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ABSTRACT OF THE DISSERTATION

A Steinberg Type Decomposition Theorem for Higher Level Demazure Modules

by

Peri Shereen

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, August 2015
Dr. Vyjayanthi Chari, Chairperson

We study Demazure modules which occur in a level £ irreducible integrable representa-
tion of an affine Lie algebra. We also assume that they are stable under the action of the
standard maximal parabolic subalgebra of the affine Lie algebra. We prove that such a
module is isomorphic to the fusion product of “prime” Demazure modules, where the
prime factors are indexed by dominant integral weights which are either a multiple of ¢
or take value less than ¢ on all simple coroots. Our proof depends on a technical result
which we prove in all the classical cases and GG. Calculations with mathematica show
that this result is correct for small values of the level. Using our result, we show that
there exist generalizations of (Q—systems to pairs of weights where one of the weights is
not necessarily rectangular and is of a different level. Our results also allow us to com-
pare the multiplicities of an irreducible representation occurring in the tensor product of
certain pairs of irreducible representations, i.e., we establish a version of Schur positivity
for such pairs of irreducible modules for a simple Lie algebra. We also present a more

refined presentation of a larger family of modules which include Demazure modules.
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Chapter 1

Introduction

Demazure modules associated to simple Lie algebra or more generally a Kac—
Moody Lie algebra g have been studied intensively since their introduction in [14]. These
modules, which are actually modules for a Borel subalgebra of the Lie algebra, are in-
dexed by a dominant integral weight A and an element w of the Weyl group. In this
paper we shall be concerned with affine Lie algebras and a particular family of Demazure
modules: namely those which are preserved by a maximal parabolic subalgebra contain-
ing the Borel. More precisely, let g be a simple finite-dimensional complex Lie algebra
and g the corresponding affine Lie algebra. Then the maximal parabolic subalgebra of
interest is the current algebra g[t] which is the algebra of polynomial maps C — g with
the obvious pointwise bracket. The g[t|-stable Demazure modules are indexed by a pair
(¢, \), where £ is the level of the integrable representation of g and \ is a dominant inte-
gral weight of g and we denote the corresponding module by D(¢,\). In the case when
¢ = 1, these modules are interesting for a variety of reasons, including the connection
with Macdonald polynomials established in [36] for sl,1; and in [23] in general.

Our interest in these modules arise from their relationship with the represen-



tation theory of quantum affine algebras. This connection was originally developed in
[4], [10], [12] where it was shown that the classical limit of certain irreducible represen-
tations of the quantum affine algebra can be viewed as graded representations of g[t].
The classical limits were first related to the g[t]-stable Demazure modules in level one
representations of affine Lie algebras in [§] for sl,;1. In that paper, the connection was
also made between these modules and the fusion product defined in [16] of representa-
tions of g[t]. In [I2] it was shown that a Kirillov-Reshetikhin module for a quantum
affine algebra is similarly related to a Demazure module when g is of classical type.

In [17] and [I§] the authors worked with arbitrary untwisted affine Lie algebras
and with particular classes of g[t|-stable Demazure module. In the simply—laced case
for instance, they studied the modules D(¢, ¢i1) where p is a dominant integral weight of
g. They proved that such modules were the fusion product of the classical limit of the
Kirillov—Reshetikhin modules defined in [12]. (The definition of fusion products of g[t]—
modules is recalled in Section 2 of this paper, for the moment it suffices to say that it
is a procedure which defines a cyclic graded g[t]-module structure on a tensor product
of finite-dimensional g—modules. In particular, the underlying g module structure is
unchanged, where we are regarding g as the subalgebra g[t] consisting of constant maps).

A completely obvious question is: what is the analog of the results of [17] and
[18] for the module D(¢, ¢y + A) where A is an arbitrary dominant integral weight. A
much less obvious, but very interesting reason to study this question is the following:
when ¢ = 2 and in the case of sl,41, these modules are related to the modules for the
quantum affine algebra which occur in the work of Hernandez—Leclerc (see [22]). This
relationship is made precise in [I].

Recall that Steinberg’s tensor product theorem asserts that a simple mod-

ule L(\) of an algebraic group over characteristic p is isomorphic to a tensor product



L(pA1) ® L(Xo) where Ao(h;) < p for all simple coroots. Our first result establishes an

analog of this replacing p by £ and the tensor product by fusion product, i.e.,
Dl bp+ \) = D4, lu) « DL, ),

for all positive integers ¢ and dominant integral weights p and A and if g is of classical
type or G2. The main obstruction to proving this result in general is a technical propo-
sition (Proposition on the affine Weyl group which is problematic for Eg and Fy.
However, computer calculations show that this result is true for small values of ¢ and
all A and pu.

To continue the connection with the work of [22], we define and study the notion
of prime representations of g[t|-modules: namely a module which is not isomorphic to a
fusion product of non—trivial g[t|-modules. We prove that the modules D(, fw;) where
w; is a fundamental weight and D(¢, \) where A(h;) < ¢ for all simple coroots, are prime
if g is simply-laced. In fact we show that the underlying g—module is not a tensor
product of non—trivial g—modules. In the case when g is of type type A or D we show
that any Demazure module is a fusion product of prime Demazure modules.

We use our main result to study generalizations of @Q—systems (see [20] for
details, [27] for a more recent discussion and [21] , [32] for the quantum analog). In
the case of sl,;1, the @)—system is a classical identity of Schur functions associated
to rectangular weights of a fixed height. Equivalently, the ()—system is a short exact

sequence

0— ® V(tw;) = V(lw;) @ V(lw;) = V(I + 1w;) @ V((€ — 1)w;) — 0,
{i:ai,j=—1}

where V(rw;) is the irreducible representation of sl,11 with highest weight rw;. In
Theorem of this paper, we write down an analogous short exact sequence for the

pair V (lw;) @V (X) for X satisfying the restriction that A(h;) < ¢ for all simple coroots. In



fact we show that we can replace the tensor product of sl,,41—modules by fusion products
of sl 41 [t]-modules so that all the maps are completely canonical. It is interesting to note
that the kernel is in general not a tensor or fusion product of irreducible representations

of sl,,4+1, but is a fusion product of prime Demazure modules.

1.1 Notation

Throughout the paper C denotes the field of complex numbers, Z the set of
integers and Z,, N the set of non—negative and positive integers respectively. Given
any complex Lie algebra a we let U(a) be the universal enveloping algebra of a. Also,
if ¢ is any indeterminate we let a[t] be the Lie algebra of polynomial maps from C to a

with the obvious pointwise Lie bracket:

2@ fiy®g]l=[z,y]® fg, z,y<ca, f,geClt].

Let evg : a[t] — a be the map of Lie algebras given by setting ¢ = 0. The Lie algebra
a[t] and its universal enveloping algebra inherit a grading from the degree grading of
CJt], thus an element a; @ t"™ ---a; ®t"™, a; € a, r; € Z; for 1 < j < s will have grade
71+ --- + rs. We shall be interested in Z-graded modules for aft]. By this we mean a

Z-graded vector space V = @seczV[s] which admits a compatible a[t]-action,

(a@t")Vi]s] C Vir+ s].

A morphism of graded a[t]-modules is just a degree zero map of a[t|-modules. Given
r € Z and a graded vector space V, we let 77V be the r—th graded shift of V. Clearly
the pull-back of any a—module V' by ev( defines the structure of a graded a[t|-module

on V and we denote this module by evj V.



1.2 Lie Algebra Terminology

From now on g will be a simple complex Lie algebra of rank n and h a fixed
Cartan subalgebra of g. Let R be the corresponding set of roots, o, 1 < i < n be a set
of simple roots and R™ the corresponding set of positive roots and let  be the highest
root of RT. For a € RT, we set d, = 1 if « is long and d, = 2 if « is short and g is
not of type Go. If g is of type Ga, then we set d, = 3 if « is short. The Weyl group W
of R is generated by simple reflections s;, 1 <14 < n and wy denotes the unique longest
element of W.

Let xai, a € RT, h;, 1 <i <n be a Chevalley basis for g. We have

g=n_@honT, hzé@hi, nt = @Cmi
i=1

a€ERT

The fundamental weights w; € h*, 1 < i < n are defined by setting w;(h;) = 0;; where
d;,j is the Kronecker delta symbol. The weight lattice P (resp. P*) is the Z-span (resp.
Z. span) of the fundamental weights. The root lattice Q and the subset Q* are defined
in the obvious way using the simple roots. The co—weight lattice L is the sublattice
of P spanned by the elements d;w;, 1 < ¢ < n and the co—root lattice M is defined
analogously. The subsets Lt and M ™ are defined in the obvious way. Let Z[P] be the

integral group ring of P with basis e(\), A € P.

1.3 g character

For A € PT, denote by V() the simple finite-dimensional g-module generated

by an element vy with defining relations

ntuy =0, hivy = A(hi)vy, (x;i)’\(hi)"‘lv)\ =0, 1<i<n.



It is well-known that V' (\) = V(p) iff A = p and that any finite-dimensional g-module
is isomorphic to a direct sum of modules V(\), A € P*. If V is a h—semisimple g—module

(in particular if dim V' < o0), we have

V= @Vu, Vo={veV:hv=upu(h)v, hebh},
peb*

and we set wtV = {p € h* : V, # 0}. If dim V), < oo for all p € wtV, then we define

chyV : b* — Z4, by sending pp — dim V,,. If wt V' is a finite set, then

chyV = Z dim V,e(pn) € Z[P].
peh*

1.4 Untwisted Affine Lie Algebra

We now define the untwisted affine Lie algebra associated to g and some related

terminology (see [25] for details). The affine Lie algebra g is given by
g=goC[t,t"'|@CcaCd
where c is the canonical central element, and d acts as the derivation t% and commutator
2@t y@t] =[x,y @t + 18, _s(z,y)c,

where (, ) : g x g — C is a symmetric nondegenerate invariant bilinear form on g
normalized so that the square length of the long root is two. The Cartan subalgebra of
the affine Lie algebra is

h=HhoCem Cd

Regard h* as a subspace of h* by setting w(c) = p(d) =0 for all p € h*. Let 6, Ag € b

be given by

5(d)=1, §(h®Cc) =0, Ag(c)=1, Ag(ha Cd) = 0.



Extend the non—degenerate form on h* to a non—degenerate form on 6* by setting,
(0,0) = (Ao,Ao) =0, (Ap,0)=1.

The elements «;, 0 < i < n where ag = —6 + ¢ are a set of simple roots for the

set of roots of (g, 6) Let Rt be the corresponding set of positive roots,
Rt ={a+ré:aeR, reN} URtY U {rd:reN}.
Set b = 6@a€R+ go and note that

glt] ®CHCd=n" @b, gt =n"0bh @ b

acR+
1.5 Affine Weyl Group

For 1 <i<m,set A; = w; +wi(hg)Ag € b* . The set Pt of dominant integral
affine weights is defined to be the Z—span of the elements A; + ZJ, 0 < ¢ < n and P
is defined similarly. The root lattice Q is the Z—span of the simple roots «;, 0 <i <n
and Q7 is defined in the obvious way.

The affine Weyl group W acts on 6* via reflections corresponding to the affine
simple roots, in particular wé = ¢ for all w € W. An equivalent way to define the affine
Weyl group is as follows. The finite Weyl group W acts on the co-root lattice M by

restricting its action on h* and we have
W =W x tar.

The extended Weyl group W is the semi-direct product of W with the group of affine

diagram automorphisms, denoted 3, and

WgWKtL



where L is the co-weight lattice. Given o € M (resp. L) , we denote by ¢, the corre-

sponding element of W (resp. W) Then,

1
tu(A) = A= (A p)d, Aebh™a Co, tu(Ao) = Ao+ p = 5 (1, )8 (1.5.1)

Let Z[P] be the integral group ring of P with basis e(A) and let 5 be the ideal of Z[P]
obtained by setting e(d) = 1. Since we have identified h* with a subspace of b*, the

group ring Z[P] is isomorphic to a subring of Z[P] and the composite morphism

N

Z[P] — Z[P] — Z[P]/I,

is injective. Clearly, the action of W on P induces an action on Z|P] and Z[P]/I5 as

well.

