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THE PRODUCTION OF MESONS BY PHOTONS
Ko Ao Brueckner

February 3, 1950

ABSTRACT

The general features of the process of photo-meson production are
discussed on a semi~classical basis and also on the basis of perturbation
theory in the weak coﬁpling approximation applied to scalar, pseudoscalar,
vector, and pseudovector meson theory; These calculations are carried out
with the Feymman-~Dyson methods to give covariant expressions for the cross
sections. The corrections of next higher order in the meson=nucleon coupling
are calculated for pseudoscalar mesons and shown to give large contributions,
Comparison of the conclusions of the theﬁry with the experimental results
seems to indicate that the meson is of spin zero and closely bound to the

nucleons as is characteristic of pseudoscalar theory.

[
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Y.
THE PRODUCTION OF-MESONS;BY.PHOTONS
" Ko A, Brueckner
February 3, 1950

The production of mesons by photons has recently been aecqmplished

experlmentallyol and 'at present exten31ve experlmental work is being done

on the problemo.2 kv h;s been found that the present experlmental teohnléues
permit the study of the production of mesons by photons with more accuracy and
in more detail than is éossible for production by nuéleénwnucleon collision,
The theofetigal anaiysis of such inférﬁation is also considerably simplified
by the neture of the interaction. It will be shown that the results depend
very markedly on.the nature of the coupling of the mesons to the electro=~
magnetie fieido Sinceiprgcesses involviﬁg such coupling’can Ee handled very
well for ﬁonmrelétivistic énérgiés by treating the interactions;as weak, the
usualimethods‘of perturbation thébry can be applied with some confidence to
vfﬁié dépeq§ of‘fhe productibn process, The uncertainties of the nature of
the couplinéuof ﬁesons td nucleons, which, as is well known, lead to |
incorrect prediétion of séattéring phenomena, do hot strongly affect this
pfbcesso In faét, the vefy characteristic differences between the behaviour
of the phdtonéejected spin zero and épin.one mesons will be shown to be due-
almost éntirely to the nature of the meson coupling to the electromegnetic

field,

lMcMillan, Peterson, and White; Science 110, 579 (1949)

2Cook,,' §teinbgrger9 McMillan; Pefersong White; privatedcommunications
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The theory of the productién of pbotﬁwmesons has been studied by
& number of peopleg5 With the most complete work béing the recent contribu-
tion of Feshbach and I;axo The methodsbused have been those of ﬁerturbation
theory in the weak coupliﬁg approximation, Effects of the recoil of the
nucleons have been neglected, The results obtained differ markedly for the
various theories. It is not immediately apparent how the characteristic
differences are related to the detailed features of the theories. It is
therefore of interes% to attempt to understand by classical argument,
~without reference fo perturbatipn theory, some details of the process. It
hag further been thought worthwhile to carry'out_the calculations using the
new covariant formelism, eliminating‘unnecessary.appréximatiOns and gxhibit-
ing the simplicity of the methods. Finaliyg the higher'order corrections
in the meson-nucleon interaction have been ééldulated for the pseudoscalar
theory, using the new subtraétion techﬂiques, and found to give finite and
unembiguous resultss

I General Description

A; Ratio of Cross Section for Productlon of Negatlve and Positive
Mesons

One of the most striking of the early experimental observations on
the production of mesons by photons was the excess of negative over positive

mesons.® At present this is still the bgst_established experimental fact,

It was pointed out by Brueckner and Goldberg;er4 that very simple classical

3, Heitler, Proc. Roy. Soc. 166, 529 (1938)

M. Kobayashi and T. Okayema, Proc. Phys. Math. Scc. Japan 21, 1 (1939)

Ho S. W. Massey and H. C, Corben, Proc. Camb. Soc, 35, 84 T_QSQ) and _
36, 463 (1939) )

Ls Nordheim and G, Nordheim, Phys. Rev. 54, 254 (1938)

He Feshbach and M. Lax, Phys. Rev. 76, 134 (1949)

L. Foldy, Phys. Rev. 76, 372 (1949)

“K. Brueckner and M. Goldberger,‘Physe Rev. 76, 1725 (1949)

~
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arguments could‘give an explanation of this result. These arguments simply
pointedvoutythat there is an essential asymmetry in the production of .
negetive and positive mesons., When the former are prodﬁced-from néufrons,
the charge-carrying nucleon is the final proton with large recoil velocity,
When positive mesons are produced,‘the proton is initially at rest and‘does
not interact through its charge. Using the interaction | ;

- = g ' (1)

v o A

¢ 1= v/c c0s O

- . - . =
which differs from the non-relativistic e v?o A because of retardation
effects in the interaction of charge with the‘electromagnetic field, one
obtains for the ratio of the interactions leading to the production of

. positive and negative mesons
7.
e A (meson)
1 ~ v/c cos® : (2)
=7

(meson) +e

I (positives)

e ¥ ® Z .
1 = v/c coso 1 - v/c cos@

The ratio of the cross sections them is the square of the ratio of the

{(recoil proton)

I (negatives

interactions. Using over-all energy and momentum conservaetion, this ratio

can be written

o (positives) _ | | -0 (1-v/ cose.)} © / (3)
. o (negatives) Med .
where
qo.= meson energy including rest energy
M = nucleon mass
v = meson velocity
8 = angle between meson and photon

The dependence on meson energy and angle of this function is given
explicitly in Figure 1.
In this very simple argument, the effects of the megnetic moments

of the particles have been ignored. It is of interest, therefore, to look
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in more detail at the nature of the interaction, including such effects,,
This will indicate what informetion can be given by & careful measurement
of the negative-to-positive ratio, One can formulate the argument in.the
following ﬁanners the interaction with the electromagnetic field leading
tc the ejection of mesons is of the form

