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ABSTRACT OF THE DISSERTATION

Spectral Triples and Fractal Geometry
by
Andrea Arauza

Doctor of Philosophy, Graduate Program in Mathematics
University of California, Riverside, June 2018
Dr. Michel L. Lapidus, Chairperson

Fractal sets are sets that show self-similarity meaning that if one zooms in on some part of
the fractal, the close up view exhibits the same patterns as the larger whole. Fractals are
difficult to study using the usual tools of geometry and analysis; often classical notions from
calculus cannot be meaningfully defined on fractals. The study of analysis on fractals seeks
to develop analytic tools analogous to those used on “nice” spaces but that can be used
on fractal sets; see [19], [34]. One can then ask if these fractal tools give results analogous
to the results in the classical setting. This text contributes to a new way of thinking
about fractals by developing operator algebraic tools that can provide an alternative way
of studying geometry and analysis on fractals.

Work in noncommutative fractal geometry involves an operator algebraic tool kit
known as a spectral triple which is constructed based on the fractal being studied. Building
upon previous works, we give the construction of a spectral triple for the fractal sets known
as the stretched Sierpinski gasket and the Harmonic Sierpinski gasket. We show how these

spectral triples can be used to describe fractal geometric properties: Hausdorff dimension,

vi



geodesic distance, and certain “fractal” measures. We then describe a spectral triple which

can be used to describe the standard energy on the Sierpinski gasket.
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Chapter 1

Introduction

1.1 Motivations

Fractals, or fractal sets, are sets that show self-similarity, meaning that if one
zooms in on some part of the fractal, the close up view exhibits the same patterns as the
larger whole. For example, if one zooms into the middle spiral point in a sea shell, the view
looks like the entire shell. The difference in the view being only in scale and not in the
pattern. In this text we primarily work with the fractal sets known as the Sierpinski gasket,
SG, the harmonic Sierpinski gasket, Kg, and the stretched Sierpinski gasket of parameter
a, K. The parameter a in K, is such that 0 < a < % and indicates the length of the line
segments labeled below.

The study of fractal geometry has roots that trace back for hundreds of years.
Examples of fractal sets include those found by Wacnaw F. Sierpinski while studying set

theory in the early 1900’s, Giuseppe Peano in 1890 who constructed space filling curves,



Sierpinski gasket (left), harmonic Sierpinski gasket (center) [20], stretched Sierpinski gasket

of parameter « (right) [1].

Karl Weierstrass in the late 19th century with the famed nowhere differentiable curves, and
the list goes on. The “monsters” of fractal geometry have been lurking beneath beds and
behind closet doors for a great many years. However, the modern study of fractal sets was
kicked off in the 1970’s by Benoit Mandelbrot. In fact, it was Mandelbrot’s groundbreaking
text “The Fractal Geometry of Nature” which inspired the modern study of fractal sets. In
this book, Mandelbrot puts on display the many occurrences of fractals in nature. Branching
on trees, the boundaries of coast lines, blood vessels in the human body, are all examples of
fractal patterns occurring in nature. This means that tools used to study abstract fractal
sets may be used to study the fractal sets that nature exhibits.

There is a long tradition in mathematics of using algebra to describe and under-
stand geometry. One can take problems from geometry, translate them into problems in
algebra where solutions to the problem may be more evident, and then translate the solu-
tions back into geometric ones. For example, instead of working with a compact Hausdorff
space X, one can work with the commutative C*—algebra C'(X). One recovers the space

X by considering the set of continuous nonzero *—homomorphisms from C(X) to C, called



the Gelfand spectrum of C(X). With a suitable topology, the Gelfand spectrum of C'(X)
is homeomorphic to X.

The move towards noncommutativity stems from the theorem of Gelfand and
Naimark which says that any C*—algebra is isometrically *—isomorphic to a (generally non-
commutative) closed subalgebra of the bounded operators on some Hilbert space. Dropping

“non-

the commutativity assumption leads to the study of noncommutative C*—algebras as
commutative spaces”. In noncommutative geometry, operator algebraic tools are used to
study spaces like compact Riemannian manifolds, and many of these tools can also be used
to study fractals; see [9]. More precisely, the spectral triples of noncommutative geometry
can be used to describe the fractal geometric notions of dimension, geodesic metric, and
measure. In some cases, spectral triples can also be used to describe the energy forms and
Laplacians from the study of analysis on fractals.

In 1990, Michel L. Lapidus outlined how one may study fractal sets by using the
tools of noncommutative geometry in the papers [23] and [24]. Since then, much progress
has been made in building examples of how one may describe fractal geometric notions
with operator algebraic tools. Works that use noncommutative geometry to describe the
geometry and analysis of fractal sets include [5], [6], [8], [14], [26].

With an eye towards being able to study heat equations on fractal sets analogous
to those in Euclidean space, Jun Kigami and others began studying energy forms on post
critically finite (p.c.f.) sets which would induce a Laplacian on that set. From there, the

theory of analysis on fractals grew and is studied extensively. There has been much success

in defining Laplacians on p.c.f. sets and studying questions, such as Weyl asymptotics,



regarding the behavior of the eigenvalues of these Laplacians. Details can be found in the
paper by Kigami and Lapidus [22].

Work in noncommutative fractal geometry involves an operator algebraic tool kit
known as a spectral triple which is constructed based on the fractal being studied. In 2008,
E. Christensen, C. Ivan, and M. L. Lapidus [8] gave the construction of a spectral triple for
various fractal sets —including the Sierpinski gasket— which can be used to describe fractal
geometric properties: Hausdorff dimension, geodesic distance, and the Hausdorff measure.
Christensen, Ivan, and Lapidus built a spectral triple for a circle, used this to give a spectral
triple for each triangle in the Sierpinski gasket, and then defined a spectral triple for the
Sierpinski gasket by taking a direct sum.

In 2014, F. Cipriani, D. Guido, T. Isola, and J-L. Sauvageot [6] gave a collection
of spectral triples for the Sierpinski gasket that depend on a parameter 5. Under some
restrictions on 3, these spectral triples recover, amongst other things, the Hausdorff measure
on the Sierpinski gasket and a concept from analysis on fractals known as a Dirichlet form.

In 2015, M. L. Lapidus and J. J. Sarhad gave the construction of a spectral triple
for certain length spaces and showed that their spectral triple recovers the geodesic metric
on these length spaces; see [26]. This construction of a spectral triple is for length spaces,
including the Sierpinski gasket and the harmonic Sierpinski gasket, made up of rectifiable
C'—curves. While one can use the spectral triple of Lapidus and Sarhad for the stretched
Sierpinski gasket, the assumptions needed for their theorem on the recovery of the geodesic

metric are such that the theorem does not apply to the stretched Sierpinski gasket.



1.2 Summary of Main Results

The main results of this text are contained in Chapter 5. We now state the main
results concerning the stretched Sierpinski gasket, K, and the harmonic Sierpinski gasket,
Ky.

In Chapter 3 we give the definition of a spectral triple and give the construction
of a spectral triple for sets made up of C''-curves. Using this we get a spectral triple ST, =
(C(Ka), %, Dy,) for K, and show in Chapter 5 how one can recover (1) the Hausdorff

dimension, (2) the geodesic distance, and (3) the Hausdorff measure of K.

1. The Hausdorff dimension for the stretched Sierpinski gasket, K, is

_ log(3)
log(2) — log(1 — a)’

dimpg (Ky)
One gets a notion of dimension, 9, from a spectral triple via the formula
d=inf{ p>0:tr((I + D*)7P/?) < x0}.

We show that the trace of the operators |D,|™* for s > 0 sufficiently large, gives a
Dirichlet series and that calculating the dimension, 0, induced by the spectral triple
ST, amounts to finding the minimal s value for which this series converges (i.e. finding
the abscissa of convergence of this series). We then show that the dimension given by

the spectral triple is the same as the Hausdorfl dimension of K,:

0= dlmH(Ka)

2. Geodesic distance on a space is determined by the length of shortest paths between

points. This means that given two points x,y in K, the geodesic distance, denoted



dgeo(x,y), between them is the length of a shortest path in K, connecting  and y.
There may not be a unique shortest path between the two points, but the length of
the shortest paths will be unique. An operator algebraic notion of distance will come
from the definitions used in the study of metrics on state spaces found in [10], [30],
[31]. For example, on the space of probability measures on a compact metric space,

(X, p), one can define a metric by

p(p,v) = sup{|u(f) —v(f)] : Lip,(f) < 1},

where Lip,(f) = sup {M_f)(y)‘ cx £ y}; see [30].

p(zy

The spectral triple ST, can be used to define a metric on K, via the formula
dr, (z,y) = sup{|f(z) — f(y)| : [ € C(Ka), [|[[Da, w(f)]|| <1}
We give the following result.

Theorem 1 Let dg(-,-) be the metric on K, induced by the spectral triple ST, and

dgeo(-, ) the geodesic distance on K. Then for all x,y € K,
dKa (:U> y) = d960($7 y)

. In order to formulate a notion of measure based on the spectral triple ST,, one
needs another operator algebraic tool called a Dixmier trace, Try(-). One can use a
Dixmier trace and the operator D, from the spectral triple to create a positive linear
functional on C'(K,). This then gives a measure on K,. The subscript w in the
notation Tr,(-) indicates the dependence of the Dixmier trace on a choice of extended

limit, w : £°° — C. We prove that the measure induced by ST, by using the Dixmier



trace is independent of the choice of extended limit, w. Furthermore, we show that
the measure induced by STy, is the same as the dimg (K, )-dimensional Hausdorff

measure on K:

Theorem 2 The spectral triple ST, recovers the 0-dimensional Hausdorff measure,

H®, on K, via the formula

Tra((£)|Dal ) = 3 /K f dr

for all f € C(K,), where d = dimpy (K,). Moreover,

_ 200122 — 1)¢(2)(3 + 3a®)
- - WD(QD log(2) — 3(1 — a)b log(l — Oé)) '

(&)

This text also answers a conjecture made by Lapidus and Sarhad in [26]. We use
the construction given in [26] to build a spectral triple, ST(Ky) = (C(Kg), #4, Dk,,), for
the harmonic Sierpinski gasket, Kp. It was conjectured in [26] that the measure induced
by ST (K ) could recover the Hausdorff measure on K. We show that this conjecture is
false and prove that the measure induced by ST (K ) in fact recovers a measure with a

certain self-affinity property.

Theorem 3 Let 7: C(Kpy) — C be given by 7(h) := Try(rg(h)| Dk, |°#). Then

(1) = Tra (e ()| Dy ™) = | (o) dp.

where [ is the unique self-affine measure on Ky satisfying,

3
/h dp = ;Z/(hon)d,u for each f € C(Kpg).
j=1



1.3 Outline of Chapter Contents

e In Chapter 2 we give a review of basic results from fractal geometry and describe two
of the fractals which are the focus of this text, the Sierpinski gasket and the stretched

Sierpinski gasket. We also use this chapter to fix notation and definitions.

e In Chapter 3 we define spectral triples and use this definition to define notions of
dimension, metric, and measure. We give examples including a spectral triple for
fractal sets in R like the Cantor middle third set, as well as a spectral triple for the
Sierpinski gasket and the stretched Sierpinski gasket. In this chapter we give a result
connecting the measure induced by the spectral triple for certain Cantor like sets in

R to the average Minkowski content of the fractal.

e Chapter 4 will introduce the subject of analysis on fractals. We define energy forms,
harmonic functions, and the harmonic Sierpinski gasket. We also give a spectral triple

for the harmonic Sierpinski gasket.

e Chapter 5 will hold the main results of this text. This includes a careful study of the
stretched Sierpinski gasket using the spectral triple defined in Chapter 3 and a result
concerning the measure induced by the spectral triple defined in Chapter 4 for the

harmonic Sierpinski gasket.

e Chapter 6 will define an energy form on the Stretched Sierpinski gasket and will
give the construction of a spectral triple for the classical Sierpinski gasket which can

recover the standard energy form on the Sierpinski gasket.



Chapter 2

Basic Fractal (Geometry

In this chapter we give the basic definitions from fractal geometry and state the
standard theorems in the field. The notions of Hausdorff measure and Hausdorff dimension
are introduced as these are better suited for the study of fractal geometry than the more
commonly used Lebesgue measure and topological dimension. We also present the theory
on iterated function systems (IFS) and self-similar (self-affine) measures. Certain IFS’s can
be used to create fractal sets with rich structure. The fractal sets that are the focus of this
text will arise from iterated function systems. As a general reference for this chapter one

should see the texts by K. Falconer [12] and the paper by J. E. Hutchinson [15].

2.1 Notions of Measure and Dimension

A key part of the study of fractal sets is the study of dimensions and measure.
We wish to associate to fractal sets some notion of dimension that allows us to study the

geometry of the set. In the same way that one studies line segments in 1-dimension, planes



in 2-dimensions, and cubes in 3-dimensions, we wish to study fractal sets in a dimension
which allows for a meaningful study of the sets geometry. Part of the reason why we study,
for example, line segments in 1-dimension is because the 1-dimensional measure (length)
gives a meaningful measure of the size of a line segment. When studying fractal sets we
first define measures which depend on some positive real number s, denoted H?®. These
measures have the property that for a non-empty set F C RY there is a non-negative real
number d such that H*(F) = oo for s < d and H*(F) = 0 for s > d; see Figure 2.1. The
measure H¢ is thus the appropriate measure for studying the set F' and the number d will

be the dimension we associate to the set U.

Definition 2.1.0.1 Let U be an open, non-empty, subset of RY and § > 0. The diameter
of U is defined as

diam(U) =sup{|z —y| : z,y € U}.

If {Uj}jer is a countable or finite collection of open sets such that

FclJu;,
jel

and 0 < diam(U;) < 6 for each j, we say {U;}jer is a 0-cover of F.

We can now define a commonly used measure in fractal geometry. Due to the
liberty in the choice of sets U; in a d-cover, this measure accounts for the fine scale charac-

teristics of a set and is hence well suited for studying fractal sets.
Definition 2.1.0.2 Let F be a subset of RN and s > 0. For any § > 0 define

H;(F) = inf Z diam(U;)* : {U;}72, is a 0-cover of F' 5 . (2.1)
j=1

10



Define the s-dimensional Hausdorff measure of F' by

H(F) = lim H3(F).

Note that the value of equation 2.1 increases as § gets smaller since the collection of possible
d-covers gets smaller. This means the limit in the definition of the Hausdorff measure exists
and is possibly infinite.

Equation 2.1 also shows that #Hj(F') is non-increasing as s increases and hence
H?(F') is non-increasing with s. More precisely, if > s we have for a ¢ cover {U;},cs of F

that

> diam(U;)" = diam(U;)"* diam(U;)* < 6" Y _ diam(U;)*

jeJ jeJ jeJ
and hence H5(F') < 6" *H3(F). Letting 6 — 0 we see that if for some s, H*(F') < oo then
for all » > s, H"(F) = 0. This means that for most values of s the Hausdorff measure of a
fixed set F' C RY is either 0 or infinity. The value of s at which the Hausdorff measure of

a set switches from being infinite to being 0, gives us a notion of dimension that is better

suited for studying fractal sets than the typical topological dimension.

Definition 2.1.0.3 Let F be a subset of RN. Define the Hausdorff dimension of the

set F' as the number
dimg(F) =inf{s > 0: H*(F) = 0} = sup{s > 0: H*(F) = oo}.

We now state some scaling properties of the Hausdorff measure and dimension

which will be useful in later chapters. These results can be found in Falconer’s text [12].

11



s-Hausdorfl Measure

Figure 2.1: Graph of H*(F) against s for a fixed set F' C RY.
Proposition 2.1.0.4 If F C RN and X\ > 0 then
H(ANF) = NH?(F)
where A\F = {\x :x € F}.

Fractals often have the property that they are made up of smaller copies of them-
selves. For this reason we wish to know how the Hausdorff measure and dimension interact
with maps that shrink (or contract) a space. We will use the proposition below primarily

in the case when the parameters r and c are such that c=1and 0 < r < 1.

Proposition 2.1.0.5 Let F C RY and f : F — RM be a function. Suppose there exist

constants ¢, > 0 such that

[f(z) = f)l <rle—yl°
for x,y € F. Then for each s > 0,

HI(F(F)) < /M0 (F)

12



and

dimg f(F) < (1/c¢)dimpy F.

2.2 Iterated Function Systems

Definition 2.2.0.1 Let F be a closed subset of RN. A map f : F — F is a contraction

if there exists 0 < r < 1, such that for all x,y € F

(@) = fy)| < rlz -yl

The number v is called a contraction ratio of the map f. If equality holds, we say f is
a stmilarity with similarity ratio r. An iterated function system (IFS) is a finite

collection of contraction mappings {f;}L, from the space F' to itself.

We will use iterated function systems to create various examples of fractal sets. The
following theorem gives a way of generating fractal sets as well as a way of calculating the
Hausdorff dimension of those sets. These results can be found in the paper by Hutchinson

[15].

Theorem 2.2.0.2 (Hutchinson [15]) Let {f;}]., be contractions on the closed non-empty

set D C RN with contraction ratios 0 < rj < 1. Then there exists a unique non-empty com-

pact set F C RN that is invariant for the fj, i.e. which satisfies

F=J 5,
j=1

Moreover, if we define the transformation S on the collection of compact sets in RN by
m
sy = 1®)
j=1

13



and write S* = S0 So---08 for the k-th iterate of S, then

F= ﬁ SH(E)

k=1

for any nonempty compact set E such that f;(E) C E for each j.

Given an IFS, {f; 7.1, we call the unique non-empty compact set F' C RY with

the property

the attractor of the IFS {f;}7 .
The fractal sets we consider in this text will be attractors of some IFS. Notice that

the property

formalizes the idea that fractal sets are made up of smaller copies of themselves. Also, the
property

o0

F=()S"F)

k=1
states that the set F' can be approximated by the k-th iterates of the map S in Theorem
2.2.0.2. This gives a way of constructing the set F' in steps S'(F), S%(F), S3(F),....

