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ON THE EFFECT OF ROTATION ON THE LIFE-SPAN OF ANALYTIC
SOLUTIONS TO THE 3D INVISCID PRIMITIVE EQUATIONS

TEJ EDDINE GHOUL, SLIM IBRAHIM, QUYUAN LIN, AND EDRISS S. TITI

ABSTRACT. In this paper, we study the effect of the rotation on the life-span of solutions to the 3D
inviscid Primitive equations (PEs). The space of analytic functions appears to be the natural space to
study the initial value problem for the inviscid PEs with general initial data, as they have been recently
shown to exhibit Kelvin-Helmholtz type instability. First, for a short interval of time, that is independent
of the rate of rotation |2|, we establish the local well-posedness of the inviscid PEs in the space of analytic
functions. In addition, thanks to a fine analysis of the barotropic and baroclinic modes decomposition,
we establish two results about the long time existence of solutions. (i) Independently of ||, we show that
the life-span of the solution tends to infinity as the analytic norm of the initial baroclinic mode goes to
zero. Moreover, we show in this case that the solution of the 3D inviscid PEs converges to the solution
of the limit system, which is governed by the 2D Euler equations. (ii) We show that the life-span of the
solution goes toward infinity, with || — oo, which is the main result of this paper. This is established
for “well-prepared” initial data, namely, when only the Sobolev norm (but not the analytic norm) of the
baroclinic mode is small enough, depending on |Q2|. Furthermore, for large |2| and “well-prepared” initial
data, we show that the solution to the 3D inviscid PEs is approximated by the solution to a simple limit
resonant system with the same initial data.

MSC Subject Classifications: 35Q35, 35Q86, 86A10, T6E07.

Keywords: inviscid primitive equations; fast rotation; limit resonant system

1. INTRODUCTION

For large-scale oceanic and atmospheric dynamics the vertical scale (a few kilometers for the ocean,
10-20 kilometers for the atmosphere) is much smaller than the horizontal scales (several thousands of
kilometers). The following 3D viscous primitive equations (PEs) has been a standard framework for
studying geostrophic adjustment of frontal anomalies in a rotating continuously stratified fluid of strictly

rectilinear fronts and jets (see, e.g., [10 29} (30, [34], B8] [46] 53] [55] and references therein):

O + v - Vo + wd,v — v Av — 10,0 + Qut + Vp = 0, (1.1)
0.p+T =0, (1.2)
OT +v-VT +wo, T — kp AT — k,0,,T =0, (1.3)
Vov+d,w=0 (1.4)

in the horizontal channel {(xl,xz,z) :0 <z < H, (x1,22) € '11‘2}, subject to the following initial and
boundary conditions:

(UvT)|t:O = (UOaTO)v (15)
(UzawaTz)|z:O,H = 07 (16)
v, w, T are periodic in (z1,z2) with period 1. 1.7
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Here the horizontal velocity field v = (v1, v2), the vertical velocity w, the temperature T, and the pressure
p are the unknown quantities which are functions of the independent variables (&', z,t) = (z1, 22, 2,t). The
2D horizontal gradient and Laplacian are denoted by V = (9;,,0y,) and A = 0y, 5, + Ouya,, respectively.
The nonnegative constants v, v, ki, and k, are the horizontal viscosity, the vertical viscosity, the horizontal
diffusivity and the vertical diffusivity coefficients, respectively. The parameter {2 € R stands for the speed
of rotation in the Coriolis force, and v = (—wg,v;). The 3D viscous PEs is derived by performing a
formal asymptotic limit of the small aspect ratio (the ratio of the depth or the height to the horizontal
length scale) from the Rayleigh-Bénard (Boussinesq) system, and this limit is justified rigorously first by
Azérad and Guillén [2] in a weak sense then later by Li and Titi [49] in a strong sense with error estimates.

The global existence of strong solutions to the 3D PEs with full viscosity and full diffusion was first
established by Cao and Titi in [19], and later by Kobelkov in [39], see also the subsequent articles of
Kukavica and Ziane [44] [45] for different boundary conditions, as well as Hieber and Kashiwabara [35]
for some progress towards relaxing the smoothness on the initial data by using the semigroup method.
This result has been improved later by Cao, Li and Titi [I5] 6] 7], where the authors proved global
well-posedness for 3D PEs with only horizontal viscosity, i.e., with v, > 0 and v, = 0. On the other hand,
with only vertical viscosity, i.e., v, = 0 and v, > 0, Cao, Lin and Titi established recently [I8] the local
well-posedness of the PEs in Sobolev spaces by considering an additional weak dissipation, which is the
linear (Rayleigh-like friction) damping. This linear damping helps the system overcome the ill-posedness
in Sobolev spaces established in [54]. See also [20] for a similar idea on the effect of this linear damping.

When v}, = v, = 0, the inviscid PEs without coupling with the temperature is also called the hydrostatic
Euler equations. In the absence of rotation (€ = 0), the linear ill-posedness of the inviscid PEs, near certain
shear-flows, has been established by Renardy in [54]. Later on, the nonlinear ill-posedness of the inviscid
PEs without rotation was established by Han-Kwan and Nguyen in [33], where they built an abstract
framework to show that the inviscid PEs are ill-posed in any Sobolev space. Moreover, it was proven that
smooth solutions to the inviscid PEs, in the absence of rotation, can develop singularities in finite time
(cf. Cao, Ibrahim, Nakanishi and Titi [14], and Wong [57]). It is shown in [37] that these results on the
finite-time blowup and the ill-posedness can be extended to the 3D inviscid PEs with rotation, i.e., 2 # 0.
By virtue of the finite-time blowup results, one can conclude that there is no hope to show the global
well-posedness of the 3D inviscid PEs, even with fast rotation. The optimal result one can expect is that
fast rotation prolongs the life-span of solutions to the 3D inviscid PEs.

The linear ill-posedness results mentioned above show that the linearized 2D inviscid PEs (as well
as the 3D case [37]), around a special steady state background flow, has unstable solutions of the form
u(t,r,2) = e?™FTekty; (), where Rop = Ak for some A € R and A # 0. Such Kelvin-Helmholtz type
instability, which is similar to the one appears in the context of vortex sheets (see, e.g., [13], and the survey
paper [8] and reference therein), precludes the construction of solutions in Sobolev spaces for general initial
data. To overcome this strong instability, one should consider initial data uy that are strongly localized
in Fourier, typically for which |ao(k, 2)| < e~k with 6 > 0 and s > 1. Such localization condition
corresponds to Gevrey class of order s in the x variable. Kelvin-Helmholtz type instability forces us to
choose s = 1 for the well-posedness result, which is the space of analytic functions. This is consistent with
positive results reported in [43] and in this paper. Notably, for the Prandtl equations, which have some
similarities in its structure with the PEs, is shown in [28§] that its linearization around a special background
flow has unstable solutions of similar form, but with Roj, ~ AWk for k > 1 arbitrarily large and some
positive A € R;. This implies that the optimal Gevrey class order s for Prandtl equation is s = 2, which
is consistent with the positive results reported in [23| [48]. This shows that the linear instability of the
inviscid PEs is “worse” than that of the Prandtl equations.

Due to the ill-posedness discussed above, in order to show the well-posedness of the inviscid PEs,
one needs to assume either some special structures (local Rayleigh condition) on the initial data or real
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analyticity for general initial data [IT} [12], 3T, 42, 43, 51]. In particular, the authors in [43] established the
local well-posedness of the 3D inviscid PEs in the space of analytic functions, but the time of existence they
obtained shrinks to zero as the rate of rotation || increases toward infinity. This is contrary to the cases
of the 3D fast rotating Euler, Navier—Stokes and Boussinesq equations, where the limit of fast rotation
leads to either strong “dispersion” or averaging mechanism that weakens the nonlinear effects and hence
allows for establishing the global regularity result in the Navier-Stokes case, and prolongs the life-span of
the solutions in the Euler case, by Babin, Mahalov and Nicolaenko [4] 5] [6] [7] (see also [211 24] [25], B8] [40]
and references therein). In addition, we refer to [3 [32, 41}, [50] for simple examples demonstrating the above
mechanism. This suggests that one should be able to show that the fast rotation prolongs the life-span of
the solution the 3D inviscid PEs.

For mathematical simplicity, we consider system ([I)-(T4) with Ty = 0, which implies T' = 0 for
smooth solutions. By considering the inviscid case, i.e., v, = v, = 0, in this paper, we are interested in
the effect of rotation on the 3D inviscid PEs

v +v - Vo +wd,v + Qut +Vp =0, (1.8)
d.p =0, (1.9)
V-v+0,w=0, (1.10)
in three-dimensional unit torus T3, subject to the following initial and boundary conditions:
V]i=0 = o, (1.11)
v, w are periodic in (z’, z) with period 1, (1.12)
v is even in z and w is odd in z. (1.13)

Observe that the space of periodic functions with respect to z with the symmetry condition (LI3)) is
invariant under the dynamics of system (L8)-(LI0). If H = i, the solution to system (L8)-(LI0) in T3
subject to (LII)—(LI3) restricted on the horizontal channel {(x’,2): 0 < z < 1, &’ € T?} is the solution
to system (L8)—(LI0) subject to the physical boundary conditions, i.e., w|._¢ 1 = 0 and v, w are periodic
in =’ with period 1, and initial condition vy being even extendable in z variable. Working in T? allows us
to use Fourier analysis, and makes the mathematical presentation simpler and more beautiful.

The paper is organized as follows. In section 2, we introduce the main notation and collect some
preliminary results. In section 3, we establish the local well-posedness of the 3D inviscid PEs (L8)—(10)
subject to (LII)-(LI3) in the space of analytic functions. The short time of existence of the solution we
obtain is independent of . This improves the result in [43], in which the short time of existence of the
solution shrinks to zero as || increases toward infinity. This © dependence of the short time of existence
in [43] arises from the pressure estimates that the authors obtain in terms of the Coriolis parameter. The
key idea to avoid pressure estimates is to decompose the velocity field into the barotropic and baroclinic
modes, and to apply the Leray projection to the barotropic mode evolution to eliminate the pressure. In
section 4, independently of ||, we show that the life-span of the solution tends to infinity as the analytic
norm of the initial baroclinic mode goes to zero. Moreover, we show in this case that the solution of the 3D
inviscid PEs converges to the solution of the limit system, which is governed by the 2D Euler equations.
The intuition comes from the observation that the 3D inviscid PEs is reduced to the 2D Euler equations
when the baroclinic mode is zero initially. In section 5, we explore further the structure of the inviscid
PEs with rotation and derive its formal limit resonant system when |Q2] — oo. Let us emphasize that this
limit resonant system is not solely the 2D Euler equations when the initial baroclinic mode is not zero.
Moreover, we investigate this limit resonant system and establish its global regularity in both Sobolev
and the analytic functions spaces. In section 6, we establish the main result of this paper, namely, the
life-span of the solution to the 3D inviscid PEs goes toward infinity, with |©2] — oco. This is established
for well-prepared initial data, namely, when only the Sobolev norm (but not the analytic norm) of the
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baroclinic mode is small enough, depending on |Q|. Furthermore, for large |Q2| and “well-prepared” initial
data, we show that the solution to the 3D inviscid PEs is indeed approximated by the solution to the limit
resonant system that is the main feature of section 5. In section 6, we also provide some rationals and
discussions on why we need the smallness condition in the well-prepared initial data. The last section is an
appendix, which is devoted to stating and proving technical lemmas concerning key nonlinear estimates.

2. PRELIMINARIES

In this section, we introduce the notation and collect some preliminary results that will be used in
this paper. The universal constant C' appears in this paper may change from step to step. When we use
subscript for C, e.g., C,, it means that the constant depends only on r.

2.1. Functional Settings. We use the notation = := (z',2) = (71,72, 2) € T3, where x’ and 2z represent
the horizontal and vertical variables, respectively. T2 is the three dimensional torus with unit length.
Denote by L?(T?*), the Lebesgue space of real valued periodic functions f(x) satisfying [1, | f(2)|*dz < oo,
endowed with the norm

1= W llzacen = ( [ 17(@) P, (21)
coming from the inner product
() = [ H@)(@) do 22)
'JI‘3

for f,g € L*(T3). Given time 7 > 0, denote by LP(0,7;X) the space of functions f : [0,7] — X
satisfying fOT | f(t)||%dt < oo, where X is a Banach space and || - || x represents its norm. Similarly, denote

by C([0,7]; X) the space of continuous functions f : [0,7] — X. For function f € L2(T3), we use fj to
denote its Fourier coefficient, so that

f@)= 3 fuetmike, fu= [ e f@)da. (2.3)
kez? T3
For r > 0, define the following H" norm
L oN1/2
Wl o= (30 (0 REDLIR) (2.4)
keZ3

The Sobolev space H"(T?) is the set of all L?(T?) functions for which (2.4)) is finite. We also denote the
corresponding H"” semi-norm by

. /
17l = (30 W 170) (25)
keZ3

For more details about Sobolev spaces, see [I]. Let a = (ai,a2,a3) € N3 denote mult-indices. The
notation

3 3
0% =0210220%,  al=> a;, ol =]]aq (2.6)
j=1 j=1

will be used throughout. For s > 0, a function f € C°°(T?) is said to be in Gevrey class of order s, denoted
by f € G*(T?), if there exist constants p > 0 and M > 0 such that for every z € T? and o € N?, one has

o sl < 215 (27)
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Denote by A = \/—(A+ 9..), subject to periodic boundary condition. For each s > 0 and r > 0, we
define a family, parameterized by 7 > 0, of normed spaces
D™ HY(T%) = {f € H"(T%) : || f|| g < o0}, (2.8)

where the norm is defined by

TAY/s r 2r|k|l/s
lem 4 e s= (0 (1 [Rf2rer )
kez3

kaQ)l/z- (2.9)

Let us denote the semi-norm by

r T 1/s r or 1/s, » 1/2
AT = (O e R ) (2.10)
kez3
then it is easy to see that
T 1/s r T 1/s
™ fllF = 1A 12+ LA (2.11)

For more details about Gevrey class, we refer the readers to [26] 27, [47]. The next lemma comes from [47],
addressing the relation between Gevrey class G*(T3) and D(e”"" : H"(T3)).

Lemma 2.1. For any s > 0 and r > 0, we have

G (%) = | D" - H7(T%). (2.12)
7>0

Althought our definition of the norm HeTAl/S Sz is slightly different from [47], the proof of this lemma
is almost the same, and we refer the readers to [47]. The next lemma comes from [47] (see also [26]),

addressing an important property of the space D(eTAl/S . H™(T3)).

Lemma 2.2. If s > 1, 7 > 0, and r > 3/2, then ’D(eTAl/S : H"(T®)) is a Banach algebra, and for any
f.g€ D(eTAl/S : H™(T3)), we have

T AL/ s TAY/s FALY/s
le™ " (f )l < Coslle™ ™ Fllarlle™ " gl (2.13)

For the semi-norm, we also have similar estimate

r TAYs ¢ r TAYS ~ r TAYS
147 () < Crs (1ol + 1477 1) (Ig0] + 47€7 g

\). (2.14)

For the proof, we refer the readers to [26] for the case when s = 1, and to [52] for the case when s > 1.

Remark 1. Since the inviscid PEs is linearly ill-posed in Sobolev spaces and Gevrey class of order s > 1
[37, 54], we focus on Gevrey class of order s = 1, which is equivlent to the space of analytic function.

2.2. Projections and reformulation of the problem. In this paper, we assume that f,ﬂ,g vo(x)dx = 0.
This assumption is made to simplify the mathematical presentation. See Remark[Blfor detailed explanation.
Integrating (I.8) in T3, by integration by parts, thanks to (LI0) and (I.12), we obtain

at/ vdx + Q/ vidx = 0. (2.15)
T3 T3

Therefore, for any time ¢ > 0, v has zero mean in T3 :

/ vdx = g = 0. (2.16)
T3
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Denote by

i?= {go € L2(T,R?) : /

o(z)dz = 0}. (2.17)
T3

Denote the barotropic mode T and baroclinic mode v by

1
v(z') = / v(@',2)dz = Z ek T Px) = —T = Z tpe?mik®, (2.18)
0

keZ3,k3=0 kEZ3,]€3;ﬁ0
From boundary condition (I.I3]) and the incompressible condition (II0), we know that
1 1
V-7= / Vv(a', z)dz = —/ dw(x',2)dz = 0. (2.19)
0 0

Since V - ¥ = 0, and ¥ has zero mean over T? due to ([2.16]), we know there exists a stream function 1 (z’)
such that © = V49 = (=0,,%, 0;,v). That is, v € S, where

S:= {cp €i?:v.g= O} = {gp €L?:p=Vty() + QZ(:B)} (2.20)
For ¢ € L2, the rotating opeartor is
T =¢" = (~p2.01). (2:21)
Denote the 2D Leray projection by
P,p:=%—- VATV . 5. (2.22)

Here, we denote by ¢ = A™'% when A¢ = @ and [, ¢(x')dz’ = [, B(x')dz’ = 0. Inspired by the 2D
Leray projection, we define the projection Pg: L2 — S as

Psp :=p+ Pyp. (223)
Then, we can define an operator P: S — S as
Py := Ps(T ). (2.24)
A direct computation using V - @ = 0, we obtain
Py =gt. (2.25)
It is easy to see that the kernel of P is
kerP:{cpES:ch:O}z{goeS:gv:@}. (2.26)
Therefore, we define the projection Py : S — ker P as
1
Pyp:=p= / o(x', 2)dz, (2.27)
0

which actually projects any vector ¢ € S to its barotropic mode. Now applying Ps to equation (L8],
thanks to (L9), and since v € S, we get

O + Ps(v - Vo + wd,v) + Q- = 0. (2.28)

Next, applying Py and I — Py to equation (2.28)), by integration by parts, thanks to (LI3) and (2Z19), we
derive the evolution equations for the barotropic mode ¥ and the baroclinic mode v:

8t6+Ph(v~Vv) +]P’hP0((V T4 va) —0, (2.29)
OV +T-Vo+7-VT+T-Vi— Po(a- Vo + (v-m) - (/ v-a(:c',s)ds)azm Ot =0.  (2.30)
0

In summary, we have the following lemma.
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Lemma 2.3. Forv € S, system ([8)-(110) is equivalent to system (Z29)-(230).