I = & g ju (F0o%) ol (K ° ?i’ "Kot? adiar (4)
where ii is the total currént carried by the interécting particles, The ‘
current can be separated into a curl-free and a divergence-free partg.the
former corresponding to'a linear motion of charge and the latter to circulat;

ing currents,

JP’ = u’ QXD . (5)
12

where v, is the relativistic velocity with spacial components 3/(1-p%)

W

g the charge, and M is an antlmsymmetrlc tensor, The interaction then is

j@v %——Bﬁ% 1(K L ~Kqt) azvdt
>

_ . i(K o r? =K

%j (qvp‘._a- 1,K,) e & )

We can easily evaluate this integral, considering each interacting.particle

I

1]

(6)

drids

]

separately. If the wave-length of the radiation is large compared with the
region over which the charges and currents are distributed, or if one assumes
a delta-function of position for the spacial distribution; the dépendence on

2 .
r® can be given by

]

V(6§ [0 - 2(8)]
- s [P -Feja-pe )
N&W (t)8 [r" - r(t)] <1 ﬁz 1/2

vp'(?g Qt)

iy (B1et)

The integral for each partlcle then is

I = AH'{ Elvu(t) - <t)K>’_-| (1 Iaz)l/z LKor(’c) - Kot] dt‘ (8)
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Changing variable and partially integrating gives

WI = A\‘Lga_d—. h(s) = iN{‘,V (S)Ky}‘ eiS (lnpz)l/z (9)
K, (1=p cos 6) . '

If the interaction takes place over a time much less than the period of the

radiation, the variation of the exponential term can be ignored. This gives

I = = AP‘P"‘ *50 hlj“ F""“} | (10}

K

e

wheré the fouravector product is
-2 -

KeP = <K/, +K-¢*PF
and Z&[; ] denotes the change during the interaction.

In this exéression for the interaction of the electromagnetic field
with the charges gnd-currenﬁs\of the meson-nucleon system, we have not included
the dependence of the meson emission on such factors as the strength of thev
_coupling of the mesons to the nucleons and the spins of the nucleons. We shall
‘assume that a simple multiplicative factor U gives the spin dependence of the
forces and the strength of tﬁe coupling. When we consider the application.of
field theory to this process, we shall see that this actuallyvié so for
 spin=-zero mesons., The quentum nature of the process also has not been
‘ considered. We actually need the matrix element between the initial and

»final nucleon states of the operator which we have derived., The interaction

therefore can be written for each particle

=2 =2 m

! qhi P *'§>ﬂxv MLV

1=yt UA[ — V. | .
L | an)

W

%
SAGESBN, mp Fie—
U —— =
A@KoP * zFP»DA(UMuv)
We can use this expression to evaluate the‘ratio-of the cross
sections for negative and positive mesons. For simplicity we will take the

mesons to have spin zero, i.e., no magnetic moment, and first assume that

the nucleons interact only in the proton state. When a positive meson is
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produced, the proton is the initial nucleon at rest and so interacts only

thfough its magnetic moment with the transverse photon.

.35
I(+) = “ g ogq * —K—]?“; Fw _ (12)
g = meson 4-momentum
I = initial nucleon 4-momentum

When & negative:meson is produced, the proton is the final recoil nucleon

. 2
carrying current e F/b

Z - = =

oq o __'

I(-) = e( 1 A n_%u_ F (13)
Ke°gq Ko F 2 Ko F WV ‘

F = final nucleon 4-momentum

If we now use over-all 4=-momentum conservetion, we find that

— 2 > >
__9
Ao % o _F N_ A-g Eo
\E°q K-F K°gq Ke*F
' - - ———
and I(-) = -Ek o279 5o, E%F] (14)
Ke¢F K o g 2 KoI %WJ, .
~E2L 1(4)

Ko F

Therefore, under these gssumptionsg the plus=to-minus ratio would be

() | (Ko BN
20 - @ .

[l = qo/Mez(l - v/c cose)] 2

]

This is the same result obtained when magnetic moment terms were ignored
(Equation 3)., It is interesting to observe that the ratio of the linear
current interactions is the same as the ratio of the magnetic-moment inter-

ctions, so that the plué=t0dminus ratio is independent of the values of

R AR

=;jwf? U%Lyly
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If the nucleons do not interact only in the protom state, but
instead with anomalous moments, we can write

My (protonl) =7p L1 : (18)
%U (neutron) = Iy %u _ |

where ¥ = ‘magnitide of magnetic moment of nucleon in Bohr magneﬁons

Y = 2,87 ‘ .
F , : (17)
YN = 1091 : '
This gives for the ratio of the interactions _
I(+) =eL&U=_F (7 *Ym )mwn S 6)
I(- e A°q : TR
) KquF»f—-FWCLp_ +‘_%ELI>%DU

then the factor U cancels. The ratio of the cross secfion_-averaged over

photon polarization end nucleon-moment orientation gives

‘ 2
o) | /EEN 1,0
a (=) K1/ Mz
’”herefore, if the 1nteract10n 1s of ‘this typeg the rat:.o of the eross
8

sections is nearly unchanged by 'the‘anomalous moments , ‘since'f%ug_’-”z percent,

This is a result of the predominance of thercdupling of ’ch-eel@étromagnetic
field to the linear motion of charge, ise., to the eleci_;ri'c‘:“ dipole formed by
the meson—nuclebn charges,

