regulation from surrounding cells. Successful maintenance
of cellular lineages depends on the fate decision dynamics of SCs upon division. There
are three possible strategies with respect to SC fate decision symmetry: (a) asymmetric
mode, (b) symmetric mode and (c¢) mixed mode. Theoretically, either of these strategies
can achieve lineage homeostasis. We start the whole project by only considering symmetric
mode for the two-compartment system. We derive simple explicit expressions for the means
and the variances of SC and differentiated cell number. The methodology is formulated
without any specific assumptions on the functional form of the controls, and thus can be
used for any biological system. We then extend the study of the two-compartment system
to include asymmetric mode. In particular, we focus on minimal control mechanisms and
networks of the two-compartment system. Through stochastic analysis and simulations
we show that asymmetric divisions can either stabilize or destabilize the lineage system,

depending on the underlying control network. Next, we propose an algorithm to identify a set

x1



of candidate control networks that are compatible with (1) measured means and variances of
cell populations, (2) qualitative information on cell population dynamics, and (3) statistical
information on intra-crypt cell type correlations. We apply the algorithm on the data of
human colon crypts, where lineages are an example of the three-compartment model. We
start with 32 minimal control networks compatible with tissue stability, and zero in on only

three networks that are most compatible with the measurements.
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Chapter 1

Introduction

The stem cell lineage is a basic unit of hierarchical tissues and as such it has attracted the
attention of many researchers. The question of stem cell control is at the center of our
understanding of tissue functioning. Everyday, cells in hierarchical tissues perform their
specific functions and die to be replaced by new cell divisions. This process is stochastic in
nature and involves very large numbers of cellular events. The cells involved in the functioning
and renewal of an organ differ from each other by their division and apoptosis capabilities, as
well as the types of signals they send and the kinds of cell fate decisions they make. They
organize into distinct phylogenetic lineages. At the end of each lineage are the non-dividing,
terminally differentiated cells. Usually these cells, such as neurons, adipocytes or muscle
fibers, are highly specialized and endow tissues with their respective functions. The origin of
all differentiated cells can be traced back to their progenitors, the so-called stem cells (SCs)
2, 3].

Successful maintenance and repair of cellular lineages critically depends on the fate decision
dynamics of SCs upon division. Long-term steady-state maintenance of lineages requires that

only 50% of all SCs progenies remain as SCs, and even slight shift in fate outcomes over time



can lead to lineage exhaustion or uncontrolled expansion. For example, in the hair follicle,
melanocyte SCs are more susceptible to exhaustion compared to epithelial SCs; therefore,
commonly hair graying occurs faster than hair loss [4-6]. On the other hand, uncontrolled
lineage expansion occurs upon myelodysplastic syndrome, a type of blood maligancy when
mutated hematopoietic SCs increase their self-renewal rate to more than 50%. Over time,
mutated SCs outcompete normal SCs, and accumulation of defective progeny cells leads to the
loss of blood function and results in acute myeloid leukemia, a life-threatening complication

of the myelodysplastic syndrome [7-9].

From these examples it is evident that tight control of SC fate decision dynamics is of
paramount importance. In principle, steady-state maintenance of SCs can be achieved with

three strategies [10], see figure 1.1:

a) Asymmetric mode, when each and every SC division produces one SC and one non-SC

progeny [11-16];

b) Symmetric mode, when 50% of all divisions produce two SCs and another 50% — two
non-SC progeny. In this case SC expansion is precisely balanced by SC exhaustion, and

the long-term net balance of SCs and their lineages remains unchanged [10, 17, 18];

¢) Mixed mode, when both the asymmetric and two types of symmetric SC divisions
co-exist and are partitioned so that long-term net balance of the lineage output stays
constant. As in (b), stability critically depends on the ratio of symmetric divisions: SC

generating events should be precisely counterbalanced by SC exhaustion.

Assuming that individual cell division decisions are stochastic, at the tissue level, modes (b)
and (c) result in neutral clone competition phenomenon, when some SC clones expand, some
contract, while others stay constant [10, 19-22]. Theoretically, either one of the strategies

(a-c) can achieve lineage homeostasis. However, it remains unclear which strategies are more
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Figure 1.1: Symmetric and asymmetric SC divisions. In the asymmetric division model, a SC produces one

differentiated cell and one SC. In the symmetric division model, a SC produces two differentiated cells or two
SCs.
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advantageous and under what specific circumstances, and what minimal control mechanisms

are required to operate them.

1.1 Symmetric Mode

In the simplest lineage, there are SCs capable of self-renewing and regenerating the tissue,
and differentiated cells which can perform the tissue’s specific functions. We call this the

two-compartment (stem and differentiated cells) system.

Differentiated cells are subject to relatively frequent cell death and need to be replenished
by SC divisions. These divisions can be of several types. Specifically, a SC can divide
symmetrically: a SC can differentiate by dividing into two differentiated cells, or it can
proliferate, by dividing into two stem cells. Differentiation/proliferation decisions are thought
to be under regulation coming from surrounding cells in the tissue. Various control loops
help maintain a roughly constant overall tissue size, and keep variations in the numbers of

stem and differentiated cells to a minimum.



We develop a general, analytical methodology for studying the behavior of two-compartment
system with nonlinear control. We assume that division, death, and differentiation/proliferat-
ion decisions are given by some (unspecified) functions of the numbers of stem and differenti-
ated cells, and provide tools to calculate the moments of the cell numbers, and importantly,
the means and the variances of the numbers of cells. Our approach differs from previous
theoretical literature on the subject because we do not make any prior assumptions on the
type and direction of control loops, apart from the fact that a stable equilibrium exists, which

biologically corresponds to the existence of homeostatic control.

The method developed here is algorithmically different, and simpler, than the linear noise
approximation [23]. We studied the connection between the two methods and proved that they
give the same result to all orders of accuracy. Therefore, our method could be considered a
short-cut compared with the Van Kampen power series expansion. We developed a computer
program which allows to apply our method to any two-compartment system with given control
functions. In other words, if we assign the rates of divisions, differentiation/proliferation,
and death to be some functions of the numbers of stem and differentiated cells, our tools
allow to calculate analytically the means and the variances of the stem and differentiated cell
numbers as functions of the system parameters, and to study stability and robustness of the

system. The details will be covered in Chapter 2.

1.2 Asymmetric Mode

We then extend the study of the two-compartment system to include asymmetric mode: each
and every SC division produces one SC and one differentiated cell. We focus on investigating
how symmetric and asymmetric divisions contribute to lineage homeostasis/turnover. We
provide analysis that allows to quantify the ability of these two types of divisions to main-

tain homeostasis. What SC division strategy is better at maintaining the nearly constant



population size? Quoting [10], “Asymmetric divisions are a key mechanism to ensure tissue
homeostasis. In normal stem and progenitor cells, asymmetric cell division balances prolif-
eration and self-renewal with cell-cycle exit and differentiation.” At the intuitive level, it
appears that asymmetric SC divisions should be associated with a more robust homeostatic
maintenance. It can be argued that purely asymmetric SC divisions do not change the total
number of SCs and therefore ensure the maintenance of a constant cell population, see e.g.
[12]. It turns out however that tight homeostatic maintenance of the lineage (including
differentiated cells) is not necessarily associated with purely asymmetric divisions. We show
that asymmetric divisions can either stabilize or destabilize the lineage system, depending on

the underlying control network. The details will be covered in Chapter 3.

We address the questions of SC division symmetry by means of mathematical modeling.
Our approach is based on that developed in Chapter 2, and it contributes to the large
theoretical literature on SC dynamics, see e.g. theoretical work of [24-27], and a review in
[28]. Some of the important areas of mathematical modeling in the context of SCs include
discrete and continuous models in the context of carcinogenesis [29-41]; modeling of SC
in the hematopoietic system [42-46]; deterministic modeling of two-, three-, and multi-
compartmental systems under various regulation functions [47-51]; stochastic modeling of

SC systems and the analysis of fluctuations [52-57].

1.3 Application

Similar analysis can be extended to three compartments in a set cell lineage: SCs, transit
amplifying cells (TACs) and differentiated cells (DCs). In the colon and intestinal crypts,
as well as other structures, these are linearly ordered with SC at the bottom, DC cells at
the top, and TAC in between. In order to maintain the number of each cell type, the rate of

removal of the DCs from the top is balanced by division and differentiation of the SCs and



TACs below.

Theoretically, each cell population may influence (in a negative or positive way) each of the
processes that happen in the system, which gives rise to a very large number of networks
of cellular control. [1] examined such controls from the (linear) stability point of view and
called the stable networks with the smallest possible number of loops the “minimal networks”.
In a three-compartment system, assume that the following five processes can be controlled:
divisions of SCs and TACs, differentiations of SCs and TACs, and death of DCs. It turns
out that in this case, the smallest number of control loops is three, and there are exactly 32
different three-loop control networks that are stable, see figures 4.2 and 4.3. These 32 stable

networks have different topologies and different signs of control loops (positive or negative).

For our application, we are interested in determining the most likely control network(s) that
govern the regulation of human colon crypt stem cell lineages. While the analysis of [1]
restricts the total number of possibilities to 20 (plus additional 12 networks with non-constant
DC death terms), the analysis did not indicate which of the 32 were most likely to describe

the regulation in a real biological system.

Our approach determined the most likely regulatory network(s), among the 32 three-
compartment stable networks, by using actual measurements of the number of SCs, TACs,
and DCs in biopsies of human colon crypts, and additional mathematical methodology. [58]
performed detailed measurements of the number of each of the three cell types (SCs, TACs,
DCs) in 49 colon crypts in human biopsy specimens. We examined each of the 32 possible
networks of [1] to determine whether it can produce the correct measured means and variances
of cell population numbers. In addition to this static information we have also used data on
the dynamics of injury recovery, as well as experimentally obtained intra-crypt correlations.
Using these criteria, a selection algorithm was devised that identified three of the 32 possible
control networks as most likely the ones corresponding to the regulation of homeostasis of

human colon crypts. The details will be covered in Chapter 4.



This work demonstrates how theoretical analysis of control networks combined with only
static biological data can shed light onto the inner workings of stem cell lineages, in the
absence of direct experimental assessment of regulatory signaling mechanisms. The work
contributes to the growing literature on the theory of stem cells, which ranges from ODE
modeling [49, 51| to stochastic modeling [52-55, 57|, and includes research of stem cells in
the context of feedback mechanisms [59-62], carcinogenesis [35-37, 40, 63-67], modeling

hematopoietic SC dynamics [41, 46, 68, 69], and cancer stem cells [40, 70-74].



Chapter 2

Symmetric Division of Stem Cells

2.1 General approach: modeling non-constant total

cell populations

In a general setting, the total number of cells in the system is not a constant number. The
number of stem cells, I, and the number of differentiated cells, J, vary independently, giving
rise to a 2D Markov process. Let us suppose that in an infinitesimal time-interval, At, the

following events can occur:

e With probability L; At a stem cell divides. Two types of division are possible.

— With probability L; ;Pr At a stem cell differentiation takes place resulting in a
creation of two differentiated cells, (I,J) — (I —1,J +2).
— With probability L; ;(1 — Py ;)At a stem cell proliferation takes place resulting in

a creation of a stem cell, (I,J) — (I +1,J).

e With probability D; ;At, a differentiated cell dies, (I, J) — (I,J —1).
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Figure 2.1: A non-constant total population process. A schematics showing the cellular processes and
their probabilities. Circles represent stem cells (“S”) and differentiated cells (“D”). A stem cell divides with
probability L; j, where I and J are the current populations of stem and differentiated cells respectively.
The division can be a differentiation event (with probability P ;) or a proliferation event (with probability
1 — Pry). A differentiated cell dies with the rate Dy ;.

All other events are assumed to happen with zero probability. The processes described
above are illustrated schematically in figure 2.1. Let us denote by ¢, (t) the probability to

have I stem cells and J differentiated cells at time ¢. The Kolmogorov forward equation

corresponding to the above processes is given by:

b1y = Yrg1Drg1+er—10Li—10(1 — Proyg) + @ri10-2Lrv1,5-2Pri1 g2

— QDI,J(LI,J—i_DI,J)- (21)

2.1.1 Previous results for a specific case

A specific form of this process was studied in [75], where we assumed

b r
Ly j—— p
METaraa+gy Y T 1+ 90

D["] =1- L]’J, (22)



and parameters h and g are small. In this case, the probabilities of divisions and deaths are
functions of the variable N = I 4+ J, and the probability of differentiation is a function of the

number of differentiated cells, J, only. The resulting means and variances are listed below:

20 -1

1
1 b
2bg — 8h + Tgh + 20hr — \/4b2g2 + h2(g — 4r)2 + 4bgh(4r — 59)
2 b? b b 2
VarlJ] = B L T

320 82 8h dg Ta2gh 2
2gb+ Tgh — 12hr
32g%h?

\/4b2g2 + h2(g — 4r)? + 4bgh(4r — 5g).

It is easier to interpret the results for the differentiated cells if we consider the behavior in

the limit of weak control, that is when h — 0 or ¢ — 0. We have

2r —1 b r 1

Ifh—0: E[J]= +1+0(h), Var[J]:E+—+§+O(h), (2.5)
g g
2r —1
ltg—0: Bl="—=+3+0() Varll] ==~ +0(). (2.6)

In the following we will develop a general method of calculating the means and the variances
of non-constant population systems. It will be demonstrated how the above results can be

obtained in a way much simpler than that of [75].
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2.1.2 The general 2D model of control
Let us define the steady state of the system, (ig, jo), by the the following equations:

Lisjo = Digjo = Lo, B (2.7)

0.do — 5

Similar to the previous section, we will use lower-case letters to measure the difference between

the current cell numbers and their equilibrium numbers: ¢ = I — iy, j = J — Jo.

Define ¢ such that @;; = ¢;.s, and Z;; = Z; s, where Z; ; denotes any of the functions

Ly, Pry, Dy y. Then equation (2.1) can be expressed as:

Gij = PijrDijrr+@Gic1iLicj(1— Piij) + PivrjolivijoPip1j-2

@ii(Li; + D). (2.8)

Let us use the following short-hand notation for the moments:
Tag = B[i%°] =" ¢, ;i%5". (2.9)
i,J

Then, we obtain:

E[I] = ZI(,DLJ:Z@—}-ZO)@ZJ :ZL'10+ZO, (210)
1,J %,]

E[l’) = Y IP-ory=Y (i+1i0)@i; = a0 + 2ioT10 + if; (2.11)
1,J 1,5

Var[l] = E[I*]— E[)? = w0 — 23, (2.12)

11



Similarily, we have:

E[J] = o1 + jo;  VarlJ] = xoz — 27, (2.13)

Our goal now is to find the quantities xg1, 19, o2, 20, Which are essential for calculating the
expectation and variance for I and J. In order to derive equations for these quantities, we
multiply equation (2.8) by i%j” with o + 3 < 2, and perform the summation in 4 and j in the
quasi-stationary state. Each of the resulting 5 moment equations involve higher moments,
which means that the number of the unknowns is larger than the number of equations. More
precisely, these 5 equations involve 20 unknown variables, x4, with 1 < o+ 3 < 5. In order
to proceed, we need to implement a truncation methods to close the system. In other words,

we need to derive the missing equations for the higher moments, 2,4, 3 < a+ 8 <5.

As in the 1D case, there are at least 3 different truncation methods that can be readily

implemented to solve this system:

e Simple truncation method assumes that all the higher moments are 0, that is,
Top = 0, for o+ B > 3. This method requires the least amount of calculations, because

by assuming that all the higher moments are 0, we get a 5 x 5 linear system of equations.

e Central moment truncation method assumes that the central moments are equal

to 0 for higher orders, that is, E[(i — E[i])*(j — E[j])?] = 0, where a + 3 > 3.

e Cumulant truncation method assumes that the higher order multivariate cumulants

are equal to 0, that is, ko3 = 0, where oo + 8 > 3.

The three methods are compared and contrasted in Appendix C.

In order to solve the resulting system of algebraic equations, we use the approximation of

weak dependencies of the control functions on the cell numbers. Let us suppose that we

12



can represent the functions L; ;, Dy ;, and Pj ; near the equilibrium as L; ; = L(el,€eJ),
Py ;= P(el,eJ), and Dy ; = D(el,eJ), where the parameter ¢ < 1 defines the weakness of
the dependence. It is convenient to denote x = eI,y = €J. Then we can expand the functions

Ly, Prjand Dy ; around the steady state in Taylor series:

'l
Il

L[’J = L(G’io —|— 6([ — ig), Ejo —|— €<J — jo)) = L(] + lxl + lyj +

,J
1
§(lmi2 t lyyd? + 2Uyig) + o (2.14)
~ 4 o1 . . .
D;; = Dyj=Lo+dyi+dyj +§(dx¢22+dyyj2—|—2dxyzy) +oe (2.15)
N 1 . o1 . . ..
-Pi,j = PI,J = = + Pyl +py] + _(pa:z22 +pyyj2 + QszZJ) +-- (216)

2 2

where the subscripts denote the partial derivatives of the functions with respect to its
argument, evaluated at the equilibrium, (I, .J) = (ig,jo), and [ = ig +1i,J = jo + j. We
further adopt the following convention: I, = Lg€,lye = La.€?, etc. In this description, the
upper case constants L, = O(1), L., = O(1), etc are all of order one, and all the derivatives
expressed by lower-case letters contain a power of e. In particular, the first derivatives [, [,
Dz, etc contain a factor €, and all the second derivatives lyz, lyy, lyy, Dzz, €tc contain a factor
€2. In Appendix C we demonstrate that all three truncation methods give the same result in

the highest order of expansion in terms of e.

