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ABSTRACT
The results of a study on vacuum polérizaﬁion, orders
a(Za)n, n > 3, for large Z systems encountered in heavy ién
. collisions are presénted here. It is shown that the higher
order vacuum polarizatipn_cannot prevenﬁ ﬁhe 18% vstafé from
réachihg the lowe; continuum, E = -mecz, for sbme critical
;" charge Z o 170. In addition, tne'stability and ioqalization

-C

of a helium-like system'for zZ > Zcr is demonstratéd.

An'interesting application 6f heavyvion co1lisions’iS'to the
study of éuantum electrodynamics of strong fields. Fo;vshort times,-
| at least, systems with 1arge effective charge 2 'will be tormed witn
Zo > 1.H In the strong fiélds‘of such systemé, highly relativistic
elecfronic bound states are expected tovoccur'ﬁith binding.energies B
exceediﬁg the electron rest,mass. m, s and fqr some critical charge, |
Z _~ 170, the 18

“er ' 3 _
with B = 2me’l For Z > ZCr’ it has been predicted

state is expected to reach_the lower continuum -

2,3 that spon-

taneous e+e— pair production will occur with the subsequent capture
of two electrons into a tightly bound helium-like state and the

ejection of two positrons into continuum states. ‘hese predictions
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have been based on solutions of the Dirac equation for finite size

nuclei in which radiative corrections such as. vacuum polarization (VP)

and the Lamb shift are ignored. For these predictions’td be applic-
able to heavy ion collisioné, it is éssentiai to showfthat‘radiative
corrections are indeed.negligible for lérge z~ 2, and thus cannot
prevent the '18% ‘state from reaching the IOWér cdntinuum,. Sévgral.
2,3

Qualitative'arguments and a model calculation based on etfective

1imiting field Lagrangians% suggest that the effect of VP'does'remain'd

small up-to.zcr; Yet, a complete quantum electrbdynamic calculatioﬁ

had not been carried out to all orders in Za. The purpose of this

- Letter, then, is to present the results of a numerical calculation of

the higher order VP, orders a(Za)n, n > 3, based on the methods of

5

" Wichmann and Kroll. The results cdnfirm'that'VP rémains a small

perturbation even up to Zcr,

Although the effeCt of higher order VP is always much less
’ LY : ' .

thén that of the first ordér'(Uehling)'potential in atoms with

Z SblOO,-the'results_of Wichmann and Kroll5 for‘a POintvnucleﬁs show
that the size of the higher order VP increases sharply near %0 = 1.
If the VP charge acéumuléted at the origin qu ofdersv:a(Za)n;' -

n 2 3; is denpted by Q%;, then*while Q%% ~i$ finite'and much’

smalier'than the nucléar,charge.when Za =1

(10231 = 0.05]e] << 137e]), dQ}e/az = = at Za = 1. Furthermore,

the ihfinité slope of .Q;; can be seen to come from the lowest angular

momentum (? = #(J + %J = :l) ‘contribution to the VP density. The

higher angular momentum (lx| 2 2) contribution to Qé; is seen to

vary smoothly past Za = 1 until 2a = 2, where the [kl =2 contri-_

bution becomes singular. Of course, these singuiarities in the VP

charge density arise because of the assumed point structure of the

‘
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nucleus. Neverthelesé, tﬁesé results indicate that wé,may‘expéct a
rapid increase in the higﬁer order‘VP for Zo > 1' ﬁhen the finiﬁe size
of the nucleus is takéﬁvint;’account. Furfhermoré, the faéﬁesi
growing'part should be thét due to the lowest angular momentum

(|k] = 1) electron loops. Another important property that can be

deduced from the results of Ref. 5 is the relative size of the

lkl =1 to the Ikl > 2 contributions to the VP charge densify. ‘The
k| > 2 contribution was found to be always less than 10% of the
k| =1 contribution for orders a(Za)n, n 2> 3, for all Za < 1.6’7

Therefore, a goodvapproximation in the calcﬁlation of higher order
VP, relevant for heavy ion collisions, is obtained by célculating the
Ikl =1 contribution exactly for finite size nuclei while neglecting
the lkl 2:2 contribution. In this way tne dqminant and fastest
growiné péft of the VP density is calculated exactly while leaving an
~.overa11'uncertainty of less than 10% in the final results due to‘
negléct of the x| > 2 contribution.

