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Forma l  M o d e l s fo r  Imagina l  Deductio n 

George W. Fumas 

Bel l  Communicaiton s Researc h 

Abstract 

Systems with inherently spatial primitives have advantages over traditional sentential 

ones fo r  representin g spatia l  structure .  Th e questio n i s ho w suc h representation s migh t 

be use d i n reasoning.  Thi s pape r  explore s a  simpl e kin d o f  deductiv e reasonin g wher e 

picture-lik e entities ,  instea d o f  symbol-strings ,  ar e give n first-class  status .  I t  i s  base d o n a 

model  o f  deductio n a s th e compositio n o f  mapping s betwee n sets ,  an d allow s generalize d 

notion s o f  unificatio n an d binding ,  whic h i n tur n permi t  th e definitio n o f  variou s formal , 

"imaginal "  deductio n systems .  Th e axiom s zin d rule s o f  inferenc e ar e al l  picture s o r 

fimdamentall y picture-based ,  an d ar e use d t o deriv e pictoria l  "theorems" .  Afte r  sketchin g 

th e generalize d theor y needed ,  severa l  possibl e strategie s ar e mentioned ,  an d a  prototype , 

th e BITPIC T computatio n system ,  i s describe d i n som e detail . 

1. Introduction 

The role of imagery in reasoning, human or artificial, remains unsettled. In cognitive psychology 

Shepard '̂ ^  Kosslyn'̂ ' ,  an d other s hav e argue d tha t  imagina l  representations  exis t  an d certai n geometri c 

transformation s o f  the m (rotations ,  scanning ,  zooming )  ca n b e use d t o answe r  spatia l  questions .  Explicitl y 

addressin g inference ,  Lindsay'̂ ^  ha s argue d tha t  image s ar e importan t  becaus e o f  thei r  abiUt y t o 

implemen t  geometri c constraint s automaticall y an d tha t  thi s i s wha t  distinguishe s imagina l  reasoning 

firom  "calculus-plus-proof-procedure, "  deductiv e systems .  A  differen t  vie w i s offere d here :  tha t  imagina l 

deductiv e inferenc e i s possible ,  an d speciall y empowere d b y th e abilit y  o f  image s t o implemen t  spatia l 

constraints . 

Conside r  a  simpl e exampl e fro m a  conventiona l  deductio n system ,  show n i n Figur e 1(a) .  Thi s migh t  b e 

par t  o f  a  syste m whic h manipulate s arithmeti c expression s whil e preservin g thei r  arithmeti c value .  Th e 

figure  show s Axio m 1 ,  representin g th e commutativ e la w o f  addition ,  an d Axio m 2 ,  representing  th e 

r/g/i/-zero-additive-identit y law .  Thes e tw o axiom s ar e pu t  togethe r  i n a  deductiv e chai n t o yiel d th e 

indicate d Theorem ,  th e /̂ /r-zero-additiv e identity .  I n thi s algebr a example ,  th e rule s lin k expression s tha t 

ar e one-dimensiona l  arrangement s o f  symbols .  Th e goa l  her e i s t o hav e th e rule s lin k picture-lik e objects . 

A domai n tha t  yield s a  fairl y  intuitiv e exampl e i s i n classica l  Euclidea n geometr y proofs ,  illustrate d i n 

Figur e 1(b) .  Axio m 1 ,  expresse d i n English ,  woul d b e somethin g like ,  "I f  on e angl e o f  a  transversa l  o f 

tw o paralle l  line s i s designate d a s bein g o f  interest ,  th e correspondin g secon d eingl e ma y b e designate d a s 

it s equal. "  Here ,  however ,  th e axio m i s mean t  t o stan d o n it s ow n a s a  statemen t  i n a  forma l  system ,  wit h 

th e rul e linkin g th e left-han d pictur e t o th e right-hand  picture ,  an d n o underlyin g representatio n o f  th e 

for m "L I  paralle l  L 2 transverse d b y L3... "  Th e secon d axio m assert s i n picture s th e congruenc e o f 

opposit e angle s o f  intersectin g lines .  Th e goa l  o f  th e wor k her e i s t o describ e suc h forma l  systems , 

wherei n pictur e axiom s suppor t  forma l  deduction s a s rigorously  a s algebrai c one s show n i n Figur e 1(a) . 