1.6 Demazure Module

For A € Pt let V(A) be the highest weight, irreducible, integrable g-module
with highest weight A and highest weight vector vy. Then,

V) = B VMan, VW )ag={veV(A):hv=(A—n)(h)v, heh}.
neQt

For w € /W, we have dim V(A),p = 1 and the corresponding Demazure module is,

More generally, given, o € ¥ and w € W, set Vo (A) = Viy(oA). Since V(A)pA—yqrs =0
for all » € N, it follows that dim V;,,(A) < co. In the special case when wA|, € —P™,
the Demazure module V,,(A) is g-stable, in other words it is a finite-dimensional module
for g[t]. The action of d defines a grading on V,,(A) which is compatible with the Z—
grading on g[t]. Finally, note that for w € W, the function ch?]Vw(A) : P — Z is the

mapping A’ — dim V,,(A)xs and is an element of Z[P].



1.7 Fusion Product

We recall the notion of fusion products of representations of g[t] introduced in
[16]. Let V be a finite-dimensional cyclic g[t] module generated by an element v and

for r € Z set

Fv=|( & Ulthls] | v

0<s<r

Clearly F"V is a g—submodule of V' and we have a finite g—-module filtration
0CFVCFWVcC-- CFV=YV,

for some p € Z, . The associated graded vector space gr V acquires a graded g[t|-module
structure in a natural way and is generated by the image of v in gr V.

Given a g[t] module V and z € C, let V* be the g[t|-module with action
(z@thw=(x@(t+2)")w, x€g, reZ,weV.

If Vs, 1 < s < k are cyclic finite-dimensional g[t|]-modules with cyclic vectors vs, 1 < s <
k and z1,- -,z are distinct complex numbers then, the fusion product Vi x - .- % V. *

is defined to be gr V(z), where V(z) is the tensor product
V() =V e o Vi

It was proved in [I6] that in fact V(z) is cyclic and generated by v ® -+ ® v, and
hence the fusion product is cyclic on the image vy * - - - % v, of this element. Clearly
the definition of the fusion product depends on the parameters z;, 1 < s < k. However
it is conjectured in [16] and (proved in certain cases by various people, [8], [15], [16]
[18], [26] for instance) that under suitable conditions on V and vs, the fusion product is
independent of the choice of the complex numbers. For ease of notation we shall often

suppress the dependence on the complex numbers and write Vi - - -xVj, for Vit s -« V7.



1.8 Length of Weyl Element

We conclude this section with a technical result which will be needed in the
proof of Theorem |1} Given w € /V(7, let ¢(w) be the length of a reduced expression of w.
Clearly /(wywe) < f(w1) + £(ws) for all wi,ws € W. An alternative characterization of
(w) is
((w) = #{a € R* : wa € —R*}. (1.8.1)
It is convenient to define the length of an element in the extended Weyl group as well,
by
l(ow) = l(w), forw e W and o € X.
For w € W set R, = {o € R™ : wa € —R*}. Since ¥ is the group of automorphisms
of the Dynkin diagram of g it follows that ¢(w) = #R% as well. Note also that for all

we W and o € ¥ we have {(owo™!) = ¢(w) and hence ((wo) = £(w).

Proposition. (i) Let wy,wy € W be such that RY C R Then f(wiwsg) =

wiw*

l(wy) + L(ws).
(ii) For \,u € Pt and w € W we have £(t_,t_\w) = £(t_,) + L(t_\w).
Proof. Write ws = osw’, for some o5 € ¥ and w), € W for s = 1,2. Hence we get
Uwnws) = L(whopu) = (07 "whoo)wh) < Uoy wios) + Lwh) = (wr) + (ws).
It remains to prove the reverse inequality. For this it is enough to prove that
RY, Uwy'RE CRE L, R Nwy 'Ry =0. (1.8.2)

To prove the inclusion, we only need to show that wy 1R$l C R*. For this, note that if

B € Rt, we have

—BEewy 'R, = wif € -R}, C —R" = wiwp e -R",

10



by our hypothesis. On the other hand we also have
—Bewy'R), = —wf € R} = —wiwsf€-RT,

which is clearly absurd. The second assertion in follows from
aew;llfi:gl = wgael?{:gl CR" = a¢ R/

w2 ?

and part (i) of the proposition is established.

For (ii) we see that using part (i), it suffices to prove that if
a+pseRY, t ywla+pd) € —RT = t_,t_yw(a+pd) € —RT.

Since p € P it follows from the explicit formulae for the translations that ¢_,, preserves

—(R*™ + Z,.6). Hence it suffices to show that
a+pie R tw(a+pd) e R~ = t_yw(a+pd) C —(R" +Z,6),

i.e., that wa € —R™T. But this is again clear from the formulae because A\ € P™

11



Chapter 2

Main Results

We begin this section by giving an alternate presentation of the g—stable De-
mazure modules and then state our main result in Section We then discuss ap-
plications of our results, the notion of prime modules and also a generalization of the

Q-systems of [20].

2.1 g-stable Demazure Modules: D(/, \)

We introduce a family of graded modules for g[t]. These are indexed by a pair
(¢,\) € N x P* and the corresponding module is denoted D(¢,\). For o € R, set
Sas Mo € N by

AMha) = dol(se — 1) + Mg, 0<mg < dyf.

Then, D(¢,\) is the g[t]-module generated by an element wy with defining relations:

nt[twy =0, (b @ t*)wy = SsoA(hi)wy, (25) ) wy =0, 1<i<n, (2.1.1)
(zy @t )wy =0, (2.1.2)
(z;, @ s H)ymatlyyy =0, if me < dol. (2.1.3)

12



Remark. The relations in ([2.1.1]) guarantee that the module D(¢, \) is finite-dimensional

(a more detailed discussion of this can be found in [10]). In particular this gives,
(g @ DNty =0,

for all « € RT.

2.2 Properties of D(/, \)

The defining relations of D(¢, \) are graded, it follows that D(¢, \) is a graded
g[t]-module once we declare the grade of wy to be zero. Clearly for s € Z, the graded
shift 72D(¢, \) is defined by letting wy have grade s. It is elementary to check that

evy V(A) is the unique irreducible graded quotient of D(¢, ) and moreover that,
D) ZevyV(N), if  A(hqe) <dol, forall a€ R'. (2.2.1)

It is sometimes necessary to consider simultaneously, the different level Demazure mod-
ules associated to a given weight A, in which case we shall denote the generator of D (¢, \)

by wy ¢ and the integers s, and m, by s, ¢ and mg ¢ respectively.
Lemma. For all (/,\) € N x P, we have,

Homgpy (D(4, ), D(£ +1,))) = C.
Moreover any non—zero map is surjective.

Proof. Tt is clear that any element ¢ € Homgy (D(¢,\), D(£ + 1,))) must send wy ¢
to a scalar multiple of w) ¢;1 and hence the space of homomorphisms is at most one—
dimensional. To prove that it is exactly one we must show that wy ¢41 satisfies the

relations of wy o. Write

)‘(ha) = dag(sa,f - 1) + May = da(g + 1)(Sa,€+l - 1) + Ma 41,

13



with 0 < mgay < dol and 0 < mg 41 < do(¢+ 1) and using the uniqueness of s, and
Meq, We get that either
Sal = Sat+1, Mo = Ma 41 + dcx<3a,€+1 - 1) > Mo 0+1,

Or Sq¢ > Sq+1- In either case the assertion follows. ]

2.3 Connection of D(/, \) with Demazure Modules

The following result which is a combination of [I8] Section 2.3, Corollary 1], [33]

Proposition 3.6] and [11, Theorem 2] explains the connection with Demazure modules.

Proposition. Let (¢,\) € N x P* and suppose that w € W, o €%, A e PT are such
that

woA = woA + {Ay.
Then we have an isomorphism

D(l,\) =V, (oA),
of g[t]-modules and hence, for all ;1 € P, we have

dim D(4,A), = Y dim Vi (0A)iag+pess- (2.3.1)

SGZZO

2.4 Steinberg-like Fusion Decomposition

The main result of this paper is the following theorem.

Theorem 1. Assume that g is of classical type or of type Gs. Let A € PT and k,/ € N

and write

k
/\:£<ZAS>+/\°, NelLt, 1<s<k, MNept.

s=1

14



We have an isomorphism of graded g[t|-modules,
D(0,\) =2 D(£, \°)%0 % D(£,EAY)?1 5 -« - 5 D(€, INF)?*,

where zg, - - - , z; are distinct complex numbers. In particular, the fusion product on the

right hand side is independent of the choice of parameters.

2.5 Affine Weyl Group Result

In the case when A’ = 0 the result was first proved in [I8] and a different
proof was given in [II]. As in these papers, the proof of our theorem uses the theory of

Demazure operators and the following additional key result proved in Chapter

Proposition. Assume that g is of classical type or of type Ga. Let A € PT and / € N
be such that A(h;) < d;f for all 1 < i < n. There exists 4 € LT and w € W such that

wt, (CAg +wo)) € PF.

Remark. The restriction on g in the main theorem is purely a consequence of the fact
that we are able to prove Proposition only in the case when g is of classical type or
of type Go. Computer calculations for small values of £ show that the proposition is true
for such ¢ for the other exceptional Lie algebras as well. However a proof for arbitrary

£ seems difficult for Fg and Fjy.

2.6 Applications

For the rest of the section, we discuss applications of our result. We begin by

noting the following corollary of our theorem.

15



Proposition. Let £ € N, \; € L", and Ay € PT. There exists a canonical surjective

map of g[t]-modules
D, tX1)« D, X)) = DU+ 1,0+ 1))« Dl +1,u2) — 0
for all puy € LT, pp € Pt with (£ + 1)1 + po = €A1 + Xo.
Proof. By Theorem [1| we see that the proposition amounts to proving that
Homygp (D(€, €A1 + A2), D(€+ 1,01 + A2)) # 0.
But this is precisely the statement of Lemma, [2.2 ]

Corollary. Let 1 < i < n be such that w;(h,) <1 for all « € R". For all p,v € P*

and ¢ € N such that £ — d; > max{u(hs) : « € RT} we have,
dim Homg(V (v), V(d;(€ + 1)w;) ® V(p)) < dim Homg(V (v), V (dilw;) @ V (p + diw;)).

Proof. We apply the proposition by taking Ay = d;w; and u+ d;w; = As. The conditions
on i and p imply that (u + djw;)(he) < £ < dof and lw;(hy) < £ for all a € RT.
Equation (2.2.1)) now shows that all the Demazure modules involved in the proposition

are actually evaluation modules and the result follows. O

Remark. The preceding corollary generalizes Theorem 1(ii) of [6] where the case when

1 is also a multiple of w; was proved by entirely different methods.

2.7 Q-Systems

We discuss now the kernel of the map defined in Proposition and whether
it too, can be described in terms of Demazure modules. This question can be related to

the notion of @Q-systems introduced and studied in [20] for arbitrary simple Lie algebras
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and for a pair (i,m) where ¢ is a node of the Dynkin diagram and m € N. Analogs of
this system exist for the quantum affine algebras. We refer the reader to [20], [21], [32]
for further information. In our discussion here, we restrict ourselves to the simply—laced
case and assume that ¢ is such that w; is miniscule. For (i,m) € I x N the Q—system is
a short exact sequence of g—modules

0— ® V(mw;) — V(mw;) @ V(mw;) — V((m+ 1)w;) @ V((m — 1)w;) — 0,
jiinj

where we say that ¢ ~ j if ¢ # j and the nodes ¢ and j are connected in the Dynkin
diagram. For current algebras, it was proved in [I1] that each of the modules in the short
exact sequence is a Demazure module for g[t] of level m. In fact, a stronger statement
was established: that replacing the tensor product of g—modules by the fusion product
of g[t]-modules gives rise to a canonical short exact sequence of g[t|-modules.

A natural question to ask is if there is an analog of (Q—systems associated to an
arbitrary pair of dominant integral weights. In [I9], a start was made on this question

where they proved that if £ > m, then there exists a surjective map of g—modules
V(lw;) @ V(mw;) = V(0 + 1w;) @ V((m—1)w;) — 0,

but their methods do not allow them to determine the kernel of this map when ¢ >
m. Our next theorem, has the result of [19] as a special case (by taking A = mw;).
Moreover, the short exact sequences of g[t]-modules are seen (by taking A = fw;) to
be generalizations of ()—systems. It also determines the kernel of the map defined in

Proposition when A\ = w;.