2.1.3 Results for the cell number means and variances

Here we present the results for the means and the variances of the cell numbers. Let use define
the pair (ig, jo) by equation (2.7), and derive the equations for the moments (the summation
equations) by expanding the probability functions around this point, see Appendix A. By

the simple truncation method we set z,3 = 0 for all a + 3 > 2 and obtain the following five

13



equations for the first and second moments:

Lopzl’l(] + L(]Pyxm + ELmel’go + €<Lny + LxPy)l‘H

+€LyPyI02 = 07 (217)

(_Dz —|— L;r —|— 2L0PZ)ZL‘10 + (—Dy + Ly + 2LOPy)l’01 —I— 26L$P$ZL'20

+2€(Lny + LmPy)fL’ll + 26LyPyl'02 = 0, (218)
Lo + EinL‘lo + ELy[L'Ol — 4€L0le‘20 — 46L0Py$11 = O, (219)
LO + G(Lx + 2L0PI)ZE10 + €(Ly + 2L0Py)l’01

+e(Dy — Ly —2LoP, + 2eL, Py)xog + €(Dy — L, + 2Lo(P, — P)

+2€(Lypx -+ LxPy))xll + 2€(LOPy + ELyPy).TJOQ = 0, (220)
3Lo + €(Dy + 2L, + 4LoPy)x1g + €(Dy + 2L, + 4Lo P, )01 + 4€* Ly Pyzog

+26(—Dy + Ly + 2Lo Py + 2¢(Ly P, + Lo Py))a1y

+2€(—Dy + Ly + 2LOPy + 2€LyPy)I‘02 = 0. (221)

14



Solving these to the highest order terms in € and using (2.10), (2.12), and (2.13), we obtain

the following result:

E[I] = ip+O(e), (2.22)
E[J] = jo+O(), (2.23)
Varll] = %+ 8LE§A+ 2Lo + O(e"), (2.24)
VarlJ] 4 + 8L43§5A+ 6LoAA + O(e"), (2.25)

where we used the following notations:

qx:lz_d;m Qy:ly_dya

A= Pylz — Pzqy, B = 2L0(pa: - py) — Qy- (2.26)

Appendix B demonstrates the application of our methods to system (2.2). As discussed, all
three methods yield the same result in the highest order of expansion, and the results coincide

with the ones previously obtained. The correction terms are different in different methods.

Quantities A and B, equation (2.26), are key for determining the stability properties of
the stem cell lineage. It was shown in [1] that conditions A > 0, B > 0 are necessary and
sufficient for stability. Furthermore, equations (2.24) and (2.25) relate these quantities with
the size of variance experienced by the cells in the stem and differentiated compartment.
Expressions (2.26) define a subset in the four-dimensional parameter space, (¢z, ¢y, D, Py)
that is compatible with stability. Minimizing the variance in expressions (2.24, 2.25) restricts
this subset further to identify the most general parameter region that is consistent with

stable homeostasis. Note that only local properties (the derivatives at the steady state) of
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the control functions are needed to characterize homeostasis.

2.2 Numerical Simulations

In this section, we will demonstrate that the formulas given by equations (2.22-2.25) agree

with the results from numerical simulations via two examples on two different types of control.

Throughout this section, let us denote v =¢€l, y =€J, ¢ = Ly, — D,, ¢, = L, — D,,. Thus,
¢, and ¢, are the partial derivatives of the net growth rate, L — D, with respect to x and
y. To clarify the biological meaning of these parameters, consider the quantity L,. If it is
nonzero, it means that the probability of stem cell division is controlled by the differentiated
cell population. Moreover, if L, < 0, this means that the control is negative (the more
differentiated cells in the system, the less likely the stem cells are to divide); L, > 0 means
the existence of a positive control loop. The other three quantities can be interpreted in a

similar manner. Below are two examples.

Negative control of differentiation and division. Consider the following functional

forms of negatively controlled rates of division and differentiation:

Liy = L(el,eJ)=e Prj=Pel,eJ)=e,

.D]J = D(GI, GJ) =1- L[’J. (227)

)

We therefore have P, =0, P, = —e~“/ <0, ¢, = —2¢~/ <0, ¢, = 0. The steady state of
the system can be obtained by solving P(z,y) = 3, and L(z,y) = D(z,y):
. log2

lo = Jo = :
€
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Figure 2.2: A numerical simulation of the system in (2.27) with € = 0.01 ran for 10° time steps. (‘I') stands
for the stem cell population, and (‘J’) stands for the differentiated cell population.

By equations (2.22-2.25), we can obtain the means and the variances of the system:

E[ = i, (2.28)

E] = Jo, (2.29)
8LEP? +2LoP,q, 1

Varll] = 0" v vl 2 (2.30)

—8LyP2j, €

/\2 A
g; +6LoPyq, 1
Yy x

where all the partial derivatives are evaluated at (ig, jo), and Lo = L(eig, €jo) = 1/2.

For each value of €, we ran numerical simulations starting at the expected values of the cell
population given above, and finishing either when the number of time-steps reached 2 - 10°,
or if any of the cell types went extinct. We then computed the means and the variances of
the cell population over the time-course of each simulation. A typical run for a particular

value of € is presented in figure 2.2.

From figure 2.3, we observe that the theoretical results for the means and the variances show
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Figure 2.3: The behavior of the means and the variances of the cell population described by equation
(2.27). The analytical results given by equations (2.28-2.31) (X’s) are compared with the values obtained
by numerical simulations (stars), for different values of e. (‘I”) stands for the theoretical results, and (‘N”)
stands for the numerical results.

a good agreement with the numerical results for smaller values of e, which is what we expect.

Also, the means and the variances of the cell population decrease as the value of € increases,

which is already predicted by the formulas given by equations (2.28-2.31).

Positive control of differentiation and negative regulation of division. The second

example is given by equations:

1
1+eJ’

D;; = D(el,eJ)=1— L(el,eJ). (2.32)

Li; = L(el,eJ) = Py ;= P(el,eJ) = 0.7 - tanh(el),

A typical stochastic simulation of system (2.32) for a particular value of € is presented in

figure 2.4.

To calculate the variances, we calculate P, = 0.7 - sech®(el) > 0, P, =0, ¢ =0, ¢ =

—2(14 ¢J)™? < 0. The steady state of the system can be obtained by solving P(z,y) = 3,
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Figure 2.4: A typical numerical simulation of example (2.32) with ¢ = 10~ and 3 - 10° time steps. (‘T")
stands for the stem cell population, and (‘J’) stands for the differentiated cell population.
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Figure 2.5: Same as in figure 2.3, except the means and variances are calculated of system (2.32).
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Figure 2.6: The behavior of the relative error of the means and the variances for different values of e. We
= |theoretical result—numerical result| % 100%

used the relative erro :
numerical result

and L(z,y) = D(x,y):
_ log6
2’

1
-

10 Jo =

By equations (2.22-2.25), we can obtain the means and the variances of the system:

E[Il = i, (2.33)
E[J] = Jjo, (2.34)
P2+ 200A 1
Varll] = 72202 2 (2.35)
4BA e
8LEP2 + 6LyA 1
Var[J] = —2 e 000 - (2.36)
4BA €

where all the partial derivatives are evaluated at (i, jo), and Lo = 1/2, A= PG, — P.g, =

A

—Pyg,, B=2Ly(P,—P,) — G, = 2LoP, — G,

We used the same numerical scheme as in the previous example with 2 - 10% time steps. As

observed in figure 2.5, the theoretical results are in good agreement with the numerical results
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for smaller values of €, which is consistent with the previous example. The means and the
variances of the cell population decrease as the value of € increases, which is foretold by
equations (2.33-2.36). From figure 2.6, we can see the overall pattern of the relative error:

the smaller the value of €, the smaller the relative error, which is what we expect.

2.3 Connection with the power series expansion

method of Van Kampen

In this section, we will show that the simple truncation method described here and the
well-known power series expansion method of Van Kampen [23] give exactly the same results,
up to any order of expansion. First, we demonsrate how the Van Kampen method can be
used for our system of stem and differentiated cells, and then argue that the two methods

give the same results.

2.3.1 The method of Van Kampen: review and notations

Let us introduce the operators Ef and E%, such that

Ejlf10] = fiens,  E5[fra] = frooe

Then equation (2.1) can be rewritten more conveniently,

¢rg = B =D D1 )+E =D)er L (1= P )|+ EFE? 1)Ly Pr ). (2.37)

Equation (2.37) is nonlinear, and a general solution cannot be found. Therefore, we will

use approximate methods to solve it. Let us assume that the functions L; ;, P; s, and Dy ;
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depend weakly on their arguments:

Lijy=L(el,eJ), Pr;=7Plel,eJ), D;j="Dlel el),

where ¢ < 1. We will use this parameter to perform the Van Kampen master equation
expansion, in order to formulate the linear noise approximation [76]. We expect that in the
long run, the probability distribution, ¢; s, will have a peak somewhere around the (large)

values

v_¢f -_¢J
o = ) Jo = )
€ €

with ¢; ~ €®, ¢; ~ €*. Let us suppose that the width of those peaks scales with 1/¢'/2. This

is expressed in the following change of variables,

LGt €D et | )

€ 61/2’ € 61/2'

(2.38)

This change of variables will be used in the master equation (2.37). First of all, the probability

function ¢ ;(t) is now a function of £ and #:

SDIJ() (&, n; t).

Its time-derivative can be written as follows,

dt f
Because the left hand sides of expressions (2.38) are time-independent, we have 5 = —q5 /e,
n = _Q.SJ/El/Z. Also, we will introduce a slow time-scale,
T =¢€t
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(the necessity for this rescaling will become apparent once all the terms at different orders of

¢ are collected in the master equation). Therefore, we have for the time-derivative of ¢y ;:

A _ e (m 91 aH%) : (2.39)

=g =<\ or oy or

Next, we evaluate the shift operators. A jump of size k in the value of [ is reflected by the

1/2

jump of size ke'/* in the value of &:

¢r(t) | £(t)

1 1/2 1/2
I+k:T+m+k:Z(¢1+e/(§+ke/)).

Similar arguments hold for the values of J. This allows us to express the shift operators E¥

and EX in terms of a (Taylor) series of differential operators,

9 k2 &
E’;:1+k:el/28—€+7€a—€2+..., (2.40)

and similarly for the shift in the J-direction.

Finally, we use ansatz (2.38) to expand the functions L; ;, P; ;, and Dy ;. We have
L(el,e]) = L(¢r+ €¢, o5+ €/7n).

It is convenient to denote © = €I, y = €J, such that L;; = L(z,y), and denote by the
subscripts the derivatives of this function with respect to its argument, evaluated at (¢r, ¢):

L, =0L/0x, L, = 0L/Jy, etc. We have

€

L1+ €%, 4+ €/n) = L(61,65) + €% La + €Ly + S Lua + 5

0 Lyy + €€nLyy + . . ..

Similarly, we expand the functions P and D. These expressions, together with the operator

expansions (2.40) and the time-derivative (2.39), are substituted into the master equation
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(2.37). Then the terms in different orders of € are equated. At order €¢'/? we have

Oollde; Olldo, B oIl oIl
o€ dr + oy dr 6_§£(¢I’ ¢s)(1 =2P(¢1,9s)) + 8_17(2£(¢I’ ¢1)P(¢1,905) — D(¢r1, b))

This equation gives rise to two “macroscopic laws”,

% = L61,05) (1 = 2P(¢1,61)), % = 2L(61,0)P(61,65) = D61, 6,).  (241)
or in steady state simply
P(ér,¢) =1/2, D(¢1,¢5) = L(¢1,¢5) = Lo. (2.42)
Let us introduce the notations
o=t Da_ o Ly Dy 4y
Lo Lo Ly €L

where ¢, g, are defined in section 2.1.3. At order € of the master equation expansion, after
rescaling time once more by

T = LQT = L()Et,

we obtain the following linear Fokker-Planck equation:

oIl

pe —(@y +2P,) (1), — (g + 2P,)(&T0),,

1
+ 2Px(£H)§ + 2Py(77H)5 + 5(31_[,77] — 2H€77 + Hgg). (243)

This is the linear noise approximation of Van Kampen [76]. The validity of this approximation

has been studied extensively, see e.g. [77, 78]. Here we mention that the relative size of

1/2

typical fluctuations scales with €72, and thus for sufficiently small values of €, the system
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will remain near the equilibrium and stochastic extinction is an unlikely event, at least for a
time-duration which grows with 1/e. For a rigorous study of extinction times of birth-death

processes see e.g. [79, 80].

From equation (2.43) we can obtain the equations for the first and second moments in a

standard way:

AT = —=2(P(&) + Py(n)), (2.44)
W G+ 2R ) + e+ 2P)(E) 015
% = —4(P.(€%) + P,(n) + 1, (2.46)
d6<i7;> = 2(q, + 2Py)<772> + 2(qx + 2P,) (&) + 3, (2.47)
% = (Gy +2P))(&n) + (Go + 2P:)(E%) — 2(Pu(én) + P,(%)) — 1. (2.48)

As we will show in the next section, the above moment equations are exactly the same as the
summation equations (2.17)-(2.21) if we only keep the leading order terms, and hence Van
Kampen method and simple truncation method give the same results to the leading order,

see (2.22)-(2.25).

2.3.2 Comparison of the simple truncation method and the Van

Kampen method

Before we illustrate the equivalence of the two methods, we state for convenience some

fundamental facts that we will use later:

e Taylor series expansion. We know the Taylor expansion of f(j) = j" center at j = a is:

jv=a"+na""(j—a)+..+na(j —a)" '+ (j —a)". Notice that the second to the
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last term is a product of the jump size a and the derivative of the last term (j — a)".

e Integration by parts. When we compute [ 1™ (-), dn, integration by parts will give

n" ()= [nn"t () dn.

The leading order. By using the ansatz (2.38) in the previous section, we have in steady

states:

\a . (&’
vas = 3 o1l —i0)"(J — o) = T L (2.49)

1,J

where 4 is defined in (2.9).

By using (2.49), we can rewrite the summation equations from section 2.1.3 in terms of
(€2nP). Tt turns out that they are the same as moment equations (2.44-2.48) if we only keep
the leading order terms. Since the moment equations agree to the leading order, the two

methods give the same results to the leading order.

The next order. Next, we investigate if the two methods provide the same result in the
next order of accuracy. To this end, we will investigate the structure of a moment equation
in depth from both methods by looking at a particular term. For illustration, we will analyze

the first term in equation (2.47) and its counterpart in equation (2.21) from section 2.1.3:

= 2(q, +2P,)(n*) + ... (2.50)
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dﬂl‘og
dt

= 26(—Dy —I— Ly —I— 2LOPy)l’02 + (251)

If we trace back the terms which contribute to 2(g, + 2P,)(n?) in (2.50), we will have the

following diagram:

61/28%(1_[61/277Dy) *261/2%(H£(¢],¢J)€1/277Py) *261/28@”(HP(¢[,¢J)€1/277Ly)
—(qy + 2P,)(nID)y,
JJn?()dndg

2(qy +2B,)(n*)

Let us focus on the third term at the first level, we have the following observation: —2e!/ 2% is
the second term of Taylor series of E}Q; P(é1,¢g) is the first term of Py ; in Taylor expansion;

€'/2nL, is the third term of Taylor series of Ly ;.

To draw comparison, we will also trace back the terms which contribute to 2e(—D, + L, +

2Ly P,)x02 in (2.51). We obtain the following picture:

i Pugn Dy + D=2+ )] X, Girry2LoPye(j = 2)40 —2) X, Pirrg—25Lye(j — 2)4( - 2)

R

26(—Dy + Ly + QL()Py)l’()Q

Let us look at the corresponding counterpart at the first level. Observe that 1/2 is the

first term of Taylor expansion of Py j_o; Lye(j — 2) is the third term of L; 4y ;o in Taylor
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expansion; 4(j — 2) is the second to the last term of Taylor expansion of j* centered at j = 2.
It is not hard to see that the term 4(j — 2) “captures” the jump size of E;2; namely 2, and
the derivative of n* (obtained from integration by parts in the first diagram); moreover, the
differential operator —é% will be offset after integration by parts. Hence, the two terms are
exactly the same. In fact, it can be shown that any two corresponding terms at the first level
(from both diagrams) are the same by similar analysis, which are due to the fundamental

properties mentioned at the beginning of this section. This methodology is essentially carried

over in any two corresponding terms in a homologous pair of moment equations.

To see whether the two methods agree to the next order corrections, we need to assume
is sufficiently large, where v is the constant for which z,3 = 0 for a + 8 > 7 in the simple
truncation method. It turns out that the moment equations that are used to compute the
next order correction are the same for the two methods if we set v = 5, see Appendix E for

details.

