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EPIGRAPH

If you only do what you can do,

you can never do what you can’t do.

— Master Shifu, KP:1

We are star dust, and a cosmic fluke.

— Fact

Happiness is not a life goal,

but is a necessary state of mind.

— Learning
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The design of any engineering component requires robust analysis using numerical

methods like the Finite Element Method. Of paramount importance is to develop convergent

formulations that can achieve accurate estimates for the solution at cheaper computational costs.

We investigate a method for improving the accuracy of the stress predicted from models

using the mean-strain finite elements recently proposed by Krysl and collaborators [IJNME 2016,

2017]. In state-of-the-art finite element programs, the stress values at the integration points are

commonly post-processed to obtain nodal stresses. The mean stresses are element-wise constant,

and hence the nodal values obtained from the mean stresses tend to be less accurate. The proposed

method post-processes the uniform stress in each element in combination with a linearly-varying
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stabilization stress field to compute more accurate nodal stresses. Selected examples are presented

to demonstrate improvements achievable with the proposed methodology for hexahedral and

quadratic tetrahedral mean-strain finite elements.

The nodally integrated formulations exhibit spuriousness in dynamic analyses (such as in

modal analysis). Previously proposed methods involved a heuristic stabilization factor, which may

not work for a large range of problems, and a uniform stabilization was used over all the finite

elements in the mesh. The method proposed herein makes use of energy-sampling stabilization.

The stabilization factor depends on the shape of the element and appears in the definition of

the properties of a stabilization material. The stabilization factor is non-uniform over the mesh,

and can be computed to alleviate shear locking, which directly depends on the aspect ratios of

the finite elements. The nodal stabilization factor is then computed by volumetric averaging of

the element-based stabilization factors. Energy-sampling stabilized nodally integrated elements

(ESNICE) tetrahedral and hexahedral are proposed. We demonstrate on examples that the

proposed procedure effectively removes spurious (unphysical) modes both at lower and at higher

ends of the frequency spectrum. The examples shown demonstrate the reliability of energy-

sampling in stabilizing the nodally integrated formulations in vibration problems, just sufficient

to eliminate spuriousness while imparting minimal excessive stiffness to the structure. We also

show by the numerical inf-sup test that the formulation is coercive and locking-free.
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Chapter 1

Introduction

In the modern world, the design of any industrial component requires a simulation phase

to check if the design sustains the expected conditions the component is going to be placed in, e.g.

engine mounts of an automobile, gears in a manufacturing plant, etc. The simulations significantly

decrease the design cost by obviating the need for manufacturing all the designs made during

the design phase by checking a set of failure and performance criteria. Simulations also aid in

rapid designing for the same reason. The design phase can also be automated using optimization

algorithms using the aid of simulations.

Finite Element Method (FEM) is the most popular technique for simulating the perfor-

mance of a structure under various loads. FEM is also used in fluids, electromagnetics and

other physics-based applications governed by Partial Differential Equations (PDE). The structural

design problems are usually Boundary-Value Problems (BVPs) and Initial Value Problems (IVPs)

and governed by PDEs and kinematic relations. FEM involves approximating the domain in

question (in this thesis, structural) using a set of known shapes, e.g. triangles, quadrilaterals,

tetrahedra, hexahedra, etc. called finite elements, and a set of basis functions, e.g. polynomial,

spline, spectral, etc., for local approximation of the degrees of freedom in question (displacement,

stress, temperature, etc). The approximating shapes and their vertices together are called the finite
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element mesh. FEM works by using local approximation of degrees of freedom using the basis

functions in each of the finite elements. The more the number of finite elements, the less is the

approximation error, called “discretization error” of the boundary of the structure. Also, higher

the order of basis functions, called “shape functions”, better is the approximation of the degrees

of freedom.

Several meshing algorithms are available to discretize a 3D structure into tetrahedra,

hexahedra and other polyhedra. Tetrahedral elements are preferred for discretizing a structure

owing to the availability of robust meshing algorithms, and hexahedral elements are preferred for

their bigger approximation space. The tetrahedral meshing algorithms are broadly classified into:

1. Advancing Front algorithms [2, 3, 4]

2. Octet Tree algorithms [5, 6, 7]

3. Delaunay-based algorithms [8]

Hexahedral mesh generation is tougher than tetrahedral mesh because hexahedral meshes cannot

employ point-insertion method like Delaunay tessellation and also cannot use advancing fronts.

The reader is referred to [9] for a list of quadrilateral/hexahedral meshing algorithms. A good

survey of meshing algorithms can be found in [10] and in textbooks [11, 12, 13]. The finite

element mesh consists of nodes (vertices of the polyhedra) and elements, and is described by the

nodal coordinates and the element connectivity.

The degrees of freedom in a structure are approximated locally in each finite element,

using the nodal degrees of freedom and their interpolation using the shape functions. Most

applications use polynomial shape functions with local support, i.e., they are nonzero in a small

region around each node. Many finite element discretizations use an isoparametric interpolation,

which means the set of shape functions used to interpolate the nodal degrees of freedom and the

nodal coordinates is the same. Higher order elements like quadratic and cubic have nodes on the

edges of elements and/or inside the elements.
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This thesis deals with structural mechanics problems, linear statics and dynamics. A brief

introduction to these problems is given below. The boundary value problem governing linear

elastostatics is given by

∇ ·σσσ+bbb = 000 ∀ xxx ∈Ω

uuu = ggg ∀ xxx ∈ Γg

σσσ ·nnn = hhh ∀ xxx ∈ Γhhh

(1.1)

where uuu is the displacement vector at any point in the structure Ω, ggg is the prescribed displace-

ments on a part of the boundary Γg, called the Dirichlet/essential boundary conditions, σσσ is the

stress vector, and hhh is the traction/boundary loads applied normal (along nnn) to Γhhh, called the

Neumann/natural boundary conditions, and bbb is the volumetric load. The stress vector is given by

the constitutive relationship,

σσσ = DDD · εεε (1.2)

where DDD is the material properties tensor given by Hooke’s law, and ε is the strain vector. We

represent the material properties tensor in Voigt notation in this work, i.e. as a square matrix of

size 3×3 in 2D and 6×6 in 3D problems. The strain vector is given by the kinematic constraints,

εεε = ∇s uuu (1.3)

where ∇s is the symmetric gradient operator. The PDE in Equation 1.1 is second order in space

and is valid at each point in the interior of the structure. The BVP in Equation 1.1 is called the

strong form of the problem. The strong form of the problem is converted to a weak form by

projecting the residual of the PDE over the entire structure into a function space and equating the

projected residual to zero. This leads to what is called the Principle of Virtual Displacements.

More details on the weak form derivation can be found in [14]. In this work, we use an alternate
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to arrive at the weak form using the potential energy functional. The Potential Energy functional

for the BVP in Equation 1.1 is given by

Minimize
uuu

ψ(uuu) =
1
2

∫
Ω

εεε
T

σσσ dΩ−
∫

Ω

uuuT bbb dΩ−
∫

Γhhh

uuuT hhh dΓ

uuu = ggg ∀ xxx ∈ Γg

(1.4)

where ψ is the potential energy functional. The displacements uuu belong to a function space, e.g.

H1. More information about the function spaces used in FEM can be found in [14]. The potential

energy functional can be minimized using the Karush-Kuhn-Tucker (KKT) conditions,

1
2

∫
Ω

δεεε
T DDDεεε dΩ−

∫
Ω

δuuuT bbb dΩ−
∫

Γhhh

δuuuT hhh dΓ = 0

uuu = ggg, δuuu = 000 ∀ xxx ∈ Γg

(1.5)

where δuuu is the virtual displacements, also called the variation of displacements, and can be

chosen from an appropriate function space. Using finite element interpolation and the kinematic

constraints, one can obtain a system of equations,

KKKuuu = FFF (1.6)

where uuu is the nodal displacement vector, KKK is the stiffness matrix, and FFF is the load vector. The

stiffness matrix and load vector are computed as

KKK =
Nel

∑
e=1

∫
Ωe

BBBT DDDBBB dΩ

FFF =
Nel

∑
e=1

∫
Ωe

NNNT bbb dΩ+
Nh

∑
i=1

∫
Γhhhe

NNNT hhh dΓ

(1.7)

where Nel is the number of finite elements, Nh is the number of boundary elements discretizing

Γhhh, NNN is a matrix with shape functions, and BBB is a matrix containing the shape function gradients,
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called the strain-displacement matrix. The stiffness matrix is banded and positive definite, with

the bandwidth depending on the order of interpolation. The system of equations can be pretty

huge in many applications, e.g. civil, automobile, aerospace, etc., and in general, more the degrees

of freedom used to approximate the problem, better is the accuracy. Robust and fast solvers are to

be used to solve these problems, and this solving of equations is computationally very expensive.

The discretizations using coarse meshes and/or lower order shape functions are relatively

faster in computation, but lack the accuracy. One of the objectives of developing new finite

element formulations is to achieve coarse mesh accuracy when lower order shape functions are

used. In some problems, the discretizations involving coarse meshes and/or lower order shape

functions (e.g. linear, quadratic) yield numerical artifacts in displacements, stresses, etc. One way

to avoid these artifacts is to use a very fine mesh, which increases the number of unknowns thereby

greatly increasing the computational cost. One other way is to use higher order shape functions,

which increases the unknowns and also the bandwidth of the stiffness matrix contributing the

increase in computational cost. Research in developing novel finite element formulations is thus

pivotal in creating artifact-ridden formulations which can give accurate solutions with lesser

number of unknowns.

For more details of function spaces, weak forms, shape functions, and finite element

discretization errors, the reader is directed to the textbooks [14, 15, 16, 17].
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1.1 Locking in Structures with Incompressible and Nearly-

Incompressible materials

Numerical problems arise in problems with Poisson’s ratio close to 0.5. Consider the 3D

materials properties tensor considering isotropy,

DDD =
E

(1+ν)(1−2ν)



1−ν ν ν 0 0 0

ν 1−ν ν 0 0 0

ν ν 1−ν 0 0 0

0 0 0
1−2ν

2
0 0

0 0 0 0
1−2ν

2
0

0 0 0 0 0
1−2ν

2



=



λ+2µ λ λ 0 0 0

λ λ+2µ λ 0 0 0

λ λ λ+2µ 0 0 0

0 0 0 µ 0 0

0 0 0 0 µ 0

0 0 0 0 0 µ



(1.8)

where E and ν are the Young’s modulus and Poisson’s ratio of the material respectively, λ and µ

are called the Lamé’s constants, given by

λ =
Eν

(1+ν)(1−2ν)

µ =
E

2(1+ν)

(1.9)

The materials with ν = 0.5 are called incompressible, and ν close to 0.5 are called nearly-

incompressible. This thesis only deals with nearly-incompressible problems. We can see from
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Equation 1.9 that as ν→ 0.5, λ→∞. An incompressible material imposes an additional constraint

on the structural problem,

∇ ·uuu = 0 ∀ xxx ∈Ω (1.10)

at each point in the structure. This constraint is very similar to the continuity constraint in fluid

mechanics for incompressible flows. This additional constraint severely restricts the displacements

for coarse meshes and lower order shape functions. This locking of displacements is called

volumetric locking. One way to avoid this is to use a Lagrange-multiplier based formulation [14].

This, however to extra degrees of freedom (pressure) in the formulation. The extent of locking in

the formulation can be explained using constraint counts.

Constraint count is given by the ratio of displacement degrees of freedom in the problem

to the number of constraints applied. The incompressibility constraint is applied, one at each of

the integration points. The optimal ratio of degrees of freedom and incompressibility constraints

for different finite elements (continuum/plate) is given in Table 1.1. For example, consider a cube

Table 1.1: Optimal Constraint Counts for different formulations

Formulation Optimal Ratio
3D continuum 3
2D continuum
(Plane Strain)

2

discretized using continuum hexahedral finite elements, n elements on each side. These elements

use trilinear shape functions and use 2×2×2 Gaussian quadrature for full (exact) integration

of the stiffness matrix. In total, 8n3 integration points i.e., 8n3 incompressibility constraints are

applied because of full integration. The total degrees of freedom is 3(n+1)3. Upon refinement,

he constraint count gives the ratio

r = lim
n→∞

3(n+1)3

8n3 =
3
8

(1.11)

This implies, the formulation has 8 constraints on an average, for every 3 degrees of freedom,
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which is overconstrained and results in severe locking. One way to avoid this locking is to use

Reduced Integration (RI) which uses 1×1×1 Gauss quadrature for integration. We can see that

it leads to the optimal constraint count ratio (3). Using reduced integration for the entire stiffness

matrix is called Uniform Reduced Integration (URI), and leads to singularities in the element

stiffness matrices. The singularities lead to spurious zero-energy modes called hourglass modes

in the formulation. Since these spurious modes result in zero potential energy, they appear in

the displacement solution. Figure 1.1 shows an example of hourglass modes in a 2D continuum

problem discretized using quadrilateral mesh and integrated using reduced quadrature. The

Figure 1.1: Hour glass modes in a 2D Quadrilateral mesh

hourglass modes can be used using many techniques like Selective Reduced Integration (SRI)

[14, 18], B-bar methods [14], hourglass stabilization, etc. This thesis uses an assumed strain

approach coupled with an “energy-sampling” stabilization procedure to eliminate the spurious

modes. A reduced integration rule does not exist for tetrahedral elements since full integration

uses just one integration point. This thesis also discusses a nodally integrated assumed-strain

formulation (with necessary stabilization) to eliminate locking in triangles/tetrahedra. More

formulations which are devoid of volumetric locking can be found in [14, 18].

1.2 Misapproximation of Pure Bending in Linear Elements

Consider the pure bending mode of finite elements. The linear finite elements cannot

exactly represent the pure bending mode because pure bending is quadratic. This results in a
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finite element subjected to pure bending to undergo some shear deformation. This phenomenon

leads to overestimation of potential energy, which leads to reduced displacements. This locking

behavior is called shear locking. A pure bending mode is shown in Figure 1.2 which clearly

shows why a linear element cannot reproduce such mode.

Figure 1.2: Pure bending mode

Using higher order elements can remove shear locking since quadratic shape functions

are a part of such elements. The deformation energy due to shear locking decreases with mesh

refinement quadratically (by a power of 2 of the element size). A very fine mesh can have

negligible shear locking, but is expensive computationally because of the increased number of

degrees of freedom. Some other remedies to avoid shear locking uses incompatible modes [14].

Structural elements like plates and shells also have the problem of shear locking, because

of the difference in orders of interpolations of the rotations and transverse displacements. Con-

straint counts can be used to get an estimate of the extent of shear locking. In plates, the optimal

constraint count ratio is 1.5.

In this work, we use an aspect-ratio based stabilization to remove the shear stiffness from

the added stabilization terms. For a hexahedral beam, the extent of shear locking depends on the

aspect ratio of the finite element. The potential energy estimated by a linear quadrilateral element

subjected to a pure bending mode [19] is given by

ψ = B

(
1+

µAL2

Eh3

)
= B

(
1+

L2

2(1+ν)h2

)
(1.12)
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where h is the height of the element, L is the length (span) of the element, A is the area of

cross-section, and B is the exact energy of the pure bending mode.

The rest of the thesis is organized as follows. Chapter 2 derives and discusses in detail

the mean-strain formulation, and the corresponding stabilization for quadratic tetrahedral and

hexahedral elements. Chapter 3 develops an improved stress field consistent with the stabilized

mean-strain formulation, and a trend-based extrapolation to obtain a nodal stress field. Several

examples are shown to demonstrate an improvement in stress estimation using the trend-based

extrapolation as compared to the mean stresses. The new stress field is optimally convergent

(unlike the mean stress field), and is noise-free in nearly-incompressible problems (unlike the

stress fields generated using fully integrated elements). Chapter 4 presents a detailed derivation

of the Nodally Integrated Continuum Elements. All the characteristics of the formulation are

presented and the dynamic instability of the formulation is discussed. Chapter 5 discusses the

Energy-Sampling stabilization of the nodally integrated formulation for linear tetrahedral and

hexahedral elements. Examples show how spuriousness is eliminated from the nodally integrated

formulation, and theoretical bounds to guarantee physical free vibration modes are derived.

Chapter 6 summarizes and presents the key conclusions of the work. Chapter 8 discusses the

possible extensions and potential future work related to this thesis.
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Chapter 2

Stabilized Mean-Strain Finite Elements

In Finite Element Analysis (FEA) of complex structures, tetrahedral and hexahedral

meshes are preferably used. The tetrahedral meshes are preferred because of the many robust

tetrahedral meshing algorithms available, and the hexahedral meshes are preferred for their

better interpolative capacity over tetrahedral meshes. The linear elements, both tetrahedral and

hexahedral, suffer from volumetric locking when dealing with near-incompressible materials.

They also suffer from shear locking because of their inability in representing the bending modes

exactly. One can use higher order interpolations to eliminate such defects in the formulations,

however, at the expense of huge computational cost. An alternative is to use assumed-strain

finite element formulations. As the name suggests, a consistent formulation can be developed

for creating an assumed strain field, which would “smoothen” the formulation, i.e., alleviate the

locking. Some methods use Selective Reduced Integration of the stiffness matrices and B-bar

techniques to avoid volumetric locking ([14, 18]).

The assumed-strain formulations involve reducing the number of sampling points for

integration element-wise. The linear tetrahedral elements have only one integration point for full

integration, and so, such element-wise assumed strains cannot be computed. The assumed-strains

possible for linear tetrahedra will be discussed in the forthcoming chapters. This chapter uses
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quadratic tetrahedral and hexahedral elements for deriving the assumed strains. The quadratic

tetrahedral (T10) elements are devoid of volumetric locking, but suffer from shear locking. The

main issues we aim to address are : 1. to eliminate volumetric locking 2. to achieve coarse mesh

accuracy 3. stability 4. to avoid shear locking. Reduce Integration can be used to eliminate

locking, but it renders the formulation singular, creating hourglass modes. They can be stabilized

using additional terms in the stiffness matrix. The stabilization should be designed in such a

way that it does not deteriorate the response of the element, but it should provide stability to the

element by penalizing the unphysical deformation modes.

In this chapter, we discuss a stabilization technique which uses two quadrature rules

: 1. mean-strain quadrature which removes the locking from the formulation, but is singular,

and 2. full quadrature which removes singularity from the formulation. To prevent the full

quadrature-based term to add locking to the formulation, a different material tensor is used for

the stabilization terms. The next section discusses in detail, the formulation, and the design of

stabilization material. The formulation is developed such that no user interference is required

in choosing any parameters for stabilization. The formulation so developed is locking-free and

coarse-mesh accurate as demonstrated in [20, 21].

2.1 Assumed–Strain Formulation

In this section, a brief review of mean-strain finite element formulation for linear elasticity

from [22, 23, 24] is presented. We confine our presentation to the parts that are essential for

developing the proposed stress field. In this work, we consider both the mean strain hexahedral

elements [23] (H8MSGSO) and quadratic tetrahedral elements [24] (QT10MS) for investigating

the proposed stress computation procedure. In what follows, we shall use the Voigt vector notation

for stresses and strains.
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Consider the de Veubeke-Hu-Washizu strain-displacement functional [25],

Π(ε̄εε, σ̄σσ,uuu) =
∫

Ω

U(ε̄εε) dΩ+
∫

Ω

σ̄σσ · (εεε− ε̄εε) dΩ−W (2.1)

The first term in Equation 2.1 signifies the strain energy in terms of assumed strains. The second

term adds a kinematic constraint which penalizes the difference between the strains and the

assumed strains, with σ̄σσ being the Lagrangian multipliers. Further, Ω signifies the domain, W

is the work done by the external forces, u is the displacement field, εεε and ε̄εε are the strains and

assumed strains respectively. The strains are obtained from the displacements using

εεε = BBBuuu (2.2)

where BBB is the strain-displacement operator. The strain-displacement functional can be rewritten

by substituting Equation 2.2 in Equation 2.1 as

Π(ε̄εε, σ̄σσ,uuu) =
∫

Ω

U(ε̄εε) dΩ+
∫

Ω

σ̄σσ · (BBBuuu− ε̄εε) dΩ−W (2.3)

We introduce the symmetric positive definite material elasticity tensor D, and the assumed-strain

energy density can then be defined as

U(ε̄εε) =
1
2

ε̄εε
T DDDε̄εε (2.4)

In what follows, we assume the material properties DDD to be uniform across each finite element.

The weak forms of equilibrium equations are obtained by minimizing the functional Equation 2.1.