Theorem 2. Assume that g is of type A or D and let 1 < i < n be such that w;(hy) <1

for all « € R™. Choose (¢,\) € N x PT such that

A(h;y) > 1, ¢>max{A(hy):a € RT}.
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Let v = fw; + A — A(h;)a; and write v = fv! + 1Y for some ¥ € P+, vt € L. There

exists a canonical short exact sequence of g[t|-modules:

0— T;(hi) (D(¢, b« D(X, UO)) — D(l,bw;) x D(£, \)

— Dl +1,({+1)w;) * Dl +1,X —w;) — 0.

2.8 Prime D(¢,\) Modules

The study of graded representations of current algebras was originally mo-
tivated by the representation theory of quantum affine algebras. In this theory it is
completely natural and interesting to talk about the prime irreducible representations:
namely an irreducible representation which is not isomorphic to the tensor product of
non-trivial irreducible representations (see [9], [13], [22]). An important family of prime
irreducible representations are the Kirillov—Reshetikhin modules. Using the work of
several authors ([10], [4],[21], [32], [26]) together with [12] shows that the g[t]-module
D(¢, tw;) is the “limit”of the corresponding Kirillov—Reshetikhin modules. Other exam-
ples of prime representations can be found in [7], [12], [22]. In all these examples one
actually proves that the underlying g—module is prime which motivates the following

definition.

Definition. We say that a g—module V is prime if it is not isomorphic to the tensor

product of a non-trivial pair of g—modules.

It is not hard to see that any irreducible finite-dimensional g—module is prime.
It is also trivial to construct examples of prime representations of g which are reducible.
For instance, in the sly case the direct sum of the natural and the adjoint representation

is obviously prime. In the case when dimV < oo it is clear that any g-module has
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a prime factorization: in other words, is isomorphic to a tensor product of non—trivial
prime modules. However, it is not known in general if such a decomposition is unique.
The uniqueness of a tensor product of simple g—modules was proved fairly recently in
[35], [38]. Notice that a g[t]-module V' which is prime is necessarily prime with respect

to the fusion product as well.

2.9 Prime Decomposition

Our final result shows that if g is of type A or D, then any Demazure module

is a fusion product of prime Demazure modules.

Proposition. Let (/,\) € N x P™ and let g be any simply-laced simple Lie algebra.
The module D(¢, \) is prime if A = fw; for some i € I or A(h;) < £ for all 1 < i < n.
More generally, if A = A0 + > ie milw; where 0 < A(h;) < £ forall1 <i<mn,andgis

of type A or D, then the isomorphism
D(€,\) gy D(C, bwy)™ - -+ D(L, bwy )™ % D(€, A7), (2.9.1)
is a prime factorization of D(¢, \).

Remark. In [I] the relationship of these prime Demazure modules to prime represen-

tations of quantum affine algebras is studied.

In Chapter 5, we investigate the g character for some prime Demazure modules

in type A,.
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Chapter 3

Affine Weyl Group

For w € W and A\, u € P*, we have
wt, (Ag + wo) = Ao + w(lp + woA) + Ad
for some A € Z. Hence, wt,(¢Ag +wo)) € Pt iff w € W is such that
w(lp +wo) € P and  w(lu + wol)(hg) < .
This shows that Proposition is an immediate consequence of the following,

Lemma. Given (¢,\) € N x bh* with 0 < A\(h;) < d;¢ (equivalently that 0 < (A, o) < £))

for 1 < i < n, there exists u € L™ such that
(6= Ay a)| < 1, (3.0.1)
for all « € R™.

The Lemma is proved in the rest of the section. The strategy for proving the
Lemma is as follows. We give an inductive construction of x in the case of g = C,, and
use elementary results on root systems to deduce the existence of 1 in the other classical

cases. In the case of Ga, we write down explicit solutions of . From now on, we will
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assume that (¢, \) are fixed and satisfy the conditions of the Lemma. We remind the
reader that we are working with the form on b* which has been normalized so that the

square length of a long root is two.

3.1 TypeC

Lemma. Assume that g is of type C,, and that «,, is the unique long simple root. There

exists = 231! s;w; with s; € {0, 1} satisfying |(fu — A, )| < £ for all @ € RT.

Proof. Any short root o« € R is one half the difference of two long roots and hence it
suffices to find p such that |(u — A\, )| < £ holds for the long roots.

We proceed by induction on n, with induction beginning at n = 1 where we
can take p = 0. For the inductive step assume that the result is proved for the Cp_1—
subdiagram of C,, defined by the simple roots {aa, - - - a,} of Cy,. Let p/ =2 27;21 S;w; €
LT, with s; € {0,1} such that

(' = A\ )| < ¢,
for all roots a of Cp—1. The only additional long root in C,, is the highest root 6.

Moreover, # — 2a; is a root of C),_1 and so we take

W [N 0) — £, 0 — 2a0)| < €,
ILL:

2wy + !, otherwise.

A simple calculation completes the proof. O

3.2 Type A

The diagram subalgebra of C), generated by the root vectors xii, 1<i<n-1

is isomorphic to A,,_1 and the restriction of the fundamental weights w;, 1 <i<mn —1
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of Cy, to A,_1 gives a set fundamental weights for A,,_1. There is one important thing
to note here however. The restriction of the normalized form ( , ) of C), to the A,
subdiagram is one half of the normalized form on A,_i. This means that if X\ is any
element in the real span of w;, 1 < i < n — 1 satisfying the conditions of Lemma [3| of
A,—1 with respect to its normalized form, then the element 2\ regarded as an element
of Cy, satisfies 0 < (2\, ;) < £ for all 1 < ¢ < n with respect to the normalized form on

C),. Hence we can find p = Z?z_ll siw;, with s; € {0,1} such that
[(2A = 20u, )| < ¢,

for all short roots a of C,, and hence for all roots of A,_1. This gives that p satisfies
(3.0.1)) for A with respect to the form on A,_; and the Lemma is established in this

case.

3.3 Type D

To prove the Lemma for D,,, we observe that the subset of short roots of C,
form a root system of type D,,. Notice again that the restriction of the normalized
form on C, to D, is one half the normalized form of D,. The simple system for D,,
is the set {a; : 1 < i < n—1} U{an—1 + a,} and the set of fundamental weights is
{w; :1<i<n—2}U{wy_1— 3wn, zwn}. In particular this means that if A is in the
real span of the fundamental weights for D,, satisfying the hypothesis of Lemma/3], then,
either 2\ or 2Ao (here o is the diagram automorphism of D,, which switches the spin
nodes and leaves the others fixed) satisfy the conditions for C;,. Hence we can choose

n

a dominant integral weight for C), of the form 2u where p = Zi:_f siw;, ;i € {0,1},

1 <i<n —1 such that
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20— X),@)| < £ (resp. |2(6u — Ao),a)| < 0)

for all short roots « of C,,, i.e., for all roots of D,,. Since u and po are dominant integral
weights of D,,, Lemma [3| follows for the element A with u or o and the normalized form
of D,, according as 2\ or 2\c is dominant for C,,. We remark here that the element p
when regarded as an element of D,, is such that it is either not supported on the spin
nodes or it is supported on both spin nodes. This is because either s,—1 = 0 in which

case it is not supported on the spin nodes or s,_1 = 1 and we have

n—2 1 1
M= Zl Siw; + (wnfl - §wn) + §Wn
1=

3.4 Type B

To prove the result for B, we first observe that it is enough to prove that
there exists p € Lt such that is satisfied for the long roots. This is because
any short root is half the difference of two long roots. Recall that B, can be regarded
as a subalgebra of D, by folding: namely it is the fixed points of the automorphism
o which interchanges the spin nodes and leaves the others fixed. If a;, 1 < i <n+1
are the simple roots of D,41, then the simple roots of B,, are o;, 1 < i < n —1 and
%(an + apt1). It is easily seen that any long root of B, is a root of D, 1.

The restriction of the normalized form of D,,;1 to By, is the normalized form of
B,,. The set of dominant integral weights for B,, is w;, 1 <i <n—1, and %(wn + Wnt1)-
Given \ = Z?:_ll riw; + rn%(wn + wp+1), one sees that if A satisfies the conditions of
Lemma for B,,, then we have that r,, < 2¢ and hence A also satisfies the conditions
for Dy 1. Choose i = Z?jll s;w; as in Section such s; € {0,1} satisfies for
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D, 1. Since either s, = 8,41 = 0 or s, = 8,41 = 1, we see that y is in the lattice L™

for B,, and hence Lemma [3]| follows for B,,.

3.5 Type G-

If g is of type G2, we assume that «g is the simple short root. We note that it
is enough to prove that there exists a u € Lt, which satisfies (3.0.1]) only on long roots.
This is because any non-simple short root can be written as either a half or a third of

the sum of two long roots. Next, we observe that we have,
(wi,a1) =1, (w2,a9) =1/3.

Let p be the following weight in LT,

0, if (A, 2071 +3an) </

w1, if £ < (X, 201 4+ 3a2) < 3¢ and (A, a1 + 3ag) < 2/
M ==

3wo, if 20 < (A, 21 + 3ag) < 40 and (N, a1 + 3ag) > 20

w1 + 3w, if 44 < ()\, 2001 + 30[2) < 5/

where we note that the last condition 4¢ < (A, 2a1 +3as) implies that (A, ag +3ag) > 34.
Therefore, one can check easily that the condition |({pu — A, )| < £ is satisfied for all

positive long roots, and hence all positive roots.

3.6 The case of ¥ and F}

It is clear that it suffices to prove Proposition [2.5| for Fg and Fy. The methods
of this section do not appear to generalize to these cases. However, it is possible to

check using mathematica that Proposition [2.5]is true for ¢ at least five. In the tables in
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the appendix, we associate to the ordered pair (a1, -- ,ay) the weight v = Y"1 | a;w;.

For ¢ = 2, we provide one solution for every A with A(h;) <1 for all 1 <i <n.
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Chapter 4

Proof of Main Results

4.1 Proof of Steinberg Type Factorization

In this section we shall assume Proposition[2.5 and prove Theorem[1} As in [17]
and [37], the proof uses the Demazure operators and the Demazure character formula
in a crucial way. We recollect these concepts briefly and refer the interested reader to

[14], [17], [29] and [31] for a more detailed discussion.

4.1.1

There are two main ingredients in the proof of the Theorem. The first is the
following proposition which was proved in [37] but we include a very brief sketch of the

proof for the reader’s convenience.

Proposition. Let (¢,\) € N x P*. Let (p;,pj) € N x Lt for 1 < j < m be such that

there exists u € PT with
m

b =piur + -+ Pmbbm, p(ha) > Z,uj(ha), forall a€ R™.
j=1
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There exists a non-zero surjective map of graded g[t]-modules,
D(l,tp+ A) — D(pr,prp) * - - D(pm, pmpin) * D(€, A) — 0.
Proof. For a € R*, and 1 < j < m, write
Mhe) = dol(re —1) +ma, 0 <mg < duot, w(ha) = dasa, pj(ha) = das?,.
For 1 <j<msetv; = Wy and recall that
(25 @ t%)0; =0, (o5 @)wy =0, (x5 @t Hymetly, =0,

Let w be the image of v1 ® - -+ ® vy, @ Wy In D(p1,p11) * + -+ % D(Pp, Pnfbm) * D (L, X).

The proposition follows if we show that for o € RT,
(g @tV )yw =0, and (z; @t eTTe Mol — 0 if m, <dol.  (4.1.1)

Set by, = Sa— Y y sJ, and note that our assumptions imply that b, > 0. For z1,--- |, 2,41
be the distinct complex numbers which define the fusion product. This means that in

the corresponding tensor product, we have

( 75ba(’f—21) '(t_zm)SZn(t_Zerl)ra)(Ul®"'®Um®vm+l)

ni( ®ts g;(t)v )®"'®Um+1)=0,

where vp41 = wy and g;(t) =[], ;(t — 2 + zj)%>. It is now immediate that (z, ®
tSaFTe)w = (. The proof of the second equality in (4.1.1) is identical and we omit the

details.

4.1.2

The second result that we need is the following.
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Proposition. For (¢,\) € N x P* and (¢,) € N x LT, we have,
dim D(¢, by + X\) = dim D(¢, \) dim D (¢, {p).

Assuming Proposition the proof of Theorem [1]is completed as follows. It

was proved in [I8] that if us € LT for 1 < s < m, then

s=1

where p = > """ | pus. Using Proposition we get
dim D(4, b+ N) = dim (D (€, Lpy) * -+ - % D(€, Lpp) * D(L, X)) .