Generalization to higher orders of accuracy. By the methodology presented in the
previous section, we can deduce that the two methods will produce the same moment equations
for computing any order corrections if we set v sufficiently large, hence the two methods give
exactly the same results (up to any order) to the general two-step model as stated at the
beginning. However, as the value of 7 increases, the computation of moment equations will

become more and more tedious. So, there is a trade off between efficiency and accuracy.

Under the same value of v, cumulant truncation method is the most accurate among the three
truncation methods presented in section 2.1.2. To see this, set v = 3 and look at the leading
order of the terms z,5 for a + 8 = 4. From Appendix D, we see that the leading order is
O(%) and O(%) from central moment truncation and cumulant closure method, respectively.

On the other hand, we can obtain the leading order of (£€*n?) is O(1) for a + 3 = 4 from Van

Kampen method, as shown in E of appendix. By (2.49), the leading order of .4 is O(e%)
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for a + 8 = 4. Therefore, cumulant truncation method is the most accurate though it’s the
most expensive in terms of computation, which verdicts the trade off between efficiency and

accuracy.

In conclusion, simple truncation method produces the same results as Van Kampen method
up to any order by setting ~ sufficiently large. The advantage of simple truncation method is
the straightforward calculations that it involves. To see this, we can compare the steps used
to obtain the moment/summation equations in each method. For simple truncation method,
we only use Taylor expansion on the probability functions of the master equation. On the
other hand, Van Kampen method uses integration besides the master equation expansion in
Taylor series. Our method could be regarded as a short-cut compared to the Van Kampen
derivation. To see this, recall that we multiplied the equation (2.43) by £%n°, and then
integrated to obtain the moment equations given by (2.44-2.48), for a + < 2. This extra
step requires more computational work. Clearly, there will be more terms to integrate in
order to compute the moment equations for the next order corrections, since we extend the

equation (2.43) to order O(e'/?), see appendix E.1.
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Chapter 3

Asymmetric Division of Stem Cells

In this chapter, we address the questions of SC division symmetry by means of mathematical
modeling. Our approach is based on that developed in Chapter 2. The focus is to investigate
how different division types contribute to lineage homeostasis/turnover. We provide analysis
that allows to quantify the ability of two types of divisions (symmetric and asymmetric) to
maintain homeostasis. Intuitively, Asymmetric SC division appears to be more associated
with a robust homeostatic maintenance. It can be argued that purely asymmetric SC divisions
do not change the total number of SCs and therefore ensure the maintenance of a constant
cell population, see e.g. [12]. However, in this chapter we show that it is not necessarily the
case: asymmetric divisions can either stabilize or destabilize the lineage system, depending
on the underlying control network. In the remaining chapter, the results of our findings are

stated at first, followed by the methodology.
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3.1 Results

We study a stochastic model with various control loops that distinct cell populations impose
on the prevalence of different processes. For example, consider the simplest lineage, which
only consists of SCs and one type of daughter cells. We postulate that such a system consists
of two compartments, that of SCs and the differentiated cells. We further assume that the
rate of SC divisions, and also the probability of differentiation/proliferation (see figure 1.1),
are controlled by chemical factors (such as morphogenetic growth factors) secreted by cells
of different compartments, as well as exogenous factors coming from outside of the lineage
(such as distinct niche cells). In figure 3.1, the endogenous controls are illustrated by using
a simple example of symmetric divisions of SCs. An individual decision tree of a SCs is
depicted schematically. It consists of the decision to undergo a division, followed by the
decision about the nature of this division (that is, whether daughter cells will maintain SC
fate or undergo differentiation). In the example in figure 3.1, the probability to divide is
limited by the population of daughter cells. If there are too many of them, this will reduce
the chances of further divisions. In the same system, the probability of differentiation is
influenced by the number of SCs. The more SCs there are, the more likely they will be to
differentiate, thus reducing the total SC number. We refer to this system (which in the case
of figure 3.1 consists of only two controls) as a control network. In the above scenario, one

control is positive, and the other is negative.

It is possible to construct many other control networks that consist of different numbers of
positive and/or negative controls. [1] shows that the control network in figure 3.1 (along with
many other networks) is compatible with stable maintenance of a constant cell population size.
The resulting system of cells is characterized by a stochastic behavior, where the numbers of
stem and daughter cells fluctuate around certain mean values. The size of these fluctuations
is an important characteristic of a biological system. If these fluctuations are too large

(compared to the means) then the population is running a danger of going extinct, which will
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Figure 3.1: An example of endogenous control loops regulating SC decisions with the all symmetric division
mode. Division events are negatively regulated by daughter cells and differentiation decisions are positively
regulated by SCs.

be a catastrophic outcome for a biological system. The smaller the fluctuations, the more
robust is the system and the tighter is homeostatic maintenance. We are interested in the

general question of design: what features of control improve the robustness of the system in

the sense described above.

In figure 3.1, only symmetric divisions are considered. At the next level of complexity we also
consider the possibility of asymmetric divisions. Thus, we can assume that SCs can divide
both symmetrically and asymmetrically, with a given relative probability. Here we study
how the balance between symmetric and asymmetric SC divisions can change the robustness
properties of the lineage. What percentage of divisions should be symmetric to minimize

fluctuations for tighter homeostatic control?

Qualitative intuitive reasoning suggests that asymmetric divisions must be associated with
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the highest level of stability of SC lineages. In the case of asymmetric divisions, the number
of SCs does not change, because every time a SC divides, it replaces itself with exactly
one SC, and also produces a differentiated cell. Therefore, it might seem that under fully
asymmetric divisions, as long as the production of differentiated cells is balanced on average
by their deaths, the system will be stable. It turns out however (see the Methods section)
that depending on the exact control loops acting in the system of SCs and non-SC daughter
cells, asymmetric divisions might either increase or decrease lineage size fluctuations. This is

what we demonstrate next.

3.1.1 The role of division symmetry in stable homeostasis: the

case of minimal control systems

Let us suppose that the lineage consists of two types of cells (two compartments), SCs and
daughter (differentiated) cells. Let us denote by I and J the current number of stem and
daughter cells, respectively. The processes of division (including differentiation /proliferation
decisions) and death are dictated by probabilities and rates defined in table 3.1(a). Next, we

need to quantify the control loops that exist in a given system.

We assume that Ly ; = L(el,eJ), Dy = D(el,eJ), etc, where € measures the strength of
dependence of the probabilities and rates on the cell population numbers. It is convenient to
introduce the continuous variables x = €¢I, y = ¢J. To define the control network, we consider
the partial derivatives of the rates and probabilities with respect to x and y, evaluated at the
equilibrium. We will use the subscripts  and y to denote such partial derivatives, see table
3.1(b). A two-compartment system is characterized by the following four derivatives: p,, py,
¢z, and ¢y, which we call controls. To clarify the biological meaning of these parameters,
consider the quantity p,. If it is nonzero, it means that the probability of SC differentiation

is controlled by the differentiated cell population. Moreover, if p, < 0, this means that the
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Table 3.1: Notations used in the models

| (a) Processes

L,y Division rate of SCs
S Probability that the division is symmetric
Py Probability that a symmetric division is a differentiation event

Dy ; Death rate of differentiated cells
| (b) Controls

¢z (q,) | Partial derivative of L; ; — Dy ; with respect to the argument
I (J), evaluated at the equilibrium

px (py) | Partial derivative of P; ; with respect to the argument

I (J), evaluated at the equilibrium

(a) Definitions of rates and probabilities. Subscripts denote functional dependence on the cell populations I
and J. (b) The four partial derivatives evaluated at the equilibrium comprise the four controls in a
two-compartment system.

control is negative (the more differentiated cells in the system, the less likely the SCs are
to differentiate); p, > 0 means the existence of a positive control loop. The other three

quantities can be interpreted in a similar manner.

It was shown in [1] that at least two of the four controls must be nonzero in order for the
system to have a stable homeostatic equilibrium. Minimal control systems are defined as
models with a restricted number of nonzero controls, and are presented in figure 3.2. In the
schematic, round cells and star-like cells represent stem and differentiated cells respectively.
The first horizontal arrow in each diagram indicates the division decision, and the second
horizontal arrow the differentiation decision. Arch-like positive and negative arrows depict
the dependence of the two decisions on each population. For example, if a negative arrow
originates at SCs and points at the divisions decision, this means that the divisions are
negatively controlled by the SC numbers, ¢, < 0 (see diagram #1 in figure 3.2). It was shown
in [1] that with two compartments, there are two distinct minimal control systems with two

controls, and three systems with three controls (see also Appendix F).

The first two models (#1 and #2) in figure 3.2 are the only two systems that can be stable in
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Figure 3.2: Classification of minimal control systems in two-compartment models. Symbol “div” refers to
the rate of symmetric stem cell divisions (both proliferations and differentiations). Symbol “diff” refers to the
probability of differentiation; the probability of proliferation is 1-Prob(diff). Models #1-2 are the two-control
systems. Models #3-5 are three-control systems. Division and differentiation decisions can be positively or
negatively controlled by the population sizes of SCs or differentiated cells, as indicated by arch-like arrows
that originate at the relevant cell population and point toward the process that this population controls. The
rightmost column indicates how cell number variances depend on the symmetry of divisions, as obtained
from the analysis of section 3.2.3.

the presence of no more than two controls. The other three models (#3-5 in figure 3.2) are
the only three irreducible three-control systems, that is, they cannot be reduced to models
#1 or #2 by setting one of the controls to zero. While from the point of view of stability, all
five of the networks are possible, further biological considerations are required to identify
which control network is relevant for a particular tissue. Some of those considerations may
include the matching of various moments of compartment sizes with the observations, robust

recovery dynamics, etc.

Next we demonstrate how by varying the proportion of symmetric vs asymmetric SC divisions,
one can change homeostatic properties of the system in the context of models #1-5. We will
focus on the analysis of variance of the cell populations. A relatively small variance indicates
stable, robust homeostasis. A large variance increases the probability of extreme events, such
as extinction or growing out of control. By using stochastic analysis (see section 3.2.2) we

can calculate the variance of the number of SCs, Var[l], and the variance in the number of
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differentiated cells, Var[J], as functions of the parameters. In particular, it is possible to
determine how these quantities depend on the four controls (Table 3.1(b)) and the frequency
of symmetric SC divisions, S. It turns out that in two out of five control systems in figure
3.2, the variance increases with S. Namely, in systems #2 and #3, Var[J] increases with
S, and in addition, in #3 Var[I] also increases with S (in #2, the variance of SC numbers
is independent of the symmetry), see equations (3.31) and (3.32). Therefore, in these two
control systems, purely asymmetric divisions are optimal from the viewpoint of minimizing

fluctuations in cell numbers at homeostasis.

The opposite result is observed for systems #1, #4, and #5. There, purely symmetric divisions
turn out to be the optimal choice. In those three systems, the variance of differentiated
cell numbers is a decreasing function of S, and in addition, in #4, the variance of SC
numbers is also a decreasing function of S, see equations (3.30), (3.33), and (3.34). In these
three qualitatively different control networks, symmetric divisions are associated with the
most stable homeostatic state. Next, we demonstrate this theoretical finding by numerical

simulations.

3.1.2 Application to two control systems

The results reported in the previous section hold for any functional forms of controls. Here
we illustrate these findings by considering two specific examples. Some technical details about
the simulation setup are provided in Appendix I. Recall that ¢ measures the strength of
control of the various processes by the cell population, and z = €I, y = €J; we further denote
A = q;py — qyps, and B = 2L,S,(p, — py) — gy, where the partial derivatives with respect to
x and y are defined in table 3.1(b) and the star indicates that the quantity is evaluated at
the equilibrium. The quantities A and B appear in the expressions for the variances (see

section 3.2.2). Throughout this section, we will assume S ; takes some constant value c,
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where 0 < ¢ < 1. Although S; ; is not necessarily constant, its derivatives do not enter the
stability conditions or expressions for population variances (as explained in section 3.2.2),
and therefore we make the simplest assumption on this function. Below are two examples,
where in order to illustrate the theory numerically, we chose some specific functional forms

for the controls.

Model #3. Consider three-control model #3 from figure 3.2, which is characterized by
negative regulation of division (by differentiated cells) and positive regulation of division (by
SCs) and differentiation (by differentiated cells). As an example of this kind of a model, we

assign the following functional forms of the controls:

1—e —3e]
m, PI7J:P(€I,€J):1—6 s

D_[,J = D(EI,EJ):l—LLJ, S],J:C. (31)

L_[,J = L(EI,GJ) =

We therefore have p, = 0, p, = €3¢ > 0, ¢, = 2ye™* - (1 —e “+y) 2 >0, ¢, =

2e” T2
€
(

Teriyr < 0. The steady state of the system can be obtained by solving P(z,y) =1/2,

L(z,y) = D(x,y) (system (3.14) in Methods):

log(1 —1log2Y3) log2

90 = Jo = .
€ ’ 3€

37



Q (b)

100 T T T T T 1000

aof ’ Cs : i Diff. cells ]
E ] CU
£ e W" i g[ﬁ'l b 1' n\'Jl!1H¥I"I£IM £ "

1l | | LS ]

g 40- ﬂ!‘l) .‘Ilw’r‘! :l " \\‘lr\]“' _g 400
o I ll 1L 1 3
o o ] U= 5Cs

% 200 00 00 300 1000 * 200 400 600 800 1000

Time steps x 102 Time steps x 102

Figure 3.3: Typical numerical simulations of cell dynamics. (a) System (3.1) with € = 0.005 and S, = S = 0.5;
(b) system (3.6) with € = 0.005 and S, = S = 0.8. Simulations are run for 2 - 10° time steps.

By equations (3.22), we can obtain the means and the variances of the system:

B[l = i, (3.2)
E[J] = Jo, (3.3)
Varll] = 2L*S*AZ§A+8L35*])§, (3.4)
Var[J] = 2L*(2252A+qg, (3.5)

where all the partial derivatives are evaluated at (i, jo), and L, = 1/2, A = ¢,p,, B =
_2L*S*py — Gy

For each fixed pair (¢, S,), we ran numerical simulations starting at the (rounded up) expected
values of the cell population given above, and finishing either when the number of time-steps
reached 2 - 10%, or if any of the cell types went extinct. We then computed the means and
the variances of the cell population over the time-course of each simulation. A typical run for
a particular parameter set is presented in figure 3.3(a). In other simulations, both € and S,

varied between 1073 and 10°.

From figure 3.4, we observe that the theoretical results for the means and the variances show
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Figure 3.4: The behavior of the means and the variances of the cell population described by equations
(3.1). The analytical results given by equation (3.2-3.5) (solid line) are compared with the values obtained by
numerical simulations (stars), for different values of e with the fixed value of S: S = 0.5. The choice of S
should satisfy: S = S, < S, where S. is given by (3.27). (‘I”) stands for the theoretical results, and (‘N’)
stands for the numerical results.

a good agreement with the numerical results for smaller values of e, which is what we expect.
We further observe that the means and the variances of the cell population decrease as the
value of € increases, exactly as predicted by equations (3.2-3.5). From figure 3.5, we can

see that the variances of the cell population increase as the value of S increases, which is

consistent with the analytical results given by (3.32).

Model #5. As the second example, we consider three control model #5 in figure 3.2,
which is characterized by positive control of differentiation and division. We will assign the

following equations to the probability and rate functions:

2tanh(el
Lig = Liel,eJ) = 2tanh(d§ +>0.4’ Pry = P(el, eJ) = tanh(el + 0.1¢J),

D_[J = D(GI,EJ):l—LLJ, S_[,J:C. (36)

)
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Figure 3.5: The behavior of the variances of the cell population described by equations (3.1) with € = 0.005,
for different values of S. The analytical results given by equations (3.2-3.5) (solid line) are compared with
the values obtained by numerical simulations (stars). (‘I’) stands for the theoretical results, and (‘N’) stands
for the numerical results.

A typical stochastic simulation of system (3.6) for a particular parameter set is presented
in figure 3.3(b). To calculate the variances, we find p, = esech’(z + 0.1y) > 0, p, =

€0.1sech®(z + 0.1y) > 0, ¢, = el.6sech®(x) - (2tanh(z) + 0.4)"2 > 0, ¢, = 0, and hence

Pz > py > 0. The steady state of the system is

. loglb

. log3 —log 1.5
(4 5 e —
2¢

Jo 0.2¢

By equations (3.22), we can obtain the means and the variances of the system:

E[l] = i, (3.7)
ElJ] = Jo, (3.8)
Varll] = 2L*S*A4;§Lzs*p @2/, (3.9)
Varl — 2L*(2+S*)igAq§+8LfS*pﬁ7 (3.10)
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Figure 3.6: The behavior of the means and the variances of the cell population described by equations
(3.6). The analytical results given by equation (3.7-3.10) (solid line) are compared with the values obtained
by numerical simulations (stars), for different values of € with the fixed value of S: S = 0.5. The choice of S
should satisfy: S > S, = 0 in this case, where S, is given by (3.27). (‘I”) stands for the theoretical results,
and (‘N’) stands for the numerical results.

where all the partial derivatives are evaluated at (i, jo), and L, = 1/2, A = ¢,p,, B =

2L,S.(ps — py)- Note that S, in equation (3.9) cancels out.