The strain-displacement functional is minimized when the first variations of Equation 2.1 vanish

as

δΠuuu(ε̄εε, σ̄σσ,uuu) =
∫

Ω

σ̄σσ
T BBBδuuu dΩ−δW = 0 (2.5)
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δΠε̄εε(ε̄εε, σ̄σσ,uuu) =
∫

Ω

(
∂U(ε̄εε)

∂ε̄εε
− σ̄σσ

)
δε̄εε dΩ = 0 (2.6)

δΠσ̄σσ(ε̄εε, σ̄σσ,uuu) =
∫

Ω

(BBBuuu− ε̄εε)T
δσ̄σσ dΩ = 0 (2.7)

At this point, we can start constructing the finite element model. We shall assume that Equation 2.6

and Equation 2.7 are satisfied on each finite element e separately, meaning that

δΠσ̄σσ(ε̄εε, σ̄σσ,uuu) =
∫

Ω

(BBBuuu− ε̄εε)T
δσ̄σσ dΩ = ∑

e

∫
Ωe

(BBBuuu− ε̄εε)T
δσ̄σσ dΩ = 0 (2.8)

is satisfied by setting each term in the summation to zero,

∫
Ωe

(BBBuuu− ε̄εε)T
δσ̄σσ dΩ = 0 ∀e ∈ [1,Nel] (2.9)

where Ωe is the domain of finite element e (Nel is the number of finite elements), and from

Equation 2.6, we analogously derive

∫
Ωe

(
∂U(ε̄εε)

∂ε̄εε
− σ̄σσ

)T
δε̄εε dΩ = 0 ∀e ∈ [1,Nel] (2.10)

We assume that the strains ε̄εε are uniform within each element. Equation 2.10 will then be

identically satisfied on each finite element e by taking the uniform element-wise stress as

σ̄σσ =
∂U(ε̄εε)

∂ε̄εε
= DDDε̄εε (2.11)

where the second expression results from Equation 2.4. Substituting Equation 2.11 into Equa-

tion 2.9 makes it possible to solve for the element-wise assumed strains as

ε̄εε =V−1
e

∫
Ωe

εεε dΩ =V−1
e

∫
Ωe

BBBuuu dΩ (2.12)
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where the volume of finite element e is defined by

Ve =
∫

Ωe

dΩ (2.13)

Equation 2.12 justifies the “mean-strain” label for the presented finite element approach. Equa-

tion 2.12 can be rewritten using Equation 2.2 as

ε̄εε =V−1
e

∫
Ωe

εεεdΩ =V−1
e

∫
Ωe

BBBuuu dΩ =
(

V−1
e

∫
Ωe

BBB dΩ

)
uuu = B̄BBuuu (2.14)

where we obtain the operator to produce assumed strains from displacements as

ūuu =V−1
e

∫
Ωe

BBB dΩ (2.15)

This strain-displacement operator is distantly related to the B̄BB–method used to avoid locking in

nearly incompressible materials [14]. Finally, Equation 2.5 can be written as sum of integrals

over finite element domains as

δΠu(ε̄εε, σ̄σσ,uuu) = ∑
e

∫
Ωe

σ̄σσ
T BBBδuuu dΩ−δW = 0 (2.16)

Substituting Equation 2.15 in Equation 2.16 together with the uniformity of σ̄σσ within each element

gives

δΠuuu(ε̄εε, σ̄σσ,uuu) = ∑
e

Veσ̄σσ
T B̄BBδuuu−δW = 0 (2.17)

We substitute Equation 2.11 and Equation 2.14 in Equation 2.17 to obtain the displacement

variational equation

δΠuuu(ε̄εε, σ̄σσ,uuu) = ∑
e

VeuuuT B̄BBT DDDB̄BBδuuu−δW = 0 (2.18)
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where we recognize the element-wise stiffness matrix as

Ke,ms =VeB̄BBT DDDB̄BB (2.19)

The stiffness matrix in Equation 2.19 is generated only by the constant-strain modes. Using this

stiffness matrix alone leads to the formation of hourglass modes, and stabilization is required to

avoid these spurious modes [26, 27, 18].

2.2 Stabilization

This section deals with the stabilization material and the corresponding strain energy de-

fined to suppress the rigid body modes. Here “stabilization” is to be understood in a sense distinct

from the use of the word in the design of stable mixed methods [28]. A quasi-optimal energy

sampling technique was used to define the stabilization material in [23, 24]. The strain energy

in (2.4) is supplemented by simultaneous addition and subtraction of the so-called stabilization

energy based on (a) the displacement based strains and (b) the mean-strains, so that we can write

for element e,

Ψe =
∫

Ωe

U(ε̄εε)dΩ+
∫

Ωe

Û(εεε)dΩ−
∫

Ωe

Û(ε̄εε)dΩ (2.20)

where the stabilization energy is generated either by the displacement-based strains εεε or the

mean-strains ε̄εε. The stabilization energy densities are given by

Û(εεε) =
1
2

εεε
T D̂DDεεε and Û(ε̄εε) =

1
2

ε̄εε
T D̂DDε̄εε (2.21)
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The stabilization material elasticity tensor D̂DD is discussed below. Recalling that the mean strains

are uniform element-wise, we write

Ψe =Ve U(ε̄εε)+
∫

Ωe

Û(εεε) dΩ−Ve Û(ε̄εε) (2.22)

The second term in (2.22) is computed using full quadrature to avoid spurious modes of de-

formation. An explicit expression for the strain energy of a finite element e can be written

as

Ψe =
1
2

VeuuuT B̄BBT DDDB̄BBuuu+
1
2

∫
Ωe

εεε
T D̂DDεεε dΩ− 1

2
VeuuuT B̄BBT D̂DDB̄BBuuu (2.23)

The stiffness matrix associated with the stabilization energy can then be put as

Ke,stab =
∫

Ωe

BBBT D̂DDBBB dΩ−VeB̄BBT D̂DDB̄BB (2.24)

The non-zero eigenvalues of the stiffness matrix Ke,ms in (2.19) correspond to the constant-strain

modes. The stabilization stiffness matrix Ke,stab is added to Ke,ms to boost the rank of the

overall stiffness matrix to 18 for a hexahedral element and to 24 for a quadratic tetrahedral

element [23, 24]. Thus the stability of the method is guaranteed as long as the elasticity tensors

corresponding to the real and stabilization materials are positive-definite.

The stabilization material is constructed such that the elasticity tensor corresponding to the

material is positive-definite, and does not have one or more relatively very large eigenvalues (such

as in the case of a nearly incompressible material) [23]. For simplicity, the stabilization material

is usually taken as isotropic and hence it is defined as a function of a modified Young’s Modulus

Ê, and modified Poisson’s ratio ν̂. The Poisson’s ratio ν̂ is chosen such that the stabilization

material is compressible as

ν̂ =


ν : ν≤ 0.3

ν+0.3
2

: ν≥ 0.3
(2.25)
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where ν is the Poisson’s ratio of an isotropic real material. If the real material is orthotropic, the

minimum of the Poisson’s ratios (ν12,ν13,ν23) of the material νmin is used in (2.25) instead of ν.

The Young’s Modulus Ê is modified so as to make it possible for the element to represent

the bending deformation energy accurately even when highly distorted. As demonstrated for

instance in [19] on Timoshenko beam elements, shear locking occurs due to a spurious constraint

being imposed when exact integration is used to evaluate the strain energy. The flexural rigidity

of the beam artificially increases due to this spurious constraint. In [19], reduced integration is

used on the bending part of strain energy to eliminate locking. This has the same effect as that of

multiplying the Young’s Modulus E of the real material by a form factor which is a function of

the shape of the element.

As discussed in detail in [23], this argument can also be made for hexahedral finite

elements. The Young’s modulus of the stabilization material is obtained by multiplying a form

factor which incorporates the aspect ratio of the element as

Ê = E
Φ

1+Φ
(2.26)

For orthotropic real materials, we use the minimum of Young’s moduli (E1,E2,E3) of the material

Emin in place of E in (2.26).

The Φ in the form factor depends on the stabilization material properties and the geometry

of the element. For H8MSGSO elements, Φ is given by

Φ = 2(1+ ν̂)
min[h2

x ,h
2
y ,h

2
z ]

max[h2
x ,h2

y ,h2
z ]

(2.27)

where hx,hy,hz are the characteristic heights of a hexahedral element [23].

A slight modification is adopted for quadratic mean-strain tetrahedral elements [24]. The

factor Φ is assumed to be inversely proportional to some positive power of condition number

of the Jacobian of the mapping from the parametric space to the physical space. The condition
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number of a matrix is the ratio of the magnitudes of the maximum and minimum singular values

of the matrix. Thus, condition number of the Jacobian gives a measure of the aspect ratio of the

element. Therefore, the form factor Φ takes into account the shape of the element, and makes

it possible for the element to improve the coarse-mesh response in configurations in which the

element is very distorted, such as thin plates or shells. The form factor for a quadratic tetrahedral

element was adopted in [24] as

Φ = 104
( 1
cond(JJJ)

)2.6
(2.28)

where cond(JJJ) is the condition number of the Jacobian JJJ of the quadratic tetrahedral element

[24]. For both H8MSGSO and QT10MS, the maximum of the form factors computed at the

integration points of an element is chosen as the form factor for that element.

Therefore, the elasticity tensor of the stabilization material can be computed from the

Young’s Modulus and Poisson’s ratio of the real material, and importantly, the geometry of

the finite element. This formulation helps in softening the bending response by adjusting the

compressible stabilization material in accordance with the finite element geometry along with the

material properties.

The stabilized mean-strain elements are demonstrated to be coarse-mesh accurate and

devoid of locking in [20, 21] for linear elastic applications and in [29] for nonlinear applications.

These works also show that the pressure oscillations originally seen in T10 elements perish when

using the QT10MS elements in the presence of near-incompressibility. However, these works use

the mean stress as the candidate stress field, which is devoid of oscillations, but is only first-order

convergent for quadratic tetrahedral elements which is suboptimal (second order convergence is

expected of quadratic elements).

The next chapter aims at developing a novel and consistent stress field for the stabilized

mean-strain finite elements, which demonstrate an optimal order convergence for the stresses. Sev-

eral examples are shown in the next chapter to demonstrate the optimality of convergence, whilst

avoiding stress oscillations, inherent in T10 elements in the presence of near-incompressibility.
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Chapter 2 has many details taken from the manuscript, “Sivapuram R, Krysl P. Improved

Recovered Nodal Stress for Mean-Strain Finite Elements. Finite Elements in Analysis and Design

2018; 146:70-83, doi:10.1016/j.finel.2018.04.005”, and the work is done in collaboration with

Prof. Petr Krysl. The dissertation author is the primary investigator of the manuscript.
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Chapter 3

Improved Stress Recovery for Mean-Strain

Finite Elements

A few recent publications described high-performance mean-strain finite elements based

upon the idea that the rank-deficient mean-strain element can be stabilized (in the sense of

correcting the rank deficiency) by setting up two forms of stabilization energy that is sampled

with the full quadrature rule or with the mean-strain quadrature [22, 31, 23, 32, 33, 24]. These

elements achieve insensitivity to material constraints (for instance isochoric), and they are

applicable to the modeling of thin structures. The mean-strain approach however makes the stress

post-processing more challenging. While the stresses are uniform element-wise, the mean-strain

elements achieve high accuracy in displacements. Consequently it is reasonable to expect that

using the accuracy inherent in the displacement solution, there might be some way of boosting

the accuracy of the stresses as well. This is the motivation for the present work.

The stress values in Finite Element Analysis (FEA) are connected to the integration

points. A common post-processing operation for stresses in FEA is to recover continuous stress

fields from the quadrature-point stresses. In order to visualize the stress distribution, the stress

is extrapolated from the quadrature points to the nodes of each element. Then the stress field
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can be visualized element-wise using filled-contour plots, isosurfaces, etc., but it is (typically)

discontinuous at the inter-element boundaries. Alternatively, the nodal stresses can be made

unique at each node shared by several finite elements by some form of “averaging” of the element-

wise stress predictions at the node. In order for this averaging to work well, the stress predictions

at the nodes of each element must be of good quality. This condition is not satisfied when

using the mean-strain elements, such as the elements proposed in [22, 31, 23, 32, 33, 24], or

the hexahedral elements implemented in the Abaqus solvers [34]. In this work, we attempt to

improve accuracy of the integration-point stresses extrapolated to the nodes of an element.

First, let us mention some procedures from literature for extracting nodal quantities from

an element. One popular technique for improved stress approximation is the ‘superconvergent

patch recovery’ (SPR) method developed by [35]. It is developed based on the presence of

superconvergent points in a finite element, where the stresses have an order of accuracy higher

than rest of the finite element region. The stresses are fitted using a polynomial of one order higher

than that of the strains, in a least squares sense. However, the presence of superconvergent points

is not always guaranteed, for example, in curved elements. Also, in some element configurations,

for instance, elements located at corners or at edges of three-dimensional geometries may not

provide enough superconvergent points around a given node to enable the requisite least-squares

solution. In this case the SPR, extrapolation fails and needs to be replaced with a simpler, less

accurate, procedure.

The nodal point forces in a finite element were used by [36, 37] to compute interpolated

stresses which are shown to be enhanced in quality as compared to the directly-computed stresses

in triangle, quadrilateral and tetrahedral elements. The stresses at a node are computed using

an average over a patch of elements containing the node. Since the stresses computed are

based on the real material, achieving improved stress approximation in nearly incompressible

materials is difficult. An enhanced stress approximation was proposed in [38] by assuming a

richer interpolation space for the stresses and by improving the fulfillment of equilibrium by
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weakening the equilibrium in a small patch of elements.

3.1 Improved Recovered Nodal Stress

The stress values in FEA are connected to the integration points. With the exception

of interfaces between materials with different properties and of surfaces with discontinuous

externally applied loading, stress fields are generally continuous in the spatial coordinates. In

order to present the stresses computed from FEA, one generally uses a post-processing operation

to recover continuous stress fields from the quadrature-point stresses. One possibility is to

compute unique stresses at the nodes by (possibly weighted) averaging of the stress values at

each of the nodes computed using all the finite elements sharing the node in the mesh. In turn,

the stress components at the nodes in each element need to be computed from the stresses at the

integration points.

In the mean-strain elements the stress is uniform across each element. We can think of

this situation as each element using just one integration point. As a consequence, using just the

information from a single integration point, the best we can do to predict the stress values at the

nodes of the element is to assume that it is the mean-strain generated uniform stress. Evidently,

this is not very accurate. In effect, the convergence of stress quantities is then of first order at

most. (This issue is common to mean-strain elements, c.f. [22, 31, 23, 32, 33, 24] or [34]).

In contrast, the standards displacement-based isoparametric tetrahedral element with a

constant Jacobian matrix can represent linearly-varying stress fields. The stresses at nodes can

then be obtained by linear extrapolation from the quadrature-point data, from the commonly

used four-point rule. For a quadrature rule with more points, a least squares fitting procedure

may be applied. Consequently, the continuous nodal stress field may then result in a quadratic

convergence. Note well that this analysis ignores the well-known failings of the isoparametric

tetrahedron - wild oscillations in stresses for constrained materials, and shear locking in distorted

23



configurations. Under conditions where theses flaws can be expected, the convergence of stresses

is obviously much worse than what is theoretically predicted.

The question is whether we can improve the mean-strain element behavior to increase

the accuracy of the predicted continuous stress fields. Since the displacement field itself is quite

accurate, and in fact converges at the correct rate, it seems reasonable to expect the existence

of some mechanism to increase the accuracy of stress predictions from the displacement field

information.

The strain energy in a finite element from Equation 2.20 can be written with the substitu-

tion of quadratic forms for the individual deformation energy contributions as

Ψe =
1
2

∫
Ωe

ε̄εε
T DDDε̄εε dΩ+

1
2

∫
Ωe

εεε
T D̂DDεεε dΩ− 1

2

∫
Ωe

ε̄εε
T D̂DDε̄εε dΩ (3.1)

Recalling that the strain energies due to the mean-strains are element-wise constant, the strain

energy in Equation 3.1 can be rearranged to obtain

Ψe =
1
2

Veε̄εε
T (DDD− D̂DD)ε̄εε+

1
2

∫
Ωe

εεε
T D̂DDεεε dΩ (3.2)

Introducing Equation 2.12 into Equation 3.2 leads to the expression

Ψe =
1
2

∫
Ωe

εεε
T
(
(DDD− D̂DD)ε̄εε+ D̂DDεεε

)
dΩ =

1
2

∫
Ωe

εεε
T
(

DDDε̄εε− D̂DDε̄εε+ D̂DDεεε

)
dΩ (3.3)

Using the notation σ̄σσ = DDDε̄εε, σ̂σσ = D̂DDεεε, and ˆ̄σσσ = D̂DDε̄εε, Equation 3.3 gives the neat expression

Ψe =
1
2

∫
Ωe

εεε
T (σ̄σσ− ˆ̄σσσ+ σ̂σσ) dΩ (3.4)

The difference between ˆ̄σσσ and σ̂σσ tends to zero with the element size, but the trend of (− ˆ̄σσσ+ σ̂σσ)

inside each finite element remains non-trivial and is worth capturing. Therefore, we construct a
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linear extrapolation of (− ˆ̄σσσ+ σ̂σσ) over the entire finite element, using the integration points as the

sampling points, thus replacing (− ˆ̄σσσ+ σ̂σσ) by (− ˆ̄σσσ+ σ̂σσex), where σ̂σσex is the linearly extrapolated

stabilization stress field. Using σ̃σσ = σ̄σσ− ˆ̄σσσ+ σ̂σσex, we obtain

Ψe =
1
2

∫
Ωe

εεε
T

σ̃σσ dΩ (3.5)

Note that the stress field σ̃σσ varies across the element. The stress fields σ̄σσ, ˆ̄σσσ are uniform within an

element, but σ̂σσex varies linearly across the element. Also, note that the stress field σ̄σσ is consistent

with the displacement field (which, as pointed out above, is of the correct accuracy). Therefore

equation Equation 3.5 appears to be a recipe for extrapolating from the quadrature points to the

nodes and achieving the full accuracy of the nodal stress field: instead of the stress field σ̄σσ (the

stress in the real material), we extrapolate σ̃σσ (the stress in real material, with a portion of the

stress in the stabilization material) to the nodes of an element.

The replacement of σ̂σσ with σ̂σσex is justified as follows: For constant-Jacobian elements

the displacement field is quadratic inside a mean-strain quadratic tetrahedral QT10MS element,

and trilinear inside a mean-strain hexahedral H8MSGSO element, and therefore the strains (and

the stresses) can be well behaved (fully or partially linear). For elements with non-constant

Jacobian (elements with curved or distorted faces), the stresses within an element vary not as

simple polynomials but rather as rational expressions, which tend to misbehave for distorted

elements. Therefore, we propose not to compute the stress field σ̂σσ directly from the displacement

field, but rather to take a linear least-squares fit to σ̂σσ, to which we add the uniform σ̄σσ− ˆ̄σσσ.

The linear least-squares fit to σ̂σσ is obtained from the stabilization stresses at the integration

points of the finite element. A linear fitting model has 4 coefficients, a constant and one coefficient

for each of the spatial dimensions. The QT10MS element has 4 integration points giving a

determined system of equations, whilst the H8MSGSO element has 8 integration points, giving

an over-determined system of equations.
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The aforementioned stress computation procedures are applicable to the mean-strain finite

elements as well. In comparison, the present approach has perhaps the advantage of simplicity,

which may translate to a higher computational efficiency.

3.2 Examples

In this section, we present results for stresses represented by nodal values. We compute

the values of the stress component(s) at the nodes of an element by extrapolating (extending) the

stress within an element: either from the mean stress σ̄σσ, referred to below as mean-stress-only

extrapolation (abbreviation MSOE), or using the improved recovery procedure with least square

fitted σ̃σσ, referred to as trend-based extrapolation (abbreviation TBE).

The unique stress values at a particular node are then computed as simple averages of

stress values from each element that shares this node. Some comparisons in what follows are

done with elements implemented in the Abaqus software, which also use this averaging procedure

to produce smoothed stress results [34].

The elements included in the tests were:

QT10MS The quadratic tetrahedral mean-strain element of [24].

H8MSGSO The hexahedral mean-strain element of [23].

T10 The standard isoparametric (purely displacement-based) 10-node tetrahedron with four-point

quadrature.

H8 The standard isoparametric (purely displacement-based) eight-node hexahedron with Gaus-

sian eight-point quadrature.

C3D10HS Tetrahedral Abaqus element designed for improved surface stress visualization, hybrid

version with ten nodes [34].
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C3D8HS Hexahedral Abaqus element designed for improved surface stress visualization, hybrid

version with eight nodes [34].

C3D8S Hexahedral Abaqus element designed for improved surface stress visualization, non-

hybrid version with eight nodes [34].

C3D8I Hexahedral Abaqus eight-node element with incompatible modes [34].

C3D8R Hexahedral Abaqus eight-node element with uniformly reduced integration and en-

hanced hourglass stabilization [34].

3.2.1 Elliptic Membrane

This elliptic membrane example is a benchmark problem (LE1) of NAFEMS, originally

tested using plane-stress elements [39, 40]. Figure 3.1 shows the elliptic membrane (of thickness

0.1 m) with the boundary conditions and a uniform outward pressure (P = 10 MPa) applied on

the surface BC. The Young’s modulus of the membrane is 210 GPa, and the Poisson’s ratio is

0.3. Only one eighth of the membrane is modeled owing to symmetry in the thickness direction.

The model is discretized using QT10MS and H8MSGSO elements. The original benchmark

document specified the target solution for normal stress σyy at Point D as 92.7 MPa [39].

Figures 3.2 and 3.3 show the errors of the normal stress σyy at Point D with mesh

refinement using quadratic tetrahedral and hexahedral elements respectively. The true errors in

the stress obtained by MSOE and TBE are compared with the errors of stress obtained using

Abaqus elements designed for improved surface stress visualization (C3D10HS and C3D8HS).

The results demonstrate a significant improvement in the accuracy of stress predictions using the

TBE as compared to the MSOE for the QT10MS element, and marginal improvement for the

H8MSGSO element. This is expected, because the TBE stresses use multiple stress sampling

points in a finite element unlike the element-wise constant mean stresses. Comparing with

the improved-stress-response Abaqus elements also confirm that the current procedure delivers
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Figure 3.1: Elliptic membrane
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Figure 3.2: LE1 benchmark. Errors in σyy at Point D with mesh refinement (Quadratic
Tetrahedral elements)

equivalent accuracy for the tetrahedron, whereas the improved-stress Abaqus hexahedron is in

absolute terms more accurate than either of the extrapolation procedures for the H8MSGSO

element.

It is worthwhile to stress that the convergence rate for the hexahedral elements remains

linear, as expected: the stabilization stresses themselves are first order in the hexahedral elements,
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Figure 3.3: LE1 benchmark. Errors in σyy at Point D with mesh refinement (Hexahedral
elements)

and hence the extrapolation from the stabilization stresses cannot produce more than first-order

convergence rate. On the other hand, it is clear from Figure 3.2 that for the mean-strain tetrahedral

elements the convergence rate of the TBE stresses attains the theoretical second-order accuracy,

while the MSOE stresses remain first order. Evidently, the improved extrapolation procedure is of

considerable value in the quadratic tetrahedral case.