Taking p; = - - - pm = £ in Proposition now establishes Theorem

4.1.3

The rest of the section is devoted to the proof of Proposition Recall from

Section [I.5| that the composite map

A~

Z[P] — Z[P] — Z[P]/I,

is injective. Given two elements x, X" of Z[P], we write y = X’ if they have the same

image in Z[P]/I5.

Lemma. Letw € W, € %, A € P+ and (¢, ) € Nx P be such that woA = woA+£Ag.
Then chyD(¢,A) = 3 cpdim D(¢,\)ye(p) € Z[P] is invariant under the action of W
on P and we have

ChGVw(O‘A) = e(lAg)chyD(4, N).
Proof. The fact that chyD(¢, \) is W-invariant is immediate since D(¢, \) is a finite—

dimensional g—module. Recall that,

chyVip(oh) = > dim(V,,(0A) r)e(A).
AeP
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Since A(c) = ¢, we may assume that the sum is over elements of P of the form ¢Ag+ji+s0
for p € P and s € Z>g. Going mod I5, we get that

chyVi(oh) = e(tho) > [ D dim Vi(0A)engtpurss | €(i) = e(£Ao)chyD(L, M),
pneP SEZZO

where the last equality follows from ([2.3.1]).

4.1.4

N

For 0 < i < n, the Demazure operator D; : Z[P] — Z[P] is defined by,

e(A) —e(si(A) — ai)
1—e(—a) )

Di(e(A)) =
Here for 1 < ¢ < n we identify the generator s; of W with the element (s;,0) of W
and sp = (sg,tp). Given a reduced expression w =s;, ---s;, for an element w € W, set
D,, = D;, --- D;,, and note that D,, is independent of the choice of reduced expression
for w (see [28], Corollary 8.2.10). For ¢ € ¥, and w € W, set Dy (e(A)) = Dy(e(a(A)).
Since D;(e(d)) = e(9), it follows that for all w € W, the operator D,, descends to

Z[P)/I;.

The following result is proved in [I7, Lemma 6, Lemma 7, Section 3.

Lemma. Let x € Z[P] be a W-invariant element of Z[P|. Then D, (x) = x for all

weW. Moreover, for all A € P, we have

Duy(e(A)x) = xDuw(e(A)).

29



Along with Lemma [.1.3] we get
Dy (e(Ag)chyD (L, X)) = Dy (e(€Ag))chyD(C, ), (4.1.2)
for all (£,A) € N x PT and w € W.
4.1.5

The following result may be found in [29, Theorem 3.5] and [28, Theorem 8.2.9].

Theorem 3. For w € W, 0 € ¥, and A € P+ we have

ch Vi (0A) = Duo (e(A)).

Lemma [4.1.3] and Theorem |3| now gives,
Duyo(e(A)) = e(fAg)chyD(4, N), (4.1.3)
for all o € ¥ and w € W such that woA = woA + £Ag.

4.1.6

The next result makes crucial use of Proposition [2.5

Lemma. Let £ € N and A € Pt be such that A = ¢A; + Ay where \; € LT and X\, € Pt

satisfies Aa(h;) < d;f for all 1 <i < n. Then,
chyD(€,\) = chyD (¢, 41 )chyD (4, A2).
Proof. By Proposition we can choose v € L™ and w € W such that

A= wilt,,(on + woAz2) € P,
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Since tyor, t—pw(A) = LAg + woA + mé for some m € Z, it follows from (4.1.3)) that
e(fAo)chyD(€, A) = Dy, -, w(e(A)).

Proposition [I.§ gives

C(tworg t—pw) = L(twor,) + L(t_yw),
and hence using the properties of Demazure operators we get,
Dty t-vw(€(A)) = Dy, Di_w(e(A)).
Using we get
thOAlDtﬁw(e(A)) = th0/\1 (e(¢Ag)chyD(2, X2)).
Using and a further application of gives,

Dt (e(EAO)cth(E, /\2)) = Dt (e(ﬁAg))cth(& AQ)

w1 wo Al
= e(er)ChbD(E,g)\l)Cth(ﬁ, )\2).
Hence we get
Cth(& )\) = Cth(e, 6/\1)0th(£, )\2)
and the Lemma follows since the map Z[P] — Z[P]/I; is injective. O

4.1.7

Proposition follows if we prove that for all A € P™ and p € L™, we have
D(t, b+ A) =23 D(4, ) @ D(£, M)

Since finite-dimensional g-modules are determined by their characters, it suffices to
prove that
chyD(€, 4+ X) = chyD (£, £p)chy D (£, N).
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Write A = €A1 + Ao where \; € Lt and Ao € P satisfies \o(h;) < d;f for all 1 <i < n.
By Lemma [4.1.6] we get
D, by + \) 2 D(4, b+ €A1) @ D(£, A2)
=y D4, lpn) @ D(4,0A1) @ D(4, A2)
= D(l,lp) @ D(L,N),

where the second and the the third isomorphisms are a further application of Lemma

4. 1.6

4.2 Proof of Generalized Q-System

Throughout this section g is simply—laced and i € I is such that w;(hs) < 1
for all « € RT. In particular, this means that the multiplicity of a; in any positive root

is at most one. We also fix (¢,\) € N x PT with A(h,) </ for all « € RT, and write
(bwi + AN)(ha) =l(sa e — 1) +map, 0<mar <l ac R™.
For a =370 rja;, set
suppa = {j €l :r; >0}
4.2.1

Proposition. The defining relation, (2.1.3)), of D(¢, fw; + \) is a consequence of (2.1.1)),

(2.1.2) and the single additional relation,
(25, @ )Ny, \ = 0. (4.2.1)

Proof. A simple calculation shows that either s, ¢ = 1 and A(h;) = 0 or s,, ¢ = 2 and

Ma, ¢ = A(h;). In the first case, the relation (2.1.2)) and in the second case the relation
(2.1.3) shows that the relation (4.2.1)) does hold in D(4, fw; + A).
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If wi(ha) =0, then so ¢ =1 and my ¢ = (bw; + A)(ha) = A(hq). For such « the
relation is (z, @ 1)t (ha) Ly, = 0 which is the content of Remark It
remains to consider the case when w;(he) = 1 and a # ;. If A(hq) =0, then mq = ¢
and there is nothing to check. Otherwise, A(hq) > 0 and s ¢ = 2, mas = A(hqa). We
proceed by induction on ht o with induction obviously beginning with o = a;. Writing
«a = (B + ~ for some positive roots § and 7, we assume without loss of generality that

i ¢ supp~y. Since a(hy) = 2, and we are in the simply laced case, it follows that
(,8)=(a,7) =1, B=7¢R, B+adR
By the inductive hypotheses we have
(w5 @ )" g,y =0, (4.2.2)
Suppose for a contradiction that
(g @ )My, y # 0.
Since
(bwi + X — (M(ha) + 1)) (hy) = (A = (A(ha) + 1)a)(hy) = =A(hg) — 1 <0,
we get by applying the representation theory of sly to x$, h~ that
(@)t (2 @ Mgy, £ 0.
Since
[xi,a:;] = Aacg, [x;,xg] =0 [xg,a:ﬂ =0,
for some non—zero constant A, it follows by using the first two relations in that
(2q @) (2g @ ) g, 1y #0,

which contradicts (4.2.2]) and completes the proof.
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4.2.2

We now prove,

Lemma. Suppose that A\(h;) > 0 and (¢,)\) € N x P*. There exists a surjective map

of graded g[t|-modules
m: Dl bw; +\) — Dl + 1,lw; + X\) — 0,

with

kerm = U(g[t]) (2, ® )" wgy, 1.
Proof. The existence of a non—zero map 7 : D(¢,fw; + A) — D({ + 1,lw; + X) — 0, is
guaranteed by Lemma Since lw; + A = ({ + 1)w; + (A — w;) and A —w; € PT, it
follows that Proposition applies to both D(¢,fw; + A\) and to D(£ + 1, 4w; + A). In

particular, (4.2.1) shows that

(7, ® t)A(hi)wgw#,\ € kerm.

To prove that it generates the kernel, notice first that wy,, 4+ and 7(w,,;+x) both satisfy
all the relations in (2.1.1)). The Lemma follows if we prove that (z ® t*)wg,,+ is in

the g[t]—submodule of D(/, fw; + \) generated by (v, ® )My, 1y, where
(lwi + A)(ha) = L(sae — 1) + Mae = ({4 1)(sa,e41 — 1) + Maeta-

If ¢ ¢ supp v, then so ¢ = sq 41 = 1 and so (2, @ %4+ )wy,, 1, = 0 and there is nothing
to prove. If i € suppa and A(hq) > 1 then (A — w;)(hq) > 0 and so Sq ¢ = Sa 41 = 2

and we are done. It remains to consider the case when A(hy) = wi(hy) = 1. In this case
Sal = 2, Mae = 1, Saf+1 = 1, M 41 = {+1 (4.2.3)

and the only thing to check is that (z ®t)wg,,+ is in the g[t]-submodule of D (¢, fw; + X)

generated by (z,. ® t)wg,,4x. For this we proceed by induction on hta. If hta = 1,
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then o = «; and hence induction begins. Write o = 34~ with ¢ € supp 3 in which case

i ¢ supp~y. Notice that
AMho) =1 = Xhg) =1, (fw; + X)(hy) =0.

Hence using the induction hypothesis for 5 and the third equality in (2.1.1)) for ~, we
get

(Tq ® wew+x = 25 (25 @ )wew, 11 € U(g[t]) (24, ® H)wew,+x-

This completes the proof of the Lemma.

4.2.3

The following Lemma now clearly completes the proof of Theorem [2}

Lemma. Suppose that A(h;) > 0 and (¢,\) € N x PT and let p = lw; + X — A(h;) .

The assignment w,, — (x; ® t)*")wy 4, defines an injective map of g[t]-modules
L Ty D 1) — D6 A+ Lwy).
Proof. Choose A € Pt such that wA = wo(fw; + A) + £Ag for some w € W. Then,
D(l, bwi + X) =gy Vi (A).
The element wy,, +» maps to a non-zero element vyyuwa € (Vip(A))wowa. Since
(wowA, —a; +0) = (bw; + A+ Ao, —a; +0) = —(\, 04) <0,
it follows from the representation theory of the sly associated to the root —ay; + ¢ that

0 7é (.TZ_ & t)/\(hi)vwow/\ S Vw(A)sai,gwowAv
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where s,,_s is the reflection in W corresponding to the root a; — §. In particular,
(z7 @ ) Mg, 4y £ 0.

Since V,,(A) is a g-stable Demazure module, it follows that the g-module through

(z; ® t)/\(hi)vwow A 1s contained in it and hence we get that

V(A)wosai_éwow/\ C Vw (A) .

This means that we have an inclusion of Demazure modules Vwosaif swowA (A) — Vi, (A).

A straightforward calculation now shows that

Vwosai,gwowA(A) gg[t} T)T(hz)D(ga M)

which completes the proof.

4.3 Proof of Prime Demazure Modules

To prove Proposition we must show that if (¢,\) € N x PT is such that
A(hi) < ¢, then D(¥,\) is prime. We shall prove this in the rest of the section assuming

that g is simply—laced, including the algebras of type E.

4.3.1

The first step in proving Proposition [2.9]is,
Lemma. Let V be a finite-dimensional g—module such that:
dim V) =1, wtV CcA—QT.
Suppose that V' = Vi ® V5, where Vj, j = 1,2 are non-trivial finite-dimensional g-
modules. There exists a unique pair of non—zero elements y; € wt V; NPT such that
1+ p2 = A, dim Homg(V'(p5), V) = 1,
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and an injective map V(u1) ® V(u2) — V of g-modules.

Proof. The existence of pu; € wtV;, j = 1,2, such that p1 + p2 = X is a consequence of
the fact that dim V), > 0 while the uniqueness of these elements is a consequence of the
fact that dim V), = 1. Notice that this also proves that dim(V}),, = 1 for j = 1,2. Since

wtV C A — Q" we get wtV; C puj — Q1 and hence

dimHomg(V (1), V;) =1, j=1,2.
If 41 = 0 then the argument proves that V; is the one-dimensional trivial representation
of g contradicting our assumptions. This completes the proof of the Lemma. O
4.3.2

For the rest of the section we fix (¢,\) € N x PT and an isomorphism

for some finite-dimensional g—modules V7 and Va. Since D(¢, \) satisfies the conditions
of Lemma we choose p1 and pg as in Lemma and Proposition follows if

we prove that either p; = 0 or pug = 0.