The calculatiop of the VP density{ bVP’ infolves an enérgy
contour integral-of the trace of the Green's fungtion,' TrG, for the
Dirac equation.5 For  Z‘< Zcr’ the chqice of this contour is clear
‘and is given by CO in'Fig. 1, With this contour,. Pyp is equal.to
the vacuum expectation value of the Heisenberg current operator,
'<O|Jo(x)lo>. Thus to first order in o and to all orders in Za;‘

pyp cen be_wriﬁten formally as

oyp = lel wa—}:wf , (1)
. - 4 | |

where Y _ refer to the positive and negative energy eigenfunctions of

the Dirac equation.8 Here positive energy refers to all eigenvalues
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greater fhani -mé. In particular; the lSé statevis édntained'in the
firét sum.- The hélium-like charge density, pﬁ ,‘is'defined aé the |
expectatlon value of the current operator tor a state of two electrons
in the -lSé state: <2e (IS)IJ (x)l2e (1)) . Thls de381ty is reiated.

to pVP by
o = -2lelid v o ' @
e T Tl TRy o |

ﬁhich,ié'eqﬁivalent to'fheﬂaddition'of a céuntef—clockwisé contoﬁr
ground'the' 1S Tpole to’_Co -in Fig. l;' The éum of these éontoﬁfs_may:—
then be deforméd'to YCHe. For 2Z < Zér, tpen,..pvp and .pHe .are com-
puted via a contour integrai along paths Co and Che reépectiVely
(in units of |e]). | | | |

For Z > Z P’ “the lS% pole moves off the phy31cal sheet
'thrqughrthe.branch p01nt of the lower contlnuum. Since the vacuum
around the bare nucleus can then'deday inté'a ﬁelium—like stafé plus

2,3

‘two free positrons,”’” it is matural to redefine the vacuum to
correspond to'the_helium—like state.” The‘VP\density;: pyps 1s fhﬁs )
defined to equal Pe for Z >'Zb'. While Eq. (2) is no longer
meanlngful for Z > Z r’ the contour 1ntegral representatlon for pHe
around path Cﬂe in F1g 1is still well defined. The charge distri-
' butio# df the'overcrltlcal vacuum is thus calculated‘with cgntour'-QHe.
The higher order VP density, p3+, for k = +1 and Z < Zop
is calculated by exbanding TrG in terms of radial'Gréén‘s functions,
‘Ter, apd removing fhe first order Green's functiohs, Terl. o
Isolating'thé terms corresponding to k‘#lil, the contour iﬁtegral
6vervpath CO. is.pefformed. In practice, C, is deformed to the

imaginary axis VI, piéking_up the negative of the residues of all

poles: of Ter-;l which lie between zero and _fmé. The.negapive of
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those reéidues are, of course, the modulus squared of the normalized
bound state wavefunctions. The calculation of pHé involves adding
to the contour integral along I all but the 18§~ wave functions
squared~witn m, < B < 2me. ’

In addition to; pB+, the third order, a(Za)B, VP density, p3,

is calculated for k = +1 and 2Z < Zcr ‘tobprovide a check on internal

3+
3

nuclear charge densities. The calculation of p~ involves the contour

consistency and to estimate the dependence of p on different

integral of the third order Green's function, TerB, for k = +1

along contour I. Two models for the nuclear charge densities were

used for calculating p3: (I) a sheli density, PNuc = 8r -'R)/sz2
and (II) a uniform density, pNuc = (R - r)/(4nR3/3). The nuclear
radius was chosen to be 10 fm ih both models; The densities 93+ and

'pHe were calculated with model I.

The construction of Ter, Terl, and TerB is the same here

as In Ret’, 6 and will be discussed in more detail in a subsequent
paper,

' The'fbllowing tests check the numeriéal accuracy of the con-
structed Green's functions. First,'the location of the lsﬁ and 2P%
poles were computed as a function of Zf The values of (Zx)cf were
determined for model I nuclei for R = 8, 10, and 12 fm, with ‘

(Za), = 1.25189, 1.27459, and 1.29530 respectively for the 15,
state, and '(Za)cr = 1,383 for R =10 fm, for the 2P, state, in
agreement with Ref. 3, Furthermore, in agreement with Ref. 2,

dB/dZ at Z = Z,, Was calculated to be 27 keV for the ISé state
and 35 keV for Phe' 2P§ state., Secondly, the residges at those poles
were éalculated in order to check that the normalized bdund state

wave functions were given correctly. All S§ and Pé wavefunctions
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calculated thereby were normalized to unity to better than one part

per 105. The R+ 0 1limit was taken numerically tor zd <1 to

check that these wavefunctions reduce to the point nucleus form. . In
addition, the (1/r> was computed for these wavefunctions since
dB/dZ = ame02 <1/r) which can be compared to the values computed

above; at Z = 2., e.g., dB/dZ = 28 kev and 37 keV .for the 1S,

er’
and ZP% S£atesvrespectively, inlgood agreement with the above‘values.:
Thirdly, for the special case of Z = 82, extensive checks on the -
charge densities.werg made showing that the limit "R+ 0 and the
finite nuclear size effect agreed with other Caiculations.6 Finally,
the total space ihtegrai QHe “of Ppe Wes computed tor the range
0.6:5 Zo, € 1.38 since the extent to whnich Qe = -2|e| measﬁreg the
accuracy‘of the numerical contour integration‘along‘ I; The cdmputed
values of QHe were equal to -2]e| to better than 1 part per lO4
over the entire range. The accuracy of the computed o2t for 7z < Z.p
is iess dué to cancellations necessary to insure that the tdtai_charge
of the vacuum vanish. This abcuracy is estimated from the magnitude

3+

of the ratio of the integral of p over all'space (r S‘lBKe) to

3+ is negative (r < 100 fm).