Further we consider the convergence of the stress σσσ in the global RMS (L2) norm in

quadratic tetrahedral and hexahedral elements. Consider a convergence study over meshes

M1,M2, ...,Mn in increasing order of mesh fineness. Then the normalized approximate error in

quantity q measured on mesh Mi is given by

Ei(q) =
||qi−qi−1||Mi

||qn||Mn

(3.6)

where the norm || · ||Mi is defined for a quantity q by

||q||2Mi
=

∫
Mi

|q|2dx (3.7)

This means that the quantity qi−1 needs to be transferred by interpolation from the coarse mesh

29



Mi−1 to the fine mesh Mi.

We compare the performance of TBE and MSOE for quadratic tetahedral elements using

this error measure. The performance of the T10 stresses (T10E) is compared after extrapolating the

stresses from integration points to the nodes and subsequently averaging at the nodes. Figure 3.4a

shows the coarsest mesh used for the convergence study and the other refinements are obtained

by refining this mesh in the XY-plane. Figure 3.5 shows the convergence of the normalized

approximate error in stresses with mesh refinement. We observed orders of convergence of 1.93

for both TBE and T10E, while the MSOE converged only with an order of 1.28. The TBE and

T10E have similar convergence because the material is compressible, and they have a close to

second order convergence which is expected of quadratic elements. Consequently we consider

this evidence that the proposed TBE procedure increases the convergence rate of the stresses to

the theoretical second-order accuracy.

Next the normalized approximate RMS error in σσσ is compared for TBE and MSOE

for hexahedral elements. The stresses from H8 elements (H8E) are used for comparison, after

extrapolating the stresses from integration points to the nodes and then averaging at the nodes.

Figure 3.4b shows the coarsest mesh used for the convergence study. The mesh refinements are

performed to this mesh in the XY-plane. Figure 3.6 shows the convergence of stresses, and once

again, TBE displays lower errors in stresses than MSOE. The orders of convergence observed for

TBE, MSOE and H8E are 1.447, 1.441 and 1.446 respectively. The orders of convergence are

similar, but the plot demonstrates that TBE stresses have a slightly lower error than the MSOE

stresses.

3.2.2 Thick Plate Under Pressure

A 0.6 m thick plate under pressure is considered in this example (LE 10 benchmark of

NAFEMS [40, 39]). The Young’s modulus is 210 GPa and the Poisson’s ratio is 0.3. The loading

is a uniform normal pressure load of 1 MPa on the top face of the plate ABCD, as shown in Figure
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Figure 3.4: LE1 Benchmark, Coarsest meshes used for mesh refinement study (a) Quadratic
Tetrahedral elements (b) Hexahedral elements
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Figure 3.5: LE1 benchmark. Convergence of normalized approximate error in stress (Quadratic
tetrahedral elements)

3.7. The faces DCC
′
D
′

and BAA
′
B
′

are fixed in their normal directions (Y and X respectively),

and the curved edge EE
′
is fixed in the direction (Z) of loading. The displacements parallel to

the plane ABCD, i.e., X and Y displacements are constrained on the face CBB
′
C
′
. The specified

target solution for normal stress in the benchmark document is σyy =−5.38 MPa at point D [39].

Figure 3.8 shows the relative errors in σyy at Point D as mesh is refined, computed with
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Figure 3.6: LE1 benchmark. Convergence of normalized approximate error in stress
(Hexahedral elements)

mean-strain quadratic tetrahedral elements QT10MS using the TBE, MSOE and with Abaqus

improved-stress (C3D10HS) elements. The improved stress approximation obtained using TBE

can be clearly observed.
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Figure 3.7: Benchmark LE10, Thick Plate Under Pressure. (a) Cross-sectional view (b) 3-D
view

Figure 3.9 shows the relative errors in σyy at Point D as the hexahedral mesh is refined
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Figure 3.8: LE10 benchmark, Quadratic Tetrahedral elements. Normalized errors in σyy at
Point D.
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Figure 3.9: LE10 benchmark, Hexahedral elements. Normalized errors in σyy at Point D.

using TBE, MSOE, Abaqus improved-stress C3D8S, Abaqus incompatible-mode hexahedron

C3D8I and Abaqus C3D8R (elements with reduced integration and enhanced hourglass stabiliza-

tion). The results show that the incompatible-mode hexahedron C3D8I delivers superior accuracy

in this case for coarser meshes, but fails to maintain the convergence rate. The element with

reduced integration and enhanced hourglass stabilization C3D8R from Abaqus, which is one of

the best elements available in their finite element library, apparently also uses extrapolation from

the mean stresses: its accuracy is equivalent to our MSOE stresses. The TBE stresses are better
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than stresses obtained using the improved-stress hexahedron C3D8S for this example.

3.2.3 Slab with a circular hole under far-field tension loading

A slab 0.1 m thick with stress-free circular hole of radius R1 = 0.1 m, under far-field

unidirectional tensile loading P = 0.1 MPa, is considered [41]. The Young’s Modulus is E =

2.4 MPa and Poisson’s ratio is ν = 0.49995 (nearly incompressible). Plane-strain conditions are

simulated by fixing the faces parallel to the plane of page in Figure 3.10 in the direction normal to

them. Owing to the two-plane symmetry of the model, only a quarter of the model is considered

for analysis.

R

P

X
Y A

B

Figure 3.10: Quarter model of stress-free hole in a slab.

The direct stresses σxx and σyy follow from the radial and angular stress solutions given in

[41] as

σxx =
P

2r4 (3R4 cos(4θ)+2r4−3R2r2 cos(2θ)−2R2r2 cos(4θ))

σyy =−
PR2

2r4 (3R2 cos(4θ)+ r2 cos(2θ)−2r2 cos(4θ))

σxy =−
PR2

2r4 (r
2 sin(2θ)−3R2 sin(4θ)+2r2 sin(4θ)

(3.8)

where r is the distance from the center of the stress-free hole and θ is the anti-clockwise angle
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with respect to the horizontal X-axis.

First we consider quadratic tetrahedral elements. Figure 3.11 shows the element-wise

distribution of σxx using the T10E stresses for the quadratic isoparametric tetrahedron (i.e. strain

and stress are computed at the integration points and extrapolated to the nodes); the MSOE and

the TBE for the mean-strain tetrahedral elements [24]; and the Abaqus C3D10HS improved-stress

tetrahedral elements. For the T10E stresses we can predictably observe a noisy stress field since

the material is nearly incompressible. The C3D10HS elements of Abaqus are designed to improve

the bending representation of elements, dealing with near incompressibility, and for improving

the surface stress visualization [42]. We can observe in Figure 3.11 that the MSOE and the TBE

stresses are smoothly distributed, as are the C3D10HS stresses.
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(a) (b)

(c) (d)

Figure 3.11: Hole in a slab (nearly incompressible material: ν = 0.49995). Element-wise
distribution of σxx in quadratic tetrahedral elements. (a) Directly-Computed stresses (T10E), (b)
QT10MS MSOE stresses, (c) Abaqus C3D10HS Improved stresses, (d) QT10MS TBE stresses.

36



0 0.02 0.04 0.06 0.08 0.1
Z-Height

1.5

2

2.5

3

3.5

4

4.5

105

(a)

0 0.02 0.04 0.06 0.08 0.1 0.12
Z - Height

0

0.5

1

1.5

2

2.5

3

3.5

<
xx

#105

TBE
MSOE
Analytical

(b)

Figure 3.12: Hole in a slab (nearly incompressible material: ν = 0.49995), quadratic
tetrahedral mesh. Stress σxx along the edge containing Point B. (a) Elemental contributions of

stresses, (b) Averaged stresses at the nodes.

For the same mesh that is shown in Figure 3.11, the stresses σxx on the edge containing

Point B and parallel to the Z-axis are compared in Figure 3.12. Figure 3.12(a) shows the element-

wise contributions (in the form of means and standard deviations; the two curves are distinguished

by the length of the cross bars) of stresses at the nodes along that edge from all the elements

connecting these nodes. The TBE stresses are observed to be superior to the MSOE stresses in

terms of accuracy. Figure 3.12(b) shows the nodal stresses obtained by averaging the element-wise

stresses at the nodes. The TBE stresses show an error of 7.9%, whilst the MSOE stresses have an

error of 29.3%, clearly indicating the improvement in the performance of the TBE stresses over

the MSOE stresses.
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Next we consider hexahedral elements. Figure 3.13 shows the mesh used, with the

distributions of MSOE stresses, Abaqus C3D8HS improved stresses and the TBE stresses. All

stress distributions are observed to be smooth. For the same mesh, the stress σyy is visualized along

the edge containing Point A parallel to the Z-axis in Figure 3.14. The elemental contributions of

stresses at the nodes along the edge are the same as the average stresses at the nodes since the

mesh is symmetric in the thickness direction. The proposed TBE method yields an RMS error of

17.1% in the stresses which implies a better quality when compared to the error of 51.2% of the

MSOE stresses.

(a) (b)

(c)

Figure 3.13: Hole in a slab (nearly incompressible material: ν = 0.49995). Element-wise
distribution of σyy in hexahedral elements. (a) H8MSGSO MSOE stresses, (b) Abaqus C3D8HS

Improved-stress element, (c) H8MSGSO TBE stresses.

We switch to a different domain for the same problem: Figure 3.15 shows that we focus
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Figure 3.14: Hole in a slab (nearly incompressible material: ν = 0.49995), hexahedral mesh.
Stress σyy along the edge containing Point A. (a) Elemental contributions of stresses (b)

Averaged stresses at the nodes.

on a region of radius R2 = 0.4 m around the stress-free hole where the stresses are of interest.

The tractions (hx,hy,0) are applied on the face CD as the natural boundary conditions,

hx =σxxnx +σxyny

hy =σxynx +σyyny

(3.9)

where (nx,ny,0) is the normal vector of the face CD.

The normal stress σxx is sampled at Point B of the model. We know that the stress

concentration factor at Point B for this model is 3.0. A mesh refinement study of relative error

in the average value of σxx computed along the edge containing Point B parallel to the Z-axis is
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Figure 3.15: Quarter model of stress-free hole in a slab (focused around the stress-free hole).

conducted using the TBE, the MSOE and the Abaqus C3D10HS stresses for quadratic tetrahedral

elements, as shown in Figure 3.17. The coarsest quadratic tetrahedral mesh used for the refinement

study is shown in Figure 3.16a. The errors in stresses obtained using Abaqus C3D10HS elements

can serve as a reference to the errors of TBE and MSOE stresses as the mesh is refined. Figure

3.18 shows errors in normal stress σyy, computed at Point A of the model.

The TBE stresses in 3.18 display an irregular reduction in error in the third mesh refine-

ment because the stress σyy computed using TBE originally converged from below the analytical

stress value and in the third refinement switched to converging from above. This fortuitous

reduction in error in one refinement spoils the appearance of the expected “linear” convergence

behavior. (As pointed out by one of the referees, this phenomenon could perhaps be also explained

by the meshes not being nested.) Nevertheless, the improvement of TBE stresses over MSOE

stresses is clearly visible. We also observe that the TBE stresses in the tetrahedral element case

are of equivalent accuracy to that of the Abaqus improved-stresses (C3D10HS element stresses),

and in the hexahedral element case, the TBE stresses are improved over the Abaqus C3D8HS

element improved-stresses.

The coarsest hexahedral mesh used for the refinement study is shown in Figure 3.16b.
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(a) (b)

Figure 3.16: Hole in a slab, Coarsest meshes used for mesh refinement study (a) Quadratic
Tetrahedral elements (b) Hexahedral elements
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Figure 3.17: Hole in a slab, quadratic tetrahedral elements. Error of σxx at Point B.

The mesh refinement study of relative errors performed using hexahedral elements is shown in

Figure 3.19 for σxx at Point B. The stress value at Point B is obtained by averaging along the edge

containing Point B parallel to Z-axis. The TBE, MSOE and the stresses obtained using Abaqus

C3D8HS elements are considered for the study. For hexahedral elements, Abaqus C3D8HS

elements have similar features as those of Abaqus C3D10HS quadratic tetrahedral elements.

Figure 3.20 shows errors in the average of normal stress σyy, computed along the edge containing

Point A. At the moment we do not have an explanation for the impressive convergence rate of the

mean-strain hexahedron H8MSGSO with the TBE procedure.
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Figure 3.18: Hole in a slab, quadratic tetrahedral elements. Error of σyy at Point A.
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Figure 3.19: Hole in a slab (ν = 0.49995), hexahedral elements. Error of σxx at Point B.

3.2.4 Thin Cantilever Beam

This example considers a thin beam (25m×0.5m×0.5m) fixed at one end, and shear

loaded by P = 100 Pa at the other end in the downward direction (Figure 3.21). The Young’s

modulus is 100 Pa, and the Poisson’s ratios 0.3. The mesh is built by dividing the beam into

100× 2× 2 hexahedra to create a hexahedral mesh, and each hexahedron is subdivided into

tetrahedra to create a quadratic tetrahedral mesh. The normal stresses σxx are investigated on

a vertical fiber located at 8.25m along the length of front face of the beam. The elemental
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Figure 3.20: Hole in a slab (ν = 0.49995), hexahedral elements. Error of σyy at Point A.

contributions of the TBE stresses to the nodes on the fiber and the nodal stresses computed by

simple averaging are considered.

Figure 3.21: Cantilever Beam - Loads and Boundary Conditions
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Figure 3.22: Thin Cantilever Beam, compressible material (ν = 0.3). Quadratic tetrahedral
elements. Element Contributions of σxx to the nodes on a vertical fiber at x = 8.25m of the

beam.
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Figure 3.23: Thin Cantilever Beam, compressible material (ν = 0.3). Quadratic tetrahedral
elements. Stress σxx at the nodes obtained by averaging, on a vertical fiber at x = 8.25m of the

beam.
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Figure 3.24: Thin Cantilever Beam, compressible material (ν = 0.3). Quadratic tetrahedral
elements. Element Contributions of σxx to the nodes on a vertical fiber at x = 8.25m of the

beam.

Figure 3.22 shows the elemental contributions of σxx to the nodes on the fiber of interest

and Figure 3.23 shows the stress distribution after averaging the elemental contributions of

stresses at nodes in a quadratic tetrahedral mesh. We can observe that the TBE stresses result

in improved stress prediction as compared to the MSOE stresses. The TBE stresses agree very

well with the analytical solution unlike the element-wise constant MSOE stresses both before and
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Figure 3.25: Thin Cantilever Beam, compressible material (ν = 0.3). Quadratic tetrahedral
elements. Stress σxx at the nodes obtained by averaging, on a vertical fiber at x = 8.25m of the

beam.

after averaging of the elemental contributions of stresses at the nodes. The directly-computed

stresses (DCE) are expected to exhibit similar behavior as that of the TBE stresses, since the

elements have good aspect ratios and the material is compressible. Figures 3.24 and 3.25 show the

distribution of TBE and DCE stresses in comparison with the analytical solution, before and after

averaging the elemental contributions of stresses at the nodes respectively. As expected, the stress

distributions match very well and also match exactly with the analytical solution. This example

clearly demonstrates the improvement of TBE stresses over the MSOE stresses in quadratic

tetrahedral elements for compressible materials.

Figures 3.26 and 3.27 show the distribution of TBE and MSOE stresses in comparison

with the analytical solution, before and after averaging the elemental contributions of stresses at

the nodes respectively for a hexahedral mesh in compressible material case. The plots clearly

indicate improvement in stress quality using the TBE stresses over the MSOE stresses. Figures

3.28 and 3.29 show the distribution of TBE and DCE stresses before and after averaging the

elemental contributions of σxx at the nodes respectively. The errors in stress distributions of DCE

and TBE stresses are observed to be approximately the same.
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Figure 3.26: Thin Cantilever Beam, compressible material (ν = 0.3). Hexahedral elements.
Element contributions of σxx to the nodes on a vertical fiber at x = 8.25m of the beam.
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Figure 3.27: Thin Cantilever Beam, compressible material (ν = 0.3). Hexahedral elements.
Stress σxx at the nodes obtained by averaging, on a vertical fiber at x = 8.25m of the beam.

Now, consider the stresses in the beam when the material is nearly-incompressible (ν =

0.4999). The hexahedral elements cannot produce a locking-free displacement, so the stresses are

obviously erroneous (Figures 3.36 and 3.37). For T10 elements, the displacements are of good

quality owing to the use of quadratic shape functions. However, the stresses are noisy as shown

in Figures 3.32 and 3.33.

Figure 3.30 shows the elemental contributions of σxx to the nodes on the fiber of interest
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Figure 3.28: Thin Cantilever Beam, compressible material (ν = 0.3). Hexahedral elements.
Element Contributions of σxx to the nodes on a vertical fiber at x = 8.25m of the beam.
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Figure 3.29: Thin Cantilever Beam, compressible material (ν = 0.3). Hexahedral elements.
Stress σxx at the nodes obtained by averaging, on a vertical fiber at x = 8.25m of the beam.

and Figure 3.31 shows the stress distribution after averaging the elemental contributions of stresses

at nodes in a quadratic tetrahedral mesh. We can observe that the TBE stresses result in greatly

improved stress prediction as compared to the MSOE stresses. The TBE stresses agree very well

with the analytical solution unlike the element-wise constant MSOE stresses both before and after

averaging of the elemental contributions of stresses at the nodes. The directly-computed stresses

(DCE) are very much erroneous because of noisy stresses by T10 elements in near-incompressible
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Figure 3.30: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Quadratic
tetrahedral elements. Element Contributions of σxx to the nodes on a vertical fiber at x = 8.25m

of the beam.
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Figure 3.31: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Quadratic
tetrahedral elements. Stress σxx at the nodes obtained by averaging, on a vertical fiber at

x = 8.25m of the beam.

applications. Figures 3.32 and 3.33 show the distribution of TBE and DCE stresses in comparison

with the analytical solution, before and after averaging the elemental contributions of stresses at

the nodes respectively. As expected, the TBE stresses match well with the analytical solution.

This example clearly demonstrates the improvement of TBE stresses over the MSOE stresses in

quadratic tetrahedral elements for near-compressible materials.
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Figure 3.32: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Quadratic
tetrahedral elements. Element Contributions of σxx to the nodes on a vertical fiber at x = 8.25m

of the beam.
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Figure 3.33: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Quadratic
tetrahedral elements. Stress σxx at the nodes obtained by averaging, on a vertical fiber at

x = 8.25m of the beam.

Figures 3.34 and 3.35 show the distribution of TBE and MSOE stresses in comparison

with the analytical solution, before and after averaging the elemental contributions of stresses at

the nodes respectively for a hexahedral mesh in compressible material case. The plots clearly

indicate improvement in stress quality using the TBE stresses over the MSOE stresses. Figures

3.36 and 3.37 show the distribution of TBE and DCE stresses before and after averaging the
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Figure 3.34: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Hexahedral
elements. Element contributions of σxx to the nodes on a vertical fiber at x = 8.25m of the beam.
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Figure 3.35: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Hexahedral
elements. Stress σxx at the nodes obtained by averaging, on a vertical fiber at x = 8.25m of the

beam.

elemental contributions of σxx at the nodes respectively. The DCE stresses are completely off, as

expected, while the TBE stresses match well with the analytical solution.
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Figure 3.36: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Hexahedral
elements. Element Contributions of σxx to the nodes on a vertical fiber at x = 8.25m of the

beam.
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Figure 3.37: Thin Cantilever Beam, near-compressible material (ν = 0.4999). Hexahedral
elements. Stress σxx at the nodes obtained by averaging, on a vertical fiber at x = 8.25m of the

beam.

3.2.5 Cube of orthotropic material under prescribed displacements

In this example, the goal is to investigate the performance of the proposed method for

structures with orthotropic material properties. The domain is a cube of 0.1 m on the side.

Displacements are prescribed on the entire surface of the cube: Table 3.1 lists the coefficients of

polynomial expression for the three displacement components.
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Table 3.1: Expression for the displacement components on the surface in terms of a full
quadratic polynomial in x,y,z. The coefficients in the table need to be multiplied with 10−3.

Displacement 1 x y z xy xz yz x2 y2 z2

ux 0.0 1.0 0.0 1.0 0.0 -1.0 0.0 2.0 0.0 1.0
uy 0.0 0.0 0.3 0.0 3.0 -2.0 7.0 0.0 8.0 -7.0
uz 0.0 0.0 0.0 0.7 8.0 3.0 -15.0 2.0 -3.0 0.1

The material is a fibrous composite, with EX = 2.5×106 psi, EY = EZ = 1.0×106 psi,

GXY = GXZ = 0.5×106 psi, GY Z = 0.2×106 psi, νXY = νXZ = νY Z = 0.25, where X signifies the

direction parallel to the fibers, Y the transverse direction, and νXY is the Poisson’s ratio measuring

strain in the transverse direction under uniaxial normal stress in the longitudinal direction. The

orientation of the material with respect to the global Cartesian axes is defined by rotation of −15o

about the global Y axis. The output stresses are computed in the global Cartesian coordinate

system.

We consider meshes which are obtained by uniform bisection refinement from the coarsest

mesh of 3× 3× 3 elements along the side. The quadratic tetrahedral meshes are obtained by

dividing each hexahedron of the hexahedral meshes into 6 tetrahedra.