Consider the IFS given by g1(z) = 32 and g2(2) = 3z + 1 on [0, 1]. The attractor

of this IFS is the unit interval [0, 1] which we do not consider a fractal set. We would like
conditions on the IF'S so that the attractor of the IFS has fractal properties. The issue with
{91, 92} is that the images ¢1([0,1]) and g2([0,1]) overlap at the point 1 and hence their

union gives all of [0, 1].

14



We next introduce an important condition on an IF'S which ensures that the images
of the contractions do not overlap “too much”. A well known theorem of Hutchinson [15]
will then gives us a way of calculating the Hausdorff dimension of the fractals that arise

from IFS’s which satisfy this condition.

Definition 2.2.0.3 We say that the IFS { f; 7Ly satisfies the open set condition if there

exists a non-empty bounded open set U such that

Urnwcu
j=1
where the union is disjoint.

Note that no open set U in [0, 1] exists so that g1(U) and g2(U) are disjoint and

U 9i(U) C U; hence the IFS {g1, g2} does not satisfy the open set condition.
j=12

Theorem 2.2.0.4 (Hutchinson [15]) Let {f;}]L, be similarities on the closed non-empty
set D C RN with similarity ratios 0 < rj < 1. Suppose further that this IF'S satisfies the

open set condition. If F' is the invariant set satisfying

F=]J )
j=1

then dimg F' = s where s is given by

Moreover, for this value of s, 0 < H*(F) < oo.

Generally, for an IFS { fj}gnzl with similarity ratios 0 < r; < 1, the value s such

that
m
> =1

Jj=1

15



is called the similarity dimension of the IFS. Theorem 2.2.0.4 states that in the case where
the contraction maps in { f; ;”:1 satisfy the open set condition, the Hausdorff dimension is
the same as the similarity dimension, s, and the s-dimensional Hausdorff measure gives a
meaningful measure of the size of the attractor.

The proof of Theorem 2.2.0.2 considers the collection of non-empty compact sub-

sets of RV, denoted %, endowed with the metric given by
mg(A,B) =inf{é >0: AC Bs and B C As}

where for K C RY, K5 = {x € RV : |z — y| < 6 for some y € K}. The metric mg(-,)

is called the Hausdorff metric on ¥. One can show that (¢, mp) is a complete metric

m

space. Given an IFS {f; 7., one then considers the transformation S : ¢ — ¢ given in

Theorem 2.2.0.2:
m
S(E) = f;(B)
j=1
for E € €. The map S is a contraction mapping on the compete metric space (¢, my) and

hence the contraction mapping principle gives the existence and uniqueness of a fixed point

F € € of S with
m
F=5F) =] @)
j=1
In [15], this method of proof is also applied to the space of Borel regular probability

measures on a complete metric space, (X, dx ). We denote this space of measures by M1 (X).

One endows M!(X) with the metric given by
d(p,v) = inf {|u(¢) —v(¢)| : 6 : X = R, Lip(¢) <1}

where p1(¢) = [ ¢ dp and Lip(¢) = sup{r > 0 : |p(z) — ¢(y)| < rdx(z,y)}. This makes

16
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Figure 2.2: The first 4 levels in the approximations to the Cantor middle third set.

MY(X) a complete metric space. Consider p = (p1,p2,...,pm) where 0 < p; < 1 and
m
ij = 1. Let {f; 71 be a collection of contractions on X. Define then the mapping
j=1

(g,p) s MY(X) — MY(X) given by

(S.0) () (B) = Y pynf; ()

The map (S, p) is a contraction on M*(X) and hence has a unique fixed point u, € M*(X).
The measure, (i, arising from an IFS of similarities (resp. affine maps) in this manner is

called the self-similar (resp. self-affine) measure on X with weight p.

2.3 Examples

We now give examples of fractal sets and apply the previous theorems to calculate
their Hausdorff dimension. Examples include the Cantor middle third set, the classical

Sierpinski gasket, and the stretched Sierpinski gasket of parameter a.

Example 4 Our first example is the well known Cantor middle third set. This is the typical
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first example of a fractal set arising from an IFS. Consider the maps h; : R — R given by

1 2
hi(z) = -z, ho(z)= gx—i— 3

Applying these maps to the interval [0, 1] and using Theorem 2.2.0.2 gives a unique compact

set C such that

The set C is called the Cantor middle third set. Observe that iterating the map

S(0,1) = |J hy([0.1])

j=1,2
provides approximations to the Cantor middle third set. The first 4 levels in the approxi-
mation to C can be seen in Figure 2.2. Note that the open set U = (0,1) has the property

that h1(U) and hao(U) are disjoint and
hl(U) U hQ(U) c U.

Thus this IFS satisfies the open set condition and hence the Hausdorff dimension of C is

the solution to the equation

J=1

That is dimy C = }ggg The Cantor set has many interesting properties. Among them is

the fact that it is a totally disconnected set with an uncountably infinite number of points

but with Lebesgue measure (i.e. length) 0.

The next examples are two of the main fractal sets treated in this text.
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b2

b1 D3

Figure 2.3: Graph approximations, SGy for k =0, 1,2, 3, of the Sierpinski gasket.

Example 5 Consider the IFS given by f; : R? — R2,

fl(x):%(w—m)‘ﬂ?l, f2(x):%(a?—p2)+p2, f3($):%(96—p3)+p3

where p1 = (0,0), pa = (1,0), p3 = (1/2,v/3/2). Applying these similarities to the equilat-
eral triangle T with vertices p1, p2, p3 and using Theorem 2.2.0.2 this collection of similari-

ties gives a unique non-empty compact set SG C R? with the property

3
SG = £;(5G).

=1

We call this set the Sierpinski gasket.

The iterates of the map

Sy = U £

provide approzimations to SG and give graphs as in Figure 2.53. This gives us graph ap-

prozimations of the Sierpinski gasket:

SGr=|J fu(D Jor k>0
we{1,2,3}F

where w € {1,2,3}* means that w = wyws - - - wy, is a word in the letters {1,2,3} with length
lw| =k >1, and fu, = fuy, © 0 fup © fuy- If Jw| =0, then w =10 and fy = id.
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Notice that one can identify SGy, as a subgraph of SGr+1 and hence {SGy} >0 is
an increasing sequence of graphs. An alternative definition for the Sierpinski gasket is as

the closure of the union of these graph approrimations:

SG = U SGh.
E>0

Using Theorem 2.2.0.4 we have that the Hausdorff dimension of SG is the value

1\°%
<> B 1'
2
1
_ log3
~ log2-

s > 0 such that
3

J

Solving this equation gives dimpg SG = s
Before the next example we need the following definition.

Definition 2.3.0.1 An affine map A : RN — RY is a transformation of the form

where T is a linear transformation on RN (often represented as an N x N matriz) and

be RN,

The example that follows is different from the previous two in that the maps in the
IFS are contractive affine maps and not necessarily similarities. Affine maps are different
from similarities in that they may contract the space by different amounts in different
directions. This means we cannot directly apply Theorem 2.2.0.4 so we must work harder

to calculate the Hausdorff dimension.

Example 6 Fir o € (0, %) and let p1, pa, ..., ps € R? be given by
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Figure 2.5: The Sierpinski gasket (left) and the stretched Sieprinski gasket (right).

p1 = (070): p2 = (%a ?)7 p3 = (170);
Py = 132-51737 ps = pl-gps; e = pl-gm.

Let A1, Ao, ..., Ag be 2 X 2 matrices given by

11—« Lo
A=Ay = A3 = 5 ;
0 1
o 1 -3 10 ol 1 V3
A4_Z ,A5—O{ 7A6_Z
-3 3 00 V3 3



Figure 2.6: The triangle T" with fixed points p; of the maps F}; and edges el e?, e3.

Define the maps Fy ; : R* — R? by
Foj(x):=Aj(x —pj)+pj forj=1,2,...,6. (2.2)

The maps Fo 1, Fo 2, Fo 3 will map the equilateral triangle T' with vertices p1, p2, p3 to smaller
triangles at each of the three corners of T'. Note that F, 1, Fy 2, F 3 are contraction similar-
ities, meaning that they are maps which shrink the space by the same ration, namely 1_?"‘,
in every directing. On the other hand, the maps Fy 4, Fo 5, Fo 6 will map T to line segments
of length o and these are contractive affine maps, meaning that they shrink the space but
may do so by different ratios in different directions. We define the stretched Sierpin-
ski gasket of parameter o as the unique non-empty compact set K, C R? satisfying the
self-affinity condition

6
j=1

As with the Sierpinski gasket, an alternative definition for K, is as the closure of the

increasing union of graphs seen in Figure 2.3.
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From now on we will fix the parameter o € (0, §) and hence will write Fj = Fy ;.
If « =0, then K, = SG. If a = 1/3, then the geometry of the space reduces to the
1-dimensional case. Notice that K, can be written in terms of a “discrete” part and a
“continuous” part. Let W, be the unique compact set satisfying

3
We = Fi(Wa).
j=1

Let Jp = 0 and for n > 1 let

n—1 3
Jan = Jn = |J U F L-Jlej
P

m=0 we{1,2,3}™

where e/ = int(F;;+3(T)) for j = 1,2,3. Note that e!,e? e3 are the three edges in the first
graph approximation of K, which join the three triangles in K, together. We will call the
edges in J,, the level n joining edges. Also make note of the fact that we take the level n

joining edges to be open. Letting J* = U,>1J,, we see that

6
Ko =|J Fj(Ka) =Wao U J*
j=1
where the second union is disjoint; see [3]. The set W, is the discrete part of K, and has
many properties similar to the classical Sierpinski gasket; the set J* is the continuous part

of K, and is a union of shrinking intervals. This decomposition of K, will be essential in

proving results concerning the Hausdorff dimension and measure of K.
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Chapter 3

Spectral Triples and

Noncommutative Geometry

In this chapter we focus on introducing the ideas from noncommutative geometry
that are used to study fractal sets. We begin with the motivation for the field of noncom-
mutative geometry and then define the tools of primary interest—spectral triples and the
Dixmier trace. We then state some known results on how to use spectral triples to study

fractal sets like the Cantor set and the Sierpinski gasket.

3.1 (*-algebras

Noncommutative geometry begins with the observation of the duality between the
category of compact Hausdorff spaces and commutative unital C*-algebras. Let us begin

with some definitions.

Definition 3.1.0.1 An complex algebra </ which is also a Banach space with norm || - ||,
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satisfying
lzyll < ll=[yll

for all x,y € & is called a complex Banach algebra. An involution on a complex

Banach algebra <7 is a map * : & — o written A — A* such that for a,b € C, S,T € o :
1. (aS 4 bT)* = aS* + bT™,
2. (ST)* =T*S*, and
3. (S*)*=5.
Notice that the condition ||zy|| < ||z||||y|| implies that multiplication < x & — &/
is continuous in a Banach algebra. Also note that the axioms and notation for the involution

operation are meant to generalize the properties of the adjoint operation on the set of

bounded operators on a Hilbert space.

Definition 3.1.0.2 Let &/ and % be complex Banach algebras with involution. A map

¢: A — B is a x-homomorphism if

1. ¢ is a homomorphism of algebras which preserves the multiplicative unit 1, and

2. ¢ has the property ¢(A*) = ¢p(A)* for all A € o .

A x-isomorphism is a x-homomorphism which is also an isomorphism. If o/ C B, we call
o/ a x-subalgebra of % if of is a subalgebra of B closed under the x operation: A € of

implies A* € o .

Definition 3.1.0.3 A C*-algebra is a complex Banach algebra, <7, with an involution
satisfying:
|IT*T|| = |T|?
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forT e o .

Notice that in a C*-algebra we have ||T'||2 = [|T*T|| < ||T*|||T|| and hence ||T'|| <
|T*||. Similarly, ||T|| < ||T%]] so ||T|| = ||T%|| and hence the involution operation is an

isometry. Also note that in a C*-algebra 27, the norm || - || is given by

lall = sup [laz|| = sup {[laz|| : z € o, ||z[| < 1}.
[lzf|<1

To see this note that

sup laz|| < sup la[|[|z]] < [la]
l[=[I<1 llz]|<1

and if x = a*/l|al| then |laz|| = ||a]| so indeed ||a|| = supjj,<; [laz|.
Example 7 The complexr numbers C with compler conjugation as involution is a commu-

tative C*-algebra. Note that the C*-norm property |T*T|| = ||T||* is the well know identity
22| = |2

where z € C.

Example 8 Given a compact Hausdorff space X the natural compler Banach algebra as-
sociated to this space is C(X). We can make C(X) into a C*-algebra by giving C(X) the
supremum norm || - || and the involution f — f where f(x) = f(z). Then C(X) satisfies

the C*-norm property ||f* flloo = || f||% and hence is a commutative C*-algebra with a unit.

Example 9 Consider the set of bounded linear operators on a Hilbert space B(H, 7)) =
PB(A) with the usual operator norm and the adjoint operation as involution i.e. T +— T*
where T* is uniquely determined by the property (Tx,y) = (x,T*y) for x,y € H. The space

B(H) is an important example of a noncommutative C*-algebra.
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Example 10 Consider the collection of bounded analytic functions on the closed unit disk
D with the sup norm || - ||eo and involution given by, f*(z) = f(Z). This is an example of a
complex Banach algebra with involution, which does not satisfy the C*-norm property. To

see this consider the function f(z) = e*. Then f*(z) = e®* = e~** and note that

1£(2)f*(2)lloc = sup{le”e™"| : 2 € D} = sup{[1] : z € D} =1

while
1f(2)l3 = sup{le™*|* : z € D}
= sup{e #T* . 2 € D}
= sup{e 23 : z € D}
=sup{e ?*:ac[-1,1]}
=
This shows that the condition || f*f|lc = ||f||% fails in general and hence the collection of

bounded analytic functions on the closed unit disk D is not a C*-algebra.

3.1.1 Gelfand Gymnastics

The following theorem tell us that every commutative unital C*-algebra is of the

form C(X) where X is a compact Hausdorff space.

Theorem 3.1.1.1 (Gelfand Naimark Theorem) Suppose <7 is a commutative C*-algebra
with unit 1,. Let
M(o)={y: o — C: 1 is bounded, linear, and multiplicative, and ¥ (1) = 1}.
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For each a € o define

i: M(Z) = C by a(®) = v(a).

Then M(<f) is a compact Hausdorff space in the weak *-topology and the map a — a,
called the Gelfand transform, is a x-isomorphism of &/ and C(M (<)), the continuous

functions on M (7).

This theorem is the first step in proving the duality between the category of com-
pact Hausdorff spaces and the category of commutative unital C*-algebras. This duality
essentially gives that all topological information about a compact Hausdorff space X is
algebraically stored in C'(X). Let us explore this duality a bit further.

Given compact Hausdorff spaces X, Y and a continuous map f: X — Y we get a
map of algebras

Cf:C(Y)— C(X) given by Cf(g) =go f.

The map C'f is a unital *-homomorphism and the mappings

X C(X) and fCf

give a contravariant functor between the category of compact Hausdorff spaces and continu-
ous maps and the category of commutative unital C*-algebras and unital x*-homomorphism.
Now, given unital commutative C*-algebras <7, % and a unital *-homomorphism

¢ : o — 9B we get a map of compact spaces

M¢: M(AB) — M(</) given by M¢p(u) = po ¢.

Since the topology on M (<) is the smallest such that each a : M (/) — C is continuous,

amap f: X — M(&) (where X is a compact Hausdorff space) is continuous if and only
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ifaof: X — C is continuous. Then the map M¢ is continuous since @ o M¢ = ¢(a) is

continuous. Thus we have a contravariant functor given by
o — M(o/) and ¢— Mo

between the category of commutative unital C*-algebras and unital *-homomorphism and
the category of compact Hausdorff spaces and continuous maps.

To fully see the connection between the category of compact Hausdorff spaces and
the category of commutative unital C*-algebras we have the following well known result

which can be found in [33].

Theorem 3.1.1.2 The map Evx : X — M(C (X)), Evx(x)(f) = f(x), where X is com-

pact, is a homeomorphism of compact topological spaces.

We now have the following commuting diagram

x— 1 .y

E’le lE’UY

M(C(X)) 2 m(e(y))

where X and Y are compact Hausdorff spaces. The map Ewv is a natural transformation
between the identity functor and the functor M C' on the category of compact spaces. The
Gelfand Naimark theorem gives an isomorphism of o/ and C(M (<)), so we have the dia-

gram:
o % B
(M () <% o(Mm(B))

Thus the Gelfand transform is a natural transformation between the identity functor and

the functor CM on the category of commutative unital C*-algebras.

29



The duality between these categories tells us that to study compact Hausdorff
topological spaces, like our fractal sets, one can study the corresponding commutative unital
C*-algebra. The next step towards the study of noncommutative geometry is to lift the
condition of commutativity and consider C*-algebras in general. For this, the more general

theorem of Gelfand and Naimark is essential.

Definition 3.1.1.3 A representation of a C*-algebra o/ on a Hilbert space € is a *-
homomorphism, ¢ : o — B(H). If in addition ¢ is injective we call ¢ a faithful repre-

sentation.

Theorem 3.1.1.4 (The Gelfand Naimark Theorem) Every C*-algebra has a faithful

representation in a Hilbert space.

What this theorem gives us is that any C*-algebra is x-isomorphic to a closed
subalgebra of () for some Hilbert space . In noncommutative geometry one studies
noncommutative C*-algebras and hence “noncommutative topological spaces”. This has
lead to many interesting results and examples, as well as to the development of operator
algebraic tools to study geometry. Noncommutative fractal geometry means to use these

algebraic tools to study fractal sets.

3.1.2 Basics of Operator Algebras

Because in general C*-algebras look like closed subalgebras of Z(7), we will use
many standard tools from the theory of operator algebras. Before proceeding, let us recall

some basic definitions and results from operator algebras. As a reference for this section
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one can see the text of Reed and Simon, [29]. Unless otherwise stated all Hilbert spaces in

this text are seperable.