Notice that if we consider vy € ker P, i.e., consider 7p = 0, then from (230) we can see ¥ remains zero.
Therefore, system (2.29)—(2.30) reduces to the 2D Euler equations, which is globally well-posed. Based
on this observation, we establish the first long time existence result in section 4 by assuming the analytic
norm of vy is small. In order to investigate the effect of rotation, we further study the evolution of the
baroclinic mode. This can be done by further decomposing the baroclinic mode in order to identify the
resonant and non-resonant parts due to the rotation.

0 -1

Since the rotation matrix J = (1 0

) corresponding to Jv = U+ has eigenvalues +i, with corre-

. . 1
sponding eigenvectors \% (:FZ.), we can define

Prpi= (I - %M?@)E% () =32 (1)), (1) - 5+ (231)

ro=(t-me g (G)s (B) =20 () () 3690 e

Here the inner product (-, -)g is the usual Euclidean inner product. Similar ideas and projections for 3D
rotating Euler equations can be found in [24, [40]. In fact, the operator P has three eigenvalues, 0 and =+i.
These three projections Py and P1 project v into the eigenspaces corresponding to 0 and F¢. To be more
specific, the following lemma addresses that we can use Py and Py to decompose any vector filed ¢ into
three parts that are orthogonal to each other.

and

Lemma 2.4. For any ¢ € L*(T?), we have the following decomposition:
p=PFPop+ Prp+ P_op. (2.33)
Moreover, we have the following properties:

PiPrp=Prp, PoPop=DPyp, PiPrp=PPrp=PiPyp=0. (2.34)
Proof. The proof is straightforward from the definition of Py and Py, and the fact that @ = i =0. O

For projections Py, P+, we have the following properties.

Lemma 2.5. For f,g € L?(T?), we have
(Pof.g) = (f. Pog) = (Pof, Pog), (2.35)

and
(P f.g) = (f, Pzg). (2.36)
Here the L? inner product is defined as (Z3). If f € H"(T3) with r > 0, then for |a| < r, we have
8Pof = Pod*f and 9°Pyf = Ppd®f. (2.37)
Moreover, if f € D(eTAl/s : H"(T?)) with s >0 and r > 0, we have

ATe™ Py f = PyATe™A ] (2.38)
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Proof. For ([235]), we compute

(Pof,g) = /11‘3 (/01 f(m’,z)dz)g(:c’,z)dw’dz

= /1T2 (/01 f(:c’,z)dz) (/Olg(w',z)d2>d:v/ = (Pof, Pog)

= N f(m’,z)(/ol g(w',z)dz)d:c/dz = (f, Pog).

For (2.34]), one has

(Psf,9) = % /T (f £if ) (x)g(x)de =

:% / ((F9 = 1) Filfg* - 34 ) (@)dw = | J@)@F g @) = (f, Psg)

% /TB ((fg ~To)£i(frg - Tlg)) (x)da
For (237), if as = 0, we have
Py f = 82‘1182‘22/ f(@', z)dz —/ 091092 f(x', z)dz = Py0* f,
0P f = 50305 [( — Pof) i — Pof)*]
= 5[0 - morp = itens - mor )| = Piory.
If ag > 0, thanks to periodic boundary condition, we have
O“Pof = 83‘1183;80‘3/ f(@' 2)dz=0 —/ 05109202 f(x', 2)dz = Pyd” f,
0P f = L0 05200 [(f — Pof) (] — Pof)t] = 20 %0 )

=3 [(8“]“ ~ Py f) £ i(0°f — Poaaf)ﬂ — PLO°F.

Therefore, for any |«| < r, (Z37) holds. The proof of ([2:3]) is straightforward, so we omit it.

For Leray projection P, we have the following properties.
Lemma 2.6. For f, g € L?(T?), we have
<tha g> = <f7 ]P)hg>7

and

PnPof = PoPnf.
If f € H™(T3) with r > 0, then for |a| < r, we have

0P f =PrLof.
Moreover, if f € D(eTAl/s : H"(T?)) with s >0 and v > 0, we have

Are‘rAl/S]P)hf _ ]P)hAreTAl/Sf.

(2.39)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)
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Proof. For the proof of (243)) and ([243]), see [22]. For [2.44), we compute
PLPyf = Pof — VATV - (Pof) = Pof — Po(VA'V - f) = PP, f. (2.47)
For (244]), one has

r TAYS r TAYS 7 k'A Tik-x R
AT P = ATeT A [Z(fk— |k|];kk)62 e 4 fo
k0
. (2.48)
s a k- . s
= >Rl (- |k|{k k)e2mike — P ATt g,
k40

]

For the relation between the norm of v and the norms of ¥,v in L?(T3) and D(eTAl/s : H"(T3)), we
have the following Lemma.

Lemma 2.7. Let v = Pyv+ (I — Py)v =7+ 0. Suppose that r >0, s >0, and 7 > 0, we have
[l = |[=]1* + [|7]1%, (2.49)

and
||eTA1/S,U |2 ”e'rAl/Sﬁ

. 1/s
= 1%+ le™ 0% (2.50)

Proof. Using Fourier representation of v, 7, v, one has

v = E ,&ke%mk»m’ T = E ,{)ke2mk-a:, 7= E ,&ke%mk-a:' (251)
kcZ3 kez? kez?
ks=0 ks#£0
Then we have

loll* = > o> = > 1ol + > lowl® = I7l1* + |10, (2.52)

kez? kez? kez?

k3=0 k3#0
and
||6TA1/SU ﬁ{r _ Z (1 + |k|27‘627\k|1/s) @k|2
keZ3
= 3 @+ R o 2 ST (L Rk = (e T+ e TS (258)
3 3
ket heg?

O

Observe that we can write 7+ in equation ([Z30) as v~ = —i(Pyv — P_v). Hence applying P+ to (Z30),
we have

8tPiv+Pi(5-w+5-vv+v-v5—P0(a-W+(v-ma)

z ., B . (2.54)
- (/o V-o(x ,s)ds)@zv) FiQPrv =0.
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By setting uy = e P, v, u_ = **P_v, multiplying e~** to the equation for Pyv and e*¥ to the
equation for P_v, we can rewrite (2.54]) as

Bpuy + TN, (5. Vi +7-VT+T- Vo — Py(@- Vo + (V- 3)7)

- (2.55)
- (/ V-, s)ds)aza) —0.
For the uy part, thanks to Lemma 24 and [2.3T]), we have i
P (V- V) = %(5- Vo + it - Vit — %Po(a- VT + i - VTH)
N ) | (2.56)
= 30 V(E+itt) - 3R (5- V(@ + wL)) = i (5- Vs — Py - Vu+)),
P, (v-V7) = %(5-W+ﬁ~wl) = %5-V(ﬁ+ﬁl), (2.57)
P, (5-V?) = %(5 VU400 - V) = (T - Vuy), (2.58)
PP, (5- Vi + (V- ’5)5) ~0. (2.59)

Observe that by integration by parts one has
P, ((/ V-, s)ds)aza) _1 ((/ V-3, 5)ds)0.T + i(/ v, s)ds)BZEJ‘)
0 2 0 0
- %Po((/ V- 3(x, 5)ds)0.T + i(/ Vo, s)ds)BZEJ‘) (2.60)
0 0

:emt(/ V-0, s)ds)d.uy + e Py ((V . ?;ju+>
0
Therefore, uy part in (2.55) becomes

8tu+ = —(5 V’Uur +5 . VUJr — Po(a . VUJr —+ (V . 5)U+) — (/ V . 5(33/, s)ds)@qur)
0

_%efiﬂt(g. V) (T + wt). (2.61)

Using ¥ = uq e + u_e™®¥ we can furthermore rewrite ([Z.61) as

Dpuy = —e'¥ (u+ -Vug — Po(uy - Vug + (V- ugp)ug) — (/ Vug (2, s)ds)(?qur)
0

—(5 -Vug + %(qu V) (T + WL)) - e_2iﬂt%(u_ -V)(@ + ivt)

—e (Vg = By Vg (Voudun) = ([ Vou @)t ). (202

From (ZG2), one can identify the resonant and non-resonant parts due to the rotation. Notice that u_ is
the complex conjugate of uy, therefore, by taking complex conjugate of ([2:62), we obtain the evolution
equation for u_ as:

Dpu_ = —e 1 (u_ -Vu_ — Py(u— - Vu_ + (V- -u_)u_) — (/OZ Vou_(x', s)ds)@zu_)

—(U Vu_ + %(u_ V) (T — mL)) - emt%(m V) (@ — ivt)

¢ (uy - Vu — Pyl - a4+ (V- up)us) / V(@ 5)ds)o.u ). (2.63)
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Using v = uy e +u_e ¥

, we can rewrite (Z.29) as:
04T 4 Py (T - VT) 4 ¥ 4P, Py (u+ -Vug + (V- u+)u+) + e 2P, Py (u, Vu_ + (V- u,)u,)
+Py Py (u+ -Vu_ +u_ - Vuy + (V- up)u_ + (V- u_)u+> =0.
Since uy = eFT% Py = %emm(ﬂi iv+), and P, commutes with Py, the last term becomes
PPy (u+ -Vu_ +u_ - Vuy + (V- up)u_ + (V- u_)u+>
= PPy, (u+ Vu_ +u_-Vuy +(V-ugp)u_ + (V- u,)u+>
_ %poph (- 95+ 3 V5t 4 (V0o + (V- 7)) = %PoPh(V|’17|2) 0.
Therefore, one obtains
T + P, (T - VT) + U P, Py (u+ -Vug + (V- u+)u+)

+e2Up, Py (u_ Vu_ + (V- u_)u_> =0. (2.64)

In summary, we have the following lemma.

Lemma 2.8. Forv € S, system [(L8)-(LI0) is equivalent to system (2.62)-([2-64)).

For the relation between the norm of ¥ and the norms of uy in L?*(T?) and D(eTAl/S : H"(T?)), we have
the following Lemma.

Lemma 2.9. Let uqy = %e:”m(i:l: ivt). Suppose that r >0, s > 0, and 7 > 0, we have

1, -
sl = flu* = 11311, (2.65)
and
T 1/s T 1/s 1 T 1/s

€74 us e = e w3 = Sl 5 (2.66)

Proof. For ([2.65]), we have

1 - 1.

ol = Juc | = gy = 3+ i, 5 - i) = L] (2.67)

For (2.66]), notice that

||Are7—A1/su+||2 _ ||AT‘6TA1/SU_||2 _ <AT67—A1/SU+,AT67—A1/SU_>

1

"1

Thanks to ([2I1), we know (Z.66]) holds. O

) . ) (2.68)
(A7e™ A" @+ ivt), ATem A (@ — i) = §||A’”e”‘1/ 712

In sections 3 and 4, we focus on system (2.29)—(2:30) since the results are independent of the rate of
rotation. In section 5 and 6, our focus is on the effect of rotation, and we focus on system (Z.62)—(2.64).

We also need the following Aubin-Lions theorem.
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Lemma 2.10. (Aubin-Lions Lemma, cf. Simon [56] Corollary 4) Assume that X, B and Y are three
Banach spaces, with X —<— B — Y. Then it holds that

(i) If F is a bounded subset of LP(0,T;X), where 1 < p < oo, and F; := {%Lf € F} is bounded in
LY(0,T;Y), then F is relative compact in LP(0,T; B).

(i1) If F is a bounded subset of L>°(0,T;X) and F; is bounded in Li(0,T;Y), where ¢ > 1, then F is
relative compact in C([0,T]; B).

3. LocAL WELL-POSEDNESS

The local well-posedness of system (L)1) in the space of analytic functions is established in [43],
The time of existence of solutions obtained in [43] shrinks to zero as || increases toward infinite in the 3D
case. The reason behind this is that the pressure term was computed explicitly, which contains 2. This
makes the estimates dependent on , and thus forces the time of existence of solutions shrink to zero as ||
increases toward infinite. In this section, we show that the time of existence of solutions is independent of
. The idea is that instead of system (L8))—(T10), we consider (2:29)—(230)), where the pressure disappears
due to Leray projection. To be precise, in this section, we study the local well-posedness in the space of
analytic functions of the following system:

atmph(w- W) +1P>hpo((v BT+ va) —0, (3.1)
QT +7T-Vi+7-Vi+T-Vi— PO(’E- Vi + (V- 5)5) - (/ v -5(:c',s)ds)azi+ Ot =0 (3.2)
0
in T3, subject to the following symmetry boundary conditions and initial conditions:
T, are periodic in T? and are even in z; (3.3)
ﬁ|t:0 = 50 = P()Uo, fl;|t:0 = 50 = (I — P())Uo, V . 50 = 0 (34)

Observe that whenever v € S then 7,v € S.
We have the following theorem concerning the local well-posedness of system B1)—(B.4]).

Theorem 3.1. Assume Tp, 09 € S N D(e™4 : H"(T?)) with r > 5/2 and 79 > 0. Let Q € R be arbitrary
and fized. Then there exist a time

70
= — 0, 3.5
e e P e P 3
and a function
7(t) = 70 — 2tCr (1 + [[e™ D037 + [le™ o] 3 ), (3.6)
both independent of (2, such that there exists a unique solution
(@) € SNL®(0, T;D(e" ™ . H™(T®))) N L*(0, T; D(e™ V4 : H™F1/2(T?))) (3.7)

to system (F1)—(54) on [0,T]. Moreover, the unique solution (U,v) depends continuously on the initial
data, in the sense of (3.71)).

Thanks to Lemma 2.3 and [27] we have the following corollary for the original system (L8)—-(TI3).

Corollary 3.2. Assume vg € SND(e™A : H"(T?)) with r > 5/2 and 79 > 0. Let Q € R be arbitrary and
fized. Then there exist a time T defined in (F3) and a function 7(t) defined in (3.8), both independent of

Q, such that there exists a unique solution

v e SNL®(0,7T;D(e” A H(T?))) N L2(0, T; D(e" WA - HH1/2(T3))) (3.8)
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to system (L8)-(113) on [0,T]. Moreover, the unique solution v depends continuously on the initial data.

For the proof of Theorem [B.1], we first work on Galerkin approximating system of [B.I))—(3.4]), and provide
energy estimates. Then, using Aubin-Lions compactness theorem, one can show the existence of solutions
to system (BI)—(B4)). Finally, we establish the uniqueness of solutions and its continuous dependence on
the initial data.

3.1. Galerkin approximating system. In this section, we employ the standard Galerkin approximation
procedure. For k € Z3, let

\/§e2wi(k1m1+k212) cos(2mksz) if k 0
(bk = ¢k1,k21k3 = 2mi(k1x1+kox ( ’ ) i 3 # (39)
e (k1z1+koxa) 1fk3:oa
and
E:={pec LT |¢= Z Ak Pky Ay, —ka ks = Ok ky ks> Z Jak|* < oo} (8.10)
bezs keZ3

Notice that € is a closed subspace of L?(T?), and consists of real valued functions which are even in z
variable. For any m € N, denote by

Em = {SE€LX(T?) | 6= Y andh, O by —haks = Gy oy s (3.11)

[k|<m
the finite-dimensional subspaces of £. For any function f € L?(T?), we write I, f := Z\k\gm fk¢k. Then
I1,,, are orthogonal projections from L?(T?) to &,,. Now let
Tm= > a)op@), Tm= > b(t)gu(a,2). (3.12)
0|k <m,k3=0 k| <, k30

From this definition, we know that T,,, = Py(Tn + Uy ) and v, = (I — Py)(Tpn, + Up ). Consider the following
Galerkin approximation system for our model BI)-B2):

O + Py, (Em . Wm) FIL,.PL Py ((v T ) + T - Wm) —0, (3.13)
Oy + I [am N + T - VT + T - Vo — Po (am N + (V- ’5m)am)
: (3.14)
— (/ V- Em(w',s)ds>8z5m} + QU =0,
0
subject to the following initial conditions:
5m|t:0 = HmﬁOu ’Um|t:0 = Hm’UO (315)

For each m € N, the Galerkin approximation, system ([B.I3)—([3.15]), corresponds to a first order system of
ordinary differential equations, in the coefficients ag and bg, for 0 < |k| < m, with quadratic nonlinearity.
Therefore, by the theory of ordinary differential equations, there exists some t,, > 0 such that system
BI3)-BI5) admits a unique solution (T, Up,) on the interval [0, ¢,,]. Observe that from [BI5]), we have
ar(0) and b (0) € C satisfying a—k,,—k,,k5(0) = af, , x,(0) and by, —, k5 (0) = 0%, 1, 1, (0). Thanks to
the uniqueness of the solutions of the ODE system, we conclude that a_k, —k, ks (t) = ag, 4,1, () and
boky,—ka ks () = % hy s (t), for t € [0,¢]. Therefore, Uy, 0y, € En. Thanks to ([B.I5), we know that
V - T,(t = 0) = 0. Applying 2D divergence on [B.I3]), we have 0;(V - T,,) = 0. Therefore, we know
V -0y, = 0. In next section, we provide the energy estimates for the Galerkin approximation system.
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3.2. Energy Estimates. In this section, we establish the energy estimates for the Galerkin approximation
system BI3)-BI5). By virtue of Lemma 2.5 and Lemma [2.6] and since V - 7, = 0, we have

1d

STl + [7m?) = (316)

Integrating in time yields
[T O + [T (N = [Tm 0)]* + 7 (0)[I* < 7ol + [Tl *. (3.17)

Therefore, (3.I7) implies that the solution v, and v,, exist global in time. Next, employing Lemma
and Lemma 2.6] we derive the estimate for the analytic norm, that is,

;ZHAT rAg 12 = F|| ATH2eT AT, |12 - <Arem(5m _ Wm),Arem%>
—<ATeTA((v ) m) ATe™AT >— <ATeTA(5m~V5m),ATeTAEm> (3.18)
and
2dt||AT e ATn||? = T||Ar+1/2 A2 — <AT‘6TA (17m i v,l")'m)jA’r‘eTA;Um>

<AT TA( va) ATeTA5m> <AT TA( va) AT eTA5m>
+<AreTA((/Z V- O (2 s)ds)&z'ﬁm) , AreTA5m>. (3.19)
0

Add estimates BI8)-BI9) together, and add [|A"™+Y/2e74%,, || + ||A"+1/2e747,, || to both sides. By
Lemma [A-THA 3] since v, and v,, have zero mean, thanks to Young’s inequality we obtain

1d ~
2dt(||Ar TA—m||2 + ”Ar TAvm” ) + (||AT+1/2€TA5m||2 + ||Ar+1/2€TA,Um||2)
< (7_+ C (||A’r’ TAEmH + ||Ar ‘rAva) + 1) (||AT+1/2€TAUm||2 + ||AT+1/2€TA5m||2)
< (F+ G+ e Tl + e Tl ) (JA7H 26745, |2 4 | 472745, 7). (3.20)

Remark 2. Here we add the term || A71/2e74%,,||2 + || A"+1/2¢74%,,|| to both sides so that one can obtain
the regularity in L?(0, T; D(e™4 : H™+1/2(T3))).