4.3.3

We need some additional notation. Given any connected subset J C {1,--- ,n}
of the Dynkin diagram of g, set
R =R'NY Zoj, Py =P'N) Zw;, Qf=Q N> Za;.
jeJ Jje€J Jj€J
Let gs be the subalgebra of g generated by the elements l’ii, 1 € J and let n‘j][,

hs be defined in the obvious way. Then RJJr is the set of positive roots of g; with respect
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to hy and Py and @ are the corresponding weight and root lattice respectively. Finally,
we regard the algebra g;[t] as a subalgebra of g[t] in the natural way.

Given p € P set

Vi) = U(gs)v, C V(p), Dy, ) = Ul(gst]))wu C D, ).

Then Vj(u) is the irreducible g j—module with highest weight p; which is the restriction
of pto hy. The module Dy (¢, 1) is a quotient of the Demazure module for g ;[t] associated
to the pair (¢, uu.y).

The following is elementary and will be used repeatedly.

Lemma. (i) Suppose that p, 4/ € Pt and n € Q¥ is such that v = p+ ' —n € PT.

Then
Homg, +(Vy(v), Vs (1) ® V() = Homg(V (), V(1) @ V(1)).
(ii) Suppose that pu,v € Pt are such that yu—v € Qj. Then,
dim Homg, (Vs (v), Dy(£, 1)) = dim Homg(V (v), D(L, ). (4.3.1)
Proof. Let p]y be the restriction of a weight p to hy. Then, it is clear that

Vi(uly) @ Vi(i'ls) =g, Vilp) @ Vi(i')

0— Vi(p) @ Vy(p') = V(p) @ V(y).

Where the injective map is as gj + h modules. Next, one can extend the g; module
Vi(plys) @ Vi(i|y) to a gy + b module. First, we identify g; + b = g; & ¢; where
[g7,cs] = 0. And then we define the action of ¢; on the tensor product to be the scalar

action by (p+ )¢, which is well defined since p, p/ € P+. O
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4.3.4
For y € PT, set supppu = {i € I : u(h;) > 0}.

Lemma. Let (/,\) € N x PT with A\(h;) < ¢ for all 1 < i < n. With the notation of

Section we have

supp 1 N supp pg = 0.

In particular, if A = mw; for some 0 < m < ¢ and we are in the simply laced case, then

D(¢, \) is prime.

Proof. Suppose for a contradiction that ¢ € supp 1 Nsupp pe for some 1 <4 < n and set

J ={i}. Then g; = sly and hence using the Clebsch—Gordon formula and Proposition

[433] we get

Homg(V (A=), V(1) @V (u2)) = Homg(V (1 +p2 — ), V(1) @V (u2)) # 0. (4.3.2)

Using Lemma this implies that

Homg(V (A — o), D(£, \)) # 0. (4.3.3)

On the other hand since A(h;) < ¢, we have that the element wy € D(¢, \) satisfies the

defining relation (z; ® t)wy = 0 and hence

U(gs[th)wx = Ugs)wr = Vi(Ag).

Using (4.3.1) we get
Homg(V(A — ), D(¢, X)) =0,
which contradicts (4.3.3). This proves the Lemma. ]
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4.3.5

Lemma. Suppose that v1,v9 € PT are such that

supp v1 N supp va = 0.

There exists a connected subset J C I with g; isomorphic to sl,4; for some » € N and

1, v; #0,
|J Nsuppy;| = , j=1,2.
0, v; =0,
Proof. If v1 = vy = 0, we take J to be the empty set while if 1 = 0 and v # 0 we
take J = {i} for some i € suppro. Assume now that v; and vy are non-zero. If g is of
type A,, assume without loss of generality that supp o contains the maximal element
in the union supprq U suppvy. Choose i1 to be the maximal element in suppr; and
19 € supp 9 minimal so that io > 4;. The minimal connected subset J of I containing
11 and 19 satisfies the conditions of the Lemma.
If g is of type D or E we let ig be the trivalent node and let I, r = 1,2,3 be

the three legs of the Dynkin diagram through iy and assume without loss of generality

that Iy = {ip,41}. Assume that i; ¢ supp ve. Then,

vy = vy —vi(hy)wi, € PY suppyy Nsuppre =0, i ¢ suppv}.

If ; = 0 take J to be the connected closure of {i1,i2} for some iy € suppve. If ] # 0,
then the connected closure of supp 14 U supp v is contained in Iz U I3 and is of type A.
Now, we can use the result for A to find J C I\ {i1} with the required properties for
the pair v/{, vo. But this set also has the desired properties for the pair v1, v5 and the

proof is complete.
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4.3.6

We return to the notation of Section Using Lemma we see that we
can choose J as in Lemma for the pair pq, po. Let 05 € Rj be the highest root of
g and notice that Ay = A(h;, )wi, + A(hiy)wi,. If we assume in addition that A(h;) < £
for all i € I, then we see that: A(hy) < £ for all @ € R} with o # 6 and A(hg,) < 2L.

Hence the following relations hold in D(¢, \)

(zp ®@t)wy =0, a € R}, a6, (zg, ® tHwy = 0,
(zg, ®1)" =0, r>p=max{0,A(hg,) — {}.
It is again a standard fact that the elements (:L‘;J ® t)Swy are non—zero if 0 < s < p.

Using the Poincare-Birkhoff-Witt theorem, one sees that

U(gs[thws = ZU(gJ)(ng ®t)5wy.
s=0

Moreover, a simple calculation shows that (xg_J ®t)5wy, s € Zy are nT—invariant vectors

in D(¢,\) and we have

p p
U(gs[th)w =g, P U(as) (x5, @) wr =, V(A5 — s0,)™.
=0 s=0
Applying (4.3.1)), now gives
Homg(V(A - SGJ), D(Ev )‘)) = 07 s> p. (434)

On the other hand, it is well-known and in any case easily proved that

dim Homg(V (1 + p2 — 50.5), V(1) ® V(p2)) # 0 if 0 < s < min{pi(hg,), p2(he,)}-
Since V(1) ® V(p2) is isomorphic to a g—submodule of D(¢, ), it follows that
dim Homg(V (A = s8;), D(¢,\)) # 0 if 0 <s < min{ui(hg,), p2(he,)} (4.3.5)
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Since

p = max{0, )‘(hGJ) — £} = max{0, i (hGJ) + NZ(hGJ) — 1} < min{ﬂl(heJ)a MQ(hGJ)}7

we see that (4.3.5)) contradicts (4.3.4). The proof of Proposition is complete.
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Chapter 5

A Character Decomposition

Recall Proposition states that in types A and D, given £ € N, if we write

A= )\O + Z milw;
i€l

for A € Pt and 0 < A\°(h;) < £ for all 1 <14 < n, then

D(l,X) =g evp V (Lw1)™™ - x evg V(Lw,) ™™+ D(, 9.

In fact if A%(hg) < £, then D(¢,X°) =y evi V(A?). So we assume in the subsequent
chapter that A\°(hg) > £. Our aim is to understand the g module structure of the prime

Demazure module D (¢, \°) when A\°(hg) > 0.

5.1 Decomposition of prime modules over sl

Throughout this section we fix the following notation: let £ € N, ky, ko € Z,

such that 0 < k1,ko < £, and k1 + ko = £ + 7, for some 0 < r < £. We write
A = kjwy + kows and p = (0 — k2)wr + (£ — kp)ws.

We remind the reader that for any D(¢, \) we denote its generator by wy x. In particular,

we prove the following proposition in the subsequent sections.
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Proposition. There exists the following short exact sequence of g[t]-modules
0 — 7D, 1) 25 D, A0) 22 D +1,\°) — 0.
In addition, D(¢, u) = ev§ V().

We will prove Proposition [5.1] in the following sections. But first, we remark
that a repeated application of Proposition gives us the following immediate conse-

quence.

Corollary. The module D(¢, \?) has the Jordan decomposition

DX 2, V(X)) P V((L+i—ko)wr + (L+i— ki)ws)

0<i<r—1

5.1.1
Lemma. There is a surjection

¢2: D0, NY) — D0+ 1,\Y)
whose kernel is generated by (z, ®t)"wy yo.

Proof. By Lemma up to scalars there is a unique non-zero surjection. We need only
to calculate the kernel of the map which sends wy yo to w1 0. Both Demazure modules
are quotients of the local Weyl module VVlOC(/\O). Hence, we consider the extra relations

given by each Demazure module:
(z; @t)weno =0=(2; @)wpyq yo
(.’136_. X t2)’w€7)\0 =0= (%0_ ® tQ)U)Z_’_L)\O

while,
(ZL‘; ® t)r—i—l"UJg,)\O =0= (l’; X t)r’wg+17)\0

And hence it is clear that the kernel of ¢2 is generated by (x, ® t)"wj yo. O
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5.1.2

Lemma. The assignment of wy, — (r, @ t)"w, o defines a well-defined injection of

modules

¢1 : TTD(£7 :u) - D(fa >‘O)

Proof. Since p(hg) = 20 — k1 — kg < 20 — € —1 = £ — 1 then D({,u) =gy evg V(p), if
the assignment is well defined, then the ker ¢; = 0 since the map is nonzero. We check
the map is well-defined. Since r = kj + ko — £, then A\’ — 70 = i and the b[t] action is
preserved. It is also easy to check that z; (z; ® t)"wy 0 = 0 and hence (z; ® t)"wy yo
is a highest weight vector. Lastly, we have seen that (z, ® t)(z, ®t)"wy o = 0 for all

a € R*. This completes the proof. ]

5.2 Prime modules over sl

Given ¢ € N, we fix A = kjw;, + -+ + kyw;,, such that A(hg) = £ + 1 and let
V= Qg e g
Theorem 4. There exists a short exact sequence
0— 7 DWU,XN—7)— DU —D{l+1,\)—0
An immediate corollary is
Corollary. D(¢, \) has a Jordan Holder series decomposition
min{ii,n—ir}

D, X\) =4 @ V(wiy—s+ (k1 —1)wi, +kowiy +- - -+ kr—1wi, + (kr — D)wi, +wi,+s)
5=0

In particular, D(n — 1, p) =4 V(p) ® V(p — w1 — wp).
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5.2.1

Lemma. There exists a surjection
D(,\) - D({+1,\)—0
with kernel generated by (23 ® t)wy,.

Proof. By lemma in CSVW the map wy ) — w415 is a non-zero surjection.

And hence we only need to show that ¢ is generated by (:U; ®Qt)we . It is clear
that (v ® t)wyx € ker ¢. Suppose that Xwy ) € ker¢. Then we can write X =Y + Z
where Y is in the left ideal of U(g[t]) generated by {z_, ®t: A(he) < ¢} and Z is in the
left ideal generated by {z, ®t : A(hy) = £+1}. Since Ywy y = 0, we can simply consider
Zwy ) € ker ¢. Hence, consider o such that A(hy) = £+ 1 and write a = 81 + v + (2

where 31 = aj + -+ + o, -1 and B2 = aj, 41 + -+ + ag, j < k. Therefore,

(7o @ wey = [v5, ® 1, [25, @ 1,27 @ t]]wy
= (25, ® 1)(z5, ® 1)(z, ® t)we

€ U(I‘t_)(l';, ® t)wp

Hence, ker ¢ = U(g) (2 ® t)wg, . O

5.2.2
Lemma. The assignment wy x—, — (77, ®t)wy,x defines an injective map of g[t]-modules
1/} : 7-1* (£7)\_7) _)D(Ev)‘)

Proof. The proof follows as it does in Lemma Choose A € P+ such that wA =

woA + ¢Aq for some w € w. Then,

D(€, ) =g Vuw(A).
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Thus, under this isomorphism, we know that wy ) is mapped to some nonzero element,

Vwowh s Of Viy(A)wewa. Also, since
(wowA, —y+9)=-1<0
then by the sly representation theory associated to the root —y + § we have that
0 # (23 ® )vwgwr € Vi(A)s, _swowhs

where s,_s is the reflection in W along the root v — §. Hence, passing through the

isomorphism again, we see that
0 # (x5, @ t)we s € DL, A).

Recall that V,,(A) is a g stable Demazure module, in particular the g module through

the element (27 ® t)vwgwa is contained in V,(A) and therefore
V(M) wos., _swowr C Vi (A).