I1f Nh U> > Mp, U, or what is equlvalent the magnetlc moment terms

are predominant in the 1ntera.ctlon,

g _(+) - _Yr- Y os
b"~(-)“ [1 YP"YN Mc2 < ¢ ° Q)]

[1 - ‘?O&@? ( :-._c.‘cos@jz ,' | ‘_ : | (19)

This function is given graphically in Figure l. It is apparerit tha_t,. if
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nuclecn moment interactions are importent, the introdustion of a magnetic
moment for thg neutron removes much of the asymmetry in the process.
. leading to the preduction of positive and negative mesons , 1eadiﬁé to a
plu3a§0éminus retio which is nearly omne,

"We remark here that we ha&e assumed that, with photons at energigs
of sbout the meson rest energy, the nucleons iﬁteract with ﬁhe anomaloﬁs
moments observéd in a static field. This will be true only if the circu-
iating currents which give rise to the anomalous moments are confipedﬂtqiﬁﬁ
& region small compared with the wave-length of the radiatioﬁo If this:tnf
is not trus, the ancmalous moments will show energy dependeﬁce and tﬁe'f"w
values of the static moments cannot be usedo

We heve ignored the interaction of the meson magnetic momeﬁtés
These could sontributs only.if the meson were a vector particle, i.ee, ="
with spin one., It is apparent that such interactions are symmetrical'fbr~ 
the production of either negative or posiﬁive mesons. JTherefore stfong
meson-mement interactions would give a negativemt0wpqsi£ive ratio close
to ons, | |

One can conclude that a verification of the results (3) would.
indicate that the meson does not interact strongly through e mégﬁetic
moment and that the neutron ancmalous magnetic moment does not play an
importaﬁt part in the process., We have seen that.these conclusions do
not depend on the nature of the coupling‘of the mesons to the nuc¢leons,

B. Angular Distribution

3

If the photon is absorbed by the eje¢ted meson at pheton energies
for exemple of 200=300 Mev, B = v/% for the meson will not be small
compared with one. The engular distribution will show large asymmetry

about 90 degrees due to the presence in the differentisl cross section



e
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of the denominator

(1 = B cos® )2

(20)

which éppears because of the retardation effecté in the interaction of
charge with the electromagnetic figldo However, if the absorption of
the pheton is through its coupling witﬁ the nucleon, v/b < <l for the
nucleon and the angular distribution will be nearly symmetric about 90
degrees, One would ‘therefore expect that the degree of symmefry would
indicate which particle interacts most strongly with the photdno

~If the interactions are prinqipaily éf the form e ;?° Iz'then,
since the photon field is tranéverse9 the angular spectra must fall off to

zero at O or 180 degrees. Spectra which do not exhibit thisbbehaviour must

‘be due to magnetic moment=like interactions.

II Principal Features of Various Theoretical Results

The calculations, unless otherwise specified, afe'for %ﬁe first
non=vanishing ofdsr in which the proeéss can take place. The:hﬁcleons‘
are treated as Dirac particies and the effects'of their reéqii\éré fully
taken in‘co.ac_counto The scalar, pseudoscalar, vect&r; and.p§éﬁdovector
theories are considered, using the couplings wifh the ﬁubléqn,fieid ﬁhich
do not involve derivatives of the meson field,

The spectfa shown in Figures 29 3; 4 and 5.are fdr~ﬁésons
produced by a dK/k photonISpectrumo This appfoximateé.the bfemsstrahlung
energy distribution at high energies which is used in the laboratory to
prodpce mesons, Ihe relétion between the meéon:and the photon energy; as
a function éf angle, is given.in,Figuré e

A, Scalar Meson

The scalar meson characteristically shows a dipole éngular distri-

bution (Figure 2) at low energies which is strongly distofted'forwﬁrd at
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energies sbove a few Mev by the denominator (Equation 20), This is due to
the predominance of the photon-meson interaction and thé’absénce of a
magnetic moment for the meson., This simple result is quite anaiogous to
the low-energy photo=-electric effect in an atom, sincg the mesons are
spherically symmetric in distribution about the nucleon, and the photon
interacts relatively Weakly.with the ﬁucleono This is in accordance with
the fact that the meson cloud about the nucleon extenas to-distances of
the order'h/hcg while the circulating currents associated with the |
magnetic moment of the nucleon are distributed over a region of corder
#i/Mc and therefore give contributions which are smaller in the ratio(%ﬁ)ﬁo
The plus=to-minus ratio from the lowest order calculations is thé same és
that obtained by the classical argument, as would be expeéted since the
nuclecns are treated as Dirac particles and the meson has nc magnetiﬁ
moment interaction. |

B, Pseudoéealar Meson

The pseudoscalar theéry sﬂows 8 rough}y isctropic angular distri=
butién (Figure 3) ihdicating the predominance of the eoupling of the photon
tc the magﬁetic moment of the nucleon. The unimportance of the eleétric»
dipole terms in the interaction, i.e., the coupling to the linear motion of
charge, is due to the close binding of the meson cloud to the nucleon, The
probability cf finding a méson at a distance h/@cg which is the wave-length
of the photon, is relatively smallo - However, the direct coupling.of the
photon to the magnetic moment of the nuéleons preceded or foliowed byvthe
emission of the final mesons-is relatively probable. Examiﬁation of the
matgix elements involved in these ﬁransitions»indicatés that this 5ehaviour
is due to the existence of intermediate states in which the nucleon under=
goes transitions to negative energy states, For such processes the matrix

elements of the couplings to the electromagnetic and meson fields are of
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the order one instead of ﬁ/b for the nucleons. The ratio of negative to
positive mesons given by the lowest order calculation is the same as that
for the scalar theory.