In this study we consider convergence in the RMS error of the stress (3.6). The hexahedral

elements converge in the RMS stress error with a convergence rate of approximately 1.18

(standard hexahedral elements H8) and 1.18 (MSOE). The present mean-strain TBE delivers a

slightly higher rate of 1.24: call for Figure 3.39. The standard tetrahedral elements T10 yield a

convergence rate of about 1.32, whereas the MSOE stresses converge at the rate of 1.3; the TBE

stresses converge at the rate of 1.48, even though they are not the most accurate for the initial

coarse mesh; call for Figure 3.38. At the moment the reason for the quadratic tetrahedral elements

with TBE (and the standard T10E) not realizing the theoretical convergence rate for the stresses

is unknown.
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Figure 3.38: Orthotropic material cube - Convergence of normalized approximate error in
stress (Tetrahedral elements)
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Figure 3.39: Orthotropic material cube - Convergence of normalized approximate error in
stress (Hexahedral elements)

3.2.6 Meyer-Piening Sandwich Plate

This example compares the trend-based stresses and mean stresses in the Meyer-Piening

Sandwich plate [43]. The beam has three layers: The top and bottom faces are thinner (0.5 mm

and 0.1 mm respectively) than the central core (11.4 mm). The composite beam has very different

geometric and constitutive properties between core and the faces. The material properties of the

faces and core of the sandwich are given in Table 3.2. This example has strong heterogeneities
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and is not frequently addressed in literature [44]. A localized pressure loading is applied on a

rectangular area (5 mm×20 mm) at the center of the beam. Due to symmetry, only one quarter of

the beam (50 mm×100 mm) is used for analysis, as shown in Figure 3.40. A1B1C1D1 (z= 12 mm)

is the top surface of the top face on which the rectangular area of pressure loading is located. The

surfaces A2B2C2D2 (z = 11.9 mm), A3B3C3D3 (z = 0.5 mm) and A4B4C4D4 (z = 0 mm) are the

top surface of the core, top and bottom surfaces of the bottom face respectively.

The Y-displacements are constrained on surface A1A4B4B1, and X-displacements are

constrained on surface B1B4C4C1. The surfaces A1A4D4D1 and D1D4C4C1 are constrained to

move only in the XY plane. We analyze the stress quality at Point A1. The trend-based and mean

stresses are compared for both QT10MS and H8MSGSO elements.

Figures 3.41 and 3.42 show the errors in stresses σxx and σyy respectively at Point A1 for

quadratic tetrahedral meshes using trend-based stresses, mean stresses and ABAQUS C3D10HS

elements. The analytical stresses at A1 are < σxx,σyy >=<−624,−241 > MPa [43]. The plots

indicate an improvement of the trend-based stresses over the mean stresses. Point A1 belongs to

the top face of the composite and is very thin. The normal stress gradients in this layer are very

high [43]. Since mean stresses are the averaged stresses of an element, they may not be able to

approximate the stresses well. The trend-based stresses predict better stress approximates since

the stresses are based on the trend of stress distribution inside the elements. Moreover, we can

see that the trend-based stresses converge faster than mean stresses for the same reason.

Figures 3.43 and 3.44 show the errors in stresses σxx and σyy respectively at Point A1 for

hexahedral meshes using trend-based stresses, mean stresses, ABAQUS C3D8S, C3D8R(enh)

and C3D8I elements. We observed a small improvement of trend-based stresses over the mean

stresses for σxx and σyy, and negligible improvement for σxy. As discussed above, the normal

stresses σxx and σyy vary rapidly in the top face of the composite, leading to poorer approximation

of mean stresses as compared to the trend-based stresses. Due to the very thin elements in the top

face, the form factor of the elements is low, which could potentially decrease the improvement of
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trend-based stresses over mean stresses.

Table 3.2: Material properties of the Meyer-Piening Sandwich Beam

Faces Core

E1 = 70GPa, E2 = 71GPa E1 = E2 = 3MPa

E3 = 69GPa E3 = 2.8MPa

G12 = G13 = G23 = 26GPa G12 = G13 = G23 = 1.0MPa

ν12 = ν13 = ν23 = 0.3 ν12 = ν13 = ν23 = 0.25

50
100
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All lengths in mm.

11.4
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Figure 3.40: Quarter model of Meyer-Piening Sandwich Beam. (a) 3-D view (b) Top view.

Figure 3.41: Meyer-Piening Sandwich - Errors in σxx at Point A1 with mesh refinement
(Tetrahedral elements)
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Figure 3.42: Meyer-Piening Sandwich - Errors in σyy at Point A1 with mesh refinement
(Tetrahedral elements)

Figure 3.43: Meyer-Piening Sandwich - Errors in σxx at Point A1 with mesh refinement
(Hexahedral elements)

Figure 3.44: Meyer-Piening Sandwich - Errors in σyy at Point A1 with mesh refinement
(Hexahedral elements)
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The trend-based stress estimate thus obtains an optimally convergent and noise-free stress

field for the stabilized mean-strain finite elements. The examples with nearly-incompressible

materials show that the obtained stresses are noise-free, and the extra terms (the terms after the

mean stress) used in the stress field estimate improve the quality of stress approximation. The

trend-based stress field is demonstrated to have an improved convergence over the mean stresses,

at least in the QT10MS elements where the optimal convergence is of order 2. The examples

show stress improvement over mean stresses in QT10MS and H8MSGSO elements. The stress

field can also be used without any changes for improved approximation in nonlinear regime.

Chapter 3 has many details taken from the manuscript, “Sivapuram R, Krysl P. Improved

Recovered Nodal Stress for Mean-Strain Finite Elements. Finite Elements in Analysis and Design

2018; 146:70-83, doi:10.1016/j.finel.2018.04.005”, and the work is done in collaboration with

Prof. Petr Krysl. The dissertation author is the primary investigator of the manuscript.

57



Chapter 4

Nodally Integrated Continuum Elements

Many complex structural analysis problems are solved by Finite Element Method (FEM)

using linear tetrahedral and hexahedral elements. Tetrahedral elements are usually preferred

because of the easy and reliable meshing methods available. The hexahedral elements are used

when more accuracy is required since they use trilinear basis functions. These low-order elements

severely suffer from volumetric locking when a (nearly) incompressible material is involved

in the analysis (de Souza Neto et al [45]). Methods involving selective reduced integration of

stiffness matrices and B-bar techniques were developed to avoid volumetric locking (Hughes

[18, 14]). Additionally, lower order elements are also known to exhibit shear locking: the

excessive numerical bending stiffness which limits the ability of finite elements with bad aspect

ratios to accurately represent bending deformations (Prathap et al[19]). Some methods use

incompatible modes and assumed strains to deal with this numerical defect (Simo et al [46]).

A range of assumed strain elements have been developed by Krysl and collaborators

in [47, 20, 48, 21, 29, 24, 30]. The assumed strain is derived using the weak form of the

difference between assumed and real strains which are defined using kinematic compatibility.

The assumed strain energy is computed using mean strains to eliminate volumetric locking.

To prevent the appearance of the hourglass modes caused by the rank-deficient mean strain-
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based stiffness matrix, a couple of stabilization terms are added, where one term uses full

integration and the other uses reduced integration. Krysl and collaborators [20, 21, 24] designed

a compressible stabilization material to generate the added stabilization terms for hexahedral,

composite-tetrahedral and quadratic tetrahedral elements. The stabilization material is also chosen

such that the incorporation of fully-integrated stabilization term does not introduce shear locking

into the model using optimal or quasi-optimal energy-sampling stabilization. Sivapuram et al

[30] proposed a nodal stress field for these energy-sampling stabilized assumed (mean) strain

finite elements and demonstrated theoretical convergence rates.

Nodal integration helps in achieving a favorable constraint ratio when dealing with (nearly)

incompressible analyses, which eludes fully integrated elements. Dohrmann et al [49] proposed

nodally integrated triangular and tetrahedral elements by constructing node-based constant-strain

”elements” and demonstrated superconvergence using some static analyses. Their work was

extended to large deformation applications by Bonet et al [50]. The simplex nodally integrated

elements were generalized to hexahedral shapes and higher order in Krysl and Zhu [51] using an

assumed-strain technique derived using the a priori weak enforcement of kinematic compatibility.

They demonstrated the convergence of linear and quadratic 2D and 3D Nodally Integrated

Continuum Elements (NICE) for static problems, and also showed that the elements satisfy patch

tests. Using a similar derivation, the Nodally Integrated Plate Elements (NIPE) were developed

by Castellazzi and Krysl [52]. A modification to the original formulation was proposed to achieve

robustness in case of highly distorted elements and slivers in Krysl et al [53, 54]. The nodally

integrated elements have also been used in the context of static analysis for functionally graded

plates (Castellazzi et al [55]) and in elastoplastic problems (Artioli et al [56]).
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4.1 NICE Formulation

In this section, we briefly review the assumed deformation gradient formulation for the

nodally integrated finite elements in context of linear elasticity from Krysl and Zhu [51] and

the formulation with increased robustness for highly distorted elements from Krysl and Kagey

[53]. This formulation is valid for many types of finite elements but this work focuses only on

linear tetrahedral and trilinear hexahedral elements. We use the Voigt notation to represent the

tensors in this work. Using nodal quadrature for integration when the structure is made of a

nearly-incompressible (ν→ 0.5) material results in favorable constraint-ratio (3 for 3D continuum

linear elasticity). The formulation requires gradient operators at the integration points (here,

nodes). The element-wise deformation gradient operators are multivalued at the nodes, at least

when C0 shape functions are used in the finite element analysis. An assumed-strain method is

thus used to define an assumed nodal deformation gradient operator.

We start by considering the de Veubeke-Hu-Washizu functional [25]

Π(ε, σ, u) =
∫

Ω

U(ε) dΩ+
∫

Ω

σ · (∇su− ε) dΩ−W (4.1)

where Ω is the structural domain, ε is the assumed strain, u is the displacement field, ∇s(·)

is the symmetric gradient operator and W is the external work done on Ω. The first term in

the potential energy Π signifies the deformation energy of the domain Ω and the second term

involves a kinematic constraint with σ acting as the Lagrange multiplier field corresponding to

the constraint. The second term enforces the kinematic constraint weakly, i.e., the assumed strain

matches the symmetric gradient of displacement in a volume-averaged sense. The deformation

energy (assumed strain energy) per unit volume of the structural domain Ω is given by

U(ε) =
1
2

ε ·D · ε (4.2)
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where D signifies the material properties of the structure. Discretizing the structure Ω using a

mesh of nel elements and nnd nodes and representing the fields discretely, the potential energy

Equation 4.1 becomes

Π(εεε, σσσ, uuu) =
∫

Ω

1
2

εεε
T DDDεεε dΩ+

∫
Ω

σσσ
T (Buuu− εεε) dΩ−W (4.3)

where B is the deformation gradient operator which is the discretized version of the symmetric

gradient operator and all the bolded vectors and matrices correspond to their respective unbolded

field variables. A stable equilibrium of the structure is obtained by finding the stationary point

of the potential energy Equation 4.3. Variations of the discretized potential energy Equation 4.3

with respect to the three variables vanish as follows.

∂uuuΠ(εεε, σσσ, uuu) ·δuuu =
∫

Ω

σσσ
T Bδuuu dΩ−∂uuuW ·δuuu = 0

∂εεεΠ(εεε, σσσ, uuu) ·δεεε =
∫

Ω

(
DDDεεε−σσσ)T

δεεε dΩ = 0

∂σσσΠ(εεε, σσσ, uuu) ·δσσσ =
∫

Ω

δσσσ
T (Buuu− εεε) dΩ = 0

(4.4)

where the first equation indicates the balance of the external work done performed on a structural

displacement δuuu and the deformation energy stored, the second equation yields a definition for

the Lagrange multiplier σσσ in the units of stress,

σσσ = DDDεεε (4.5)

The third equation in Equation 4.4 is used in deriving the assumed deformation gradient for the

NICE formulation. The third equation in Equation 4.4 is modified by plugging in Equation 4.5 as

∫
Ω

δεεε
T DDD
(
Buuu− εεε

)
dΩ = 0 (4.6)
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The assumed strain εεε is written in terms of the displacement uuu as

εεε = Buuu (4.7)

where B is the assumed deformation gradient operator. Substituting the expression for assumed

strain Equation 4.7 in Equation 4.6, we get

∫
Ω

(
Bδuuu

)T DDD
(
Buuu−Buuu

)
dΩ = 0 (4.8)

We introduce the finite element approximations for displacement and deformation gradient

operator,

uuu =
nnd

∑
I=1

NIuuuI Buuu =
nnd

∑
I=1

BBBIuuuI Buuu =
nnd

∑
I=1

BBBIuuuI (4.9)

where NI is the shape function and uuuI is the displacement vector at the Ith node, BBBI is the strain-

displacement operator defined for node I, BBBI is the assumed strain-displacement operator for node

I that will be derived below. Using Equation 4.9 in Equation 4.8 yields

∑
I,J

δuuuT
I ·

∫
Ω

BBBT
I DDD
(
BBBJ−BBBJ

)
dΩ ·uuuJ = 0 (4.10)

This equation holds true for arbitrary virtual displacements δuuuI . Using this arbitrariness and

assuming that the assumed nodal strain-displacement operator is independent of the displacements

uuuJ , we convert Equation 4.10 to the requirement

∫
Ω

BBBT
I DDD
(
BBBJ−BBBJ

)
dΩ = 0 ∀ I,J (4.11)

The patch of elements connected to an arbitrary node I is pictorially shown in Figure 4.1 for

triangular and quadrilateral elements. The element patches can similarly be defined for 3D

elements. The assumed nodal strain-displacement operator BBBI is assumed to be constant and
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I

(a) Triangular mesh

I

(b) Quadrilateral mesh

Figure 4.1: Element patches corresponding to a node

non-zero over the element-patch corresponding to node I and zero elsewhere. This modifies

Equation 4.11 to

∫
Ω

BBBT
I DDD
(
BBBJ−BBBJ

)
dΩ = 0 for any fixed I and J ∈ nodes(elems(I)) (4.12)

where elems(I) is the list of elements in the element-patch of node I and nodes(e) is the list of

nodes connected by element e. Writing the integral as sum over all the finite element domains,

Equation 4.12 becomes

∑
e∈elems(I)

∫
Ωe

BBBT
I DDD
(
BBBeJ−BBBJ

)
dΩ = 0 for any fixed I and J ∈ nodes(elems(I)) (4.13)

where Ωe is the domain of finite element e and BBBeJ is the nodal strain-displacement operator

defined for node J in element e. An integral over finite element e can be approximated using

nodal integration as ∫
Ωe

(·)(xxx) dΩ = ∑
K ∈ nodes(e)

(·)
∣∣
xxxK

Je
∣∣
xxxK

we
∣∣
xxxK

(4.14)

where Je
∣∣
xxxK

is the Jacobian determinant of the Jacobian matrix JJJe
∣∣
xxxK

computed at the integration

point (here, node) xxxK of element e and we
∣∣
xxxK

is the corresponding weight. Using nodal integration

Equation 4.14 in Equation 4.13 and assuming uniform material distribution in the structure Ω, we
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get

∑
e∈elems(I)

∑
K∈nodes(e)

BBBI
∣∣T
xxxK

DDD
(

BBBeJ
∣∣
xxxK
−BBBJ

∣∣
xxxK

)
Je
∣∣
xxxK

we
∣∣
xxxK

= 0

for any fixed I and J ∈ nodes(elems(I))

(4.15)

We are interested in solving for the assumed strain-displacement matrix corresponding to each

node, so we rearrange the summations as

∑
K∈nodes(elems(I))

∑
e∈elems(K)

BBBI
∣∣T
xxxK

DDD
(

BBBeJ
∣∣
xxxK
−BBBJ

∣∣
xxxK

)
Je
∣∣
xxxK

we
∣∣
xxxK

= 0

for any fixed I and J ∈ nodes(elems(I))

(4.16)

For efficiency reasons, we make the integration points (nodes) K independent, and a solution to

this equation then follows when each term in the first summation over the nodes vanishes as

∑
e∈elems(K)

BBBI
∣∣T
xxxK

DDD
(

BBBeJ
∣∣
xxxK
−BBBJ

∣∣
xxxK

)
Je
∣∣
xxxK

we
∣∣
xxxK

= 0

for any fixed I, and K,J ∈ nodes(elems(I))

(4.17)

The assumed nodal strain-displacement matrix BBBI
∣∣
xxxK

is independent of index e, and DDD is assumed

to be independent of K. Incorporating these assumptions, Equation (4.17) can be rewritten as

BBBI
∣∣T
xxxK

DDD

[
∑

e∈elems(K)

BBBeJ
∣∣
xxxK

Je
∣∣
xxxK

we
∣∣
xxxK
−BBBJ

∣∣
xxxK ∑

e∈elems(K)

Je
∣∣
xxxK

we
∣∣
xxxK

]
= 0

for any fixed I, and K,J ∈ nodes(elems(I))

(4.18)

Equation Equation 4.18 can be satisfied by nullifying the term in square brackets. This gives the
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expression for the assumed nodal strain-displacement matrix for node J at quadrature point K,

BBBJ
∣∣
xxxK

=

∑
e∈elems(K)

BBBeJ
∣∣
xxxK

Je
∣∣
xxxK

we
∣∣
xxxK

∑
e∈elems(K)

Je
∣∣
xxxK

we
∣∣
xxxK

(4.19)

We can observe that the assumed nodal strain-displacement matrix for a node is given by the nodal

averaging of the element-wise strain-displacement matrices. For the case of linear tetrahedral

elements, this formulation simplifies to the nodally integrated tetrahedral (UT4) elements. For

details, refer to [49, 57] where the theoretical convergence of the nodally integrated tetrahedral

elements was shown. The theoretical convergence of general nodally integrated elements using

our formulation can be easily developed extending Puso and Solberg [57].

We can readily observe that the nonzero structure of the assumed nodal strain-displacement

matrix is the same as that of the element-based strain-displacement matrices, which are constructed

using the shape function gradients. This indicates that instead of the assumed strain-displacement

matrices, we can use the prescription for nodal averaging to compute the assumed nodal shape

function gradients for J at quadrature point K as

∇NJ
∣∣
xxxK

=

∑
e∈elems(K)

∇NeJ
∣∣
xxxK

Je
∣∣
xxxK

we
∣∣
xxxK

∑
e∈elems(K)

Je
∣∣
xxxK

we
∣∣
xxxK

(4.20)

where NeJ
∣∣
xK

is the shape function defined in element e for node J at quadrature point K, ∇NJ
∣∣
xK

is the assumed nodal shape function gradient defined for node J at quadrature point K. In order

for the formulation effectively deal with near-to-zero volume thin elements and slivers, Krysl

and Kagey [53] proposed a modification to Equation 4.20. The element-based shape function

gradients can be written in terms of shape function gradients in the parametric domain and the
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Jacobian matrix of the element, as

∇NeJ
∣∣
xK

= ∇ξξξNeJ
∣∣
ξξξ
(
xK

) · J−1
e
∣∣
xK

(4.21)

where ξξξ(·) refers to the parametric coordinate. The element-based shape function gradients in

Equation 4.21 involve an inversion of the Jacobian matrix. In case of thin near-to-zero volume

elements and slivers, Je
∣∣
xK
→ 0. This causes ill-conditioning of the inverse of the Jacobian matrix

and hence causes loss of accuracy of the assumed nodal shape function gradients. This drawback

is avoided by using the definition of the inverse of the Jacobian matrix,

J−1
e
∣∣
xK

=
1

Je
∣∣
xK

adj
(

Je
∣∣
xK

)
(4.22)

in terms of the adjugate matrix, where adj(·) is the adjugate operator of a matrix. Using

Equation 4.22, we reformulate Equation 4.20 as

∇NJ
∣∣
xxxK

=

∑
e∈elems(K)

∇ξξξNeJ
∣∣
ξξξ

(
xK

) ·adj(JJJe
∣∣
xxxK

)
we
∣∣
xxxK

∑
e∈elems(K)

Je
∣∣
xxxK

we
∣∣
xxxK

(4.23)

With division by the Jacobian determinant eliminated, the formulation can efficiently deal with

extremely thin elements and slivers as demonstrated in Krysl and Kagey [53]. This nodally

integrated finite element formulation is referred to as NICE (Nodally Integrated Continuum

Elements) formulation by Krysl and collaborators [51, 53, 52, 55, 58]. We mention that the

assumed nodal strain-displacement matrix formulation is distantly related to the element-based

B-bar technique (Hughes [14]).

The derivation above assumed uniform distribution of material in the volume of the

structure. If the material stiffness matrix D is multi-valued at a node, we can create multiple

element patches for the node such that each of them has a uniform material distribution. The
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summation Equation 4.17 can be split into separate terms corresponding to these patches, and we

can again use the same arguments used above to derive the assumed nodal deformation gradients.

Some general observations of this formulation can provide insights about the advantages and the

disadvantages of the formulation.

1. Equation Equation 4.23 gives the shape function gradients at an integration point (node) K

for a shape function corresponding to node J. The way in which we defined the element

patches for a node implies that the nodes J and K are connected by an element.

2. When the node K lies on a multi-material interface, one can define multiple element patches

for the node, each one consisting of elements with the same material. The derivation can be

slightly modified, which includes sums over these element patches, each of which can be

equated to zero. This again leads to the expression for shape function gradient in Equation

Equation 4.23.

3. The NICE formulation can be interpreted as a variant to the BBB-technique pioneered by

[14] in that, an average of strain-displacement operators is used to construct the assumed

strain-displacement operator (Equation Equation 4.19). [14] operator is element-based, and

the strain-displacement operator is averaged element-wise. In NICE formulation, averaging

is done node-wise over the element patches.