We used the same numerical scheme as in the previous example. As observed in figure 3.6,
the theoretical results are again in good agreement with the numerical results for smaller
values of e. The means and the variances of the cell population decrease as the value of €
increases, which is foretold by equations (3.7-3.10). From figure 3.7, we observe that Var[]
stays approximately constant, whereas Var[J] decreases as S increases. The first two points
in figure 3.7 that appear to be inconsistent with the theory are explained by the analysis of
the purely asymmetric divisions solution for smaller values of S, see Appendix H. The results

of both numerical experiments are summarized in figure 3.8, which shows that:

e Increasing the fraction of symmetric division destabilizes the system given by equations

(3.1);
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Figure 3.7: The behavior of the variances of the cell population described by equations (3.6) with e = 0.005
and time steps = 2 - 10, for different values of S. The analytical results given by equations (3.7-3.10) (solid
line) are compared with the values obtained by numerical simulations (stars). (‘T”) stands for the theoretical
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Figure 3.8: The behavior of the two systems described by equations (3.1) and (3.6) with S = 0.1 and S = 1.
The top two diagrams, (a) and (b) correspond to the first example, and the bottom two diagrams, (c) and
(d), correspond to the second example. In Panels (a) and (c), S = 0.1 (mostly asymmetric divisions). In (b)
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e Increasing the fraction of asymmetric division destabilizes the system given by equations

(3.6).

3.2 Methods

3.2.1 Stochastic model formulation

A stochastic model of cell population renewal is considered (see Chapter 2). The cells
are subject to the following changes in a Poisson process with an infinitesimally small

time-increment, At:

e With probability L; jAt a SC divides. Divisions can be symmetric (with probability

St.y) or asymmetric (with probability 1 — Sy ;).

— With probability L; ;S5 ;Pr At a SC differentiation takes place resulting in a

creation of two differentiated cells, (I,J) — (I —1,J +2).

— With probability L; ;S; ;(1 — P; s)At a SC proliferation takes place resulting in a
creation of a SC, (I,J) — (I +1,J).

— With probability L; ;(1—Sr,;)At a SC undergoes an asymmetric division resulting

in a creation of a differentiated cell, (I,.J) — (I, J + 1).

e With probability Dy ;At, a differentiated cell dies, (I, J) — (I,J —1).

A deterministic model that captures these events can be expressed as the following system of
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ordinary differential equations:

i = LS(1—P)— LSP=LS(1—2P), (3.11)

j = 2LSP+L(1—S8)—D, (3.12)

where x and y refer to the numbers of stem and differentiated cells, and L, P, and S are all

functions of x and y.

The stochastic description in terms of the Kolmogorov forward equation is given by the
following equation for the variable ¢; ;(¢), the probability to find the system in state (I, J)

at time t:

o1 = iy -2Liy1g-2Sr1,0-2Pr1,0—2 + wr-1,0L1-1,5S1-1,0(1 — Pr_1,y)

+ wry1Lry1(1—=Srs-1) +vrs1Dry1 —er.5(Lig+ Dry), (3.13)

where the processes of the right hand side are presented in the same order as they appear in
the list above. Note that system (3.11-3.12) is the “macroscopic law” obtained at the zeroth

order of the “linear noise approximation”, see equation (2.41).

We are interested in deriving equations for the mean values of the cell populations and their

variances. To do this, we first define the steady states of the system, (g, jo), by the following
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equations (which are obtained by solving (3.11) and (3.12)) :

1
Ligjo = Digjo = Luy  Pigjo = 9 S = Sio,jO' (314>
( mized divisions steady state)
Liojo = Digjjo = Luy  Sigjo =0, Pu = Py jo. (315)

( purely asymmetric divisions steady state)

Both equilibria are characterized by a balance between divisions and deaths (the first
equation in (3.14) and (3.15)). In the first (mixed divisions) equilibrium, the probability of
differentiation events is equal to the probability of proliferation events, thus ensuring that the
expected change in the number of SCs is zero. The first two equations in (3.14) define the
equilibrium population sizes ¢y and jy. The fraction of symmetric divisions, St 7, does not
influence the solution for ig and jj, but, as shown below, can affect its stability properties

and the size of fluctuations in the system.

The second (purely asymmetric) equilibrium is attained if the fraction of symmetric divisions
can be made zero. The population sizes are determined by the first two equations in (3.15), and
the probability of differentiations, formally defined by the last equation, becomes irrelevant
at equilibrium. Below we focus on the mixed divisions steady state. Calculations pertaining

to steady state (3.15) can be found in Appendix H.

3.2.2 Stability analysis and variance calculations

The methodology presented here is based on the assumption of weak dependencies of the
functions Ly, Dy s, etc on their variables. It is developed in [1] and justified rigorously in

Chapter 2. Let us use the symbol Z; ; to denote any of the functions L; ;, Pr s, Dy, and St ;.
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Suppose that we can represent the functions Z; ; near the equilibrium as Z; ; = Z(el, eJ),
where the parameter ¢ < 1 defines the weakness of the dependence. It is convenient to denote
r=¢€l, y=¢J, 1 =1—1y, j=J— jo, then we can expand the functions Z; ; around the
steady state in Taylor series:

1
ZI,J - Zio,jo + ZCEZ + Zyj + é(zw$z2 + Zyyj2 + 2Z:cylj) +oee ’ (316)

where the subscripts x and y denote partial derivative of the function with respect to its
argument, evaluated at (ig, jo), and 2, = Z€, 2pe = Zze€?, etc. In this description, while
constants Z, = O(1), Z,, = O(1), etc are all of order one, all the first derivatives z,, z,

contain a factor €, and all the second derivatives z,, zzy, 2y, contain a factor €.

Define @; ; = ©itiojrio = 1.0, and Zi; = Ziio ivjo = Z1.7, then (3.13) can be reformulated

as:

Yij = 902'+1,j72Li+1,j72Si+1,jf2Pi+1,j72 + (Pifl,jLifl,jSifl,j<1 - PzeLj)

+ @PigaLig (1= Sij1) + @i Dijyr — @ay(Liy + Diy). (3.17)

Using expansion (3.16) in equation (3.17), we can derive the moment equations for this

system. In what follows, we use the following notations for the moments:

Xog = > _i*7i;(t). (3.18)

.3

Multiplying equation (3.17) by ¢ and by j, performing a summation in the two indices, and

keeping only the highest order terms in €, we obtain equations for the first moments in
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steady-state:

0 = —QL*S*(pme + prIO); (319)
0 = (2L.Sips + ¢2) X0+ (2L.Sipy + ) Xon. (3.20)
For the second moments we have:
0 = (Suly + Lisy) X0 + (Sily + Lisy) Xor — 4L.S.(pyX11 + p2Xoo) + LS.,
0 = —(Sily+ Lusy +2L,.5.:p:) X0 — (S*ly + L.s, + 2L*S*py)X01
+ 20,5, [p2X20 — pyXoz + (y — 02) X11 — 1/2] + ¢, X11 + ¢ X0,
0 = [Si(4Lups + 1) + 1 + dy + Lisy] Xao + [Sc(4Lupy + 1) + 1y + dy + Lisy | Xor

Solving this system, we can obtain the expressions for the means and variances: E[I] =

X10 + i() = io, E[J] = X01 —f-]o = jo, VCLT’[I] = X20 - X120, VCLT‘[J] = XOQ - Xgl The hlghest

order terms for the variances are given by

K K.
Var[l] = 4B$A’ Var[J] = —=~
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where we defined the quantities:

A = @py— Qb (3.23)
B = 2L.S.(px — py) — Gy (3.24)
K, = 2L.S.A+q +8L3S.p., (3.25)
K, = 2L.(2+ S)A+ ¢ +8L2S.p2. (3.26)

Details of stability analysis are given in Appendix H.2. It follows that mixed division steady
state is stable as long as A > 0 and B > 0; constants K, and K, are always positive
quantities. Increasing A and B makes the system more robust by decreasing the variation of

population sizes.

Notes. There are two important conclusions from the above analysis.

e The numbers of stem and differentiated cells at the equilibrium does not depend on
the quantity S (the fraction of symmetric divisions). This is because regardless of the
proportion of symmetric divisions, there are only two requirements for the constancy of
the population: (1) Probability of differentiation under symmetric divisions is 1/2 (this
keeps the number of stem cells constant), and (2) The rate of divisions equals to the
rate of death (this keeps the number of differentiated cells constant). Both conditions

are independent of S.

e Related to this, the fraction of symmetric divisions, S, only enters the expressions for
the cell number variances. In the first order analysis above, only the equilibrium value,

S., and not the derivatives, appear in the expressions for the second moments.

Below we explore how the probability of symmetric divisions affects the homeostatic control.
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3.2.3 The role of asymmetric divisions in cell number regulation

The equilibrium values for the numbers of stem and differentiated cells are unaffected by
the presence of asymmetric divisions, as illustrated by equations (3.14). On the other hand,
the probability of symmetric divisions, S, can influence two important properties of the
SC system: (a) stability of the equilibrium and (b) the size of fluctuations (the amount of

variance), which is related to the robustness of homeostatic control.

Stability. The only way in which the fraction of symmetric divisions can influence stability
of the system is by changing the sign of the quantity B, equation (3.24). From equation
(3.24):

_ Qy
B>0<«— S, >5.=——+—~"—— 3.27

If the value S, is between 0 and 1, then we have the following trends:

e Increasing the fraction of asymmetric divisions can destabilize the system if ¢, <

2L, (pz — py) and py > py;

e Increasing the fraction of symmetric divisions can destabilize the system if ¢, < 0 and

Pz < Dy-

The size of fluctuations (robustness). In order to study the influence of asymmetric

divisions on the behavior of cell populations, we consider the derivatives of the variances of I
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and J with respect to parameter S,:

dVar[l] L,
T - mpy%;(ql; — Gz — 4L*py)7 (328)
dVarl|lJ L,
e e b~ A4y 0. AL, (329)

The signs of these derivatives can be different, depending on parameters. For a fixed set of
parameters, the dependence on S, is monotonic, that is, each of the variances either grows or

decays with S,.

Application to the five minimal controls.

e Two-control model #1, figure 3.2. In this case, S. = 0 from (3.27), therefore the steady

state is stable for any S, > 0. Further, we have

dVar[l] 0 dVarlJ] L.

S g = gt AL, <0. (3.30)

In other words, increasing the share of symmetric divisions reduces the fluctuation size
in the system. Thus, symmetric divisions (i.e. S, = 1) will be optimal for this system.

e Two-control model #2, figure 3.2. In this case, S, < 0 from (3.27), therefore the steady

state is stable for any value of S,. Further, we have

dVar[l] dVarlJ] L,

T =0 = (g >0 (3.31)

That is, increasing the share of asymmetric divisions makes the fluctuations smaller.

Thus, purely asymmetric divisions (i.e. S, — 0) will be optimal.
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Three-control model #3, figure 3.2. In this case, we have

dVar[l] -0 dVarlJ]

s A (3.32)

For the first three-control minimal system, p, < p, and ¢, < 0. From the viewpoint
of stability, it is disadvantageous to increase the value of S,. From the perspective of
robustness, small values of S, are best, since Var[l] and Var[J] grow with it. Thus,

asymmetric divisions will be optimal.

Three-control model #4, figure 3.2. In this case, we have p, > p, and g, < 2L.(p, —py).

Therefore, decreasing the value of S, may destabilize the system. Further, we have

dVar[l] <0 dVar[J]

a5, , s, <0, (3.33)

that is, fluctuations decay with S,. Thus, symmetric divisions will be optimal.

Three-control model #5, figure 3.2. Again, p, > p, and g, < 2L.(p, — p,), and

dVarll] dVar[J]

Therefore, as in the previous case, symmetric divisions will be optimal.
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Chapter 4

Application in Colonic Crypts

In human colon crypts, the stem cell lineage is ordered with SCs at the bottom, DCs at
the top, and TAC in bettween. In order to maintain the number of each cell type, the rate
of removal of the DCs from the top is balanced by division and differentiation of the SCs
and TACs below. As mentioned in chapter 1, we are interested in determining the most
likely control network(s) given in figures 4.2 and 4.3 that govern the regulation of human
colon crypt stem cell lineages. In this chapter, we determined the most likely regulatory
network(s), using actual measurements of the number of SCs, TACs, and DCs in 49 colon
crypts in human biopsy specimens. We examined each of the 32 possible networks in figures
4.2 and 4.3 to determine whether it can produce the measured means and variances of the
cell population. In addition, we also used data on the dynamics of injury recovery, as well as
experimentally obtained intra-crypt correlations. Using these criteria, a selection algorithm
was devised that identified three of the 32 possible control networks as most likely the ones

corresponding to the regulation of homeostasis of human colon crypts.
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4.1 Materials and Methods

4.1.1 Data Description

In [58] Bravo and Axelrod measured the number and location of dividing cells (Ki-67 positively
stained cells) and non-dividing cells (Ki-67 non-stained cells) in 49 colon crypts in human
biopsy specimens. The non-dividing cells at the bottom of the crypt are considered quiescent
stem cells, the non-dividing cells in the top two-thirds of the crypt are considered differentiated
cells. The dividing cells near the bottom third of the crypt are considered to consist of transient
amplifying cells and active stem cells [81]. The experimental details of the source of the
specimens, measurement of each cell type, and determination of reliability of measurements,

have previously been described [58].

For our model we need an approximate distribution of active cells into active stem cells and
transit amplifying cells. This can be done by using experimental observations, as described
below. [81] have reviewed evidence for the existence of quiescent stem cells at the bottom of
the crypt and, in addition, of active stem cells among the dividing cells above the bottom.
The existence of a quiescent stem cell population is consistent with the observation that
mTert-expressing slowly cycling cells are resistant to intestinal injury and function in intestinal
regeneration [82]. And the existence of an active stem cells population is consistent with
the observation that rapidly cycling Lgrb+ cells are highly sensitive to intestinal damage
[83]. We will denote the fraction of dividing cells that are active stem cells as W, and true
fraction of active cells that are transient amplifying cells as (1 — W). The value of W can be

estimated using the following considerations.

Cells staining positive for various stem cell markers (Musashi-1, Bmil, Lgrb, Lrigl) have

been observed in the region of dividing cells in the small intestine of the mouse [83-86].

W, the proportion of active stem cells among all of the dividing cells in human colon crypts,
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can be determined from data available about human colon crypts stained with the stem cell

marker Musashi-1, and stained separately with the proliferating cell marker Ki-67.

The percentages of Musashi-1 positively staining cells at different positions in the human
colon crypt were reported in [87] figure 4. According to this study, 69% of all positively
staining cells are in positions 1-7 at the bottom of the crypt, and 31% of all positively
staining cells are in positions 8 and above. [58] have reported, in Table 1, the number of
Ki-67 positively and negatively staining cells at different positions of the human colon crypt.
The average number of negatively staining cells in positions 1-7, is 35.7 & 36.3 s.d. !, and the
average number of positively stained cells in positions 8 and above is 623.9 + 234.1 s.d. The
negatively stained cells at the bottom of the crypt are considered quiescent stem cells. The
positively stained cells are considered to comprise all of the dividing cells, including both
active stem cells and transient amplifying cells.

Table 4.1: Notations used to calculate W, the fraction of active SCs.

%SCq The percentage of all of the stem cells that are at the bottom of the crypt,
e.g. quiescent stem cells

%SCa The percentage of all of the stem cells that are above the bottom of the crypt,
e.g. active stem cells in the region of dividing cells

#S5Cq The number of quiescent stem cells at the bottom of the crypt

#S5Ca The number of active stem cells above the bottom of the crypt

in the region of dividing cells

#Ki67+ | The total number of dividing cells

The probability distribution for the values of W, as well as the lower and upper bounds of
W, can be determined. Using the notations defined in table 4.1, the number of active stem

cells is given by

%SCa

!The considerable variation in the number of quiescent stem cells has previously been noted (Table 1,
[58]). The method of measuring cell numbers and the measurement reliability has been described in detail
in (Additional File 5, [58]). The experimental error in the measurement of the number of stem cells was
determined by 49 repeated measurements of one crypt, C.V. = 7.7%. Since the experimental error in repeated
measurements of one crypt was much less than the measured variation between 49 adjacent crypts, C.V.=
102%, it is likely that the measured variation between adjacent crypts is really indicative of a large variation
between crypts, and not just due to experimental error.
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Figure 4.1: Estimating cell numbers. (a) Histogram of the experimentally calculated values of W, equation
(4.1). (b) Histograms showing the distribution of cell numbers per crypt, by cell type, where W = 0.03 was
assumed.

and the parameter W can be calculated as follows:

_ #SCa  #SCq %SCa
O H#HKi6T+  #Ki6T+ %SCq’

(4.1)

The first quotient in the right hand side of this expression can be calculated from the data of
[58], and the second quotient from [87]. The probability distribution of the estimated values
of W are shown in figure 4.1(a). It was approximated numerically using all the realizations of
the cell numbers measured experimentally in [58]. The mean of this distribution corresponds
to W = 0.03, the value used in the calculations presented here, unless otherwise noted. In
figure 4.1(b) we show the frequency histograms of the three cell types obtained from the
data by [58] using W = 0.03; again, this was created using all the experimentally obtained
values of the cell numbers. We also investigated the effect of W = 0, as discussed in the last

paragraph of section 4.2.
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4.1.2 Stochastic model formulation

Consider a three-compartment model consisting of stem cells (SCs), transient amplifying
cells (TACs), and differentiated cells (DCs). We will refer to the number of stem cells as
I, the number of transient amplifying cells as I, and the number of differentiated cells as
I3. We assume only symmetric divisions of stem cells, see section 4.3, and employ a Poisson
process to describe the dynamics (Poisson processes, and a related birth-death process, are
conventionally used to describe cellular processes, see e.g. [88, 89]). The cells are subject to

the following changes in a Poisson process with an infinitesimally small time-increment, At:

e With probability L;(Iy, I5, I3)At a stem cell (SC) divides.