. Preliminary experimental results indicate that the spectrum of
mesons observed is roughly isotropic in angular distributibn'aSfoedicted
by the pseudoscalar theory. Therefore this theory was seleéted for examina-
tion of the corrections of higher order in the nucleon-meson coupli#g
constaﬁt:go This involves another emission and reabsorption of a &irtual
meson, as indicated in.Figﬁre 7. It was hoped that the investigation of
the cerrections would answer questions concerniﬁg the contributioﬁ of the
anomalous magnetic moments of the nucleons and the possible léfgé éffects
of corrections to processes in which the photon is coupled dirécfly.to the
meson or its associated Dirac vacuum field, Examination 6f the effects of
higher order processes wéuld also indicate the probabilitj that the expansion
in powers of g2/4z' would actually lead %o a.convergeﬁt series;

The calculation of the next higher order fefms sﬂoﬁélthét they
give contributions about as large as the.first drdér terms,'tﬂérefore
casfing grave doubﬁs on the coﬁvefgence of the expansion an&vfhé validity
of the application of perturbation methods of this kiﬁdo

The 1argeét contribuéion'to the éorrections comes frpm the
anomealous magnetic moments of the nucieons, Figures 7-<Bl, 7=B2‘&nd'7mB501
The snomalous moments differ considerably from those which thélﬁuelebnﬁ
exhibit in a static field, as calculated by Cas§05. Nonastafié‘effects occur
.in the interaction which decreases the ﬁagnitude of ‘the hoﬁeﬁts and also
change thé sign of the p?oton moment. This result indicates that'it may

not be correct to assume that the nucleons interact, with'their static

OPhys. Revo 76, 1725 (1949)
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momenbts, in high energy processes. The actuai magnitude of these corrections,
however, probably can be believed only in a very qualitative way.
Corrections in which the meson creates virtual nucleon pairs
{Figure 7=4;), one of which may interact directly with the photon (Figure 7=A2),
give negligible contributions and so do not affect the predominance of the
coupling df the photon to the nucieon threough the Dirac and anomalous moments.

C. Vector and Pseudcvector

Ihe vector theory shows a strongly asymmetric angular distributién
{Figure 4), indicating the predominance of the photoﬂameson interaction,
This distribution ié also peaked markedly forward showing that the inter=-.
action is due at least in part to the magnetic moment of the meson. The
pseudovector theory shows a nearly isotropic angular spectrum (Figure 5),
This, however, is not due to the largeness of the nucleon photon goupling
but to the large megnetic moment interaction of the meson., The negative
to positive ratio (Figure 6) also reflects the large effects of the magnetic
noment of the spin-one meéensg differing considerably from the result
obtained by ignoring the meson moment. Also véfy characteristic of vector
and pseudovector meson is the rapid increase of the cross section With
energy'(Figures 4 and 5). This is due both to the strong energy dependence
of the electromagnetic field coupling with longitudinally polarized mesons
and to the magnetic moment interactions.

Higher order corrections probably would net particularly affect
these results, since.processes involving production of virtual nucleon
pairs by the mesons seem tc give negligible contributions, lHigher order
processes involving the coupling of the photon to the nucleon‘and its
associated meson field would give corrections to tsrms which are already

relatively unimportant in the process,
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II1 Method of Calculation, Lowest Qrder

" The calculation of matrix elements can be greatly simplified by
use of the Feynman-Dyson methods.® The necessary operators can be derived
by & technique due to Feynman, the correctness of which can also be demonstrated
by the Dyson methods. The calculations can also be carried éut by the older
methods of perturbation theory t§ give'exactly the results derived here.

The meson couplings to the nucleon field thet are used are thoée which do
not involve derivatives of the meson field, since these introduce non=-
renormalizeble singularities in higher order processess

In the following, the notation used has 1 = ¢c = M = 1,_where M
is the nucleon mass. Therefore, all energies and momenta Will bé measured
in units of the nucleon mass. All products of the form §i§~Wili'5e under-
stood to be 4-vector products, with é:@ = =L B, + K?Eo We ais§-ﬁse the
.notatiop:g.= qlﬁﬁ with the Dirac matrixes'y~ =ig B (i =-1‘2 s3),

7’4 Be The ad301nt operator V’ is related to the complex congugate by
yT

1y 70

The equation of motion for the fields are :

1]

‘A. Free Particles

(B-1)¥ =0 o Diras  (21)
(D*“KZ)CP = o o - spin zero . (22)
5 XtJ‘< Xu axu 2 $,= © . spin ohe o (23)
The last equation can also be written

| (d -Kr 2)¢b = 0 .épin~oﬁé'
Witﬁ the»divergence condition | S : |
%@,{j =0 o | (24)

R, P. Feynman, Phys. Rev. 76, 769 (1949)
F. Jo Dyson, Phys. Rev. 75, 1736 (1949)
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B. Interaction Of Mesons With Dirac Field

(O -k2)¢ = gWTU v o U = (=,l)_l/2 scalar (25)
= Y 5 pseudoscalar
_'@Q:Z— %Zi) aaxy 2¢ gWTU-M(/ | S - (28)
¥ w U, = ’Yp vector
='Z}'79 pseudovecﬁor
The last equation can be Written9 p |
0,28, (6, - B sy 0,y (26")
X 2 L
(§= 1)VW= gpuy ' ' spin zero (27)
| = gﬁva/ spin one