Definition 3.1.2.1 Let % and ¢ be Hilbert spaces. Let T : D(T') C 2 — ¥ be a linear

map with domain D(T') a linear subspace of F.
(a) We say T is closed if its graph G(T) = {(z,Tz) : x € D(T)} is closed in I x A .
(b) If T is an unbounded operator we say T is densely defined if D(T) is dense in .

(c) We say Ty extends T, written T C Ty, when D(T) C D(Ty) and Tox = Tx for all

x € D(T).

(d) If T is not closed but there exists an operator T with G(T) = G(T), then we say T is

the closure of T'.

Next we define the adjoint of an operator which is not necessarily defined on all elements

of a Hilbert space. Let T': D(T') C s — % be a linear operator. Consider the set

{ye & : z— (Tx,y) is continuous for all x € D(T)}

and note that a functional z — (Tx,y) on D(T) extends to a continuous linear functional
on ¢ by the Hahn-Banach theorem. Therefore there is an element z € 7 such that

(Tz,y) = (z, z) we will define the adjoint of T' by the mapping y — =z.

Definition 3.1.2.2 Let 7 and £ be Hilbert spaces. Let T : D(T) C A — & be a linear

map with domain D(T). Define the adjoint T* of T as follows: Let

D(T*)={ye A : xw— (Tx,y) is continuous for all z € D(T)}
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and let T*y = z where z € A is the unique element in F such that (Tz,y) = (x,z) for all

x € . The operator T is called symmetric if T C T*. Equivalently, T is symmetric if
and only if (To,v) = (¢, TY) for ¢,1p € D(T).
We have the following consequences of the above definitions.
1. If (Tx,y) = (x,2) = (x,2') for all x € D(T) then as D(T) is dense in 7 there exist
xn € D(T) such that z, — z — 2’. Then (z — 2/, z — 2’) = lim (z,,, 2 — 2/) = 0. Thus

2/ = z and T* is well-defined.
2. The relation (T'x,y) = (z,T*y) holds only when x € D(T') and y € D(T™).
3. If T extends S then S* extends T™.

4. If T is densely defined, T* is a closed linear operator.

Definition 3.1.2.3 A densely defined operator T : D(T) C # — J is self-adjoint if
T =T%*, that is, if and only if T is symmetric and D(T*) = D(T). A symmetric, densely-

defined operator is essentially self-adjoint when it has a unique self-adjoint extension.
In using operator algebras to study fractal sets, we will need operators with well

behaved spectra. For this reason we will mainly use compact operators which are charac-

terized by having the type of spectrum that will be most useful for our purposes.
Definition 3.1.2.4 Let 27 and ¢ be Hilbert spaces. Let T : D(T') C J# — J be a linear
map with domain D(T).

1. If for A\ e C, AI =T is a bijection with bounded inverse, we say X is in the resolvent
set of T, denoted p(T). In this case we call the operator Ry(T) = (A — T)~1 the

resolvent of T at \.
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2. If \I — T is not invertible then X is in the spectrum of T, denoted sp(T) = o(T).

(a) If X € sp(T) and NI — T is not one-to-one then X is called an eigenvalue of T'.

(b) If X € sp(T) is not an eigenvalue and Ran(AI — T') is not dense, then X is said

to be in the residual spectrum.

Continuing with some basic definitions from operator algebras, we now define what
it means for an operator to be positive and give some facts about the spectrum of a bounded

operator on a Hilbert space.

Definition 3.1.2.5 Let T € B(°). We say T is positive and write T > 0 if (Tx,z) >0

for all x € .
Theorem 3.1.2.6 Let 5 be a Hilbert space and T € B(H).
1. Then sp(T') # 0.
2. If T is self adjoint, sp(T) C R and T has no residual spectrum.
3. If T is positive then T is self adjoint and sp(T) C RT.
4. FEigenvectors corresponding to distinct eigenvalues of T are orthogonal.

We now introduce a class of operators which will be essential in the sections that

follow.

Theorem 3.1.2.7 Let 5 be a Hilbert space and T € B(H). The following are equivalent:

1. T is continuous as a map from the unit ball ()1 (with the weak*-topology) into H
(with the norm topology).
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2. If x,x1,29,23--- € J and the x; tend to x weakly, then Tx; — Tz in norm.

3. Every bounded sequence (x;) in A has a subsequence xj, for which (T'zj,) converges.
If T satisfies one of the above conditions, T is called a compact operator. We denote the
collection of compact operators on by K() = K.

Example 11

1. Fizy,z € S and define Tx = (x,y)z. Then T is a compact operator.

2. For x € L%[a,b], consider (Tx)(s) = fabk(s,t)ac(t)dt where k(s,t) continuous. One

can show using the Arzela Ascoli theorem that T is compact.

3. Projections (i.e. operators P with P> = P) onto finite dimensional subspaces of a

Hilbert space are compact.

One can show that the set of compact operators, K, on a Hilbert space ¢ is a
closed vector subspace of #(.7°). What’s more, K is a two sided ideal in Z(.7°) meaning
that if '€ K and B € #(5), then TB and BT are compact.

We are interested in compact operators because of the following property of their

spectrum.

Theorem 3.1.2.8 The spectrum of a compact operator consists of countably many eigen-

values, and has at most one limit point, namely 0.

3.2 Spectral Triples

In this section we introduce the primary tool from operator algebras used to study

fractal geometry—the spectral triple. We also define the Dixmier trace which will be used
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to define the measure induced by a spectral triple. Examples will include spectral triples
for fractals like the Cantor set in R, for curves, and for a certain class of sets built out of

curves (like the Sierpinski and stretched Sierpinski gasket).

3.2.1 Spectral Triples

We use the notation [A, B] := AB — BA for the commutator of two operators A, B
on a Hilbert space. Also, given a Hilbert space .7 we write (%) for the space of bounded

operators on 7.

Definition 12 A spectral triple (o7, 7, D) is a collection of three objects
e of a unital C*-algebra,
e S a Hilbert space which carries a unital faithful representation w : of — HB(HA), and

e an unbounded, essentially self-adjoint, operator D with domain, Dom(D) C J, such

that

(a) the set

{a € & : [D,n(a)] is densely defined and has a bounded extension to '},

is dense in &/, and

(b) the operator (I + D*)~! is compact.

The C*-algebra o7 will often be C(X), where X is a compact Hausdorff space.
The operator [D,(a)], for a € o/, will act like the “derivative” of the element a and the

dense set in condition (a) will act like the set of C! functions in C(X). The operator D
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and its eigenvalues will be the key to recovering geometric information like dimension and
measure. The condition that the operator (I+D?)~! be compact ensures that the spectrum
of the operator D! is made up of only eigenvalues and that the only possible accumulation
point of these eigenvalues is 0. We may then consider infinite sums of these eigenvalues.
Using the three tools in a spectral triple, one can define notions of dimension,

metric, and measure on a compact Hausdorff space X.
Definition 13 Given a spectral triple (C(X), #, D), the number

0 =0(X) := inf{p > 0 : tr((/ + D*)7P/?) < 0}
is the spectral dimension (or metric dimension) of the space X.

Note that condition (b) in the definition of a spectral triple is needed so that the
trace in the definition of spectral dimension has a possibility of being finite. A priori there
is no reason why the spectral dimension 0 should be finite.

We next define a notion of distance induced by a spectral triple. The definition
will look familiar to those who know of metrics on state spaces. For more on this, see the

works of Marc Rieffel in [30], [31], [32] and of Alain Connes in [10].

Definition 14 Given a spectral triple (C(X), 7, D), define the spectral distance by

dx(z,y) = sup{|f(z) — f()| : f € C(X), [[D, (S]] <1},

forx,ye X.

Using a spectral triple and another notion from noncommutative geometry we can

define a notion of measure. For this we must introduce the concept of the Dixmier trace.

36



3.2.2 The Dixmier Trace

As a reference for the following discussion, one can see the text Noncommutative
Geometry by Alain Connes [9]. This text of Connes serves as the standard reference for
noncommutative geometry. To define the Dixmier trace we will need extensions of the usual
limiting operation. For this we use extended limits. Extended limits are extensions to [* of
the usual limit functional acting on ¢, the space of convergent sequences. By Hahn Banach

the classical limit on ¢ extends to {*°, denoted Lim, and |Lim(x)| < ||z||o for all x € I*°.

Definition 3.2.2.1 A positive linear functional ¢ on a von Neumann algebra N is a state
if (1) = 1.

Extended limits are states on [*° since Lim(1) = 1 and are characterized by the
fact that they vanish on ¢g. In other words, a state ¢ on [*° vanishes on ¢ if and only if ¢
is an extension of the classical limit to I*° (i.e. ¢ = Lim). Note that every state on [*° is

continuous:
()] < |o(1 - [|z]loo)] < (|20

where z = {x,}5°; € [°°. This means it is enough for a state to vanish on sequences with

finitely many non-zero entries in order for the state to be an extended limit.

Definition 3.2.2.2 Let w be a state on the von Neumann algebra [°°. Then w is called an

extended limit if it vanishes on every sequence with finitely many non-zero entries in [*°.

We will need our extended limits to satisfy a certain dilation property. The discrete

dilation semigroup oy : [°° — [*° for k € N acts by the formula

ak(:r) = (:Bo,wo,...,wo,xl,xl,...,l‘l,...)
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where z € [°° and each z; appears k times. We will use 2-dilation invariant extended limits.

That is extended limits, w : [*® — R, which satisfy
w(oa(z)) = w(z).
The fact that dilation invariant extended limits exist, follows from a dilation invariant

version of the Hahn Banach theorem. The proof of this version of the Hahn Banach Theorem

can be found in the text [11] by Edwards, Theorem 3.3.1.

Theorem 3.2.2.3 (Invariant Hahn Banach Theorem) Let X be a linear space and G

be a commutative semigroup. Given

(a) an action g : x — g(z) of G on X

(b) a G-invariant subspace Y of X

(¢) a convexr homogeneous functional p : X — R such that po g < p for every g € G.

(d) a G invariant linear functional w:Y — R such that w < p.

then there exists a G invariant extension w : X — R such that w < p.
Corollary 3.2.2.4 Dilation invariant extended limits exist on [*°.

The space in the definition that follows is an ideal in the set of compact operators
and will serve as the domain of the Dixmier trace. For a compact operator T', denote by

i (T') the eigenvalues of |T'| ordered so that 0 < pj41(T") < pi(T) for j € N.

Definition 3.2.2.5 Letw : [®° — R be a linear functional which vanishes on co and satisfies
for z € 1°°, w(oa(z)) = w(x). Define
1 N
L3 =T ek ||T ‘= sup ————— (T :
(T € K5 Tl = 500 iy D) < )
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The Dizmier trace of T € £1:°°) where T > 0, is given by

1 N
Tro(T) = w s (LT ) ; 115(T)

Define Try, for self-adjoint operators and then for arbitrary operators by linearity.

The sequence
o0
1 N
_ (T
log (1 + ) ;“J( )

J N=1

does not always converge as N — oo, so Tr, (7)) may depend on the extended limit w.
In most applications we can show independence of Try,(T") from w. Much like the usual

operator trace, the Dixmier trace has various useful properties.
Proposition 3.2.2.6 [9]

1. Try(-) is a positive linear functional on the ideal of operators T' for which p;(T) =

O(n=1).

2. Try(ST) = Try(TS) for all compact operators T with p;(T) = O(n™') and S €

B(A).

3. Try(-) vanishes on compact operators T with pj(T) = O(n~%) for a > 1. i.e.

Try(T) =0 if nper, — 0 as n — oo.

A result of Connes is that for a suitable choice of spectral triple, the map Tr, (7 (f)|D|~°)
is a non-trivial positive linear functional on C'(X) and hence induces a measure; see [9]. This
is how we will use a spectral triple to induce a measure on a fractal set. Now that we have
all the necessary tools, we can begin to explore how to use these to study fractal geometry.

See [28] for more on the theory of singular traces such as the Dixmier trace. The following
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theorem of Alain Connes in [9] is often used to compute the Dixmier trace as the residue

of a certain series. We will make use of this theorem in the sections that follow.

Theorem 15

For T >0, T € £ the following two conditions are equivalent:

1.
o0
(s—l)Zun(T)S%L ass— 17;
n=0
2.
1 N
—_— n (T L as N .
log(N—i-l);'u()% s iy e

3.2.3 Spectral Triple for Cantor Sets

First we give an example of a spectral triple for Cantor type sets in R and show
how one can use a spectral triple to recover the Hausdorff measure on these sets. We also
make a connection between a constant arising from the measure induced by a spectral triple
and the average Minkowski content of Cantor type sets.

We now introduce some basic terminology and results from the study of fractal
strings. A reference for the theory of fractal strings is [27].

It is known that a bounded open subset of R can be written as a union of countably
many open intervals with lengths ¢1,%2,/¢3,.... We order the lengths ¢; so that they are
non-increasing and counted according to multiplicity. In the literature on fractal strings,
one allows for bounded open subset of R which are the union of finitely many open intervals.

For our purposes we will exclude this case and define fractal strings as follows.
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Definition 3.2.3.1

1. A fractal string L is a bounded open subset of R which can be written as a union of a
countably infinite number of open intervals. We denote the length of these intervals by
{Ej};-";l where we have ordered the lengths so that they are non-increasing and counted

according to multiplicity.
2. Let € > 0. For a fractal string L, define the dimension of L by
Dy =inf{la>0:V(e)=O0(e"™%) as € — 0}

where

V(e) = voli{x € L:d(x,0L) < €}

and vol; refers to one dimensional Lebesque measure in R.

3. For a fractal string £ we define the corresponding geometric zeta function of L to

be
Cels) =26
j=1
where s € C and Re(s) > Dr.

We will work with examples of fractal stings that have a rich self-similar structure.

Definition 3.2.3.2 Given a closed interval I of length L, a self-similar string L is
constructed as follows. Let N > 2 and ¢; : I — I for j = 1,2,...N be contraction
similarities with similarity ratios 0 < r; < 1. We name the ¢; so that the r; are non-

increasing. Assume that
N
ZTJ' <1
j=1
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and that the ¢;(I) do not overlap except possibly at endpoints.

One can subdivide I into the pieces ¢;(I) with the remaining pieces being the first
pieces of the string with lengths £, = Lg, for k = 1,2,... K. Here the g are the lengths
of the gaps between the pieces ¢;(I). We say that a self similar fractal string is lattice if

there is some 0 < r < 1 with r; = 1" for some n; € N and for each j =1,2,...,N.

A concrete example of a lattice self-similar fractal string is the complement of the
Cantor middle third set in the interval [0,1]. More generally one can consider a totally
disconnected subset of [0,1] with no isolated points, and it’s fractal string will be the
complement of K in [0, 1].

Let K be the totally disconnected subset of [0, 1] with no isolated points, associated
to a fractal string, £. Let J# = [?(D) where D is the set of endpoints of the intervals

I; = (bj_, b;r) of a fractal string and F' := 2P — 1 where P is projection onto the subspace

PAH ={pe A :¢(b;)=¢(b]), by € D}.
Proposition 3.2.3.3 (3. ¢ Proposition 21) [9/

(a) The pair (H,F) is a Fredholm module over C(K).

(b) The eigenvalues of the operator |dx| = |[F,z]| where x € C(K) is the embedding of K

in R, are the lengths l; = L(I;) of the intervals I, each with multiplicity 2.

Define for a compact operator 7T,

Cr(s) =tr(T%) =Y p;(T)°
j=1
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where the y;(T) are the characteristic values of T' (i.e. the eigenvalues of |T| = (T*T)"/?)
and s € C. Since the above result gives that the eigenvalues of |dz| have multiplicity 2 we

have

oo

Claz| () Zug |d[)® Z = 2(c(s

where (, is the fractal zeta function for the set K.

Proposition 3.2.3.4 (Connes [9]) Let K be a totally disconnected subset of [0, 1] with no

isolated points and L the associated fractal string. Then for f € C(K),

Tro(f|dz|P) = C/Kf AP

where HP is D dimensional Hausdorff measure, D is the Minkowski dimension of K, and

¢ is some fized constant not depending on f.

It can be shown that a lattice self-similar string does not have a Minkowski content.

In this case one can consider the average Minkowski content of £ given by

1
Mgy = lim 1 / 6_(1_D£)V(6)ﬁ.
T—oologT Ji/r €

One has the following result.

Theorem 3.2.3.5 (Theorem 8.30 [27]) Let L be a lattice self-similar string of total length

L, with scaling ratios m = r*', ... ,rxy = " and gaps g1,...,9x. Then the average

Minkowski content of L exists and is given by the finite positive number

_ 21=D S (iL))P 91D |
Mee = D Dylogtr ), koD D(1— D) D)

Using these results we make the following connection between the geometric object,

Minkowski content, and a constant that comes from our operator algebraic measure.
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Proposition 3.2.3.6 In the case of a lattice fractal string which is not Minkowski measur-
able, the average Minkowski content is equal to the Dixmier trace of the operator |dac]*D up

to a constant depending on the dimension of the string.

Proof. We have
Clda| (8) = 2¢c(3)

and in the case of a lattice fractal string this gives

217D 21*D

Mgy = mrss(@(s);D) = m

Try(|dz| D).