4. The stiffness matrix obtained using the NICE formulation is symmetric, owing to Equation

Equation 4.12. ∫
Ω

BBBT
I DDDBBBJ dΩ =

∫
Ω

BBBIDDDBBBJ dΩ =
∫

Ω

BBBT
I DDDBBBJ dΩ (4.24)

5. The mass matrix obtained using nodal integration is diagonal, which helps in faster inversion

in transient dynamic analysis. The mass matrix of an element e is given as

MMMe =
∫

Ωe

ρeNNNT NNN dΩe (4.25)
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where ρe is the density of the material in the element e, and NNN is a matrix with shape

function values. For constant Jacobian elements, e.g. tetrahedra, the nodally integrated

mass matrix becomes

MMMe = ρeJeIIIn×n (4.26)

where IIIn×n is an Identity matrix of size n (12 for tetrahedra). For non-constant Jacobian

elements, e.g. hexahedra, the nodally integrated mass matrix is given by the scalar product

of density of the material and a diagonal matrix with Jacobian determinants computed at

the integration points as the diagonal elements.

4.2 Patch Test

The assumed strain-displacement operator at node K in Equation Equation 4.19 is obtained

by averaging the strain-displacement operators from the neighboring elements. In terms of strains,

nodal strains are obtained by averaging the strains in the neighboring to the corresponding nodes.

εεε

∣∣∣
xxxK

=

∑
e∈elems(K)

εεεe
∣∣
xxxK

Je
∣∣
xxxK

we
∣∣
xxxK

∑
e∈elems(K)

Je
∣∣
xxxK

we
∣∣
xxxK

(4.27)

where εεε

∣∣∣
xxxK

is the assumed strain at node K, and εεεe
∣∣
xxxK

is the strain in element e.

The patch test is satisfied if the assumed-strain at node K reproduces a constant strain over its

element patch. Assuming a constant strain over the element patch,

εεεe

∣∣∣
xxxK

= εεε ∀ e ∈ elems(K) (4.28)

This implies that the assumed strain given by Equation Equation 4.27 as εεε

∣∣∣
xxxK

= εεε. Thus, the

NICE formulation satisfies the patch test ensuring the consistency of the formulation.
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4.3 Dynamic Instability of the NICE formulation

The NICE formulation does not contain any spurious modes in static analyses, as demon-

strated in [51]. However, for dynamic problems, e.g. free vibration, some low-energy spurious

modes are yielded by the NICE formulation. We illustrate this by means of an example saw-tooth

mode. Consider an infinite 1D mesh and nodal integration, with one degree of freedom per node.

Figure 4.2: Spurious mode in 1D nodal integration

Consider the gradient of field uuu that varies from positive to negative across the mesh as shown

in Figure 4.2. Since nodal gradients are defined as averages of gradient contributions from the

connected elements, this setting yields zero nodal strains. This leads to zero potential energy and

a spurious stable state for the structure. In a finite mesh, the zero-energy modes are converted to

low-energy modes because zero nodal strains do not occur at boundary nodes. This is the reason

for such modes not occurring in static analyses. However, these low-energy modes can appear as

spurious vibration modes in dynamic simulations. This explanation can be easily extended to 2D

and 3D problems. We may also note that structures with large surface to volume ratio (in terms of

number of nodes) are less troubled with spurious modes.

In the next chapter, we propose a stabilization procedure to eliminate the spurious modes

from the NICE formulation for free vibration problems using a technique we call Energy-

Sampling Stabilization. Some examples juxtaposing the eigenmodes obtained using stabilized and

unstabilized NICE formulations are shown to demonstrate the effectiveness of the stabilization.
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4.4 Observations

Upon close analysis of the NICE formulation, some important observations can be made,

throwing insights on the bottlenecks of the formulation.

1. The locking in finite elements can be eliminated by using higher order finite elements. This

increases computational cost because of requiring to solve larger matrix sizes with larger

band widths. The NICE formulation is locking-free without adding additional degrees of

freedom. However, because of the way element patches are defined, the band width of the

stiffness matrix obtained using NICE elements is larger as compared to the original finite

elements from which the NICEs are computed from. The size of matrices of the consistent

and assumed-strain formulation is same, but the assumed-strain formulation is thus a bit

more expensive.

2. In case of many materials in the structure, each node can be associated with many element

patches. This leads to“more” integration points in the formulation, affecting the constraint

ratio which could cause some locking if all the materials involved are nearly-incompressible.

3. After some close analysis, one can notice that the assumed-strain at a node K is independent

of the displacements uuuK at that node. Consider an interior patch with triangular elements

for a node K, e.g. Figure 4.1. The assumed-gradient of the shape function corresponding to
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node K at integration point (node) K is given using Equation 4.20 as

∇NK
∣∣
xxxK

=

∑
e∈elems(K)

∇NeK
∣∣
xxxK

Je
∣∣
xxxK

we
∣∣
xxxK

∑
e∈elems(K)

Je
∣∣
xxxK

we
∣∣
xxxK

=

∑
e∈elems(K)

∇NeKJe

∑
e∈elems(K)

Je

=

∑
e∈elems(K)

∇NeKAe

∑
e∈elems(K)

Ae

=

∑
e∈elems(K)

∫
Ωe

∇NeK dΩe

∑
e∈elems(K)

∫
Ωe

dΩe

=

∫
ΩK

∇NeK dΩK∫
ΩK

dΩK

=

∫
ΓK

NeK dΓK∫
ΩK

dΩK

= 0

(4.29)

where the second equation is obtained from the first, using the information that in triangular

finite elements, all the weights of nodal integration points are equal and the elements have

a constant Jacobian. The third equation is obtained by using the relationship between

Jacobian Je and the element area Ae. Since the shape function gradients are constant

functions inside each element, the third equation can be written as sum of integrals over

elements Ωe, which can be simply put as an integral over the element patch ΩK . Using

Green’s theorem, this integral can be transformed to a boundary integral over ΓK , the

boundary of the patch. Observing that the shape function corresponding to node K is zero

on the boundary of the patch, we can see that the contribution of displacements at node

K to the assumed-strain computed at node K is zero. Given a patch, for different values

of displacements at the node K, the assumed-strain at node K is the same, as long as the
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displacements at the other nodes remain the same. However, the displacements at node K

do affect the assumed-strains at other nodes whose element patches contains node K.

4. For non-constant Jacobian elements, e.g. quadrilaterals, the above derivation doesn’t prove

the independence of assumed-strain at a node K and the displacements at node K. However,

it can be shown by hand calculations that the assumed-strain at a node of quadrilateral mesh

is independent of displacements at that node. This is extensible to three dimensions for

tetrahedra and hexahedra.

5. The dynamic instability of the NICE formulation can cause oscillations in dynamic, free

vibration, buckling analyses, and some coercivity is to be added to the NICE formulation to

eliminate the oscillations.

Chapter 4 has many details taken from the manuscript, “Sivapuram R, Krysl P. On the

Energy-Sampling Stabilization of Nodally Integrated Continuum Elements for Dynamic Analyses.

Finite Elements in Analysis and Design 2019; 167:103322, doi:10.1016/j.finel.2019.103322.”,

and the work is done in collaboration with Prof. Petr Krysl. The dissertation author is the primary

investigator of the manuscript.

72



Chapter 5

Energy–Sampling Stabilization of Nodally

Integrated Continuum Elements

As discussed in Chapter 4, the Nodally Integrated Continuum Elements are prone to

instability in eigenvalue problems, e.g. free vibration, buckling, etc. This chapter discusses an

Energy-Sampling based stabilization technique to remove the spuriousness from the formulation.

Several examples are shown to demonstrate the stabilization of eigenmodes obtained, both at the

lower and the higher ends of the spectrum.

Bonet et al [50] mentioned, but only theoretically, a stabilization using Stabilized Upwind

Petrov-Galerkin (SUPG) method to eliminate spurious modes. Broccardo et al [58] used nodally

integrated elements for solving large deformation and buckling problems. The stability was pro-

vided with a penalty term based on L2-norm of difference between assumed and real deformation

gradients in their formulation to avoid spuriousness of the buckling modes. However, no rules

for choosing the amount of penalization were given and the penalty factor was purely chosen

out of numerical experience. Puso and Solberg [57] used a stabilization term based on a matrix

norm which was designed using a (compressible) material stiffness matrix for tetrahedral (UT4s)

elements. The deviatoric part of material stiffness matrix was used to formulate the stabilization
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terms in Gee et al [60]. These works employed a uniform stabilization (or penalty) factor over the

entire mesh, which was chosen by trial-and-error. Also, they studied the performance of these

ad-hoc methods using some large-deformation problems and lower vibration eigenmodes (the

incompressible unit cube problem, also analyzed herein). The performance for higher frequency

eigenmodes was not demonstrated. The problem of spurious modes is also observed in nodally

integrated meshfree methods, and Hillman et al [61] and Wu et al [62] use a strain-gradient based

stabilization approach to impart coercivity to their formulations.

Choosing a stabilization factor which works for a range of applications seems to be

nontrivial. Using a high amount of stabilization results in stiff modes corresponding to higher

frequencies because of shear locking. The use of a uniform stabilization factor over all elements

in the mesh can induce shear locking in regions with over-stabilized elements and spuriousness in

some other regions where the elements are under-stabilized. Thus, there is a need to develop a

consistent way of determining a (nonuniform) stabilization factor for each element of the mesh.

We suppose that using mechanics-based stabilization factor would be more effective in choosing

about the right amount of stabilization. The aspect ratios of lower order elements directly affect

shear locking, so our formulation of stabilization is aimed at eliminating the shear locking from

the stabilization terms. The previous research in literature indirectly addressed this issue by

choosing a small value for the stabilization factor which seemed nevertheless capable to remove

spurious modes from lower end of the frequency spectrum for the problems considered in their

respective works. The choice of the stabilization factor tends to matter, as we show in this chapter.

In this work, we employ the concept of energy-sampling stabilization to eliminate the

spurious modes produced by nodally integrated elements. We use low-order tetrahedral and

hexahedral elements for demonstration. This procedure involves consistent incorporation of

stabilization energy terms. The stabilization energy is produced from the displacement-generated

strains using full integration and from the assumed strains using nodal integration. The stabiliza-

tion energies are computed using a fictitious stabilization material, which is designed to reduce
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shear locking and to eliminate volumetric locking. The shear locking effect is reduced by using a

stabilization factor. In this work, we computed the stabilization factor: 1. for tetrahedral elements,

fitting a power function to the data collected from numerical experiments on a beam discretized

with six tetrahedral elements, 2. for hexahedral elements, using the analytical expression for finite

element-based fully-integrated strain energy of a rectangular element (Krysl [47], Sivapuram

et al [30]). It bears emphasis that the energy-sampling stabilization was in the past developed

for and used with mean-strain assumed-strain formulations [47, 20, 48, 21, 29, 24, 30]. In the

present work we marry the energy-sampling stabilization with the nodally integrated elements.

The stabilization is used alongside nodally integrated formulation to eliminate spuriousness in

free vibration modes. The static analyses are devoid of spuriousness and the stabilization does not

affect the ability of NICE formulation in obtaining static solutions. The stabilization can make

the NICE formulation a bit more accurate, but the current work focuses only on stabilizing the

spurious free vibration modes.

The Energy–Sampling stabilized Nodally Integrated Continuum Elements (ESNICE)

formulation is built upon the NICE formulation derived in Chapter 4, using the fully integrated

formulation and element aspect ratios to define the amount of stabilization. The next section

derives the ESNICE formulation and computes the amount of stabilization required for a candidate

tetrahedral or hexahedral element.

5.1 Energy–Sampling Stabilization

This section describes the concept of energy-sampling stabilization which is used to

stabilize the nodally integrated elements to eliminate the spurious modes. The strain energy of

the structure in question is modified by consistently adding and subtracting strain energy terms
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that are evaluated using full integration and nodal integration respectively,

Ψ(εεε,εεε) =
∫

Ω

U(εεε) dΩ+
∫

Ω

Û(εεε) dΩ−
∫

Ω

Û(εεε) dΩ (5.1)

where εεε are the displacement-based strains and εεε are the assumed strains defined by Equation 4.7.

The newly incorporated stabilization energy density terms are given by

Û(εεε) =
1
2

εεε
T D̂DDεεε and Û(εεε) =

1
2

εεε
T D̂DDεεε (5.2)

where D̂DD is a suitably chosen stiffness matrix. We refer to this artificial material model as the

stabilization material. The coefficients of the stabilization material are selected to be related to the

coefficients of the real material but such that the formulation improves the response in bending

and no locking (shear, or related to stiff material deformation modes, such as incompressibility) is

introduced. The first term in Equation 5.1 is nodally integrated, and so it avoids the difficulties due

to volumetric locking. The second term in Equation 5.1 is fully integrated and helps in avoiding

the spurious modes caused by nodally integrating the first term. The nodally integrated third term

is subtracted to maintain consistency of the formulation. The strain energy of the structure using

these integration rules is given by

Ψ(uuu) =
nnd

∑
K=1

∑
I,J∈nodes(elems(K))

1
2

uuuT
I BBBI
∣∣T
xxxK

DDDBBBJ
∣∣
xxxK

uuuJVK

+
nel

∑
e=1

∑
I,J∈nodes(e)

∑
K∈nodes(e)

1
2

uuuT
I BBBeI

∣∣T
xxxK

D̂DDBBBeJ
∣∣
xxxK

uuuJ Je
∣∣
xxxK

we
∣∣
xxxK

−
nnd

∑
K=1

∑
I,J∈nodes(elems(K))

1
2

uuuT
I BBBI
∣∣T
xxxK

D̂DDBBBJ
∣∣
xxxK

uuuJVK (5.3)

where uuuI is the displacement vector of node I, VK = ∑e∈elems(K) Je
∣∣
xK

we
∣∣
xK

is the nodal volume

associated with node K.

We design the stabilization material (i.) to be simple, which is consistent with choosing
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an isotropic model, (ii.) to correct the excessive bending stiffness associated with full integration

(shear locking), and (iii.) to avoid introducing volumetric locking. For an isotropic material

model, two coefficients are needed - the Poisson’s ratio ν̂ and the Young’s modulus Ê. In order to

make the material compressible, we know that the Poisson’s ratio used should be less than 0.5.

The Poisson’s ratio of the stabilization material ν̂ used is adopted here as

ν̂ =


ν : ν≤ 0.3

ν+0.3
2

: ν > 0.3
(5.4)

The use of full integration engenders shear locking, especially when using linear elements

which are used in this work. In order to enhance the bending response, we choose the Young’s

modulus of the stabilization material Ê as

Ê = ΓE (5.5)

where Γ is a factor used to reduce the shear locking effect. For anisotropic materials, the equations

Equation 5.4 and Equation 5.5 can use the smallest Poisson’s ratio and smallest Young’s modulus

respectively as ν and E as discussed in [30]. Γ depends on a shape factor Φ which is hypothesized

to be a function of the aspect ratio of the finite element. We call this factor Γ the stabilization

factor for the rest of the paper. For hexahedral elements, this factor can be directly defined using

the analytical expression for the strain energy of a rectangular beam. The analytical strain energy

of a rectangular beam is given by

U =
EI
2L

α
2 (5.6)

where α is half the bending angle of the beam, E is the Young’s modulus and I is the second

moment of area of the beam cross-section. The details of the derivation of the stabilization factor

for hexahedral elements is given in [47, 30]. The optimal stabilization factor Γ for hexahedral
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elements can be computed using the shape factor Φ as

Γ =
Φ

1+Φ
where Φ = 2(1+ ν̂)

min[h2
x ,h

2
y ,h

2
z ]

max[h2
x ,h2

y ,h2
z ]

(5.7)

where hx,hy,hz are the characteristic heights of the hexahedral element.

We use a slightly different approach to formulate the shape factor for linear tetrahedral

elements. Again our point of departure is the bending of a beam of uniform rectangular cross-

section. The beam is discretized using 6 tetrahedral elements. Bending displacements are applied

to the beam and the deformation energy of the beam is computed using linear isoparametric

tetrahedral elements. The analytical solution for deformation energy of a rectangular beam

subjected to pure bending is given in Equation 5.6. The ratio of the analytical and the finite

element based deformation energies yields an estimate of the shear locking undergone by the

finite elements. We assume the stabilization factor again as Γ =
Φ

1+Φ
, where we adopt the

functional relationship

Φ = bra (5.8)

Here, r is the aspect ratio for tetrahedral elements and (a,b) are fitting parameters, For

a given tetrahedral element, four ratios are computed between heights of the tetrahedron and

lengths of edges contained in the faces normal to these heights. The aspect ratio r of a tetrahedral

element is defined as

r = min[r1,r2,r3,r4]

ri =
hi

max[Li1,Li2,Li3]

(5.9)

where hi is the height of the tetrahedron normal to face i, Li j is the length of edge j ∈ [1,3] of face

i. Since the tetrahedral mesh of the beam is anisotropic, the ratio between finite element-based

and analytical strain energies is computed when the bending deformation is applied along both
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the Y and Z axes (length of the beam is along the X axis). The ratio of energies is computed for

the various aspect ratios and for different Poisson ratios of the beam.

This yields the data for the fitting of the coefficients (a,b). For the case of bending along

Y axis, the parameters are fitted for each of the Poisson’s ratios considered. The same is repeated

for the case of bending along Z-axis and the fit parameters are averaged across all the cases. The

averaged parameters (a,b) are used to compute the shape factor using Equation 5.8. The fitting is

shown in Figure 5.1. We can see that the fitted values of (a,b) would be different if one would

consider the bending with respect to Y and Z axes separately. We observed that the dependence

of strain energy ratio on Poisson’s ratio is weak and so made the ansatz by averaging the fitted

(a,b) values across different Poisson’s ratios
(
[0.0,0.4] are the possible Poisson’s ratios for the

stabilization material
)
. Accepting the uncertainty of the bending direction in the problems being

solved, we averaged the fitted (a,b) values obtained from the two cases. The fitted values are

(a,b) = (2.1016,1.3113) (rounded-off). The stabilization factor used in this work for tetrahedral

elements is optimal with respect to this data.
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Figure 5.1: Beam with 6 T4 elements - Fit of aspect ratio Vs strain energy ratio

The shape factors for hexahedral and tetrahedral elements are computed using Equation 5.7

and Equation 5.8 respectively. The numerical examples shown in the later sections demonstrate

that the stabilization factors help in removing the spurious modes caused by nodal integration.
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The stabilization terms do not introduce any volumetric locking because we use a compressible

stabilization material. The formulation does not suffer much from shear locking because of the

incorporation of the stabilization factor which removes the excess bending stiffness from the

elements. The knowledge of the bending plane can further improve the estimation of stabilization

factor. In this work, we accepted the uncertainty of the bending plane and so the stabilization

factor is computed based on the smallest aspect ratio of the element. We can clearly see that the

computation of stabilization factor is very cost-effective. We call this formulation the ESNICE

(Energy Sampling-stabilized NICE) formulation in our results and discussion.

In summary, the stabilization material properties reflect both the properties of the real

material, and also the shape of the finite elements. Importantly, these are not user-controlled

quantities, and their values are mechanically determined. This work deals only with linear

elasticity, and for nonlinear elasticity similar stabilization terms can be used with the stabilization

factor computed using the element aspect ratio as discussed in Krysl [48] and Pakravan et al [29].

The stabilization material for inelastic applications is yet to be investigated and developed.

5.2 Bounds for the Stabilization Factor

A reasonable question is: can we guarantee removal of unphysical (spurious) modes? It is

not possible in general, but for meshes of well-shaped elements we can offer some arguments as

to how the energy-sampling stabilization of the nodally-integrated formulation is able to eliminate

spurious modes successfully. We consider a compressible (say ν = 0.3) material, but the derived

bounds are not sensitive to the Poisson’s ratio of the material.

The generalized eigenvalue problem for the nodally integrated formulation is used to

compute the first (spurious) mode as

KKKnφφφ = λnMMMφφφ (5.10)
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where φφφ is the first spurious mode in the spectrum obtained using the NICE formulation, λn

is the corresponding eigenvalue, KKKn is the stiffness matrix computed based using the NICE

formulation and MMM is the nodally-integrated (yielding a lumped) mass matrix. Consider the

eigenvalue problem using the fully integrated formulation

KKK f ηηη = λ f MMMηηη (5.11)

where KKK f is the full integration-based stiffness matrix and (λ f , ηηη) is the eigen pair corresponding

to the largest eigenvalue computed using the fully-integrated formulation. The generalized

eigenvalue problem for the ESNICE formulation is given by

KKKsψψψ = λsMMMψψψ (5.12)

where KKKs is the ESNICE-based stiffness matrix and (λs, ψψψ) is the eigen pair corresponding to

the largest eigenvalue computed using the ESNICE formulation. The spurious modes do not

occur in the ESNICE formulation when the corresponding last eigenvalue λs is smaller than the

Rayleigh quotient of the first spurious mode φφφ of the NICE formulation. The ESNICE-based

stiffness matrix for this setting can be expressed as

KKKs = (1−Γ)KKKn +ΓKKK f (5.13)

where Γ is the stabilization factor. It is easy to observe that the ESNICE formulation is softer than

the fully-integrated formulation, and so λ f ≥ λs. This assumption is true when Γ < 1, meaning

the formulation involves a positive combination of nodally integrated and fully integrated terms

(and so is not indefinite). All the eigenvectors in the above equations are assumed to be mass-

normalized. The Rayleigh quotient of the first spurious mode φφφ of the NICE formulation with
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respect to KKK f can be computed as

R(KKKs, φφφ) = φφφ
T KKKsφφφ = (1−Γ)R(KKKn,φφφ)+ΓR(KKK f , φφφ)

= (1−Γ)λn +ΓR(KKK f , φφφ)

(5.14)

where R(KKK f , φφφ) and R(KKKn, φφφ) are the Rayleigh quotients of the spurious mode φφφ with respect to

the fully integrated stiffness matrix KKK f and the nodally integrated stiffness matrix KKKn respectively.