G, Interaction With Electromagnetic Field

(B + eh - i)Y = 0 . _ * Dirac o (28)

K’a—x‘ fle@(_-“e> }(p o wpin sere (29)

3 o . . o . . 24 e
o ieh + i o[~ + ieh ¢ =IC =0 spin one (30)
o7, " e@[(axu e%>¢u <9 Xy U> 4 g ' ‘
To order e, these can be written
- 1)V = ey ‘ Dirss’ (281)

(O-K)p = =2ceﬁpﬁé spin zero (29%)

o5

(D“K )¢ @1e<2AAa—f)~ 51“) ‘ _ .spinl onme . | (301)

- a_ . dA -
Ayaxp iy A}L axu}

If we cdnsider‘ the diresct solution of these equations of motion,
following Feynmen'’s general arguments, we find the following expréssions\’co
be inserted into the Feymman=Dyson diagrams

\

B! Emission Of a Meson Of gl spin zero ‘ (31)

Momentum P

' PP o .
g(gwﬁ"gz_)cp . | spin one,

polarization v
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C?., Absorption 0f a - eA Dirac
“ - Photon  2eA°P? {spin zero,
momentum P°* |
1)

e [zﬁﬁﬂguv - A»P& - Kp.Av = Athy] spin one,
momentum P&
initial polarization p

final polarizetion »

D, Propsgation of an Intermediate Particle

With Momentum PJ‘L

l .
Pt -i Dirac : (33)
=1
P12 4k 2 boson, mass It

Exponential factors of the form e1P2% nave been omitted since after spaciél
integrations have been carried out, they simply give 4-momentum conserva-
tion at each point of the diagram and for the over-ail process,

~ Using these expressions we‘ can now write down matrix elements

‘ directl'y, A virtual meson emitted by a nucleon can absorb a photon and go

into a free meson, This is represented by the diagrem A, Figure 7.

=1 | |
T o= .
gey 2A°q U spin zero (34)
v [ | (q-K)? #K?2 ] v, ¢
ge ‘v/-l. S T e q{ls q;}“ . ‘ ~24°q8y,* Ay qf, + K Axt Aay' v (P _ (35)
F Vuy w2 H (q__K)g . o2 1 »

spin one
The nucleon can emit a real meson, going into a virtual inter=~
mediate state, and then absorb the photon. The photon absorption can
also come first, followed by the meson emission. This process is

represented by the diagram B, Figure 7.
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=ge IVFT B T oK -3 _Ijé y 9\}/1 ¢ spin zero (386)

~—

l . '

-ge VF %f T Sp.v _qp._qu> } YI spin one (37)
- L

If the nucleons are treated as Dirac particles, the photon can be

absorbed only by a proton. '_Therefore,, this diagram represents the
production of a negative meson. For production of arpositive meson, simply
replace I by F and invert the order of the operators,

Goﬁxbining these two contributions from disgrams A and B, we

obtain for the lowest order matrix element for the transition

= gew TU ?—o:%— i"" -2-; 91}/1 915 spin zero (38)

For negative mesons replace I by F in the bracket. This is of the form

(Equation 11) derived above, with the moment tensor for the Dirac field

M, = ____JQ_JL__Zﬁlﬁ_

7 o
wad cnbaonba  ag
M2 = ge\I/Uy 23,\,5. = VYV Ke°I (39)
XA - I,/ QK @A - Asgpek| L
=<bu T 2 \ - WI spin one

For negative mesons replace I by F in bracket and
UEA by - AK T, " (40)
In these expressions we can demonstrate gauge invariance by

substituting
2A
A+ axg
= a5 ¢ KA - (41)

which should leave the matrix element for the transition M2 unoha.nged.,

This is equlvalent to showing that repla01ng AP- by K“L reduees M2 to 2eroo

That this is so can be seen by inspection; using

L - R,
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If we now speeialize:to the transverse vector potential, A°I is

~zero since the momentum I, is along the direction of the photon momentum.

e

We then have for the spine-zero mesons

s T KA
ositive} = ge U — = =— 42
1y (p ) = geyp ¢ o T ‘ (42)
; N : Kb
(negative) =-ge Tou |x o ;EL - FNL A
2 Vr i Ke'g X 2F°K Y1
Ko I

Mo (positives)

B

Ko F

This is the same result as that obtained above (Equation 7).

The difterential cross section in the laboratory system'then éan
be obtained from

do = 277’M2l2 Pp - " | (43)
whére Mé is to be summed over meson and final nucleon spins and averaged
dver initial nucleon spin and photon polarization, The sum over meson
spin can be made easilyo If Gu'is the 4-vector representing the direction

of polarization of the meson which satisTlies

EU»qM = 0 divergence condition (44)
.