Thoug h th e geometr y rule s o f  Figur e 1(b )  sugges t  wha t  i t  migh t  b e lik e t o d o imagina l  deductiv e 

inference ,  th e exampl e i s ver y incomplete .  I n particular ,  th e deductio n require s tha t  Axio m 2  b e applie d t o 

th e pictur e o n th e right-hand  sid e o f  Axio m 1 .  N o machiner y ha s bee n define d tha t  let s Axio m 2 ,  whic h 

has onl y tw o line s i n it s picture ,  appl y t o th e right-hand  sid e o f  Axio m 1 ,  wher e ther e ar e thre e lines . 

Somehow th e left-han d sid e o f  Axio m 2  mus t  stan d fo r  mor e tha n wha t  meet s th e eye ,  mor e tha n th e 

exac t  two-lin e pictur e o n th e paper .  I n conventiona l  logics ,  lik e thos e illustrate d i n Figur e 1(a) ,  th e 

correspondin g proble m i s handle d b y th e well-articulate d mechanism s o f  variables ,  quantification , 
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AXIOM 1 :  (X)(y)x* y ->y* x 

A X I O M 2 :  (y ) y* 0 - > y 

AXIOM 1 :  = 1 ^ 

AXIOM 2 : 

• T ^ ^ T ^ 

THEOREM:  (y) 0 +  y- > y* 0 - > y THEOREM:  = ^ 

irftmrwni i  (y)0* y — > y "SSStESSMi . 

Figur e 1 .  (a )  A  deductiv e syste m fo r  algebr a manipulation ,  showin g th e chainin g o f  axiom s fo r 

commutativit y an d zero-r/g/i/-additiv e identit y t o ge t  zero-Ze/ir-additiv e identity ,  (b )  A  structurall y 

analogou s deductio n i n a  hypothetica l  pictur e syste m t o d o Euclidea n geometr y proofs .  I n eac h 

cas e th e first  versio n o f  th e resultin g theore m preserve s th e intermediat e lin k i n th e deductiv e 

chain ,  th e secon d on e omit s it . 

unification, bindings, etc. But where are the variables and quantifiers in the graphical axioms of Figure 

1(b) ? H o w ca n somethin g lik e unificatio n b e accomplished ? Sinc e thes e mechan i s m hav e n o direc t 

analog s i n th e imagina l  domain ,  i t  ha s bee n necessar y t o analyz e wha t  thes e mechan ism s accomplish ,  t o 

produc e a  lis t  o f  generalize d propertie s neede d i n a  deductiv e forma l  system .  Thes e desire d propertie s ca n 

2. Introduction to a General Theory of Deduction 

The difficulty for pictorial deduction in Figure 1(b) arises from the need to take the pictures in Axiom 2 

othe r  tha n literally .  Conside r  th e alternative ,  illustrate d wit h th e "Happ y Face "  syste m o f  Figur e 2 . 

A s s u me tha t  exactl y th e pictur e appearin g a s th e left-han d sid e [ L H S ]  o f  A x i o m 1  yield s exactl y th e 

pictur e o n th e right-hand  sid e [ R H S ]  o f  A x i o m 1 ,  an d exactl y th e pictur e appearin g a s th e L H S o f  A x i o m 

2 yield s exactl y th e pictur e o n th e R H S o f  A x i o m 2 .  F r o m thes e tw o axioms ,  on e ca n conclud e th e 

"Happ y Fac e Theorem" ,  tha t  exactl y th e L H S pictur e o f  A x i o m 1  yield s exactl y th e R H S pictur e o f 

A x i o m 2 .  Give n a  differen t  frownin g face ,  on e o f  a  differen t  siz e o r  shape ,  eve n a  singl e deductiv e ste p 

woul d b e impossible ,  t o sa y nothin g o f  a  chai n o f  two . 

2.1 The generative power of high-level rules 

The literal deduction of the Happy Face Theorem is perfectly rigorous; it is also very impoverished. 