Let 7 satisfy

420 (1 + [[e™40|| 3 + [|€™To | 7) = 0, (3.21)
for which we can solve out that

7(t) = 10 — 2tCr(1 + ||e™AT0|| % + [|e™AT0]| % ). (3.22)

Denote by

T0

T = — >0, 3.23
T 20,1 + oMol + v ATol) (323)

we know that
(t) > 7(T) = 0 >0 (3.24)

14 2C (1 + |le4o|| 3 + [le™ 40| F)
on t € [0,7]. Here we require C,. to be large enough such that

C, >2(Cr+C._1), (3.25)

r—3
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where C, appears in B%0) and C, 1 appears in (B68). By the continuity of 7, ||e™47,,[%., and
lle™ 40 [|%, there exists a maximal time 77 € (0, 7] such that

€™ 4%, (D17 + €™ D400 (0) |17 < 201 €™ D0ll7- + €™ Tl 7 ) + 1 (3.26)
ont € [0,71]. We claim that 73 = 7. On [0, 71], from B26), we know
F 4 Cr(L+ €7l Frr + €7 0| 7r) < 7+ 2C(1 + [|e™To | 3 + [le™*To|1Fr) = 0. (3.27)
From (320), on ¢t € [0, 71], we have
1
2 C;lt (”Ar TA—m||2 + ||Ar TAva ) + (||AT+1/2BTAﬁm||2 + ||Ar+1/267'A;Jm||2) < 0, (328)
and thus
|A7em T4, (TP + [ A7e™ TG, (Th)|? < [|Ae™ 4o ||* + || A"e™ 4T . (3.29)
This together with (B.I7) give us
€™ T4, (T3 + lle™ 74T (T F- < lle™ Dol 7 + €™ 0| 77 (3.30)
Therefore, if ’Tl < T, then by continuity, there exists some 73 such that 73 < T3 <7 and
€™ T2 2%, (T2) 3 + €™ T4 (T2) 30 < €7 T4 (T) 3 + €™ 74000 (T) |1 + 1
< 2([le™ 0|7 + lle™ ol Fr) + 1, (3.31)

which contradicts to the maximum assumption on 77. Therefore, 71 = 7. Thus, (3.20)-(328)) are satisfied
on [0,7]. Therefore, 827) holds on [0, 7], and we obtain

™ 4T ()17 + ™ @4 ()17 < ™ol 7 + €™ Tol1F (3.32)

For arbitrary fixed 7* € [0,7], from [B22)), we know that I[nl,I71_ ]T(t) = 7(T*). Fort € [0,7T"],
te[0,7*
integrating ([B.20) from 0 to ¢ in time, we obtain

|A7e™T AT, (1) + || A7e™ T D45, (1))
42 /t (||Ar+1/2€T(T*)A— (5)[[2 + [|A™H/2e7 T4 ()] )
< ||f‘1T€T(t(;AUvn(f)||2 +[|ATem 04T, (6)]17
4 /Ot ("Ar+1/2eT(S)A— (5|2 + [|ATH/2e7 ()45, (5)] )
< [JA7e™ 4T, (0)|7 + (| Ae™ 4T, (0) 12 < [le™ oI + [|e™4To | Fr-- (3.33)
The estimates [BI7) and B.33) together imply that
Ty, U are uniformly bounded in L (0, 7*;D(e” M4 - H)) N L*(0, T D(e” M4 : H™T1/2)),  (3.34)
and

Um, U are uniformly bounded in L% (0, 7*; D(e” (T4 tH")) N L*(0, T D(e” (T4 HT+1/2)). (3.35)

By Banach—Alaoglu theorem, there exist a subsequence, denoted also by Ty, U, and corresponding limits,
U, v, respectively, such that

T — T, U — 0 weakly* in L (0, 7% D(e” 74 . H))
and weakly in L*(0,7*;D(e” T(THA HT+1/2)) (3.36)

Moreover, v and v also satisfy the bound in [B.33). By virtue of Pyv,, = U, and Pyv,, = 0 for any m € N,
thanks to the convergence in (836]), one has Py = v and Pyv = 0, which clarifies the notation.
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In order to apply Aubin-Lions compactness theorem, we need some estimates on 9;v,, and 0;v,,. By
taking L? inner product of (B13)) and ([3.14) with arbitrary ¢ € L?(T?), thanks to Lemma 2.5 and 2.6] we
have

<atam, ¢> + <wm T, ]P’hl'lm¢> + <(v T )T+ B - Vi, PoPhHm¢> —0, (3.37)
<atam, ¢> + <a7m B 4 T - Vg + T - Vim — Po (am N+ (V- 5m)am)
_(/ V- O s)ds) 0.Tm + QL nm¢> —0. (3.38)
0

By Hélder inequality and Sobolev inequality, thanks to ||IL,¢|| < [|@]], |Prd|| < |4, and ||Pog|| < ||¢]| for
any ¢ € L*(T3), since r > 5/2, we have

(00, )| < ColImm e + [mll3) 61, (339)

(04, &) < Collmlze + 1T + 120 [Tl 6] (3.40)

Next, applying A7~1/2¢7(T)A to BI3) and BI4), and taking L? inner product of (FI3) and (BI4)
with arbitrary ¢ € L?(T3), thanks to Lemma 2.5 and 2.6, we have

<Ar—1/2eT(T*)Aaﬁm’¢> + <Ar—1/2eT(T*)A(@m ) VUm),]P’hHm¢>
+<Ar—1/267(7*),4((v T T + Ty 'V’ﬁm),PoPhHm¢> =0, (3.41)
<AT*1/267<T*>Aat’ﬁm, ¢> + <AT*1/267<T*>A [ﬁm T + T - VT + Ty - Vi
_P (am VT, + (V- mam) - ( /0 V(@ s)ds) 0.m + Qﬁ,ﬂ : Hm¢> = 0. (3.42)

By Cauchy—Schwarz inequality and Lemma 2.2] since r > 5/2, we have
‘ <A7‘—1/2€T(T*)Aat5m’ ¢> ‘

. . . . (3.43)
< G (I T Tl e T ATl e + 16T Al 17T ) ]
‘<AT71/267'(7’*)A8t;Jm, ¢>‘
3 3 X (3.44)
< Cr (Il T4 T 3o + 6™ T A 310 + QN AT T A5 1) 6]
By virtue of the bound (335, from B.39)-[3.40) and B.43)-B44), we have
d¢Ty, are uniformly bounded in L? (O,T*;’D(eT(T*)A : HT_1/2)) N L> (0, T* L?),
d¢Uy, are uniformly bounded in L! (0, T*;D(eT(T*)A : Hrfl/z)) N L™ (O,’T*; L?). (3.45)

By Banach—Alaoglu theorem, we have
DTy — 0T weakly in L*(0, 7% D(e”" T4 . H™=1/2)), weakly* in L>(0,7*; L?),
O¢Um — 04U weakly* in L (0, 7% D(e™7 )4 . H™=1/2)) n 1> (0, T*; L?). (3.46)

From ([B35) and (345), since D(e™ : H™) s D(e™ : H™) when r; > ry, by proposition EI0, for a
subsequence and 0 < € < 1/2, the following strong convergence holds:

Upm — U, Um — U strongly in C(O,’T*;D(eT(T*)A tH™™9))nL? (O,’T*;D(eT(T*)A : HT+1/2_6)). (3.47)
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3.3. Existence of Solutions. In this section, we establish the local in time existence of solutions to
system BI)-B4]). More specifically, we show the limit functions ¥ and v we get from previous section
satisfy BI)-B2) and B7). First, since V - Ty, = 0 for any m € N and thanks to the convergence (3.47),
one has V.o = 0. By taking inner product of equation (3.13) and (.14 with test function ¢ € L?(0,7*; L?)
in L2((0,7*) x T?), we have

(01T + TP (T V) + TuPPo (V- 5 ) + T - Vi ), 6) = 0, (3.48)
<atam 10, [5m N + T - VT + T - Vo — Po (’5m Vo + (V -5m)5m)
—( / V() s)ds)aﬁm} Ot ¢> —0. (3.49)
0

From (3.36) and (3.48), we know that (Q¥;,,¢) — (0, ), (0Tm, d) — (9:T, ¢) and (BUm, ) — (0,7, 9).

For nonlinear terms, we consider, for example,
‘<Hm]P’h (@n : Wm),¢> - <]P’h (5 : Vﬁ),¢>’ - <am Ty, HmPh¢> - <5 VT, Ph¢>’
< ‘<5m V(T — D), HmPh¢>‘ + ‘<(@m — 7). v, HmPh¢>‘ n ‘<5 VT, (P — Ph¢)>‘

< Co(Imll 0,717y + Tl 07+3017) ) [T = Bl 20,7+ 91l 20,7122
G0l 10 7+, M = DMl L2 (0,7+:22), (3.50)

‘< / V- U (2 s)ds)@ vm,¢ / V- oz’ s)ds)8v¢>‘

< } /0 V-Em(w',s)ds>8z(5m -0),0 / V- v)(, s)ds)(? v Hm¢>‘

_|_‘<(/Oz Vv -o(z, s)ds)aﬂ, (e — ¢)>‘

= OT(WmHL”(O,T*;HT) + ||5||L°°(0,T*;Hr)) 0m — Ul 20,7+ 87 | Pl L2(0, 722
+C 017 40,7+, 1) 1T ® = Bl L2(0,7+:22) (3.51)

where we have used Hoélder inequality, Sobolev inequality, and r > 5/2. By virtue of of (8:35]), (3336) and
B0, the right hand side of (B50) and BXEI) go to zero as m — .

One can show similarly that all other nonlinear terms converge to corresponding limit terms. Therefore,
for arbitrary ¢ € L?(0,7*; L?), we have

<8ﬁ+]P’h (5-%) +PhP0((V BT+ - va),¢>> —0, (3.52)

<aﬁ+a-va+5-w+v-va_Po(5-wm+(v-m)

and

—( /0 Vi s)ds)azm Ot ¢> ~0, (3.53)

and this implies that B and @2) hold in L?(0,7*;L?). Moreover, from (B.48), we conclude that
@) holds in L2(0,7*;D(e” 74 : H™=Y/2)) N L>(0,7*; L?) and B2) holds in L'(0,7*;D(e”7 )4

H™Y/2)) N L>(0,7*; L?). Next, due to (34T), one has, for every ¢ € [0, T*], T (t) = D(t), U (t) = B(t)
in L?. In particular, U,,,(0) — 7(0), 0,,(0) — 9(0) in L2. On the other hand, by ([B.15]), we have T,,(0) — vy,
m(0) — Tp in L%, As a result, v, satisfy the desired initial condition: ¥(0) = v and ¥(0) = vp. Recall
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that the choice of T* € [0, T] is arbitrary, and in particular we can choose T* = T so that all of the results
above hold with 7* replaced by 7.

Finally, we need to show 7). First, it is obvious that (7,v) € S. Recall that for arbitrary 7* € [0, T],
by [B33]) and the convergence (3.30), we have

[ A7e™TIAT()||2 + | A7 TIAG(R)||? < [|ATe™ AT |? + [|ATe™ A% |12, (3.54)
for t € [0, T*], and especailly for ¢ = 7*. Therefore,
1A7em T AB(T)|[2 + [|ATe™ TAG(T)(|? < [|A7e™ 4% ||* + [|ATe™ 4T |, (3.55)
for any 7* € [0, T]. Since the L? energy is conversed, we have
e™ AT ) 1 + 7T 40T 7 < e TollFr + €T 3 (3.56)

Therefore, the solution (v,7) € L>(0,T;D(e” 4 : H")) for 7 = 7(t) defined in (32J).
In order to show (v,7) € L?(0, T; D(e™®4 : H™+1/2))  define the inner product:

Z/ (1+ [k OFN (f - gr)dt (3.57)

keZ3

L2(0,7;D(e"®4 : H+1/2)) with inner product defined by (357) is a Hilbert space. By setting 7* = T
in B.34), we know {T,,,} and {v,,} are bounded sequence in this Hilbert space, and therefore there exist
weak limit 7* and v* such that

/ 7O ()13 120t < lim in / 1€ OAT, (8) |20 2t < 00, (3.58)
0
/0 ™A (1)[3r11/2lt < lim in /0 1™ OAT (8) 250112t < o0, (3.59)

Thus, (7%,0%) € L2(0,T;D(e"®4 : H™+1/2)). By uniqueness of weak limit, we know 7 = 7*,7 = %,
thus, (0,9) € L*(0,7;D(e™ 4 : HT+1/2)). Therefore, (87) holds. The existence of solutions to system
BI)-B4) is proved.

3.4. Uniqueness of Solutions and Continuous Dependence on the Initial Data. In this section,
we show the uniqueness of solutions and the continuous dependence on the initial data. Let (v1,71) and
(T2,U2) be two strong solutions to system BI)—(34) with initial data ((Do)1, (Vo)1) and ((To)2, (Vo)2),
respectively. Assume the radius of analyticity for initial data ((o)1, (V9)1) is 710, and for ((Do)2, (Vo)2) is
T20- Let T0 — min{Tlo,Tgo}, and

M = max { e @)1 3 + €m0 @)1 I3 ™A @02 e + ™A @o)al3e }. (3:60)

Denote by T = 7; — U2 and U = 07 — U2. By virtue of (322) and (3:23)), we define

70

Ft) =70 —2C,(1+ M), T = ETeRGE S (3.61)
Here C, satisfies ([3.23]).
From previous sections, and by the definition of 79 and M, we know
(T3, 0i), (1,0) € L=(0,T; D(e" D4 . H")) N L2(0, T; D(e7 DA - HTH1/2)), (3.62)

and
le™ T3 + ™43 < M (3.63)
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for i = 1,2. From BI)-(B2), it is clear that
87 + By, (5 VT + Ty - w) + ]P’hPo((V YL+ (V- B2)T+ T - Vi + s - va) =0, (3.64)
O+ T+ Vit + T V0 + 0+ V1 + T VO 4T Vit + 72 V5 — By (V- 0)1 + (V- )0

T VT + s - w) - (/ v ~i7(:c’,s)ds)8zi71 - (/ v ~52(m/,s)ds)8z5+ Opt =0, (3.65)
0 0

Taking L? inner product of [3.64) with 7 and [B.65) with ¥, applying A”~1/2¢™ to ([3.64) and (3.65)
and taking L? inner product with A" ~/2e747 and A" /2747y, correspondingly, thanks to Lemma 25 and
Lemma [2.6] we have

1d
2dt
+<5-V51 + 72 - Vo4 (V-0)v; + (V- 02)v 4+ v - VU + U2 -V5,5>

(I OATWIZ /o + 17 OATW) 372 ) = F (14742 + ]| A77452)

+<A’"*1/Qe” (6 VT + T2 VO + (V- 0)01 + (V- 02)0 + 0+ Vi + B - va),A’“*l/?e?A@
+<5-v51 Ty V4TV 40y VO4T- V0 + Dy - Vo

—(/ V-E(m’,s)ds)@zﬂl - (/

0 0

+<AT*1/QJA [5- V01 402 - VO +70 -V + 0 - VO+T- VO +Ts- VO

—(/0 vz, s)ds) 9,7 — (/0 V- (@, s)ds) aza],AT—l/ze*A5> =0. (3.66)

V- (2, s)ds) 0.7, ’17>

Thanks to Holder inequality, Young’s inequality and Sobolev inequality, since r > 5/2, and noticing that
T and v have zero mean over T3, we can apply Poincaré inequality to have

Ka-vm+52-w+(v-5)51+(v-52)5+5-v51+52-v5,@>
+(5- Vo1 + T2 VI + 5 Vi1 + 52 - VI + T Viy +72- Vo
( / v -i(a!, $)ds ) 0. — ( / Y Bo(a’, 5)ds)0.5.7)

0 0
< Co (11l + WTall e + 1l e + W2l ) (1T + 101032

< C (Il + T2l + [l e + 12l ) (11477452 + [ 47€745]2), (3.67)

where the last step we apply Poincaré inequality. For higher order part, thanks to Lemma [A.THA 3, by
Young’s inequality, we have

‘<AT‘1/2e*A (@ VT +To - VT + (V- 0)0 + (V- 0)0 + 7 - VU + Ty - Vi) , Ar‘l/2e“5>
+<AT*1/2JA [5- VU, + 02 Vo470V, 4+ 02 - VO+7- Vi, 4+ 0y - VO
—( / V-ﬂ(m’,s)ds)@z’ﬁl - ( / v-52(;,;’,s)ds)aﬁ],AH/Qe”a>
0 0

3 (17T + 75 e + ™ol + 74T ) (1477472 4+ A7T45)2). (3.68)

<C,

r—
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Combining (3:66)-B.68)), thanks to ([B25]), we have

Ld( = () A
5 7 (OO sz + 17O /2

< [+ 50 (1741 lme + 1745 e + 17Tl + 74D )]

X (||Are‘ff“v||2 + ||ATJA5||2). (3.69)
Since ||e7AT;|| % + [|€7A%; |4 < M for i = 1,2, by Cauchy-Schwarz inequality, we know that

L1 A - A~
4 5C (74T + 74T + 74T + 74T )

< —2C,(1+ M) +V2C,VM < (\/75 —2)C,(1+ M) <0, (3.70)

for t € [0,7]. Therefore, for t € [0,7], we have

™ OAB() 3172 + 1™ AT 512 < €™ D0 Frmm1/2 + €74 Toll 37012 (3.71)

The above inequality proves the continuous dependence of the solutions on the initial data, and in
particular, when Ty = vy = 0 and 719 = 729, we have 7 = v = 0 for all ¢ € [0, 7~'] Moreover, from ([B:23)),
@81), and the definition of M in ([360), we know T = 7. Therefore, the solution is unique, and we
complete the proof of Theorem B.11

Remark 3. In case that [, v(z)de = [, (z')de’ # 0, the only change in system BI)-(B4) is in B1)
which will become

8tv+IP’h( Vv)—i—IE”hPO((V-T))E—f—T)-VE)—i-Q 7t (a')dz’ = 0. (3.72)
']1‘2

The additional term € fW 7t (x')dx’ appearing in (3.72)) does not change the energy estimates. Since

/T ] 7t (' )dx' - /T ] o(x')dx' = 0, (3.73)

the conservation of L? norm does not change. Since fTQ T+ (x')dx’ is a constant vector in spatial variables,
when we apply the operator A"e™ to it, it will disappear. Therefore, this additional term does not affect
the higher order energy estimates. Thus, when fW o(x')dx’ # 0, we still have the same results.