Example 16 Cantor String

Using the above results we have

and D = 125(2) = logs(2). Then

Trud01”) = res€(6)-0) = 5 (55157 ) = ioatey

On the other hand

21—D (3%) 217D 217D
D(1 — D)log(3) (3%)) ~ 2D(1-D)log(3)  2(1— D)log(2)’

Mav =

Example 17 Fibonacci String

Denote by F,, the Fibonacci numbers so Fy =1, F1 =1, F, =2, F3=3,F4=5,...

and let ¢ = 1+2‘/5, the Golden ratio. Using the above results we have

oo 1 ns 2
tr(|dz|®) = 2 -y Fp=—
1(|dz’) ;:0(2) =
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2 202 22+ 9)

—res(((s), D) = (6 L+202)logd (p+2)logd  Hloge |

On the other hand

2! P2+ 9)

Mo = 5= D log &

3.2.4 Spectral Triples for some Fractal Sets Built on Curve

The following constructions and results are due to Christensen, Ivan, and Lapidus
in [8] and Lapidus and Sarhad in [26]. These papers provide a way of building a spectral
triple for a variety of spaces, which in some cases recovers notions of dimension, metric,
and measure. A key example in these papers is the Sierpinski gasket and the Harmonic
Sierpinski gasket which we will define in a later section.

We assemble a spectral triple for fractals like the Sierpinski gasket by defining a
triple for the basic pieces in the gasket and then collecting these triples (i.e. taking a direct
sum) to build an triple for the entire set. One way to approach this is to take the triangles
in the gasket, build a triple for them and then collect the triples. Another approach is to
first think of the Sierpinski gasket as the increasing union of graphs. One then builds a
triple for each edge in the approximating graphs and then collects the triples. Following

this strategy, we will first define spectral triples for curves.

Definition 18 Let X be a compact Hausdorff space, £ > 0, and R : [0,{] — X a continuous

injective map. Then a spectral triple for the R-curve is

o O(X);
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o G = L*([—¢,0],(20)"'m) where (20)~'m is the normalized Lebesque measure and

the representation is given by mp : C(X) — B(H),
mo(f)h(x) == f(R(|z]))h(2);

® Dy := D + 5,1 where D is the closure of the operator —i% restricted to the linear

span Of the set {qﬁi = eiﬂ—kx/l 1k e Z} That ’iS, D= _Z‘%Lspan((ﬁi)'

Note that {¢}(z) = €2/}, .7 is an orthonormal basis for . and that these are
eigenfunctions of the operator —i%, with eigenvalues {”7’“ : k € Z}. We consider functions
in .7¢; as restrictions of 2¢-periodic functions on R and hence the operator D, has periodic
boundary conditions. The translation in the definition of the operator Dy is needed in order
to ensure that 0 is not an eigenvalue of the operator. This allows us to talk about the
eigenvalues of the operator |Dy| .

The eigenvalues of D, are

a(Dg):{(Zk;rgl)ﬂ:keZ}

and the operator Dy can be defined for f € L?[—¢,{] by

Dif =3 BEDT G o,

2
kEZ

where we say that f is in the domain of Dy, written dom(Dy), if

IDefI5 =

kEZ

2

CEADT 7 60 < o

20

We think of functions in C(X) as functions in L?([—/, £]) by working with f(R(|z|)) €
L?([—¢,£]) rather than f € C(X). In particular, note that we care about the a.e. equiv-

alence class of the function f(R(|z|)) in L?([-/¢,¢]). Tt is also important to note that for
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functions f(R(|z])) € CY([~¢,¢]) and g € CY([—¢,€]) C L?([—¢,£]) we have

[De, me(f)]g = e (-ZZZ;) =m(Df)g.

This shows that the operator [Dy, ms(f)] is densely defined and extends to the bounded
operator my(Df) on L?([—¢,/]). Proposition 4.1 in [8] shows that the set in condition (a)
of the definition of a spectral triple, is dense in C'(X). It follows that the above is indeed a
spectral triple for the R-curve.

The following lemma was stated in [8].

Lemma 19 Let f : [—¢,¢] — C be a continuous function. Then the following are equivalent:
1. [Dy,me(f)] is densely defined and bounded.
2. f € Dom(D) and Df is essentially bounded.

3. There exists a measurable, essentially bounded function g : [—¢,¢] — C such that

l T
/ g(t) dt =0 and for all z € [-£,¢] . f(x) = f(0) —I—/O g(t) dt.

—¢

If the conditions above are satisfied then g(x) = (iDf)(x) almost everywhere.

Using curve spectral triples, Christensen, Ivan, and Lapidus constructed a spectral
triple for the classical Sierpinski gasket that recovers the Hausdorff dimension, the geodesic
metric, and the log, 3-dimensional Hausdorff measure. Later, Lapidus and Sarhad used the
spectral triple for an R-curve to build a spectral triple for compact length spaces X € RV
satisfying the axioms below. We write L(y) for the length of the path ~ parameterized by

arclength.
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Axiom 1. X = R where R = UjZ, Rj and each R; is a C! rectifiable curve such that

L(Rj) — 0 as j — oo.

Axiom 2. There is a dense set B C X which is such that for each p € B and ¢ € X
one of the minimizing geodesics from p to ¢ is given by a countable (or finite)

concatenation of the R;’s.

Given a compact length space X = U]Oil R; satisfying Axioms 1 and 2, we can

consider the direct sum spectral triple given by

ST(X) = | C(X), @ %, D=EPDx,

i>1 i>1
where %, and Dp, are the Hilbert space and unbounded operator in the spectral triple
for the curve R;.

Notice that the two Axioms imply that B is a subset of the set of endpoints of
the R;. It follows that the set of endpoints of the R;’s is dense in X. Proposition 1 in
[26] states that for a compact length space X satisfying Axiom 1, the direct sum spectral
triples does indeed give a spectral triple for X and the operator D in that spectral triple

has eigenvalues

U(D):U{W:kGZ},

Jj=0

where ¢; := L(R;). Furthermore, in Theorem 2 of [26] Lapidus and Sarhad prove that for a
compact length space X with Axioms 1 and 2, the spectral distance induced by the direct

sum spectral triple and the geodesic distance on X are the same:

dx(%y) = dgeo(xay) for z,y € X.
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This result can be used to show that the direct sum spectral triple for the classical
Sierpinski gasket and for the harmonic Sierpinski gasket recovers geodesic distance. If one
takes for the curves R; the edges of the triangles and the joining edges in the stretched
Sierpinski gasket, K, then Axiom 2 is not satisfied and hence the theorem of Lapidus and
Sarhad does not give that the spectral metric is the same as the geodesic metric on K.
We will prove the recovery of the geodesic distance on K, in Chapter 5. In addition, we
will show that the direct sum spectral triple for K, recovers the Hausdorff dimension and
Hausdorff measure on K.

It was conjectured in [26] that the Hausdorff measure on the harmonic Sierpinski
gasket Kg with the geodesic metric can be recovered by the direct sum spectral triple via
the Dixmier trace. In Chapter 5 we will show that the Dixmier trace recovers the standard
self-affine measure on the harmonic Sierpinski gasket but does not recover the Hausdorff
measure on K. The following chapter will give an introduction to analysis on fractals and

will define the Harmonic Sierpinski gasket.
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Chapter 4

Analysis on Fractals

We would like to study analysis and differential equations on fractals. In Euclidean
space, it is of great interest to study heat equations which involve the classical Euclidean
Laplace operator. Since we cannot use the classical Laplacian on fractal spaces, we wishes
to define an operator which acts like a Laplacians on fractals and study the analogues heat
equations and their solutions. Because of the relationship between the Laplace operator and
harmonic functions, it is essential to define and understand harmonic functions in order to
define and understand a Laplace operator on fractal sets.

In this chapter we define harmonic functions and Laplace operators on the Sier-
pinski gasket. We will see how harmonic functions can be used as a smoothing change
of coordinates. In fact we can use harmonic functions to define a homeomorphism which
smooths the corners in SG and gives a space with the property that any two points in the
space can be connected by a Cl-path. The fractal space on which we do our analysis is

the Sierpinski gasket. The Sierpinski gasket is a well understood fractal in R? and comes
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Sierpinski Gasket homeomorphism harmonic gasket

Figure 4.1: The Sierpinski gasket and Harmonic Sierpinski gasket; [26].

with the rich structure induced by its corresponding iterated function system. It is also
important that the Sierpinski gasket is “just connected enough” to give nice results. More
precisely, fractals which are post critically finite (p.c.f) spaces are well understood from the
point of view of analysis on fractals, see [22]. The Sierpinski gasket is the simplest example
of a p.c.f. space. References for this section include the text by Kigami [19] and the text

by Strichartz [34].

4.1 Energy on the Sierpinski Gasket

Recall that p; = (0,0), pa = (1,0), ps = (1/2,4/3/2) are the vertices of an

equilateral triangle. Let Vo = {p1, p2, p3} and for n > 1 define

we{l,2,3}n

These are the vertices in the level n approximation to the Sierpinski gasket, SG,,. Let

Vo= Vo

n>0
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Definition 20 Given f,g:V, — R define the energy on SG, by

Eu(f,9) = > (f() — W) (g(x) — 9()),

ronly

where x ~p y means x,y € F,(Vy) for some w € {1,2,3}". That is, x and y are connected
by an n-edge in SG,. In the sum, we count each pair x,y with x ~y, y exactly once.

We will focus on the case when f =g so

En(f) = Ea(f, ) = Y (f@) = f()*.

r~nyYy

Given f : V, — R we can extend f to V,41 in many ways. If we extend so that

E,+1(f) is as small as possible, the extension is called the harmonic extension of f to Vj,41.

Definition 21 A function f : V,, — R is harmonic if given its values at Vi it minimizes

Ex(f) for each k =1,2,...,n.

A calculation shows that for a harmonic function f : V,4+; — R we have

En(f) = gEn—H(f)‘

Definition 22 Given f:V, — R define the renormalized energy on SG,, by

Eo(f) = Eo(f) and & (f) = <3>nEn(f) forn > 1.

So long as f is extended harmonically, the quantity &, (f) is constant as n increases.

Otherwise, &,(f) increases as n increases. This means the limit

E(f) = lim &,(f)

n—oo
exists (but is possibly infinite) for f: V* — R.
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KHLKH

Figure 4.2: Relation between the homeomorphism ® and the contractions H; and f;; [20].

We can now define a Laplacian on the Sierpinski gasket and relate this Laplacian

to the harmonic functions.

Definition 4.1.0.1 Let p be a regular probability measure on SG, f € dom &£, and u €
C(SG). If

E(f,9) = —/ ug dp
SG
for all g € dom & then we say f € domA, and A,f = u. We call the operator A, the

Laplacian on SG with respect to the measure p.

Theorem 4.1.0.2 (Kigami [19]) If h is harmonic, then h € domA, and A,h = 0. Con-

versely, if u € domA, and Ay u =0 then u is harmonic.

Given a function h : Vj — R, there is a simple rule for extending h to the set
V1 so that the extension to Vj will minimize Fi. If x € Vi \ Vp, we can define h(x) by
h(zx) = %(Pz +pj) + %pk where p;,p; € Vp are distinct and are each connected to x by an
edge in SG and p; € Vo \ {ps, p;}. This extension rule applies more generally to a function
h :V, — R. One can extend harmonically to V,+1 by defining h(x) for z € V11 \ V;, by
h(z) = % (a+b)+ %c where a,b € V,, are distinct and are each connected to = by an edge
in SGp4+1 and ¢ € Fy,(Vp) \ {a, b} where w is the word corresponding to the triangle in SG,,

of which a, b, ¢ are vertices.
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This %—% rule can be used to uniquely extend a function h : Vj — R to a harmonic
function h : SG — R. This means that each v € R3, uniquely determines a harmonic
function h, on SG. See [34] and [19] for more on the space of harmonic functions. We make

a few remarks about the energy form £ and the harmonic extension process.

e The harmonic extension procedure is linear: hy,4, = Ay, + Bhy, where A, 3 € R and

u,v € R3.
e For A € R and v € R3, the energy form, &, satisfies:

E(haw) = E(Ahy) = lim @m D (Aho(@) = Ay ())? = NE(hy)

m—00
rT~my
where h, is the unique harmonic function on SG with values vy, ve,v3 on p1, p2, p3,

respectively.
e The map E(h,g) := 5(E(h+ g) — E(h) — E(g)) is bilinear.

e From the definition and the harmonic extension procedure, one can see that £(h,) is

non-negative for all v € R3 and vanishes on constant vectors v = (a,a,a) € R3.

e The energy form, £, induces a positive semidefinite quadratic form on R? by taking
the map

v = (v1,v2,03) = hy = E(hy).

The set V* is dense in SG and hence a uniformly continuous function on V* can
be uniquely extended to a function on all of SG. One can show that harmonic functions on
V*, and in fact functions for which the limit in £(f) is finite, are uniformly continuous on
V*; see [19], [34]. This gives a way of extending a harmonic function h : V* — R to all of

SG.
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4.2 The Harmonic Sierpinski Gasket

For each j = 1,2,3, consider the function h; : SG — R, where hj(py) = 6;(k)
for k = 1,2,3 and h; is extended harmonically to V* and by continuity to the Sierpinski
gasket, SG.

Define ® : SG — R3 by

—_

1
¢>(x)=ﬁ ho(x) |~ 3| 1

hg(x) 1

We define the harmonic Sierpinski gasket by Ky := ®(SG); see Figure 4.1. It was
shown by Kigami in [20] that ® is a homeomorphism between SG and Ky when endowing
these spaces with the topology induced by the restriction of the Euclidean metric.

We can also define Ky in terms of contraction maps, as was done for the classical
Sierpinski gasket. Let Z = {(x,y,2) € R®: 2 +y+ 2 =0} and let

2 -1 -1

-1 -1 2

3P(b;)
V6

be the orthogonal projection of R? onto Z. Let q; = for j = 1,2,3 where {b1,bs, b3}
is the standard basis for R3. Choose q} € R? such that {4j, q;} is an orthonormal basis for

Z. For j =1,2,3, define M; : Z — Z by

3 1
M;(qj) = 749 and M;j(q;) = gq}

and let H; : Z — Z be given by

Hj(x) = Mj(x — ¢;) + g;- (4.1)
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The maps H; are contractive affine maps and Ky is the unique non-empty compact set
such that

3
Ky = | Hj(Kn).

n=1

The two equivalent ways of defining the harmonic Sierpinski gasket are connected
via the relation ® o f; = H;j o ® (for j = 1,2, 3) or the commutative square in Figure 4.2;

see [20].
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Chapter 5

The Connections

5.1 A Spectral Triple for the Harmonic Sierpinski Gasket

First we define curves which correspond to the edges in the graphs which approxi-
mate SG and then get curves for the edges in Ky via the homeomorphism ®. This will allow
us to use the direct sum spectral triple to study K. Let R; for j > 1 be the continuous

injective functions which map to the edges in the graphs SGy:

R;:[0,1] — R? for j = 1,2,3 be the edges in the graph SGy,
R; : [0, 2711 — R? for j = 4,5,...,12 be the edges in the graph SG1,

R;:[0,27%] — R? for j = 13,14,...,39 be the edges in the graph SGb,

and so on. The curves we use to build spectral triples are parameterized by arc length

and the sets R;([0,27%]) are precisely the edges in the graph approximations of SG. For
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simplicity we write R; for R;([0,27%]). One can show that

SG=JR;

Jj=1

(see [26]).
Applying the map ® : SG — Kpg, we get curves ®(R;). Set {; = L(P(R;)) and

after a reparameterization we have curves
{@(R;) : [0,4;] = K }72,.

Again one can show that

Ki=|J®(R))

see [26]). The direct sum of the spectral triples for the curves ®(R;) gives a spectral triple
J

for the harmonic Sierpinski gasket (by applying Proposition 1 in [26])

S(Kp)= | C(Kn), @ #,. Dk, :=€PD;,

j>1 j>1

where £; = L(®(R;)) and the representation is given by 7y = B, m;.
We begin by showing that the spectral dimension 9 = 9(Kp) of Ky is finite. A

direct computation or an application of Proposition 1 in [26] gives that

oy =infqs>1:) <00y,
j>1

from which it follows that 9y > 1; however, one must show that 9y < co. In [21] Kigami
obtains bounds for the lengths ¢; = L(®(R;)). We will use these results to prove the lemma

that follows.

Lemma 23 For s € R, the sum

Y6

Jj=1
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where {; = L(®(R;)) converges for s > loglg%ﬁ)g?) ~ 2.151. In particular,

Proof. Let p,q € ®(f,(Vp)) for some word w of length |w| = m and let ®(R;) be the curve

in Ky which connects p and ¢. By Lemma 5.6 in [21],
% diam(®(fu (1)) < L(®(R;)) < 2 diam(®(fu(T)))-
Note that
diam (@ (fu(T))) = sup{|®(fuw(z)) = 2(fu(y))] : z,y € T}

— sup{|Ho(®(2)) — Hu(®())] : 2,y € T}

< (2)" suptloe) — o) ey e 7

so diam(®(f,(T))) < ¢ (%)m, where ¢ is some constant not depending on w. Then
<3 g (2) 5.1
IEDD “\5 (5.1)
j=1 m=0

e i <35+1>m (5.2)
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where we have assumed that s > glogs in equality (5.3). From this and Proposition 1

5—log 3

in [26] we have that

According to the previously mentioned results of Alain Connes in [9], the map

Try (7 (-)| Dk, | °#) is then a positive linear functional on C(Kp).
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For n > 0 and k € {1,2,...,3"}, write A, for the 3" triangles in SG,, and for
J €{1,2,3} write x,  ; for the midpoints of the edges of these triangles. For n > 0, define

a positive linear functional 1, : C(SG) — C of norm 1, by

3" 3
Unl) = 51 20D Flonis).

k=1 j=1

In Proposition 8.6 of [8] it was shown that the sequence {1} converges in the weak-*

topology on the dual of C'(SG) to the positive linear functional ¢ given by

O(f):= [ [fdH,

SG

where H is the igg;-dimensional Hausdorff probability measure on SG.

Recall that the map ® : SG — Kp is a homeomorphism when we give SG and
Ky the topology induced by the Euclidean metric in R? and R3, respectively. In SG the
Euclidean metric and the geodesic metric are equivalent, but in Ky this is not the case
[21]. However, one can say that the geodesic metric on Ky, denoted dgeo(-, ), satisfies
|- | < dgeol:,-) where | - | is the Euclidean metric. Then ® : (SG,|-|) = (Kg,dgeo) is still

a bijection and ®~! is a continuous map. From here forward, we will endow the harmonic

Sierpinski gasket with the geodesic metric.
Lemma 24 Ifh € C(Kpg), then ho ® € C(SG).