M a ny litera l  (low-level )  m le s wou l d b e neede d t o eve n approac h s o m e interestin g behavior .  W h a t  i s 

require d i s a  w a y t o writ e high-leve l  rules ,  i.e. ,  a  notationa l  syste m whereb y a  whol e se t  o f  low-leve l  rule s 

ar e specifie d a t  once .  Suc h generativ e p o w e r  i s on e o f  th e importan t  accomplishment s o f  variable s an d 

quantifier s i n standar d sententia l  formalisms .  Thus ,  th e algebrai c rule ,  V j c V j  x  -h y - ^  y  -\-x ,  ca n 

reall y b e considere d a s th e n a m e fo r  a  se t  o f  low-leve l  arithmeti c rules ,  /1- H 3  —> 3-1-1 , 

2-1- 7 - ^  7-f-2 ,  0-1- 4 - ^  4-1-0 ,  •  •  • } .  Familia r  machiner y her e generate s th e se t  o f  instanc e rule s 

fro m th e high-leve l  algebrai c expressio n usin g th e Cartesia n produc t  o f  th e instantiation s o f  th e 

universall y quantifie d variables .  Fo r  pictures ,  wher e i t  i s  no t  a t  al l  clea r  wher e o r  h o w t o pu t  i n variables , 

a mor e genera l  understandin g o f  high-leve l  rule s i s needed . 

Low-level rules of a system associate ordered pairs (a —^b, c -^ d, e —>/, b —>/, etc.) of "low-

level "  objects ,  fo r  example ,  pair s o f  individua l  expression s o f  arithmeti c o r  pair s o f  specifi c  picture s o f 

faces .  T h e basi c deductiv e inferenc e i s o f  th e form ,  "give n a  an d a  ^  b ,  conclud e b , "  an d enable s 

deductiv e chainin g o f  th e lo w leve l  rules ,  like . 
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Axio m 1 : 

Axiom! : 

Tiieorem : 

TtorsM n 

Figur e 2 .  Th e "Happ y Fac e Theorem" .  I f  th e rule s her e ar e take n literally ,  i.e. ,  a s applyin g t o onl y 

exac t  matche s t o th e face s shown ,  a  rigorou s bu t  impoverishe d deductiv e syste m results . 

Give n a  —^  b  an d b  ^  f ,  conclud e a  —>f . 

The happy-face deduction of Figure 2 , is an example of such a low-level chain. 

A high-level rule specifies a whole set of such low level rules at once. This set of low-level associations 

define s a  mappin g betwee n tw o set s o f  low-leve l  objects .  S o a  high-leve l  rul e i s fundamentall y a 

mapping , 

f: A -^ B, i.e., ai^bi, a2-^b2, • • • 

between two sets (its Left- and Right-Hand sets), and as such may admit specification mechanisms other 

variable s an d quantifiers .  Thu s fo r  a  deductiv e syste m i n a  give n domai n o f  low-leve l  object s (e.g. , 

pictures) ,  on e need s device s fo r 

(PI )  th e specificatio n o f  set s o f  low-leve l  objects ,  an d 

(P2 )  th e specificatio n o f  mapping s betwee n thos e sets , 

tha t  ar e suitabl e fo r  th e object s i n th e domain ,  an d computationall y tractable .  Suitability ,  fo r  example ,  i s 

at  issu e fo r  th e straightforwar d applicatio n o f  th e devic e o f  variable s an d quantifier s fo r  th e specificatio n 

of  set s o f  pictures .  Computationa l  tractabilit y  i s  require d fo r  th e operation s implici t  i n th e applicatio n o f 

th e function ,  / ,  t o a  candidat e objec t  x .  I n pjuticular ,  bot h th e applicabilit y  o f  th e functio n (th e tes t  o f 

whethe r  X G A  )  an d th e actua l  resul t  o f  th e functio n mus t  b e computabl e wit h reasonabl e resources . 