In particular, we have the inclusion of Demazure modules
Vs —swow(A) = Vi (A)

where Viygs, _swow(A) Zg 71 D4 A — 7). a
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Chapter 6

A Refined Presentation

In this chapter we discuss a family of g[t] modules denoted V() which are
associated to a RT-tuple of partitions. In fact, for certain tuples of partitions it is
known that these modules are isomorphic to a level £ Demazure module. The modules
V (€) were introduced in [I1] as quotients of local Weyl modules. In [I1] they provided
three alternate presentations of the V' (£¢) modules. In addition, under suitable conditions
on the partitions, the V(£) modules are isomorphic to some D(¢, A). In this chapter, I
provide a fourth presentation with a reduced, finite set of relations. First, we develop

the notation necessary to prove our result.

6.1 Modules associated to A\-compatible partitions

Given a dominant integral weight A\ € PT, we say that & = (£%),cr+ 18 A-
compatible, if

=286 2-620

and

€% =D& = Alha)-

i>1
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In the subsequent sections we will also use the following notation for partitions. If
i1 > 9 > i3 > --- > i, > 0 are the distinct parts of the partition where part 75 occurs
sk, times, then we will denote this partition by (i}*,45%,--- , ;7). If a partition only has
two distinct parts it is called a fat hook. In particular, if a fat hook is of the form
(%, (i — 1)), then I shall call it a consecutive fat hook.

In [I1] they define the modules V(&) to be the graded quotient of Wi.(A) by

the submodule generated by the elements

{zf@t)’(z, @ 1) Twy:a € R, s,r €N, s+7r>1+rk+ Z ¢, for some k € N}.
Jj=k+1

(6.1.1)
In particular, Proposition 2.4 in [II] states that the modules V(&) are non-zero, in-
decomposable g[t]-modules and under certain conditions are isomorphic to evy V/(A).
In particular, if we denote {\} to be the R*-tuple of partitions where each partition

€* = A(hq) and hence has at most one part, then we have the following proposition (in

[11]).
Proposition. Let A € PT.

(i) The module evy V() is the unique irreducible quotient of V(&) and hence V' (£) is

a nonzero, indecomposable g[t] module.

(ii) We have an isomorphism,

evo V(A) =gy V{A})
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6.2 Alternate Presentations

6.2.1 Presentation 2

In this section we give the alternate presentations of the V(&) modules estab-

lished in [IT]. First, we need notation developed in [11].
Definition. Let s,r € Z>,

(i) We define the following set of sequences

S(r,s) = ¢ (bp)p>0 : bp € Z>0, pr =, Zpbp =5
p=>0 p=>0

(ii) Given z € g we define the elements x(r, s) € U(g]t]) by

x(rs)= Y (@elP@Een - (zot)’)
(bp)p>0€S(r;s)

First, note that if (b,)p>0 € S(r,s) then b, = 0 for all p > s, and so (i) is well-defined.

Also, for any p € Z, x € g, we denote z() = zP /pl.

Then, by Garland’s identity, one can show that relation is equivalent to

Xo(rshug =0, ifs+r>14rk+ ) &, acR’ (6.2.1)
J>k+1

Hence providing a second presentation.

6.2.2 Presentation 3

The third presentation requires defining yet another description of S(r, s) given
in Section Here, for any k € Z>o we let S(r, s), (respectively 1 S(r, s)) be the subset

where the elements (by),>0 must also satisfy
b, =0, p > k (respectively, b, =0, p < k).
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In addition, if we let ¢,m € Z>, such that both sets S(r — ¢, s —m); and S(¢, m) are
nonempty, then the function
S(r—4,s —m)g xS, m) — S(r,s)
((bp)pZO’ (Cp)pZO) = (b07 b17 e )bk—17 Cky" )

is one to one, and we denote its image simply by S(r — £, s — m)i X S(¢,m).

Next, we can define the elements x(r, s); and px(r,s) in the obvious way by

setting
X(’I“, S)k’ = Z (Z’@ 1)(b0) "'(.’L‘@tk_l)(bk—l)
(0p)p>0€S(r,8)k
px(r,s) = Z (z @ t7) ) .o (2 @ ¢5)bs)

(bp)p>0€xS(r,9)

The following lemma will be useful in Section [6.3and is a combination of results

found in [I1] Section 2.5.
Lemma. Let k,7,s,€ Z>o and = € g. Then
(i) S(r,s) =k S(r,s) Ur’,s’EZZO(S(T —r' s — 8 xi S(r',s"))
(ii) If in addition, s +r > kr + K for some K € Z>¢g. Then
x(r,s) =k x(r,s) + Zx(r —r' s — 8 xpx(r', 5,
where the sum is over all 7/, s’ € Z> satisfying ' <r,s’ <sand s +r' > r'k+ K.

Finally, the last and third presentation given in [I1] is that the module V' (§) is generated

by the element ve with the defining relations of the local Weyl module and the additional

relation

kx(r,s)vgz(), a€RT, s;rkeN, s+r>14+kr+ Z 3
j>k+1
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In particular it is noted that for all « € R* with r, k € N which satisfy r > 1+Zj2k+1 33
we have that

(25 ® ") ve =0.

6.3 A Fourth Presentation

In the fourth presentation that I prove in this thesis, we see that there are
only finitely many k in that are needed in the presentation of V(). In particular,
the proof illustrates that in the case that every partition is a consecutive fat hook, the

relations are greatly simplified to a single monomial for every positive root.

Theorem 5. Let & = (£%),cp+ be a A—compatible |RT|-tuple of partitions where we
write £% = £ > ... > &§F = .. = €. We let pi denote the number of times the i-th
distinct part of £€* occurs, and m,, the total number of distinct parts in £¢. Then, V(£)

is isomorphic to the quotient of Wi,.(\) by the submodule generated by the elements,

{(z, @t )wy:a € R} U

{ka.Xa (ry8)wx 18 +7 2> 1 +71ka; + Z £, 1 <i <myg, if % is not a consecutive fat hook }
jzka,i+l

where ko ; = p¢ + ... + p¢ and ko, = S, is the total number of parts.
, 1 ) y

Proof. Let U be the submodule of W),.(\) generated by the elements given in the state-
ment of the theorem. Let V(€) be the corresponding quotient of Wi.()). We see
immediately that V(€) is a quotient of V(€) since we can take k = kg ;

To prove that they are isomorphic, we must show that: for € R™ and
k,r,s € N, either

s+r>14rk+ Z § = (zf @t)5(z, @ 1)*TTwy, € U, (6.3.1)
j>k+1
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or

s+r>14+rk+ Z £ = x,(r,s)wy € U. (6.3.2)
J>k+1

If r > £, then

sHr 14k + Y =14+ &=+ 1
JZk+1 jz1

By local Weyl module relations, we know (x, ® 1)*™"w) = 0 and so equation is

proved in this case.

It remains to check what happens if r < £ orif § > r > &11. Before we

proceed, we make note of the following. Since we have that
(x, @t°*)wy € U

then it follows that, (z;, ® t™)wy € U for all m > s,. Second, it follows that if

(bp)p>0 € S(r,s) is such that by, > 0 for some m > s, then
((zg @ 1)) (25 @ t™)bm) Ywy) e U (6.3.3)

So,

(% (1,8) = X (1, 8)s, )wr €U (6.3.4)

Hence, for our remaining cases it will suffice to show that x_, (r, s)s, wy € U.

Now, suppose that & > r. We claim that,

s+r>14+kr+ Z £ = s+r>1+sar (6.3.5)
j>k+1

For the claim, notice there is nothing to prove if k > s, and if k < s, then

s+r>1+kr+ Z £ > 14+ kr+ (sa — k)&, > 1+ kr + (sa — k)r.
Rt

This means that if (by),>0 € S(r, s), then we must have b,, > 0 for some m > s,, since

otherwise we would have s = ) pbp < r(sq—1). In particular, we get x7 (r,s)s, =0

P<Sa
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and equation (/6.3.4) now proves that x_ (r,s)wy € U. This also completes the proof
when £ is a consecutive fat hook.

Lastly, suppose that £ > r > £ ;. We claim the following inequality holds

N G = (ks = )by = 147k —kai) + > & (6.3.6)
JZka,i j>k+1
and hence
Yo (hai— by =1+ > & (6.3.7)
J2ka,i J>ke i+

Inequality follows from

Sa—1

(50 = Dbsu1 + oo+ kaibi, + (ko = D(r— Y b)) 2s>14rk—1)+ > &

where we are assuming (b,)p>0 € S(r, s)s, otherwise we are done by
To prove first suppose that k > k, ;. By our assumption that r > £, it

follows that r > &% for all j > kq; + 1. Then by

k
Z (j_(ka,i—l))ijI—l— Z r 4 Z f]a

>k j=kaitl  j>k+1

k
21+ 3§42 ¢
k

a,i+1 ]Zk‘i‘l

>1+ Y &

jzka,i"f‘l

On the other hand, suppose that k < k,;. By our assumption that r» < & it
follows that £ —r > 0 for all j < ko,;. Hence, from @

kai
Z (j_(ka,i—l))bj >1+ Z —r + Z 5]04

JZka,i J=k+1 JZk+1

ko,
=1+ > G-+ >,

J=k+1 JZka,it+1

>14+ Y &

jzka,i‘f'l
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which proves the claim.

Next, note that by we can write

s+r—kair=s5+r(l—kaq)

= b+ (1= kai) Db

j=0 J=0

= Y G ke =D+ Y (G~ (kay — 1)

0<j<ka,i—1 52kai

> > (ki =+ [1+ D &

0<j<kq,i—1 JZka,i+1

In other words, we have the following inequality:

ka,i—1
str—ker> 14+ > &+ D (= (kai—1)b; (6.3.8)
52kt =0

By [CV, Lemma 2.5] we can write

X (7, 8)50 WA = ko X (1, 8)s, 03 + D X (1 =175 = 8y saiXa (1, 8')sq 0.

r'<r
s'<s

By [6.3.8if (by)p>0 € ka,iS (7, 5)s,, then s+r > 14+rkq i+ Z £ and so X, (7, 8)s,wx €
J2ka,it+1
U. While, if (by)p>0 € S(r — 7', 5 — 8" )iy X ka,iS(r',8)s,, then again by we have:

(s=s)Y+s+r—=r")+1" —kai(r —7") — kaur’

ka,i_l ka,i_l ka,i_l
> 1+ > &+ D b — ke b; + b;
J2ka,i+1 Jj=0 Jj=0 j=0

=1+ Z £ 4 (s =) = kai(r —7') + (r —71)
Jzka,z"l‘l

Therefore, s’ + 1" > 1+ ko1’ + Z £ and pa,ix, (', 8")s,wx € U. And hence,

JZka,it+1
x,, (7, 8)s,wx € U which completes the proof.
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Table .1: Data for Fy and ¢ = 2.