4. LONG TIME EXISTENCE OF SOLUTIONS

In this section, we establish the long time existence of solutions to system BI)-([B4) provided that
the analytic norm of vy is small. Notice that we do not assume any smallness in Ty, and therefore, we do
not have smallness in vg. The motivation is that, when ¥ = 0, system BI)-(Bd) reduces to 2D Euler
equations, for which we have global solution in the space of analytic functions (see [47]). Therefore, if vy
is small in the analytic norm, one can expect that the solution to system BI)—([B.4) exists for a long time.
In section 6, however, we will demonstrate that system BI)—(B4) exhibits a different behaviour for large
value of | when we assume U is small only in Sobolev norm, but not in the analytic norm.



THE EFFECT OF ROTATION ON THE INVISCID PRIMITIVE EQUATIONS 21

4.1. 2D Euler equations. Consider the following 2D Euler equations in T?3:

OV +V-VV +VP =0, (4.1)
V-V =0 (4.2)
V(0) = V. (4.3)

Here V depends only on two horizontal variables 2’. The global existence of solutions to system (@II)—(Z.3)
in Sobolev spaces H” with r > 3 is a classical result, see, e.g., [9]. Moreover, from equation (3.84) in [9],
for 7 > 3, we have

d — — —
IVl < Gl (L4 [V]ar). (4.4)

Let ||Vo|lzr < M for some M > 0. Since In* x + 1 < 2In(z + e), by setting W (t) = |V (¢)|u- + e, from
4], we have

d

EW <C,WinW. (4.5)
Therefore, we get the following bound:

eCr

VOl <W(t) < WO = ([Vollar +e)”" < (M+e)*"" =0, (1). (4.6)

We need the following lemma for the purpose of this section. For its proof, we refer the reader to [47].
Lemma 4.1. For f,g € D(e™ : H™t1/2) where r > 5/2 and 7 > 0, one has
(ATeTA(f - Vg), AT g) | < CL(| AT FIIIATG I + IV - fllo= ] ATe™g]I)
—|—OTT||AT+1/2€TAJC||||AT+1/26TAQ||2. (47)

Moreover, if r > 3, then ||ATt'/2eTAf|| can be replaced by ||ATe™ f||.

Based on Lemma (] the authors in [47] proved the global existence of solutions to system (@1)—(3])
for initial data in the space of analytic functions. For completion, we state it here, with slight difference
compared with the original statement in [47].

Proposition 4.2. Assume Vo € SN D(e™4 : H"(T?)) with r > 3 and 79 > 0, and suppose that
eToAVO g < M for some M > 0. There exists a non-increasing function
9

7(t) = 19 exp ( - C, /Ot h(s)ds), (4.8)
where
B0 = [ Tolly + 0 [ 63, ), (1.9
and Oz (t) defined in ([4-0), such that for any given time T > 0, there exists a unique solution
V e L=(0,T; D(e” @4 . H(T?))) (4.10)
to system (4.1)-(4.3). Moreover, there exist constants Cpr > 1 and C, > 1 such that

e DAV (1)1 < B2(8) < O Y. (4.11)
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4.2. Long time existence of the 3D inviscid PEs. The following is the main theorem of this section,
which concerns the long time exsitence of solutions to system (BI)—(B4) in the case when the analytic
norm of Ug is small.

Theorem 4.3. Assume Ty € S N D(e™4 : H+(T?)), 5p € SND(e™4 : H'(T?)) with r > 5/2 and
70 > 0. Let Q € R be arbitrary and fized. Let M >0 and € > 0, and suppose that ||e™ 4% || gri1 < M and

lle™A%0 || g < €. Then there are constants Cay > 1 and C,. > 1, and a function K(t) = ng;p(crt), such
that if T = T (70,€, M,r) satisfies
-
/ K gs = E, (4.12)
0 2¢

then the unique solution obtained in Theorem [ satisfies (T,v) € SN L>®(0,T;D(e” A . H"(T3))), with
¢
T(t) =e" Jo K(o)ds (7 — e/ K ds). (4.13)
0
In particular, from {12), T Z In(In(In(1))) — oo, as e — 0.

Thanks to Lemma 2.7, we immediately have the following corollary.

Corollary 4.4. Assume vy € SND(e™4 : H™1(T?)), and the conditions of Theorem [[-3 hold. Then the
unique solution obtained in Corollary[F2 satisfies v € SN L®(0,T;D(e™ A . H"(T?))), with T defined in

(#12) and T defined in (£.13).

Remark 4. For the proof of Theorem 4.3}, we only establish formal energy estimates. However, these formal
estimates can be justified rigorously by establishing them first for the Galerkin approximation system and
then passing to the limit using the Aubin-Lions compactness theorem, as we did in the previous section.

Remark 5. The constants Cj; and C, in K(t) may change from step to step in the proof, and always
larger than 1. When necessary, we use Ki(t), Ka(t),... to emphasize the changes in Cp; and C,. Two
useful inequalities are

t t
/ K(s)ds < Ky (t), / KOs < F1® (4.14)
0 0

for some new K7 (t). At the end, we choose some suitable and large enough Cps and C, for the K(¢) in
Theorem Similar abuse of notation will also be used in the rest of sections.

Proof. (proof of Theorem {3l) Let V be the unique global solution to the 2D Euler equations ({@I)—#3)
in the space D(e™ ()4 . H™+1(T3)), with initial condition V' = T and 7 (¢) satisfying EX). Let ¢ :E—V.
Applying Py, to [@I), taking the difference between B and (A1), and writing (3:2) in terms of V and
@, we have

atawh(a Vo+6-VV+V- va) +]P’hP0((V-5)37+T)- va) -0, (4.15)
aﬁw-v5+5-v5+7-va+5-v&w-vV—Po((v-mw-w)
—(/ V - 5(s)ds) 0.0 + Qv =0, (4.16)
0

with initial condition

3(0) =To — Vo =0, 3(0) = 7. (4.17)
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First, by virtue of ([3.I7), and since the L? energy is conserved for V, thanks to triangle inequality, we
have

11 + 1121 < 2(|[@]1* + [IV1]* + 111*) = 4][7o]|* + 2110 (4.18)

Next, applying A"e™ to equation @I5) and (@I6), and taking L? inner product with A"e™¢ and
ATeTAT, respectively, thanks to Lemma 2.5] and Lemma 2.6 since Pyv = 0, we have

L IATETAG? = A2 A (AT (G V), ATeTAG)
_<AT‘67'A($,VV),AT6TA$> _ <A7‘ AT . V), ATe TA¢>
<Ar AT . VE), AT TA¢> <A’r‘eTA((V.;E);[)’>,ATeTA5>7 (4.19)

”Ar TAN ”2 7‘_||AT+1/2€TA5||2 _ <Are~rA(f17' v5)7Are~rAf17>

N =
&‘|Q‘

—<Are”‘(5 VD), Are”‘&7> - <ATeTA(V VD), Are”‘a7>

—<A’“e”‘(5- Vo), A’“e”‘a> - <A’“e”‘(5- V), ATeTA’17>

+<ATeTA((/Z Vo, s)ds)azﬂ),ATeTA5>. (4.20)

0
Thanks to Lemma [A-THA 3] we have
‘<ATETA(5'V5)7ATQTA5>‘ i ’<Ar AT . VE), AT TA¢>‘

+‘<ATeTA((V D)), A’”e”‘5>‘ n \<Are”‘(5- V5), A7eTAT)
+|(arem (G- 7o), arem )| + |(AreT AT V), A7)
+‘<AT6”‘(( /0 Ve, s)ds)aza),ATeTA5>

< Co(| A€ G| + | AT AT ) (A 2eTAGY 4 | AT 2eT AT ?). (4.21)

Here we use the fact that v and ¢ have zero mean value. For v, since v = 0, so its mean is zero. For ¢,
since V' and v both have zero mean value, therefore, ¢ also has zero mean value.

By virtue of Lemma A} since V - V = 0, one obtains
‘<Ar AV V), ATe TA¢>‘ T ‘<AT€TA(V.V5)’A%TA5>‘
< CATN(ABI? + IATT|?) + Corl| AT 2T AT (AT 27 4G|2 4+ A2 A5)2). (4.22)
From Lemma 22 thanks to Cauchy-Schwarz inequality, and since ¥ and ¢ have zero mean, we have
‘<Ar TAG . VV), ATem AT > +‘<AreTA(5_VV),ATeTA5>‘
< Collem AT s (I ATAGP + [ ATemA2). (4.23)

Combining all of the estimates above, we have
1d
2dt

< (4 Coll A7) + A7) + Corlle™ P |z ) (A7 274G 4 [ A7+ 2e7472)

— ([1A7e™4o* + || ATe™ 7%
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+CplleT AV [gres (| A7) + ]| 47752, (4.24)

As indicated in Remark Bl we will use Ky, K1, Ko, ... to indicate the change in K (t) from step to step,
and all of them are increasing double exponentially in ¢. Recall that 7 is defined by ([&J]). Indeed, there

exists a function K(t) such that 71 (t) > roe~ Jo Ko(9)ds et 7 < 7. Recall from (@II), we have

™AV (1) s < e DAV ()] grrsn < COPED = ¢ (1), (4.25)
Denote by
F= ||AT67—A$||2 + ||AT€TA1~)||2, G = ||Ar+1/2e7—Aa||2 + ||AT+1/267A5||2. (4.26)
We can rewrite (£.24) as
d
SF <20+ C.FY2 4+ 7K5)G + Ko F. (4.27)
Notice that when 7 satisfies
7+ C.FY? 4+ 7K,y <0, (4.28)
we have
F(t) < F(0)edo K2(5)ds < p(0)es() (4.29)
and therefore
CLF(t)Y? < F(0)1/2eKa®), (4.30)
Notice that F(0) = ||A"e™47, || < ||e™4% ]|, < €2. From , we require that
H
%(T&fﬂt Kz(s)dsy 4 eedo K2(9)ds gKa(t) < (4.31)
Thanks to ([@I4]), we have
elo Ka(s)ds gKa(t) < oKs(t) (4.32)
for some new K5(t). Therefore, instead of [@31), we require that
%(Tef; Ka(s)ds) | oK) < ) (4.33)

Integrating ([@3T]) from 0 to ¢ in time, we have
t
T(t)efot Ka(o)ds < 7y — e/ eKs(9) s, (4.34)
0

Recall that we also need 7(t) < 71(t) and we know that 71 (£) > roe~ Jo Ko()ds  Therefore, for a new and
suitable function K (t), we can set

t
P(t) = e 3 KOs (ry ¢ / K9 ds) (4.35)
0

such that 7(t) satisfies the condition in (@28) and also 7(t) < 71(¢). One can see 7(t) > 0 on t € [0, 7]
when 7 satisfies

T K(s) 3. _ 10
e®¥ds = —. (4.36)
0 26

Since K (t) is double exponential in time, and fOT K ds < TeXK(M < e2K(T) wehave T 2 In(In(In(2))) —
oo ase— 0.
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From (#29), since ¢ and ¥ have zero mean, we can apply Poincaré inequality to obtain
le™@AG(D) 1 + [le™ AT |3 < 2K (4.37)

when K (t) is chosen suitably, on t € [0, T|, with 7(¢) defined by (£38). From (@II]), and since 7 < 71, we
know [|e” AV (t)| g+ is also bounded on ¢ € [0, 7]. By triangle inequality, we have

™A@ |z + e OYT(0) |re < Ne™ DG e + ™DV O + 1™ D45 |11 < 00 (4.38)
on t € [0, T]. Therefore, the time of existence of the solution to system BI)—(34) satisfies [@I12). O

4.3. Convergence to the 2D Euler equations. Based on Theorem [£.3] we have the following result
concerning the convergence of solutions of the 3D inviscid PEs BI)-(@2) to solutions of the 2D Euler
equations ([@I)-(3) in the space of analytic functions.

Theorem 4.5. Assume a sequence of initial data {U5 = Tofnen C SND(e™A : H™1(T?)) and {0§ }nen C
SND(e™A : H"(T3)) with r > 5/2 and 70 > 0. Let Q € R be arbitrary and fized. Suppose ||e™ATg || gr1 <
M for some M >0, and ||e™%F || gr < €, with €, — 0, as n — co. Then there are constants Cpr > 1,
Cr > 1, and a function K(t) = C’f\;p(cTt), such that for each n € N, if the function 7 (t) and the time Ty,
satisfy

t Tn
T (t) = e Jo K()ds (7 — en/ X ds), / K gs = 27——0, (4.39)
0 0 €n

the solution to system (31)-(3-A) with initial data (T3,7%) satisfies (T",3") € S N L¥(0,Tp; D(e™ 4
H™(T3))). Let V. € SN L(0,00;D(e” DA : H(T3))) be the unique global solution to the 2D Euler
equations [{1)—-([#-3) with initial data V (0) = vg. Then, (T",0") converges to V fort € [0, 7o), as n — oo,
in the following sense:

le” t)A( + " — V)(t)”HT < eneK(t) — 0, as n — 0. (4.40)

Proof. Denote by En = 7" — V. By virtue of the proof of Theorem 3] we just need to prove the estimate
[E40). Since 79(t) < 7™(t) for any n € N, from (£37), one has

17" OAT @)l + 117" OAF" @)l < [l OAT D) e + [l OAF (D)l < e0eKO (4.41)
when the function K (¢) is chosen suitably. Therefore, we have
[ OA@ 4T~ DY Ol < e AT Ol + 7" OGO lar < ea®D. (4.42)

As n — 0o, we have €, — 0, and therefore, e,e®*) — 0. This completes the proof. g

5. LIMIT RESONANT SYSTEM

In this section, we derive the formal resonant limit resonant system of the original system (B.1)—(B.2)
as || — oo, and establish some properties of the limit resonant system. Recall from ([2:62)), we have

Opuy = —e¥ (u+ -Vug — Po(uy - Vuy + (V- ug)uy) — (/ Vug (2, s)ds)ﬁqur)
0
1
—(5' Vu+ + §(U+ . V)(E—F iEL)>
—e M (u_ -Vuy — Po(u— - Vug + (V-u_)uy) — (/ Veu_(x, s)ds)azu+)
0

—67215“5(1147 . v)(6+ ZEL) — _e’LQtII _ IO _ eizﬂtlfl _ 67215“172, (51)
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where
I :=uy -Vuy — By (u+ -Vug + (V- u+)u+) — (/ Vuy (2, s)ds)@qur,
0
_ 1 o
Iy =7 -Vuy + §(u+ -V) (@ + iv),

Iy :=u_-Vuy —F (u, -Vug + (V- u,)qu) — (/Z V. u,(m’,s)ds)aqur,
0

I 5= %(u_ -V)(T +ivt).

Observe that I is a typical resonant term. Unlike the case of the 3D Euler equations where there are
frequency selection resonances, in this resonance term, Iy, all frequencies resonate.

We can rewrite (5.1]) as
i/ , 1 . P , 1 .
Bt [U+ — é(elﬂtfl — e_thI_l — 56_21975]_2)} = —é (GZQtatfl — e‘thatI_l — 56_219756,5]_2) — Io. (53)

Denote by the formal limits of u,,u_,o to be Uy, U_, V. By taking limit 2 — oo formally, we obtain the
limit resonant equation for w4 is

_ 1 _
Uy = ~(V - V)Us = 5 (U V)(V + V). (5.4)
By taking the complex conjugate, we obtain the limit resonant equation for u_ is
_ 1 _
U~ = (V- V)U- = S(U- - V)(V - V). (5.5)

For the limit equation for 7, recall from (Z64]) that
81:5 + ]P)h(ﬁ . Vﬁ) + €2iQtPhPO (’LL+ . VUJ,_ + (V . U_;,_)UJ,_)
e 2P, Py (u, -Vu_ + (V- u,)u,) = 0.