2.2 The deductive power of high-level rules 

The generative power of high-level rules, i.e., their ability to specify a whole set of low-level rules at 

once ,  i s onl y on e importan t  desideratu m o f  a  deductiv e system ;  a  secon d i s th e abilit y  t o d o high-leve l 

deductiv e chaining .  A  high-leve l  deductiv e chai n take s tw o high-leve l  rule s /  an d g  an d derive s a  thir d 

high-leve l  rul e h ,  subjec t  t o th e conditio n tha t  th e low-leve l  rule s i n / i  ar e al l  implie d b y thos e o f /  an d 

g .  Tha t  is ,  whol e set s o f  low-leve l  rule s ar e deductivel y chaine d b y chainin g high-leve l  rules .  I n thi s 

way,  hig h leve l  axiom s ar e chained ,  a s show n i n Figur e 1 ,  t o deriv e ne w "theorems" .  I n term s o f  treatin g 

high-leve l  rule s a s mappings ,  on e want s t o tak e tw o mappings ,  f :  A  —> B  an d g :  C  —¥ D  an d sa y a s 

much a s possibl e abou t  applyin g on e t o th e outpu t  o f  th e other ,  i.e. ,  formin g a  functio n composition .  I f 

th e set s B  an d C  ar e equal ,  th e compositio n i s straigh t  forward , 

Given f: A -^ B and g:C -> D and B =C, conclude gof:A -^ (B =C) -^ D. 

However if B ^ then the maximal composition is mediated by the intersection, Br\C. Writing a bit 
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loosel y (i.e. ,  applyin g /  an d g  t o set s i n th e obviou s w a y ) ,  w e hav e 

Given f:A -^ B and g:C -^ D, conclude f-\Br^C) -> (BnC) -^ giBnC). 

The computation of maximal partial composition may be thought of as having three critical steps. First is 

th e computatio n o f  th e intersectio n B n C .  I n standar d deduction ,  thi s i s  accomplishe d b y unificatio n 

and yield s informatio n o n variabl e binding s (e.g. ,  y  i s boun d t o 0  i n th e algebr a exampl e o f  Figur e 1(a)) . 

The secon d an d thir d step s m a p thi s intersectio n backward s b y /" ^  int o A  an d forward s b y g  int o D .  I n 

standar d deduction ,  thi s i s  accomplishe d b y substitutin g th e variabl e binding s resultin g fro m th e 

unification ,  int o th e L H S o f  th e first  rul e an d th e R H S o f  th e secon d rule .  Thu s i n an y syste m wher e (PI ) 

and (P2 )  abov e wer e defined ,  an y mechanis m fo r 

(P3 )  th e computatio n of B n  C ,  an d 
(P4 )  th e computatio n o f f ' ^ B n C ) a n d g { B n C ) , 

i.e. ,  a  wa y t o tes t  whethe r  a i  ef~^( B n C ) ,  an d i f  s o t o find  d iEg{B n C ) , 

woul d the n enabl e high-leve l  deductiv e chaining . 

While the ideal is to have a system that supports (P3), one could settle for less. For example, if it were 

onl y possibl e t o comput e subset s o f  5 n C ,  on e coul d stil l  m a k e valid ,  thoug h no t  maximal ,  high-leve l 

deductions .  Not e als o tha t  system s wit h n o high-leve l  deductiv e chainin g coul d stil l  b e useful .  Fo r 

example ,  mos t  curren t  exper t  system s neve r  prov e theorems .  The y us e onl y th e generativ e powe r  o f 

high-leve l  rules ,  takin g som e particula r  low-leve l  instanc e fro m th e worl d an d crankin g i t  throug h a  ric h 

syste m o f  high-leve l  rule s t o deduc e n e w low-leve l  conclusions .  Thu s i t  i s  quit e possibl e tha t  a  pictur e 

syste m tha t  onl y satisfie d (PI )  an d (P2 )  coul d stil l  b e quit e important . 

2.3 Candidate mechanisms for (P1)-(P4) 

There are many strategies that can be used to satisfy various of the desiderata, particularly (PI) and (P2) 

(specifyin g set s o f  picture s an d picture-to-pictur e mappings) .  A  fe w o f  th e mor e promisin g genera l 

approaches ,  fairl y  differen t  i n characte r  fro m th e us e o f  quantifie d expression s o f  variables ,  ar e sketche d 

below .  Version s o f  th e first  tw o o f  thes e hav e bee n use d i n th e th e B I T P I C T syste m (se e below) ,  a 

versio n o f  th e thir d i n anothe r  syste m w e ar e workin g on . 