The spurious modes can be eliminated using the ESNICE formulation when

(1−Γ)λn +ΓR(KKK f , φφφ)≥ λs (5.15)

But λs depends on Γ too making this a nonlinear inequality. However, we also have λ f ≥ λs, and

so the above inequality can also be satisfied when

(1−Γ)λn +ΓR(KKK f , φφφ)≥ λ f

1 > Γ≥ λ f −λn

R(KKK f , φφφ)−λn
> 0

(5.16)

The lower bound is greater than zero because the largest eigenvalue of the fully integrated

formulation λ f and the computed Rayleigh quotient R(KKK f , φφφ) correspond to high energies as

compared to the eigenvalue λn of the low energy spurious mode. So, both the numerator and

denominator of the bound are positive and hence Γ > 0.

The bound in Equation 5.16 shows that we can choose a stabilization factor Γ satisfying the

inequality and that the chosen factor eliminates the spurious modes from the ESNICE formulation.

This derivation holds true for both linear and higher order finite elements. Unlike the higher order

elements, the fully integrated stiffness matrix of the linear elements (used in this work) suffers

from shear locking. High values of Γ will lead to stiff eigenmodes, and this imposes an upper

bound on the Γ value to be chosen. In this work, the Γ value is chosen such that minimal shear
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locking is observed when the structure is subjected to pure bending. We show through examples

in the next section that this procedure for computing Γ efficiently eliminates spurious modes

(even at high frequencies) and the modes obtained are devoid of shear locking.

We present the calculations for Γ for some well-shaped elements using energy-sampling

stabilization to demonstrate that the Γ chosen this way does satisfy the bounds Equation 5.16.

Consider tetrahedra constructed using right triangles (Figure 5.2a) and equilateral triangles (Figure

5.2b), which are seen in regular meshes.

(a) Right-Angled Tetrahedron (b) Equilateral Tetrahedron

Figure 5.2: Regular Tetrahedra

We consider the free vibration of a compressible (ν = 0.3) unit cube discretized using

a regular tetrahedral mesh (32 elements per edge) to compute the bound Equation 5.16 for Γ.

Solving the free vibration analyses using the nodally-integrated and fully integrated formulations,

we find that λn = 0.04847, λ f = 499.889 and R(K f , φφφ) = 4190.2418. The lower bound for Γ

from Equation 5.16 can be computed to be 0.11929.

For the right-angled tetrahedron with unit legs in Figure 5.2a, the coordinates are A :=

[0,0,0], B := [1,0,0], C := [0,1,0], D := [0,0,1]. The smallest aspect ratio is given by h(A→

BCD), the perpendicular distance from vertex A to the opposite face BCD and the edge lengths of

the face BCD. The aspect ratio is computed using Equation 5.9 as
h(A→ BCD)

max(|DB|, |DC|, |BC|) =
1√
6

.

Using the aspect ratio and Equation 5.8, we can compute Γ to be 0.1668, which satisfies the

bound 0.1193 computed using Equation 5.16 showing that the mechanics-based stabilization

eliminates the spurious modes.

For the equilateral tetrahedron with unit edges in Figure 5.2b, the coordinates are A :=
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[0,0,0], B := [1,0,0], C :=

[
1
2
,0,

√
3

2

]
, D :=

[
1
2
,

√
2
3
,

1
2
√

3

]
. All the heights are equal in such

a tetrahedron, and the aspect ratio is given by h(D→ ABC), the perpendicular distance from D to

the face ABC and the edge lengths of face ABC. The aspect ratio is computed using Equation 5.9

as
h(D→ ABC)

max(|AB|, |BC|, |CA|) =
√

2
3

. The stabilization factor Γ can then be computed to be 0.4613,

which also satisfies the bound for Γ showing that the element shape-based factor offers enough

stabilization to remove spuriousness.

For regular hexahedral elements, the aspect ratio is 1 (since they are perfect cubes). The Γ

computed using Equation 5.7 is 0.7222, which again satisfies the bounds and so guarantees the

removal of unphysical free vibration modes from the spectrum of the ESNICE formulation.

5.3 Computing the Nodal Stabilization Factor via Patch Test

As mentioned in the previous section, the stabilization factor is computed element-wise,

based on the aspect ratio of the finite elements. However, since our integration points are the

nodes, the stabilization factors at each node are multi-valued with different values coming from

different neighboring elements. In this section, we ensure that the ESNICE formulation satisfies

the patch test by imposing a relationship between the stabilization factor at a node and the

stabilization factors of the elements in the corresponding element patch.

The ESNICE formulation uses the volume average of element-based stabilization factors

to compute the nodal stabilization factors. We know from the literature that the NICE formulation

satisfies the patch test so long as the underlying finite elements satisfy the same. The nodal

stabilization factor can be designed based on the element-based stabilization factors by making the

ESNICE formulation satisfy the patch test. Consider a node K and a corresponding element-patch.

Assume a constant strain εεε across the element-patch. The NICE formulation, i.e., the first term of

ESNICE formulation is known to satisfy patch test because the nodal strain equals the constant

element-patch strain. This indicates that the ESNICE formulation satisfies the patch test when
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the second and third terms together have a trivial contribution to the strain energy at node K.

Defining ŨK =
1
2

εεεT D̃DDεεε as the strain energy density where D̃DD is the stabilization material stiffness

matrix without the stabilization factor, this cancellation condition at node K can be written as

−ΓK ŨKVK + ∑
e∈elems(K)

Γe ŨKJe
∣∣
xxxK

we
∣∣
xxxK

= 0 (5.17)

where ΓK is the stabilization factor for node K and Γe is the stabilization factor for element e.

Removing the constant factor ŨK from the equation and using the expression for nodal volume,

we obtain

ΓK =

∑
e∈elems(K)

Γe Je
∣∣
xxxK

we
∣∣
xxxK

∑
e∈elems(K)

Je
∣∣
xxxK

we
∣∣
xxxK

(5.18)

This expression indicates the volumetric averaging of the element-based stabilization

factors to compute the stabilization factor for node K. We use this in the ESNICE formulation so

as to enable the formulation to satisfy the patch test.

We should note that nodal integration is full integration for T4 elements but not for H8

elements. For H8 elements, we use the 2×2×2 Gaussian quadrature for the fully integrated term

in Equation 5.3. However, for the purpose of patch test, we need to consider constant strains in

the elements of the element patch corresponding to the node K. For constant strains, the strain

energy is constant over the elements. This implies that the fully integrated term using Gaussian

quadrature for H8 elements can be replaced by nodal integration for the purpose of constant-strain

patch test. This implies the nodal stabilization factor in Equation 5.18 holds for H8 elements

also, even though they use a non-nodal integration for the fully integrated term in the ESNICE

formulation.

Some additional observations can be made about the ESNICE formulation which throw

some insight into a deeper understanding of the formulation.

1. The fully integrated term in the ESNICE formulation appears to be susceptible to ill-
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conditioning for slivers and other poorly shaped elements. We can observe that the stabiliza-

tion factor depends on the element aspect ratio. The shape factor Φ in Equation 5.8 involves

a quadratic exponent (for ESNICE-T4 elements, it is slightly higher than quadratic) of

aspect ratio r. This makes the stabilization factor Γ reach zero faster than element volume

in the limit of a sliver,

lim
t→0

Γ

V
= 0 (5.19)

where V is element volume and t is the element thickness. This makes the contribution

from the stabilization terms in case of slivers trivial. Thus, in case of near-to-zero volume

elements and slivers, only the first term of the ESNICE formulation is significant. The first

term can robustly handle slivers, extremely thin elements, and even elements of negative

volume, as shown in Krysl and Kagey [53].

2. The ESNICE formulation yields symmetric stiffness matrices, just as the NICE formulation.

3. Using the nodal stabilization factor as mentioned in Equation 5.18, the patch test is satisfied.

4. Nodes on multi-material interfaces could be dealt just like in the case of NICE formulation,

by defining multiple element patches for each node.

5.4 Examples

Given that our goal was to stabilize the nodally-integrated formulation so that it would

become suitable for free-vibration problems we omit any illustrations of the response in static

problems herein.

The stabilization is designed so that the static response is enhanced, if anything, relative

to the unstabilized NICE formulation [51] as the formulation without stabilization tends to be

quite flexible. The stabilization would tend to work against this excessive flexibility.
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This section shows some free vibration analysis problems demonstrating the effectiveness

of ESNICE formulation. Both tetrahedral and hexahedral elements are investigated. We test the

NICE [51, 53] formulations, the UT4s of [57], and high fidelity elements (quadratic 27-node

and 20-node hexahedra and 10-node tetrahedra) for comparison. In the analyses shown, NICE

formulation does not use any stabilization unless otherwise specified.

5.4.1 Unconstrained Cylinder, compressible material

This example considers the free vibration of a cylinder (radius 6 inch, length 24 inch)

to demonstrate the effectivity of energy-sampling stabilization in curbing the spurious modes

due to nodal integration. The cylinder is not subjected to any boundary conditions. The Young’s

modulus, Poisson’s ratio and density of the compressible material (aluminum) are respectively 70

GPa, 0.33 and 2700 kg/m3. The ESNICE formulation is tested for both tetrahedral (ESNICE-T4)

and hexahedral (ESNICE-H8) elements against high fidelity frequencies obtained using a fine

triquadratic hexahedral (H27) mesh. A tetrahedral mesh (28372 elements, 5697 nodes) and a

hexahedral mesh (7980 elements, 9021 nodes) are used for investigation.

5.4.1.1 Varying amounts of stabilization

The results obtained with a stabilized NICE formulation using varying amounts of stabi-

lization demonstrate that the frequency spectrum depends greatly on the amount of stabilization

used. The stabilization procedure is same as that of the ESNICE formulation except that a

fixed amount of stabilization is used uniformly across all the finite elements in lieu of using the

proposed shape-dependent stabilization factors.

We can clearly observe from the frequency spectra in Figure 5.3a that the performance

of NICE-T4s is subject to appropriately chosen stabilization, and choosing such value a priori

is not possible. This limits the use of such ad-hoc values for stabilizing the NICE formulation.

The frequency spectra obtained using NICE-H8s and varying amounts of stabilization is shown
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in Figure 5.3b. It can be seen that the chosen stabilization values greatly affect the frequency

spectrum, just as in the tetrahedral case. When appropriate amount of stabilization (unknown

a priori) is not used, the obtained eigenmodes can be very unphysical. When the elements

are over-stabilized, i.e. the stabilization factor used is much higher than an appropriate value,

shear-locking occurs or even worse the stiffness matrix of the formulation can become indefinite.
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(a) NICE-T4 (stab ∈ [0.04,4.0])
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(b) NICE-H8 (stab ∈ [0.01,1.2])

Figure 5.3: Aluminum Cylinder (NICEs with uniform stabilization) - Frequency spectrum
(7−200)

The lower frequency eigenmodes such as eigenmode 10 do not show spuriousness for the

range of stabilization factors used in the investigation. For the sake of brevity, we do not show

the mode shapes since they match well with the mode shape obtained using T4 elements shown

in Figure 5.4c. The higher frequency eigenmodes however depend very much on the amount of

stabilization chosen. The mode shapes of eigenmode 95 is shown in Figures 5.5b, 5.5c, 5.5d

using different amounts of stabilization. These eigenmodes display less spuriousness than when

using no stabilization (see Figure 5.5a). It is observed that using low amount of stabilization,

the eigenmode 95 exhibits spuriousness (see Figure 5.5b) and the mode shape is observed to be

corresponding to a low-frequency eigenmode due to spuriousness at the lower end of frequency
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spectrum. Using high amount of stabilization (Figure 5.5d) induces shear locking and yields

a stiff eigenmode corresponding to a higher frequency (cf. the eigenmode obtained using T4

elements in Figure 5.5f).

For the hexahedral mesh used, eigenmode 13 obtained using different amounts of sta-

bilization is shown in Figures 5.7b, 5.7c, 5.7d and we can observe that for this example, the

spuriousness decreases as the stabilization factor chosen is increased (cf. the eigenmode obtained

using H8 elements in Figure 5.7e). The same characteristic is observed at higher frequency

eigenmodes like eigenmode 50 as shown in Figures 5.8b, 5.8c, 5.8d for increasing amounts of

stabilization. For very low amount of stabilization used, the eigenmode obtained is observed

to be completely unphysical (see Figure 5.7b). The spuriousness of the eigenmode decreases

for higher stabilization factors. The use of uniform stabilization leads to some portions of the

structure exhibiting spuriousness as seen in Figure 5.8c. This disappears on further increasing the

stabilization factor.

This study demonstrates that choosing the stabilization factor a priori is nontrivial and

a badly chosen stabilization factor can lead to shear-locked or spurious eigenmodes. We show

that the use of energy-sampling technique yields optimum amount of stabilization for each finite

element which helps to curb spuriousness in eigenmodes whilst not causing shear locking.

5.4.1.2 ESNICE stabilization

We start by comparing the mode shapes at the lower and higher ends of the frequency

spectrum using tetrahedral elements. We can see from Figure 5.4 that ESNICE-T4s eliminate the

spuriousness caused by the NICE-T4s (UT4s elements do the same) and the mode shape matches

well with that produced by T4 elements. Figure 5.5 shows eigenmode 95 using all the considered

tetrahedral elements. It can be seen that the UT4s elements yield spurious higher eigenmodes

because of insufficient stabilization. The ESNICE-T4s give the correct (nonspurious) mode shape

matching with that produced by T4 elements. The energy-sampling stabilization applies a non-
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uniform stabilization factor over the mesh. In this example, the nodal stabilization factors obtained

for the tetrahedral elements are observed to be in range [0.1045,0.3245] (rounded-off). This

example demonstrates that energy-sampling stabilization gets rid of spurious modes effectively

both at the lower and higher ends of the frequency spectrum. A further fine mesh is used to

investigate the (non)spuriousness of the eigenmodes obtained using ESNICE-T4s. We can see

from Figure 5.6 that eigenmode 2000 obtained using ESNICE-T4s is nonspurious (spuriousness

is associated with jagged shapes). This shows that the energy-sampling stabilization helps in

removing spuriousness from higher order modes too using shape-based stabilization.

For the hexahedral mesh, eigenmode 13 is shown in Figure 5.7 using different hexahedral

elements. The NICE-H8s exhibit spuriousness which is efficiently eliminated using ESNICE-H8s.

Figure 5.8 shows the eigenmode 50 and again, ESNICE-H8s produce physical eigenmode which

matches well with that produced by H8 elements. The nonuniform stabilization factor based on

the element aspect ratio computed using Equation 5.7 is observed to be in range [0.4901,0.7168]

(rounded off).

The tetrahedral mesh is used to compare the frequency spectra obtained using ESNICE,

NICE and UT4s elements (Puso and Solberg [57]). The UT4s elements use a uniform stabilization

factor of 0.05 while the ESNICEs use nonuniform stabilization computed using Equation 5.8.

The comparison of frequency spectra obtained using ESNICE-T4, unstabilized NICE-T4 and

UT4s elements is shown in Figure 5.9a. We can observe that the NICE-T4 and UT4s spectra

flatten out (the former faster than the latter) because of the existence of spurious modes in the

respective spectra. The UT4s elements provide stabilization (elimination of spuriousness) at lower

end of the spectrum but seem to exhibit spurious higher eigenmodes. The ESNICE-T4s on the

other hand, do not contain spurious modes and so the flattening out of the frequency spectrum is

prevented in the frequency range considered. The frequency spectra obtained using ESNICE-H8

and unstabilized NICE-H8s are compared against high fidelity frequencies in Figure 5.9b. The

NICE-H8s produce spurious modes, indicated by the flat curve in the spectrum. The ESNICE-H8s
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do not produce spurious modes and can be observed to match the high fidelity frequencies even

at higher end of the frequency spectrum. The H8 elements also seem to produce a very good

estimation of the spectrum.

This example demonstrates the effectivity of energy-sampling stabilization in eliminating

the spurious modes in both tetrahedral and hexahedral elements.

(a) NICE-T4 (b) ESNICE-T4 (c) T4

Figure 5.4: Aluminum Cylinder (Tetrahedral mesh) - Mode 10

5.4.2 Unconstrained Cylinder, Nearly-Incompressible material

The analysis of an unconstrained cylinder is repeated using the same tetrahedral and

hexahedral meshes as in Subsection 5.4.1 with a nearly-incompressible material (ν = 0.49999).

The Young’s modulus and density of the material used are 70 GPa and 2700 kg/m3 respectively.

The stabilization material is chosen as compressible according to Equation 5.4 which is a bit

different from the one chosen in the UT4s formulation (cf. Puso et al [57]).

Figure 5.10a shows the frequency spectra obtained using T4, ESNICE-T4, NICE-T4 and

UT4s formulations compared with a frequency spectrum corresponding to a fine H27 mesh. The

T4 elements undergo high amount of locking, yielding very high frequencies. The NICE spectrum

flattens out after a few physical lower eigenmodes implying spuriousness. The UT4s formulation
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(a) NICE-T4 (b) NICE-T4
(stab= 0.04)

(c) NICE-T4
(stab= 0.86)

(d) NICE-T4
(stab= 4.0)

(e) ESNICE-T4 (f) T4 (g) UT4s

Figure 5.5: Aluminum Cylinder (Tetrahedral mesh) - Mode 95

effectively stabilizes the lower modes. For higher modes, ESNICE-T4s show better accuracy in

terms of frequency and nonspuriousness. Figure 5.10b shows the frequency spectra estimated by

H8, NICE-H8 and ESNICE-H8 formulations compared with a high fidelity H27-based frequency

spectrum. The NICE-H8s show spuriousness even at the lower frequency eigenmodes. The

NICE-H8 formulation is expected to exhibit more spurious modes than the NICE-T4 formulation

because the former uses bilinear strains in the elements as compared to the latter which uses
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Figure 5.6: Aluminum Cylinder (Fine mesh and ESNICE-T4) - Mode 2000

constant strains. This leads to more variables involved in describing the elemental strains and so

more ways to make the nodal strains zero in the NICE-H8s.

Figure 5.11 and Figure 5.12 show the mode shapes of lower and higher frequency eigen-

modes resolved using the tetrahedral elements considered. The T4 elements lock volumetrically,

and so the corresponding stiff eigenmodes are not shown. We can clearly see that the stabilization

added in both UT4s and ESNICE-T4 formulations is sufficient to yield physical modes 11 and

94 (as examples) where NICE-T4 elements exhibit spuriousness. However, we observe that the

UT4s elements display spuriousness at even higher eigenmodes. We show in Figure 5.13 and Fig-

ure 5.14 some higher frequency eigenmodes corresponding to UT4s elements and ESNICE-T4s

respectively, and we can clearly observe that the UT4s modes are spurious unlike the ESNICE-T4

modes. The regions of spuriousness in the UT4s eigenmodes indicate the under-stabilization in

some elements. This does not occur in ESNICE-T4s since they use different appropriate amounts

of stabilization for differently-shaped elements. The mismatch between ESNICE-T4 and high

fidelity spectra is attributed to the inaccurate (not yet converged) eigenvalues estimated by the

ESNICE formulation.

Figure 5.15 and Figure 5.16 show the 7th and 50th eigenmodes respectively obtained

using H20, NICE-H8 and ESNICE-H8 formulations. We can clearly observe that the ESNICE
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(a) NICE-H8 (b) NICE-H8 (stab= 0.01) (c) NICE-H8 (stab= 0.12)

(d) NICE-H8 (stab= 0.6) (e) H8 (f) ESNICE-H8

Figure 5.7: Aluminum Cylinder (Hexahedral mesh) - Mode 13

formulation eliminates the spuriousness caused by nodal integration in both of the eigenmodes.

The obtained ESNICE modes also match well with the corresponding H20-based modes.

5.4.3 Rectangular Plate

We consider the free vibration of a moderately thick rectangular plate (4.0× 1.0× 0.1

m3) with no boundary conditions applied. The density, Young’s modulus and Poisson’s ratio of

the material used are 7850 kg/m3, 210 GPa and 0.3 respectively. The performance of energy-

sampling stabilized elements is tested and convergence studies are performed using tetrahedral
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(a) NICE-H8 (b) NICE-H8 (stab= 0.01) (c) NICE-H8 (stab= 0.12)

(d) NICE-H8 (stab= 0.6) (e) H8 (f) ESNICE-H8

Figure 5.8: Aluminum Cylinder (Hexahedral mesh) - Mode 50

and hexahedral meshes. The coarsest meshes (refinement level 0) used for convergence study are

shown in Figure 5.17. The mesh is refined by doubling the number of elements along each of the

edges. The convergence plots are made using the finest H20-based spectrum (High Fidelity) as

reference values.

The comparison of frequencies obtained using ESNICE-T4, NICE-T4, T4 and UT4s

elements is shown in Figure 5.18a at refinement level 2. We can observe that the T4 elements

overestimate the frequencies as compared to the H20-based frequencies because of shear locking.

The NICE-T4s produce low energy spurious modes and are observed to have a spectrum very

different (low frequency estimates) as compared to the high fidelity spectrum. We observe
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(a) Comparison of ESNICE, NICE, UT4s elements
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(b) Comparison of ESNICE and NICE elements

Figure 5.9: Aluminum Cylinder - Frequency spectrum (7−200)
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(a) Tetrahedral elements
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(b) Hexahedral elements

Figure 5.10: Nearly-Incompressible Cylinder - Frequency spectrum (7−200)

that at refinement level 2, both ESNICE-T4 and UT4s elements yield very good approximation

of frequencies, with ESNICE-T4s being marginally more accurate. Figure 5.18b compares

the frequency spectra of H8, ESNICE-H8 and NICE-H8 formulations against the high fidelity
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(a) NICE-T4 (b) H20 (c) ESNICE-T4 (d) UT4s

Figure 5.11: Nearly-Incompressible Cylinder (Tetrahedral mesh) - Mode 11

(a) NICE-T4 (b) H20 (c) ESNICE-T4 (d) UT4s

Figure 5.12: Nearly-Incompressible Cylinder (Tetrahedral mesh) - Mode 94

spectrum at refinement level 2. The shear locking tendency is usually less in H8 elements as

compared to T4 elements (because of the trilinear shape functions) and so they approximate the

spectrum better than T4 elements. The NICE-H8s produce a spectrum completely dominated

by spurious modes whilst the ESNICE-H8s effectively stabilize the nodally integrated elements

yielding a spectrum closely matching the high fidelity spectrum.