Observe that P, (7 - V) is a typical resonant term. Using the similar method in the derivation of U, we
can derive the limit resonant equation for T as

oV +P,(V-VV)=0. (5.6)
Observe that (5.6)) is the 2D Euler system. Consider the initial conditions
— 1. 1
(Vo, (U)o, (U-)o) = (B0, 5 (@0 + 05 ), 5 (o — vy )) (5.7)
for system (5.4)—(5.6). Since v € S, we have V-V =0, P,V =V, and Py)U = 0.

Besides the equations for Uy and V, we als0~want a baroclinic mode V simi@r as in the original system.
Since initially U (0) = & (%o £ 07 ), we define V := Uy + U_ so that Uy = (V £iV+). From (5.4)-(5.5),

we have
OV + (V- V)V + %(f/-vv—f/#vVL) = 0. (5.8)
Since V -V = 0, (5.8) is equivelent to
OV +V.-VV + %V/L(vL V) =o0. (5.9)

Since PoU+ = 0, we see P0\~/ =0.



THE EFFECT OF ROTATION ON THE INVISCID PRIMITIVE EQUATIONS 27

Therefore, we consider the following limit resonant system

oV +P,(V-VV) =0, (5.10)
at17+V-v17+%17L(v¢-V)=o, (5.11)
V(0) = Vo, V(0) =", (5.12)

with P)V = V and P,V = 0. Now notice that (5.10) is the 2D Euler system, and (5.IT) is a linear
transport equation with an additional stretching term.

Next, we establish the global well-posedness of limit resonant system (EI0)—(I2) in both Sobolev
spaces and the space of analytic functions. Notice that the global well-posedness of (5I0) has been
established in Proposition
Proposition 5.1. Assume Vo € SNH™H(T3) and Vy € SNH"(T3) withr > 5/2. Let M > 0, and suppose
that ||[Vol|grr+1 < M. Then there exist constants Cpy > 1 and C,. > 1, and a function K(t) := ng;p(crt),
such that for any give time T > 0, there exists a unique solution V. € S N L*(0,T; H TY(T?)) and

Ve SNL®0,T; H (T3)) of system (B5I0)-EI2) on [0,T), and satisfies
V@l < K@), IV Ollar < [1Vollre O (5.13)

Moreover, assume_vo € D(e™A : H™t(T3)) and Vo € D(e™* : H™(T?)) with r > 5/2 and 79 > 0, and
suppose that ||e™AV | gr+1 < M. Then there exists a function

¢
T(t) = 70 exp(—/ K(s)ds), (5.14)
0
such that for any given time T > 0, there exists a unique solution V.€ SNL>(0,7T;D(e™ A : H™+1(T3)))
and V € SN L>®(0,T;D(e”®A . H™(T®))) of system (510)-(512) on [0, T] such that
"DV (Ol < K(), 7OV @) |ae < e Vol e (5.15)
Proof. We will use the notation K1, Ko, ... as indicated in Remark Bl The global well-posedness of the 2D

Euler equations in Sobolev spaces and corresponding growth estimate is classical, see [9]. From (@8], we
obtain that ||V||gr+1 < K1(t) for some function K (t).

For the growth of ||‘7||Hm by standard energy estimate, since V-V =0 and r > %, we have
LT e < CollV s 171 (5.16)
By Gronwall inequality, and by virture of the growth of ||V'|| z-+1, we obtain
POl < 1Tllar xp(GCr [ Fas)ds) < [0 (517)
for some suitable function K (t), such that ||V (¢)|| z~+1 < K(t) also holds. By virtue of these formal energy

estimates, the global well-posedness of system (E.I0)—(GE12) in Sobolev spaces follows.

The global well-posedness of the 2D Euler equations in the space of analytic functions and the corre-
sponding growth estimate are established in Propositiond.2l From Proposition[£.2] we can first choose some
suitable functions K;(t) and Ky(t) such that 7(t) < 79 exp(— fg K1(s)ds) and ||e™ @AV () || gri1 < Ka(t).

For the baroclinic mode IN/, first, it is easy to see the L? energy is conserved. Next, using Lemma [2.2]
and Lemma 1] since r > 5/2 and [, V(z)dz = 0, we have
1d ~
Z AT TAV 2
S Zllarerav]
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_ 7-_||Ar+1/267-A‘7”2 _ <AT6TA(V.V‘7),AT6TA‘7> <Ar TA(VL )VL ATe TAV>

< (7 + Cor || AT AV ) | ATHY2eTAV |2 4 O ||e7™AV || o || AT AV |2, (5.18)
For suitable K1 (t) and K»(t), we have
74+ Cor|| AT ™AV || < 7(— Ky + CLK3) < 0. (5.19)

Therefore, by Gronwall inequality, thanks to (£I4]), for some suitable function K(t), we have
t
47T OAT ()| < AT 2 exp( | Collem AT (s) evsds)
0

< ||e™AVp||%-eX®. (5.20)
Since L? energy is conserved, we have
le” AV (1) - < ||eT°A‘70||Hr6K(t)- (5.21)

We can choose K (t) large enough such that 7(t) = 79 exp(— fo s)ds) and ||e” AV || g1 < K(t). Notice

that 7(7) > 0 for any finite time 7 < co. Therefore, the solutlon v, V) exists in the space of analytic
functions globally in time. g

Remark 6. The use of K (t) above still follows Remark[5l The conclusion is that the growth of ||V (#)]| gr+1
and ||e”®AV ()| gr+1 are double exponential in time, while the growth of ||V ()| g~ and [e” MDAV (2)| g~
are triple exponential in time.

Remark 7. Since Uy = —(V +iVL), similar as Lemma 9] for 7 > 0 and 7 > 0, we have
1 ~
1T 117 = IlT-11* = SV, (5.22)

and
T T 1 T 17
e AU G = ™ U- |13 = Sl AV (5.23)

Therefore, the growing bounds of ||V || g+ and [|e™ AV (£)| &+ also apply to ||U ()| g~ and ||e™DAUL (£)|| -

6. EFFECT OF ROTATION

In section 4, we see that by requiring ||e™4% || g+ < €, the life-span of the solution to system (3.1 (3.4)
has a lower bound 7~ 2 In(In(In(1))), as e — 0T, and this result is uniform in € R. In this section, we
establish the effect of the rate of rotation || on the life-span 7. With the help of fast rotation, i.e., when
| is large, we show that the time of existence of the solution in the space of analytic functions can be
prolonged as long as the Sobolev norm ||T|| 7~ is small depending on €2, while the analytic norm ||e™4% || g+
can be large (of order 1). We call such initial data as “well-prepared” initial data. The following theorem
is the main result of this paper.

Theorem 6.1. Assume Ty € S ND(e™4 : H™3(T3)), 5y € SND(e™4 : H™2(T3)) with r > 5/2 and
70 > 0. Let M > 0 and 0 > 0, then there exist constants Cr, > 1, Cprry > 1, Cp > 1, Cpp ey > 1,

cop(Crt)  ~ Fexp(Crt)

C, > 1, and functions K(t) = e Ko(t) := e“ o, with K(t) > Ko(t). Suppose that || >
Cre 1), and that ||€™4T || grvs + ||€7ATo| grre < M with ||o|| ga+s < ﬁ Then there exists a time
T= T(T()v |QO|7 M7 T) >1 Satlsfylng

CryeK(T) = |2y, (6.1)
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such that when |Q| > |Qo|, the unique solution (T,v) to system (31])-([3-4)) obtained in Theorem[3 1] satisfies
(@,0) € SNL>®(0,T;D(e™4 : H(T3))), with

”"/W /|Qo|

In particular, from (€1), T 2 In(ln(In(In |Qp]))) — oo, as Q| — oo.

e~ Jo Kol)ds 5 (6.2)

7' =

Thanks to Lemma and Lemma 2.7, we immediately have the following corollary.

Corollary 6.2. Suppose vg € SND(e™A : H™3(T?)), and the conditions of Theorem [6.1] hold. Then the
unique solution v obtained in Corollary[32 satisfies v € SNL>(0,T;D(e™ VA . H™(T?))), when || > Qo
with T defined in (61) and T defined in [(62).

In this section, we focus on system (2.62)—(2.64]), which is equivalent to system B.I)-(B.2]) due to Lemma
23l and Lemma To prove Theorem [6.1] in section 6.2, we consider the difference between the original
system (Z.62)—(2.64)) and the limit resonant system (E4)—(&06). We call such difference system as perturbed
system. In section [6.3] by the formal energy estimate, we show that the solution to the perturbed system
exists for a long time. This together with the global existence of the solution to system (&.4)—-(5.06) give
us the long time existence of the solution to system (2.62))-(2.64), and therefore the long time existence of

the solution to system (BI)-(B.2]).
In section 6.1, we first give a rational behind the smallness of the initial baroclinic mode.

6.1. A rational behind the smallness of the initial baroclinic mode. The result of Theorem [G.1]
is for “well-prepared” initial data, namely, for a given fixed & > 0, ||Up]| gs+s < ﬁ Before we go into
the proof of Theorem 6.1l we briefly rationalize, below, the reason behind this smallness condition on the
baroclinic mode.

Consider the linear inviscid PEs:

oYV + QV+ + Vp =0, (6.3)
d.p =0, (6.4)
V-V+ow=0, (6.5)
whose explicit solution is
V(,t) = Vo(x') + R(t)Vo(x), (6.6)

where
. cos(2t)  sin(Qt)
R(t) = ( —sin(Qt)  cos(0)
We see there is no “decay” due to rotation in the linear level. This is different from the linearized 3D Euler
equations with rotation, for which one can obtain certain decay due to dispersion/averaging mechanism,
see, e.g., [24] [40)].

Now let us look back to our nonlinear inviscid PEs BI)-(B=2). The first equation (1)) is the evolution
of the barotropic mode, which is the 2D Euler with source terms coming from the baroclinic mode. The
second equation (B.2)) is the evolution of the baroclinic mode, which is the Burger’s equations with rotation
and other nonlinear coupling terms. For the Burger’s equations with rotation, it is shown in [3] [50] that
when the rotation rate || is large enough depending on the initial data, the solution exists globally
in time because of the absence of resonance between the rotation and nonlinearity, which allows a very
strong averaging mechanism that weakens the nonlinearity. In our case, however, the additional coupling
nonlinear terms in ([3.2) resonate with the rotation term, which does not allow for this simple scenario to

(6.7)
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take place. However, thanks to the smallness assumption on the initial baroclinic mode, the additional
coupling nonlinear terms are initially small, which allows us to push this argument further.

Another reason behind this smallness assumption is indicated in [37], where a finite-time blowup of
solutions to the inviscid PEs with rotation is established. Indeed, for the initial data

1
vo(x) = vo(x, 2) = (/\(—z2 + g) sinz, —Q) sin:z:) (6.8)
with A > 0, it is shown that % is an upper bound for the blowup time. Notably here 7y = (0, —Qsinx)
and 09 = (A(=2? + 3)sinx,0). Therefore, when [Q| > 1, we have:

e when A = |Q|, the baroclinic mode satisfies vy ~ |{2|, and the whole initial data satisfies vy ~ |€].
An upper bound of blowup time in this case satisfies 7 ~ Wll;

e when A = 1, the baroclinic mode satisfies Uy ~ 1, while the whole initial data satisfies vg ~ |€].
An upper bound of blowup time in this case satisfies T ~ 1;

e when \ = If_ll\’ this implies a smallness condition on the baroclinic vy ~ ﬁ, while the whole initial

data satisfies vy ~ |©2|. An upper bound of blowup time in this case satisfies T ~ |Q].

The above, in particular, the last item suggest that the smallness condition on the baroclinic mode is
required to guarantee the long time existence of solutions to the 3D inviscid PEs with fast rotation.

Further reasoning for the smallness condition on the initial baroclinic mode will be provided in Remark
and Remark [I0] below.

6.2. The perturbed system around || = co. In section 5, we see that the limit resonant system (5.4)—
([B30) is globally well-posed. Therefore, the idea to show long time existence of the solution is to consider
the difference between the original system (2.62)—(2.64]) and the limit resonant system (5.4)—(5.6l).

Denote by _ .
¢p=v-V, ¢r=ur—Us. (6.9)

Taking the difference between ([2.64) and (5.6), (2.62) and (E4), (263) and (3), we obtain
O +Ph|d-VV +6-Vo+V Vo + e P (Q1,+,+ + Q2,+,+)

te 2Py (QL,,, + sz,y,)} —0, (6.10)

06+ 48 VUL +5-Vor 4TV Vor + 505 - V)V +iV) 4 561 - V)G +i5")
+%(U+ V)G +ig )+ (Q1,+,+ —PoQ144 — PoQ24 4 — Q3,+,+)

e (Ql,—,+ — PQ1—+ — PoQ2,— 4 — Q3,—,+) +e Q= 0, (6.11)

0643 VU +5-Yo +V Yo+ (o V)V ~iV') + 3(6- V)G~ id)
+%(U7 -V)(¢ — ZaL) + e (Ql,f,f —PyQ1,—— — PyQ2—,— — Q3,—,—)

+e (Q1,+,— — PQ14,- — PoQ2,4,— — Q3,+,7) +e¥Quy,- =0, (6.12)

where
Qii5 =01 VUgr~+ ¢y -Vor+Us Vor+Uys VU, (6.13)
Qox+= NV -0)Us +(V-01)px + (V- -Us)opx + (V- -Ux)Ux, (6.14)
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Q34,5 = (/ V- oy(2,s)ds)0.Us + (/ V- oi(x',s)ds)0, ¢
0 0
+(/ V- Ug(x',5)ds)0, 05 + (/ V- Uy (a',5)ds)d.Us, (6.15)
0 0
1 —_ =l -~
Quiss = 5|64 VIV FTV) + (04 V)GF i)
- =l = =l
+Us - V)G Fid )+ U - VTV FiV )]. (6.16)
We supplement the initial conditions for the limit resonant system (G.4)—(5.6]) as
— 1, o~
Vo =7, (Ui)o = (ui)o = 5(1)0 + Z’Ud‘). (6.17)

Therefore, the initial conditions for the perturbed system is

$o =10, (¢+)o=0. (6.18)

6.3. Proof of Theorem In this subsection, we prove Theorem [6.1l From Proposition 511 let V and
Us be the global solution in SND (™4 : H™+3(T3)) and SND(e”®4 : H™+2(T?)), respectively, to system
EA)- (8, with initial data (617) and 7(¢) defined by (5.14). Next, we provide the energy estimate in the
space of analytic functions for system (6.10)-(G.12). Applying A"e™ to (6.10)(6.12), and taking L? inner
product of (G.I0) with A"e™¢, ([G.I1) with 247e™4¢_, and (6.12) with 2A"e" ¢, thanks to Lemma 23]
and Lemma [2.6] we obtain

1d
2dt

AT AG = H ARG - (AT AG V), ATEAT) — (A7EAG - VB, AT
—(ATeTAV ), AT G ) — M (AT (Qu it + Qi) ATETG)
—e (AT Qu -+ Qo ), AT, (6.19)

and

LA A6, 2+ A7 Ap_ ) = 2(| A2 g, | 4 A2 |?)

—2<ATeTA($- VU,), AreTA¢,> - 2<ATeTA(5- vU_), ATeTA¢+>

oA G V) A o) 2 4G Vo) A

—2<ATeTA(V Vo), ATeTA¢_> - 2<ATeTA(V Vo), ATeTA¢+>

—<ATeTA(¢+ V(T +iV), AreTA¢,> - <AreTA(¢, V(T — iV, ATeTA¢+>

(A G V(GG ) Ao ) — (Ao V(G- iF ), AT, )

(AU, V(@G +iG)), AT ) — (AU V(G- G ) AT )

~2e (AT Qur it — Qo) A0 ) + (AT Qg = Qo) AT 04 ) )

o (A~ Qo) )+ (A~ Qa1 AT 0,))

—2e2mt<ATeTAQ47+,_, ATeTA¢+> - 2e—2mt<ATeTAQ4,_,+, ATeTA¢_>. (6.20)
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There are totally 71 different nonlinear terms in (GI9) and ([E20). We separate them into the following
four different types. We use V' to denote the velocity field of the limit resonant system, i.e., V and Uy,
and use ¢ to denote the velocity filed of the perturbed system, i.e., ¢ and ¢-.

e Type 1: terms that are trilinear in ¢, e.g., <ATeTA(5- Vo), AT67A5>.
e Type 2: terms that are bilinear in ¢ with no derivative of ¢, e.g.,
<ArerA(a V), ArerAa>.
e Type 3: terms that are linear in ¢, e.g., eQiQt<ATeTA(U+ -VU,), AT67A5>.
e Type 4: terms that are bilinear in ¢ and a derivative of ¢, e.g., <ATeTA(V Vo), ATeTAa>.