L > [ e [ X [ w |
(0,0,0,0) | (0,0,0,0) || (1,0,0,0) | (0,0,0,0)
(0,0,0,1) | (0,0,0,0) || (1,0,0,1) | (1,0,0,0)
(0,0,0,2) | (0,0,0,0) || (1,0,0,2) | (0,0,0,2)
(0,0,0,3) | (0,0,0,2) || (1,0,0,3) | (0,0,0,2)
(0,0,1,0) | (0,0,0,0) || (1,0,1,0) | (1,0,0,0)
(0,0,1,1) | (0,0,0,2) || (1,0,1,1) | (0,0,0,2)
(0,0,1,2) | (0,0,0,2) || (1,0,1,2) | (0,0,0,2)
(0,0,1,3) | (0,0,0,2) || (1,0,1,3) | (1,0,0,2)
(0,0,2,0) | (0,0,0,2) || (1,0,2,0) | (0,1,0,0)
(0,0,2,1) | (0,0,0,2) || (1,0,2,1) | (0,0,2,0)
(0,0,2,2) | (0,0,0,2) || (1,0,2,2) | (0,0,2,0)
(0,0,2,3) | (0,0,2,0) || (1,0,2,3) | (0,0,2,0)
(0,0,3,0) | (0,0,2,0) || (1,0,3,0) | (0,0,2,0)
(0,0,3,1) | (0,0,2,0) || (1,0,3,1) | (0,0,2,0)
(0,0,3,2) | (0,0,2,0) || (1,0,3,2) | (0,0,2,0)
(0,0,3,3) | (0,0,2,0) || (1,0,3,3) | (0,0,2,2)
(0,1,0,0) | (1,0,0,0) || (1,1,0,0) | (0,1,0,0)
(0,1,0,1) | (0,0,0,2) || (1,1,0,1) | (0,1,0,0)
(0,1,0,2) | (0,0,0,2) || (1,1,0,2) | (0,1,0,0)
(0,1,0,3) | (0,0,0,2) || (1,1,0,3) | (1,0,0,2)
(0,1,1,0) | (0,1,0,0) || (1,1,1,0) | (0,1,0,0)
(0,1,1,1) | (0,1,0,0) |[ (1,1,1,1) | (0,0,2,0)
(0,1,1,2) | (0,0,2,0) || (1,1,1,2) | (0,0,2,0)
(0,1,1,3) | (0,0,2,0) || (1,1,1,3) | (0,1,0,2)
(0,1,2,0) | (0,0,2,0) || (1,1,2,0) | (0,0,2,0)
(0,1,2,1) | (0,0,2,0) || (1,1,2,1) | (0,0,2,0)
(0,1,2,2) | (0,0,2,0) |[ (1,1,2,2) | (0,1,0,2)
(0,1,2,3) | (0,1,0,2) || (1,1,2,3) | (0,0,2,2)
(0,1,3,0) | (0,0,2,0) || (1,1,3,0) | (1,0,2,0)
(0,1,3,1) | (0,0,2,0) |[ (1,1,3,1) | (1,0,2,0)
(0,1,3,2) | (0,0,2.2) |[ (1,1,3.2) | (0,0,2,2)
(0,1,3,3) | (0,0,2.2) || (1,1,3,3) | (0,0,2,2)
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Table .2: Data for Eg and ¢ = 2.

I A I | A I I
(0,0,0,0,0,0,0,0) | (0,0,0,0,0,0,0,0) || (0,0,0,1,0,1,0,0) | (0,0,0,0,1,0,0,0)
(1,0,0,0,0,0,0,0) | (1,0,0,0,0,0,0,0) || (1,0,0,1,0,1,0,0) | (0,0,0,1,0,0,0,0)
(0,1,0,0,0,0,0,0) | (0,0,0,0,0,0,0,1) || (0,1,0,1,0,1,0,0) | (0,0,0,1,0,0,0,0)
(1,1,0,0,0,0,0,0) | (0,1,0,0,0,0,0,0) || (1,1,0,1,0,1,0,0) | (0,0,0,1,0,0,0,1)
(0,0,1,0,0,0,0,0) | (1,0,0,0,0,0,0,0) || (0,0,1,1,0,1,0,0) | (0,0,0,1,0,0,0,0)
(1,0,1,0,0,0,0,0) | (0,0,1,0,0,0,0,0) || (1,0,1,1,0,1,0,0) | (0,0,1,0,0,1,0,0)
(0,1,1,0,0,0,0,0) | (0,0,1,0,0,0,0,0) || (0,1,1,1,0,1,0,0) | (0,0,0,1,0,0,1,0)
(1,1,1,0,0,0,0,0) | (0,0,1,0,0,0,0,0) || (1,1,1,1,0,1,0,0) | (0,0,0,1,0,1,0,0)
(0,0,0,1,0,0,0,0) | (0,1,0,0,0,0,0,0) || (0,0,0,0,1,1,0,0) | (0,0,0,0,0,1,0,0)
(1,0,0,1,0,0,0,0) | (0,0,1,0,0,0,0,0) || (1,0,0,0,1,1,0,0) | (0,0,0,0,1,0,0,0)
(0,1,0,1,0,0,0,0) | (0,0,0,0,1,0,0,0) || (0,1,0,0,1,1,0,0) | (0,0,0,0,1,0,0,0)
(1,1,0,1,0,0,0,0) | (0,0,0,1,0,0,0,0) || (1,1,0,0,1,1,0,0) | (0,1,0,0,0,1,0,0)
(0,0,1,1,0,0,0,0) | (0,0,0,0,1,0,0,0) || (0,0,1,0,1,1,0,0) | (0,0,0,0,1,0,0,1)
(1,0,1,1,0,0,0,0) | (0,0,0,1,0,0,0,0) || (1,0,1,0,1,1,0,0) | (0,0,1,0,0,1,0,0)
(0,1,1,1,0,0,0,0) | (0,0,0,1,0,0,0,0) || (0,1,1,0,1,1,0,0) | (0,0,1,0,0,1,0,0)
(1,1,1,1,0,0,0,0) | (0,1,1,0,0,0,0,0) || (1,1,1,0,1,1,0,0) | (0,0,1,0,1,0,0,0)
(0,0,0,0,1,0,0,0) | (0,0,0,0,0,0,1,0) || (0,0,0,1,1,1,0,0) | (0,0,0,0,1,0,1,0)
(1,0,0,0,1,0,0,0) | (0,0,0,0,0,1,0,0) || (1,0,0,1,1,1,0,0) | (0,0,0,0,1,1,0,0)
(0,1,0,0,1,0,0,0) | (0,0,0,0,0,1,0,0) || (0,1,0,1,1,1,0,0) | (0,0,0,0,1,1,0,0)
(1,1,0,0,1,0,0,0) | (0,0,0,0,1,0,0,0) || (1,1,0,1,1,1,0,0) | (0,0,0,1,0,1,0,0)
(0,0,1,0,1,0,0,0) | (0,0,0,0,1,0,0,0) || (0,0,1,1,1,1,0,0) | (0,0,0,1,0,1,0,0)
(1,0,1,0,1,0,0,0) | (0,0,0,0,1,0,0,0) || (1,0,1,1,1,1,0,0) | (0,0,0,1,0,1,0,0)
(0,1,1,0,1,0,0,0) | (0,0,0,1,0,0,0,0) || (0,1,1,1,1,1,0,0) | (0,0,0,1,1,0,0,0)
(1,1,1,0,1,0,0,0) | (0,1,1,0,0,0,0,0) || (1,1,1,1,1,1,0,0) | (0,1,1,0,1,0,0,0)
(0,0,0,1,1,0,0,0) | (0,0,0,0,1,0,0,0) || (0,0,0,0,0,0,1,0) | (0,0,0,0,0,0,0,1)
(1,0,0,1,1,0,0,0) | (0,0,0,1,0,0,0,0) || (1,0,0,0,0,0,1,0) | (0,0,0,0,0,0,1,0)
(0,1,0,1,1,0,0,0) | (0,0,0,1,0,0,0,0) || (0,1,0,0,0,0,1,0) | (0,0,0,0,0,0,1,0)
(1,1,0,1,1,0,0,0) | (0,1,0,0,1,0,0,0) || (1,1,0,0,0,0,1,0) | (0,0,0,0,0,1,0,0)
(0,0,1,1,1,0,0,0) | (0,0,0,1,0,0,0,1) || (0,0,1,0,0,0,1,0) | (0,0,0,0,0,0,1,0)
(1,0,1,1,1,0,0,0) | (0,0,1,0,1,0,0,0) || (1,0,1,0,0,0,1,0) | (0,0,1,0,0,0,0,0)
(0,1,1,1,1,0,0,0) | (0,0,1,0,1,0,0,0) || (0,1,1,0,0,0,1,0) | (0,0,0,0,1,0,0,0)
(1,1,1,1,1,0,0,0) | (0,0,1,1,0,0,0,0) || (1,1,1,0,0,0,1,0) | (0,0,0,1,0,0,0,0)
(0,0,0,0,0,1,0,0) | (0,0,0,0,0,0,0,1) || (0,0,0,1,0,0,1,0) | (0,0,0,0,0,1,0,0)
(1,0,0,0,0,1,0,0) | (0,0,0,0,0,0,1,0) || (1,0,0,1,0,0,1,0) | (0,0,0,0,1,0,0,0)
(0,1,0,0,0,1,0,0) | (0,0,0,0,0,1,0,0) || (0,1,0,1,0,0,1,0) | (0,0,0,1,0,0,0,0)
(1,1,0,0,0,1,0,0) | (0,0,0,0,0,1,0,0) || (1,1,0,1,0,0,1,0) | (0,0,0,1,0,0,0,0)
(0,0,1,0,0,1,0,0) | (0,0,0,0,0,1,0,0) || (0,0,1,1,0,0,1,0) | (0,0,0,1,0,0,0,0)
(1,0,1,0,0,1,0,0) | (0,0,0,0,1,0,0,0) || (1,0,1,1,0,0,1,0) | (0,0,0,1,0,0,1,0)
(0,1,1,0,0,1,0,0) | (0,0,0,0,1,0,0,0) || (0,1,1,1,0,0,1,0) | (0,0,0,1,0,0,0,1)
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Table .3: Data for Fg and ¢ = 2 continued.