The mode shape of eigenmode 15 is shown in Figure 5.19 for all the tetrahedral elements

considered at refinement level 1. The NICE-T4s exhibit spuriouness (Figure 5.19a), the T4

elements yield an eigenmode (Figure 5.19c) corresponding to a high frequency (we observed

that it matches with eigenmode 22) because of shear locking whilst the UT4s (Figure 5.19d) and
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(a) Mode 137 (b) Mode 162 (c) Mode 174 (d) Mode 192

Figure 5.13: Nearly-Incompressible Cylinder - UT4s formulation

(a) Mode 137 (b) Mode 162 (c) Mode 174 (d) Mode 192

Figure 5.14: Nearly-Incompressible Cylinder - ESNICE-T4 formulation

ESNICE-T4 (Figure 5.19b) formulations incorporate sufficient stabilization to curb the spurious-

ness. We can also observe that the modes obtained using UT4s and ESNICE-T4 formulations

match with that produced by H20 mesh (see Figure 5.19e). A general observation is that plate like

structures exhibit fewer spurious modes because of higher surface-to-volume ratio as discussed in

Section 5.1. This is the reason that there is no spurious mode observed using the nodal integration

until the eigenmode 15. The UT4s formulation works well in eliminating spuriousness too,

but we observe spurious higher eigenmodes when coarse meshes are used. Figure 5.20 shows
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(a) NICE-H8 (b) H20 (c) ESNICE-H8

Figure 5.15: Nearly-Incompressible Cylinder (Hexahedral mesh) - Mode 7

(a) NICE-H8 (b) H20 (c) ESNICE-H8

Figure 5.16: Nearly-Incompressible Cylinder (Hexahedral mesh) - Mode 50

eigenmode 93 produced using ESNICE-T4 and UT4s formulations, and the UT4s elements

exhibit spuriousness unlike the ESNICE-T4s. We note that the stabilization factor computed using

energy-sampling theory is roughly around 0.089 (rounded-off) for all the tetrahedral elements.

The mode shape of eigenmode 13 using hexahedral elements is shown in Figure 5.21 which

shows that the ESNICE-H8s effectively curb the spuriousness caused by nodal integration (cf.

the spurious mode produced by NICE-H8s in Figure 5.21a). We observe that the stabilization

factor computed using energy sampling Equation 5.7 is 0.394 (rounded-off) for all the hexahedral

elements in the mesh.
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It can be seen by comparing the convergence plots of frequencies obtained using ESNICE-

T4 (Figure 5.22c) and UT4s (Figure 5.22d) formulations that ESNICE-T4s perform better in

terms of accuracy. The eigenmodes produced by T4 elements are marked by shear locking

(especially using coarse meshes), and the frequency error is observed to be higher than that of

ESNICE-T4s and UT4s elements, as shown in Figure 5.22. The NICE-T4s do not contain any

spurious mode in the range [7,11], and so the convergence is smooth, yet the errors are higher than

those of ESNICE-T4s. Figure 5.23 shows the convergence plots showing the errors in frequency

estimation caused by the considered hexahedral elements. The NICE-H8s do not converge,

because of spurious modes while the H8 elements and ESNICE-H8s show good convergence

because of not being affected by any type of locking. The convergence of ESNICEs is sometimes

oscillatory, when the frequencies converging from above the exact frequencies shift to below, and

vice-versa. Such a convergence is not unexpected of an assumed-strain approach.

(a) Tetrahedral mesh

(b) Hexahedral mesh

Figure 5.17: Rectangular Plate - Coarsest Meshes (refinement level 0) used in convergence
study

5.4.4 Nearly-incompressible Cube

We consider a unit cube made of nearly incompressible material (ν = 0.499) to demon-

strate the superior performance of ESNICEs over both NICEs and fully integrated elements. The

fictitious material used for this example has a Young’s Modulus of 1 Pa and density of 1 kg/m3

[57]. The investigation is performed using both tetrahedral and hexahedral meshes. The error

comparison is done relative to the frequency spectrum obtained using a dense H20 (high fidelity)

100



0 20 40 60 80 100
0

1,000

2,000

3,000

Mode

F
re
q
u
en

cy
(H

z)

ESNICE-T4 NICE-T4 UT4s
T4 High Fidelity

(a) Tetrahedral mesh
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(b) Hexahedral mesh

Figure 5.18: Rectangular Plate (refinement level 2) - Frequency spectrum (7−100)

mesh. The coarsest meshes (refinement level 0) used in the convergence study are shown in

Figure 5.24a) and Figure 5.24b). The mesh is refined by doubling the number of elements along

each edge.

The frequency spectra obtained using ESNICE-T4, NICE-T4, T4 and UT4s elements

are compared against the high fidelity spectrum at refinement level 3. The NICE-T4s give

rise to spurious modes and this manifests as a flattened frequency spectrum as can be seen in

Figure 5.25a. It can also be seen that the spectra obtained using ESNICE-T4 and UT4s elements

match very closely with the high-fidelity spectrum showing the efficiency of the stabilization

techniques. But we see later that the UT4s modes at the higher end of the spectrum are spurious

for coarser meshes. We can also see that the spectrum computed using T4 elements predicts

higher frequencies because of volumetric locking. The frequency spectrum using hexahedral

elements is plotted in Figure 5.25b at refinement level 3. The NICE-H8s produce a spectrum far

below the high-fidelity H20 spectrum because of the spurious modes. The ESNICE formulation

effectively eliminates this spuriousness and produces a spectrum very close to that of the H20

elements over the broad range of frequencies considered. The H8 elements yield high frequencies,
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(a) NICE-T4 (b) ESNICE-T4

(c) T4 (d) UT4s

(e) H20

Figure 5.19: Rectangular Plate (Tetrahedral Mesh, refinement level 1) - Mode 15

(a) ESNICE-T4 (b) UT4s

Figure 5.20: Rectangular Plate (Tetrahedral Mesh, refinement level 1) - Mode 93

as expected, because of volumetric locking (but they lock less than the T4 elements).

Figure 5.26 shows the convergence of frequencies at the lower end of the spectrum using

all types of tetrahedral elements considered in this work. The T4 elements converge poorly

because of the volumetric locking caused by using full integration when a nearly-incompressible

material is dealt with. The NICE-T4s also show a poor convergence because of the spurious modes.
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(a) NICE-H8 (b) ESNICE-H8

(c) H8 (d) H20

Figure 5.21: Rectangular Plate (Hexahedral Mesh, refinement level 1) - Mode 13

Spurious modes typically occur when nodal integration is used to resolve structures with higher

volume-to-surface ratios. The ESNICE-T4 and UT4s elements are observed to be converging

with almost the same convergence rate with the ESNICEs being marginally more accurate. This

is because the stabilization used in both formulations is sufficient to curb spuriousness in the low

frequency eigenmodes. The convergence of the NICE-H8s is very poor due to the presence of

too many spurious modes (see Figure 5.27b). The convergence rate of H8 elements is poor as

well, because of excessive volumetric stiffness (see Figure 5.27a). The ESNICE-H8s demonstrate

good convergence (Figure 5.27c), because of being unaffected by both locking and spuriousness.

We show the mode shape of eigenmode 7 for tetrahedral elements (refinement level 2)

in Figure 5.28 where we can see that the ESNICE-T4 and the UT4s elements match the mode

shape obtained using H20 elements whilst the NICE-T4s yield a spurious mode (matching with

the results from Puso and Solberg [57]). The stabilization curbs the spurious mode, as expected.

Figure 5.28 also shows the eigenmode 7 using hexahedral elements. Again, the NICE-H8s yield

a spurious mode and the ESNICE-H8s stabilize the formulation well and yield the physical mode.

Figure 5.29 shows the mode shapes of eigenmode 72 where NICE-T4s produce a spurious mode

and again, the ESNICE-T4s yield a physical mode which matches well with that produced by

the H20 elements. The UT4s elements show spuriousness at this higher eigenmode because of
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(a) T4
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(b) NICE-T4
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(c) ESNICE-T4
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(d) UT4s

Figure 5.22: Rectangular Plate (Tetrahedral mesh) - Convergence of frequencies (7−11)
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(a) H8
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(b) NICE-H8
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(c) ESNICE-H8

Figure 5.23: Rectangular Plate (Hexahedral mesh) - Convergence of frequencies (7−11)
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the insufficient stabilization used. This example demonstrates the superiority of ESNICE-T4s in

terms of the frequency spectrum and spuriousness over the T4, NICE-T4 and the UT4s elements.

The ESNICE-T4s are observed to use a nodal stabilization factor closely around 0.1663 (rounded

off) over the uniform mesh in this example. We wish to remind the reader that this value is not

comparable with the 0.05 used by UT4s elements because of differences in the choice of the

stabilization material. The (higher) eigenmode 70 is presented in Figure 5.30b to demonstrate

that the ESNICE-H8s produce physical higher modes (cf. mode obtained using H20 mesh in

Figure 5.30c), eliminating the spuriousness caused by nodal integration (Figure 5.30a). The

stabilization factor is observed to be 0.7368 (rounded off) constant over the uniform hexahedral

mesh, computed using Equation 5.7.

(a) Tetrahedral elements (b) Hexahedral elements

Figure 5.24: Nearly-incompressible Cube - Coarsest Meshes (Refinement Level 0) used in
convergence study

5.4.5 Thin square plate

A thin square plate (10×10×0.05 mm3) is investigated for free vibration analysis without

using any boundary conditions. This geometry is used in the NAFEMS FV12 example [63]. The

Young’s Modulus, Poisson’s ratio and density of the material used are respectively 200 GPa, 0.3

and 8000 kg/m3. We investigated the frequency spectrum of the ESNICEs by comparing with
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(b) Hexahedral elements

Figure 5.25: Nearly-incompressible Cube (refinement level 3) - Frequency spectrum (7−100)

frequencies computed using a fine H27-based (high fidelity) analysis. The coarsest tetrahedral

and hexahedral meshes used in convergence study are shown in Figure 5.31. The mesh is refined

by doubling the number of elements along the three Cartesian directions.

The frequency spectra (modes 7− 14) obtained using ESNICE-T4, NICE-T4, T4 and

UT4s elements are compared against high fidelity spectrum in Figure 5.32a at refinement level

3. The T4 elements use full integration, and so are severely affected by shear locking (since

the elements are very thin). This leads to computing exaggerated structural stiffness and the

frequencies are overestimated. The NICE-T4 formulation is able to produce physical modes

when the surface-to-volume ratio of the structure in question is large, as explained in Section 5.1.

We can observe that the NICE-T4s and ESNICE-T4s yield frequency spectra very close to the

high fidelity frequencies. This is because the ESNICE formulation adds just enough amount of

stabilization and since not much stabilization is required in this example, ESNICE-T4s produce

very similar spectrum to that of NICE-T4s, with the frequencies estimated by ESNICE-T4s

being marginally more accurate. The UT4s formulation does not use the element aspect ratio to

decide on the stabilization factor, and when a factor of 0.05 is used for stabilization, the structural
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(a) T4
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(b) NICE-T4
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(c) ESNICE-T4
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(d) UT4s

Figure 5.26: Nearly-incompressible Cube (Tetrahedral mesh) - Convergence of frequencies
(7−11)
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(a) H8
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(b) NICE-H8
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(c) ESNICE-H8

Figure 5.27: Nearly-incompressible Cube (Hexahedral mesh) - Convergence of frequencies
(7−11)
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(a) NICE-T4 (b) H20 (c) ESNICE-T4

(d) UT4s (e) NICE-H8 (f) ESNICE-H8

Figure 5.28: Nearly-Incompressible Cube (refinement level 2) - Mode 7

stiffness is very exaggerated. This leads to overestimated UT4s-based frequencies as seen in

Figure 5.32a. The frequency spectra of the ESNICE-H8, NICE-H8 and H8 elements are compared

against the high fidelity frequencies in Figure 5.32b. The H8 elements produce stiff modes due to

shear locking and thus overestimate the eigenvalues (and so, the frequencies). The NICE-H8s

yield spurious modes, and so the spectrum can be seen below the high fidelity spectrum. The

ESNICE-H8s add the right amount of stabilization and the spectrum obtained matches with the

high fidelity frequencies.

The shear locking undergone by T4 elements is also manifested as large errors in the

convergence plot (Figure 5.33a). The NICE-T4s and ESNICE-T4s produce physical modes 7−14

which can also be seen from the similarity in their convergence plots (compare Figure 5.33b and
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(a) NICE-T4 (b) ESNICE-T4

(c) UT4s (d) H20

Figure 5.29: Nearly-Incompressible Cube (refinement level 2, Tetrahedral mesh) - Mode 72
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(a) NICE-H8 (b) ESNICE-H8 (c) H20

Figure 5.30: Nearly-incompressible Cube (refinement level 2, Hexahedral mesh) - Mode 70

Figure 5.33c). Since the material used is compressible, the stabilization material used by UT4s

and ESNICE-T4 formulations are similar except for the stabilization factors. We can observe

that the errors in frequency spectrum obtained using UT4s formulation (see convergence plot

5.33d) is higher than that produced by NICE-T4 (Figure 5.33b) and ESNICE-T4 (Figure 5.33c)

formulations because the UT4s formulation uses Γ = 0.05 and induces shear locking for the

mesh used in this example. Just as in the case of fully integrated tetrahedral elements, the quality

of frequencies estimated using H8 elements is poor, as seen in the convergence plot shown in

Figure 5.34a. The NICE-H8s are observed to exhibit spuriousness leading to poor convergence

(see Figure 5.34b). The convergence of ESNICE-H8s (Figure 5.34c) show a decrease in error of

the frequency estimates. The increase in error of a couple of frequency estimates is due to the

predicted frequencies transitioning from convergence from above to below (or vice-versa) of the

high fidelity spectrum.

The mode shape of eigenmode 14 is shown in Figure 5.35 using ESNICE-T4, NICE-T4,

UT4s, T4 and H20 elements. The NICE-T4s do not exhibit spuriousness in this example, and so

the mode shape produced by NICE-T4s (Figure 5.35a) and ESNICE-T4s (Figure 5.35c) match

very well with that of H20 (Figure 5.35e) elements. The T4 elements produce a stiff mode

(Figure 5.35b) due to shear locking and thus the mode shape produced looks very different

from that obtained using H20 elements. The UT4s formulation produces stiffer modes (less stiff
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than T4 elements) because of the over-stabilization. This leads to a slightly stiff eigenmode 14

produced by the UT4s formulation as shown in Figure 5.35d. This highlights that the amount of

stabilization added should be neither too high nor too low. In this example, the fully integrated

stiffness matrix is marked by heavy shear locking, so we expect the stabilization factor to be very

small to get rid of the artificial bending stiffness. Since the mesh used is uniform, the stabilization

factor used by ESNICE-T4 formulation is computed to be closely around 0.00116 for all the

elements, which is very different from the 0.05 used by UT4s formulation.

The mode shape of eigenmode 10 is shown in Figure 5.36 using NICE-H8, ESNICE-H8,

H8 and H20 elements. The NICE-H8s produce a spurious mode whilst the ESNICE-H8s produce

a physical mode matching well with that produced by H20 elements. The H8 elements produce

a mode shape similar to that of H20 elements despite the locking. The ESNICE-H8s use a

stabilization factor of 0.00646 (rounded off) constant over all the elements which proves to be

just enough to curb the spuriousness caused by nodal integration. This example also indicates

that NICE-H8s are more prone to spuriousness than NICE-T4s, possibly because of the bilinear

strains used by hexahedral elements.

(a) Tetrahedral elements (b) Hexahedral elements

Figure 5.31: Thin Square Plate - Coarsest Meshes (Refinement Level 0) used in convergence
study

5.4.6 Curved Cantilever

We consider a curved cantilever beam made of nearly incompressible material. The

isotropic material used has the properties E = 1 MPa, ν = 0.499, density ρ = 1 kg/m3. We
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Figure 5.32: Thin Square Plate (refinement level 3) - Frequency spectrum (7−14)

analyze a couple of mode shapes (lower and higher eigenmodes) for this structure using ESNICE-

T4, NICE-T4, UT4s, ESNICE-H8, NICE-H8 and H20 elements.

We show the mode shapes of eigenmode 8 when ESNICE-T4, NICE-T4, UT4s and H20

elements are used in 5.37. The NICE-T4s exhibit spuriousness without using any stabilization.

This spuriousness is observed to be eliminated by using UT4s 5.37d and ESNICE-T4 5.37c

formulations. The modeshapes obtained using UT4s and ESNICE-T4 elements is observed to

match well with that obtained using H20 elements (5.39a) The UT4s stabilization is observed to

be insufficient for higher eigenmodes. The mode shapes of eigenmode 130 are shown in 5.38

using different tetrahedral elements. The UT4s elements exhibit spuriousness besides NICE-T4s

because of the insufficient stabilization used. The ESNICE formulation uses the aspect ratio

dependent stabilization and is observed to obtain a physical eigenmode matching well with that

of H20 elements 5.38a. This behavior is reflected in the plot of frequency spectrum comparison

in 5.41a. The spectrum from NICE-T4s starts flattening out (because of the spurious low-energy

modes) very early in the spectrum. At about mode-130, the UT4s spectrum starts exhibiting

spurious modes which is associated with the flattening out of the spectrum. The ESNICE-T4s
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(b) NICE-T4
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(c) ESNICE-T4
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(d) UT4s

Figure 5.33: Thin Square Plate (Tetrahedral mesh) - Convergence of frequencies (7−14)

produce a spectrum close to the H20 spectrum because of the sufficient amount of stabilization

added. We observed that the stabilization factor for this example using the chosen mesh is in

the range [0.1064,0.1651] (rounded-off). The T4 spectrum overestimates the frequencies greatly

because of volumetric locking.

Similar analyses as that of tetrahedral elements is done using a hexahedral mesh using

ESNICE-H8, NICE-H8 and H20 elements. The NICE-H8s again exhibit spuriousness very

early in the spectrum at mode-3 5.39b. This can be effectively curbed using energy-sampling
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(a) H8
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(b) NICE-H8
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(c) ESNICE-H8

Figure 5.34: Thin Square Plate (Hexahedral mesh) - Convergence of frequencies (7−14)

stabilization as seen in 5.39c. The mode shape obtained using ESNICE-H8s is also observed to

match well with that obtained using H20 elements 5.37a. 5.40 shows eigenmode 85 to show that

ESNICE-H8s produce a nonspurious higher eigenmode 5.40c which matches with the eigenmode

produced by H20 elements 5.40a whilst the NICE-H8s produce a spurious mode 5.40b which is

not a surprise. The comparison of frequency spectra using these hexahedral element formulations

is shown in 5.41b. The NICE-H8s show almost a horizontal line as the frequency spectrum

because of the numerous spurious (low-energy) modes. The ESNICE-H8s produce a spectrum
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(a) NICE-T4 (b) T4

(c) ESNICE-T4 (d) UT4s

(e) H20

Figure 5.35: Thin Square Plate (Tetrahedral mesh, refinement level 2) - Mode 14

with non-spurious modes which closely matches the H20-based spectrum. The H8 elements

produce a stiff spectrum as a result of volumetric locking. The stabilization factor the ESNICE-H8

elements used is observed to be in the range [0.5131,0.7296] (rounded-off) in this example.

5.4.7 Axle Bracket

This example demonstrates the effectivity of ESNICE formulation using free vibration

analyses of an axle bracket. This kind of bracket is ubiquitously used for holding rotating shafts.

The bracket is made of steel with Young’s modulus, Poisson’s ratio and density 210 GPa, 0.3 and

7850 kg/m3 respectively. The two holes on either side of the axle mount are constrained. The
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(a) NICE-H8 (b) ESNICE-H8

(c) H8
(d) H20

Figure 5.36: Thin Square Plate (Hexahedral mesh, refinement level 2) - Mode 10

ESNICE formulation is investigated using both tetrahedral and hexahedral elements.

Figure 5.42a shows the frequency spectrum obtained using ESNICE-T4, NICE-T4, UT4s, T4

and T10 elements. The NICE-T4 spectrum flattens out after a few modes because of the spurious

modes. The UT4s spectrum flattens out after some physical lower frequency eigenmodes because

of under-stabilization leading to spuriousness. The T4 elements undergo some shear locking and

so the spectrum produced is slightly above the T10-based spectrum. The frequency spectrum

obtained using hexahedral elements H8, ESNICE-H8, NICE-H8 and H20 elements is shown in

Figure 5.42b. The H8 elements undergo negligible locking and so the spectrum matches well

with the H20-based frequency spectrum. The NICE-H8s show spuriousness in the very early

modes whilst the ESNICE-H8s successfully produce physical modes and the spectrum matches

well with the H20-based frequency spectrum.