For type 1 nonlinear terms (19 terms), using Lemma [A-THA 3] and for type 2 nonlinear terms (15 terms),
using Lemma 27 since ¢, ¢+, V and U4 all have zero mean value in T2, we have

’<A’I‘6TA(5. vv), Are‘rAa>’ I ‘<AreTA($ Vo), AreTA5>’
62mt<AreTA (¢+ VU + ¢4 - Vo +(V-Up)py + (V- ¢+)¢+>7AT67A5>‘

eHUATETA (G- VU + 6o Voo +(V-U_)g- + (V- 6-)0- ), A"e™45)

+

+

+2‘ (arem4@-vU,), ATeTA¢_>‘ + 2‘ (arem4@-vU.), ATeTA¢+>‘

+2‘ <ATeTA(5 Vo), ATeTA¢,> n 2‘ <ATeTA(5 Vo), ATeTA¢+>‘

+} <A’“e”‘ (¢+ V(T + z'VL)) ATeTAG >] n ’<A’”eTA (¢, (V- iVL)) , Are”‘mﬂ
+‘ <ATeTA (¢+ V@ + z’?)) , ATeTA¢_> ‘ + <ATeTA (qs_ V(3 ZBL)) , AT67A¢+>‘

2o (are™ (61 - VUL + 4 - Vo, — (/OZ V-4 (@l 5)ds)0: 64 ), AT 6 )|
2@ (A7 (64 - VU + 0 - Vo (/OZ V- oy, S)d5)3z¢—)vArefA¢+>’
2o (ATemA (g VUL + 6 Vo, — (/Oz Vg (2, s)ds)azm),mef%,ﬂ
2l (arem (o VU 46 Vo /O Vo, $)ds)0:0- ), A€ g )|

+‘€2iﬂt<AT€TA (¢+ V(V ivl) +¢1-V(p - ZEL» ; AT€TA¢+>‘

ezt (arer (oo OV 4V ) + 6o V@ +id)), A6 )

T TAYS T T T T 1 r TAL T T
< C (A AT 4 A AT || 4 AT e AU ) (G147 4B + | A6 |2 + 47T A |12)

+C, (474G + AT g || + A7) (| ATH2eTAG2 4 [ ATH2eTAG |2 4 || AT 26T A |12).
(6.21)

For type 3 nonlinear terms (14 terms), when  # 0, we first explain the idea on the sample term
e2mt<ATeTA(U+ -VUL), ATeTAa>. Indeed, by differentiation by parts, we have

e?iQt<AreTA(U+ . VU+), ATGTA$>
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== Qa ( 2““<A’”eTA(U+ : VU+),ATeTA$>) - %e%mat«meﬂ(m : VU+),A’“eTA$>). (6.22)

We leave the first term until integrating in time. For the second term, we have

- ﬁemtat(<”e”‘<lf+ VU, 47e74F))
|T|’<AT+1 s VU, AT > ’—’— ATe™40, (U - VU, ), A"e™ ¢ > ‘

IQI 2/ <

1 _
toq (AreT AU, VUL, ATeT 0,6 > ] =1 + Iy + Is. (6.23)

Thanks to Cauchy-Schwarz inequality, Lemma 22, and Lemma 26 since ¢, ¢4, V and U all have zero
mean value in T3, and since r > 5/2, from (5.4) and (6.I0), we have

I < WITHIA“rl eTAUL AT e AU ][ ATe )|

|Q|2 +C ||AT+2 TAU+|| ||AT 7—A(sz (624)

IQ<%(‘<AT67A{( VU, + = (U+ V)(V—i—iVL))-VUJF},ATeTAEM

+‘<ATeTA{U+~V(V VU, + = (U+ V)(V+iVl))},AreTA5>D

|Q|||AT+2 eTAUL|?| A2 AV || AT

< ColAT 2T AUL P AT 2TV 2| AT + ol AT e UL |7, (6.25)

IQI2

I; < % <AreTA]P’h(U+ : VU+),ATeTA{a-VV+av5+V-va
+e* Py (Q1,+,+ + Q2,+,+> +e 2Ry (Ql,af + Qz,f,f) }>‘
< % ’ <AT+1eTAJP>h(U+ VUL, Ar—le”‘{a VWV +6-Vo+TV -V
+e* P (Q1 +4+ T Q2+, +) +e 2P, (Ql = T Q2 7) }>’
<& | A2 AU R 47T | ATAU | 4 AT AU
HIATETAG + AT A |2 4 [ ATeT g ). (6.26)

Applying differentiation by parts to all the type 3 nonlinear terms (14 terms), one obtains
i [<ATeTA(U+ VUL, ATeTA$> + <ATeTA((V : U+)U+) , ATeTA$>
+<ATeTA((U+ VYV - iVL)> : ATeTA¢+>}
2 [<AT67A(U, VUL, A’”e”‘$> + <A’“e”‘ ((v - U,)U,) , ATeTA$>
A (U - V)V +iV)), Ao )]
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el [<A’” AU, - VUL, ATe™ A >— <ATeTA((/OZV-U+(:c’,s)ds)BzU+),ATeTA¢_>
+<AreTA(U+ VUL, ATeTA¢+> - <ATeTA(( /0 V.U, s)ds)@zU_) , ATeTA¢+>}
—2e7 0 [(ATeT MU - VUL), AT ) — (ATe ((/0 VU (@',5)ds)0.Uy ), ATe™6 )

+<ATETA(U7 . VU?),AT67A¢+> — <AT6TA((/Z V- Uf(fclv S)ds)asz) ) ATETA¢+>}
0
— _LQ { 210t |:<Ar TA U+ VU+) ATe TA¢> <AT67A((V . U+)U+),AT€TA5>

+<A A((U+ V)V iV )),AT67A¢+>}}

+%&5{672im [<A’“eTA(U_ VUL, ATeTA$> n <A%”‘((v : U_)U_) : ATeTA$>
+<ATeTA((U, V)V + iVL)) : Are”‘qﬁ,ﬂ }

—%at{emf [<ATeTA(U+ VUL, ATeTA¢_> - <AreTA((/OZ VUL (2, s)ds)BZU+) : ATeTA¢_>
+<AreTA(U+ VUL, ATeTA¢+> - <AreTA((/OZ VU, (2, s)ds)@zU_) , ATeTA¢+>} }

—I—%@t{e_mt [<ATeTA(U, . VU+),AT67A¢,> — <AT67A((/Z V-U_(x, s)ds)@zUJr) , AT67A¢,>

0

+<ATeTA(U, : VU,),AT67A¢+> - <A’”e”‘(( / V.U (@, s)ds)azU,) , ATeTA¢+>”
+R=:9,N +R, i (6.27)

where R corresponds the remaining terms.

Using the similar estimates for (6.23]), thanks to Young’s inequality, when |Q2] > 1, we have
|R| < OT(||AT+26TAV||4 + ||Ar+26‘rAU+||4 + ||AT+26TAU,||4 + 1)

1 r TAL T T T T
x (G147 ]2 + [ ATe 49| + | A7e 46 2)
C

|Q| (|7‘|2 + ||Ar+2 TAV||4 + ||Ar+2 TAU+||4 + ||Ar+2 TAU_||4 + 1) (6.28)

For 9;N, since ¢(0) = ¢, (0) = ¢_(0) = 0, using Lemma 2 since V and U have zero mean value in T2,
by Young’s inequality, we have

<&
2]
x (| A7em G| + | AT, || + || AT, ). (6.29)

t
| / DN (s)ds| = [N(1)] < - (1A AT |2 4 AT 6T AT |12 4 AT+ eT U |2)

The difficulties are on the estimate of type 4 nonlinear terms (23 terms). Thanks to Lemma ] since
V-V =0, we have

‘<ATeTA(V Vo), ATeTA5>‘ < CH||ATe™AV ||| ATe™ 49|12 + Cor|| AT 2T AV ||| ATV 27412, (6.30)
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Thanks to Lemma[A4] by integration by parts, we have
‘<ATeTA(V V64), ATeAG )+ (ATTAV V), AT, > ‘
< ‘<A%”‘(V Vo), AT g ) — (V- VAT g, AT g > ‘
+‘<ATeTA(V Vo), ATeTA¢+> - <V VAT A ATeTA¢+>}
+‘<V- VAT Gy AT )+ (V- VAT G AT, > ‘
S ClATE V(A" o |? + [ A7e™ o |I?)

+C, 7| AT 2T AV (AT 2T g |2 (| AT 2T |2), (6.31)

where
KV- VAT A, ATeTA¢,> n <V- VAT ATeTA¢+>’ —0 (6.32)
by integration by parts and V-V = 0.

Thanks to Lemma[A4land Lemmal[A.6] since r > 5/2, by integration by parts and by Sobolev inequality,
we have

ei(2t<Are~rA(U+ ) v¢+)7Are‘rA¢7> 4 eiSZt<AT€TA(U+ ) V¢7)7AreTA¢+>
—emt<AreTA((/Oz V- Uys(x, s)ds)8z¢+) , ATeTA¢_>
—eiQt<AreTA((/Oz V- U+(:c’,s)ds)8z¢_>,AreTA¢+ > ‘
< KATeTA(UJr : V¢+),AT67A¢_> - <U+ VATCAG, AT A G > ‘
+‘<A’”eTA(U+ Vo), ATeTA¢+> - <U+ VATCAG  ATeTAG, > ‘
+‘<ATeTA ((/OZ V- Uys(', s)ds)8z¢+) : ATeTA¢_>
_<(/z V. -Us(2/,8)ds)A"e™ 0,4, AT67A¢_>‘
0
—|—‘<ATeTA ((/Oz V- Uys(, s)ds)8z¢_) , ATeTA¢+>
—<(/z VU (x, s)ds)AreTA8z¢,,ATeTA¢+>’
0
+’<U+ ~ VATeTA¢+,A’“eTA¢,> + <U+ - VATeTA¢,,ATeTA¢+>
_<(/Z V. -Uy(2,s)ds)A"e™ 0., ATeTA¢_>
0

0

< Gl AT eTAUL|(J AT s [P + AT |1?)
+C, || AT AU || (AT 2T A |2 AT 2T |?), (6.33)

where

‘<U+ VAT A, ATeTA¢_> + <U+ VAT ATeTA¢+>
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z
—<(/ V. -Up(z',s)ds)A"e™ 0., ATeTA¢_>
0

—<(/ V. -Up(2,8)ds)A"e™ 0.6, ATe™ ¢, > ‘ =0
0

by integration by parts. Similarly, we have

‘e—iﬂt<AreTA(U_ .v¢+)7A’I‘eTA¢_> +e—iﬂt<Ar67—A(U— ) v¢_)7AreTA¢+>

—efmt<AreTA ((/z V-U_(z, s)ds)8z¢+) , ATeTA¢,>
0

_e*mt<AreTA (( / VU@, s)ds)ang,) : ATeTA¢+>’
0

<G AHeTAU||(|ATe™ g |12 + (| ATeT A9 |1?)
+CTT||AT+3/267—AU_||(||Ar+l/2e7—A¢+||2 + ||AT+1/2€TA¢_||2).

Next, since —iU,. = UL, we have
KU+ VAT, ATeTA5> n <(v ATEAG U, ATeTA5>
+<U+ VATTAG —id), AT67A¢+>’
< KU+ VA, ATeTA$> n <U+ VAT, ATeTA¢+>

+‘<(v AT AU, A’”eTA$> T <U¢ CVATETAGT AT A, > ]

< K(v U AT A, ATeTA$>‘ n ‘<ATeTA¢+ VU, ATeTA5>‘
+‘<U¢ VATTAGE Are““¢+> _ <AreTA¢+ VAT, U+>‘.
Notice that
1 r rATL r TA r TA r TAZL
‘<U+ VATETAG ATe ¢+>—<A A, VATe ¢,U+>‘
= (v a1 Guy, AT, )| =0,
therefore, by Sobolev inequality and Hélder inequality, and since r > 5/2, we have
‘<U+ VAT A, A’“e”‘a> n <(v ATeTAG U, A’“e”‘a>
+<U+ VATTAG —id ), ATeTA¢+>‘
1 —
< CTIIVU+||L°<>(§||A’”6”‘¢II2 +]lA7e™ 61 1?)
1 _
< CrllA’pe”‘U+||(§IIA’”e”‘Qﬁll2 +lATeT o1 )1?).
Based on this, thanks to Lemma [A.4] and Lemma [A.5] we have
’€2im<AT€TA (U+ Vo + (V- ¢+)U+) ; AT67A5>
i - —L r_T
_|_e2z(lt<Are7-A(U+ . V(d)—zd) )),A e A¢+>’

< ‘<A’I‘6TA (U+ ) v¢+),AreTA5> _ <U+ ) VAT67A¢+7AT6TA5>‘

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)
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+ <A%”‘((V : ¢+)U+) : ATeTA$> . <(v CATeTAS UL, A’”eTAE>‘

+ <ATeTA (U+ : va) , ATeTA¢>+> - <U+ VAT, ATeTA¢+>‘

n <ATeTA (U+ : v&l) , ATeTA¢+> - <U+ : VA’”eTAEL>, Are”‘m‘

+ <U+ VAT A, ATeTA$> n <(v CATeTAG U, A’”eTA$>

+<U+ VATTAG —id ), ATeTA¢+>’

T 1 r TA T
< Crl|Ae AU+II(§||A TG + (AT o1 |1?)

+CT| AT ReTAUL || (|| ATV 2eTAG|P 4 || AT e A |2). (6.39)
Similarly, we have
’672iﬂt<AreTA (U, Vo + (V- ¢7)U7),ATETA5>
+e—2iﬂt<A7‘eTA (U_ V(G + ZBL))’ATGTAQS_M
< CATEAT_(GIATeTAG? + 476 |1?)
FOT| ATHY2eTAY_||(||ATTY2eTAG|2 + || AT 2em A |2). (6.40)
For the rest parts in type 4, there is no cancellation as above. First, by Holder inequality, we have
‘<U+ VAT + i), AreTA¢,>‘
< ‘<A1/2U+ ) vAr71/2e‘rA(a+ ZBL))’AreTAdLN
Uy VAT AG 4 5 )), A2 )
< Cr(|Usllzee + |AY2UL | ) (JATFV2eTAG|2 + AT 2eTAg_|12). (6.41)
Based on this, using Lemma [A4] to [A7] we have
[(arerd - V(@ +id ), areo. > |
< (AU, G+, A ) = (U VATETAG i), ATe )|
+‘<U+ VATEAG 4 ig ), ATeTA¢_>‘
< CTIIAWAU+II(%IIA’”eTAEII2 +lATe - |?)
+C (| ATV 2T AU + (U ]| + [|AV2UL [ ) (| ATFV2eTAG)2 + | ATHF12eTAg_|12). (6.42)
Similarly,
((arerd - - V@ -ig"), are g, >

< Crl| AT AU || (| A€ + AT g |17)
+O (T AT 2TAU| + [[U- || e + [|AY 20| oo ) (| AT 274G + || AT 2™, |12). (6.43)
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Next, by Holder inequality, we have
’<(8ZU+)AT67A(/ V- oi(x',s)ds), ATeTA¢_>’
0
< ‘<(A1/26ZU+)AT_1/2€TA(/ V- ¢+(:c',s)ds),ATeTA¢_>‘
0

+\<(8ZU+>AT‘1/%TA< / Vi (a, S)ds),Arme%%
0
< Cr(|0:Us || + [AV20.U || oo ) (AT 2™ A ||? + [[ATH 2649 |1%). (6.44)
Based on this, thanks to Lemma [A.4] to [A.7], we obtain
[(arem(( / Voo (@, )ds).U, ), AT )|
0
< ‘<Are”‘(( / v. ¢+(m/,s)ds)azU+),ArefA¢,>
0
—<(8ZU+)AT67A(/ V- oi(x',s)ds), ATeTA¢_>‘
0

+| <(azU+)ATeTA(/OZ V(@ s)ds) ATe g )|

< Co|ATTeTAUL || (|[Ae™ A |1 + |ATe™ b 1)
+C (]| ATT32eTAUL || + (10.U]| L + ||AY20.UL| 1)
< (AT 2em A |12+ AT 2eT A |1?). (6.45)

Similarly, we have
’<AT67A((/OZ Vo2, s)ds)@zU_> : AT67A¢+>‘
+’<ATeTA (( /0 Voo (@, s)ds)ﬁzUJr) , ATeTA¢,>‘

+‘<A’”eTA(( / V-6 (a, s)ds)azu,) , AT67A¢+>\
0
SC (AT AU + A AU (| AT ¢4 |17 + |A7e™ o |1?)
+Cr (T||AT+3/2€TAU+I| + 7| AT 2eTAU_|| + [|0.Uy || + [10:U— ||~

H|AV20,U || + [ AY20.U- || ) (AT 26T |2 4+ AT 26T A |12). (6.46)

Finally, taking summation of (€19) and ([620), and using estimates (62I)—(@40]) for all the nonlinear
terms (71 terms), we obtain

a
dt
< [F+ G (1T 3] + 147 g || 4 | A7 )
+OTT(||AT+1/2€TAV|| 4 ||Ar+3/267-AU+|| 4 ||AT+3/267AU,||)
+Co (Ul + U~ ze + 10Ul oe + 020 2=
HIAV2U o + | AV2U- o + | AV20.U, 10 + [ AY20.0- | 1)

1 r TA T T
(G147 4B)2 + 476 |12 + || A7e 46 |?)
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% (||Ar+1/267A$||2 T 2||Ar+1/2e‘rA¢+||2 + 2||AT+1/267A¢_||2)
+CT(||AT+267AV”4 FJATF2eTAUL |t 4 || AT 2eTAU_ ||t + 1)
< (FIATCABIP + | Ae 6, + ATe Ao )

C, —
+ﬁ(|7'-|2 4 ||AT+2€TAV||4 + ||Ar+2e'rAU+||4 + ||Ar+2€TAU_||4 + 1) + ,N. (6.47)

Notice that eventually we will set
T+ Cr (|78 + [ ATe gy || + (| AT b )
+CTT(||AT+1/267—AV” + ||Ar+3/2€TAU+|| + ||AT+3/26TAU_||)
+Cr (Ul + 1U-|lLo + 10U [|Loe + 102Ul L
HIAY2U e + | AV2U_ | + [ AV20,UL ]| + [ AY20,U_]|| 1) = o. (6.48)

Therefore, by Sobolev inequality, Poincare’ inequality, and Young’s inequality, since r > 5/2, 7 < 79, and
U+ have zero mean value, we have

77 < Cr (A7 6)1? + | Ae™ o |I* + | ATe™ o [|?)