I A | I | A | I I
(1,1,1,0,0,1,0,0) | (0,0,0,1,0,0,0,0) || (1,1,1,1,0,0,1,0) | (0,0,0,1,0,0,1,0)
(0,0,0,0,1,0,1,0) | (0,0,0,0,0,1,0,0) || (0,0,0,1,1,1,1,0) | (0,0,0,0,1,1,0,0)
(1,0,0,0,1,0,1,0) | (0,0,0,0,1,0,0,0) || (1,0,0,1,1,1,1,0) | (0,0,0,1,0,1,0,0)
(0,1,0,0,1,0,1,0) | (0,0,0,0,1,0,0,0) || (0,1,0,1,1,1,1,0) | (0,0,0,1,0,1,0,0)
(1,1,0,0,1,0,1,0) | (0,0,0,0,1,0,0,1) || (1,1,0,1,1,1,1,0) | (0,0,0,1,0,1,0,1)
(0,0,1,0,1,0,1,0) | (0,0,0,0,1,0,0,0) || (0,0,1,1,1,1,1,0) | (0,0,0,1,0,1,0,0)
(1,0,1,0,1,0,1,0) | (0,0,1,0,0,0,1,0) || (1,0,1,1,1,1,1,0) | (0,0,1,0,1,0,1,0)
(0,1,1,0,1,0,1,0) | (0,0,0,0,1,0,1,0) || (0,1,1,1,1,1,1,0) | (0,0,0,1,0,1,1,0)
(1,1,1,0,1,0,1,0) | (0,0,0,1,0,0,1,0) || (1,1,1,1,1,1,1,0) | (0,0,0,1,1,0,1,0)
(0,0,0,1,1,0,1,0) | (0,0,0,0,1,0,0,1) || (0,0,0,0,0,0,0,1) | (0,0,0,0,0,0,0,0)
(1,0,0,1,1,0,1,0) | (0,0,0,0,1,0,1,0) || (1,0,0,0,0,0,0,1) | (0,0,0,0,0,0,0,1)
(0,1,0,1,1,0,1,0) | (0,0,0,1,0,0,1,0) || (0,1,0,0,0,0,0,1) | (0,0,0,0,0,0,0,1)
(1,1,0,1,1,0,1,0) | (0,0,0,1,0,0,1,0) || (1,1,0,0,0,0,0,1) | (0,1,0,0,0,0,0,0)
(0,0,1,1,1,0,1,0) | (0,0,0,1,0,0,1,0) || (0,0,1,0,0,0,0,1) | (0,0,0,0,0,0,1,0)
(1,0,1,1,1,0,1,0) | (0,0,0,1,0,1,0,0) || (1,0,1,0,0,0,0,1) | (0,0,1,0,0,0,0,0)
(0,1,1,1,1,0,1,0) | (0,0,0,1,0,1,0,0) || (0,0,0,1,0,0,0,1) | (0,0,0,0,0,1,0,0)
(1,1,1,1,1,0,1,0) | (0,0,0,1,1,0,0,0) || (1,0,0,1,0,0,0,1) | (0,0,0,0,1,0,0,0)
(0,0,0,0,0,1,1,0) | (0,0,0,0,0,0,1,0) || (0,1,0,1,0,0,0,1) | (0,0,0,0,1,0,0,0)
(1,0,0,0,0,1,1,0) | (0,0,0,0,0,1,0,0) || (1,1,0,1,0,0,0,1) | (0,0,0,1,0,0,0,0)
(0,1,0,0,0,1,1,0) | (0,0,0,0,0,1,0,0) || (0,0,1,1,0,0,0,1) | (0,0,0,1,0,0,0,0)
(1,1,0,0,0,1,1,0) | (0,1,0,0,0,0,1,0) || (1,0,1,1,0,0,0,1) | (0,0,0,1,0,0,0,0)
(0,0,1,0,0,1,1,0) | (0,0,0,0,0,1,0,1) || (0,1,1,1,0,0,0,1) | (0,0,0,1,0,0,0,1)
(1,0,1,0,0,1,1,0) | (0,0,1,0,0,0,1,0) || (1,1,1,1,0,0,0,1) | (0,1,1,0,0,0,0,1)
(0,1,1,0,0,1,1,0) | (0,0,1,0,0,0,1,0) || (0,0,0,0,1,0,0,1) | (0,0,0,0,0,0,1,0)
(1,1,1,0,0,1,1,0) | (0,0,1,0,0,1,0,0) || (1,0,0,0,1,0,0,1) | (0,0,0,0,0,1,0,0)
(0,0,0,1,0,1,1,0) | (0,0,0,0,0,1,1,0) || (0,1,0,0,1,0,0,1) | (0,0,0,0,1,0,0,0)
(1,0,0,1,0,1,1,0) | (0,0,0,0,1,0,1,0) || (1,1,0,0,1,0,0,1) | (0,0,0,0,1,0,0,0)
(0,1,0,1,0,1,1,0) | (0,0,0,0,1,0,1,0) || (0,0,1,0,1,0,0,1) | (0,0,0,0,1,0,0,0)
(1,1,0,1,0,1,1,0) | (0,0,0,1,0,0,1,0) || (1,0,1,0,1,0,0,1) | (0,0,0,0,1,0,0,1)
(0,0,1,1,0,1,1,0) | (0,0,0,1,0,0,1,0) || (0,1,1,0,1,0,0,1) | (0,0,0,0,1,0,0,1)
(1,0,1,1,0,1,1,0) | (0,0,0,1,0,0,1,0) || (1,1,1,0,1,0,0,1) | (0,0,0,1,0,0,0,1)
(0,1,1,1,0,1,1,0) | (0,0,0,1,0,1,0,0) || (0,0,0,1,1,0,0,1) | (0,0,0,0,1,0,0,1)
(1,1,1,1,0,1,1,0) | (0,1,1,0,0,1,0,0) || (1,0,0,1,1,0,0,1) | (0,0,0,1,0,0,0,1)
(0,0,0,0,1,1,1,0) | (0,0,0,0,0,1,0,1) || (0,1,0,1,1,0,0,1) | (0,0,0,1,0,0,0,1)
(1,0,0,0,1,1,1,0) | (0,0,0,0,0,1,1,0) || (1,1,0,1,1,0,0,1) | (0,0,0,1,0,0,1,0)
(0,1,0,0,1,1,1,0) | (0,0,0,0,1,0,1,0) || (0,0,1,1,1,0,0,1) | (0,0,0,1,0,0,0,1)
(1,1,0,0,1,1,1,0) | (0,0,0,0,1,0,1,0) || (1,0,1,1,1,0,0,1) | (0,0,1,0,1,0,0,0)
(0,0,1,0,1,1,1,0) | (0,0,0,0,1,0,1,0) || (0,1,1,1,1,0,0,1) | (0,0,0,1,0,1,0,0)
(1,0,1,0,1,1,1,0) | (0,0,0,0,1,1,0,0) || (1,1,1,1,1,0,0,1) | (0,0,0,1,1,0,0,0)
(0,1,1,0,1,1,1,0) | (0,0,0,0,1,1,0,0) || (0,0,0,0,0,1,0,1) | (0,0,0,0,0,0,1,0)
(1,1,1,0,1,1,1,0) | (0,0,0,1,0,1,0,0) || (1,0,0,0,0,1,0,1) | (0,0,0,0,0,1,0,0)
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Table .4: Data for Fg and ¢ = 2 continued.

| A | I [ A | z I
(0,1,0,0,0,1,0,1) [ (0,0,0,0,0,1,0,0) [ (0,0,0,1,0,0,1,1) | (0,0,0,0,0,1,0,1)
(0,1,0,0,0,1,0,1) | (0,0,0,0,0,1,0,0) || (1,0,0,1,0,0,1,1) | (0,0,0,0,1,0,0,1)
(1,1,0,0,0,1,0,1) | (0,0,0,0,0,1,0,1) || (0,1,0,1,0,0,1,1) | (0,0,0,0,1,0,0,1)
(0,0,1,0,0,1,0,1) | (0,0,0,0,0,1,0,0) || (1,1,0,1,0,0,1,1) | (0,0,0,1,0,0,0,1)
(1,0,1,0,0,1,0,1) | (0,0,1,0,0,0,0,1) || (0,0,1,1,0,0,1,1) | (0,0,0,1,0,0,0,1)
(0,1,1,0,0,1,0,1) | (0,0,0,0,1,0,0,1) || (1,0,1,1,0,0,1,1) | (0,0,0,1,0,0,0,1)
(1,1,1,0,0,1,0,1) | (0,0,0,1,0,0,0,1) || (0,1,1,1,0,0,1,1) | (0,0,0,1,0,0,1,0)
(0,0,0,1,0,1,0,1) | (0,0,0,0,0,1,0,1) || (1,1,1,1,0,0,1,1) | (0,1,1,0,0,0,1,0)
(0,0,0,1,0,1,0,1) | (0,0,0,0,0,1,0,1) || (0,0,0,0,1,0,1,1) | (0,0,0,0,0,0,1,1)
(1,0,0,1,0,1,0,1) | (0,0,0,0,1,0,0,1) || (1,0,0,0,1,0,1,1) | (0,0,0,0,0,1,0,1)
(0,1,0,1,0,1,0,1) | (0,0,0,1,0,0,0,1) || (0,1,0,0,1,0,1,1) | (0,0,0,0,1,0,0,1)
(1,1,0,1,0,1,0,1) | (0,0,0,1,0,0,0,1) || (1,1,0,0,1,0,1,1) | (0,0,0,0,1,0,0,1)
(0,0,1,1,0,1,0,1) | (0,0,0,1,0,0,0,1) || (0,0,1,0,1,0,1,1) | (0,0,0,0,1,0,0,1)
(1,0,1,1,0,1,0,1) | (0,0,0,1,0,0,1,0) || (1,0,1,0,1,0,1,1) | (0,0,0,0,1,0,1,0)
(0,1,1,1,0,1,0,1) | (0,0,0,1,0,0,1,0) || (0,1,1,0,1,0,1,1) | (0,0,0,0,1,0,1,0)
(1,1,1,1,0,1,0,1) | (0,0,0,1,0,1,0,0) || (1,1,1,0,1,0,1,1) | (0,0,0,1,0,0,1,0)
(0,0,0,0,1,1,0,1) | (0,0,0,0,0,1,0,1) || (0,0,0,1,1,0,1,1) | (0,0,0,0,1,0,1,0)
(1,0,0,0,1,1,0,1) | (0,0,0,0,1,0,0,1) || (1,0,0,1,1,0,1,1) | (0,0,0,1,0,0,1,0)
(0,1,0,0,1,1,0,1) | (0,0,0,0,1,0,0,1) || (0,1,0,1,1,0,1,1) | (0,0,0,1,0,0,1,0)
(1,1,0,0,1,1,0,1) | (0,0,0,0,1,0,1,0) || (1,1,0,1,1,0,1,1) | (0,0,0,1,0,0,1,1)
(0,0,1,0,1,1,0,1) | (0,0,0,0,1,0,0,1) || (0,0,1,1,1,0,1,1) | (0,0,0,1,0,0,1,0)
(1,0,1,0,1,1,0,1) | (0,0,1,0,0,1,0,0) || (1,0,1,1,1,0,1,1) | (0,0,1,0,1,0,0,1)
(0,1,1,0,1,1,0,1) | (0,0,0,0,1,1,0,0) || (0,1,1,1,1,0,1,1) | (0,0,0,1,0,1,0,1)
(1,1,1,0,1,1,0,1) | (0,0,0,1,0,1,0,0) || (1,1,1,1,1,0,1,1) | (0,0,0,1,1,0,0,1)
(0,0,0,1,1,1,0,1) | (0,0,0,0,1,0,1,0) || (0,0,0,0,0,1,1,1) | (0,0,0,0,0,0,1,1)
(1,0,0,1,1,1,0,1) | (0,0,0,0,1,1,0,0) || (1,0,0,0,0,1,1,1) | (0,0,0,0,0,1,0,1)
(0,1,0,1,1,1,0,1) | (0,0,0,1,0,1,0,0) || (0,1,0,0,0,1,1,1) | (0,0,0,0,0,1,0,1)
(1,1,0,1,1,1,0,1) | (0,0,0,1,0,1,0,0) || (1,1,0,0,0,1,1,1) | (0,0,0,0,0,1,1,0)
(0,0,1,1,1,1,0,1) | (0,0,0,1,0,1,0,0) || (0,0,1,0,0,1,1,1) | (0,0,0,0,0,1,0,1)
(1,0,1,1,1,1,0,1) | (0,0,0,1,0,1,0,1) || (1,0,1,0,0,1,1,1) | (0,0,1,0,0,0,1,0)
(0,1,1,1,1,1,0,1) | (0,0,0,1,0,1,0,1) || (0,1,1,0,0,1,1,1) | (0,0,0,0,1,0,1,0)
(1,1,1,1,1,1,0,1) | (0,0,0,1,1,0,0,1) || (1,1,1,0,0,1,1,1) | (0,0,0,1,0,0,1,0)
(0,0,0,0,0,0,1,1) | (0,0,0,0,0,0,0,1) || (0,0,0,1,0,1,1,1) | (0,0,0,0,0,1,1,0)
(1,0,0,0,0,0,1,1) | (0,0,0,0,0,0,1,0) || (1,0,0,1,0,1,1,1) | (0,0,0,0,1,0,1,0)
(0,1,0,0,0,0,1,1) | (0,0,0,0,0,0,1,0) || (0,1,0,1,0,1,1,1) | (0,0,0,1,0,0,1,0)
(1,1,0,0,0,0,1,1) | (0,1,0,0,0,0,0,1) || (1,1,0,1,0,1,1,1) | (0,0,0,1,0,0,1,0)
(0,0,1,0,0,0,1,1) | (0,0,0,0,0,0,1,1) || (0,0,1,1,0,1,1,1) | (0,0,0,1,0,0,1,0)
(1,0,1,0,0,0,1,1) | (0,0,1,0,0,0,0,1) || (1,0,1,1,0,1,1,1) | (0,0,0,1,0,0,1,1)
(0,1,1,0,0,0,1,1) | (0,0,1,0,0,0,0,1) || (0,1,1,1,0,1,1,1) | (0,0,0,1,0,0,1,1)
(1,1,1,0,0,0,1,1) | (0,0,1,0,0,0,1,0) || (1,1,1,1,0,1,1,1) | (0,0,0,1,0,1,0,1)
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Table .5: Data for Fg and ¢ = 2 continued.

H A | I I A | I |
(0,0,0,0,1,1,1,1) | (0,0,0,0,0,1,1,0) || (0,0,0,1,1,1,1,1) | (0,0,0,0,1,0,1,1)
(1,0,0,0,1,1,1,1) | (0,0,0,0,1,0,1,0) || (1,0,0,1,1,1,1,1) | (0,0,0,0,1,1,0,1)
(0,1,0,0,1,1,1,1) | (0,0,0,0,1,0,1,0) || (0,1,0,1,1,1,1,1) | (0,0,0,1,0,1,0,1)
(1,1,0,0,1,1,1,1) | (0,0,0,0,1,0,1,1) || (1,1,0,1,1,1,1,1) | (0,0,0,1,0,1,0,1)
(0,0,1,0,1,1,1,1) | (0,0,0,0,1,0,1,0) || (0,0,1,1,1,1,1,1) | (0,0,0,1,0,1,0,1)
(1,0,1,0,1,1,1,1) | (0,0,1,0,0,1,0,1) || (1,0,1,1,1,1,1,1) | (0,0,0,1,0,1,1,0)
(0,1,1,0,1,1,1,1) | (0,0,0,0,1,1,0,1) || (0,1,1,1,1,1,1,1) | (0,0,0,1,0,1,1,0)
(1,1,1,0,1,1,1,1) | (0,0,0,1,0,1,0,1) || (1,1,1,1,1,1,1,1) | (0,0,0,1,1,0,1,0)
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