The eigenmode 24 obtained using the tetrahedral elements is shown in Figure 5.43. The

NICE-T4s yield a spurious eigenmode which is effectively stabilized by both ESNICE-T4 and
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(a) H20 elements (b) NICE-T4 elements (No stabilization)

(c) ESNICE-T4 elements (d) UT4s elements

Figure 5.37: Curved Cantilever Beam (Tetrahedral mesh) - Mode 8

UT4s (0.05 stabilization factor) formulations. The obtained physical eigenmode 24 also matches

well with that produced by T10 elements. We note that the eigenvalue estimated using ESNICE-

T4s and UT4s elements is close to the 23rd eigenvalue estimated by T10s and so the comparison

is done using eigenmode 23 produced by T10 elements. We observe that UT4s formulation

yields spurious higher frequency eigenmodes and we show eigenmode 69 (Figure 5.44c) as an

example. The NICE-T4s exhibit spuriousness as expected, whilst the ESNICE-T4s produce

a physical mode matching with that produced by T10s. We compared the 69th eigenmodes
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(a) H20 elements (b) NICE-T4 elements (No stabilization)

(c) ESNICE-T4 elements (d) UT4s elements

Figure 5.38: Curved Cantilever Beam (Tetrahedral mesh) - Mode 130

with the 67th mode produced by T10s because of matching eigenvalues. The matrix norm used

for stabilization for UT4s and ESNICE formulations is the similar for this example and so the

stabilization factors are comparable. The nodal stabilization factors computed using ESNICE

formulation in this example lie in the range [0.073,0.286] as compared to UT4s formulation

which uses constant stabilization throughout the mesh. This exemplifies the importance of using

nonuniform stabilization and demonstrates that the stabilization computed using energy-sampling

is very effective in ameliorating spurious modes.
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(a) H20 elements (b) NICE-H8 elements (No stabilization)

(c) ESNICE-H8 elements

Figure 5.39: Curved Cantilever Beam (Hexahedral mesh) - Mode 3

The eigenmode 10 and eigenmode 50 produced by NICE-H8s and ESNICE-H8s are

compared against H20-based eigenmodes in Figure 5.45 and Figure 5.46 respectively. We observe

that the spuriousness of eigenmodes produced by the NICE formulation is effectively eliminated

using energy sampling-based ESNICE formulation. The ESNICEs produce modes which match

well with those produced by H20 elements. The range of nodal stabilization factors computed
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(a) H20 elements (b) NICE-H8 elements (No stabilization)

(c) ESNICE-H8 elements

Figure 5.40: Curved Cantilever Beam (Hexahedral mesh) - Mode 85

using the energy-sampling technique is observed to be [0.3773,0.7131].
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Figure 5.41: Curved Cantilever Beam - Frequency Spectrum ([1,200])
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Figure 5.42: Axle Bracket - Frequency spectrum (1−100)

5.5 The infsup test

The NICE formulation was subject to the numerical infsup test [51]. The formulation

was found free of volumetric locking, but contrary to the statement in the Reference [51], the

formulation does not pass the test: there are pressure modes, which have been overlooked in the

123



(a) NICE-T4 (b) ESNICE-T4

(c) UT4s (d) T10

Figure 5.43: Axle Bracket (Tetrahedral mesh) - Mode 24

(a) NICE-T4 (b) ESNICE-T4

(c) UT4s (d) T10

Figure 5.44: Axle Bracket (Tetrahedral mesh) - Mode 69
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(a) NICE-H8 (b) ESNICE-H8 (c) H20

Figure 5.45: Axle Bracket (Hexahedral mesh) - Mode 10

(a) NICE-H8 (b) ESNICE-H8 (c) H20

Figure 5.46: Axle Bracket (Hexahedral mesh) - Mode 50

cited paper. The number of pressure modes npm in the formulation is computed using

npm = k− (n f −np +1) (5.20)
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where n f is the number of unconstrained displacements, np is the number of pressure degrees

of freedom/integration points used in the formulation, and k is the index of the first positive

eigenvalue of the eigenproblem

GGGhφφφh = λSSShφφφh (5.21)

where GGGh and SSSh are computed using shape functions and their gradients [64]. These matrices do

not include the stabilization material properties, however.

Here we subject the energy-sampling stabilized NICE formulation to a variant of the

infsup test as described by Ko and Bathe [1]. The advantage of this alternative is that the material

properties are part of the test, and, importantly, so is the stabilization. Therefore we strive to show

that the stabilization still allows the formulation to be locking-free.

The goal is to show

inf
wwwh

sup
vvvh

wwwT
h KKKvvvh

‖wwwh‖ ‖vvvh‖
≥ γh (5.22)

where γh is a constant independent of the element size, wwwh and vvvh belong to the solution space.

Here, KKK is the stiffness matrix, which in the case of ESNICE includes the stabilization.

To evaluate (5.22) we solve the eigenvalue problem [1]

KKKφφφh = λSSSφφφh (5.23)

The matrix SSS is introduced to enable evaluation of the norm ‖vvvh‖2 = vvvT
h SSSvvvh. The infsup constant

follows as γh =
√

λ1, where λ1 > 0 is the smallest eigenvalue of (Equation 5.23).

In Figure 5.47 we show the performance of the ESNICE based on the four node tetra-

hedron, for a structured and an unstructured mesh of the same geometry as that described in

Reference [51]. The Poisson ratio varies from 0.3 to 0.499999 to test the effect of near incompress-

ibility. Importantly, the amount of stabilization is varied as well: The parameter b of (Equation 5.8)

is artificially modified by four orders of magnitude to mb, where m = 0.01,1.0,100.0. Figure 5.47
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demonstrates the nearly negligible influence of the stabilization on the locking-free response. In

fact, the mechanically derived amount of stabilization with b given as below (Equation 5.8) pro-

duces neat convergence to a nonzero γh, whereas more (m= 100.0) or less (m= 0.01) stabilization

has a bit more pronounced effect (although still indicating locking-free response).

By way of contrast, Figure 5.48 shows the results of the infsup test of [1] for the stan-

dard isoparametric four-node tetrahedron. The strong dependence on the Poisson’s ratio as it

approaches 0.5 indicates the strong volumetric locking of the standard tetrahedron.

5.6 Pressures in nearly-incompressible simulations

We consider a unit cube made of nearly incompressible material with Young’s Modulus

of 1 Pa and density of 1 kg/m3, as originally used in [57], but the Poisson’s ratio is taken as

ν = 0.499999 to approach nearly incompressible response. Of interest is the representation of

the mechanical pressure. The NICE formulation (and hence the ESNICE formulation) cannot

guarantee the absence of all pressure oscillations (as explained in the previous section).

The five sides of the cube are in frictionless contact with a rigid die, and only the top

surface is free. It is known that the presence of such boundaries tends to amplify the potential for

pressure oscillations to appear.

Figure 5.49 presents the mechanical pressure computed with an unstructured mesh of

tetrahedra, with 15 element edges per side of the cube. The nodal pressures are linearly interpo-

lated in between the nodes. Furthermore, we also present the mechanical pressures element-wise,

i.e. uniform across each element, where the elemental pressures are obtained by averaging the

pressures at the nodes. The nodal values of pressure do indeed show a tendency for oscilla-

tion. The element-wise pressures are a smoothed version of the nodal pressures, and hence

better behaved. Note that these pressures are obtained by pure post-processing operation, all

based on the computed vibration modes. Lamichhane [65] proposed to enrich the displacement
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Figure 5.47: The infsup test of [1]. ESNICE four-node tetrahedron. The amount of
stabilization is varied by two orders of magnitude up or down. Note the strongly compressed

vertical axis: The small variation of the γh indicates the test is passed.
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Figure 5.48: The infsup test of [1]. Isoparametric four-node tetrahedron (Structured Mesh).
The large variation of the γh along the vertical axis indicates the test is not passed.

space with bubble basis function in nodally integrated formulations to achieve inf-sup stability.

Ortiz-Bernardin et al [66] demonstrate that such enrichment of displacement space can help in

eliminating pressure oscillations in volume-averaged nodal projection-based formulations.

These proposed improvements are certainly of interest, but we haven’t addressed them in

the context of the present work.

The ESNICE elements are implemented in an opensource Julia project called FineTools,

and can be found at https://github.com/PetrKryslUCSD/FinEtools.jl.git.

Chapter 5 has many details taken from the manuscript, “Sivapuram R, Krysl P. On the

Energy-Sampling Stabilization of Nodally Integrated Continuum Elements for Dynamic Analyses.

Finite Elements in Analysis and Design 2019; 167:103322, doi:10.1016/j.finel.2019.103322.”,

and the work is done in collaboration with Prof. Petr Krysl. The dissertation author is the primary

investigator of the manuscript.
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(a) Mode 1, Nodal Pressures (b) Mode 1, Element-wise Pressures

(c) Mode 11, Nodal Pressures (d) Mode 11, Element-wise Pressures

Figure 5.49: Confined block of nearly-incompressible material. Unstructured tetrahedral mesh
with 15 element edges per side. Mechanical pressure is displayed, either as nodal values
interpolated linearly in between, or values calculated by averaging the nodal values and

displaying them as uniform element-wise.
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Chapter 6

Conclusions

This thesis shows the development of a novel stress field for the stabilized mean-strain

formulation which converges at an optimal rate. The mean-strain hexahedral and tetrahedral

elements introduced by [23, 22, 24] are capable of handling constrained materials (e.g. nearly

incompressible) and of performing well for thin, shell-like structures. These elements use

suppression of hourglass modes based on the notion of stabilization energy sampled with two

different quadrature rules.

One possible weakness of these mean-strain elements is the fact that each element only

represents uniform stress. Hence the recovery of the nodal stresses is slightly more challenging. In

this work, a method is proposed for the computation of the stresses for the mean-strain hexahedral

and tetrahedral elements. The variational formulation of the mean-strain method is shown to

result in an expression that mixes together the stresses in the real material with the stresses in the

stabilization material. These mixed stresses are used as a basis for extrapolation of the stress to

the nodes of the element. This information may subsequently be averaged at the nodes to produce

continuous stress fields as usual in the post-processing of finite element results.

We compare the proposed method with direct computation of stresses at the nodes (such

as for the improved-stress Abaqus elements), and with recovery of the stresses based on the
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mean stresses only (for the mean-strain elements as described in [23, 22, 24] and for the reduced-

integration elements in Abaqus). We investigate the following benchmarks: stree-free hole in an

infinite slab, thick plate under pressure (NAFEMS LE10), elliptic membrane (NAFEMS LE1),

thin cantilever beam, and a fibrous-composite cube under general quadratic displacements. We

show that the improved procedure for the recovery of nodal stresses (which we call trend-based

here) is superior to the recovery based on the mean stress only: in all our examples the trend-based

recovery was at least as good as the mean-stress-only recovery, and often significantly better.

Importantly, the trend-based recovery for the quadratic mean-strain tetrahedron was able to realize

(at least in some examples) the theoretical quadratic convergence rate (compared to linear for the

mean-stress only recovery).

As noted earlier, this work investigates the stresses only in linear elasticity problems.

Since the trend-based stress field is derived without any reference to the material law, we believe

it is equally applicable in the nonlinear regime. This may be a topic for a future investigation.

We propose a stabilization for nodally integrated finite elements based on energy-sampling

to address the drawback that these formulations yield spurious modes in eigenvalue problems

such as in free vibration and buckling analysis.

The stabilization methods that have been proposed so far in the literature used a stabiliza-

tion factor which needed to be chosen by trial-and-error and was uniformly used for all the finite

elements in the mesh. In this work we eliminate both the need for user input and also make the

stabilization tailored to the mesh.

We also develop a stabilization procedure for Nodally Integrated Continuum Elements

(NICE) for dynamic analyses. We add two energy terms for stabilization: first to ensure full

rank of the stiffness matrix through elementwise quadrature with a “full integration” rule and the

second using nodal integration. These two terms mutually cancel when the mesh experiences

uniform strains, and thereby ensure consistency of the scheme.

The stabilization energy is generated by employing an artificial “stabilization” material
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model. The stabilization material is constructed as compressible to avoid volumetric locking and

also includes a shape-related stabilization factor. The stabilization factor is designed so as to

soften the fully integrated stabilization material-based stiffness matrix to minimize shear locking

and thereby improving the bending response. Elements with very bad aspect ratio typically exhibit

a high amount of shear locking, and in those cases the corresponding stabilization factor is very

small.

This work we address the stabilization for nodally-integrated schemes for linear tetrahedral

and hexahedral elements. For tetrahedral elements, we use a fitting of the data obtained from

numerical simulations of a rectangular beam (meshed using 6 tetrahedral elements) where the data

is the aspect ratios of the finite elements and the ratios of the finite element-based and exact strain

energies of the beam. The stabilization factor of a finite element is computed using the obtained

data fit, and is optimal with respect to the collected data. The stabilization factor of hexahedral

elements was analytically derived in [47, 30] and is based on the ratio of finite element-based and

exact strain energies of a rectangular beam.

Several examples of free vibration analysis are presented to demonstrate the effectiveness

of the proposed stabilization. The examples show convergence studies, frequency spectrum

comparisons and qualitative comparison of mode shapes at both lower and higher ends of the

spectrum. We demonstrate using different amounts of stabilization for the aluminum cylinder

example that choosing appropriate amount of stabilization is nontrivial and that under-stabilization

causes spurious modes whilst over-stabilization yields stiff modes due to the reintroduction of

shear locking.

We show for some well-shaped elements that the stabilization factor chosen by energy-

sampling technique satisfies the derived bounds which guarantees the elimination of spurious free

vibration modes. We show on examples that the eigenmodes obtained using energy-sampling

stabilization (ESNICE formulation) are physical even at higher end of the frequency spectrum

unlike those obtained using methods proposed in the literature (we used UT4s [57] for com-
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parison). The examples demonstrate that the energy sampling-based stabilization factor adds

just sufficient stability to prevent unphysical modes whilst maintaining good performance. The

hexahedral elements are observed to exhibit more spuriousness than the tetrahedral elements

because the former use bilinear strains unlike the latter which use constant strains. The passing

of the inf-sup test proposed by [1] demonstrates that the ESNICE formulation is coercive and

locking-free. Developing a stabilization procedure for nodally integrated plate elements and

eliminating pressure oscillations is an interesting future work.
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Chapter 7

Original Contributions

This chapter describes in brief my contributions to literature made under the guidance

of Prof. Krysl. The works broadly include developing a optimally convergent and improved

stress field for stabilized mean-strain finite elements, energy-sampling stabilization for nodally

integrated formulations in the context of dynamic analyses, and a Model-Order Reduction (MOR)

procedure for rapid estimation of eigenvalues for 3D continua.

7.1 Improved Recovered Nodal Stress for Mean-Strain Finite

Elements

This publication develops an improved stress field for stabilized mean-strain finite ele-

ments. The trilinear hexahedral elements undergo volumetric locking for nearly-incompressible

problems. The quadratic tetrahedral elements yield displacement fields, devoid of volumetric lock-

ing, yet the stress fields are noisy. The stabilized mean-strain formulation is devoid of volumetric

locking and yields an improved bending response. The mean stresses are noise-free even for

nearly-incompressible problems. However, because of averaging the stresses element-wise, the

quality of stress estimates is lower and the stress convergence is suboptimal, e.g. the mean stresses
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converge linearly for QT10MS elements. This work uses additional terms based on stabilization

material in the stress field which improves the quality of stress estimates over the mean stresses. In

order to obtain a nodal stress field, we use extrapolation of the stresses from the integration points

of the finite element to the node. The stress at each node is obtained by averaging the extrapolated

stresses from the integration points of the neighboring finite elements. Such an extrapolation helps

in better stress estimation in curved elements, e.g. quadratic tetrahedral elements. We demonstrate

through examples that the QT10MS stresses converge at optimal rate, i.e., 2 as compared to the

linear order of the mean stresses. The examples demonstrate the optimal convergence of stresses

and that the stresses are noise-free even in the presence of near-incompressibility. Examples

also include the use of orthotropic materials and a sandwich composite (Meyer-Piening Plate).

This work can be straightforwardly extended to nonlinear regime, since the stress field is derived

independent of the material law. The results are published in the journal paper [30],

Sivapuram R, Krysl P. Improved Recovered Nodal Stress for Mean-Strain Finite Elements. Finite

Elements in Analysis and Design 2018; 146:70-83, doi:10.1016/j.finel.2018.04.005.

7.2 On the Energy – Sampling Stabilization of Nodally Inte-

grated Continuum Elements for Dynamic Analyses

The Nodally Integrated Continuum Elements (NICE) are locking-free and give great

displacement fields in static analyses [51]. This is extremely beneficial in the case of trian-

gles/tetrahedra which do not have a reduced integration rule or a B-bar method for avoiding

locking. The NICE formulation is also insensitive to distorted elements and slivers, needles,

wedges, etc in a mesh [53]. However, the NICE formulation lacks coercivity which leads to

spuriousness in dynamic analyses, e.g. free vibration, buckling, etc. Stabilization is required to

add some coercivity to the formulation, and this work uses Energy-Sampling Stabilization to

achieve that. This work considers linear tetrahedral and hexahedral elements for demonstration.
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The stabilization procedures proposed in literature [57] use a fixed amount of stabilization based

on numerical experience and a full integration term. We show that such a fixed value cannot be

extended to all the problems, e.g. plate-like structures, and to higher eigen modes. A fixed value

of stabilization can lead to

1. Overstabilization - This means more contribution to strain energy from the fully integrated

term, which engenders shear locking.

2. Understabilization - This means less stabilization than required, which makes the formula-

tion yield spurious higher eigenmodes.

We derive bounds which are required to be satisfied to sufficiently stabilize all the eigenmodes

of a problem, whilst maintaining positive definiteness. The stabilization employed in this work

uses aspect-ratio of the finite elements to define the stabilization amount with no user-interaction

required. The aspect-ratio based stabilization is aimed at representing the bending response

of linear finite elements more accurately. For tetrahedral elements, we use a least square fit to

determine some parameters required for automatic stabilization where the data is collected from

several numerical bending tests of beams meshed with six tetrahedral elements. For hexahedral

elements, an aspect-ratio stabilization can be derived using a numerical bending test [47]. We also

showed by means of hand calculations that the stabilization obtained using the element aspect

ratios satisfy the mathematical bounds. Several examples for free vibration analyses are shown

to demonstrate that the modes obtained using ESNICE formulation are devoid of spuriousness

both at the low and high ends of the eigen spectrum unlike the NICE and UT4s [57] formulations.

However, the ESNICE formulation possesses spurious pressure modes which lead to pressure

oscillations and an example is shown for the same. The ESNICE formulation satisfies an inf-sup

test [1] verifying that the formulation is locking-free. The results are published in the journal

paper [59],

Sivapuram R, Krysl P. On the Energy-Sampling Stabilization of Nodally Integrated Continuum
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Elements for Dynamic Analyses. Finite Elements in Analysis and Design 2019; 167:103322,

doi:10.1016/j.finel.2019.103322

7.3 Rapid Free – Vibration Analysis with Model Reduction

based on Coherent Nodal Clusters

This work proposes a novel Model-Order Reduction (MOR) technique based on Reduced

Bases (RB) approach for approximating the response of structures with many degrees of freedom

in the context of free vibration analyses. The method takes advantage of the spatial coherence of

the displacement degrees of freedom in a local region and a heuristic set of basis functions to

compute the reduced bases. A graph partitioning algorithm (here, Recursive Intertial Bisection

(RIB)) is employed to divide the structural nodes into several clusters based on their mutual

Eulerian distances. Each of the nodal clusters is called a Coherent Nodal Cluster, and we assume

the spatial coherence of displacements in the cluster. A set of polynomial basis functions are

constructed for each cluster for model reduction, i.e. we assume the displacements of nodes

in each cluster to be parametrized by a set of polynomial functions (of some chosen order). In

this work, we use Legendre polynomials for this purpose because the transformation matrix

constructed using the Legendre polynomial-based basis vectors have a better condition number.

The transformation matrix is constructed by assembling the cluster-based transformation matrices

so that basis vectors corresponding to different clusters are linearly independent, and in fact,

orthogonal. The basis vectors corresponding to each cluster are already linearly independent,

owing to the use of Legendre polynomials. However, the order of polynomial used should be

chosen such that it does not overfit the number of nodes, i.e., polynomial order is selected subject

to cluster size. The transformation matrix is thus very cheap to compute as compared to most

MOR techniques in literature which use Singular Value Decomposition (SVD), LU factorization,

solving Lyapunov equations, etc. The parameters that need to be selected are the number of
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nodal clusters and the polynomial orders used. In this work, we use an isotropic basis in all

the coordinate directions and a uniform polynomial order across all the clusters. We provide

guidelines based on shear wave velocity in a material medium to choose the number of nodal

clusters and the polynomial order. We show by means of examples how the proposed MOR

technique helps in rapid eigenvalue estimation, especially when one needs many eigenvalues for

large (in terms of degrees of freedom) structures. To guarantee convergence, we use an adaptive

procedure where we slowly increase the polynomial order used in the nodal clusters until change

in eigenvalues between consecutive polynomial-order refinements reach a user-specified tolerance.

The examples demonstrate good speedups and controllable accuracy of the estimated eigenvalues.

The results are published in a journal paper [67],

Krysl P, Sivapuram R, Abawi AA. Rapid free-vibration analysis with model reduction based

on coherent nodal clusters. International Journal for Numerical Methods in Engineering 2020;

Accepted.
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Chapter 8

Potential Future Work

1. The proposed stress field developed for mean-strain formulations can be extended to

nonlinear applications to obtain improved and convergent nodal stress estimates.

2. The energy-sampling stabilization for assumed-strain formulations is explored for linear

statics, dynamics and nonlinear applications, However, the stabilization of assumed-strain

elements in plasticity applications is nontrivial. It would be interesting to develop a

stabilization material for plasticity problems.

3. The nodally integrated formulations yield pressure oscillations in nearly-incompressible

media. One way to avoid them is to use additional internal degrees of freedom [66]. Devel-

oping a formulation without spurious pressure modes by providing additional stabilization

to the formulation would be an interesting future work. The extension of the ESNICE for-

mulation [59] to nonlinear applications and buckling problems, and developing stabilization

for higher-order nodally integrated formulations are some possible future works.

4. The Coherent Nodal Clusters-based Model Order Reduction procedure can be extended for

the approximation of Frequency Response Function in Steady State Dynamics structural

problems.
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