+C (15 + V(AT 2TAV |2 4 | ATHReTAUL | 4 AT 2T AU ). (6.49)
By Young’s inequality, the term % can be combined with other terms, and we can rewrite (G.47)) as

4
dt
< [F+ G (18] + 147 g || + A7)
+OTT(||AT+1/2€TAV|| 4 ||Ar+3/267-AU+|| 4 ||AT+3/267AU,||)
+Co (Ul oe + U~ e + 10U || oo + 00 22
HIAV2U oo + | AY2U o + | AY20.0, |10 + [ AY20.U | 1)

1 r TA T T T
(G147 12 + | A7e 464 |2 + | A7e - |2)

x[I1AT /26T AG|2 4+ 2 AT 2T A |2 4 9]| AT 26T A 2]
+OT(||AT+26TAVH4 + ||A’I‘+26TAU+||4 + ||AT+26TAU,||4 + 1)

1 r TAL T T
X (GIATTABIE + AT AP + AT o)

C’I‘T e d
o (||AT+2eTAV||4 FJATF2ETAUL |t || AT AU_||f + 1) +,N. (6.50)
We set

1 —
Fi= §||AT6”‘¢>II2 AT A [P+ (| AT |, (6.51)
G = ||AT+1/267—A5||2 + 2||AT+1/2€TA¢+||2 + 2||A7‘+1/26TA¢_||2’ (6.52)

and denote by

K(t) = 0520, K(t) = K0, (6.53)

which are double exponential and triple exponential in time. We will follow the rule on the use of nota-
tion as indicated in Remark Bl From Proposition [5.1] and thanks to Lemma 29 when ||e™AV | grts +
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€™ AVo || zrr+2 < M, we have
" DAV ()| rrvs < K(6) < Ki(8), [l DAUL()]| rse < Ko (1), (6.54)

provided that 7(t) satisfies (514). Observe that in B50), ||Ux| =, |AY2Us||re, |0-U+|/r~, and
| AY20,UL| 1~ are the terms force the smallness assumption on Sobolev norm of the baroclinic mode. For

§ > 0, by Proposition[5.Iand Lemma 23, thanks to Sobolev inequality, when ||Vo|| gra+s = || < mn
we have
~ CK\(t
Ul + 14Y2Us = +10.Us = + 1420, Usll < OV s < SHD (055)
Since || > |Q0], we can rewrite ([G.50) as
dF Ko Ko
— < (F+CFY? 47Ky + =2)G + KoF + —= 4+ 9,N. (6.56)
dt €20l |2l
By setting 7 + C,. F''/? + Ko + % =0, we have
< K,F O:N. 6.57
T SKeF oo+ (6.57)
By Gronwall inequality, we have
d K> R
(F@ fo Kz(s ds) < ((%N) f KQ(S)dS_ (658)
dt 0]
Integrating from 0 to ¢, noticing that F'(0) = 0, we have
F(t)e Js Ko(9)ds < ﬁ/ Ko (s)ds +/ (BN (s))e™ Jo KOs g (6.59)
Qo 0

From ([6.29), we know |N(t)] < [ IKg( YF'/2. Moreover, ) T ‘Kg( JF1/2 is increasing in time. By integra-
tion by parts in time, thanks to Cauchy—Schwarz inequality, since N(0) = 0, we have

t _ : B
/(3SN(S))e’f5K2<f>d5dss|N(t)|+/ IN(s)[|9se Jo K2(0)8| g
0

1

< —K ey LR < 1 g+ Llr 6.60
o T g R = g K gy (6:60)
Thus, we have
1 z 1z
F(t) < meK5(t) + meK5(t)F(t), (6.61)
which is equivalent to
oK ()
)< ——. (6.62)
Q| — efs®

Plugging this back to 7 + C,F/2 + TIN{Q + % = 0, we can require that

elzﬁ(t) ~
P e + TR+ 5

\/ [€0] — eXo()

K <0. 6.63
IQol 6 (6.63)
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By Gronwall inequality, we can require

K K
d ( ejo K S)dS) < —€ 7(1) e 7(t)
dt

190 - ety [l

Integrating from 0 to ¢, for some suitable function Ko( we can require

K()(S K()(S s
t) = (0 — / / = Jo Kos)ds, (6.65)
A /|QO| ng(s |QO|

Notice that 7 in (G.65) also satisfies (5.14) when Ko(t) is chosen suitably. In order to have 7(t) > 0, we
just need to require that

(6.64)

3 Kg(t) 3 Kg(t)
0> and7 > eg (6.66)
‘/|Qo|—6K8(t) | 0|
for some suitable function Kg(t) > Ko(t).
For some new K (t) > Kg(t) and the given Qq, let 7 satisfy
Cr XD = |, (6.67)

then the two conditions in (6.66)) are satisfied on ¢ € [0,7]. Thus, 7(¢) >0 on ¢ € [0,7]. From (6.67), we
know that eX(7) > IQO‘ , and thus the time 7 satisfies

T Z In(In(In(In [Q0]))) — oo, (6.68)

as Qo] — oo.
When K (t) is chosen suitably, from (6.62), we know
AT 042 A 2 A 2 K0
1A7eT@AG(0)]1% + | A7e™ O, (1)1 + | ATeT G ()]* < ———rmr <00 (6.69)
0= cF 0

ont € [0,7]. Since ¢ and ¢4 have zero mean value in T3, by Poincaré inequality, the L? norm can be
bounded by the higher order norm. Therefore, we have

T >y T T 2el?(t)
eT@AS@) 3 + le™ b4 (@) + le™ 4G ()17 < ———== < o0 (6.70)
] — e
ont € [0,T]. Since 7(t) satisfies (5.14), we know that
lleT(t)AV(t)llip +[leTOAUL @O 7 + lem DU (1)1 Fr < o0 (6.71)
ont€[0,7]. Since7=¢+V and Ut = @[ + Uy, by triangle inequality, thanks to Lemma 2.9 we have
le™@4B(B) 13- + [lem D 4T(8)]|3 < o0 (6.72)

on t € [0, T]. Therefore, we obtain
(T,0) € L=(0, T; D(e™ A . H(T?))). (6.73)
This completes the proof of Theorem
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6.4. Approximation by the limit resonant system. As a consequence of the proof of Theorem [6.1],
the following theorem describes the approximation of the solution to the original system (BI)—(B.4) by the
solution to the limit resonant system (EI0)—(EI2) in the space of analytic functions, for large rotation
rate |Q] and small initial baroclinic mode in Sobolev norm.

Theorem 6.3. Suppose the conditions in Theorem [6.1 hold, and let (V, 17) be the solution to system
(510)-(512) with initial data (Ty, Vo). Denote by ¢ =T —V and ¢ =0 — V., then, for || > |Qq|, one has

T(t) A7 T(HAT < ek
e™ o)l ar + €™ o) lar < ] ok’ (6.74)
fort € [0,T] with T given by (61) and 7(t) given by (6.2).
Proof. The proof is an immediate consequence of (6.70). O

6.5. Remarks and discussions.
Remark 8. To emphasize the difference between smallness in analytic norm and in Sobolev norm, for
|2] > 1, consider

To = cre™®® kg £0, (6.75)
with |k| = [75 " In|Q] and |cx| = (In]|Q[)7""2|Q|~!. When 0 < § < 1, since 7 > 5/2, we have ||Tg || gra+s <

Dol etz ~ |Q| 7L, [|€7ATo]| grr+2 ~ 1. Therefore, one can construct a sequence of initial data

{(Wo)a} = Ck(sz)eik(ﬂ)'m, (6.76)

where [k(Q)| = [75 ' In|Q] and |cx)| = (In|Q)7"72|Q|~!. Then as |2 — oo, the existence time of

solutions 7 — oo, with initial condition [|e™4(Tp)q||gr+2 ~ 1. This result needs fast rotation, and is very

different from Theorem
Remark 9. In estimate ([6.42) we have the resonance term
e — —1 -
Us-V)(@+id )= (U -Vo Ui -V§ ) =UL (V- 9), (6.77)

which involves the vorticity V+ - 4. Notice that in the limit resonant system (5.10)—(5.11)), the evolution of

the barotropic mode V is independent of the baroclinic mode V', and therefore we can control the vorticity
VL .V. However, for the original system ([B.I)-(B.2)) (or the perturbed system (6.10)-([6.12)), the evolution

of the barotropic mode T (or ¢) depends also on the baroclinic mode v (or ¢ ). Therefore, we are unable
to control ([6.77) without the smallness condition on the initial baroclinic mode.

Remark 10. In estimate (G.45]), we have the term

eM( / ’ V- (2, 5)ds)0.U,. (6.78)
0

Despite the oscillation, we are unable apply similar methods as in type 3 due to the loss of derivative on
the baroclinic mode. For this term, we do not have cancellation as other terms in type 4. Therefore, we
are forced to require the smallness condition on the initial baroclinic mode.

APPENDIX A. ESTIMATES OF NONLINEAR TERMS

In this appendix, we list the estimates of nonlinear terms in the space of analytic functions. Lemma
[ATHA 3l will be used to prove the local well-posedness.

First, we estimate nonlinear terms of the form f - Vg.
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Lemma A.1. For f,g,h € D(e™ : H™+Y/2), where r > 2 and 7 > 0, one has

(et o arer ] < e Qe s dona st et
AT e A p L are gl ATem A .

Proof. First, notice that ’<AT€TA(f . Vg),ATe"Ah>’ = ’<f . Vg,ATe"AH>’, where H = A"e™*h. We use

Fourier representation of f,¢g and H, in which we can write

fla) =" fe*™i®, (A.2)

Jezs
g(x) = > gre”™ ", (A.3)

kez3
ATe™ H(x) = Z 17 e™ U Fye2mite, (A.4)

lez3
Therefore,
(f-Vgare i) < 3 fslkllgelit e Al (A.5)
G+k+1=0

From |l| = |j + k| < |7| + |k| we have the following inequalities:

1" < (3] + KD < Gl + [k, e < emllerl, (A.6)
Applying these inequalities, we have
(7 Vg A H) [ < 30 ColfylRlIgel (51 + RIem e oy e . (A7)
j+k+1=0

Since |k|, |4],]1| are all nonnegative, we have |k|*/2 < (|5] + [1])*/? < |4|'/? + [1|*/?, therefore,

(£ Vg are H)| < 3 ColfylRIM2051M2 + U2) el (317 + el )emFer kg er

G+k+1=0
< X0 G (A Rl R R )
J+k+1=0
xeTllem Ikl Tl | £l gp | = Ay + Ay + A + Ay (A8)

Thanks to Cauchy—Schwarz inequality, since r > 2, we have

Av= S0 Gk 2 el R T £ gyl

J+k+1=0
= G ST IR 2gile™™ ST G2 G+ Rl
kecz? jez?
k0 j£0,—k
1/2 1/2
< Cr( Z |k}|1727ﬂ) ( Z |k|2r627\k\|gk|2)
kez? kez®
k0 k0
. 1/2 . - 1/2
csup (30 PETISR) (N b ke )
keZ3
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< G| AT 2T A f| || AT g ||| ATeT AR, (A.9)
Similarly, we have

Ap= 37 Gkl V25120 en e T £ g
j+k+1=0
< Ol AT AfI|[ AT 2 A gl AT (A.10)

and
A= S Gl erRlerH) £y
J+k+1=0
< CL|ATETAf|[|ATem Ag]|[| AT 26T AR (A.11)

For A4, thanks to Cauchy—Schwarz inequality, since r > 2, we have

Av= 3 Gkl el e g

j+k+1=0
=C, Z el £ Z k|72 grle M |G + K| 2eTl TR |
Jjez? kez®
k40, —j
. o N1/2 . L N1/2
<c{ifol+ (2 137) (XD e )
jez® jez?
§#£0 J#0
2r+1 27|k||~ |2 1/2 . 2r+1 27|j+k| |7, 2 1/2
xosup (30 P Mg ) (DD 1 ke 2)
JEL® N pegn kezZ?
k0, —j k£0,
< Ch(JJ[ATeTAF + | fol) [ ATH/2em Ag| | AT T2 AR, (A.12)

Combine the estimates for A; to Ay, and since ||A7e™g|| < [|A™H1/2e74g||, ||ATe™h|| < ||A™H/2e74R),
we achieve the desired inequality. |

Similarly, we estimate (V - f)g in the following:

Lemma A.2. For f,g,h € D(e™ : H™*Y/2), where r > 2 and 7 > 0, one has

(47T 4((9 - 1)g), A7e™ )| <G, [(arem gl + g ATH/2e7A p| 471/

(A.13)
+ (| AT 2T Ag || ATeTA f ||| AT Rl |
The proof of Lemma [A.2]is almost the same as Lemma [AT] so we omit it.
Finally, we provide an estimate for ( foz V- f(x',s)ds)0,g in the following:
Lemma A.3. For f,g,h € D(e™ : H™*Y/2), where r > 2, 7 >0, and f =0, one has
‘<AT67’A((/ V- f(cc/, s)ds)azg),A’”eTAhN < CT(HAreTAfHHATJrl/QeTAgHHATJrl/QeTAh”
0 (A.14)

+||Are7—Ag”||Ar+1/2e'rAf||||Ar+l/2e7—AhH + ||AT€TAhHHAT+1/2€TAf||||AT+1/2€TAg||>.
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Proof. First, <ATeTA((fOZV : f(w’,s)ds)@zg),AreTAhN = ‘<(IOZV : f(:c’,s)ds)@zg,A’”eTAHN. Using

Fourier representation of f, and noticing that f = 0, we have

)= 3 frerntidatiang), (A.15)
Jjez?
J37#0
where j' = (j1,j2). Then we have
2 . . . .
[ vet@is= 3 DR fen e L 5 R e (A.16)
0 jez? /3 jez? /3
33#£0,5' 40 J370,§'#0

Therefore, we have

(5 s )| < (5 g g i)

jez 33
J3#0,3'#0
.71 +]2 ij’ -’ r TA .
HC Y. 260 ®)0.9, AT H )| = I + L. (A.17)
jez? I3
J3#0,3'#0

Let us estimate I first. For I = (I',13) = (-3 — k', —k3), by using the inequalities

G2 < CRIM? + U2, B[V < CO5)12+ 112, 1T < Ch(d'T + LRI, (A.18)
we have
L >, Gr ||J [l F311ge] (117 + [KI7)e™ 3 lem ¥ e iy |
3R =
ks+ls3= O
Jja,k3,j’ #0
D D AT ||fg||gk|<|a [P e+ 1Rl )T 2y
34k +=
ks+lz3= 0
Ja k3,3’ #0
1 /T r /| T - T T
S0 Cop (WP Rl 5 R
J'+k +1'=0 3
ks+13=0
Jja, k3,4’ #0
+|j’||k|r+1/2|l|T+1/2)eT‘j‘eﬂk‘eT'” | fillgk||fu| =: By + Ba + Bs + Ba. (A.19)
When k3 # 0 and r > 2, we know that |k|'™" < |(K/,£1)!"" and Y |(k',£1)|>7?" < C, is finite.
k'c€Z?
Thanks to Cauchyfschwarz inequality, we have
Bi= > Gr |lkl3/2|a P10 rerlal T KTl i g |
3K =
ks+lz3= 0
Ja,k3,3'#0
=G 30 IRl S ||a 27131 fi (G + B )T R R |
kez? jez? 3

ks #0 73,3’ #0
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<, Z |(k/,:|:1)|1_T Z |k|r+1/2|gk|e7—|k\( Z |j|2r+le2r\j\|fj|2>1/2

k' €72 k3 #0 jez?
J#0
2r 27'|(J +K'k3)| 2 1/2
(Z| 7 O 16+ K k) b a i)
Js#0 J j'er?
1/2
< CT||A’I"+1/26TA][|| Z |(k:/,:|:1)|17r( Z |k|2r+1|gk|2e27\k|)
k€72 k3#0
/ - 1/2
x( Z Z G+ K ka)|?e 27| (5" +k’ ks) ‘|h—(j’+k’,k3)|2)
ks #0 j' €72
<0, ||Ar+1/2 TAf””AT‘ TAh”( Z | k:/ +1 |2 27“) ( Z Z |k|2r+1|g |2 27'|k:\)
k'e k'€Z? k3#0
< Gl AT 2T ||| AT e IIATGTAhH- (A.20)

The estimate for By is similar as By, and we can get By < C,. || AT/ 2e7Af||||AmeTAg|||| A7/ 274 ).

For Bj, thanks to Cauchy—Schwarz inequality, since r > 2, we have

1. . L
By= 30 Comnld PRI el e g
J'+E +1'=0
ks+i3=0
ja.ks,3'#0
=G > 5 IJ 1321 51e790 37 (R R i |G+ B )T |
ez'* kez®
J3,3'#0 ks 70
1 ., 0 00\1/2 . N .\ 1/2 . 1/2
SOT( Z W|Jl|2 27“) ( Z |J|2r+1|fj|2e2r\]|) (Z |k|2r+1e2r\k||gk|2)
jez® jez? kez?
J8,3'#0 3,3’ #0 k370
1/2
X sup ( Z |(J +k/=k3)|zr 2rl(F+H ks ‘|h (F"+k' )| )
Jjez? 3
kezZ
k570
< Co[| AT 2T A f|[[| AT 2T Ag || ATe AR, (A.21)

The estimate for By is similar as Bz, and we can get By < C,||A7e ™ f||||A"+1/2e74g||||A"+1/2e74h]|. The
estimates of By to By indicate that I5 satisfies the desired inequality.