-the integral over the range where p
This ratic was found tb.ﬁe <0,01, indicating a numerical accuracy on
the order of one percent. | | v | |
| “The‘computedflsi enérgy éhifts for 2<2Z . due ﬁo higher
-6rder VPbare listed in Tabie I. These ehergy shifts should be comparea
to the shiftvdue to the Uéhling potential, The Uehling.pofential iéi
éttractive and increases-the binding energy of the-lsibstate by appféx—
1,10

imately 10 keV at Zcr. The higher order VP is repulsive but is

seen in Table I to reduce the binding energy by only 1 keV at Zcr'




The last two lines, in perticular, in Table I indicate the absence of
any singularities of AE3+ et Z,. Thus, even‘though the shift
AE3Y  due to higher erder VP inereases rapidly for Zo > 1, it remains
too small to prevent the_lS,‘t state from reachihg the 1dwer‘continuum. |
Furthermore,'the results for third order indicate that the dependence
of ’AE3+ en:the specific.nuclear cnarge.densityvis a 10% effect, i.e.,
‘on the same order as ﬁné uncertaiﬁty in AE3+ due to neglect_of the
k| 2 2 contribution to the VP density. | |
Since the feSults for Z < Zcr show that VP remains a small
perturbation ep to Z_., the use of the_gnperturbed'Green's function,
TrG,_ and TrG

k k ?
to large errors, In Fig. 2(a), PHe is plotted for several values of

in computing p3+ % Pe for Z > Z,. Will not lead

Zo. around (Za)cr = 1,27459. The conﬁinuity of py. &t _Zcr was
examined by calculating Pge TOT Za = 1.2732, 1.27445, 1.27545,
~and 1,28 -and checking point by point in the raﬁge. b £r g 13%; that
the valuesvof PHe for the different Z can be smooﬁhly connected.
 The increased localization and continuity of ‘pé' as a function of
2 is illustrated in Fig, 2(b), where the average (1/r> for OH
zis plotted, These results demonstrate that the helium—like system is
stable and well behaved around Z and that the charge density of
'the overcritical vacuum is 1ndeed hlghly locallzed

It should be- noted that for Zg = 1,383, the 2Pﬁ state reaches
the lower continuum and the heliumelike system will decay to a°’
beryllium-like system Plus two free positrons. 2,3 The charge den51ty
of the beryllium-llke system can be studied in the ‘same way as pHe’

simply by shifting tne contour CHe to the right of the 2Pé pole
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In this Letter the effect of VP in very high Z atoms has

~ been considered. The effect of the Lamb shift has been estimated by

other workers,loabut agreement on the sizge of that effect has not yet

been reached. Mofe work is needed on that problem.

Thé authof.gratefully acknowledges helpful conversatibns with

Dr. P. J. Mohr, Dr. W. Greiner, Dr. W. J. Swiatecki, and Dr. E. H.

Wichmann.
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Table I. The 1S, energy shifts in eV due to vacuum polarization

orders -a(Za)n, with AE3+. for n2 3, and AE3

model I and IT nuelei. E.

and

Eopy

I,1I

for n = 3,

locafe the bound state

poleé in units of. m,. The nuclear'éharge density for all but the

last column was taken to be model I with R = 10 fm.

z Ergi Eypy AE>" '.AEiB ME
0.95 0.362 | 0.817 | 6.26 x 10 | 4.70x 10 | 4.92 x 10
1.12 0.137 | 0.570 | 3.07 x 10% | 1.97 x 10® | 2.11 x 10
1.205 | -0.550 | 0.265 | 6.41 x 102 | 3.68 x 10° | 3.99 x 102
1.2732 | -0.990 | -0.118 | 1.14 x 10 | 5.66 x 10° | 6.20 x 10°
1.27245 | -0.999 | -0.126 | 1.15 x 103 | 5.70 x 10° | .24 x 10°




Fig. 1.

" like charge densities in units of |el.

Fig. 2.
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FIGURE CAPTIONS o R
Singularities of the Green's function in the complex energy

plane and contours CO’ CHe’ and I Agiving the VP and helium-

(a) The hélium—like charge density for severai values of | . .
Y = Za around (Za)_, = 1.27459 with a model I, R = 10 fm

nucleus. : ' ,

(b) The average (l/r) for Pye @s & function of Za.
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