2.3. 1 Instance-plus-transformatio n strategies .  A  se t  ca n b e specifie d b y a  canonica l  instanc e o q an d a  se t 

T={ti }  o f  permissibl e transformation s o f  tha t  instance .  A  rul e ca n similarl y b e define d b y givin g a 

canonica l  low-leve l  rule ,  a o ^ ^ O '  ̂ n d a  se t  o f  transformations ,  T .  Th e correspondin g high-leve l  rul e i s 

take n t o m a p ̂ /(ao)~^^ /  (^o) -  Fo r  example ,  i f  T  i s th e se t  o f  siz e rescalin g transformations ,  an d a o — > b Q 

i s th e low-level ,  "sad-face "  rul e (Axio m 1 )  o f  Figur e 2 ,  the n th e resul t  i s a  hig h leve l  rul e whic h m a p s th e 

sad fac e a t  siz e /  t o th e neutra l  fac e resize d t o siz e / .  Similarl y takin g T  t o b e th e se t  o f  affin e 

transformation s o f  th e plane '  an d th e axiom s o f  th e Euclidea n Geometr y exampl e a s canonica l  rules , 

woul d yiel d a  rigorous  high-leve l  pictur e deductio n syste m (thoug h stil l  providin g onl y par t  o f  th e neede d 

generality) . 

2.3.2 Feature-set strategies. One class of systems that fulfill all of (P1)-(P4) quite naturally arises if 

low-leve l  object s ca n b e characterize d b y set s o f  features .  The n subset s o f  feamre s ca n b e use d t o specif y 

set s o f  object s possessin g th e give n features .  Ther e i s a  natura l  partia l  orderin g o f  bot h objec t  an d featur e 

set s b y containment ,  formin g a  dua l  lattic e structur e upo n whic h th e intersection s require d fo r  unificatio n 

ca n b e easil y calculated ,  an d fo r  whic h ther e ar e natura l  notion s o f  generaUze d bmding . 

1.  Not e tha t  affin e transformation s ar e typicall y discusse d i n conventiona l  sententia l  algebrai c term s (e.g. ,  b y certai n matri x 
multiplications) ,  bu t  tha t  i s  no t  inherent .  The y ca n b e represente d an d implemente d otherwis e (e.g. ,  optically) . 
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2.3. 3 Grammar-base d strategies .  Anothe r  wa y t o specif y a  se t  i s  a s th e languag e o f  a  grammar .  Thus ,  fo r 

example ,  mos t  standar d logic s hav e a  context-fre e strin g gramma r  tha t  specifie s th e well-forme d formula s 

of  th e formalism .  Th e axiom s ma p betwee n certai n specifie d subset s o f  th e well-forme d formulas .  I n 

particular ,  th e left-han d sid e o f  man y rule s ca n b e though t  o f  a s generate d b y a  sub-gramma r  (e.g. ,  " X + 

Y"  a s "expressio n 1  :  plus-operator :  expression2") .  A  parse r  build s a  parse-tre e ove r  th e inpu t  t o th e left -

han d sid e o f  th e rule ,  an d get s th e objec t  o n th e righ t  sid e o f  th e rul e b y manipulatin g th e pars e tre e (e.g. , 

flipping  th e tw o descendant s o f  th e "+ "  operator ,  t o ge t  " Y +  X") . 

Such a n exercis e nee d no t  b e restricte d t o strin g systems .  Ther e ar e variou s grammar s fo r  spatiall y 

structure d objects ,  fo r  exampl e arra y an d matri x grammar s ''* ^  '̂ ^  o r  pictur e grammars^^^ .  Collaboration s 

wit h Kare n Lochbau m le d toward s a  syste m tha t  specifie s set s o f  simpl e picture s fo r  th e L H S o f  rule s 

usin g context-fre e arra y grammars.wit h high-leve l  rule s operatin g b y transformi g th e resultin g spatiall y 

structure d parse-trees . 

3. The BFTPICT deduction system 

Severa l  o f  th e strategie s jus t  oudine d hav e bee n combine d i n a  particula r  system ,  th e BITPIC T system , 

and a  prototyp e virtua l  machin e no w exists ,  runnin g o n a  Symbolic s Lis p Machine .  I t  i s  a  particularl y 

simpl e forma l  syste m which ,  thoug h no t  powerfu l  enoug h t o handl e th e Euclidea n geometr y exampl e i n 

ful l  generality ,  i s  sufficien t  t o giv e a  bette r  sens e o f  wha t  pictur e deductio n system s migh t  b e like . 