Proof. Let ¢ > 0 and h € C(Kg). Then there is a § > 0 such that dge.(¢(x), ¢(y)) < 6
implies |h o ®(x) — h o ®(y)| < €. Since the perimeter of the “triangles”, ®(A, ;), goes to
zero as n grows, we can choose an ng large enough so that the perimeter of ®(A,, ;) is
small enough and dgeo(d(x), ¢(y)) < 6 for =,y in the portion of SG contained within Ay, ;.

It follows that h o ® is continuous from (SG,|-|) to R. m
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Let 1, be the positive linear functional on C (Kpr) given by

3" 3
Inlh) = 5ir YD h@(ry)) = dalho )

k=1 j=1

where h € C(Kp).

Proposition 25 The sequence {@n} converges in the weak-*topology on the dual of C(Kp)

to the positive linear functional given by

d(h) = /S o @(a) dia) = /K hy) d(H o 1) (y),

where H is the logy 3-Hausdorff probability measure on SG and h € C(Ky). Also, i has

the property

—_

3
72 Y(ho Hj)
7j=1

where h € C(Kpy) and Hj for j =1,2,3 are the affine maps which determine Kp.

w

Proof. That 1[1” — 1; follows from the fact that 1, — 1 and that, according to
Lemma 24, ho ® € C(SG) whenever h € C(Kp).
To see that 1) satisfies the stated property, note that the condition 1 (h) = % 2?21 Y (ho

Hj) is the same as

3
1
ho® dH = / hoHjo® dH
/SG 3; SG ’

and since Hj o ® = ® o f;, where f; are the similarities defining SG, this condition is the

salme as

3
1
hoq)dH:fE / ho®o f; dH.
/SG 3 Jsa !
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This condition holds since h o ® € C(SG) whenever h € C(Kp) and since H is the unique

self-similar measure on SG satisfying,

3
1

/gd%zg / gofj dH for all g € C(SG).

SG 3 Jsa

We can now use this spectral triple to recover the standard self-affine measure on

Ky . Self-affine measures such as this are described by Hutchinson in [15].
Proposition 26 Let 7: C(Ky) — C be given by 7(h) := Try(mu(h)|Di, | °"). Then

(1) = Tra(m ()| Drcy | ) = | (o) dp.

where [ is the unique self-affine measure on Ky satisfying,

3
/h dji = ;Z/(ho H)dy  for cach f € C(Ky).
j=1

Proof. Let h € C(Kpg) and ¢ > 0. Choose ny € N such that for any k €
{1,2,...,3™} and z,y inside or on the “triangle”, ®(A,, k), we have |h(z) — h(y)| < e. Let

n > ng and define

3
n 1
Uno,k(h) = 3(—no)+1 Z Z PP (Tniy,,5))

i Jj=1

where the z,, ;, ; are the midpoints of the edges in the triangles in the n-th step construction
of the gasket, SG,,, which are contained in or on the border of A, ;. Note the dependence
of i on k and that the number of terms in the sum sz is precisely 3"~ ™. Denote by
®(SGhy k) the image under ® of the portion of SG in A, k, and I, and hy, j for the

restrictions of the functions I =1 and h on Ky to ®(SG, k).
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Notice that

‘Uzo,k(h)I"ka - h”ka‘ = 3(n n0)+1 Zzh x” lk’] n07 T 3(n—ng)+1 Zzh”m

%Jl i j=1

2(n—no)+1 Z E |h(P $nzk,] Tng ke — hno,k|

ij].

nnoHZZ

i j=1

= 6’
so we have the inequalities,
_EIn() k < Uno k(h)l’no,k - h’no,k S EIno,k"

Now, for each space ®(SGy, ), we can define a spectral triple by deleting all summands

in S(Kp) which correspond to an edge not in ®(SGy,, ). For such a triple we get the

corresponding functional 7,, ;. By the linearity of the Dixmier trace and the fact that as
3m0

operators mg(h) = >y _; Tny k(R) (where m,, i are the representations corresponding to the

triples for ®(SGy, 1)), we have

3m0

ZTnm nok and Tnok([no k) =3"" (I)
As 7 is a positive linear functional and hence preserves order, we have
—¢ Tno,k(Ino,k) < vng k(h)TTLo,k(Ino:k) - Tno,k(hno,k) <e€ TnoJﬂ(Ino,k)

and hence
—e37"7(I) < Ung. p(R)37T (1) — Tg ke (g ) < € 37"07(1).

Summing over k € {1,2,...,3"0}, we get
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and using the fact that ¢, = 3770 Ziz)l Upy x> We find

—e 7(I) < Pn(h)T(I) — 7(h) < e 7(I).
Letting n — oo we have

—e 7(I) < Y(R)r(I) = 7(h) < e 7(I)
and hence |7(1)i(h) — 7(h)| < 7(I)e. This gives

Tra (ma ()P ) = [ ) e

where c=7(I). ®

It was previously conjectured that the Dixmier trace on Kz would recover the
Hausdorff measure on (Kp, dgeo); however, the Dixmier trace recovers the self-affine measure
of weights 1/3 and it can be shown that this self-affine measure is not the same as the
Hausdorff measure on Ky, [18]. Briefly, the value of p, the self-affine measure of weights
1/3, on sets of the form H, (Kp) where Hy = Huyjwy. w,, 18 given by p(Hy,(Kg)) =
(%)le w(Kyg) = (%)‘w‘. This means the value of p on a set like H,,(Kf) is completely
determined by the length of the word w. It was shown by Kajino in Proposition 6.4 of [17]

that there exist positive constants cq, co such that
d d d
al[My|® < H(Hw(Kn)) < o[ M|,

where d is the Hausdorff dimension of (K, dgeo), My = My, - - - My, and the M, are the
matrices in the definition of the maps H; : Ky — Kpg which determine Kp. Changing
the word w can drastically change the norm of the matrices M,, and hence the value of

Hd(Hw(K ). With a bit more work, these facts show that the self-affine measure is not
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the same as the Hausdorff measure and hence this construction of a spectral triple for Ky
cannot recover the Hausdorff measure.
It would be interesting to see what kind of spectral triple on Kg would recover

the Hausdorff measure.

5.2 Spectral Triple for the Stretched Sierpinski Gasket, K,

In this section we will consider the direct sum curve triple for the stretched Sier-
pinski gasket and show that it recovers the Hausdorff dimension, the geodesic metric, and
the Hausdorff measure on K. These results are of interest since the space K, is a self-affine
space as opposed to a self-similar space. In general, self-affine spaces are more difficult to
study than their structure rich self-similar sisters.

Let us introduce some notation. The notation will be similar to that used for the
Sierpinski gasket, but will include a superscript s to indicate that we are working with the

stretched Sierpinski gasket. Let p1 = (0,0), p2 = (%, @), and ps = (1,0) as before. Define,

Ve :={p1,p2,ps} andforn>1let V7= | Fo({p1,p2,ps}),
weq{1,2,3}"
where w = wyws - - wy, € {1,2,3}", F, = Fy, 0---0F,, o F,,, and the F}’s are as in (2.2).

These are the vertices of the triangles in the approximations of the stretched Sierpinski
gasket. Let V* :=J, 5V}, the set of all vertices of the triangles in K.

It will be important to distinguish between the two different types of edges in the
graph approximations of K, namely the triangle edges and the edges joining the triangles.

For z,y € R?, the symbols [z — y] or (z — y) refer to the line segment in R? connecting =
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and y which include or exclude the points z and y, respectively. Define
To :={[pj = pi :4,7=1,2,3 and j # i}
(the edges in the outer triangle) and for n > 1,
T, :={[r = y] : 3w e {1,2,3}" such that z,y € F,(Vy)}

(edges in the triangles at level n). The set 7T), is the collection of triangle edges in the n-th
level approximation of the stretched Sierpinski gasket. Recall the notation for the joining
edges in K,: Jo=0 and forn > 1

n—1 3

-U U m(Ua).

m=0 we{1,2,3}m i=1

where eq, e, e3 are the three initial joining edges. Also, J* = Up>1Jy.
We would like to distinguish between the collection of points in K, which lie in

the sets J,, and the collection of edges that make up the set J,. Write 7, for the collection
of joining edges at stage n, which include the endpoints:

n—1
= U {Fe@:i=123)} forn > 1

m=0we{1,2,3}™
and J* = Up>1Jp. Finally, define &, := T, U Jp.
For each € = [e~ — €T] € &,, where €t ¢~ € R? denote the endpoints of the edge

¢, define R? : [0, L(e)] — R? by

Ri(t) = Lg@ ("t + (L) — ),

where L(e) denotes the length of the edge e.
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It was shown in [1] that

Ko ={J U R0, L(e)),

n>0ecéy,

where the closure is taken with respect to the Euclidean metric. It was also shown in [1]
that the Euclidean metric, the effective resistance metric, and the geodesic metric on K, are
all equivalent. This means K, satisfies Axiom 1, where the curves are the R? corresponding
to the edges in the sets &,. It follows from the results in [26] mentioned previously that the

direct sum of the R curve triples is a spectral triple for K. Denote this spectral triple by
S(Ka) = (C(Ka), Ha, Da),

with representation 7, : C(Ky) — B(H2,).

5.2.1 Recovery of the Hausdorff Dimension and Geodesic Metric on K|,

It was shown in [1] that the Hausdorff dimension of the stretched Sierpinski gasket

of parameter « is

_ log(3)
7 log(2) —log(l —a)’

We begin the section by showing that the spectral triple S(K,) recovers the Hausdorff
dimension of K,. First let us enumerate the edges in the set & := |J,,>,én and write

& = {e1, €2,... }. To simplify notation we write R} = R¢ .
Proposition 27 For p > 1 and each fized j > 1,

tr(|D;|7F) = Bylj,
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where Dj is the operator in the spectral triple for the edge R;, L(Rj) = lj, and B, =

2711 — 277)¢(p)

— . Furthermore, for p > 1,

|D |—p ﬁpzlja

where Dy is the operator in the spectral triple for K. If p > dn, we have

B,2°(3 + 3aP)

tr(’Da’_p) = o _ 3(1 — a)p'

Proof. Recall that the eigenvalues of the operator D, are given by
2k +1

U u kezl.

, 2l;

Jj>1

The values L(R}) = [; are in the set

ulz®) (%) )

with multiplicity 3"*! for each length like (%)n or like « (15 ) Assuming p > 1, we

have
B (2]@—}— 1)71‘ —p 2p+1ljp 00 1 2p+1l§’ B
tr([D;[77) = = = 1—27P)C(p) = Bpl”
k€EZ k=0
and
tr(|Dal ™) = By > _IF (5.4)
j=1

— 5, (i gt (1;‘“) + Z S (1 - a>mp> (5.5)

S(EEC)) S e(5))) e
= By(3 +307) 3?; — (5.7)

where (5.7) requires the further assumption that p > d,. =
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Corollary 28 The spectral dimension, 9(K,), induced by the spectral triple S(K,) for K,

log(3)

og@)—log(1=a)’ the Hausdorff dimension of the stretched Sierpinski gasket

1s equal to do =

of parameter .

Proof. An application of the limit comparison test will show that computing the abscissa
of convergence of the series tr((1 4+ D2)7P/?) is the same as computing the abscissa of

convergence of the series tr(|Dy|7P). It was shown in [1] that the Hausdorff dimension

log(3)

oE@) —log(1=a) " In Proposition 27 we found that the abscissa of

of Ky is given by d, =

convergence of the series tr(|Dy|7P) is d,. It follows that

_ log(3)
o(Ka) = log(2) —log(1l — )

Thus the spectral triple S(K,) recovers the Hausdorff dimension of K,. Next we
recover the geodesic metric on K, by using the spectral metric induced by S(K4).

Recall that K, = W, U J* and since the set V** is dense in W, the set V% U J*

is dense in K.

Proposition 29 For any p € V3" U J* and any q € K, there is a path of minimal length
from p to q which is a concatenation of (finite or countably many) triangle edges, joining

edges, or segments of joining edges at the start or end of the path (possibly both).

Proof. (Case p € V** and ¢ € W,)
Let p € V** and ¢ € W,. Let m be the smallest integer such that p and ¢ are in different
m cells, F,,(W,) and F,(W,), where |w| = |v| = m. Suppose further that p is an m-vertex

for an edge in F,,(W,) (and not just an endpoint for some further approximation). We
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are considering the space K, with the metric dge, which is equivalent to the Euclidean
metric. By the Hopf-Rinow theorem we know that K, has minimizing geodesics. Let + be
a minimal path between p and ¢. Then there is a vertex vy of an edge in F,(W,,) such that

~ passes through v;. The portion of v which connects p and v; must look like one of

€5, €j * €, €j % € * €51, €, €t * €5, €t * €5 % €y,

where €;,¢€; € T, €, €y € Tin, and € x 3 denotes the concatenation of the edges € and £.
Note that here, € * 8 means that we first travel along the edge € and then along the edge
B. Note that if p and v can be joined by a path with one or two edges, then that path is
unique of minimal length. There may be more than one path with three edges connecting
p and vy and these will look like €; * €; * €j and €; * €; * ¢y. In this case we take the shorter
of the two paths, namely €; * € * €;, which will be the unique path of minimal length. No
path between p and v; with four or more edges will be minimal.

Write 1 for the concatenation of the edges connecting p and v;. Repeating this
argument with v; and ¢, we get a unique path 5 of minimal length from v; to some vertex
ve in an m’ cell F(W,), where |w'| = m' > m and q € F,y(W,). In this way, we get a
countable concatenation of paths 7; whose lengths go to zero since the lengths of the edges
making them up go to zero. Then we must have that v = U;>1v; is the path of minimal
length from p to q.

If p is not an m-vertex in F,,(W,), then choose an m-vertex, u, which lies on a
shortest path between p and g and apply the previous argument on u,p and u,q. We then
reverse the path (which will consist of finitely many edges since p is a vertex) between u

and p and concatenate with the path between v and ¢ to get a path from p to q.
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(Case p € V5 and q € J*)
If g € ¢; for some €; € J*, then apply the argument above to get a path, v, from p to one
of the endpoints €; or e;r (whichever is closest to p and hence yields the shortest path ).

or € and ¢. This again yields a unique

Concatenate v with the line segment between ¢; ]

shortest path between p and q.

(Case p € J* and q € K,)
Suppose now that p € €; for some ¢; € J* and ¢ € K,. Without loss of generality, assume

~ and g and

€. is closer to ¢ than ej. Apply the above argument to get a path between €

J
concatenate with the line segment connecting p to € - This concludes the proof. m

In the following lemma we use the notation

[f(x) = f(y)]

Lip(f) = sup { Po—

rrxF Y€ ]R}
for the Lipschitz seminorm of a function f : R — R".

Lemma 30 Letr :[0,/] — X CR"™ be a curve and consider its spectral triple (C(X), ;, Dy).
For f € C(X), we have that [Dg, m¢(f)] is bounded if and only if f o r(|x|) is Lipschitz if

and only if for(|z|) is differentiable almost everywhere.

Proof. It is well known that a function h : [0,¢] — R™ is Lipschitz if and only if it is

differentiable almost everywhere. Hence, it only remains to prove the first equivalence.

Suppose f € C(X) and [Dy, m¢(f)] is bounded. For g = 1 € L[/, /),

I1De we(H)lgllz < N[De, me(H1llgll2 = [IDe, me ()] < o0
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and since

[De, e(f)lg = Deme(f)g — me(f)De(g) = De(f o r(|zl])),

it follows that f o r(|z|) € Dom(D;). By Lemma 19, there exists a bounded measurable

function g such that

|z
[for(lal) = For(yhl = < / lg(@)|dt < |glloollz| — [yl

|yl

||
/ g(t)dt
[yl

This shows that f o r(|x|) is Lipschitz and Lip(f) < ||g|lcc = || D f]|cc-

Suppose now that f or(|z|) is Lipschitz and hence is differentiable almost every-

where. Then
[De, me(f)]lg = me(Df)g

for g € CY[—¢,€]. Thus [Dy, m(f)] is densely defined and can be extended to the bounded

operator my(Df) on L?[—£,/]. m

Definition 31 Let Lipg(-) be the Lipschitz seminorm for the compact metric space (Kq, dgeo)

given by

|f(x) = £(

Lip,(f) = Sup{ dgeo(_x )

§J)| :x,yeKa,a:;éy}.

Note that since the geodesic metric and the Euclidean metric on K, are equivalent,
if f is Lipschitz with respect to the Euclidean metric (i.e. Lip(f) < o0), then f is Lipschitz

with respect to the geodesic metric (i.e. Lip,(f) < oo) and conversely.
Proposition 32 For any function f € C(K,) such that ||[Da, o (f)]|| < 00,

[1Daf lloo,rca = Lipy(f)-
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Proof. By Lemma 30, if ||[Dq, 7o (f)]|| < oo then f is Lipschitz and differentiable almost

everywhere. Since K = Uj>1R3,

1Da flloo, ko = Sup{llefHoo,R§}

_sup{H_ oo7R§}
= sup {pzlé%j {W}}

< Lip,(f).

For the reverse inequality first suppose p € V% U J* and q € K,.