— With probability Li(11, I, I3) Pi (11, I3, I3) At a SC differentiation takes place re-
sulting in a creation of two transient amplifying cells (TACs), (I1, s, 13) —

(I — 1,1+ 2, 13).

— With probability Li(I, I, I3)(1 — Py (I3, I3, I3))At a SC proliferation takes place

in a creation of SC, (I, I, I3) — (I1 + 1, I, I3).
e With probability Lo([1, I3, I3)At a transient amplifying cell (TA) divides.

— With probability Lo(17, Is, I3) Py(11, Is, I3) At a TA differentiation takes place result-

ing in a creation of two differentiated cells (DCs), (I3, I2, I3) — (I, 1o — 1, I3 + 2).

— With probability Lo(Iy, Is, I3)(1 — Pa(Ih, I, I3))At a TA proliferation takes place

resulting in a creation of a TA, (I, Iy, I3) — (I1, I, + 1, I3).

e With probability D(1y, I, I3)At, a differentiated cell dies, (11, I, I3) — (I, Iz, I3 — 1).

A deterministic model that captures these events can be expressed as the following system of
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ordinary differential equations:

I = —LiP+Li(1-P), (4.2)
Iy = 2L,P — LyPy + Ly(1 — Py), (4.3)
Iy = 2L,P,—D. (4.4)

The equilibrium of this system, (1y, I3, I3), can be obtained by solving equations (4.2) - (4.4)

in steady state:

Ll(-[_17f27l_3) - LO) D(jlaj27j3> :DOa LQ(I_lal_Qal_?)) :DO_L07 (45)
Dy

Pl(l_lal_le_?)) = m

) PQ(I_lal_Qa]_?)):

DN | —

4.1.3 Stochastic analysis

There are five distinct processes that can take place in this system: differentiation divisions
of SCs (Q1), proliferation divisions of SCs (Q3), differentiation divisions of TACs (Q3),
proliferation divisions of TACs (Q4), and death (Q5). The rates of these processes are given
by:

Q1 =L1P;Qy=Li(1 — P);Q3 = LayPo; Q4 = Lo(1 — P); Qs = D. (4.7)

The stochastic description in terms of the Kolmogorov forward equation is given by the

following equation for the variable ¢y, 1, 1,, the probability to find the system in state (I, I, I3)
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at time t:

Onilods = Phttl—210 % Q111+ 1,10 —2,13) + or 111 ¥ Q2(11 — 1, I, I5)
+ On -2 * Qs(l, Lo+ 1,15 —2) + o, 1,05 * Qa(lr, Io — 1, 13)

5
+ O sr1 X Q5(11, I, I3 + 1) — P Ip,I3 ¥ Z Qn(fh I, ]3)> (4-8)

n=1

where the processes of the right hand side are presented in the same order as they appear in

section 4.1.2.

The methodology presented here was developed in Chapter 2 and [1], and is related to the
linear noise approximation of [76]. A detailed derivation and justification can be found in
[90]. Let us use the symbol Hy, p, s, to denote any of the functions Ly (I3, Is, I3), Lo(11, Iz, I3),
Pi(I, I3, I3), Po(1h, I, I3), and D(Iy, I, 13). Suppose that we can represent the functions
Hj, 1,1, near the equilibrium as Hy, 1, 1, = H(ely, €ls, €l3), where the parameter € < 1 defines
the weakness of the dependence of these rates on the populations that control them. Note
that in this methodology, the peak of the probability distribution of the number of cells is
assumed to be located near population sizes of the order 1/e and has a width of the order
of 1/e*/2, see the derivation in [1]. While the validity of this approach has been studied
extensively, see e.g. [77, 78], in our context it is important to note that typical fluctuations (of
size 1/€'/?) must remain sufficiently small compared with the typical population size (~ 1/¢),
such that the system will remain near the equilibrium and stochastic extinction is an unlikely
event (for a time-duration which grows with 1/€). These are conditions of homeostasis in a
biological system; our approximation will technically break down outside the homeostatic

regime.
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It is convenient to denote the continuous variables

r1 =¢€ly, wy=c¢€ly, x3=€ls,

and further shift the cell counts to be equal to zero at the equilibrium:

iw=1 —I,io = Iy — I, i3 = I3 — . (4.9)

We can expand the functions Hy, , r, around the equilibrium (I, I5, I3) in Taylor series:

H]17[2,[3 = H[‘1j27]‘3 —|— Hxleil + szﬁig + Hx3€i3 + ceey (410)

where the subscripts x1, 9, and x5 denote the partial derivative of the function with respect

to its argument, evaluated at (I, I, I3).

To obtain the equations for the means and variances, we will follow the stochastic calculus of
stem cells methodology developed in [90]. The stochastic processes defined in section 4.1.2

can be characterized by the following cell number changes:

Q1: Differentiation of SCs, A1l; = —1, A1l = 2,A113 =0,
(2 Proliferation of SCs, Asl; =1, Ax15 =0, As13 =0,

(3: Differentiation of TACs , Azly =0,A3l, = —1,A3zl3 = 2,
Q4: Proliferation of TACs, Ayl =0,A40, =1,A,13 =0,

Q5: Death of DCs, Aszl; =0,A51, =0,A513 = —1.
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Then equation (4.8) can be expressed as:

5
@Il,fg,fg = Z 80117Ak11,127Ak12,137Ak13Qk’<[1 - Ak[17 1—2 - Ak[27 [3 - Ak[3>
k=1

5
P12, 15 ZQk(Il,[Q,fz)- (4.11)

k=1

Define @;,i, = 01,1, and Qi (im, in) = Qr(Im, I,), then equation (4.11) can be rewritten as:

5
iy igis = E Pir—Aplh sio—Aplis—Apls Qr (11 — Aplh,ia — Agla, iy — Agly)

5
Diy jiz,is Z Qr (i1, iz, 13). (4.12)
k=1

Here we use a standard technique to derive equations for the moments. Let us adopt the

following notations for the first moments and the second moments of cell numbers:

Ym = E Pisjizistm,  Ygp = E Pin iz izlqlp-

11,82,13 11,42,13

We multiply both sides of Kolmogorov forward equation (4.12) by i,, and by i,i,, and sum

over the indices i1, 79, i3, to obtain:

5 5
ST GiriniaQulinsin,is) (im + AxTm) = > Y @i i,y Qi1 82, 3)im =0, (4.13)

k=1 il,ig,ig k=1 i17i27i3
5 5
DD Birinis Quelin, iz, i) (ip + ArTp) (ig + Dkl) =D D @iy iy Qi iz, i3)ipiq = 0, (4.14)
k=111,i2,i3 k=111,12,i3

where m = 1,2,3 and p,q = 1, 2, 3. The right hand side of the equations is zero because we
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consider the equilibrium state and the time-derivatives in the Kolmogorov forward equation

are zero.

Next, we use expansions (4.10) in equations (4.13-4.14), and truncate the expressions by
keeping terms of order € and €? in equations for the first and second moments respectively.

This results in the following moment equations of the cell numbers:

Am1Y1 + Am2Y2 + Am3lYs = Oa m = ]-7 27 37 (415)
3 3
Z apj?/jq + Z aqjypj - _Sp(;U b,q = 17 27 37 (4.].6)
j=1 j=1

where a,,; = 2:1 %Akfm, Spg = 22:1 Qi Ap L, ARy, and Q. is the equilibrium of Q.

Because of definition (4.9), the means y,, are all zero, and solving equations (4.16), we can

obtain the expressions for the second moments, which are equal to the cell number variances,

Var(l,] = Ymm, m=1,2,3.

4.2 Selection Algorithm

[1] has identified 20 different 3-compartment minimal control networks that are compatible
with stable homeostatic control, see figure 4.2. These networks are characterized by constant
death terms. In addition, there are 12 minimal control networks with non-constant death
terms, see figure 4.3. All of these networks have exactly three controls (it was shown that
this is the minimal number of controls compatible with stability), and include the 5 processes

described in Section (4.1.2). We will use a selection algorithm to determine the most likely
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Figure 4.2: Twenty 3-compartment minimal control networks identified in [1], which are characterized with
constant death rates. The three types of cells are marked by SC (stem cells), TA (transient amplifying cells),
DC (differentiated cells). Horizontal arrows indicate the cell fate decisions: divl and div2 the division process
of SCs and TACs; diff1 and diff2 are the probability of the division to be a differentiation, as apposed to
proliferation, for SCs and TACs respectively. The curved positive and negative arrows indicate control. The
point of the arrow corresponds to the process that is being controlled, and the base of the arrow corresponds
to the cell type controlling the process.
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Figure 4.3: Twelve additional 3-compartment minimal control networks with non-constant death rates.
Notations are as in figure 4.2.
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minimal control network that matches the distribution of the measured data, see figure 4.4.
This algorithm allows us to use biological criteria to exclude many of the possible control
networks depicted in figures 4.2, 4.3. It uses the data generated for the distribution of the cell
numbers as well as other considerations from the literature. The algorithm is demonstrated
here using the 20 constant death rate networks of figure 4.2. The 12 networks of figure 4.3

are considered in Appendix L. The following is the step-by-step procedure used.

Choose networks with local controls. Cell-cell communication may occur by direct
mechanical contact or by dispersal of molecules from a source cell. Mechanisms for the
dispersal of molecules include transport through cell membranes, extracellular Brownian
motion, or transport on the outer cell surface [91]. In each situation the effect of one cell is
greatest on an adjacent cell and decreases on cells further away. Therefore, we assume that
SCs can only control SCs and TACs; that TACs can only control TACs, SCs, and DCs; and
that DCs can only control DCs and TACs. It follows that 11 out of the 20 control networks
have local controls, see figure 4.4. We used figure 4.2 to select local controls, and the results

are independent of the values of W.

Choose networks with stable solution and measured means and variances. Let
us assume that all the control functions are linear (or consider the linearization of nonlinear
controls, see Appendix J), and the death rate of DCs is constant in our analysis (this

assumption is relaxed in Appendix L). Using equations (4.5-4.6) as constraints, we define
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linearized control functions as

L1 = LO (1 + CLLlil -+ bLl’iQ + CLlig) 3 (417)
1
P1 = 5(1+Gp1i1+bp1i2+CP1i3), (418)
Dy . . .
Lg = LO L_ — 1 (1 + CLLzll -+ bL222 + CL2Z3) s (419)
0
1 ) . .
P = 2(1 — Lo/ Dy) (1+ apyi1 + bpyiz + cpyis) (4.20)
D = D, (4.21)

where coefficients a, b, and ¢ with the appropriate subscripts are constants. Functions
(4.17-4.20) are the most general linear functions compatible with identities (4.5-4.6). We
however are interested in “minimal controls”, which is a restricted subset of such functions.
It was shown in [1] that for stability of a three-compartment system, it is necessary to have
at least three control loops, and all three populations must be involved in the control. There
are exactly 20 systems with minimal control (that is, only 3 control loops) with constant
death terms, see figure 4.2 (the non-constant death terms are included in networks of figure
4.3 and analyzed in Appendix L). Each of these control networks is characterized by exactly
one nonzero coefficient a, one nonzero coefficient b, and one nonzero coefficient ¢ in system
(4.17-4.20). For example, the topmost network in the left column of figure 4.2 contains control
of SC divisions by SCs, control of SC differentiation probabilities by TACs, and control
of TAC divisions by DCs. This means that the corresponding linear system of controls,

equations (4.17-4.20), contains nonzero coefficients

CLL1 ) bP1 ) CLQ )
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with the rest of coefficients being zero. For each minimal control network, there are 5 unknown

constants: the equilibrium values Ly, Dy, and the nonzero controls (a,b, ). Let us denote

q = LO/D07

where ¢ is the ratio between the division rate of the SCs and the death rate of DCs at
equilibrium. Equations (4.5) and (4.6) imply that ¢ € (0,1/2) (since the probability P, < 1).
Further, by rescaling the time unit, we can set Dy = 1. Therefore, only four unknown
coefficients remain:

a,b,c,q.

Let us use definitions (4.17-4.20) and solve the linear algebraic system of equations given by
(4.16). In particular, we can obtain the expressions for the three variances y11, y22, and yss.

For each control network, these expressions depend on the unknowns ¢, a, b, and c.

Using the data on the numbers of dividing and non-dividing cells for a given value of W, we
can compute the numerical distributions of SCs, TACs, and DCs, and measure their means
and variances. In this study we will focus on the case: W = 0.03 (most of the dividing cells

are TACs).

Let us pick a control network, and also fix a ¢ value; in our simulations we took ¢ =

0.1,0.2,0.4,0.5. For each g value, we have a system of equations

Y11 = VaT<Il)expa Yo2 = VaT(IQ)expv Y33 = Var(l?))expy

where the left hand sides are functions of coefficients (a, b, ¢) (under fixed control network
and the ¢ value), and the right hand sides are numerically measured values of the cell number
variances (under the fixed value of W, the fraction of active SCs among all dividing cells).

This linear system of three equations with three unknowns can be solved to find the unknown
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controls a, b, ¢, and only the networks that have real stable solutions for at least one q value

will be considered.

In conclusion, networks #6, 17, 20 do not give stable solutions, and therefore are eliminated.

The other 8 listed in figure 4.4 give realistic stable solutions.

Control system

4y

Are the controls local?
D 11 (1,2,5,6,8,9,12,13,17,18,20)

Does the control system have a stable solution that
describes the experimentally measured mean and

variance?
u 8 (1,2,5,8,9,12,13,18)

Do injury recovery dynamics show realistic
(oscillatory) behavior?

D 5 (1,2,5,13,18)

Do we observe the correct intracrypt
cell type correlations?

D' 2 (1,2)

Figure 4.4: The outcome of the selection algorithm for W = 0.03.

To confirm the theoretical results, for each network, we then run numerical simulations
with the coefficients obtained as described above. Note that the analysis presented here
is local, in the sense that only the derivatives of the control at the equilibrium can be
determined. We do not have any information on the global shapes of the control functions
Li(1y, 15, I3), Lo(14, I3, I3), etc. A numerical simulation requires further assumptions on the
actual functional form for all the four control functions. The simplest way is to use linear

functions, equations (4.17-4.20), for controls for all values of the arguments (cell numbers).
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Figure 4.5: A typical simulation of network #1. Simulation starts at the experimentally measured means
and finishes when the number of time steps reaches 2 - 107. Here we used ¢ = 0.1 and W = 0.03; a set of
control coefficients which produces means and variances similar to those measured in human crypts was
determined by solving system (4.16). For the nonlinear control function see Appendix J.

This assumption works for many control networks, but sometimes it was observed that
stochastic deviations of cell numbers from the mean forced the linear control function to take
values outside the realistic range (e.g. a division rate may become negative). In such cases we
used nonlinear functions which have the correct values of the derivatives at the equilibrium,
but are defined in the biologically relevant range, see Appendix J. A typical simulation of the

control dynamics for network #1 is presented in figure 4.5. The variance of the number of

each cell type, is similar to the measured values reported in [58].

Choose networks with appropriate dynamics of recovery from perturbation.

Next, we perform the eigenvalue analysis of the networks to study the injury recovery dynamics.
The recovery dynamics of the measured data are oscillatory, see e.g. [92]. Theoretically, we
will study the eigenvalues of the linearized system around the equilibrium for each network.
Using the deterministic equations (4.2)-(4.4), we can compute the Jacobian of each network
(evaluating at the steady state) and its eigenvalues, thus obtain the condition of stability

and osillatory behavior, see Appendix K for details. Complex eigenvalues indicate robust
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oscillations. The results are listed as follows (see equations (4.17)-(4.20) for the notations):

e system 1: The system is always stable, and it is oscillatory if a;, < bey
e system 2: The system is always stable, and it is oscillatory if a;, < —*.
e system 8: The system is always stable but not oscillatory.
e system 9: The system is always stable but not oscillatory.

e system 12: The system is always stable but not oscillatory.

e system 13: The system is always stable, and it is oscillatory if ap, > —Lfg‘z L,
e system 18: The system is stable if by, > D(E)Pz, and it is oscillatory if 4by,cp, DZ >

(LobL2 + D00p2)2.

From this analysis we conclude that networks #8, 9 and 12 do not have appropriate oscillatory

dynamics and are therefore eliminated.

Choose networks with observed intra-crypt correlations of cell types. From the
measurements, the sum of the number of SCs (total stem cells) and TACs is not correlated
with the number of DCs, see figure 4.6(a). For each candidate network, we evaluate the
absence of this correlation. We do not need to investigate correlations between TACs and
SCs, because these numbers are strongly correlated due to the assumption that a fraction W

of dividing cells is SCs and (1 — W) is TACs. We use W = 0.03, from section 4.1.1.