The architecture of the BITPICT system is similar to that of standard production systems. That is, like 

classica l  productio n system s ̂ '  ̂̂ ^  f̂' ,  i t  ha s a  se t  o f  rule s tha t  interac t  vi a a  share d blackboard .  Eac h rul e 

has a  left-han d sid e tha t  constantl y look s a t  th e blackboar d fo r  a  match .  W h e n a  rul e finds  a  match ,  it s 

right-han d sid e direct s ho w t o chang e th e content s o f  th e blackboard .  Th e chang e i s made ,  an d th e proces s 

iterates .  Th e rule s ar e engineere d s o th e evolutio n o f  th e blackboar d solve s th e intende d problem . 

Unlik e standar d productio n systems ,  wher e th e structure s o n th e boar d an d i n th e rule s ar e typicall y 

string s o f  symbols ,  i n th e BITPIC T syste m the y ar e simpl e pictur e fragments .  Pictur e fragment s ar e 

matche d an d replace d an d problem s ar e solve d b y th e fragment-by-fi-agmen t  evolutio n o f  th e pictur e o n 

th e blackboard . 

The univers e o f  picture s considere d b y th e BITPIC T syste m ar e bitmaps ,  i.e. ,  regula r  grid s o f  pictur e 

element s (pixels )  tha t  ar e eithe r  blac k o r  white .  A  bitpic t  i s  a  smal l  suc h bitmap ,  an d i s mean t  t o b e th e 

specifie r  fo r  a  whol e se t  o f  othe r  bitmaps ,  i n thi s wa y performin g a  functio n analogou s t o quantifie d 

algebrai c expression s specifyin g set s o f  arithmeti c ones .  A  bitpic t  specifie s th e se t  o f  al l  bitmap s whic h 

contai n tha t  bitma p fragmen t  somewhere .  A  bitpic t  rul e i s a n ordere d pair ,  LHS->RHS ,  o f  conforma l 

bitpicts ,  an d i s take n t o specif y a  mappin g betwee n th e tw o correspondin g set s o f  pictures .  Th e mappin g 

simpl y associate s left -  an d right-hand  picture s tha t  diffe r  onl y i n tha t  th e L H bitpic t  ha s bee n replace d b y 

th e R H one .  (Se e Figur e 3. )  Ther e ar e tw o component s t o ho w bitpict s specif y set s o f  pictures :  (1 )  th e us e 

of  a  piec e o f  a  pictur e t o specif y th e se t  o f  picture s containin g tha t  piec e an d (2 )  translatio n invariance , 

i.e. ,  fac t  tha t  th e piec e ma y occu r  a t  an y vertica l  o r  horizonta l  position .  Th e first  i s  a n exampl e o f  a 

feature-se t  strategy :  a  pixe l  bein g blac k o r  whit e i s a  feature ,  an d pictur e set s ar e specifie d b y a  spatiall y 

define d collectio n o f  suc h features .  A s mentione d earlier ,  notion s o f  unificatio n fal l  ou t  easil y fro m th e 

resultin g lattice .  Le t  A  an d B  b e tw o bitpict s (bu t  wit h translatio n disallowed ,  i.e .  eac h a t  fixed 

positions) .  Th e intersectio n o f  thei r  correspondin g pictur e set s i s a  se t  whos e specificatio n i s th e pixel -

wis e unio n o f  A  an d B  (o r  ni l  i f  the y disagre e a t  point s o f  overlap) .  Th e secon d aspect ,  translatio n 

invariance ,  i s a n exampl e o f  th e instance-plus-transformatio n strategy :  th e /  , j  -t h translatio n o f  th e left -

han d bitpic t  i s  mappe d int o th e correspondin g i  J  -t h translatio n o f  th e right-hand  bitpict .  I n fact ,  th e 

BITPIC T syste m ca n variousl y allo w translations ,  rotation s (0 ,  90 ,  180 ,  o r  27 0 degrees) ,  an d reflections . 