Then by

Proposition 29 there is a minimizing geodesic between p and ¢ made of Rj curves (i.e.

triangle or joining edges) and segments of joining edges. Suppose first that the geodesic

consists only of complete R} curves. Let (pk,Pr+1) track the endpoints of these Rj, so

p =p1 and limy_ o, pr = ¢. Then

1f(p) — f(pw)| < Z 1f(pj) = f(pjs1)]

< dgeo(pjypj+1)“Djf||00,Rj
k—1
< ||DafHoo,Ka Z dgeo<pjapj+1)

j=1

= ||DafHoo,Kadgeo(pa Pk)

and by continuity of f and dgeo(p, z),

|f(p) — f(q)]

<N Daflloo.xc.-
D < IDafllc
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Now suppose the minimizing geodesic between p and ¢ looks like v; * {stk} * ¥, where
the ~1, 72 are segments of joining edges (which can be empty or and entire edge) and are
being concatenated with either finitely many edges, {R?k}ke{l,z..., N}, or infinitely many
edges, {Rjk }k€{1’27._,}. We will allow for v; to be an entire edge but will assume that it is
nonempty. On the other hand, we may assume that v, is not an entire edge, since otherwise
it would be included as one of the R curves, but 72 may be empty. In fact, if the number
of curves R} is countably infinite then v = 0.

Set pg = p € 71 and for k > 1, let (pg, pr+1) track the endpoints of the R; curves.
Let R be the edge on which p lies (if 1 is an entire edge, then R = ~1) and note that
p1 is an endpoint of both R} and Rj . If o # (), then the number of R; curves is finite;
let py41 be the endpoint which connects the last edge, R} , to 72. Let R? be the edge

IN+1

with endpoint py 41 and containing ¢, and set pp = ¢ for K > N + 1. As before,

|f(p) - f(pk + 1)| S HDafHoo,Kadgeo(p)pk)a

where we have used the fact that for & > 0, the points py, px11 are on the same edge Rjk.

Again by continuity,

|f(p) — f(q)]

<N Daflloo.xc.-
D < IDafll

If v9 = (), then repeat the above arguments with the sequence
{po = p} U {px : pr. endpoints of the edges R} ,k > 1},

to get the same estimate:

|f(p) — f(q)]
dgeo(P: q)

which holds for any p € V¥* U J* and ¢q € K,.

< [1Da flloo, o> (5-8)
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Now let p, g be arbitrary points in K,. Let v be a minimizing geodesic between p
and q. Since the set V** U J* is dense in K, the path ~ intersects V** U J* at some point
r. Let v, be a minimizing geodesic between p and r and 2 a minimizing geodesic between
r and ¢, where 71,72 are made up of R} edges and portions of R} edges. The lengths of ~;
and 2 must be the same as the lengths of the portions of 7 connecting p and r, and r and
q. Let 2 be tracked by points {r;}, where these points are endpoints of some R} edges or
possibly points on a joining edge (as in the paths described above). Define 7;; to be the
path obtained by concatenating the first ¢ parts of 2 with «7 at the point r. Using the

estimate (5.8) on the points r; € V** U J* and p € K, gives

[/ (p) = f(ri)]

< ||Da
d (p, z) || f”OO Ko

and by continuity

|f(p) — f(@)]
dgeo(p, q)

It now follows that Lip,(f) = || Da fllco, k., as desired. =

< [ Deflloo, Ko

Theorem 33 Let dg(-,-) be the metric on K, induced by the spectral triple S(K,). Then

for all x,y € K,

dKa (l'a y) = dgeo(xv y)

Proof. The proof here relies on Proposition 32 and is the same as the proof of Theorem 2
in [26]. We recreate it here, for the sake of completeness.
Let p,q € K, and f € C(K,) such that ||[Dqa,mo(f)]|| < 1. By Lemma 19,

f € Dom(D,) and since [Dg, 7o (f)] is bounded it must be the operator m,(Df). Using
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that representations of C*-algebras are isometries, we deduce that

[1Daflloo = [[Ta(DI = [[Da; ma (I < 1.

By Proposition 32, Lip,(f) = ||Dafllcc < 1 and hence

so that |f(p) — f(q)] < dgeo(p,q). This gives that di,(p,q) < dgeo(p,q). For the reverse

inequality consider the continuous function h(z) = dgeo(z,q). Note that Lip,(h) = 1 and

hence, by Lemma 19 and Lemma 30, ||[Dq, 7o (h)]|| < 1. Now since

|h(p) - h(Q)| = |0 - dgeo(p7 Q)‘ = dgeo(pa Q),

we have di, (p,q) > dgeo(p, q) and hence di, (p,q) = dgeo(p,q). ®

5.2.2 Recovery of the Hausdorff Measure on K,

In this section we show that the d,-dimensional Hausdorff measure, H%, is the

unique self-affine measure satisfying
13
Ho(A) =3 D HY (F(A)
i=1

for any Borel set A C K,. We then show that the measure defined by the Dixmier trace is
the same as the d,-dimensional Hausdorfl measure. Denote the Hausdorfl dimension of a
metric space (X, d) by dimg(X).

Recall that K, can be written in terms of its discrete part and its continuous part
Ko, =W,UJ",
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where this union is disjoint. Notice that for A C K, it holds that dimg(4A N J*) <

dimg (J*) = 1 and d, > 1 so H% (AN J*) = 0. This means
Hie (A) = HI(ANW,) + HE (AN J*) = HI(ANW,),

which shows that the d,-Hausdorfl measure on K is the same as the d,-Hausdorfl measure
on W,.
The following is an easy consequence of the work in [1] and [2]. We give a proof,

for the sake of completeness.
Proposition 34 The d,-dimensional Hausdorff measure on K, satisfies the condition,

13

Mo (4) = 5 37 M (F(4))
i=1
for any Borel set A C K.
Proof. Let A C K,. Then there exist sets Ay, Ay, A3 C K, such that
A:Fl(Al)UF2<A2)UF3(A3)UJ (59)

where J C J* and the unions are disjoint. Then H%(A) = 25:1 H(F;(A;)). Note that

l1—a

since the maps Fj, for j = 1,2, 3, are similarities of parameter , for U C K, it holds

that

l—«

do
5 > Hie (1), i=1,2,3

e (5 (0) =

and since
log(3)

l -« d”‘: L—a\ee(r25) _ (11—« logﬁ(‘g):gfl
2 2 2
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1
we have H (F;(U)) = ngD‘(U) for j =1,2,3. Note that Fj_l(A) = A; since the union in
(5.9) is disjoint and the F}, for j = 1,2, 3, are injective. It then follows that

13 13 3

3 D HE(FTHA) = 2 D H™(A)) =) H*(F(A) =H™(4),

j=1 j=1 j=1
as was to be shown. m
For n > 1 define the maps ¢, : C(K,) — R by

Gan(f)=27137" 3" > f(e),

€T \TIn—1 s€{+,—}

where €, et are the endpoints of the edge € € J, \ JTn—1-

We will need the following notation. For n > ng > 0, let
go,h ={e€Tn\Tn-1:€C Anoyh}a

where A, 5 is a triangle in the ng-th step in the construction of the gasket and these
triangles have been enumerated clockwise by h € {1,2,...,3"0}. Let ei)?h denote the two
endpoints of edges in J,, which also lie in A, ;. Note that the points efwh do not belong
to the same edge in J,,. We use the notation with superscript & for convenience and not
to indicate that these are the “right” and “left” endpoints of an edge, as is the case with

the notation e*. See Figure 5.1.

Proposition 35 Let H% be the d-dimensional Hausdorff probability measure on Ko and
Yo : C(Kq) = R given by

Yalf) = () dH™.

Ka

Then the sequence {1an} converges to 1, in the weak-*topology on the dual space of C'(K).
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Figure 5.1: Example of edges e p forng=2and 1 <h <9.

Proof. Let € > 0. Since f is uniformly continuous on K, there exists an ng € N

such that for all h € {1,...,3"} and any two points x,y inside or on the triangle A, ,

we have |f(x) —

Then

uTL

| /\

(f) =

no,h

f(y)] < e. Let n > ng and define u” , : C(K,) — R by

no,h *

Uno,b () = 52

ex =D DD DI (G

€ESng,n s€{+,—}

f( nO7 )+f( noh)
2

2. 3(n no) Z Z f Z f(efLo,h)

GES':LLO h S€{+7 } SG{J”:*}

23(nmz Zf 23(nnoz ano,

eES:LLO ns€{+,—} eES:LLO n s€{+,—}

g > > | F(€hon)]

663" hse{-‘r, }
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Notice that 1han,(f) =370 S5 uy, 5 (f); using the above estimate,

3"0
Wja,n(f) - wa,n()(f” = {37 Z no, D) Z f(e no7
h=1 se{—l-7 }
3m0
S 3_n0 Z n(), S Z f no7
h=1 s€{+ -}

Thus the sequence {14 n }n>1 converges to a functional ¢, in the weak-*topology on the dual
of C(K,). We now show that v, is self-affine and hence must induce the d,-dimensional
Hausdorff measure, which is the unique measure on SG with the self-affinity (really, self-

similarity) property. Consider the desired equality:
13
=3 Zd)@(f o Fj) for f € C(K,). (5.10)
j=1

Indeed, notice that

waan foF) Z?f” 271 Y Y f(E(e)

56\.7'”\\777,71 SE{+7_}

1
:W Z Z f(e?)

EEJn+1\Jn 56{"1‘,_}

= Q/)oz,nJrl (f)

and letting n — oo shows that (5.10) holds. Thus, ¥4, — ¥, Where o (f fK d?-lda

Lemma 36 For the spectral triple S(K,) of dimension ? = 0(K,) = dq,

200120 — 1)¢(0)(3 + 3a°)
0 7m(2°log(2) — 3(1 — @)®log(1 — o))

Try(|Dal ™) =
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Proof. Using Theorem 15 and Proposition 27, as well as the fact that 9 > 1,

Try(1Dal ™) = Jim (s = 1)tr(|Dal ™)

2Ds+1(1 _ 2—05)((08) 208(3 + 30[08)

= Jm (s —1) 08 905 — 3(1 — a)?s
20+1(20 — 1 ° 1
70 s—1+ 208 — 3(1 — )°¢
200122 — 1)¢(0)(3 + 3a°) . 1
= lim
7o s—1+ 029 ]og(2) —03(1 — ) log(1 — «)

B 20122 — 1)¢(0)(3 + 3a°)
T 0 m(201og(2) — 3(1 — a)?log(l — @)

The spectral dimension ? = ?(K,,) is the same as the Hausdorff dimension d,. In
what follows we will write ? in order to showcase how our operator algebraic tools recover

fractal geometric data like the Hausdorff measure on K.

Theorem 37 The spectral triple S(K,,) recovers the d-dimensional Hausdorff measure, H°,

on K, via the formula

Troo(ma( )| Dal ) = o / J

o

for all f € C(K,). Moreover,

200120 — 1)¢(0)(3 + 3a°)

@ P (Rlog(2) — 3(1 — a)log(l —a))

Proof. Let ¢ > 0 and f € C(K,). Let ng € N such that for all h € {1,2,...,3™} and any
two points x,y inside or on the triangle A, 1, we have |f(z) — f(y)| < e. Choose n > ny

and define uy; ; : C(Ks) — R, as in the proof of Proposition 35:

uZO,h(f)Zizg(i_no) SN fe.

66S’n,o,h 5€{+1_}
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Denote by K, the portion of K, contained in the triangle A, ;. Let I,;;, = 1 in

C( no,h ) fno, f’KnO p I C( no, h) and fJnO f|Jn0 in C(jno) Then

}uno n(f)I no,h n(x) — fro.n(@ (z )‘ = 3(n n0) Z Z f(e Ing,h (z) - fno.n(@ (z)

€ESng,h s€{+,—}

= 9. 3(n n0) Z Z Ing (z) — fno.n(@ (z))

GESno h s€{+, }

S 'rl no Z Z nOv ) an: ( )’
568n0 h S€{+, }
< e
SO
(o, (f) = g .h < frguh < (g 1 (f) + ) Ing - (5.11)

Next note that one can define a spectral triple for K, 5 and one for Jno by deleting
the summands from the spectral triple for K, which correspond to edges outside of Ky, 5
or outside of J,,, respectively. The argument that this construction does indeed gives a
spectral triple for K, j is the same as that for the spectral triple for K,. In the case of
Jng, that this deletion of summands still gives a spectral triple follows from Proposition
5.1 in [8]. Denote by Try(Tng,h(frgn)|Dno.nl~°) and Try(ms, (f1,,)1D1,,17°) the positive

linear functionals respectively associated to these triples. Using the fact that

3m0

0(Dy) = U 0(Dnop)Uo(Dy,,)
h=1

and that as operators 7o (f) = &3 Tng h(fro.h) B Ty (f,,), We have

30

Try(7a(f)|Dal ™) = ZTrw(ﬂ'no,h(fno,h)|Dno,h|7a) + Trw(WJnO (fJn0)| Jn0| %)
h=1
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Next we show that Try (7, (f7,, )|D,,|7°) = 0. Note that

s—1+ s—1+

N 0s(j—1)
mn@—wwm0h|4ﬂ—1mls—1§jmsybs() 0

since
no 0s(j—1)
: 11—«
E 5033]0408 < )
j=1 2

converges as s — 17 and hence
-0y _ 1 —0sy _
Tru (D, [) = T (s = Dtx(1 Dy, [ %) = 0.

For a continuous function fj, —on the closed set Jng, there is an M such that |f Jngl < M.

Since Try (7, (-)|D.,,|7°) is a positive linear functional on C(Jy,), we know that
Troy (7 (fig ) Dty |7°) < Tros(M| Dy, |7°) = MTro (| D | 7°).

It follows that Try (7, (f1,,)1D.1,,17°) = 0 and

3"0

Troy (70 (£)|Dal ) =D Tro (Mg n (froun) Dro.pl °)-
h=1

Also note that

Ty (g (g )| Drg,| ) = 37" T (ma(I)| Da| ") = 37" Tru(| Da| ™).

Using the inequalities (5.11), the fact that Try (7 (-)|Da|™°) is a positive linear functional

on C(K,), and summing, gives

370 370
Zwmmfmwmmmﬁnymmxuw°<27m £)(37"0 Tk, (| Da| ™)),
h=1

which is the same as

370
T (7o ()| Dal ) = 37" Tru(|1Dal ™) D g ()| < 37 Try(|Dal °)e. (5.12)
h=1
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In Proposition 35 we showed that the functionals 1, , converge to the functional 1), in
the weak-* topology on the dual of C'(K,) and that for n > ng we can write ¥, (f) =

3—"no Z?Ql “Zo,h(f)? so (after possibly choosing ng to be larger)

3n
Yalf) =37 ) up n(F)| <e
h=1
and multiplying by Tr,(|Da| ™),
3n0
Tryy (| Dal ™) ¢a(f) = Truw(|Dal )37 ) uny 1 (f)] < Tru(|Dal ™). (5.13)
h=1

Note by Lemma 36 that the value Tr,,(|Dy|™°) is positive so the inequality above is pre-

served. Then using the estimates (5.12) and (5.13),

’Trw(wa(f)’Da’_a) - Trw(‘Da‘_a)Q/)a(f)’
< ‘Trw(ﬁa(f)’Da’_a) - wa(\Da\_D)%,n(f)\ + ‘Trw(‘Da‘_a)wa,n(f) - Trw(‘Da‘_a)l/’a(f)‘
< 37Ty (| Dol ™%)e + Try (| Dol °)e

= (37 4 1) Try(|Da| %)e,
from which it follows that
Trw(ﬂ'a(f)‘Da‘_a) = Trw(|Da|_a)¢a(f)-

Using Lemma 36 we have

Try (ma(f)| Dol ) = & /K fax,

as desired. m
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Chapter 6

Energy Form on K,

In this chapter we introduce the energy form on K, constructed by Alonso-Ruiz
and Freiberg in [2]. We show how one can use a spectral triple to recover the energy on
SG by following the construction given by Cipriani, Guido, Isola, and Sauvageot in [6], but
using a different operator in the spectral triple.

Recall the sets T;, which contain the triangle edges in the n-th level approximation

of the stretched Sierpinski gasket
To={lp; = pi]:4,j=1,2,3 and j # i}
(the edges in the outer triangle) and for n > 1,
T, ={[zr = y]: Fwe{1,2,3}" such that z,y € F,(Vy)}

(edges in the triangles at level n). We also have the joining edges in K,: Jy = () and for

n>1

U U A <U)

m=0 fwe{LQ’g}wn =1
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Figure 6.1: Renormalization constants for stage n = 1.

W=

5+3d1

ol
4
sl

dq 2

where e, e, e3 are the three initial joining edges. Also, J* = Up>1Jy,.

Again, we distinguish between the collection of points in K, which lie in the sets
Jn and the collection of edges that make up the set J,, by writing 7, for the collection of
joining edges at stage n, which include the endpoints:

n—1
= U {Fu@E:i=123} for n > 1

m=0we{1,2,3}™

and J* = Up>1Jp. Finally, recall that &, =T, U Jp.

6.1 Defining an Energy Form on K,

We now construct a quadratic form on the stretched Sierpinski gasket. This
quadratic form was given by Alonso Ruiz and Freiberg in [2] and is constructed in a similar
way to £ on SG. First one defines quadratic forms for functions on sets that approximate
K, then one renormalizes these quadratic forms and takes a limit to construct a quadratic
form for functions on K.

Let U, = V,UJ, forn > 0 and U, = U U,.. We will use these sets to approximate
n>0
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Definition 6.1.0.1 Let Dy := {u: Uy — R} and forn > 1 let
Dy, :={u:U, =R | ul. € H (e,dz) for all e € J,,}

where H'(e,dz) is the Sobolev space of functions on the interval corresponding to e and dx

is Lebesgue measure. Define

Elw) = 3 (u(@) — u(y))?  and / Vuf2de = 3 / (wo RE(E)) dt

Ty e€Jn

where x ~, y means that x and y are in V7 and are connected via an edge in T,. Set

Bn(u) = E3(u) + E5(u).

In the notation EZ(-) and E¢(-), the superscripts d and c¢ label the discrete and
continuous parts of the quadratic form E,(-). Once again we define harmonic functions, h,

as functions which minimize the value of E, (h).

Definition 6.1.0.2 Let h : U, — R. If given the values of h on Uy, Ex(h) is minimized

for each k =1,2,...,n, then we say h is a harmonic function.