From the previous step, the remaining networks are: 1,2,5,13, and 18. For each of these
networks, we perform simulations of the dynamics in homeostatic conditions, figure 4.6(b-f).
Each simulation starts at the experimentally measured mean and finishes when time steps

reach 2 - 107. Each data point in figure 4.6 is collected every 4 - 10° time steps: the z-value is
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the sum of SC and TAC population numbers, and y-value is the DC population number (that
is, for each panel in figure 4.6, we plotted 50 data points). Using the statistical package R, we
can check the correlation for each network: we fit a linear regression model of the simulated
DCs against the sum of simulated SCs and TACs. We then perform hypothesis testing on
the linear relation: suppose the model is expressed as y = ax + [, then the null hypothesis is
Hy : o = 0, and the alternative hypothesis is H, : a # 0. P-values of o can be obtained from
R. A p-value less than 0.05 indicates that a linear correlation was unlikely due to chance,
and a p-value greater than (.05 indicates that the correlation could have been due to chance.

The result is presented in figure 4.6, and p-values are given in the caption of the figure.

From this part of the analysis we conclude that networks #5, 13, and 18 have significant
correlations between the number of DCs and the sum of SCs and TACs, unlike the observed
data, and therefore are eliminated. However, for networks #1 and #2, the intra-crypt

correlations are not significant, as are the observed data not significant, and they are retained.

Revisit injury recovery dynamics. Besides the eigenvalue analysis, we also look at the
actual trajectories of the cell numbers following in injury. Injury recovery measurements are
available in the literature, see e.g. [92], where the cell numbers in the mouse small intestine
were measured following a perturbation of homeostasis of cell dynamics by a dose of radiation.
Further, [93] shows very similar results, see Fig.6(b) in their paper that depicts oscillations of

DNA synthesizing cells in mouse intestinal crypts after irradiation.

We observe that oscillation trajectories in recovery dynamics feature a certain overshoot
followed by diminishing oscillations around the mean number of the cells. In particular,
Fig.1(c) in [92] shows recovery oscillation of (clonogenic) stem cells, and Fig.1(d) in the
same paper shows the recovery of total cells per crypt. Even though direct measurements of
oscillatory crypt recovery dynamics are only available for murine crypts, we expect that similar

behavior will be observed in human crypts, see also simulations of the human colon crypt

69



o
o | ° . o o
8 (a) experimental ° . (b) #1
o N
o i ) ° °
2 .
N ° o ° Ooo
o o o o
(=3 ° o
[/2] [=4 o ° °° ° » 8 o © o
o | o oo o °
2R e, e Q |. . .
U . ° . i .
o © o o o Q- ° 5 )
o ° o 0° ® ° o °
o | o L] ° ° °
e, e o o . o o
° (=20
o ° e 00
o |
e o °
200 400 600 800 1000 1200 1400 300 400 500 600 700 800 900
SCs+TACs SCs+TACs
o o
(=2
o (c) #2 3
o ° N
o ° ° °
Qo | ° o o o
o
N ° o ° o o
° o ° o
° ° 5o eo o . S
ol 0 ° ]
N o ° o B} [72]
1 % o
82 oo o o0 o - | O
o o
o © o
o n
Q | R o -
e o e J
(=]
81 g1
200 400 600 800 1000 200 400 600 800 1000
SCs+TACs SCs+TACs
o
3
=] o ®
g (e) #13
o o
2
S | «
e .
N
o
Se 38
a8 ay
N
8
2 @
2]
8
§_ . 31 o . .
= 200 400 600 800 200 400 600 800 1000
SCs+TACs SCs+TACs

Figure 4.6: The plots of DCs vs. the sum of SCs + TACs. (a) is for the experimental data, and p-value
= 0.64 (linear correlation coefficient); (b) is for network 1 when ¢ = 0.1, and p-value = 0.598; (c) is for
network 2 when ¢ = 0.1, and p-value = 0.661; (d) is for network 5 when ¢ = 0.1, and p-value = 0.006; (e) is for
network 13 when ¢ = 0.2, and p-value = 0.021; (f) is for network 18 when g = 0.3, and p-value = 4.89 x 1075.
The straight lines indicate the fitted regression line for each. Please note that different values of ¢ are used
in the subfigures (a-f) because different networks describe the measured mean and variances for different
subsets of the possible ¢ values.
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in [58], where Fig.5 shows oscillatory behavior similar to that of mouse crypts. Therefore,
we argue that a reasonable control network should exhibit oscillatory behavior both in the

numbers of stem cells and in the total number of cells.

In the previous stage of the algorithm, we have used the eigenvalue analysis to study the
oscillatory behavior of each candidate network, and now we check if each remaining network
produces a recovery trajectory that is qualitatively similar to the measurements. For each
network, we start a numerical simulation at the state of equilibrium. We reduce the total cell
number to 0.8 of the unperturbed value, run the simulation when the time steps reach 2 x 106,
and then plot the number of cells over the time course. The numerical results for network
#1 are presented in figure 4.7 (for network #2, the dynamics look very similar and are not
shown). We observe that networks #1 and #2, each produce recovery dynamics of total
cell numbers similar to the experimentally observed recovery dynamics reported in [92, 93].
In particular, both the number of SCs and the total number of cells are characterized by
oscillatory recovery trajectories consistent with the experiments. In contrast with that, other
(non-oscillatory) networks exhibit qualitatively different behavior, which is illustrated by the

example of network #12, see figure 4.8.

A note on the variance of SCs. The calculated mean number of SCs in the crypts was
only slightly larger than the standard deviation. As long as parameter W (the fraction of
dividing cells that are active SC) was not too much lower, the system under the minimal
controls studied here was able to maintain robust homeostasis. If we used W = 0, however,
we observed that under the parameter values that produced the experimentally measured
variance, the SCs were subject to relatively frequent extinction events. This observation
allows several interpretations. (i) If we were to interpret the inter-crypt variation as an
indicator of temporal intra-crypt variation, and assumed that W = 0, the minimal control

networks studied here are not enough to explain the system behavior, and additional processes
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such as TAC de-differentiation activated by SCs falling below a certain level would have to
be included. (ii) Alternatively, it is possible that the relatively high inter-crypt variance of
the SC numbers is a consequence of inter-crypt parameter variation, and the actual temporal
homeostatic variability of crypts is lower than this. (iii) The value of W does not fall much
below the measured mean of W = 0.03, in which case no further model modifications are

necessary.

Summary of findings. Of the 20 possible constant-death control networks (figure 4.2),
only networks #1 and #2 have stable dynamics that reproduce the measured mean and
variance of each cell type, exhibit the correct intra-crypt correlation patterns, and show
realistic oscillatory recovery dynamics. Further, as demonstrated in Appendix L, out of the
12 additional, non-constant death control networks (figure 4.3), only network #27 satisfies

the same criteria.

4.3 Results and Discussion

Investigating possible regulation of stem cell dynamics in colon and intestinal crypts has been
a popular subject for computational and mathematical modeling [94-97]. This is because
crypts have a few distinguishable cell types organized in a hierarchy of fewer than 2500 cells
that maintain homeostasis, and can recover after perturbation. It is the kind of dynamical
system that lends itself to formulating possible regulatory models, and testing the model
behaviors by comparing simulation results to experimental observations of real biological

crypts.

In this study we investigated the 20 theoretically possible minimal control networks for a
three-compartment system consisting of SCs, TACs, and DCs. We used the data obtained on

49 human colonic crypts, where the numbers of dividing and non-dividing cells were measured.
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From this information assuming that the fraction W of all dividing cells were active SCs, and
fraction 1 — W were TACs, we obtained the distributions of the three cell types. Using this
information as well as observations of crypt recovery from injury and intra-crypt correlations,
we devised an algorithm which allowed us to test all 20 networks. All but two were excluded
based on their inconsistency with the measured data. In particular we found that control

networks #1 and #2 are the best systems that describe the measured data, see figure 4.4.

A conceptually surprising outcome is that an argument about the interactions among the
compartments of a stem cell lineage can be made based on only a very limited set of
measurements, which does not contain any direct assessment of signaling mechanisms. The
biological input consists of quantitative static measurements (the sample means and the
variances of the cell numbers together with their correlations) and qualitative dynamic
measurements (the existence of oscillations in tissue recovery process). Based on these pieces
of evidence, and on our analysis of mathematically possible networks, we were able to restrict

the number of possible regulatory networks to only two.

The resulting candidate networks #1 and #2 (figure 4.2) are among only three networks
(among the 32 networks) that consist entirely of negative loops (network #6 is the third such
network, and it was eliminated at the first step of the analysis because it failed to produce a
stable root with the means and variances matching the observations, see figure 4.4). Network
#27 is one of only two networks (among those where death of DCs is controlled, figure 4.3)
that contain two negative control loop (non-local network #29 is the second one). In general,
negative feedback controls are common in biological systems at many levels, from repressor
protein effects on transcription of the lac operon in DNA to the effect of insulin on glucose in
the blood. Negative controls have also been invoked to model other cell lineages [27, 48]. [98]
emphasizes the important role that negative signaling loops play in oscillatory behavior in a

wide variety of biological systems.

We further notice that the candidate control networks identified by our algorithm are all very
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similar: out of three control loops, two occur in all the three networks. These are: (1) the
negative regulation of SC divisions rate by the cells in the SC compartment, and (2) the
negative regulation of SC differentiation probability by the TAC compartment. These control
loops have a simple explanation through the mechanism of crowding: having too many SCs
prevents them from further divisions, and too many TACs restricts differentiation divisions
in favor of proliferation divisions. The DCs in the three candidate networks perform different
tasks: they exhibit negative control of divisions (#1) and proliferations (#2) of TACs and
they regulate their own death (#27). Our current algorithm cannot distinguish between these

three possibilities; further biological information may further narrow the set of possibilities.

Understanding the design principles of control networks is a fascinating research direction, to
which this work can contribute. Given the results of our analysis, we hypothesize that perhaps
the pattern of two negative control loops that occurs in all the three networks selected by
our algorithm may be important for effective control of hierarchically organized tissues such

as crypts.

This work should be considered more of a demonstration of principle than a final result. For
example, we cannot conclude that one of the networks #1, #2 and #27 is definitely the one
that acts in human colonic crypts. We have only tested the minimal (3-control) regulatory
networks. It is still possible that a more complicated network with more than three essential

control mechanisms is in place. All we can say is that we found the three simplest (in the
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sense of having the minimal number of loops) control networks that are compatible with
(both dynamic and static) observations in colonic crypts. The same holds for additional
cellular processes that were not included in the present model, such as cell de-differentiation.
The methods proposed here however can be extended to such systems, see [90]. The process
of de-differentiation can be especially relevant for the system in question, as the measured
inter-crypt standard deviation of the SC numbers is not much smaller than their mean, and
in certain regimes it may be necessary to include TAC de-differentiation to compensate for

stochastic loss of SCs.

In principle, SCs are capable of three types of division: (1) asymmetric divisions, where one
of the daughter cells retains the stemness property while the other is more differentiated; (2)
symmetric proliferation, where both offspring are stem cells, and (3) symmetric differentiation,
where both offspring have higher degree of differentiation compared to the dividing cell. A
large number of studies has been devoted to understanding the symmetry of SC divisions,
and it appears that in some organisms SCs divide mostly asymmetrically, and in others
both division types happen, depending on the specific context. The prevalence of symmetric
divisions depends on the tissue. For example, in the mouse epidermis, it has been reported
that about 20% of SC divisions are symmetric in the ear and tail epidermis, while 40% of SC
divisions are symmetric in the paw epidermis. In the epidermis it has been argued in the
recent years that SCs divide predominantly asymmetrically [19-22]. In crypts, however, SC
symmetrical divisions play an important role [99-102]. Therefore, in the present work we
have used the model with symmetric divisions (types (2) and (3) above). Again, asymmetric

divisions can be added by using the present methodology, see Chapter 3.

In the present work the measurements of Ki-67, where the positively stained cells were
identified as dividing, and the non-stained cells as non-dividing, were used to study cellular
control networks. Different cell types (such as SCs, TACs, DCs) control various cell fate

decisions. In order to convert the measurements into information on the numbers of SCs,
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TACs, and DCs, we used the assumption that some stem cells are quiescent and others
are active. [81] has reviewed evidence for this understanding of stem cells. They describe
evidence for the co-existence of quiescent and active stem cell populations in the hair follicle,
small intestine, and bone marrow. The model includes interconversion between the two types
of stem cells, with quiescent stem cells replenishing damaged active stem cell population, and
the possibility of active cells converting to quiescent stem cells. The number of quiescent
cells are regulated by negative feedback from the active stem cells and/or their progeny. This
model extends the previous models that have described each cell in the stem cell population
as having a probability of not dividing, or dividing symmetrically to produce more stem cells

or asymmetrically to produce a stem cell and a transient amplifying cell [103].

Our model only includes spatial considerations in the most rudimentary sense. We exclude
the networks with nonlocal control, bearing in mind the geometry of the crypts. A more
detailed, spatial model can be designed to test if our conclusions still hold. A limitation of
such numerical studies is that complex spatial models do not allow for analytical solutions,
and a comprehensive parameter study of the kind presented in our algorithm cannot be
implemented. The advantage of our approach is that we obtained analytical expressions for
the means and the variances of numbers of each cell type, and this allowed us to recover the

values for the controls, given the experimentally obtained cell population measurements.

In conclusion, we have compared the simulated behavior of several possible regulatory
networks with the numbers of cell types measured in human biopsy specimens, and have
determined that the most likely form of regulation is by local control of stem cells on their
own division, transient amplifying cells on the differentiation of stem cells, differentiated cells

on the division and differentiation of transient amplifying cells and on their own death.
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Appendices

A The summation equations

Here we consider the patterns for the 5 summation equations which are derived from equation
(2.8) by multiplying by i®j” and summing over i and j, for a + 3 < 2. Let us denote the

summation equation derived from multiplying by i%;j” by the pair of numbers (a,f).

We present the example of equation (1,0). Multiplying equation (2.8) by i and summing over

1 and j, we obtain

1 | .
0 = D23 Gul—5e(iloPs +4jLoP,) = 5 R RLP: + LoPra)
g J

1

+4ij(Ly Py + LoPyy + L, P,) + 25*(2L, P, + LoP,,)] — 563[¢3(2mez + L, P,,)

+i%§(4 L4y Py + 2Ly Poy + 4Ly Pyy + 2Ly P,) + 5% (4L4y Py + 2L, Py + 4L, Py + 2L, Py)
1

+j*(2L,, P, + 2L, P,,)] — 564 [i* Ly Prw + 20%5(Lay Prw + Lo Puy)

+4%§2(Lyy Pog + 4Ly Poy + LowPyy) + 5 Ly Pyy)) (A1)

From the above equation, we notice that the power of € is consistent with the power of i%5°.

Indeed, every term containing €* term multiplies a term of the form i®j”, where a + 3 = k.
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The reason for this can be seen by examining the structure of equation (2.8). In this equation,
every term containing the power k of € (as follows from the number of derivatives of the

probability functions), is multiplied by i®j” with o + 3 = k.

The same property holds for the other four summation equations, which we do not present
here. To derive all the summation equations, we need to perform the summations in ¢ and j
and use definition (2.9) for the moments. Each equation will be coupled to other equations
containing higher order moments. The easiest way to close the system is to use the simple
truncation method. The resulting system of 5 equations is given by (2.17-2.21). The other

two truncation methods are worked out below.

B A case study

In this section, we will consider a special case of the general model equation (2.1). We will see
that the results for the general case coincide with the results found previously by a different
methodology in [75] and reported in Section 2.1.1. In particular, we will demonstrate that all
three truncation methods have the same result for aiﬁ, but different results for a? 5, where

alﬂ CLQB
« o
xaﬁ_ en +En717a+6§2’

In this example, we assume that

b r

Q(N):m,

where h, g < 1 and b,r = O(1) are two constants. The corresponding Kolmogorov forward
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equation is given by:

Oin = QN1 = QN +1)) + v 1Q(N —1)(1 = P(J)) +

QOJ_Q’N_lQ(N - 1)P(J - 2) — YJN- (BZ)

Let ng and jp be the steady state, and n = N — ng, j = J — jo. ng and jy are defined to

satisfy the deterministic equations:

1. N=Q(N)—(1—-Q(N)),

2. J =2Q(N)P(J) = (1= Q(N)).

We can easily see that ng = %T_l.

Define ¢;,, such that ¢;,, = @, and Q(n) = Q(N), P(j) = P(J), then (B.2) can be

rewritten as:

Séj,n = Pjr1nt1(l— Q(n +1)) + @j,nflé(n -1 - P@)) +

@j—z,n—lé(n - 1>]5(j - 2) — Qjn- (B-?’)