(Th e smal l  crosse d vertica l  an d horizonta l  line s appearin g lik e "+ "  sign ,  unde r  th e circl e bitpic t  i s  a n ico n 

indicatin g tha t  thi s particula r  rul e hold s fo r  vertica l  an d horizonta l  translation s only. ) 
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Figur e 3 .  (a )  A  BITPIC T rul e mappin g th e 3x 3 gri d o f  pixel s containin g a  circl e t o th e 3x 3 gri d 

containin g a  cross ,  (b.l )  an d (c.l )  sho w picture s i n th e left-han d se t  o f  th e rule ,  (b.2 )  an d (c.2 ) 

sho w th e correspondin g picture s i n th e right-hand  set . 

3.1 A BITPICT example: Counting the tangled forest 

An example of the the BITPICT system solving a spatial problem with graphical deductions is presented 

i n Figur e 4 .  Th e problem ,  countin g th e disconnecte d component s i n a  tangle d fores t  o f  bifurcatin g trees , 

i s no t  eas y t o represen t  i n a  sententia l  way ,  ye t  ha s a  ver y natura l  solutio n wit h bitpicts . 

Par t  (a )  o f  th e figure  show s a  sampl e tangle d forest .  Th e first  se t  o f  rules ,  (b) ,  simplif y th e problem , 

basicall y b y nibblin g bac k th e tip s o f  th e branches ,  nibblin g a t  straight ,  come r  an d "T "  section s 

respectively .  Th e rule s neithe r  creat e no r  destro y cormecte d components ,  an d s o eac h componen t  i s 

graduall y reduced ,  (b.l) ,  t o a  do t  (b.2) . 

The next mles, (c), move the dots down, and when they hit the bottom of the window, to the right, as 

shown i n (c.l) ,  unti l  the y ar e al l  canonicall y aligne d i n th e lowe r  righ t  comer ,  (c.2) .  Agai n th e invarian t 

of  numbe r  o f  component s i s preserved ,  an d th e proble m o f  countin g tree s ha s bee n reduce d t o coimtin g 

thes e neatl y arraye d dots . 

The final rules, (d) coimt the aligned dots by converting each to a vertical bar (an "I") and from there to 

Roman numerals ,  wit h rule s fo r  simplifyin g (e.g. ,  five  I' s  t o a  V ) ,  maintainin g alignmen t  (e.g. ,  shiftin g 

V' s an d X' s righ t  a s needed) ,  an d sortin g (e.g. ,  V X t o X V ) .  Th e final  resul t  i s  th e R o m a n numeral ,  XII , 

indicatin g th e numbe r  o f  tree s i n th e origina l  tangle d forest . 

The critical computational point is that the evolving state of the blackboard is govemed by the picture-

to-pictur e mappin g rules ,  wit h n o nee d fo r  underlyin g sententia l  representation . 

4. Discussion 

I n additio n t o solvin g certai n spatia l  problem s an d implementin g graphica l  symbo l  manipulatio n 

algorithm s (e.g. ,  R o m a n numera l  countin g an d arithmetic) ,  th e B ITP IC T syste m i s als o usefu l  fo r 

auto-animatio n (e.g. ,  cartoo n figures  tha t  m o v e themselve s accordin g t o rules) ,  fo r  certai n kind s 

of  naiv e physic s model s (e.g.,Figur e 5) ,  an d fo r  th e analysi s o f  graphica l  compute r  interfaces . 
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Th e B I T P I C T syste m ha s a  n u m b e r  o f  liinitaiions ,  arisin g f ro m it s ti e t o th e rectangula r  pixe l 

grid ,  it s  curren t  2- D character ,  an d th e Harnes s o f  it s  representation s (withou t  th e structura l  dept h 

of  g r a m m a r  approaches) ,  bu t  i t  ha s bee n importan t  i n showin g wha t  imagina l  deductio n migh t  b e 

like . 
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Figur e 5 .  Ball s an d ramp s -  a  naiv e physic s model ,  (a )  Rule s fo r  straigh t  fal l  (translatio n 

invariant )  an d rollin g d o w n a  piec e o f  ram p (translatio n an d reflectio n invariant) ,  (b.l )  A n initia l 

configuration .  (b.2),(b.3 )  Sample s fro m intermediat e state s i n th e deduction ,  (b.4 )  Fina l 

configuration . 
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