The following proposition given in [2], gives a simple rule by which one can extend

functions on U, harmonically to U, 1. This rule is analogous to the 2 5 rule we described

for harmonic functions on SG.

Proposition 6.1.0.3 ([2]) Let dy = 0 and d,, = a(l_%)”*l for any n € N. For any
function u € Dy,

inf{E,+1(v) | v € Dpy1 and v|y, = u}

is attained by a unique function i € Dy 41 defined on each pi,j = Fui(pj) € Wit by

2+ 3dy,

m u(Prwk)

W(Piwj) = U(Piwi) + mu(pjwj) + 51 30
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for wi € {1,2,3}"1 {i,j,k} = {1,2,3}, and linear interpolation on Jpi1 \ Jy.

We would like to have a quadratic form on K, which is invariant under harmonic
extension in the way that £(-) is. For this, one uses the maps E,(-) and computes renor-
malization constants using techniques for manipulating electrical networks. Specifically, one
uses the A — Y transform. See 6.2 for an example of how we confirm that the constants
rd and r¢ defined below give the desired renormalization. Here the superscripts are to
distinguish between the discrete renormalization constants and the continuous ones.

Define for n > 1 the constants

re = and ¢ :=rld, =

The renormalization constants are given by pg =1 and for n > 1 let

n n
3
=L and pzzzpz_lrzz(nﬂgdi)dn.

i=1 i=1

Definition 6.1.0.4 For each n > 1, define Ext D, - R and &°: D, — R by
n

S ]' s,C ]' C
E3(u) == p—dEff(u) and £5°(u) == ﬁEk_(u),
n k=1

L(e)
where Ey_(u) := Z |(uwo R(t)) |g2dt. Let £ (u) := Ey%(u) + E5°(u).
€T \Tk-1 0

The proposition below was given in [2] and shows that when u is extended har-

monically, the value of £2(u) stay constant as n increases.

Proposition 6.1.0.5 ([2]) Let u, : U, — R be the harmonic extension to level n > 1 of a
function ug : Uy — R, then
& (uo) = € (un).-

88



Figure 6.2: Renormalization constants for stage n = 2.

d1 E— d1
5+3dso
do =5
1
dg
ryay EE— 1 dl - 1
rilrgdg (]
d,.d
172

Definition 6.1.0.6 Define the space
D, :={u:U, — R | uly, € Dy, foralln €N and ILm Enlulu,) < oo},

and

E%(u) == lim & (uly,)

n—oo

for u € D,.

The following is a useful characterization of certain quadratic forms on R?. This

result was first stated and used in [6] without proof. We give a proof here for completeness.

Proposition 6.1.0.7 Up to a positive constant, there exists a unique nontrivial positive
semidefinite quadratic form Q : R — R such that Q vanishes on constant vectors (a,a,a) €

R? and is invariant under permutation of the components of v = (v1, v2,v3) € R3.

Proof. Let g be a quadratic form satisfying the stated conditions. Since ¢ is a quadratic
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form it is given by a quadratic polynomial
_ 2 2 2
q(v) = a1v7] + agvy + azvy + a1,2v1v2 + a1,3vV1V3 + a2 3vV203.

Evaluating at (1,0,0),(0,1,0),(0,0,1) and using the fact that ¢ is invariant under permu-
tation of the components of a vector, gives a := a; = as = a3. Note that since ¢ is positive
semidefinite and nontrivial, a > 0. Now evaluate at (1,1,0),(1,0,1),(0,1,1) and again by
the invariance property,

2a+a12=2a+a13=2a+as3

so that a12 = a1 3 = az3. Evaluation at (1,1,1) gives 3a + 3a;2 = 0 and hence ¢(v) =
av%+av%+av§ —av1ve —av1vg —avevs. It now follow that any form with the stated properties

must be a constant multiple of

U — v% + U% + 032, — V1V2 — V1VU3 — V2U3.

The result above is more general and holds for R™. The proof of the more general

result is the same as the n = 3 case, so we omit it.

Proposition 6.1.0.8 Up to a positive constant, there exists a unique nontrivial positive
semidefinite quadratic form Q : R™ — R such that Q) vanishes on constant vectors (a,a, . ..,a) €

R™ and is invariant under permutation of the components of v = (v1,va,...,v,) € R™.

We have seen that £ induces a positive semidefinite quadratic form which vanishes
on constants. Note that if one permutes the values of a function, h, on Vj and extends

harmonically, one simply permutes the values of A on each set of vertices V,,. Since the
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sum in £(h) ranges over all points in V,,, a permutation of the points in V{) simply switches
the order of the terms in the sum >, (h(z) — h(y))?. Hence the value of £(h) does not

change.

6.2 Recovering the Energy on the Sierpinski Gasket

In this section we give the construction of a spectral triple on SG which will recover
the resistance form £(-) on SG. We begin by setting up the motivation for the choice of
operator D in the spectral triple. In what follows we fix a € (0, 1).

6.2.1 Building a Spectral Triple

Definition 6.2.1.1 Define for f € L*([-n, 7], 5=m), the norm

2 1/2
= (118 + g [ [~ TR  0y)

The space
H([—m,m]) = {f € L*([=m, 7)) : [/l (a2) < o0}

is an (a,2)-Sobolev space.
Consider the space
dom(€) = {u: U, — R | uly, € Dy, for all n € N and li_}rn E(uly,) < oo},
n o

equipped with the norm

1/2

Iflle = > f@)’+€

zeUp
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Place the Sierpinski gasket in R? so that the bottom edge of SG lies on [—7,7]. The
following trace and extension results of Jonsonn from [16] will be essential in proving the
recovery of the energy £ on SG by our soon to be defined spectral triple. These results also

help motivate the definition of the operator D in our spectral triple for SG.

Theorem 6.2.1.2 (Jonsson) Let SG be the Sierpinski gasket, d =1n3/In2, 8 =1nb5/1n4,

and g = B — (d —1)/2. The restriction map
r: dom(€) — B ([~m,7]) = HO*([~m, )
is a bounded linear operator. That is, there exists a constant C' > 0 such that

£ l=mmll(@o,2) < Cliflle-

In [16], Jonsonn also constructs an extension operator and gives the following theorem.

Theorem 6.2.1.3 (Jonsson) Let SG be the Sierpinski gasket, d =1n3/In2, § =1n5/1n4,
and ag = B — (d — 1)/2. Then there is a bounded linear operator E from BaZ[—m, ] =
H2[—7 7] to dom(&) which is an extension operator in the sense that the pointwise re-

striction to [—m, ] of the continuous function Ef € dom(E) is f.

As was pointed out by Jonsonn in [16], the number § is a smoothness index. The drop of
smoothness when taking the trace of dom(€) to [—m, 7] is 8 —ap = (d—1)/2. This matches
the situation in R"™ where the trace of BE’Z(R") is BaZ(R") for ag = B — (n —m) /2.

We would like the operator D in our spectral triple to be made up of operators T,

which have the property that

U= (’1)1,’1)2,'113) — ||TahUH%7
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where h, is the harmonic function on SG defined by v on Vj, is the unique quadratic form

Q on R? satisfying the properties:
e positive semidefinite,

e invariant under permutations of the components of v € R3, and

e vanishes on the constant vectors, v = (vg, vo, Vo).

This will help show that our spectral triple can recover the energy of functions f
that are finitely harmonic, meaning that, for some m > 0, given the values of f on V,,, f
minimizes the values of E;(f) for j > m.

In order to recover the energy of an arbitrary function in dom(€) we need the

result of Jonsson stated above and we need for our operator Ty to be such that

= (IF113 + |1 Ta I3
is a seminorm on H®?([—m, ) equivalent to || - ||(42). Here the function f is a suitable
“version” of the function f with domain [—m, 7| rather than SG. This will give a key
inequality:

IT.fll3 < C E(f)

for all f € dom(€&).

Let [—m, 7] = [—m, 7] x [—7, 7). If we look at the quantity
Haz ‘ -7 J -7 |ZI§‘ - y|1+2a Y
from the definition of the seminorm || - [|(, ), we see that it is the L?([—, 7%, {izm) norm

of the function

f(x) = fy)

|z — y|t/2te
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This motivates the following definition.

Definition 6.2.1.4 Let L?[—m, 1] be the space of square integrable functions with normal-

ized Lebesque measure: 5=m. Define T, : dom(T,) C L*[—m,n] — L*([-m,7]?) by

f(z) = fy)

‘I ‘1/2—&-@

(Taf)(2,y) =

where

)2
2 _ y)l
dom(T,) = {fEL —, 7] 42/_7r/_7r \x—y\H?“ dxdy<oo}.

We will also make use of known results concerning Sobolev spaces and fractional

powers of the Laplace operator.

Proposition 6.2.1.5 Let T denote the torus, f € L*(T), and a € (0,1). The following are

equivalent definitions for the fractional Laplacian (—A)%:

1. (—=A)% is given by the expression
(—A)*u=F (g Fu)

2. (—=A)* is the unique operator such that ((—A)*f, ¢) = Eq(f, @) for all ¢ € H*(T), the

fractional Sobolev space. The quadratic form, E,, is given by

e i | 1T,

22aF( 1+22a)
271720 (—a)|’

where ¢, =

We will need to define a C([—n,7])-bimodule structure on the space L?([—, 7]?).

Define the left and right actions of C([—m,7]) on L?([—m,n]?) by

(f) @, y) = f(x)d(z,y) and (f)(2,y) = ¥(z,y)f(y)
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where ¢ € L?([~n,7]?) and ¢ € C([~m,n]). For f € C[—m,n] define f*(x) = f(—x).

Notice that
(=2)2f,f) = Ea(f, f) = callTaf 3 = calTaf, Taf) = cal Ty Tuf, f)
so that
(c}/QTa)* (4°T.) = eaTiTu = (-A)",
This shows that co/*T, is acting as a sort of square root for (—A)%. Define (—A)%? by

(=A)2(f) = FHE|%Z (f)). One can quickly see that ((—A)%2)2 = (—=A)®. Tt is known

that (—A)%/? is self-adjoint, so it follows that

(=) 2(): (=8)*(g)) = ((=A)"f. 9) = calTuf, Tug)

so in particular
I(=2)2£113 = call Tuf 13-
Notice that for ex(z) = ei** e;(x) = %, we have

(—A) 2y, (~A)*2e)) = - /7r (—2)"Pep(x)(—A)2¢;(z)dw

2m J_
1 T a - |la
=57 | W@l @)

= |k|**0p,;.-

Also notice that Ty satisfies the product rule:

f(@)g(x) — f(y)g(y)

To(fg)(z,y) =

’JT _ y’1/2+a
_ f@)@) —9y) | (f@) = f)g(y)
|z — y|1/2+a |z — y|L/2+a

= f(@)(Tag)(z,y) + (Tuf)(2,y)9(y)-
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We can now begin to construct a spectral triple for the stretched Sierpinski gasket.

Definition 6.2.1.6 Define M, : dom(T}) & L*([—n,7]) — dom(T}) & L*([—, 7]) by

Given a finite length word w define Dy, := 21*IM, where |w| is the length of the word w.

Define D, := @, cpy Dw where W := UmZO{l’ 2,3},

The operator D, will be the operator in our spectral triple and

H = @ L*([-m, 7)) @ L*([—7, 7))

weWw

will be the Hilbert space. We now describe a representation of C'(SG) on 7.
Let R : [—m,w] — T be the isometry mapping the interval to the initial triangle in

SG. For w € W define 7, : C(SG) — L*([—n,7n)?) @ L?([-7, 7]) by

Tw(f)(h) == (f o Fyo R)h
and define 7, : C(SG) — B() by 74 := Byew Tw-

Definition 6.2.1.7 Define the spectral triple for the Sierpinski gasket by ST(SG) := (C(SG), #, D,).

kx QGF( 1+22a)

Proposition 6.2.1.8 Let ¢;, = ¢ 27172 [T (=a)|

and recall that cq = fora € (0,1).
(a) We have E,(eg, ;) = |k|**5y ;.

(b) The collection {e} = ci/2]k|_“Taek : k # 0} is an orthonormal basis for the range of

T,.
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(¢) The following holds

Ty (Taen)es) = (2ca) " (KPP + [k + 512 = 7P ens;.

(d) Let M,y : C(T) — L*(T x T) denote the multiplication operator given by M, rg =

(Tof)g. Then

o ((TaTy) ™ Mo, My (T, T3) ™) < 2657 C(sa) Eal(f) = te((TyTa) ™/ My g Mo g (T3 Ta) %)

Proof. (a) We know E,(f,g) = ((—A)*f,g) and so

Ea(en, ej) = (—A) ey, (—A)* ;)

= |k|**6y. ;.
(b) Notice

<6;g’ 6;> = Ca|k‘_a|j|_a<Taek, Taej>

_9g 1
= cal K| 72— [K[**6,5
Ca
= Okj
and hence {e} } ez {0} is an orthonormal set. Recall that the set of finite linear combinations
of the functions {ey} is a dense subset of C([—m,n]) and hence L?[—m,w]. We would like

the set of finite linear combinations of the functions {T,ex} to be dense in the range of T,.

Suppose T, f € L*([—m,n]?). Since f € L?[—m, 7] there is a sequence f, = Zjvz"l An,jen,;
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where a,, ; € C, e, ; € {ex}, and f, — f. Then

Np,
Tafn = E an,jTaen,j

j—l

- Z €nj(%) = €nj(y)
n.J |z — |1/2+a

- |z y‘1/2+a Z n,jen,; (2 Z an,jen,j(Y)

The last term tends to % as n tends to infinity. Thus, the algebra of finite linear
combinations of functions {T,ey} is dense in L?([—m, 7]?) and hence the collection {e}} is
an orthonormal basis for the range of Tj,.

(c) We will check that (Thep, (Ther)ej) = (2¢ca) 71|k + 512 + |k>* — |j]*%)6 Dkt -

First notice that for f € dom(7y,),

(Taf)en, (Taf)en) = /(Taf)en(Taf)en = /(T Hen(Tuf)e—n = (Taf, Tuf)
and similarly (e, (Tof), en(Tuf)) = (Tuf, Tof). Additionally, since T, satisfies the product
rule and ey ; = ek,
Taervs) (2, y) = ej()(Taer) (2, y) + (Taej)(x, y)ex(y)

= ex(2)(Tuej) (2, y) + (Tuer) (2, y)e;(y)

If p = k + j, then by the polarization identity and the above facts we have,

(Taehyjs (Taer)ej) = 5 ((Tuerij, Taekrs) + (Tuer)es, (Tauer)es) — (en(Tue)), ex(Tae;)))
((Tak+js Taek+s) + (Taek, Taer) — (Tuej, Tuej))

(ca 'k + G2 + g kP — e i)

l\)\l—‘ N | — [\3\»—! w\r—n

it ([k+ 31 + k> —15%) .
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If p# k + j then

(Taertj, (Tuer)e;) // |x — —ep(y)) ) ex(w)e;(y) — er(y)e;(y) dady

y|1/2+a |z — y|L/2+a

ep(y)en(y)e;(y) dy

/ / ep(x)er()e;(y)  ep(@)en(y)ej(y)  ep(y)er(x)e;(y) N
‘l‘— ‘1/2+a

|$_y|1/2+a |x_y|1/2+a

=0.

(d) Recall that E,(f) = ||[(=A)*2f||3 so that

hE

1M ¢ (Taew)lI3 = D I{en, Mo p(Taer))|?

3
Il
—

|<Ma,fenaTa€k:>|2

M

3
I
—

’<(Taf)€mTaek>‘2

I
AL

=" (Tuf). (Taer)e—n)?

n=1
1

1 B oo
= ;leal™ YRR+ [pP = Ip = K[ fr ep)
p=1
[e.9]
< Jeal 72 R IS ) P
p=1
= ’Ca|_2 |k|2aEa(f)
where we have used the fact that
2+ [k — [k — pi>* < 20"}l
For a proof of this fact see [6]. Next, since
* * 1 2a
(T, T))Ther = To (T, Ty)ex, = C—|k:| Tuek
a
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the functions T}ej are eigenfunctions for the operator 7,7, with eigenvalue é]k‘\%. Using

this fact we have,

b (TaTy) ™/ A Moy My ((TLT) 5 = N (TaTE) ™5 e, . Mo, MG p(TLT7) "% el
keZ

= 3l 2T N Taer . Mo g M (LT~ *Tucy)
keZ

=D cal k72 R| T Taer , Mo, M ;Toer)
kez

= T2k N (They Mo s M (Taey)
kEZ

=D ca PR M Tae |3
kEZ

<YK EL(f)

kEZ

= 2¢5/*71((sa) Ea(f)-
For the next needed inequality we have

(T3 L) ™/ M Mo (T L)) = Y ATIT) ™ e . My Mo p(T3T,) " )
keZ

— Z 2 k|75 ey, | M ;M sex)
keZ

=D 2 Ikl ™ Mo, pex3
kEZ

=D Pk (Taf exll3

kEZ

= 3 2 R E(f)

kEZ

= 2¢5/271¢ (sa) By (f).
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It now follows that
tr(Ta Ty )~/ My, p My, ((TLT) /) < 2¢/*71¢(sa) Ea(f) = tr((T3Ta) ™/ M} s M, ¢ (T3 T,) /%)

as was needed. m
To show that ST(SG) = (C(SG),#,D,) is in fact a spectral triple we need to
show that the set

Ao ={f € C(SG) : [[Da, (]| < 00}
is dense in C(SG). We will show that on the initial triangle Ag = T" in SG, the set
oo = {f € C(Bo) : [[Dy, mo(f)]I] < o0}

is dense in C'(Ag).

Consider the map M, ; : C[—n, 7] — L?([—m,7]?) given by M, ¢(g9) = Tu(f)g for
feC[—mn,n].

Let R : [—m, 7] — Ag be the map taking the interval to the triangle Ag. We will

identify the functions f € C(A() with the functions
foR:[—m 7] — Ay — C.
For simplicity, when f € SG we will write M, ; instead of M, fog.