Expanding Q(N) and P(J) in Taylor series, we obtain

1
Q(N):§+T1n+7”2n2+"'7

T
P(J) =g+ s+ +-,

Let us multiply both sides of equation (B.3) by j*n” and sum over j, n in the quasi-stationary
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state. We obtain the following 5 summation equations, where x5 = Zj >, 7N @)
%01 + raToz =0

2r1201 + S1210 + 212702 + 271512011 + 27281212 + S2To + 27152%21 + 21259799 = 0
1+ 47”1.1'02 + 47’2%’03 =0
1+ 51210 + 21202 + (211 + 814 2r151)T11 + S2%20 + 272%03 + 2(r2 + 1151 + 7251)T12
—|—(82 + 27“182)1'21 + 27“2811’13 + 282(7’1 —+ 7"2):['22 + 27’282£L'23 =0
3
5 + T1T01 + 281271() =+ 202 + 47“1(1 + 81)1111 + 2(31 + 32)1'20 + 47’2(1 + 81)$12 + 47“1(81 + 82)1‘21

—|—282£C30 + 47”2(51 =+ 52)1'22 =+ 47’18233'31 + 47”2821’32 =0

As in the general case, we expand every term in the Taylor series:

1 hy  hZ,
N)==——n+-2
Q(N) 5 4n+8n,

1 go . 982
P(J)y==-—-22542
(J)=5-77+37"

g 9o
h = — = — p— —_—.
0 b’ 90 ) n h()

We will use the truncation equations of Appendix D for central moment and cumulant closure

1 2
method to solve the system for z,5 = a}%f + :;*—fl, a + 3 < 2. The solutions are presented
0 0

below.

1. Simple truncation method
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Elj] = zo= 202+ )+O(h3)
Bl = a0 =5 +O(R)
E[j’] = w3 = 2(2++3Z) hiOvL O(ho)
Bljn) = o0 =3 i s hio 1+ O(ho)
EnY = @ = hio +O(hy)

Comparing with the old results in formulas (2.3)-(2.6), here we have

26—1 1 b 1
FIN|]=— + - Var|N]| = - — =
[ ] h + 27 a/r[ ] h 4
2. Central moment truncation method
4+3n  44n+ 1080 + 93n3 + 27n* )
ho + O(h
NPT s@egp oM
1 3
243 1 8+4+92n+ 13802 + 9313 + 27n*
Tog = —77*—+ N " 377 U +O<ho)
n2+mn)  ho dn(2 +n)
2 1 16 + 24n + 22n* + 9
= — % — + O(h
R 241 hy 2(2+n)3 (o)
1 3
= —+-+0(h
To2 o + 1 + O(ho)

(B.4)

91



3. Cumulant truncation method

4430 (228 + 5561 + 4830 + 13573)

T = + ho + O(h?
TG 202 1 1) o+ Olho)
1 3
Tor — 5 + gho + O(hg)
2+3n 1 328 +580n + 4381 + 1357°
Topg = ———— % — + +O(h
7 n2+n) h 16(2 +17)3 (ho)
2 1 128 + 140n + 184n* + 10573
Ty = — % — + +O(h
11 2+77 ho 16(2+77)3 ( 0)
1 3
= —+Z4+0(h
o2 e + 1 + O(ho)

From the above results, all three truncation methods have the same solution for aéﬁ, but

. . al a2
different solutions for a2 5, where x5 = hL; + hgafl’ a+B<2.

As we can see, the simple truncation, central moment truncation and cumulant truncation
methods yield the same result for the highest order terms in x5, where o+ 3 < 2. Therefore,
all three methods have the same result for the mean and variance of N and J, if we only

keep the highest order term, as summarized below:

BN = 224 om), (B.5)
VarlN] = 2 +0(), (B.6)
E[J] = 2Tg_ = 2?2132) +O(h), (B.7)
VarlJ] — % \ hio +0(). (B.8)

To compare the above results with formulas (2.3)-(2.6), derived from direct calculations in
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Section 2.1.1, we expand formulas (2.3)-(2.6) with respect to hg, and then only keep the

highest order terms. The results are identical to equations (B.5-B.8).

C Comparison of the three truncation methods

Each of the three truncation methods has its own advantages and disadvantages. The
advantage of the simple truncation method is its simplicity. Compared to the simple
truncation method, both the central moment and cumulant truncation method require more
extensive calculations. However, these methods can give more accurate results, as shown

below.

The order of magnitude for the lower moments. Let us expand the moments z,z in

n=—oo

a power series in terms of €, z,5 = > - X gge”. We will consider only the two highest
order terms in this expansion, with the corresponding coefficients denoted as aiﬁ and aiﬁ.

That is, we write
1 2

a a
Tog =0+ G+ 01/,

where a4, a2 5 = O(1) are unknown constants that we need to find. Next, we prove that for
Zap, Where a + 3 < 2, all three truncation methods yield the same result for a}lﬁ, but the

results of the three methods differ for a5

To determine the largest contributions to the expansions for z,43, we consider the five moment
equations. At order (m,k), we multiply equation (2.8) by i™j* and perform a double-
summations in ¢ and j. We call the resulting equations the summation equations. Because
of expansion (2.14-2.16), coefficients in front of different variables z,s will have a different
order in terms of e. In general, such an equation will contain terms multiplying =, 4 j+r

with s =0,1,... and r =0, 1,.... The coefficient in front of the term . s+, is of the order
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e*T". The summation equations may also contain a nonhomogeneous (constant) term of order

o(1).

Because zg; = E[j], and j = J — jj is a small perturbation around the steady state, it is
reasonable to assume that zo; = a}; + a3,e and z19 = aj, + alpe. Because zgy = E[j?], xo2
should be at least of order O(%). But if zg, is of order O(Z%) or higher, then from the 5
summation equations, the coefficient of the terms with power O(}k) with & > 2 should be

1 1
0, which is not the case. Therefore, 2o, = 2 + ag,. Similarly, we have x1; = %+ + af; and
a

Tog = % + a3,. Calculations presented in Appendix A demonstrate these arguments in detail.

As it will be discussed in E.3 of Appendix, these assumptions are indeed valid.

The order of magnitude of the higher moments. For the 3rd order truncation equa-
tions, the central moment and the cumulant closure methods have the same truncation
equations, because for o + 3 = 3 we have E|[(i — E[i])*(j — E[j])’] = ka5 Setting these mo-
ments to zero yields 4 equations (equations (D.9)-(D.12) in Appendix D). Because x5 = O(1)
for « + =1 and za5 = O(2) for a + 8 =2, in order to balance equations (D.9-D.12), g
with o + 8 = 3 has to be of the order of O(2).

For a + 8 > 4, the central moment and the cumulant closure methods have different
truncation equations (see Appendix D.2). For the central moment truncation method,
we have z,5 = O(%) with a + 3 = 4, 5. For the cumulant truncation method, we have

Tap = O(%), where a + 3 =4, 5 (see Appendix D).

All three methods coincide for a4, but differ for a2;. Next, we will show that all

three truncation methods give the same result for aj s, but different results for a? 5, where

ii_ﬁl +O( 1_2) and o + < 2.

€ en

— o
[aﬁ
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First, we look for the highest order term of € in the 5 summation equations. By the above

and equation (A.1) in Appendix A, the highest order term in the 5 summation equations is

efi(zo1, x10) + €2f2(I027 T11, T20),

where f; is a function of xg1, 219 and fo is a function of xge, 211, x99. Presenting z,s with
a+ [ < 2 as a series, and keeping only the highest order terms in the summation equations,
we obtain a linear system for aéﬁ. Because the linear system derived from the moment
equations is independent of the truncation methods, we can see that all three truncation
methods yield the same result for aéﬁ, where o + 8 < 2. This is also the reason why the
highest order contributions to the expectation and variance for ¢ and j are the same for all
the three methods, and so are the leading order to the expectation and variance for I and J

by equations (2.10), (2.12), and (2.13).

Next, we will show that aiﬂ with o 4+ 8 < 2 are different in the 3 truncation methods by

looking for the second highest order terms of € in the 5 summation equations.

In the simple truncation method, the second highest order terms are a? 562, a+ 6 < 2, because
we simply assume that all the higher moments are 0. Thus, we get a linear system for aiﬁ,

a+p <2

In the central moment truncation method, the second highest order terms are aZze® for
a+ f <2, and ajz€e” for a4 § = 3, because when a + > 4, the power is at least O(€?),
by equation (A.1). Therefore, we obtain a linear system for a? 5y @+ f < 2, which contains
terms a}w with a4+ g = 3. We can solve the system for coefficients a}xﬁ with o + 8 = 3 from

the third order central moment truncation equations.

Finally, for the cumulant truncation method, the second highest order terms are aiﬁe2 for
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a+ [ <2, and a}lﬁez for a + =3, 4 (the argument is similar to the one presented above).
The difference from the central moment closure method is that the linear system for a?; with
a+ [ < 2 does not only contain terms a}lﬂ with o + 8 = 3, but also contains terms aéﬂ with
a + B = 4. Similarly, aiﬁ with a + 8 = 4 can be obtained from the cumulant truncation

equations.

From the above considerations, we can see that the equations for aiﬁ with a + 8 < 2 for
the simple truncation method contain no information about the higher order terms z,z,
a+ f > 3. For the central moment truncation method, these equations contain some
information about the higher order terms, which is z,3 with o + 8 = 3. Finally, for the

cumulant truncation method, these equations contain information about z,s with a+3 = 3, 4.

In conclusion, the three truncation methods produce the same result to the leading order
of the mean and variance for the cell population. While we expect the central moment and
cumulant truncation methods to give more accurate results to the next order correction, they
require more extensive computations. In section 2.3.2, we show that the cumulant truncation
is the most accurate among the three methods. The advantage of the simple truncation

method is the straightforward calculations that it involves.

D Truncation equations

For more sophisticated truncation techniques employed here, we need to use truncation
equations that express the higher moments in terms of the lower moments. Here we present
these truncation equations for the central moment truncation method and the cumulant

truncation method.

96



D.1 Truncation equations for z,3, where a4 5 =3

These two methods have the same truncation equations for z,3, where av + 8 = 3:

2:17?0 — 3x10T20 + 230 = 0 (D.9)
29501:10%0 — 2T10%11 — To1X20 + Lo =0 (D.10)
271075, — 2T01711 — T10To2 + T1g = 0 (D.11)
223, — 3x02T01 + T3 = 0 (D.12)

Because 719, 701 = O(1) and @29, 211, To2 = O(2), we can see that x5 = O(%) with o+ 5 = 3.

€

D.2 Truncation equations for z,3, where o + 3 = 4,5

When a + 8 = 4,5, central moment closure method has different truncation equations

compared to cumulant closure method.
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(a). Central moment closure method.

3 2
—3T01x7y + 3T7pT11 + 3T01T10T20 — 3T10T21 — To1T30 + 31 = 0

2 2 2 2
—3T01 27y + To2T]y + 4T01T10T11 — 2X10T12 + T T20 — 2T01T21 + Tz = 0

3 2
—333101"01 + 3IB01£U11 + 3$01$10$02 — 31‘011‘12 — T10203 + r13 = 0

2,3 3 2 2 2
45(]011’10 — Xp2&19 — 61’01%10[)311 + 31‘101‘12 — 3%01[)5101'20 + 61‘011‘101’21 — 3:17101‘22

2
+x51T30 — 2T01731 + X32 = 0

2,3 3 2 2 2
45(]101]01 — T20xg1 — 6{L’10!E01ZE11 + 31‘011'21 — 3[E1(]Z)301£L'02 + 61‘011‘101‘12 — 31‘011722

2
+1’10$03 — 21’10$13 + To3 = 0

_ | A/l
Because 19,201 = O(1), 20, 711, T02 = O(¢) and w39, Zo1, 712, o3 = O(¢), by the above

truncation equations, .z = O(%), for a + 5 =4,5.

(b). Cumulant closure method. The truncation equations for cumulant closure method

for z,5, where v 4+ 8 = 4,5 are:

2 3 _
T3] — 3T10T21 — T1T30 — 3T20T11 + 6T20T01T10 + 6112779 — 6279T01 = 0
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2 2 2 2 2
Tog — 2T10T12 — 2T01T21 — T20To2 — 27, + 2T20Tg + 2x0277 + 8T11210T01 — 627525, = 0

2 3 _
T13 — 3To1T12 — T10T03 — 3To2x11 + 6To2x01710 + 621125, — 62210 = 0

2.3 3 2 2 2 2
24z, 27y — 620227y — 36201270711 + 1221027, + 6275712 — 182, T 10220
2
+6202710%20 + 12201211220 — 3T12T20 + 12201010721 — 6211021 — 3T10T22 + 225,230

—Z02%30 — 201231 + 232 = 0

2 .3 3 2 2 2 2
24xiyry — 61207y, — 36210701211 + 1220127, + 625,091 — 1827501 %02
2
+6$20I011’02 + ].21’101’111’02 - 3$21$02 + 12.%'01.7710.7}12 - 6I11I12 - 31’01$22 + 2I10I03

—T20T03 — 2T10T13 + Ta3 = 0

By these truncation equations, we get z,3 = O(E%), for a + 5 =4,5.
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E Moment Equations

E.1 Linear Noise Approximation

To find the next order correction, we will collect terms up to O(€*?) in the master equation
expansion. After rescaling time by T = Lo7 = Lget, we will extend the Fokker-Planck
equation (2.43) to O(e'/?). Then, we can obtain the moment equations by integrations. Here

we will only illustrate several of them:

)~ R+ B + (P I — (1 + Y

(1) = 2(Poy + 2 20 ), (E13)
WL = ap@ + Byl + 1+ 2P+ ) a(By +

Zully ) - a(py, + Lol E Doy gy o 28D

Ly(n)

—, (E.14)
WD~ —6pe) — 6P, 60) + 30 + P [-BE ) (Pur + 2225 -

HET) Py + Z) — 00 (Pry + 2T () 22

+3<£77>§—Z], (E.15)
U — spie) - sp e + o(e?). (E.16)
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E.2 Simple Trunciation

Correspond with (E.13) - (E.16), we have:

(1, O) —2€[L0(Py$01 + Pxxlo)] + [—2Ly(Py.fE02 + Pxx11> — 2L:E(Py$ll
+Px$20> — Lo(PynyQ + 2ny.1'11 + PxxeO)]GQ = O, (El?)

1
(2,0) Lo —4Lo(Pyx11 + Pyrog)e + (Lyxor + Lyxio)e + 562[—4L0(Pm;
2L, P, 2L, P, L,P,+ L,P,
)1'30 —4L0(Pyy+ Y y)f[‘lg —8L0(ny+u)
Lo Lo Ly

o1 + Lyy$02 + LypTog + 2Lmy1‘1ﬂ =0, (E18)

(3,0)  3Lox1o + €(3Lyx11 + 3Lyw00 — 2LoPyxo1 — 6L Py — 2Lo P10
—6LoP,30) + €2(—2L, Pywyy + gLyygglg — 2L, Pytog 4 3LyyTo1 +
ngxw — 6Ly Pvs1 — 2L, Pywoz — 6L, Pyas — 2L, Pywyy — 6L, Patrs
—6L,Pyxag — LoPyywos — 3LoPyyros — 2LoPpyx11 — 6 Lo Ppy3:

— Lo P20 — 3LoPrp40) = 0, (E.19)

(4,0) Lo+ 6Loxo0 + €(Lyzor + 6Lyxo1 + Lyx10 + 6Ly230 — 8LoPyx1q

—8L0Py$31 - 8L0le'20 - 8LOPml‘40) = 0. (E20)

By using (2.49), equations (E.13)-(E.15) coincide with equations (E.17)-(E.19) to O(¢'/?),
and equations (E.16) agrees with (E.20) to O(1). In fact, all the first, second, and third order
moment equations from the two methods coincide to O(e!/?), and so are the fourth order

moment equations to O(1).
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E.3 Methodology

To find O(€'/?) terms of the first order moments (£), (n), (E.13) shows we only need O(1)
terms of (£2), (n?), (€n). Since the two methods give the same results to the leading order of
the second order moments, O(e'/?) terms of the first order moments (which turn out to be
non-zero) are the same for the two methods. It follows that the next order correction to the

first order moments are the same for the two methods.

To find O(e'/?) terms of the second order moments (£2), (1), (n?), (E.14) shows we only need
O(1) terms of (£%%) for a+ 3 = 3, and O(1) terms of (£), (n). Through (E.15) and the other
third order moment equations, we have O(1) terms of (%), for a + 3 = 3, are all zero since

O(1) terms of (£), (n) are zero. It follows that O(e'/?) terms of the second order moments

(€%),(€n), (n?) are all zero.

To find O(e) terms of the second order moments (£2), (€n), (n?), (E.14) shows we need O(e!/?)
terms of (£%%) for a+ 3 = 3, and O(e!/2) terms of (€), (). We know O(e'/?) terms of (£), (n)
are the same for the two methods. To find O(e'/?) terms of (%) for a + 8 = 3, we need
O(1) terms of (£9n°) for a4+ 8 = 4, and O(1) terms of (£*n?) for a + 3 =2 by (E.15). Now,
(E.16) and the other fourth order moment equations show that O(1) terms of (¢*n®) coincide
for the two methods, for o + 5 = 4, since both methods give the same results to the leading
order of the second order moments. It follows that the next order corrections to the second

order moments (which turn out to be non-zero) are the same for the two methods.

By using (2.49), we have just shown that Van Kampen method and simple truncation give
the same results to the next order correction of the mean and variance of the cell population.