€12 + 642 = 2gq normalization condition (45)
0

then _
. i
r oEongen - ;L fp-tumg (46)
spin %o | Q°q

Carrying out the indicated sums and averages gives, after simplification

of resulting expressiomns in the laboratory system, for positive mesons

2 2 . =1 2
e l 2 3 2 2 - oK
& e w1 do _ 9°sin®@ (@ -k /?)+ 1 - &K scalar (47)
4T 47 2 K, dq, (g°K)? I°K
q sin e( YTZ/@) + 1 = X K pseudoscalér (48)

(3°K)? ;hg
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—t — [(1oK)% = 3 I°K goK + 15/4 (g°K)? + 1/2 (g-K)® (‘ t-L (49)
(g°K)® | K1 k2

222 - ' :
+ 9°sin”g &;GK)Z - 2K‘4 - 4K‘%] Vector

2K2 —

1

For pseudovector, add to vector

o 2 N
1 [:. 2 (g KL =Z_(K_%,;,K,)§ + 6 q2 sinzeJ . A (50)

3 v
(g°K) k

Finally, if we wish to apply these expressions to the calcula-
<
tion of the spectrum of mesons produced by a photon beam which is the
result of the bremsstrahlung of energy electrons, we can represent the

distribution of energies in the photon beam by

dK
¢ w =

where ¢)(K) is a factor, nearly one over the part of the spectrum of interest,

(51)

which indicates the degree of departure from the simple-gg-distributiono7
At a given meson energy, the distribution in photon energies leads to a
distribution in meson angies, with the energies and angle related by conserva-

tion of energy and momentum

2
1-gq, +q cosB

If

do .

3o, " £ (e, q,) . (53)
then _ . :

d 1 d
== £ (0, q) & dy)
dg da ° K df

Ko

= 2/2 —@-(-Kl £ (eg» qo)
G =N 2w
This spectrum is that shown in Figures 4, 5, 6 and 7, with(P(K) set equal

o omne.

i

7
‘W. Heitler, The Quantum Theory of Radiation, page 170
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IV Higher Order Corrections

The perturbation calculations carried out in II are for the lowest
npn=yanishing order in the coupling constents g and e, The corrections of
order es and higher are considered negligible, which is probably justified
for nonwrelativistic energies begause of the smallhess of the expansion

2
parameter-§}=v1; o Therefore, only terms of order eg3 are calculated,

~ The pseudoscalar theory is considered because it gives predictions in
qualitatiﬁe agreement with the experimental results of McMillan, et ala_.,l
aﬁd because of the simplicity of the théoryo Pseudoscalar coupling is.
used, which is equivalent to pseudovector coupling in lowest order but
not in the higher order processes, The calculations ﬁade are for energies
near threshold where the momenta of the particles can be ignored relative
to the rest energiss,

The possible diagrems for the corrections to the lowest order
result for the production of positive mesons are given in Figure 7. The

diagrams BS’ C, C, are forbidden since the nucleons indicated as interacting

1
ﬁith the photon are in the neutron state. Diagrams involving neutral mesons
are also omitted. Following Dysong6 we will first evaluate the corrections
t§ the basic operators whigh are inserted into the matrix element represent-
ing an irreducible diagrem, and then specialize to the diagrams listed in
Figure 7o  Go?rections of the following types appear (Figure 8)s

I. A nucleon, propagating as a virtual parﬁicles can emit and reabsorb a
virtual meson, This corresponds to Dyson's vacuum polarization of the

' éecbnd kind. The diagram includes nucleon mess and mesonic charge renormali-
zétion effEGtSo

II. & meson, propagating as a virtual perticle, cen produce & nucleon pair,

which then aunnihilate to give the meson again. The diagraem includes meson

maess and mesonic charge renormelization effects.
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III. A meson, interacting with :‘@:he electromagnetic field, can instead
produce a nucleon pair one of which interacts with the field.
IV., Vo A nucleon, interacting with the electromagnetic field, can emit a
virtual meson., Either particle can then interact with the field. This
corresponds to the nucleon anomalous moment terms. Disgrams III, IV, and V
include electronic charge renormalization effects,

For diagram I, the correction leads to the replacement of

»

1
P -1
by :
S - (P AN S A S
‘ 56
- _xzmif@m*S Y SR TI) =)

the integral can be evaluated, keeping convergence by integrating to a
fixed upper limit which will finally be allowed to become infinite, Lo give
| 1 | 2.
J(R) = 72 ( dx [a_g(l-ﬂ:) il X 21 (56)
| o | = ¥ |

where _
q)(?z) = x (P% +1) + (Lex)}c? = x°F° (57)
Following Dyson we now make the expension ‘

= + 9d + |
J(P) U(o) P“aPuP- R, {58)

where Rcz is finite as /\Zﬁoo ° Rc is now separated into
R = A + B(P-i) + (P-i) R ' : - (59)
where & and B are independent of P and R;'—> 0 as P2—> =1 and P— i,

The renc;malized J(P) then is :
poi)y? (*axf/ix (B-1)-2x - (P° +1) (1 - x) . 9C-1) 2x? jl-x)j ‘
(2 - )w go { P2 +1 4;(?2) ¢ (-1) (60)

Application to diagram By, Figure 7 gives
2
' ry, —&_ 1 1
B,) = — —
MQ( l) ge V/F Y5 16”2 [0 dx P W ¢ (61)

where the curly bracket is the same as above. Now if we use the properties
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of 7% to give
Vel 75 E-1)

T A :
lVF 7 @jg__; i)
-2 « R VT,

ut

we find

° ) .
My(By) = Mp(B)

']z? ( dx{ (-1 + x/2) 1néi(§%% 2 x°(1 - x) } (62)
0 ¢ o1 )
This integral can be evaluated numerically to give

. 2 :
M‘;(Bl)’_: -1.26 —l—iw—é— MZ(B)V (63)

The correction from this process could also be interpreted as a non-
static correction to the magnetic moment of the protoh.