Proposition 6.2.1.9 The set < is the same as the set

{f € C(Ao) : pa(f) < 00}

: . e "l -t )
pa(f)=<27r sup / !(Taf)(l"y)!de) =<27T sup / |w_y|1+zadl‘> :

ye[-mm] J—7 y€[-m,7)J—7
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Proof. Let f € C[—m,n]. Consider the map M, s : C|—m, 7] — L*([—m,7]?) given

by Mg ¢(g) = Tu(f)g for g € C[—n, w]. Notice that if f is such that p,(f) < oo, then

Magall = [ [ LR )P ay
< o lgll3 sup /ﬂl(Taf)(%y)F dr
yE[—mm] J—m
= gl pa(1)?
< 00

and hence we can extend the operator M, s to all of L?[—m, 7] by continuity since C[—, 7]

is dense in L?[—m,7]. We now show that

HMa,fH2 = (pa(f))2'

The above gives that || M, ¢|| < po(f). For the reverse let

™ ) — 2
Sez{ye [—ﬂ,ﬂ]:;/_Wde>pa(f)2—e}.

Note that the function

P = o [CUOSOE,  L [ LG, L IR TOR,,

|z — y|it+2e 21 |x —ylit2e 27 |z — y|tt2e

_ 2
is continuous since the assumption that p,(f) < oo gives that % is in L'. Then

SUPye[—r,x F'(y) = ess sup F(y), so Se has positive measure and

2
: )~ (0)
s sl =5 [ g [ AP ay

> (pa()? —e)%/ | dz

= (pa(f)* = ©)lIxs.II3.
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Hence [[Ma,f[| > (pa(f) — €) and so [[Ma,f[| = pa(f)-

We now show that |[[Dg,mg(f)]|| = ||Mqa,r| by considering the quadratic form
corresponding to [Dy, my(f)]. Recall, the domain of Dy is dom(T*) @ L?([—, x]). Then for

Y1 @ h1,vY2 @ hy € dom(T) & L*([—7,7]) we have

(1 @ ha, [Dy, g (f)]vb2 @ ho) = (1 & ha, Dymy(f) (2 @ ha) — mp(f)Dg(v2 © ha))
= (Y1 @ ha, Dymy(f) (12 ® h2)) — (1 & ha, mo(f) Dy(th2 @ ha))
= (Dy(tor ® ha), m(f) (P2 @ ha)) — (m(f*) (Y1 © 1), Dy(¢p2 @ h2))
= (Tah1 ® TG0, fib2 ® fho) — (f*1 @ [The, Tohe @ Tgabs)
= (Tahy, fib2) + (T30, fha) — (fb1, Tah2) — (f*ha, Tgeo)

= (Toha, fib2) + (Y1, Ta(fh2)) — (f*1, Taha) — (Tu(f*h1),¢2).

Notice that by the product rule for T, we have

(1, Ta(fha)) = (Y1, Tu(f)h2) + (Y1, fTu(h2))
and
(To(f*h1),1b2) = (Ta(f*)h1,b2) + (f*Taha,b2)

and hence

(1 @ ha, [Dy, mp(f)lp2 © ha) = (Tuha, fh2) + (U1, Ta(fh2)) — (f* Y1, Tah2) — (Ta(f*h), b2).
= (Y1, Ta(f)h2) — (Tu(f")h1, ¥2)
= (Y1, Tu(f)h2) + (ha, =T, (f*)2)

= (Y1 ® h1, To(f)ha © =T, (f*)ib2)-
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This means that

0 Ma,f
[Dg, mo(f)] =
~Mf. 0

and hence,
1Dy, 7o (NIl = | Ma ]l = palf),

from which the result follows. =

Lemma 6.2.1.10 Fora € (0,1) and f € C[—m, 7] with po(f) < oo we have for every e > 0,

there exists ceq > 0 with pa(f) < ceallfllo,a+e where

s L) =S

x,y |z — yl@

I/

Proof. If f is such that | f|loate < oo then |f(z) — f(y)| < [[fllo.atelx — y|@Tc for all

x,y € [—m,m|. This gives

(pa(f))2 = sup / () (@ y)Pda

yel-m,7|J—m

s
< sup / 11120 — g Lda
—T

y€e[—m,m]
_ 2 g
By sup T
yE[—Tl',ﬂ'} 26 —7
2e

T
< ||f||(2),(l+€7'

Theorem 6.2.1.11 The triple ST(SG) is a spectral triple for the Sierpinski gasket.

Proof. From Proposition 6.2.1.8 and Lemma 6.2.1.10 we see that the algebra

Ao ={f € C(SG) : [[Da, (]| < 00}
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is dense in C[—m,7]. Also since T)T, = éAa and Ey(ex, ej) = ca(Tuer, Tue;) = |k|**0;k
we have that

1
o(T,) = {C|/<:|2a ke Z}.

From this it follows that ST'(SG) is a spectral triple. m

6.2.2 Recovering £ on SG

log(3)
s _ _ log(5 os(2) 1 log(10/3
Proposition 6.2.2.1 Let s <a™!, ag =3 — %t = 12@543 — oG = O{g()(g(4/) ). Then:

1. tr(|Dy|~/?|[ Dy, w(£)]12|Dg|~/?) is finite if and only if f € H**([—m, 7).

2. If tr(|Dy|=*/?|[Dg, w()]|?|Dg|~/?) is finite for all f with finite energy on SG, then

a < .
Proof. (1.) Note that

Dy, 7 (£)]I* = [Dy, 7(H)][Dy, m(f))*

0 M, 0  —M,
E —M; .0 M 0
| MagM, 0
0 M g Mg g+
and
|Dy|~%/? = (L)~ 0
0 (TT,) =5/
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so that
|Dy|~*/2|[ Dy, (f)]|*| Dy| ~*/*

(TuT3) ™/ M, M7 (T, T7) /4 0

0 (T;Ta)is/A‘M;,f* Mo, g~ (T;Ta)is/4

and
(| Dy|~*/*|[Dy, w(f)]*| Dol ~?)
= tr((TaTy) ™" Mo, My, p(TaT3) ™) 4 te (T3 Ta) My o M, g (T;Ta) ).
Using Proposition 6.2.1.8. we have that
2¢;/*7'¢(sa) Ea(f) < tx(|Do|~*/?|[Dy, m(f)]1?| Dyl ~*/?) < 4ei/*7'((sa) Eu(f)-

(2.) Assume a > ag. Then H*? C H*2 and we can pick g € H*2\ H%2. By
Theorem 6.2.1.3. we have a function f on SG such that f[_ 1 = g and by part (1) we

have tr(|Dg|=*/2|[ Dy, 7(f)]|?|Dg|~*/?) = oo, from which the result follows. m

Theorem 6.2.2.2 Let a € (0,a0), dp = max{a™!,dg}, with dg = %. Then:

1. For any f with finite energy, s > 0p, |Da|™*?|[Da, 7(f)]|?|Dal~*/? is a trace class

operator.
2. Fora € (d;117a0]7 so that 0p = dg, and f with finite energy, the functional
ZD,.(s) = tr(|Dul /2| D ()P 1Dal ),

defined for Re(s) > dg, has abscissa of convergence dg, where it has a simple pole,

and there exists a constant N such that,

lim (s —dg)Zp,,f(s) = NE(f).

S*)dE
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Proof. (1.) We have by Proposition 6.2.1.8.

(| Dal ™| [Day w ()] [Dal =) = D tr(|Duo] ™2 ([Dugy oo (£)][*[ Du| =)
weW

= > 2= (| Dy [~*/2| Dy, my(f 0 Fu)]1*[ Dy ~*/?)
weW

< Z 21wl2=9)4¢5/271¢ (sa) Ey(f o Fy o R).
weW

In the above expression we see the term FE,(f o F,, o R). The function f o F}, o R can be
written f o Fy, 0o R = my(f o Fyy)(1) or just fo Fy, o R = my(f o Fy) for simplicity. We will
use this notation for the remainder. Notice that the norm on H%?[—, 7] can be written
| £ 11302 = [I£1|3+ Ea(f). According to Theorem 6.2.1.2. (or the generalization by Hino and

Kumagai) there is a constant C , > 0 such that

| Tamp(f o Fw)”% = Eu(mp(f o F)) < C1.E(f)

for all f € dom(&). Summing over all w € {1,2,3}" (words in the symbols 1, 2, 3 of length
n) we get

S Wulmalf o B < Cra S E(Fo Fu) = O (g) £().

lw|=n |w|=n

This then gives for s > dp,

tr(|Da|™*/2|[Da, w()]*[Dal 7/2) <Y > 2"C)4c8/27((sa) Ea(f 0 Fyo R)  (6.1)

< ;:;Cl,a (2(2_5)§> 4csP71¢(sa)E(f) (6.2)
= 01D (2002) (63)
B 20(3’17ac2/2_1§(sa)5(f)

T 5—3.22s (6.4)
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Note that in the above calculation we see the terms ((sa) and Y 7 (2(2*5) %)n which require
that s > 6p = max{a~!,dg} in order to converge. If the function f has finite energy, then
this shows that tr(|Dg|~%/2|[Da, 7(f)]|?| Da| /%) < 0o and hence |Dy|~%/2|[Dq, 7(f)]|?|Da| =5/
is trace class for s > dp.

(2.) We have shown in Proposition 6.1.0.7. that, up to a constant, there is only
one positive semi-definite quadratic form on C? which is invariant under permutations and
vanishes on constants (in the sense explained in Proposition 6.1.0.7.). We now show that
the map

Qa:veEC — hy — ||Tu(mp(h))||3 = Ea(hy)

where h,, is the harmonic function on SG determined by the values of v = (v1,v2,v3) on
the vertices of Ag, satisfies these conditions. First note that by definition this map is
a positive semidefinite quadratic form. Next, notice that permuting the components of
v = (v1,v2,v3) € C? permutes the values of h, by possibly changing on which edge of the
triangle Aq the value occurs. Since in ||T,(mg(hy))||? we are integrating over all of Aq this
does not change the value of the integral. Finally, if v = (vg, vg, vp) is constant then the
harmonic function h, is constant and hence T,(my(h,)) = 0. It now follows by Proposition
6.1.0.7 and the discussion following it that £(-), that there exists a constant Ky > 0 such
that

Eq(hy) = HTa(ﬂ'@(hv))H% = Ko E(hy).

Next recall that in the proof of Proposition 6.2.1.8. we obtained the expression

* 1 _
My fTuer|5 = ang (KPP + 1> = [p = EP**)* {70 (f), )
p
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from which we can see that v — M, T wek||3 is a non-degenerate positive semidefinite
quadratic form. We can also see that if f is constant then |(mg(f),e,)|*> = 0 and hence
||M;’fTaek||% = 0. Again since we are integrating over all of Ay we have that permuting
the entries in the vector v € C will not change the value of ||M;‘7hUTaekH%. Thus, for k # 0

there is a constant A > 0 such that
HM:,thaek‘H% = Ar&(hy)
and we know 0 < A, < Koc, 2|k|?® for k # 0. Let

A(s) = Z Ak62|k‘*(s+2)a
keZ\{0}

and note that

E(h)A(s) < Y calkl UMy, Toel3 < D Kolk|”CH2° k%€ (hy) < 2K0((sa)€ (hy)
keZ\{0} keZ\{0}

so that for h, non-constant, A(s) < ((sa) and hence A(s) is an analytic function for s > a~!.

Recall, in the proof of Proposition 6.2.1.8. we obtained the expressions

(LT3 ) ™/ 4 Mo g My (T D)%) = P2 k7T My T3
keZ
and

tr (T3 Ta) ™/ M g Mo g (TpTo) /) = 263271 (sa) Eu(f*) = 2¢5/*7 ¢ (sa) Ea(f).

Now for functions f which are harmonic on and after the m-th level construction of SG we
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have

ZDas(s) = tr(|Da|~**|[Da, w(f)][*|Dal~*/?)

=Y (| Du| 2| [Dus, oo (1)) Do =)
weW

= > 2| Dy |2 [Dy, m(f © Fu))P1 Dol =)
weW

_ Z olw|(2—s) [tr((TaTj)‘s/A‘Ma,fonM;,fon (T, T¥)~%)
weW

(T3 T) ™M (o, Mooy (T Ta) /)]

=y 2kt (Z 2 | R AL e |3+ 268/271 ¢ (sa) B @(fon))>-

weW keZ

Now for s > dg and a function f which is m-harmonic, we have that f o F, is harmonic if

|w| > m. Then we have

Z tr(|Dw|_s/2][Dw,Ww(f)]|2]Dw|_s/2)

weW, |w|>m

= 2 e (Z ca PRI M, g, Taer|3 +2¢3/% 71 ¢(s0) Ea(mo(f © Fw))>

weW, |w|>m kEZ

= ) 2 (Z cLF 229 A £(f o Fy) + 2Koct/> 1 (sa)E(f o Fw>)

weWw, |w|>m keZ

= i > e (cf/?—lA(s) + 2K0c§/2—1g(sa)) E(f o Fy)

n=m |w|=n

= (cfl/2_1A( )—|-2Kocs/2 1¢(sa) ) Z < > on(2- s)g(f)

= (cg/Z—lA(s) - 2Kocg/2—1g(sa)) (g : 22—S)m 5_3% £(f)-
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Note that the sum

Z tr(|DW|_s/2|[Dw,Ww(f)]|2|Dw]—s/2)

weW, |w|<m

is finite for s > dg since the sum is over a finite number of terms and the operators

|Dw|=%/?|[ D, T (f)] 2| Dus| =%/ are trace class. Thus we know

im (s —dg) > (Dl "[Du m(HIPIDul /) = 0.
s—dp weWw, |lwl<m

In what follows, it is also helpful to note that lim__, dt % -227% = 1. Using these facts and

splitting the sum in Zp, r(s) we get

lim (s = dp)Zp, s(s) = lim (s =dp) D> (| Du|™*|[Duy mu ()P Dl =)

+ +
s—dp s—dp wEW, [w|>m

5

5-3.22 )

— lim (s — dp) (03/2—1,4(5) v 2Koc;/2—1<(sa)) (2 : 22—8)m

+
s—dp;

3 " . S(s—d
= (a2 ) 4 28l =g (322700 ) () i P,
S—ag

221 (A(dg) + 2KoC (dpa))

= log? £(f)

We have thus far shown that

vy (| Da|~*/?|[Da, m(f)]I*|Dal /%) = lim (s = dp)Zp,.s(s) = N E(f)

s—dp

where

227 (A(dg) + 2Ko((dga))

N =
log 2

for functions f which are finitely harmonic, meaning that they are harmonic after some

m-th level in the construction of SG.
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We now prove the result for general functions f with finite energy (i.e. £(f) < o0).
First note that for s > dp, the map N, : dom(€) — [0,00) given by Ny(f) =+/Zp, ¢(s) is
a seminorm on dom(&). This follows easily from the various expressions we have obtained
for Zp, ¢(s) as well as HM;J()FwTaekH% and E,(f).

Let f € dom(€) and g be harmonic on some m-th level in the construction of SG.

We now have that

(s — dp)'2Ns(f) — NV2EV3(f)|
< (s = de) PIN(S) — Nolg)] + (s — i) 2 Na(g) — NV2E/2()| + NI (g) — £1/2()
< (s —dp)'’Ny(f — 9) + (s — dr)'*Ny(g) — N'2E2(g)| + N'2EV2(f — g)

B 1/2
< ((401#105/ ey NW) EV2(f — g) + (s — d) *Nig) — N'2E/%(g)|

where in the second inequality we have used the reverse triangle inequality, in the third

inequality we used (6.4). Taking a limit we get,

v 5327

B 1/2
lim <(401,a02/2_1C(8a)5(8dE)> +N1/2> 51/2(f —g)

— <<4cl,acgE/2—1g(dEa)IO; 5

1/2
) +N1/2> £172(f - g)

and

lim |(s — dg)"/?Ny(g) — NY2EV2(g)| — 0

+
s—dg

since g is finitely harmonic and for such functions we know lim__, dt (s —dg)Zp, t(s) =
N E(f). Using the fact that finitely harmonic functions are dense in dom(&) we see that

ey 2(f — g) can be made arbitrarily small and hence we have that

lim |(s —dp)"*No(f) = N'2EY2(f)| = 0.

+
s—dp
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It now follows that

Tr (| Dal~*/?|[Da, m(f)][*| Dal ~*/?) (s —dp)Zp,.s(s) = N E(f)

= lim
s—dp

for all f € dom(€). m
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Chapter 7

Conclusion

The results in this text are intended to further develop the intersection between
fractal geometry, noncommutative geometry, and analysis on fractals. We have proved that
the conjecture in [26] regarding the recovery of the Hausdorff measure with respect to the
geodesic distance on the harmonic gasket by the Dixmier trace is false. The Dixmier trace on
the harmonic gasket can recover the standard self-affine measure on the harmonic gasket,
but this measure is not the same as the Hausdorff measure with respect to the geodesic
distance. We have also shown that a spectral triple built on the edges of the stretched
Sierpinski gasket can be used to recover the Hausdorff dimension, the geodesic metric, and
the Hausdorff measure. This is especially interesting since the stretched Sierpinski gasket
is a self-affine space and not a self-similar space.

In the future we will consider the question of constructing a spectral triple on the
harmonic gasket which will recover the Hausdorff measure. There are results concerning the

asymptotics of the Laplacian on the harmonic gasket with respect to the Hausdorff measure
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(see [17]) and it may prove useful to find a connection between this fractal analysis and the
operator algebraic tools that come with spectral triples. Also, there are some results on the
use of spectral triples to recover energy forms on fractal sets like the Sierpinski gasket; see
[6]. One can construct an energy form on the stretched Sierpinski gasket and it would be
interesting to assemble a spectral triple that recovers the energy on the stretched Sierpinski

gasket.
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