In particular, let I and ig denote the number of stem cells and its steady state; respectively,
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then we have the following results:

€) = ajp e+ (E.21)
(€3 = ayy+aj et - ; (E.22)
E[l] = dg+ajy+--; (E.23)

Varll] = %O + a3y — (aje)* + - - . (E.24)

F Minimal control systems

In section 3.1.1 we review the analysis of [1], see also figure 3.2 of the main text. For the
two-compartment model, we note that at least two of the four quantities, (¢;, ¢y, ps, py), must
be nonzero to satisfy the stability condition: A = p,q, — p.q, > 0. In fact, there are exactly
two cases where only two of the four derivatives are nonzero and satisfy the other stability

condition: B = 2L, S.(ps — py) — ¢y > 0:

[1]a. <0, py<0, ¢, =p;=0;

[2]Qy<0> px>0> Qx:pyzo'
Extending the analysis to three nonzero controls, we find that there are exactly three cases
that satisfy both stability conditions:

[3]Qy<07 q:17>07 0<py<_%a pmzo;

[4]1¢,>0, =0, p.<0, p,<ps— 5% <0

51a=0 ¢>0, p,>p,>0.
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Note that the case where p, = 0 yields a system of controls that is reducible to the two-control

model [2] by setting ¢, = 0.

G Stability analysis

A deterministic description of the system is given by equations

i = LS(1—P)— LSP=LS(1—2P), (G.25)

j = 2LSP+L(1—5)—D, (G.26)

The equilibria are defined by

1
Lio,jo - Dio,jo = L., F)io,jo - 57 Se = Sio,jO' (G27)
LioJo - DioJo = L., SioJo =0, P.= Plo,jo (G28)

We can compute the Jacobian of the system, evaluated at mixed divisions steady state (G.27):

of  9f
0. 0
J = RGN
99 99
or Oy

where f = LS(1 —2P),g =2LSP + L(1 — S) — D, and all derivatives are evaluated at the

equilibrium (3, jo).
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Let det, T be the determinant and the trace of J, respectively. Then,

det = 2L .22 _Z2L . =25
‘ Or Oy Oy Ox
— > :
or 0y €

The stability of the system requires det > 0 and 7 < 0. It follows that mixed divisions steady

state is stable as long as A > 0 and B > 0, where we defined

A= dzPy — QyPx, B = 2L*S*(p:v - py) — Qy-

Similarly, we evaluate the Jacobian at purely asymmetric divisions steady state (G.28), and

we obtained in this case:

L,(2P, — 1)(%33; - stx),

€2 ’
Lu(sy — )P~ 1) 4,
- )

det =

It follows that purely asymmetric divisions steady state is stable as long as § > 0 and b > 0,

where

b=—L,(sy —5,) (2P, — 1) —q,, 0= (2P, —1)(¢uSy — qySa)-
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H Purely asymmetric divisions steady state

The analysis of the mixed divisions steady state is presented in the main text, and the result

for the variances is given by

Ky
4BA’

Var[l] = —=, Var[J] = (H.29)

Here we present analysis of the dynamics in the vicinity of the purely asymmetric divisions

equilibrium, equation (G.28).

H.1 Results for the cell number means and variances

It is important to note that in the limit of S, — 0 (asymmetric divisions only) formulas (H.29)
break down. When S, = 0, the numbers of stem cell cannot change in the model. The state
space becomes one-dimensional. By using the same approach of “linear noise approximation”
as in Chapter 2, we can obtain the means and the variances of the cell population to the

highest order:

E[I} = o, E[J] = jo; (H.30)
Var[l] = {L*(Qp*bé_ Dsu}® (H.31)
VarlJ] = %+{L*(2P*b5_ Do} (H.32)

Evaluating this at the equilibrium, we obtain the correct answer for strictly asymmetric

divisions (by taking the limit S, — 0)

L,
Varll] =0, Var[J]=——.
Ty
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H.2 A case study with a purely asymmetric divisions equilibrium

In this section, we will demonstrate that the analytic results of section H.1 agree with the
numerical results. We will use the example of two-control model [2] in figure 3.2 of the
main text, and equip it with a control of division symmetry parameter, S. This model is
characterized by negative control on division and positive control on differentiation. We

consider the following functional forms:

L(z,y) = ﬁ, P(z,y) = 0.7 - tanh(x),
D(ry) = 1-Lixy), Sty =(1- %)2 (H.33)

where ¢ is a positive constant.

The equilibria. We have ¢, = p, = s, =0, ¢, = —2¢(14+y) 2 <0, p, = 0.7€-sech?(z) > 0,
and s, = 26(1 — i) - .. The mixed divisions steady state can be obtained by solving

cx cx?’

P(z,y) =1/2, and L(x,y) = D(z,y):

_ log(6)
- X2,

log(6 1
ym:1(07"im: Og( )a jm:_
€

e )- (H.34)

Im

The purely asymmetric divisions steady state can be obtained by solving S(z,y) = 0, and

L(z,y) = D(x,y):

ol
| —
o | =

). (H.35)

Ty =

By using the theory in the main text, we can obtain the means and the variances for the
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mixed divisions solution:

log(6)

Bl = == (H.36)
Bl = % (H.37)
Varll] = —2L*i*BAA+ qz, (H.38)
Varl — 2L*(2+S*)A+8L35*p§7 (H.39)

ABA

where all the partial derivates are evaluated at the mixed divisions steady state, and L, = 1/2,

S,=(1- %)2, A = —qyp,, and B = 2L,S.p, — qy.

clog

Similarly, we obtain the means and the variances for the purely asymmetric solution by

equations (H.30 -H.32):

Bl = é E[J]:%, (H.40)
Var[l] = 0, Var[J]:—%. (H.41)

where L, = 1/2, and g, is evaluated at the purely asymmetric equilibrium.

Stability analysis. The mixed solution is stable in this case (since det > 0, and 7 < 0),
but the stability of asymmetric solution is ambiguous (since det = 0, and 7 < 0), see Section
G. Nevertheless, a nonlinear stability analysis can be performed in this case. Let ¢, = 1/x,,,
then if ¢ > ¢, x,, > x,, and if ¢ < ¢, ©,, < x,. We have the following results by nonlinear

stability analysis:

1. If ¢ > ﬁ, and the system starts near (z,,y,) with > %, then the solution will

108



epsilon=0.005, T=2*10°, | >I_ epsilon=0.005, T=2*10°, |, >I_

400 240
ssl
\ — — —ss2 220
_300f . x N _
S N 200 *——— ek
200} *\ N ssl
4 ~_ 180 — — —ss2
Tk * N
100 =k 160
05 1 1.5 2 0.5 1 15 2
Cc C
epsilon=0.005, T=2*10°, I >I_ epsilon=0.005, T=2*10% I >I_
200 260
ssl
150 % * 240 - — —ss2
—~ = N
= 2
E] 100 ssl = 220
> — — —8s2 >
50 * N %
200 .
OL— — — = % - % — % 180
05 1 15 2 05 1 1.5 2
C Cc

Figure H.1: The behavior of the means and variances of the system described by (H.33) with € = 0.005. The
system starts at (2=t ) for ¢ < ¢, = 2/log(6), and it starts at (i, — 20, j,) when ¢ > c,. The analytical
results given by (H.36-H.41) (solid line for mixed division and dashed line for purely asymmetric division)
are compared with numerical results (stars), for different values of ¢. (‘ss1’) stands for the mixed division
solution, (‘ss2’) stands for the purely asymmetric division solution, and (‘N’) stands for the numerical results.
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Figure H.2: Analogous graph as figure H.1, except the system starts at (i, + 10, j,) for ¢ < ¢, and it starts
at (3mtia j) for ¢ > c,.
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converge to (T, Ym) from below.

2. If ¢ > @, and the system starts near (z,,y,) with z < %, then the solution will

converge to (x4, y,) from below.

3. If ¢ < @, and the system starts near (z,,y,) with z > %, then the solution will

converge to (x4, y,) from above.

4. If ¢ < ﬁ, and the system starts near (z,,y,) with z < %, then the solution will

converge to (T, Ym) from above.

Numerical results. For each set of € and ¢, we ran numerical simulations starting near
(%4, Ya), and finishing either when the number of time steps reached 2 - 10°, or if any of the
cell types went extinct. We then computed the means and the variances of the cell population
over the time-course of each simulation. From figure H.1, we observe that when the system
starts near (z,,Yy,) with < 2, the numerical results agree with the analytic results given by
cases (2) and (4) in the above stability analysis. As observed in figure H.2, the numerical
results are consistent with the analytic results given by cases (1) and (3) in the stability

analysis when the system starts near (24, y,) with z > L.

I Numerical simulations

The numerical simulations presented in this paper are set up in the following way. At each
time-step, one of two events happen: either a SC divides with probability + LG.9)

(4,5)+D ()’
differentiated cell dies with probability % In the case of a SC division, its nature is

or a

determined based on the probabilities S(i,7) and P(7,j). In this algorithm, each time-step
corresponds to a cellular event (a division or a death). In other words, we have a non-uniform

clock which only advances if a biological event takes place.
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This is in contrast with a real-time, physical clock, which continues “ticking” even if no events
take place. If we were to implement the latter, more realistic simulation, we could use the
well-known Gillespie algorithm, where the probabilities of different events are determined as
above, but the time-steps between the events, At;, are assigned according to an exponential
distribution. The latter type of a simulation would present a picture of population dynamics

as it happens in physical time.

For our purposes, however keeping track of biological time is unnecessary. We are only
concerned with calculating the means and the variances of the cell population, which are the
same in our simulation and in the real-time simulation just described. To show this, let us
suppose that we need to calculate the mean value of a stochastic variable f;, which stands
for the population size of interest at time-step i of our simulation. Then the mean value

obtained from our simulation after n time-steps is simply given by

— 2?:1 fz

n

(fh

The value obtained from the simulation which keeps track of biological time is given by

_ Z?:1 fiAtz‘

Uy

The two expressions are equal because

Z?:l fz Z?:l Ati _ Z?:l fiAti

n n n

where the left hand side is (f);(At);, and the right hand side is (fAt);. Because the two

variables are independent, this equality holds.

The same argument holds for the moments of the variable f;, where for kth moment we

simply consider the mean value of the quantity (f;)".
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J Nonlinear control functions

For some parameter values it was possible to assume that the controls are described by
functions (4.17-4.20), as long as the probability values (functions P; and P,) are within
the interval [0, 1], and the rate functions (L; and Lg) are nonnegative. If in the course of
stochastic dynamics the functions given by equations (4.17-4.20) fall outside these bounds,
we implemented a rule where the functions were replaced by zeros or ones (that is, values
inside the boundaries). For a set of parameters (specifically, for relatively small values of W),
this rule resulted in a system failure, as depicted in figure J.3 for network #1, W = 0.03. As
observed, SCs stop dividing after around some time; that is L; < 0. Using equation 4.17, one

can see that the abnormal situation is due to the form of function L;. We have for control

system #1:
Ly = LQ(]_ + aLlil), ar, < 0, (J42)
1
P = 5(1 + bpl’ig), bpl < O7 (J43)
Ly = (D[) — LQ)(l + CLQig), Cr, < 0; (J44)

where 71,45 and i3 are given by equation (4.9). We observe that L; drops below zero when
the SC number is sufficiently large. In the case of this control system, the dynamics often
drives the population of stem cells toward such values where L; drops below zero. In other
words, linear function L, attains biologically unrealistic values within the range of normal
fluctuations of x. Therefore, we need to replace the linear function L; with a nonlinear
function, which remains biologically relevant within the range of x that is attained regularly
by the stochastic system. Notice that such alternative, nonlinear function L§ should have the

following properties:
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Figure J.3: A simulation of network #1 when ¢ = 0.1 and W = 0.03. The figure is for linear function of L
described by equation (4.17). For the nonlinear control of L; described in Appendix J, see figure 4.5. In both
cases, we hold other control functions as linear.

e Lj depends only on 4;, and it is decreasing;

OLs

S J— 1 — .

e [j| =1Lpand Tl = Loay,;
11=0 11=0

One suitable choice of the substitute can be an exponential decay function: L = Lge®1.
As we observed from figure 4.5, network #1 behaves as expected with the nonlinear control
Lj. For other networks, we perform a similar procedure whenever the assumption of linearity

is violated.

K Eigenvalues Analysis

We illustrate the eigenvalues analysis on system 1 of figure 4.2. Using the figure and the

notations in equations (4.17)-(4.20), system 1 can be characterized as:

oL L oL Dy — L 0P, b
OLi _ Loar, o OLa _ (Do—LoJer, o 0P _be
oy € 03 € 0o 2¢
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The Jacobian of the system (evaluating at the steady state) can be obtained using the

deterministic equations (4.2)-(4.4):

Lobp
o — 0

J = Loar, Lobp, _L()CL2
€ € €
0 0 Docr,

€

By solving the roots of the characteristic polynomial |J — AI|, we obtain the eigenvalues:

. . Lobpl + \/Lobpl (Lobpl — 4L06LL1)
>\1 - >\27 )\3 - % .

It follows that system 1 is always stable (all eigenvalues have negative real part), and it is
oscillatory if Lobp, —4Loar, > 0 (complex eigenvalues indicate robust oscillations); that is,

b
ar, < %.

We then performed the same analysis for system 2, 8, 9, 12, 13 and 18. The results are

summarized below:

oP;
Oxo

oPy, _ Docp,

Ozz ~ 2e(Do—Lo) <0

Loa b
osystem2:g—§11:%<0, :%<0,

Lobp, jE\/LObP1 (Lobp, —4Loar,)
2¢

. Doc
— Eigenvalues are Ay = =2, Xy, \3 =

— The system is always stable, and it is oscillatory if ay, < %.

Lob Do—Lo)c a
osystem8:g—§;:%<0, ";—igz—( : 60)L2<0= g_fi:%>0

2D00L2

€ Y

Loa Lob
)\2:_0}’1 )\3_ OLl.

e ) €

— FEigenvalues are \; =

— The system is always stable but not oscillatory.

. 0Ly _ Lobr, opP, __ apy aPy __ Docp,
® system 9: Oy € <0, oxy — 2 >0, dzr3 ~ 2e(Do—Lo) <0
. Doc Loa Lob
— Eigenvalues are Ay = =2, )y = ——=L  )\3=—-L .

— The system is always stable but not oscillatory.
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Do—Log)c a Dob
Osystem12:g—iizw<o’ @:%>07 Py _ 0bp,

5 S d0s = 3e(Do—ta) > 0

—D()(bp2 —CL2):|:\/[D()(bp2 +cr, )]2—4D0L0bp2 CLy
2e ’

. Loa
— Eigenvalues are \; = —=22L Xy, \3 =

€ Y

— The system is always stable but not oscillatory.

0system13:g—§§zw<o, g—i:%<0, %:%>0
— Kigenvalues are \; = %, A2, A3 = LObPli\/LObPl;fobpl HADvar,)
— The system is always stable, and it is oscillatory if ap, > —L;)g’;l.
e system 18: g—i; = —(DO_fO)bLQ > 0, g—i = azi; > 0, g—fﬁ = —265)00?20) >0
— Eigenvalues are \; = —LL:Pl, A2, A3 = (DOCP2_LObLg)i\/(LObQL:+DOCP2)2_4D8bL2CP2 )
— The system is stable if by, > DOLCOPQ, and it is oscillatory if 4br,cp, D3 > (Lobr, +

D()Cp2)2.

L.  Analysis of non-constant death rate minimal net-

works of figure 4.3

We followed the steps of the algorithm described in the main text to analyze the 12 minimal
networks depicted in figure 4.3. The consecutive elimination steps are shown in figure L.4.
First, we eliminated the non-local networks, which excluded networks 29-31. Out of the
remaining networks 21-28, all eight allow for control coefficients compatible with the measured
means and variances. The stochastic analysis is based on the linearization of the control

functions given by equations (4.17-4.20) and the equation for the death rate,

D = DO (]_ + aDil + bDig + CDig) .
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Analysis of eigenvalues shows that networks #21, #22, and #23 are non-oscillatory. Networks
#24 and #25 have complex eigenvalues, but the solution for the stem cell component is
non-oscillatory. Similarly, network #26 has oscillatory eigenvalues but the total number of
cells is non-oscillatory. Finally, networks #27 and #28 both have complex eigenvalues, and
both the stem cells and total numbers of cells have oscillatory recovery dynamics. Of these
two remaining networks, #28 has statistically significant intra-crypt correlations, while #27
does not, see figure L.5. Further, this network exhibits oscillatory recovery dynamics similar
to that depicted in figure 4.7. Therefore, we conclude that the only remaining candidate

network is #27.

Control system
|
§ =
Are the controls local?

u s (21,22,23,24,25,26,27,28)

Does the control system have a stable solution that
describes the experimentally measured mean and
variance?
< 8 (21,22,23,24,25,26,27,28)
Do injury recovery dynamics show realistic
(oscillatory) behavior?

ij ) (27,28)

Do we observe the correct intracrypt
cell type correlations?

@ 1 (27)

Figure L.4: The outcome of the selection algorithm for the non-constant death networks of figure 4.3 with
W =0.03.
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Figure L.5: The plots of DCs vs. the sum of SCs + TACs for two non-constant death networks. (a) Network
27 when ¢ = 0.2, and p-value = 0.9. (b) Network 28 when ¢ = 0.2, and the p-value is 0.000328 (other values
of ¢ also produced p< 0.05, not shown).
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