For diagram II, Figuré 8, thg correction ieads tovthe{féplécement

v .
P +k?
by o ., § | . o
— £ — sp H —1— — (q89 o

Carrying out the indicated spur sum and integration gives for the
integral

IR) = -an? {1
]

L Y S
dx{'—)tzfd)ln-;— *cﬁ} O (es)
where o S S

4)(?2) = x(1-x) P a1 ) o (66)
Expansion about P2 = ~NZ gives L
B e B B R N T R (67)

where

: 1 7o 2 2 2 . 22
2 1/2 x° (1 = x)* (P° +n°)°[. 2
R, = 47[{ dx — 1+O(PZ*K~~ 68
¢ 0 { 1-x (1 -~x)r% )¢ (8)
Application to diagram Al, Figure 7, gives

M (4. = T -24°a 'l‘tqz [ (@ - K +k?
) = e A¢ KRR (@ -K)?2 +nr2 1592 [ 15 J 0
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2 2

Near threshold (q = K)2 + K = 2K
g2 5. 2

u) - MZ(A) Rl o (70)

Using this -

T .
l

Since Kzﬂv 1/%0 the contrlbutlon from thls hlgher order process is less.
than 1 percent,

For diagram III, replace 2 e A°P

by ,
i—z 1 1 1 R
2 - d 4/? sp }’5 . A '7/5 (71)
(277) _P_' *&-’i*gfﬁn‘i :i”i .. o
The 1ntegral, after taklng indicated spur sum, is
J(k) = esvrzap( dxjx ay ()
. 0 0 ‘

(1 mx)¢(K) +2x + 1 v (2 -3x/2) {111 M +;~3/2J
_zg_b_(K) | L kP

where S '
(P(K)= l=x(1—=x)rv -'.?.y(l—-x)KP..
and the final momentum P =4 K + Pt hes been taken to satlsfy the relatlon
for a free particle -
P2 *nz = 0
Subtraction of the charge renormalization term J(0) leaves the finite

expression

o 2 1 x 2x + 1
J(K) = J(0) = =87 A°P dx
o= e go 50 <¢<x) 4)(0)) )

+(2--5x/2)1 igi }

x 4/3 77 A°P rt
Application to diagrem A,, Figure 7s gives

B ) = e/e)
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where ‘ ‘
e'fe = g?/167% 4/5 K
Since KZAJI/ZOQ thevcon£ribution from this higher order process is again
less than 1 percento
Dlagram Iv, Flgure 8, also gives the anomalous magnetic moment

terms for a static field. The expression to be inserted for such a vertex

‘graph, with an initial proton, is

2, ' '
=ge 444y L Yy 28 o (1 =4)
(2m)* j ° £-4 [(x -2)2 +h2] [(F Q)Z mz] %)

'For an initial neutron, the interacting meson has a negative charge and

this expression changes sign. The integral is

1 X
2 _ . s (x=-y)1I=(1- x) e il ao
7 go dx So {:‘.—‘;{ 20 3/2} 2y [ 4}}2?1{) J a-1{ (76)

where

'CP(K) = Q- +y [1 #(1=9)1% +2 1K (1 wx):]

If one now uses the identity

ATl = a‘AE;{ + AL+ (.;_;_i_)_A_.pA LEI ; i) : _ ('77)

and subtfaqts the term for which K isrzero énd the nucleons satisfy the
Dirad equation for a free particle; i.e.
+ _sY = i
Vel (B-1) = @-19) ¥,
I2 = Fz = =]

one obtains the finite expression

21 . { n&)+ Q(ng)';N(lwx)éEé*i.l o 'ﬂ*_ﬁ‘“‘z —A_
7y e g e ja e e p @ 12 @my

Application to diagram B29 Figuye 7, with A°I = O for the initial nucleon

b d

at rest and a transverse photon, gives

M,(By) = e'/e Mp(B) | (79)
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where 5
x 2y

0 dy[yz b (1 - y)r? b #_J

Lo
<D
Py
I}

1
0

2 1677 § 'de

B

.88 z°/167%
Diagram V, Figure 8, also gives an anomalous magnetic moment term.

The expression to be inserted for the vertex graph is

2 : .
— |a 407 A v 1
(27,)4f sg“imi:;‘g__?ism (80)

The integral is

27/;: g:; i S_x { @4& i+ yE + (x -=y).11¢:;,L=[L- i=yE - (x = y)-Ll (.,8_1)
2 .

dy
0

+4/2 (in 7@/¢ - 3/2)3
whére
¢ (&) = x4 (1-x)r%=2(1-x) (x-y) BK+x(1 - x) F?
Subtraction of the renormalization term, using ' Y
Vp (E-1) = 1-9)Y_ = o0

and setting K = 0 leaves the finite expression

wz(ldx/"dj[-:;nwy<x-y>;~]§.[;:i-y;=<x-y>é (82)
0 )o " ¢ (x)
x2A ()

) =~ ¢k
Application to the diagram CSQ Figure 7, taking A°F = 0, gives
My (Cg) = e/e My (C) o (sa)

where

e'fe = B2 g°/167
and : . ;

Be) = o Vo 2 Y §

Farx

This is equivalent to & magnetic moment interaction for the neutron.
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If we examine these matrix elements, it is apparent that the
cbrrections from diagrams ‘I, IV, and V are equivalent to an interaction

by the nucleons with an anomalous moment in Bohr megnetons

_proton g2/167% (.88 - 1,26)

“’038
neutron  g2/167% (o88 = .32) = =,56

5 who also calculated

These”results are to be contrasted with those of Case,
the anomalous‘mdments for-a staticifield; using pseudoscalérzméépn theory,
He found thet for charge symmetric theory, tﬁe anomalous moments were
proton 065 g2/16w2
neutron . =1,61 g2/1672
where the notation has been adjusted to agree with that used here,

We find therefore that the correction of order eg3 is the sum
of the contributions from the graphs &3, As, Bl9 st 029 Cso The first
two give corrections which are less than 1 percent and can;be neglected»
relative to the others. The remaining correction is
g?/&6pz [-88 - 1026] My (B) - g2/167% [«088 + o52] My (C)

0.18 g2/1677 1 (B)

Since g2/47 is about 47 , we see that the contribution from the fourth

My

i

order terms is about one-sixth as large as that from the lowest order,

The smallness of the total effect, however, is due.to_near eaﬁcellation

of the large contributions from the individual effects, This cancella-
tion is probably fortuitous and. cannot be expected to be repeated for the
next order processes., We also see that the corrections do not‘affgqt the
predominance of nucleon moment interactions, characteristic’ of theipsaudo,
scalar theory, and that this is probably true if effects of even higher

order ars included.