Now let us estimate on I;. For 3 + k + 1 = 0, by using the inequalities
12 < CURM2+ M%), (R[V2 < O3+ Y2, 17 < Cold]” + K], (A.22)

we have

hs >, G ||J||k3||fg||gk|<|g| + [k|7)em e e My |
J+k+l 0
Jja,k3,j’ #0

< > C |fa||9k|(|J|T+1|k|+ 1l )em e ¥ e H By
J+k+l 0
Jja,ks,j’'#0
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1 . r -7 r . T T
S 00 gy (WP 200 o RS2 R
jikii=o 3
J3,k3,3"#0

+|j||k|r+1/2|l|’”“/2)eT‘ﬂeT'k'eT'” |f3|gl|Pu| =: By + Ba+ Bs + Bu. (A.23)
Thanks to Cauchy—Schwarz inequality, since r > 2, we have

o 1 -7 r 7|3l T T £ A 17
Bi= 3 Coplkf 2[5l rerde et ol gu

j+k+1=0
Ja k3,3’ #0
1 o .
=Cr D KPP gle™ Y =l 2T f1G o+ Rl eI M [
k73 .3 |.]3|
€7 JEZ
ks 70 J3,3'#0
LA oN1/2
<, Z |(k¢/,:|:1)|1ir Z |k|r+1/2|gk|ef\k|( Z |j|2r+1e27\]||fj|2)
k'€72 k3 #0 jez?
J#0
D . 1/2
. . k k
(Z U E Z |(J/+k/7j3+k3)|2r€27\(.7 +k' g3+ 3>||h,(j/+k/,j3+k3)|2)
J3#0 j'ez?
1/2
< G AR ST 1) (S R gl
k'ezZ? k3#0
. . Y ’ ~ 1/2
O I I R M (RTATTy
a0 ka0 §' €22
<0, ||Ar+1/2 TAf””AT‘ TAh”( Z | k:/ 41 |2 2r) ( Z Z |k|2r+1|g |2 2T\k|)
k’'€z? k'€7?2 k3#0
< G| ATV EeTAf|[|| AT 2emAg | AT AR (A.24)
where in the second inequality, we use Fubini theorem to exchange the order of > and Y . The estimate

j3¢0 k3750
for By is similar to By, and we can get By < C,||A"F/2e7Af||||AmeTAg|||| AT/ 274,

For £~33, thanks to Cauchy—Schwarz inequality, since r > 2, we have

~ 1 . r r 7|7 T T £ N 7
By= 3 Copglg PRIkl e e g

FHk+1=0
Jja,ks,3'#0
= 3 Tl Y IRl ke
ez’* kez?
3,4’ #0 k3#0
1 ., 0 00\1/2 . A .\ 1/2 A 1/2
SOT( Z W|J/|2 27“) ( Z |J|2r+1|fj|2e2r\]|) (Z |k|2r+1e2r\k||gk|2)
jez® 3 jez® kez?
J3,3"#0 3,3’ #0 k370
1/2
X sup ( Z |J +k|2r 27-\]+k:\|h | )
jez? 3
keZ
k30

< G| AT 2T A f | AT 2eT A g || ATe (A.25)
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where in the first inequality we use [j[*7>" < [§'[*7" due to 7 > 2. The estimate for By is similar as B,
and we can get By < C,||A7e™Af||||A7+1/2e7Ag]|||AT+1/2¢7AR||. The estimates of By to B, indicate that
I satisfies the desired inequality. g

Lemma play an essential role in the proof of Theorem First, let us state the following:
Lemma A.4. For f,g,h € D(e™ : H™*/2), where r > 5/2 and 7 > 0, one has
‘<A’I‘6TA(][ . vg)7A7‘eTAh> _ <f . vAreTAg7AreTAh>‘
< Col|ATFIIIATGI[ATR + Cor | ATFY2eTA FI[|ATF1/2eTAg || A7+ 2T 4. (A.26)
Next, we have
Lemma A.5. For f,g,h € D(e™ : H™*/2), where r > 5/2 and T > 0, one has
‘<Are‘rA((v ) f)g)7ATeTAh> _ <(V.ATETAf)g7AT6TAh>‘
< Col|ATFIIIAT g ATR + Cor | ATHY2eTA F|[| AT 2eTAg || A+ 2™ (A.27)
The proof of Lemma [A4] is similarly to that of Lemma 8 in [47] since it involves nonlinear term similar

to that appearing in the Euler equations. The proof of Lemma is similarly to that of Lemma [A4]
Therefore, they are omitted.

The next two lemmas provide the estimates for nonlinear terms which are specific to the structure of
the PEs.

Lemma A.6. For f € D(e™ : H™%/2) and g,h € D(e™ : H™/2), where r > 5/2, 7 > 0, and f = 0,

one has

‘<AT T4 / V- f(x s)ds)@zg) Ae TAh / V- f(x',s)ds)A"e™0,g, A"e TAh>’
< Gl AN ATl AR + CrTIIA”g/QeTAfIIIIAT“/QSTAQIIIIAT“/Z)ETAhH-

Lemma A.7. For g € D(e™ : H™+3/2) and f,h € D(e™ : H™*Y/?), where r > 5/2, 7 > 0, and f = 0,
one has

‘<AT€TA((/ V- f(:c’,s)ds)azg),AreTAh> - <8ngTeTA(/ V- f(cc’,s)ds),ATeTAh>‘
0 0
< Gl AT g AT FI|ATR]| + Cpr || ATH3/2eT A g ||| AT /2eTA f || AT 2T AR,

Since the proof of Lemma is similar to that of Lemma [A7] we first focus below on the proof of
Lemma [A7] and later we sketch the proof of Lemma [A.6] with emphasis on the main differences.

Proof. (proof of Lemma [A7) First, denote by H = A"e™h, and let

I:= ‘<AT67A((/Z V- f(2, s)ds)azg),AreTAh> — <8ngreTA(/z V- f(a, s)ds),AreTAh>’
0 0

- ]<(/ V- f(@', 5)ds)dsg, ATeTAH> - <8ngTeTA(/ V- f(2',s)ds), H>’ (A.28)
0 0
Similar as in the proof of Lemma [A3] using Fourier representation of f, since f = 0, we have
/ v. f(.’])l, S)dS = Z J1 i"jQ fjezw(ij'-m/+ij3z Z J1 +j2f 2mig’-a’ (A.29)
0 jez? /3 jez?

J3#0 J3#0
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where j' = (j1, j2). Using Fourier representation of g and H, we have

1o ey
¢ > mlfjngknffluynm\mww_|J|refm‘
jtkti=o 3
Jja, k3,4’ #0

1 20. 2 . r_T . r 7|5’
LD DI et e AU B R (A.30)
§' k=073
ks+13=0
J3,k3,5'#0
We estimate I first. By virtue of the following observation [47]:
For » > 1 and 7 > 0, and for all positive ,n € R, we have

e — e < Cyle — (16—l 47 4 w(lE — " + o)), (A31)

with € = 1], 7 = (5", 0)| = I3], and |¢ =l = || = (5", 0)|| < |~ 1= (57, 0)| = |k, inequality (A3T) implies

1 .~ _ o r— . ;
BSCr 3l Al Bl P (6 1 (R e el (as2)
j/+k/+ll:0 ‘73
ks+13=0
Jja, k3,4’ #0

By the definition of H, and since e* < 1+ ze® for any x > 0, we have
(| = (07 em | < (U7 (L + 2™ ) el < U7 V] + (15" + k] . (A.33)
Therefore, one obtains that
) (JR 4 13717+ (Rl 7)) e el
< (107l + 713"+ RO ) (1674 151770) + [l (7l =+ 157 )er kel
< Rl JU7 (R 13770+ rCo El (K| 15T FleT . (A.34)
Based on this, one has
Loa s s g — e
L<Cr ) m|fj||gk||hl||.7l||k|2|l| i VA
J'+E +1'=0 3

ks+13=0
Jja,ks,j'#0

1 2.~ . ;
+7C Y W|fjIIQkIIHzIIJ'IIkIQ(IkIT+IJ'IT)eT““'eT"' 1= Io1 + Ioa. (A.35)
Jrkr—o 3
k3+13=0
Ja k3,3’ #0
Here

L 2 ia MRl r r Lz ia (1 T r
Li=0Cr Y I fillgwllalld el U+ =l fillgwllal |57 1R P = Lo + ore. (A.36)
§ 4k =0 VEY |Js

ks+13=0
J3:k3,3'#0

Thanks to Cauchy—Schwarz inequality, since r > 5/2, we have
10 . . .
Li=Cp > —li'Ilfl D IRIG + K k) Mgkl rw k)|

|73]
jez’ kez?
I s £0
J3,3' #0 37
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<o X mpd ™) (X uAE) (X )
Jjez?

EZ kez?
73,3 #0 J3,3'#0 k370
. 1/2
X sup ( Z |(' + K, k3)| T|h’—(j,+k’7k;3)|2)
JEL* " ped
k320
< CllATFINA™ g ATl (A.37)

and

. Loian, . i
Ly =Cr > |kPlgkl > w|ﬂ/| F3ll G+ K k)" h ek k) |

kez® jez®
ka0 ga.3'#0
i oy 7.2\ /2
<C 3D IR R g6l (Y 1)
k'€72 k3 #0 jez?
3#0
1/2
(Z|j|zz| +k’/k3|2|h Jrk/k'a')
J3#0 j'ez?
r / 1—r 2r42| 4 12 1/2
<CATF Y 1D (D kPl
k' €72 k3#0
1/2
X(Z DG R R gk k)| )
k3#0 5’ €72
< clarriaa)( el TS k)
k' €72 k3#0
< AN (A.38)

Next, for 2, we have

| IO :
Ly =7Cr > m|fj||gk||Hl||J/||k|T+2€T‘k|€Tm
Gk 4+ =0
ks+13=0
J3:k3,3'#0

1 £ oA a 7 T 7|5
FC S0 el allawl T P = D T (A.39)
J'+k +1'=0
k3+13=0
J3,k3,3'#0
Noticing that |k|'/2 < C(|5']"/? + [1]'/?) and |5'|'"/? < C(|k|*/? + |I|*/?), thanks to Cauchy-Schwarz
inequality, since r > 5/2, we have

Toa i, ‘

Iy =7Cr 37 e lfillael 11|l 2T el
34k +1'=0
ks+13=0
js,ks,3'#0

1~ 0 . . )
<G ) W|fjlngllhzlIJ’Illl’”Ikl”?’“(IJ’IW+Ill”z)eT"“'eT"'eT‘”
7' +k +1'=0
ks+13=0
Ja,k3,3’ #0
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L o2 s . r r T 7|3 T
<G ) m|fj||gk||hl||3'|3/2|l| TR |r o 2eT Ikl Tl T

J'+k +1'=0
ka-+l3=0
ja,ks,3'#0
1 1/2 Lo oN1/2 1/2
STCT( Z Wj/|272r) ( Z |j|2r+1627\]||fj|2) (Z |k|2r+3|62~r|k\gk|2)
jez® jez® kez®
J3,3'#0 j3,3'#0 ks #0
, 1/2
xsup (30 17+ K k) [T TR R g 2)
IEL " ez
k30
< TCL||ATH 2T A F|[|| AT 2T Ag | | AT 2eT A (A.40)
and
1o o .
Ly =7Cr ) m|fj||gk|IHzIIJ’I”llkIQeT‘k‘eT"'
J'+k +1'=0
ka-+l5=0
Jja,ks,3'#0
1 . . )
<G )] m|fj||§k||hz|Ij'lr+1/2|k|2lllr(|k|1/2+|l|1/2)67‘k'67"'67‘”
./ k/ l/:O
! Koo
Ja,k3,3'#0
1 . . )
SO D0l fallawllhallg R ekl
3+ +1'=0
ks+13=0
ja,ks,3'#0
A 1/2
<C, Z (K, +1)[*" Z |k|r+3/2er\k||gk|( Z |j|2r+1€27\g||fj|2)
k'ez? k3#0 jez?
J#0
. 1/2
J2rtie? K/ ks) 2
(Z |] B Z 6] +k/ k3l LTIk ks ‘|h—(j’+k’7ks)| )
J3#0 j'ez?
1/2
< 7_C«T||Ar-i-1/2e'rAJcH Z |(kl,:|:1)|1_r( Z |k|2r+362‘r|k\|gk|2)
k'€7? k3#0
, 1/2
(Z Z G+ K ks) 2 e 27|(§'+K', k3)||h +k/1k3)|2>
k3#0 j' €22
1/2 1/2
<O AT AR 2 AR (3D D) (DD Y IR Mg )
k'€7? k'€Z? k3#0
< G AT ZETA | ATH2eTA | AT 26 A (A1)

Therefore, I satisfies the desired estimates.
To estimate Iy, we use (A31) with & = |I], 7 = |j], and with |€ — 5| = ’|l| - |j|’ < —1—3j| = |kl to
obtain
1 £lA 7 . r— -7 — r ST\ T 7|7
Lo 32 Al Al Il (67" 131 (R 5] M), (A.42)

j+k+1=0
Jja, k3,4’ #0
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Thanks to (A-34)), one obtains that

| T oy e i
L<C Y mlfj||gk||hl||.7/||k|2|l| (k™ + 157
jakri=0 /3
Jja,ks,j'#0
1 2 . r TN T 7|5
+7C Y ﬁ|fj||gk||Hl||Jl||k|2(|k| + 14" ™eml = Iy + 1.
jikri=0 U3
ja,ks,3'#0

Here

1,2, 3 . r r L 2.3 -7 T
Lo <Co Y =l allawllha |31k U7 + = fillgall Bl 1R = Ly + e

ibTi—o 1] |Js]

Jja,ks,j'#0

Thanks to Cauchy—Schwarz inequality, since r > 5/2, we have

hn=0C Y @UIIij > R G + Kl GwlA— G|

jez? kez?
J3,d'#0 k370
1/2 L N1/2 1/2
<3P TS AR (X kP R)
jez? jez? kez?
3,4’ #0 3,3’ #0 k370
. 1/2
X sup ( Sl +k|2T|h—(j+k)|2)
JELE D ey
k30

<G| AFINA™ gl AR,

and

~ 1 ST E ] 7
Lnz=Cr Y kPlakl Y = 1al"1filld + kIl gm)

kez? jez? |]3|
k370 3.3 #0
Y N1/2 R
< (D RPN ) (DD I
kez? keZz? jez?
k#0 k#0 3#0
. . 1/2
x sup (30 15+ K b )
kc73 )
JEZ3

< Gl AT A gl | ATh].
Next, for I15, we have

1o ia . .
B <70 37 el fllanl gl e e
jt+hti=0 73
ja,ks,3'#0
1 ... L .
470 S0 U fillal Hll T R 2em ¥ el = Ty 4 T,

jierizo 13l
Ja,ka,j'#0

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)
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Since |k|*/? < C(|F]"/? +|1|*/?) and |§]*/? < C(|k|*/? 4-]1|*/?), thanks to Cauchy-Schwarz inequality, since
r > 5/2, we have

1 £l A 2 . r T 7|7
oy =7Cr > —|f5llakl| Hullg][k|" el

jierizo 3l
j3.ks,3'#0
1 s e : ,
<tCr Y ﬁ|fj||gk||hl||J||l|T|k|T+3/2(IJ|1/2+|l|1/2)67‘k'67"'67‘”
j+ktt=0 13
Jja,k3,3’ ,1#0
1 -~ .
<O STl fallawl Ballg R T el
j+kti=0 13
Jja,k3,3’ ,1#£0
o oN1/2 ) Lo N1/2 R 1/2
< (0 1) (DD P R) T (DD ke g )
jezd jezd kez?
J.3#0 J3,3'#0 k370
) R 1/2
X sup ( Z ] _,’_k|2r+162‘r|_7+k'||h7(j+k)|2)
JELE Ny ens
k30
< TC||ATT2eTAf|||| AT 2eTAg || AT 2T AR, (A.48)
and
1o s ;
hoa =70 37 ool fillgul Hal 1+ e e
jtktt=0 3
ja.ks,3'#0
1 oa e ;
<7C. ) ﬁ|fj|lgk||hz||J|T+1/2|k|2|llr(|k|1/2+|l|1/2)67‘k'67"'67‘”
jtkti=0 I3
Ja,ks,j’ 1#0
IR ;
S7C 32l fallawl Bl 2 R e et
jtkti=0 I3
Jja,ks,j’ 1#0
1/2 1/2 o 1/2
< TCT( Z |k|272r) ( Z |k|2r+3€27\kl|gk|2> (Z |j|2r+1€27\g\|fj|2>
kecz? kecz? jez?
k0 k0 540
| 2rl 274kl 2\ /2
X sup ( 1+ KPR A )| )
kezs N
#0
< TOT||AT+1/26TAf||||AT+3/2€TAg||||AT+1/2€TAhH. (A49)

Therefore, I; satisfies the desired estimates. The proof is completed.
Finally, we sketch the proof of Lemma, [A 6l

Proof. (proof of Lemma [A6]) Similar as the proof of Lemma [A7] we have

I:= ’<AT67A((/Z V- f(2, s)ds)azg),ATeTAh> - <(/z V- f(2, s)ds)ATeTABZg,ATeTAh>‘
0 0
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= ‘<(/OZ V- f(2, s)ds)ﬁzg,ATeTAH> - <(/OZ V- f(w’,s)ds)ATeTAazg,H>‘.

1 TN 2 . T roT
<C S I fsllanl 1l kI — e

jrierizo 3l
Ja,ks,j'#0
| TS
$O ST il Al el et — R = 1 (A.50)
k=0 3
ks+13=0
Ja k3,3’ #0

For I, since j + k +1 = 0, we use (A3L) with & = |I], n = |k| and |¢ — 7| = ‘|l|—|k|‘ < ‘—l—k‘ = |51,
to conclude
1 £ 1A ] . r— ST — r ST\ T 7|7
hsCo S0 el fallawl 1ES PR (K7 4 17+ L+ (e ). (A.51)
jtkti=0 3
ja,ks,3'#0
For I, since (5, 0)+k+1 = 0, we use (A31) with & = |I|, 7 = |k| and |¢ —n| = ‘|l|—|k¢|‘ < ‘—l—k:‘ - |5'],
to obtain

1 .~ _ o r— . ;
BSCr 3l dillanl Bl PR (6 1 (R e el (as2)
j/+k/+l/:O ¢73
ks+13=0
Ja k3,3’ #0

Observe that the difference between the sums in the right-hand sides of (A.51]) and (A.42)) (and between
(A52) and (A32))), is manifested in the factors |5'|?|k| and |5’||k|?, respectively. Therefore, one can follow
the estimates of I; in (A42) and I> in (AZ32)), and obtain that I; in (AXE]I) and I in (A52) satisfy the
desired bound in Lemma [A 6]

O
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