V_Conclusions
We have seen that certain features of the process of production

"of mesons by photons are nearly independent of the nature of the coupling of
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mesons to nucleons, In particular one can expect through the measurement of
the diStribﬁtidﬁ in energy and angle of photc-mesons at energies above a
few Mevs

io To determine with some confideﬁce the spin of the meson,
through the characteristiq behaviour of particles with a magnetic moment in
the electromagnetic field.,. The strong energy dependence of the coupling |
of spinmdne'mesons to photons has been used previously by Christy and Kusaka9
5o demonstrate that cosmic ray meéons cannot be of this typeo

2, To examine fhe distribution of mesons sbout the nucleon, since
if the distribution extends to distances of the order h/uc, one would
expect that the electricadipgle terms would be predominant in the eoupling :
to tbe electromagnetic field, Only‘if the meson. distribution is singular,
10680, closely boﬁnd to the nucleons, can one expect the interaction with
the circulating currents of the megnetic moments to.becomelrélatively ‘
importante.

3o Thfbugh a measurement of the plus-to-minus ratio‘to determine
the effects of a meson ﬁggnetic_moment and the nature of the ancmaloﬁs
moments for the nucleons. The anomalous moments will be nearly independent
Qf the frequency of the electro-magnetic field only if they arercbnfined
to regions small compared with the wave=length of the radiation,.

The further details of the calculatiown made_With perturbation
theory can probably not be accepted quantitatively since higher order
corrections arewnot negligible. For example, explicit calculation Qf;
the higher order effects for the pseudoscalar theory predicts large B
anomalous magnetic moment interactions for the nucleons including correc= .
tions, as large as the lowest order terms, corresponding to polarization

of the vacuum by the nucleons, The anomelous moments are considerably

* 9Phys. Reve 59, 414 (1941)
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smeller than those which the nucleons exhibit in a static field and
different in sign for the proton, The importance of the corrections for
the pseudoscalar theory appears to be the result of the close binding of
the mesons to the nucleons, which in turn leads to the characteristic
predominance of the nucleon magnetic moment interactions in the production
process., Higher order effects, hov\rgver9 do not change the general features
of the lowest order results. There, therefore, seems to be ground for
hope that the lowest order calculations for all of the theories may
give qualitatively'cofrect results.

| The exporimental results obtained. by the Bgrkeley workers,z
although still preliminery, indicate that mesons of 40-100 Mev produced
by photons on hydrogen:are nearly ;sotropic in.angular distribution from
45=135 degrees in the laboratory system. The cross section for mesons
produced in this energy and angulaf range from hydrogen appears to decrease
slowly with increasing mgson energy. The magnitude of the total cross

28 cng can be fitted for the theories giving roughly

section, about 107

isotropic angular spectra at low energies (Figures 3 and 5) with a value

of the coupling cdnstant-zgig- of about 40 for pseudoscalar mesons and 004 for
c

pseudovector mesons. The mesons produced from céfbén show an excess of

negative over positive mesons in the ratio of 1.7 + 0.2 in the energy range

of 30-100 Mev observed at 90 degrees to the photon beam direction. This

is in agreement with the ratio given in Figure 1, with the assumption that

the neutron does not interact with the electromagnetic field. However,

it is not clear that the complications of the binding of the nucleons

in the carbon nucleus are unimportant. A more detailed study of the

dependence on énergy and angle of the negative-tc-positive ratio is being

carried on at present,
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These reSulﬁs all seem to indicgte_that the genersal features of
the pseudoscalar meson theory are correct, i.e., the zero spin of the meson
and the close binding of the meson‘cloud to the nucleons, It is hoped that
the degree of validity of these conclusions wili\be indicated as the
experimental work is completed,
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Titles of Figures

1o The ratio of the cross sections for the production of negative and
positive mesons, The solid curves are calculated with the assumption that
the neubtron does not intersct with the electromagnetic field, the dotted
curves with the assumption that the neutron interacts with the anomglous
moment chbserved in a static field, The energies indicated in this and the
following figures are the meson energies, which are related to the photon
energy as shown in Figure 9,

2? Angular distribution of scalar mesons from dK/k photon spectrum.

3o Angular distribution of pseudoscalaf mesons from dK/K photon spectrum.
4_° Angular distribution of vector mesons from dK/K photén spéctfumo

S0 Angular distribution of pseudovector meson from dK/k photon spéctrum»
6, Ratio of cross sections for production of positive and neéatiﬁe mesons,
vector and pseudovectér theory.

7o Diagrams for photo-meson production. Diagrams A,B,C éré féf production
in }owest order ge; diagrams with sqbscripts are for produétipﬁfin order
g% o

8s Details of highef order corrections,

9. Relation between meson and photon energy as & function of the angle

of the meson with the photon beam direction.
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